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Text Errata List

1. Page xii, Line 17: Replace “Short-term” with “Short—éme”.
2. Page xiv, Line 4: Replace “ece.ucsb.edu” with “iplse;v.ece.ucsb.edu".
3. Page xvi, Line 6: Replace “5.5” with “8.5". ;
. Page 13, Line 2: Replace “Asin (Q,,)” with “Asin (Qqyt)”.
5. Page 25, Interchange Figure 1.22 (a) and Figure 1.22 (b).

¥. Page 125, Eq. (3.10): Replace “ > "with“ - DS

n=mult of L n=imult of L
7. Page 127, Table 3.2, First line: Replace “ Length-N sequence ” with “ Sequence ” and replace “ N-point DFT ”
with “ DTFT . B

8. Page 127, Table 3.2, Line 5 from top: Replace “e” "G (jw) * with “¢” ‘°"°G( e"“’)
‘4. Page 131, Eq. (3.13) Replace “ e 2™/ » with «o72™n/N >
10. Page 148, Eq. (3.75) and Eq. (3.76): Replace “L " with “L -1 ”.

11. Page 155, Eq. (3.88) Replace “ (N - M) ” with (N—M+ )™

~>12.Page 175, Line 13 from bottom: Replace “%1/(1 + %271) ” with “%lz_]/( 1+ %z_l) ”,
1\ ~1\a-1
13. Page 175, Line 12 from bottom: Replace “-3n(?1)";_1 [n] ” with “=3 (n— 1) (-31) win-11".

14.Page 175, Line 10 from bottom: Replace the equatior;with
““ - -_1_ n l " - ___l n - ”
glnl = [0.24( 3) +0.36(2) ]p.[n] +0.36 (n 1)(‘;3 ) uin-1]".

-

15. Page 183, Eq. (3.149): Replace “k [k]” with “k [n] .
16.Page 184, Replace “Figure P3.2 shows four” with “F_igure P3.2 shows two™.
17.Page 184, Line 3 from bottom: Replace “length-sequénce” with “length-N sequence”.

18.Page 197, Problem M3.3: In the numerator of expreséjon in (a), replace “ 0.1915¢° " with “0.'1915{" @ and
“0.1915¢7 7 with “0.1915¢ 7,

19. Page 198, Problem M3.17: Part (iii) - Replace “| > ();4 ” with “|z] > 0.9486833 .
20.Page 198, Problem M3.17: Part (iv) - Replace “|z| > 04 ” with “l¢] > 0.5 .
21.Page 211, Line below Eq. (4.48) Replace “TEM n ith « J2RM .

22.Page 211, Line 2 from bottom: Replace “3.20” with “;3.21”.

23.Page 219, Line 8 from bottom: Replace “H;pln] " w;th “hypln] ™.

24.Page 220, Line 8 from bottom: Replace * log IO'H . (ef°)| ” with “log 10|H0 (efo)l

25.Page 222, Eq. (4.68): Insert a *j” in front of “e7®? sm(%) 7.
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26. Page 230, Figure 4.19: Replace “v [+n] ” with “v (-n] ” and replace “w [+n] ” with “w [-n] ™.
27.Page 247, Eq. (4.139b): Replace “Ay(2) +A, (2)” with “A; (2) -4, (1) "

28.Page 252, Line 5 from the begining of section 4.8: Replace “zero locations™ with “pole locations”.

M M
29. Page 254 After Line 4: Replace “ [T 4, " with * (-1) ¥,

i=1 i=
30.Page 271 Problem 4.61 (b) line 3: Replace “ (4% + ©)/M” with “ (2r + ©0)/M”,
31.Page 274 Problem 4.67 (c) Replace “G (@) ” with “H (w) .
32.Page 275 Problem 4.76 (a), (b) and (c): Replace “ gs With “H gs(2) 7.
33.Page 276 Problem 4.82 (d) Replace “Hy” with “H, (z) .
34.Page 277, Problem 4.88: Replace “H, " with “Ha (z)”, and “H," with “Hb (2)”.

a3 _ _ _
35.Page 277, Problem 4.88 (b): Replace “6(1 +2z l) ” in the numerator with “3( 1.5 +6.5z ! +6.5z 2 +1.5z 3 ”,
36.Page 280, Line 5 from bottom: Replace “4.84” with “4.83".

37.Page 280, Line 2 from bottom: Replace “4.97” with “4.96”.

38.Page 290, Last Line of Figure caption: Replace “cos (2nr)” with “cos (26m1)”.
39. Page 340, Eq. (6.3b): Replace “d” with “D”,

40.Page 314, Line 12 from bottom: Replace “9.4” with “6.4”.

41.Page 327, Eq. (5.65): Replace “2R; +R” in the denominator by “2 (R, +R)”.
42.Page 374, Line 3 from bottom: Replace “A,, (2) " with “A ("

43.Page 393, Line 1: Replace “0.39” by “03n”.

44.Page 415, Problem M 6.2 (b) and Problem M 6.3 (b) : Replace “four” by “two”.

45.Page 415, Problem M 6.8 (c) Replace numerator of Gg with
“0.04934436| 1 + 1327 +2.21772 4221270 + 1374+ 27 |7,

46.Page 547, Example 8.20: Replace “A = -0.325,," with “A = -0.375 .

47.Page 557, Line 5 from bottom: Replace “Eq. (8.84)” with “Eq.(8.88)".
b b
48.Page 568, Problem 8.44: Replace * z a_]2" "with“ Y a2

4

=l

i=1 i=]

-1 -2
49. Page 570, Figure P8.5(a): Replace “1—+2-z— ” with “1+Tz ”,
B . B 4
50.Page 577, Line 2 from top: Replace ¥ a_2™ with ¥ a_2~.
i=1 i=1

51.Page 579, Last Line: Replace “[Mit74a]” with “[Mit74c]”.
52.Page 659, Figure 10.4: Replace the figure here with the figure shown below:

xn]— | M L yy[n]

53.Page 669, Figure 10.15(b): Replace “L” with “M.
54.Page 678, Example 10.7 line 5: Replace “fy = 0317 with “f, = 0317,



55.Page 695, Lines 1-3 below Eq. (10.61): Replace this sentence with “As a result, y[Ln -; k] = ax[n],i.e., the
input samples appear at the output without any distortion at all values of n, whereas the in-between (L-1) sam-
ples are determined by interpolation.”

56.Page 707, Equation 10.109 and the equation two lines below: Replace “(1 - IHO( ¢ w)lz- IHI(/ m)l2) ” with
(ol - ()~

57.Page 731, Problem 10.14 (b), (¢c): In the denominator, replace “0.82"' ” with “O.8z'2 ”
M- . 2 M-1 \2
58. Page 732, Problem 10.19: Replace * 3" |,(#°W!)| » with* 3° (4] .
k=0 k=0
59. Page 736, Problem 10.40(b): Replace > {H (z) - H (~2) }" with “SAH@) ~H(-2)) 2"
60.Page 755, Section 11.5 Title: Replace “Short-Term” with “Short-Time”.
61.Page 755, Line 10 from bottom: Replace “won” with “2@4n .
62.Page 798, Lines 11, 13, and 15: Replace “z-3 ” with “z_l ”, and “[n-3]” with “[n-1]".
63.Page 829, Lines 4 and 5: Replace “f; =0.68" with « f,=0.18" and “f, =0.8” with “f, =0.3".

64.Page 829, Lines 7 and 8: Replace “f; =0.68” with “f, =0.18" and “f =0.8,0.77,0.74 and 0.71” with
*f,=0.3,0.27,0.24 and 0.21".

65. Page 829, Line 11: Replace “f) =0.68"" with “f, =0.18” and “f,=0.71" with *f, =0.21".
66. Page 829, Problem M11.11, line 2: Replace “0.46” with “0.36”.

67.Page 830, Problem M11.13, line 2: Replace “Program 11_4” with “Program 11_5".
68.Page 830, Problem M11.14, line 2: Replace “Program 11_5" with “Program 11_6".

69. Page 830, Problem M11.15, line 2: Replace “Program 11_6" with “Program 11_7".
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It 2l
—

Chapter 2

2.1 (a) x[n]={3 -4 % 0 6 39 5}. Thus x[—n]={5 9 360 % -4 3}

X[n]+X[ n] 5 9 3 9 9 3 9 5

Hence, xev[n] {5 > 3 3 -2 % -2 =5 3 30
andx[n]ﬂﬂ_ﬂ_:el 5 9 3 3 509933295
od 5 2 2 2 2 1 2 2 2 2

(b) u[n]={——2 125 0 01 6 3} .

Thus, u[—n]={3 6 OTI 0 5 2 1 —2}

1 1
Hence uev[n]={—l > 1 4 3 OT.I 3 41 5 -—1}

| e s
anduod[n]—{-—lall 3(T)3 1 -1 —2—1}

| (c) v[n]= Acos(wyn) +Bsin(wgn). Thus, v[-n]= Acos(wyn)—B sin(@n).
Hence v [n]= A cos(wyn) and v 4[n]= Bsin(wgn).
(d) gln]=nZ Thus, gl-n]=n>.
Hence gev[n]=n2 and god[n]=0.
. (e) h[n]=n’. Thus, h(-n]=-n".
Hence h_ [n]= 0 and hod[n] =n’.

2.2 (a) {x[n}}= {Aan}, 0<n<N-1, where A and o are complex numbers. Hence,

1 1 -
X pesln] = 5 (] +x (< -0 >y ] =~ {Ac” +ar @) "}
where A* and a*, represent the complex conjugates of A and o, respectively.
1 -
xpca[n] = {x[n] x[<—n >N]} Z{Aa“ _A*(a*)N n}
(b){h[n]}={3+j2 -4-j5 2+j3 5+j —6+j4}.
T
Hence, {h*[—n]}={—6—j4 5-j 2-j3 —4+)5 3-—j2}.
T

3.1 . 1. ., 3.
Thus, hpcs[“]’{"i“l 753 % S+J3 —5+J},

Jo L 9 o a9, 9.
and hpca[n]—{EﬂS ) 2 jT3 > 2 2+J3}~

2.3 (a) {x[nl}= {Aa"} where A and o are complex numbers, with jof <1.




2.4

2.5

2.6

2.7

Since forn < 0, |a|" can become arbitrarily large hence {x[n]} is not a bounded sequence.

(b) {ylnl}= Aau[n]  where A and o are complex numbers, with lod < 1.

In this case |y[n]<|A] Vn hence {y[n]} is a bounded sequence.

(c){h[n]} =CB"un] where C and B are complex numbers, with B|>1.

Since lBI" becomes arbitrarily large as n increases hence {h[n]} is not a bounded sequence.
(d) {g[n]}=4sin2(man). Since |g[n]| <4 Vn hence {g[n]} is a bounded sequence.
(e) {vnl} =3cos(cobn2). Since [v[n]] €3 Vn hence {v[n]} is a bounded sequence.

1
Recall, x_ [n]= 3 (x[n]+x[-n]).
Since x[n] is a causal sequence, thus x[-n] =0 Vn > 0. Hence,
x[n]=x_ [n]+x, [-n] = 2x [n], ¥n > 0. Forn =0, x[0] = X¢,[0].
Thus x[n] can be completely recovered from its even part.

1
Likewise, x_4[n]= %(x[n] —x[-n])= {5 XO[,H], : :g,

Thus x[n] can be recovered from its odd part Vn except n = 0.

2y ,[n]=yln]-y *[-n]. Since y[n] is a causal sequence y[n]=2y,,[n] Vn>0.
For n =0, Im{y[0]}=y_I[0]. Hence real part of y[0] cannot be fully recovered from y_[n].

Therefore y[n] cannot be fully recovered from Y[l
2y [n]=yln]+y*[-n]. Hence, y[n] =2y [n] Vn>O0.
For n = 0, Re{y[0]}=y[0]. Hence imaginary part of y[0] cannot be recovered from y_/[n].

Therefore y[n] cannot be fully recovered from y [n].

X, [n]= é—(x[n] +x[-n]). This implies, x,,[-n]= %(x[—n] +x[n])=x,,[n].

Hence even part of a real sequence is even.

Xoqlnl= —lz-(x[n] - x[-n]). This implies, x 4[-n]= %(x[—n] -x[n]) = ~Xoqlnl-

Hence the odd part of a real sequence is odd.

RHS of Eq. (2.170a) is xcs[n]+xcs[n—N]=-;-(x[n]+x*[—n])+%(x[n—N]+x*[N—n]).

Since x[n] = 0 Vn <0, Hence
1
xcs[n]+xcs[n—N]=—2—(x[n]+x*[N—-n])=xpcs[n], 0<n<N-1.

RHS of Eg. (2.170b) is




X, [n]+x ,[n—N]= l(x[n]—x*[—n])+l(x[n ~NJ=x*[n—-N])

_._(x[n] x*[N-n])=x__[n], O0<n<N-L.

pca

2.8 pcs[n] = (x[“]"’ x*[<-n >N]) for 0Sn<N-1, Since, x[<—n>]=x[N-n],it follows

that x [n]=5(x[n]+x*[N—n]), 1<n<N-1.

pcs

Forn=0, x__ [0 =%(x[0]+x*[0])=Re{x[0]}.

pesl0]
Similarly xpca[n]=%(x[n]—x*[<—n>N]) =%(x[n]—x*[N—n]), 1<n<N-1. Hence,

[0] = 5 (x(0] ~ x *[0}) = Im{x([0]).

forn=0, x pca
2.9 x[n]=cos(2rkn/N), 0<n<N 1. Hence,
N-1
E = Y cos’(2nkn/N) ——Z(l+cos(4nkn/N)) =—+l Zcos(4nkn/N)
n=0 n=0 n=0
N-1 N-1
Let C= Zcos(4nkn/N), and S= Zsin(41tkn/N).
n=0 n=0
N-1 4Tk
Therefore C+jS= 2614’“‘“/ N= —W—O Thus, C=Re{C+jS}=0.
n=0

As C=Re{C+jS}=0, it follows that E, =7

2.10 (a) Average power of sequence x[n] = p[n] is
av

=M
1 1 2 — 1 1 -
Pov = N}T,,, M+ eztl)u (€] h}'_r_,nw M+l (M+1)=1.

(b) The sequence x[n]= Acos(%i+¢) is periodic with a period M. Hence

1 Z A%co 2”" +¢) = —A-z—Nil(l + cos(fE— + ¢) _a
) n=0 M n=0 M 2 .

n
2.11 (a) Consider a sequence defined by x[n]= zﬁ[k].

k:—eo
If n < O then k = O is not included in the sum and hence x[n] = 0, whereas for n 2 0,k=0is

= l, n20,
included in the sum hence x[n] =1 V n20. Thus x[n]= 28[k]= {O :< 0" wn].

k=00
1, n=1,
0, n<0.

’

b) Si b 20 oliows that pin—1]=
( ince p[n]l= 0, <0 it follows that pu[n—-1]=

Hence, p[n]—pn—1]= {(1) n= 0 = 8[n].




2.12 Now x[n] = Asin(®,n +0).
(a) Given x[n]={0 1.5 0 ~1.5}, it follows that the fundamental period of x[n] is N = 4.
Hence , =2n/4 = n/2. Solving x[0]= Asin(¢) =0 we get $=0, and solving
x[1]= Asin(n/2)=1.5, we get A=15.

(b) Given x[n]= {«/5 V2 -2 —\5} Again the fundamental period is N = 4, hence
®, = /4 = /2. Next from x[0] = Asin($) = N2 and x[1]= Asin(t/2+¢) = Acos(¢) = N2 it

can be seen that A = 2 and ¢ = T/4 is one solution satisfying the above equations.

(¢) x[n]= {3 —3}. Here the fundamental period is N = 2, hence ®, = 7. Next from x[0] =
Asin(¢) =3 and x[1]= Asin(¢p+m) = —Asin(¢) =3 observe that A =3 and ¢ =12 that A =3

and ¢ = 1/2 is one solution satisfying these two equations.

(d x[n]= {2 NZ 0 —J2 -2 -2 0 2}. Thus the fundamental period is N = 8,
hence ®, =7/4. From x[0]= Asin(¢) =2 and x[1] = Asin(¢+71/4) = /2 we note that

A =2 and ¢ = /2 is one solution satisfying these two equations.

2.13 (a) As x[n]= 0250 X;[n+8]= (025 +21) %,[n]. Hence N = 8 is the fundamental
period of the sequence X,[n].
(b) iz[n] =cos(0.2mn). Let N be the fundamental period of the sequence. This implies that
iz[n +N]=cos(0.2nn +0.2nN). For X,[n] to be periodic , we must have 0.2%nN = 2n. Hence N
= 10 is the fundamental period of the sequence X,[n].
(c) i3[n] =2cos(0.1mtn) + 2sin(0.27n). Let N be the fundamental period of the sequence. This
implies that X;[n+ N]=2cos(0.17tn +0.1nN) + 2sin(0.27n + 0.27tN) = X4[n]. For to be periodic

in N we must satisfy 0.17N = 2nr and 0.27tN = 2nk. Therefore N = 20r and N = 10k. Hence
N = 20 is the fundamental period of the sequence X;[n].

(d) x4[n]= 3sin(0.87mn) — 4 cos(0.1wn). Let N be the period of the sequence. Then X 4[n +N]=
3sin(0.87tn + 0.8xN) — 4 cos(0.1nn +0.1tN) = X 40l Hence N = 20 is the fundamental period of

the sequence X,[n].

(e) is[n] = 5sin(0.1mn) + 4 cos(0.97n) —co0s(0.8ntn). Let N be the period of the sequence. Then
Xg[n+ N]=5sin(0.17tn + 0.17N) + 4 cos(0.97tn + 0.97tN) — cos(0.87tn + 0.8nN) = is[n]. Hence, N =

20 is the fundamental period of the sequence X [n].

(f) X4ln]=n modulo 5. Since i6[n+5]=(n+5) modulo 5 = n modulo 5 = X¢[n].

Hence N = 5 is the fundamental period of the sequence X[n].




2.14 x[n]= Acos(®w,n)

(a) w, = 0.157 and N = 2nr/@,,. Substituting the value of w, we get N =40r/3. N takes an

integer value when r = 3. Hence N = 40 is the fundamental period of this sequence.
(b) ®y =0.18m and N = 27tr/@,,. It can be shown here N = 100 is the fundamental period of

the sequence.
(c) @y = 0.225m and N = 2nr/w,,. It can be shown here N = 80 is the fundamental period of

the sequence.
(d) @, = 0.31 and N = 2mu/@,. It can be shown here N = 20 is the fundamental period of the

sequence.
(e) wy = 0.45m and N = 2nr/®,. It can be shown here N = 40 is the fundamental period of the

sequence.
2.15 (a) x[n]= g[n]g[n]. Hence x[-n]= gl—nlg[-n]. Since g[n] is even, hence g[-n] = gln].
Therefore x[-n] = g{-n]g[-n] = g[nlg[n] = x[n]. Hence x[n] is even.
(b) u[n] = g[n]h[n]. Hence, u[-n] = g[—n]h[—n] = g[n](~h[n]) = —g[n]h[n] = —u[n]. Hence
u[n] is odd.
(c) v[n] = h{n]h[n]. Hence, v[-n] = h{n]h[n] = (-h[n])(~h[n]) = h[nlh{n] = v[n]. Hence v[n]
is even.
2.16 (a) xin) @1
o B
yin) — @& D

From figure, v[n]=ov[n-1]+x[n] and y[n] = Bv[n]+7yvin-1]. Hence,
ay(n-1]=apv(n-1]+ay v[n -2],and

y[n]-oy[n—1]=pB(v[n]-ov[n - 1])+Y (vin-1]-av{n-2]). Thus,

y[n] = ay[n — 1]+ Bx[n]+yx[n—1]

(b)




It follows from the figure, vin] = x[n] + x[n-3], u[n] = x[n-1] + x[n-2], and y[n] =
av[n]+Bufn]. Hence, y[n] = o (x[n]+ x[n - 3])+B( x[n - 1]+ x[n - 2)).

(¢) v{n] -1
x[n} — 4+ D
ufn}
L yin]

Here v[n] = x[n] + dju[n] and u[n] = x[n] - v[n-1] = x[n] - x[n-1] — dju[n-1]. Thus,
y[n]=v[n—1]+du[n] = x[n]-ufn]+d,uln]. As aresult,

d,yin—1]=d,x[n 1]~ d;uln - 1]+ d uln ~ 1] |
and y[n]+d,y[n—1]=dx[n-1]+x[n]+ (d; =1)(x(n] - x{n—1). Hence,
y[n]=d,x[n]+x[n—-1]- d,y[n—1].

v[n] [ b
-1

4 D P yln]

(d) x[n] ——(E

w(n] ufn] X

It follows that v[n] = x[n] — dywin], wn] = v[n-1] + dpu[n], and u[n] = v[n-2] + x[n]. Thus,
w[n]=x[n-1]- dlw[n -1]+d,x[n]+ d,x[n- 2]- dldzw[n -2], and
w[n]+ dlw[n -1]+ d]dzw[n —-2]=x[n-1]+d,x[n]+ dzx[n —2]. However,
y[n]= v{n—-2]+d,w[n],
Hence, y[n]=x[n-2]- dlw[n -2]+ dlw[n] from which we get
d,yln-1]=d,x[n-3] —d?win-3]+d;win-1] and
dldzy[n -2]= dldzx[n —-4]- dfdzw[n -4]+ dfdzw[n —2]. Adding the last three equations we
arrive at y[n]+d,;y[n—-1]+d,d,y[n-2]= x[n-2]+d,x[n-3]+d,d,x[n—4]

—-dl(w[n ~2]+d,win-3]+dd,wn- 4]) +d1(w[n] +d,w[n—1]+d,d,wln —2])

= d,d,x[n] +dlx[n —1]+x{n-2].

2.17 x[n]=0.58[n +2]+1.58[n—1]-8[n-2]+ d[n—-4]+0.758[n - 6].
Since d[n]=pu[n]-p[n—-1], Hence
x[n]=0.5u[n +2]-0.5u[n +1]+1.5u[n - 1] - 2.5u[n -2]+p{n-3]+p[n-4]
—p[n - 5]+0.75[n — 6] - 0.75u[n - 7].

2.18 (a) w[n]=-3[n+3]+3[n]+43[n—1]-28[n-3]+ 33[n-6]

(b) Using the fact that 8[n]=p[n]—p{n—1], we get

—




wln]=—-p[n+3]+u[n+2]+ u[n]+3u[n—1]-4pufn - 2]-2u[n-3]
+2u[n—4]+3p[n-6]-3u[n-7].

2.19 Let y;[n] and y;[n] be the outputs of the system corresponding to the inputs x;[n] and x,[n],
respectively. Let y3[n] be the output corresponding to the input x;[n] = ax,[n]+bx,[n].

For the discrete-time system to be linear, we need to show that y;[n]= ay,[n]+by,[n].

(a) y[nl= (xlx[n] + azx[n -1]+ a3x[n 2]+ (x4x[n —3]. Hence,
y;[n]=a (o x,[n]+ayx,[n =11+ 03X, [n = 2] +0yx, [ -3))
+ b0y X[l + 0t Ky [n = 1]+ 0y, [n = 2]+t x, [0 = 3]

= ayl[n]+by2[n]. Hence the system is linear.

(b) yin]l= box[n] + blx[n -11+ bzx[n =21+ aly[n -1+ azy[n —2]. Hence,
yln]= by (ax, 0]+ bx[nl) + b, (ax, [n ~ 1]+ bx,[n - 1))
+ bz(axl[n -2j+ bxz[n - 2]) +a1y3[n -1]+ a2y3[n -2]
= a(byx,[n]+bx,[n—1]+b,x,[n - 21)
+ b(byx,[n]+ bx,[n—1]+b,x,[n - 2]) + a,y;[n—1]+a,y;[n 2]
y,[n] = a(y,[n]-a,y,[n—1]-a,y,[n - 2])

+b(y,[n]—2a,y,[n - 1]-2a,y,(n - 2]) +a,y;[n = 1] +a,y;[n - 2]
¥5ln] =ayl[n]+by2[n], i.e. the system is linear for a causal input only if yil-11 = y1[-2]

yal-11 = y2[-2] = 0.

x[n/L]}, n=0,xL,%2L,..,
() yln] ={ 0, otherwise.
axl[n/L]+ bxz[n /L], n=0,zL,¥2L,...,
y3lh ={ 0, otherwise,
=ay,[n]+by,[n]. Hence the system is linear.
1 M-1 1 M-1 a M-1 b M-1
(d) yln]l= —I\Z kz:‘)x[n -k]. Hence, y3[n] = M l(26)(3[n -k]= M k20x1[n - k]+f\4— k2‘6x2[n -k]

= ayl[n]+by2[n]. Hence the system is linear.
(e) ylnl= xu[n]+-;—(xu[n—1]+xu[n+l]).
y3[n] = x3u[n] +—12-(x3u[n -1+ x3u[n + 1]) =a xlu[n] +b x2u[n]

+-;-(a X [n =11+ bx,y[n—1]+ax [n+1]+bx,,[n+1]) =ay[]+by,[n]

Hence the system is linear.




2.20

(f) yln]=x,[n]+ %(xu[n —1]+x,[n+ 2]) + %(xu[n —2]+x,[n+ 1]).
1 2
y,ln]= x3u[n]+§(x3u[n-— 1]+ Xy, [n +2])+§(x3u[n ~2]+x,,[n+1])
= ax,, [n]+bx,,[n] +%(axm[n ~1]+bx, [n—1]+ax; [n+2]+bx,,[n +2])
+-§—(axlu[n—2]+bx2u[n ~2]+ax,, [n+1]+bx, [n +1]) =ay,[n]+by,[n].

Hence the system is linear.

(@) y[n) = nx[n].
For an input x[n] the output is y[n] = n x4[n], and for an input x1[n] the output is yp[n] =
n x5[n]. Thus, for an input x3[n] = & xy[n] + B x5[n], the output y3[n] is given by

y(n]= n(ox, [n) +Bx,[n]) = oy, [n] + By, nl.
Hence the system is linear.
Since there is no output before the input hence the system is causal. However, ly[n]| being
proportional to n, it is possible that a bounded input can result in an unbounded output. Let
x[n] =1 V n, then y[n] =n. Hence y[n] —> e asn —> oo, hence not BIBO stable.
Let y[n] be the output for an input x[n], and let y[n] be the output for an input xq[n]. If
xl[n] =x[n—n,] then y,[n}= nxl[n] =nx[n—ngl. However, y[n—ny]= (n— no)x[n -ngl.

Since yl[n] #y[n- no], the system is not time-invariant.

(b) yln]=x’[n].

For an input x[n] the output is yy[n] = x13[n], and for an input x;[n] the output is ya[n] =
x13[n]. Thus, for an input x3[n] = & xq[n] + B x4[n], the output y3[n] is civen by

yn] = (o [n] + B, {nD)° # 0’x] () + Bx; o]

Hence the system is not linear.

Since there is no output before the input hence the system is causal.

Here, a bounded input produces bounded output hence the system is BIBO stable too.

Also following an analysis similar to that in part (a) it is easy to show that the system is time-

invariant.

5
(©) yln]=B+ » xn-14]
=0
Since P # 0 hence the system is not linear. However, here a bounded input produces bounded

output. Thus, the system is BIBO stable. Also it is easy to check that the system is causal and

time-invariant.




- 5
() yln}=B+ D xin—1]
(=-5
The system is non-linear, BIBO stable, non-causal and time-invariant.

(e) y[n] = ax[-n]
The system is linear, stable, non causal. Let y[n] be the output for an input x[n] and y,[n] be

the output for an input x,[n]. Then y[n]=ox[-n] and y,[n]=ox,[-n].

Lettxl[n] =x[n-— no], then yl[n] = ocxl[-n] =ox[-n— nO] , Whereas y[n— “0] =ox[ng - n]. Hence

the system is time-varying.

(f) yn] = x[n+6]
The given system is linear, non-causal, stable and time-invariant.

2.21 y[n] = x[n + 1] — 2x[n] + x[n - 1].
Let y,[n] be the output for an input x,[n] and y,[n] be the output for an input x,[n]. Then

for an input x3[n] =ox,[n]+ sz[n] the output y,[n] is given by
y3[n] = x3[n +1]- 2x3[n] + x3[n -1]
= ox,[n +1]-20x,[n]+ ox [n-1]+ Bx,[n+1]- 2Bx,[n]+ Bx,[n—1]
= ay, [n] + By, [n].
Hence the system is linear. If x,[n]=x[n-n,] then y;[nl=y[n—-ng]. Hence the system is

time-inavariant. Also the system's impulse response is given by

: -2, n=0,
h{n]=4 1, n=1,-1,
0, elsewhere.

Since h[n] #0 V n<0 the system is non-causal.

2.22 Médian filtering is a nonlinear operation. Consider the following sequences as the input to a
median filter: xl[n]={3, 4, 5} and xz[n]={2, -2, —2}. The corresponding outputs of the

median filter are y,[n]=4 and y,[n]=-2. Now consider another input sequence x3[n] = x{[n]
+ x,[n]. Then the corresponding output is y;[n] =3, On the other hand, y,[n]+y,[n]=2.
Hence median filtering is not a linear operation. To test the time-invariance property, let x[n]
and xq[n] be the two inputs to the system with correponding outputs y[n] and y{[n]. If
x,[n]=x[n-ny] then y,[n]= median{x,[n —k],......., x;[n],.....x;[n + k]}

= median{x[n -k —ny},...... x[n=ngl,...x[n+k —=ng}} =y[n —n,].

Hence the system is time invariant.

2.23 y[n]= %(y[n ~1]+ y—[’-‘n['l—]l]-)




2.24

2.25

2.26

(a)

(b)

(c)

(d)

Now for an input x[n] = o n[n], the ouput y[n] converges to some constant K as n — . The

. 1 o _ .
above difference equation as n — oo reduces to K =—2—(K+E) which is equivalent to

K*=a orin otheg_ words, K=+t
It is easy to show that the system is non-linear. Now assume y1[n] be the output for an input

X [n] Then y [ni:.]; y [n_1]+ xl[n]
1Ly 1 : 2 1 yl[l'l—l]

= 1 x[n—no]
If xl[n]=x[n—n0]. Then, yl[n]=5 yl[n—1]+ y— A
1

Thus yl[n] =y[n —‘no]. Hence the above system is time invariant.

As 8[n] = p[n]—pln—1], T([n]}=T{un]}}-T{un-1]}= h[n]=s[n]-s[n~1]

For a discrete LTI system

yinl= 3 hiklxin-k] = Y (sfkl-skk~I)xin~k] = > s[klxin—k]- Y stk —11x{n - k]
k=—o0 ~ k=~co k=—c0 =—00

-]

2 x[n - k]htk]

k=—co

Now y[n] = x[n]@h[n] ==
Substituting h[n] = 0.58[n - 2] + 8[n — 2] + 0.56[n — 1], and x[n] = S[n-3]+06[n-2]+

8[n — 1] + 8[n ], we obtain y[n] =

= " (0.580k — 21+ [k — 11+ 0.58(k)(8ln ~ 3~ K]+ 8[n ~ 2~ k] +8[n ~ 1~ K]+ 8[n - k]). Hence

k=—0co

y[n]={OT5 15 2 2 15 0.5}.

xl[n]z{(T) 1 0 2}, hl[n]={% 0 1},
xz[n]={% -1 0 3}, hz[n]={—T1 2 1}
y1(n] = x1[n]® by[n] ={<T) 2 0 5 0 2}
y2[n] = xz[n]@‘hz[n] ={—2 5 0 4 6 3}
y3[n] = xl[n]@?hz[n] ={o -1 2 -1 4 2}

7
y4[nl=X2[n]®"hl[n]={cTt -2 2 5 0 3}

10




(-]

2.27 y[n] = x(n]@h[n] = D x(n-klh(k]

k=w00

oo

Substituting k by n-m in the above expression, we get y[n]= Zx[m]h[n —m] = h[n](Mx[n].
B m=-—oco
Hence convolution operation is commutative.

©0

Let y[n] = x(n] @ (hy[n]+h,[n]) = = Y x[n—k](h, (k] +h,[K])

_ = —00

oo k=00
= ) xin-klh,[k]+ S xin kb, (K] = x(n] @by [n] + x[n] @ hy[n].

k=—0c0 k=—oc0

Hence convolution is distributive.

2.28 x3(n]@x,[n1@x1[n] = x3[n]1® (x2[n] D x[n])

As xo[n] @xl[n] is an unbounded sequence hence the result of this convolution cannot be
determined. But xz[n]®X3[n]®xl[n] = xz[n]@(X3[n]®x1[n]) . Now X3[n]®x1[n] =0

for all values of n hence the overall result is zero. Hence for the given sequences

X3[n]®x2[n]@x1[n] # xz[n]®X3[n]@x1[n] .

2.29 win] = x[n]®h[n]1(gln]. Define y[n] = x[n](®h[n] =2x[k] h[n—-k] and f[n] =
k

- hin]@gln] = ¥ elklhln -kl
k

Consider wy[n] = (x[n]Ph[n])Pgln] = y[n]@gln] =Z g[m]Zx[k]h[n——m—k].
m k

Next consider w[n] = x(n](D (h(n] @ gln]) = x(n] Dfln] = Y x[k] Y, glm]h{n -k —m}.
k m

Difference between the expresisions for wy[n] and wy[n] is that the order of the summations is

changed.
A) Assumptions: h[n] and g[n] are causal filters, and x[n] = 0 for n < 0. This implies
0, form <0,
ylm]=4{§{'™ _
2k=0 x[k]h{m k], form=>0.

n n n-m
Thus, win]= Y glmlyln-ml= " alm] D x(klhin—m-kI.
All sums have only a finite number of terms. Hence, interchange of the order of summations is

justified and will give correct results.

B) Assumptions: h[n] and g[x}] are stable filters, and x[n] is a bounded sequence with [x[n] < X.

Here, yiml= __hik]xm~-k] = Z:i o HKIXm = KI+ey o Dm] with e [mll <e X.

11




In this case all sums have effectively only a finite number of terms and the error can be reduced
by choosing k; and kj sufficiently large. Hence in this case the problem is again effectively
reduced to that of the one-sided sequences. Here, again an interchange of summations is

justified and will give correct results. -

Hence for the convolution to be associative, it is sufficient that the sequences be stable and

single-sided.

oo

2.30 y[n]= Zx[n —kJh{k]. Since h[k] is of length'M and defined for 0< k<M -1, the

k=00
M-1 4
convolution sum reduces to y[n]= Zx[n— kJh[k].
k=0

y[n] will be non-zero for all those values of n and k for which n — k satisfies 0 <n—-k <N -1.
Minimum value of n — k = 0 and occurs for lowest n at n = 0 and k = 0. Maximum value of
n —k = N-1 and occurs for maximum value o:f katM—-1. Thusn-k=M-1

= n=N+M-2. Hence the total number of non-zero samples =N + M - 1.

oo

2.31 yin] = x[n]PDx[n] = Y xIn—KxK]
k=—co
Since X[I;, —lk] =0if n — k <0 and x[k] = O if k < 0 hence the above summation reduces to
yinl= Y okt =R RN
k=
Hence the :utput is a triangular sequence with a maximum value of N. Locations of the output
samples with values —r} are n = % -1 and 1} — 1. Locations of the output samples with

values L;- aren = 1;- -1 and 3—? - 1. Note: It is tacitly assumed that N is divisible by 4

otherwise —I:— is not an integer.

2.32 Maximum value will occur when all positive samples are superimposed over themselves. This
occurs at n = %‘- —landatn= 3—;]— — 1 and the corresponding maximum value is %

Minimum value will occur if all the positive values are superimposed over the negative values

and vice versa. This happens at n = N — 1 and the corresponding minimum value is —N.

233 (@) yln] = gey[n] Dheylnl = Y b, In—klg,[k]. Hence, yl-n]= D h,,[-n—Klg,, K}

K=o H k=—co

Replace k by — k. Then above summation becomes




yl-n]= 3 hg,[-n+Kklg,[-k] = Zhean k)]gevl—k] Zhev[m K)lg,, k]

k=—co k=—co

= y[n].
Hence ge,[n](®he,[n] is even.

(b)  yin] = geyn]Phoglnl = Y h [0 -k)g,, [k]. Asa result,j

k=—co

yl-nl = D hoyl-n-k)lg, [kl = Zhodl (n-K)g,, [~ k] = D hoyln=k)lg,, [kl

=—00 k=00 ) k=—co

Hence gev[n]@hod[n] is odd.

(¢) yln]= god[n]®hod[n] = zhod[n—-k]god[k]. As a result, -

k=—oo

yl-n] = D hogl-n—klgoylkl = Y hoyl~n=K)lgoyl-kl = > hoyln—Kkgy,lkl

k=—0c0 k=-oco . k=—oo

Hence goq[n] () hyqln] is even.

-] M"‘l
2.34 y[n]= ZX[n —klh[k]= Zx[n ~kJh[k] Now, y[0] =x[0]n[0] => x[0]= y[0]/h[O]
k=—c0 k=0

In general, x[n]= E—[O—]{y[n]— Zh[k]x[n k]}

where x[n — k], k = 1, 2,....., n have been computed before.

2.35 (a) Given {y[n]} {2 8 20 40 60 68 62 40} and {h[n]}={2 4 6 8}.
Therefore length of x[n] = 8 4+1=5

Using x[n]= h[IO] {y[n] Zh[k]x[n k]} values of x[n] for n=0, 1, ..., 4 can be computed
k=1

and is given by {x[n]}={l 2 3 4 5}
yll-x[0Jh{l] _ 86 _

h[0] T
obtain {x[n]}={3 -2 4 -6 7}

5 :
(¢) x[0]= ————"— =1 + j2. Following the procedure outlined above, we arrive at

— 2. Continuing further we

(b) Here x[0] = y[0)/h[0] = 3, x[1] =

xin}={1+j2 2-j3 3+j}k

2.36 y[n] = ay[n — 1] + bx[n]. Hence, y[0] = ay[-1] + bx[0]. Next,
y[1] = ay[0] + bx[1] = azy[—1]+abx[O]+bx[1]. Continuing further in similar way we obtain

13
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y[n] = a™*ly[-11+ Zan_kb x(K].. .
hat k=0

n -
(a) Let y,[n] be the output due to an input x,[n]. Then y,[n] =a"+ly[—1]+ Za“:kbxl[k].

k=0
If x,[n] =x[n - ny] then
n n—l’lo
y,[n]l= a"“y[—l] + zan"kb x[k-ng] = an+1y[—1] + Za“‘"O"fb x[r].
k=n0 r=0 ’

n-ng =
However, y[n—ny]= a"_"0+1y[—1] + Za"_"o—rb x[r].

r=0 ' :

Hence yl[n] #yln-ng] unless y[-1] = 0. For example, if y[-1] = 1 then the system is time
variant. However if y[-1] = O then the system is time -invariant.

(b) Let y{[n] and y,[n] be the outputs due to the inputs x;[n] and xy[n]. Let y[n] be the output
for an input Otxl[n]+[3x2[n]. However, -

n n -
ay,[n]+By,[n] = ca™y[-1]+Ba"y[- 1]+ ) 2" Fbx, k] +B Y a"Fbx,[k]
k=0 k=0
whereas

n n
ylnl=a"y[~1]+a Y 2" *bx [k]+B Y a" *bx,[K].
x k=0 k=0
Hence the system is not linear if y[-1] = 1 but is linear if y[-1] = 0.
(c) Generalising the above result it can be shown that for an N-th order causal discrete time system

to be linear and time invariant we require y[-N] = y[-N+1] = ... = y[-1] = 0.

2.37 The difference equation representation is
y[n]=y[n-1]-x,[n]+x,[n] with x;[n]<y[n] and initial deposit = y[-1].

2.38 (a) f[n] = f[n - 1] + f[n — 2]. Let f[n] = or”, then the difference equation reduces to

or” —or"™! —ar™? =0 which reduces to 1> ~r—1=0 resulting in r= 1:1:2«/3‘
n n
Thus, fln]=o; 1445 +0, -1:—@ .
2 2
o +o o =0,
Since f[0] = O hence o, +a, =0. Also f[1] = 1 hence —1—2—2+J§ L2z,

L n
Solving for o, and a,, we get oy =-0, =T/1'§" Hence, f[n1=71'5=(1+2ﬁ) _%{1-2«/3) .

(b) y[n]l =y[n-1] + y[n-2] + x[n - 1]. As system is LTI, the initial conditions are equal to zero.
Let x[n] = 8[n]. Then, yln] =yn-1] + y[n-2] + 8[1’1-— 1]. Hence, :

14




y[0] = y[- 1] + y[- 2] =0 and y[1] = 1. For n > 1 the corresponding difference equation is
y[n] = y[n — 1] + y[n — 2] with initial conditions y[0] = 0 and y[1] = 1, which are the same as

— those for the solution of Fibonacci's sequence. Hence the solution for n > 1 is given by

1+f) L(1=45)"
”f 5 ) THL T2

Thus f[n] denotes the impulse response of a causal LTI system described by the difference

equation y[n] = y[n - 1] + y[n — 2] + x[n - 1]. -
2.39 y[n] = y[n - 1] - x[n] + R is the difference equation representing the system.
y[0] = D and x[n] =P. Hence y[n]=y[n-1]-(®P-R)ory[n] -y[n-1]+P-R =0.
Thus, y[1] = y[0] = (P — R), and y[2] = y[1] — (P — R) = y[0] — 2(P - R). Continuing the
process, we get y[n] = y[0] - n(P - R).
Let N be the number of years needed to repay the loan fully then y[N] =

Then N = y[0)/ (P - R) = D/(P - R).

2.40 y[n] = ay[n—-1]+x[n]. Denoting, y[n] = y[n] +j yim[n]l, and a =a + jb, we get,
Yelnl+jyimnl = @+ jo)y  [n = 1]+ jy; [n—1]) +x[n].

Equating the real and the imaginary parts , and noting that x[n] is real, we get
Yelnl=ay [n-1]-by; [n-1]+x[n], (1)
Yim[ml=by [n-1]+ay; [n-1]

Therefore

Yimln — 1]——ylm[n] y,e[n 1]

Hence a single input, two output difference equation is
2

b
Yt =25, [n =11 2y, [0l + 2y, [n = 1]+ x(n]
thus byim[n—l]-—ayre[n—l]+(a +b2)y_[n-2]+ax[n-1].

Substituting the above in Eq. (1) we get
y[n] =2ay_[n-1]-(a®+b?)y [n-2]+x[n]-ax[n-1]
which is a second-order difference equation representing y [n] in terms of x[n].

2.41 The impulse response of the cascade is given by h[n] = hl[n]®h2[n] where

n
hl[n]=a"u[n] and h2[n]=[3"u[n]. Hence, h[n]=(2ak[3"—k}.t[n].
k=0

0<n<3

2.42 gfn] = h[n](®h{n] where h[n]= {n+l otherwise.
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Hence g[n]:{% 4 10 20 25 24 16},

and g[n]={1/T25 4/25 2/5 4/5 1 24/25 16/25}. -

2.43 For a filter with complex impulse response, the first part of the proof is same as that for a filter

with real impulse response. Since, y[n]= zh[k]x[n—k],

k=—0co

< Y hik]ixin - k]

k=—co

Z h[k]x[n - k]

k=—o0

lyln] =

Since the input is bounded hence 0 <|x[n]] < B,. Therefore, |y[n]<B, ZIh[k].

k=—oc0

So if z|h[k]|= S <o then |y[n]] < B,S indicating that y[n] is also bounded.

k=—00

To proove the converse we need to show that if a bounded output is produced by a bounded

*f_
input then S <eo. Consider the following bounded input defined by x[n]= l|]h[[ I]]I] .
-n
— h*[kIhk] _ : :
Then y[0]= —_—= h{k]=S. Now since the output is bounded thus S < oo.
’ k;, k] k;l ]' i

Thus for a filter with complex response too is BIBO stable if and only if Zlh[k]= S<eo.

k=—co

2.44 g[n] = h;[n](®hy[n] or equivalently, glk]= zhl[k—-r]hz[r]. Thus,

r=—o00

St= 5, Shoc-dbacd < Shod | Sl

k=—o00 k=—ocor=—c0 k=—oco r=—oo

Since hy[n] and hy[n] are stable, D |h;[k]<e= and Y |h,[K]< . Hence, M [glk]<ee.
k k k

Hence the cascade of two stable LTI systems is also stable.

2.45 Consider a cascade of two passive systems. Let y;[n] be the output of the first system which is
the input to the second system in the cascade. Let y[n] be the overall output of the cascade.

oo 2 oo
The first system being passive we have Zlyl[nj < zlx[n]tz.

n=-oo n=—oo

Likewise the second system being also passive we have Z"ly[n]l2 < Zlyl[nf < Z]x[n]l2 ,

n=-—co n=-—oco n=-oo
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indicating that cascade of two passive systems is also a passive system. Similarly one can prove

that cascade of two lossless systems is also a lossless system.

2.46 Now, h[n]=c"p[n]. Therefore y[n]= Y hiklx[n—k] = D o*x[n -k]

k=—oco k=0
= x[n]+20ckx[n— k] =x[nl+a Y a*xin—1-k] =x[n]+ay[n-1].
k=1 k=0

Hence, x[n]=y[n]-ay[n-1]. Thus the inverse system is given by y[n]=x[n]-ax[n-1].
The impulse response of the inverse system is given by g[n] = {% —a}.

2.47 y[nl=y[n-1]+y[n-2]+x[n-1]. Hence, x[n - 1] = y[n] - y[n - 1] —y[n -2], ie.
x[n] = y[n + 1] - y[n] — y[n — 1]. Hence the inverse system is characterised by
y[n] = x[n + 1] - x[n] — x[n — 1] with an impulse response given by g[n] ={1 -}1 —1}.

d
2.48 y[n]=pyx[n]+px[n— 1]-d,y[n—1] which leads to x[n]= J—-y[n] +—L y[n-1]- L1 x[n—1]
Po Po Po

Hence the inverse system is characterised by the difference equation

1 d, Py
y,[n]=—x,[n]+—x [n-1]-—-y,[n-1].
Po Py Po

2.49 Let the first order causal system be y[n] = a y[n — 1] + b x[n] + ¢ x[n - 1].
Let the input to the system be x[n]=8[n]. Then its impulse response samples are given by

h[0]=b, h[l]=ab+c, h[2]=ah[l]. Solving these three equations we get

h{2] _ h{2]h{0]
a hil] , b=h[0], c=h[] —————hm .
M N
250 ) pxin-k]= Y dyin -k
k=0 k=0
M N
Let the input to the system be x[n] = d[n]. Then, Zpkﬁ[n -k]= deh[n- k]. Thus,
k=0 k=0

N
P, = deh[r—k]. Since the system is assumed to be causal, hfr-k] = 0 Vk > r.
k=0

r r
p,= 3 dhir—k] = > hikld,_,.
k=0 k=0

M
2.51 v[n]= zpkx[n —k]. Define another causal FIR system with input and output related by

k=0
N
y[n]= dev[n—k]. The inverse system of the new system is defined by

k=0

17
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v[n]= dey[n —k]. This implies z p x[n-k]= zdky[n -K].
~ k=0 k=0 k=0

Hence a causal IIR digital filter can be realised as a cascade of an FIR filter and inverse of a
causal FIR fliter.

M N
2.52 Let Zpkx[n -k]= y[n]+2dky[n —k] be the difference equation representing the causal
k=0 k=1

IIR digital filter. For an input x[n]= d[n], the corresponding output is then y[n] = h[n], the
impulse response of the filter. As there are M+1 {py} coefficients, and N {dy} coefficients,
there are a total of N+M+1 unknowns. To determine these coefficients from the impulse
response samples, we compute only the first N+M+1 samples. To illstrate the method, without
any loss of generality, we assume N =M = 3. Then, from the difference equation
reprsentation we arrive at the following N+M+1 = 7 equations:

h{0] = p,,

h{1]+ h{0]d, = p,,

h[2] +h{1]d, +h[0]d, =p,,

h{3]+h[2]d, +h{1]d, +h[0]d; = p,,

h[4]+h{3]d, + h{2]d, +h[l]d; =0,

h[5]+h[4]d, +h({3]d, +h(2]d; =0,

h[6]+h[5]d, +h{4]d, +h[3]d, =0.

Writing the last three equations in matrix form we arrive at

[h[4]j| [h[3] hizy byl | [o‘
hisl|+|h4]  h3]  hi2]]d, |=|0}
hiel] [bis] b4l hB31|dl| (O

d; [hm h(2] hm]“'h[‘tﬂ

and hence, |d, |=-{h[4] h[3] h{2]| |h{5]}
d h{5] h{4] h[3]] |h(6]]

3
Substituting these values of {d;} in the first four equations written in matrix form we get

Po| [h[0] O 0 o1!
Py |_|h1] hO] O 0 14,
p,|T|h(2] hl] hO] O {dyf
P; h{3] h[2] hil] h{0] d,

2.53 (a) v[n] = (hy[n] + ha3[n1(Phs[n]) @ x[n] and y[n] = hy[n] P vin] + h3[n] @ hyln] @ x[n].
Thus, y[n] = (hy[n] P hyln] + hyln]@h3[n] D hsin] + hin] P hyln]) @ x(n].
Hence the impulse response is given by

h{n] = hy[n]®hy[n] + hyln] D h3[n]Dhsn] + h3[n] (P hy[n]

18




(b) v[n] = hy[n]@x[n] + h{[n]@hy[n]@x[n].
Thus, y[n] = h3[n] @ vIn] + h;[n]Phs[n]1 @ x[n]
= h3[n] @ hyaln] D x(n] + h3[n]Dh;n]Bhy[n] @ x[n] + h[n]®h5[n](®x[n]

Hence the impulse response is given by

h[n] = h3[n](Phyln] + h3[n] D h[n]@hyln] + h{[n](Phs(n]

2.54 u[n] = hy[n](®Phy[n] + hs[n].
But, hl[n]@hz[n] =68[n]+2 §[n—1]+38[n—2]+8[n-3]. Hence,
h[n]=78[n]-8[n—1]+33[n-2]+ d[n-3]+78[n—4]+6 8[n—6].

2.55 The state equations are given by
s,[n]= s;[n—1],
s5[n]=s,[n-1],
s;[n+ 1]=x[n]-0.8s,[n] - 0.6 sz[n] —0.4s,[n]
y{n] =0.4(x[n] - 0.85,[n] - 0.65,[n] - 0.4 53[n])+0.65[n] +s,[n]+0.85,[n]

s,in+11| [-0.8 -0.6 -047]snl} [1
ie., s,[n+1]|=| 1 0 0 |s,[n] +[O}x[n]
s3[n+1] 0 1 0 | s;[n]
s;[n]
. y[n]=[0.28 0.76  0.64]|s,[n]|+0.4x[n]
s3(n] |

2.56 For a second-order system, the difference equation is of order 2, and is of the form
pox[n]+px[n-1]+p,x[n-2]= yln]+d,y[n-1}+d,y[n-2].
We thus need to determine S coefficients, pg, py, p2, di and d; from the state-space description.
To this end, we first determine the first 5 samples of the impulse response samples from the

state-space description of the causal LTI discrete-time system:

h[n]= D, forn=0,
1= can-! B, for n>0.

05 04] p_[11 - _
Here, A = [ iy 0.3] B= [3] C=[2 3], and D=04.

Thus, h{0] =0.4, h[l]= 3{3] 11, h21=[2 3[ 03 3] 5.5,

h(3]= 3{ ] [ ]-—1 87, and h[4]= 3][ ] [ ] 0.231.

Next, following the results of Problem 2.52, we arrive at

]8RRS 5o Tas)- [
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pol ooy o oJtffoa o oT1 0.4
p,|=|hll ho] 0 fd =11 04 0 |-08|=| 1068 |
- p,| (b2l hl bi0fa,| [55 11 o04fo23] |-3208

Hence, the difference equation is given by
0.4x[n]+10.68x[n —1]-3.208 x[n — 2] = y[n] - 0.8 y[n - 1] + 0.23 y[n - 2].
2.57 %= E{(x - mx)z} = E{x2 +m? - 2xmx} = E{x?}+E{m?} - 2E{xm ).
Since m_ is a constant, hence E{mi} = mi and E{xm,_}=m E{x}= mi. Thus,

o2 =E(x’}+m? -2m> = E(x’} -m}.

2.58 E{x+y}= Ij(x + y)fxy (x,y)dxdy = ” xfxy(x, y)dxdy + J yfxy(x,y)dxdy

= j x(j s y)dy)dx + j y(j Fry (% y)dX)dy = I xf, (x)dx + J yf, (y)dy

=E{x} + E{y}.

2.59 mean =m, = E(x} = .Expx(x)dx

variance = oi =E{(x- mx)z} = Jm (x- mx)2 px(x)dx

(a) px(x)=%( 5 L 2). Now, m —%I xdx . Since — X is odd hence the integral

X°+a X x? + o x2 + 0
is zero. Thus m, =0.

2 o> xzdx

g, =— .
X -«x2+oc2

Since this integral does not converge hence variance is not defined for

this density function.

(b) p,(x)= g-e—alx|. Now, m, = %Jo): e Max =0. Next,

- o 2_-ox|® 2
o? =.0_LI x%e~ldx = aj x%e ™ dx =22 +J‘2_Xe—axdx
x= 7). 0 -a o
0 0
—ax \ad 00
=00+ 2x ¢ + —gi-e—axdx =_2'i"
o —o o 0o o

( _ n n\/¢ n-{ _
c) px(x)—z ’ (1-p)" " 8(x-4). Now,
=0

m, = E, gj(rz})pg (1-p)** B(x—e)dx=g)@) p!(1-p)"~“=np

20
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2.60

2.61

2.62

o? =E(x}}-m —r zzn:()p — )" {8(x — £)dx — (np)>

=0
n
=Zfz(?)r>’(1— p)"~*~n2p?=np(i-p).
=0

g e—(xaf
(d) px(x)=26—m—5(x-e>. Now,
=

oo 2 0L
m, =J._);29—£?—8(x—2)dx =

oo -a, ¢ ~-Qt L
2 _gix2-m2 =% ¢ Sex - - 29_9‘___ 2 =
o? =E(x*}-m> j 2——&——6@ )dx— o2 Ze -l =

© p0=—7e" 122 5. Now
mx=;2-J‘:° —x" /20 u(x)dx——l-fjmx X720 4y = T/
2
_ 1 ~x2 /202 am _(, ®\ 2
{X } = J' r(x)dx — > (2 )

Recall that random variables x and y are linearly independent if and only if

2
E{;alx +a2y| }>0 Vaj,a, except when aj =a; =0, Now,

Bl 1 o {lal b E{) ayxy (i@ e xny} =y [E{P] o[} > 0
Va, and a, except when aj =a; =0.

Hence if x,y are statistically independent they are also linearly independent.

Oy L=E{x(n+ £y *[nl}, ¢, [~01=E{x(n—2]y*[n]}, ¢, [(J=E{yln+£]x*[n]}.
Therefore, ¢y, *[£1=E{y *[n+x[n]} =E{x[n-£]y* [n]}=q)xy [-¢].

Hence ¢xy[—€] = ¢yx *[{1].

Since 'ny[f] = ¢xy[£]—mx(my)*. Thus, yxy[E] = ¢xy[£] - mx(my)*. Hence,
nylf] = ¢xy[Z] - mx(my)*. As a result, 'yxy*[t’] = ¢xy *] - (mx)*my.
Hence, ny[—Z] = Yyx *[4].

The remaining two properties can be proved in a similar way by letting x =y.
E{Ix[n] ~x[n- e]|2} >0.

E{lx[n]lz} + E{[x[n - e]z} — E{x[n]x*[n—£1} — E{x*[n]x[n—£]} 2 0
205, [0] — 20, [12 0
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2.63

2.64

2.65

2.66

0xx[0] 2 0, [4]

Using Cauchy's inequality E{IXIZ}E{IyIZ}S Ez{xy}. Hence, ¢,,[0]¢,,[0]< |¢xy[d
2

2
One can show similarly 7,,[0] 7,,[0] < Iyxy[d

Since there are no periodicities in {x[n]} hence x[n], x[n+£] become uncorrelated as £ — o..

. . 2 . 2
Thus gh_)n:o Yxxm:}i,“l, Q)xx[f]—-'mxl — 0. Hence gh_?l ¢xx[f]=|mx| .

C= E{(X—K)z}. To find the value of K that minimize the mean square error C, we

differentiate C with respect to K and set it to zero.

Thus g_C_ = E{2(X-%)} = 0 which results in k¥ =E{X}, and the minimum value of C is Gi.
K

V =aX +bY. Therefore, E{V} =a E{X} + b E{Y} =amx+bmy. and
o2 =E((V-m )%} =E(@X-m,)+b(Y -m )*}.

Since X,Y are statistically independent hence 0'3 = azci + bzcz.
1 M
(a) rin]= lim —— x[£1x[£+n]. Since x[n] is periodic with period N, hence x[n+N] =
M- 2M +1 oM
1 2 1 -

. Now, +N]= lim ——— /x[¢+n+N] = lim ——— Lx[£+n] = .

x[n]. Now, r[n+N] MI.T,” M1 x[€1x[£+n +N] i 1 x[€]x[£+n] = r[n]
=-M {=-M
Hence r[n] is also periodic with a period N.
(b) r[-n]= Zx[(f]x[f—n] = 2x[£+n]x[£]= r[n]. Hence r[n] is an even function of n.
[:—oo l:do

(c) Since Z(x[f]—-x[(-i-n])zz 0, it follows that 2r[0]—2r{n]20. Hence 1[0] = r[n] for all

f=—co

values of n.

-]

(d) For an aperiodic sequences r{0] = x2[£] which is equal to the energy‘ of the sequence.
p

f=—c0

. 4 . . 1 2
For an periodic sequence, the average power is defined by P._ = lim x“[4}
p q ge p y By, = lim ——— 3 x’[4]
=—M
Substituting n = 0 in the autocorrelation sequence of a periodic random sequence we get r{0] is

equal to its average power.
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(e) Since the autocorrelation sequence of a periodic sequence is also periodic with the same
period, hence an way to determine the period of the actual sequence is by measuring the
— distance between two maxima's say r{0] and r[N] in the autocorrelation sequence. Note that due

to part (c) r[0] will always have the maximum value.

2.67 (a) x[n]= sin(z—;lﬂ). Since this sequence is periodic with a period M it follows that

M-1 M-1
1 _ 1N (ame)  (2me+n)
r[g]— Y ;} (21X, [n + ] v Z(:)sm( v )sm( v )

co

(7]

1 Mz (27“’) . (21:3) (Znn) S(Znﬂ) . (m) _ (m)
— sin sin cos +co sin sin
M pan M M M M M
1. (2_7“1) .

2 M)

Thus, r[n] is periodic. The period of the sequences r[n] and x[n] is M.

(b) xz[n] =nmodulo7. Since the above sequence is periodic with period 7, it follows that

fn]l== zxz[f]xz[n+ﬂ] {13 10 8 7 7 8 10} r[n] is periodic with a period 7.

(c) The sequence x;[n]= (=1)" is periodic with a period 2. Hence
b~ 1

r[p]= %zx3[l]x3[n+€] = {1[ —1}. Thus, r{n] is periodic with a period 2.

£=0
M2.1 L = input('Desired length = '); n = 1:L;
FT = input('Sampling frequency = ');T = 1/FT;
imp = {1 zeros(l,L-1)]};step = ones(l,L);
ramp = (n-1).*step;

subplot(3,1,1);
stem(n-1,imp) ;
xlabel ([ 'Time in ', num2str(T), ' sec']);ylabel('Amplitude’);
subplot(3,1,2);
stem(n-1,step);
xlabel ({'Time in ',num2str(T), ' sec']);ylabel('Amplitude’);
subplot(3,1,3);
stem(n-1, ramp) ;
xlabel ({'Time in ',num2str(T), ' sec']);ylabel('Amplitude’):;

M2.2 A=input(’'The peak value =');
L=input ( 'Length of sequence =');
N=input ('The period of sequence =');
FT=input ('The desired sampling frequency =');
T=1/FT;
t=0:L-1;
x=A*sawtooth(2*pi*t/N) ;
y=A*square (2*pi* (t/N),b40);
subplot (211)
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stem(t, x);
vlabel ('Amplitude');

xlabel(['Time in ', num2str(T), 'sec']);
~ subplot(212)

stem(t,y);

ylabel ('Amplitude’);

xlabel(['Time in ',num2str(T),'sec']):;

M2.3 (a) The input %iata entered during the execution of Program 2_1 are
Type in real exponent = -1/12
Typé in imaginary exponent = pi/6
Type in the gain constant = 1
Typé in length of sequence = 41

(b) The input data entered during the execution of Program 2_1 are

Type in real exponent = -0.3
Typé_ in imaginary exponent = pi/3
Type in the gain constant = 1.5

Type in length of sequence = 51

The plots generated are shown below:

Real part ' Imaginary part
s — 1.5¢ T - g 1 'g WR
it R
L
E 0‘5T g 0.5
g o fo N ! e
< (L © < SpeE 68 b
0.5
_1 e " . -0.5 i " A 2
0 10 20 30 40 50 0 10 20 30 40 50
Time index n Time index n
M2.4 (a) L = input('Desired length = ');
A = input('Amplitude = ');
omega = input('Angular frequency = ');
phi = input('Phase = ');
n = 0:L-1; :
X = A*cos(omega*n + phi); 5

stem(n, x);
xlabel ('Time index');ylabel('Amplitude’');
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(b)

= © © & Z 0
L 1R (TR e | G
1 & & S .1 . s
0 5 10 15 20 0 5 10 15 20
Time index Time index
@) cos(0.2>511:n) (i1) cos(0.2nn)
4 - 10 -
o 20 [} 5
9 Q
E TWT o ?TTTTTA %, 3 ?TJTT ?T TT
2 0 © [& C&)O = 60 Y 3. Oémcu QLo mew? QL
PO T A TS
4 . - -10
0 10 20 30 40 0 10 20 30 40
Time indgx Time index
(iii) 2cos(0.17n) + 2sin(0.27tn) (iv) 3 sin(0.8mn) — 4cos(0.17tn)
M25 t = 0:0.001:1;
fo = input('Frequency of sinusoid in Hz = ');
FT = input('Samplig frequency in Hz = ');
gl = cos{2*pi*fo*t);
plot(t,gl, '-")
xlabel('time');ylabel ('Amplitude’')
hold
n = 0:1:FT;
r — gs = cos(2*pi*fo*n/FT);
plot(n/FT,gs,'o")
hold off -

M26 t = 0:0.001:0.85; ’
gl = cos(6*pi*t);g2 = cos(l4*pi*t);g3

)ig3 = cos(26*pi*t);
plot(t/0.85,91,'-',t/0.85,g2,'--',£/0.85,g3,"':")
xlabel('time') ;ylabel('Amplitude’')
hold ‘

n = 0:1:8;
gs = cos{0.6*pi*n};

plot(n/8.5,gs,'0")

M2.7 As the length of the moving average filter is increased, the output of the filter gets more
smoother. However, the delay between the input and the output sequences also increases
(This can be seen from the plots generated by Program 2_4 for various values of the filter

length.)

M2.8 alpha = input('Alpha = ');
yo = 1;yl = 0.5*(yo + (alpha/yo));
while abs(yl - vo) > 0.00001
y2 = 0.5*(yl + (alpha/yl)):;
yo = yl; vyl = y2;
end 3
disp('Square root of alpha is'); disp(yl)
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M2.9 alpha = input('Alpha = ');
yo = 1;yl = 0.5*(yo + (alpha/yo));
while abs(yl - yo) > 0.00001
y2 = 0.5*(yl + (alpha/yl));
yo = yl; yl = vy2;
end -
disp('Square root of alpha is'); disp(yl)
M2.10 v input ('First sequence = ');
h input ('Second sequence = ');
[x,r] = deconv(y,h);
disp (x)

@ 1 2 3 4 5, (M 3 -2 4 -6 1,
(¢) 1 + i2 2 - 13 3 + i1l

Chapter 3

oo

3.1 X( ejw) = Zx[n]e'j‘”“. If {x[n]} is absolutely summable then 2|x[n]|<oo. Thus,

n=-oo N=—oo
[X(ei®)|= ix[n]e'jm" < i|x[n]‘e'j°’“.| < i|x[n]l<°o. Hence, if {x[1]} is absolutely
n=—oco n=—oo n=—oo :

summable then X( ejw) converges.

3.2 (a) x(n]=8[n]. Then, X(e/®)= Y d[nje~ion =70 =1,

n=-—oo

(b) yin]=pinl=y,,(n]+ygln], where v, [n]=(ylnl+y{-n])=1(nin]+pi-n)) =+,

and yq{n] = +(yln] - yi-n1) = 2 (4{n] — p[-n]) = k{n] - 3 - 5 &[]

Now, Y, (/)= %[21: > S+ 27rk)} +§= n Y 8(e+2mk)+ %

k=—oco k=-—uo

Since yoq[n]=pn] -+ +2 800, yo4ln)=pin—1]-+58n1l. Asaresul,

Y oalnl =¥ ogln —11=n] ~ tfn ~ 1]+ - 8(n ~ 1] 1 8[n] = 7 8[n] + 5 8[n — 1]. Taking the DTFT of
. . s . . 1 i

both sides we then get Y ,(e/?)—-e™® Yo—d(el‘”)=5(1+e JOJ)_ or

- | 1+e7i@ 1 1
JOy = _ — = ——— c
Y 4(e™) 3 e ® 1_e® 2 Hence, ;

. . ) 1 —
V(@) = Yo (1) + Y g(e) = 5+ Y 8(w+2mk).

k=—o0 ]




(c) Let x[n] be the sequence with the DTFT X(ej“’) = 22n8(w—0) o +2mnk). Its inverse

k:—oo
1 % , -
- DTFT is then given by x[n]= P J.21t8(m - coo)eJ‘”“dm =el®0,
-7 .
(d) win]l=a"u[n]. Then W(el®) = ia" g jon - .
. ’ jw .

n=0 1—-0.6»

3.3 (a) Let f[n] = agln]+Bh[n], Then F(e/®)= Zf[n]e-jcfm,

n=—o°

= ) (agln]+Bh(n)e I = 0.G(el?) +BH(eI®).

n=-oo
(b) Let y[n] = gln — no), Then Y(e!®)= Y yn]eT® = » gln—n Je7io"
n=-—oo n=-—oo
=ejon, Eg[n]e‘j“’“ = e7ION, G(e?).

Nn=-o0

() Let hin]=e/ngn], then H(el®)= 3" hinJe™fon = " ciong[n]e=iom

n=-—oco n=-oco

_ 3 snieteoon - Glo-oy),

N=-—oc0
. > . dGE®) & .
joy = 2' ~jon D S z_ —jen
(d) G(e!™) glnle . Hence %o jngfn]e .

Nn=-—o0 n=-—oo0
dGEei?)) & . d(G(e!®)
Therefore, j—g-a-w—l: an[ﬂ]e—wm. Thus the DTFT of ng[n] is j(—dm—)-.
n=-—oco

() yin] = gln]@hinl = Y glklhin~k]. Hence Y(ei*)= 3 " glklhln~kle™"

k=—o n=-—oo k=-oco
= ) glkJH(E?)eTI% = Hel?) D glkle™ = H(eI*)G(e).
k=00 k=00
(0 yln] = glnlhin]. Hence Y(e/®)= ) glnlhin]e "

T >
Since g[n]= 511; JG(eje)ejO"dG we can rewrite the above DTFT as

-
o N s oo
Y(ij) = El; Z Ih[n]e—jmnG(eje)ejende = ?11; J. G(Cje) 2 h[n]e‘j(m—e)nde
n=-oco_g ~1 n=-—oo
1 n -~
_ = j G(e1®)H(ed@=))dp. :
-n
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() yinl= )’ gln]h*[n]= _Zg[n](gl; | H*(ej‘”)e—J'mndm]

T

n=-—oco
—_ 1 T oo 1 i1
= — | H*(® nle7O ldp = ——IH* 9)G(ei®)do .
ZnJ (e )(n—z“g[ ] J o &'®) (em ydw
-7 = -n

oo

3.4 X(e?)= zx[n]e“i"’“

n=-oo
() XEI)= Y xin]el = 3" x-n]e . Thus x[-n] & X(eI9).
n=-—o0 n=-—oco
(b) X*(e/®)= ) x*[n]el*" = ZX*[—n]e"j“’".Thus X *[-n] & X *(e]?).
n=-—oec n=-—oo

(c) Re{x[n]} = %{x[n] + x*[n]}. Now the DTFT of x*[n] is X*(e'j“’). Hence, using the
linearity property of the DTFT we obtain Re{x[n]} < %{X(ej‘”)+X *,.(e'j“))}.
(d) Im{x[n]} = Elj{x[n] ~x*[n]}. Hence, using the linearity propert); of the DTFT we obtain
j Im{x[nl) &~ {X(&1)-X*€7)),
(e) x c S[n] = %(x[n]+x *[-n]). Using the linearity property and the results of part (b) we get
X [n] & %{X(ejm) +X* (eJ‘D)} =Re{X(e/?)}. ~
() xcaln] = %(x[n]— x *[-n]). Using the linearity property and the resﬁlts of part (b) we get

Xa[nle= %‘(X(ejm) -X* (Cjw)) = jIm {X(eI®)}.

1
3.5 (a) xey[n] = E{x[n] + x[-n]}. Since x[n] is real, x[- n] = x*[- n]. Thus
1
Xey[n] = —2— {x[n] + x*[-n]}. Now using the linearity property and the results of Problem 3.4
part (b) we get x_ [n] < %{X(ej"’) +X*(ej“’)} = Re{X(e?)}

1 1 *
(b) xod[n] = E{X[n] — x[-n]} =§{X[n] - x [-n]}. Thus

X qn] & —;—(X(ej“’) —X*(ei?)) = jIm (X(e)))

(¢) Since x[n] = x*[n]. This implies X(eJ®)=X*(e~I?®). Thus X (®)=X_(e71®) and
Xim(9)= X (e799). Also [K(e)= XL+ XE @19 = X2 (e10)+ X2, (750)
Xim(e:]w) = —tan-1 Xim(e?m)
X (1) X, (e719)

= IX(e"j“’ )l Likewise, arg X(e®) = tan™! =—arg X(eI?).

~—
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n ki
3.6 x[n]= L JX(ej“’)ej“’"d(o. Hence, x*[n]-_-_l_ IX *(ei®)e=i0dq.
2n 2n
(a) Since x[n] is real and even, hence X(eI®)=X*(ei®). Thus,

T
x[- n] = _2% _[X(eim)e‘jm"dm,
-n

I
Therefore, x[n]= %(x[n] +x[-n]) = ?lTE j.X(ej‘”)cos(a)n)d(o.
-
Now x[n] being even, X(e/?)=X(e1®). As a result, the term inside the above integral is even,

T
and hence x[n]= 1 J X(eI?) cos(wn)dw
T
0

(b) Since x[n] is odd hence x[n] = - x[- n].

.o
Thus x[n] = —;—(x[n]—x[-—-n]) = -Z-JE J‘X(ej“’)sin(mn)dm. Again, since x[n] = - x[- n],

~T

o
X(eI®) = —~X(eJ?). The term inside the integral is even, hence x[n]= J—IX(ejm)sin(wn)dm
n .
0

ei®nel® 4 e~i0ne—i0
2 u[n]

3.7 x[n]=a" cos(@,n +$)u[n] = Aa“(
= %e”’(aej‘”o )n un]+ %e"jq’(ae"j“’o )u[n] . Therefore,

; A 1 A _; 1
XeJ(D =— J¢—————-—+—C—J¢——.———"—'—_
) 2 € 1—oe I®el® 2 1 —ae™10e10,

3.8 (a) xl[n]=a"|,1[n], | < 1. Thus, Xl(ej“’)= Z(ae"j‘”)" = I

~ 1-ae o
0 o0 ' 1
= M- joy— n,—jon _ —ng,jon _
(b) x,[n]=au[-n], |of>1. Thus, X,(e') ngma e ,Z(')a e PR
ol lnj<M jo < n_-jon < -n_—jon
(c) x4ln]= » PI=™% Then, X, )=2a e 19 4 Za e
0, otherwise. 220 neeM
1M - o MeioM
o 1-o le7I®
(d) x,n]=0"un+3],  |ef<1. Note x,n]=a"x,[n+3]. Hence, -
. . -3, 30
' - e
X, (/) = a2eP0X (/)= ———.
4 1 1-ae jo
(e) x5[n]=na"p[n]. Note that x5[n] = nxj[n]. Hence,
. dx, (e'® -jo :
X () =] ) oe —=7 :
dw (1-ae™®)
29 -
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-N<n<N\, N . . 1
L Nen Then Yl(ej‘”) = Ze‘jfﬂn —ejon (=€ Jm(z,NH)) = sm(m[N+ 2]) .
0, otherwise. e N (1-e719) sin(w/?2)

3.9 (a) y;[n] ={

- l—IEL -N<n<N\,

(b) yz[ﬂ] = N NOW YZ[n] = yO[n]®y0[n} where _
0, otherwise.
. 2 N+1
1, -N/2<n<N/2, . . sin m——z—-
yolnl= Thus Y, (e!?)=Y;(e)?) = — :
0 0, otherwise. 2 0 sin? (w/2)
cos(mn/2N), -N<n<N,
(c) y4[n]= Then,
0, otherwise.
. 1 N . 1 N .
Y3(ejﬂ)) — 5 Ze—j(nnIZN)e—an +§_ ze_](nn/2N)e—-Jmn
n=-N n=-N
N N
. T o T
1 $ ool Tl
n=-N n=-N
; 1 .
1 sm((m - FN+) 1 sm(((o + N+ .2.))

2 sin((m+-le)/2) '

oo n
3.10 (a) X,(e/®)= ) 8(w+2nk). Hence, x[n]:-l—j'f)(co) el®dep =1.
—. 2n o

. , _ejoN+) N 1, 0<n<N,
(b) Xb(el“))=1——e———— 26“3(”“. Hence, x[n]:{

n=0

_eTj0 0, otherwise.

1, -N<n<N,

N N
-~ X e )
(¢) X (&/®)=1+2) cos()= Y 719t Hence x[n] = {0, therwice

£=0 =-N
—joe™i®
(1-ae™i®)2’
X (ei‘“)=-d—-—-1—.-——=-9—(x (ei‘”)) where X _(eI®) =
d do (1-ae™®) do' ° 0

Now x [n]=a"pfn]. Hence, from Table 3.2, x4[n]=—jnop[n].

(d) X )= loJ<1. Now we can rewrite X,(e/®) as

I
1-oe i@’

6 6
3.11 (a) X(ei%= Zx[n]=8. (b) X(e™)= Ze'j““x[n]=8.
n=-2 n=-2
1 % . . f ;
(©) x[n] = —IX(eJmk'Jm“dm. Hence j X(el®)do = 2mx[0] = 2.
2n

-n -n

k1 oo
' 1 jo 2 _ 2 -
(d) By Parseval's thorem o HX(eJ )l do= le[nll . :

-t n=-co

30 » "




n oo
Hence J'l X(ej“’)lzdo) =2n 2] x[n] [2 = 88T,
- n=-—oo

dX(e®)
d

(e) The inverse DTFT of j is nx[n]={—4 -1 (% 0 6 6 0 —15 24}.

T 2

Hence J

-7

dX(el®)
do

do =2n{16+1+36+36+225+ 576} =1730m.

312 {x[n]}={1 5 -2 1 % 4 2 0 5}.

4 4
(a) X(e)= Y xin}=19. (b) X(ei®)y= Ze‘j’mx[n]:—l.
n=—4 n=—4

T
© j X(eI®)dw = 27x[0] = 6.

-

1 oo
(d) “X(ej“’)‘zdu): 2n Y |xn]f* =170m.

-TC N=-—oco

T laxceio)f’ <
= 2 2 _
(e) J T(o_—l do ——Zﬂn—z:n IX[I'I]I =1380m.
—n =—00

3.13 (a) The sequence in Figure P3.1(b) can be expressed as gz[n]= gl[n]+g1[n -4].
Hence G,(e/?)=(1+e )G, (/).

(b) The sequence in Figure P3.1(c) can be expressed as g;[n]=g;[-n+3]+g,[n—4]
=g,[-(n-3)]+g|[n—4]. Hence G,(e)?)=ePG,(e71?) +e71*°G, (e1).

(c) The sequence in Figure P3.1(d) can be expressed as g,[n]=g,[n]+g;[-n +7].
Hence G,(e/)=G,(e/?)+e7G,(e7I?).

k=oo
3.14 y[n] = gln]Phin] = Y glkJh[n-k]

=—00

(a) Y yil= Y, Yelklhin-kl= Y glk] Y hin-k]. Substituting n — k by k in the

n=-—oo n=—oo k=—oo k=—00 n=—oo
second term, we get Z y[k]=[ Z g[k]}[ Zh[k]}.
k=—o0o k=—°° k==—co
(b) (-1D)"y[n]= Zg[k](—l)“h[n—k]. Therefore,
_ .
Y =ntyinl= Y, Y elkl-D" (D hin-k] = [ Y (~Dgin] 2(—1)“h[n]).
n=-—oo n=-—c0 k=—oo n=-—oco n=-—oo
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3.15 (a) x[n]= xev[n]+x od[“]‘ Now, for a causal x[n], from the results of Problem 2.4, we observe

x[n] = 2, [n]u[n] - x[0]18[n] = h{n] - x[0] &[n], (2)

‘ x[n]=2x_4[n]p[n]+ x[0]3[n]. 3)
— Taking the DTFT of both sides of Eq. (2) we get

X(ei®) = H(e®) - x[0], (4)

where H(ei®) = DTFT{2x,, [n][n]} =~ jxm(el")u (ei@-9)) e, 5)

—7\2

Note: The DTFT of xey[n] is X (¢’®), and the DTFT of p[n]is J(e/®).

Now, from Table 3.1, JL(eI®) =T ZB(co+2nk)—%—-;—cot( )+n 28(m+21tk)

k=—0c0

Substituting the above in Eq. (5) we get

H(ej(x))__ jxre( 19){_——2-c0t(2)+1t 28(6+2nk)}d9

k=—oc0

=X, (eJ“’)+ J‘Xre(ele)de—i jXre(eJB)cot(

e)de.

Substituting the above in Eq (4) we get
X(e1?) = X (e1®) + X, (1?) = H(el®) - x[0]

=X, (eJ“’)+ jXre(ele)de-—J-jx (eJe)cot( 2e)d6 x[0]

-7

=X (e"")———JXre(eje)cot( ze)de (6)

T
since EI_ ij(eje)d9= x[0],as x[n] is real. Comparing the imaginary part of both sides of Eq.
T

T
H 1 i ®w-06
(6) we therefore get Xim(e’m)=—--51-c- J‘ X (e )cot( 5 )de.
(b) Taking the DTFT of both sides of Eq. (3) we get
X(ei®) = G(eI®) + x[0], (7

where, G(e?) = DTFT{2x 4[n]p[n]} = J'X,m(e"’)u (ei@-9)y g, (8)
-7
as jX, m(ej"’) is the DTFT of x,4[n]. Substituting the expression for u(ej‘”) given above in Eq.

T oo
joy_ J oy L_J . [8
(8) we get G(eI™)=- j X (e ){E—Ecot(5)+n 28(9+2nk)}d6
-n

j -0
= (el + jxlm(eﬁ)de+——jx n@®cof 2220

Substituting the above in Eq. (7) we get
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3.16

3.17

3.18

3.19

3.20

X(e®) = X, (e3®) + X, (61®) = G(e}®) +x{0]

T T
. ; ] ; 1 : w-0
= inm(elw)+5; J;Xim(eje)d(ﬂg J' xim(ele)cot( )d6+ x[0]
T
=iX, . (eJ‘°)+—-— IX.m(eJG)cot( - 9)d9+x[0] 9)

b
as El— J Xim(eje)d(): 0 since Xim(ej‘”) is an odd function of w. Comparing the real parts of
)

-n
T
both sides of Eq. (9) we finally arrive at xre(ei‘")=l j X. (eje)cot(w_e)d6+x[0].
27'; m
-
S= ZW—(k Dn _ zej2nn(k—l)/N
n=0
l_ej21tn(k—l) 1-1
Ifk —1 5 (N then S = - /N = | g2k -D/N =0.
N-1 N-1 N-1
Ifk—1=tNthenS= ) W™ = &M =3 1=N
n=0 n=0 n=0
N-1 .
~k-Dn _ [N, for k—I=rN, r an integer,
Hence, ZWN - {0, otherwise.
n=0
N-1 N-1 j
jinl= Y X{rlh[n—r]. Then §{n+kN]= Y &ir]bin+kN—r]. Since hin] is periodic in n with
r=0 r=0
a period N, h[n+kN —r] = h[n—r]. Therefore y[n+kN]= Zi[r] h[n—r] = y[n], hence y[n]
r=0

is also periodic in n with a period N.
i[n]={0 1 0 2}and hn]={2 0 1 0}
3

Now §[0]= Z %[r]R[0 — r] = X[0]h[0] + X[1]h[3] + X[2] h[2] + X[3]h[1] = O
r=0

3
Similarly y[1]= Z %[r]h[1 - r] = X[0]h[1]+ X[1]h{0] + X[2]h[3] + X[3]h[2] = 4.
r=0
Continuing the process we can show that y{2]=0 and y[3]=35.

i[n]={2 -1 0 3}and hin]={-1 2 1 0}
Following a procedure similar to the above problem, we can show that §y[n]={4 8 0 —4}.

Since ¥, [n+1N]=V,[n], hence all the terms which are not in the range 0,1,....N-1 can be

accumulated to \I/k[n], where 0S k<N -1. Hence in this case the Fourier series representation
involves only N complex exponential sequences. Let
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X[n}=— 2 X[k] ei2mkn /N then

k 0
v RSk 2m(k-0n/N _ /
—_ 3z -j2rm/N _ 7 j2r(k-r)n j2n(k-r)n/N
n}%x[n]e = ,,Z ng[k]e ZX[k]Ze
Now from the results of Problem 3.16, the inner summatlon is equal to N if k = r, otherwise it is

equal to 0. Thus Zx[n]e —jamm/N_ Xy,

n=0

3.21 (a) ¥,[n]=sinCD)= i,{el"m’ 4 _g-jmn/ 4}. In this case N = 8. Thus,
4 2j

7 ; .
1 - - -
k].:zi_{epmM e Jnnl4} j2mkn/8 _ T {Ze jrn(k-1)/4 _ ze ]nn(k+l)/4}
= n=0 n=0

From the result of Problem 3.16 we note that the first sum is non-zero (and equal to 8) only for
k = 1 while the second sum is nonzero only for k = 7.
—4j, k=1,
Thus, X, [k]= { 4j, k=7,
0, elsewhere.
ejnn/3 +e—Jmn/3

(b) %x,[n]= %(ej““/“ —e"-‘““"‘)«f— > . In this case N = 24.
X, k] = 2 {_je—21m(k—3)/24 4 jemi2m(c+3)/24 4 () sej2nn(k-4)/24 +0.5€-Jznn(k+4)/24}
n=0
. —24j, k=3,
2j, k=21,
Hence, X,[k]=1 12, k=4,
12, k =20,

0, elsewhere.

N-1
3.22 Since p[n] is periodic with period N, then from Problem 3.20, p[n]= -If? Zf’[k]e'jz’“‘“’ N
k=0

N-1 -
Prki= Y s[nle=i2mkn/N _ =1 1N o-j2mkn/N
where P[k]= nz:‘)p[n]e =1. Hence p[n]= N Ze .

5 5
3.23 X[n] = {% 2 3 4 5 6} Then, X(Z) = ZX[H]Z_H . ThUS, X[k] = Zx[n]e—jnkn/Z

n=0 n=0
3 5 5 3
2mkn/4_ 1 j2rkn/4 —jnrk /2 _ 1 j2rk(n—r)/ 4

Hence, x[n]——ZX[k]eJ Tkn 2 z Zx[r]e’ N/ Ge=Jnr —ZZx[r]ze-‘ nk(n-r)/4

k=0 k=0 r=0 r=0 k=0
Therefore, X[0] = x[0]+x[4] =6, X[1]=x[1]+x[5]=8, X[2]=x[2]=3, X[3]=x[3]=4.

N-1 N-1 N—l ]

3.24 (a) Glk]= Zg[n] g j2mkn/N _ Zx[n] $[n]e 2™08/N | Now, %[n]= Zf([r]e-‘z"m’ N
n=0 n=0 r=0
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N-1 N- N-1  N-l
zeq 1 —p2nk-on/N_ 1 X% <t 1.—j2n(k=0)n/N
Therefore, G[k]—ﬁ E E [r]§[n]e2®k-nn/N _ x EOX[r] Eoy[n]e n
=0 r=0 r= n=

1;‘I .
— = '1\‘12 [r1¥Tk - 1].

