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Preface

If you're going to own only one book on digital filters, this is the one
to have. If you already own several, you need this book anyway—it
contains quite a lot of useful information not available in any other
book. I wrote this book for individuals faced with the need to design
working digital filters—it is not intended as an academic text. All the
necessary theoretical background is provided in the early chapters,
and practical digital filter design techniques are provided in the later
chapters. These design techniques are supported by numerous com-
puter routines written in the C programming language. The tech-
niques and programs presented in this book will prove to be very
useful to engineers, students, and hobbyists engaged in the design of
digital filters.

All of the programs in this book were written and tested using
Think C for the Apple Macintosh computer. [ made a conscientious
effort to limit the programs to the ANSI standard subset of Think C
and to avoid any machine dependencies. Potential efficiencies were
sacrificed for the sake of portability and tutorial clarity. However, a
few specific items need to be pointed out:

1. Constants used by several different functions are collected into
a single “include” file called globDefs.h (a listing of this file is
provided in App. A). The ‘“new” style of ANSI prototyping was used
throughout all of the software generated for this book. All the
pertinent prototypes are collected in a file called protos.h, which is
provided in App. B. ~

2. Nice long file names such as computeRenLezAmphtude.c are
allowed on the Macintosh, but on MS-DOS machines file names are
limited to eight characters plus a three-charactér extension. Except
for the two header files mentioned above, all the files on the accompa-
nying disk have names that are keyed to the chapter number in which
the listing appears.

xv



xvi Preface

3. I found it convenient to define a new type real that is the same
as double. For use on machines with limited memory, real could be
redefined as float to save memory, but accuracy could suffer. Being a
long-time Fortran user, I also found it convenient to create a logical
type. The lack of intrinsic complex types in C was overcome via a
complex structure definition, and a set of complex arithmetic func-
tions is detailed in App. C.

Britt Rorabaugh



Chapter

Mathematical Review

Electronic signals are complicated phenomena, and their exact behavior is
impossible to describe completely. However, simple mathematical models can
describe the signals well enough to yield some very useful results that can be
applied in a variety of practical situations. Furthermore, linear systems and
digital filters are inherently mathematical beasts. This chapter is devoted to
a concise review of the mathematical techniques that are used throughout
the rest of the book.

1.1 Exponentials and Logarithms

Exponentials
There is an irrational number, usually denoted as e, that is of great impor-

tance in virtually all fields of science and engineering. This number is defined
by

X -+ 40

1 x
e2 lim <1+3—C> ~2.71828 - - - (1.1)

Unfortunately, this constant remains unnamed, and writers are forced to
settle for calling it “the number e” or perhaps ‘“the base of natural loga-
rithms.” The letter e was first used to denote the irrational in (1.1) by
Leonhard Euler (1707-1783), so it would seem reasonable to refer to the
number under discussion as “Euler’s constant.” Such is not the case, how-
ever, as the term FEuler’s constant is attached to the constant y defined by

. N1
y = lim ( Y, ~ —log, N) ~0.577215664 - - - (1.2)
N-ow \, 2

The number e is most often encountered in situations where it raised to some
real or complex power. The notation exp(x) is often used in place of e*, since
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the former can be written more clearly and typeset more easily than the
latter—especially in cases where the exponent is a complicated expression
rather just a single variable. The value for e raised to a complex power z can
be expanded in an infinite series as

o« zﬂ
exp(2) = ), — (1.3)
o n!
The series in (1.3) converges for all complex z having finite magnitude.

Logarithms

The common logarithm, or base-10 logarithm, of a number x is equal to the
power to which 10 must be raised in order to equal x:

y=log,px < x=10" (1.4)

The natural logarithm, or base-e logarithm, of a number x is equal to the
power to which e must be raised in order to equal x:

y=log,.x < x =exp(y) =e” (1.5)

Natural logarithms are also called napierian logarithms in honor of John
Napier (1550-1617), a Scottish amateur mathematician who in 1614 published
the first account of logarithms in Mirifici logarithmorum canonis descripto
(“A Description of the Marvelous Rule of Logarithms”’) (see Boyer 1968). The
concept of logarithms can be extended to any positive base b, with the base-b
logarithm of a number x equaling the power to which the base must be raised
in order to equal x:

y=log,x < x=5b" (1.6)

The notation log without a base explicitly indicated usually denotes a
common logarithm, although sometimes this notation is used to denote
natural logarithms (especially in some of the older literature). More often,
the notation In is used to denote a natural logarithm. Logarithms exhibit a
number of properties that are listed in Table 1.1. Entry 1 is sometimes offered
as the definition of natural logarithms. The multiplication property in entry
3 1s the theoretical basis upon which the design of the slide rule is based.