N-1 N-1 N-
= 1O grprvrptaj2nkn/N_ i2 N
(b) h[n]——l;I-ZX[k]Y[k]eJ mkn/N NZ Z [r] Y[k]edZk(n=0)/
k=0 k=0 r=0
N- N-1 N-1
- Zi[ [ EY[k]e_ﬂﬂk(n r)/NJ [']Y[rl—'r]-
r=0 k=0 r=0
3.25 (a) y[n]=oag[n]+ph[n]. Therefore
N-1 N-1 N-1
Y[k] = Zy[n]W“k = azg[n]W“k +BZ h{n]W¥ = aG[k]+BHIK]
n=0 =0 n=0
N-1
(b) x[n]= g[< n—ng >y]. Therefore X[k] = Y gl<n—ng >y WK
0
ny—1 "~
= Y gIN+n-noJWy+ Zg[n LA
n=0 n=n,
N-ny-1 N-1
- zg[nlw(nﬂo N)k+ 2 [n]w(n+n ok _ Wrgok Zg[n]Wr{}k - Ig”kG[k].
n=N-n, n=0 —
L —x N-1 N-1 (k=k
() uln]= W5 "gln]. Hence ULkl= Y uln]WiK = Y gln]Wy o)n
n=0 n=0

2w“‘ oMgn],  ifk2k,,

ZW(N“‘ KMoy, if k <k,
n=0

Glk-k,], ifk=zkg,

-1 N-1
(d) h[n] = G[n]. Therefore, H{k] = Zh[n]Wnk = z:G[n]Wnk = 2 E:g[r]W"rWkr
n=0 n=0 n=0 r=0

N-1 N-1
Zg[r] Zw(k+r)n )

r=0 n=0
The second sum is non-zero only if k = r = 0O orelse if r= N —k and k # 0. Hence,

_ [ Nglo], ifk=0,_
H[k] = {Ng[N —k], ifk>0," Ngl< -k >\1.
5 N-1 N-1
(e) ufn] = zg[m]h[< n—m >y]. Therefore, Ulk]= gim]hi<n—m >N]W§k
- me n=0 m=0
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N-1 N-1

= ) glm]) hl<n- m >N IWE = Zg[m]H[k]W = H[K]GIK].

m=0 n=0
= N-1 1 N-1 N-1
(f) vn] = gln]h[n). Therefore, V[k]= nZ{)g{n]h[n]wgk =—N-nz=‘6 Zl)h[n]G[r]W“k W =

1 N-1 N-i k—t) 1 N-1
< ZG[r]éh[n]W on = EZ%)GMHK k=r>\l.

ooy et

326 x[n]=— ZX[k]W""k Thus x*[n]——ZX*[k]W“k. Therefore,

O k 0
N- 1 N-1N-1
= X[rJjW ™ X*[qWh | = — XXy wae-n,

Z|x[n]| Z 2 Ir] 2 4] 7 [r] [12

-0 r=0 r=0 (=0 n=0

A 2 1 2
Since the inner sum is non-zero only if £=r, we get zl x[n}|* = -EEIX[kH .
N-1
327 Xkl = 3 x[n]W™.
n=0

N-1
(a) X*[k] = Zx *[n]W'“k. Replacing k by N — k on both sides we obtain

n=0

N-1 N-1

L X*[N - k] = Zx*[n]W'"(N"k) =Y x*[n]W™. Thus x*[n] < X*[N - k] = X*[< -k >NI.

n=0 n=0

N-1
(b) X*[k] = Zx *[n]W""k. Replacing n by N — n in the summation we get

n=0

N-1 N-1
X*[K] = Zx*[N—n]W'(N“")k =) x*[N-n]W"™.
n=0 n=0

Thus x*[N - n] = x*[< -n >N] & X"[k].

(c) Re{x[n]} = %{x[n] + x*[n]}. Now taking DFT of both sides and using results of part ()
we get Re{x[n]} & %{X[k] + X< Kk >N}

. (d) j Im{x[n]} = —l-{x[n] — x*[n]} this imples j Im{x[n]} & {X[k] - X*[< -k >N}

[ )

(e) xpcsin] = %{x[n] + x*[<-n >N]} Using linearity and results of part (b) we get

xpesin] & (X[k] + X"[K]} = Re(XIK]}.

(f) xpcaln] = %{x[n] - x*[< —n >N]}. Again using results of part (b) and linearity we get
— xpealn] & +(X[k] X"[K]} = Im (X[K]).
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N-1
3.28 X[k] = Re{X[k]} +j Im({X[k]} = zx[n]e—ﬂnkn/N'
n=0

~—

DFT
@ xplnl= Z{xin1+xi<—n>\1}. From Table 3.6, x*[<-n>\] X*[k]. Since x[n] is

real, x[<-n> ]=x*[<-n >N]IZ>TX *{k]. Thus, Xpe[k] = %{X[k] + X *[k]} =Re{X[k]}.

(b) x,[n]= %{x[n] ~x[<-n>\]}. Asaresult, X [k]= %{X[k] ~ X *[k]} = jIm{X[K]}.

(¢) Since for a real sequence, x[n] = x*[n], taking DFT of both sides we get X[k] =
X*[<—k>y]. This implies, Re{X[k]} + j Im{X[k]} = Re(X[<- k>N} -j Im(X[<-k>N}.
Comparing real and imaginary parts we get
Re{X[k]} = Re{X[<- k>N } and Im{X[k]} = - Im{X[<- k>N]}-
Also [X[k] = y/(Re{X[K]})? + (Im{X[k]})*
= \/(Re{X[< ko) +H(-ImXi< -k >y 1)) =[Ki<—k> ]

Im{X[k] )) - tan-] ~Im{X[< -k >\ 1}
Re{X[k]} Re (X[< -k >\]}

and arg{X[k]}= tan"l( J =—arg(X[< -k >y}

3.29 (a) For a sequence to have a real DFT, the sequence must be periodic conjugate symmetric.
As x4[n] is the only periodic conjugate symmetric sequence, it will have real-valued DFT's.

r (b) For a sequence to have a imaginary valued DFT, it must be periodic conjugate anti-
symmetric. Neither sequence is periodic conjugate anti-symmetric.

N-1 N-1
3.30 (a) Now, X[N/2] = 3 x[n]W&"'? = 3 (-1)"x[n]. Hence if x[n] = x[N - 1 - n] and N is

n=0 n=0
N-1
even, then Z(—-l)"x[n] =0 or X[N/2] = 0.
n=0
N-1
(b) XJ[0] = ZX[n] so if x[n] = = x[N = 1 — n], then X[0] = 0.
n=0
N_i
N-1 2 N-1
(c) X[20)= ) x(n]W? = Y xinw 2 + D xnw 2t
n=0 n=0 n=N/2
B 21 21 L
N
= 3 KW+ Y xin+ W = 3 (x(n]+x{n + %})WW .
n=0 n=0 n=0
Hence if x[n] = — x[n + %1 = — x[n+M], then X[2£] =0, for £=0,1,...., M~ L.

3.31 Let x[n] = a (where a is some real constant), for 0 <n<N-1.
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N-1 N-1 N-1

_ K _ —j2nnk /N q —jpmk/N _ [N, if k=0,
Now, X[k].= ZaWI{} =a Ze . Since 266 = {O, elsewhere,
n=0 n=0 n=

_ [Na, ifk=0, o )
_ then X[k] = { 0, elsewhere.’ Thus the N-point DFT X[k] is real valued.
Nl ' N-l
Next, X(e/®)= ZX[n]e“Jm" = aZe"J“’" . If N is even then
n=0 n=0

N

: 2
X(eI?) = ag~JON-D/2 ZCOS(M) . Hence in this case X(e’®) has linear phase.
. n=0

. In this case also X(eI®

N-
) ) T
If N is odd then X(el®)=ae J®(N-1)/2 1+z (“’(N - 2“))

has linear phase.
3.32 (a) {Gk]}={1+]j -2.1+j3.2 -12-j24 0 09+j3.1 -03+jl.1}.
h{n] = g[<n — 4>¢], and hence Hk]= WS*G[k], k=0, 1,...,5. Therefore,
{H[k]}:{WgG[O] wialy wic) witcp) witcr4] wgoc[s]}
={1+j, -1.7213-j3.4187, -1.4785+j2.2392, 0, -3.1347-j0.7706, 1.1026- j0.2902}

(b) In this case h[n]=W 3ngin]=(-1)"g[n]. Therefore,
S (hin]} ={Ws0e0] Wglslll WgSgl2] Wgel3] Wg'2g4] W'%gl6]}
={41 -35 12 -5 2 -33}

MN-1 N-1
3.33 Y[k]= zy[n] Zx[n] vy Thus, YIkM] = Y x[n]Wg* = X[K].

Hence, X1k) = Y{kM]. n=0

9
3.34 (a) X[0]= Y x[n]=22.

n=0
9
(b) X[5] = D (=D)"x[n] =-2.
o n=0
(c) ZX[_k]=10x[0] = 20.

k=0
. |
(d) S = Y e M™/IX[K]. The IDTFT of e I#™/IX[k] is x[<n - 4>10]. Thus
k=0
S = 10 x[< 0 - 4>10] = 10 x[6] = 0.

9
(e) From Parsevals theorem Z|X[k]] =10 Xlx[k]l2 Thus 2’]X[k]]2 = 800.
k=0 k=0 k=0
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3.35 Since x[n] is real, X[k] = X*[< - k>N]. Thus
X[11] = X*[1] = -5 +j4, X[10] = X*[2] =3 +j2, X[9] =X"[3] =1-j3,
X[8] = X*[4] =2 - j5, X[7]=X"[5]=6+2j
11 g
(a) x[0] = 1> > X[k]=12=3
k=0 -

11

1 28
(b) (6] = 75 D, (-D*X[K] =3
k=0 '
11
(¢) Y x[n]=X[0] = 10
n=0 &

11
() S=Y e?™/3x[n]. The DFT of e?™  x[n] is X[<k -4 >12].

=0
Thus S = X[< 0 — 4 >12] = X[8] = 2 - j5.

11 11 -
(@ Y kil = > i =22,
n=0 k=0

3 :
3.36 Now, yc[n]= Y glklh[< n—k >;]. Hence,
k=0
y.[0] = g[01n[0]+ g[1]h[3]+ g[2]h(2] + g[3]h[1],
yc[11 = g[0Ih(1] + g(1]h[0] + g[2]h[3] + g[3]h(2],
yc[2]1= g[0In[2]+ g[1]h{1] + g[2]h[0] + g[3]h[3], and
- — yc[3]1= gl0]h[3]+ gl1]h[2] + g[2]h{1] + g[3]h(0].

3
Likewise, y; [n] = 2 glk]h[n-k]. Hence,

k=0 -
y.[0]=g[0]h{0],
y_[11=g[0]h{1] + gl1]h(0],
yp[2]= g[0]h[2] + g{1]h{1] + g[2]h{0],
yy[31= glO]h[3] + g[1]h(2] + g[2] h(1] + g[3] (0],
y[4]1=g[11h[3] + g[2]h[2]+ g[3]h(1],
y [51=gl2]h(3] +g[3]h{2], and
y, [61=g[31h(3].

Comparing y.[n] with y1 [n] we observe that

ycl0] = yLI[O] +yL[4],
yel1] = yL[1] + yL[5],
yel2] = yL[2] + yL[6], and
ycl31 = yL[3] +yL[7].

3 -
3.37 (a) yL[n] = 2 glklh{n—k]. Thus, y, [0]=g[0}h[0]=5x(-3)=~-15,
k=0 -
y, [1]=glO]h[1]+ g[1]h[0] = 5x 4 +2 X (-3) = 14,
— y [2]=g[01h{2] + gl1]h[1]+ g[2]h[0] = 5X 0+ 2 X 4 +4(=3) = 4,

39

NS,




y, [31= gl0]h[3] + g[1]1h(2] + gl2] h[1] +g[3]h{0] = 5x 2 +2 X 0 + 4 x 4 +(~1) X (~3) =29,
yy [4]1=g[01h[4]+ g[1]h[3] + g[2]h(2] + g[3]h{1] = 5X (~1) +2 X2 +4X 0 +(-1) X 4= =5,
yy [51=glO]h(5]+gl11h{4] + gl2]h(3] + g[3]h[2] = 5 x 2+ 2 X (~) +4 X2+ (-1)x 0 = 16,
- vy [6]=gl1]h[5]+ g[2]h[4] +g3]h[3] =2 X2 + 4 X (-1) + (-1) X2 = -2,
vy [71=gl2]h{5]+g3]h[4] = 4 X2 + (=D X (-1) =9,
y,[81=g[3]h[5]= (-1)x2=-2.
Hence, {yL[n]}—{ -15 14 -4 29 -5 16 -2 9 -2}

(b) y.[n]= Z ge[kIh[< n—k >¢], where {g,[n]}= {5 2 4 -1 0 o} Thus,
k=0
yc[01=g,[01h{0] + g, [1]h(5] +g [2] h[4] +g,[31h[3]+ g, [4]h{2] + g [5]h[1]
= g[0]h{0] + g[1]h[5] + g[2]h[4]+ g[3]h[3] = SX(=3)+2Xx2+4X(-D+(-1)x2=-17,
ycl11= g,[01h{1]+ g [11h{0] + g [2]h(5] + g [3]h[4] + g [4]h[3] + g [5Th(2]
= g[O]h{1] + g{1]h{0] + g[2] h[5]+ g[3]h[4] = Sx 4 +2 X (=3) +4 X 2+ (=) x (-1) =23,
yc[21= g [01h(2] + g, [1]h[1] + g, [2]h[0] + g [3]h[5] + g [4]h[4] + g [S]h(3]
= g[01h{2] + g{11h{1] + g[2]h[0] + g[3] h[5]=5x0+2%x4+4%X(-3)+(-1)x2=-6,
yc[31= g [01h(3] +g [11h{2] + g [2]h{1] + g [3]h[O] + g [4]h(5] + g [5]h{4]
= o[O]h[3]+ gl1]h[2] + gl2]h[1]+ g[3]h[0] = 5X 2 +2 X 0 +4 X 4 +(~1) X (=3) = 29,
ycl[4]1=g,[01h[4]+ g [1]h[3] + g [2]h[2] + g, [3]h[1] + g, [4]h[0] + g, [S] h[5]
= g[0]h[4] + g[1]h[3]+ g[2] h[2] + g3 h[1] = 5X (~1) + 2 X 2+ 4 X O +(=1) x 4 = =5,
yc[51=g,[01h[5] + g [11h[4] + g [2]h[3] + g [3]h[2] + g, [4]h[1] + g, [5Th([0]
= g[01h{5] + g[11h{4] + g[2]h[3]+ g[3]h[2] =5%x2 +2 X (-D+4x2+(-1)x0=16.
Hence, {yc[nl}={-17 23 -6 29 -5 16}

(c) Using MATLAB command fft we determine the two 6-point DFTs,
Ge[k]={10 5-j5.1962 1+j1.7322 8 1-j1.7322 5.5+j5.1962} and
H[k]= {4 -1.5-j2.5981 -3.5-j0.866 -12 -3.5+j0.866 —1.5+j2.5981}
Thus,
G [kH[k] = {40 -21-j5.1962 -2-j6.9282 -96 -2+j6.9282 -21+j5. 1962}
Next using the MATLAB command ifft we compute the IDFT of Ge[k]H[k] resulting in
{ycInl}= {—17 23 -6 29 -5 16}

3.38 Let u[n] = g.[n] + j h[n], where g¢[n] is given in Part (b) of the above problem with U[k]
denoting its 6-point DFT . Now, u[n]={5-j3, 2+j4, 4, -1+j2, —j j2}. Using the
MATLAB command £ft we compute its 6-point DFT which is given by

Ufk]
= {10+j4, 7.5981-j6.6962, 1.866—j.7679, 8-jl2, 0.134-j5.232, 2.4019+j3.6962}

Thus, U[< - k>N] = UIN - k]
= {10+ 4, 24019+_]36962 0.134-5.232, 8—jl2, 1.866—jl.7679, 7.5981—j6.6962}

Therefore, G, [k]=— (U[k]+U*[< -k >N])
_{10 5-j5.1962 1+j1.7322 8 1-j1.7322 5+ j5.1962}, and

H[k] = —12—(U[k] —U*[<—k>yl)




={4 -15-j2.5981 -3.5-j0.866 -12 -3.5+j0.866 -1.5+j2.5981}

3.39 We need to show g[n]@ h[n] = h[n]@®) g([n].

- N-1
Let x(n] = g[n]@®h([n] = Zg[m]h[<n m>N] -
el '
and y[n] = h[n]@) g[n] = Zh[m]g[<n—m>N] )
—ON 1
- Zh[m}g[n m]+ Y h[m]g[N+n—m].
m=0 m n+1
n -1 N-1
= 2h[n—m]g[m]+ 2h[N+n—m]g[m] = Zh[<n—m>N]g[m] = x[n].
m=0 m=n+l ‘ m=0

Hence circular convolution is commutative.

N-1
3.40 (a) yln] = gln]@®h[n] = Y glmlhl<n-m>,]. Thus,
A _
N-— N-1 " N-1
2 Zg[lehkn m>y] = (zh[n]IZg[m]]
n=0 m=0
N-1
(b) y[n] = g[n]@h[n] = zg[m]h[<n—m>N]‘ Thus,
— N-1 N-1 NTI= 0
S =)yl = Y glm] Y hi<n-m> -1
n=0 m=0 n=0 B
N- m~1 N-1
=y [m](zh[N+n ml(-D" + )" (~)"h[n- m]J
m=0 n=0 n=m ‘

Replacing n by N+n-m in the first sum and by n-m in the second we obtain

N-1 N-m-1
D (~D"yn] = thml[ Z h[n](~)"~N+™ + 2(—1)"+'“h[n1J
n=0

n=N-m n=0
N-
- (Z(—l)nh[n]IZ(’l)ng["]}
n=0 n=0

3.41 y[n]zcos(Z ) [n]= X[n]< -jZnen/N+ej2uln/N)é_;_x[n]W§£+%x[n]wﬁnl.

Hence Y[k] = -EX[< k+/¢ >N]+%X[< k-£>41
3.42 Since x[n] is real hence X[k] = X*[< - k >N]. Thus,
X[1] = X*[< - 1 >9] = X*[8] = 5.5 + j8.0,
X[3] = X*[< -3 >9] = X*[6] = 9.3 — j6.3,-
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X[5] = X*[< -5 >9] = X*[4] = -1.7 - j5.2, and
X[7] = X*[< -7 >9] = X*[2] = 2.5 - j4.6.

3.43 Since x[n] is real hence X[k] = X* [< k >N]. Thus,
X[2] = X*[< - 2 >9] = X*[7] = 4.1527 - j 0.2645, -
X[3] = X*[< -3 >9] = X"[6] = 6.5 - j 2.5981,
X[5] = X*[< - 5>9) = X*[4] = -6.3794 - j 4.1212 and
X[8] = X*[< - 8 >9] = X*[1] = 2.2426 + .

3.44 Since X[k]'s are purely real, x[n] = x*[< — n >N]. Thus
x[5] = x*[< = 5 >8] = x"[3] = - 0.1098 — j1.6705,
x[6] = x*[< — 6 >8] = x*[2] = 0.25 - j0.125, and
x[7] = x*[< = 7 >g] = x*[1] = - 0.642 + j0.0795.

3.45 Since Y[k] = WA¥X[k] hence y[n] = x[<n—4>;]. Therefore,

y[n] = {x[T4] x[5]1 x[6] x[0] «x[1] x[2] x[3]} = {% 2 0 75 3 =2 —4}

3.46 x[0] = 1, x[1] = -1, x[2] = 2, x[3] = 3, x[4] = 0, x[S] =
Since G[k] = WZXX[k] hence g[n] = x[<n - 3 >6]. Thus,

gln] = {x[T3] x(4] x[5] x[0] x1] x[2]} ={3 001 -1 2}

N N,
5 5
3.47 y[n]=x[5n], OSns§—1. Therefore, Y[k]= D yln]Ws = > x(SnIWEs.
n=0 n=0
1 N-1 1 N- ’
Now, x[5n] = 1—\1— E‘X[m]Wﬁsmn = N ZX[m]WN/ 5 . Hence,
-0 m=0
NIS 1 N- N-1 N/5-1
Y[k]——— Z EX[m]w,;;"S“ w;:,’js— EX[m] Zw(k m)n
n=0 m=0
N/5-1 N 4N
Since wik-mn _ )<, m= kk+ k+ k+ k+—5—
Z N/5 { 0, elsewhere,

Thus Y[K]= g(x[k] + X[+ 514 Xik+ 50+ X+ 221+ X[k +5§1]).

3. 48 v[n] = x[n] + j y[n]. Now the DFT of the real part of the sequence v[n] is
X[k] = -;-{V[k]+V*[< -k >8]} and the DFT of the imaginary part of the sequence is

1

YIk] = -i-j-{V[k] —~V*[<—k>g]}. Therefore,
_ .7 1_.'1 __l__. 1. _7__]_5_ R

X[k]—{l, - 242 -2 2 -+ 2-iE 1+J},and

. 1 .1 .7 .7 1 .1~ .
Y[k]={—3, S+, —s+is. 3+iZ. S5 B-ig. —3-iz 5-1}

3.49 v[n] = gln] +jhln] = {3+j2 2+j 1+j 4+j3}
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1 1 1 17§3+4j2 10+ ;7
1 g = =jy2+5 1 33
Now, V[k] = 211 -1+ T —2-5t Therefore,
1 - -1 j]4+53 4-j

V*[k]=[10—j7, -j3, —2+j 4+j] and V*[<4—k>4]=[10—-j7, 4¥j, -2+], —j3].
Hence, Gk = {VIKI+V*[<4-k>,]}=[10, 2+j2 -2, 2-j2} and

1 . .
H[k]=2—j{V[k]—V*[<4—k>4]}=[7, 1+j2, -1, 1-j2]

3.50 (a) Let p[n] = IDFT of P[k]. Hence
[plO]] 1 1 1] 9 2
pl|_1j1 j -1 —j|}-2-j3 3
pl21|{ 4|1 -1 1 -t 3 4
| p[31] |1 -j -1 jJ{-2+j3 0
Similarly d[n] = IDFT of D[k]. Hence,

dio;f] 1 1 1 17 07 1
| 1t j -1 —j|{04+j09|_|-09
2"zl -1 1 -1 25 |[T|o6 |

di31] [t - -1 jJlo4-jos] [ o

Now, P(e/”) = p[0]+ p[1le ™ + p[2]e ™ + p[3]e™* and
D(e!®) = d[0]+d[1]e™ +d[2]e ™ +d[3]e ™.

P(e®)  2+3e7I0 44720

D(e/®) " 1-0.9e7® +0.6e 72"

Therefore X(el®) =

(b) Here, p[n] = IDFT of P[k] = {0.75 225 275 3.25} and
d[n] = IDFT of D[k] = {Il -0.6 0.5 -0.4}.

P(e)®) _ 0.75+2.25e73% +2.75e 2% +3.25¢ 3@
DE®) 1-0.6e719 +0.5¢"H® —0.4e 7310

Therefore X(eI®)=

N-1 N-1
3.51 X(e/®)= ) x[nle ™ and X[k]= Y xinje-i2malM,

n=0

=0

=IN-1 ]
Z x[m] e—]27tkm/er:1nk
m=0

Lo

M-I

N I S
Now x[n]—XII-ZX[k]WM =
k=0 k=0

-]

N-1 M-1
= k=0

[=—oo —
Thus X[n] is obtained by shifting x[n] by multiples of M and adding the shifted copies. Since
the new sequence is obtained by shifting in multiples of M, hence to recover the original
sequence take any M consecutive samples. This would be true only if the shifted copies of x[n]
did not overlap with each other, that is, if only if M = N. :

R Ll ey IR INR V)

3.52 Since F ! =% F thus F = NF L. Thus _
ylnl = F{F{F{ F{x[nl}}}} =NFUYFNFHF{xn]}}}} =N2 X[n]-
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29 29 19
3.53 y[n] = x(n]®hin] = Y x[klh[n-k]= S hikix(n-k] = Y h[k]x[n—-kI.
k=0 k=0

k=10
29 19
- u[n] = x[n] @h[n] = Zh[k]X[‘( n-k >30] = Zh[k]X[< n-k >30]. _
k=0 k=10

Now forn = 19, x[<n—k>3]=x[n—k]. Thus u[n] = y[n] for 1I9<n=s 29.

3.54 Overlap and add method: Since the impulse response is of length 60 and the DFT size to be
used is 128, hence the number of data samples required for each convolution will be 128 - 59

= 69. Thus the total number of DFT's required for data samples is P%g_ﬂ = 18.

Also the DFT of the impulse response needs to be computed once. Hence, ihe total number of
DFT's used are = 18 + 1 = 19. The total number of IDFT's used are = 18.

(b) Overlap and save method: In this since the first 60 — 1 = 59 points are lost, we need to pad
the data sequence with 59 zeros. Again each convolution will result in 128 - 59 = 69 correct

125
values. Thus the total number of DFT's required for the data are [ 699] =19.
Again 1 DFT is required for the impulse response. Thus

The total number of DFT's used are = 19 + 1 = 20.
The total number of IDFT's used are = 19.

9 9
3.55 X(z) = 3 x[n]z™", hence Xlk]= Y xinje=2mn/7 . Thus,

n=0 n=0
6 9 6 oo
xo[n]=-;-2xo[k]ei2"k“’ 7= %ZX[m]Eeﬂm‘(“'m)” = D xIn+7rl.
— k=0 m=0 k=0 r=—o

xo[n]={—l 5 -7 0 3 2 5}.

3.56 (a) y[nlz{x[n(;L], n=0,L,2L,....,(N-1)L,

elsewhere.
NL-1 N-1 N-1
Y(k]= Zy[n]w;}'i = Zx[n]w;}tk =) x[nWgK.
n=0 n=0 n=0

Fork =N, letk = ko + N where kg =< k >N. Then,
N-1 N-1
YIK] = Yiko +1N]1 = > x[a]Wike*™ = 3 x[n]W{ = X[kol = X[< k >N].

n=0 n=0
(b) Since Y[k] = X[<k >7] fork=0,1,2, ..., 20, a sketch of Y[k] is thus as shown below.

Y(k]

W‘ITIﬂJIUTT mill...

20

3.57 xylnl=x[2n+1]+x[2n], x,[n]=x[2n+ 1]-x[2n], y,[n] = y[2n +1] +y[2n],and

— Yolnl=y[2n+1]- y[2n], 0<n< ;—— 1. Since x[n] and y[n] are real, symmetric sequences, it
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follows that xg[n] and yp[n] are real, symmetric sequences, and xy[n] and y[n] are real, anti-
symmetric sequences. Now consider, the (N/2)-length sequence

u[n]= xO[n]+y1[n]+j(xl[n]+y0[n]). Its conjugate sequence is given by
u*[n]= xO[n] +y,[n]- j(xl[n] + yo[n]). Next we observe that
u[<-n >N/2] = x0[< -n>y 14y <-n >N/2]+j(x1[< ~-n >N/2]+y0[< -n >N/2])
= xo[n]—yl[n]+j(—x1[n]+y0[n]). Its conjugate sequence is given by

W [<—n >y 1= Xg[n] =y, [n] - j(=x,[n]+y y[n]).

By adding the last 4 sequences we get
4x0[n]—u[n]+u*[n]+u[<—n>N/2]+u*[<—n>N/2]. '

From Table 3.6, if U[k] = DFT{u[n]}, then U*[<—k>N/2]=DFI'{u*[n]},
U*[k]=DFT{u*[<-n>y,,]}, and U[<—k>N/2]=DFI‘{u[<—n>N/2]). Thus,
Xo[k] = DFT{xO[n]} = %(U[k] +U*[<-k >N/21t U< -k >N/2]+ U *[k]). Similarly,
j4x1[n]=u[n]—u*[n]—u[<—n>N/2]+u*[<—n>N,2]. Hence,
Xl[k]=DFT{xl[n]}:Z%(U[k]—U*[<—k>N/2]—U[<—k>N/2]+U*[k]). Likewise,
4y1[n]=u[n]—-u[<—n>N/2]+u*[n]—u*[<—n>N/2]. Thus,
Yl[k]=DFI‘{yl[n]}=%(U[k]—U[<—k >Nl U*[<-k >N,2]—-U*[k]). Finally,
j4y0[n]=u[n]+u[<—n>N/2]—u*[n]—u*[<—n>N/2]. Hence,

Y, (k] = DFT{y[n]} = 4ij(U[k]+U[< —k >y, ] - U*[<—k >N,2]—U*[k]).

3.58 gn]= %(X[Zn] +x[2n +1]), h{n]= %(x[2n] _x[20+1]), 0<n < 32‘--1. Solving for x[2n] and
x[2n+1] , we get x[2n] = g(n] + h[n] and x[2n + 1] = g[n] — h[n], O<n S—l;i—l. Therefore,

N N,
N-1 2 2
X(z)= Z x[n]z™" = Z x2n)z" +27! 2 x[2n+1)z7"
n=0 n=0 n=0
%‘-—-l -l;-—l E-—] __1
= (gn]+hin))z ™ +z7' Y (gln]+h(n))z™" =(1+27") 2 glnlz™ +(1-2z7) Z hln]z™".
n=0 n=0 n=0 n=0

Hence, X[kl =X(@)| ,_yk= 1+ WK Gl k >y, 1+ - W) HI<k >,,], 0Sk<N-1.

3.59 gln]j=a;x[2n]+a,x[2n+ 1] and h{n]= ayX[2n]+a,x[2n +1], with aja, #a,a,. Solving for x[2n]

and x[2n+1] , we get x[2n] = M, and x[2n + 1] = —a3g[n]+alh[n]' Therefore
a3, —a,a, aa, —a,a,
N-1 71 3!
2
X(z) = ZX[n]z’“ = 2x[2n] z M4z 2x[2n+l] A
n=0 n=0 n=0
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N

4

_ < [a4g[n]"a2h[n]]2—n +z“? [‘a3g[“]+alh[“])z—n
n=0

aja, — a2a3 aa, - a2a3

n=0
N N

2 2

— 1 _ -1 -n -1 -n

_Mala4—a2a3 (ay—a5z )Zg[n]z +( a, +a,z )zh[n]z . Hence,

n=0 n=0
1 - -

X[k]:w(a4 ~a, W) Gl< k >y, ]+ (2, +a, W™)Gl< k >y ,), 0SkSN-1.
3.60 G(z) has poles at z = -12%j 2, and 2%j 3. Hence there are three possible ROCs.

® Ry: |z| < /5. The inverse z-transform g[n] in this case is a left-sided sequence.

(i) Ry: V5 < |z| < J13. The inverse z-transform g[n] in this case is a two-sided sequence.

(iii) Rs: |2 2 J13. The inverse z-transform g[n] in this case is a right-sided sequence.

o

3.61 (a) (i) x,[n]=(0.3)"u[n], Thus, X,(z)= n=2_:1[n]z'" = n§=_:’)(().3)"z““ =1—_-6%—Z—_T, l>0.3
The ROC of X(z) is given by Ry: |z] > 0.3.
(i) x,[n]= (-0.5)"p[n], Thus, X,(z)= 2x2[n]z’n = 2(—0.5)“2_n = ﬁ;—q, lz|>0.5

n=—o0 n=0

The ROC of X3(2) is given by Ry: |z] > 0.5.

.- (ifi) x5[n]=(02)"u[n~5]. Thus, X;(2)= 3 xyln]z "= (0.2)"z™"
n=—o0 n=5
(02273

= ol lz/>0.2. The ROC of X3(z) is given by Rs: |z| > 0.2.
—VU.LZ

(iv) x4[n]= (~=0.2)"p[-n—1]. Thus,

oo -1 o0
X, @)= 3 xynlz"= Y (072" =Y (-0.2) "™ =

nN=--o0 n=-—oo m:l

The ROC of X4(z) is given by Ry: |z| < 0.2

-1

1+0.2z7Y R<02.

(b) (i) Now, the ROC of X;(z) is given by R: |z| > 0.3 and the ROC of X,(z) is given by
R,: |z] > 0.5. Hence, the ROC of Y;(z) is given by R "R, =Ry: |2 > 0.5

(ii) The ROC of Y2(z) is given by R; "Rz = Ry: |2} > 0.3.

S R TSI

(iii) The ROC of Y3(z) is given by R NRy = J. Hence, the z-transform of the sequence
y3[n] does not converge anywhere in the z-plane.

i . 2 S

(iv) The ROC of Y4(z) is given by Ry "R3 = Ry: [2] > 0.5.

(v) The ROC of Y5(z) is given by Ry NRy = &. Hence, the z-transform of the sequence
y5[n] does not converge anywhere in the z-plane.

46




3.62 (i) Z{d[n]} = Zﬁ[n]z'" = §[0] =1, which converges everywhere in the z-plane.

n=-—oo

— (ii) See Example 3.15.
oo _ oo 1
i) Z{aun]}= Y a’unlz =) (az = , V2>
(iif) Z{o:"p{n]} ;,, M 26( " =— . V >l

(iv) See Example 3.29.
n . .

(v) x[n] = " sin(@,n)u[n] = %,—(elmo"-eﬂ“’o“)u[n]. Using the results of (iii) and the
j

linearity property of the z-transform we obtain

- R (N W ¥ f—
2Z{ r" sin(wyn)p[n] } " 2j\1=rei®z 1) 2j\1-re %077 !

—(ej“’o —e™i9g )z"l
_ 2j
1- rz'l(ejwo +e 1% ) + rzz"2 1-2r cos(coo)z +r2z72’

r sm(coo)z v IZI S II'I

3.63 (a) x,[n]=a’n], |oj<l. Thus, X,(2)= D x,[nlz™= ) o uln}z™

n=-oco n=-—oco

o

2 " = — ., >l

The ROC of Xl(z) is lz| > |o| which includes the unit circle. On the unit circle z=e3®. Thus

— Xl(ejm) = Xl(z)l which is the same as the DTFT of x1[n].

=el® T T Sig
z=¢ 1—0e 0

oo

(b) x,[n]=a"u(-n], loj>1. Thus, X,(z)= Z X,[n}z™" = Za"u[—n]z_“

n=—co n=—co
- Yaran- — . i<l

The ROC oF ;(:Zz) is [z < IOLI now since |of > 1, the ROC includes the unit circle. On the unit

circle z=e®. Thus, X,(e/®)=X,(@),_jo = 1-—0;"1'5‘3

(c) x3[n] = alnlu[n] = o."u[n] which is the same sequence as that in part (a).

00

Hence X3(2) = X,(2)= le[n]z‘" =

n=-—o0

|z|> ||

1-oz !’

Inl <M < -
_jort, nis, =
(d) x4[n]-{ 0, ellsel here. Therefore, X ,(z) = E x,[n]z n

n=-—oco

M(I _a-Mz—M) l_aM+lz—(M+1)

M M
| - - z
=Eoc|“z Sa"z +§0Lz“ I + -
¥ nM (-a7'z7") l-az

ROC of X4(z) is the entire z-plane. Thus, the DTFT of x4[n} is given by
47
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(o]

) M_,joM _ — oM+ —jo(M+1)
X4(ejﬂ))=x4(z)| = e_1 i 1 +1 e .
z=¢ (1-a~'e™I9) 1-ge i@

(e) xs[n]l=a"u[n+3], jof<l. Thus,
has 3,3 -3,4
- n n_ n,-n _ =(X z
Xs(2)= Za wn+3]z7 Za g Sl lz| > |od.

n=-co n——3

. -3 _.j40
Since the ROC of X5(z) includes the unit circle thus Xs(elm) = Xs(z)lZ oj0 = g_j_(a_e_.
= e’ -

00 (-]

(f) x¢[n)=na u[n]. Now, X4(z)= Zna"u[n]z'" =Y na"z "

=-—oo

dX,(2) ~—
Now differentiating X1(z) (from part (a) ) we get dl( ) - 2(_n)an z7%1. Thus,
z

dX (z)

Z a2 =-X(2).

dX -1
Hence X((z)=-2 12) =—zi( L 1) oz Iz} > |a..

dz dz\1-o0z7!) (-oaz1)?’
. -jo
- it ci joy = -
The ROC of Xg(z) includes the unit circle. Hence, X(e’™) X6(Z)lz=em (l—ac‘j“’)z .
I, -N<n<N\,
3.64 (a) Yl[“]z{,o elsewhere.
s N N ~(2N+1) N+l _,-N
- n_ 2z (1-2z z -z
Y (z)= Zyl["]z "= ZZ "= (l_z—l )= 21
n=—oo n=-N

ROC of Y{(z) is the entire z-plane except z=<o. Since the ROC includes the unit circle, we get

. 1
eJON _ o —j@(N+1) _ sm(m(N + 3))

) =Y,@),_jo =

1-e7i® sin(@/2)
bl N<ns<
(b) y2[n]= l N, NSn_N,
0, elsewhere.

. 1, -N/2<n<N/2,
As in Problem 3.9(b), y2[n] = yo[n]@yo[n] where yg[n]= {0 elsev:;]ere

N/2 __—(N+D) —(N+1)
Now, Y, (z)= zz""=zN’2iliTI—-l. Thus, Y,(2)=Y3(2)=2 (Q__I_Z_____).)
—Z —

n=-N/2
The ROC of Y,(2) is the entire z-plane except z = «. The DTFT of y;{n] is therefore given

_ e-foN+Dy)? _sin2(@(N+1)/2)
-jo sin2(@/2)

joy - - _.jen| A
by Y, =Y,@)| _ o =¢ ( —

_[cos(rn/2N), -N<n<N,
() yslnl= { 0, elsewhere.
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Thus, Y3(z)= iya["lz_n = Z%(ejnn/ZN +e—j1m/2N)Z-n

N=-—o0 n=-
1 e—jn/ZZN(l _ ej1|:(2N+1)/2NZ—(2N+1)) 1 ethIZZN(l _ e-—jn(2N+l)/2Nz—(2N+1))
=— . += .
) | — eI/ 2N, 2 | — e IR/ 2N -1
1 (e—jn(N+1/2)/2NZ(N+1/2) _ ej1c(N-0-1/2)/2NZ—(N+1/2))
) (2112~ RN _ TN =172y

1 (ejn(N+1/2)/2NZ(N+1/2) __e—jﬂ:(N+1/2)/2Nz—(N+1/2))

+ - T T
2 (zl/2ej1t/4N _e—)n/4NZ—l/2)

The ROC of Y3(z) is the entire z-plane except z = . The DTFT of y3[n] is therefore given
(e—jn(N+1/2)/2Nejm(N+112) _ ejn(NH/2)/2Ne—j(0(N+1/2))

by Yy =Yy@)|,_ o= T TN RN,
1 (ejn(N+1/2)/2Nejm(N+1/2) _e—jn(N+l/2)/2Ne—ju)(N+1/2))

) (ejw/ZCjnMN _e—jn/4Ne—jm/2)
. i 1 . T 1
sm((m - +E)) 1 sm((m + N+ E))

1
2 sin((co—-z%)/Z) 2 sin((co+%)/2)

365 (a) Y,(2)= ——1—, 2] < %. Consider X,(z)= L |z|>4. From Table 3.8, the

1-4z 1-4z71
inverse z-transform x;[n] of X{(z) is given by xl[n]=4" p[n]. From the time-reversal property
of the z-transform given in Table 3.9, the inverse z-transform y;[n] of Y(2) is thus given by

yln) = x,(-n] = 4~"pf-n) =) in.

1 1 1-j 1 1+
®) @)= T 557 72 1+; "2 =
-z +0.5z 1_(__)2—1 1_(_5_1)2—1

and the linearity property of the z-transform given in Table 3.9, we obtain

, Thus, from Table 3.8

1 L1+ 1 (1-71\"
y,[nl= -2-(1 - J)(—z'“) un]+ '5(1 + J)(—z") HIn].
Let rcos(9) =% and rsin(6) = % Then, r= 715 and tan(®)=1, or, 0= g. Substituting these
in y7[n] we get
y,[n]= (rcos(8) — jrsin(8))(rcos(8) + jr sin(8))" uln]

+ (rcos(0) + jrsin(8))(r cos(8) — jr sin(8))" w[n]

= (rn+le—jeejn9 +r"+lejee'jne)u[n] = 2(2'(n+1)/2)cos((—n_71)—n-)ll[n].
© Y (Z)_12+8z"1—3z‘2 U S S W |
3 12-7z" 4272 1_§Z-1 1-025271 7 3
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n
Since the ROC is ]z | > -;- hence y3[n] = 3(%) U[n] +(%)n u[n]-39[n].

- 1 -2
1-z l+—Z 1 1
(d) Y,(2)= & =1- + . =<lz]<=.
4 (1—%2‘1)(1—%2'1) 1—%2”' 1——-;-2"1 3 2

Since ROC is given by %<|z| < % the ROC of the middle term in the partial-fraction

expansion above has a ROC |z|< % and the last term has a ROC given by |z|> % Therefore,
1\" 1\
yalnl=(3) wi=n=11+(5) uin]+ 8in].

3.66 (a) We first determine the inverse z-transform x,[n] by a partial-fraction expansion.

1 2
X, @) =22 +32+5+— =22 43245+ —8 - 3—1+’1" || > 4.
z°+5z+4 1+4z l+z 2
1 2
Rewriting we get X,(2) —243ell 6 3 . |z|>4. Thus
2 1+4z70 14271

x, [n] =8[n+2]+38[n+1]+1—21—8[n]+%(—4)" u[n]——%(-—l)“ w[n]..

We next determine the inverse z-transform x,[n] by the long division approach. To this end H
2 277
we rewrite Xa(z) as X,(2) = 2% +32+5+ ———— = 2> +3z+5+ _Zl —.
z°+5z+4 1+5z2 +4z i
-2
.- Dividing 2z 2by 1+5z7! + 4272 we get 2z =22"2-10z73+422%-170273 +---

145271 +4272
Therefore, X, (z)=2+32+5+2272-1027>+422™4 170275 + -, and hence,
(xl}={l 3 50 2 -10 42 -170 -

(b) We first determine the inverse z-transform xp[n] by a partial-fraction expansion
-1
X, (2) = 1+_(:.52 = 4 - 3 —,
1-0.75z7" +0.125z 1-0.5z 1-0.25z
x,[n]=4(0.5)"u[n]-3(0.25)" p[n].

|z > 0.5. Therefore,

We next determine the inverse z-transform xy[n] by the long division approach:

-1
X, (2)= 1*_?'52 —=1+1.252"1 +0.8125 272 +0.453127> +0.238327% +-..
1-0.75z7" +0.125z

Therefore, {x [n]}={1 125 0.8125 0.4531 0.2388 --}.

(c) We first determine the inverse z-transform x.[n] by a partial-fraction expansion

2
X, (2) = car—2 8 os<p<l.
(z+0.5)(z+1) 1+z 1+0.5z

Since the ROC is an annular strip, x;[n] is a two-sided sequence. The second term in the partial
fraction expansion has an ROC given by |z]<1, and has an inverse z-transform which is a left-
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sided sequence —4(—1)"p{-n—1], whereas, the last term has an ROC given by |7]>0.5, and
has an inverse z-transform —8(—0.5)"p[n] which is a right-sided sequence.
Therefore, x_[n]=48[n]-4(-1)"u[-n—1]-8(-0.5)"u[n].

We next determine the inverse z-transform x.[n] by the long division approach. To this end we
need to develop a power series expansion of 4/(1 + z~1) in a positive power of z, and, a power
series expansion of 8/(1 + 0.5z"1) in a positive power of z-1. Now,

;4———1— =—L"Z—=42(1—z+z2 —3+z4 - )=42-472 + 473 —4z* +47° — ..., whereas,

1+z7° 1+z

———8———1 =8-4z"14222-234052%-025z7 +--- . Therefore,

1+0.5z"
{x [nl}={- 4 -4 4 4 4 —Tft 4 -2 1 -05 025 --}.

z* 1

) = =12 - — |7 >0.6.
(z-0.5)%(z-0.2)(z+0.6) (1-0.5z7")“(1-0.2z"")(1+0.627")

@) X,)=

We first determine the inverse z-transform x4[n] by a partial-fraction expansion

0.2231_ - 0.0918_ - 0'7572 - 0.1111_ L 2] > 0.6. Therefore,
1+0.6z7! 1-05z7" (1-0.5z7')° 1-02z
x4[n]=0.2231(~0.6)" p{n]+0.111 1(0.2)" u{n]—0.0918(0.5)" u[n] +0.7576(n +1)(0.5)" u[n +1]

X4(2)=

We next determine the inverse z-transform x4[n] by the long division approach.

z* _ 1
(z-052(z-02)(z+0.6) 1-062"1-027272+0.22272~03z™"
=1+0.6271 +0.63272+0.32272 +0.2601z7% +0.1219275 +--
Therefore, {x,[n]}= {% 0.6 0.63 032 02601 0.1219 --}

Xd(Z) =

1
1-2r cos(())z'1 +r2z”

i9 -8 je -8
H(z) = — 1 - e.e - e_.e Ti= .1 e.e o e_.e [ Thus,
(319_3—19) 1-rel%2 1-re™ %z 2jsin(8) | 1-rel’z 1-re” %2

|Z>r>0. By using partial-fraction expansion we write

3.67 H(z)= -,

1 ) ) . X o ej6(n+l) _ e—jB(n+1)

= j@.n_,jnd _ n_—j6_—jnd -

h(n] 5335& ("eip[n] - re 1% Ip(n]} mmm{ T ney
_ r"sin((n+1)8)
- sin(0) Hn].

3.68 G(z)= Zg[n]z"“ with a ROC given by Rg.

n=—oc

(a) Therefore G*(2)= D g*[n](z9)™ and G*(z%)= D g*nlz™.

N=—o0 n=-—oco

Thus the z-transform of g*[n] is G *(z*).
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(b) Replace n by —m in the summation. This leads to G(z) = Zg[—m]zm. Therefore

m=—oo

- Gl/z)= Zg[—m] z~™ . Thus the z-transform of g[-n] is G(1/z). Note that since z has been
m=-oo

: replaced by 1/z, the ROC of G(1/z) will be 1/ Rg.

" (c) Let y[n]=ag[n]+Bh{n]. Then,

oo

- Y@= (agin]+Bhin))z " =a z gln]z™" +pB Zh[n]z'“ = 0G(z) +BH(2)

In this g:se Y(z) will converge wherever both G(z) and H(z) converge. Thus the ROC of Y(z)
is Rg N Ry, Where is ﬂ(g the ROC of G(z) and R, is the ROC of H(z).

(d) y[n]=g[n—ngy]. Hence Y(z) = Zy[n] 27" = Zg[n —nylz " = zg[mlz—(mmo)

Nn=-oco n=-—o0 nm=-—oo

=z""o Zg[m] 2™ =z""0G(z).

m:-—eo
In this case the ROC of Y(z) is the same as that of G(z) except for the possible addition or
elimination of the point z = 0 or z = o (due to the factor z7 ™).

(e) y[n]=a"g[n]. Hence, Y(2)= Zy[n]z'“ = Zg[n](zot'l)"n =G(z/ Q).
n=—co n=—oo
The ROC of Y(z) is |oR. -

(f) y[n] = ng[n]. Hence Y(z) = an[n]z’“.

Nn=-—co

R P dG(z) _ ,-n-1 dG(z) _N “n
Now G(z)—nzz_f[n]z . Thus, I n=z—“mng[n] =z n=2—:g[n]z .
Thus Y(z) = -z dG(Z).

dz
() yin] = gin]Dhin] = Y glk]hin—k]. Hence,
k——oo
Y@)= Y yln]z" = 2 [ngh[u k]J =y g[k]Zh[n ~k]z™"
n=—c0 n=—o0 \ k=—o00 k=—o  n=—se

= Y gklH@)z™* =H@)G(®).

K=—oo
In this case also Y(z) will converge wherever both H(z) and G(z) converge. Thus ROC of Y(z)
- s Kg N Rh'

- (h) y[n] = g[n]h[n]. Hence, Y(z) = z g(nlh[n]z™. From Egq. (3.107),

n=—oo
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n=-o0

g[n]—-———§G(V)Vn ldv Thus, Y(z)= Zh[n] :tj§(}(v)vn—ldv L
C

=———§G(v)( Zh[n]z fyn= 1Jdv=—2-%§G(v)H(z/v)v'ldv

N=-o0

(i) Zg[n]h *[n]= ——§G(v) Eh *[nv" v-ldv = ——SQG(v)H *(1/vovldv.

n=-—o0 n=-—oo

3.69 (a) Expnading in a power series we get X,(z)= ————_—_3—= 2:(—1)n z7n, |z|> 1.
1+z ‘=0

DX, ifn=3kandn>0
T 5 ’
hus, xq[n] = { 0, elsewhere.

Using partial fraction, we get
1 1
1 3 3
X, (z)= = + +
1 -3 -1
1+z 1+z 1"(-;7+j:{2—§)2_1 1—(%—j%§~)z—l

n n
il = 20 i+ 33+ 2 ] pint+d (352 ) o)
= LD pn] + 5 ™ 0]+ £e I 3pfn] = 2(~D"in]+ 3 cos(nn/ Ipln].

_nk
Thus x;[n] = (=X, ifn=3kandn20,
0, elsewhere.

L | —

Therefore,

w

.. . 1 -
(b) Expnading in a power series we get X,(z)= — = Zz 2“, |z|>1.
k n=0

, ifn=2kandnz=0,
Thus , x;[n] = {O, elsewhere.
A
Using partial fraction, we get X,(z)= =—2 _ 4+ 2 __ Therefore,
EP & 2(2) 1-z2 1+z70 1-z71
) - 1
x2[n] = iu[n]+5(—1)"u[n]
1, ifn=2kandn=0,
Thus, xp[n] = {O, elsewhere.
3.70 (a) X,(2)= log( ) |2/>lof. Expanding log(l—o&z‘l) in a power series we get
2 -2 3 -3 > n
Xl(z)=—0Lzr'1 &z =YL
2 3 n

.ooon
Thus, x,[n]= ——yu[n-1].
n

(b) X,(2)= iog(l —Bz), |<1/B|. Expanding log(l—Bz) in a power series we get




-n

Thus x,[n]= BT p[-n-1].

(z+1)

3.71 H(z) = . Since the inverse z-transform h[n] of H(z) is a right-sided

3.72

-1 -1 -2 2 _-3_.-3 1

N D R R, S, R e | B S s Y A B A -1, -1 =2, -1 -
=1z, —25 I zy" 2,7 -2, —(zl zZ, )(22 z, )(23 zZ, ) 1 z, +zg 2,7 +25'Z
-1 -1 -2 =2 -3 =3 1

(z-0.5)(z+0.25) ~

sequence, the ROC of H(z) is given by |z] > 0.5. By partial fraction expansion we get
4

+
1-05z77 1402527

H(z) = -8+

From Eq. (3.155), for N = 3, we get

-1 -2
1 z5 2 :
D, =|1 zl‘1 zi’z . The determinant of D3 is given by
-1 -2
1 zy° z,
-1 -2 -1 -2
1 zgo z57 |1z Zy gl gl g2 g2
detD) =1 z7! z73=|0 z;l-zg' z72-z%=|"Y, 9, L, O
3 11 12 ll 01 12 02 z _Zol z 2_202
-1 = T 2
1 z, Z 0 z, -z, 23°-12

1zt +z7d
- (z—l _ Z—l)(z—l _ Z—l 1 0
1 0 2 0 1 ZEI +Zal

From Eq. (3.155), for N = 4, we get
1 zal zy" Zg

- (Zl—l _ 261)(251 _ Z(—)l)(zgl _ zl—l) - H(ZEI _ z;])_

22k>£020

. The determinant of D4 is given by

1 zal 262 263

0 zl'1 - zal 21“2 - 262 zl_3 - 253
2,0 27 7, 0 zgl - zal zzz - 252 253 - 263

0 z3l-z5! 2-z? 237 -z

-1 -1 =2 -
i vz ZC+z)

1 1 -2

+zg! 235 +25
-1, - 2, -l -1, -2
1 =1\(=1 _—1\{,~1_ -1 : Zl1+Zol lZl TZI Z10 +Zzo 1
=(Zl -2, )(22 -z, )(23 -2z, )0 zzl—zll (zzl—zll)(zzl+zlz+zol)
0 z7 -z (z3" -z, Nz3" +z7 +2,
- - - Ay — - -
21\ =1 _~1)(,=1_ -1 25! -7} (25 -7 )z +27t + g
=(Z1 -75')(3' -7 )(23 -73') B B O QAL APy
3 77 3 72 N2z ¥Z ¥
+z]' +za

1 1
R O N AR IR R | F B

=(zl-1_Zal)(zgl_251)(251_261)(251_zl—l)(zgx_z]—l)(zgl_zgl)= I -7

32k>£20

Z3

1 1,-1

- 1
122

I
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. Thus, h{n] = —88[n]+ 4(0.5)"u[n]+4(—0.25)"u[n].
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Hence, in the general case, det(Dy) = H (z;1 —z;l). It follows from this expression

. . . N-1>k>¢20 )
that the determinant is non-zero, i.e. Dy is non-singular, if the sampling points zj are distinct.

3.73 XNDFTI0] =2-4+4-8=-6, XNDFT[1]=2+2+1+1=6,
XNDFT[2] =2 +4 +4+8=18, XNDFT[3]=2+6+9+27=44.
RPTRES FOPR S (O (1)
Iy@=(1-z")1-532")1-327"). Thus, IO( .2.)_10,

L@ =0+1z7)1-227) -5z, This, [(1) =05,
-1 -1 1 -1 N h _
L=+ 127)(1-27)(1-27). Thus, L,(3)=-0,662 and

13(2)=(1+—;~z‘1)(1—z'1)(1—%z"1). Thus, I (—1—)=2.5. Therefore,

18

-3
0.6662 L '

X(Z)=‘160 O(Z)"' I(Z) ()+44 Li(z)= 242z 427242

i
Xnperlll~ XNDFT[O]—S ] 18+6—8><(1—(__2_)x2)

3.74 cg = XNDFTI0] = -6, ¢ =4,
Do P [-ehx2a-2)
44+6—-8(1—(—%)x3)+4(1—(—%)x3)(1—3)
Cy = =4.
’ (1—(—§)><3)<1—3)<1 —%)
Hence X(z) = —6+8(1+> Lo y—aa+t z")(l zhraq+l z"l)(l "1)(1—%z"1
- =2+2z +22+z 3,
i N-l N-1 N-1
3.75 (a) y[n]=og[n]+Bh[n]. Hence, Yypprlkl= Zy[n]zi" = aZg[n]zE“ +ﬁz h[n]z, "
n=0 n=0 n=0
= oG yppplk]+BHyperlk]:
N-1 i N-1
(1) Gypprlkl= D glnlzg" = Gypep *Kl= D g*nl(z, )™ . If z,* also belongs to the
=0
n=0 N—ln
samples then = Gyper *[k*]= G*(z, M) = Zg*[n]zk‘“ .
n=0

(¢) Refg[n]}= —lz—(g[n]+g*[n]). Let y[n]‘ = Re{g[n]}. Using Properties (a) and (b) we get
Y(z,) =3 (G(z)+G*(2,¥)- ]

(d) Let y[n] = j Im{g[n]} = %(g[n]—-g*[n]). Again using Properties (a) and (b)

Y(z,) =5(Gz)-G* 7).

(e) Assume g[n] is real, then Im{g[n]} = 0. From Property (d) this implies G(z,)=G*(z,*),
or equivalently Re{G(z,)} = Re{G*(z, ")} = Re{G(z, *)}. Also
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Gz, )| =[G* (2, )| =[Gz, *)| and arg(G(z,)) = arg(G * (2, )} = ~arg Gz, M)}-

=]

3.76 tn]= Y x[£]x[¢+n]. Thus , R(z) = Zr[n]z n = Z Zx[f]x[£+n]

f:-—oo n=-—oo Nn=-—o0 [:—oq

0

= 2 x[/] 2x[€+n]z'“ = Zx[f]ze X(z) -%ZX(Z)X(Z‘I).

[——oc Nn=—oo €=—oo

The ROC of X(z) is Ry~ <[z <Ry+ and of X(z" 1y is 1/Rx+ <ld<1/Ry-.
Therefore the ROC of X(2)X(z"1) is max {Ry - 1/RX+}_<|zj< mm(Rx+,l/RX_}. ‘

oo

The total energy of {r[n]} = Zl r[n]l2 = zr[n]r*[rj]. Using Parseval's relation, we obtain

n=-—oo n=-oo

Energy = _2}1?J§ R(R(/v¥vldv = 2Lm§ XXX/ vOXv*)vldv.
C C

x[n], O0<ns<N-}]
3.77 xe[n]={ [0,] N<n<2N-1. y[n] = xe[n] + xe[2N —1- n]. Therefore,

2N-1 N-1 2N-1 -
Yk = 3 yln]WiK = > x(nIWJk + D' x[2N~1-n]W3§
n=0 —0 n=N
N-1
= xin]W3K + ZX[n]W(ZN'l mk = Zx[n](w“k +Wokwonky,
=0
N
n=0
N-1 .
= sz[n]cos(M), 0<k<N-L.
2N ‘
n=0
WX/2C, K], 0<sksN-1, '
3.78 Y[k] = 0, k=N, Thus,
-W;k/2C [2N-k], N+1<k<2N-1
_ 251 —nk —(n+l/2)k 25! -(n+1/2)k
y[n] = — ZY[k] Zc [kIW. Y C.[2N - kW,
2N 2 0 2N, S

k 1 :
C [0] 1 2 (nk(2n+l))
= C,[klco s

N- E
CXI[\?]*ﬁkz:',C [k]co {nk(2n+1))’ where fw[k]={1/1’2’ _k—O,

Hence,
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1 & mk(2n +1)
<n< _
Moreover, x[n]= {y[n], O<n<N- Lo 2 w[k]Cx[k]COS( IN ')’ 0<n<N-]

0, elsewhere, -
0, elsewhere.
: N-1
1 (2n+D)rmk _
(b) From Eq. (3.163), x[n]= Nkzéw[k]Cx[k]cos( 2N ) OSHSN L Hence,
B 0, elsewhere.
i Cn+hmm) 18N & ‘
22x[n]cos(————) = _z wlk]C [k]cos((Z"“)“k)cos(@““)"m)
2N N X 2N 2N
m=0 k=0 m=0
N-1 =
_1 (2n+1)mk (2n+l)rm
= > wikIC [k]z cos( s )cos( + ) (10)
k=0
N-1 N, if k=m=0,
Now, 3 ((2“ Dk o 20 D”’“) N/2, if k =m,
m= O 2N 0, elsewhere.
Thus, Eq. (10) reduces to :
N-1 L wioic.[01-N m=0
ZZX[H]COS(M) =¢N X
m=0 2N SWMmIC,[m]-N, 1Sm<N-1,
C [O] m=0,
{C [m], 1Sm<N-1, =Cxlml, 0smsN-1.

3.79 y[n] = 0Cg[“]+l3h[n] Thus,
N-
Cylkl = ZY["J of ZED)- S (ot + o LD

n=0
N-
_ aZg[n]co (nk(2n+l)) Z (M) = acg[k]+|3ch[k]-

—

2N

N-I N-1
nk(2n+1) LI nk(2n+1)
3.80 C,[k]= %x[n]cos(—gﬁ——) = C,[k]= Zéx * [n]cos(—iN—).

Thus the DCT coefficients of x*[n] are given by C:[k].

N-1 N, ifk=m=0,
3.81 Note that Zcos( mk(2n + D)cos( mm(2n + 1)) ={N/2, ifk=mandk=0,
2N 2N

0, otherwise.
NSRS . m2n+Dk) _ (7(2n+Dm
Now, x[n]x*[n]= Z{) 26 [k]a[m]Cx[m]Cx[k]cos( o~ )co_s( =~ )
N-1 N-1 N-1| N-1
1 * n(2n+ 1k n(2n +1)m
Thus, Z|x[n]| ——Z—Z Z [k]a[m]Cx[m]Cx[k]z-:cos( N )cos( N )
N-1 31 N-
Now, using the orthogonality property mentioned above le[n]l —-———Za[k]lC [k]l .
n=0 .f k=0
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N-1
3.82 Xpurlkl= Z{)x[n](cos( 27;* ) + sin( 21;11( )) . Now,
_ DHT[k](cos(z?;k) + sm( Zn;Ink )) )
= Z x[n](cos( ) ( )]( OS(ank) + sin(—zim—k)). Therefore,
N N

2 )

N-1

ZXDHT[k](cos( )
= nzéx[n]Z(cos(

N, if m=n=0,
2nnk 2nmk N/2, f m=n=#0,
It can be shown that ZCOS( )cos( ) N /2 if m=N-n,
0, elsewhere,

N-1 N/2, ifm=n=#0,
sm( 21mk sm( 21tmk —N /2, f m=N-n, and
elsewhere,

Esin(z’;‘k)cos(zm* =N2;, (Znnk) ( )= 0

)

x[n—nO+N], 0<n<ng -}
3.83 (a) y[n]=x(<n—nO>N)= x[n—n,],

-1
Hence, x[m]= % Z HT[k](cos(

no<nsN-L
N 2k 2mk)) & 2mnk 2mnk
Ypurlkl= Zy[n](cos( N )+sin( N D = Z x[n—n, +N](cos( N )+sin( N D :
n=0 n=0 i
A= 2ok 2mnk ' i
+ 2 x[n—no](cos( N )+sin(TD. §
n=n, i
Replacing n —ng+N by n in the first sum and n —ng by n in the second sum we get I
N-1
2n(n+n,)k _(2n(n+n,)k

Ypurlkl= Z x[n](cos(—ﬁ—g-—-)+sm(——No—D
n=N—n0 1
not 2m(n +n,)k 2n(n+n,)k - #

+ z x[n]| cos ( o) +sin ( o)
n=0 N N ‘ ¥

N-1 _
Z x[n] (cos(gr(l;n—o)li) + sin(-z-lt-(n—;n—o—)ED : .‘ f
( )Z x[n] (cos(

o) o :
N 1
- i
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ny—1
+sin(21mok ) 02’ . (cos(zmk) _ Sin(mnk ))
N N N

n=0

_ 2mn gk . (2mnyk
= CcOoS N Xpyrlkl+sin Xpurl—kI-

(b) The N-point DHT of x[< -n >N] is XpHgT[-k].

—

N-1 1 N-1 N-
© > x*nl==5 > D XpurlklXpyle1x

r—

2
n=0 N k=0 ¢=

3 25 o 25255 )

Using the orthogonality property, the product is non-zero if k = £ and is equal to N.

N-1 ) 1 N-1 5
Thus Y x’[n]=— > Xppurlk].
n=0 Nk:O

(=]

2nnk 1/ nk —nk . (2nnk) _ 1 k _nk
3.84 cos( N )——2—(WN +Wy™), and sm( )_Ej(wl{; —Wmk).
N-1 j2mnk /N | ~j2mnk /N j2mnk/N _  ~j2mak/N
Xpyrlkl= EX[nl[e = +2 2; J
n=0 {
_ Therefore Xpyrlkl = E(X[N —k]+ X[k] - jX[N - k] + jX[k]).
= 2mnk 2mnk
3.85 y[n] = x[n]@ g[n]. Thus, Yy rlk]l= Zy[n](cos( 1 )+sin( 1 D
o N N
N-1 N-1
= Zx[r]Egk n—r>N](cos(2?k)+sin(27:k)).
r=0 n=0

Fro m results of Problem 3.83
N-1

2mek . (2mlk
Ypurlkl= Y. x[f][GDHT[k]cos( N )+ Gpyrl<—k >N]sm( < D

=0
N-1 N-1
2mek . (2mek
GDHT[k]Zx[Z]cos( < )+GDHT[< -k >N]2x[€]sm( v )
£=0

=0
1
EGDHT[k](XDHT[k]"' Xpurl< —k >y])

1
+ 7 GOpurl<—k >nJ(Xpurlk] - Xparl< —k >N]).
or Ypyrlkl= %XDHT[k] (Gpprlkl+Gpyrl< —k>y))

1
+ -2—XDHT[< —k >N (Gpprlk]— Gpurl< —k >n])-
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P11 11 11

{1 1 -1 1 -1 1 -1

1111 11 -1 1 1 1 -1 -1

11 1 -1 1 -1 I -1 -1 1 1 -1 -1 1

3.86 (a) H2=[l —1]’ He=ly 1 a0 cp®@ M= ¢ 1 1 o1 o1 21 -1
1 -1 -1 1 -1 1 -1 -1 1 -1

I 1 -1 =1 =1 -1 1 1

-1 -1 1 -1 1 1 -1

3.87

3.88

3.89

1
]

(b) From the structure of Hy, H4 and Hg it can be seen that
H, H H, H
H, =| 42 2],andH=[4 4].
4 {Hz -H, 87 |H, -H,
(c) Xyr= Hyx. Therefore x= H;IIXHT = NHﬁ XHT = NH;XHT. Hence,
N-1 ¢-1
x[n] = Z XHT[k](__I)E)bi(n)bi(k)'

k=0
where b, (1) is the ith bit in the binary representation of r.

= N N-1 . X
X(z,) = Zx[n]z;" = Zx[n] ATy - Zx[n]A—n i 12y 12 y-(t-n)"/2
n=0 n=0 n=0

N-1 2
=V£2/22g[n]h[€—n], where g[n]= x[n]A’“V“Z/2 and h{n] = V" /2
n=0

A block-diagram representation for the computation of X(z,) using the above scheme is thus
precisely Figure P3.5.

z, =a’. Hence, AOVO— €ei9¢e71%0 — 0! Since o is real, we have
Ag=1,V,=1/a,6,=0and ¢,=0.

(i) N=3.
X(2) = x[01+ x[1]z~" +x(212 7%, and H(z) = h{0] + h{1]z~! +h[2]z >
Y, (2) = h{0]x{0] + (h{1] x[0] + x{1]h[0}) z ™" +(h[2]X[0] + h{I}x{1] + h{0]x[2]) z -2

+(h[1]1x[2]+ h{2]x[1]) 2+ h[2]1x[2] 4
On the other hand,

Y, (z) = (h{0]x[0] + h{1]x[2] + h{2]x[0]) + (h[0] x[1] + h{1] x{0] + h[2]x{2]) 2!
+(h[0]x[2] + h{1]x[1] + h[2] x{0)) 2.
It is easy to see that in this case Y (z)=Y[ (z)mod(l—z"z‘).
(i) N =4.
X(z) = x[0]+ x[1]z" + x[2]z % +x(31z™> and H(z) = h{0]+h[1]z™} +h{2]z ™% +h[3]z™.
Y, (2)=h[0]x{0}+(h[1] x[0] + h{0] x{1])z~* +(h[0]x[2] + h{1]x[1] + h{2] x{0])z ~
+{(h[0]x[3]+ h[1]X[2] + h{2]x{1] + h(3] x[0])z~> +(h[1]x[3] + h{2] x[2] + h(3]x[1})z~*
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+{h[2]x[3]+h(31x[2])2~ +h[3]x[3]27,

whereas, Y, (z) = (h[0]x[0]+h{1]x(3]+ h[2]x[2]+ h[3] x[1])
+(h[0]x[1]+ h[11x{0] + h{2] x[3]+ h[3] x[2])z‘1
+(h{0] x[2]+ h[1]X[1] + h[2] x[0] + h[3]x[3])z >
+(h[0] x[3]+ h[1]x[2] + h[2] x[1] + h{3]x[0]) 273,

Again it can be seen that Yc(z)=YL(z)mod(1——z‘4).

(i) N=5.
X(z)=x[0]+x[1]z " +x[2]z 2 +x[3)z 3 +x[4]z~* and H(z)=h[0]+h[1]z" +h[2]z72 +h[3]2 3 +h[4]z~*.
Y, (2)=h[0]x[O]+(h[11x[0]+ h{0]x{1])z ™" +(h[0] x[2] + h{1]x[1] + h{2]x[0])z
+(b[0] x[3]+ h{1]x[2] + h[2] x{1] + h[3]x[0]) 2> +(h[O]x{4] + h[1]x[3] + h{2] x[2] + h{3] x{1] + h{4] x{0])z”*
+(h[1]x[4]+ h[2] x[3] + h{31x[2] + h[4]x[1]) 25 +(h[2]x[4] + h{3]x[3] + h[4] x[2])z "
+(h[4]x[3]+ h[3]x[4])z~" +h([4]x[4] 278,

whereas, Y, (z)=(h{0]x[0]+ h[4]x[1]+ h[3]x[2]+ h(2]x[3] + h[1] x[4])
+(h[0] x[1] + h[1]x[0] + h{2] x[4] + h[3] x[3] + h[4] x[2]) 271
+(h[0]x[2]+ h[1] x[1] + h[2] x[0] + h[3} x[4] + h{4] x[3]) 272
+(h[0]x[3] + h{1]x[2]+ h[2] x[1] + h[3] x[0] + h[4] x[4]) 273
+(h{0] x[4] + h[1]x[3] + h[2] x[2] + h[3] x[1] + h[4] x[0]) 7,

N Again it can be seen that Yc(z)=YL(z)mod(1—z"5 )

3.90 The dc value of a sequece x[n] is given by X(e/9). Now for a finite length sequence
N-1 N-1
X(eI?) = Zx[n]e'j"’". Hence, X(ei%)= Zx[n] =X[0]. Hence, for a finite length sequence,

n=0 n=0
the dc value is given by the first coefficient of its DFT.

3.91 (a) X(z)= Zx[n]z‘". Let X(z) = log(X(z)) = X(z) = eX®@, Thus, X(e!®)=¢

n=-co

X(eI®)

T
(b) i[n]=§11;jlog(X(eJm))eJm"dco. If x[n] is real, then X(e/®)=X*(e 7). Therefore,
~T

log(X(ejm )) = log(X * (e’jm)). .

T n
;( * [n] = -2—11-; J’log(X * (ejm))e"jmndw = _zl_n jlog(x(e—jﬁ)))e—J(Dndw
-

-

= 'zl_n Tlog(X(ejm))ej“)"dco = X[n].

-
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T jon |, _—jon
(©) %, n]= "[“]“[ Aol 20l [ tog(xe) (-——%e——)dm

-
n

- = # Jlog(X(ejm))cos(mn) do,

n . .
ar o1 o . ] jon _ _—jon
and similarly, %,qln}= X =L log(X(eJ‘“))(—e——Tje—)dm

-7

= -Z-J; ]Elog(X(ejm)) sin(own)dow.

3.92 x[n]=ad[n]+bdn-1] and X(z) = a+bz"!. Also,

o n
X(z)=log(a+b z‘l) =log(a)+log(l+b/ az'l) = log(a) + 2(—1)“'1 M-z'“ . Therefore, f
n ;
n=l
log(a), if n=0,
n
X[n]= » (_1)“‘l M—-, forn>0, ' j
0, elsewhere. :
§
Ng Ny Np Nj
3.93 (a) X(z)= 1og(K)+210g(1—ockz_l)+Zlog(l ~Y2) =Y 1og(1—;3kz")—Zlog(l-skz).
k=1 k=1 k=1 k=1
7 _ _ —k.,—n _ 'k .n Fkx ,—-n _k .n
X(2) = log(K) znz zznz +Zznz +22n . ~;
k=1 n=l k=1 n=1 k=1 n=1 k=1 n=1 5
[ log(K), n=0,
N N %
B an @ of :
ZE-E- - Z—k—, n>0, i
ThUS, i[n] = < n=1 n n=1 ’
N N
Y ,—n 5 §—n i]
2 e _ ——~, n<0
n n :
Ln=1 n=1 Z

n
(b) [X[n]|< NI|LII— as n— oo, where r is the maximum value of a,, B, , ¥, and , for all values
n

AT S

of k, and N is a constant. Thus X[n] is a decaying bounded sequence as n—> oo.

e A

(c) From Part (a) if o, = Bk=0 then X[n] = O for all n > 0, and is thus anti-causal.
(d) If y =3, =0 then X[n] =0 for all n < 0 and is thus a causal sequence. :

3.94 If X(z) has no poles and zeros on the unit circle then from Problem 3.95, y, =8, = 0 and
X[n] =0 for all n < 0.

AU 7029 650 o e Sk
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%)= log(X(2) therefone 20 - L KO gy KO _ ) B,

Taking the inverse z-transform we get nx[n]

Since x[n] = 0 and X[n] =0 for n <0, thus

n—1

Or, x[n]= Z%fc[k] x[n—k]+X[n]x[0]. Hence, X[n]=

k=0

For n = 0, X[0]=X(),., =X(@),_..
0, n<o,
X[n] =+ gog(x[O]), n=0,
_)i[_r_ll_~n2(5)i[k]x[n—k] o,
\x[O] o n x[0] ’

= Ekﬁ[k]x[n—k],n # 0.
k=0

xinl= Y <ikIx(n~K], n0.
k=0"

n-1 ~
X[n] E x[k]x[n—-k]
X[0] Z(n) TR

k=0

=log(x[0]). Thus,

M3.1 (a) r=0.9, 6 =0.75. The various plots generated by the program are shown below:

Real part

02 04 06 038
Normalized frequency
Magnitude Spectrum

02 04 06 08
Normalized frequency

Imaginary part

2

.
R =)

Amplitude
A

02 04 06 08
Normalized frequency

Phase Spectrum

Phase in radians
.

02 04 06 08
Normalized frequency

(b) r=0.7, 8 =0.5. The various plots generated by the program are shown below:
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Real part Imaginary part
4 . - 0 T T
OS5 F\ T
g E b
] T RRAERRLARREEREE ‘drl Sl i
] £
< < ob N ]
D5t
0 : X : : 3 : ; : :
0 02 04 06 08 1 0 02 04 06 08 1
Normalized frequency Normalized frequency
Magnitude Spectrum Phase Spectrum
5 ; 0 r
4 w1
g osl N\ i
Q - UL
23 2
2 =
2, 5
= & b N A
=
oo
1
0 : . . . -1'5 X . N .
0 02 04 06 038 1 0 02 04 06 038 1
Normalized frequency Normalized frequency
. 1 e—j(2N+l)a) o 1 e—j13m
Joy _ — - Joy _ _
M3.2 (a) Y(e)= e _ N For example, for N =6, Y (e™)= e _ 176
Real part -15 Imaginary part
15 : . : 102 : ,

3
2
g
_5 . N . . 5 . . . .
0 02 04 06 08 1 0 02 04 06 038 1
Normalized frequency Normalized frequency
Magnitude spectrum Phase spectrum
15 : : ; 4 v T T
o 10F- i §
2 E
S o
)
5ol é

N 4

0 N N \ . . . M
0 02 04 06 08 1 0 0.2 04 06 038 1
Nommalized frequency Normalized frequency

| = 9e-IN+DO | —j2(N+Dw

joy =
(b) Y2(e )= e S INDe N6 For example, for N = 6,

1—2e_j7°) eil40

e~ 6w _2e”} To +e—]8m

Y, (') =
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Real part x1o0™ Imaginary part
; T 15 T " T
I 10 .......................................
........................................ 3
- 2
—é' G-
......................................... g H
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: /\ : N 5 : ; : :
0 02 04 06 08 1 0 02 04 06 08 1
Normalized frequency Normalized frequency
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Normalized frequency Normalized frequency
N N
j 1 —-jrn/2N jnn/2NY _-jo wn\ _—j
(© Y. (&®)== Z(e ) +el )e on = ZCOS(-—)B jon
3 2 2N
=-N n=-N
N .
zlcos(ﬂ'—)e'J (N+n)o
. . 2N
jNo mn | -j(N+nw® _ n=-N
=€ COos|—|€ = N
2N e"J o
n=-N
3 6 .
— T -
Zcos(——n—)e jG+mo
‘o p 2N
- J — h=-—
For example, for N = 6, Y3(e )= 0
Real part
8 ]
E E
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5 g
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M3.3 (a)
Real part Imaginary part
] 3
Z E
= B
z g
01 : . N . . . . .
0 02 04 06 08 1 0 02 04 06 08 1
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Magnitude Spectrum Phase Spectrum
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@ 1
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= 3
=
a1t
0 . N . 2 . . . .
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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(b)
Real part Imaginary part
8 T y 2 v y T
ro— G- N\
Q
abo N 3
< 2 .......................................... <
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2 . ; a . N 6 A . . .
0 02 04 06 038 1 0 02 04 06 08 1
Normalized frequency Normalized frequency
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8 ; T 4 r g
G v NG a 2
. g
2 i
i '%4 ........................................ .E O .............
= g
b N B D b TN e
0 ° . . X . 4 . . N .
0 02 04 06 038 1 0 02 04 06 08 1
Normalized frequency Normalized frequency
M3.4 N = input('The length of the sequence = YY) ;
. k = 0:N-1;
—_ - gamma = -0.5;

g = exp(gamma*k);
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% g is an exponential sequence

h = sin(2*pi*k/(N/2));

$ h is a sinusoidal sequence with period = N/2
(G, w] fregz(g,1,512);

[H,w] freqz(h,1,512);

inon

% Property 1

alpha = 0.5;

beta = 0.25;

y = alpha*g+beta*h;

(vy,w] = freqz(y,1,512);

% Plot Y and alpha*G+beta*H to verify that they are equal

% Property 2

n0 = 12; % S equence shifted by 12 samples
y2 = [zeros([1,n0]) gl;

(vy2,wl = fregz(y2,1,512);

GO0 = exp(-j*w*n0).*G;

% Plot GO0 and Y2 to verify they are equal

% Property 3
w0 = pi/2; % the value of omegal0 = pi/2

r=256; $the value of omega0 in terms of number of samples
k = 0:N-1;

y3 = g.*exp(j*w0*k);

[(Y3,w] = freqgz(y3,1,512);

k = 0:511;

w = -w0+pi*k/512; % creating G(exp(w-w0))

Gl = fregz(g,1l,w');
% Compare Gl and Y3

% Property 4

_ k = 0:N-1;
vd = k.*g;
([Yd,w] = freqgz(y4.1,512);
% To compute derivative we need sample at pi
y0o = ((-1).7k).*g;
G2 = [G(2:512)' sum(y0)]';
delG = (G2-G)*512/pi;

% Compare Y4, delG

% Property 5

y5 = conv(g,h);

[Y5,w] = freqz(y5,1,512);
% Compare Y5 and G.*H

% Property 6

y6 = g.*h;

[Y6,w] = freqz(y6,1,512, 'whole');

[GO,w] = fregz(g,1,512, 'whole’);

[HO,w] = freqgz(h,1,512, 'whole');

% Evaluate the sample value at w = pi/2

% and verify with Y6 at pi/2

Hl = [fliplr(HO(1:129)') f£fliplr(HO0(130:512)"')]"';

val = 1/(512)*sum(G0.*H1);
% Compare val with Y6(129) i.e sample at pi/2
% Can extend this to other points similarly

% Parsevals theorem

. vall = sum(g.*conj(h));
- val2 = sum(GO0.*conj(HO))/512;
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% Comapre vall with val2

M35 N = 8; % Number of samples in sequence
gamma = 0.5;

0:N-1;

exp (-j*gamma*k) ;

exp (-j*gamma*fliplr(k));

= x[-n] then y = r[n-(N-1)]

so if Xl(exp(jw)) is DTFT of x[-n], then

X1l (exp(jw)) = R(exp(jw)) = exp(jw(N-1))Y(exp(jw))

Y,w] = freqgz(y,1l,512);

1 = exp(j*w*(N-1)).*

= 0:511;

= —p1*m/512

= freqz(x,1l,w');

Verify X = X1

Koy

® X E H KPR R XA

Property 2

= 0:N-1;

= exp(j*gamma*fliplr(k));
[Y,w] = freqz(y,1,512);

X1l = exp(j*w*(N-1)).*
[X,w] = fregz(x,1,512);

% Verify X1 = conj(X)

KA R

% Property 3

y = real(x):

[Y3,w] = freqz(y,1l,512);
m = 0:511;

w0 = -pi*m/512;

X1 = freqgz(x,1l,w0');
(X,w] = freqz(x,1,512);

% Verify Y3 = 0.5*(X+conj(X1)) ]

% Property 4
= j*imag(x);

[Y4 w] = fregz(y.1,512);
Verify Y4 = 0.5*(X-conj(X1l))

Property 5

= 0:N-1;

= exp(-j*gamma*£fliplr(k)):;

xcs = 0.5*[zeros([1,N-1]) x]1+0.5*[conj(y) zeros([1l,N-1]
xacs = 0.5*[zeros([1,N-1]) x]-0.5*[conj(y) zeros([l,N-1
[Y5,w] = freqz(xcs,1,512);

[Y6,w] = freqgz(xacs,l1l,512);

Y5 = YS5.*exp(j*w*(N-1));

Y6 = Y6.*exp(j*w*(N-1));

% Verify Y5 = real(X) and Y6 = j*imag(X)

<R OP

)1
1)

‘
] .
’

M36 N = 8;

k = 0:N- 1 .

gamma = 0.5;

x = exp(gamma*k); b

y = e xp(gamma*fliplr(k)); g

xev =0.5*([zeros([1,N-1]) x]+[y zeros([l,N-1]1)1]);

xod = 0.5*([zeros([1,N-1]) x]-[y zeros([1l,N-1])1);

[X,w] = freqz(x,1,512);

[Xev,w] = fregz(xev,1,512); 2

[Xod,w] = fregz(xod,1,512); ;
— Xev = exp(j*w*(N-1)).*Xev; ]
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Xod = exp(j*w*(N—l))‘:*Xod;
% Verify real(X)= Xev, and imag(X)= Xod

r = 0:511;
w0 = -pi*r/512;
- X1l = fregz(x,1,w0');
% Verify X = conj(Xl)
% real(X)= real(Xl) and imag(X)= -imag(Xl)
% abs(X)= abs(Xl) and angle(X)= -angle(Xl)

M3.7 N = input('The size of DFT to be computed =');
for k = 1:N

for m = 1:N
D(k,m) = exp(-j*2*pi*(k-1)*(m-1)/N);
end :
end -
diff = inv(D)-1/N*conj(D);
% Verify diff is N*N matrix with all elements zero
M3.8 N = input('The value of N = ');
$ Part a
k = -N:N;
vl ones ([1,2*N+1]);

v2 = yl - abs(k)/N;

v3 cos (pi*k/ (2*N));
(Yl,w] = freqgz(yl,1,512);
[Y2,w] = freqz(y2,1,512);
{Y3,w] = freqz(y3,1,512);
Yl = exp(j*w*N).*Yl;
Y2 = exp(j*w*N).*Y2;
Y3 = exp(j*w*N).*Y3;
| M39 g = [1 -3 42 0 -2];
h=1[301-121};
x = [3+3*2 -2+3 0+3*3 1+3j*4 -3+3*3];
v = [1-3*3 4+3*2 2-j*2 -3+3j*5 2+j];
k = 0:5;
z = cos(pi*k/2);
y = 3.%k;
G = fft(g); H = fft(h); X = fft(x);
J v = fft(v); 2 = fft(z); Y = fft(y);
yl = ifft(G.*H); y2 = ifft(X.*V); y3 = 1ifft(zZ.*Y);

M310 N = 8; % N is length of the sequence(s)
gamma = 0.5;
k = 0:N-1;

g = exp{-gamma*k); = cos(pi*k/N);

h
G ffe(g); H=fft(h);

% Property 1

alpha=0.5; beta=0.25;

x1 = alpha*g+beta*h;

X1 = fft(x1l);

% Verify Xl=alpha*G+beta*H

% Property 2 .

n0 = N/2; % n0 is the amount of shift
x2 = [g(n0+1:N) g(l:n0)];

X2 = fft(x2);: -

$ Verify X2(k)= exp(-j*k*n0)G(k)




Ma3.11

% Property 3

kO = N/2;

x3 = exp(-j*2*pi*k0*k/N).*
X3 = ffe(x3);

G3 = [G(kO+1:N) G(1:k0)1:

% Verify X3=G3

% Property 4

x4 = G;
X4 = f£t(G); ‘
G4 = N*[g(l) g(8:-1:2)]1; % This forms N*(g mod(-k))

% Verify X4 = G4;

% Property 5 %

% To calculate circular convolution between
$ g and h use eqn (3.67)

hl [h(l) h(N:-1:2)]1;

T = toeplitz(h',hl);

x5 = T*g';

X5 = fft(x5');

% Verify X5 = G.*H

% Property 6

x6 = g.*h;

X6 = fft(x6);

Hl = [H(l) H(N:-1:2)1;

T = toeplitz(H.', H1); % .' is the nonconjugate transpose
G6 = (1/N)*T*G.'

% Verify G6 = X6.'

N = 8; % sequence length
gamma = 0.5;

k = 0:N-1;

x = exp(-gamma*k) ;

X = fft(x);

% Property 1

X1l = fft(conj(x));

Gl = conj([X(l) X(N:-1:2)1);
% Verify X1 = Gl

% Property 2 -
x2 = conj([x(l) x(N:-1:2)1);
X2 = fft(x2);

% Verify X2 = conj(X)

% Property 3

x3 = real(x);
X3 = fft(x3);
G3 = 0.5*(X+conj([X(1l) X(N:-1:2)]));

% Verify X3 = G3

% Property 4

x4 = j*imag(x);
X4 = fft(x4);
G4 =

0.5* (X-conj ([X(1) X(N:-1:2)1));
% Verify X4 = G4 ;

% Property 5 .
x5 = 0.5*(x+conj ([x(1) x(N:-1:2)]));
X5 = f£ft(x5); -




$ Verify X5 = real(X)

% Property 6
x6 = 0.5*(x-conj([x(1l) x(N:-1:2)1));
X6 = fft(x6);

- % Verify X6 = j*imag(X)

M3.12 N = 8;
k = 0:N-1;
gamma = 0.5;
x = exp(-gamma*k);
X = fft(x);

% Property 1 P

; xpe = 0.5*(x+[x(1) x(N:-1:2)]1);
| xpo = 0.5*(x-[x(1) x(N:-1:2)1);
| Xpe = fft(xpe);
| Xpo = fft(xpo);

$ Verify Xpe = real(X) and Xpo = j*imag (X)

% Property 2

| X2 = [X(1) X(N:-1:2)1;
| % Verify X = conj(X2);
| % real(X) = real(X2) and imag(X) = -imag(X2)
} % abs(X)= abs(X2) and angle(X) = -angle(X2)
M3.13 x = [2 1103 20 3 4 6];
X = ffe(x);
X(1)
X(6)
k = 0:9;
sum(exp(-j*4*pi*k/5).*X)
—_ sum(X.*conj (X))

M3.14 X = [10 -5-j*4 3-3*2 1+j*3 2+j*5 6-j*2- 121;
% Since x is real thus X = conj(X(N-k)).
% Use this fact to determine the remaining samples
X = [X conj(X(6:-1:2))]1;
x = 1ifft(X);
x(1)
x(7)
sum (x)
n = 0:11;
sum(exp(j*2*pi*n/3) . *x)
sum(x.*conj (x))

M3.15 num = input('The numerator = ')
den input (' The denominator ='
p = roots(den);
z = roots(num);
zplane(z,p) ; _
z = cplxpair(z);
p = cplxpair(p);
lenz = 0; lenp =0;
for k = 1l:length(z)
if (imag(z(k)) ~= 0) lenz = lenz+l;
end -
end ‘
for k = 1l:length(p) -
if (imag(p(k)) ~= 0) lenp = lenp+l;
- end -

’
) .
’
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end
factor = num(l)/den(l)
for k = 1:2:1lenz
factor = [1 -2*real(z(k)) abs(z(k))"2]
— end
for k = lenz+l:length(z)
factor = [1 -z(k)]
end
pause
for k = 1:2:lenp .
factor = [1 -2*real(p(k)) abs(p(k))"2]
end
for k = lenp+l:length(p)
factor = [1 -p(k)]
end

M3.16 (a) Aplying Program 3_9 to the rational function of Part (a) we obtain

Residues
0.1667 -0.6667

Poles
-4 -1

Constants
0.5000

0.1667 0.6667 1
i T+ As a result,
1+4z 1+z

Hence its partial-fraction expansion is given by

2

1
11 s
X (2)=z%+3z+—+ 3 ~—5 _ Hence,
a() 2 1+4z7!' 1+z71

x,[n] = 8[n +2]+38[n +1]+1215[n]+%(—4)"u[n]—§(-1)“u[n].