Decibels

Consider a system that has an output power of P, and an output voltage of
V. given an input power of P,  and an input voltage of V,,. The gain G, in
decibels (dB), of the system is given by

Pou Vgu Zou
Gip=10 Iogm< 2 t) =10 logw(V—?t;—Z—_——t) (1.7
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TABLE 1.1 Properties of Logarithms

*1
1. Inx =J —dy x>0
1 Y
d 1
2. —(Inx)=- x>0
dx x
3. log, (xy) = log, x + log, ¥

1
4. log, (—) = —log, x
x

5. logy(y") =xlog,y
log, x

6. log, x = (log, x)(log, b) = ——
log, ¢

7. In(l+2)= Y (—-1)"‘1% lz| <1
n=1

If the input and output impedances are equal, (1.7) reduces to

V%\l VOU
GdB = 10 10g10<—‘F:) - 20 10g10< Vi t) (1-8)

Example 1.1 An amplifier has a gain of 17.0 dB. For a 3mW input, what will the output
power be? Substituting the given data into (1.7) yields

17.0dB =10 logw<§xi‘]’.‘(‘#>

Solving for P,,, then produces

P, =(3x107%100719 =15 x 107! = 150 mW

Example 1.2 What is the range in decibels of the values that can be represented by an
8-bit unsigned integer?

solution The smallest value is 1, and the largest value is 28 — 1 = 255. Thus

20 logm<2?—5) =48.13dB

The abbreviation dBm is used to designate power levels relative to 1 milli-
watt (mW). For example:

P

P=(10"310° =10°=1.0W



4 Chapter One

1.2 Complex Numbers

A complex number z has the form a + bj, where a and b are real and
J =+ —1. The real part of z is a, and the imaginary part of z is b. Mathemati-
cians use i to denote ./ —1, but electrical engineers use j to avoid confusion
with the traditional use of i for denoting current. For convenience, a + bj is
sometimes represented by the ordered pair (a, b). The modulus, or absolute
value, of z is denoted as |z| and is defined by

|z| = |a + bj|=/a®+ b*® (1.9)
The complex conjugate of z is denoted as z* and is defined by
(z=a+bj) « (z*=a —bj) (1.10)

Conjugation distributes over addition, multiplication, and division:

(g1 +2)*=2%+ 2§ (1.11)
(2,2)* = 22} (1.12)
* *
<ﬁ> =2 (1.13)
2) 23
Operations on complex numbers in rectangular form
Consider two complex numbers:
2, =a+bj Z,=c¢ +dj
The four basic arithmetic operations are then defined as
Z+z=(@+c)+jb+d) (1.14)
25— 2=(@—0c)+jb—-d) (1.15)
2,2, = (ac — bd) + j(ad + be) (1.16)
z,_ac+bd .bc—ad (117

= +
2, c?+d? J c®+d?

Polar form of complex numbers

A complex number of the form a + bj can be represented by a point in a
coordinate plane as shown in Fig. 1.1. Such a representation is called an
Argand diagram (Spiegel 1965) in honor of Jean Robert Argand (1768-1822),
who published a description of this graphical representation of complex num-
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Im(z)
I N, z=a+bj

]
1

r 1
! Figure 1.1 Argand diagram rep-
: resentation of a complex num-

8 ' ber.

¢ Re(z)

bers in 1806 (Boyer 1968). The point representing a + bj can also be located
using an angle 0 and radius r as shown. From the definitions of sine and
cosine given in (1.25) and (1.26) of Sec. 1.3, it follows that

a=rcos@ b=rsinb

Therefore, z=rcosf +jrsinfd =r(cosf +j sin ) (1.18)

The quantity (cos 6 +j sin ) is sometimes denoted as cis 6. Making use of
(1.58) from Sec. 1.3, we can rewrite (1.18) as

z=rcis 8 =r exp( jO) (1.19)

The form in (1.19) is called the polar form of the complex number z.

Operations on complex numbers in polar form

Consider three complex numbers:

z=r(cos @ +j sin 8) =r exp( jO)
2z, =r;(cos 8, +j sin ;) = r, exp( jb,)

2, =ry(cos 0, + j sin 0,) = r, exp( j6,)

Several operations can be conveniently performed directly upon complex
numbers that are in polar form, as follows.

Multiplication

2,2, =ryry[cos(8, + 0;) +Jj sin(6, + 6,)]
=r,ry exp[j(0; + 62)] (1.20)
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Division
2 - D cos(O; — 6,) +j sin®, — 6,)]
22 Iy
r .
= r_l expl j(6, — 6,)] (1.21)
2
Powers
2™ = r*[cos(nb) + j sin(nh)]
=r" exp( jnb) (1.22)
Roots

ngfmzpﬂ}%c+ﬂmj+jm<0+%iﬂ
n n
= plin exp[@] k= O, 1,2,... (123)

Equation (1.22) is known as De Moivre’s theorem. In 1730, an equation simi-
lar to (1.23) was published by Abraham De Moivre (1667-1754) in his
Miscellanea analytica (Boyer 1968). In Eq. (1.23), for a fixed n as k increases,
the sinusoidal functions will take on only n distinct values. Thus there are n
different nth roots of any complex number.

Logarithms of complex numbers
For the complex number z = r exp( j), the natural logarithm of z is given by
In z = In[r exp( jO)]
= In{r exp[j(6 + 2kn)]}
=(lnr) +jO + 2kn) k=0,1,2,... (1.24)

The principal value is obtained when k =0.

1.3 Trigonometry
For x, y, r, and @ as shown in Fig. 1.2, the six trigonometric functions of the
angle 8 are defined as

Sine: mne_% (1.25)

Cosine: cos B = ; (1.26)
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r Figure 1.2 An angle in the carte-
v sian plane.
8
X
Yy
Tangent: tan § = S (1.27)
r
Cosecant: csc =; (1.28)
r
Secant: sec 0 = p (1.29)
x
Cotangent: cot 8 = 5 (1.30)

Phase shifting of sinusoids

A number of useful equivalences can be obtained by adding particular phase
angles to the arguments of sine and cosine functions:

cos(wt) = sin(wt + g) (1.31)
cos(wt) = cos(wt + 2nn) n = any integer (1.32)
sin(wt) = sin(wt + 2nm) n = any integer (1.33)

. T
sin(wt) = cos(a)t — 5) (1.34)
cos(wt) = cos[wt + (2n + 1)x] n = any intdger (1.35)
sin(wt) = —sin[wt + (2n + 7] n = any integer (1.36)

Trigonometric identities

The following trigonometric identities often prove useful in the design and
analysis of signal processing systems.

tan x = (1.37)
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sin(~x) = —sin x
cos(—x) =cos x
tan(—x) = —tanx
cos’x +sin*x =1
cos? x =% [1 + cos(2x))
sin(x + y) = sin x)(cos y) + (cos y)(sin y)
cos(x + y) = (cos x){(cos ¥) F (sin x)(sin y)

(tan x) + (tan y)
1 — (tan x)(tan y)

tan(x + y) =

sin(2x) = 2(sin x)(cos x)
cos(2x) = cos? x —sin®x

2(tan x)
() = antx

(sin x)(sin y) = %[ —cos(x + y) + cos(x — )]
(cos x)(cos y) = Y[ cos(x + y) + cos(x — )]
(sin x)(cos y) = % [sin(x + y) + sin(x — y)]

x —
+yCOS 4

(sin x) + (sin y) = 2 sin X

2
x—Yy x+y
2 cos 2

x —
+yCOS 2y

X —y
2
A cos(wt + ¥) + B cos(wt + ¢) = C cos(wt + 6)
where C =[A2+ B?— 2AB cos(¢ — )] /2

A siny + B sin ¢
= -1
6 =tan <A cos Y + B cos d))

A cos(wt + ¢) + B sin(wt + ¢) = C cos(wt + 6)
where C=[A?+ B®—2AB sin(¢ — )]/

Asiny — B cos ¢
— -1
6 =tan (A cos¢+Bsin¢)