(b) Aplying Program 3_9 to the rational function of Part (b) we obtain

Residues
4 -3

Poles
0.5000 0.2500

Constants
0

4 3
1-05z"1 1-0.25z""

As a result its partial-fraction expansion is given by X, (z)= , 1z1>0.5.

Hence, x[n]= 4(0.5)"u[n]-3(0.25)" u[n].

(c) Aplying Program 3_9 to the rational function of Part (c) we obtain

Residues
4 -8

Poles
-1.0000 -0.5000

-— Constants
4
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3 8
1+27} 1+0.5z7"
0.5 <|z| < 1. Hence, x_[n] =48[n]—-4(-D"u[~-n —-1]-8(-0.5)"p[n].

As a result its partial-fraction expansion is given by X D= 4+

(d) Aplying Program 3_9 to the rational function of Part (c) we obtain

Residues

0.2231 -0.0918 0.7576 0.1111
Poles

-0.6000 0.5000 0.5000 0.2000
Constants

0

As a result its partial-fraction expansion is given by
0.2231 0.0918 0.7576 0.1111
X @)= +

- - ozt 1
1+0.6z 1-0.5z (1-05z"") 1-0.2z
xd[n] =0.223 1(—0.6)n u[n]- 0.0918(0.5)"u[n]+0.111 1(0.2)"u[n]+0.7576(n + 1)(0.5)" pin+1].

|z|>0.6. Hence,

M3.17 (a) (i) Applying Program 3_10 we arrive at

Numerator polynomial coefficients
6.0000 -2.0000 0.3750

Denominator polynomial coefficients

1.0000 -0.7500 0.1250
6-22"1+0.375z72

1-0.75z71+0.12527%°

Hence, X,(2) =

(ii) Applying Program 3_10 we arrive at

Numerator polynomial coefficients
1.5000 0.2500 1.8750 0.3125

Denominator polynomial coefficients
1.0000 0.5000 0.2500 0.1250

1.5+025z71 +1.875272 +0.312523
14052 14025272 +0.125273

Hence, X,(2)=

(iii) Applying Program 3_10 we arrive at

Numerator polynomial coefficients
3.0000 2.4000 -0.2600 -0.7200 0

Denominator polynomial coefficients
1.0000 0.8000 1.0600 0.7200 0.1440

3+2.4271-026272-0.72273
1+082 1+1.062 2 +0.72272 +0.14427%

Hence, X3(z) =

(iv) Applying Program 3_10 we arrive at




Numerator polynomial coefficients
6.0000 6.7667 2.4000 0.2667

Denominator polynomial coefficients
1.0000 1.2333 0.5000 0.0667

6+67667z" +2.4272 +0.266723
1+1.233327 1 +0.5272 +0.0667z2

Hence, X,(2)=

14 16 7 4
b) (i) X.(z)=3+ - =34 - .
b) () Xy @) =34 T~ T " 0521 1-0252
Hence, x,[n]=33[n]+ 7(0.5)" u[n] - 4(0.25)" u[n].
3 4-27"! 3 4 z”!
e =) =25+ - — + -
1+0.5z 1+0.25z 1+0.5z 1+0.25z 1+0.25z
Hence, x,[n]=2.58[n]+3(~0.5)"u{n] - 4(0.5)" cos(EzE)p[n] +2(0.5)" sin(%)u[n].
5 10 4 v 1 . 4
5+2z71H?% 5+2z70 1409z (1+04z7H)? 1404270 1409271
Hence, X,[n]=(~0.4)"(n+Dp[n+1]-2(-04)"u[n] + 4(0.9)" cos(l‘zﬂ)u[n]. )
10 27! 2 -1 1
0t T =4+ Tt i I
5+2z 6+527" +z 1+04z 1+0.5z 1.‘.52‘1

(i) X,(2)=2.5+

(ii) X5(2)=

(iv) XA@=4+

Hence, x,[n] = 48(n]+2(~0.4)"uln]~ (0.5 {n] + (~1) uin

M3.18 (i) Coefficients of the power series expansion
Columns 1 through 7

Columns 29 through 30
0.0000 0.0000

6.0000 2.5000 1.5000 0.8125 0.4219 0.2148 .
0.1084 -
Columns 8 through 14 R
0.0544 0.0273 0.0137 0.0068 0.0034 0.0017 .
0.0009 .
Columns 15 through 21 é
0.0004 0.0002 0.0001 0.0001 0.0000 0.0000
0.0000 3
Columns 22 through 28 %
0.0000 0.0000 0.0000 0.0000 0.0000 Q.0000 g
0.0000 ;
H

(ii) Coefficients of the power series expansion
Columns 1 through 7

1.5000 -0.5000 1.7500 -0.6250 -0.0625 -0.0312

0.1094 .
Columns 8 through 14 :
-0.0391 -0.0039 -0.0020 0.0068 -0.0024 -0.0002 -
-0.0001
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Columns 15 through 21

0.0004 -0.0002 -0.0000 -0.0000 0.0000
-0.0000

Columns 22 through. 28

-0.0000 0.0000 -0.0000 -0.0000 -0.0000
-0.0000

Columns 29 through 30
-0.0000 -0.0000

(iii) Coefficients of the power series expansion
Columns 1 through 7

3.0000 -0.0000 -3.4400 -0.1280 3.3168
-2.8955

Columns 8 through 14

-0.0098 2.6290 -0.0021 -2.3610 -0.0004
-0.0001

Columns 15 through 21

-1.9132 -0.0000 1.7219 -0.0000 -1.5497
1.3947

Columns 22 through 28

-0.0000 -1.2552 -0.0000 1.1297 -0.0000
-0.0000

Columns 29 through 30
0.9151 -0.0000

(iv) Coefficients of the power series expansion
Columns 1 through 7

6.0000 -0.6331 0.1808 -0.0399 0.0011
-0.0060

Columns 8 through 14

0.0040 -0.0024 0.0014 -0.0007 0.0004
0.0001

Columns 15 through 21

-0.0001 0.0000 -0.0000 0.0000 -0.0000
-0.0000

Columns 22 through 28

0.0000 -0.0000 0.0000 -0.0000 0.0000
0.0000

Columns 29 through 30
-0.0000 0.0000

M3.19 % as an example try a sequence x = 0:24;

calculate the actual uniform dft
and then use those uniform samples
with this ndft program to get the
the original sequence bac

[X,w] = fregz(x,1,25,'whole');

use freq = X and points = exp(j*w)

d0 d@ d@ 9P 0P 0P

freq = input('The sample values = ');
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-0.0000

0.0000

-0.0410

2.1259

-0.0000

-1.0167

0.0066

-0.0002

0.0000

-0.0000



points = input('The frequencies at which samples are taken =

") )

L = 1;
len = length(points);
val = zeros(size(l,len));

L = poly(points);
for k = l:len

if(frea(k) ~= 0)
xx = [1 -points(k)];
[yy, rr]l = deconv(L,xx);

F(k,:) = vvy:
down = polyval(yy,points(k))* (points(k)”~(-len+l));
F(k,:) = freqg(k)/down*yy;
val = val+F(k,:);
end
end
coeff = wval;

M3.20 x = 0:24;
[X,w] = fregz(x,1,25, 'whole');
val = X;
freq = exp(j*w);
len = length(freq):
for k = 1l:1len

L = 1;

for m = 1l:k-1

factor = [1 -freg(m)];

L = conv(L, factor);

end

F(k,:) = [L zeros([1l,len-length(L)])];

end
for k = 1l:len
if(k==1) coeff(k) = val(k);
else
var =
for m = 1:k-1

var var-coeff (m) *polyval (F(m, :), freq(k))* (frea(k) "~ (-
len+1));
end '
var = var/(polyval(F(k,:),freq(k))*(freqg(k)”~(l-len)));
coeff (k) = var;
end
end
c = zeros([l,1len]);

for k = 1l:len
c = c+coeff(k)*F(k, :);
end
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Chapter 4

If u[n] = 2" is the input to the LTI discrete-time system, then its output is given

yinl= Y hikluln~k]= Y hiklz"* =2" Y hiklz™* =2"H(@),

k=—0co k=—oco k=—c0

by

where H(z) = Zh[k]z—k. Hence u[n]} = z"is an eigenfunction of the LTI discrete-time

k=~c0

system. If v[n]= z"u[n] is the input to the system, then its output is given by

y[n]= 2 h{k]v[n—k]=z" Y hik]u[n- klz 7% =2" Zh[k]z‘k

k=-—co =—c0 k==o00

Since in this case the summation depends upon n, v[n] = znu[n] is not an eigenfunction of

an LTI discrete-time system.

h[n]= 8[n]+ad[n - R]. Taking the DTFT of both sides we get H(ejw) =1+o0e

~joR

Let a=lal eJ¢, then the maximum value of lH(eJm)l is 1+|0£|, and the minimum value of

[ is 1o}

. . \3 .
G(el®) = (H(el“’)) = (1+ ae JORY3,
jo ~ 0 _—jon 1—aMe—ij 0] jo
G(®) = ZOL e I = — e Note that G(e!®) = H(e!®), for o = 1. In order
1-oe

n=0
to have the dc value of the magnitude response equal to unity the impulse respon

multiplied by a factor of K, where K={(1-0)/(1-o ).

se should be

The group delay T(®) of an LTI discrete-time system with a frequency response H(ejw) =

ol i d(¢(w
IH(eJm)lemw), is given by T(®) =— (& )). Now,
do
jo . diH(e? .
dHE) _ io(@) ’ I + JIH(er)l jo(w) do(@)
do do
, . . dH(e jo
Hence, - le(er)ieJ¢(°)) d9(@) =@ I )I— dHe ). Equivalently,
do dw do .
o1 dHE?) dH(e'®
. jo JoO _—
Cdee) ¥ i “|H(e )| +j_do
de j]H(ej‘”)|ej‘*’(“” do  jH(E!® |H(e’“’)| H(e!®)

The first term on the right hand side is purely imaginary. Hence,
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_d(H(e'™))
0@ _p 1 do
dw H(e!?)

(W)

4.6 Now, H(ejm) = ((al + a3) cos® + a2) + j(a1 - a3)sin . Hence, the frequency respo

zero phase for a; = a,.

4.7 Now, H(ejm)=((al-l—as)c052(s)+(a2+a4)cosm+a3)+j((a1 —as)sin(:)+(a2 —a4)

the frequency response will have zero phase for a; = ag, and a, =a,.

4.8 The frequency response of the LTI discrete-time system is given by
H(e'®) = alejmk +a,e
- ej(ﬂ(k—Z) j

0 4ae

-2w
1

2o jo -
(ale +a,e” +a; +ae
jo(k—2
= e )(Za1 cos(2m) + 2a, cos(®) + a3)

Hence for H(ejm) will be real for k = 2.

Y(eI®)

(a-1)
X(e'?) )i S

. Lo s jo : .
4.9 Y(er)=|X(eJm)l eJ2BXE)  Hence H(eI®) = =|X(e’°°

real, it has zero-phase.

410 y[n] =x[n] - oyln-R]l. Y(E*)= X(e3?) - 0e IRy (e/®). Hence,
. jo

H(CJ(D) = Y(e '(D) = L

X@E!®) 1+oe

minimum value is 1/(1+1al). There are R peaks and dips in the range 0O<w
o

o

Maximum value of lH(ejm)l is 1/(1-1al),

“joR ©

locations of peaks and dips are given by 1+oe 1R = 1tfod, or e TJOR — 4

n+¢ 2kn
R

=

R

o= Ialejq’. Then the locations of peaks are given by ® and th

jotk=1) a3ejm(k_2) + azejm(k'3) + 21lejm(l

nse will have

sin m). Hence,

k—4)

nce H(eI?®) is

and the

< 21. The
. Let

e locations of

- . 2kw +
minima are given by ® = Y 0 where k=0,1,2,...,R~1.
Plots of the magnitude and phase responses of H(e!®) for o = 0.6 are shown below:
1
0.5
g
’g. 0
® 05
0.5 * t -1 N R
0 0.5% . 1.5% 2r 0 0.57 r 1.5 2r
Normalized frequency Normalized frequency
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As can be seen from the plot of the magnitude response, the peaks are at ® =(2k+1)m/4 and
the dips are at w =kn/2,k =0, 1, 2, 3.

4.11 From the difference equation we get H(e/®)= Y(eI?)/ X(e!®) =(Y +8e_jm)/(a+Bé"jm).

The frequency response will be constant if y =ko. and & =kp.

ey
4.12 2 / N ] w

TN /1IN 7
0.2m 0.4n L8R L6m 227 24
3 3 3 3 3 3
4.13 H(z)= 2[0.5]"2_"u[n] = 21[0.52_1]n = —1——T The output y[n] of the system to an
e —co =0 1-0.5z

input x[n] = cos(%)u[n] is therefore given by
oo n
y[n]= z x[k]h[n - k] =[0.5]" 2:[0.5]_k cos(-’—l—k—). Let w=m/4. Then,
k=—oo k=0
1-(0.5¢~1®)yn+! N 1—(0.5ei@)n+1 }

1-0.5¢71@ 1-0.5¢d®
1- 2n+1ejm(n+1) 1— 2n+le—jm(n+l)
1-2el® 1-2e7i®
1— 2e—ja) _ 2n+l ejm(n+l) + 2n+25jwn +1- Zej‘” _ 2n+1e—jm(n+1) + 2n+ze—jco(n+1)
1-2(el® +e19) 4 4
2—4cosw—-2"*2 cos(w(n +1)) +2"*+3 coswn
S—4cos®

y[n1=(0.5>"“{

V = (0.5)n+1{

— (0.5)n+1{

- (0.5)n+1{

(0.5 (0.5 cos @ — 2 cos(w(n + 1)) + 4 cos(wn)
B 5—4cos® )

4.14 H(e') = b[o)1 +e ) +h[1]e 7 = (2 h{0]cosw + h(1]). Therefore, we require,
H(e/%!) = 2h[0]cos(0.1)+ h{1] =1, and H(e!**)=2h{0lcos(0.4)+h[1]=0. Solving these two
equations we get h{0] = 6.7619 and h[1] = ~12.4563.
4.15 (a) H(E®)= h[O](l + e’j““’) + h[l](l + e‘j3‘°)+ 7129 = ¢7129(3 h0]cos 2 +2 h{1]cos @ + h[2]).
We require IH(ejO )| = 2h{0]+2h[1]+h[2] =1,
|H(e10'5")| =2 h[0]cos(r)+ 2 h{1]cos(0.5%) + h[2] = -2 h[0] + h[2] = 0.5,
|H(ej")| = 2 h[0]cos(2m)+ 2 h1]cos(m) +h[2] = 2 h[0] — 2 h{1] +h{2] = 0.
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Solving these three equations we get h{0] = 0, h{1] = 0.25, and h{2] = 0.5.

Note: The 4-point DFT H[k] of {h[n]} is given by H[k] = {1 05 0 —0$} A 4-point

IDFT of H{k] yields h{0] = {0 025 05  025}.

(b) The frequency response of the filter is given by H(e!®) =0.5(1+coscn)e‘32‘”.

4.16 (a) As in the previous problem, the conditions on the magnitude response results in the

following three eqautions 2h{0]+2h[1]+h{2]=0, -2h[0] + h[2]=1, and
2h{0] -2h{1] +h[2]=0, whose solution yields h[0] = -0.25, h{1] =0, h[2] =

(b) The frequency response of the filter is given by H(el®) = 0.5(1 - cos20)

e 120,

0.5.

4.17 (a) P—x(ej"’)| — 2 h{0]cos 260 +2 h{1]cos®+h[2]. Thus, lH(ejO)i = 2h{0}+ 2 h{1]+h[2] =1.

le(ej“’)l
Next, Hence, =(. Finally,
=0
d‘H(ej‘“)| d? |H(ej‘”>|
——d——— = -4 h[0]sin 2w -2 h{1]sinw=0, ——d—z-— = -8h[0]cos 20— 2h[1]cos®= 0,and hence,
0 (0]
d? lH(ejm )l
— =-8h[0]-2h({1]=0.
dw

=0

Since there are two equations and three unknowns, there is no unique solution. The general

form of the solution in terms of h[0] is given by h{1] = —4 h[0] and h[2] =1

(b) The frequency response is given by H(ei®) = e7129(2 h[0] cos 2w — 8 h[0]cos

4.18 |H(ej‘°)‘ — 2h[0]cos 26 + 2 h(l]cos®+h{2]. Desired specifications are:
|H(ej°~‘)| = 2h[0]cos(0.2) + 2 hl]cos(0.1) + h{2] =0,
lH(ejOA)l =2h{0]cos(0.8) +2 h{1]cos(0.4) + h[2] =1,
lH(eJ"”)\ — 2 h[0}cos(1.4) + 2 h{1]cos(0.7) +h[2] = 0.

Solving these three equations we get h[0] = h[4] = - 21.6426, h[1] = h[3] =
h[2] = - 109.1669.

+ 6 h{0].

+1+6h[0)).

76.1752 , and

4.19 Since the impulse response is real, it follows that H(ei3"/2) = H*(ei"/2) = -2 —j2. Thus, the

4-point DFT of {h[n]} is given by {H[K]} = {10 -2+j2 -2 -2-j2}.

IDFT is then {(h(n)} = {1 2 3

4.20 H(el®)= h{0]+ h{1]e~3® + h{l]e™i2® +h[0]e™P* = e B9/2(2 hj0]cos(30r/ 2) +
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Its 4-point
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2h[1]cos(w/2)).
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Thus, H(e?®) = 2h[0]+2h{1] = 6, and

H(e/™2) = ¢ ™ #(2 h0]cos(3n/ 4)+ 2h{1]cos(n/ 4)) = 1~ j. Thus, h[0] + h{1] = 3, and
h[0] - h{1] = —1. Hence h{0] = 1, h[1] = 2. Therefore H(z) = 1+227 +227 2 427,
Alternately, note that H(e!™) = e ™ 2(2h{0]cos(3n/2) + 2h[1]cos(r/ 2)) = 0,and
H(ej3n/2) =H* (ej"/z) =-1+j. Hence, the 4-point DFT of the length-4 sequence ({h[n]} =
{h(0] h{1] h[O] h[O]} is given by (H[K]} = (6 —1-j O —l4j}. Its inverse DFT thus
yields {h[n]} = {I 2 2 1}
421 (a) H,(e™)=05-¢7°+ 0.5, Hy(el)=0.5+e7 +0.5¢7,
2
701 SRRERTERES PR RERRER PYERERREE 457 CERRER R REE
3
2
'E 1 FR g < R R
b
0.5\ £ E TR E ¢ 1 3 S X EEEERRERERE. NSRS R
0 X N . . O : N . N
0 0.2n 0.4n 0.6 0.8% r 0 0.2r 0.4n 0.6 0.3rn n
Normalized frequency Normalized frequency
(@) [HAE") (b) [Hp(e™)
H A(ej(’)) is a highpass filter, whereas, HB(ejm) a lowpass filter.
(b) Ho(e!®) = Hp(e!®)=H A (1OFD),
422  y[n]=y[n—1]+0.5{x[n]+x[n —1]}. Hence,
YEel® o f14e7

Y(eJm) - e-j(DY(eJ(D) + 0.5{X(el‘°) + e—JmX(eJm )}, or, Htr(e']w) = X(ejm)

0.5
1-
1

T ]

e 1? +e”

)=3

1+4
3

4.23 | y[n] = y[n-2]+ -;—{x[n] +4x[n - 1]+ x[n —2]}. Hence, Hsim(ejm

Note: To compare the performances of the Trapezoidal numerical integration f¢
that of the Simpson's formula, we first observe that if the input is x,(t) = @t th

of integration is ya(t) = y, ()= %ejmt. Thus, the ideal frequency response H(e
J

Hence, we take the ratio of the frequency responses of the approximation to the

plot the two curves as indicated below.

81

2j®
| - e—21(0

ormula with
en the result

JOis 1/jo.

ideal, and




P T T SUPRVE SR ]
: : : /0
: . 7
° : _ =~ Simpson
b= 1 o e — r‘.( L : .......... e
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0 . . . .
0 0.2 0.4 0.6 0.8 1

Normalized frequency

From the above plot it is eveident that the Simpson'’s formula amplifies high frequencies,

whereas, the Trapzoidal formula attenuates them. In the very low frequency range, both

formulae yield results close to the ideal. However, Simpson’s formula is reasonably accurate

for frequencies close to the midband range.

4.24 The transfer function of the composite filter is given by H(z) = H3(z)(H1(z) + Hz(z))

=243z} +z'2)(1 +227} +3z‘2) =247z 41327 2 411273 #3274,

4.25 Taking the z-transform of both sides we get Y(z)= 2X(z)+2.6z'lX(z)+0.781_2X(z)

+0.054273X(2) +1.52” 1Y (z) — 047272 Y (2) - 0.0632>Y(z). The transfer functio

V() 2+2627 +078272 +0.0542  201+0.92”)a+03z7h

n is thus

H(z) = = - — -
X(z) 1-1.52"'+047272 +0.0632>

1-09z"Ha-07z7Y) "

The system is BIBO stable since both the poles of the transfer functions are inside the unit

circle. The pole-zero plot of H(z) is shown below:

Imaginary part

=4

= n

°

°

®

*

X

s
(V.3

Note the cancellation of a real pole with a real zero in the above plot.

Y(z) 3+1.2271-522272 1548273 +0.35927*

X(z) 1+0.6271+0.68272+0.55273 -0.477z7*
_ 3(1-1.254427 1)1 +1.3552” 1)1 +0.4544z71)(1 - 0.1552”)
T (1+0.9819z271)(1-0.4479271)(1 - 0.0662 ! +1.0845272)

Since there are poles outside the unit circle, hence the system is not BIBO stable

426 H(z)=

plot of H(z) is shown below:
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1 B
~ 0.5
g
(=¥
E‘ o0F O Kevonoann O v e IR RERRRERRR R O -4
"Bb
E
-0.5
-1.5 -1 -0.5 0 0.5 1
Real part

It can be seen that there is a pair of complex conjugate poles outside the unit circle.

-1 -1
4.27 H(z)= (2+91'4z )_g) S+22 ?_1 . A partial fraction expansion of H(z) is of the form:
(1-2z" +2z7°)1-05z )

B B*
H(z) = e =t -1
1-05z2"" 1-(+jz” 1-(-jz

_@+04z7)05+227h)|
a-2z271+2270 | -1,

where, A =(1-0.5 27! )H(Z)I oo

_ (2+0.4x2)(0.5+2x2) 2.8x4.5
(1-2x2+2x4) 5

=2.52, and

-1 -1 !
; _ (240427 X0.5+2z ) =-0.76—-j0.3.48,

B=(t -+ HE) osjos (1_(1_”2-1)(1_0'52-1)‘ .

=0.5-j0.5
Hence, h{n] = 2.52[0.5]"u[n]+ ((~0.76 + j3.48)[1 + jI" +(-0.76 — j3.48)(1 - j1"}
=2.52[0.5]" u[n] + 3.562(~/2)" cos(% n +0.568m)u[n].

-1
428 @ H@=2"2 1o Loy S .
24z 3-z 24z 3-z 1-(-0.5)z 31271
73

Hence the impulse response is given by h{n]= —48[n]+5(-0.5)n pfn]+(1/ 3)n+l Mn].

5 —4+1827)
-1~ -1~ -1/ -1
1-04z"0 1-02z271 1-04z7)(1-0227)

(b) The z-transform of the input is X(z)=

8137 4427
2 +z-l)(3 - z"l) '
@-132"" +4z72)(—4+1.827")

2+z Y3-2"H1-04z"Ha-0227")
~150794 02222 58333 153571

140527 1-04z0 1-03332' 1-02z71

Now,

H(z)

Y(z) =H(z)X(2) =
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The inverse z-transform of the output is given by
y[n] = —15.0794(-0.5)"u[n] + 0.2222(0.4)" ufn]
~5.8333(0.333)" u[n] - 15.3571(0.2)" u[-n —1]..

429 Y(z)= [HO(Z)FO(Z)—HO(—Z)FO(—Z)]X(Z). Since the output is a delayed replica of the input,

we must have Ho(z)FO(z) - HO(—z)FO(—z) =z"T. But H0 (z)=1+ z_l, hence
r

a+ z—l)FO(z) -(1- z_l)FO(-z) =z . Let Fy(z)=ay+ alz_l. This impiles,

-1_ _-r
2 +ta)z =z .

One possible solution is therefore, r =1 and ay=a = 0.25. Hence Fy(z)= 0.25(1+z"1).

430 (@) Hy@Fy(2) =(Bg)+2 ' E,@))(Re@) +2 'R (%))
= Ey@Ry(2)) +2 By @R, 21+ E,(2))Ry(27) +2 B, 2 )R,("). Thus,
Hy(-Fy(-2) = (B2~ 2By (@) [Ro(zh) -2 'Ry (%) |
= Eg(@)R(@) -2 (Eg2))R, @)+ By (2P R o(@D)) +2 B (VIR (7).
As a result, T(2) = Ho(@Fy(2) - Hy(-DFy(-2) = 227 (Eq(2))R,Z)+ B, Z)Ro(2")).
Hence the condition to be satisfied by Ey(2), El(z), Ry(z), Ry(z) for the output to be a

delayed replica for input is E(z")R,(z*)+E,(z")Ry(z") = 0.52"". (11)

(b) In Problem 4.29, Eq(z) =1, E|(2) = 1, Rg(2) = 0.25, Ry(2) = 0.25. Thus,
E,y(z})R,(z%)+E (z%)Ry(2*) = 0.5. .

Hence the condition of Eq. (11) is satisfied with r = 0.

(©) Ey(z2%)=E (2} =2"2. Let Ry(z")=R,(z%)=025z">. r=4 in this case. Hence

H(z)= z'2(1 + z'l) and F(z) = %2-2(1 -z,

4.31 h[n]=h[N -nl.

N-1 N-1 N-1

H(z)= Y hn]z™" = Y hiN-n]z™" = Y hik] 77 MN-0 - Ny hy,
n=0 n=0 k=0

So if z = zg is a root then so is z = 1/zg. If G(z) = 1/H(z) then G(z) will have poles both

inside and outside the unit circle, and will hence be unstable.

transfer function having the same magnitude response consider another transfer function G(z)
3,2 _

22 42 9 _H»)A®) where A(z) = L-3z

(1-3z)(z“ +z+0.5) z-

is an allpass transfer

defined by G(z)=

i

4.32 Since H(z) has a pole at z = 3, the given transfer function is unstable. To construct a stable . %
|
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function. Thus IG(ejm)l =|H(ejm)”A(ejm)| but since A(z) is an allpass function, 'A(ejm )| =1.

Hence IG(ejm)' = ‘H(ejw)‘.

Yes, there are infinitely many transfer functions of the form of G(z) = H(z)A(z) having the

same magnitude as that of H(z).

4.33 H(z) has poles at z = 1.5, 1, + j%—- Since H(z) has a pole outside the unit circle it is

unstable. To construct a stable transfer function having the same magnitude response
(2% -2z +1)(2% +3z+4)

5 5 =H(z)A(z), where
(1.5z° -2.52+1)(z" - 0.5z +0.25)

consider another transfer function G(z)=

A(Z)=Tz-§_2—2'-522—;.*——1_"_5; is an allpass function. Thus, IG(ej‘”)‘;-l]-[(ej“’)“A(eJ'm)l =tH(ejw)|_
DZ — 202

Since there are 4 poles and 4 zeros hence there are 28 = 256 transfer functions having the

same magnitude response.

434 H(z)= C(zI-A)‘lB+D. Substituting the values of A, B, C, and D we get
-1 -2
+0.4 1.5 2z “-2z-2.88
H(z) = —1[2 } [ ]+ 2= .
cv03] (03 22 +0.72-0.08

3 2 -1 -3
- -4
— 4.35 H(z)= 2z 24Z LA 2_1 z tgz —7- The corresponding difference
(z-3)z"+z+0.5) 1-2z -2.5z "—1.5z
equation is y[n] = 2x[n] - 4x[n - 1] + 9x[n - 3] + 2y[n - 1] + 2.5y[n - 2] + 1.5y[n - 3].

Following the procedure given in Section 2.6.1 we arrive at the following values for the state

0 1 0 0
space parameters A =| 0 0 1} B=|0|, C=[12 5 0], andD=2.
1.5 25 2 1
(P -2z+0)@2+3z+4) 14zl -z2 527 +4

4.36 H(z)= = i _
(2% —2.52+15)(z% —0.52+025) 1-3z ' +3272-1.3752 +0.3752"*

The corresponding difference equation is given by y([n] = x[n] + x[n - 1] - x[n - 2] -
5x[n - 3] + 4x[n - 4] + 3y[n — 1] = 3y[n - 2] + 1.375y[n — 3] - 0.375y[n - 4].

Using Eq. ( 2.96) we arrive at the following values for the state space parameters

0 1 0 0 0
A=| § 0 1 9 B=|3} c=pe2s -3625 4 4 D=1l
0375 1375 -3 3 1
1 s T
_ jo  jon _1 jon jon
4.37 hHP[n]—Zc-JHHP(e el Mdo = je dm+_[e do
- -1 ®

[~
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®
1 [ejnn _elocn +e—jmcn _e-j'n:n] 1-—1?‘3-, forn=0,
~ = o i =1 sin(®_n)
2n m ——=f—  forn# 0.
n

4.38 The bandpass filter of Figure 4.8(c) can be written as a difference of two lowpass filters
one with a cutoff frequency ®_,and another with a cutoff frequency ®_ Hence the impulse ’
sin(®@ ,n) - sin(® Cln)]
Tn

et 0oh et e A JOHBE D S . om0 b Bkt -

response of the bandpass filter is hBP[“] = hLPz[“]_ hLPl[n] = [

®w.,—-0 k.
1-—2 ¢l forn = 0, e

. joy _ jo = T
4.39 Since Hyg(e’®)=1-Hpp(e™), therefore hpgln]= sin(@_,n) - sin(® ,n)

, forn # 0.
Tn

Y,(2)
X(z)

Y,@)
X(z)

=G, (@G, (@), H(@=-L==Gy@G @),

Y,(2) Y,
X(z) . X(z) .
' GL(ejm)l | GH(e-‘m)l IGL(eJZm1 lGH(chmi
1 1 — 1 1

4.40 From the figure H,(z)=

=Gy(2)Gy(@),

H,(2)= =G, (2)Gy(2"), and Hs(2)=

- PEIT TSP POPING

'I"' ,l‘  qieadit h

— o (] 4
0% =2 = @ 0y 2 - 00 wa w2 3wa =« 0 G wa 72 3mar ® »

[Ho () NG NG ERC

1 1 1 ‘ i

0 6 w4 w2 x @ 05 a2 00 wa w2 p 0 %2 34 &

M Bt s s i £ e Aok st 3 dirmts

i (1= , ~ I, Oso<o, ~ 0, O<so<n-o,
4.41 G(®)=H, ™). Since, Hu,(el‘”)={0’ o, <0< G(el‘”)={ c

Y
5

, m-o <0<
Hence G(ej“)) is a highpass filter with a cutoff frequency given by oy =n-®,. Also, since
G(z) = Hy_p(-2), hence g[n] = (-1)"hp_p(n].
4.42 G(z)=H, p(e/®02) +H  p(e1¥02). Hence, gln]= b plnle 1% +hy p[njefo" = %
2 by p[n]cos(®, n). Thus, G(z) is a real coefficient bandpass filter with a center frequency at ‘
®¢ and a passband width of 20;. i
4

!
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4.43 F(z)=HLP(eijZ)«i-HLP(e_jmoz)+HLp(z). Hence, f[n]=(1+2cos(m0n))hu,[n]. Thus,

F(z) is a real coefficient bandstop filter with a center frequency at ®q and a stopband width of

(n—3cop)/2.

V(z) U)

4.44 X(z)———?——" h, pln] ———‘(%}—‘Y(z)

-n" =n"

From the figure, V(z) = X(-2), U(z) = Hy p(2)X(~2), and Y(2) = U(-z) = HLP(—Z) X(2).
Hence H eq(z) =Y(z)/ X(z) = HLP(-—Z) which is the highpass filter of Problem 4.41.

Uy(2)

Vo (2)

hypln]

4.45 .
COS((DOH) j Y(2)

X(2)

hypln]

U 1(2)
sin(w,n) sin(w,n)

u,ln] = 2x{n]cos(w,n) = x{nlel®™ + x[nJe 190" or Up(e?) =X (X ®+9))+ X(el© %)y,

Likewise, Ul(ej“’) = jx(ej(ﬁ)+0)°)) - jX(ej(""‘” 0)).
Vo@= H, p(@)X(ze’%0) + HLP(Z)X(Ze—Ju,)O )s

- Y(2) = %(Vo(zej‘”o )+ V(ze %) +%(V1(zej‘°o )= V,(ze71%)) which after simplification

yields
Y(2) = %{H (26100 X (2621% ) + H p(26/%0)X(2) + Hp p (2 /"0)X(@) + H | p(zeT%0)X(ze 2% )}
——l-{HLP(zeij 1X(2621%0) ~ H, (2610 )X(2) ~ H p(ze 20)X(2) + Hy p(ze7¥0)X (22 ™% )}
Hence Y(z)=%{HLP(zejm°)+HLp(ze—jm° )}X(Z), Therefore
_Y@) _1 jo -jo
Heg (=555 = {Hiptae o)+ Hyp(ae o)}
Thus the structure shown in Figure P4.6 implements the bandpass filter of Problem 4.42.

4.46 See Figure 10.36 of Text.

4.47 Ho(z)=%(l+z_1). Thus, |H0(e5‘°)|=cos(m/2). Now, G(z)=(HO(z))M. Hence,

s 12 . 12M
‘G(e’m)| =lH0(eJm)| = (cos(co/2))2M. The 3-dB cutoff frequency o of G(z) is thus given

2M o
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4.48 H () =2(1-2"). Thus [, =sin(@/2). Let F(z)=(H, ). Then

— . 2
\F(ejm)! = (sin(w/ 2))2M. The 3-dB cutoff frequency @ of F(z) is thus given

|
..k
4
¢
3
4
.3

M v =l A
(sin(mc/2))2 =-12- which yields ©, =2 sin” @™/,

3

-1
4.49 Hu,(z)=1‘°‘(1+Z _1]. Note that H, p(2) is stable if | < 1. Now,

2 (1-oz
_l—sin(mc) cos (0) /2)+sm (m {12)— ZSm(m /2)cos(w, 12)
cos(®_) cos ((D /2)—sin (m 12)
cos((o 12)—sin(®@, 12) _l—tan(coC/2) (12)

cos((n 12)+sin(®_/2) 1+ tan(®, 12)
If 0<®<T then tan(®,/2)20 hence lof < 1.

1—-tan(w_/2) 1-a
4.50 From Eq. (12), O =—— € hence tan(®_/2)=—.
1+tan(mc/2) 1+

_1—tan(mcl2) _ 1-tan(0.1)
1+ tan(w_/2) 1+tan(0.1)

-1
1+z
H, 5(z) = 0.0912 -
_ LP (1—-0.81762 ‘)

-1 . -jo
l+af 1-2z l+a| 1-¢
4.52 Hgp@= (————:T) Thus, Hyp(e™)=— ( _jm}

= 0.8176. Hence,

4.51 Since W, = 0.2,

2 \1—-o0z 1—-0e

o2 T+a| 2-2cos(w)
H, e =[ ] . At 3-dB cutoff frequency ®_,
l HP )‘ 2 1+ 0% —20cos(w) queney Be

2l 2-2cos(w
Hence, [1+a] > (@) L which yields cos(®_ )= 2a2 .
2 1+a” —20cos(®,) 2 1+a

. 2 1
jo =
Hyp@ ) =7

-1 .12 _ 2, .2
4.53 H(z) = ———. Hence, \H(e"")\ __(I=cos ‘”)2 e o 2
1-kz (1-kcos®)” +k"sin” @ z
o (1-cos(@))” +sin” (@) 2-2cos®@ 2
\H(C )‘ = PR IR - %
(1—-kcos(w))” +k”sin (w) 1+k”-2kcosw p:
12 E
Now ‘H(em)‘ = 5 Thus, the scaled transfer function is given by 4
1+k) F
1+k(1-27" .
H(z) = — . kz—l . A plot of the magnitude responses of the scaled transfer function for ;
- 3

k = 0.95, 0.9 and 0.5 are given below.

i
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Magnitude

0 02r 04n 06m 08w g
Normalized frequency

-2 . -2j®
-0 -2 0. 1-0 1—e
4.54 H, ()= — — | Thus, H ) = . —
BP 2 (I—B(l+oc)z 'yaz 2) BP 2 (1-B+o)e @ +oe

1—a)2 2(1 - cos 2)

> 3 5 3 , which can be
2 1+B%(1+ o) +o® +20ecos 2w —2B(1 +a)” cos @

|I’IBP(ejm)|2 =(

(1-o)?sin @
(1+a)’(cosw—PB)? +(1-0)?sin’ o

o 42
simplified as |HBP(<:J"J )l =

; 2
At the center frequency ®,, HBP(eJmO)i =1. Hence, (cos® —ﬁ)2 =0 or cos® = B.

: 2
At the 3-dB bandedges ®; and ©, IHBP(eJ‘”a)| =%, i =1, 2. This implies

(1+0)2(cos @, ~B)? = (1-0)*sin® @, (13)

. 1+a . . . i
or sinw; = i(l ](coso)i —B), i=1,2. Since ®; <® <Q,, sin®, must have positive sign
whereas, sin®, must have negative sign because otherwise, sin®@, < 0 for w, in (0, ).

Now, Eq. (13) can be rewritten as 2(1+0L7‘)cos2 o, —2[3(1+oc)2 cos ), +#B2d +o)? —(1-0)?= 0.

1+)? B2+’ - (1-a)?
PR and (cos (ol)(cos 0)2) = 20+ a2) .

Denote ®;,p = ®, —®;. Then cos(m3dB) = C0S M, COS M +5IiN W, SINW,

Hence, cos®, +cos®, = B

200
1+a?’

1+ 2
=CoS®W, COS®; —| —— (cosc) cos®, +PB“ —P(cosw, +cos® )) =
2 1 1-a 2 1 2 1

1+Ot) 1-2pz" ' +272
5

2 J1-Bd +0L)z'1 +0z”
1+0L)2 2+4PB2 — 8B cos® +2cos 2m
2 ) 1+B2(1+0)2 + 0% +20acos 20 — 2B(1 + 0)? cos®

455 Hyg(2) =(

, which can be

s = (
(1+a)?(cosm —B)?
1+ (cosw—PB)? +(1—-o)?sin @

s 12
simplified as ‘HBS(eJ‘”)l =

. 2
At the center frequency ®,, lHBS(ero)l =0. Hence, (cos®, —B)2 =0 or cos® = B.

89




{ Lok

w21 . . .
At the 3-dB bandedges ®; and ®,, IHBS(eJ“’i )l =5 i=1,2. This leads to Eq. (13) given

20
7

on the previous page. Hence, as in the aolution of the previous problem @, = )
+o

2
456 LT AHeosO) _,-uK g g o®K-DIK

3 . Simplifying this equation we get
2(1+0” -2acos®,)

az(cosmc +1-B)-20(l+cos®_ -Bcosw )+1+cosw -B=0
Solving the above quadratic equation for o we obtain
200~ B)cos@,)£+4(1+(1-B)cos® ) ~4(L +cos o, — B)?
2(1+cosw,~B)

(1+(1—B)cosmc)i\[(}i-2003(1)c —B—Bcos(oc)(B(l-cos(oc))
(1+cosooc—B)

1+(1-B)cosw, +sin ct)CVZB—B2

(1+coscoc—B)

1+(1-B)cosw,_ —sinw_ 2B B

(1+cosmc -B)

For stability we require |0 < 1, hence the desired

solution is o=

-1 ) 2|y _ .o 2
4.57 HHP(Z)=1_;_E[11::Z_I} IHHP(CJ‘D)F:[I-;OL] }ll—;jjm}

lH (ejm)'ZK ={l+a:]2K| 1-e'jf° IZK =[1+a]21< 2K(1 - cos)K
HP 2 Il—(x,e_-'ml 2 (l+a2 _2acosm)x

1

; 2K
At the 3-dB cut off frequency ®_, IHHP(eJ")C)i = 5 Let B=2K-D/K Simplifying the

above equation we get ocz(l—c:osmc —-B)+20L(1—cosmc +Bc<:~scoc)+l——cos(x)c -B=0.

—2(1-cosm, +Bcoscoc)i?.\/(l —-cos®_ +Bcos u)c)2 —(l-cosw_ - B)2
2(1-cosw_—B)
For Hyp(z) to be stable, we require |of <1, hence the desired solution is

sinov)c«JZB—B2 —(l-cosw_ +Bcosw,)

(1-cosw_—B)

Hence, a=

(0

4.58 H,(z)=H(-2). Hl(ej“)) = H(e(n—m)). If H(ejm) is a lowpass filter with a passband edge at

o 1, ifn—u)pSco<1t, o )
®p, then H(e’") = 0, if0$m<n—cop, hence Hy(e’™) is a highpass filter.

Now, hy[n] = (=1)"h[n]. The passband edge of the highpass filter is given by

O, up =T~ @p 1 p: and the stopband edge is given by Oy yp =T~ [ p.

O
(=]
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2 {1-0z 2 \1+o0z
1+ 1-27"
Gyp( )—T " B_l . Therefore ®_=cos (B)=cos (—o)

4.60 Tha magnitude responses of H(z), H(-z), H(zz) and H(—zz) are shown below.

[ e} e [
1 1 N H — 1
0 7 x> 0 w2 A miAr & 0 wh  wAn ©

The magnitude responses of H(—Z)H(Zz), H(—z)H(zz), and H(z)H(—zz) are shown below.

H(e"")H(eﬂ“’){ IH(—e)m)H(ejz“’ [H(é”)ﬂ(-eﬁ“’
w2 34w 0 w4 nf2 T

4.61 The magnitude responses of H(zM) (solid line) and F(z) (dashed line) are shown below:

_\ lF o

p_ali (2n a)) 21c
M

—

Hence G(z) = H(zM)Fl(z) isa lowpass filter with unity passband magnitude and passband

edge at cop/M, and a stopband edge at ®g/M.
The magnitude responses of H(zM) (solid line) and F,(z) (dashed line) are shown below:

le(eJ“’

\

o o 2% | an-o,) 41:

2= —

M M / l M l \ M
@r-w) @r-0,) @r+0,) 2r+0)

M M M M
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Hence G,(z) = H(zM)F,(z) is a bandpass filter with unity passband magnitude and passband
edges at (2n—mp)/M and (2m+0p)/M, and a stopband edges at (2n—w)/M and (27+w,)/M.

4.62 v[n] = x[-n]®h(n], and u[n] = v[-n] = x[n]Dh[-n] Hence y[n] = (h[n] + h[-n) D x[n].

Therefore G(ejm) = H(ejm)+H*(ejm). Hence the equivalent transfer function G(ejm) is real
and has zero phase.

N/2 N/2
4.63 Typel: H(w) = Za[n]coso)n. Thus in this case, P(@w)= 1, Q(®) = Za[n]cos on.

n=0 n=0

(N+1)/2 (N+1)/2 (w _1 )
Type 2 A= D, b[n]cos((o(n —l)) =cos(@/2) b[n]w. Now,

2 cos(®/2)
n=1| n=1
cos(m(n - %)) n-l _
—_— = 22 (—1)k coswk +1. Hence we can express H(w) as
cos(w/2) o

(N—l)/~2 .

H(w) = cos(®/2) Zb[n]coswn, where b[n] can be obtained by collecting all coefficients.
n=0
(N—l)/_2
Here, P(®) =cos(w/2) and Q(w)= Zb[n]coso)n.
n=0

N2 sin @n sin ®n

Type 3: H(w) = Z c[n]sin ®n =sin ch[n] Now, 5 =1+ 22 coswk. Hence
sin
n=1 k=l

(NI 2)-1
we can express H(w) as H(w) =sin® Zé[n]cosmn. Here P(w)=sin® and

n=0
(N/2)-1
Qw)= Z c[n]coswn.
n=0

(N+1)/2 N/2 s 1 )

Type & H@)= Y, d[n]sin(a)(n - l)) = sin(@/ 2)zc[n]ili(2(i—l)—. Now,
ot 2 prt sin(w/2)
sin(m(n - %)) n-l _
—_— =]+ 22 coswk. Hence we can express H(w) as
sin(w/2) =l

(N-D) /~2

H(w) = sin(w/2) Zd[n]cos on. As a result, here P(w)=sin(®w/2) and
n=0

(N—l)/~2
Qw)= 2 d[n]coswn.
n=0
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4.64 (a) Yes the filter no. 2 has a linear-phase response.

(b) None of the filters shown have minimum-phase response.

4.65 Gl(z)=(6—z"—12z“2)(2+5z‘1) =30(1—%z—l)(1+%z_l)(%+z-l).

(a) The other transfer functions having the same magnitude response are:

: PP T O T NOr S N a0 =3, 02 !
(1)H1(z)—30( 2+z )(1+32 )(5+z ), (i) H,(2) 30(1 2z )(3+z )(5+z ),

PO B O N N a3 A e 2!
(111)H3(z)—30(1 22 )(3+z )(l+52 ), (iv) Hy(z) 30( 2+z )(3+z )(1+Sz )

o3 bt e 2o i Ho @ =300 22 e 2 e 22
(V)HS(Z)—3O( 2+z )(l+32 )(1+Sz ), (v1)H6(z)—3O(l> 22 )(1+3z )(1+SZ

)

1

(vii) H,(z) = 30(——3— +z7! )(% +z7! 1+ Ez" ).

5
(b) H7(z) has a minimum phase response, and G1(z) has a maximum phase response.

(c) The partial energy of the impulse responses of each of the above transfer functions for
different values of k are given by

k=0 k=1 k=2 k=3 k=4

Gy(z) 144 928 1769 5369 5369

H,(z) 324 3573 3769 5369 5369

H,(z) 256 1040 3344 5369 5369

- H3(2) 900 949 4793 5369 5369
Hy(z) 576 4420 4469 5369 5369

Hs(z) 2025 4329 5113 5369 5369

He(2) 1600 1796 5045 5369 5369

H7(z) 3600 4441 5225 5369 5369

The partial energy remains the same for values of k > 2. From the table given above it can be

k k o0 o0
seenthat 3 st < ' Jhgtmi”, and Yot = Sl =127
m=0 m=0

m=0 m=0
4.66 A maximum-phase FIR transfer function has all zeros outside the unit circle, and hence, the
product of the roots is necessarily greater than 1. This implies that only those FIR transfer

functions which have the coefficient of the highest power in 21 (2’6 in the present case) greater
than 1 can have maximum phase. Thus only H;(z) and H3(z) can be maximum-phase transfer
functions. Also, maximum-phase transfer functions will have minimum partial-energy (as
indicated in the solution of Problem 4.65). Hence, Hi(z) is a maximum-phase transfer function

since it has the smallest constant term in comparison with that of H3(z).

Likewise, a minimum-phase FIR transfer function is characterized by: (1) largest constant term,
and (2) the value of the coefficient of the highest power of z~1 being less than 1. In the present
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4.67

4.68

4.69

4.70 A (2)= d‘z e

problem, it can be seen that H)(2) satisfies these two conditions and, is hence, a minimum-phase
transfer function.

Total no. of length-7 sequences having the same magnitude response is 27. Thus, there exist
123 other sequences with the same magnitude responses as those given here.

N/2
(a) G(w)=H(w)+3. H(w) = Za(n) cos(wn) where a[0] = h[N/2]. Hence
n=0
gln]= {h[l\l;/[;]]; s, vn eflc__e_p;;;; N2 Thus m = N/2 and a=35.

(b) Since é((ﬂ)is real and positive hence it can be expressed as G(w) = F(ejm )F * (ej")). As
H(z) is a linear phase filter so is G(z). Therefore G(z) will have roots at z=z and at z= 1z,

This means that G(z) will have roots 'msic!e the unit circle with reciprocal roots outside the unit
circle. Hence F(z) can be obtained by assigning to it all the roots that are inside the unit circle.

Then F(z—l) is automatically assigned the reciprocal roots outside the unit circle.

(c) No, FI((:)) can not be expressed as the square magnitude of a minimum-phase FIR filter

because f{(co) takes on negative values too.

K oo
Y Ihiny? =095 |hin}*. Since H(z) =1/(1+az"}), hence h[n]=(-)"p[n].. Thus
n=0 n=0
2K
L —lod 7 = 0'952 . Solving this equation for K we get K= 0'5_19g_(0L5)_.
1-jof”  1-|of log(o)
(a) F(@)= 1 +277! +3272. F{(z) has roots at z= —lij«/i. Since H(z) is a linear phase FIR

transfer function, its roots must exist in reciprocal pairs. Hence if H(z) has roots at

. . 1 1, .42
=—1%i/2, then it should also have roots at z= ———==——tj—. Therefore H
y/ j e —li-j«f2_ 3 j 3 refore H(z)

V2 2

should atleast have another factor with roots at z = —%i j—3—. Hence Fz(z) = 3-1—21—1 +z “,
which is the mirrorimage polynomial to Fy(z) and H(z) = Fl(z)Fz(z)
=(1+2z“ +3z‘2)(3+2z‘1 +z‘2) =348z 414272 4823 + 3274,

(b) F(2)= 3+527 — 4772 2273 Its mirror-image olynomial is given by
F(z)=-2-42" + 522 +327°. Therefore, H(z)=F,(2)F,(2)
=(3+527" 427" - 227 2-427 45270+ 327

= 6-222" 43272 54270 #3274~ 22270 —627°.

(1-djz)a-d2%
*

(z~d)z*-d; )

i . Thus,
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1—|A (Z)|2 - (Z—dl)(z*"d;)—(l—d;l)(l—dlz*)
1 (z-dp)z" —d))

- R R )

* * 2
(z—d)z -d;) 'z-dll
(>0, ifld>1, (<1, iflE>1,
Hence, l—lAl(z)I =0, iflf=1 Thus, |A@[4=1 ifid=1
<Ov lle|<1 >19 lf|Z‘<1
‘ Thus Eq. (4.129) holds for any first order allpass function. If the allpass is of higher order it

can be factored into a product of first order allpass functions. Since Eq. (4.129) holds true for
each of these factors individually hence it also holds true for the product.

471 An m-th order stable, real allpass transfer function A(z) can be expressed as a product of first-
—-diz
(; . If d; is complex, then A(z) has

i

order allpass transfer functions of the form A;(z)=

' — .Z
another factor of the form A;(z) = d‘* . Now,
e
—_ * jo _aq* jﬁ) o j©
A.(ejm)=l_,(li_e__=e—jm a die. a di*e. ) .
1 e_l(l) —d1 (1_dle—1m)(l—dle',m)

1+ 02 —20.cos(6— co))

Let d; =|d;|e?® =ael®. Then,

Ai(ej‘”) =e"j@ ( . Therefore,

— arg{Ai (ej‘” )} =-0+ arg{(l —oe~19ei® )2} =-0+2 arg{(l - ae'jeej“’)}

=-m+2 tan‘l[———-——a sin(6 — ) }

1—ocos(0—w)

o o -1l —osin(0+w)
Similarly, aIg{Ai(eJm)} =-0+2tan I[T_-_o?oi@:-—co)-]'

If d; = a is real, then arg{Ai(ej“))} = —w+2tan‘1‘:—l—'ix;-—m-(—na].
— Q. COos

Now, for real d;, arg{Ai(ejO)} - arg{Ai(ej“)} =0+2 tan"l(—O) - {—Tc +2 tan‘l(—O)} =T.
For complex d;, arg{Ai (el )} + zu:g{A'i (el0 )} - arg{Ai (ei™ )} - arg{A'i (™ )}

=—O+2tan—l _gs_i_rLQ__ —0+2tan~! —M—
1-ocosB 1-0ocosB

—2tan-l| 2088 | 2l 2SO | _op
1+ 0 cosO 1+ o cos@

Now, 1(®) = —-c-l%(arg{A(ej‘”)}).

Therefore, j(:‘tc(m)dm = —J: d[arg{A(ej‘” )}] = arg{A(ejo )} - arg{ A(eI™ )}‘
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Since arg{A(eJ’“’)} = i arg{Ai(ej‘”)},it follows that ﬁ(m)dm = mm.

i=1

4.72 Since G(z) is non-minimum phase but causal, it will have some zeros outside the unit circle. Let

-1

7 = o be one such zero. We can then write G(z) = P(2)(1 - az_l) =P(z)(—o* +z—1>(—1——-*gz—:T}
-0 *+z
Note that | —5——7 is a stable first order allpass function. If we carry out this operation for
-0 +2Z

all zeros of G(z) that are outside the unit circle we can write G(z) = H(z)A(z) where H(z) will
have all zeros inside the unit circle and will thus be a minimum phase function and A(z) will be
a product of first order allpass functions, and hence an allpass function.

(2-03)(z* =22+2)
AT He == S —09)

transfer function G(z) to satisfy the following property lG(ejm)i=l ljm )| Hence, one possible
H(e

In order to correct for magnitude distortion we require the

1 (z-0.5)(z=09)

H@z) (z-03)(z°-22+2)
not stable. Therefore we require a stable transfer function with magnitude response same as
G(z). Using the technique of the previous problem we thus get:

2 2
G(z) = (z—- O.S)gz -0.9 (222 —-2z+1) - (z- 0.5)(; -0.9) (222 -2z+1) = P(2) A
(z-0.3)(z" -2z+2) (22" -2z + ) (z-0.3)(2z° -2z+1) (z° —-2z+2)

(7‘_0'5)(;_0'9) is the desired stable solution such that IP(ejw)“H(ejm)l =1. *
(z-0.3)(2z° =2z +1)

. Since G(z) has poles outside the unit circle. it is

solution is G(z)=

- where P(z) =

4.74 (a) G(z) = H(z) A(z) where A(z) is an allpass function. Then, g[0]= lim G(z).

Z—oo

(0] =| lim G(2) =Llim H(z)A(z)i =|lim H(z)A(z) =Llim H(z)I lim A(z)’
Z—>o0 —yoo Z—oo o ] |Z —> o0
< Llim H(z)] because|lim A(z)l <1 (see Problem 4.71)
—) 0 Z—yoo
< Ih[O]l

(b) If A ¢ is a zero of H(z), then l?L €|< 1, since H(z) is a minimum-phase causal stable transfer

function which has all zeros inside the unit circle. We can express H(z) = B(z)(1-A ez"l). It
follows that B(z) is also a minimum-phase causal transfer function.

A -zl
Now consider the transfer function F(z)= B(z)(l*t -z h= H(z)-((-l-‘—x—-_—l—)). If h[n], b{n], and
f[n] denote, respectively, the inverse z-transforms of H(z), B(z), and F(z), then we get

b{01], n=0
h{n] = {b[n] - le[n -1], n21,
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x,bl0], n=0,

and f[n]={l*gb[n]—b[n—l], n21.

Consider £= Y |h(nf? — Y Iftnf? = bl0)? ~ ;| o0 + Y linl - Y [fin’.
n=0 n=0 n=1 n=1

Now [nn]? =[bln]? +A €|2 lbtn— 12 = A, b{n ~ 1]b* [n] - A;b *[n - 1]b{n], and

My

fra)® =r e|2|b[n12 +b{n =1 =& b{n —1]b*[n]— Ao *[n —1]b[n],
Hence, & =b{0)7 —[h,|/[bt01? + Z(lb[n]lz +,lbtn - 1]12) -y Ox L ibtal? ~pin - 1]|2)
n=1 n=1
= (1 - l). elz )lb[m]lz .

m m m m
Since I?\, l|< 1, e>0,ie, zlh[n]l2 > 2|f[n]|2. Hence, Z[h[n]2 > 2|g[n]]2.
: n=0 n=0 n=0 =0

4.75 H(z) = (z+3)Xz-2) ~ G()A() = (Bz+1)(1-2z) (z+3)(z-2)
(z—-0.25)(z +0.5) (z—-0.25)(z+0.5) 3z+1)(1-22)
(Bz+1)(1-2z)
(z—0.25)(z+0.5)
functions are given by h{n]={l, 0.75, —-6.0625, 1.6093, -1.16015, --1},and
gln]={-6, 2.5, -0.375 040625 - 0.1484, 0.0879, .-}, respectively. It can be

seen that 2:‘_0!g[n]|2 is bigger than z::;olh[n][2 for all values of m.

The inverse z-transforms of these causal transfer

Therefore G(z) =

4.76 See Example 4.17

L. - 2 1. 1. -
(a) Hpg2)=7(1+2 2)2. Thus, Hpp(z)=2 Z_Z(HZ W =-s-2 2.

-4

(b) HBS(z)=Ilg(1+z—2)(—l+6z—2—1—4). Thus, HBP(z)=z_4—%(l+z_2)(—l+6z_2——z )

1 -2 —4 -6 -8 1 -2.4
=—31-4z2""+6z2 -4z  +z =—(l-z .
16{ } 16( )

(¢) Hys(@)= -313(1 +z 2 (=3+14272 =327, Thus,
Hpp(@)=2" —51-2-(1 +2 2 B+14272 3274 = 515{3—8{2 +1027% -8278 +3z‘3}

= i{s’—sz‘z +1027% -827° +3z'8}.
32

4.77 Hy(2) = Ao(z)+Al(z), and H,(2)=Ay(2) -A (), where Aq(z) and A1(z) are allpass
functions of orders M and N, respectively, with no common factors. Hence, the orders of Ho(z)
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-M -1 -N -1

and Hj(z) are M+N. Now, we can write A,(z) = z_Doiz_l and A(2)= E_I?J(z_).

D,(2) D,(2)
— -M -1 -N -1
Then, Hq(z)= P(z) _ z Do(z )Dl(z)+z Do(z)Dl(z ),and
D(z) DO(z)Dl(z)
2D 2MDy(z")Dy(2) -2 " Dy(@D, 2™
1 D(Z) Do(z)Dl(Z) .

Since P(z) is of degree M+N and z-(M+N)P(z_l) = z'(M+N)(zMDO(z)D1(z'l)+zNDO(z"l)Dl(z))

= z"NDO(z)D ¢ )+z'M o(z'l)D (z)=P(z). Hence P(z) is symmetric. Similarly one can
prove that Q(z) is anti-symmetric.

478 Hy(2)= %[AO(Z)+ A@) H@= %[Ao(z) ~A@]  Thus, Hy@H,y@ ™) +H @H,E™)
1 . -1 -4, 1 - -
=7[Ag@+ A @A +aE ]+ [A@)- A @A -Aa")
- %[Ao(z)Ao(z“) +A@A )+ A@ANET) +A @A T
+i—[A0(z)A0(z—l) A @A@Y - A @AY+ A @A)

1 - - ‘o2 (|2 ) )
=2[Ag@AgE H+A @Az h]=1. Thus, [H(e*)| +H, @) =1 implying that

Hy(z) and H;(z) form a power complementary pair.

—_— H 2 1 H * H H * . . . . .
479 ) = Z{Ao(el“’)Ao(el"’)+Al(eJ"’)AO(eJ"’)+Ao(e:J"’)Af(eJ"")+Al(el“‘)A’f(eJ“’)}.
Since Ag(z) and A((z) are allpass functions, Ao(ejw) =@ apd A (ejw) =i%1(®@)

Therefore |H0(e )‘ {2+ej(¢0(m) 9 (@) 4 o=ibo(@)- ¢1(m»}<1 as maximum values of

I 00@-01(@) gy ¢ J“"O“”"“’l(“’” are 1. Hy(2) is stable since Ag(z) and Aj(2) are stable
transfer functions. Hence, Ho(z) is BR.

1 M- 1 M-IM-
4.80 H(z)—-—z  (2). Thus, HRH(" )_—222 (@A (z"). Hence,
k=0 r=0 k=0

1

M-1M- 3

02 1 - . . . :
IH(eJm)l = 2 Z @y (@)-0:(@) <1 Again H(z) is stable since {Aj(z)} are stable 1
transfer functxons— H nce, H(z) is BR. 3
1-a 1-272 l—a  1-2Bz'+272 |

4.81 Hpo(2)= — —- | and Hpo(2) = . ;
BP 2 (1-Bl+oz ! +oz BS 2 1-pa+o)zt +oz?
l-0—2"% +0z2 +1—2[3z'l +272 4-0&—2043{l +oz2 ;

HBS(z)+HBP(z) = - ) =1. i
21-B(l+o)z  +0oz +
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Hence HBP(z) and HBS(Z) are allpass complementary.

4.82 (a) H(z)= T%&(l +az h.

) 2
'Hl(e“”)‘ - {(1+acosco)2+((xsin(o)2} _ lros #2acos0

A+ (1+a)?

(2
jo
di, @) aasino

do (1+a)

<0, for 0> 0. The maximum value of [H, (!} = 1 at ® = 0, and the

s 12
e, )
minimum value is at ® = ®. On the other hand, if o <0, then >0, In this case the

maximum value of 'Hl(ejm)‘ = (l—ou)2 /(1+oz)2 >1 at ® = 7, and the minimum value is at ® =
: 0. Hence, H;(z) is BR only for o> 0.

_ i 2
() Hy@=—=(-pz ). Ay =

1+B2~ZBcosa)
1+8 '

Th )
1+B)? .

s 12
lez (ejm)’ _2Bsino
do a+p)’

>0,for f > 0. The maximum value of le(ejm)| =1 at ® =7, and the

d|H2(ej“’)l2

minimum value is at ® = 0. On the other hand, if B <0, then <0, In this case the

maximum value of IHz(ejm)l = (1 —B)2 /a +|3)2 >1 at ® = 0, and the minimum value is at ® =
. Hence, H,(z) is BR only for B>o0.

-1 -1
© Hy@=" +(‘i‘i a;ﬁi+g§ ) From the results of Parts (a) and (b) it follows that Hy(z) is BR
only for >0 and B > 0.

d) H =
(@) Hy@ 3.36 14 15 16
each individual factors on the right-hand side is BR, Hy(z) is BR.

l -1 -1 -1 -1 -1 -1
1+04z Ha+0527)a+0.627") _(1+0427 Y 1+052 )[1+0.6z ) Since

-1 -1
4.83 (a) Hl(z)=2_3+£"':1_=l[1+1+321 J:%(Ao(z)+A1(z)), where Ag(z) = 1 and
+Z

2 3+z2”
-1
A(2)= 1+3Z_1 are stable allpass functions. In view of Problem 4.80, H;(z) is BR.
3+z
(b) H,(2)= -z _1 1—3‘“—41_—1- —i(A (2)-A,(@)), where Aq(z) =1 and A (z)—2—+4—z_l—
2T 2 4s27h) 2V r=r 0 AP

are stable allpass functions. In view of Problem 4.79, H(2) is BR.
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2+277 1 44772

- — is a stable
4+2z +2z

-2 -1 -2

- 2+2 4

(¢) H3(z)= l—lz — =—1— 1- z~1+ z_z , where Al(z)=
4+2727 +2z2 20 4+2z27° 42z

allpass function. Hence, H;(z) is BR.

-1 ) -1 -1
3+6z  +3z 1 1+3z 1 1+2z
(d) H,@@)= ={={1+ — —| 1+ which is seen to be a product of

4 6+52  +2 2 {2( 3+z IH[Z( 2427} ﬂ P

two BR functions. Hence, Hy(z) is BR.

(e) Hs(2)= = =7 = =
5 Y I 4+227 4227

-1 -2 -1 -2 -1 -2
4

3+2Z—1+3Z 1 1+2+2z +4z =l(1+Al(z)) where Al(z)=2+2z +4z -

4+2z2 +2z 2

is a stable allpass funcion. Hence, Hs(z) is BR.

-1 -2 -3 -1 -1 -1

3+9z  +9z " +3z 1 143z 1 1+2z 1+z

(fy H.(z)= ——=|—{ 1+ —| 1+ which is seen to
6 12+1OZ—1+22 2 {2( 3477 2 2~i-z—1 2

be a product of three BR functions. Hence, Hg(z) is BR.

4.84 Since A(z) and Ay(z) are LBR, aalAl(ejm)'=l and |A2(ej‘°)|=1. Thus, A, (&)=,

}= Al(e'j¢2(m)). Thus, |A1(e—j¢2(‘°))|= 1. Hence,

and A, (@) =e2@, Now, A | —
A, (™)

A|——|isLBR.
A,@)

G(Z) + 0O jo j@ G(ejw) + i CJ¢(w) +Q . .
4.85 F(z)= z( ) Thus, F(e' )=e" | ————|= el®| ———— | since G(z) is LBR.
G(2) 1+0aGE’®) 1+ 0! @
|F @ j® )l _| eI¥@ 4 g I (cos () + a)2 +(sin ¢>((0))2 _1+20cos M)+ o? -1
1+ (1+acosd(@)’ +(asing(@)”  1+20 cos () + o>
Let z = A be a pole of F(z). This implies, G(A) = - 1/t or GV =[t/0} If loi<l, then
IG(A)|> 1, which is satisfied by the LBR G(2) if | <1. Hence, F(z) is LBR. The order of F(z) is

same as that of G(z).
G(z) can be realized in the form of a two-pair constrained by the transfer function F(z).

Xl —_— Y,
6@ —
Y] — X2
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—a+2"'F(z) C+DF@)
1-0z"'F(z) A+BF(®)’
where A, B, C, and D, are the chain parameters of the two-pair. Comparing the two expressions

on the right-hand side we get A=1, B=-az™', C=—0, and D=z",

To this end, we express G(z) in terms of F(z) arriving at G(z)=

The corresponding

. 2, -1 -1
transfer parameters are given by t;; =—0, ty; =1t =(1-a")z ', and t,, =0z .

A(z)
1
A(el®)

1
. <1.
G(Awl‘“))*

Let z = £ be a pole of F(z). Hence, F(z) will be a BR function if 1§l < 1. Let z = A be a pole
of G(z). Then this pole is mapped to the location z = € of F(z) by the relation

1

A(z)

4.86 LetF(z)= G(_‘—-) Now A(z) being LBR, A(e’®)=e*®. Thus,

G(e—j¢(m) )‘ <1. Hence,

F(ed®) = G( J: G(e™1%®@)y  Since G(z) is a BR function,

oy

=7, or A€)= % Hence, |A(§)| = qu >1 because of Eq. (4.129). This implies, g
Z=§ :
I <1. Thus G(—l—) is a BR function.

A(z)

1
1

1
1

-1 -1 -1 -
487 (@) H@ =222 G=1"2 . Now, Ho)+ G = 21224 =2
3+2 3+z 3+z 3+z

_ 2422702422 1-27 14z _
34770 3+z 34271 3+z

_3+27

= —=1.
3+z

- Next, Hz)Hz ) +G@)GE™)

" L o 2
4+4z +4z+_zlt+1+1 Z_~Z _1. Thus, lH(e’m)i +‘G(°]m)l =1
(B+z )(3+2)

Hence H(z) and G(z) are both allpass-complementary and power complementary. As a result,
they are doubly complementary.

-2 -1 -2 ’ -1 -2
L2 Gay= 2 Now H) + G =
4+2z  +2z 442z " +2z 442z  +2z
implying that H(z) and G(z) are allpass complementary. Next, H(z)H(z_I)+G(z)G(z"])
~1+272 —142% 34227043272 34224327
- E— 7t . ) 3
44227 +227 7 4+2z2+22° 4+2z2 +2z “4+2z+2z
-2 2 2 -1 -2 -1
1+1-z z°+9+62+9z° +6z +4+6z2+9z " +6z  +9 — 1. Hence, H(z)

(4+227  +2272) (4 +22+22%)

(b) H(z) =

and G(z) are also power complementary. As a result, they are doubly-complementary.
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-1 =2 -1 -2

20+z +z ) _ 1 142z "+ 3z

4.88 (a) H_ (z)==————5 ==|1+——————| Its power-complementary transfer
a 34227 4272 2 3422704272 P P

. 1 1+2z2 + 3z~ -z
function therefore is given by G a(z) =—[1— z 32_2 }.—: 1-2 5

200 3422704 34227 427
(b) H, (2)= 3. S5+6. Sz_1+6 52"2 +1 52—3) 3(1 5+6. 52—-1+6 52 +1.52- 3)
’ 18421z +8272 +27 C+z He+z HGe+z )

(1+2z-1)(1+3z-1) 14327
2| @reHGr2 D 3+z -7 | Its power-complementary transfer

function therefore is given by
@)= (1+2z-1)(1+3z-1) 1+3z7! _-15- 35z'1+3sz +1.5z273
Gy 2| @+zhB+z)  3+z71 18+21z7 148272 4273

039 o +[0,°f’ = 1o+ @] g a e}

1 . . . . : . . .
Z{(‘Axo(elm) + A, M) AGED)+ A[ )+ (A @) - A ™)) Age®) - A] (&)}
%{Ao(ej“’)AB(ej“’) + A (O)AT () + Ay (INA (1) + A (10)Ay (1)

+Ay (M)A () + A (EI0)A] () - Ag (AT (1) - A (61)A (1))

- %{2|A0(ej“’>|2 " 2|A1(ej‘°)|2} =1.

4.90 X1 =AY, +BX,, Y1 =CY, + DX2. From the first equation, Y2 = -}:Xl ‘%Xz- Substituting
this in the second equation we get Y, = C(i X, —13-X2)+DX2 = —C—Xl +MX2,
A A A A
AD-BC

Comparing the last two equations with Eq. (4.146) we arrive at t, = %, t, =

’

A
L, =B

n=3 2 7y
Next, Y =t22X +t12X2, Y —tZIX +t22X From the second equation we get

t

tyy 1
X == X +—7Y,. Substituting this expression in the first equation we get,

t thy
1 s bata ~ ity :
Y, =t ——X +—Y, |+t,X, = =Y, +-=~<—"+42X,. Comparing the last two
ta ta1 ta ta
. . : 1 ty Y ot~ 4t
equations with Eq. (4.149) we arrive at A=—, B=--%%, C=-1L p=-lesel 1izz
1 tay t H1

‘ 2 -1T+ " 2. -1T " " '
o [il o T e 2 ) e 1]
L |1 ket X[ ) L ke X X0 |Y,
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. : _ k, -k
Thus, the transfer matrices of the two two-pairs are given by T, = , and

1 —klz_1
= k, (1-kz™! ,
T, = 12 c 27, |. The corresponding chain matrices are obtained using Eq. (4.151a) and
~k,z ,
1 k27! 1 kyz!
are given by T ={ 1_1 } and T, ={ 2: ] Therefore, the chain matrix of the I'-
k, z k, z

U k2t 1 kzt] [iekkyz! kyzt+kz?
cascade is given by I'= T, =l:k 7 }[k (o }:\:k lk2 . k2k _1 12_2 _
1 z 2 A 1 + 22 1 22 +Z

Hence using Eq. (4.151b) we arrive at the transfer matrix of the I"-cascade as
k +k,z7l 27 2(-kH(A-k])
-1 -1
_ 1+kk,z 1+k k,z .
1 z'l(k2 + klz“l)
-T -1
1+kk,z I+kk,z

L} —1 ) " —l " 1 "
X 1 k Y. X 1 k Y. Y. X

4.92 { .1]=‘: lfl jl[ .2} [ l}:[ Zfl j{ .2.}, where[ .2}=|: IJ Therefore,
Y, k, z X, Y, k, z X, X, Y,

1 kez! Lokt

and T, =
K, z*l]an 2%k, 2!

The corresponding transfer matrices are obtained using Eq. (4.151a) and are given by

- k, (d-k?z! k, (1-k%)z7!
T, = r A=k )_Zl ,and T, =| 2 ( 2)_21 . The transfer matrix of the T-cascade is
U kg I —kyz

k, (- k%)z“Tcl a —kf)z-‘}

the chain matrices of the two two-pairs are given by I} =

I R
[y +27MA=KD) 27N, (- kD) -2 (- k|
k, —k,z! 27 (1-k2)+k k2272
Using Eq. (4.151b) we thus arrive at the chain matrix of the t-cascade:
1 ~(kk,z7t +1-kD)z™!
-1 -1
k, - klzz ) k, —k,z
kk, +z7'(1-k3) 22
-1 -1
k, —k,z k{—-k,z

therefore given by T=1,T; =[

T'=

C+DG(z)
A +BG(z)
Substituting these values of the chain parameters in Eq. (4.151a) we get

C -1 2 -1
t1]=X=km, tyy =2 (I-k ) t21 =1, ty,=-kz .

4.93 For the constrained two pair H(z) = . Hence, C= Iém, D= z_l, A=1, B= kmz_l.

494 Let D(2)=1+dz7 +dyz72 =(1=Az7)(1=A,z7"). Thus, d; =M}k, and d) =—(4; +4,).
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For stability, P\.i|< ,i=1,2. Asaresult, ldzl = I?\.17»2|< 1.
Case 1: Complex poles: dy > 0. In this case, A, = 7\;. Now,

-d, * df—4d
Ay = >

d .
e N —d2
kl——2+21l4d2 df. Thus,

are complex and dy < 1, then they are inside the unit circle.

2 Hence, A, and A, will be complex, if d12 <4d,. In this case,

2 1
}"II = Z(df +4d, —df)= d, <1. Consequently, if the poles

Case 2: Real poles. In this case we get -1< )“i <1, i=1, 2. Since, P“i|< 1,it follows then

—d + a2 -
ld| <[y #Pro| <2 Now, —1< Gt ;‘ b PP +)d? ~4d, <2+d,.

It is not possible to satisfy the inequality on the right hand side with a minus sign in front of
the square root as it would imply then dj < - 2. Therefore,

Jd2 -4d, <2+d;, or df —4d, <4+d] +4d, or —d; <1+d,. (14)

—d, +.Jd? -4d
Similarly, —! 2‘ 2 <1, or #,d?~4d,>-2+d,. Again it is not possible to
satisfy the inequality on the right hand side with a plus sign in front of the square root as it

would imply then d > 2. Therefore, —1/d12 ——4d2 >—-2+d1, or ,,dlz —4d2 <2—d1,or

dl2 -4d, <4+d% —-4d,, or equivalently, d; <1+d,. (15)
Combining Egs. (14) and (15) we get |d;|<1+d,.

495 (a) |d| = 0.92 and 1+d, = L1995. Since |d| < 1+d;and ld,| < 1, both roots are inside the

unit circle.

() |4 =02 and 1+d, = - 0.43. Since |d,| > 1 and |d,| > 1+d,, all roots are not inside the

unit circle.
(€) |d;| = 1.4562 and 1+d,=1.81. Since |d;| < 1+d,and |[d;| <1, both roots are inside the

unit circle.
() |d,| = 21843 and 1+d, = 1.81. Since [d;| < 1+d,and ld,| < 1, both roots are inside the

unit circle.

— =z —=Z "4z
4.96 (a) A3(z)= 121 4_1 ) 2;2 5 Note, |k3'=é<l. Using Eq. (4.177) we arrive at
-=z2 -=z “+—z
4 12

—0.2098 — 04825z} +272

. Here, |k,|=0.2098 <1. Continuing this process, we get,
1-0.48252"" —0.2098272 [ ) &

A,(2)=

-1
Al(z)z:‘ﬁﬁf}j, Finally, |k,|=0.6106 <1. Since [k;|<1, for i=3,2, 1, Hy(2) is stable.
1-0.6106z
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—l+lz'1+ 22 +273 1 142527 4272
(B) A= 8——8—— Note, [k|=<<1. Ay2)=——— . Since
1+_Z—l+gz_2_§z—3 3 1+2.52 +z

‘k2|= 1, Hp(2) is unstable.

1+5 ..1+18.5 2 5 3 4

AT T A 1
(c) A4(z)= . Note, k,|=—<I1.
+§z'l+————18'5 z'?‘+—5 z'3+—1 2 I 4| 36
3 18 18 36

-1 =2 -3
A= 2BITre P02 T2 gy [k =02317<1.
1+1.6602z" +z ~+0.2317z
0.6503+1.5096z"" +z72
1+1.5096z" +0.6503z2

Thus, |k1]=0.9147<1. Since Iki|<l, for i=4,3,2, 1, Hy(2) is stable.

A=

-1
. Here, |k,|=0.6503<1. Finally, A(2)= 10—'9—;%71—’“72—7.
+0.9147z"

§%+—1§6—z_1+-i-z"2+%z_3+%z-4+z"5 | 1
(d) A5(z)= . This implies, k5 =—xI.
1+§z—l+§z—2+—5—z_3+—§—z_4+Lz—5 I 32
2 2 4 16 32
-1 -2 -3 4
0.2346 +1.173z"} +2.463327% +2.4927
Ay (g =220 LI 002 *LTEE I . Thus, [k,|=0.2346 <.
1+2.49272"} +2.4633272 +1.1732™ +0.23462
-1 2 -3
0.6225+1.99522" +2.346627% +2
AL(2) = . Implying |k.|=0.6225<1.
N T 234662 +1.9952272 +0.62252 pyng I 3|
1,2 -1
0.8726 +1 .33?347. *Z__ Hence, |k,|=0.8726<1. Finally, A,(2)= 09630+z .
1+1.8034z"" +0.87262 1+0.9630z

A,(2)=

Thus, k| =0.9630<1. Since [k;|<1, for i=5,4,3,2, 1, Hy(@) is stable.

—1—+lz'l +lz_2 +2'-z~3 +§z"4
3 3

1
@) Ag@)=-523 , . This implies, [ks|==<1.
TN ksl
6 3 6 6
-1 -2 -3 -4

A, @)= 0.2 +0.fflz +0._622 +O.—83z +z . Thus, |k4l —02<l.

140.8z7 +0.6z7° +0.4z " +0.2z

025+05z°  +0.7527 2 +27>
Ay(2)= | 2 3
1+0.752" +0.527 " +0.25z
0.3333+0.6667z +272

1+0.66672"" +0.3333272
result, |k,|=0.5<1. Since lkj|<1, for i=5,4,3,2, 1, He(z) is stable.

+z7

. Hence, [ky|=025<1.

A=

05+27"
. Here, |k,|=03333<1. Finally, A|@)=—"——. Asa

1+0.5z7"
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- 2,4 -
l+%z 1+§z 2+-—Z 3-%-2—4

_ 55 5 s _1
497 @ A@=2FP 55— Ths, |k4|-5<1..
- l+—=z +=z "+—z " +—-z
5 5 5 5
0.25+0.5z" +0.7527 %2 +27>
1+0.752 L +0.527% +0.252°
0.3333+0.66672"" +z

1+0.66672 +0.333327%

A ()= . Thus, lk3‘ =(0.25 < 1. Repeating the p rocess, we

-2

arrive at A,(2) = Thus, |k,| = 03333 < L. Finally, we get

-1
A(()=——. Thus, || =05< 1. Since |k;| <1, for i=5,4,3,2, 1, Dy(2) has all
1+0.5z
roots inside the unit circle.

-1 2,3 -1, -2
0.4+ Oi’:lz + O:’Zzz +z . Thus, |k3l ~04<1. Ay(2)= 0.2619 + 0.919522 +z .
1+0.2z7 +0.3z7" +04z 1+0.0952z" +0.2619z

(b) Ay(2)=

0.0755+2""
1+0.07552”"
lk;| <1, for i=3,2, 1, Dy(2) has all roots inside the unit circle.

This implies, [k,|=0.2619<1. Next, A ()= . Hence, |k;|=0.0755<1. Since

-1
498 z= —iﬁ Hence, s= E—:-l- Thus, the k-th root in the s-domain is given by
-s z

. 2 .
@ DE D -1vz -7

where zy is the k-th root in the z-domain. Hence,

Tl el
- ol -1
Re{s, }= ‘Zk 5 Since D(z) is a minimum phase polynomial, !zkl < 1. Therefore,
z, +1

Refs, } <0. Hence B(s) is a strictly Hurwitz polynomial.

|A(ejm>42 1

1+dcos(w) 1+dcos(@)’ (16)

2
Pxx (@) =

499 (a) P ()= |A(ej“’)

(b) No, The answer does not depend upon the choice of o. However Eq. (16) holds if the
filter is stable for which we require |of < 1.

4.100 (a) ¢, [= E{x[n + £ly[n]} = E{x[n + £Ix(n]} P h[n] =¢,,[n] @D hin]. Taking the discrete-
time Fourier transform of both sides we get ny(m) = Pxx(co)H(ejm). Since H(e'®) in

general is not real, ny () in general is not real.

(b) ¢,,[£1=E{x[n +Ju[n]} = E { x[n + {]h[-n] @yinl} =6, n]@h[n]Ph[-n]. Taking the

iy 12
discrete-time Fourier transform of both sides we get P, (w)=P, (co)IH(eJ(”)I . Thus, P, (w)
is a real function of ®.
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M4.1 From Table 3.2, the DTFT of {n h[n}} is j

M4.2

M4.3

M4.4

_dH('®)

. Hence, the group delay t(w) using Eq.

®
(4.203) can be computed at a set of N discrete frequency points @y = 2nk/N, k=0, 1, ...,
N-1, as follows: {t(®y)} = Re(DFT{n h{n]}/DFT{h{n}}), where all DFTs are N-points in

length with N greater than or equal to length of {h[n]}-

L = input('Input sequence length = ');
k = 1:L; y = zeros(l,L);

xa = cos{0.1*k); xb = cos(0.4*k);

x = xa + xb; x0 = 0; x1 = 0;

for n = 1:L;

y(n) = 6.7619*(x(n) + x1) - 12.4563*x0;
x1l = x0; x0 = x(n);

end

subplot(2,2,1);

plot(k-1,xa);axis ([0 L-1 -1.2 1.2]1);
title('Low frequency component of input');
xlabel ('Time index');ylabel('Amplitude’);
subplot(2,2,2);

plot(k-1,xb);axis([{0 L-1 -1.2 1.21);
title(High frequency component of input');
xlabel ('Time index');ylabel('Amplitude');
subplot(2,2,3);

plot(k-1,x);axis([0 L-1 -1.2 1.2]1);
title('Input signal');

xlabel ('Time index');ylabel('Amplitude');
subplot(2,2,4);

plot(k-1,y);axis ([0 L-1 -1.2 1.21);

title (Output signal');

xlabel ('Time index');ylabel('Amplitude');

L. = input('Input sequence length = ") ;

k = 1:L; y = zeros(1l,L);

xa = cos(0.1*k); xb = cos(0.4*k);xc = cos (0.7*k);

x = xa + xb + xc; x0 = 0; x1 = 0; x2 = 0; x3 = 0;

for n = 1:L;

y({n) = -21.6426% (x(n)+x3)+76.1752* (x0+x2)-109.1669*x1;
x3 = x2; x2 = x1; x1 = x0; x0 = x(n);

end

subplot(3,1,1);

plot(k-1,x);axis ([0 L-1 -3 31);

xlabel (' Time index') ;ylabel('Amplitude');
subplot(3,1,2);

plot(k-1,y);axis ([0 L-1 -1.2 1.21);
xlabel ('Time index');ylabel('Amplitude’);
subplot(3,1,3);

plot (k-1,xb) ;axis ([0 L-1 -1.2 1.21);
xlabel('Time index');ylabel('Amplitude');

277 421272 ~402>
1-327 1492721927

H(z)=
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M4.6 (a) numl [0 0.75 2 2 1 0.751;
num2 (0 -0.75 2 -2 1 -0.75];
den = [3 0 3.5 0 1];
w = 0:pi/255:pi;
hl = freqz(numl, den, w);
h2 = freqz{(num2, den, Ww);
plot(w/pi, abs(hl).*abs (hl)+abs(h2) .*abs (h2));

(b) Replace the first three lines in the above MATLAB program with the following:

L VP U P

numl = [1 1.5 3.75 2.75 2.75 3.75 1.5 1];
num2 = [1 -1.5 3.75 -2.75 2.75 =3.75 1.5 -11;
den = [6 0 6.5 0 4.75 0 1];

M4.7 The magnitude response of H(z) is as shown below from which we observe that H(z) is a
lowpass filter.

1

o o ©
e ]

Magnitude

o
¥

0 02 0.4 0.6 0.8 1
Normalized frequency

0 s b+ el B b - o i

By multiplying out the factors of H(z) we get
0.05634 —0.0009352"" +0.000935z % +0.056342”>

- — —3 , The corresponding difference
1-2.1291z7" +1.783386z ~ +0.5434632

H(z) =

equation representation is therefore given by

y[n] = 0.05634x[n] - 0.000935x[n — 1]+ 0.000935x[n — 2]—0.05634x[n —- 3]
—2.1291y[n —1]+1.783386 y[n — 2] +0.543463 y[n - 3]

M4.8 The magnitude response of H(z) is as shown below from which we observe that H(z) is a
highpass filter.

e b ¢ o e s A A baeis . b indbSbat o B . 4 i
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By multiplying the factors of H(z) we get
1-4z7 46272473 4274
H(z)= = ) 3 =z
1-3.0538z"" +3.822727° -2.2837z277 +0.54722
The correspondong difference equation is given by
y[n]-3.0538 y[n —1]+3.8227y[n - 2] - 2.2837y[n - 3] +0.5472 y[n - 4]
=x[n]-4x[n-1]+6x[n—-2]-4x[n—-3]+x[n-4].

M4.9 From Eq. (4.66), we obtain M =- 1
2 logz(cos(O.IZn)

=4.7599. We choose M = 5. A cascade

of 5 first-order lowpass FIR filter has a transfer function given by G(z) = Lz(l +z'1)5, whose

gain response is plotted below:
0

-10

Gain,dB

-30 : " i :
0 0.2 0.4 0.6 0.8 1
Normalized frequency

M4.10 For a cascade of M sections of the first-order highpass FIR filter of Eq. (4.67), the 3-dB

cutoff frequency wc is given by ®_= 25in"1(2—”2M ) Hence, M = - 1 .
2log, (sin(® /2)
Substituting the value of @ we then obtain M = 4.76. Choose M = 5. A cascade of 5 first-

order highpass FIR filter has a transfer function given by G(z)= L

-1\5 .
1-z )", whose gain
32( ) g
response is plotted below:
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M4.11 From Eq. (4.72b), we obtain o =0.32492. Hence, from Eq. (4.70) we get

-1 B
H p(@)= 0.33754d + Z_l) . Likewise, from Eq. (4.73) we get Hp(2) = 0.66246(1-2z )
1-0.32492z

1-0.32492z71

The magnitude responses of Hy p(z) and Hyp(z) are show below:

|~ - 3
08t N ///~ ....................
0 -
506 ............ L NG “
.;30 , ;
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Bos - |
02F N
!
0/ : : : :
0 0.2 04 0.6 0.8 1

Normalized frequency

o e

The magnitude response of Hy p(z) + Hyp(2) is shown below on the left-hand side, while the

.2 )
gain response of lHLP(eJ‘”)i +|HHP(CJ‘D)‘ is shown below on the right-hand side:

Illustration of allpass complementary property

[1lustration of power compiementary property

10 ™
1 . , - : : a :
5 .......... ......... , ......... .......... ..........
............................. NN EEE | . . . .
gosp 3 o
§)06 .......... ......... ........ .......... ......... % 0
= 04f ......... ......... .......... ......... -9 :
: : Shos R ERRRRE ERRRERRREE e e
02 .......... ......... . ......... _ ......... ......... : : . .
0 : : : ; 10 : : :
0 0.2 0.4 0.6 0.8 1 0 02 04 0.6 0.8 1
Normalized frequency Normalized frequency

M4.12 From Eq. (4.76) we first obtain B = 0.309017. From Eq. (4.77) we arrive at two possible
values of o: 0.6128 and 1.63185 leading to two posible solutions:

-2
: 0.1935(1-2"2)
H,p(2)= —~5s
P 1-0.4984z" +0.612827>

" _ -2

and Hiyp(2) = —0.3159(11 z ) -
1-0.813287z +1.63185z"

seen that H;p(z) is unstable. From Eq. (4.79), the bandstop transfer function corresponding to

. It can be
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0.8064(1-0.6180z"" +272)
1-0.4983832" +0.61282>

of H'BP(Z) and H'Bs(z) are given below:

H'Bp(z) is given by H'Bs(z) = . A plot of the magnitude responses

l .............................................
o 0.8 ............................................... o0
E 0.6 ................................................ E X
& z ! : ; &
E 0.4 .......... ......... ........ .......... ......... 4 E 0'4

0‘2 ..............................................
0 X . . . () . N N
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized frequency Normalized frequency

The magnitude response of Hpp(z) + Hgs(2) is shown below on the left-hand side, while the

. ) jo 2 jo 2. . .
gain response of v|HBP(e )‘ +|HBS(e )l is shown below on the right-hand side:

Tllustration of allpass complementary property Illustration of power complementary property
H J T 10 T ‘ - T
1 :
O0.8F -t R TR L R R L EEERREE
3 z @
B0l <
g g 0
5y |
E 0-4 ................................................. o]
B R REEREEEREREE
0.2 R L I G I |
0 . . . . .10 . : . .
0 02 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 i
Normalized frequency Normalized frequency

M4.13 From Egq. (4.76), we first obtain B =0.309017. From Eq. (4.77) we arrive at two possible
values of a: 1.376381 and 0.72654253 leading to two posible solutions:

0.1935996(1 - z2) ~0.3159258(1-2"2)
1+0.94798z"! +0.61282 1+1.54696362" +1.6318516827%
It can be seen that H;P(z) is unstable. A plot of the gain response of H'Bp(z) is shown below:

Hpp(2) = —» and Hpp(2)=

Gain, dB

-40 : : i :
0 0.2 04 0.6 0.8 1
Normalized frequency

M4.14 From Eq. (4.76), we first obtain B = 0.309016. From Eq. (4.77) we arrive at two possible
values of o: 0.72654253 and 1.376382 leading to two posible solutions:
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0.86327126(1+0.618033z ™! +27%) 1.188191(1 +0.618033z ! +272)
1-0.533531z" +0.726542532™% 1-0.7343424 7271 +1.37638227%

- It can be seen that H;S(z) is unstable. A plot of the gain response of H;S(z) is shown below:

and Hpg(z)=

Hps@ =

0.2 04 0.6 0.8 1
Normalized frequency

M4.15 (a) Using the following program we arrive at the two plots shown below:

bl = [2 2]; b2 = [1 -1]1; den = [3 1];
w = 0:pi/255:pi;
hl = freqz(bl, den, w); h2 = freqz(b2, den, w);
sum = abs(hl).*abs(hl)+abs(h2).*abs(h2);
subplot(2,1,1);
plot(w/pi,abs(hl+h2));grid
axis([0 1 0 1.21);
xlabel ('Normalized frequency') ;ylabel ('Magnitude');
title('Illustration of allpass complementary property');
subplot(2,1,2);
plot(w/pi,ZO*loglO(sum));grid

— axis ([0 1 -10 10]1);
xlabel ('Normalized frequency') ;ylabel('Gain, dB');
title('Illustration of power complementary property'):;

Iilustration of allpass complementary property Tllustration of power complementary property
; ; ; : 10 : :
l . .

% 0‘8 ......... : ........ ‘ ......... '. ........ ......... . 5 .......... ........ . ......... ' .......... ..........

2 : : : : g : : : : -
'go 0.6 ......... ......... .......... .......... ......... 4 .5. 0 . K N . 1 3
S o4k S T SR ] S ; : : : E

B [EERPRRT e e [

0.2 [ ......... , ........ , ......... .......... ......... P! 3
0 . . . . -10 . N N . 1
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1 } §
Normalized frequency Normalized frequency 3
3

(b) For this part, replace the first line in the above program with the following:

bl = [-1 0 1]; b2 = [3 2 3]; den = [4 2 2]; W
1
i
H
i
$
“;
#
: R
5
— 3
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M4.18 (a)

(b)
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M4.19 (a)

(b)

... 0
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L e oo }M
xf"
o
5 4 3 2 -l 0 1
Real part
The stability test parameters are
0.0833 -0.2098 ~-0.6106
stable = 1
The stability test parameters are
-0.3333 1.0000 2.0000
stable = 0
The stability test parameters are
0.0278 0.2317 0.6503 0.9147
stable = 1
The stability test parameters are
0.0312 0.2346 0.6225 0.8726 0.9630
stable = 1
The stability test parameters are
0.1667 0.0286 0.3766 0.3208 0.5277
stable = 1
The stability test parameters are
0.2000 0.2500 0.3333 0.5000
stable = 1
The stability test parameters are
0.4000 0.2619 0.0755
stable = 1
3 —
k=2 -
2.5 /-’
k k k g
M4.20 H(z)=——+(1+—)z'1—-z‘2. 2 2f - k=1
4 2 4 g
15
l - 'A N i N
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M4.21 H(z)=-
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5.1 p(t)= ZS(t—nT). Since p(t) is periodic function of time t with a peridd T, it can be

5.2
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August 16, 1997
Chapter 5

n=-—oo

T/2

represented as a Fouruer series: p(t) = Zc nej(zm“/ T where c, = j‘ s(t)e-j(hnt/ Tyt = _;_‘_

n=-—e -T/2

oo 1 oo '
Hence p(t)= 25(‘—"T)=; zeJ(Znnt/T).

=—c0 n=—oo

Since the signal x,(t) is being sampled at 2 kHz rate, there will be multiple copies of the
spectrum at frequencies given by F; £ 2000k, where F; is the frequency of the i-th sinusoidal
component in X,(t). Hence,

F; =300 Hz, Fim = 300, 1700, 2300, . ..., Hz
F, =400 Hz, Fom = 400, 1600, 2400, . . .., Hz
F3 = 1300 Hz, F3m = 700, 1300, 3300, . ..., Hz
F4 = 3600 Hz, Fam = 400, 1600, 3600, ... .Hz
Fs = 4300 Hz, Fsm = 300, 2300, 4300, ... . Hz

So after filtering by a lowpass filter with a cutoff at 900 Hz, the frequencies of the sinusoidal
components present in y,(t) are 300, 400, 700 Hz.

One possible set of values are F1 = 350 Hz, Fy = 425 Hz, F3 = 918 Hz and F4 = 3350 Hz.
Another possible set of values are F; = 350 Hz, Fy = 425 Hz , F3 =918 Hz, F4 = 3425 Hz.
Hence the solution is not unique.

t=nT = _t . Therefore, :
600mnY . (1400mn 44000 ., . (5400mn -
x[n}=2cos +4sin +3cos +7sin L

3000 3000 3000 3000

=2 cos(—n—n-) +4sin 7_“2) +3 cos(ggﬂj +7 sin( 27nn ) =

5 15 15 15
=2 cos(ﬂ) +4 sin(m) +3 cos(—-———(g’0 —8)mn ) +7 sin(—————(30 — 3)1m) &
5 15 15 15 x
=2 cos(ﬂ) +4 sin(m) +3 cos(g—@) +7 sin(-n—n-) . '

5 1 15 5
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5.5 ga(t) = cos(10mt) + cos(20mt) + cos(40mt).

(a) Fr = 45 Hz. Hence, g[n] =cos(zg§)+cos(igﬂ) + cos(%l-),

(b) Fr = 40 Hz. Hence, g[n] =cos(n—:-)+cos(£2n—) + cos(mn).

(0  Fp=25Hz Hence, gn] =cos(-2%) +co{i’5"_")+ COS(STM)'

5.6 Both the channels are sampled at 44.1 kHz. Therefore there are a total of 2x44100 = 88200
samples. Each sample is quantized using 16 bits. Hence the total bit rate of the two channels
after sampling and digitization = 16 x88200 = 1.412 Mb/s.

, (2nﬂcn]

T, sin

; in(Q_t sin(Q _nT Q

5.7 h_(t) =-§1—I-1£—£1. Thus, h_(nT)= —-—(—c———), Since T= —2—15-, hence h_(nT)= — T 7
(QTt /2) (QTnT /2) QT f 7n

If Q =Qp/2, then, h (nT)= sin(rn) _ d[n].
Tn

5.8 After sampling the spectrum of the signal is as indicated below:

XapUD
- Q
29, -Qpn 0 Q, 22, 39, 4, Q
Qn r
T= 2n =" Asa result, ®_ = m_ - —  Hence after the low pass filtering the spectrum
20 Qo Q. 3

of the signal will be as shown below:
Y,

Q

—a, o089, 9

3

3

5.9 The smallest frquency at which we need to sample xa(t) is 20 Hz. The frequency response of
the sampled version is then given by

X 1pUQ)

: Q
' 40 -20r 0 20m 40m 60 80w 100w
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Hence for reconstruction we require an ideal bandpass filter with passband from 30 Hz to 40

Hz.
H, ()

T

Q

0 60n 80w

5.10 A, = - 20log(1 ~3) and A = — 20log(3,) , Therefore -3, =10"%p’?" hence

5,=1- 1074p/? and § =1- 10”420,

(a) 5, = 0.0057 and 3 = 5. 6234x10~4. (b) 8, = 0.0023 and 8 = 0.0025.
(©) 5 =0.0559 and §_ = 8.9125x107.

a . . 02
5.11 H,(s)=——. Thus, H,(jQ =—-————, d hence, i.e. [H,(jQ)| =—5—.
1(s) 7a us l(j ) ara an nce, i.e ‘ ¢ )1 a2+92

‘H,( jQ)l2 is a monotonically decreasing function with lH, ( jO)l =1 and IHx( j°°)| =0. Let the

) 2 a 1
3-dB cutoff frequency be given by Q_. Then, [H iQ Y = ————==—, and hence, Q_=a..
cutoff freq y be g y 2, | 1G c){ a2+Qz 5 enc c=a
iQ 92
Js.lz H,(s)= ————. Thus, 2(}9)—-——;—;. and hence, le(JQ)I = .2

‘HZ(JQ)‘ is a monotonically increasing function with |H (JO)l 0 and IH ( _)oo)l = 1. The 3-

Q 2
dB cutoff frequency is given by —2—-57 =% and hence, Q_=a..

1 S 1
513 Ho(s)=—=1(1-2"2) and H,(s)=——=={1+=——] Thus, Aj(s) = 1 and Ax(s) =
=5 2( s+a i, 2( s+a) us, Ay(s) = 1 and Agls) =
S22 Since |A,(j)] = 1 and |4, ()] = 1 V< hence A((s) and Ax(s) are both allpass
s+a
functions. _
bs . b ) b2Q?
5.14 H/(s)=—3 Thus, H,(jQ)=——"—-5——, hence {H( Q) = .
s +bs+ Q2 ! bQ+0l -a? [FL G b’Q? +(Q2 - Q2)?
Now at Q=0, IHI(_]O)I =0 and at Q=co, [H,(joo)| = 0and at Q=Q, [H,(Q, )| = 1. Hence

2
b Q
H(s) has a bandpass response. The 3-dB frequencies are given by 29 (Q Y
+ )?

1
X

(Q QZ)Z—bzﬂ or Q (b +20° )Q +Q =0. Hence if Q, and €, are the roots
of this equation, then so are —Q], Q,,and the product of the roots is Q This implies

QIQ2 = O.(z). Also le +§22 = b + ZQg. Hence (92 —Ql) =b? which gives the desired result
Q, - Q = b.
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5.15 H.(s) P4 e H (i) 0; - hence, [H, GG @ -ay*
. S)=—5—""""" 5 - y ] = ’ ) = .
2 P bs+ Q2 2 Q% -Q% +jbQ 2 @*-Q2)? +p’Q°

Now, lHZ( jO)‘ =1, IHz( joo)| =1 and le(jQO)|= 1. Hence, Hy(s) has a bandstop response. As in

the earlier problem one can show that ngz = Q(z) and also Qz _Ql =b.

1 sz-bs+Q§ 1 1 sz—bs+Q§
516 H(9)=7|1- 0= E{Al(s)—Az(s)} and Hy(e)=o| l+5——%|=

: 32+bs+Q0 , sz+bs+Q§
2 2
L{A,©+A,©). Thus, Ay(©) = Land Ay s bt N
B - s)+A,(s)t- us, s)=1an §) = -————. Now
by 2t 2 L 2 52 +bs+Q§
; lA ( jQ)|2 (Qg —92)2 +b70’ 1, and is hence A,(s) is an allpass function. Aj(s) is seen
2 =33 252 2 - A
: Qg —Q7)" +b Q
to be an allpass function.
- K .12
: 2 1 dk /1, G Q2N-k
517 H_(jQ) = . =2N(2N -1)---(2N — k + 1) ——x—. Therefore
f.G0) 1+@/e )™ dak QN
k .~ 2 |
d " (1/H_ (G2
( l a}((J )l ) =0fork=1,2,...,2N-1. or, equivalently,
dQ
Q=0
k=1,2,...,2N-1.
5.18 1Olog10(1 2)= -0.5,, which yields € = 0.3493. lOloglo(—Alz-)=—60, which yields A =
+€
Q 2 _
1000. Now, l=——S-=§3l=4.0667 and 1._yA ! =2862.9. Then, from Eq. (5.31) we
k Qp 1.5 k, €
1 1/k

) get N= 0810 ! = 3.4568 =5.6743. Hence choose N = 6 as the order.
1 log,o(1/k) ~ 0.6092

.(N+2£-1)
5.19 The poles are given by p, =ch’ N ,£=12,...,N. Here, N =6 and Q¢ = 1. Hence p; =

712 = _0.2588 + j0.9659, py = el9W12 = _0.7071 + j0.7071, p; = eil1¥12 =-0.9659 +
. * . * . *
j0.2588, ps = ei13m/12 = Py Ds = eildn/12 = Py D6 = eil7m/12 =p,.

5.20 1010g10(1 2) = —0.5 which yields € = 0.3493. Also A = 103. Hence from Eq. (5.39),
+€

- H -1/103
N = cosh™ (10°/0.3493) _ 4 159 We thus choose N = 5 as the order.

cosh™1(6.1/1.5)

119

4
s




5.21 From Problem 5.18 solution, we observe %=4.0667 or k = 0.2459, and ;1-= 28629 or k| =

1
0.0003493. Substituting the value of k in Eq. (5.50a) we get k' = 0.9693. Then, from Eq.
(5.50b) we arrive at p, = 0.0039. Substituting the value of in Eq. (5.50c) we get p = 0.0039.
Finally from Eq. (5.49) we arrive at N = 3.3696. We choose N = 4.

5.22 From Eq. (5.53) BN(s) = (2N—1)BN_1(S)+82BN_2(S), where Bj(s) =s + 1 and Bo(s) = s2 +3s +
3. Thus, By(9) = 5B,(9)+5°B,(9) =57 +3s+3)+s°(s+1) =5’ +65” +155+15, and
B,(s) = TB(s)+5°B,(5) = 7s® +652 +155+15) +5%(s? +3s+3) =s* +10s> +455% +1055 +105.

5.23 From Egq. (5.59), the difference in dB in the attenuation levels at Qp and € is given by

Q
20N loglo(—ds’—]. Hence for Q =2Q D’ attenuation difference in dB is equal to 20Nlog,,2 =

p
6.0206 N. Likewise, for Q =3% D’ attenuation difference in dB is equal to 20Nlog;;3 =

9.5424 N. Finally, for Q =4Q p,attenuation difference in dB is equal to 20Nlog,,4 =
12.0412 N.

5.24 The equivalent representation of the D/A converter of Figure 5.39 reduces to the circuit shown
below if the £—this ON and the remaining bits are OFF, i.e. a, = 1, and a, = 0, k=4

""""""""""" Vo

In the above circuit, Y;, is the total conductance seen by the load conductance Gy which is

N-I
givenby Y = 22‘ =2N _1. The above circuit can be redrawn as indicated below:

i=0

] Vo.e
t-1 Y, - Ht1 G,
+
a,Vp
iy . 2¢-t
Using the voltage divider relation we then get V, , = Ta Vg~ Using the superposition
L

theorem, the general expression for the output voltage V( is thus given by

N -1 N
2 R
V, = a,V =§2‘-‘a£———L———-)v.
0 ¢'R 14 N R
=1 i +G =1 1+(27 -DR

5.25 The equivalent representation of the D/A converter of Figure 5.40 reduces to the circuit shown
below if the N-th bit is ON and the remaining bits are OFF, i.e. ay = 1, and a; =0, k # N.
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oV

S G o
2 5 Gy,
- anVwi
which simplifies to the one shown below
Vo
S S
> A > +G,
+
anWr
G
. . X R
Using the voltage-divider relation we then get Vy y =5 2 5 ayVg = —L ay Vg
, 7+GL+E 2R+R})

The equivalent representation of the D/A converter of Figure 5.40 reduces to the circuit shown
below if the (N—1)-th bit is ON and the remaining bits are OFF, i.e. ay_; =1, and ay =0, k #

N-1. ,
G
AANA- o VO,N—l
G
= S S G
2 2 2
+
an- VR
The above circuit simplifies to the one shown below:
G
—_ AAA- ] VO,N—l
G G G
2 7 7 6L
+
an-1 VR
Its Thevenin equivalent circuit is indicated below:
o - 1° Vo.N-1
- - +G
2 2 L
AN-1
2 'R
from which we readily obtain
G
5 a R a
\Ys 2 N-1+v L N-1

ON-17G4G, 2 R 2R, +R) 2 X

Following the same procedure we can show that if the £-th bit is ON and the remaining bits are
OFF, ie. a, = 1, and 3 =0, k # £, then
R
Vy, ==k Vg
0L 73R, +R)2N"¢ R
Hence, in general we have

a,
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Vo 22(R +R)2N -t R

M5.1 Using the MATLAB statement
[N, Wn] = buttord(2*pi*1500, 2*pi*6100, 0.5, 60,'s")
we arrive at N = 6 and the 3-dB passband edge frequency Wn = 12120 rad/sec.
MS5.2 Using the MATLAB statement
[N, Wn] = cheblord(2*pi*1500, 2*pi*6100, 0.5, 60,'s'")
we arrive at N = 5 and the passband edge frequency Wn = 9424 rad/sec.
M5.3 Using the MATLAB statement
[N, Wn] = ellipord(2*pi*1500, 2*pi*6100, 0.5, 60,'s')
we arrive at N = 4 and the passband edge frequency Wn = 9424 rad/sec.
MS5.4 Program 5_2 was modified as indicated below:

[N, Wn] = buttord(2*pi*1500, 2*pi*6100, 0.5, 60,'s"')

[num,den] = butter(N,2*pi*Wn, 's')
omega = [0: 200: 16000*pi];
h = fregs(num,den,omega);

gain = 20*loglO(abs(h));
plot (omega/(2*pi),gain);axis([0 8000 -80 51);grid
xlabel ('Frequency, Hz'); ylabel('Gain, dB')

The transfer function of the normalized 6-th order Butterworth lowpass filter is given by

1
8 13863750 +7.4641s* +9.14165° +7.4641s% +3.8637s +1

H,,(9)=

which has a 3-dB cutoff frequency at 1 rad/sec. To move the 3-dB cutoff frequency to 1929
rad/sec, we denormalize H,(s) to arrive at the desired transfer function:

1

s 6 s Y s 4 s VY
( ) +38637( ) +7A641( ) +9J416( )
12120 12120 ) 12120 12120

+7.4641( 5 )+38637(
12120

whose gain response is plotted below:

H,(s)=

)+1
12120
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Gain in dB

0 2000 4000 6000 8000
Frequency in Hz

M5.5 The transfer function of a 5-th order Type 1 lowpass Chebyshev filter with a passband edge at
1 rad/sec is given by

1
H. _(s)=
an'™’ ” 5 1 17255 +1.9374s° +1.309652 +0.7525s +0.1789

Denormalizing the above transfer function to move the passband edge to 9425 rad/sec we
obtain the desired transfer function

H, ()= 1

S S s s s
+1.1725( 3 +1.9374 +1.3096 +0.7525 ,
(9.425) (9.425) (9.425) (9.425) > (9.425)” 1789

whose gain response is plotted below:

2000 4000 6000 8000
Frequency, Hz

M5.6 The transfer function of a 5-th order Type 2 lowpass Chebyshev filter with a stopband edge at
1 rad/sec is given by

0.005s% +0.0252 +0.016
Hyp® =73 3 3 2
s° +1.3904s" +0.9665s” +0.4171s +0.1127s+0.016

Denormalizing the above transfer function to move the passband edge to 27430 rad/sec we
obtain the desired transfer function

4 2
0.005( 5 )+o.02( S )+0.016
27430 27430
Han(s)=

5 4 3 2
( 5 )+1.3904( 5 )+0.9665( 5 )+o.4171( 5 )+0.1127( 5 )+0.016
\ 27430 27430 27430 27430 27430

whose gain response is plotted below:
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0 2000 4000
Frequency, Hz

M5.7 The transfer function of a 4-th order elliptic lowpass filter with a passband edge at 1 rad/sec is
given by

_ 0.001s* +0.05445> +0.3852

H -4 3 2
s* +1.1911s° +1.7281s% +1.0465+0.408

an(

Denormalizing the above transfer function to move the passband edge to 9425 rad/sec we
obtain the desired transfer function

4 2
o.om(L) +0.0544(—s—) +0.3852
9425

942

H,6)= i 53 2
(-—-—s ) +1.1911(—S )+1.7281( S )+1.046(——s )+0.408
9425 9425 9425 9425

whose gain response is plotted below:

2000 4000 6000 8000

Frequency, Hz
M5.8 The MATLAB program to generate the plots of Figure 5.48 is given below:
w = 0:pi/100:pi; wl = 0; h2 = fregz(9, [8 1], w);

hl = fregz([-1/16 9/8 -1/16]1, 1, w);
for n = 1:101

h3(n) = sin(wl/2)/(wl/2);

wl = wl + pi/100;

end

ml 20*loglO(abs(hl)); m2 = 20*loglO(abs(h2));

m3 = 20*loglO(abs(h3)):

plot(w/pi, m3, 'r-',w/pi, ml+m3, 'b--',w/pi, m2+m3, 'r-
')igrid

xlabel ('Normalized frequency');ylabel('Gain, dB');

text (0.43,-0.58, 'DAC', 'sc');text(0.85,-0.58,'IIR', 'sc');
text (0.85,-1.67, 'FIR', 'sc');
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Chapter 6
6.1 From Figure P6.1, we get w[n]= A(x[n]+CDu[n]), and y[n]=C(ABx[n]+u[n]). These

two equations can be rewritten as w[n]= Ax[n]+ACDufn], and y[n]=CABx[n]+Cu[n].
The corresponding realization shown below has no delay-free loop:

A
x[n] F win]
i D
AB
yln] ~<]—X ufn]
C

6.2 (a)

Lt SR IT S

NI Ty

Soafe ke
R

Y(2)

The only delay-free loop is formed by the loop containing the multiplier k;. The corres-
ponding equation is given by W, =W, + k,W,, which is equivalent to W, =[1/(1 -kpIW,.
Next we observe W, = 1+ k2)W2 =[(1+ kz)l(l - kl)]Wz. Hence, an equivalent delay-free loop
realization of Figure P6.2(a) is as indicated below:

W,
X(2) t
— oy 1+k,
A
(12 1
W3
Y@ E 21 ‘

(b)

——— Y(z)

v;‘z:»;w et

In the above figure, the delay-free loop is formed by the loop containing the multipliers 5, B,
and . Analysis yields Y(z)= (a(z-l +B)+yz)X@)+ 8(a(z"l +B)+127)Y(@) or

((1 —aBd)-(a+7)d 27! )Y(z) = (()t(z"1 +B)+y z_l)X(z). Hence,

1 B+(a+y)z™!

1-apd | _(@+7¥)8 -
1-oPd

Y(z)=

-X(z). A realization of this equation without a delay-free loop

is shown below
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1-ofd 3]

_ | X(2) S >-{T4 Yo
EI;I N
V

(y +a@ 1+
1-apd

6.3 (a) By splitting the nodes we arive at an equivalent signal-flow graph with two self-loops as
shown below: ‘

Another node-splitting results in a third seif-loop which can be absorbed into the self-loop with

loop gain oz} as indicated below:

-2 k.
X o— :1 ;Z € ')‘ <Y -2

_l jA.

oz l+ Bz_z Yz

The two self-loops are then eliminated resulting in the signal-flow graph shown below:

_ Y
1—-ocz'l+[5z'2 272 1—71_l
X o > - O > oY
From the above graph we observe that the gain of the signal-flow graph is given by
~2
Y Yz

"X d-az ' -prii-yz Y :

To determine the gain using Mason's gain formula we first observe that there are three loops in
the graph as indicated below:

z! 27! 27! Y

o
z—l

with loop gains oz, Bz_z and yz'l. Moreover, the last loop is non-touching with the first
two loops. Hence, from Eq. (6.77),

A=1—(az_l +[3z"2 +yz'1)+(ayz'2 +Byz’3).

ST R I T

Next, we note that there is a single path in the graph with a path gain g; = yz_z.
1 2! z! 1 Y

O
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(b)

For this path the co-factor is A; =1. Therefore, the gain of the signal-flow graph is given by

H_glAl_ Yz
- A - -1 -2 -1 =2 =3\
l—(oz™ +Bz " +yz )+(oyz “+Pyz ")

The equivalent graph obtained by node-splitting is as indicated below:
‘ -1

cz
_z'l | ‘z_l l dLZ—l o
‘a

which simplifies to

By eliminating the self-loop and combining the two parallel brances we arrive at
-1
dz

a+z 2 l—z—l(b+cz—1)
o > o > o

from which we obtain thegain of the graph as
Y d(a+z—‘7‘)z_1

X 1-z'b+cz

To determine the gain using Mason's gain formula we first observe that there are two loops in

the graph as indicated below with loop gains bz} and cz %

c

_1 -1 z—l

There no non-touching loops. Hence, from Eq. (6.77) we get

A =1—(bz—1 +cz_2) =1—-z'1(b+cz—1).

There are two paths as shown below with path gains g) = dz™? and gy = ad 2L
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t g
Corresponding co-factors are A, =1 and A, =1. Therefore, the gain of the graph is given by

dz3 +adz™!
l—z—l(b+cz_1)'

o

A +g,A
g=81217820
A

(c) The steps in the simplification of the signal flow graph are shown below
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hed
1-kd
bf
1-ae
g+ab Q cd 3‘
X o 1-:ae O l:—kd oY
hcd
1-kd

(g+ab][ 1 \l
1—-ae - bf + hecd cd :
l1-ae 1-kd 1-kd

X o— > —0- > <Y

Hence the gain H of the signal flow graph is given by
(g+ab)cd

H= -
(1-ae)(1-kd)-bf(1-kd)—hcd(l-ae)
_ (g+ab)cd
1—(ae+kd+bf+hcd)+(aekd+acdhe+bfkd)'

To determine the gain using Mason's gain formula we first observe that there are four loops in
the graph with loop gains L, =ae, L, = bf, Ly=cdh, and L, = kd. There are also twopaths

with path gains P, =abcd, and P, =gcd.

Loops L and L3, Lj and Ly, and Ly and L4 are non-touching. Hence,
A=1—(ae+bf+cdh+kd)+(aecdh+aekd+bfkd), A1=1,and A2=1. Therefore,

H = abcd+gcd
1—(ae+bf+cdh+kd)+(acdhe+adke+bfkd)'
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6.4 (a)

i it ek o SL AN, ke |

(b)

6.5

Its transposed structure is thus as indicated below:

] N ¥
yn] —@— }~ il

b x[n]

Bkl vb 4 vin.

From the transposed structure, we arrive at the state-space description given by
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$,[n+1] a a s,[n] c s,[n]

1 —| 21 21 (| 51 1 _ 1

|:§2[n+1]]_[a12 azz}[éz[n] + ¢, x[n], y[n] [b1 bz] 5, In] +dx[n].

Thus, the state-space parameters of the transposed structure are given by

~ a a T 2 C T A/ T A

A=| 1 21]=A , B=!:1]=C , C=[b, b, |=B", and D=d=D.
[312 a5 ) o1 oo

The transfer function of the transposed structure is given by
ﬁ(z) = é[zI—A]_lﬁHf) = BT[ZI—AT]_ICT +D. Now, the second term on the right-hand side
BT[zI—AT]_lCT is a scalar. If we take the transpose of these product of matrices we get back

. T Ty=1~T\L -1 -
the same expression. Therefore, (B [zZI-A"] C ) =(C[zI-A] 'B. Hence, H(z) = H(2).

6.6

173 - 1 -0.85 1 1 1 -0.85 1

y(n]

An equivalent signal flow graph representation of the above graph is shown below

-085+2" —0.85+2 !

1-0852" 1-0.852""

1/3
x[n] > —o-
| B 1.
' > > yin]

3 -1 [ -1)2
Its transfer function is H(z) = X@ = —1— 1+ 085+ z-l + 0.85+ Z_l and hence,
_ X(z) 3 1-0.85z 1-0.85z

the frequency response is H(e®) = %{l +ed0®@) 4 ¢j20(@) }, where

—-0.85sin®

d(w)=-w+2 tan'l(1 085008 co} The magnitude response is

|H(ej‘°)| = %{(1 +cos§+c0s20)% +(sin¢ +sin 2¢)2}U 2,
Thus, {3+2005¢+2c082¢+2cos¢c052¢+2sin¢sin2¢}“2 =27
or, 3+4cosd+2(2 cos? o-1= (2.7)2 or, 4cos? d+4cosdp—6.29=0. Hence,
—4+.J16+(4x4x6.29)
2x4
-0.85sin®_

= 2tan”!
¢(w°) @, T2t (l+0.85cosm0

cosp(w) = or cos®(w)=0.85. This implies

] = 10.5548m,0r

~0.85sin®_

= o | whose leads to ®_=10.3815%. H ,
1+0.85cos 0)0} 0 enee

®, F0.5548m = 2tan-1(
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6.7

6.8

|H(ej°’o )| =09 at ©, =10.3815m.

From the above figure, we get W, =KX +z—1W3, W, = (z-1 -a)W,,

Wy

the first we get W, = KX+ z'l(oc - Bz"l YW,, or [1- az !+ [.’)Z—Z]W1 =KX. Next, substituting

=aW, —[3z_lW1 =(o— BZ-I)W ,and Y= z_lw2 +BW,. Substituting the third equation in

the second equation in the last one we get Y = [z_l(z_1 —0)+BIW,. From the last two equations

-1, -2
Y B-oz " +z
we finally arrive at H(z)=—=K| ——————— |
Y X l-az 1+|3z 2}

(a) Since the structure employs 4 unit delays to implement a second-order transfer function,
it is noncanonic.

-1 -2 2
(b) and (c) We next form H(HE =K’ B‘O‘z_l LI B-az+z .
1-az™ +fz l-az+Pz

-1, -2 -2 -1 ,
= K2 B az_l tz = [3_22 oc-zl +1 =K% Therefore, ‘H(ejm)i =K, for all
1-az  +Pz z “-oz +Pz

values of . Hence ‘H(ejm)l =1ifK=1.
(d) Note H(z) is an allpass transfer function with a constant magnitude at all values of ®.

The signal-flow graph representation of Figure P6.6 is as shown below:

w w. w
X(@) ——1 > G s
k
-k, 2 -k,
-~ z-'l
-1 o
W z, 2,
5 ) W, W,
N S > Y(2)
Loop #1: {W5, Wg, W4} - loop gain g = kzz'l.
Loop #2: (W, Wy, W, W4, W3, Ws} - loop gain gy = — klz‘z.
Loop #3: {W1, W,, W, W3, Ws) - loop gain g3 = kikpz™1.

Therefore A=1-k,z ™ —kk,z ™ +kz 2 =1-ky(l+kz +kz 7.
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Path #1: {X, W1, Wy, W, Wy, Y} - path gain gy = a22‘1 and A, T 1
Path #2: (X, W1, Wy, Wg, Wy, W3, Ws, Y} - path gain g3 = ctlz‘2 and A, = 1.
- Path #3: {X, W1, Wa, Wg, Ws, Y) - path gain g3 =— akyz L and Ay = 1.

1

-1 - )
Therefore, Alg1 +A,8, + A3g3 =g +g,+83=0,Z — alkzz +oz . Hence,

-1 -2
Ag +4.8, +4A,8, _ (@, —ok,)z " +04z

A 1-k,(+k)z " +kz

For stability we must have |k1| <], and

5 -

iy 1+ k| <L+ Ky, or [l <1

6.9 (a) “The steps in the simplification of the signal flow graph are shown below:

1
X(z) o—+—¢—* —0 Y(z)
33 a2
B -1 -1
P
~ Z"l -1 Z—l
1
1
1 1 a4
X(z) > < :1 © 1 o—r— Y(2)
-1 - -1
n2 't 27 a2
— 1+27 1+2 14z
D\ 3 W,

X(z)

X(z)
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X(z)

a,(1+ 27 )2
a +z! )2 -3, 22
X(z) » — Y(z)
a.%z"l . alz_l(l-i-z'l)
1+27} a +z_l)2— aja, 2
a1+ z_l)2
1 (1+z-l)2—alazz"2
X(z) o———= > — Y(2)
-1 -1 -1
_ a,z (1+z }1]2

1

1+z— ( +27 )2 - alazz_2

Hence the transfer function is given by

a 1+ 771 )2
(+z7)? —aay2™?
H(z)= = -132
a5z al(l +z7)
+

+
1+z7! 1+ z'l)2 - alazz'2
a‘..(1+z“1)3
1+(a1 +a, +3)z‘l +3- aja, +2a3 + 22-.1)1"2 +(1+a1 +aj;—aa, - a1a2a3)z'3

(b) To use Mason's gain formula, we observe that the original signal flow graph has a single
path with a pth gain P| = a4, and 6 loops with loop gains L, = —a3z'1, L,= -z

b4

L3 =—alz‘l, L4 =—z'1, L5 =—z‘1, and L6=alazz‘l. Hence,
A =1-(B3z7Y+@ 2+ 2427 - (-2 =(U+271) . and

_ “1_~l_, ~1_~-1__-1 -1
A=1-(-ayz z a,z z 27 +aa,z )

-2 -2 _ -3 2,2 2,2 _ -3 -2
+(agz " +a52 aja,az " +az " +z “+z " +z a2,z " +2,27%)
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- (—z“3 —21132'3 - alz_3).

Therefore,
a,(1+z7")?

H(z) = - — -
@) 1+(a; +a, +3)z‘1 +(3+2a1 +2a3 ‘“3132)2 2 +(l+a1 +aj;—aa, —a1a2a3)z

6.10 (a) The steps in the simplification of the signal flow graph are shown below:

1 -1

1
aou oy
-1
T
Y(z) o—r——o 1:
1 -1
X(z) L >t g
——'—1‘1 {
O BIZ—I 1
1- alBlZ—l
Y(@) o——<—<«1 T —
1 1
X(Z) (o4 > o> —0
+ 1 ( Bzz-l(l —a3B3z—l)
- a(z) = - - —
% __91.1___1 | (- oByz D-0yByz )+ Byyz ™
1- alﬂlz—
Y(z) o——l—ﬁ—o— 1: ——
X(z)
{ Bz
Go b(2) = _{ =
1-o8z +a(@) Pz

Y(z) o+

1

. Y(z) _ _
Hence the gain H(z)= -5(—(—5 =0+ b(z) =0, +

512_1
1- 0!.1[312"1 +a(z) [ilz“1
Bz (1- B,z )1 - 0,B,27) + B ByByz
%o ¥ (1-oBz - B,z )(1-a Bz )+~ aBz BBz 2+~ a,B,z BB,z

(b) To use Mason's gain formula we observe that there are two paths with path gains
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P =0, and P)= Blz‘l. In addition there are 5 loops with loop gains L; = alﬁlz“l,
L,= azﬁzz‘l, Ly=- Blez“, L,= (13[332’1, and Lg=- B2|33z"1. The two co-factors are

A=A, and A,=1- (oc2[32z‘1 + oc3[33z‘1 - B2B3z‘2) + (a262a3[332‘2 ), where

A=1-(apz '+ 012[322”1 ~B B,z %+ Bzt - B,B,z72)
o 0Bz + o BBz — 0 BiBoByz ™ + 08,0527 - 05B,BB527)
— (04050B,B,B32 ™)
=1 (0B + By + 0Bzt + (0 0yB, +0Py 0By + 0By 0sPy + BB, +ByBy)z
— (040,04, B5By + 0By BoBs + o,B,B,B5)2 .
P A+ P,A, -p +_I_>2_é;
17 A

et Blz_l(l——a3[33z"1)(1—ot2[322'1)+B1B2{33z'3
0 - alﬁlz'l )1- azﬁzz“l)(l - a3[33z"1) +(1- alﬁlz‘l)ﬁzﬁ3z‘2 +(1—- a3ﬁ3z‘l)[31[32z‘2

Hence, H(z) =

6.11 (a) The steps in the simplification of the signal flow graph are shown below:
o

1
| 1 1 9 4‘[———-’F1$———>—-4Y(Z)
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Y(@@)

o.f !
A@) = {ﬁﬁ;ﬁ +a2]G(z)

Boz | | D@ 1 D(2) =__£_‘£__.
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D(z) C(z) = @ o+ A(2))DXz) + 05

D5 vz

-1
x@o—2—o2 o ve)  pp-—0
1-D@Byz "

Y(z)

Now, H(z) = f(ﬁ = C(z) E(z), where

- aBzt LY Bz @+ Bz (1+Byz ! -B,Byz D)
C(Z)—I:a0+[[1+ﬂ3z—l e }(1+B3z‘1—BZB3z‘2 (1+B3z'1—BzB3z‘2—BIBZZ“Z(I+B3z“1) T

and
B()Z—l BOZ—I(I + B3Z-1 - B2‘33z—2 - [31[322_2 - 3152{332—3)

E(z) = =
@ 1- D(Z)Boz_l 1+ B3Z—l - (BzB3 + B1B2 + [31[30)2_2 + (Bleﬁ:; + B1B0l33)2_3 + 303132532—4
Hence,
o,Boz " + (B, Bg + aBBg)z 2 +(0tgB BBy + 01y BBy — 3B oBoB; — ;BB By~
+ (-0 + oy +o, —0)BB BBz
1+ [332_1 - (BzB'_g + Ble + BIB())Z_Z + (Blﬁzﬁ:; + B160B3)z—3 + B()B1B253Z—4

H(z) =

(b) To use Mason's gain formula we observe that there are 4 paths with path gains
P =a,Byzl, Py = agBoBiz % Py=cBeBiB,z >, P, =cyBoB,B,Bsz. In addition, there are
4 loops with loop gains L; = Boﬁlz"z, L, =B1[522‘2, L, =Bzﬁ3z‘2, and L, =—[33z'1.

The co-factors are given by

A =1-B Bz + B,Bsz % B3z ™) +(BB,Bsz ) Ay =1-(BPyz ™ -Byz ™),

Ay =1 +B3z‘1, and A, =1. The determinant is given by

A=1 —(BOBIZ—Z + B1B2Z~2 + B2B3Z—2 - B3Z—I )+ (BQBleﬁ3z—4 - Boﬁ1B3z—3 - B1B2B3Z—3)
=1+ B3Z—1 "(ﬁoBl + B]Bg + B2B3)Z_2 - (B0ﬁ1B3 + B1[32B3)Z—3 + B05152B3Z—4

W, .
X(z) + 3
-k,

6.12

s ot s L 1 R i ot R S il




From the above figure we get W, = X—klz—1W3, W, =W, +k22_1W2, W, =(-k, +z—l)W ,
Y= onlz’lw3 +azz_1W2. From second equation we get W, =W, — kzz—lW2 =(1- kzz“l)WT
Substituting this and the third equation in the first we then obtain

X ~kz7 @ —ky)W, = (1= k,z W, or X =[kz (27 —kp)+1-kyz ' IW,. Next, from the
third and fourth equations we get Y = [ozlz—l(z-1 —k2)+a2z_l]W2. Finally, from the last two

-1 -2
. (o, —0t.k,)z ~ +0Z

equations we arrive at H=X= 2~ %K) ~ 1 .
X 1-k,(I+kpz +kgz

6.13
So(Z)

X(2) —D—

5@ (e
Analysis yields So(z) =X(z) - S,(2), S,(z)= z'lsz(z) + z‘lss(z), S,(2)= a,8,(2) - z‘lsz(z),
S;(2)= a,27'85(2) - 2718,(2), S4(2)=Sy(2)+ 27!8,(2), S5(2)=284(2)— 271S4(2), and
Y(z)=2a,S,(2). Eliminating Sq(z), S1(2), S2(2), S3(z), S4(z) and S5(2) from these equations we
get after some algebra

_Y(@2) _ a4(1 +z
X(z) 1+Q3+a + a3)z"1 +(3+2a; +2a5 - a]alz)z‘2 +(l+a; +a;—a,a, - a1aza\3)z'3 )

—1)3

H(z)

6.14

Y(z) )

Analysis yields Y(z)= o X(2)+ Blz‘]RI(z), W, (@)= X(z)- Bzz‘le(z),
R,(2)=W,@+a,Bz 'R |@), W,@=Bz 'R@)- B,z IW,(2),
R,(2) = Wy(2)+ 0,8,z 'Ry (2), W3(2)= B,z 'R, (2) + 048527 W, (2).
From the third equation we get Wl(z) = (l—alﬁlz‘l)Rl(z). From the sixth equation we get
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-1

R W

Wi(2)= Byz 2(23 . From the fifth equation we get R,(z)= __.___——2(2) —
1-a,Byz -0,B,z

Rewriting the fourth equation we get W,(z)— B3z lw 4(2)= Bl "R (z), in which we substitute
the expressions for W3(z) and W1(2) resultmg in

- BB,z -
Rz(z){(l‘azﬁzz >+<T:3Tj§;:—‘s}=ﬁxz 'R, (@), or
ﬁlz-l(l - 03[532—4)
R = .
2(2) BB,z +(1- B,z - ez ™) R@
Combining W,(z) =X(2)- Bzz"Rz(z), W, (2)= - alBIZ'l)Rl(z).and making use of the

expression for Ry(z) we arrive at

R,(2)= BBz 2 +(1- 0B,z - ayBz)

-2 21 X(z).
B2B3Z (1- a1B1 ) +(1- alﬁl a- azﬁzz )(1 (13B32 ) + Blﬁzz (1 a3B3Z
Substituting the above in Y(z)= aOX(z)-!-B] z IR 1(2); we finally get

Hz)=~& =

N BBZB3Z +B,z” la- aszz ha- a3ﬁ3z
X(z)

(1- alﬁl 21—,z )1 - ayBsz ™)
+B,Byz” 2(1- apz '1)+B1B22 (1- a3[33z

6.15
%o
X(z) 4@—‘ Y(z)

i

&

+
N
Loy
Analysis yields

W, (2) = X(2) +B,2 _IW (z), W,(@)= Boz (z)+Bzz'1W (),
W,(2)=P2" W, (2)+B,z 27 'W,(2), W@ =B,z W, (2)-Byz” W, (2).

-1
z
From these equations we get W;(z) = Py — W, (2), and
1+B,z
[1 +Byz 7t -B, Bz

- B 27l (1+B z7h
W.(2)=B.z"'W,(z), Or, W,(2)=| — 3
1+B32_1 ] »(@) Blz 1(2) r, W,(2) [1+B3Z_1 _‘32332_2 WI(Z)
-1 -1_ -2
In addition, wl(z)=( - Boz '(1+B,z™ —ByByz ") ) W@

1 B3z"1 - BBy + [31[32)2—2 - B1B2B3z"3
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B()Blz—2 1+ Bgz_l - BzB3z—2)
1+ B3Z—1 - Bz(ﬂl + [33)2—2 - B]B2B3Z—3
Wo(2) = 1+ B3Z—l - Bz(Bl + B3)Z—2 - 31[32B3z_3 <
0 1+ B3Z—l "(B]BZ + B2B3 + BoBl)Z—Z - B153(Bz + Bo)z—3 + Boﬁlﬁgﬁ3z-4
Boz_l(l + B3z—l - 32332_2)
W @)= - = 3 3
1+ B3Z (ﬁlﬁz + BzB3 + B()B] )z [31[33(32 + Bo)z + BQB1B2E’3Z
B1BQZ-2(1 + Bg,z_l)
W,(2)= = ' =) = =
1+ B3z - (Blﬁ’z + 52[33 + BQB] ) ﬁIB;;(ﬁz + Bo)z + BoB1B2ﬁ3Z
ﬁoB]BgZ_a
W. = - — X(z).
o (1 +B,z7" = (BB, +BoB3 +BoBy)z 2B B3 B, +Bg)z” +BoByBByz "
Finally, Y(2) = 0,802 W@+ aoBz™ Wi @)+ 0, B,2 " W, () + 0Bz W3(z). Substituting the
expressions for Wo(z), W1(z), W,(z) and W3(2) in the above we get ’
ayBoz " +(03B3Bg + 0oB,Bg)z 2 +(atgBoByBs + 5B BBy — a38,8,Bo — o3B0B,B3)2 7
Y(z) HoOy + 0y — G+ o BB BBsz "
H@)=- = = ) 3 i
X(2) 1+ B3Z - (Blﬁz + BgB3 + BoBl)Z - BIB3(B2 + Bg)z + B0B1B2B3Z

e 3 e 3 o s
R,
O, @® ©, ® @
1 1 1 -1 -1

z—+z-+z-+z+z+

Now, Wo(z)(l - ): X(z), Hence,

(
X( ?
(

X

z)
z)
z),
z)

6.16 (a)

0.32768 2.048 5.12 6.4 4




6.17

6.18

Note: All structures use 5 delays, 5 two-input adders, and 5 multipliers.

H(z)= (h[01+ 31z + i1z )+ 27 (Bl1]+ b1z +h(7)z )42 (h[2]+ b5}z +higlz™)
=Hy () +2 @ )+z 2H2(z) Hence, Hy(2) = hi0] +h{3]z™" +h{612 ™,

H,(z) = h{1]+h[4]z" Lih(7]z2, and H,(z)=h(2]+h{S]z"" +h(8]z">. A canonic 3-branch
polyphase realization of H(z) is thus as indicated below:

@ »
h(0] % h[3g h{6]
{3 =
h{1] h{4] h{7]
+ +
h{2] - h(5] h(8]
wa

H(z) = (h[0]+h[2]z'2 +h{4]z™* +h{6]z ™ +h(8] z’8)+z“(h[1]+h[31z‘2 +h[5]z +h[T)z )
=H,y(z})+2z 'H [z%), where Hy(2)= h[0]+h[2]z'1 +h[4)z~2 +h[6]z"> +h[8]z™*, and
H,(z)= h[1]+ h(3] 27! +h(5]z" +h[7]z . A canonic 2-branch polyphase realization of H(z) is

thus as indicated below:
h(6]
h{8]
P D@

6.19 H(z)= (h[0]+h[4]z +h[8]z'8) "(h[1]+h[5]z"4)+z'2(h[2]+h[6]z4)+z’3(h[3]+h[712'4)

—H, ) +2 H 2+ 2 H, ) 4z “H,(z"), where Hy(2)= h[0]+h[4]z L niglz™

H, (z) = h{1]+h{5]z" L Hy(2)= h{2]+h(6]z”}, and H,(z)= h(3]+h[71z"}. A canonic 4-branch
polyphase realization of H(z) is thus as indicated below:

h[O]g
h[l]%

hi2]

h{3}
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6.20
2! 2!
+ +
— -1 -1
z_l z°1
h{3]
& @
6.21
-1 -1 -1 -1 5
VA ¥ A YA VA
i ]
-1 ~1 -1 -1 -1 |z
1k 4! 'k =
holN b1l h(2] hmf ht4%
- - @ D—s
6.22

H(z)
The total number of unit delays in the realization is equal to (M—1) which is same as that

required in the realization of H(z). Likewise, the total number of multipliers in the overall
structure is equal to (M+1)/2 which is also same as that required in the realization of H(z).

6.23 Without any loss of generality, assume M = 5 which means N = 11. In this case the transfer
function is given by H(z) =

z'5[h[5] +hidlz+z H+hEIEE 427 + h(21(23 +2~2) + h{l}z* +27%) + h{0}(2> + 2_5)].

Now, the recursion relation for the Chebyshev polynomial is given by
T.(x)= 2xT,_;(x) =T, _,(x), forr 22 with Ty(x) =1 and T,(x) =x. Hence,

T, (x) = 2x T,(x) - Ty(0) =2x" 1,

T,(x) = 2x T,(0) - T,(x) = 2x(2x” = )~ x =4x’ =3x,

T,(x) = 2x Ty (0 - T, (0 = 2x(4x° =3%) - @2x” ~ ) =8x" -8x" +1,

Ty(0 = 2X T, (0 - T,(0) = 2x(8x* ~8x” + - (4x’ 3% =16 ~20x” +5x

We can thus rewrite the expression inside the square brackets given above as
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z+2

h{5]+ 2h[4]T1(

z-i-z—1

= h[{5]+ 2h[4](

z+2

+2h{1] 8[

2

Y -
—SZZ
2 2

] +2h(3]
L

1)

z+2 !

+2h[l]T4(

2

—1\2
2(“22 ) —1|+2n[2]] 4

5
-1
+1|+2h[0] 16(”2Z ) —20(

1 -1
)+ 2h{3] Tz(-z—fzi—) + 2h[2]T3(-Z-i2-z—-—

J+ h[O]T;

242

5 -1\? . )
= 2a[n](z+z )  where a[0]= h{5]-2h[3]+2h(1], a[l]=2h[4]—-6h[2]+10h(0],
=0

a[2]=4h[3]-16h(1], a[3]=8h[2]- 40h[1], a[4]=16h([1], and a[5]=32h[0].

5
A realization of H(z) = 27 Za[n]
n=0

+a[2]z—3{1 tz

is thus as shown below:

1+z"2

z+z—l
2

) 2 o2 )
. ] +a[3]z_2( +2Z ) +a[4]z_1[

1+

-2
z

1+z_2

1+2z2~

) =a[0]z™> + a[l]z—4(1

2\4 2\
1+2z

1+z~

2

2

a[0]
i‘, 2!

afl]

4

2 1 2

2

2

a[2]

Z

-1

6.24 Consider H(z) =

a[4]

D— 1

+

a(5]

-1

+z-2}

2

+

P() = Pl(z) . Pz(z) . P3(z) . Assume all zeros of P(z) and D(z) are complex.
D(zy D,(» D,(2) D,(2)

Note that the numerator of the first stage can be one of the 3 factors, P1(2), P5(z), and P3(2), the

numerator of the second stage ¢
third stage is the remaining factor. Li
the 3 factors, D1(z), Dy(2), and D3(2), th
remaining 2 factors, and the denominator of the third stage is t

there are 6 X6 = (3!)2 different types of cascade realizations.

an be one of the remaining 2 factors, and the numerator of the
kewise, the denominator of the first stage can be one of
e deniminator of the second stage can be one of the
he remaining factor. Hence,

If the zeros of P(z) and D(z) are all real, then P(z) has 6 real zeros and D(z) has 6 real zeros. In
this case then there are = (6!)2 different types of cascade realizations.
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K
P.(z
6.25 H(z)= H—D_l((-z)i Here the numerator of the first stage can be chosen in (If) ways, the
i=1 i

numerator of the second stage can be chosen in i- ways, and until the there is only

possible choice for the numerator of the K-th stage. Likewise, the denominator of the first

stage can be chosen in (If) ways, the denominator of the second stage can be chosen in

1
Hence the total number of possible cascade realizations are equal to

K2 (K-12(K-2 (21 _ w2

(BT @) 0 =0

2+427 1 27272 4377
1422 45272

(K—l) ways, and until the there is only possible choice for the denominator of the K-th stage.

is shown below:

6.26 A canonic direct form II realization of H(z)=

N
1"

A VA

L
N

-1 -1
6.27 (a) A cascade canonic realization of Hl(z) = 1+?i22 — L+4z - is shown below:
1-2z2 " +2z 1-0.5z
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-1 -1

0.5 4 2 —1 0.2

-2

-1 -1

1+4z 1+0.2z .

H,(2)= — | resulting in
) (l—2z'l+22_2}(1—0.52 ‘J

2 -1 /
(b) A cascade canonic realization of H,(2)= 3( L+d/3)z }(1 +0.5z I 1 ) is

-2 +0522 \1-0.52" \1-/3)z!
shown below:
S D) D—E T ¥
Zm1 z"l 2'1
+
13 112 12 5
YA
-12 173

Another cascade canonic realization is obtained by a different pole-zero pairing given by

-2 -1
Hy=3 D | 1032 L | resulting in
1—21+05272 \1-(1/32" \1-0.52

-1 -2 -1
(¢) A cascade canonic realization of H,(z)= 8(1 +05z +0.752 Il +1.52 ) is shown

1421 +0.5 77 1+0.6z'l
below:

Transpose of the above structure yields a second cascade canonic realization shown below:

—_—
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-0.76 - j3. 48 -0.76 + j3. 48 2.52

6.28 (a) Hl(z)— =
1- (1+j)Z 1 -(1- _])Z 1 0.5z

which leads to Parallel Form I realization shown below:

2.52
+
=
0.5
-1.52
T T
-
2 8.48
o
-
-2

272 - 1424 272+_]424 126 .,
I—(+j)z" oa- izt 1052

leads to Parallel Form II realization shown below:

H,(2) =1+

147

e ot - O d L BN 2 2
I U N T B S T
2 2 2 2 2 3

_-152+84827 252
-2z 42272 1-0527"
5447 +304z 1.262'1 .
_1,whxch
1-2z" +22 1—0.52




- - T o which leads to Parallel Form I realization shown
1-z7 4222 1-=z"" 1-
_ 2 3
below:
N2
S )
-1
12
H—
(3-j45)z""  (3+j45z 2127 827
H,(z)=3+ + + -
i WO M B M P
2712 2712 2 3 b3
-1 -2 -1 -1
3 ~34 -6z +7i52 + 2112 -~ 8? , which leads to Parallel Form II realization g
-z 4222 1-=z7 1-=2"
2 2 3
shown below:
J\3
V
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6923—j11.5358 7. - |
(c) H3(z)=30+769 3 Loy 6923+11153§€l5_ 37384?1
1+(05-j05)z" 1+(0.5+j0.5)z" 1+0.6z

-1
+ 15.3846-3.84622 37.3846 which leads to Parallel Form I realization shown

=30
142 40522  1+062”"
below:
J\30
o>
~37.3846
——& +
Z—l
-0.
15.3846
¥ ¥
Z—l
L -
1738462
0.5, L
. -1 . -1 -1
-9. —jl. -9.6154 . ]
H3(z)=8+( 9.6154—j1 9231_)12 +( 9.615 +_].1 9231_)12 + 22 4308z_1
1+(0.5-j0.5)z 1+(0.5+j0.5)z 1+0.6z
-1 -2 -1
= 8+ —19'2308_21 7'6?3 3z + 22'43082_1 which leads to Parallel Form II realization shown
1+z +0.5z 1+0.6z
below:
_[\8
"\ )—

22.4308 |
+

+
| 27! -19.2308
o o
z—l
05
~7.6923

6.29 The structure of Figure P.611 is seen to be a Parallel Form II realization. A direct partial

fraction expansion of H(z) as a ratio of polynomials in z results in-
2 227" 277"

2+05 z+2 1+O.5z_1_1+22-1.
structure of Figure P6.11, we observe that both multiplier coefficients in the top path are
incorrect. The multiplier coefficient of value 5 should have a value of -2, and the multiplier
coefficient of value —2 should have a value of 2. |

|

Comparing this expansion with the

H(z)=3+
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6.30 The structure of Figure P.612 is seen to be a Parallel Form I realization. A direct partial

fraction expansion of H(z) as a ratio of polynomials in 27! results in

H(z) = 3 -+ 2 — . Comparing this expansion with the structure of Figure P6.12, we
1+05z 1+2z
observe that A =3 and B =-1/3.

Y@z 1+a+B

X(z) 1+az l+pz
is given by y[n]+oy[n—1]+ Byln-2]=(1+0a+pB)x[n], which can be rewritten in the form
y[n]= x[n]+ a(x{n] -y[n - 1)) + B(x[n]-y[n—2]). A realization of H(z) based on this equation is
thus as shown below:

6.31 The difference equation corresponding to the transfer function H(z)=

x[n] — D1 + y(n]

6.32 In order to implement H(z) in the form of Eq. (6.145), we need building blocks that realize the

and Gz(z) = , where A and B are real. Figures

1 1
Bz+T(2)’ A+T(2)
below show possible realization of G1(z) and G,(z).

F 1B — VA
z —
| =T(2) J¢ i -T(2) ]

two functions: Gl(z) =

To develop a realization of H(z) of Eq. (6.145), we first rewrite it as H(z)= A, +—-1—-,
Bz+T(2)
where
T)= -
A+
1
Blz+ 1
A, +
+ 1
1
Byz+—
N"TA

N
Note that the second term in the expression for H(z) is similar to that of Gj(z). Next, T1(z) is

expressed in the form of G(z) and realized accordingly. This process is repeated leading to

the complete realization shown below:
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6.33 The basic buiding block in the implementation of H(z) of Eq. (6.146) has a transfer function

of the form G3(z) = , whose realization is sketched below:

Bz+A+T(2)

1/B

-A

T(@)

The complete realization of H(z) is as indicated below for N odd.

6.34 The basic buiding block in the implementation of H(z) of Eq. (6.147) has a transfer function

of the form G,(z)=——3 L , whose realization is sketched below:
Bz +A+T(2)
a— D
Vo
-1 -B
-
T(z)

The complete realization of H(z) is as indicated below for N odd. It can be seen that the
structure shown has delay-free-loops (for example, the loop containing the multipliers 1/A| and

1/A5) and is therefore not ralizable.
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7202% +2402 +12
72023 +60022 + 72z +1

6.35 A continued fraction expansion of H(z)= in the form of Eq. (6.145)

is given by
1
H(z) = i )

z+ i

Likewise, a continued fraction expansion of H(z) in the form of Eq. (6.146) is given by

1
H(Z) - 1 1 ’

z+—+

-12z+3+ L 3
20z+—
3

resulting in the realization shown below.

&
+

2 _lid-e)(a-8)-1 —(1-g)a+d)-1
6.36 The new state-space parameters are A = 2[(1+e) @—8)+1 —(1+E)oi+5)+1
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], C= -;-[(xB -y Y- OLB], and D= B. The corresponding state-space structure is

~ _|1-¢
B‘li1+e
shown below:
3 (1-e)(a—-38)-1
4 "'__2———"
-1 -eXa+d)-1
3y = 3
_(+e)a-9+1
gy = )
—(+e)(a+d)+1
9 = 5

6.37 (a) From the state-space description, A = [—?5 065]. B =[é], C=[2 3} andD =2, we
-1
z+0.5 —0.5] [(1)]+2

arrive at H(z)=C(zI-A)"'B+D=[2 3][ 9 .
2
1 z 05 T1 2z°+3z+2
S ) 3[ ]+2 = .
22+O.52—0.5[ i z+0sjo 22 +0.52-0.5
. rno1y-os osyt 17t _fos ol g_ft tL]-[t
- (b) A-[1 -1][1 0][1 —1} “[—0.5 —1} B‘[l —1][0}—[1]’
c=[2 3]8 _11]=[5 ~1], and D=2.

6.38 (a) From the state-space description, A =B —ll} B =B]. C=[1 3] and D =3, we arrive

at Hz)=CzI-A)'B+D=[1 3] [2:32 L l]—lB] +3

2
1 [z—l -1 1] 322-22+9
=1 3 +3 =22 2277
zz—3z+5[ ] 3 z2-2)2 22 -3z+5
< 2 172 -z 17t _f12s 225 ~ 2 17[1_[4
(b) A—[z —1}[3 1][2 —1] ‘[—1.25 175 B-[z —1][2]'[0]'

c=[1 3][% _11]=[8 2], and D=3.
6.39 From Figure P6.13 we get sl[n +1]= asl[n]-aBsz[n]+(l —ap)x[n], s,[n +1]=s,[n], and
—asl[n]+(1+ocB) sz[n]+a[3x[n]. Hence, the statespace parameters are given by

yln]=
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A=[? "‘5'3], B:[l—gﬁ} C=[-a 1+0p] and D=ap. Therefore,

H@) = [~ 1+a3][2:1°‘ aZB] [1 gﬁ] vap <BZzaztl

z°-az+f

Y, C+DHy_ @

6.40 (a) From the structure of Figure P.6/14 it follows that Hy(z) = 1= , from
X, A+BHy @

C-AH\®@)
BHy(2)-D

C(I+gdiz‘i}—A(§piz’i}

at HN—l(z) = N N
B[zpiz_i}—D(l+Zdiz“i]

_(C-Apy)+(Cd, - Apl)z'1+ ++Cdy_ l—ApN Pz N H(Cdy —ApN)z
(Bp, —D)+(Bp, ~Dd))z™" +-++(Bpy_y ~Ddy_,)2” N+l+(Bp ~Ddy)z N
Substituting the values A = 1, B =dnz™ lc= pg-and D = pNz , we get HN_1(2)
) (Pg — Do)+ (Pody =Pz o+ (g P2 +(Rody —pp)2
(dyPo — pN)Z—1+(de1 pnd; )z 4 +(dyPN-g ~ PNIN- I)Z_N'*'(dNPN—PN N)Z_N—l
(Po 1 Pl)+(P0 2 P2)z +---+(pyd N 1~ PN- 1)2 ~N+2 +(p() "'pN)Z-N+1

which we get Hy_,(2)= . Substituting the expression for Hy(z) we then arrive

(Pody —Pp)+ (Pydy —Pydpz !+ + (Py_ydy — Pdn)Z” N
-N+2 ~-N+1 -
+p 2 4t 'z +Pn i Z
PO pl pN 2 _Erjf l where 4

1+d,"z"” Ty +dy_'2

d dy —Dpad
,=Pk k+1 pk+1’ k=0,1,..,N—1, and dk'=p_k.l‘.‘_._m_L, k=12,..N-".
Podn PN Podn — PN

Py

(b) From the chain parameters, we obtain for the first stage t;; = % =Pg»
_AD-BC

t12 - A

corresponding input-output relations are then given by

- -1 _1 _ B _ -1
—(PN"'PQdN)Z ) tZI—X“l’ and t22—'—X__sz . The

Y, = poX, +(py ~Podn) 2! =Po(X| —dy 27 Ky + bz Xy,
Y, =X, -dy z"1X2. Substituting the second equation into the first we rewrite it as

Y, =poY, + pNz'IXZ. A realization of the two-pair based on the last two equations is
therefore as indicated below: ‘ P
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Except for the first stage, all other stages require 2 multipliers. Hence the total number of
multipliers needed to implement an N-th order transfer function Hy(z) is 2N+1. The total
number of two-input adders required is 2N while the overall realization is canonic requiring N

delays.

-1 -2 -3
0.442 4_-10 3622 _; 0.002 2_3 , using Eq. (6.152) we arrive at
1+042  +0.182 “-0.2z

-1, -2 B
~. Repeating the procedure we obtain H,(z)= _1_0§9_3iz__1_
14+0.7746z

6.41 From H,(z)=

+z
1+4.8z2 1 +8.82”
From H3(z), Hy(2) and H{(z) we then arrive at the cascaded lattice realization of H3(z) as

H,(z)=

shown below:

z
6.42 (a) From H,(z) = 1+4227 +08 2 using Eq. (6.152) we arrive at
) 3 1—2.51_l+3z_2—z_3’ o
-1 =2 -1
H,(2)= 6.7 _2'_2_12 +z = - Repeating the procedure we obtain H,(@)= 6—9—5—8-7—‘1_1_—1-
1+4.2z +0.8z 1-1.367z

From Hj3(z), Hy(z) and H(z) we then arrive at the cascaded lattice realization of H3(z) as
shown below:

341527 +272 40527

(b) From H,(z)= — — — ,using Eq. (6.152) we arrive
A B =T 83332 1 +1.52 2 - 0.58332 +0.08332~ g Bq. (6152)

98,0108 +14.00562" =9.00322 % +2>

Repeating the procedure we obtain
140,521 +033332 2 +0.16672 d P

b

at H3(z) =
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4.0407+0.05872 " +27° 2.7703+2""

1-032362 | +032352 and H,(2)= From Hy(2), Ha(2), Ha(z) and

H,(z) = —, e leTE
2 2 1+0.57262"

H;(z) we then arrive at the cascaded lattice realization of Hy(z) as shown below:

84162 +1227 2 +927°
14162 +1.1272+032>"

-1 =2 -1
0.4848 + 0,:1?48 z_*z -5 Repeating the procedure we obtain H1 ()= —0.4101+ Z_l .
1+1.45.452  +0.9545z 1+1.846z

From H3(z), Hy(2) and Hq(z) we then arrive at the cascaded lattice realization of Hs(z) as

(¢) From H3(z) = using Eq. (6.152) we arrive at

Hz(z) =

shown below:

6.43 When Hy(z) is an allpass transfer function of the form

Lz

N

dN +dN_1z

Hy(@)= Ay@= then from Eq. (6.152a), the numerator coefficients

1+d1z'1+---+sz

dy— dyd, ., —d
of Hy_1(2) are given by P = Po 1214'1 P+t _°N k+12 N-k-l and
Podn ~PN dy -1

g4 _ Pr—g=t9N TN dypdn —INok-1
N-k-17 d. - 2 B
PoN ~Pn dy-1

transfer function of order N-1. Since here py = 1 and pg = dy;, the lattice structure of Problem

Py implying Hy_;(2) is an allpass

6.40 then reduces to the lattice structure employed in the Gray-Markel realization procedure.

6.44 (a) Consider the realization of Type 1B allpass transfer function. From its transfer parameters
given in Eq. (6.62b) we arrive at Y, = z_1X1 +(1+z_l)X2 = z—l(X1 +X,)+X,, and
Y, =(- z*l)X1 - z—lX2 =X,- z-l(X1 +X,). A realization of the two-pair based on these two

equations is as shown below which leads to the structure of Figure 6.36(b).

!
|
|
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(b) From the transfer parameters of Type 1A, allpass given in Eq. (6.62¢) we obtain
- -2 - -1, - -

Y, =27'X, + Xy and Y, =(1-2 X -2 Xy =X~z l@7IX, +X,) =X, -2 Y. A

- realization of the two-pair based on these two equations is as shown below which leads to the

structure of Figure 6.36(c).

(c) From the transfer parameters of Type 1B, allpass given in Eq. (6.62d) we obtain
Y, =27 'X, + (-2 X, =27 (X =X +X,, and
Y, = a +z'l)Xl - z_le = X1 + z"l(Xl - Xz)' A realization of the two-pair based on these two

equations is as shown below which leads to the structure of Figure 6.36(d).

6.45 (a) A cascade connection of three Type 1A first-order allpass networks is a shown below

which is seen to require 6 delays:

Fr— 'Z_l 4 r— ,Z—l o P— 'Z—l

N
By delay-sharing between adjacent allpass sections we arrive at the following equivalent

realization requiring now 4 delays.

S P, PE P P& 7!

-1

T _1<}__|'( ﬁlr

(b) A cascade connection of three Type 1A, first-order allpass networks is a shown below which

is seen to require 6 delays:

o -1+

157

i




By delay-sharing between adjacent allpass sections we arrive at the following equivalent

realization requiring now 4 delays.

-1 b -1 ¢ |z

-1, =2
dld2 +d1 Z +z

= — in the form of a constrained three-pair as indicated
1+d;z +dd,z

6.46 We realize A,(2)=

below:

i 1 x
Itu tiz t13|
|th1 t22 ‘23J dy

t tn i

Y —

X3

Y, t
1 11
From the above figure, we have | Y, |=|ty; X2 , and X, =d;Y,, X,=-d, Y;.
Y] |ts
§__

, where
D(z)

From these equations, after some algebra we get Az(z) = -5-(— =
1

D(z)=1-d,ty, + dytyy + dld2 (ty3tap — t22t33),and

N(z) =t;; —d; () gy — tipty) +d (tyytyy ~tistsy)

dd,{tyy(t15ta —tiatag) + tay ooty ~ tiat 23)“11(‘23‘32 ~tyts)}
Comparing trhe denominator of the desired allpass transfer function with D(z) we get
ty =2ty =0ty
function with N(z) we get t;, = 27, tipty = z_l(z-2 ~1), ty5t3; =0, and

=772, Next, comparing trhe numerator of the desired allpass transfer

t3p(tyqtys = t21t13) +q,(tyot3 = t12t23)= 1. Substituting the appropriate transfer parameters
from the previous equations into the last equation we simplify it to t;5ty 1ty +t3,t15t53 =2
Since tigty = 0, either t3= 0, or t =0. (Both cannot be simultaneously equal to zero, as this
will violate the condition t 5ty 83, +t31t15t)3 = 41
Consider the case t ;=0. Then the equation above reduces to t;;t,5t,3 = 2~ —1. From this
equation and t)3ty, = 272, it follows that

ty =272 tyy =Lty =2t 1= -D@E” +1)(z 2 +1).
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There are four possible realizable sets of values of tp; and t3; satisfying the last equation and

ity = z"l(z'2 —1). These lead to four different realizable transfer matrices for the three-pair:

— 72 z2-1 0 272 zl+1 0
Type 2A: | 2 z:; 1), Type 2B: | z '@ =) b1
ERE R 0 @+ =) 2?0
| 22 1.1 0 272 1 0
Type 2C: | z '@ ' +D) 1 1l Type2D: |z7'z?-1 27t ]
S | LS B 274 -1 2 9

A realization of each Type 2 allpass structures is obtained by implementing its respective
transfer matrix, and then constraining the Y, and X, variables through the multiplier d; and

constraining the Y3 and X3 variables through the multiplier —d; resulting in the four structures

shown in Figure 6.38 of text. R

<

It can be easily shown that the allpass structures obtained for the case t; =0 are precisely the

transpose of the structures of Figure 6.38.

6.47 A cascade connection of two Type 2D second-order allpass networks is a shown below which

is seen to require 8 delays:

w(n} win-1]—7 win-2]
\ g » z

— y(n]

win-2] LZ w{n—l‘]

By delay-sharing between adjacent allpass sections we arrive at the following equivalent

realization requiring now 6 delays.

x[n]

win-1]

The minimum number of multipliers needed to implement a cascade of M Type 2D second-

order allpass sections is thus 4 + 2(M-1) =2(M + 1).
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-2

d2+dlz_1+z . : o ,
— in the form of a constrained three-pair as indicated in

1+d, 2" +d,z

6.48 We realize A,(z)=

the figure in the solution of Problem 6.46. Comparing the numerator and the denominator of

the Type 3 allpass transfer function with N(z) and D(z) given in the solution of Problem 6.46

-2 1

) _ - =2 ) S )
we arrive at t); =2z 7, lyy =2 s t33 =2 T tystay =7 T, tygty, =2 (z °-1),

—4 =3, -2 -1, —4
13t3) =2 -1, t13t21t32+t13t21t32—z (z™“=1+z (z  -1). To solve the last four

equations, we preselect ty3 and t3) satiasfying ty;ty) = 272,and then determine realizable values

t

for t12- 21, t13, and 315

Choice #1: tg3 = 271, ty3p = z~2. This leads to four possible realizable sets of values of ty3, ta1,

t13, and tgj, satisfying the constraint equations given earlier and resulting in the transfer

matrices given below:
i 1

72 2.1 z7%-1 , 72 1 27
Type 3A: __zz-1 z:; z:; , Type 3B: z"l(z—1 -1 z! 2!
27+l z @ -nE Py 27 -2
| 772 11 271 272 1 1
Type 3C: z—l(z_1 +1) 2! 21 Type 3D: 2_1(2‘2 -1) !
[CREe R VN s B

A realization of each Type 3 allpass structures is obtained by implementing its respective

— transfer matrix, and then constraining the Y, and X, variables through the multiplier d; and

constraining the Y3 and X3 variables through the multiplier —d,. Realizations of Types 3a, 3C

and 3D allpass are shown in Figure 6.38 of text. The realization of Type 3B allpass is shown

below:

Choice #2: ty3 =1, t33 = z-3. This leads to four possible realizable sets of values of t;9, ty},

t;3, and t3y, satisfying the constraint equations given earlier and resulting in the transfer

o0 bt 5 Siif e i & 8 £

matrices given below:

22 ZlEen 2t 272 @ley 24
Type 3E: 1 7! 1 | Type 3F: 27 -1 27 1} i
272 +1 23 272 (z"1 - 1)(2‘2 +1) 23 272
772 z"l(z—1 -1 2711 272 z—l(z_1 -1) 2 1-1
Type 3G: 21+l o 1 Type 3H: 772 -1 2! 1
@ +DE 2 +1) 27 27 -1 27 27

Realization of Types 3H is shown in Figure 6.38 of text. The realizations of Types 3E, 3F and

3G allpass are shown below:
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Choice #3: ty3 = 72, t3p = z~1. The structures in this case are the transpose of the Types
3A, 3B, 3C and 3D allpass networks of Choice #1 given above.

Choice #4: ty3 = 273, t35 = 1. The structures in this case are the transpose of the Types
3E, 3F, 3G and 3H allpass networks of Choice #2 given above.

6.49 A cascade connection of two Type 3H second-order allpass networks is a shown below which

is seen to require 8 delays:

+
a
1 -1 winj |
x[n] z Yz T T g —y— y([n]
Z—1 Z-l
b win—1] d I
-1 Z—l
_ z
1 + -1 o

By delay-sharing between adjacent allpass sections we arrive at the following equivalent

realization requiring now 7 delays.

win]

x[n]

e

The minimum number of multipliers needed to implement a cascade of M Type 3H second-

order allpass sections is thus 4 + 3(M-1) = 3M + 1.

24z 42272 0.125-0.75z"  +272

— —-. Choose, A,(z)=
1-0.752"1 +0.125272 2 207527 +0.125272
k,= A,(e0)= d, = 0.125<1. Using Eq. (6.71) we next determine the coefficients of A;(z)

0.66667 +2 "

1-0.666672""
[k |=0.66667 <1. Therefore, Ay(z) and hence Hy(z) is stable.

. Note

6.50 (a) H,@2)=

arriving at Al(z) = . Here, k1 = Al(oo) = dl‘ = -0.66667, Hence,

To determine the feed-forward coefficients we use o, =p, = 2, a, =p, —ocld1 =2.5,
a3 =P -oyd, —o,d,'= 3.41667. Final realization of H;(z) is thus as shown below:
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(b)

(c)

W)

X4 +
-0.125 0.66667
0.125 -0.66667
‘Z—l o z—l
2 25 3.41667
W) Cmat
-1 -2 -1 -2
1+2z  +3z 025-z " +z
H,(z)= — —-. Thus, A,(z)= — —-. Note k, =A,(0)=d, =0.25<1.
21— r02527 2 -z 102527 2772 2
) 08+z!
Using Eq. (6.71) we next determine the coefficients of A;(z) arriving at A@@)= -i—oé—_—l
-0.8z

Here, k, = A(e0)= —0.8. Thus, |k1|= 0.8<1. Therefore, Ay(z) and hence Hy(z) is stable.

To determine the feed-forward coefficients we use o, =p, =3, a, =p, -0, d; = 5,
0y =P -o,d, —a2k1 =4.25. Final realization of Hy(z) is thus as shown below:

X, —E)— W)
0.8
-0.8
!
425
") DY,
24527 +82 24327 025405z 1 +0.75272 +272

H.(2)= — - —. This implies, A,(z)= — - —.
1407527 T 405272 40252 T 1407527 405272 402522

Note k; = As(eo)= d, =0.25<1. Using Eq. (6.71) we next determine the coefficients of A,(z)

%4—%2_1 +272
arriving at  A,(z) = 7 e Note k, = A2(°°) =d,' = 1/3<1. Using Eq. (6.71) we
1+—-z +-z
3 3
. . .. 0.5+z!
next determine the coefficients of A{(z) arriving at A,(z) = -1——?-_—1— Thus,
+0.5z

k, = A,(=)=d,"=05<1. Since Jk;|<1 fori=3,2, 1, Az(2) and hence Hy(2) is stable.

To determine the feed-forward coefficients we make use of Eq. (6.98) and obtain o, =p; =3,
1

1 1 ] "
o, =p, —aldl =5.75, 0y =P, —ozld2 -oczdl =—§. o, =p, —-ozld3 —a2d2 —oc3d1 =—2.

Final realization of H3(z) is thus as shown below:
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-1

-1/2
W+ Y

]

-2 3

. Note

-1 -2 -1 -

1+1.6z  +0.6z .. ) 025-0.25z2 -z “+z

(d) H(z)=——" — —-. This implies A,(z)= — — —
4l -2 1-025272+0252° P T 212025272 +0.2527°

k3 = A3(oo) = d3 =0.25<1. Using Eq. (6.71) we next determine the coefficients of A;(z)
-1
-1+z

arriving at A,(z) = ———
-z

Note k, =A,(e0)= d,)’ = 0. Using Eq. (6.71) we next determine

-1
the coefficients of Aj(z) arriving at A(z) = 11+z— .
-z

k = A (e0) = d,"=-1. Since

|k1|= 1,A3(z) and hence Hy(2) is unstable. Feed-forward coefficients are next determined using
Eq. (6.98) and are given by o, = 0,0, = 0.6, 003 =22, 0, = 3.2. Final realization of Hy(z) is

thus as shown below:

XI +)— » ‘q"\ >
025
-1
_ 27 | 42! !
0.6 2.2 3.2
@ D— Y,
-1, -2 -3
3+1.5z +z “+0.5z
(¢) H.(z)= - — — . Hence,
s 1-183332 1 +1.52°2 —0.58332 > +0.0833z*
-1 -2 -3 -4
0.0833-0.5833z" +1.52 2 -1.83332" +z
A,(2)= - = . Note k, = A ,(e0)=d, =0.0833<1.
4@ 1-1.83332 1 +1.5272-0.58332 > +0.0833z* 4= A4 4

Using Eq. (6.71) we next determine the coefficients of A3(z) arriving at
0.433595 +1.384662 " —1.797227% +2>
1-1.79722 | +1.384662 > —0.4335952>
0.74558 —1.47397" " +272
1-1.47392"1 +0.74558 27>
—0.84436+2"
1-0.844362 !

kl - A1(°°)= dl... = —0.84436. Since Ikil <1 fori=4,3,2, 1, Ay(z) and hence Hs5(z) is stable.

. Thus, k; = Ay(=) =dy =0.433595<1.

A3(z) =

. Thus,

Continuing this process we obtain Az(z) =

ky=A,()= d, = 0.74558 <1. Finally we arrive at A (z2) = . This implies

Feed-forward coefficients are next determined using Eq. (6.98) and are given by
a,=0,0,= 0.5, oy =1.89859, oy = 3.606, o5 = 4.846.
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2+0427)0.5+227)  _ 1+4227'+08272

= . We first form
-2z 1+22D)(1-05z"1) 1-2527"+3272 -2 eh

6.51 (a) H(z)=

B s s et i £

“1+3z71-25 772+ 773
e

1—2.52'l +3z272-272

realization method cannnot be continued any further indicating that Gray-Market realization

A= Note that k3 = d3 = ~1. Since [k;|=1, H(2) is unstable. The

[

does not exist for H(z).

1., 2 1
3z(z+51)(z +§)

1 102 1
(z——z-)(z 3)(z z+2)
0.08333-0.583332"} +1.5272 ~1.83332> +z
Ay2)= -1 22 3 =
1-1.8333z-1 +1.527%2 —0.583332 +0.08333z
A (2)-k, | -0.433564 +1.384615 7117972272 +273
I-k,A,@) | 1-1.7972271+1.384615272 -0.43356427

. We first form

(b) H(z)=

-4
. Thus, kg4 = dg = 0.08333. Next we

Hence

determine A4(z)= z‘i

3= . Hence

k,=d

3 1-k,A () | 1-1.14739z771 +0.745627

A,(z)-k, | —-0.844398+27"!
1-k,A,(2) | 1-0.84439827"

A -k _ -1_,.,-2
—-0.43356. Next form AZ(Z) = Z{ 3(2) 3 ]= 0.7456 -1.14739z7" +z

idaa 1404 17

Thus, k; = — 0.844398.

k, =d, =0.7456. Finally, A (2)= z[

Since, ‘kil <1, fori=4,3,2,1,H(z) is stable.
The feedfoward multipliers in the Gray-Markel realizations are given by E -
a, =3 a,=7, 04 =9.08037, &, =5.94172, and o5 =1.03218. .

@+3z77h@d+227 +3272) 8+16z ' +12272+9273
() H@@)= ] =) 2y -1 =2 3
(1+0.6z7)(1+z7 +0.527%) 1+1.6z7 +1.1z27° +0.3z
03+1.1z7 +16272+273
1416z +1.1272+0.32~
Ay@)-ky | 0.68132+1.395627! +27
Az(z)=z = - —5
1-k,A4(2) | 1+1.395627" +0.681322

- -1

AI(Z) =z A2(Z) k2 - 0.83+z .
1-k,A,(2) | 1+0.83z7"

stable. 3

Thus,

A3(z) = T Hence, k3 = 0.3.

Hence, kp = 0.68132.

Hence, k; = 0.83. Since, [k;|<1, fori=4,3,2,1, H(2) is

The feedfoward multipliers in the Gray-Markel realizations are given by
o, =9, a,=-24, 0= -0.5505, o, =7.3921.

0.5634(1+z 1)(1-1.10166 27! +272)
(1-0.683z"1)(1-1.4461271 +0.7957 z72)

- -1 -2, .3 :
(8) Direct canenic form - H(z)= 2236340 ({1101662 (3.210166-,: +27%) :
| 1-2.1291271 +1.78339272 - 0.54346 2 E

6.52 H(z)=
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P g

+ Y(z)

X(z)

2.1291 éﬂ ~0.10166

-1.7833863 E'_T_] -0.10166

N
Hardware requirements: # of multipliers = 5, # of two-input adders = 6, # of delays = 3.

(b) _Cascade Form

0.05634

Hardware requirements: # of multipliers = 5, # of two-input adders = 6, # of delays = 3.

(c) Gray-Markel Form -

0.05634
X1 ) )
- d3 - dz’
dy d;
S 2! T
oy )
W+

d, =-0.5434631, d,=0.8881135, d; =-08714813.

oty =P —0yds — 0yd, —0yd) =1.00702.
Hardware requirements: # of multipliers = 9, # of two-input adders = 6, # of delays = 3.

(d) Cascaded Lattice Structure -

P +pz !+, 22 13136-1221327 4272

t+dz T+dyz?  1-1415227 +1.1197272

Using Eqn. (6.152) we obtain Hy(2)=

Pp+Pz”  -13546+27!
1+dz"  1-0.1015z7"

and H,(z)= The final structure is as shown below:
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6.53

6.54

Xl +)— ‘f-i-\ >
Po Po

P;
where p,=0.5634, d;=-0.34346, p,=0.5634, p,=1.3136, d,=1.1197,
py =—1.3546, and d; =-0.1015.

N/2 N/2 . *
(a) A partial fraction expansion of G(z) is of the form G(z)=d+ z b + 2 i . If we
z-h, A;

i =127

N/2
V.
define H(z)= —2-+ Z—T, then we can write G(z) = H(z) + H«(z), where Hx(z) represents the
Z—A.
o1 i
transfer function oi)tained from H(z) by conjugating its coefficients.

(b) In this case, the partial fraction expansion of G(z) is of the form
N N_ /2 N_ /2 *
rpiCZ“ii”‘hNdet>f11
G(z)=d+ —_—t —_—t , where an are the number of real poles
“ izfz_éi it W Z‘ﬁ ‘ ) i
g,'s and complex poles A.'s, respectively, with residues p;'s and v;'s. We can thus decompose
N, /2

p;/2 v,
+ :
z-& 2 z-A,

=1

Nr
G(z) as G(z) = H(z) + Hx(z), where H(z)= 9—+Z
2 i=1

(c) An implementation of real coefficient G(z) is thus simply a parallel connection of two
complex filters characterized by transfer functions H(z) and H«(z) as indicated in the figure
below: ‘

x(n] H@) y[n]

Hi(@) | ,@----b =0

However, for a real valued input x[n], the output of H(z) is the complex conjugate of Hx(z). As
a result, two times the real part of the output of H(z) is the desired real-valued sequence y[n]
indicating that single complex filter H(z) is sufficient to realize G(z) as indicated below:

2
- >— yinl
x{n] — H(z)

Yz)  A+jB
Xz 1+@+p)z!
Y eln] +]jYiplnl= —(on+j[5)(yre[n =1+jy;,[n- l]) + A x[n]+ jBx[n], which is equivalent to a set

From H(z) =

,we arrive at the difference equation representation

of two difference equations involving all real variables and real multiplier coefficients:
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Yelnl= —ay  [n—1+Byp[n~1]+Ax(n], and e ~By [n—1]1-ay;p[n—1]+Bx[n].