(sin x) — (sin y) = 2 sin

(cos x) + (cos y) = 2 cos x

+y

sin

(cos x) —(cos y) = — 2sin X

(1.38)
(1.39)
(1.40)
(1.41)
(1.42)
(1.43)
(1.44)

(1.45)

(1.46)
(1.47)

(1.48)

(1.49)
(1.50)
(1.51)

(1.52)

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)
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Euler’s identities

The following four equations, called Euler’s identities, relate sinusoids and
complex exponentials.

e*=cosx +jsinx (1.58)
e *=cosx —jsinx (1.59)
Jjx —Jjx
cosx = Ei;___ (1.60)
) e — e %
sinxy =—————— 1.61
% (1.61)

Series and product expansions

Listed below are infinite series expansions for the various trigonometric
functions (Abramowitz and Stegun 1966).

=] (___1)nx2n+1

sin x = ngo @n 1 D! (1.62)
e (_l)nx2n
cos x = ngo e (1.63)
_ © (_1)n—122n(22n_1)anx2n~1 7
tan x —ngl (2] x| <3 (1.64)
0 —1)» 2nB 2n—1
cotx = ZO( ) 2(2n)2',,x x| <m (1.65)
_ 0 (_1)nE2nx2n n
sec x —ngo—‘—(zn—)!—‘— |x] <§ (166)
O —_ n—1 2n —1 __ 2n —1
cscx = 3 (=D"" 22 DBy, x x| <n (1.67)

(2n)!

n=0

Values for the Bernoulli number B, and Euler number E,, are listed in Tables
1.2 and 1.3, respectively. In some instances, the infinite product expansions
for sine and cosine may be more convenient than the series expansions.

sinx =x ﬁ <1 _i) (1.68)

et n2n2

© 4 2
COos X = n [1——@71,———xl)_§_7;2-] (169)

n=1
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TABLE 1.2 Bernoulli Numbers TABLE 1.3 Euler Numbers
B,=N/D B,=0 forn=35,1,... E, =0 forn=1,3,5,17,...
n N D n E,
0 1 1 0 1
1 -1 2 2 -1
2 1 6 4 5
4 -1 30 6 —61
6 1 42 8 1385
8 -1 30 10 —50521
10 5 66 12 2,702,765
12 —691 2730 14 —199,360,981
14 7 6 16 19,391,512,145
16 —3617 510 18 —2,404,879,675,441
18 43867 798 20 370,371,188,237,525
20 —174611 330

Orthonormality of sine and cosine

Two functions ¢,(¢) and ¢,(¢) are said to form an orthogonal set over the
interval [0, T] if

f ' $,() $(H)dt =0 (1.70)

The functions ¢,(¢) and ¢,(t) are said to form an orthonormal set over the
interval [0, T'] if in addition to satisfying (1.70) each function has unit energy
over the interval

T T
J (¢:(®)]? dt = f [¢(D]*dt =1 (1.71)
0 0

Consider the two signals given by
$1(1) = A sin(w,?) (1.72)
$2(t) = A cos(wpt) (1.73)

The signals ¢, and ¢, will form an orthogonal set over the interval [0, T'] if
woT is an integer multiple of n. The set will be orthonormal as well as
orthogonal if A?=2/T. The signals ¢, and ¢, will form an approximately
orthonormal set over the interval [0, T} if w,T » 1 and A2=2/T. The or-
thonormality of sine and cosine can be derived as follows.
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Substitution of (1.72) and (1.73) into (1.70) yields

T rT
f ¢, (t) Po(t) dt = A2 | sin wyt cos wyt dt
o Jo
A2 (T
= [sin(wyt + wyt) + sin(wyt — w,t)] dt
Jo
2 rT A2 T
= A sin 2wyt dt = — (M)
2 Jo 2 2w, t=0
A2
= (1 —cos 2w,T) (1.74)
4w, T 0

Thus if w, T is an integer multiple of 7, then cos(2w, 1) =1 and ¢, and ¢, will
be orthogonal. If w,T > 1, then (1.74) will be very small and reasonably
approximated by zero; thus ¢, and ¢, can be considered as approximately
orthogonal. The energy of ¢,(¢) on the interval [0, T'] is given by