A realization of H(z) based on the last two equations is shown below:

To determine the transfer function Y e(2)/X(2), we take the z-transforms of the last two
difference equations and arrive at (l+a z_l)Y (@)~ Bz_l Y, (2= AX(z), and
B 27! Y (2)+1+ oz )Y, (2)=BX(2). Solving these two equations we get
-1
Y. (2) __A +(Aa+Bp)z
X(z) 1+202  +@*+ Bz

=5 which is seen to be a second-order transfer function.

6.55 An m-th order complex allpass function is given by

* * —_ * — L J
o+ Z l+~-~+mlz m=D 4o 7™
A (Z)= m m-— m
— m -1 -2 —(m-1) -m
l+oyz  +0,z "+t 0, 42 +oz

To generate an (m-1)-th order allpass we use the recursion

P_@ _ [ A_@-k, }

A (@)= =z
m-1 —
D@ I-k A2
Substituting the expression for A (2) in the above we obtain after some algebra
P (Z)-z[a* o 77! o 22 +...+a*z-(m—l) 4z™
m-1"%/" m ' - m-l m-2 1
- -1 -2 ~(m-1) ~m

* * * * -1 * * —(m-2 2. —(m-1
=(ocm_1—ama1)+(am_2—ama2)z +---+(a1—amam_1)z ( )+(1—|am| )z ( ),

1 -2 —(m-1)

- m
Dm_l(z)—1+a1z +0,z kO 2

+(XmZ

_ * LA SV S ¥ ~(m-1) -m
o (o +0, Z +0, )2 +oe 04 Z +z )

2 —(m-1)

2 * _1 * - *
=(1—|ocm| )+(a1—amam_1)z +(a2—amam_2)z +-~-+(am_1—-amal)z

Hence, Ap,_1(z) is a complex allpass function of order m—1 given by

B, B! ~(m-2) , ,~(m=1)

1+[31z_l +Bzz'2 +o P oz

+oet B;z
—(m-2) +ﬁm-—lz—(m—l) ’

Am—l(z)=
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ak amam—-k
2

_la

where B, = , k=1,2,...,m1.
m
To develop a realization of A, (z) we express Ay(2) in terms of Ap_1(2)

+
A (z) Y km Am 1(z)
X, l+k_z A @)

and compare it with Eq. (6. 73) resulting in the followmg expressions for the transfer
-1

parameters of the two-pair: t;, = k:n, ,=—kn 2, and t;ty =(-k k. )z . Asin the
case of the realization of a real allpass function, there are many possible choices for tj5 and t;.
We choose t;, = 1-k mktn)z—l, =1. The corresponding input-output relations of the two-
pair Y, =k X, +(-kpk )z X —k ' X, -k X+ Ky, and Yy =X k2 Xy

A realization of Ay (2) based on the above two-pair relations is indicated below:

1L X2

By continuing this process, we arrive at a cascaded lattice realization of a complex allpass

transfer function.

-1 -1
2+2z 1 143z 1
6.56 (a) H,(z)=———F==|1+ —— |=—={A4(2)+A(2)}, where A,(z) =1 and
T 20 e 2(0 (@) 0
-1
A = 222
3+z

-1 -1
(b) H2(2)=—1——£—_T=%(1—-2—ti§:1—} 1( Ag®-A (z)) where Ay(z) =1 and
+2z

442 a+221) 2
-1
A@) = 2+42“1
442
-2 -1 -2
1-2z 1 242z  +4z 1
(¢) H.,(@)= — —=—|1- — — |==|Aq(2) - A{(D)) where A,(z) =1 and
N o te2z 2 2 42zt 42s7 2( 0 1@) 0
-1
242z +4z
A(2) = —5 -
442z +2z

-1, g2 2, 5. -3 -1 -1 |
(d) H4(Z)___3+9z +?lz +Ezz _l 349z +9z +3z _1 - 1+32_l + 1+22—1
12+10z" +2z 2 3+z HYae+z” b 2l \3+z 2+z :
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6.57

(b)

1 _ qf14327 1+227
=E(A°(Z)+A1(Z))’ where A,(z) = z (3+z—l ) and A,(z) = (24—2'1 )

(a) From the equation given we get

y[24] = h{0]x[2£] + h{1]x[2£~ 1]+ h[2]x[2¢ - 2] + h{3]x[2£ - 3] + h[4] x[2£ — 4] + h{5]x[2¢—5], and
y[2£ +1] = h{0]x[2£ + 1]+ h(1] x[2£]+ h{2]x[2¢ - 1]+ h(3] x{2£ - 2] + h{4]x[2£ - 3] + h{5]1x[2¢—-4].
Rewriting the above two equations in a matrix form we arrive at
BB B o] ko]
EER ) b N
which can be alternately expressed as

Y, =HyX,+ HX, +HX, ,+ H,X, 3,

where Y, = [y[YQ,[sz-]l]]’ X,= [xég ﬁll]]' H, = [?1[[(1)]] h?O]]’ H, = Ull[[%%

h(4] (3] _[0 5]
H, = [hH 2y} and Hy = [0 0 ]
Here y[3¢] = h{0]x(3¢] + h{11x[3¢ ]+ h[2]x{3¢ ~ 21+ h[3]x{3¢ ~ 3] + h{41x(3¢ — 4} + h{S]x([3¢ - 5],

y[3¢+1] = h{0]x[3{+1]+ h[1]x[3¢] + h[2]x[3¢ - 1]+ h{3]x[3¢ - 2] + h{4]x[3¢ - 3]+ h[5]x[3{ - 4], and
y[3¢+2] = h[0]x(3£ + 2]+ h(1] X[3£ + 1]+ h{2] x[3£] + h(3]x[3¢ — 1] + h{4] x[3{ — 2]+ h[5]1x[3¢-3].

)

Rewriting the above two equations in a matrix form we arrive at

y34] ho] O o x(34 (3] h(2]  h{|[x(3¢-3]
y3e+1]|=|hl] h0] O |Ix(3¢+1]|+ h{4] h{3] (2]} x(36—2]
yBe+2]] [h2] il h{ojj[x(3¢+2]] [h(S] h(4] h(3] x[3¢-1]

0 h[2] h{1[x(3¢-6]

0 0 h2]||x(3¢-5]

0 O 0 ||x3¢-4]

which can be alternately expressed as Y, = HyX, +HX, +H,X, 5, where

y(34] x(34] hjo] O 0 h(3] h{2] h{1]
Y, =|y3¢+11} X, =|x3¢+11} Ho=|hil] hio] 0 | H,=|h{4] h(3] (2]} and
y3¢+2] x[3¢ +2] h{2] hil]l h{0] (5] h{4] h3]

0 h[2] h{l]
H,={0 0 h{2]).
0 O 0

(c) Following a procedure similar to that outlined in Parts (a) and (b) above, we can shw that here

Y, =HyX, + HX,  +HX, ,, where
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[ yl44] x[4] ] Thio] © 0 0

y,<|seen| o _|xaren| g _ihilomopo 00

0= |yae+21p Xe=|xpae+2)p Mo=|n2] hfti hO} O

- | y[4£+3] x[4£+3] | h(3] h[2] h[1] h{0]
R

0 0 0 O
H=1"9 h[5] na] 1t 2@ Ha=lg 0 o0 o
0 h{5]  h[4]] 0O 0 0 O

6.58 (a) dO y[21!]+d1 y[2¢-1]+d, y[2£-2]+d5 y[2¢-3] +d, y[2¢- 4]
=pg x[24]+p, x[2£—1]+p, x[2¢ - 2]+p,yx[2£-3]+p, x[2¢—4],
dgy[2¢+1]+d, y[2£]+d, y[2¢ -1} +d, y[2£ ~-2]+d, y[2¢-3]
=Py x[2¢+1]+p, x[2{]+p, x[2¢-1]+p,4 x[2£~2]+p,  x[2¢ - 3],

Rewriting the above two equations in a matrix form we arrive at
do O yize1 7,[d2  di|[yi2e-20],[da  ds|[¥I2¢-4]
d, dg|ly[2¢+1]] " |d, d, |Ly[2¢-1] 0 d,|yl2¢-3]

_[po O x2a0 7.[p2  Pi|[x(2e-27],[Ps  P3|[x(2¢-4]
_[Pl po][x[2£+1]]+[p3 pz][x[zz—u]*[(f pj][x{%—ﬂ]’

which can be alternately expressed as DY, +D,Y,_; +D,Y, , = PX,+PX, +PX, .

y[24] x[2¢] _|d2 4 _{ds s  :
where Y, [y[2€+1]] [x[218+1]:|‘D [ } Dl”[d3~ dt D2%[0 d
Po 0 P, P P4 P3
= , P = , P, = .
fo [Pl Po] ! [Ps Y | 0 Py -
dy 0 ol ysa ] [d dy difrype-3p [0 O 4 ym 61 -

(b) |d, d, O ||yBe+1|+|d, dy d,|yB¢-2]{+|0 0 y[3e 5] 1
) d, d,|¥Be+2) [0 4, |lye-1] |0 0 || yi3e- 41 »
. »
Ppg O O x[3¢ p; D, Py|[x3¢-3]] [0 p4 x[3¢ - 6] &
=|p, Py O x[B¢+1l|+|p, P; P, x[3¢-2]|+{0 O x[3¢-5]1, 3
p, b B XB¢*2] |0 p, [x[3¢-11) [0 © x[3¢—4] i
which can be alternately expressed as DY, +D,Y,_; +D,Y, , =P0Xe+P1Xe_l+P2X o—1° E .
yi34] x[34] dy 0 0 4y 4, 4
where Y, =| y(3¢+1]| X, =| x(3¢+1]} Dy=|d; dy 0| D;=d, dy dy}f .
y(3£+2] [ x[3¢+2] d, d, d, |0 d, d; B
0 0 d, pp O 0 P; P, P 0 0 p, 2
D2=8 8 8 s Pp=Ipp Pp O} P ={py P3 pyfs and P,=10 0 0] ;
P, Py Pg 0 ps Ps 0 0 0 -
dy 0 0 07r yiagy 7 [y dy dy dyinyrar—g) -
(¢) ddy 0 Ojiy[de+1] + 0 d, d; dyliy[4e-3] i
d, d, dy O|lylae+2){Tl0o 0 d, dy|iyl4e-2] &

dy d, d; dy|Ly4e+3l] jo 0o 0 d,]y4-]]
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o O O Ol a7 [P P3 P2 Prfx4e-4]
_{pr Po O O fixde+1y 0 pg; Pz Py x[4£-3]
“lp, P Po 0 || x[4¢+2] 0 0 p; P x[4¢-2])
p; Py Py . P ¥+ {0 0 0 py x[4£-1]
which can be alternately expressed as D_oYe +D,Y,_ ;= PX, _+P1X ¢-v where
C y(44] x[44] dg 0 0 0 dg dy d; 4,
v oy o a4 do 0 0} o _|0 dy dy G
e =lyiae+2]p Xe=|xpae+2)p T0T|d, dp dp Op TLTHO 0 d, d;f
[4£+3] x[4£+3] d, d, d, d o 0 o0 d
LY (d3 ¢ 9 Yo L 4
pp 0 0 0 Pg Py Py P
P Po 0 0 _ 0 P, P3 Py
P, = , and P, = .
0 1p, P P op* 1 0 0 py P
[P35 P2 Py Po LO 0 0 Py

6.59 We first rewrite the second-order block-difference equation
D,Y,+DY, +D,Y,_, =PX, +PX, +PX,
as two separate equations: W, =PX, +PX, +PX, ;» and
_ -1 -1 -1
Y,=-Dy, DY, -D, DY, ,+Dy W,.

A cascade realization of the IIR block digital filter based on the above two equations is thus as
., shown below:
o wf .
X,_—_f? P, 3@:}@:>DO-‘——_U:>Y,
A A
o - | |
’ A A
P2 —— —— D,
yg By interchanging the locations of the two block sections in the above structure we get an
equivalent realization as indicated below:
X 4= D - ﬁ::—_—nz> P 3(:):3Y
3 ¢ ¢
e N 0 0 PaY
=3 A A
3
& a2 |
d Q—bc o  [PLA :>(—I?
. 1
T 4 A A
.
. 4 — D, é_' |l—_> P, —
* 4 Finally, by delay-sharing the above structure reduces to a canonic realization as shown below:
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-1
X, =F)=P, P, :@:Ye
, 0
— A
|
P4 D, PP
A
D2 . [ﬂ P2

6.60 From the given state equations we get
s[n +1]= As[n]+Bx[n],
s[n+2]=As[n+1]+Bx[n+1]=A(As[n]+B x[n]) +Bx[n+1] = A? sin]+ABx[n]+Bx[n+1],

sin+L]= A stn]+ AL ' Bxin]+ AL 2Bx[n +1]+--+ ABx[n+L -2]+B x{n + L -1]. (a7

Likewise, from the output equation we get
y[n] = Cs[n]+ Dx[n],
y[n+1]=Cs[n+1]+Dx[n+1]= C(As[n]+Bx[n])+Dx[n+1] = CAs[n]+CBx[n] +Dx[n+1],

y[n+L—1]=Csln+L—1]+Dx[n+L~1]

=C(AL—1s[n]+AL—ZBx[n]+---+ABx[n+L—3]+Bx[n+L—2])+Dx[n +L—1]
By setting n = kL in Eq. (17) and the last L output equations and using the notations

Y, =[ykL] yIkL+1] - yIkL+L—-1J]7, X, =[x(kL] x[KL+1] - xikL +L -1,

S =slkLl, A= A", B=[a""'B A'B .. AB B,

c=[c ca - ca’? CAL"]T,and p-| P D ¥ e
cal?s ca'B .. D

arrive at the block-state-space representation of the form

St =A S, + BX,,
Y, = CS, +DX,.

6.61 By setting asin®==p in Eq. (6.138), the state-space description of the sine-cosine generator

cos© +1
reduces to s+l p2 5[] which leads to the th Itipli
52[n+1] ;__2_ cos8 Sz[n] s ree-multiplier structure
o

shown below:
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O DR R ol S s AL S0k ks Dl G 4 3.4 -4

cos© cos®

27— [n]

Sy [n]

¢
¢B2 a2

6.62 By setting a.=tPsin6 in Eq. (6.138), the state-space description of the sine-cosine generator

sin+111_}cose +sin2 0 || Si(n] ich h —multinli
reduces to [sz[n +1] 1 c0s8 || 5,1} which leads to the three multiplier structure

shown below:

cos®
A
N
) 1
Q.>§Z£n_+_]. 27! > s][n]
/1
N

.2 2
6.63 Lot P= 170 ey Esing= " 0 _cos"@-1_ o 1 and, —Lsinf=cos®+1.
sin© B cos@+1 cosO+1 o

I : : s;n+1]]_[ cos®  cosO-1 s;[n]
Substituting these values in Eq. (6.138) we arrive at [sz[n +11|7| cosO+1 cos® ||s,[n]
These equations can be alternately rewritten as

sl[n +1]=cos 9(sl[n] + sz[n]) - sz[n], and s,[n+ 1]=cos B(SI[n] + sz[n]) + sl[n]. A realization
based on the last two equations results in a single-multiplier structure as indicated below:

+52[n+l]‘z_1 sy[n] -1 +sl[n+1]‘z_l o 0]
o
cos9
- T _ o(1-Ccos9)
6.64 I:sl[n+1] _{o E‘(_([:}ECI%S—BZ [sl[n+11]]+ C Bsin® [sl[n]]-
Sz[ﬂ +1]_ LO O 52[n+ ] —%Sine Cose 52[n]

If C =0, choose «a.=Psin®. Then

sn+117_[0 —cos®)siln+1], [0 1 Jslnl} o o
s,ln+1]| [0 0 s,[n+1] +H 1 cos8 s, [n] which can be realized with two

multipliefs as shown below:
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,\_'cose

V
— sy [n+1] s, [n] sln+1] sy(n]
+ z-1 ) Wzl
cose<‘r
-1
N

The above structure can be modified to yield a single multiplier realization as indicated below:

sp[n+1] so[n] sy[n +1] sy[n]
21 21—
l:cose
-
_1/]
N
ol —cosB)
1—cos0) 1 —_—
s;in+1]} |0 1= cosb) rg [n+1] Bsin® s;[n]
6.65 If C = 1, then [ ! }: Bsin® [ ! + ol
sz[n +1] [0 0 s2[n +1] ——gsin(-) cos0 s,[n]

Choose o =fsin®. This leads to
_ s;n+11] _[0 1-cos@][s;n+1] L[1 1-cos® s;[n]
s,[n+1] ~10 0 s,[n+1] -1 cos® ||s,[n]f

A two-multiplier realization of the above equation is shown below:

1—cos®
+
spln +1] 5[] 1 siln +1] — 81ln]
+ » z'l W+ HNZ~ »
coso 1 T

N
/1
1N

To arrive at an one-multiplier realization we observe that the two equations describing the sine-
cosine generator are given by s;[n+1]= (1—cosB)s,[n+ 1]+s,[n]+(1—cos 6)52[n],and
s,[n+1]= —sl[n]+cos(932[n]. Substituting the second equation in the first equation we arrive at

an alternate description in the form
s;n+1]= —cos0Os,[n+ 1]+s,[n],

s,[n+1]= —sl[n]+cosesz[n].

A realization of above is identical to the single-multiplier structure of Problem 6.64,
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6.66 From Figure P6.17(a), the output-input relation of the channel is given by

6.67

Y,@) | _ 1 H,,(2) X,(2)
Y,(2)| " |Hyy(2) 1 X,@[

Likewise, the output-input relation of the channel separation circuit of Figure P6.17(b) is given

V.(2) 1 -G, @] Y,(2) . .
1\2 | _ 12 1
by [Vz(z)] [—G 2@ 1 ][Yz (z)]’ Hence, the overall system is characterized by

V@l [ 1| o 1 H,@¥@]_
V,@|7|-Gy@ 1 JHy@ 1 X0

1- HZI(Z)GIZ(Z) le(z) - Glz(z) Xl(z)
Hzl(z) - G21(z) 1- HIZ(Z)GM(Z) Xz(z) i

The cross-talk is eliminated if V{(z) is a function of either X;(z) or X5(2), and similarly, if
V»(z) is a function of either X;(z) or X»(z), From the above equation it follows that if Hi2(@)
= Gy,(2), and Hj (@) = Gy1(2), then Vl(z) = (1 —Hzl(z)Gu(z)) Xl(z), and ‘

V,(2) = (1-H,(2)Gy(2)) X, (2). Alternately, if Gy,(2)= H;!(2), and G, (2) = H}}(2), then

H,,(z)H,(2)-1 H,,(2)H,(z2)-1
V,(z)=| —2——-2 X, (2), and V,(2)=|—2——21 X,(2).
(@ [ Hy(2) } 2@ and 1@ ( Hp,@ ) 1

(a) The difference equation corresponding to the transfer function
_Y(z)_(1+oc1+a2)(1+2z‘1+z“2) '
T X 1-o, — ozzz_2
yln]+a, y[n-1]- azy[n =2]=(1+a, + az)(x[n] +2x[n—1]+x[n —2]), which can be rewritten as
y[n]= (x[n]+2x[n-1]+ x[n=2]+0o (y[n-1]-x[n]-2x[n- 1]-x[n-2])

—az(y[n —2]-x[n]-2x[n-1]-x[n-2]). Denoting w{n]= x[n]+2x[n-1]+x[n- 21,

the difference equation representation becomes
y[n] = w[n] + al(y[n ~1]-wln])-o,(y[n— 2]—w[n]). A realization of H(z) based on the last two

equations is as indicated below where the first stage realizes w[n] while the second stage realizes
y[n].

is given by

H(z)

x[n] Ll F F y[n]

An interchange of the two stages leads to an equivalent realization shown below:

x[n] + £ 1 WE y[n]
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Finally, by delay sharing the above structure reduces to a canonic realization as shown below:

x[n] y(n]

(b) The difference equation corresponding to the transfer function

Y@ (-0)1-27)

X@ 1-az " +az
y[n]— aly[n 1]+ (xzy[n -21=(1- az)(x[n] —x[n—2]) which can be rewritten as

yln]=0,y[n- 1}- oczy[n —2]+x[n]— azx[n] —-x[n-2]- oczx[n -2]

= Otly[n -1]-a, (x[n]-x[n-2]+y[n-2])+ (x[n]—x[n—-2]). Denoting w[n] = x[n]—x[n—2], we

can rewrite the last equation as y[n]= aly[n -1}- az(w[n] +y[n-2D+wn]. A realization of

H(z) based on the last two equations is as shown below: 3

is given by

H(z)=

x[n] Hnl D—GE y[n]
. -0y % Z—l
x[n—l]‘ -1 i ‘ y[n-1]
—1 -1 E
Z z
x[n-2] — Tyin-2]

An interchange of the two stages leads to an equivalent realization shown below:

y[n]

x[n]

Finally, by delay sharing the above structure reduces to a canonic realization as shown below:

x[n] D7 H—yin]

-1

R I
N

M6.1 (a) H,(z)=0.01551933( 10372882 1)1~ 1.845984 z )1 +27")
x(1—0.5417162"1)(1 - 009640521 )(1 +0.264562™" +272)(1+1.432115 7 +27h).
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(b) H,(z)=0.0636786(1~3.58346652" + 49755462 )(1+1.897712 " +27%)
x(1+1.3204772"1 +272)(1- 0720216271 +0.200983272).

M6.2 (a) Using the command (z, p, k] = tf2zp(num, den) we first obtain the zeros,
poles, and the gain constant of G(z). Next using sos = zp2sos(z, p, k) we arrive at
the second-order factors for the numerator and the denominator of G(z) as given below:

(0.04954 —0.10063z”" +0.051112”2)(0.16881 - 0.33235 271 +0.16361272)
(1+1.31014z" +0.515072" )1+ 1.06398z ! +0.796622 %)

G(z)=

(b) From the above factored form various cascade realizations can be easily obtained.

(¢) To develop the parallel form I realization we make use of the commahd [t, p, k] =
residuez (num, den) resulting in the expansion

~0.0959+0.10552"" N 0.0839-0.1509z"" -
1110642 L +0.79662 2 14131012 1 +0.5151z7%

- .G(z)=0.0204 +

To develop the parallel form II realization we make use of the command [r, p, k] =
residue (num, den) resulting in the expansion

020752 +0.0764 272 N 02608z~ —0.0432272
1110642 +07966z 2 1+1.3101z 1 +0.5151z7>

G(z) = 0.0084 +

M6.3 (a) Using the command [z, p, k] = tf2zp (num, den) we first obtain the zeros,
poles, and the gain constant of G(z). Next using sos = zp2sos(z, P, k) we arrive at
the second-order factors for the numerator and the denominator of G(z) as given below:

H(z) = (1-1.5484z7" +272)(1-0.542812" +27%)
(1+0.7216952 ™" +0.3508822)(1+0.174477 721 +0.837424272)°

(b) From the above factored form various cascade realizations can be easily obtained.

(c) To develop the parallel form I realization we make use of the command [r, p, k]l =
residuez (num, den) resulting in the expansion

~1.718146-5.818892" + -0.68513125+1.47198z7}

H(z) = 3.403277 + - ~ 3 -
1+0.7216952z ' +0.35088z~2  1+0.174477z"} +0.837424 2~

To develop the parallel form II realization we make use of the command [r, p, k] =
residue (num, den) resulting in the expansion

4578917z~ +0.602862~2 . 1.59152271 +0.573745352 2

H(z)=1+ = ) T 5
1+0.721695z™" +0.35088z 140.17447727" +0.837424 2"

1+42z71+0.8272
M6.4 (a) H =
@ H@=15, 13,2573

using the command [A, B, C, D] = tf2ss(num, den) resulting in

. The state-space representation of H;(z) is obtained
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25 -3 11 [
A=|1 0 o} B=|0} Cc=[67 22 1} D=0

o 1t of |o
374 +1.52% +22 +0.52

H,(2)= 7 13,3, 7 - The state-space representation of Hy(z) is obtained
2t —-—z+Z2° -
6

—Zt—

2 12 12
using the command [A, B, C, D] = tf2ss(num, den) resulting in
u 37 _1 1
6 2 12 12 0
A=|1 0 0 0} B=|g} C=[7 -35 225 -0.25}, D =3.
0 1 0 O 0 :
0o 0 1t O

8+16z 1 +12272+9273

H.(z)= The state-space representation of H3(z) is obtained
D= 16z T+1.12 240327 pace Tep 3(2)
using the command [A, B, C, D] = tf2ss(num, den) resulting in
-16 -1.1 -03 1
A=| 1 0 0 B={0 C=[3.2 3.2 6.6], D =8.
0 1 0 0

(b) As discussed in Section 6.6.3, equivalent state-space structures can be generated by
applying a non-singular linear transform Q to the original state-vector.

1 -2 1
—_— For H;(2) in part (a), we choose Q = l:O -1 2] which leads to
1 0 3
3 1 _1
N 47 % 14 1 ~ 47 169 167
A= ——6" 3 -6- y Bz.{?} C=-l—2' —?0— —6-6'], D=1
337
12 6 12
112 2
For Hy(z) in Part (a) choose Q= 8 (2) é i . This results in
0 0 0 2
(17 7 23 1
s %5 % °
5 1 5 4 (1)
3= 2 6 3| Rm= o7 20 13 _41 p_
Aoz_l_E,BOC[74612],D—3.
2 26 13 0
00 3 3]
0 0 2
For H;(z) in Part (a) choose Q=|1 1 3| This leads to
2 1 2
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-4 4 27, [0] . )
A=|-425 44 -25| B=|1| C=[-15 32 0] D=8
-1 18 -2 2

M6.5 Lattice parameters are
0.77656938900011 0.85103309181315 0.74259237362294

0.41031508000000

Feedforward multipliers are
Columns 1 through 4

0.00836323900000 -0.05330831748615 0.13786902252618
-0.14267464184046

Column 5
0.03798368487069
M6.6 Lattice parameters are

0.21531549398220 0.84121556913458 0.44027115051364
0.29383441000000

Feedforward multipliers are
Columns 1 through 4

1.00000000000000 -2.98739663550000 3.81703303348362
-1.23557167409275

Column 5

— -0.92347974655755
M6.7 Lattice realizations for both the FIR transfer functions of Problem M6.1 do not exist as some
of the the zeros of the transfer functions are on the unit circle. This fact can be verified by
determining the zero locations using the command roots. For the transfer function H;(z),
the zeros on the unit circle are at —0.1323 + 0. 9912i,-0.1323 - 0.9912i,
-0.7161 + 0.6980i,and- 0.7161 - 0.69801, and —1. 0. For the transfer
function H,(z), the zeros on the unit circleareat  0.9489 + 0.31571i,

0.9489 - 0.3157i, 0.6602 + 0.7511i,and 0.6602 - 0.7511i.

M6.8 Using roots we first determine the poles of the denominator of G(z) which are given by

0.30473968579505 + 0.897100288133681
0.30473968579505 - 0.89710028813368i
0.39886375978027 + 0.67325319068160i
0.39886375978027 - 0.673253190681601
0.58469310884937

Pairing the poles according to the pole-interlacing rule we then obtain

o )

—0.524852 +1.25401352"1 =1.19417248z22 + 273

1-1.19417248271 +1.254013527% - 0.5248522°

6@ = 1[Ag@)+ A @) where Ag(2)=

R
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0.61236215- 07977275127 + 72 The POWC[‘C omp\m@ﬂ'v"“y transfer function , :

A s O

is therefore given by H(z) = %[Ao(z)—Al(z)]. A plot of the magnitude responses of G(z) and

H(z) is shown below along with sum of their square magnitude responses.

1.2 2

Q 1.5t
=]

3 2

E B

: :

= d
=
=2
“05

0 : : - 0 : . * !
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized frequency Normalized frequency

-0.125605+0.65652317z"1 -0.25278z72 + 273
1-0.25278z~! +0.6565231722 —0.125605z >

M6.9 Here G(z)= %[AO (2)+ A (z)], where Ao(z) =

020023118 -0.26642z7 +272

T —. The power-complementary transfer function
1-0.26642z"" +0.20023118z2

and A](z) =

is therefore given by H(z) = %[Ao(z) - Al(z)]. A plot of the magnitude responses of G(z) and

H(z) is shown below along with sum of their square magnitude responses.

1 2
08
Q 1.5 r
2
0.6 g
E 8
53 g 1
3
=04 §
=2
205
0.2
Q=TS e : : 0 - : ' —
0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
Normalized frequency Nommalized frequency

0.499081516 —0.299801z~1 +z72 and
1-0.299801z"! +0.4990815162~2°

M6.10 Here G(z)=%[AO(z)+Al(z)], where Ay(2)=
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0.545432 +0.782231 2l 42 The power_complementary transfer function is

Ao@ =T 07822312 1 +0.5454322°2
1
therefore given by H(z)= E[AO(Z) - Al(z)]

H(z) s shown below along Wit sum ofther square magnivud [SSpOnges

. A plot of the magnitude responses of G(z) and

b
i
£

> g

—
[0}

Square magnitude

. Rl s 2”&(, g
14
i

=k

0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized frequency Normalized frequency

M6.11 The MATLAB program for the simulation of the sine-cosine generator of Problem 6.63 is
given below:

s10 = 0.1; s20 = 0.1; a = 0.9;
vyl = zeros(l,50);y2 = yl;

for n = 1:50;
yl(n) = a*(sl0 + s20) - s20;y2(n) = a*(sl0 + s20) + s10;

s10 = yl(n);s20 = y2(n);

end

k = 1:1:50;

stem(k-1,yl/abs(yl1(7)));axis([0 50 -1.1 1.11]);
xlabel ('Time index n');ylabel('Amplitude’');

pause
stem(k-1,y2/y2(3));axis ([0 50 -1.1 1.11);
xlabel ('Time index n');ylabel('Amplitude’');

The plots generated by the above program for initial conditions s1[-1] = s2[-1] = 0.1 are
shown below: ‘
1f ' ’ ' ] .
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li J;lé ng 4,1 ll

O
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The outputs are zero for zero initial conditions. Non-zero initial conditions of equal values
appear to have no effects on the outputs. However, unequal initial conditions have effects on the

amplitudes and phases of the two output sequences.

M6.12 The MATLAB program for the simulation of the sine-cosine generator of Problem 6.63 is
given below:

s10 = .1; s20 = 1; a = 0.9;

vl = zeros(1,50);y2 = vyl;

for n = 1:50;

yl(n) = -s20 + a*sl10;y2(n) = -a*yl(n) + sl0;
s10 = yl(n);s20 = v2(n);

end

k = 1:1:50;

stem(k-1,y1/y1(11));axis ([0 50 -1.1 1.1]);

xlabel('Time index n') ;ylabel ('Amplitude’);

pause
-1.1 1.11);

stem(k-1,y2/y2(14)) ;axis(
xlabel ('Time index n');y

[0 50
label ('Amplitude’); -

The plots generated by the above program for initial conditions s1[-1] = s2[-1] = 0.1 are

shown below:

*SEETEEEE NS
Vssnikinanl

Time index n Time index n

The outputs are zero for zero initial conditions. Non-zero initial conditions of equal values
appear to have no effects on the outputs. However, unequal initial conditions have effects on the

amplitudes and phases of the two output sequences.

M6.13 Since the single multiplier sine-cosine generator of Problem 6.65 is identical to the single-
multiplier structure of Problem 6.64, the simulation program given above in the solution of
Problem M6.12 also holds here. :
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71 G(z) = HX(2) or equivalently, G(e/®)=H>E!"). lG(eJm)i=‘H2(eJm)|=|H(ejm)| . Let 8 and
8 denote the passband and stopband ripples of H(ejm), respectively. Also, let 8p )= 28p

and §_, denote the passband and stopband ripples of G(ejm), respectively. Then

8p,2 =1—(1—8p)2, and 85’2 = (85)2. For a cascade of M sections, Sp,M = 1—(1-8p)M,apd

_ M
SS,M—(SS) .
7.2
| ]
1+ 38, 5
l—ﬁp l—Sp 1+ p
R B 7AVAVAVA &
R [0)) H
- T 0N ™ i 0 N
-0 -0, 0, o, -(r-0,) -(m-w) -0 T-0,
Therefore, the passband edge and the stopband edge of the highpass filter are given by
O, 1p =n-0, and Oy yp =T~ Dy, respectively.
7.3
G loe*]
1+0 1+d
P p
1-3, 1-3,
H H m I R (o
- /‘TOT\ T -1 O/T moT'\n
-0 -0, @, O 0, =D 0, ~0, 0y +®, 0O, +0

Note that G(z) is a complex bandpass filter with a passband in the range 0S @ < T. Its
passband edges are at @, gp =@, i'a)p,and stopband edges at ®_pp =0, £ O A real

coefficient bandpass transfer function can be generated according to

GBP(z) = HLP(ero z)+ HLP(e'J“’O z) which will have a passband in the range 0<®w<w and
another passband in the range —T <O S 0. However because of the overlap of the two spectra
a simple formula for the bandedges cannot be derived.

then G(z)= '1'—-'%’1‘——'1' We can express
z

7.4 From Egs. (7.29) and (7.32) if Ha(s)=
s+Q
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i (s)-__L-=_1.(__‘—-) 1(__i—) Hence
a2 s+p)? 2i\s+B-ir) 2i\s+B+jr

- 1 1 1 1 _e-BT J}\.TZ e BTejsz—l
G(z) = 2 (1 BT, e BT )T 25 - BTN -1y _ o (BHNT Ty

1 7 e PTEM ey ) 2~'e P sin(AT)

T2 jl1- 2z"1e"BT cos(AT)+ e’zmz"2 1- ZZ—le—BT cos(AT) + e-zﬁTz_2

_ 22 PT sin(AT)
2t - 226 T cos(AT) + ¢ 28T
s+P 1 1 1 1

- - +—| ——— | Hence
7.5 H,6) 2 (s+B)? 2 (s+B+j7L) 2 (s+B—j}»
e T Jxrz +1-e —BTe-irT,-1

@)=L 1 . 1 )_ 1{1-
Z)=— - - - - -
2 l—e—(BﬂMT 1 1-e -B-iMT -1 ) 2\ 1-227 le AT cos(AT) +e 26T -2

1-zle” cos()»T) 22 —ze7PT cos(AT)

1 227" T cos(AT)+e 2T, 2 2% - 226 PT cos(AT) + e 2P

T -

|

7.6 Assume hy(t) is causal. Now, h al(t)= §H a(s)eStds. Hence g[n] = h,(nT) = =§Ha(s) eS"Tds.

Therefore,
< -n snT_-— n snT H ()
- G@)=Y gnlz ™" = §H ()2 "ds = $H, (S)Z ds—§ S
n=0
s
Hence G(z)= 2 Residues[——‘é—)_—l-}
1-¢’ 'z
all polesof H , (s)
7.7 Hu(s) = —-%— The transfer function has a pole at s = —o.. Now
s+
G(z)=Residue A ST -1 A ll =——_:A'(ﬁ‘?1'.
ats=—a | (s+a)(1—-e’"z ') 1 e’ z |s__a 1-e Z
3 2
78 Ha(s)= gs +7s -;10s+7 _ 2s+2 + 225+1 Let Hy(s) = and
(s +s+1)(s"+2s+3) s"+s+l s +25+3 s2+s+1
2s+1 s+2 s+2
H,(s) = -————. We can express H/(s) = = .
2 s2+2s+3 ! s?+s+1 (s+l)2+-3—

Comparing it with

Eq. (7.37), weget C=1,D =2, B=l ‘/_ _and A = /3. Hence, from Eq. (7.40) we

22 +ze le(«/—sn(—T) cos(—— ))
zz—2ze cos(iz—-T)+e '

arrive at G,(z)=
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giﬁiilﬁtly, we can s}xow Gz(z}
22 ~-2ze” cos(«/—T)-!-e

Hence, G(z) = G(2) + Gy(2)

224z e 1/ 2(«./5 sin(? T)- cos(if- T)) 22% +2 e_T(— 712- sin(«/fT) -2 cos(\/fT))

= +
222¢ T2 cos( L) +e7T 2> ~22¢77 cos(\2T) +¢ 72T

z°-2ze
2% -0.94872 N 222 -1.88182
22 —1.902452+0.904837 22 —-1.791608z+0.81873

For T = 0.1 sec, we then get G(z)=

452 +10s +8 1 35+5 1 35+5
2 =tz =t 7,
(s“+2s+3)(s+1) s+1 s°+2s+3 s+l (s+1)*+2
1 322 +ze‘T(«/— sm(x/- 2T) - 3cos(«/_ T))
Hence, G(z)= -+
l1-e 'z z% —2ze” cos(«/_T)+e
z + 322 -2.03545z
z—-0.8187 22 -1.57299z+0.67032°

7.9 H,(s)=

For T = 0.2, we thus get G(z)=

7.10 For no aliasing T < b’—t— Figure below shows the magnitide responses of the digital filters

H,(z) and H,(z).
[, |,
2

- 0 T 4 0 b5

(a) The magnitude responses of the digital filters G(z) and G,(z) are shown below:
Joice] j6,*)
312
T B et )

« w
- 0 11 - 0 T

(b) As can be seen from the above G(z) is a multi-band filter, whereas, Gy(z)isa
highpass filter.

R H R
7.11 (a) H,(9)= : ROE "‘{—&}=L“1{Z—ﬂ-—}.
s k___Os(s—ock)

k=0
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1 “iAk eakt—l) ‘(t)
= % B(t).

k=0

Thus h,(®)= L~ {Z (

Hence gy [n]=h (nT) 2 ( Olk"T—l)u(nT). As a result,
_o k

z- (eak -1)
e A ) Bl

n=-—o°

Now the transfer function G(z), which is the z-transform of the impulse response g[n], is
related to the z-transform of the step response g, [n] by G(2)= (1-z )G (z). Hence

A -1 (Ik -1
G(z)= z k( (eakT 1))

(b) Now, 12U

=0 if |o|2 ?Ll’f Consider the digital transfer function obtained by

H,(s)

sampling F(s) = . Now this digital transfer function would correspond to the z-
transform of the sampled step response of H,(s). Thus
H (_]OJ/T)

](D

G, @)= ZF(J—ﬂ?"—“)-—F( =

k-_oa

— Since G(z)=(1—z_l)Gu(z), hence G(eJ‘”T)=(1-e"J°’T)Gu(eJ“)T)=(1—e‘3“’T) ?:)’;’)).
i

Since ®T <<1, therefore l—e:—jm'r = joT. Thus, G(ejmT) =H a(j(:)).

Tlt+z~

7.12 Hy(s) is causal and stable and lHa(s)\ <1 Vs, Now, G(z)=Ha(s)| 2(1_2_1). Thus, G(z)
s=—

is causal and stable. Now,
G(ejm)=Ha(s)| 5[ 1oemi® =H (s)‘ =H a(jztan((x)/l)). Therefore,
s=—1{-—3—-v—-) —J—tan(m/2) T

1eI®

e}

H a‘(j—%tan(co/ 2)151 for all values of ®. Hence, G(z) is a BR function.

7.13 The ideal L-band digital filter Hygy (z) with an ideal frequency response given by HML(e @y
= A for 0, _; S0 <o, k=1 2,...,L, can be considered as sum of L ideal bandpass filters

with cutoff frequencies at oX o =D and o o2 = O where ® 1--0 and o o =T Now from
Eq. (7.90) the impulse response of a bandpass filter is given by hppln] =

). Hence,

sin(®@, n) B sin{® cl“) sm(mkn) _ sin(@, _;n n)

. Therefore , hBP[“]" k(

Tn mn n nn




sin(@,n) sm(cok )
L[n] thP[n] ZA ( mn mn

k=1

Sln((l) I’l) sm On Sln
[0 20,5,

+A sm(an) _ sm(a)L_ln)
L 7n mn

H sin(® n sm(&)k ln)

nn

A

k
k=2

. L-1 . L-1 . .
sin(@; n) . 2 Ak sin(w, n) B z A, sin(®, _;n) _A sm(mL_ln)

L
n mn
k=2 k=2 mn nin

=A,
Ll sm(wkn) sm(ook 1n)

ZAk ‘Z Ko
=1

n
k=2 T

si n(coLn)

Since W =T, sm(a)Ln) 0. Weaddaterm A, to the first sum m the above

expression and change the mdex range of the second sum, resulting in

sin(w, n) sin(®w, n)
hy )= A, 2D S, Sn@m
m[0] 2 Q- Z 3 —
k=1 k=1
sin(coLn) .
——=— to the second sum. This leads to

L . L . L .

sin(®, n) sin(®, n) sin(®, n)

hML[“]=zAk"'_' —-ZAM "'_‘k"_"Z(Ak‘AkH) ™
k=1

k=1 mn k=1 T

Finally, since A +; =0, we can add a term A 4

7.14 H (ejm)= b -m<o<0, Therefore,
HT -j, O<w<m.

1 . .
hyplnl= - jHHT(eJ“’)eJ“’“dm + —IHHT(eJm)eJm“dm

if n #0.

0 T
1 [. jon 1 J' jon 2 2sin? (nn/2)
=— do—-— dw = —=—(1-cos(nn)) = ——>—"=2
2n j ¥ 2r ¥ 21tn( cos(mn)) nn

0 T
1 1
Forn=0, h 0=—j'dm——j'dm=o.
orn HT[] o J o J

0
0, if n=0,
=19¢in2
Hence, hyp[n]=42sin (Tm/2), i n20.
n
Since hyp[n]=—hy[-n] and the length of the truncated impulse response is odd, it is a Type

3 linear-phase FIR filter.




1.5

Magnitude

g
th

0 02r 04rn 06r  0.8n T
Normalized frequency

From the frequency response plots given above, we observe the presence of ripples at the
bandedges due to the Gibbs phenonomenon caused by the truncation of the impulse
response.

7.15 H{xlnl}= Y hyrln—kix(kl

k=—00

_ < iX(e?), -n<w<0,
Hence }“{}[{x[n]}} = HHT(eJO))X(er) = { _Jj)é:e 9y g<o<.

. A jO) .
(a) Let y[n]=H {,’I{ {#{s {x[n]}}}}. Hence Y(e’w)={( _Jj)f)(:(e j(),;), 0":&"’:“(,”:)((&‘”).

Therefore, y[n] = x[n].

(b) Define g[n]=#{x[n]}, and h*[n]= x[n]. Then 2:=_w9{ {x[en} X1 = 2';_“ g{€]h *[2].

But from the Parsevals' relation in Table 3.2, 3~ gl#lh*[4]= L J' " 6(e1*) G(el?) do.
{=—co 2 d-n

Therefore, zc;_w,’?{ {x[e1} x[€}= %J.—: Hyp (ejm)X(ejm)X(e'jm)dm where

HHT(ejm) = {

n . . . o0
function of ®, [ Hyp(e®)XE*)X(e*)do=0. Aaresult, 3" H {x[{}xie]=0.
_n =—00

jh -m<w<0,

_i 0<o<m Since the integrand HHT(ejm)X(ejm)X(e_jw) is an odd

7.16 Hpp(e’®)=jo. Hence,

n

Therefore,

nd-n 2n| jn nZ Ji-x

1 (™. ien i (™ jen j wel®  ion
heo[n]=— ] joe!®do=—| we!do=-— +
ol =57 ) 2

cos(nn) sin(7tn) _ cos(1n)

n
. LT
hpeln] = ,ifn 0. Forn =0, hpel0]= o= [jwdw=0.

-7

1tn2 n
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0, n=0,
Hence, hppln]={cos(®m) — \_ Since hppln] =~ hppl-n], the truncated impulse

n
response is a Type 3 linear-phase FIR filter.

The magnitude responses of the above differentiator for several values of M are given below:

M=10 M=20
4 y y ; 4 y g "
o 3t 3t
3 3 3
3 E E
Z g" 2 §° 2
: = =
1 1} 1f
2 0 0.21 0.4n 0.6n 0.8%n T 0 0.2 0.4x 0.6nt 0.8 4
4 Normalized frequency Normalized frequency
- 4 M=30
= 4
3
' 3
w ‘a
%2
=
1 -
0 . . ‘
0 0.2r 0.4r 0.6m 0.8n T
e Normalized frequency
% C e
-—=, forn=M,
T
sin((z) (n- m))

717 N=2M + 1. BHP[n]=< Ve U ifn#M, 0<n<N,
m(n —m)
) otherwise.

.

oo oo N-1 N-1
Now Hyp@+0 p@= 3 hgplnlz ™+ 3 hyplnlz™ = hyplnlz ™"+ > by plnlz™"
n=0 n=0

n=—oc n=—oo

N-1
= Z(EHP[nH ﬁLP[n])z—n.
=0

" a N - N 0, 0<ns<N-1,n&#M,
But hygp[n]+hyp(n] = th[n]+hLP[n]= ! n=M ,

ik SR . B i

Hence, I:IHP(z)+I:ILP(z) =7z"M je. the two filters are delay-complementary.
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o <,
7.18 HLLP(eJm I I’ o ¢"  Therefore,
otherwise.
- 1 Oc 1 jon jon 0 jon jon ¢
we e we
hy; plnl=—|- jmelm“dm+ jme-‘"’“dw =—| | —+— Y LA 3
2% 2n jn n jn n
-0, - 0
1o Cercn - ce—w)ﬂn IO 4 IO _ o o, . cos(®w_n) -1
=5 ; + 5 =—Ssin(@ n) + ——5—.
2 jn n ~ Tn nn
; o, lo<o,
7.19 H e®)= ¢ Hence,
BLDIF 0, otherwise.
(O] . . ()]
¢ wn jon c
1 jon 1| @™ e
ho . [n]=— J'meJ do=— +
BLDIF T 2 jn n2
—(l)c —(Dc
1 (Dcej‘”c“ +0)ce_jm°n +ej0)cn _e-jocn ROR (© 1)+ ] (©.1)
= — - =—j—Scos(®_n)+ j—s= sin(®w_n).
2 jn n? Y M TIT2 c
—0 <0<
1 0, S0s0,,
- cop
1| ———— O <0so,,
‘© (,) - Y s
7.20 Hpe')=1 P -
0+, -
1+ , —0O <O k.
— o, Q)p p’ 0
| 0, elsewhere. :
1 n
jo . jo
Now, forn# 0, h; p[n]= e jHLP(e’ ye!"dw
-7 F
® 0] -0
p S P
1 . 0-0_\ . 0+ _)\ .
=— J‘ej“’“dm+ I 1- P 1ed®qw + J 14— /e
2n Aw A®
—(Dp (Dp -'(1)s
o) -0, .
1 0+ .
=— I Jon g — J. p I de + j ——L /e
21 Ao
_—m @, -0
r : . w . -
1 |2sin(@n) 1 |(@- wp)el“’“ gion | ° 1 | (@0+0 P)e-"”“ eon 4 .
= ——— B — - + — - + -
2n Tn Aw I jn n? Aw jn n? 3
@p — 0 , -4
1 [2sin(@n) 1 [ Awel®sh  el®n _ei®n  _A@e IO gmi0pn _gmi0gn !
=— -— + + - :
2n Tn Aw{ jn n?2 jn n? E
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1 {Zsin(cosn) 2 [Amsiﬁ(o)sn) cos(msn)—cos(mpn)]}
=y +

Ton 7n Ao n n?
1 [cos(@yn)  cos(w n) 1 (cos((®,—Aw/2)n) cos((® + Aw/2)n)
B XE{ m? o’ } B E{ 7n? - 7tn? }
_ 2sin(Aon/2) sin(® n)
Awn n

T
Now forn=0, h;p[0]= —21; J.HLP(eJm)d(o = %;(area under the curve)

-n

—< if n=0,
= n 3

Hence, hyp[nl=1,q1 Aan/2) sin(@_n)

Awn mn

if n#0.

An alternate approach to solving this problem is as follows. Consider the frequency

: ( - <
- 0, o, S0Lo p’
- dH p(e'®) ——1—, 0 <0<,
response G(e!®) = —Ia——— = 1A0) P Its inverse DTFT is given by
® — Y -0 <O<-0_,
Aw s p
~ | 0, elsewhere.
. L7 L L
. gln]=— fG(ejm)er" do =— J. LS L P j ——ei® e
= 2n 2n Aw 2n J Aw
: -T —(I)s (l)P
: { | eion[ P g jon|s
- = - = ®_n)- .
g' rbo| in b (cos( pn) cos(cosn))
- P
4 J
- Thus, h, ,[n]==g[n] = (cosm n —cosmn)
h LP[] ng[] n2Ao ( p) ( s)
; 1 Ao Aw
=— cos| | @, ——— |n |—-cos|{ | ®; +——n
mn°A® 2 2
i sin(®_n
=23m(A(.0n/2). (o, ),forn;tO.
Aon mn
' ’ ®
| 4 Forn =0, hLP[n]=-;°-.

7.21 Consider the case when the transition region is approximated by a second order spline. In
this case the ideal frequency response can be constructed by convolving an ideal, no-
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transition-band frequency response with a triangular pulse of width A® =, -0, which in

turn can be obtained by convolving two rectangular pulses of width Aw/2. In the time .
domain this implies that the impulse response of a filter with transition band approximated by -

a second order spline is given by the product of the impulse response of an ideal low pass S
filter with no transition region and square of the impulse response of a rectangular pulse.

Now, .

sin(®_n) sin(Awn/4) 2
Ll,(ideal)[n]=———°— and H _ [n]=——7F—- Hence, HLP[n]=HLP(ideal)[n](Hrec[n]) .

H Awn/4

Thus for a lowpass filter with a transition region approximated by a second order spline
(V)
—£, if n=0,
hy pln]= T2
Lp (sin(AomM)) sin(®@_n)

, otherwise.
Awn/4

7n b

Similarly the frequency response of a lowpass filter with the transition region specified by a
P-th order spline can be obtained by convolving in the frequency domain an ideal filter with

no transition region with P rectangular pulses of width Aw/P. Hence,

P
Hy p[n]=H} p deal)[n](Hmc[n]) , where the rectangular pulse is of width Aw/P. Thus

o, .
—=, if n=0,
h plnl= TP | |
LP sin(Awn/2P)Y sin(®_n) ) -
, otherwise. 2
Awn/2P n

7.22 Consider another filter with a frequency response G(ejm) given by

0, OSmSmp, =

- - ) s
sin P o <oo,, 2

ey =] 280 A® P s :

ﬁ - n((o+mp) ,

sin , —0_<0<-0_, ‘

2A0 Aw® s=@ mp i
0, elsewhere. =g

. jo ‘
Clearly G(ejm)=%—l. Now,
do

{ n Oy n(m-mp) ) o, n(m-wp) 4

3 i - [0 - i B-:
gln] = == [G(e)e a0 = 2| [ TB0 Jedn- [\ T80 e do g -
2 BTAW] = .
- “p ®p P
—0,  (me+o,) -0, T(O+® + i
j jon -j P_} jon -
+ j el b Je do- | e Ao Je'  do -4
~o, -w, 4
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e

£ ] o6

it o QA AR ﬁ*m

LT

j /A i jo (n—-1t/ A® jo_(n-n/Aw®)
0 (—jnmp/Am) eJO)s(n-H'C (lJ)_ej(Dp(n+1'C/A(D) e(jmop/AO)) eJ s )__ej pl
e -

" 8Awj i(n+n/Aw) i(n—n/Aw)

—jmp(n-n/Am) _ e—jms(n—n/Am)

(jmnp/Aw) e

+e

_jmp(n+n:/A(.o) _e—jms(n+n/Aco) (—jnmp/Au)) R
© i(n—-n/Aw)

jn+w/Aw)

1 (—Sin(msn)—sm(mp“) —sin(msn)-si“@p“)} _ (Si“("’s“)”i"(‘”pm)[ ~2n/ A0 )
- 2

" 2A0j m+n/Aw)  (n-m/Aw) 4A0] S -/ A®
sin(® cn) cos(Awn/2) 1 "
= - 2 2\ |
Awj n(l—(Aw/n) n )

cos(A@n/2) ](sin(wcn))

J
Now h[n] = +g[n]. Therefore, h{n]=
[n = S elnl [l—(Am/n)2n2 mn

7.23 Let wgln] = %, Since the convolution of two length N sequences produces a sequence of
|
length 2N 1, therefore 2N ~1 = 2M + 1 which gives N = M + 1. Therefore, wg[n] = *

1
~(M+1-|n]), -M<n<M,

ﬁ;_g <_r‘21. Now, w[n] = WR[“]®WR[R] { elsewhere
, ewhere,

M+1 |n| -M<n<M

W[n] M+]_ J ”

elsewhere.

Now —1 which yields k=+M +1. Hence a Bartlett window of length 2M + 1 is

obtained by the linear convolution of 2 length M + 1 rectangular windows scaled by a factor

1
JM+1

of each. The DTFT ¥ ART(ejm) of the Bartlett window is thus given by

L 2(eM+D)

1 2

M+l sinz(ﬂ) ’
2

: 2 .
¥oarr©@)=(¥p @) = where Wy (/) is the DTFT of the

n_ o, 4m
M+1

rectangular window. Hence ¥y ART(ejw) =0at w==% VoY

4
Therefore AMLBART = _M—% It should be noted that the main lobe width given here is for a

Bartlett window of length 2M + 1 = 2N — 1 as compared to that of a rectangular window of
length N =M + 1. The maximas of the DTFT ¥y ART(e:"") of the Bartlett window occur at the

same location as the DTFT ‘I’R(ejw) of the rectangular window. Since ¥y ART(ejm) =

i \2
(Fr(e™®) , it follows then Ay papy =2X Agyg =2%133=266 dB.
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: 7 .24 Welnl= [a +B cos( Z;}m ) +v cos(fém_l)]wf{ [n]

1
n

( ) (Znn) (47m) _(4nn)
= | o2 e \2M+ M+ |y ol o \IMHL) 1o \2M3 W n]

2n 2n
. . j(w— ) j(u)+ )
Hence, ¥..~(e’®) =¥, (!®) +2B¥ |e M+ LB, | e 2M+1
GC R R R

. 4n . 4T
J(m'zm 1) ’(sz 1)
+27¥g| e o2yl i

For the Hann window : o =0.5, B =0.5 and ¥ = 0. Hence

y 2n ) ( 2n )
- j| o+
N(e ?)=0.5% ) + ¥ ( M) | ol 2MH

. (CM+1Do O T« o T
sm(————2 ) sm((ZM + 1)( > "M l)) sm((ZM +1 > 2M 1))

- + +
sin(w/2) sin(g)_ K ) sm(m T )
2 2M+1 2 2M+1

HAN

For the Hamming window a = 0.54, B = 0.46, and y = 0. Hence
2n

2 o
. . j(u)- ) j(co+ )
WG ©0) =054 W (€79) +092%g| et M 1092% et AMHL i

‘.f
p.
PR I |

(22 | (s i) el 5]
sm(———— sinf CM +1)] —— sin| M +1)
2 Jiom 2 2M+UJ 092 2 M+1l))
sin(®/2) sin(9 ~ ) Sm( T )

2 2M+1 2 2M+1

=0.54

For the Blackmann window « =0.42, B =0.5 and y = 0.08

jo jo j(w—21341:—1) j(mzr\z/(’il)
Worack(© )=054¥g(e™) +¥g|e +Wple

B
) 4n ; 4n
) - J -
+0.16%, e( 2M+1) +0.16 ¥, e( ZM“)
(M +Do 0
) sm(____z ) sm((zM+1)(?-——2M 1)) sm((2M+l)(2 e 1)) .
=04 - + + 3
sin(w/2) s n(ﬂ) T ) Sm(m 7 )
2 2M+1 2 2M+1

194




sin((2M+1)(9_ 2 )) sin((2M+1)(5”2—— 2131" 1))
2 2M+1 +0.16 +

.(m 2% ) .(m 2n )
s —— sy ——
2 2M+1 2 2M+1

7.25 (a) N =1 and hence, x,(t) =0, +0t. Without any loss of generality, for L = 5, we first
fit the data set {x[k]}, =5<k <5, by the polynomial x (D=0 +oyt with a minimum mean-

+0.16

square error at t =5, 4, . . ., 0,1,..,5,and then replace x[0] with a new value x[0] =
xa(0) = 0.
.. 2 2
Now, the mean-square error is given by €(at,, ;) = Z{x[k]—(xo —alk} . We set
k=—5
dE(at,), 0 Jd€(a,, 0 5 5
——(—O——l—)=0 and ——-(——Q——l—)=0 which yields 110+, Y k= Y x[k], and
da, do, k=-5 k=-5

5 5 2 5
a, Tk+o, Yk“= Y kxlk].
k=-5 =5  k=-5
5

From the first equation we get X[0]=a, =-11—1 Zx[k]. In the general case we thus have

k=-5 ‘
1 5
X[n]=0 = -1—1 Zx[n —k], which is a moving average filter of length 11.
k=-5

(b) N = 2 and hence, xa(t) =0 +ot +0L2t2. Here, we fit the data set {x[k]}, —=5<k <35, by

the polynomial x,(t)=0, +a1t+a2t2 with a minimum mean-square error at t = -5, -4, . . .,

'} 0, 1,..,5,and then replace x[0] with a new value X[0] = x5(0) = a. The mean-square
o 5
= 2
Eo error is now given by 8(ao,oc1,oc2)= Z(x[k]—o&o —alk—azkz) . We set
o k=-5
= JE(0ty, 0y, O JE(0y, 0Ly, O 9E(0Ly, Oy, O
y (@90 2)=o, (@0 2)=o, and ——(—0——1—23=o, which yields
: do, ooy da,
E- - 5 5 5
g e +1100, = . xik], 1100, = > kx{k], 1100y +19580, = Y k2x[k]. From the first
* | . k=5 k=-5 k=-5
and the third equations we then get
T 5 5
s B 5
3 1958k25x[k] 11ok25k x[k] L 2
. o, = — = = 89-5k“ |x[k].
0 (1958 x11) - (110 429 kgs( )tk
oy Hence, here we replace x[n] with a new value X[n]=0, which is a weighted combination of
- the original data set {x[k]}, -5<k<5:
- 5
: __1 2
; i[n]—mkzs(SQ—Sk )xn—k]

=-‘-é§(—36x[n +5]+9x[n + 4]+ 44 x[n + 3]+ 69 x[n + 2] + 84 x[n + 1]+ 89 x[n]
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7.26

+84x[n—1]+6§x[n—2]+44x[n-3]+9x[n—4]—36x[n—5]).

(c) The irﬁpulse response of the FIR filter of Part (a) is given by
hl[“]='ilT{1 1 1111 1 1 1 1 1

whereas, the impulse response of the FIR filter of Part (b) is given by
hl[n]=2é§{—36 9 44 69 84 89 84
The corresponding frequency responses are given by
5 5
. 1 . . 1 .
joy= > —jok joy=—_- _ g1 2)a—jok
H ()= k;: , and Hy(e)= 2(89 5k2)eiok,
A plot of the magnitude responses of these two filters are shown below from which it can be

seen that the filter of Part (b) has a wider passband and thus provides smoothing over a larger
frequency range than the filter of Part (a).

~

69 4 9 —lop

1 <
\
\
08¢ \
\
\
o | \®
E 0.6 \
= \
< \
S 0.4} @
\
7/ ~
0.2 N \ N - h
Y / / \Y //
0 . \l N A\ N v N
0 0.2% 0.4rn 0.6 0.8t 11

Normalized frequency

~ 6x[n — 6] — 5x[n — 5] + 3x[n - 4] + 21x[n — 3] + 46x[n - 2}
+ 67x[n — 1] + 74x[n] + 67x[n + 1] + 46x[n + 2] + 21x[n + 3]
+ 3x[n + 4]5x[n + 5] - 6x[n + 6] - 3x[n + 71}

1
y[n] = -3—26{— 3x[n - 7]

YE') L

X(e®) 320
+67ej(’J +46 ej2m +21ej3‘° +3e,j4°’ - 5ej5m - 6ej6m —3ej7m}.

Hence, {—3 e 170 _¢ e 60 _5 e P03 e 140 101 e PO 146 e 120 L 67710 174

. Y jo
Thus, H(e'®) = —E—.-n;l - L {74 + 67 cos ® + 46 cos(2w) + 21 cos(3w) + 3cos(4®)
X(?) 160

~5c0s(50) — 6 cos(6 ) — 3cos(T)}.

The magnitude response of the above FIR filter is plotted below (solid line marked 's) along
with that of the FIR filter of Part (b) of Problem 7.25 (dashed line marked '(b)"). Note that
both filters have roughly the same passband but the Spencer’s filter has very large attenuation
in the stopband and hence it provides better smoothing than the filter of Part (b).
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7.27 (aL=3. P(x)= a1x+a2x2 +(1.3X3. Now P(0) =0 is satisfied by the way P(x) has been
defined. Also to ensure P(1) = 1 we require 0 +0, +03 = 1. Choose m=1landn=1,

Since dP(x) =0, hence o, +20L2x+30L3x2 =0, implying o, =0. Also since
x=0 x=0
dP(x) =0, hence o, +20, +30, =0. Thus solving the three equations:
dx Ix=l

al+a2+a3=1, 0L1=0. and a1+2a2+3a3=0

we arrive at o, =0, &ty = 3,and 04 = —2. Therefore, P(x) = 3x% - 2%°.

(b) L = 4. Hence, P(x)= oclx+012x2 +0L3x3 +0o 4x4. Choose m= 2 and n = 1 (alternatively
one can choose m = 1 and n = 2 for better stopband performance ). Then,

P)=1 = al+a2+a3+a4=l,
dP(x) 2 3
=0 =
Ix |xo = 0c1+20t2x+30c3x +40,x L=0 0,
2
d“P(x) _ 2 _
2 x=0—0 = 2a2+6a3x+12a4x X=0-0,
dP(x) _ _
i x=1-0 = a1+2a2+3a3+4a4—0.

Solving the above simultaneous equations we get 0 = 0, oy = 0, a; = 4, and o = -3.
Therefore, P(x)= 4x3 -3 x4.
(¢) L =5. Hence P(x)= a1x+a2x2 +0L3x3 +oc‘,'x4 +a5x5. Choose m = 2 and n = 2.

Following a procedure similar to that in parts (a) and (b) we get 0 = 0, o, =0,04= 10,
oy, =-15, and a4 =6.

Zu—ms

< , for no overlap to

z|.e

®
7.28 From the given specifications -I\—Z— =0.2. We also require

)
a

occur in

2

‘H(ejMw)‘ (see Figure P7.3(b) ). Hence 02m<—r—02m which implies M <3.

R & i




7.29

We choose M = 4. Hence specificatior{s for H(z) are ® p= 0.6m, o, = 0.8x, 6p= 0.001 and

85 =0.001. Substituting these values in Eq. (7.13), we arrive at the estimated value of the
FIR filter length as N = 33.

Specifications for F(z) are ®, =0.15%, o, =0.37, 8p= 0.001 and SS = 0.001. Hence, from
Eq. (7.13), the esimated length of F(z) is N = 43.

Therefore the total number of multiplications required per output sample is (3—23--1—43)x%

30. (The division by 2 is due to the fact that H(z) and F(z) are linear phase filters. )

On the other hand for a direct single stage implementation, we note that the specifications of
G(z) are: m’}) = 0.15m, o = 0.2, dy, = 0.002, 85 = 0.001. Hence, the filter length of G(z)

from Eq. (7.13) is 121. Therefore the total number of multiplications required per output
sample is 121/2 = 61. .

. o(N-1) ]
(a) For Type 1 FIR filter, HeEe)=e 2 lH(e’m)|. Since in frequency sampling

approach we sample the DTFT H(ejm) at N points given by @ = -2%15, k=0,1,.,N-1,

therefore H[k]= H(e?™'M) =|H (™ N)le‘ﬂ"“(N‘”’ 2Nk =0,1,...,N~1. Since the filter

is of Type 1, (N — 1) is even, thus ej2n(N_1)/2 =1. Moreover, h[n] being real,
H(ei®) = H* (). Thus, H(el®) =l 2|H(ej“’)|,, n<m<2n. Hence,

- ‘Hd(eﬂnk/N)|e—j21tk(N—l)/2N’ k=01, 2%—_1
lHd(ejZRklN)IejZn(N—k)(N—l)IZN’ k= ﬁ;—l,-b—‘?-,...,N—l.

(b) For Type 2 FIR filter
IHd(e j2nk /N )\e—j2nk(N—l)/2N, k=012,

H[k]= 0, =—,
|Hd(ej2nk/N)‘ejZNk(N—k)(N—l)IZN Kk =-I;+l,...,N—1.

, 0<ws<03m,
(¢) In Example 7.16, N = 37, and [Hy(e*|={0, 03n<w<17m,
, 1L7n<o<2r
o—i2RK /3T, 0<k <6,

Therefore, H{k]= 0, 6<k<32
. ej(21t(37—k)/37)18’ 32 <k < 36.

e—j(2ﬂk/37)18, k=O71,-"75’32933""’36’
0’ k=6,7,...,31.

Hence, H[k] ={




7.30 By expressing cos(wn)=T, (cos®),where Tp(x) is the n-th order Chebyshev polynomial in
x, we first rewrite Eq. (7.142) in the form: '
M M
H(w) = Za[n]cos(con) = Zan cos™ (®).

n=0 n=0
Therefore, we can rewrite Eq. (7.145) repeated below for convenience
P(o, (@) - D(@)]|=(-D'e, 1<i<M+2,
in a matrix form as

I cost@) - cos(@p) UR@)  |ray] [ D@
I cos(@y) - cos'(®) ~1/P(®,) o | | D@y
L cost@y,) - cos@y,) DY /P@y,) || oM g(wM+1)
1 cos(@py,,) cos™ (©p42) (—1)M+l IP(@y,9)] € (@p42)

Note that t—he coefficients {o,} are different from the coefficients ({ali]} of Eq. (7.142). To

A
determine the expression of € we use Cramer's rule arriving at €= —Ze- where

-

1 cos(@) - cost(@)) 1/P(®,)
1 cos(@,) - cos™(®,) ~1/P(@,)
A=det| : - : : » and
I cos@yg,) - cosM@pyy) DV /P@y,)
1 cos(@yp) - Co8" (@) DM P(@y,,) |
1 cos(wy) - cosM ((x)l) D(w,) ]
o I cos(@,) - cost(w)  D(@p)
a A, =det): : : :
1 cos(@pg,) - oSV (@) D@yyy)
M
Ll cos(Wygyq) v COS (©Op42) D(wpy +2)_
= M+2
% Expanding both determinants using the last column we get A8 = Zbi D(; +l), and
= i=1
": M+2 -1 1 l
#: A= Zbi B , where
=3 i=1 v
1 cos(®)) cos? (@) - cosM (@) _1
: " 1 cos(.(nz) cos? .(mz) - cosM‘ (@,)
& : : : . :
& b, =det|1 cos(®;_;) cosz(a)i_l) cosM(coi_l) ]
L cos(e 1) cos2(.ooi ) cosMga)i +)
' -2 . . 2 . . M .
. Ll cos(Wy 4+2) cos (0 42) v cos (V) +2)_
i The above matrix is seen to be a Vandermonde matrix and is determinant is given by

199




b, = H(coS(x)k —CoS®,).

k#¢, k>¢
k,£#i
b, M+2 1
Define ¢; = 5 . It can be shown by induction that ¢, = [] ———————. Therefore,
! + ' n=1 cos®, —cos® )
Hbr n#i
r=1
r#i
M+2
Y b,D(@,)
e = izl _ch(wl)+02D(w2)+---+cM+2D(mM+2)
T M+2 i M+l
z b. - & __% +,,,+°M+2(‘l)
< iP@)  PO) PO P(@yy,)

M7.1 The plots of the gain response and the group delay response for Fy = 1.25 are shown below:
Sampling Frequency = 1.25 Hz

Sampling Frequency = 1.25 Hz

8 -
3
[=%
g
=
<4
=}
j=%
2
o
S 2f
-60
_70 i A " i i i . 0 i 4 2 L A "
0 0.1 02 03 04 0.5 06 07 0 0.1 0.2 0.3 04 0.5 0.6 0.7
Frequency in Hz Frequency in Hz

The plots of the gain response and the group delay response for Fp = 2.5 are shown below:

Sampling Frequency = 2.5 Hz Sampling Frequency = 2.5 Hz
8
3
a,
g
>
S4
=]
o
=
o
S2f
-70 ~ 4 i 2 i s A 0 4 A A i i 2
0 02 04 06 08 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
Frequency in Hz Frequency in Hz

The plots of the gain response and the phase response of the Bessel filter are shown below:

200




(=
4

Phase in radians
L L =

IS

ofz 0.4 0.6 0.8 1 12 0 02 0.4 06 08 1 1.2
Frequency in Hz Frequency in Hz

M7.2  Given specifications: @, = 0.0907x, @ = 0.453515m,

2010go[G(e!* | 205, and 20logofGe 71| < = 50.

() Impulse Invariance Method: Let T = 1. Assume no aliasing. Then the specifications of

H,(s) is same as that of G(z), i.e.
Q, =0.0907m, Q =0. 4535157, 20 longH (j0.0907m) 2 -0.5, and

20 loglOIHa( 10.453515n)| <-50. Now,

1
20lo
glo[\lnez

T which yields A2 = 100,000. Therefore, the inverse discrimination ratio is given by

1 ’
o —1 ,f091929299 =905.2787, and the inverse transition ratio is given by

k
l 0453515
k

] = —0.5 which yields €> =0.12202. Similarly, 20 Ioglo(%) =-50

LA

=227 — 5. Hence, from Eq. (5.31), the order of the lowpass Butterworth filter is
0.0907r
loglo(l/k ) 10g10(905.2787)

loglo(llk) logm(S)
we determine the 3-dB cutoff frequency € _ by meeting exactly the passband edge

given by N = =4.23. We choose N =5 as the order. Next

E iR
_

10
specifications. From Eq. (5.30a), we have (Qp /QC) = 82 or Q.= 1.234129p =0.351653.

Using buttap we determine the normalized analog Butterworth transfer functlon of 5-th
order with a 3-dB cutoff frequency at Q_=1 which is

1

Hap®= 2 '
(s +1)(s> +0.6180345 +1)(s” +1.6180345 +1)
_ L8942 | 0276393250 8944272 -1.618034s

s+1 s? +0.6180345+1 s? +1.618034s+1 |
We denormalize H,,(s) to move Q. to 0.351653 leading to
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£ (=H ( s )_ 0666178  _-0.097197s-0.110605 —0.5689865s
2 an{ 0351653  5+0.351653 ' 52 +0.21733355+0.12366 52 +0.56898655+0.12366
0666178 -0.097197s-0.110605 _ ~0.5689865s

T 540351653  (s+0.10866675)% +0.33444% (s +0.28449325)° +0.20669685%

Comparing each term in the last expression with Eq. (7.37) and applying the transformation
of Eq. (7.40) we arrive at

0.666178z —0.0971972% —0.00572z +—0.568986522+0.5399173z
70703524 ' 72 —1.60465752+0.80466  z*-1472762+0.5661

G(z) =

A plot of the gain response of this transfer function is shown below.

0 5 10 15
Frequency, kHz

(b) Bilinear Transformation Method: Let T =2. From Eq. (7.52), the bandedges of the
analog prototype are Qp =0.143443, and Q_=0.863675. The inverse transition ratio is now

1 Q : N . . .
1 _2% _6.02103. The inverse discrimination ratio remains the same as in Part (a).

P
log,o(1/ky) _ log)o(9052787) _

=3.79235.
log,o(1/k)  log;(6.02103)

Substituting these values in Eq (5.31) we obtain N=

We choose the filter order as N = 4. From Eq. (5.30a), we have (Qp / Qc)g =2 or
Q_=1.300757 Qp =0.1865845. Since the order is same as that in the example of Section
7.5.1, we note that the normalized analog Butterworth transfer function of 4-th order with a
1 .

(s> +0.7654s +1)(s> +1.84785+1)
denormalize Hyp(s) to move Q_ to 0.1865845 leading to

s ) _ 0.001212
0.1865845 (s2 +0.14281175s+ 0.03481376)(32 +0.34477077s +0.03481376)
Applying bilinear transformation to Hy(s) we finally arrive at

_ 0.000746(1 +z"1)*

=1_-z_:_: T 1-1.6392072 1 +0.757458272)(1-1.3992422™" +0.5001822%)

1+

3-dB cutoff frequency at Q=1 is Hy ()=

H,® = Hy

G(z)=H, ()
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A plot of the gain response of this transfer function is shown below.

0 5 10 15
Frequency, kHz

M7.3 The modified program is as given below:

format long

Wp = input (' Passband edge frequency = ');
Ws = input('Stopband edge frequency = ")
Rp = input ('Maximum passband deivation in dB = ")
Rs = input('Minimum stopband deivation in dB = ');

[N, Wn] = buttord(Wp, Ws, Rp, Rs);

[b,al] = butter (N,Wn) ;

disp('Numerator polynomial"'); disp(b);

disp ('Denominator polynomial'); disp(a);

w = 0:pi/255:pi;

h = freqgz(b,a,w);

gain = 20*1logl0(abs(h));

plot (w/pi,gain) ;grid;axis([0 1 -60 5]);

xlabel ( 'Normalized frequency' ) ;ylabel('Gain, dB')

The data generated by running this program for the filter specifications: Wp = 0.0907, Ws =
il 0.453515,Rp =0.5dB and Rs = 50 dB are as follows:

n%

Numerator polynomial

e Columns 1 through 4

2 0.00103344 0.004133765 0.0062006479 0.004133765

: Column 5

0.00103344
'&E Denominator polynomial
oy Columns 1 through 4
& 1.0 -2.94748748 3.3619516 -1.742887

Column 5
0.34495788

& ]
- ‘ and the gain response of the above filter is as indicated below:
-y
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Normalized frequency
M7.4 The modified program is as given below:
Wp = input('Passband edge = ) ;
Ws = input('Stopband edge = ' ) .
Rp = input('Maximum passband deivation = ');
Rs = input('Minimum stopband attenuation = ' )
[N, Wn] = buttord(Wp, Ws, Rp, Rs, 's'):
{num,den] = butter(N, Wn, 's');
FT = input('Type in sampling frequency = YY) ;
[b,a] = impinvar (num,den, FT);
[h,omegal] = fregz(b,a, 512);
mag = 20*1ogl0(abs(h)) ; :
plot (omega/pi,mag); axis([0 1 -60 5]); grid
wlabel ('Normalized frequency') ;ylabel ('Gain, dB')
-_ The gain response of the filter generated for the input data: Wp = 0.0907x, Ws =
0.453515%, Rp = 0.5 and Rs = 50 is as indicated below:
.................................................. 4
60 ; ; : ;
02 0.4 0.6 0.8 1
Normalized frequency
M7.5 Given specifications: o, = 0.0907w, o, = 0.453515m,
, 20l0g,o|G(e!* **"|2 0.5, and 20lo0g,[G(e!****|s -50.
(a) Impulse Invariance Method: Let T = 1. Assume no aliasing. Then the specifications of
H,(s) is same as that of G(2), i.e. 9
Q_ =0.0907m, Q =0.453515m, 20log,o|H, (j0.0907m) 2 0.5, and 3
20log,, Ha(j0.4535151t) <-50. Now,
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1 e 2 - ( 1 )
20lo —— |=-0.5 which yields £° =0.12202. Similarly, 20lo — |=-50
glg( ,——1+€2) y y €10 A

which yields A2 = 100,000. Therefore, the inverse discrimination ratio is given by

,/ 99999 _ 905.2787, and the inverse transition ratio is given by
0.12202

E'
l 045351511:
kK 0.0907n

=5. Hence, from Eq. (5.39), the order of the lowpass Type 1 Chebyshev

cosh™ (1/k,)

cosh“(l/k)
cheblap for N = 4 and Rp = 0.5 we arrive at the transfer function of a normalized 4-th
order Type 1 Chebyshev lowpass filter gwen by

filter is given by N = =3.2722. We choose the filter order as N = 4. Using

0.357847
s) =

(s)=
a (52 +0.84668s + 0.356412)(82 +0.3507065s +1.06352)
0.200634s +0.455915 b= 0.200634s —0.356406

s2 +0.84667s+0.356412 s +0.3507065+1.06352
We denormalize H,,(s) to move the passband edge from Qp =1to Qp = 0.0907% =

0.284942 leading to
H,(s)=

H

( s )_ 0.05717s+0.037017 + - ~0.05717s—0.0289373

an| 0284942 ) §Z +0.2412525+0.0289378 s> +0.099931s +0.08634926
0057175+0.037017 __ -0.057175-0.0289373

" (s +0.120626)% +(0.1199465)* (s +0.0499654)% +(0.2895733)%

Comparing each term in the last expression with Eq. (7.37) and applying the transformation
of Eq. (7.40) we arrive at

0.057172% - 0.02367535z , ~0.05717 2% +0.027655z
22 — 175999382 +0.7856436  z* —1.82331462+0.9049

G(z)=

A plot of the gain response of this transfer function is shown below.

............................................................

............................................................

0 0.2 04 0.6 038 1
Normalized frequency

(b) Bilinear Transformation Method: Let T = 2. From Eq. (7.52), the bandedges of the
analog prototype are Qp =0.143443, and Q_=0.863675. The inverse transition ratio is now
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%(—: 2% —6.02103. The inverse discrimination ratio remains the same as in Part (a). Hence,
p
~ from Eq. (5.39), the order of the lowpass Type 1 Chebyshev filter is given by

_cosh™'(1/k,)

~ cosh”!(1/k) |
function of a normalized 4-th order Type 1 Chebyshev lowpass filter is given by

0.357847
H (5)=-—3 3 .
(s? +0.846685 +0.356412)(s” +0.350706s +1 .06352)

=13.023. We choose the filter order as N = 4. From Part (a), the transfer

We denormalize H,,(s) to move Q. to 0.143443 leading to

S 0.0001515
H,(s)=Hy, =72 2 :
0.143443) (s +0.12145s+ 0.0073335)(s” +0.05030632s + 0.021883)

A bilinear transformation of the above with T = 2 results in
_ 0.00012518(1-2"1)*
(1-1.7588252"1 +0.784812272)(1~1.8245234 21 +0.9061615272)

G(2)

A plot of the gain response of this transfer function is shown below.

............................................................... B
_70 H i i i - %
0 02 04 06 0.8 1 -
Normalized frequency E
M7.6 The modified program is as given below:
Wp = input('Passband edge frequency = '); 2
Ws = input('Stopband edge frequency = ' ) - 4
Rp = input('Maximum passband deviation = ');
Rs = input('Minimum stopband attenuation = );
[N, Wn] = cheblord(Wp, Ws, Rp, Rs);
[b,al] = chebyl(N,Rp,Wn);
disp('Numerator polynomial'); disp(b);
disp('Denominator polynomial'); disp(a);
w = 0:pi/255:pi;
h = freqz(b,a,w);
plot (w/pi,20*loglO(abs(h))); ;axis ({0 1 -60 51); grid .
xlabel ('Normalized frequency'); ylabel('Gain, dB'); p- -

The data generated by running this program for the filter specifications: Wp = 0.0907,
Ws = 0.453515, Rp = 0.5 dB and Rs = 50 dB are as follows:

Numerator polynomial
1.0e-03 *
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Columns 1 through 4

0.12517957 0.5007183 0.751077 0.5007182767

Column 5
0.1251796

Denominator polynomial

Columns 1 through 4
1.0 -3.583348 4.89999 -3.025687

Column 5
0.71116642

and the gain response of the above filter is as indicated below:

N N U S R PO

..................................

..........................................................

0.2 04 0.6 0.8 1.
Normalized frequency

M7.7 The modified program is as given below:

— format long

Wp input ( 'Passband edge = '});

o Ws input ('Stopband edge = ');

- Rp input ('Maximum passband deivation = ');
Rs input ('Minimum stopband attenuation = ');
[N, Wwn] = cheblord(Wp, Ws, Rp, Rs, 's');
[num,den] = chebyl(N, Rp, Wn, 's');

- FT = input('Type in sampling frequency = '};
[(b,al] = impinvar (num,den,FT);

disp('Numerator polynomial');disp(real(b));
disp('Denominator polynomial');disp(real(a));
[h,omega] = freqz(b,a,512);

mag = 20*loglO(abs(h));

plot (omega/pi,mag); axis([0 1 -60 5]); grid
xlabel ('Normalized frequency');ylabel('Gain, dB')

LI TR T 1}

{Q% W

The data generated by running this program for the filter specifications: Wp = 0.0907n =
0.28494245368, Ws = 0.453515n = 1.4247593, Rp = 0.5 dB and Rs = 50 dB are as

follows:

R

Numerator coefficients
0.0 0.00035928 0.0013133667 0.00030296

R L E 20 10 e

Denominator coefficients
1.0 -3.58330565 4.8995585 -3.0250868

0.71092666

and the gain response of the above filter is as indicated below:
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Normalized frequency

M7.8 Given specifications: ® p= 0.0907w, o, = 0.453515m,

2010g ofG(e!* P ™| 205, and 20log;|G(e 1) < -50.

(a) Impulse Invariance Method: Let T = 1. Assume no aliasing. Then the specifications of
H,(s) is same as that of G(z), i.e.

Q, =0.0907x, Q =0453515m, 20 log,o[H, (0.0907m) 2 0.5, and
201log,,[H, ( j0.453515n){ <-50. Now,

1
2010g10£\/——1=i——-8—2—J = -0.5 which yields g2 =0.12202. Similarly, 20 10310(7{) = =50 which

ylelds A2 = 100,000. Therefore, the inverse discrimination ratio is given by

— — ’ —1 ’09192999 =905.2787, and the inverse transition ratio is given by

k
—1- = 0. 4535151t =5. Hence, from Eq. (5.49), the order of the lowpass elliptic filter is given by
k 0.0907rm
2log,,(4/k,) . . .
= -—l————al—p-)-— =7.7447. We choose the filter order as N = 3. Using ellipap for N=3,
08,

Rp =05 and Rs = 50 we arrive at the transfer function of a normalized 3-rd order elliptic

lowpass filter given by
0.6414285 + -0.6049954s

H, ()= 3 :
s+0.6414285 s* +0.6049954s+1.144384
We denormalize Hyp(s) to move the passband edge from Qp =1to QP = 0.0907r = 0.284942

. s 0.18276992 -0.1723886s
leading to H_(s)=H = +—
a an{ (0.2894942) s+0.18276992 s“+0.17238865s+0.0929147
__0.18276992 ~0.1723886s

s+0.18276992 ' (s+0.0861943)% +(0.2923787)*
Applying the impulse invariance transformation we get

0.18276992z 0. 17238862 +0.1648786z

+
z-0.83295978 2% —1.75696 2 +0.84165
A plot of the gain response of the above transfer function is given below. Observe the effect of
aliasing in the gain response. To minimize the aliasing effect, one should choose N = 4.

G(z) =
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(b) Bilinear Transformation Method: Let T = 2. From Eq. (7.52), the bandedges of the
analog prototype are Qp =0.143443, and Q =0.863675. The inverse transition ratio is now

—llz= 2% _6.02103. The inverse discrimination ratio remains the same as in Part (a). Hence,
P

o 21og,o(4/k))

from Eq. (5.49), the order of the lowpass elliptic filter is given by Ng—————

log,,(1/p)

0.0364335s2 +00.73404045

$ +1.246424 5% +1.5324455 +0.73404045
H,,(s) to move the passband edge from Qp =1to Qp = 0.143443 leading to

s ) _ 000522652 +0.0021665

H49=Hm( 3 2 :
0.143443) 5> +0.17879s” +0.03153143s+0.0021665
Applying bilinear transformation to the above with T = 2 we get

0.006097 — 2.59034152" +2.590341522 —0.006097 2>
1-2.590342" 1 +2.3061472 2 =0.7015112™>

We choose N = 3. Then, Han(s) = . We denormalize

G(z)=

The gain response of the above transfer function is shown below.

............................................................

0 0.2 0.4 0.6 0.8 1
Normalized frequency

M7.9 Thev modified program is as given below:

Wp = input('Passband edge = ');

Ws = input('Stopband edge = ');

Rp = input('Maximum passband deivation = ');
Rs = input ('Minimum stopband attenuation = ');

[N, wn] = ellipord(Wp, Ws, Rp, Rs);

209
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[b,a] = ellip(N,Rp,Rs,Wn);

disp ('Numerator polynomial'); disp(b);
disp('Denominator polynomial'); disp(a);

w = 0:pi/255:pi;

h = fregz(b,a,w);

gain = 20*logl0(abs(h));

plot (w/pi,gain);axis([0 1 -60 5] ) ;grid

xlabel ('Normalized frequency'); ylabel( 'Gain, dB')

The data generated by running this program for the filter specifications: Wp = 0.0907, Ws =
0.453515, Rp = 0.5 dB and Rs = 50 dB are as follows:

Numerator polynomial
0.006097 0.001050255 0.001050255 0.006097

Denominator polynomial .
1.0 -2.59034 2.3061467 -0.701511

and the gain response of the above filter is as indicated below:

0.6 0.8 1
Normalized frequency

M7.10 The impulse response coefficients of the truncated FIR highpass filter with cutoff frequency
at 0.4 can be generated using the following MATLAB statements:

n = -M:M;
num = - 0.4*sinc(0.4*n);
num(M+1) = 0.6;

The magnitude responses of the truncated FIR highpass filter for two values of M are shown
below:
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M7.11 The impulse response coefficients of the truncated FIR bandpass filter with cutoff frequencies
at 0.77 and 0.37 can be generated using the following MATLAB statements:

n = -M:M;
num = 0.7*sinc(0.7*n) -~ 0.3*sinc(0.3*n);

The magnitude responses of the truncated FIR bandpass filter for two values of M are shown
below:

Magnitude

0 f ; ; :
0 02 0.4 0.6 0.8 1
Normalized frequency

M?7.12 The impulse response coefficients of the truncated Hilbert transformer can be generated
using the following MATLAB statements:

n = 1:M;
c = 2*sin(pi*n/2).*sin(pi*n/2);b = c./(pi*n);
pum = [-fliplr(b) 0 Dbl;

The magnitude responses of the truncated Hilbert transformer for two values of M are shown
below:

R e o
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Nommalized frequency
M7.13 The desired function D(x) = 1.1x3 —9x2 +1 is defined for —1<x<6. We wish to

approximate D(x) by a quadratic function a, x> +él x+a, by minimizing the peak value of

the absolute error |D(x)—a, x2 —a;Xx—agh Since there are four unknownsm ag, a;, a, and €,

we need four extremal points on x in the range —1<x <6, which we arbitrarily choose as x; =
-1, x9g=2,x3=4and x4 = 6. We then solve the four linear equations
ag+a,x, +a,%x; —(~'e=D(x,), £=122,3,4, which lead to
1 -1 1 1}a, -9.1
1 2 4 -ljja | {-262 E
1 4 16 1|la,| |-726(
1 6 36 -1}« -85.4
Its solution yields a; =-10.88, a; =-1 144, a, =-042, and €= —9.24. Figure (a) below shows

the plot of the error E4(x) = l.lx3 -8.58 x2+11.44x+11.88 along with the values of the error
at the chosen extremal points.

The next set of extremal points are those points where £1(x) assumes its maximum absolute
values. These extremal points are given by x; = -1, Xy = 0.79, x3 = 4.41 and x4 = 6. The new
values of the unknowns are obtained by solving

1 -1 1 17[a, -9.1
1 079 06241 -lila, | | —4.0746
1 441 194481 1 |ja,| |-79.6902

1 6 36 -1j € -85.4
whose solution yields a, =-7.0706, a; =-10.464, a, = -0.7578, and € =-11.7355. Figure (b)

below shows the plot of the error E,5(x) = l.lx3 —8.2422 x2 +10.464 x +8.0706 along with the
values of the error at the chosen extremal points.

The third set of extremal points are those points where E(x) assumes its maximum absolute

values. These extremal points are given by x; =-1, X, =0.75, x3 =4.25 and x4 = 6. The
new values of the unknowns are obtained by solving
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-1 1 1[a, -9.1
0.75 05625 ~-1ffa, | | -3.5984
425 180625 1 |la,| |-77.1203
6 36 -1j| € -85.4
which yields ay =-7.0781, a, = -10.5187, a, =-0.75, and €= -11.7906. Figure (c) below

shows the plot of the error E5(x) =1.1x> —8.25x” +10.5187x +8.0781 along with the values of
the error at the chosen extremal points. This time the algorithm has converged as € is also the
maximum value of the absolute error.

[ N )

S

M7.14 From Egs. (7.7) and (7.8), the normalized bandedges are given by o, =0.2n and @  =0.4m.

Therefore, ® = 0.31 and Aw=0.27.

(a) Using Eq. (7.105) and Table 7.3, the estimated length of the FIR filter for designing using
the Hamming window is given by N = 2M + 1 where M = 3.321/ Aw = 16.6. We therefore
choose M = 17 or equivalently, N = 35. The MATLAB program used to generate the
windowed filter coefficients are

n = -M:M;

num = 0.4*sinc(0.4*n);

¢ = hamming(2*M+1);

b = num.*c';d = b/sum(b);

The f{rst 18 filter coefficients generated are given by

h{0] = - 0.00046211,  h[1] = 0.00102536,  h[2] = 0.002352888, h[3] = 0.00198659,
h[4] = - 0.00151117,  h[5] = — 0.0066184, h[6] = — 0.00782857, h[7] =0,

h[8] = 0.014212866, h[9] = 0.022003622, h[10] = 0.00934131, h{11] = - 0.02319375,
h[i2] = —0.0519384, h[13] = -.0.0410902, h[14] = 0.03047765, h[15] = 0.146418535,
h[16] = 0.25507435, h[17] = 0.299498888.
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The remaining filter coefficients are obtained using the symmetry condition h[n] = h[35 - n].
The gain response of the filter is indicated below:

Lowpass Filter Designed with Hamming Window

‘80 i | i
0 0.2 0.4 0.6. 0.8 1
Normalized frequency

(b) For designing the FIR filter using the Hann window, we obtain freom Eq. (7.105) and

Table 7.3, M = 3.11%/ Aw = 15.55. We choose M = 16, and hence N = 33. The first 17 filter
coefficients generated are given by

h[0] = 0.00009963, h[1] = 0.00071704,  h{2] = 0.001001623, h{3] = - 0.00098813,
h{4] = - 0.00501611,  h[5] = — 0.0064928, h[6] =0, h[7] = 0.0129964375,
h[8] = 0.02068223, h[9] = 0.0089555, h[10] = — 0.0225584, h[11] = - 0.05105241,
h{12] = - 0.0407017, h{13] = 0.0303554, h{14] = 0.14636637, h[15] = 0.255520755,
h[16] = 0.30022913. '

The remaining filter coefficients are obtained using the symmetry condition h[n] = h[33 - n].
The gain response of the above FIR filter is given below:

Lowpass Filter Designed with Hann Window

-80 i i
0 0.2 0.4 0.6 08 1
Normalized frequency

(c) For designing the FIR filter using the Blackman window, we obtain freom Eq. (7.105) and

Table 7.3, M = 5.56n/ Aw = 27.8. We choose M = 28, and hence N = 57. The first 29 filter
coefficients generated are given by

h{0] = 0, h{1] = 0.000004146, h[2] = — 0.0000332, h[3] = — 0.000135,
h{4] = - 0.0001512,  h[5] = 0.000134064, h[6] = 0.00064516,  h[7] = 0.0008148,
h(8] =0, h[9] = - 0.00161654, h[10] = — 0.0025762, h[11] = 0.00111272,

h[12] = 0.0027674, h[13] = 0.00606946, h{14] = 0.0045437, h[15] = — 0.00301145,
h{20] = 0.02701594,  h[21] = 0.01086963, h[22] = —0.025841, h[23] = - 0.0558985,
h[24] = - 0.0430485, h[25] = 0.0312948,  h[26] = 0.1482652,  h[27] = 0.25618604,
h[28] = 0.29999305.

214




The remaining filter coefficients are obtained using the symmetry condition h[n] = h[57 - n].
The gain response of the above FIR filter is given below: '

Gain, dB

i N ; i
02 04 0.6 0.8 1
Normalized frequency” i

-80
0

M7.15 Substituting o = 45 in Eq. (7.112) we obtain B = 3.975433. Next, substituting the value of

a =45 and N =26.8. We choose the next higher off integer value of 27 as the filter length N, i
and hence M = 13. The first 14 filter coefficients are given by 3

h[0] = — 0.0006856,  h{1] = — 0.0038303, h[2] = - 0.0052589, h(3] =0,

h{4] = 0.011384778,  h[5] = 0.01865897,  h[6] = 0.00828507,  h[7] = — 0.0213207,
h{8] = - 0.04912314, h[9] = - 0.0397382,  h[10] = 0.0299733, h[11] = 0.1456924,
h{12] = 0.25557446,  h[13] = 0.3007754.

The remaining filter coefficients are obtained using the symmetry condition h[n] = h[27 - n].
The gain response of the above FIR filter is given below:

Lowpass Filter Designed with Kaiser Window
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-
- M7.16 N = 39;

h for k = 1:N+1
- w = 2*pi*(k-1)/40;
if(w >= 0.6*pi & w <= 1l.4*pi) H(k)= 1;

- else H(k) = 0;

- end

e if(w <= pi) phase(k) = i*exp(-i*w*N/2); .
else phase(k) = ~i*exp(i* (2*pi-w)*N/2); i
end

end
H = H.*phase;
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M7.17

M7.18

M7.19

f = ifft(H):

[FF,w] = freqz(f,1,512);

k = 0:N;

subplot (211)

stem(k,real(£f));

xlabel ('Time index n'); ylabel ('Amplitude’')

subplot (212)

plot(w/pi,ZO*loglO(abs(FF)));

xlabel ('Normalized Frequency'); ylabel ('Magnitude, dB');
axis ([0 1 =50 5]); grid on

% Length = 45 and bandpass hence Type 3 filter
N = 44; L = N+1;
for k = 1:L
w = 2*pi*(k-1)/L;
if (w >= 0.3*pi & w <= 0.5*pi) H(k) = i*exp(-i*w*N/2);

elseif (w >= 1.5*pi & w <= 1.7*pi) H{(k) = -i*exp(i* (2*pi-
w)*N/2); .

else H(k) = 0;

end
end
f = ifft(H);
[FF,w] = freqz(f,1,512); 5
k = 0:N; g

subplot (211);

stem(k,real(£f));

xlabel('Time index n'); ylabel (‘'Amplitude');

subplot (212);

plot(w/pi,20*log10(abs(FF)));

ylabel ('Magnitude, dB'); xlabel ('Normalized Frequency'):;
axis ([0 1 -50 51); grid;

N=36; L=N+1;
for k = 0:36
if(k <= 5 | k>=32) (k+1) = exp(-i*2*pi*k/L*18); -
elseif (k == 6 | k == 31) H(k+l) = 0.5%exp(- o~
i*2*pi*k/L*18); g
end g -
end
f = ifft(H);
[FF,w] = freqz(f,1,512);
k = 0:N; E
subplot (211); =
stem(k,real(£f)); B
xlabel ('Time index n'); ylabel ('Amplitude’); E .
subplot (212); 2
plot(w/pi,zo*loglo(abs(FF)));
xlabel ('Normalized Frequency'): ylabel ('Magnitude, dB');
axis ([0 1 -70 5]);grid;

N = 36; L=N+1;
for k = 0:36

if(k <= 5 | k >= 32) H(k+l) = exp(-i*2*pi*k/L*18); -
elseif (k ==6 k == 31) H(k+l) = 2/3*exp(-i*2*pi*k/L*18); ;-
elseif (k ==7 k == 30) H(k+l) = 1/3*exp(-i*2*pi*k/L*18); .
end

end

f = ifft(H);
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[FF,w] = freqz(£f,1,512);

k = 0:N;

subplot (211);

stem(k,real(£f));

xlabel ('Time index n'); ylabel('Amplitude');
subplot(212);

plot (w/pi,20*1logl0(abs(FF)));

xlabel ('Normalized Frequency'): ylabel ('Magnitude, dB');
axis([0 1 -70 51); grid;

M7.20 (a) From M7.14(a) above, we note ®, =0.3% and M = 17. The first 18 filter coefficients
generated using £irl are given by

h[0] = - 0.000462, h[1] = 0.00102536,  h[2] = 0.002352888, h{3] = 0.001986597,
h[4] = - 0.0015112, h[5] = - 0.0066184, h[6] = — 0.00782857, h[7] =0,

h[8] = 0.014212866, h[9] = 0.022003623, h[10] = 0.0093413,  h[11] = — 0.023193746,
h[12] = - 0.0519384, h[13] = — 0.0410902, h[14] = 0.03047765, h[15] = 0.14641853,
h[16] = 0.255074347, h[17] = 0.299498887.

The remaining filter coefficients are obtained using the symmetry condition h[n] = h[35 - n].
The gain response of the filter is indicated below:

Lowpass Filter Designed with Hamming Window
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(b) From M7.14 (b), M = 16. The first 17 filter coefficients generated using £irl are given
by

h[0] = 0.00009963,  h[1] = 0.00071704,  h[2] = 0.00100162,  h[3] = — 0.000988135,
h{4] = — 0.0050161,  h[5] = — 0.0064928, h[6] =0, h[7] = 0.0129964375,
h[8] = 0.020682233,  h[9] = 0.00895552,  h[10] = - 0.0225584, h(11] = - 0.05105241,
h[12] = — 0.0407017, h[13] = 0.0303554,  h[14] = 0.14636637, h[15] = 0.25552075,
h[16] = 0.30022913.

The remaining filter coefficients are obtained using the symmetry condition h{n] = h[33 - n].
The gain response of the above FIR filter is given below:
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Lowpass Filter Designed with Hann Window
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(¢) From M7.14(c) M = 28. The first 29 filter cog.fficients generated by £ir1l are given by

h[0] = O, h[1] = 0.000004146, h[2] = - 0.0000332, h[3] = - 0.000135,
h[4] = - 0.0001512, h[5] = 0.000134064, h[6] = 0.00064516,  h[7] = 0.0008148,
h[8] = 0, h[9] = - 0.00161654, h[10] = — 0.0025762, h[11] = 0.00111272,
h[12] = 0.0027674, h[13] = 0.00606947, h[14] = 0.0045437, h[15] = - 0.00301126,
h[16] = - 0.0115838, h[17] = - 0.012234, h[18] =0, h{19] = 0.01863545,

h[20] = 0.02701594,  h[21] = 0.01086963, h[22] = — 0.025841, h[23] = — 0.0558985,
h[24] = — 0.0430485, h[25] = 0.0312947, h[26] = 0.1482652, h[27] = 0.25618604,
h[28] = 0.299993047.

The remaining filter coefficients are obtained using the symmetry condition h{n] = h{57 — n].
The gain response of the above FIR filter is given below:

Lowpass Filter Designed with Blackman Window
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(d) The first 14 filter coefficients generated using £ir1 are given by

h[0] = — 0.0006856,  h[1] = — 0.00383026, h[2] = - 0.0052589, h[3] = O,

h[4] = 0.011384777,  h[5] = 0.018658976, h[6] = 0.0082851,  h[7] = — 0.0213207,
h[8] = - 0.04912314,  h[9] = — 0.03973819, h[10] = 0.02997333, h[11] = 0.1456924,
h[12] = 0.25557445, h[13] = 0.3007754.

The remaining filter coefficients are obtained using the symmetry condition h{n] = h[27 - n].
The gain response of the above FIR filter is given below:
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21 From the band edge specifications we obtain @_=0.575% and Aw =0.15m.

(a) Using Eq. (7.105) and Table 7.3, the estimated length of the FIR filter for designing using
the Hamming window is given by N = 2M + 1 where M = 3.32n/ Aw =22.13. We therefore
choose M = 23 or equivalently, N = 47. The impulse response coefficients and the gain
response of the designed FIR filter are shown below:

Highpass Filter Designed with Hamming Window Highpass Filter Designed with Hamming Window

04 | 0 ...............................
D0 b
02r 1
8
e ,, m,\q)?? P X .5_40 T O AP
A T R A S
02t 60 b
_04 " " . " -80 A /\[\A H . l
0 10 20 30 40 0 0.2 0.4 0.6 0.8 1

Time index n Normalized frequency

(b) Using Eq. (7.105) and Table 7.3, the estimated length of the FIR filter for designing using
the Hann window is given by N = 2M + 1| where M = 3.11n/ Aw = 20.7333. We therefore
choose M = 21 or equivalently, N = 43. The impulse response coefficients and the gain
response of the designed FIR filter are shown below:

Highpass Filter Designed with Hann Window
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(c) Using Eq. (7.105) and Table 7.3, the estimated length of the FIR filter for designing using
the Blackman window is given by N =2M + | where M = 5.56m/ Aw = 37.0667. We therefore

choose M = 37 or equivalently, N = 75. The impulse response coefficients and the gain
response of the designed FIR filter are shown below:

Highpass Filter Designed with Blackman Window Highpass Filter Designed with Blackman Window
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(d) From Eq. (7.112), we get B = 4.5335 and from Eq. (7.113) we get N = 20.5218. We
choose the next higher odd integer 21 for the filter lengt,h and hence M = 10. The impulse
response coefficients and the gain response of the designed FIR filter are shown below:

nghpass Filter DeSIgned with Kaiser Window nghpass Filter Dcsngned with Kaiser Window
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M7.22 From the band edge specifications, ® ol =05, ® p2 = 0.7%, @ =04, and ©® o= 0.85m,

we get the two cutoff frequencies as © = 0.457, and ®_, =0.775m, and the two transition

bandwidths as A®, = 0.lm, and Aw, = 0.15r. From Eq. (7.90) ‘we observe that the FIR

bandpass filter coefficients are given by the difference of the filter coefficients of two FIR ,
lowpass filters. Hence, we estimate the filter lengths of the two lowpass filters with cutoff 3
frequencies ®_ and ®©, using Eq. (7.105) and Table 7.3, and use the larger of the two as the

filter lengths of both lowpass filters.

(a) For the bandpass filter designed using the Hamming window we get

__:_3-_3_2____2;2%: 332 and M, =ﬁ=ﬁ=22.1333. We choose M = 34 and hence, N =
0. @, 0.15

69. The impulse response coefficients and the gain response of the designed FIR filter are
shown below:

220




Bandpass Filter Designed with Hamming Window Bandpass Filter Designed with Hamming Window

Skesd Wedd e o

- '4 " " n " " " _80 - - : ‘
0 0 10 20 30 40 S50 60 0 0.2 0.4 0.6 0.8 1
Time index n Normalized frequency
. . . 311 3.11
(b) For the bandpass filter designed using the Hann window we get M, = 5 "ol =31.1
. cl :

and M, = %ﬁl: -30—% =20.7333. We choose M = 32 and hence, N = 65. The impulse

response coefficients and the gain response of the designed FIR filter are shown below:

Bandpass Filter Designed with Hann Window

Bandpass Filter Desi gned thh Hann Window

Amplitude

-0_4 A - L = - '80 A A . . H
0 10 20 30 40 50 60 0 0.2 0.4 0.6 038 1
Time index n Normalized frequency

(c) For the bandpass filter designed using the Blackman window we get

M, =22 = 338 _s56and M, 556—%32-_370667 We choose M = 56 and hence, N =

s’ oy Ol @,
113. The impulse response coefficients and the gain response of the designed FIR filter are
shown below:
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(d) Given o = 40,0, =0.4m, ©; =0.5T, ©, =077, and @, =0.85r. Using Eq. (7.112)
we first compute B = 3.3953. We compute the filter length using Eq. (7.113) twice, first with
Af = (0, - 0y)/21=0.05 which yields N = 45 and second with Af =(®, —m[m)/ 2 =0.075

which yields N = 30. We thus choose the larger of these two estimates as the filter length N =
45. The impulse response coefficients and the gain response of the designed FIR filter are
shown below:

Bandpass filter design using Kaiser window Bandpass Filter design using Kaiser window
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2nx2.5

=0.1134n. The delay-

complementary FIR lowpass and highpass filter coefficients of lehgth 31 are then generated
using the MATLAB statements: ‘

M?7.23 From Eq. (7.7), the normalized crossover frequency ® =

di
dz2

£ir1(30,0.1134);
-di;d2(16) = 1 - di(16);

The gain responses of the two filters generated using the above program are as indicated below:

F /\ f\ JAWAN I\ Fa N n A
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Normalized frequency

M7.24 The filter coefficients of the FIR lowpass and the highpass, and their delay-complementary
FIR bandpass filter are generated using the MATLAB program:

¢ = hanning(35);

dl = fir1(34,0.1043,c);
d2 = firl1(34,0.2812,'high’',c);
d3 = -dl1-d2;d3(18) = 1 - di(18) - d2(18);

The gain responses of the three FIR filters generated using the above program are as given
below:
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M7.25 The filter coefficients are generated using the MATLAB program:

fpts [0 0.5 0.52 0.79 0.81 1];
mval [0.6 0.6 0.2 0.2 1.0 1.0];
b = fir2(90, fpts,mval); .

I n

The gain response of the multiband FIR filter generated using the above program is as given
below:
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M7.26 From Eq. (7.6) with o . =0.1 we obtain Sp =0.0057. Likewise, from Eq. (7.4) with

a, =45 we obtain 8  =0.0056. Using these values, and the specified values of the passband
and stopband edge frequencies, and the sampling frequency in Program 7.1 we arrive at the
filter length N = 22. Next, using Program 7 8 we determine the impulse response coefficients
of the FIR lowpass filter and its gain response. The input data used are: filter order = 21, band
edge vector = [0 0.2 0.4 1] and the magnitude level vector = [1 10 0]. The filter generated did
not meet the stopband edge specifications. The specifications were met when the filter order
was increased to 23.

The first 12 filter coefficients are given by
h{0] = — 0.00548387, h[1] = - 0.00324835, h[2] = 0.00526428, h[3] = 0.01638097,

h{4] = 0.016687436, h[5] = — 0.00391905, h[6] = - 0.03667825, h{7] = - 0.0510055,
h[8] = - 0.01321462, h[9] = 0.083808425,  h[10] = 0.20496879, h[12] 0.289164653.

The remaining 12 filter coefficients are given by the symmetry condition h(n] = h[23 — n].
The gain response of the above filter is given below:
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The filter was also designed by using remezord to estimate the filter order and then using
remez to determine the filter coefficients. To this end the MATLAB program used is given
below:

Rp = 0.1; Rs = 45; FT = 10;

£ =101 2]; m = [1 0]; '

dev = [(10~(Rp/20) -1)/(10~(Rp/20) +1) 10~ (-Rs/20)1;
[N, fo, mo, wol] = remezord(f, m, dev, FT);

b = remez(N, fo,mo,wo);

The filter obtained using the above program is of length 23, but its gain response did not
meet the specifications. The specifications were met when the filter order was increased to
24.

M?7.27 From Eq. (7.6) with a2 =0.2 we obtain 8 = 0.01138. Likewise, from Eq. (7.4) with

o, =50 we obtain &  =0.0031623. Using these values, and the specified values of the

— passband and stopband edge frequencies, and the sampling frequency in Program 7.1 we
arrive at the filter length N = 29. Next, using Program 7.8 we determine the impulse
response coefficients of the FIR lowpass filter and its gain response. The input data used
are: filter order = 28, band edge vector = [0 0.5 0.65 1] and the magnitude level vector =
[0 0 1 1]. The filter generated did not meet the stopband edge specifications. The
specifications were met when the filter order was increased to 36.

T
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M7.28 The FIR bandpass filter was designed using the following MATLAB program:

Rp = 0.15; Rs = 40; FT = 2;

f = [0.4 0.5 0.7 0.85]; m = fo 1 0};

dev = [10~(-Rs/20) (10~(Rp/20) -1)/(107(Rp/20) +1) 107(-
Rs/20)1];




‘3& "

[N, fo, mo, wol = remezord(f, m, dev, FT);
b = remez (N, fo,mo,wo); .

The gain response of the resulting filter is given below:
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M7.29 The MATLAB program used to design the 27-th order differentiator is given below.
b remez (27, [0 11,[0 11, 'differentiator');
w 0:pi/255:pi;
h freqz(b,1,w);

plot(w/pi,abs(h));grid
xlabel ('Normalized frequency');ylabel('Magnitude');

The magnitude response of the differentiator designed is shown below:
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M?7.30 The MATLAB program used to design the 26-th order Hilbert transformer is given below.

£ [0.01 0.08 0.1 0.9 0.92 1];
[0 0110 0};

m
wt = [1 60 1];
b = remez(26,f,m,wt, 'hilbert');

W

Note that the the passband and the stopbands have been weighted to reduce the ripple in the
rt transformer designed is shown below:

passband. The magnitude response of the Hilbe
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Chapter 8.

8.1

x[n]

Analysis yields ~ w,[n]=0 B, w,[n- 1]+ x[n] — w,[n},
w,[n]=P,w,[n- 1],
W3[n] = B2W5[n -1],
wyln]= a3w2[n] + w3[n],
ws[n]= a,w;n]- w,[n]+ B, wyln— 1],
yln]= (xox[n] + Bl w,[n— 1].

In matrix form the above set of equations is given by:

rwinl] o o -t 0 o o] [ef © 00
wy[n]} {0 0 0 0 00 w,[n] 0 0 0 By
W3[n] _ 0 O 0 0 0O w3[n] + 0 00 O
wymi|=[0 @3 1 0 0 Ohwim})T 00 00
w.[n] 0 -1 ) 0 00 waln] B, 000
gt | [0 0 O 0 0 O} yny] | B ©00O0

Here the F matrix is given by

ococoFf oo

o

|

[oNeYeNoie

'wl[n—lﬂ
w,[n-1]
w3[n -1
w,[n-1]

|L yln-1] |

ws[n -1]




0 -1

0 0 0 0]
00 0000
00 0 000
F=10 a; 1 000
0 -1 o, 000
0 0 0 0 0 O]

Since the F matrix contains nonzero entries above the main diagonal, the above set of equations
are not computable.

8.2 A computable set of equations of the structure of Figure P8.1 is given by

w,[n]=B; w,[n-1],

wyln]=p, ws[n-1], _
w,[n]= alﬂl w,[n—1]-w,[n]+ x[n],
w4[n] = a3w2[n]+w3[n],

wg[n]= o, W4[n]—w,[n]+B, w [n-1],
y[n]=oyx[n]+ Bl w,[n-1].

In matrix form the above set of equations is given by:

won]] To 0 0 0 0 O]%,m] [0 0 0 B3 0O 0w [n—1]] 0
W3[1'1] 0 0O 00 0O W3[n] 00 0 0 BZ 0 wz{n—l] 0
w,[n] _ 0 -1 0 00O w, [n] + 0 0 aIBl 0 0 0fwsn-1] N x[n]
w,n|=[@ 1 0 0 0 Oy m)Tto 0 0 0 0 Ofwn-11)7 9
T win]| |1 @ 0 0 0 Ofw a0 0 B 0 0 Ofwn-1 ag[n]
& | y[n] | L0 0 0 0 0 Off yfn] | 00 B 0 0 Off yln—1] | 0
Here the F matrix is given by
0 0 0 0 0 0]
0 0 0 00O
0 -1 0 00O
F=la, 1 0000
= -1 a, 0 000
0 0 0 0 0 0]
Since the F matrix does not contain nonzero entries above the main diagonal, the new set of
equations are computable.




8.3
x[n]

Analysis yields w,[n]= x[n] -0, w3[n] + w2[n],
w,[n]=0 B,wn-1],
wi[n]=0, wl[n] — 0Ly ws[n] + w4[n],
w,[n]=a, B,ws[n-1],
wgnj=0., ws[n]+ wgln],
W6[n] =04 B3w5[n ~1],
y[n]=oyx[n] +oyw,[n].

In matrix form

~ (wilnl] To 1 ~a, 0 0 0 0]wlnl
wymll o 0 0 0 O 0 0} w,yn]
w3[n] o, 0 0 1 -o4 00 w3[n]
wyln]i=} 0 0 0 0 0 0 0fwyln]
ws[n] 0 0 a2 0 0 01 ws[n]
weln] 0 0 0 0 O 00w6[n]
Ly[n] | Lal 0 0 0 0 0 O—L y[n] )
"0 0 0o 0 o0 0 o]fw-1]
ofy 0 0 0 0 O 0W w,[n—1] x[(;lﬂ
00 0 0 0 0 0 0}fwsn-1] 0
40 0 aBf, 0 0 0 Ofwin-1]{+| O
0 8 885, 8 sl ¢
G303 weln—1]
L0 0 0 0 0 0 0] a1 | %ox[n]]
[0 1 —o, 0 0 0 0]
0 0 0 0 O 0O
» @ 0 0 1 -05 00
Here the F matrix is givenby F=|0 0 0 0 0 0 0
00 a 0 0 01
0o 0 0 0 O 00O
@, 0 0 0 O 0 0




Since the F matrix contains nonzero entries above the main diagonal, the above set of equations
are not computable.

8.4 The signal-flow graph representation of the structure of Figure P8.1 is shown below:

-1
L winl Pz

x{n]

-1

The reduced signal-flow graph obtained by removing the branches going out of the input node
and the delay branches is as indicated below:

In the above precedence graph, the set Ay contains nodes with only outgoing branches and

the final set A5 contains nodes with only incoming branches. As a result, the structure of

Figure P8.1 has no delay-free loops. A valid computational algorithm by computing the

node variables in set A(; first in any order followed by computing the node variables in set
B N in any order. For example, one valid computational algorithm is given by

229




[ ‘?‘lﬁ:

Vl[n] = ﬁ] Wl[n -1},
W3[n] = ﬁz W5[n -1},

— w,[n] =Py w,ln-1],
wl[n] =0, vl[n] - w3[n] +x[n],
w4[n] =0y w2[n] + w3[n],
wg[n] =0,y w,[n]-w,[n]+ B, v,nl,
y[n] = o x[n]+v,[n].

8.5 The reduced signal-flow graph obtained by removing the branches going out of the input node

and the delay branches from the signal-flow graph representation of the structure of Figure
P8.2 is as indicated below:

The only node with outgoing branch is wgln] and hence it is the only member of the set Nj.

Since it is not possible to find a set of nodes N, with incoming branches from A1 and all

other branches being outgoing, the structure of Figure P8.2 has delay-free loops and is
therefore not realizable.

8.6 (a) ol
yin
©o

x[n] e
w3[n]

Bo

Analysis yields wl[n] = Bl wyln-1] +[33 wy[n- 1],
W2[n] = Bz Wl[ﬂ -1] _ﬁ3 W2[n -1},
w,[n]= x[n]+B; w,[n-1],
W4[n] =Bo w3[n -1}+ Bz Wl[n -1],

ylnl=a, By wsln-1]+0a, B, wyln—11+0, B, w [n-1]+05 By wyln-1].
In matrix form




winl] 10 0 0 0 o] [0 B0 B, Olrw,n-11] o
woml| [0 0 0 0 0 W,ln] B, -B; 0 0 Opwyn-Il} | 0
w,[n]|=|0 0 0 0 Offwy[n]j+ O 0 0 B, Of wyln-11|+ x[n]
w,[n] 8 8 8 8 8 w,[n] B, 0 Bo 0 Ofwyn-1] g
y(n] y[n] B, 03By 0By 4By O yln-1]

Since in the F matrix there are non-zero entries above the main diago_nal, the above set of
equatioms are computable. Note also that the F matrix being a null matrix, the variables can be

computed in any order.
(b) The reduced signal-flow graph obtained by removing the branches going out of the input

node and the delay branches from the signal-flow graph representation of the structure of
Figure P8.3 will have no branches. As a result, the structure of Figure P8.3 is realizable and the

variables can be computed in any order.

1 (Pol T4 to01
8.7 From Eq. (8.15), p—Hld,where pP=|p d= e 1=1-02 and
2 .
Py

h{0] O 0 3.0 0 0 Po 3.0 0 0 1 3.0
H, = h{1] h{0] O |= 1.72 3.0 0 | Hence, |p |= 172 30 O || 0.1 |=| 202 |
h{2] h[1] h{O] 443 172 3.0 P, 443 172 3.0]{-0.2 4.002
-1

Hence P(z)=3.0+2.022"" +4.00227.

'hj0] 0 O 5.00 (2] h{yl_[-8 -1 h{3]
8.8 Here Hl_g[%]] tﬁ[[?]] h&)]}—[:é _51 g] Hz"[h[ﬁ%] h[z]]—[w _g], h—[h[4]]

)

S TLE = {4 T

Hence, d= =— =|_| and p={p =Hl 1=—1 5 0|21=1]9}

Ldz 19 -8 -14 3 P, d, 8 -1 513 5
-1 -2

Thus, H(Z)=5+9z +5z .

142z 143272

0 )
3

15
h=|-21}
-7

3 0

-2 3

8.9 Here H =} 3 _»
1 3

5 =21 15 1

AT I R R N
Hence, |d,|=-|15 1 -3| |-21}=|3} and H=13 5 3 o]3|7|2}

d 2115 1] |-7] |4 I I qHEBE

25 0 80 3 Po{ 2 0 0 OF1 2

-5 2 0 _ pl |-5 2 0 0f3|_|!1

8.10 Here Hy=|14 _5 2 0f d‘H’ Hence, | p \=l1a =5 2 0)2|7 3 | Thus,

14 14 -5 2 P 14 14 -5 24| [54

Pz)=2+2" +3272+5477




5 0 0 0 O 2
-11 5 0 0 0 2
- 8.11 Here, H1= 15 -11 5 0 Ol and d= 3} Hence,
25 15 -11 5 0 3
42 =25 15 -11 5
5 0 0 0 Of1 5
-11 5 0 0 0j2 -1 | ) 3 )
p=|15 -11 5 0 0f2}= 3 | Thus, P(z)=5-z  +3z " -2z  +4z .
25 15 -11 5 0}|3 -2
42 =25 15 -11 5|3 4

N-1
8.12 The k-th sample of an N-point DFT is given by X[k]= Zx[n]W;}k. Thus the computation of

k=0
X[k] requires N complex multiplications and N-1 complex additions. Now each complex
multiplication, in turn, requires 4 real multiplications, and 2 real additions. Likewise, each
complex addition requires 2 real additions. As a result, the N complex multiplications needed
to compute X[k] require a total of 4N real multiplications and a total of 2N real additions.
Similarly, the N-1 complex additions needed in the computation of X[k] require a total of
7N-2 real additions. Hence, each sample of the N-point DFT involves 4N real multiplications

and 4N—2 real additions. The computation of all N DFT samples thus requires 4N? real
multiplications and (4N-2)N real additions.

8.13 Let the two complex numbers be a.=a+jb and B=c+jd. Then, af=(a+jb)c+jd)
= (ac —bd) + j(ad + bc) which requires 4 real multiplications and 2 real additions. Consider the
products (a+b)(c+d), ac and bd which require 3 real multiplications and 2 real additions.
The imaginary part of o can be formed from (a+b)(c+d)—ac—-bd= ad +bc which
~ now requires 2 real additions. Likewise, the real part of ap can be formed by forming ac — bd

requiring an additional real addition. Hence, the complex multplication af can be computed
using 3 real multplications and 5 real additions.

8.14
x[n] —® —+ y[n]
1 yE1=0
Z
Wy
-N/2
H, (2) = L. Hence, Y@)= X@ - Itz
l—WN z l—WN z 1-Wy 'z
14272 -N/2 1=l 2.2 -N/2_-N/2
Fork =1, Y(z)=———j—_-1-=(1+z Y1+Wy 'z +Wy'z ++ Wy 7z +-e-
I—WNZ
_ -1 w2 ~(N=2)/2 -N/2 ~(N-1)
Hence, yln]={L W', W', Wy W2 e w D
g N2
For k = N/2, Y(z)=- —NTT =T Hence,
I—WN z
yinl={, -, L -, .. -L 2 0 2 0 .. 0}

8.15




i

P8

x[1]o << -
W,
x[2) 5 S AA, " X2l
XX/ % =
x[3] AVA . : i S
VOV v’v wr? -1 Wﬁ
TS
X[S] wo A A 5 , w1 A . X[S]
x[6] wr: . "A‘ ) o o X[3]
N
x[7] o—o= 1”2 S _ X[7]
N - W -Lowy -
8.16
x[0] o— *X —» o o X[0]
x[1] o ~0;
x[2] o
x[3] o
x[4] @
x[5] o
x[6] o
x[7] o
N-1
8.17 X[k]= zx[n]wg“
=0
E—1 " E—1 E_l
n n n
= Zx[an]W;krl + ZX[nr1 +1]W;kr1+k oot le[nr1 +1 —I]W;kr‘ =Dk
=0 n=0 n=0
N

=1
I‘l —1 rl

. nk i

= 2 Z Xl + WG ! Wy
N [ ———
i=0 n=0(N/r)~point DFT

Thus, if the (N/ry)-point DFT has been calculated, we need at the first stage an additional

(r; — 1) multiplications to compute one sample the N-point DFT X[k] and as a result, additional
(r; = DN multiplications are required to compute all N samples of the N-point DFT.
Decomposing it further, it follows then that additional (r, — 1)N multiplications are needed at
the second stage, and so on. Therefore,




Total number of muitiply (add) operatioﬁs =~ DN+(@-DN+... +(ry - DN

_ - (S

8.18 X(2)=X,()+27'X,(2’)+277X,(z). Thus, the N-point DFT can be expressed as

X[K] = Xo[< k >y 3]+ W X [< k> 314+ WS X [<k >y 3] Hence, the structural
interpretation of the first stage of the radix-3 DFT is as indicated below:
' Xol<k>N]

ml | N_oi
x(n] 113 X0 3 ~point 3 +(D— XIk]
DFT '

] | N_ ot 3 N
13 3D::m ————-[>—{+>

X<k >N] 2k
13 x(n] -gi—point 3 N

DFT

8
819 Xki= Y x(nWyK = (x[0]Wy® +x(3] Wg* + x(6] W)
n=0
H{XTWE +X[4Wg* + xTIWG )+ (21 W5 + x(5] Wy + x(8] ws¥)

_ _ (x[O] WO 4 x[31WE + (6] W32k)+ (x[l]Wg?'k +X[A]WE +x[TIW k)wé(

H{x2IW5 ™ + x5 Wy + (8] WK WS = Gl<k>;1+Gjl<k >, IWE + G, [<k>,W2¥,

where Ggl<k >5]= xIOTWY ¥ + x(3IWE + xI6]W2¥, Gy[<k >3] = x{[]W; ™ + (4] W5 +x(7IW;",
and G,[< k >3] =x[2] Wg oy x[5] W;( +x[8]W2k, are three 3-point DFTs. A flow-graph

representation of this DIT mixed-radix DFT computation scheme is shown below: -
Gy (0] 3

x[0] o———] - X[0]
3-point 1] / s
x[3] o— DFT o X[1] 2=
x[6] o———— X[2]
x[1] X[31]
x[4] o—— 3'3;3;“ X[4]
x[7} o——— X{5] )
x[2] o— X[6] ;
3-point )
x[5]o— DET X[7}
x[8]o— X[8]
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where the twiddle factors for computing the; DFT samples are indicated below for a typical DFT

sample: :
: Gylk]

G [K]

G, k]

In the above diagram, the 3-point DFT computation is carried out as indicated below:
— Gg[O]

x{£]

G,

x[£+3]

G,[2]

x[£+ 4

14
8.20 X[kl= 3 xin] WK = (OIW* +x[BIW,s + (6] W5’ +X(9] WOk +x[121W, )

n=0
+(x[l]W1k5 + X[4TW,E +X[TIW]E +x(10] WK +x(13] wl‘;"“)
+(x[2] W X[STWEK 4 x(8IWSS +x{11W;5" +x(14] wl‘;‘k)
= Gyl< k>5]+ Gy [<k>5IW/5 +G,[<k >5IW,5', where
Gyl k >51= XOIWS X + x[BIW3 + X6 W2 ¥ + X[ W;" + x[12]W3~,
G,l<k>4]= X[IWOE +x{4]Ws + X(TIWZK + x[10]W* + x(131W2 and

G, <k >51= 2AWDX 4 XS] W5 + x(BIWZS +x[1IW," +x{14] Wi,
A flow-graph representation of this DIT mixed-radix DFT computation scheme is shown below
%
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8.21

8.22

X[0]
X[1]
Xi2]
X[3]
X[4]
X[5]
X[6]
X[7]

x[0] o—
x[3] o—
x{6] o—
x[9] o—

x[12] o——

x[1]

x[4] o—|
x[7] o—
x[10] o———

x[13] o—

x[2] o—
x[5] o—
x[8] o—

x[11] o—

x[14] o——

X[0]
Gom \ Z X[Jl]
Sl-jp;;m N\ /%‘ X[2]
\ ; X[3]
S ,7 » X[5]
WA\, X\ VN » X[6]
oo [om SOOI XK
po ,A A'A\{AA\AAA X[7]
OFT SO
CSOARALRDANE S xis]
0 /] . X[9]
,ﬁi /A',A\ } o X[10]
NCA
/" /.
- , L5 o X[11]
-point
DFT X[12]
X[13]
X[14]
172 /2 EETRE
; L > o x[4]
1/2 -1 w;‘O /2
o= = (6]
12 1wyl -1 w2
o DRI —s 1
XX
AVANRN o >——o X[5]
X ,AA o 1=/2°X[3]
N > o x[7]
Twln -Lwg?iz -t win

N
X ein]

DFT

Xim [n]
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. : N-1
Now, by definition, g[n] = Im{X[n]}+ jRe{X[n]}. Its N-point DFT is Q[k]= zq[n]w;}k.
n=0

=) "
)+ Re {X[m]}cos(znmk)), (19)
N-1

From the definition of the inverse DFT we observe  x[k] =-IIG ZX[m]Wﬁmk. Hence,

m=0
=)

"‘k)—lm{X[m]}sin(z“

N-1
Thus, Re{Q[k]}= z (Im {X[m] }cos(

m=0

27tmk

)+Re{X[m]}sin(2"

N-1 :
Im{Q[k]} = Z (- Im{X[m] }sin(

m=0

2ntmk

N-1

Re{x[k]} = .;7 Z(Re (X[m] }cés(zn

N-1
Im{x[k]} = % Z(Im{X[m] } cos(znmk) +Re{X[m] }sin( 2mumk )] 12 (21)
Comparing Egs. (19) and (20), we get Re{x[n]}= %Im{Q[k]} ,
k=n
and comparing Egs. (18) and (21) we get Im{x[n]} =%R3{Q[k]}
k=n
8.23 tln]=X[<-n>y]= {X[XN[Q];]] 0 =0 Therefore,
N-1 N-1 N-1
— RIKI= 3 dn] Wi = 0]+ ) dn] Wi = X[0]+ 3 X[N- A
n=0 n=1 n=1
N-1 N-1 N-1
=x[01+ 3 XInW % = X[0]+ Y XIn] W™ = Y X W™ = Nx[k].
n=1 n=l1 n=0
1
Thus, x[n]=—"R[k]
! N k=n
2
8.24 Method #1: Linear convolution - y[n]= Zx[m]h[n—m], n=0,1,...,5.

m=0
Total # of real multiplications required =1 +2+3 +3 +2+1= 12.

Method #2: Here each sequence needs to be padded with zeros to make it a length-6 sequence.
Then the total # of real multiplications required = 62 = 36.

Method #3: To implement the linear convolution via DFT we need to follow the scheme of
Figure 3.12 requiring two forward DFTs and one inverse DFT. For a radix-2 FFT and IFFT,
the sequences need to be zero-padded to make them of length that is a power of 2, whose

smallest value here is 8.

oo o

Now, the first stage of the 8-point radix-2 FFT requires 0-complex multiplications, the second
stage requires O complex multiplications, and the last stage requires 2 complex multiplications
resulting in a total of 2 complex multiplications. The multiplication of the two 8-point DFTs

requires 8 complex multiplications and the IFFT of the product requires 2 complex

S e
\
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8.25

8.26

multiplications. Hence the computation of the linear convolution via the FFT approach
requires 8 + 2 + 2 + 2 = 14 complex multiplications. A direct implementation of a complex
multiplication requires 4 real multiplications resulting in a total of 14x4 = 56 real
multiplications for Method #3. However, if a complex multiply can be implemented using 3
real multiplies (see Problem 8.13), in which case Method #3 requires a total of 14x3 = 42 real
multiplications. ’

Method #1: Total # of real multiplications required ,
=1+2+3+4+5+6+6+6+5+4+3+2+1=48.

Method #2: Total # of real multiplications required = 132 = 169.

Method #3: Here the desired length of the DFT (and the IDFT) is 16. Now, the first stage of
the 16-point radix-2 FFT requires 0 complex multiplications, the second stage requires 0
complex multiplications, the third stage requires 4 complex multiplications, and the last stage
requires 6 complex multiplications resulting in a total of 10 complex multiplications. The
multiplication of the two 16-point DFTs requires 16 complex multiplications and the IFFT of
the product requires 10 complex multiplications. Hence the computation of the linear
convolution via the FFT approach requires 16 + 10 + 10 + 10 = 46 complex multiplications.
Assuming the implementation of a complex multiply using 3 real multiplications (See Problem
8.13), we need here a total of 46x3 = 138 real multiplications.

(a) Since the impulse response of the filter is of length 65, the transform length N should be
greater than 65. If L denotes the number of input samples used for convolution, then L = N -
64. So for every L samples of the input sequence, an N-point DFT is computed and multiplied
with an N-point DFT of the impulse response sequence h(n] (which needs to be computed only
once), and finally an N-point inverse of the product sequence is evaluated. Hence, the total

number Ky of complex multiplications required (assuming N is a power-of-2) is given by
_[1024 N
Rm = {-N_—a](N log, N +N)—i~—2—log2 N
It should be noted that in developing the above expression, multiplications due to twiddle

factors of values +1 and +j have not been excluded. The values of Ry for different values of
N are as follows:

For N = 128, Ry = 16,832
for N =256, Ry = 14,848

for N =512, Ry = 17,664
Hence, N = 256 is the appropriate choice for the transform length requiring 14,848 complex
multiplications or equivalently, 14,848 x3 = 44,544 real multiplications.

Since the first stage of the FFT calculation process requires only multiplications by %1, the total
number of complex multiplications for N = 256 is actually

_[ 1024 N N _
Rm —[N—_E-I(NlogzN+N)+—2—log2N—? = 13,184
or equivalently, 13,184 x3 = 39,552 real multiplications.

64
(b) For direct convolution, # of real multiplications = Z(Z n]+65(1064 —64) = 66, 560.

n=1
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, multiplication by each matrix Vy, k

It is easy to show that the flow-graph representation of Dg = ETV;F V;{VE;r is precisely the 8-
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4 R

N
Nt 71
N
8.28 X[2(]= Wi = Wi+ w2 g=0,,...,—-1.
Ra= Y Wy thnl Zx{nl ¢ >
n=0 n=0 n=N/2
Replacing n by n+% in the right-most sum we get
__1 E_l N,
2n N, 2ngNE _ & N
X[2¢) = Ex[n]WN +2x[n+?]WN whE= Y x[n]+x[n+—] Wyjp 052821, |
n=0 =0 n= =
E_l —1\1—1 él\I——l N-1
X[40+1]= Exmw(““"“ + zx[ ]W(4£+l)n + z x[n ]w(4e+1)n Z [n]WW”)“,
n=0 I‘I"‘-—' n—; n=§—

where 054 Slj—'-—l. Replacing n by n+% in the second sum, nby n +-I;- in the third sum,

and n by n+%1;— in the fourth sum, we get

Ei_l Ei_]
4 4
N
X4e+11= 3 I W "W + D xin +71W§e AL A A
n=0 n=0 .
.__1 %_1
n=0
Now, WN = w2 =W = 1w§’4 -i, w;}”z:-l, and wﬁ}‘”‘* +j. Therefore,
N
4
N . N 3N w.hwin N
X[4L+1]= nz—o{(x[n]—x[n+—2—])—1(x[n+—4—]—x[n+—z-])} N VN4 OSZSZ—I.‘

N N,

—-1
4 4

Similarly, X[4£+3]= Zx[“]wr(~14e+3)n + Zx[n +§-]W§“+3)"W§“+3)N’4

n=0 4

n=0
N 1_\1__1

—-1
4
4 4 3N
+ZX[“ +—]w( e+3)nw( L+3NI2 Z"[ n +lege+3)nwgz+3)3N/4
=0 n=0
Ii—l Ei_l
3N/4

3!
n=0




N

4 N j N 3N n N
= 2(,){("[“]_x[“*'—z—])”(x[“"'j]—X[H+T])}W§“W1f”4, OSKS—Z—L

n=
The butterfly here is as shown below which is seen to require two complex multiplications.

x[n] —5 —o X[44]

X[n +%] 0 —o X[4£+2]

X[4¢ +1]

N
x[n+—2-]

3N
+——
x[n 2 ]

8.29 From the flow-graph of the 8-point split-radix FFT algorithm given below it can be seen that

the total number of complex multiplications required is 2. On the other hand, the total number
of complex multiplications required for a standard DIF FFT algorithm is also 2.

x[0] K f_\ /—°>< X[0] i
m oo X[4] |
ANV <2 "

,1 X[2]
Q AA 0 \O—F% »
0l X KK OGRS XI6}
x[4] 'AAAA- —o X[1]
\VAYAS
x[5] //\ jl Wé _’1 X[3]
x[7] :1 a - e :1 X[7]
8

8.30 If multiplications by %j, 1 are ignored, the flow-graph shown below requires 8 complex = 24
real multiplications. A radix-2 DIF 16-point FFT algorithm, on the other hand, requires 10
complex multiplications = 30 real multiplications.




[0} X[0]

RNEVARN TN = i
x(3] ¢ W — : X[12]
@ \‘\YIII.A#%’A B R
NI ST = |
x(6] .\)%%’!'I AN ST o
x(7] (\"“""‘!- \13_1/ & , X[14]
1 S S
o LR, T <.
X[10] I’!’?A’I‘\ \/ Vs ; N )
x[11] II'A‘I \\‘¢‘¢ W126 \-.-o > X[13]
/NGO DD

/1] N\ 2/ XX

-1 wl()6
x[13] a - /\ ey ~ X[11]
- x(14] \-1-i / Twe \j,_.c X7
A(13] 5 -Tw, -1 - a1 Xl

8.31 (a) From Eq. (8.98a), x[n]=x[n, +Nln2] where 0<n; <N,-} and 0<n, SNZ—I. Now,
N-1
using Eq. (8.98b) we can rewrite X[k]= Zx[n]W;}k ,0<k<N-las
n=0
NN, -1 LK) N,~1 N,-1 “
XINJk +kpl= 3, xmlwy 272 = 3 Y xing +Nyn, I Wy
n=0 n1=0 n2=0
N;-1-N,-1
=Y Y x[nl+N,nz]w;‘,lNzklWSI“ZN2"1WSI“2“2W;‘,“‘2.
n,=0 n,=0

+N1n2)(N2kl+k2)

] n, N,k nk N;N,nk N,n,k nyk
Since, WN1 2 l=WN‘1 Lowy! 27171 =1, and WNl 2 2-—*WNZ2 2, we get

N1 {{N,-1
n,k nk nk
X[k]= XIN,k, +k,1= ) {[2 xin; +Nn,JWy? Z}WNI 2]WN‘1 L, 22)

n1=0 n2=0




(b) For N| =2 and Ny = N/2, the above DFT computation scheme leads to

N
N l 7 k k nk
n n
|~ X[kl = X[k +p1= D 3 i, +20,]Wi3 2 [Wyl 2 [Wo!!
: "l=0 n2=0
N N

=-1 =1

2 2
_ n,k, | S oS nyk,
= Y X020, W2 + Wyl W2 B x2ny + 11 Wy

: n,=0 n,=0
N, N,
2 n,k k % n,k
- 2™2 272
= Y xi2n, ] Wyaa? + Wy D x(2n, +1IWih
n,=0 n,=0

which is seen to be the first stage in the DIT DFT computation.

On the other hand, for Ny = N/2 and N5 = 2, the above DFT computation scheme leads to

N,
. . N k nk nk
X[k] = X2k, +ky]= 3, zx[nlaf?)z]w;12 2 [Wyl 2 (Wil
nl=0 n2=0
LI}
2
= 2 (x[n1]+x[n, +£\21-](—1)"2)w§1"2 w;}l,"zl
n; =0
~— E—l
2
= 2 { (x[n1]+(—1)k2 x[n, + gl)wglkz }W;}‘Ikzl
n; =0

which represents the first stage of the DIF FFT algorithm.

(c) In the DFT computation scheme of Eq. (22), we first compute a total of Np Nj-point

DFTs, multiply all the NyN; = N computed DFT coefficients by the twiddle factors W:Ilk2 , and

finally calculate a total of Ny Nj-point DFTs. If R(N) denotes the total number of
multiplications needed to compute an N-point DFT, then the total number of multplications
required in the DFT computation scheme of Eq. (22) is given by

(i) N, -R(Ny) for the first step,
(ii) NoN{ = N for multiplications by the twiddle factors, and

(iii) N,-R(Ny) for the last step.
Therefore, RN) = N, -R(Ny) + N+ N; RNy = N(—;—R(Nl) + —I:II——Q{(NZ) +1).
1 2
(d) For N = 2V, choose Ni =2,i=1,2,...v. Now from Figure 8.24 for a 2-point DFT

RN = 2. Hence, RN) = NG) = 3\21—105;2 N.
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8.32 (a) N =10. Choose N; =2 and Np =5.

J o1 NG 0 1
IO\ 2\ e—
_ 0 |x[0] x4 0 | X[0] XI5]

1 |x[2] x[3] 1 | X[1] X[6]
2 1 x[4] x[5] 2 |X[2] X[7)
3 | x[6] x[7] 3 | X[3] XI8]
4 | x[8] x[9] 4 | X[4] X[9]

(b) N = 12. Choose Ny =4 and Nj = 3.
n2n 1 2 3 kkkl 0 1 2 3
0 |x[0] x[11 x[2] =x([3] 0 |X[0] X[3 X[6] X9] V
1 |x[4] x[5] x[6] x[7] 1 | X[ X4] X[7] X[10] . é,,
2 |x[8 x[91 x[10] «x[11] 2 [X[2] X[5] X[8] Xl1]

(¢) N =15. Choose Ny =3 and Ny =5.
o 1 2 NG o 1 2

2

x0] x(1] x[2] 0 [Xx[0. XI5] X110]
x3] x[4] xI5] 1 |Xm X6l X0
x[6] x[71 x([8] 2 IX[2] X[7]1 X12]
X1 x[10] x[11] 3 | X131 X8 X[3]
[12] x[13] x[14] 4 |X[4 X191 X4

BOW N = Oy

(d) N =20. Choose Nj =4 and N =5.

o\ 0 1 2 3 o 1 2 3
0 |x(01 =xMm x[2] x[3] 0 |X[0] X[5]1 X[10] X15]
1 | x@] x[5] =x[6] x[7] 11X X6l X[1 X[16] k2
2 | x8] x[9] x{10] x(11] 2 |x[21 X171 X121 X117] *
3 |x[12] x(131 x[14] x[15) 3 |X[3] X[ X{3] Xiis] 3
4 |x[(16] x0171 x[18] x[19] 4 |X[4] X191 X[14] X[19]
8.33 (a) n=<An, +Bn, >, k=<Ck1+Dk2 >N where N = N{Nj.
N,-1 N,-1 L
X[K] = XI< Ck, +Dk, >\]1= Y, 2x[<An1 +Bn,y > W B DR %
n,=0 n,=0
N,-1 Np-1 e
=Y Y xicAn +Bn, >N]wACnlleADnlkZWBDnszWBankl %
n;=0 n,=0 %

To completely eliminate the twiddle factors we require

WSCnl klwAD“I kZWBDnz kZWBC n, kl W}rj‘l kl W;;2 k2 -
To achieve this we need to choose the constants A, B, C, and D, such that
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<AD>N=O,<BC>N=O, <AC> —N and <BD>N=N1. (23)
Nl—l N2 -1 -
Then, we can write X[<Ck, +Dk, >y]= 2 Zx[< An +Bn, >N]W 1Wrl2
n;=0 n,=0
(b) We shall show that the following choice of the constants satisfy the constraints of Eq. (23):
A—Nz, B=N), C=N,<N;'>y, and D=N, <Np'>y
where <N >N is the multiplicative inverse of Ny evaluated modulo Ny, i.e. if < N, >N2=
o, then <N 0L>N =1. Hence, N o must be expressible as N,B+1, where P is any integer.
Likewise, <N, >N is the multiplicative inverse of N, evaluated modulo Ny, and if <N, >N1
=Y, then N,y=N 5+l, where § is any integer. Now, from Eq. (23),

-1 .
<AC>y=<N, ‘N, <N, >Nl >N=< N2(N18 +)>y=< N2N18 +N,y)>N= N,. Similarly,
<BD>=<N-Ny <Nj' > >\ =< NN B+ 1) >y =< N;NB +Np) =Ny Next, we
observe that <AD > =<N, ‘N, <Ni'1 >N2>N =<N<N1'1 >N2>N=< Na>\ =0, and

-1 -1
<BC>=<N;-N, <N, >N,>N=<N<N2 >N1>N=<N7>N=O.

N,-1 N,-1
N, nj KN k
Hence, X[K]=X[<Ck, +Dk, >1= ¥, Y x[<An +Bny> Wy 2 T IWy 17272
n;=0 n,=0
N;-1 Np-I
- — nykygr 2k
Y 2x[<Anl+Bn2>N]W Wy
N,-1 (N;-1 ) )
= WS Ny Xy
Y | Y x<An +Bny > IWy! Tt W22
n2=0 nl_O
8.34 (a) N =10. Choose Ny =2 and Nj =5.
A=5 B=2, C=5<5'>,=5 D=2<27'>;=6.
n=<5n;+2n, >, k =<5k, +6k,; >,
n
N0 1 NG 0 1
0 [x[0] x[5] 0 [XI0] XI5]
1 |x[2] x[7] 1 | X161 X[1]
2 |x[4] x[9] 2 |X[2] X7
3 |xi6]l x[1] 3 |X8] X[3]
4 |x8] x[3] 4 |XM4 X9
(b) N =12. Choose Ny =4 and Ny =3.
A=3 B=4, C=3<37>,=9, D=4<47 >;=4.
n=<3n;+4n, >, k=<9, +4k, >,
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k}‘\“l 0o 1 2 3
0 |x[0] X191 XM6] X3]
X[4] X1} Xnoy X7l
X8 X[51 X[R21 X[

o 1 2 3
0 [xio1 x3] x(6 X9
x[4] x[7] x10] x1]
8] x[(11] x[2] x3]

(¢) N =15. Choose Nl =3 and N, =5.

A5B3C5<5 >3—10D3<3 >56

n=< 5n1+3n2 >15 k =<10k +6k2 >5

o0 12 o 12

o |xfo] =«51 {10} 0 | xt0] X[10] X3}
1 |x(3] x(8] x(13] 1 | X X@ Xt
2 |xe1 x011 x1] 2 |xp21 X7 X2
3 |91 x041 x(4] 3 X3 X(3 X8
4 [x(121 x2] «7} 4 | X199 XM X4

(d) N =20. Choose Nl =4 and Ny = 5.

A=5 B=4, C= 5<5 >4—5 D=4<4" >5-16
k =<5k +16k2 >59

n=< 5n1 +4n2 >0

o 1 2 3 NG o 12 03

n, 2

0 Txi01 x[5] (101 x15] 0 [ xto] XI51 X101 X3l
1| x@r xo1 x141 x19] 1 lxner xm o X1 X
2 | x81 x013 18 x03] 2 |xp2) X0 X@l XM
3 |x021 x0m x2) A7 3 | xi81 XU3 X8l X3
4 |xp61 x[1  x[6] x11] 4 | X[41 X091 X4] X19]

PP SR TG TR0 73\ FEFBer L

835 N=12. Ny =4 and N2 3.

A=3, B=4, C=3<3" >49D4<4 >34

n=< 3n1 +4n2 12

t&l 0 1 2 3
0 [x(01 x(31 x(6] xI9]
|
2

x[4] {71 x[0] xl]
x@B) (111 x[2] 5]

n=< 9n1 +4n2 >12

nz\nl 1 2 3
0 [x(01 x(91 x{6 x3]
1\
2

x[4] x(11 x10] 7]
xB] x[51 x[2] x[1]

Hence, X[2k] = Y[2k], and X[2k + 1] = X[2k +1]1=Y[<6+(2k +1)>,], k=0,1,...,5,

k =<9k, +4k, >y
D o 1 2 03
0 |X[0] X[91 Xi6] X3l
1 |X(4 X0j Xuo) X7
X8 XI[5] X[2] X1

k=< 3k1 +4k2 >

k2\k1 0 1 2 3
0 1Y[0 Y3] YI6] YI9]
Y[4 Y[71 Y{0} Yl
Y8l Y1l Y[2] YIS)
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836 N=10,N; =2 andNy=5. Choose A=S, B=2, C=5<5"'>,=5 D=2<2"'>:=6.
n
;N o 1 g 1 N 0 1
0 | x0] x5 0 |Go,0 GLo] 0 | X[0] X[5]
1| x2]1 x[7 1 | Go1] Gl 1| X[61 X1l
2 | {4 x[9 2 |Go21 GL21 2 | X[21 X[7)
3 1 K6 x[ 3 |Go3] G131 3 | X[8] X[l
4 | x[8] x[3] 4 |Go4 G4 4| X4 X9l
G[0,0]
x[0) o—2 point o o X[0]
5] o—| DFT |00 —o X[6]
Glo,1 5-point
x[2] 2-point —[—-—]—o DFT — X[2]
x[7] o—{ DFT GLl] —o X[8]
x[4] o— 2-point X[4]
x[9] o—{ DFT -—o X[5]
x[6] 2-point| s — X[1]
-point
x[1] o— DFT DET | XI7]
x[8] o— 2-point G4 —°XB]

The flow-graph of the 2-point DFT is given in Figure 8.21. The flow-graph of the 5-point
DFT is shown below




8.37 N=12,N; =4, and Ny = 3. Choose A=3,B =4, C=3<3"1>,=9 and D=4<471>;=4.

n2I11 0 : 2 3 l121(1 0 . 5 3
0| x01 x(3 x6] X3 o] G0l GOl G201 GB,0l
1| x@]  x(M  x[10]  x(1] 1| G0y Gl G211 G311
2 | xBl x[1]  x[2] X3 2| G021 6Lzl G221 G2
N 0 1 2 3
0 |X[0] X9 XK1 X3
1 | X[4] X1 X0 X7
2 | X[8] X51 X221 X0t}
x(0] ool o X[0]
13 o 4-point |~ 3'3";;“ —o X[4]
x[6] o— DFT | GI2,0] XI8] :
X1 o= sl —o X[9]
x[4] 1 GI01] 3-point| XI1] i
GiL1l DFT
x[7] > 4-point —o XI[5]
x[1] o— Gi3,1] 3-];;0;? o xuo)
x[8] o—] G[0.2 X[2]
1,2
X[L] o— 4-point st —o XB]
G[2v2] 3-point
G32] DFT
x[5] o o— X[11]

The flow-graphs of the 3-point DFT and the 4-point DFT

are shown below:

8.38 (a) Y(z) = H@X(@) or y{0]+yll}z™ +y[21z™ =(h[0]+h[1]z“)(x[0]+xmz“).

Now,
Y(z)) = Y (o0) = y[0] = H(e0)X(0) = h[{0]x[O],
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Y(zy) = Y(-1) = y[0] - y[1] +y[2] = H-DX(=D = (h[0]- h(1])(x[0] - x[1]),




Y(z,)=Y(1) = y[0]+y[l]+y[2] = HDX() = (h{0]+ h{1])(x[0] + x[1]).
. From Egs. (3.158) and (3.159), we can write
i I,(2) 1,(2) (2)
Y(z)=-2-Y Ay L@
D=1y 0 1) @0+ % 2

where I (@)= a- zlz"l)(l - 22

2 Y(z,),

b
=oco

4
L@ =(-zyz -2z )=+ )1-2)=1-27,

Iz(z)=(1—z0z“)(1-zlz“)=(1+z"‘)(1—z1z")| :

zl=oo
0@ __Lotg_ghy, AP g ) e 22 L
Iz 2 L,(z) ‘e

Y(2) =——;—z_1(l—z_1 Y(zg)+(1-2" )Y(zl)+%z_1(l +27H)Y(z,)

Therefore, (+z ) Hence,

1 1 - 1 1 _
=Y(zl)+(—EY(zO)+5Y(zz))z 1+(§-Y(zo)—Y(zl)+-2—Y(z2))z 2
— h[0]x[0] + (—%(h[m — B{L])(x[0] - x[1]) +%(h[0] + B0+ xm))z“

+(% (h[0]- h[1])(x[0] — x[1]) — h[0] x[O] + -;—(h[O] +h{(x[0]+ X[ll)) 27
= h{0]x{0] + (h[O)x[1]+ h{1]x{0])z ™! + h{1]x{1]z 2.

Ignoring the mu,tiplications by %, computation of the coefficients of Y(z) require the values of

— Y(zg), Y(z1), and Y(z3) which can be evaluated using only 3 multiplications.

(b) Y(z) = Hz)X(z) or
y[0]+yIllz " +y[212 72 +y[3]z > +y[41z ™ = (h[O] +h)z" +h[2] z_z)(x[O] +x{1]z”! + x[2]272 )
Now,  Y(zy)=Y(- %) = (h[0] — 2h[1]+ 4h[2] ) (x[0] - 2x[1]+ 4x{2] ),

Y(z,) = Y(~1) = (h[0] ~ h{1]+ h[2] )(x[0] - x[1]+x(2]),

Y(z,) = Y() = h[{0]x[0},

Y(z;) = Y(1) = (h{0]+ h{1]+ h[2] ) (x[0] + x[1]+ x(2]),

Y(z,) = Y(%) = (h[0]+ 2h[1]+ 4h[2] ) (x[0]+ 2x[1] + 4x{2] ).

From Egs. (3.158) and (3.159), we can write

I,(2) 1.(z) 1,(2) I,(2)
Y 1 Y 2 3\

Iz P L W ey I,(z,)

where 1) =(1-zz Y12,z N1 ~2y2 N1 =22 ) =127 )(1-5z ht-z,271)

1L,@

Y(z)=
I,(zy)

Y(zy)+ 2= Y (z) + Y (z,),

=o00

Z

1,2 = (1-2gz -2,z )1 ~252 N1 -2427) = (1—%{2)(1 ~z (1-227")

K

22 =00

L(2)=(1-2z )(1-22 )1 -2,z M1-2,2 ") =01 —i—z_z)(l -z7%),
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IB(Z)=(1‘zoz—l)(l'le'l)ﬂ—zzfl)(l-%z_])=(1‘%2'2)(1+z“)(1—z2z'1>‘z o
2—“

1) =(-zgz Y-z W22 N -2z D=0 2721 +-;—z_1)(l —z,2"

12=oo
In@z 1 o, 1 -1 o, L®@ 2 1 -1 | )
Therefore, 0 __ o lg-=zha-z7%, L==-Zz -z )1--z "),
erefore I()(Z()) 122 ( 22 -z °) 11(11) z (1-z ) 4z )
I _ _ 1.(z _ - _
2@ _ -1, 5@ 2 - ha-12%), and
12(22) 4 13(23) 4
1 - - _
@ 1, l(1+—1—z -z,
I,z,) 12 2
- _ - 4 -2 1 3 1
Hence, Y(z)=é(z ]—-%z L 3+—;-z"‘)Y(zo)—:')':;(z L 2 z—zz 3+:1-z—4)Y(zl)
+%(z—l +772 —%2_3 —%2_4)Y(z3)—1—12-(z_] +?1):z—2 -z ——;-2—4)Y(z4)

8.39

_ 1 _2 2vzy-L -1
-Y(zz)+(12 Y(zo) 3 Y(z)+ 3 Y(z4) 12Y(z4))z
1 2 5 2 1 -2
{—EZY(ZO) +§Y(zl) - ZY(22)+§Y(23) ~ Y(z4))z
1 1 1 1 -3
+(——1—2-Y(Zo)+-6-Y(Zl)—-6-Y(Z3)+-1—2-Y(Z4))Z

1 1 1 1 1 -4
—2:Y(ZO) gY(Zl)+ZY(Z2)——6-Y(Z3)+‘2—4Y(Z4))Z .

Substituting the expressions for Y(zq), Y(zy), Y(z3), Y(z3), and Y(zy), in the above equation, we
then arive at the expressions for the coefficients {y[n]} in terms of the coefficients {h[n]} and
{x[n]}. For example, y[0] = Y(z) = h{0]x[0].

e I%(Y(zo) ~Y(z,)) +§( Y(z)-Y(z)) =

= 1—12- ([(nL01—2b{1)+4h[2] ) (x[0] - 2x{1}+ 4x(2] )]~ [(hT01+2h[1]+ 4h[2] ) (x[0] + 2x[1}+ 4x[2] )

+%( [(n{0]+ h{1]+ h{2] ) (x[0] + x[1]+x[2] )]-[(h{01 - h{1)+h{2] ) (x{0] - x[1]+ x(2] )
= h[0]x[1] + h{1]x[0], = h[0]x[1] + h[1] x[O0]. In a similar manner we can show,

y[21= ——ZIZ(Y(ZO) +Y(z,)) +%(Y(zl) +Y(zy))- %Y(zz) = h{0]x[2] + h{1]x[1]+ h{2] x[0],

y3]= llz(Y(z - Y(zZ))+ %( Y(z,) - Y(z5))= hi1]x[2]+ h{2]x[1], and

1 1 1
y[4]=-27(Y(zo)+Y(z 4))——6—(Y(zl)+Y(z3))+ZY(z2)=h[2]x[2].
Hence, ignoring the mu,tiplications by Il—’ %, %, _‘1? —é—, and -212, computation of the
coefficients of Y(z) require the values of Y(zp), Y(z9), Y(z3), Y(z3), and Y(z4) which can be
evaluated using only 5 multiplications.

Y(z) = H®)X(@) or y[0]+ylllz™ +y[2] z 7%= (h[O] + h[1]z“)(x[0] +x[1] z"l)
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| B[0]X[0] + (h[O]x[1] + h{1)x[0})z™" + h{I]x[1]z "2,

Hence, y[0]=h[0]1x[0], y[1]=h[0]x[1]+h[1]x[0], and y[2]=h{1]x[1].

Now, (h{0]+ h[1])(x[0]+ x[1]) - h[0]x[0] - h(1] x[1] = h{0] x[1] + h{1]x[0] = y[1]. As a result,
evaluation of H(z)X(z) requires the computation of 3 products, h[0]x[0], h{1]x[1], and
(h[0] + h[1])(x[0]+ x[1]). In addition, it requires 4 additions, h[0] + h[1], x[0] + x[1], and
(h[0]+ h{1])(x[0] + x[1]) - h[0] x[0] — h[1] x[1].

8.40 Let the two length-N sequencess be denoted by {h[n]} and {x[n]}. Denote the sequence

2N-
generated by the linear convolution of h[n] and x[n] as y[n], i.e. y[n]= ze—o ﬁ[(f]x[n—l].
Computation of {y[n]} thus requires 2N multiplications. Let H(z) and X(z) denote the z-
, oN-L g oN-L g ,
transforms of {h[n]} and {x[n]}, i.e. H(z)-zn=0h[n]z , and X(z)—anox[n]z . Rewrite
H(z) and X(2) in the form H(z2)=Hy(2)+z "' *H,(2), and X(2)=X(@)+z "' *X,(2), where

_ (N/2)-1 -n O (N/2)-1 N, -n o (N/2)-1 -n
Hy@=Y, = hilz™" H@=), " b+ Xo@=Y, . xnlz™", and

n=0
Y(z)= (Ho(z) +27 N/ 2H1(z))(X0(z) +27N 2X1(z))
=Hy(2)X,@+2 V2 (Hy@X,(2)+ Hy@)X, (@) +2 " H,@)X,(2)

=Yy +2 " Y@ +27 Y, (@),
where Yo(z)= Ho(z) Xo(z), Yl(z)= Ho(z) Xl(z) + Hl(z) Xo(z), Y2(z)= Hl(z) Xl(z) .

N/2)-1 _ .
X,(@)= Z( ) x[n +£:—]z " Therefore, we can write

2
Now Y((z) and Y(z) are products of two polynomials of degree -g—, and hence, require (g)
multiplications each. Now, we can write Y,(z)= (Ho(z) +Hl(z)) (Xo(z) + Xl(z)) - YO(z) -Y,(2).

Since (Ho(z)+H1(z))(X0(z)+X1(z)) is a product of two polynomials of degree %, and hence,
2
it can be computed using (g) multiplications. As a result, Y(z) = H(z)X(z) can be computed

. 2
using 3(-2—) multiplications instead of N2 multiplications.

If N is a power-of-2, % is even, and the same procedure can be applied to compute Y(z),

Y (2), and Y,(z) reducing further the number of multiplications. This process can be
continued until, the sequences being convolved are of length 1 each.

Let R(N) denote the total number of multiplications required to compute the linear convolution
of two length-N sequences. Then, in the method outlined above, we have R(N) = 3.RN/2) with

R(1) = 1. A solution of this equation is given by R(N) = 3loga N,

8.41 The dynamic range of a signed B-bit integer T is given by —(2 B-D_p< n<@ B-D_p
which for B = 32 is given by ——(231 —1)gr1<(23l -1.
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(a) For E = 6 and M = 25, the value of a 32-bit floating point number is given by
n= (=1)52E-31(M). Hence, the value of the largest number is = 232, and the value of the

_232

smallest number is = . The dynamic range is therefore =2 x232,

(b) For E =7 and M = 24, the value of a 32-bit floating point number is given by
n= (—1)525'63(M). Hence, the value of the largest number is = 264, and the value of the
smallest number is =—-2%%. The dynamic range is therefore =2 x 264,

(¢) For E = 8 and M = 23, the value of a 32-bit floating point number is given by
n= (—1)52E“127(M). Hence, the value of the largest number is = 2128, and the value of the
smallest number is =—2128. The dynamic range is therefore = 2x2128,

Hence, the dynamic range in a floating-point representation is much larger than that in a fixed-
point representation with the same wordlength.

8.42 A 32-bit floating-point number in the IEEE Format has E = 8 and M = 23. Also the exponent

E is coded in a biased form as E — 127 with certain conventions for special cases such as E = 0,
255, and M = 0 (See text pages 540 and 541).
Now a positive 32-bit floating point number 7 represented in the "normalized" form have an

exponent in the range 0<E <255,and is of the form n=(~1*2""%"(1,M). Hence, the
smallest positive number that can be represented will have E=1,and M= 00 --- 0 0, and has
22 bits

therefore a value given by 27126 = 1.18x107®, For the largest positive number, E = 254, and
M=11-11 Thus here n=(-1°2'77(1,11 - =27 x2 =3.4%10%%,
N — —
22 bits 22 bits

Note: For representing numbers less than 2-126 1EEE format uses the "de-normalized" form
where E=0,and n= (-—1)52_126 (0, M). In this case, the smallest positive number that can be

represented is given by n= (—1)02_126(0 A0 0 - 0= 2714 = 14013 x10~%,
22 bits

8.43 For a two's-complement binary fraction s, a_ja_,...a_ the decimal equivalent for s = 0 is

i=1

b b
simply Za_iZ—'. For s = 1, the decimal equivalent is given by —[Z(I—a_i)f'l +2_bJ
i=1

b b b b
=Y 2+ Ya 2 -2 =2+ Y a 27 -2 =] +3Y a_ 27" Hence, the
i=1

i=1 i=1 i=1

b
. . P —i
decimal equivalent of s,a_ja_,...a_p 1s given by —s+2a_i2 .
i=l

8.44 For a two's-complement binary fraction s,a_ja_,...a_y the decimal equivalent for s = 0 is

b ) b .
simply Za_if'. For s = 1, the decimal equivalent is given by —2 (l—a_i)2_'

i=1 i=1
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8.45

8.46

8.47

8.48

8.49

b b b
= —Z 27+ Za_i 27 =1~ 2P )+ Za_i 27'. Hence, the decimal equivalent of

i=1 i=1 i=1

b
Sp3_jd_y--+a_y is given by —s(1—2"b)+2a_i2_'.
i=1
(a) n=-0.625,, (i) Signed-magnitude representation = 1 , 10100000
(ii) Ones'-complement representation = 1 A0101 1111
(iii) Two's-complement representation = 1 , 01100000

(b) n=-0.7734375,,. (1) Signed-magnitude representation = 1,11000110
(ii) Ones'-complement representation = 1 ,00111001
(ili) Two's-complement representation = 1 ,00111010

(¢) m=-0.36328125,. (i) Signed-magnitude representation = 1 ,01011101
10 A
(ii) Ones'-complement representation = 1 ,10100010
(ili) Two's-complement representation = 1 , 1010001 1

(d) n=-0.94921875 . (i) Signed-magnitude representation = 1 , 11110011
10 A
(i) Ones'-complement representation = 1 , 00001 100
(iii) Two's-complement representation = 1 , 00001101

(a) M=0.625,=1,101000, (b) n=-0.625=0,011000,
(© n=0359375,,=1,010111, (d) 1=-0359375,,=0,101001,
(&) m=090625,=1,111010, (f) m=-0.90625,=0,000110.

(a) SD-representation =0 AOOT 10117, (b) SD-representation =0,1 0000111,
(¢) SD-representation =0,111 10001.

(a) 1101011011000111=D6C7, (b) 0101 1111 1010 1001=5FA9,
D o6 C 7
(c) 1011 0100 0010 1110=B42E.

(a) The addition of the positive binary fractions 0,10101 and 0,01111 is given below:

1 1 111 & carry
0 , 10101

+0 , 011 11
1 , 00100

As the sign bit is a 1 there has been an overflow and the sum is not correct.

(b) The addition of the positive binary fractions 0,01011 and 0,10001 is given below:
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11 « carry
0 , 01 011
+0 , 1 0 001
0 5, ! 1100

8.50 (a) The difference of the two positive binary fractions 0 A10101—0 A01111 can be carried out
as an addition of the positive binary fraction 0 A10101 and the two's-complement
representation of -0,01111 which is given by 1,10001. The process is illustrated below:

1 1 « carry
0 , 1 01 01
+ 1, 1 00 01
10 00110
A
T
drop

The extra bit 1 on the left of the sign bit is dropped resulting in 0 200110 which is the correct
difference.

(b) The difference of the two positive binary fractions 0 A10001—0 201011 can be carried out
as an addition of the positive binary fraction O A10001 and the two's-complement

f -0,01011 which is given by 1,10101. The process is illustrated below:

« carry

representation 0

The extra bit 1 on the left of the sign bit is dropped resulting in 0 200110 which is the correct
difference.

8.51 (a) The difference of the two positive binary fractions 0 A10101 -0,01111 can be carrie out

as an addition of the positive binary fraction 0 A10101 and the ones’-complement
01111 which is given by 1,10000. The process is illustrated below:

« carry

representation of -0,

&« end around carry

The extra bit 1 on the left side of the sign bit is brought around and added to the LSB resulting
in the correct difference given by 0 200110.
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(b) The difference of the two positive binary fractions 0 A10001 -0,01011 can be carried out
as an addition of the positive binary fraction 0,10001 and the ones'-complement
representation of —0,01011 which is given by 1,10100. The process is illustrated below:

< carry
0 , 1 00 01
+ 1, 10100
10 , 00 1 0 1
e caemaaneaaanmeannan >l end around carry
0 o, 00110

The extra bit 1 on the left side of the sign bit is brought around and added to the LSB resulting
in the correct difference given by 0,00110.

- 8.52 n, = 06875, = 0,1011, m, = 0.8125,,=0,1101, m;= -0.5625,,=1,0111. Now,
M +Ny +N3 = 0.6875,, +0.8125,4 -0.5625,, =0.9375,,. We first form the binary addition
n,+n, =0 Al011+0 Al101=1 21000 indicating an overflow. If we ignore the overflow and add
to the partial sum 1, we arrive at (n, +Mny)+M; = 1,1000+1,01 11=10,1111. Dropping the

leading 1 from the sum we get M, +M, +M; = 0 A1111 whose decimal equivalent is 0.9375;,. As
a result, the correct sum is obtained inspite of intermediate overflow that occurred.

853 (a) 0,1110 Ix1,10111. In this case the multiplier is a negative number. Now a
- b i L
multiplier D = d Ad_ld_2 --+d_y has the value —d +2i=1d"i2 ! So the product is given by

x=A-D=-Ad +A-(0,d_d_,-d_)

Hence we first ognore the sign bit of the multiplier and in the end if the sign bit is a 1, the value
of the multiplicand is subtracted from the partial product.

0 , 11101

x0 , 10111
PO 0 , 00000
+0 , 11101
0 o, 11101
p o L, 011101
+0 , 11101
1 , 010111
p@O , 1010111
+0 4, 11101
1 L 1001011
PP0 , 11001011
P90 , 011001011
+0 , 11101
1 ,01001 1011
P 0 , 1010011011

255




As dg = 1, we need to subtract 0,11 101 from P> or equivalently, adding its two's-

complement 1,0 0 0 1 1 to P(® as indicated below:
0 ,1010011011
+1 ,0001100000

1 , 1011111011

Hence the final productis 1,1 011111011 1Its decimal equivalent is — 0.2548828131g
which is the correct result of the product 0.906251gx(~ 0.28125;¢).

(b) In this case the multiplicand is negative. Hence we follow the same steps as given on Page
547 of Text except the addition is now two's-complement addition.

1
x 0

p©® T
+1
pV T
+1
171
P 1
+1
11
P 1
P 1

N = e

1
1
0
1
0
1

[

— e B
L anl B )
[,

Ol o] -
Ol | =

—-’_'Oo’—""‘i—lh-‘o — ]
s | —

+1
11
PO T

A
A
A
A
A
A
A
A
A
A
A
A
A
A
A

-—OO'-‘O'—OO._.O'—OooO

0
1
0
0
1
0
1
1
0
0
1
1
0
0
0

._‘.—n,-.l—‘i—ﬁo'-‘h—do

co._.o.—

00 011
0 0 0011
Hence the result of the multiplication 1 A1 0101x0 A1 0111lis1 A1 1000000114

The decimal equivalent is (- 0.34375,0)x0.71875 = - 0.247070313;¢.

8.54 (a) Again in this case the multiplier is negative. Hence we can write

_ _ -b b -i)_ b,z
x—A-D—A-(—ds(l—Z )+zi=1d‘i2 ‘)-—Ads+Ad52 +%,

where X is the product of A and D with its sign bit dg ignored. Hence, we first form X and if ds
= 1, we subtract A from X, and add to the result a shifted version (b bits to the right) of A.

Now % is same as the product obtained in Problem 8.52(a) and is given by
Xx=0,1010011011.

Subtracting A from X is equivalent to adding the ones'-complement of A to X as indicated

below:
0A1010011011

+1 40001011111
1 , 1011111010
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Next we apply the final corection of adding 0,0 0 00 0 11 101to X —A:
1 , 1011111010
+0 , 0000011101

1 1100010111

A

Hence the result of the product 0,1 110 1x1,10 1 11 isgivenby 1,11 00010111

The decimal equivalent is 0.9062519X%( — 0.251¢) = — 0.222656251¢.

(b) In this case the multiplicand is negative. Hence we follow the same steps as on Page 547 of
i Text except the addition is now ones'-complement addition:

| 1 , 1010

1 1

p©

o
-—-—ao —

b o— O
o

olo oo
p— | O
o

N
—
> > b || B
—
[
—t - O
o

=N

G

H Pt
> > > D>

P

—

o
o of @

—

>
o
—
—
—
o
(=]
—

+
_
> > > >
—
ol - ©

T , 100011001
P® 1 , 1100011001

Hence the result of the product 1,1 01 0 1x0,101 11isgivenby 1,11 000 11001.

The decimal equivalent is (—0.312510y%0.7187519 = - 0.2246093751.

. a . . e)u) +e I eJﬁ) + e-j‘b
8.55 The transformation cos® =0+ cos® is equivalent to — = o+p — which
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M38.3

Impulse response samples of the filter of Example 7.21
04 . . , . .

0.2

Amplitude

——) .
—6
—o :
G R
—O .
[c} :
3] .
3} .
p-
o
.
o :
S
D :
g :
D :
D ;

5 10 15 20 25 E
Time index n

M8.4 Modified Program 8_2 is given below:
k = 0:60;
w = input('Angular frequency vector = ' )
num = input('Numerator coefficients = ');
den = input('Denominator coefficients = ');
A = 1.5;B = 2.0;
x1 = A*cos(w(l)*k); x2 = B*cos(w(2)*k);
x = x1+x2;
subplot(2,1,1);
stem(k,x);
title('Input sequence');
xlabel ('Time index n');ylabel('Amplitude’');
order = max(length(num),length(den));
si = [zeros(l, order-1)1};
y = filter(num,den,x,si);
subplot(2,1,2);
stem(k,y);
title{'Output sequence');
xlabel ('Time index n'); ylabel('Amplitude');
The plots generated by this program for the filter of Example 7.19 for an input composed of
a sum of two sinusoidal sequences of angular frequencies, 0.3% and 0.6, are given below:
Input sequence ) Output sequence
a5 . . . . .
L) ARy EAIER IR
3 3 T T
gooo ?TQOQ ?TQOQT?TQ '."2:00 T .
o [=%
CITRPL[TRPTITERLY L R4 B
2t E -7 b
_4 3 1 1 i L _2 1 A A i i
0 10 20 30 40 50 60 0 10 20 30 40 50 60

Time index n

The blocking of the high-frequency signal by the lowpass filt
filter (num,den, x, si)

replacing the statement y =
following: y

filter (num,den,x2,si).

component and the corresponding output are indicated below:
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Input sequence

N » Qutput sequence
21‘# P P p 0.6 . y

Amplitude

ST BB T

2 & —————0——0——0 .04 ! . . " .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time index n Time index n

M8.5 The plots generated by using the modified program of Problem M8.4 and using the data of
this problem are shown below:

Input sequence Output sequence

LA LTl o LT
PRETETPTR TR

The blocking of the low-frequency signal by the highpass filter can be demonstrated by

~— replacing the statement y = filter (num, den, x,si) in the above program with the
following: y = filter (num,den, x1,si). The plots of the input high-frequency signal
component and the corresponding output are indicated below:

Input sequence 04 Output sequence

()

| ﬁwﬁ T'T ﬁf I T‘f‘fﬁT il ?J)%%%%MWW. |
N8 UPTE T M |

. L . . : -0.4 s . L . .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time index n Time index n

Amplitude
=
Amplitude

2

M8.6 $ The factors for the transfer of example 7.16 are

% Numl = [0.2546 0.2546 0]

% Denl = [1.0000 -0.4909 0]

% Num2 = [(0.2982 0.1801 0.2982]

% Den2 = [1.0000 -0.7624 0.5390]1

% Num3 = [0.6957 -0.0660 0.6957]

% Den3 = [1.0000 -0.5574 0.8828]

N = input('The total number of sections =');
for k = 1:N;

num(k, :) = input('The numerator =');
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den(k,:) = input('The denominator =');

end
A = 1.5;B = 2.0;
—_ k = 1:51;

wl = 0.3*pi;w2 = 0.6*pi;

x1 = A*cos(wl*(k-1));x2 = B*cos (w2* (k-1));

x = x1+x2;

si = (0 0]:

for k = 1:N
yvik,:) = filter (num(k,:),den(k, :) ,x,si);
x = ylk,:);

end

k = 1:51;

stem(k-1,x);axis ([0 50 -4 41);
xlabel ('Time index n'); ylabel ('Amplitude');
title('Output sequence')

M8.7 ¥The factors for the highpass filter are

$ Numl = [0.0495 -0.1006 0.0511]}
$ Denl = [1.0000 1.3101 0.5151]
$ Num2 = [0.1688 -0.3323 0.1636]
$ Den2 = [1.0000 1.0640 0.7966] s

MS8.8 The M-file function f£ilter2 to implement an IIR causal digital filter in direct form II is
given below:

function [vy.sfl = filter2 (num,den, x,si);

% Y = FILTER2(P, D, X) filters the data in vector X with the

% filter described by vectors P and D to create the filtered

% data Y. The filter is a "Direct Form II" implementation
- $ of the difference equation: )

%

$ y(n) = p(l)*x(n) + p(2)*x(n-1) + ... + p(np+1) *x(n-np)

% - d(2)*y(n-1) - ... - d(nd+1) *y (n-nd)

%

% [Y,SF] = FILTER2(P,D,X,SI) gives access to initial and

% final conditions, SI and SF, of the delays.

%

dlen = length(den); nlen = length (num) ;

N = max(dlen,nlen); M = length(x);

sf = zeros(l,N-1); y = zeros(l,M);

if nargin ~= 3,

sf = si;
end
if dlen < nlen,
den = ([den zeros(l,nlen - dlen)];
else
num = [num zeros(l, dlen - nlen)];
end
num = num/den(l);
den = den/den(l);
for n = 1:M;
wnew = [1 -den(2:N)]*[x(n) sf]';
K = [wnew sfl;
y(n) = K*num';
sf = [wnew sf(l:N-2)];
end
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To apply this function to filter a sum of two sinusoidal sequences, we replace the statement

f y = filter(num,den,x,si) inthe MATLAB program given in the solution of
Problem M8.4 with the statement y = filter2 (num,den,x,si). The plots generated
by the modified program for the data given in this problem are given below:

Input sequence Output sequence

il ] i ] T I
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MS8.9 The MATLAB program that can be used to compute all DFT samples using the function gfft
and the function fft is as follows:

clear
N = input('Desired DFT length = ');
x = input('Input sequence = ');

for j = 1:N

Y(j) = gfft(xlNlj—l);
end
disp('DFT samples computed using gfft are ');
disp(Y);
disp ('DFT samples computed using fft are ');
X = fft(x,N); disp(X);

Results obtained for the computation of two input sequences {x[n]} of lengths 8, and 12,
respectrively, are given below:

Desired DFT length = 8
Input sequence = [1 2 3 4 4 3 2 1]

FFT values computed using gfft are
Columns 1 through 4

20.0000 -5.8284 + 2.41421i 0 -0.1716 + 0.4142i
Columns 5 through 8
0 -0.1716 - 0.4142i 0 -5.8284 - 2.4142i

FFT values using fft are
Columns 1 through 4

20.0000 -5.8284 - 2.4142i 0 -0.1716 - 0.41421
! Columns 5 through 8
0 -0.1716 + 0.4142i 0 -5.8284 + 2.414213

f Desired DFT length = 12
Input sequence = [2 4 8 12 1 3 5 7 8 6 0 1]

FFT values computed using gfft are

Columns 1 through 4

58.0000 -8.3301 + 5.50001 -12.5000 +19.91861
-1.0000 - 7.00001

Columns 5 through 8
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8.5000 - 7.7942i 0.3301 + 5.50001 -8.0000
0.3301 - 5.50001

Columns 9 through 12

8.5000 + 7.79421 -1.0000 + 7.00001 -12.5000
-19.91861 -8.3301 - 5.5000i

FFT values using fft are

Columns 1 through 4

58.0000 -8.3301 - 5.50001 -12.5000 -19.91861
-1.0000 + 7.00001

Columns 5 through 8

8.5000 + 7.79421 0.3301 - 5.50001 -8.0000 + 0.00001
0.3301 + 5.50001

Columns 9 through 12

8.5000 - 7.7942i -1.0000 - 7.00001 -12.5000
+19.91861i -8.3301 + 5.50001

M8.10 The MATLAB program that can be used to verify the plots of Figure 8.37 is given below:

[z,p,. k] = ellip{5,0.5,40,0.4);

a = conv([l -p(1)],[1 -p(2)]);b =[1 -p(5)];
c = conv([l -p(3)],[1 -p(4)]):

w = 0:pi/255:pi;

alpha = 0;

anl = a(2) + (a(2)*a(2) - 2*(1 + a(3)))*alpha;

an2 = a(3) + (a(3) -1l)*a(2)*alpha;

g = b{2) - (1 - b(2)*b(2)) *alpha;

cnl = c(2) + (c(2)*c(2) - 2*(1 + c(3)))*alpha;

cn2 = c{3) + (c(3) -1)*c(2)*alpha;

a = [1 anl an2];b = [1 gl; ¢ = [1 cnl cn2l;

hl freqz (fliplr(a),a,w); h2 = freqz (£liplr(b) . ,b,w);
— h3 freqgqz (fliplxr(c),c,w);

ha 0.5*(hl.*h2 + h3);ma = 20*loglO(abs(ha)); '
alpha = 0.1; ]
anl = a(2) + (a(2)*a(2) - 2*(1 + a{3)))*alpha;
an2 = a(3) + (a(3) -1)*a(2)*alpha;
g = b(2) - (1 - b(2)*b(2))*alpha;
cnl = c(2) + (c(2)*c(2) - 2*(1 + c(3)))*alpha;
cn2 = c(3) + (c(3) -1)*c(2)*alpha;
a = [1 anl an2l;b = [1 gl; ¢ = [1 cnl cn2];

Hun

hl = fregz(fliplr(a),a,w); h2 = freqz (fliplr(b) ,b,w);
h3 = fregz(fliplr(c),c,w);
hb = 0.5*(hl.*h2 + h3);mb = 20*logl0(abs(hb));

alpha = -0.25;

anl = al(2) + (a(2)*a(2) - 2*(1 + a(3)))*alpha;
an2 a(3) + (a(3) -1)*a(2)*alpha; i
g = b(2) - (1 - b(2)*b(2))*alpha;
cnl c(2) + (c(2)*c(2) - 2*(1 + c(3)))*alpha; !
en2 = c(3) + (c(3) -1)*c(2)*alpha; f
a = [1 anl an2];b = [1 g]; ¢ = [1 cnl cn2];

hl = freqz(fliplr(a),a,w); h2 = freqz (fliplr(b),b,w);
h3 = freqz(fliplr(c),c,w);
he = 0.5*(hl.*h2 + h3);mc = 20*loglO(abs(hc));
plot(w/pi,ma,'r—',w/pi,mb,'b——',w/pi,mc,'g—.');axis([O 1 -80
51});
xlabel ('Normalized frequency');ylabel('Gain, dB');
legend('b--', 'alpha = 0.1 'L,'w', ', 'r=", 'alpha = 0
v,'w','','g-."','alpha = -0.25 ');
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MS8.11

MS8.12

The MATLAB program that can be used to verify the plots of Figure 8.39 is given below:

0:pi/255:pi;
= 0.31*pi;
[0 0.36 0.46 1};m = [1 1 0 0];
= remez (50, £, m);
= freqz(bl,1,w);
= 20*logl0(abs(hl));
= -25:-1;
= bl(1:25)./sin(0.41*pi*n);
= c.*sin(wc2*n);q = (bl(26)*wc2)/(0.4*pi);

Q
Ny

S

2 = [d g fliplx(d)];
2 = freqgz(b2,1,w);
2 =
C

BopaapB3BomhE

20*1logl0(abs (h2));
3 = 0.51*pi;
= c.*sin(wc3*n);q = (b1(26)*wc3)/(0.4*pi);

= [d g fliplr(d)]:
h3 = fregz(b3,1,w);
m3 = 20*logl0(abs(h3));
plot(w/pi,ml,'r—',w/pi,mz,'b——',w/pi,m3,'g—.');
axis([0 1 -80 51);
xlabel ('Normalized frequency') ;ylabel ('Gain, dB');
legend('b--"','wc = 0.31%x','w', "', 'x-"','wc = 0.41m','w',"'"','g-
.','we = 0.51m')

The MATLAB program to evaluate Eq. (8.104) is given below:

x = 0:0.001:0.5;

y = 3.140625*x + 0.0202636*x.°2 - 5.325196*x."3 +
0.5446778*x.”4 + 1.800293*x.75;

x1l = pi*x;

z = sin(xl);

plot(x,y);xlabel ('Normalized angle,
radians');ylabel('Amplitude’');

title('Approximate sine values');grid;axis ([0 0.5 0 1}]);
pause

plot(x,y—z);xlabel('Normalized angle,
radians');ylabel('Amplitude');

title('Error of approximation');grid;

The plots generated by the above program are as indicated below:

Approximate sine values x10° Error of approximation
1 i i 4 . . M
08 ..................................................
Q Q
........................................ -O
E 0.6F - g
o [
E 0 bt 5
02 -
0 ; ; ; ; 2 ; ; : ;
0 0.1 0.2 03 04 0.5 0 0.1 02 03 04 0.5
Normalized angle, radians Normalized angle, radians
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MS8.13 The MATLAB program to evaluate Eq. (8.110) is given below:

k= 1;
for x = 0:.01:1
opl = 0.318253*x+0.00331*x"2-0.130908*x"3+0.068524*x"4~
0.009159*x"5;
op2 = 0.999866*%x-0.3302995*x73+0.180141*x"5~
0.085133*x"7+0.0208351*x"9;
arctanl (k) = opl*180/pi;
arctan?2 (k) 180*op2/pi;
actual (k) = atan(x)*180/pi:
k = k+1;
end
subplot(211)
x = 0:.01:1;
plot(x,arctan2);
ylabel ('Angle, degrees')
xlabel (' Tangent Values'):
subplot(212)
plot(x,actual—arctanZ,'——’);
ylabel (' Tangent vValues'});
xlabel ('error, radians');

The plots generated by the above program are as indicated below:

3

10
50 : : - . 1
40}
§ § 0.5
S e O
20} &2
g 8
< Lol =.05
0 , . . . 1 . . . .
0 0.2 04 0.6 0.8 1 0 02 0.4 0.6 0.8 1
Tangent Values error, radians

Note: Expansion for arctan(x) given by Eq. (8.110) gives the result in normalized radians, i.e.

the actual value in radians divided by T.
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Chapter 9

9.1 Two's Complement Truncation - Assume x > 0. The relative error &y is given by
b . . B .
- Ya_ 2" -Ya 2t - Ya 2t
o, = QW -x_QM-M _ i=1 i=b+l
t X M M M
Now ey will be a minimum if all a_j's are 1 and will be a maximum if all a_j's are O for b+1<i<f,

Thus ——%set SKO'I—' Since 0.5 <M < 1 hence -28 <e; <0.

Now consider x < 0. Here, the relative error ; is given by

b B
~1+Ya 27 +1-Y a_27
_Q-x _QM)-M _ gl ’ § '

ey =
: t X M M
-1<M< -0.5, and, hence 0< ey <20.

. As before, ——<e€; < —(-)— In this case
M M

Ones' Complement Truncation - Assume again x > 0. The relative error @ is given by

a2 -%a 27" - »a .27
o, =W -x_QM-M_ l =il — _i=b+l l
! x M M M

Now ey will be a minimum if all a_j's are 1 and will be a maximum if all a_j's are O for b+1<i<P,

Thus —%Set _<_-£I—. Since 0.5 <M <1 hence -28 <e; <0.

Now consider x < 0. Here, the relative error €y is given by

b B
~1-2"%+Y a2 +1-2F)- Y a 27

_Q®-x_QM-M _ i=l i=l

X M M

b
@ b-27By4 za_iz-i

— i=b+1

- M
Now e; will be a maximum if all a_j's are 0 and will be a minimum if all a_j's are 1, In this case,

et

9. ey S——a—. Since, - 0.5 <M < -1, hence 28 < e <0.
M M

Sign-Magnitude Truncation - Assume X > 0. Here,

", b - B . B .
“Ya 2+ Y a2t Yag2l
: ey = QMhH-M = —i=l i=1 = i=b+l . Since, - 1 £M <£-0.5, hence,
M M M

-28 £ €t< 0.

Rounding - € = Q(M) - M. Hence :2-8—3 € S%. This implies %s er S-ZS—M.

‘[ Since ~1 < M < — 0.5, and, hence —8< e, <9.
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9.2 Analysis of the digital filter structure yields

X(z) + <) + v 2! + v 27! — Y(2)
d d
/.
N
W(z) = X(z) - Y(2),
U(z) = W(z)+cdz” U(z) which implies U@ =1 (Z)—l Ao Y(Z)
—cdz 1—cdz™!

2Y(@)  Also V(z) = cz”1U) + dY ().

cz V(@) =Y(@) implies V(z) =

Substituting for U(z) and V(z) we get ZY(Z) 77! 2(i(—zz—a—le-)--!-dY(z) Thus,
cdz

~2X(z), hence

Y(z){l—-cdz —-cdz” l(1 - cdz’1)+ c‘z 2}— c2z
Y(z) _ c?

H(z) = = .
@ X(z) z2—2cdz+cz(l+d2)

Let c2(1 +d2) = 2 and cd=rcos8, Solving we get cosO= d 5
1+d

29(A8), and Ac =sin8(Ar)+rcos 8(A9).

Thus, d =cot® and c=rsin®. Hence, Ad = —cosec

0 Ac _[sin® rcos® || Ari .

- Loladl™| O —cosec?0 || A8 » 1.8

u \:Ar]=—sin —cosec?® -rcosf AC]_ ;:11_6 rsin®-cos® Ac]
i AG 0 Sin e Ad 0 - sin2 e Ad

c d c
U@, YON [ AON [ -1l Yo

X(z) + z

R

1 iy PR RN 5 8

-4,
N
Analysis of the above structure yields, U(z) = X(z) — dY(2)
U(z)

V(@) =U(2) + cz -1y (z) which implies V(z) = -
—-Ccz

—-l

W(z) = cdz V(@) + cz 'W(z) or W(2) = dcz‘l V@ = a- : cz71)? v

1
Y(Z)=cz'1W(z) or Y(—zz _ cdz™ (X(z) 1sz(Z))
cz (1-cz™)

2dz'z) = ¢2dz™% X(z). Hence,

Thus Y@){(1 - cz H2+ ¢
Y(z) c2d
H(z) = = ;
@ X(z) 72 -2cz+ c2(l +d?)

Again let ¢ = rcos® and c2(1 + d2) = 12.
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Therefore, 1+d2= sec2 @ which implies d =tan®. Taking partials we then get
Ac=cosB(Ar)—rsin0(AB), and Ad= sec2 0(A0). Thus,

Ac)_[cos® —rsin®fAr| .. .19 Ar]_ le rsin®-cosO [ Ac
- adl=| 0 sec?e | a8 MMYEE a0]TI )T os2e  LA]

9.3
X(z) 5@ [ -1 7! *» Y(z)
-1,
N
=,
,
Analysis yields X(z) + 22-18(z) - b 218(2) - Y(z) - c¥(2) = S(z) and Y(z) = z-2 S(z). Thus
Y(z) _ 272 1

H(z) = = - = = 3 .
X(z) 1+(b=-2)z7"+(1+c)z 2z +(b-2)z+(1+¢)
Let 1 +c=12and 2-b=2rcos6. Taking partials we get
Ac=2r(Ar), and —-Ab=2cosB(Ar)- 2rsin0(A8). Equivalently,

1
Ac] [ 2t o TJarl [a]_| = 0 TAc
Abl=|2cos8 —2rsine|ae]® lae|T| L __L _jAbJ
2[2ta_|19 2rsin®

From Example 9.2 the pole sensitivities for Figure 9.9 are given by
[Ar] [ close lsinB ][Aa]
AB —;sme ;cose AB
| 9.4 (a) For direct form implementation B(z) = 23 +b, z? +b;z+by=(z— zl)(z—zz)(z—z3) where
z, = rlelel z,=1e -8, and z,= r33193 Thus, B(z) =(z? —2r1 cosO z+r1 Nz—13) =

(z2—1446lz+0 7857)(2—0.683). Thus, 21, cos®, =1.4461, r? =0.7857, 1, =0.683, and 85 =0.

1.4461
From the ab 9, = — =0.8157.
Trom e above COS 1 ) 07857
1 1
B(z) (z*-1.4461z+0.7857)(z—0.683)
_ -1.8903-j0.1477 ~1.8903+0.1477 37807
2-07231-j0.5127 =~ z-0.7231+j0.5127 ~ z—-0.683

P, =[cose1 I r12 cos 91] =[0.8157 0.8864 0.6409},

Q, =[-sin8, 0 rZsind|=[-0.5785 0 04545}

R; = 1.8903, X = - 0.1477,

P,=[cos0, 1, rFcosd|=[l 0.683 04665) Q,=[-sin6; 0 Zsindy]=[0 0 0}
R3 = 4.7807, and X3 = 0.
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Thus,  Ar, =(-R,P, +XQ,)-AB=1.62744b, +1.6756 Ab, +1.1444 Ab,,

1
A8, = _;I—(XlPl +R,Q,)- AB =-1.0978Ab,, +0.1477 Ab, +1.0760 Ab,,

- Ary = (~R,P; +X;5Q;) AB = -R;P; - AB = —4.7807 Aby ~3.2652Ab; ~2.23024b,,
1
A9, = —E(X3P3 +R;Q,)-AB=0.

(b) Cascade Form: B(z)= z3 +b222 + blz+ b0 = (z2 +cz+ coXz+ do) = B1(2)B,(z) where
Bl(z) =72 +cz+cy = (z— zl)(z—zz) =(z— rlelel Wz—- rle'Jel ) = 7% - 2rl cos Glz+ rlz and

B,(z)=z+dy =2z~ r3eje3. Comparing with the denominator of the given transfer function we get

21 cosB, =14461, 2 =0.7857, r3 = 0.683, and 83 = 0. Hence, r; =0.8864 and cos, =0.3157,

N -j0.9752 . j0.9752 :

' B(z) z-0.7230-j05127 2z-0.7230+ j0.5127°

P, =[cos8, 1]=[0.8157 08864} and Q, =[-sin®; 0]=[-0.5785 0} Next, we observe
1 1 L .

= . This implies, Ry = 1 and X3 =0. P, =cos8, =1, =-sinB, =0. Thus,

B,(z) z- 0.683 1S 1P 3 3 3 . 3 Qs 3 s

Hence, R} =0 and X = - 0.9752.

No

PR TR SVERRE Y & ERNE T

T T
Ar =(-R P +X,Q))-[Ac, Ac)] =X,Q;[acy Ac)] =05642Ac,
1 T 1
FI—(XIP1+R1Q1)-[AC0 Acl] =--r1—
Aty = (-R4P; +X;Q3) Adg = -R;P; - Ady =~ Ad,

- | A
A8, =-—(X,P,+R -Ad, =-—R -Ad, =0
3 r3( 3Py +RyQ;)-Adg r3 3Q3-4dy

et

T
A8, =- X,P-[Acy Ac;| =08974Ac,+0.8864Ac,

TPE

9.5 In terms of transfer parameters, the input-output relation of the two-pair of Figure P9.3 is given by 3
Y, =t X, Xy, and Y, =ty X, +t,,X,, where X,=0aY,. From Eq. (4.156b) we get

YO _ Sty
X, 1-at,,
oH(z) _ tata(l= 0ty ) +tpOtiptyy _ ity

Jda 2 2"

(1-0ty,) (1-aty)
Substituting X, =0Y, in Y, = ty X +1,,X, we get the expression for the scaling transfer
function

H(z) =

From the above,

<38 5 I ORI ¥ s i ks
¢ T, s VR B

Y2(z)_ ty
o X,(2) l—atzz'

P

Now from the structure given below we observe that the noise transfer

. From the structure we also observe that
X,=0
X, = ayY, + U. Substituting this in the transfer relations we arrive at with X; =0,

Y, =t,X, = (@Y, + U), and Y, =t,,X, = ty, (Y, + U). From these two equations we obtain

. . Y,
function G (2) is given by G (2) =—ﬁl-
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.i(:
Y
| X, U
Oty V) : L
after some algebra Y, = U+t,,U= U. Hence the noise transfer function is given
1-oaty, 1-at,,
Y t t t
by G,(2)= L = 12 Therefore, oHG) =2 .12 - F (2)G (D).
U X,=0 1-at,, do.  l-aty, 1-at,,

2M -1 sin(w)

n=1

. vz T (M=1)/2 172
9.6 (a) WM(m)=[——l—(M—1+M—)—H _| 1 [1+4 zcos2(wn)ﬂ .

9.7

2M -1

Since the maximum value of cosz(mn) = 1 and the minimum value = 0, hence

1 M—1\T2 Lo
‘ = —_— = in{ W. = .
max{ W, (®) } [ZM Y (l+ 4( 5 ))_ 1, and min{ Wy, (®)} [ZM — 1] >0

Hence 0< WM((D) <1

. M-1/2\]?
(b) W,,(0)= 2M_1[1+4 21] =1.

m=1
. M-1/2\1?
W. = 1+4 1 = 1.
i Ve 2
m=1
. 1/2
© tlim Wym=| tim =Ly fim — sinMa) |+
Moo M—oo 2M =1 M- 2M -1 sin(w)
1 sin(Mw) 1

Since |sin(M0))Sl|, lim

~0,and lim Wy (m)=——.
WM M1 sin@) o Mo M®=7

From Eq. (9.75) SNR, ,p = 6.0206b+16.81-20 logm(K) dB. For a constant value of K, an

increase in b by 1 bit increases the SNR ,p by 6.0206 dB and an increase in b by 2 bits increases
the SNR,p by 12.0412 dB.

If K =4 and b =7 then SNRyp = 6.0206%7+16.81-20log,,(4)

= 6.0206x 7 +16.81 - 20x0.6021 = 46.9122 dB. Therefore for K = 4 and b = 9, SNR/p = 46.91 +-
12.04 = 58.95 dB: for K = 4 and b = 11, SNRp = 58.95 + 12.04 = 70.99 dB; for K =4 and b =
13, SNR /p = 70.99+ 12.04 = 83.03; for K = 4 and b = 15, SNRyp = 83.03 + 12.04 = 95.08.

If K =6and b=7 then SNRyp =6.0206x7+16.81-20log,,(6)

— 6.0206x7+16.81—20x0.7782 = 43.3902 dB. Therefore for K =6 and b = 9, SNRy/p =4339 +
12.04 = 55.43 dB; for K = 6 and b = 11, SNRp, = 4339 + 12.04 = 6747 dB; for K=6 and b =
13, SNR /p = 67.47 + 12.04 = 79.51; for K = 6 and b = 15, SNRyp = 79.51 + 12.04 = 91.56.

IfK=8and b=7then SNRy,p = 6.0206x 7+16.81-2010g,,(8)
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— 6.0206 %7 +16.81-20%0.9031 = 40.8922 dB. Therefore for K =6 and b = 9, SNRy/py = 40.89
12.04 = 52.93 dB: for K = 6 and b = 11, SNRp = 52.93 + 12.04 = 64.97 dB; for K= 6 and b =
13, SNR ,p = 64.97 + 12.04 = 77.01; for K = 6 and b = 15, SNRp/p = 77.01 + 12.04 = 89,05,

- 0.8 (a) H(»=2DE4D gy =45 8567 Making use of Eq. (9.86) and Table 9.4, we get
(z+=)(z+=) Z2+—- Z+=
2 3 2 3
2 2
012n 14 4.5 . +(6.667)2 N 2><(—4.5):<6.667 C14+27450-72=6.
SR AN
2 3 6
6(5z+2)(0.3z% +0.6 . . ~15.6947z 0.
) H2(2)= (5z+2)( 322 0.6z+1) _ 93l +7 894;7+ 52 947z —0.6853
2z+1)(3z+1)(z“ +0.62+0.3) z+5 z+—3— z©+0.6z+0.3
2 2
Again from Eq. (9.86) and Table 9.44, o% n = (9‘31) 5 +(7'89T7; +2X 9'3X7'18947
SR
2 3

[(15.69)2 +(0.685)2][1 - (0.3)2]— 2 x (1 - 0.3) X 0.6 X 15.69 X 0.685

[1—(0.3)2]2 +2x0.3x(0.6)2 —[1+(0.3)2]1%(0.6)>
9.3(~15.69 - 0.685% (-0.5)) . 7.8947(~15.60-0.685x(-0.333))

1+ 0.6 X (=0.5) +0.3%x(=0.5)2 1+ 0.6 X(=0.333) + 0.3x(—0.333)2

= 115.32 + 70.115 + 176.2 + 330. 73 — 368.44 — 292.97 = 30.9.

@+)* ., 152+02

H = = .
- (&) By = T 052408 22+052+03
2 2111 _ 27_ -
G%n=1 [(1.5)* +(0.2) ]2[12 (0.8)°] 2X[0.22><1.5 1.5;(0.2)(0.28])(0.5 =1+ 63913 = 7.3913.
> [1-(0.8)*]% +2x 0.8 x(0.5)* —[1+(0.8)“1x(0.5)
09 Hz)=C+ A _— B _=C+ Az + Bz =C+Az—Aoc+Aa+Bz—BB+BB
1-az 1-Bz z—-o z-f z—-0 z-P

= (A+B+C)+ﬁ%+£%. From Eq. (9.86) and using Table 9.4 we obtain
z— z—

2 2
o2 = (A+B+ C)2 + (Aoc)z + (B B)?_ + 2AaBp . For the values given, we get
vn 1-a? 1-B* 1-of

2 _ 2 _
4y, 24, 2ICED _ 4900.417.0526+16.00-5.0233 = 77.0293
1-(097  1-(-0.87%  1-(0.9)-08)

2 2
ov,n—(7) +

9.10 For quantization before addition the noise model is

b, b,
x[n] ) 51 () ! +)—+(+)— y[n] +vIn]
ep1n] epz(n]
+ +
al a
ey in] eaz[n]




*l

Let G(z) denote the noise transfer function due to ea1[n], Gy(z) denote the noise transfer function

due to ep1[n] and e,;[n], and G3(z) denote the noise transfer function due to ep2[n]. Let 01 n
denote the normalized output noise variance due to e,[n}, 02 denote the normalized output

noise variance due to epq[n] and ey[n], and 0‘3 , denote the normalized output noise variance due
to ebz[n].

1 1
Structure I: 8y ==7 b1 =3, 8, ===, and b2 =5.

(z+3)(z+)9) 74.67 67.5

1 o=l
(z+§)(z+—2-) z+3 z+3
Thus, the normalized output noise variance due to e,1[n] is

5 (7467)2 (67.5)2 2><7467x( —67.5)
Oin =1 -3 ot -1
4 6

Next, G (z)—z+5 =1+ 4'51. Thus, 0%n=1+—4—1—=28.
z+3 z+-2— ’ 1—Z

Finally, G3(z) = 1, hence o} = 1.

Here, Gl(z) = Thus,

= 252.

Therefore total normalized noise variance at the output = 01 n +20‘2 n +0‘3 o, =309.

Structure II: al=—% b =3, a2=—%, and b2=5.

Here, G,(z) = (z+3)(z+5) =1+ 74'617 - 67'51 . Therefore, 012n =252.
(z +—)(z+—) zt3 Zt3 ’
+5 14/3 2
Next G,(z) = 2 =1+ . Thus, 0‘% =1+ (14/3) =25.5.
+1/3 z+1/3 o 1_ 2

Finally, G3(2) = 1, hence o% =1.

Therefore total normalized noise variance at the output = an +20% n +c§ . =304

Structure III: a, =-%, b] =5, a, =—%, and b2 =3.
Here G1(z) is the same as in the earlier cases. Hence, (512 n = 252.
z+3 _,, 8/3 2 (8/3)2

Next, G,(z)=———=1+ . Thus, 65 _=1+
2(2) z+1/3 z+1/3 2n 1__;.

=9. Finally, G3(z) = 1, hence

2
0‘3n

= 1. Therefore total normalized noise variance at the output = cf n +20‘% n +c§ , =271

Structure IV: a, ==, b, =5,a, ==, and b, =3.

G1(z) is the same as before, hence 0'12’ n = 252,

5

=z 2

G,(2)= z+3 =1+ 2 . Thus, G%n =1+(5/2?
Z+3 Z+—2' ’ 1—:‘-

Therefore total normalized noise variance at the output = Glzn +26§ n +0§ n = 271.666.

=9.333.
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Structure III has the lowest variance amongst all four structures.

For quantization after addition the noise model is

eal[n] 7 ebl[n] ] eb2[r]
b1 by
x[n] + )+ 271 + +{(+H) 4 1 +)}—(+)— y[n] + y[n]

S| 32

Here the transfer function from noise sources ea1[n], epi[n] and epz[n] are the same as that
calculated above, the only difference is that in this case there is a single noise source ep1[n] due to
the product roundoff caused by the multipliers by and aj.

2 2

Structure I: Total normalized noise variance at the output = 67 +05 | +G§ o =281

Structure II: Total normalized noise variance at the output = 0’12 n +c§ n +0§ n =2785.
2

Structure III: Total normalized noise variance at the output = 67, +6% n +G§ n =202.

Structure IV: Total normalized noise variance at the output = °12n +0‘% n +0’% o =262.33.

In this case also Structure ITI has the lowest normalized noise variance.

9.11 Quantization_of products before addition

Parallel form II is obtained by performing a partial fraction of H(z) in positive powers of z: (See

Section 6.5.3)
- H(z) = (z+3)(z+5) _ 1+ —67.15 + 74.6617

1 1
+2)z+= 4= =
@+ +3) 2 273

The noise model for this structure is shown as below

+)+ y[n] +v([n]

€h2 ] (+
-1/3
eao(n]

Now the noise transfer function from the noise sources eal[n] and ebl[n] to the output is Gy(z) =

7 - Thus the normalized output noise variance from these error sources is given by
z+=
2

2 1 -1y,-1 1
c =2|—&G,(2)G dz |=2| ——— |=2.6667.
1ln [2nj§ 126, (z7)z Z} (1_(0'5)2)
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The noise transfer function from the noise sources e_,[n] and e,,[n] to the output is Go(z) =

1 . . . . .
- Thus the normalized output noise variance due to these noise sources is given by
4~

1 1y - 1
2 1 1 . .
ol =2 ___§G 2)G,(z )z 'dz |=2| —— | =2.25. Therefore the total normalized noise
Y20 [2nj 2(2) 2 ) } (1—-(1/3)2J

variance at the output =2.6667+2.25=4.9167.

Parallel form I is obtained by performing a partial fraction of H(z) in powers of z~!: (See Section
6.5.3)

135 224
H(z) =90+

1+05z0 1+0.333z"!

. The noise model for this structure is

b0 [n]

@)~ y[n]+v(n]

Now the noise transfer function from the noise sources e;[n] and ebl[n] to the output is G3(z) =
1

0 =1+—2 - Thus the total normalized quantization noise variance at the output due to
1-=z~ z——
2 2

(0.5)2

1
these noise sources is given by 62, =2 ——§G G,z M)z ldz |=2{ 1+ =2.6667.
ese noise sou g Y Syin [2nj 3(z) 3(z ) 1_(0.5)2

The the noise transfer function from the noise sources e,[n] and e [n] to the output is G4(z) =
1

1 3 . N . .

T =1+—2 . The total normalized quantization noise variance at the output due to these
1--z~ z—=

3 3

2
noise sources is given by 0'%2’ 0= 2[2—1tj§ G,(2)G 4(2'1 ) z‘ldz] = 2(1 + 1—_(_1(—/1:;)3?) =225

The normalized noise variance at the output due to the noise source ey o[n] = 1.
Thus the total normalized noise variance at the output = 2.6667 + 2.25 + 1 = 5.9167.

Quantization_of products after addition
For Parallel Form II total normalized quantization noise variance at the output due to e ;[n] and

1

1
is given by o2 =—§G G,z Yz ldz=
ebl[n] is given by G = 1(2) 1z )z dz 1205
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The total normalized quantization noise variance at the output due to ea2[n] and e, ,[n] is given by

1 1y -
2 _ 1 1

1
1-(1/3)
Thus the total noise variance at the output = 1.3333 + 1.125 = 2.4583.

Similarly for Parallel Form I the total normalized quantization noise variance at the output due to
e, (nl and ey[n] = 1.3333, the total normalized quantization noise variance at the output due to

eal[“] and ebl["] = 1.125, and the normalized noise variance at the output due to the noise source
ebo[n] =1.

Thus total noise variance at the output = = 1.3333 + 1.125 + 1 = 3.4583.

71402272

9.12 H(z) = ,
1-02z"' 024272 J

Direct Form Realization - The noise model in this case is given by

x[n] —(+
=
DN —(+)— y[n]+7vn]
e, (0] 2!
+ +
0.24 0.2
ea2lnl ep1[n]
. . . . 0.8 0.2 ) ]
The noise transfer function from noise sources e,1(n], and ea2[n] is H(z)= 06 + 04’ while
Z—Vv. z . E
the noise transfer function from the noise source epyin] is Hy(z) = 1. From Table 9.4, the total ]

normalized noise variance at the output due to ea1[n] and ea2[n] is therefore given by

2 2
(0.8) o+ (0.2) - +2x0.8x0.2 —2.6114.
1-(0.6) 1-(0.4) 1+0.24
The normalized noise variance at the output due to ep1[n] = 1. Therefore the total normalized
noise variance at the output is G$ n= 3.6114.

1 1y, -1y, | —
2 aniH(z)H(z Yz~ \dz 2[

2 11+0.2z7h

Cascade Form Realization - H(z) = — T
(1-0.6z7")(1+04z7")

One possible cascade realization (Cascade Form #1) with the noise sources is shown below.

x[n] D4z}

y[n]+ v(n]

+
0.6

Cal [n]

Now the noise transfer function from ea1[n] to the output is H(z). Thus the normalized noise
power at the output due to ea1[n] = 1.3057. The noise transfer function from ea2[n] to the output
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1402270 _, 02

§ —mm = 1- _ The corresponding normalized noise power at the ouput =
1+0.4z7! z+0.4 P g P P

2
+TQ(%_)Z)_2— = 1.0476. Finally, the noise transfer function from ep1[n] to the output is 1, and
hence the corresponding normalized noise power at the output = 1. Therefore the total normalized
noise power at the output = 1.3057 + 1.0476 + 1 = 3.3533.

Another possible cascade realization (Cascade Form #2) with the noise sources is shown below.

x[n] =#(H— 7! yIn] +7¥[n]

+
-04
e,1(n]
Now the noise transfer function from ea1[n] to the output is H(z). Thus the normalized noise
power at the output due to ea1[n] = 1.3057. The noise transfer function from ezz[n] to the output

-1
18 14022 7= 1+ 0.8 . The corresponding normalized noise power at the ouput =
1-0.6z" z-0.6
0.8? : . . ,
+ (06 =1+1=2. Finally, the noise transfer function from ep1[n] to the output is 1, and

hence the corresponding normalized noise power at the output = 1. Therefore the total normalized
noise power at the output = 1.3057 + 2 + 1 = 4.3057.

1.333 0.5

Parallel Form I - H(z)=-0.8333+ - -
1-0.6z 1+04z

The corresponding parallel realization with the noise sources is shown below.
epolnl
b0

(#)-y(n] +vin]

e,2(n]

The noise transfer function from ea1[n] and ep1[n] to the output is G4(z) = 1/(1 - 0.6z"1). Thus
the total normalized noise power at the output due to these noise sources is

(-0.6)2

~|=3.125.
1-(-0.6)

2 —1-§G 2)G.(z 2 ldz | =21+
21'CJC a a

The noise transfer function from ez1[n] and ep[n] to the output is Gy(z) = 1/(1 + 0.4z 1). Thus
the total normalized noise power at the output due to these noise sources is
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2
1 ~1y,-1 (0.4)
2 L §G, ()G, @ e | =2 L Z oy | =238
C
The noise transfer function from the noise sources epo[n] is 1. The normalized noise power at the

output due to this noise source is 1.
Thus total normalized noise variance at the output = 3.125 + 2.381 + 1 = 6.506.

0.8 0.2
F II- H(z)= + .
Parallel Form (z) 06 2404

The corresponding parallel realization with the noise sources is shown below.

) y(n]+7(n]

The noise transfer function from e,1[n] and epi[n] to the output is G(z) = z‘ll(l - 0.6z7> Thus
the total normalized noise power at the output due to these noise sources is

1 “1v—1 1
2| LG, (@G @7 Mz |= 2 -z | = 3125,
amjJ (&G [1—(—0.6)2]
The noise transfer function from e,][n] and ep[n] to the output is Gy4(z) = z'll(l + 0.42'1). Thus
the total normalized noise power at the output due to these noise sources is

1-(0.4)?

2 ---§G, (@G @z 'z | =2 L__|=2381
21 c
Thus total normalized noise variance at the output = 3.125 + 2.381 = 5.506.

Hence of the five realizations, the Cascade Form #1 has the lowest product roundoff noise.

Note: If the multiplier at the input of the bottom branch of Parallel Form I structure is instead
placed at the output, the total normalized noise variance at the output = 5.4226. Likewise, if the
multiplier at the input of the two branches of Parallel Form II structure is instead placed at the
output, the total normalized noise variance at the output = 3.04761. In this case, the modified
Parallel Form II structure will have the lowest product roundoff noise.

9.13 The Gray-Markel realization of the transfer function of Problem 9.12 can be readily obtained

using Program 6_3 resulting in the structure shown below where d, =—0.24, d;'= -0.2632,
a, =02, a, = 1.04, and o, =0.3217.
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The noise model of the above structure assuming quntization of products before addition is as
given below:
ez[ﬂ]

e;ln]

WH— ¥y [n]+1ln]

It can be seen from the noise model that the noise transfer function from the noise source ej[n] to

-1 )
! . z7 +0.2z
i the filter output is G,(z) =H(z) = . Let G»(z), G3(z), and G4(z), denote th
P 1(2)=H() 02,1 02422 2(2), G3(2) 4(2) e the
- noise transfer functions from the noises sources e,[n], e3[n], and e4[n], respectively. Analyzing the

structure we arrive at the expressions for these noise transfer functions:
' 2y4 1 -1 2y,,-2
(a,dy +0q) +]oy (1-d3)d, o,z oy (1-d))z _0.04797+0.99042”" +0.18852"2

G,.(2)= s
2(@) 1-02z"1-024272 1-02z"1-024272
()= a, + [0(1(1 - d%) +0o,d) —a3d2]z_1 +a,(1- d%)dl' 772 1.04-0.008 z-1 ~0.0496272

3 1-02z71-024272 1-02z71-024772
G,@)=a,= 0.2.

The noise transfer functions from the remaining three noise sources are all equal to 1. Using
Program 9_1 we determine the normalized output noise variances due to eq[n], ez[n}, and es([n],

resulting in

0% =1.3057, 03 =1.3080, 3 =1.1968, and o} =0.04.
Hence, the total normalized output noise variances = 1.3057 + 1.7169 + 1.3080 + 0.04 + 3 =
6.8505.

9.14 The noise model for the given structure is as shown below.

y[n]+v[n]

| x{n] —
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The noise transfer function from eq;[n] to the output is
Y(2) _ 1-272 _ 72 -1 L d;z+dd, +1
By @ 1+dz +ddz? z2+dg+dd,  22+dz+ddy’
Using Table 9.4, the normalized noise power at the output due to eq1[n] is thus given by

1 -
012,“=5n_j§01(z)<31(z l~ldz
C

Gl(z) =

red LA e B

.\ (2 +(1+d,d,)?)(1-d?d3) - 2d, (1 +d,d,)d, —(1+d,d,)d,d\d))
(1-d2d2)? +2d3d, — (1+d7d3)d?
((1+dydy)® —d])(1 - d7d3)
(1-d2d?)? +2d3d, - (1 +dfd)d]

g T LT PR C LY STPE I ST DU PR

The noise transfer function from egy[n] to the output is
Y@ _ d-dz7? —d -d?z-d?d, -d,

G,(z)= = =d, +
2 B, 1+dzl+ddz? ! 1+dz +didyz™

= —lel(z).

Thus 0’% n= d12°12n' Hence total normalized noise power at the output

4 (1-d2d2)(1 +d%d2 +2d.d, —d?)

=(1+ df)ofn =(1+d12){1+ 1 d21d222 2d13 2 1d22d2 112 .

._‘: 9.15 i Ay )b

ﬁ Let e[n] be a noise source inside H(z) due to product roundoff with an associated noise transfer

function Gg(z). Then the normalized noise power at the output of the above cascade structure is

. 1 - 1. — 1 1\ — .
given by cz’n=-2-;j§Ge(z)A2(z)Ge(z 1)Az(z 1)z 1dz=51-15§Ge(z)Ge(z 1)z 1dz since
C C

A,@A,@ ") = L.

Assume that H(z) is realized in a cascade form with the lowest product round-off noise power cﬁ n
Then the noise power at the output of the cascade due to all product round-off in H(z) still remains
0‘% - From Problem 9.10 solution given earlier, we observe Gﬁ n = 271 (or 262 if quantization
after addition is assumed).

Now dq = - 0.4 and d3 = — 2.25. Thus, from Problem 9.14 solution given above
) o[ a-d2d2)a+dldl+2d,d,) -d})
Oy q =Hdp 1+ 77553 SFVINY)
an (1-dyd3) +2dld2—(l+dld2)d1
Hence, the total normalized noise variance at the output = 271 + 23.2 =294.2.

} =[1 + (0.14)2][1 + 19] = 23.2.

9.16 The noise model for the structure is as shown below

W) T y[n] +7y[n]
-1
1 |z
4
e,[n] e,[n]
N The noise transfer function from e[n] to the output is
280
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4 3
1

Gi(z) = 7 T =1- 21] + 281 . Thus, the normalized noise power at the output
A+-z7HA-=z7") Z4+- Z——
3 4 3 4
- &, &, EG
due to eg[n] is 6% =1+ 2 4 \BL 495 2 2L ABL - 10154
- 1-= 1+—
9 16 12
1
The noise transfer function from e;[n] to the output is G2(z) = z =1+ 4 T
Z—Z zZ——
. . 5 (1/4)?
Thus, the normalized noise power at the output due to ey[n] is 05 = W = 1.0667.
Hence the total normalized noise at the output = 1.0154 + 1.0667 = 2.0821.
9.17 The unscaled structure is shown below.
— E(» —
W
X(@) —T = D—r Y@
-1
1 Z 1
21T N
N V'
1 . 2 :
Now Fi(z) = 1= Z i =1+—2 T Using Table 9.4 we obtain “F1 "2 = 1+——4—1=%.
1- EZ z- 'i z- —i 1- Z
- 1+ 1 z7v 72+ 1 1 2 L 28
Also, Hp)=—3F—=—7 =1+ 6._. Using Table 9.4 we obtain |H[; =1+—2%7 ==,
1-2z7" z-- z—= -2 %
2 2 2 4

2
From Egq. (9.129a), II F “2 =0y = 73> and from Eq. (9.129b), ||H||2 =0, = \/g

- - B
The scaled structure is as shown below, where by = ﬁl and by = —3l From Eq. (9.133a),

K L_A3 o _ [i8
K= B0K = B0 e N 0.866, and from Eq. (9.133b), Bl = a‘— =\ 1.1339. Therefore,
1 2
B
b()l = Bl =0.866, and bll = —31‘ =0.378
K T)01

Y(2)

9.18 The unscaled structure is shown below.
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b 20 A S S 50

W+ Y(z)

-0.78 z 0.5

-0.34 2

1 ., 0782+034
1+0.78z7 1 +0.34z72 22 +0.78z+0.34
2 [(0.78)2 +(0.342)][1 - (0.34)*1- 2 X (1-0.34) X 0.78 X 0.34 X 0.78
|} =1+ - > . —— = 1.7102.
2 T [1-(034)21 +2x0.34x(0.78)* —[1+(0.34)"]x(0.78)
1405271 +2272 —0.282+1.66

=1+ .
1+0.78z" 1 +0.34z72 72 +0.78z+0.34
Using Table 9.4 we then get

[0.28)% +(0.1.66)21[1 - (0.34)2] -2 X (1-0.34) X 0.78 X 1.66 X (-028) _ . ..,
[1— (0342 +2x0.34x(0.78)2 = [1+ (0.34)2]x (0.78)* o
From Eq. (9.129a), “ F1“2 =0, =+1.7102, and |1}, =0, = JJ6.772. Hence, from Eq. (9.133a),

_ o1 - _ oy _NI7102 _
Bo =5 = Tz 0.7647, and from Eq. (1.330), By =5~ = gy = 0.5025.

Here F,(2)=

. Using Table 9.4 we get

Next, we note H(z) =

2
I H“z =1+

The scaled structure is as shown below, where K= BoK= By = 0.7647, BOI = [31 =0.5025,
b, = By = 0.5025%x0.5=0.2513, and b, = B,b12 = 0.5025 %2 =1.005.
K b,

X(z) Y(2)

+ Y(=)
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2 2(z-0.9)+1.8 1.8
ot l(z). 1-09z7! z-0.9 z-0.9

3 _3(+08)-24 . 24
1+0.8z! z+0.8 z+0.8

z 3z 7z2-13z-144 -0.62-6.48
+ =25 =T+— .
z—-09 z+08 2z°-0.1z+0.72 z--0.1z+0.72

|H| =138.177. Denote v, =|H], =+138.177 =11.7549, v, = |F, |, =/21.0526 = 4.5883, and

. Hence | F1||§ =4+ % =21.0526.

a2
242
1-(0.8)

Likewise F,(z)= . Hence, | F2“§ =9+

Also, H(z) =2+

This yields

Yy = “ F2 “2 = \/E =5.0. The scaled structure is shown below, where A= —2— =0.4359,

N
5.3 06 C=-2=01701 K, =1 =03903, and K, =22 =04254.
T2 To Yo Yo
S
v
A K,
X(z) — 0 T Y@
o
09

eB[n]
. . . Lo 0.3903
The noise transfer function from the noise sources ex[n] and eg[n] is given by G,(z2)= To0921
—U.JZ
= 0'393392 =0.3903+ 0'2973. Hence, the normalized output noise variance due to these noise
z—-0. z-0.

(0.2973)

—_ sources is given by o’% = 2((0.3903)2 + -0 9)2) =2x0.8018 =1.6036.
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Likewise, the noise transfer function from eg{n] and eB[n] is given by G,(2)= 1 0.32854‘1
+0.8z7

-0.3403

= O.4254+—-—0-8—. Hence, the normalized output noise variance due to these noise sources g
z+0.
- -0.3403 ,
given by o% = 2((0,4254)2 +(T%§)-2—)) =2x0.5027 =1.0054. The noise transfer function from

the remsaining three noise sources = 1 resulting in a normalized output noise variance o% =3. The

total normalized output noise variance = 0'12 +G§ +0‘§ =1.6036+1.0054 + 3 = 5.609.

9.20 The scaled structure is as shown below. The value of the scaling constants is found below. .
N N i
)

boky

4

1 1
Structure I: a, ==3 b1 =3, a,=-3, and b2 =5,

1 2 1
Fi@) = —— thus 15|, = — = L125. Hence v, =|F,], = 1.0606.

9
-1 2 ;
_ Fy(z) = (S“jz 1) — = ZZ ;*31 - Hence |]F2||§= | + 11 = 12. Hence 72=“F2“2=3.4641.
1+€z +€z z +EZ+€

||H||§ = 252. Hence, Y, =|H]|, =15.8745. The scaling multipliers are therefore given by

k=L =09428, k,=1L=030617, k;=12=02182. bk,=09185 and bk, =1.091.
Y1 Yo Yo
The noise at the output due to the scaling constant k; and multiplier a; have a variance i

2 _.2_
oy =7y =1.125.

o bt L o s ki

Noise at the output due to ap, 1/k; and by/k;| have variance c% which is calculated below.

-——1———2—?— Therefore o% =
4.,5825 z+§

1.3333. Hence the total noise power (variance) at the output = 2X1.125 + 3X1.3333 + 2 = 8.25.

The noise transfer function for these noise sources is G,(z) =

In case quantization is carried out after addition, then the total noise power at the output = 1.25 +
1.33333 + 1 = 3.125.

Structure 1I: a, =—%, b1 =3, a, =—-§, and b2 =35.

thus [Fy; = % or v, = |Rfl,= 1.1547.

1
Fl(Z) =
1+lz'1

2
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14327
+ S % 272
IHJ3 = 252 or v, =[H], =15.8745.

Fao) = - Thus ||} = 12 or v, =[F,], =3.4641.

The scaling multipliers are therefore given by k, =—1— =0.866, k, = -;Y(—l =0.3333,
7 2
ky =1—2= 0.2182. bjky =1, and byks = 1.091.
0
The noise at the output due to the scaling constant k; and multiplier a; have a variance
o2 =y} =4/3.

Noise at the output due to ap, 1/k; and by/ky have variance 0‘% which is calculated below.

. . . . 1 z+5
The noise transfer function for these noise sources is G,(z) = 2_58_25 Tl Therefore 6% =

z+—
3

2 .
“02“2 = 1.2143. Hence the total noise power (variance) at the output = 2X % +3%1.2143 +2 =

8.3096.

In case quantization is carried out after addition, then the total noise power at the output = % +

1.2143 + 1 = 3.7476.

. — 1 — — 1 —
Structure III: a; = —3» b =5a,= -3 and b, =3.
i@ = —1 thus [, = 3 or v, =[], =1.1547.
1+5z27 2

Fo@) = —1— — thus [Fy,= 39.6 or v, =[E,|, =6-2928.
_ (l+§z" )(I+EZ )
; 2
[H||; = 252 or v, =|H|, =15.8745.
' The scaling multipliers are therefore given by k; 1. 0.866, k, = LI 0.1835,
i Y3 Y,
k, =12 =03964. brky = 0.9175, and bks = 1.1892.

To
2 _ 4 . _ 1 z+3 2 _ 2 _
As above Oy = 3 Again Gy(z) =558 z+l . Thus 05 = ||G2||2 = 1.4143.
3
Hence the total noise power (variance) at the output = 2X % +3%x1.4143 + 2 = 8.90956.
In case quantization is carried out after addition then the total noise power at the output = % +

1.4143 + 1 = 3.7476.

Structure 1V : a, =—%, b1 =5, a, =—%, and b2 =3.
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9.21

1

1
+—=
1 3z

1+SZ'l
(l+%z'1)(1+%—z“l)

Fi(z) =

7 thus "Fl“i = % or Y, =uF1"2 =1.0606.

Fa(2) = thus [Fa|= 39.6 or v,=|F,|,=6.2928..

[HJZ = 252 or v =|H], =15.8745.

The scaling multipliers are therefore given by k1=—1—=0.9428, k2=-Y-L=O.16854,
1 T2

Ky _Y2 _(3964. bjky = 0.8427, and boks = 1.1892.
Yo

2 _ . 1 z+3 2 _ 2
As above O] = 1.125. Again G2(z) = 5926 z+l . Thus 63 = ||G2“2 = 1.4667.

Hence the total noise power (variance) at the output = 2%1.125 + 3%x1.4667 + 2 = 8.6501.

In case quantization is carried out after addition then the total noise power at the output = 1.125 +
1.4667 + 1 = 3.5917.

Parallel form II realization: The corresponding unscaled structure is obtained from a partial

fraction expansion of H(z) in z in the form: H(z)=1- 6_7'_51 + 74f617 , and is shown on the next
z+- z+3
page. Here the scaling transfer function Fy(z) for the midéle branc3h is given by
Fl(z)z—%. Hence, “F1||§ = (6:51)2 =6075. This implies v, =[], =77.9423. Similarly, the
2
scaling transfer function for the bottom branch is given by F,(z)= 74'6617 . Hence,
3

x[n] —

-%5——' yin]

“F2“i = £7—41'—6§17)—2 =6272.1. Thus, ¥, =|B,|, =79.1963. Finally, |H|5 =252. Hence,

Yo = |}, =15.8745. The scaled structure is shown below:
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ealn]
-1/
€,1[n] &
- ex,ln]
B D
egln]
eaZ[n]
where & = =575 = _0.86602, B =297 _0.94285, T=—-=006299, k; =~L-=4.9099,
Y1 k) Yo Yo
k, =12 =4.9889.
Yo
The output noise variances due to ec[n], ex;[n], and exo[n] are each equal to 1. The output

noise variances due to e [n] and e,[n] are each equal to kf —lT = %><(4.9O99)2 =32.1429.
1——
4

Likewise, the output noise variances due to eg[n] and e,;[n] are each equal to

k% ——1—1— = %x(4.9889)2 =28.125. Total noise variance at the output is therefore =
1-=
9

3+(2%32.1429) + (2 x 28.125) =123.536.

Parallel form I realization: The corresponding structure is obtained from a partial fraction

]?5 T 2124 T and is shown below:
1+§z' 1+§z'

expansion of H(z) in z~! the form: H(z)=90+

"t y[n]

-1

-1/3
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Here the scaling transfer function F{(z) for the middle branch is given by

2

2 -
F@=222135- 72 Hence, [F| - 1352 + 887
z Z+— 2 11

i
2 2 4
¥, = ||Fl||2 =155.8846. Similarly, the scaling transfer function for the bottom branch is given by

2
- . 2 .
zz‘tz — 4+ 66167 . Hence, ]|F2||2 =(224)? +{74.6667)7 66?7)

*3 z*3 9
. 2
1, ="F2“2 =237.5879. Finally, [H|5 =252. Hence, v, =|H|, =15.8745. The scaled structure

is shown below:

=24300. This implies

Ey(2)=

=56448. This implies

E ec[n]
N D
%

exqn]

>l

where & =133 20.866, B= 222 =~0.9428, T=22 =5.6695, k, = -1 =9.8198, and

k, =2 =14.9666. i
Yo

The output noise variances due to ec[n], ex[n], and ex,[n] are each equal to 1. The output

noise variances due to e [n] and e, [n] are each equal to kf' —l—l =%><(9.8198)2 =128.5841.
1—=

4
Likewise, the output noise variances due to eg[n] and e,;[n] are each equal to

k% — =%><(14.9666)2 =252. Total noise variance at the output is therefore =
1——

9
3+2x128.58+2%252=764.164.

For quantization of products after addition, the total output noise variance in the case of
Parallel form II structure (after scaling) is 1+32.1429+28.125=61.27, and total output noise
variance in the case of Parallel form I structure (after scaling) is 1+128.58 +252 =381.58.

z71+0.2272 2 l1+0.2z71)

H(z) = = .
@ 1-02z71-024z72  (1-0.62"1)(1+0.4z7")

(a) The unscaled direct form realization is shown below:
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Qoesresasenen Fl(z) .......... »
x[n] O l
~ Z-—I
0.2
W(+ yln]
z-l
0.24 [\0.2
vV
1
Th ling transfer function F(z) is given by F;(z)=
¢ scalng 1(2) s given by Fy(2)= {00 0042

0.2z+0.24
t—
z°-02z-024
For scaling the output, we compute ||H||§= 1 +.3057 = 1.3057. Hence, v, =[H|, = 1.1427.

. Hence |Fy[; = 1 +0.1401 = 1.1401. This implies 7, =[g|, = 1.0677.

Ther scaled structure is thus as shown below:

€a2ln] ex2[n]
Y

1 0.2y,
where kO =—= 0.8771, kl =—L=0.9344, and k2 =

Y1 Lp) Y2
Thus the noise at the output due to the noise sources ekI[n] and e, ,[n] = 1.

= 0.1869.

Also the noise variance at the output due to the noise sources exolnls e, [nl, and e_,[n] =
712 —1.1401. Thus the total noise variance at the output = 2 + 3x1.1401 = 5.4203.

(b) Cascade Form - The unscaled structure is shown below:

>
»

) l "+ y[n]
51
~04 T |\0'2

vV
In this case the scaling transfer function Fy(z) is given by Fi(z) = o6t 016 — . Hence, “Fl “i =
—-0.6z

1.5625 which implies 7y, =“F1“2 =1.25. The scaling transfer function F,(z) is given by
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z"1 z

Fz(z) =

27 11+02z7Y)

(1062 )(1+04z7)) 22 -022-024

which implies “qui=1.l401 or ¥y, =“F2“2 -

z+0.2

1.0678. Finally, H(z)= = which impli 2 _
inally, H@) =06, 11+ 0427])  22-022-0.24 plies [H; = 1.3057
or v, =|Hl, =1.1427.

The scaled structure is as shown below:

PD—F DF DG
eiln] | eklnl A el
0.6 -04
¥ ¥ ¥
e,[n] eaon] exaln]

where k; = L =038k, = N 1.1706, k; = Y =0.9345, and k, = 02k, = 0.1869.
T Y2 Yo

The noise variance at the output due to the noise sources ek3[n], and e, 4[n] are = | each.

The noise variance at the output due to the noise sources ekz[n] and eaz[n] are each equal to =

0.91487, and the noise variance at the output due to the noise sources ekl[n] and eal[n] are

each equal to = Y% =1.5625. Thus the total noise variance at the output = 2(1 + 1.5625 +
0.91487) = 6.9547.

(c) Parallel Form I Realization: A partial-fraction expansion of H(z) in 7! is given by
-1 -2 _
z 4——10.22 =033+ 1.3333_1 + 0.5 .
1-02z7" -0.24z 1-0.6z 1+04z
unscaled realization is thus as shown below:

H(z)=

The correspondsing

\t y[n]

-1

-04

The scaling transfer function F(2) is given by Fy (@)= -1-1—'(3)3633-’_—1. This implies “Fl“z =2.7776.
—-0.0Z

Hence v, =“F1“ )= 1.6666. The scaling transfer function F(z) is given by F,(z)= T%-_é%%
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This implies ||F2||2 =0.29761. Hence Y, =||1:2||2 —0.5455. Finally, [H|3 =1.30568. This implies

Yo =||H||2 —1.14267. The scaled structure is thus as shown below:
~ ec[n]

S

€ 1[“]

epln]
0.6
eal[n] +
_ Ckz[n]
B [ ko &
+ -+ z—l
egln]
~0.4
eoln] 2t
where =133 _08 B==05 = _09166,C=28233 - 0.72903, k; =1L =14585, and
" 12 Yo Yo
k2 = ;Y—Z— =0.4774
Yo

The noise variance at the output due to the noise sources ecln], e,,[nl,and e,,[n] are each = 1.
The noise variance at the output due to the noise sources eal[n] and e A[n] are each =

1——(61—6)7 =13.3215. The noise variance at the output due to the noise sources e,,[n] and eg[n]
k
are each = —624—2- —0.271317. Hence, the total output noise variance = 3x1 +2x3.3215 +

2%x0.271317 = 10.1856.

et on et b e

If quantization is after addition of products, then the total output noise variance = 1 + 3.3215 +
i 0.271317 = 4.592817.

9.23 The noise model for the allpass structure is shown below

x{n] — rin] Z’l o+
-1 vin]
win F-@e—<f—

e[n] i J
@ yinl
Analysis yields W(z) = E(z) + d;V(z), R(z) = X(z) - W(2), V(z) = X(2) + z‘lR(z), and

Y(z) = W) + 2 R(2).
To determine the noise transfer function we set X(z) = 0 in the above equations. This leads to
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R(z) = - W(z), V(z) = ‘1R(z) =- 'IW(z), and hence W(z) = E(z) - diz‘IW(z) or

E() = (1 + diz”)W(2). As a result, Y(z) = W(z) - -lwe) = (1 -z7Hhw(z). Consequently
the noise transfer function is given by '

Y@ _ 1-z' _z-1_, -(+d)

G(z) = = = =
@) E(z) 1+diz'1 z+di z+di
(1+d.)? )
hus 62 =1+—>—= :
Thus o 1"d12 l—di

(b) Let G1(z) be the noise transfer function for dy, G2(2) be the noise transfer function for dy
and G3(z) be the noise transfer function for d3 then

-1 z-1 z—1
G(2) = z_Z+T A(2), Go(9) = ——— and G3(z) = ——
1

. From the results of part (a) it

follows that the noise variances due to dy, d7 and d3 are given by

2 _
Oy =

for k = 1, 2, 3. Hence the total noise power at the output is given by

k
s 2 2 2
o= + + :
1-d, 1-d, 1-d4

Let the total noise power at the output of G(z) due to product-off be given by oé. Asuming
L 2n
e . ) 1 ‘o2
a total of L multipliers in the realization of G(z) we get 65 = Zk o 7= _“G e(eJ )| dw | where
2r
£=1 0

G (z) denotes the noise transfer function due to £-th noise source in G(z). Now if each delay is
replaced by two delays then each of the noise transfer function becomes G L,(ezj“’ ). Thus the

total noise power at the output due to noise sources in G(z2) is given by 6% =

2n
iJ2 A . . N
Ek ' L IIGZ(ezjm)i do |. Replacing ® by ®/2 in the integral we get oé =
2n
0

< 141t D2 (1) A I 141: 02 A 2 .
Sk, EEHGf(ejw)l (E)d(n =13k, gﬂGe(C’w)l dd|= o2. Since
0 =1 0

2n 2
) ) )
-zl—n J.‘G Z(el“’)l ‘A(eJ‘D)I do= 51-7; HG !(elm)l dw, the total noise power at the output of the
0 0

cascade is still equal to G%.

9.25 For the first factor in the numerator there are R possible choices of factors. Once this factor has

been choosen, there are R — 1 choices for the next factor and continuing further we get that the
total number of possible ways in which the factors in the numerator can be generated equal to
R(R-1)(R-2)---2x1=R!. Similarly the total number of ways in which the factors in the
denominator can be generated = R!. Since the numerator and denominator are generated
independent of each other hence the total number of possible realizations are N = (RI)(R!) =

(RN2Z.
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9.26 (a) First we pair the poles closest to the unit circle with their nearest zeros resulting in the

2
second-order section H,(z) = Z—z%—f—g—g— Next, the poles that are closest to the poles of
2z +0.1z+ 0.
- H,(z) are matched with their nearest zeros resulting in the second-order section Hy(z) =
2
22 +0.32+0.5 . Finally, the remaining poles and zeros are matched yielding the second-order
z“+02z+04
2

2z +0.82+0.2
ection H.(z) = ———.
° (@ 22 +0.62+0.3

For odering the sections to yield the smallest peak output noise due to product round-off under
an Ly-scaling rule, the sections should be placed from most peaked to least peaked as shown
below.

—| H,@ [ Hy® H(2 [

For odering the sections to yield the smallest peak output noise power due to product round-off
under an L_.-scaling rule, the sections should be placed from least peaked to most peaked as
shown below.

— H@ 1 H,® H,) [

(b) The poles closest to the unit circle is given by the denominator (z2 - 0.2z + 0.9), the next

closer pole is given by the factor (z + 0.9), followed by the factor (z2 + 0.4z + 0.7) and finally
the factor (z + 0.2). Pairing these poles with their closest zeros we get the following pairings:

2 2

2z +0.1z+0.7 z+1.1 z°+0.52+0.6 z+03
224012407 oy ZHLL oy 2 Z 02100 and Hy(z) = .
T 022409 @ T 2300 @ = 204407 | iD= 52

~— Ha(2) =

For odering the sections to yield the smallest peak output noise due to produét round-off under
an Ly-scaling rule, the sections should be placed from most peaked to least peaked as shown
below.

— H,(2) H,2 [—| H®@ Hy@ [

For odering the sections to yield the smallest peak output noise power due to product round-off
under an L-scaling rule, the sections should be placed from least peaked to most peaked as
shown below.

— Hy(® 1 H.() 1 H,@ 1 H@
62
9.27 SNR = —§- After scaling o, changes to Ko, where K is given by Eq. (9.150).
So
2 2
os\l-|a
Therefore SNR = L(-zl—l)—
So

1
. . 1
(i) For uniform density function oi = j%xzdx = 3
-1
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(-l , 27
2

Thus SNR = With b =12 62= =— = 4.967x1079 and |of = 0.95,
" 12

- %o
(1-le)’
Hence SNRgB = 10log,, _EET— = 52.24 dB.
0

(1=fel)” |)

0

(i) For Gaussian input with ci =1 Hence SNR =

5 . Again with b = 12 and

2
, _ (-le])” | _
|of = 0.95, SNRgp = 10log;q| “— — | = 47.97 dB.
0

(iii) For a sinusoidal input of known frequency, i.e. x[n] = sin(wgn).

a-|ap?or - |a|)

In this case average power =04 = —. Hence SNR = )

Sp 260

1- 2
Therefore SNRAB = 101ogm((—2|—°;—\)—]= 69.91 dB.
)
0

o+z

9.28 (a) HLp(z) = —{1+A1(z)} where A,(z)=— =

: 1-a) 2(1+ cos(w))
H Joy = .
Hence l wp(® )‘ ( 2 ) 1— 20 cos(®) + o

Proving = 0 is equivalent to proving

0=0

s 12
aIHLp(e’“’)\ _1-0a_ 2(1+cos(@)) (l—a) 2(1+cos(a)))(—2cos(co)+a)
oo 2 1- 2acos(m)+or. 2 1- 2acos(co)+oc

Thus,

-+ z"l

1
(b) Hup(2) = E{I—Al(z)} where A(2)=——

1+ u)2 2(1 - cos(®))

Hence |H (ei‘”)|2 =( .
HP 2 1-2acos(m) +0o2

Now

L2
alHHp(e"”)l _1+a 2(1—cos(w)) (1+a)2 2(1 — cos(@))(=2 cos(®) + &)
oo 2 1-2acos(@)+a? \ 2 1-20cos(@)+a?

2o 12
alHHP(eJm)‘ \ =2 .2

Thus,
Ja 140 1+0

=0.

W=7




a—pl+a)z ! +272
1-pa+ oa)z'l +oz 2

- 2 (1-a)? 2(1 - cos())
Jjoy = . Now,
Therefore, |HBP (e )l ( 2 ) (l + [32(1 + a)2 +02 +20.cos(2w) —2B(1 + oc)2 cos(m)) o

, with o and P being real.

9.29 (a) Hpp(2) = %{1— A,(2)} where A2(2) =

12
e ( 2 )(1—0()2 2(1 - cos(®))
~ do. “\TTa\ 2 ) {17 p20+ 0% + o2 +20.cos(2) — 2(1 + @) cos(w)

1-a)? 2(1 - cos())
2 2 7.2 2 X
1+ P21+ )% + a? +20ccos(2m) — 2P(1 + ) cos()
2B2(1 + ) + 20+ 2 cos(2) — 4B(1 + o) cos()
1+B2(1+ )2 + 02 +20.c0s(20) = 2B(1 + 0)* cos(@) '

) (282 +20.-2-2ap?)

2
alHBP(eJm)l _ _
-0 1+02 —20+20p% -p% —o?p?

Jo

Using the fact B =cos(w,) we get

(D=(l)o

Similarly,

L2
a|HBP (el‘”)l ) (1 _ a)z 2(1 - cos(w)) "
op 2 ) \ 17 P21+ 0)2 + 0% +20cos(2m) — 2B(1 + )% cos(®)

_ 2B(1 + )% —2(1 + o0)? cos(w)
1+B2(L+ )2 +02 +20.cos(20) — 2B(1 + @)* cos(®) |

E)IHBP(ej‘”)l2

3B =0.

Again using the fact that B = cos(w,) it can be seen that

(0=(x)0

1
(b) For bandstop filters Hps(z) = 5{1 + A2(z)} where Ay(z) is as given in (a). Thus

. 2 2 —
|HBS(eJm)‘2 ) (1+oc) ( 4B? +2 +2cos(20) — 8B cos() ) Thus,

2 1+B2(1 +)? + a2 +20icos(20) - 2B(1 + a)? cos(w)
s 42
JHps () ) (1+oc) 482 +2 +2 cos(20) — 8B cos(®)
do. 2 N1+ 20+ 02 + 02 +2acos(20) - 2B(1 + )% cos(w)
_ (1 +oc)2 4B2 +2+2 cos(2w) — 8 cos(w) ‘x
2 1+ B2(L+ )2 + 0 +20cos(2m) — 2B(1 +a)* cos(@)

2(1 + B2 + 20 + 2 cos(20) — 4B(1 + &) cos()
1+B2(1+0)? + a2 +20cos(2m) — 2B(1 + &) cos(®) |
Substituting B = cos(®,) it can be seen that
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2 _(1+oc) 2(1+a)(B+1)

T 1-a a+m)2@+1)?

_ 2 )_(Ha) 2(1+a)(B+1)
1-a (1+u)2(B+1)2

-2
Now a‘HBS(er)‘ =(1+a)2 8B —8cos(®)
’ op 2 ) (1+p2(1+0)? +a? +20.cos(20) - —2B(1 +a)? cos()

_(1+oc)2 4p2 +2 +2cos(2) — 8B cos(®) y
2 1+B2(1+0)? +0? +20cos20) — 2B(1 + )2 cos(®)

(1+oc) 22(B - cos(®)
1+B2(1+0)? +a? +20.cos(20) 2B + o)? cos(®) )
Again substituting B =cos(®,) it can be seen that

.2 .
ﬂljﬁ%(%ﬂ_ = 0 and also a‘HB%(;Jm)\z =0.

(D=0 W=7

Similarly,

9.30 For a BR transfer function G(z) realized in a parallel allpass form, its power-complementary
transfer funnction H(z) is also BR atisfying the condition tG(e"”)l =1- lH(eJ") )l Let o=@,
be a frequenncy where ‘G(ej"’ )‘ is a maximum, i.e. ‘G(eJ‘"o )‘—1. Then, it follows that

\H(el‘”o )‘ 0. From the power-complementary condition it follows that
0o
2leE 5= 2ffE -5 —

a|G(eJ‘°)\

. Therefore at ® =0,

=0 whether or not

‘G(ej‘”o )‘

i)

= JH(e ) 5—

Jn (eJ<°>\\ a|G(eJ‘°)l

=0

o =0 o

—0. Hence, lowpassband sensitivity of G(z) does not necessarily imply low

(l)—(.l)
stopband sensmvxty of H(z).

9.31 Without error feedback
The transfer function H(z) of the structure without feedback is given by

H(z)= wherer=1- €.

- 7.1’

1+0le"l+oc]z 1—2rcost’l+r z
" sin(n +1)8

The corresponding impulse response h[n] is given by h[n]= 5
in

-p[n].
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To keep y[n] from overflowing we must insert a multiplier of value % at the input where

- 1 2 16
L= h{n]. From Eq. (9.163) we get <L < . (24
2;)‘ (o] 4 I W B 2 —2rcos0+ 1) n?(1-r)%sin? @ &
The quantization noise model for H(z) is as shown below:
1
— eln
T [n]
X[n]—D—'@-———’C?—‘ yn]
Z*l
1
[ 2rcos0 =
.
4! ]
2N
-r
The output noise power is given by o 2 = g2 Zlh[ ]l2 L+r? 1 .62
o 1-t2 t*—2rfcosB+1 ©
The output signal power, assuming an input signal of variance ci is given by
2 o o
c Z|h[n]l Hence, the SNR is given by SNR = —%’—= 55> For a (b+1)-bit signed
v c;, Lo
representation o2 ——Tﬁ. Hence, SNR = S —Ei-. Therefore, from the inequality of Eq
* Ve 12 N L22—2b ’ :
-2b -2b
(24) we get 2 F— < 16x2

1262(1-02(1-2rcosB+12) " S~ 1262n2(1-1)?sin® 6’

(a) For an WSS uniformly distributed input between [- 1, 1], O‘i = % Hence,

272 N_4 2%
el ——
4(1—r)2(1—2rcose+r ) S = (1—r)2s1n29

If €—0, and 60, then (1-r)2 —> €2, cos20=1-2sin?@=1-207, and sinZ 0 =02,

2—2b N 2-—2b
In this case we have 57 - S<S—3 375
4e=(e“+40°) S 0
(b) For an input with a Gaussian distribution between [- 1, 1], o, = %
-2b -2b
In this case we have 3——2—2———2— <— N < —372—27
4g (e +46) S mw“°e“O
(c) For a sinusoidal input between [- 1, 1] of known frequency ®, 0'3 =%.
272 1412 1

The output noise variance here is therefore G?‘ = G§Z|h[n]2 =

2 4 2 :
o 12 1-r° r*—2r“cos20+1
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Thus, N = 1+12 1 I T e
B 'S -0 et -2’ cos20+1)  24¢(e? +62) 24e0”
With error feedback .,
Gz)= 1-2271+27! _ 22 -2z+1 _1_'_2(rcose—1)z+1—r2
1—2rcos()z'l +r2z7! zz—2rcosf)z+r2 22—21:cosez+r2 ' *

(4(1— rcos8)2 +(1—r2)2)(1— r*)+8rcosO(1 - 1) % (rcos8-1)
a- 12 )2 +2r2 (41'2 cos? 0)—4(1+ r )r2 cos?

Thus, |G* =1+
) . . 2 o4

For r=1-¢ with ¢ >0, and 6 50, we get after some manipulation [G* =1+-———==,

4g(e” +0°)

and o2 = o2|G|.

Now L2 remains the same as before since it depends only upon the denominator. Also the
overall transfer function of the structure remains the same as before. The output noise power

¢ with error feedback is thus N= G§||G||2, whereas, the output noise power without error feedback

2
is N= ogﬂH“z. Hence, — = E"i‘
N |H| )
4 4 2

Now, [G|? =1+——5—=7» Since 6>>¢, o = —= ="

4e(e” +90°) 4e0* 4

1412 1 1+(1-¢€)? 1
- HI? = . = :
Also, [H| 1-t2 *—2rfcos?0+1 1-(1—-€)? (1-e)4—2(1—e)2(1—292)+1
1 1

= ae@l+el) 4e0

A

Thus, %E 9%. As a result, with error feedback, the -Ig- ratio gets multiplied by 0.

-2bg2 2 5=2b
27°°0 <N<9 2

TR

(a) input with uniform density:

—2bqg2 2 5—2b
(b) Wide-sense stationary, Gaussian density, white: 2————3—?— < N < ___392 2 5
16¢€ S 7w° €
-2bg2
(c) sinusoid with known frequency: E: 2778
S 24¢

9.32 The transfer function of the coupled-form structure shown below is given by Eq. (9.42) where
a=08=rcos(®) and B=-7= rsin(9). Analysis yields

ey ATt 5 TN v "

R i
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Y 52[]'1 + 1]

s,(n+1] B
s,[n+1] = a(x{n] +5,[n]) +Bs,[n] and s,[n+1]=7(xin]+s,[n])+8s,[n]. Rewriting these
equations in matrix form we get [ 1[[:‘1:11]]] [y g s;[[’;]]] [ ] [n]

Thus A = [‘;‘ g} Therefore, ATA = [g g][y g] [aB:Y{S E‘E:gﬂ [rg r%]

L _[a Blfo ¥] [02+B% ay+B3|_[r* ©
Likewise, AAT = [ ]= = .
ewise [Y 5] p o [ocy +B8 y2+82| |0 2
Thus A is of normal form and hence, the structure will not support limit cycles.

9.33 The transfer function of the modified coupled-form structure shown below is given by

sy[n+1] C s-[n +1]
x[n] l z7! —'{>-—i->i-—4 z! —~[>C-T—-» y[n]
3
4
N

sl[n+1] cds;[n]- csz[n]+x[n], s,[n+1}= csl[n]+cds2[n] and y[n]=cs,[n].
In matrix form these equations can be written as

n+1] d —c|s,[n] s;[n]
[:2[1:1+1]] [Cc cfijl[s;{z]] [ ]x[n] and y[n}=[0 C][ ;[2]]+[0]x[n].

_ —1
Using Eq. (4.56) the transfer function is given as H(z)=[0 c][z —2 ’ Z—Cc d] [(1)]

_ 1 [0 C][z cd —c Il]_ c?
(22—2cdz+c2(1+d2)) c z—cd 0] z2_2cdz+c?(1+d%)’

Comparing denominator of H(z) with the denominator z 2 _2rcos8z+r2 of a second order

cd —c] 3 [r cos® —rsin 9]

transfer function we get ¢ = rsin8,d = cot8. Then A= = . A
¢ od rsin® rcos6

2 0 L. 2 0 .
Thus ATA = o 20 and similarly AAT = o 2| Since for stability r < 1,
r r
A is normal form matrix, and thus the structure does not support limit cycles.

9.34 From Section 9.9.3, under zero-input conditions we have
vin+1}=As[n],
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sin+1]1=Q (vIn+ 1]).

The quadratic function f(s[n}) = sT[n] D s[n], where D is a pvositive-c’lefinite diagonal matrix, ig
related to the power stored in the delays. The changes in this quantity can provide information
regarding oscillations under zero-input conditions:

Af(s[n]) = f(s[n +11) - f(s[n]) = —sT[n]Ds{n]+s (n+1]Ds[n+1]
~ —sT[n]Ds{n]+s[n+1]Ds[n+1] +vT[n+1DVn+1]- v [n+1]Dv[n+1]

= -sT[n]Ds[n] + sT[n + 1]ATDAs[n +1]- Ell(vi[n +1]- Q(vk[n + 1])2)dkk

=—sT[n](D-A" DA)s[n]-zlil(vﬁ[n F1]-Qv In+1)?)dyy -

Now if sT (n] (D -ATD A) s{n] =0,and vy[n] are quantized such that ‘Q(vk[n + 1])\ < ‘vk[n + 1]‘,

(i.e. using a passive quantizer), then the power stored in the delays will not increase with
increasing n. So under passive quantization, limit cycles will be eliminated if

sT[n](D ~AT DA)s[n] >0, or D- ATDA is positive-definite. For second order stable IIR
filters, eigen values of A= [aij] are less than 1. This condition is satisfied if
>0,

31781
or, aj,25; < 0 and \all - azz‘ +det(A)<1.

For the given structure,
o, o+l o,—B
A=| ! ! ] B=[ 1 1} Cc=[1 1], and D=1
oy o] me{Telp oo

The transfer function of the filter is given by
22 -, +B,)z+(1+B; —B))

H(z)= .
@ 22 — (0 +ay)z+(1+0y — )

The filter is stable if 1+0 —aty <1, and Jo + | <1+ (1 +ay —0p), or equivalently, if
o, — 0, <0, and locl +a2‘< 2+0, -0,
Now, a,a, =(oy +1(0, =D =[(0 +0,)? ~@+0y - o)} and since,
(0, + ) <(@2+0y —a,)?, ajpagy <0.
Next, |a;, — g+ det(A) =|ot; = o, |+ 0oy — (e + 1)@y~ 1)
= == (01— Olp) + 00y — (0 0y +0p =Ty -D=1.
Hence, the structure does not support zero-input limit cycles.

9.35 From Section 8.3.1 we know that each computation of a DFT sample requires 2N + 4 real
multiplications. Assuming that quantization noise generated from each multiplier is independent

2725(N +2)

of the noise generated from other multipliers, we get 0'% =(2N+4) G% = 6

22b 22b
9.36 SNR = 7 Hence, an SNR of 25 dB implies Foi 102-5 or

b = 7 log,((10)*? x(512)2)=13.1524. Therefore b = 14 bits should be chosen to get an SNR of
25 dB. Therefore number of bits required for each sample = 14 + 1 = 15.
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9.37 Let N = 2. Consider the mth stage. The output sees 4(2Y™™) noise sources from the mth stage.

vV—m
Each noise source has a variance reduction by a factor of (%) due to multiplication by % at
each stage till the output. Hence the total noise variance at the output due to the noises injected
in the mth stage is 4(2"“’“)(2'2(""“))0(2).

\4
Therefore the total noise variance at the output =G%= 24(2""“)(2'2("“"'))03
m=1

v -2b v
- 2 v22"-1)  2,.,- - 2 e
2=V m _ v — 2b1 _n=Vy ~ £9-2b
40,2 mE_IZ =4 T 2 1 - 52 a-2" 32 for large N.

2% ! 25
9.38 SNR = . Hence b =7 10g,((10)>° x2x512) = 8.652.

Hence we choose b + 1 = 10 bits per sample to get an SNR of 25 dB.

M9.1 wp = 0.3; ws = 0.35; Rp = 0.01; Rs = 50;
[N,wn] = ellipord(wp,ws,Rp,Rs);
[B,A] = ellip(N,Rp,Rs,wn);
Bl = 1.05*B;
Al = [A(1l) 1.05*A(2:length(A))];

[H,W] = freqz(B,A,512);

[H1,Wl] = freqz(B1l,Al,512);

plot (W/pi,20*loglO(abs(H)),'',Wl/pi, 20*1logl0(abs(H1)),6 " '-=");
figure;

7Z=[roots (B) roots(Bl)];P=[roots(A) roots(Al)];
zplane(Z,P);

M9.2 N = 5; wn = 0.4; Rp = 1; Rs = 40;
[B,A] = ellip(N,Rp,Rs,wn);
z = cplxpair(roots(B)); p = cplxpair(roots(A));
disp('Factors for the numerator');
const = B(l)/A(1);
k = 1;
while k <= 1length(z),
if (imag(z(k)) =~=0)
factor = [1 -2*real(z(k)) abs(z(k))"2]

k = k+2;
else
factor = [1 -z(k)]
k = k+1;
end
end
disp('Factors for the denominator');
k = 1;

while'k <= length(p),
if(imag(p(k)) ~=0)

factor = [1 -2*real(p(k)) abs(p(k))"2]
k = k+2;
else
factor = [1 -p(k)]
k = k+1;
end
end
sos = zp2sos(z,p,const);
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M9.3 [B,A] = ellip(5,1,50,0.4);
p = roots(A);
lenp = length(p);
— [Y,I] = sort(angle(p)):
for k = l:lenp
if (rem(k,2)==1)
pl((k+1)/2) = p(I(k));

else
p2(k/2) = p(I(k));

end
end
bl = poly(pl); b2 = poly(p2);
al = fliplr(bl); a2 = fliplr(b2); &
Bl = 0.5*(conv(bz,al)—conv(bl,aZ)); o g
Al = conv(bl,b2); T
[H,W] = freqz(B,A,512); [H1,W] = freqz(B1,A1,512);
plot(W/pi,abs(H),'-',W/pi,abS(Hl),'——');

al = 1.01*al; a2 = 1.01*a2;

Ve, o
PR

bl = ([(bl(1) 1.01*bl(2:1length(bl))]; o
: b2 = [b2(1) 1.01*b2(2:1length(b2))]; S
¥ A3 = convibl,b2); ’ %
B B3 = 0.5*conv(a1,b2)+0.5*conv(a2,b1);
T B4 = 1.01*B;
= A4 = [A(L) 1.01*A(2:1length(B))1;
G [H2,W] = freqz (B3,A3,512); [H3,W] = freqz(B4,A4,512);
4 figure; e
‘ plot(W/pi,abs(HZ),‘—',W/pi,abs(H3),'--‘);

M9.4 numl = input('The first factor of numerator = ") ;

aum?2 = input('The second factor of numerator =');

- denl = input('The first factor of denominator =');
% den2 = input('The second factor of denominator =');

% The numerator and denominator of the scaling
% functions f1 and f2 are

fipum = 1; £flden = [denl]; f2num = numl;
f2den = conv (denl,den2) ; f3num = conv (numl,num2) ;
f3den = conv (denl,den2) ;

x = [1 zeros([1,5111)1;
¢ Sufficient length for impulse response
% to have decayed to nearly zero

f1 = filter (flnum, flden,x); £f2 = filter (£2num, £2den, x) ;
£f3 = filter (£3num, £3den, x);

k1 = sqgrt(sum(fl.*£fl)); k2 = sqrt(sum(fZ.*fZ));

k3 = sart{sum(£3.*£3));

disp('The first scaling factor ='); disp(kl);

disp('The second scaling factor ='); disp (k2);
disp('The third scaling factor ='); disp (k3);

% The noise transfer functions

glnum = conv(numl,numZ)/(kZ*k3);

glden = conv (denl,den2) /k3;

g2num = num2; g2den = den2;

gl = filter (glnum, glden, x); g2 = filter (g2num, g2den, X) ;
var = sum(fl.*fl)*3+sum(gz.*g2)*5+3;

disp (' The normalized noise variance'); disp(var);
% numl and num2 can be interchanged to come up with the
% second realization
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M9.5 The parallel form I structure and the parallel form II structure used for simulation are shown

below:
K, N
~ 4%\/ ) |/
ko -0.3445k, ks e k0+
— & S + 1
Z—l -0.0188 |Z_[1.6592k, ks
+—0.0188 o o +5_’
1.6528k, —
—0.801 % -0.801
K, 0.2759k,
k, —2.29k3 ke T
¥ ¥
2! 0.777,, L& 5.162k3 kg
-0.777, F 0
+
—6.9422k 4 2!
-0.3434|% ~0.343
0.7867k,4
Parallel Form I Parallel Form 1I
numl = input('The first factor in the numerator =');
num2 = input('The second factor in the numerator =');
denl = input('The first factor in the denominator =');
den2 = input('The second factor in the denominator =');
— num = conv(numl,num2);
den = conv(denl,den2);
[rl,pl,k1l1l] = residuez (num, den) ;
[r2,p2,k21] = residue (num, den) ;
% Simulation of structure for Eq. 9.244
R1 = [rl(1l) rl(2)];P1 = [pl(1) pl(2)];
R2 =[rl(3) rl(4)]:p2 = ([pl(3) pl(4)];
R3 = [r2(1) r2(2)];P3 = [p2(1l) p2(2)];
R4 = [r2(3) r2(4)]1;P4 = [p2(3) p2(4)1;
[numll,denll] = residuez (R1,P1,0);
[numl2,denl2] = residuez (R2,P2,0);
[num21,den2l] = residue (R3,P3,0);
[num22,den22] = residue(R4,P4,0);
disp('The numerators for Parallel Form I');
disp(kll); disp(numll); disp(numl2) ;
disp('The denominators for Parallel Form I');
disp(denll) ; disp(denl2);
disp('The numerators for Parallel Form II');
disp(k21) ; disp (num21) ; disp (num22) ;
disp('The denominators for Parallel Form II');
disp (den21); disp(den22);
imp = [1 zeros ([1,2000]))1;
y0 = filter([1 O 0],denll,imp); yl = filter(numll, denll, imp) ;
y2 = filter([1 O 0],denl2,imp); y3 = filter (numl2,denl?2, imp) ;
gammal = sum(y0.*conj(y0)); gammal = sum(yl.*conj(yl));
gammaz = sum(y2.*conj(y2)); gamma3 = sum(y3.*conj(y3));
k0 = sqgrt(l/gamma0l); kl = sqrt (gammal/gammal) ;
k2 = sqrt(l/gamma2); k3 = sqrt (gamma2/gamma3l) ;
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I y = filter (num,den,imp);
3 gamma = sum(y.*conj(y));
k4 = sqgrt(l/gamma); k5 = k4/ (k0*kl); k6 = k4/(k2*k3);
disp('For parallel form I');

disp('The scaling constants are'); disp(k0);disp(kl);
disp(k2);disp(k3);disp(k4);disp(k5);disp(kG);
disp('The product roundoff noise wvariance');

noise = 3*(k5/k0)“2+3*(k6/k2)“2+2*k5A2+2*k6A2+3;
disp(noise);

2%E%%%%3%%%For Parallel From II FEFEEEEEEEETEEEY
filter ([0 0 1],den2l,imp);

filter (fliplr(num21l),den2l,imp);

<
8]
nopn

filter ([0 0 1],den22,imp);
v3 filter (fliplr(num22),den22,imp) ;
gamma0 = sum(y0.*conj(y0));: gammal = sum(yl.*conj(yl));
gammaz = sum(y2.*conj(y2)): gamma3 = sum(y3.*conj(y3));

sqrt (gamma0/gammal) ;
sqrt (gamma2/gamma3) ;

k0 = sqgrt(l/gammal); kl
i 4 k2 = sqgrt(l/gamma2); k3
¥ y = filter (num,den,imp);
P gamma = sum(y.*conj(y));
k4 = sqgrt(l/gamma); k5 = k4/(k0*kl); k6 = k4/(k2*k3);
disp('For parallel form II');
disp('The scaling constants are') ;disp(k0) ;disp(kl) ;disp(k2);
disp(k3);disp(k4);disp(kS);disp(kG);
disp('The product roundoff noise variance');
noise = 3% (k5/k0)~2+3* (k6/k2)"2+2*Kk5°2+2*k6"2+3; disp(noise);

S —————
s i o bk o st i i ca ol ot it et
calidhs i i

<
o

M9.6 The scaled Gray-Markel cascaded lattice structure used for simulation is shown below:

14

a§3
hkﬂ%k4
o+

% Use Program_6_3.m pg. 384 to generate the lattice
$ parameters and feedforward multipliers
d = [0.19149189348920 0.75953417365130 0.44348979846264
. 0.275063400000001;
i 4 alpha = [1.00000000000000 -3.50277000000000
' 4.61511974525466 ~1.70693992124303 -0.90009664306164];
imp = [1 zeros([1,499])1];

i
14 goldl = 0;
%: for k = 1:500
19 wl = imp(k)-4d{(1)*goldl;
H yi(k) = wl;
i agnewl = wl;
s goldl = gnewl;
end

ki = sqrt(l/(sum(yl.*conj(yl))));
imp = [1 zeros([1,499])1];
goldl = 0;gold2 = 0;

ot gLt
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for k = 1:500

w2 imp(k)-d4(2)*gold2*1/kl;
wl = kl*w2-d(1l)*goldl;
—_ yl(k) = wil;y2(k)=w2;
anewl = wl;
gqnew2 = wl*d(1l)+qgoldl;
goldl = gnewl;gold2 = qnew2;

end

k2 = sqgrt(l/(sum(y2.*conj(y2))));
goldl = 0;gold2 = 0;gold3 = 0;
for k = 1:500

w3 = imp(k)-d(3)*qgold3*1/k2;

w2 = k2*w3-d(2)*gold2*1/kl;

wl = kl*w2-d(1l)*goldl;

v3(k) = w3;

anewl = wl;

qnew2 = wl*d(1l)+goldl;

gnew3 = w2*d(2)+qgold2*1/kl;

goldl = gnewl;gold2 = gqnew2;qold3 = gnew3;

end
k3 = sqrt(l/sum(y3.*conj(y3)));
goldl = 0;gold2 = 0;qold3 = 0;gold4 = 0;
for k = 1:500
imp(k)-d(4) *qold4/k3;
k3*wd-d(3) *gqold3/k2;
k2*w3-d(2) *qold2/kl;
kl*w2-4(1) *goldl;

= wd;
gnewl = wl;

= wi*d(1l)+goldl;

gnew3 = w2*d(2)+gold2*1/kl;

- gqnewd = w3*d(3)+gold3*1/k2;
goldl = gnewl;gold2 = anew2;qold3 = gnew3;gold4d = gnewd ;

=

g
N
Howonn

end
k4 = sqrt(l/sum(yd.*conj(y4)));

const = 0.135127668

% Obtained by scaling the o/p of the actual TF
disp('The scaling parameters are');
disp(kl);disp(k2) ;disp(k3); disp(k4);

alpha(5) = alpha(5)/(kl1*k2*k3*k4) ;

alpha(4) alpha(4)/(kl1*k2*k3*k4) ;

alpha(3) = alpha(3)/(k2*k3*k4);
alpha(2) = alpha(2)/(k3*k4);
alpha(l) = alpha(l)/k4;

alpha = const*alpha;

%%%% Computation of noise variance %%

% Noise variance due to k4 and d4 = 1/k472= 1.08185285036642
% To compute noise variance due to k3,d43' = 1.33858225

imp = [1 zeros([1,499])1;

for k = 1:500

wd = -d(4)*goldd/k3;

w3 = k3*wd-d(3)*gold3/k2;
w2 = k2*w3-d(2)*gold2/kl;
wl = kil*w2-d(1l)*goldl;
anewl = wl;

anew2 = wl*d(1)+qgoldl;
anew3 = w2*d(2)+gold2*1/kl;
gnewd = w3*d(3)+gold3*1/k2;
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10.1

10.2

yll = w4*d(4)+qold4/k3;
yo(k) = alpha(l)*yll+a1pha(2)*qnew4+a1pha(3)*qnew3 +
alpha (4) *gqnew2 +alpha(5) *gnewl;

goldl = qnewl;gold2 = gnew?2;gold3 = anew3;qoldd = qnewd;
end

nv = sum(yO.*conj(yO));

% for k2,-d2'' nv = 3.131899935

% for ki,-d1''' nv = 1.00880596097028
& for d1''' nv = 0.95806646140013
¢ for d2'' nv = 2.61615077290574
¢ for d3' nv = 0.41493478856386

¢ for d4 nv = 0.01975407768839

% for 1/kl nv = 0.75359663926391
¢ for 1/k2 nv = 0.58314964498424
¢ for 1/k3 nv = 0.09095345118133
% Total nv = 23

.55888782866100

Chapter 10

For an input x;[n] and x,[n], the outputs of the factor-of-L up-sampler are, respectively, given
by

_ xl[n/L], n=0,+L,x2L,... _ xz[nIL], n=0,*L,£2L,...
Xy ! { 0, otherwise, and  xpln] 0, otherwise.

Let x9[n] = x1[n - ngl, where n,, is an integer. Then x2[n/L] = xl[(n/L)—n 0]. Hence,
0, otherwise.

xl[(n —no)/L], n-n = O,iL,iZL,..
0, otherwise,

- =0,tL,+
xuz[n]={x1[(“/L) n,), n=0+L,*2L....

But x,[n -n 1= " Since x,[n]# Xyln- n_J,the up-

sampler is a time-varying system.

Consider first the up-sampler. Let x[n] and x,(n] be the inputs with corresponding outputs

xl[n/L], n=0,+L,+2L,...

given by y1(n] and yo[n]. Now, yl[n] ={ 0 otherwise and

x,[n/L], n=0,+L,+2L,... .
y,[nl= { 2 0, otherwise. Let us now apply the input x3[n] =ox,[n]+ ﬁxz[n],

with the corresponding output given by y3[n], where
=0.+ +
y3[n]={°"‘1[“’ L]+Bx, /L], n=0+L,E2L,...

0, otherwise,
_fox [n/L] [Bx,[n/L] n=0,+L,22L,... _ .
= { 1 0 +{ 2 0 otherwise, = ayl[n]+[3y2[n]. Thus, the up-sampler is a

linear system.

Now, consider the down-sampler. Let x,[n] and x5[n] be the inputs with corresponding
outputs given by y1[n] and yo[n]. Now, yl[n] = xl[Mn], and y2[n] = xz[Mn]. Let us now apply
the input x,[n}= uxl[n]+[3x2[n], with the corresponding output given by ys[nl, where

y,[nl= x4[Mn] = ole[Mn]+Bx2[Mn]. Thus, the down-sampler is a linear system.
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10.3

v,(n]

xln) —1—{12 vinl 1

i~ I

[
[ 12 W[n] T2 Wl n] o y[n]

Ly 172y, 1 1/2 RN Sk 1/2
From the figure, V(z)=—2-X(z )+EX(—Z ), W(z)=—E—X(z )—-—Z—X(—z ),

-1 -1
1 1 =% ~Z _x(-
\A (z)= EX(Z) + EX(—Z), Wu(z) == X(z) 5 X(-z). Hence,

Y(z)= z'qu(z)+Wu(z) = z_IX(z), or in other words, y[n] = x[n-1].

M-1 M
10.4 c[n]-—l— EWkn:i-lﬂ—— Hence, if n# M, c[n]——l— -1 =0. On the other
' MM M| 1w lel{; '

k=

M-1 M-1 M-
e _1 kn_ | wkiM _ 1 _
hand, if n = M, then c[n]_M ZWM —ﬁz N "ﬁzl_l' Thus,
k=0 k=0 =
1, ifn=tM,
cln]= 0, otherwise.
10.5
Hy(2) | Yolnl
xin] —| 3 413 LHl(z) y;n]
H,(z) [ y,(n]
UE®
W) ™)
1
3
1!
0 n
Yoe*) Yl(eJ“‘ Y2(¢J‘°)
1 ] 1
3 3 /\ 3 [\
o = @ 0 n _2__7'C T ® 0 _2_1{ n @
3 3 3 3
10.6 o
vy[n] yyln v,{n] y,(n]
W M e 2 M Pt

M-1
For the left-hand side figure, we have V,(z)=X@"), Y;(2)= % Y XMWY,
k=
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M-1
For the right-hand side figure,we have Vz(z) = fld- ZX(z” MWl{‘d), Y2(z) =
k=0

M-1. Hence, Y1(z) = Y(2).

10.7

v,[n) yyin] v,in] y,[n]
My M HE K S L R S R TRV

%
Ed

M-1 M-1
For the left-hand side figure, we have V,(z) = -1(14— EX(z” MWII\(II )Y, (2)= % 2:14(2))((21/MWI{;,1 )
k=0 =0

M-1
. . 1
For the right-hand side figure,we have V() = H(z")X(@), V(2= 5 D HeWZHXE MWy

k=0 i

M-1 s

1
= l;)ﬂ(z)X(z“ Mwk). Hence, Y1(2) = Y2(2).
- v,[n] y,(n] v,(n] y,ln]

X[n] T L 1 » H(ZL .__.l) = X[P-]’ H(Z) 2 g T L ; ::

For the left-hand side figure, we have V,(2)=X("), Y,@®)= H(z")X(zY). For the right-hand
side figure,we have V,(z)= H(2)X(2), Y,(2)= H(zL )X(zL). Hence, Y1(z) = Y7(2).

10.8

xin] —{1 4 F{l12{13 [ yinl

xinl—AT 4 14 =il 3 {3 oy = xinl 4|3 13 | yinl

R f =JrI,
Hence, y[n]= {X[()n,] o(:lrxerz'wizg.

10.9 As outlined in Section 6.3, the transpose of a digital filter structure is obtained by reversing all
paths, replacing the pick-off node with an adder and vice-versa, and interchanging the input
and the output nodes. Moreover, in a multirate structure, the transpose of a factor-of-M down-
sampler is a factor-of-M up-sampler and vice-versa. Applying these operations to the factor-
of-M decimator shown on the left-hand side, we arrive at a factor-of-M interpolator as indicated
on the right-hand side in the figure below.

x[n] — H(z)

h 4

LM [yl xin] — ™ H(z) - ynl

10.10 Applying the transpose operation to the L-channel analysis filter bank shown below on the
left-hand side, we arrive at the L-channel synthesis filter bank shown below on the right-hand
side.

308




x[n] | Hy@) [lL [ volnl Voln]—{TL - Ho®@ y(n]

- - H,(z) | L [ vyin] 9 —TL |- Hi@

— HL-l(Z)‘—'lL — v, _In] GL_I[n]——oT LH{H,_ @ —|

10.11 H(z)= G(zm)I(z). Specifications for H(z) are as follows: Fj = 180 Hz, Fg =200 Hz,
Sp = 0.002, &g = 0.001. Therefore, specifications for G(z) are as follows: Fp = 1800 Hz, F; =
200

2000 Hz, ;= 0.001, 85 = 0.001. Here, Af = 12000° Likewise, specifications for I(z) are as
820

follows: Fp = 180 Hz, Fs = 1000 Hz, 8, =0.001, 8 = 0.001. Here, Af = 13000" Hence, from

—20log, \/10’6 -13 _ 47x12000
14.6(200/12000) 14.6 x 200

-20log,, v107® 13 _ (=20)(-3)-13
14.6(820/12000)  14.6(820/12000)

Rv,c =194 % 1%?—9 =77,600 muliplications/second (mps), and Ryg1 =48x 12000 _ 57,600mps

Hence, total no. of mps = 135,200. Hence the computational complexity is slightly higher in
this case.

Eq. (7.13), length of G(z) is given by NG = =194. Likewise,

length of I(z) is given by N;= =48. Thus,

— 10.12 Specifications for H(z) are as follows: Fp = 350 Hz, F§ = 400 Hz, Sp = 0.003, 3 = 0.004.

Here, Af = 5%)_ Hence, from Eq. (7.13), length of H(z) is given by
6
-201o0 w/12x10 -13
L =01 1588, Thus, Ryp 1 = 15882000 _ 1270400,
14.6(50/32000) ’ 40

10.13  H(z) = G(z2°)I(z).Specifications for G(z) are as follows: Fj, = 7000 Hz, Fy = 8000 Hz,
1000

8, = 0.0015, O = 0.004. Here, Af= 32000 Likewise, specifications for 1(z) are as follows:
F, = 350 Hz, Fg = 1200 Hz, 8p = 0.0015, 8 = 0.004. Here, Af =—85—0——. Hence, from Eq.
p 32000

~201log,, V6 %1076 ~13
14.6(1000/32000)

(7.13), length of G(z) is given by N = =86, and length of 1(z) is

—20log, V6x10~° ~13

14.6(850/32000)
320(;)0 =163,200. Hence, total no. of mps = 232,000.

iven by N, = =102. Thus, Ry g =86 %800 =68,800 and
8 I G

Ry =102%

~1 -1 -1 -2
Py t+PiZ Po+P2 1-d;z Po—pd;z [ py—pad
10.14 (a) H(»=-2—"11=|-0—15 S N ' A S B R
1+dz 1+d,z 1-d;z 1-djz 1-diz
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ol

g {?l*ﬁaﬁ#-}-.‘

f
8

® H (Z)_2+3.1z“+1.5z‘2 _[2+3.lz_1+1.52'2 I(1+0.82_2)—O.9z'1)
(@)=

13092140822 |(1+0822)+09z " | (1+0827%)-09z™

24(.1-18)77 +(16-09x3.1+1.57” +(-09%15+0.8x3.1)z7> +1.5x0.82~*
1406427 +16272-08192

241327 4031272 411327 41227 _ 2403127241227 1 13+1.137
1+0.79z2 +0.642"" 1407922 +0.64z7% 14079277 +0.6427

2431z 41522 +427 [(1+0.5 2 H1-09z7"+038 z'2))
1-0521)(1+09z +0822)| (1+0.527)(1-0.9 21108272

2+31z7 41,5272 +427 +052! 415522 +0.75z73 +2274(1+0.822-0.9z7})
- 1-02525)(1+0.792% +0.6427%)

2 +237-1 +0.9622 +5.285273 +0.16527% +227 +1.627°
- 1405422 +0.442527%-0.1627°

24096272 +0.165274+1.627% 2.3+5.285z72 +2z27%

“1+05422 +0.442527% - 0.1627° *Z 1105422+0442527% -0.1627°

() Hy@)=

10.15 A computationally efficient realization of the factor-of-4 decimator

H(z) la b

is obtained by applying a 4-branch polyphase decomposition to H(z):
H() =By +27 B, @) +7 7By @") +2 Eq(2").
and then moving the down-sampler through the polyphase filters resulting in

wy[n]

14 Eo (2) yln]
7! .
NPy LERL
Z—l
A pRLEL PN
Z—l
L4 Maln E, (@)

Further reduction in computational complexity is achieved by sharing comon multipliers if
H(z) is a linear-phase FIR filter. For example, for a length-16 Type I FIR transfer functicn

H(z) = h{0]+ h{1])z™} +h[2]z 2 +h[3]z™> +hi4] 24 +h[5]275 +h[6)27% +h[7]z" +h[T)Z
+hi6]z=° + (512710 + hpagz " +hp3z 1 + h2)z~" +hit)z 4 + b0z,
for which E(2) = h[0]+h[4] 2 enTiz 2 +h3)z >, B, (2)=h[1l]+h{S]z" +h6] 22 +h[2)2>
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E,(2) = h{2]+h[6]z™" +h[5] 22 +h[1]27, and E(z)=h(3]+h[7]z" +h[4] 272 +h[0]2™>.
From the above figure it follows that Y(z)=E,(z) W,(2) + E(2) W,(2)+ E,(z2)W5(2)+ E;(2) W, ()
= h{0](Wy @)+ 2 W, @) + hi4] (7'Wy@+27W, @)
(W, @)+ 27 W, @)+ HBI( W, @)+ W, @)
+h[1)(W @)+ 2 Wy (@) +hiS)(z” W, @)+ W, @)
+hi6](22Wy(a) +27 Wy(@))+ hi2](2 > Wy(a) + Wy(2).

A computationally efficient factor-of-4 decimator structure based on the above equation is then

as shown below:
h{0]

x[n] o] 4 ikl -1

YA
- o
2! Tl

w, [n]

14 Wz[n] \ -1

7 z
g& !
2! “1k
P ws[n]

10.16 A computationally efficient realization of the factor-of-3 interpolator is obtained by applying
a 3-branch Type II polyphase decomposition to the interpolation filter H(z):

H(z) = R,(2})+ 2R, (2%) +27R(2°),
and then moving the up-sampler through the polyphase filters resulting in

w,[n]
x[n] Ro(2) {13

Wz[n]'T3 "@
LR hbd

From the above figure it follows that

Ry(2)
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W,(2) = h[0]X(2) + h[3] 271X(z) + h[6]2~2X(z) + h[5)z X (2) + h(212*X(2),
W,(2) = h[2] X(2) + h{S]z"1X(2) + 6]z 2X(2) + h[3]2~X(2) + (O] 27*X(z), and

- W, (2) = h{1}(X(2)+ z'4X(z)) + h[4](z"1X(z) + z'3X(z)) +h[7]272X(2).
A computationally efficient factor-of-3 interpolator structure based on the above equations is
then as shown below:

wi[n]

| @z e 7 @A O3 —v(?-'y[n]

h[2] h[5] h(6] [3] b0 7

x[n]

) 4

w3[n]
7! 27! 7 1HE ! *?—dT 3
. 1
z %’1 z h{7]

i
!
i
3

h{4]
D13
w,[n]
h[1]}
10.17 An ideal M-th band lowpass filter H(z) is characterized by a frequency response
o |1, ——<os=
Hel®)={" M M’
0, otherwise.
M-1
H(z) can be expressed in an M-branch polyphase form as: H(z)= Zz_ka(zM).
k=0
M-1 M ) M-1 )
Ty _ joM y _ j(@=-2nr /M)y —
From above ZOH(ZWM)—MHO(Z ). Therefore, Ho(eJ )_'ﬁ %H(ej( e ))_ﬁ' Or
r= =

in other words, HO(zM) is an allpass function.
Similarly for the remaining subfilters.

10.18 An equivalent realization of the structure of Figure 10.34 obtained by realizing the filter H(z)
in a Type I polyphase form is as shown below on the left. By moving the down-sampler
through the system and invoking the cascade equivalence #1 of Figure 10.14 we arrive at the
structure shown below on the right.
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—TL WlL E @) P&

L1 By p@iL— -1

- -1

Z - L E,@ P&

— El(z ) + 3 ]

1 z
2 L o E,@) @&

E,Gb) @ ! 2

| i
. ‘J Z—x
E@D) L |E, @

which reduces to the structure shown below on the left from which we arrive at the simplified
equivalent structure shown below on the right.

TL{lL ] Eo@

Ey@)

21k

. i(@—"— -

10.19 Hk(z)=H0(zW§1). Hence, Hk(el‘”)= Ho(eJ ™M )). Since HO(Z)HO(Z) is an M-th band
M-1

M-1 _2mk J?
- 0-"—)
filter, hence ZHO(Zwll\(d )HO(zWIa) =1, on the unit circle 2 Ho(ej( M =1, or
k-0 k=0
M-1

s 12
Z'Hk(el‘”)l =1. Hence, the set of M filters {Hy(z)}, k=0, 1,..., M-1, satisfies the power-
k=0

complementary property.

N-1
10.20 (a) H(z):Zh[n]z‘".

n=0
N, N
2, 1 % . . -2i 2,1 % . . -2i
Let Hy(z")= 0 2(]1[21] +h[2i+1])z™", and H(z")= > Z(h[Zl] —h[2i+1])z “. Then
i=0 i=0
i y—_—l E_l i
2 2 .
A4z HH D)+ (-2 HH @) = Y h2ilz 2 + Y b2+ 1z 7 =He).
i=0 i=0

(b) H(z)=(+z HHyH)+(1 -2z HH,E)

=(Ho(z2)+H1(zz))+z_1(H0(zz)—H1(zz))=EO(ZZ)+Z_1E1(22). Therefore,
Ey(2)= Ho(z)+ Hl(z), and E|(2) = Ho(z)——Hl(z).

o vovmoep Rl o)
1

Hyz") - H,(z")
= (Ho(z2)+H1(z2))+z—l(HO(zz)——Hl(zz)) =(+2"HH D)+ 1-2 HH ).
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) IfL =2, ie. N =22, then we can express Hy(2) = (1+2 D)+ -2 )Hg 2.and
H (z y=(1+z" )Hm(z )+(l z )H“(z ). Substituting these expressions in
H(z)=(1+z )Ho(z )+(1 z )H (z ) we get
H@z)=(1+z )[(1+z ooz +(1-2 (2 )]+(1 z )[(l+z'2)H10(Z4)+(1—Z_Z)Hll(z4)]
=(+2 )(1+z )H o(z Y+(1+2z~ )(1 z )HOI(Z )

+(1-z~ )(1+z )Hlo(z )+(l z )(1 z )H“(z )

H.(z* .
P11t HOO( ; ﬁ°(z4)
=[1 71 272 2_3] { —11 _11 :i Ol(z [l 7' 272 2_3]R . 12 ) i
1 -1 -1 1 HIO(Z ) H, (24)
11( ) H3(Z ) *
Continuing this process it is easy to establish that for N 2L, we have
O(Z ) %
H(z)=[l 71 z_([‘_l)]RL H1(.Z ) | . “
A @D '
A,z Eo(z")
~ o 4 4
- - - H - - S E
1021 Now Ho)=[t 2 27 2 IR, A I TR @)
- a,ch| | E,(z")
) f,(z*) E,(z")
' | Hy(@) Eq(2) Eq(2) i 1 {Eo@

L A 1 1

z i@| alE@| 1, |E@|_ 11 -1 1 -1}|E®@
Therefore, ﬁ;(z) =Ry B, |77 4 Ea|73l 1 -1 - B,

: fi,(2) E(2) E,@| 1 1 -1 LE®

A length-16 Type 1 lmear—phase FIR transfer functlon is of the form
H(z)-h0+h1 +h2 +h3z +h4z +hgz +h +h

-8 -10 13 -14 -15
+h +h +h +h4z +h3z +h2z +h1z +h0z .

Hence, Ey(2)=hy+h,z” +h7z 2 4hyz 3, E,@=h,+hgz " +hez +hyz ",
E,(=h, +hez " +hz > +hz ", E3(z)=h3+h7z“ +h,z 2 bhgz
Thus, I:Io(z) =80 +glz_1 +glz_ +82Z 3, Hl(z) =g, +g3z-1 - g3z_2 —gzz—3,
ﬁz(z) =g, + gsz—1 - g4z—2 - gsz_?’, I:{3(z) =ge+ g.,z_1 + g7z_2 + gsz—z’,

1 1 1
where g0=z(h0+h1+h2+h3), g1=z(h4+h5+h6+h7)’ g2=z(h0—h1+h2—h3),

1 1 1
g3=z(h4—h5+h6—h7), g4=z(h0+h1—h2—h3), g5 =7 (M, +hs—hg—h7),
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1 1 A
86 = -‘I(h0 —h, —h, + h,), and g, = Z(h4 —-hg— he + h,). Observe that H,(z) and

ﬁ3(z) are Type 1 linear-phase FIR transfer functions, where as, ﬁl(z) and ﬁz(z) are Type 2

linear-phase FIR transfer functions. A computationally efficient realization of a factor-of-4
decimator using a four-band structural subband decomposition of the decimation filter H(z) is

developed below.

) W4 Hy(z) &
-1
Z 4x4
? F

> 14 Hadamard H,@)

-1
Z .

: matrix —

L4 N A, (2) PG
~1 R,
Z -~

—il4 " H,@)

Because of the symmetric or antisymmetric impulse response, each subband filter ﬁi(z) can be

realized using only 2 multipliers. Hence, the final realization uses only 8 multipliers. Note also
that by delay-sharing, the total number of delays in implementing the four subband filters can

be reduced to 3.

10.22 The uniform DFT filter bank implementation requires N multiplications for the M subfilters
and an extra Ezll-log2 M multiplications for the M-point DFT. Hence the total number of

multiplications required is N + -l\zilog2 M. On the other hand if each filter in the filter bank is

realized directly, the total number of multiplications required would be NM.

10.23 Hy(2)= \;g((zz)) = [0} +h{1)z™" + b2z 2 +h[3]z"> +h{4]z™* + bS]z +hi6]z ",
H ()= ;1((:‘)) = {01 h{ljz"! +h[2)z2 ~ h[31z" + h{41z~* ~ h[S])z™> +hi6]2 .

x[n] 2! P e e [ e e 2!

h{01Y” h{11Y h(21Y" h(31Y" h{4]Y" h(SIY" hi6]

T + + + D— Yoln]
-1 -1 1 -1 |
+ + + + + + y;[n]
10.24 Hy(»)= Y};‘;’((ZZ)) — h{0]+h[1]z™! + b2z ™2 + h[3]z > +h(41z ™ +hiSIz ™ +hi6]z 0,
H,(z)= ;1((7‘)) — h{6]+h(S)z ™" + {41z~ 2 +h[31z 7> +h[2)2™* +h{1]z™> +h[0]z~°.
Z
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x[n]

h{6) h(5] h{4] h{3] h{2] hi1} h{0]) :
2! D4z Dz Dz 7! Yolnl
+ Z_l + Z_l + Z—I + Z—l + Z—l + Z—l ;
—» y4n]
I 4
30@ 1111 E%(Z( )4)
@\ _|1 = = R s e
10.25 (a) 22(2) i _jl _}1 :3 z’2E2(24) . Hence,
3(@) | 27%E,h)

H(@)=Eo@)+ B, ) +2 2By @)+ 3yt =1-022 +0.927%)
sl @13 43+ 242977 451270+ Sa+alz-1527%)
P B 022~ +13273 +2927°% + a1z 409278 43270 + 51271015271,
H,(2)= oz - iz B @h- 22E, (2% + 2B, =(- 02274 +09z7%)
_jzl @13t + 3-8y -z 2(4+29274 + 5.1278)+jz 3 +4.127 - 1.527%)
—(1-4z2-02274 - 29276 +0.9278 -5.12710)- jez -2 13275 — 41z #3270 #1527,
H,(2)=Eo@ )~ B+ By ) - B Y =(1-0227 +0927%)
w13t 43N+ 24 +2927 #5.0270) - Saralzt-1527
— R B 0224 —13273+2927° - 4127 +09278 =327 + 512719 415271,
H,y(@)= Eo(zh)+ iz 'E,zh - 272E,(zY) - jz 3B,z =~ 02274 +0927%)
+izl@+1327* +3278)-272(4 129774 +5.12°8) -z 3+ 41274 -1.527%)
=(1- 4772 - 02274 - 29275+ 09278 - 512710+ j(22'1 —z3 41 3z - 41z + 3279 +1 .52'“),

e e vt e

(b) . .
o} i)
1
[ 1) IR
_n 0 £ b4 ® 0 T In n ®
4 32 [ )
pa )
| [\
é 0 n 5T T 21 ©
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1 T

%2 and H,2)=

. Choose

10.26 Y(2) = (Hy(2)Gy(@)+H,(2)G,(2)X(2). Now, Hy(z)=

-1 127!

1+2z , and G](Z)=—_2—' Then,

Gy(@)=

Y(z)= G(l +z H? - -}4—(1 - z")2)X(z) = %(1 227 4272 14227 -2 HX(2) = 2 X (2).

Or in other words, y[n] = x[n-1] indicating that the structure of Figure P10.5 is a perfect
reconstruction filter bank.

10.27 (a) Since Hy(z) and Hy(z) are power-complementary, HO(Z)HO(2_1)+H](z)Hl(z_l) =1.
Now Y(z)=(Hy(2)Gy(@) +H,(2)G,(2)) X(@) =z‘N(HO(z)HO(z")+H1(z)H1(z"‘))X(z)

= z_NX(z). Or in other words, y[n] = x[n~N] indicating that the structure of Figure P10.5 is a
perfect reconstruction filter bank.

(b) If Hy(z) and Hy(z) are causal FIR transfer functions of order N each, Hy(z) and H;(z) are
polynomials in z~l. Asaresult, Ho(z"l) and Hl(z‘l) are polynomials in z with the highest
power being zN. Hence, z‘NHO(z‘l) and z"NHl(z"l) are polynomials in 71, making the
synthesis filters Gg(z) and G1(z) causal FIR transfer functions of order N each.

(c) From Figure P10.5, for perfect reconstruction we require Ho(z)GO(z)+Hl(z)G1(z) =zN,

From part (a) we note that the PR condition is sdatisfied with G,(z) = z'NHO(z‘l) and

G,(@=2"NH @ )if Hy@Hy(z™)+H @H,z™) =1, ie. if Ho(z) and H,(2) are power-
~N/2

complementary. The last condition is satisfied if and only if Hy(z)= (z "0 +2"0),

-N/2  _
and H,(2)=———( Mo _;"0). As a result, Go(z) and G1(2) are also of the form
-N/2  _ -N/2  _
Gy@)= @0 +2"), and G,(@)=-———(2 0 -2"0).

10.28 From Eq. (10.80), Y(2) = T(2)X(z) + A(2)X(-z). Let Z‘l{T(z)} = t[n], and Z‘I{A(z)} =
a[n]. Then an inverse z-tranform of Eq. (10.80) then yields

ylnl= D tifIx{n- £+ Za[e](—l)““‘ x[n—0] = Z(t[e] +(-)"¢ a[e]) x[n - £].

f=—o00 {=—c0 {=-o0

Define fO[n] =t[n]+ (~=1)"a[n], and fl[n] = {[n] - (=1)™a[n]. Then we can write
> _folaixin—4), for neven,

yIn]={ G
Zg=_,,o f,[£]x[n—-¢£],  for n odd.

The corresponding equivalent realization of the 2-channel QMF bank is therefore as indicated
below:
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z

n even

x[n] yin]

f,[n] t—o
1 n odd

As can be seen from the above representation, the QMF bank is, in general, a linear, time-
varying system with a period 2. Note that if A(z) = 0, then it becomes a linear, time-invariant

system.

1029 X(2)={Hy@G,@+ H,(2)G,@)}X@+{Hy(-2)G, @+ H,(-2)G,@)}X(-2)
=N D EEE X+ [Hy M)+ Hy 2B XD,
Since Hg(z) and Hy(z) are power-complementary, HO(Z)HO(Z_l)+H1(Z)Hl(z—1) =1. Thus,
%@)=z"x@+2 " {H (DHy @ ) +H, (-2)H, (2 }X(-2). Hence, for perfect

Hy(-2) __ Hy@)

Hl("'Z) HO(Z-l) -

reconstruction we require HO(—z)HO(z_1)+ Hl(—z)Hl(z_l) =0, or

Above implies Ho(z) = z‘NHl(—-z"l), and Hl(z) = —z‘NHO(—z'l),

-1, ,.-2,.-3 2 a1, -3 -2

1+3z +3z “+z 1{1+3z 3z  +z 1{1+32 -1

10.30 (a) G(z)= — = — k= - -tz
6+222 2\ 3422 3422 ) 2\ 3+z7

-2
=%(A0(z)+ A,(2)), where Ay(2)= 13:322_2 ,and Aj(2) =2

(b)

172 -1

Do G
' 1/3<‘

4

-1

12

1 1143272 )] 1-3z 437227 _a-Y)
(© H(Z)—Z(AO(Z) AI(Z))_E(?:'FZ—Z o ]— 2( 3472 T 6+227%
(d)
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Magnitude
o e
=N )
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rY

o
)

0 = : . ;
0 0.2r 0.4rn 0.6 0.8r T
Normalized frequency

10.31 Now the magnitude square function of an N-th order analog lowpass Butterworth transfer

.. 2 1
function H..(s) is given by [H_(jQ)| = ————x» where Q_ is the 3-dB cutoff frequency.
2(5) is given by |H, () e c quency
2
For Q =1, then |H al jﬂ)i = " g122N . The corresponding transfer function of an N-th order
+

analog highpass transfer function is simply H a(é), whose magnitude square function is given

2 2N
1Y _ Q 2
a(},—él =1 0N As aresult, lHa(JQ)' +

2N
g (L) =L+ o1
a| jQ 1+Q2N " 14+Q2N

Now the bilinear transformation maps the analog frequency €2 to the digital frequency ®

1-L
1—_]'9. As, _el® = J?,
1+_]Q 14—
jQ

by H

the analog frequency 1/Q is mapped to

through the relation el® =

2
2
the digital frequency m+ ®. Hence the relation [H_(jQ)| +H L =1, becomes
a al jQ

.2 . 2 s 12 s 42 v i 12
B +Ho(e ™) =|Hy(e) +H e =[Hoe™)| +H, ()] =1, where
Ho(ej"’) is the frequency response of the digital lowpass filter Hy(z) obtained by applying a
bilinear transformation to H,(s) and Hl(ej“’) is the frequency response of the digital highpass
filter Hy(z) obtained by applying a bilinear transformation to H,(1/s). Note that a transfer

. . i |2 i 42 .

function Hy(z) satisfying the condition |H0(e1‘°)‘ +‘H0(— eJ“’)l =1, is called power-
symmetric.
Moreover, from the relation Q = tan(@/2) it follows that the analog 3-dB cutoff frequency Q.

= 1 is mapped into the digital 3-dB cutoff frequency w_=mn/2. Hence, H(z) is a digital half-
band filter.

P.(z
Let Hy(z)= DO( )’ where P(z) and Dg(z) are polynomials in 7L Hence,
oz
jo aJOVP* (i@ JONTYY (OO _ Oy p*(aj®
H (ej‘”)= PO(CJ. ) ow, Po( e. )PO*( € . ) =D0(e )Do(e'). ) fo(e-J )P()(eJ )
0 Dy (e!®) Dy(-e1®)Dy(-e'*) D, (e’?)Dy(e’®)
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Note that there are no common factors between PO(ej‘”) and Do(ej‘”), and between P; (ei®)
and Do(ej“’). As a result there are no common factors between PO(—ej“’)PS (—ej“’) and

Dy (~¢/®)Djj(-&i®). This implies then D(e®)Dj(e’®) =Dy(-e!*)Dy(-e) Asa result,

D,y (e1?)=Dy(-e/®), or Dy(e!®)=d(e!*?). Hence, Do(z) = do(z%).
P.(z P.(z P.(-z

Since Ho(z)= 0( ) = 0(2) , it follows then H,(z)= 0( 2). We have shown earlier that
Dy() dy(z?) dy(z?)

H(z) and Hy(z) are power-complementary. Also Py(z) is a symmetric polynomial of odd
order and Pp(-z) is an anti-symmetric polynomial of odd order. As a result we can express

Hy(2)= %(ﬂo(z) +,(z)), and H,(2)= %(ﬂo(z) ~2,(2)). But Hy(z) = Ho(-2). Hence
Ho(z) = %(ﬂo(—z) - ﬂ1(—z)). It therefore follows that ﬂo(z) = ﬂo(—z) =4, (22 ), and

A(2)=-A(-2) =2""a,(z%). Thus, Hy(@)= %(ao(zz) +z7la,()),

3 7 31 5 . The corresponding digital transfer
s” +3.2361s" +5.2361s” +5.2361s” +3.2361s +1

1032 G (9=

function obtained by a bilinear transformation is given by

H.(z)=G._(s) - 1+ 2"} )5 _ 0.0528(1 + Zml )5
0 a7 a1 18.9443+1227 2 41.05572 ¢ 1+0.6334z > +0.05572"

z+1

_0.0528+ 026392~ +0.5279272 +0.52792> +0.26392* +0.05282>
1+0.6334z2 +0.05572 %
_ 0.0528+0.5279272 +0.26392* | 0263921 +0.5279z> +0.05282°

1+0.63342 2 +0.05572 4 1+0.63342 2 +0.05572*
_ 0.0528(1+9.4704z2) | _; 0.2639(1+1.89482%)
1+0.1056z2 1+0.5278z2

-2 -2
_1[0.1056+272 _; 0.5278+2 }=%{ﬂ0(22)+z_lﬂl(zz)},where

B 5{1 +0.1056z2  1+0.5278z7

0.1056+2! 0.5278+z"}
z) =, and zZ)=—m—m.
@ 1+0.1056z7! A4@ 1+0.5278z"!

The corresponding power-complementary transfer function is given by
1 s 1. 20 1[01056+z72 _; 0.5278+272
Hz=—{ z —zﬂlz}=— -z .
1@=51%E) 1) 2{1+0.1056z‘2 1+0.527822
In the realization of a magnitude-preserving QMF bank as shown in Figure 10.47, the
realization of the allpass filters 4(z) and A, (2) require 1 multiplier each, and hence the
realization of the analysis (and the synthesis) filter bank requires a total of 2 multipliers.
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10.33 (a) Total number of multipliers required is 4(2N-1). Hence, total number of multiplications
per second is equal to 42N-DFt = 4(2N-1)/T where F = UT is the sampling frequency in
Hz.

(b) In Figure 1047, Ho(2)= -;-{ Ay +2 A @)}, and H(2)= -12-{ Ay~ A,
If order of ﬂo(z) is K and the order of /q](z) is L, then the order of Hy(z) is 2K + 2L +1 = N.
Hence K+L = (N-1)/2. The total number of multpliers needed to implement ﬂo(z) is K while

the total number of multpliers needed to implement ﬂl(z) is L. Hence the total number of

multipliers required to implement the structure of Figure 10.47 is 2(K+L) = N-1. However, the
multipliers here are operating at half of the sampling rate of the input x[n]. As a result, the
total number of multiplications per second in this case (N-1)Fp/2 = (N-1)/2T.

Hy(2) 1 3 3 1 1

H 21 2t .
H;((Z)) =1 _11 _} 11 :—2 | Comparing this equation with Eq. (10.135) we observe

1
H,(2) 1 -3 3 -1j,3
1 3 3 1
that here E(z*)= { _11 :i _11 . To design a perfect reconstruction filter bank using the

1 -3 3 -l
above analysis filters we thus need a synthesis filter bank for which the Type II polyphase

10.34

component matrix R(z) satisfies the condition R(z)E(z) = z "oL. Hence, R(z) = z Mo E'l(z).

0.125 0375 0.375 0.125 ]

Now, E—l(z)= 8{%2 _00112255 :8}%2 -00112255 . Then, the synthesis filters are given by

0.125 -0375 0375 -0.125]

0.125 0375 0375 0.125
10.125 0.125 -0.125 -0.125
0.125 -0.125 -0.125 0.125
0.125 -0.375 0375 -0.125

Gy@=01251+z7 +272 427, G(2)=0.125(-3-2z"" +272 +327),
G,()=0.1253-2" =z 2+37),  Gy@=0.125(-1+27' =272 +27).

-

. Thus,

[6® G@ G,@ G|=[z” z* 2

A computationally efficient realization of the 4-channel perfect reconstruction filter bank is
indicated below:

—{T¢]
2!
T4 @
E(z) R@) z-!
{7
2!
14—
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Gy@| [1 2 3| L
1035 [G,(»)|={3 1 4|lz”" | Rewriting this equation in the form of Eq. (10.138) we arrive at
GZ(Z) 2 1 1ilz-

3 41 3 41
2 1 1] Hence, R(z3)= 2 1 1} For perfect
1 3 2 1 3 2

reconstruction we need to find the analysis filters such that E(z) = z Mo R_I(z), whefe E(z) is

[6,@ Gi@ G,@|=[? = 1][

1 5 3
the Type I polyphase component matrix. Now, R-l(z) = 0.1[ 3 51 ] Hence,

-1 1 1
E,(2) 1 5 31
E2)|=0.1{3 -5 1|lz_}| Therefore,
E,(2) -1 1 1
Ey(2)=0.11+ s5z71-3272), E\(2)=0.13-5z"+27%), E,()=0.1(-1+ 27 +272),

A computationally efficient realization of the 3-channel perfect reconstruction filter bank is
indicated below:
13
| z—ll

— E@) Re 39

-1
Z

— » .T3

10.36 The state-space representation of the k-th allpass transfer function in the analysis filter bank

-1 ~N-1) , _-N
ay+ay_z t+oo+az +z

-1 —(N-1) -N
1+a;z  +--+ay_,Z +ayz

s,[n +1]=As a[n]+Bx[n],and v[n]=Cs [n]+ Dx[n], where

A (2)= is given by

[-a; -2, - Cay Ay 1
1 0 - 0 0 0
A= ~ .'- : . ) B= NS
0 o - 0 0 0
0o 0 - 1 o0 0
CzL(aN—l_aNal) (aN_z—aNaz) (al_aNaN—l) (l—a%q)], and D = ap.
—a; 2, —ay AN |0 0 0 1j-a -3, —aNo1 RN
10 0 0 {00 101 o 0 0
(a) APA+BC=| : : : S S | I : : :
0 0 0 o ||0O 1 0 0}l O 0 0 0
0 0 1 0o |{1 O 0 0Off o 0 1 0
1
9 2
B [(aN 1—and) @y —andy) (@, —anay-y) (l—aN)]‘
0
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—ay —ay_y v T3y Tap|i-ap -~ e —angy TAy
o 0 .- 0 1ffL 0 - 0 0
0o 0 o oflo o 0 0
0 1 0 0 0 0 1 0
2
(an-j—and) (@n_p~an2y) (a,—apay_) (1-ay) 8 g ' (1) 1
0 00 - 0
+ : =l: 1 =P
0 0 0 0 01 00
0 0 0 0 i O 00
-a; -a, —ay_; Ay 00 - 0 11 1
U0 o8 8 T ool [0
(b) APB+BD= : : : S S lan
0 0 0 0 ||0 1 0 0}{0 0
0 0 1 ot o o0 ofo] [0
—ay —agg 7 3|1 [an] [0
0 o ollo] o]0
= 4l f =] =0.
0 0 0 0 |{O 0 0
0o 0 1 o]lo] Lo] o
(c) VCPA+DC=[(aN_1—aNa1) (aN_Z—aNaz) (al—aNaN_l) (l—alzq)]
0 0 - 0 1fj-a; -8, - ~ay ~ay
00 .- 1041 0 . O 0
N R R | I S : :
01--00/0 0 -« 0 0
1 0 ---00) 0 0o - 1 0
+aN[(aN—l_aNal) (an-p—3n2p)  (ap—ananoy) (1‘312\1)]
0 0o - 1 0
a1 9 9 0 0
=[(aN-l_aNa1) (an_p —ana3p) (@ —anan.y) (l_aN)] i 0 0 6
-4 T, o Tang AN
+3N[(3N—1‘3N31) (an_p—an2y) v (@ —ananoy) (1‘312\1)]
=[0 0 - 0 0]=0.
@ CPB+D?=[ay -aya) (ay_-aya)  @-anay_y) (a-ap)
00 0 1]1
00 - 1 00|
x|t @ Pl ]Hay
01 0 00
1 0 0 0}l0
0
» 191 2
=[(aN_1—aNa1) (aN_z—aNaz) = (ay—agayn_y) (l—aN)] 0 +aN=1.
1
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10.37 Figure 10.59(b) illustrates the scheme for realizing the unstable allpass filter in the synthesis
branch. As the allpass filters in both the analysis and synthesis branches are identical, they have
the same state-space representations. For simplicity we ignore the subscript k from all signal
variables shown in Figure 10.59(b).

The state-space representation of the k-th allpass transfer function in the synthesis filter bank
is given by
s(n+1]= As [n]+Bu[n], and y[n]=Cs [n]+Du[n], (25)

whose the state-space parameter matrices are identical to those of the state-space representation
of the k-th allpass transfer function in the analysis filter bank:

sa[n +1]=As [n]+Bx[n],and v[n]= Cs a[n]+ Dx[n], (26)

By choosing the initial values of the state-variables s s[n] in the synthesis branch allpass section
as a function of the final values of the state-variables s a[n] in the analysis branch allpass

section according to: s [0]=Ps [M], where M is the length of the input x[n], we shall prove in
two steps that the output y[n] is precisely the time-reversed version of x[n], i.e.,
y[n] = x[M - n -1}, for 0<n<M-1, with u[n] = v[M —n —-1]. To this end we make use of the
identities of Problem 10.36:

APA+BC=P, APB+BD=0, )

CPA+DC=0, CPB+D?=1. (28)

Step 1. We first prove by induction that if s s[O] =Ps a[M] holds then s Jm]= Ps (M —m], for
0<m<sM-1.

Assume that s [(]=Ps [M-/], for 0</<m. We show that s [m+1]=Ps [M-m-1]. Now
from Eq. (25),
S S[m+1]=Ass[m]+Bu[m]=AP s a[M—m]+Bv[M—-m—l]
=AP {Asa[M—m-1]+Bx[M—m—l]}+B{Csa[M—m—1]+Dx[M—m—l]}
={APA+BC}s [M-m-1]+{APB+DC}xM-m-1]=Ps [M-m-1]},
using Egs. (25), (26), and (27).

Step 2. We now prove y[n] = x[M —n —1], for 0Ssn<M-1. From Eq. (25),
y[m]=Cs [m]+Du[m]=Cs [m]+Dv[M-m-1] =CPs [M-m]+DV[M-m-1]
=CP{Asa[M—m—1]+Bx[M-m—l]}+D{Csa[M—m—1]+Dx[M—m—l]}

={CPA+DC}sa[M—m—1]+{CPB+D2}x[M—m—1]}=x[M-—m—l]
using Eqgs. (25), (26) and (28).

Hy(2) Hy@W) - HO(zW]I:_:) X()

10.38 )‘((z)=[GO(Z) G,(z) - GL—I(Z)] H H@W) - HEW) X(ZSW) .
: . t. : L-1

Hy (2 H__@W) - H Wl HILXEV" D

To show the system of Figure 10.50 is, in general, periodic with a period L, we need to show
that if Xl(z) is the output for an input X;(z), and )A(Z(Z) is the output for an input X,(z), then if
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X, ()= z—LXI(z),i.e. xo[n] = x{[n — L], then the corresponding output satisfies
X,(2)=2""%,(@),ie. #,[n]=% [n-L]. Now,

Hy(2) Hy@W) -~ Hy W) X,(@)
Gy @ HEW o mEwh | X

X,@=[Gy® G, :
L-1y | X,W"

H, (& H__,@W) - H _,eW

Hy@ Hy@W) - Hy@W'™) 27X, @)

L-1 Loy~
~[6o 6@ G| @  HEW - Hy@W ) 27w L:Xl(zw)

HL—'I(Z) HL_I.(ZW) . HL_I(z.WL"') Z‘LW-L(L—i)Xl(zWL-l)

Hy(@ HyEzW) - Ho(zWL") X,(2)

=z‘L[Go(z) G,(z) - GL—-I(Z)] le(z) Hl(:zw) Hl(zV:VL_l) XI(EZW)
H1,-.1(1) HL_I.(ZW) » HL_l(iwL'l) Xl(zwl‘—l)

= z'LXl(z). As a result, the structure of Figure 10.50 is a time-varying system with a period L.

10.39

x[n] L cold
27! l 3 cy[n]
— -1 °
2 . P

From the above figure it follows that we can express the z-transforms of {c;[n]} as

L-1
C,(»= '11: Z(Z”ka)—e Xz/Twk), 0<¢<L-1, where W= g i2n/L
k=0
Likewise, the z-transforms of {b,[n]} can be expressed as
L-1

B (z)- ZP l(z)C (z), 0<s<L -1, where P L,(z) denotes the (s,£)-th element of P(z).

Fmally, the z-transform of the output y[n] is glven by

Y(2)= Z ~L1=9p (21 = 2 Ll S)Z  (29C, )

L- L-
= %Zz"@-l—”ZPS ,zH }:(zwk)-'g X(zW¥)
s= £=0 k=0

~—
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L-1 L-1 L-1
= % Y X(zW )Y Wk Y 2t L9p (2.
=O l=0 S=O

In the above expression, terms of the form X(sz), k #0, represent the contribution coming
from aliasing. Hence, the expression for Y(z) is free from these aliasing terms for any arbitrary
input x[n] if and only if

L-t L-1
YWY TR (220, k0.
=0 s=0
Vo(2) T(z)
it i@ || 0

The above expression can be written in a matrix form as D , where D is the
V@] L9

L x L DFT matrix, T(z) is the transfer function of the alias-free system, and

L-1
vV, = zz_zz_(L_l's)Ps, e(zL). Since DD' = L1, the above matrix equation can be

s=0
Vo(@) T(z)
alternately written as Vlz(z) =D O . This implies that V,(z)=V(2), 0= £<L-1,as the
Vi@ 0

first column of D has all elements equal to 1. As a result, the L-channel QMF bank is alias-free
if and only if Ve(z) is the same for all 2.

The two figures below show the polyphase realizations of V(z) and V().

T
Py o(z7) 3 T
S Po1(z7)
P (ZL) ey L
1'0 \vJ PLI(Z ) ¥

2! 1
. T ! .
. .
L4 i H .

Z-—l l z 1|

Z—l
©)
=
L é
PL—],O(Z ) PL_U(ZL) é > z“l

(a) Vo(2) (b) Vi(2)

The realization of V(z) can be redrawn as indicated below.
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P],](ZL) —

Pz,l(ZL) '\5

. i
=
‘ z_LPO,l(zL) L H—
(© Vi(@)

Because of the constraint Vo(z) = V(2), the polyphase components in Figures (a) and (¢)
should be the same. From these two figures it follows that the first column of P(z) is an
upwards-shifted version of the second column, with the topmost element appearing with a 7!

attached. this type of relation holds for the k-th column and the (k+1)-th column of P(z). Asa
result, P(z) is a pseudo-circulant matrix of the form of Eq. (10.165).

10.40 (a)
V, W U R
1 0@ |2 0@ | H,(2) o2 12 A 1-27"!
X V, W U R Y
(¢3) |y l(z)' 12 1(@) Hy(2)+ H,@) 1D T2 1@) = (2
V2(Z)' 12 W, (2) Hl(z) U2(Z)-T 2 Rz(z)' Z_2 _Z‘l
v,@] [ 2! w,@] [ 272 ~2?2
Vo) =| V@ |=|1+27 [X@. W@ =| W@ |= 1+z7 V2 [x@ Yy +|1-2712 |x(-2!).
|V, @) 1 W, (2) 1
-Uo(z) I Z—1/2HO @) _ Z-l/zHo @)
U@ =| Uy |=|a+27 " {Hy@ + H @} X+ a-27 {H@ + H @)} X(-z%).
U, H,(2) H,(2)
-RO(Z)W I z_lHo(zz) —z—lHO(zz)
R@)=|R,@) |= (l+z—l){Ho(22)+Hl(zz)} X(2) + (1—z"){H0(z2)+Hl(z2)} X(~2).
_RZ(Z)_ ] HI(ZZ) Hl(zz)

Y@ =(1-2")Ry@+2 'R @+ 2 -2 R, (2)
- [(1 —27 Y Hy )+ +z")z'l{Ho(zz)+Hl(z2)}+(z'2 - z_l)Hl(z2)]X(z)
+ [—(1 @)+ (-2 e {Hy@) + Hy @)+ 7 - z—l)Hl(z2)]X(— 2)

- [2 2z + 2277 H @)X @) = 2z"[H0(z2) +z“H1(z2)]X(z). Hence,
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Coxstemien

T(z)=2 z—llHO(zz) + z—ll-ll(z2 )].

2L 1o ooy Tucyl=22"
b T(@)=2z [ZH(Z)+2H( z)+2H(z) 2H( z)] 2z H(z).

(c) Length of Hp(2) = K and length of H(2) = K.

l::T
K —- per second where

TEREAE B e

(d) The number of multplications in the above structure is given by 3

% Er is the sampling frquency in Hz. On the other hand for a direct implementation of H(z)
requires 2KFt multiplications per second.
10.41 (a) An equivalent representation of the structure of Figure P10.7 is as indicated below:
X(2) ]2 —» 12 |
\ 1 0\ lo 1 0]
s [ 0 IJ —1 P(2) [ '.Z—l 0 IJ z—l
-1
2% % 12 F=+®— Y
whose simplified equivalent representation is as shown below:
12
Q) z
12 O— YR
0 10 10
where Q(z) =[z—1 0 1]P(z) 01 11, It thus follows from Problem 10.39 that the structure
z 0

of Figure P10.7 is time-invariant (i.e. alias-free) if and only if Q(z) is pseudo-circulant.

(b) A realization of the structure of Figure P10.7 based on critical down-
up-sampling is shown above in Part (a).

sampling and critical

10.42 %,y —AT2] RD__ [l v

X,@—12 & 12— Y,@

R(@)=271X,(2%)+X,(2%).

¥, =R@/)+R2 D) =[7 X @)+ X,@|+[-

Y,)= V2R 2y =27V 2R(- 212y
=[z'x,@+z7 2%, @+ 27X, @ -2 2X,@|=22"" X @)

V2K, (2) + X, ()] = 2 X, (D).

Thus, the output yq[n] is a scaled replica of the input x,[n] while the output ya[nlis a scaled

replica of the delayed input x[n-1] .
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10.43 Now R(ejm) = S(ejm)+8e_ij = e_ij[§(m)+8], where §(0)) is the amplitude response of
S(z). However, -8 < S(w)<1+8. Hence, the amplitude response R(w) of R(z) satisfies
0< R(®w)<1+28. Or in other words, R(w) is nonnegative for all @. We can therefore factorize

it as R(w) = IHO(ejm)l2 = Ho(ejm)HO(e"jm). Thus, we can write

R(ejm) = e—ijHO(ejm)Ho(e"jm), and by analytic continuation write

R(z)= z'MHO(Z)HO(z_l) = Ho(z)ﬁo(z), where ﬁo(z) = z_MHo(z_l) is the mirror-image of
Ho(z). If hO[n] denotes the impulse response of Hy(z), then the impulse response h[n] of

ﬁo(z) is given by flo[n] = ho[M - n].

10.44 If the 2-channel QMF banks in the middle of the structure of Figure 10.61 are of perfect
reconstruction type, then each of these two filter banks have a distortion transfer function of the

form az_M, where M is a positive integer:
_E Hi®@ Glo(z)é_‘ _
G,

Likewise, the 2-channel analysis filter bank on the left with the 2-channel synthesis filter bank

H,®

on the right form a perfect reconstruction QMF bank with a distortion tranfer function Bz_L ,

where L is a positive integer:

1

Hy (2

Hy @

GL®@

Gy®@

%

—

pz

Hence an equivalent representation of Figure 10.61 is as indicated below

H @Ml 2 [{az™ GL(2)
Hy@PL 2 Plaz™ Gy @
which reduces to
Ho P2 12MGL®
— aszM = gz M BZ—L_,
Hy() Gu®

Thus, the overall structure is also of perfect reconstruction type with a distortion transfer

function given by of 2 (ML)

10.45 We analyze the 3-channel filter bank of Figure 10.64(b). If the 2-channel QMF bank of
Figure 10.64(a) is of perfect reconstruction type with a distortion transfer function Bz_l‘ , the
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i i B AN

structure of Figure 10.64(b) should be implemented as indicated below to ensure perfect
reconstruction:

H (z) pi2 12 pGL(D)
H (2 pli2 HMT2MG, (2)
H (2) M4 2 12 Gu®@

H,@p2 ~1' Bz °} W12 G @b

An equivalent representation of the above structure is as shown below:

H @ pj42 = g~ —{t2 o O @

B @bz |3 —frZH{G®
H,@ b2 Poft2 MG (@

g2 H, @M 2]t 2BG, @<

verifying the perfect reconstruction property of Figure 10.64(b).

which reduces to

In a similar manner the perfect reconstruction property of Figure 10.64(c) can be proved.

M10.1 (a) For Part (i) use the MATLAB statement
x = sin(2*pi*0.2*n) + sin(2*pi*0.35*n);
in Program 10_1 withL=3 and N =75, and remove the statement
wo = input('Input signal frequency = ');

The plots generated by the modified program are shown below:
Input sequence

Output sequence upsampled by 3
2 T T v

—

Amplitude
X
Amplitude

0 20 40 60 0 20 40 60
Time index n Time index n
For Part (ii) use the MATLAB statement x = n; in Program 10_1 with L =3 and N =75,
and remove the statement
wo = input('Input signal frequency = ');
The plots generated by the modified program are shown below:
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Input Sequence Output Sequence Upsampled by 3

60 20 ™
D
® S o 15 ?
o (S
E 40 ““ﬂhﬂ,\mn -é
E ““nﬂ““ :_Q: 10 3 h
an
5 20 [ nﬂ“”ﬂ'\h | E
”“y\ﬂ"“ﬂ“ﬂ 5 I O T T 1
()
oSy (xﬁr?mm@@wwmmmwmm@muo
0 10 20 30 40 50 0 10 20 30 40 50
Time index n Time index n

For Part (iii) use x = square (N, duty); where duty can be chosen as 10, 20, 30, ...
(b) Use L = 4 in the modified program as described above.

M10.2 (a) For Part (i) use the MATLAB statement
X = sin(2*pi*0.2*n) + sin(2*pi*0.35*n);
in Program 10_2 with L = 3 and N = 50, and remove the statement
wo = input('Input signal frequency = ');
The plots generated by the modified program are shown below:

) Input Sequence Output Sequence Downsampled by 3
' r T v 2 . .

(A1)

%‘x l f ll s f ll %ﬁf_ éanT?jcf llTJJT? étféllolQ%TOTT? j
-20 1‘0 'I?i.(l)'ne indeion 4IO ¥ _20 1.0 'I%;?ne inde:;;on 4IO >

For Part (ii) use the MATLAB statement x = m; in Program 10_1 with L =3 and N = 50,
and remove the statement

wo = input('Input signal frequency = ');
The plots generated by the modified program are shown below:

Input Sequence Output Sequence Downsampled by 3
60 T - 150 T y y " J
2D

Q g o I

E 40 mmﬁ"“mﬁ ‘é 100

a ,,M\nﬂ"““ E-‘

20 g £ sof

n“““““
ant
n“““““
0
0 10 20 30 40 50 0 10 20 30 40 50
Time index n Time index n

For Part (iii) use x = square(N, duty); where duty can be chosen as 10, 20, 30, ...
(b) Use L = 4 in the modified program as described above.

M10.3 (a) Plots generated are shown below:
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M10

Magnitude

Magnitude
=]
()]

Input Spectrum

0

Normalized frequency

Since L = 7, the output spectrum consists of the inpu

L-1 = 6 aliased spectra.

(b) Plots generated are shown below:

0 0.2 0.4 0.6 0.8 1

Magnitude

Normalized frequency

L-1 = 5 aliased spectra.

0.5...

Output Spectrum

0.2 0.4

0.6 0.8 1

Normalized frequency

t spectrum shrunk by a factor of 7 and

Output Spectrum

Input Spectrum

1 T T 1

O Q

2 2
Eu 1 R RERRRERI SRR RS S R L AL S gp 05

= >
0 ; ; i ; 0

0 0.2 0.4 0.6 0.8 1

0.2 04

0.6 0.8 1

Normalized frequency

Since L = 6, the output spectrum consists of the input spectrum shrunk by a factor of 6 and

.4 (a) Plots generated are shown below:
| Input Spectrum Output Spectrum
T T 1 x :
3
2
0'5- ........................................ ‘EO'S
&
=
0 ; ; ; ; 0 ; ; ; ;
0 0.2 04 0.6 0.8 1 02 04 0.6 0.8 1
Normalized frequency Normalized frequency

Since L = 5, the output spectrum consists of the input spectrum shrunk by a factor of 5 and

L-1 = 4 aliased spectra.

(b) Plots generated are shown below:
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Input Spectrum Output Spectrum

5005 ............................................... goos
= =

: ; ; : 0 ; : ; ;
0 02 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
Normalized frequency Normalized frequency

Since L = 8, the output spectrum consists of the input spectrum shrunk by a factor of 8 and
L-1 = 7 aliased spectra.

M10.5 (a) Plots generated are shown below:

Input Spectrum Output Spectrum
T v 03 " T
(>}
E 0.2 ...............................
................................................. 4 a
&
2 0'1 ...............................................
0 H i i M 0 . - X H
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized frequency Normalized frequency

Since M = 4 and the input is bandlimited to /4, the output spectrum is a stretched version of

the input spectrum stretched by a factor of 4 and there is no aliasing. Moreover, the output
spectrum is scaled by a factor 1/4 as expected.

(b) Plots generated are shown below:

Input Spectrum Output Spectrum

1 T X 0.2 ; T
Q
9
2
goo 5 ..................................................
=

O A H N i O N H " 3 ]

0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
Normalized frequency Normalized frequency

Since M = 5 and the input is bandlimited to 7/4, the output spectrum is a stretched version of
the input spectrum stretched by a factor of 5 and there is some visible aliasing. Moreover,
the output spectrum is scaled by a factor 1/5 as expected.

M10.6 (a) Plots generated are shown below:
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Input Sequence

Amplitude

80

60
Time index n

20 40

(b) Plots generated are shown below:
Input Sequence
2 , .
1
3
2
£
-1F
2 : . . .
0 20 40 60 80 100 120

Time index n

M10i7 (a) Plots generated are shown below:

Input Sequence

2

1

i

b

Amplitude

-1 F

G

J

-2

30

0 16 20 40
Time index n
(b) Plots generated are shown below:
Input Sequence
2 , r .
% “TT TTQG oCmQ
: it
1t }
2 . . . . .
0 5 10 15 20 25 30
Time index n
M10.8 (a) Plots generated are as shown below:

Amplitude

1
—
T

Amplitude
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Amplitude

—

S

2 . . .
60

Time index n

Output Sequence

'ﬂTT @ ﬂTn

lf TMWT .

|

0 lb 5:) 3.0 40
Time index n
Output Sequence
j(IT @y OT T ol1? _— VT
T ] 1 R
0 5 lb 15 Zb 25 30

Time index n

Output Sequence

0
o
0
M

)

20 40 80 100 120

60 80 100 120
Time index n

20 40




Amplitude

-1t

2

-2

Input Sequence

T,

T

5 10 15 20 25 30
Time index n

(b) Plots generated are as shown below:

Input Sequence

il

Y

~A0A

I

l [ o

|

10 20 30 40
Time index n

2 . . .
0 10 20 30 40 50
Time index n
Output Sequence
2 v . v
l 3
§ LT
% h | Q @ [nXo] ©
T
<
1t
_2 i A 1 i
0 5 10 15 20 25

Time index n

M10.9 The gain response of the length-60 FIR lowpass filter with a cutoff at /3 and the
magnitude responses of its 3 polyphase components are shown below. As can be seen from
the plots, the magnitude resoponses of the polyphase components are nearly constant over

the frequency range [0, 7].

vain in as

50

Lowpass filter

0 0.2 0.4 0.6 0.8 1

Normalized frequency

Polyphase component #1
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3032
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&
]
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Polyphase component #2 Polyphase component #3
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M10.10 The specifications given are ®¢ = 0.55m and 8, =0.01. Hence, @, = t—0.557=0.45%, and

5, =1-5% =00202. Thercfore, Rs =—20log;o(1-3,)= 0.00043432 dB and

Rs=—2010g10(85)=40 dB. Using the command [b,a] = ellip(7, Rp, Rs, 0.5)

we then determine the transfer function of a 7-th order elliptic filter and plot its pole locations
using zplane (b). The poles of the transfer function generated are not on the imaginary

axis. We next adjust the value of &  and found that for 8, = 0.2 the poles of the transfer
function generated are on the imaginary axis. Using the pole-interlacing property we then
determine the transfer functions of the two allpass filters, ﬂo(z) and ﬂ.l(z):

-1 -2 -1
Ay(2)= 0.6268+1.f1248z +z —, and A2)= 0.9486+z .
1+1.6248z7" +0.62682 1+0.9486z
Hence the elliptic transfer function can be expressed as

0.6268+1.624871 +272 . 0.9486+z7!
GZ:lﬂlzz+z“1 72 =1 +z === ||
() 2[ 1) A )} 2|\ 1+1.62482 ! +0.626827% 1+0.94862!

The allpass filter A;(z) can be realized with only 2 multipliers and the allpass filter A,(z) can
be realized with only 1 multiplier. Asa result G(z) requires only 3 multipliers.

M10.11 The MATLAB program used to generate the \prototype lowpass filter and the analysis filters
of the 4-channel uniform DFT filter bank is given below:

, = 21; £ = [0 0.2 0.3 1]; m = [1 1 0 0]; w = {10 11:;
N = 4; WN = exp(-2*pi*j/N);
plottg= [u_ |;I____l;l_.l;l: l];
h = zeros(N,L);
n = 0:L-1;
h(l,:) = remez (L-1, £, m, w);
for i = 1:N-1
h(i+l,:) = h(l,:).*(WN.“(—i*n));
end;
clf;

for i = 1:N
[H,wl = fregz (h(i,:), 1, 256, 'whole');
plot(w/pi, abs(H), plottag(i, :));
hold on;

end;

grid on;

hold off;

xlabel ('Normalized frequency');ylabel('Magnitude');
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title('Magnitude responses of uniform DFT analysis filter
bank') ;

The plots generated by the above program is given below:

Magnitude responses of uniform DFT analysis filter bank
1.2 v T r

Magnitude

Normalized frequency

M10.12 The first 8 impulse response coefficients of Johnston's 16A lowpass filter Hj (z) are given by

0.001050167, —0.005054526, ~0.002589756, 0.0276414, —0.009666376, —0.09039223,
0.09779817, 0.4810284

The remaining 8 coefficients are givén by flipping the coefficients left to right, From Eq.
(10.157), the highpass filter in the tree-structured 3-channel filter bank is given by Hy(z) =

z‘lSHL(z“l). The two remaining filters are given by Ho(z) = HL(z)HL(zz) and H{(z) =
HL(z)HH(zz). The MATLAB program used to generate the gain plots of the 3 analysis filters is
given by:

Gl = [0.10501670e-2 -0.50545260e-2 -0.25897560e-2
0.27641400e-1 -0.96663760e-2 -0.90392230e-1 0.97798170e-1

0.481028401;

G = [Gl fliplr(Gl)];

n = 0:15;

HO = (-1)."n.*G;

Hsgar = zeros(l,31l); Gsgar = zeros(1,31);
Hsqgar(1:2:31) = HO; Gsgar(l:2:31) = G;

H1 = conv(Hsgar,G); H2 = conv(Gsqgar.G):

[hO,w0] = freqgz(HO,[1]); [(hi1,wl] = freqz(H1l,[1]); [h2,w2] =
freqz (H2,[1]);
p10t(w0/pi,20*1oglo(abs(hO)),'b—',wl/pi,20*log10(abs(h1)),'r—
',w2/pi,20*1og10(abs(h2)),'g-.');

axis([0 1 -120 20]);

grid on;

xlabel ('Normalized Frequency');ylabel('Gain in dB');

The plots generated are given below:
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Chapter 11

8000
11.1 lution = —— = 31.25 Hz.
(a) resolution 756 z

8020 = 500-point DFT.

(b) We need to take a

(c) resolution = —8% Hence desired length N of the DFT is given by N= % =62.5.
ince N must be an integer we choose N = 63 as the DFT size.
11.2 (a) Fy, =4 kHz, R=1024, and Fr =8 kHz.
200xEpr 200 x 8000 350 x 8000
E, = L= =15625Hz, FE,,=————— =27344 Hz,
00T g 1024 S - TV z
824 x 8000
E., =297 —6437.5 Hz.
8247 1024 §
(b) F, =6kHz, R=1024, and Fp =12 kHz.
200x12000 350 x12000
F,,, =————=2343.8 Hz. Fyey =————— =4101. .
200 =7 1024 § 350 =7 1024 6 Hz
b JBHAX000 oy
1024
(b) F,, =4kHz, R=512, and Fy =8 kHz.
100 x 8000 200 x 8000
F,,,=————=1562.5 Hz. F,,=————=3125 Hz.
100 512 z 200 512 > Hz
312 %8000
=—"—"———=4875 Hz.
312 512 Z
. 8000
11.3 (a) F,, =4 kHz. Let Fp = 8 kHz. Then resolution = F/R. Hence R = - 2667.
(b) R = 4096.

114 (a) Xgppe®m= Y xin—mlwmle ™.

m=-—co
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oo (-]

Gsm(ej"’, n)= Z g[n — mJw[m]e 9™ = Z(a x[n — m]+ B y[n —m]) wlm]e 1™

m=-—oo m=—oo

=a Z x[n — m]w[m]e 1™ 4B z y[n—m]w[m]e JO™ = axsm(cjm, n)+p Ysm(ej(”, n).

m=-—o0 m=-—oo

(b) y[n] = x[n — ng]. Hence, Ysm(ej‘”,n) = z‘ly[n—m]w[m]e_jm"n

m=-oo

= z:x[n—no—m]w[m]e,"j‘“’m = Xsm(ejm,n—no).

m=—oo

(c) y[n]l= el x[n]. Hence, Ysm(ejm,n) = Zy[n -m] w[m]e_jmm

m=-—oo

= z“x[n-m]w[m]e—j((’)_mo)m = Xsm(ej(m—%),n)o

m=-—oo

11.5 Xsm(ejm,n) = Zx[n —m]w[m] g ~jom, Replacing m in this expression with n — m we

m=-—oo

t . > . . . bt .
arrive at Xsm(ejm, n)= 2 x[m]w[n — m]e IO" ¢ IOM - gTION ZX[m] w[n —m] e I°™
m=—oo m=-—oo

e—jmn ‘Xsm(e—"m, n). Hence, Xsm(ejw’ n) = e-Jmn Xsm(e_Jm’ n)' 'Ihus’ in ComPUting

Xsm(ejw,n) the input x[n] is shifted through the window w([n], whereas, in computing

Krpr(e!®.n) the window wln] is shifted through the input x[n].

11.6 Xerer(e®,n)= x[m]w{n — m}e J®™. Hence, by inverse DTFT we obtain
STFT

m=—oo

2n
x[m]w[n—-m]= —21? Iism(ejm, n)eJ(Dm dw. Therefore,

oo 2% oo
z x[m}w[n—m]= -2-1- J- 2 fsm(ejm, n) o™ do, which is equivalent to
Nn=-oco0 T 0 N=-—co
hnid 1 2 o . .
xim] Y, win-m] = {mIW(0] == | " Rgrer(e!®,me ™™ dw, where
n=-—oco Q N=-—o0
2% o

WI0]= Y wln-m]= S win] or x[m]:m;wm I Y R, mel™ dan
0

n=-~oco n=-—co Nn=-—oo0
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11.7 Xsm(ejm, n)= z x[n — m}w[m] e 1% Hence,

m=-—oeo

Xsm[k,n] = Zx[n -m] w[m]e'jzm{m/N = x[n] @ w[n]e_jzmmm. Or in other words,

m=-—oo

Xsrrriks n] can be obtained by filtering x[n] by an LTI dystem with an impulse response

hy[n] = w[n]e”jz"k"/N as indicated in Figure P11.1.

o9

11.8 Xsm(ejm, n)= 2 x[n - m]w[m] e 1M Hence,

m=-—oo

‘Xsm(ejm, n)‘2 = 2 Z x[n - m]x[n —s]w{m] w[s] e—jmme_jws. Thus,

§=—o00 [[1=—0°

2% o0 oo
rk,n]= 51; lesm(ejm , n)‘2 ejmkd(o = 2 2 x[n — m}x[n —s]w[m] w(s] O[s +k —m]
0

§=—oco M==00
= zx[n ~-mjx[n—-m+ k]w[m]w{m—k].

m=—oo

oo

1}1.9 (pST[k, n]l= 2 x[m]w[n - m]x[m+k]} wln-k - m].

oo

(@) 9gpl-k,n]= Z x[m]w[n — m]x[m — k]w[n + k —m].
Substitute in the alrano=v_e°°expression m-k =s, i.e. m =k +s. This yields

ogrl-kn]= Y, xIs+klwln—k—sx[slwn - s]= @k, n].

§=—o00

(b) Let m + k =s. Then, (pST[k, nj= ZX[S— k]x[s]w[n—s+k] w{n—s]. It follows from
S=—00

this expression that @g[k,n] can be computed by a convolution of hy[n] = wln]w[n+k] with

x[n]x[n — s] as indicated in Figure P11.2.

11.10
-a
X(z) + Y(z)
1- ozz
+ S(z) ‘ Z—l
o
Analysis yields S(z)= 0z~ S(z)+X(z), and Y(z) = —0X(z)+(1~02)z"' S(z). Solving the
X(z)

which when substituted in the second equation yields

first equation we get S(z) = -
1-oz
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-1

Y(z) -0tz 7- The transfer function is thus seen to be a Type 1

X@) 1-oaz
allpass of the form of Eq. (6.58) and can thus be realized using any one of the single-
multiplier structures of Figure 6.36.

after some algebra

Y(z) -a+z2A®z)
X@ 1-az7lA@)
transfer function of the "allpass reverberator”. Note that this expression is similar in form to
that of Eq. (6.58) with "d" replaced by "-o" and ng=ln replaced by "z~1A(z)". Hence an

efficient realization of the structure of Figure P11.4 also is obtained readily from any one of
the structures of Figure 6.36. One such realization is indicated below:

11.11 Analysis of the structure of Figure P11.4 yields , where A(z) denotes the

=1

X(@) ——@ 2" AQ

4!
—-aN

J@—' Y@

K K 1K 1
112 G@=-Hi-A@}+=2{i+A @} = Kz[zfl—{l—Al(z)}%z-{l +Al(z)}].
Hence in this case, the ratio K{/K; determines the amount of boost or cut at low frequencies,
K, determines the amount of dc gain or attenuation at all frequencies, and o determines the

20

A3-dB bandwidth where cosw = 5
¢ 1+a

alpha = 0.9;
K1 = [0.8];
K2 = [0.5 2],’

nlp = ((l-alpha)/2)*[1 1];
dlp = [1 -alphal;

nhp = ((l+alpha)/2)*[1 -1];
dhp = [1 -alpha]l;

[Hlp,w] = freqgz(nlp,dlp,512);
[Hhp,w] = £freqgz(nhp,dhp,512);
hold on

for k = 1l:length(K1l)
for m = 1l:length(K2)
H = K1l(k)*Hlp+K2(m)*Hhp;
semilogx(w/pi,20*1logl0(abs(H)));
xlabel('Gain, dB'); ylabel('Normalized Frequency');

clear H;
hold on;
end

end

grid on

axis([.01 1 -8 8]);

K K 1K 1
=1 -2 =K. |=-—L
1113 G,@==HI-A@}+—2{i+A,@) = Kz[ IE, {i-a,@}+ 2 {1+A,0} |
Hence in this case, the ratio K;/K, determines the amount of boost or cut at low frequencies,
K, determines the amount of dc gain or attenuation at all frequencies, o determines the
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20

through B=cos®,.

alpha=0.8;

a
?

2 beta=0.4;

: K1=[0.91;

by k2=[0.5 2]:

! nbp= ((1-alpha)/2)*[1 0 -11;

7 dbp=[1 -beta*(l+alpha) alphal;
8 nbs=( (1+alpha)/2)*[1 -2*beta

dbs=dbp;
[Hlp,w]=freqz(nbp,dbp,512);
[Hhp,wl=freqz (nbs,dbs,512) ;
hold on
for k=1:length(Kl)

for m=1l:length(K2)

H=K1 (k) *H1lp+K2 (m) *Hhp;

3-dB bandwidth A®;_4p = cos‘l(1 — ),and the center frequency @ is related to B

11:

semilogx (w/pi,20*logl0(abs(H)));

xlabel('Gain, dB');

ylabel ('Normalized Frequency' );

clear H;
hold on;
end
end
grid on

13
3

axis([.01 1 -8 81):

11.14 The transpose of the decimator structure of Figure 11.66 yields

x[n] 12 {Eq@{13 &

z—l

. —Eq(a {13 &

-1 3
C ) ]

Eq@i—13
12 J Ejo@113
z E; 1@ 13

M11.1 Figures below illustrate the application of
and 3:

P 1o A o S

R
s
[
2
i
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Program 11_1 in detecting the touch-tone digits A
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Touch-Tone Symbol = A Touch-Tone Symbol = 3

M11.2 For R = 16, the two strong peaks occur at k = 3 and 5. The associated frequencies are
(=222, or f;==>=0.1875, and f, =-5-=o.3125. For R = 32, the two strong peaks occur at
k =5 and 10. The associated frequencies are f, = >=0.15625, and f, = = =0.3125.

4T s ? ....... el
Latl1]1 "T"%?r”"r" o) Tkl "Tﬁﬁéﬁj; lllih

For R = 64, the two strong peaks occur at k = 11 and 22. The associated frequencies are
f, =11/64=0.1718, and f, =20/64=0.3125. For R =128, the two strong peaks occur at k =

21 and 39. The associated frequencies are f1 =21/128=0.1641, and f2 =39/128 =0.3047.

Moreover, the last two plots show a number of minor peaks and it is not clear by examining
these plots whether or not there are other sinusoids of lesser strengths present in the sequence
being analyzed.

R =64 R=128
8 T T T " T T T T
% ®
........ al.ii i e
6 e &

|il

B ' l
Tl n hnnf imul!In.,mmmmlh,ml lum

1} , 0
0 10 20 30 40 50 60 0 20 40 60 80 100 1 20
k

k
An increase in the size of the DFT increases the resolution of the spectral analysis by reducing
the separation between adjacent DFT samples. Also the estimated values of the frequencies of
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the sinusoid get closer to the actual values of 0.167 and 0.3076 as the size of the DFT increases.

M11.3 As the separation between the two frequencies decreases, the distance between the two
maximas in the DFT of the sequence decreases, and when f, = 0.21, the second sinusoid
cannot be determined from the DFT plot. This is due to the use of a length-16 rectangular
window to truncate the original infinite-length sequence. For a length-16 rectangular
window, two adjacent sinusoids can be distinguished if their angular frequencies are apart by

half the mainlobe width of % radians or equivalently, if their frequencies are apart by

%: 0.0625. Note that the DFT length R = 128 is all plots.

f1 =0.68,f2=0.8 f1 =0.68,f2=0.77
10 — 10 —
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=1 = |
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0 20 40 80 100 120
; f1 = 0.68, f2 =0.71
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x Poe) : 9 Noal T HUUUURUETN ||| M
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M11.4 f, = 0.21, f; = 0.18. Hence, Af = 0.03. For a Hamming window the mainlobe width
Aw,=2%. The DFT length R = 128 in all plots.

N=16 N=32
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(i) N = 16. Here it is not possible to distinguish the two sinusoids. This also can be seen

from the value of AML=-18€=O.5, and hence, half of the mainlobe width is greater than Af.

(ii) Increasing N to 32, makes the separation between the two peaks visible. However, it is
difficult to identify the peaks accurately.

N=64 N=128

(iii) Increasing N to 64, makes the separation between the two peaks more visible. However,
it is still difficult to identify the peaks accurately.

(iv) For N = 128, the separation between the two peaks clearly visible.
iNote also the suppression of the minor peaks due to the use of a tapered window.

M11.5 Results are similar to that in Problem M11.4.
N=16 N=32

£
v

8 1 :

k

N =128
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M11.6 f, =0.21,f; = 0.18. Hence, Af =0.03. The DFT lengthR = 128 in all plots.
N=16 N=32

(i) For N = 16, it is difficult to identify the two sinusoids.

(ii) For N = 32, there are two peaks clearly visible at k = 36 and 43, respectively.

20 , , N_=64, _ ' N=128
: : : : : : 30 . :

20k RIRT & PR L .......

IXK]

T . T | e

o 'v : sl ., ::H:,y

(iii) For N = 64, it is difficult to identify the two sinusoids.

(iv) For N = 128, there are two peaks clearly visible at k = 37 and 41, respectively.

M11.7
Uncorrupted sinusoid Noise corrupted sinusoid
, 5 T T T
1 } ' . H | T T
B ..E- : { i l |
2 05 A .
0 250 0 50 100 150 200 250
Time index n

Time index n
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M11

Amplitude

Magnitude

00 Sb 100 150 200 250
k

The SNR computed by the program is —7.4147 dB. There is a peak at the frequency
index 29 whose normalized frequency equivalent is equal to 29/256 = 0.1133. Hence
the DFT approach has correctly identified the frequency of the sinusoid corrupted by

the noise.
.8
Uncorrupted sinusoid Noise corrupted sinusoid
5 T
1Fvo ey . VPR ;
0.5 ° ]
o i ki
E I
0f ? 0 I | h"“ |
I "
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B P A AR A I R R 5 : ; ; ; ;
50 100 150 200 0 50 100 150 200 250
Time index n Time index n
3
2
5
=
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k

The SNR computed by the program is —7.7938 dB. There is a peak at the frequency
index 42 whose normalized frequency equivalent is equal to 42/256 = 0.1641. Hence
the DFT approach has correctly identified the frequency of the sinusoid corrupted by

the noise.
M119 N = 17;
£f = [0 0.9 0.95 1];m = [1 1 O 0]; wt = [2.0 0.5];
¢ = remez(N,f,m,wt);

for k = l:length(f)
h(2*k-1) = (-1)"(k-1)*c(k);
h(2*k) = 0.0;

end
[F,w] = fregz(c,1,512); [H,w] = fregz(h,1,512);
plot(w/pi,20*logl0O(abs(F)),'-',w/pi, 20*logl0(abs(H)), 'b--");
xlabel ('Normalized Frequency'); ylabel('Magnitude, dB');
grid;

legend('r-', 'Wideband filter',6 'b--', 'Hilbert Transformer');
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- - Hilbert Transformer
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Normalized frequency
The number of multipliers required is 9.

M11.10 b = remez(34,[0.05 0.95}], (1 1], 'hilbert');
[B,w] = freqz(b,1,512);

plot(w/pi,ZO*loglo(abs(B)));
xlabel ('Normalized frequency');ylabel( 'Magnitude,dB');

grid on;

7

30 i i i i
0 0.2 0.4 0.6 0.8 1
Normalized Frequency

Note that in this case odd coefficients are small but not zero so number of multipliers required
is 18 (due to linear phase). In M11.9 the number of multipliers required is 9. '

M11.11 With 8¢ = 0.014, the poles did not lie on the unit circle. By changing the stopband ripple
value to 8¢ = 0.0071726, the poles are on the unit circle. This is due to the fact that with 85 =
0.014, the value of the filter order is N = 4.3. When this value is rounded up to N = 5, we
need to recompute the value of 8 of using Eqns. (5.49) and (5.50) after a bilinear

transformation.

% Note for half band filter (1-2*delp)”2+dels”2 = 1;
dels = 0.0071726; delp = 0.5*(l-sqgrt(l-dels”2));

rp -20*1logl0(1-2*delp); rs = -20*1logl0(dels);

wp 0.36;ws = 0.64;

ws 1-wp;

[N,wn] = ellipord(wp,ws,rp,rs);

[b,a]l] = ellip(N,rp,rs,wn);

zplane(b,a);
% Using the pole interlacing property we get

% AO0(z) = (0.19525+z7-1)/(1+0.19525z"-1) and
$ Al(z) = (0.6662 +z~-1)/(1+0.6662z"-1)

nin
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numh = [0.19525 0.6662j -1.130075 -1.130075j 0.6662
0.195253];

denh = [1 0 -0.86145 0 0.130075];

[G,w] = freqz(b,a,512);

[H,W] = fregz(numh,denh,512, 'whole’');

subplot (211)

plot(w/pi,20*logl0(abs(G))});

title(Gain Response of G(z)');

xlabel ('Normalized Frequency'); ylabel(Gain, dB');
axis([0 1 -80 0]);grid;

subplot (212)

plot (W/pi,20*1logl0(abs(H) /max(abs(H))));
title(Gain Response of H(z)');

xlabel ('Normalized Frequency');ylabel(Gain, dB');
axis([0 2 -80 11);grid;

numa0 = [0.19525 0 -1]; dena0 = [1 0 -0.19525];
numal = [0 0.6662 0 -1]; denal=[1 0 -0.6662];

[AO0,w] = fregz(numal,denal,512, 'whole');
[Al,w] = fregz(numal,denal,512, 'whole');
figure;

plot (w/pi,180/pi*unwrap( (angle(A0)-angle(Al))));
xlabel ('Normalized frequency’);
yvlabel ('Phase difference, degrees');

grid;
Gain Response of G(z) Gain Response of H(z)
:0 Y v . 0= : T
20 b N
m
=
g -40
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Normalized frequency

M11.12 $ Choose N = 5 i.e. a fifth order lagrange polynomial
= 5;
alpha = [0 5/4 10/4 15/4];
for k = 1l:length(alpha)
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for 1 = 0:N

var = (alpha(k)-m)/(1l-m)*var;

var = 1;
for m = 0:N
if (m ~= 1)
end
end
P(k,1+1) = var;
end
end
n = 0:61;

x = sin(2*pi*0.05*n);
for k = 0:11

ip = [x(5*k+1) x(5*k+2) x(5*k+3) x(5*k+4) x(5*k+5)

x(5*k+6)1;
for m = 1:4
y(4*k+m) = P(m,:)*ip';
end
end

op = y{(1:31);
stem(op) ;
n = 0:30;

xx = sin(2*pi*0.05*5/4*n);

stem(n, XX-op);
xlabel('Time index n');
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ylabel('Amplitude');title('Error');
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