T

E = J‘T[qbl(t)]2 dt = A2f sin? wyt dt

0

_ Az t  sin 2w,t)|”
2 4wy Jii=o
T sin2w,T
_pyf L _smiwl 1.75
<2 LION > ( )
For ¢, to have unit energy, A? must satisfy
T sin2w, T\ !
A2=<__s1n Wy ) (1.76)
2 4w

When w,T = n=n, then sin 2w, T = 0. Thus (1.76) reduces to

9
A =\[? .77

Substituting (1.77) into (1.75) yields

sin 2w, T

E =1-
! 2w, T

(1.78)

When w,T > 1, the second term of (1.78) will be very small and reasonably
approximated by zero, thus indicating that ¢, and ¢, are approximately
orthonormal. In a similar manner, the energy of ¢,(t) can be found to be

T
E,= Azj cos?® wyt dt
0

T sin20,T
_ A2<_ . sin 2w ) (1.79)
2 40,
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. 2
Thus E,=1 1fA=\/; and w,T =nn

E,=1 ifA=\/—2;~, and w,T» 1

1.4 Derivatives

Listed below are some derivative forms that often prove useful in theoretical

analysis of communication systems.

. u
= 8INU =CO8 U ——

dx dx
i cosu = —sinu qu
dx - dx
—tanu =s du ——l—— du
dx =sec’u - dx cos?udx
icotu csc? u@— 1 _du
dx dx sin®udx

du sinu du
—secu =secutanuy ——=——5——

dx dx cos?udx
— C8C U = —CSc u cot i’f_:ﬁ‘lﬁﬁfi_‘j
dx © n “dxr sintu dx

...d_e"—eugli
d T dx
il u—ldu
d u dx
4, logedu
d T ou dx

Derivatives of polynomial ratios
Consider a ratio of polynomials given by

A(8)

“® =36

B(s)#0

(1.80)

(1.81)

(1.82)

(1.83)

(1.84)

(1.85)

(1.86)

(1.87)

(1.88)

(1.89)

(1.90)
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The derivative of C(s) can be obtained using Eq. (1.89) to obtain
d ., d . a
== C(s) = [B(s)] " - A(s) — A(S)[B(s)] = 5- B(s) (1.91)
ds ds ds

Equation (1.91) will be very useful in the application of the Heaviside
expansion, which is discussed in Sec. 2.6.

1.5 Integration

Large integral tables fill entire volumes and contain thousands of entries.
However, a relatively small number of integral forms appear over and over
again in the study of communications, and these are listed below.

Jl dx=Inx (1.92)
x
1
Je“" dx =—e* (1.93)
a
ax —1
fxe‘”‘ dx = e e (1.94)
. 1
fsm(ax) dx = —3 cos(ax) (1.95)
1 .
fcos(ax) dx = . sin(ax) (1.96)
1
fsin(ax +b)dx = ~ cos(ax + b) (1.97)
jcos(ax +b)dx = al sin(ax + b) (1.98)
. x 1 .
fx sin(ax) dx = 2 cos(ax) + s sin(ax) (1.99)
fx cos(ax) dx =-2 sin(ax) + 515 cos(ax) (1.100)
fsin‘" axdx =222 2ax (1.101)
2 4a
Jcosz ax dx == + sin Zax (1.102)
2 4a

1
sz sin ax dx = P (2ax sin ax + 2 cos ax — a®x? cos ax) (1.103)
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1 .
fx2 cos ax dx = e (2ax cos ax — 2 sin ax + a2x? sin ax) (1.104)
fsinaxdx = —¥% cos x(sin? x + 2) (1.105)
fcosa xdx =Y sin x(cos? x + 2) (1.106)
fsinx cos x dx =Y, sin?x (1.107)
sin(mx) cos(nx) dx = —cos(m —m)x _ cos(m + n)x (m®*#n?
T %m-—n) 2(m + n)
(1.108)
f sin® x cos® x dx = %4 [x — ¥, sin(4x)] (1.109)
_ m+1

fsinx cos™ x dx ~ZCos x (1.110)

m+1

Iinm+1
fsin’"x cos x dx _Hn X (1.111)

m+1

cos™ lxsin*t'x m-1

fcos”‘ xsin"xdx = fcos"“ Zxsin*xdx (m+#—n)

m+n m+n
(1.112)
. —cos™tlxsin®"'x n-—1 )
jcos”‘xsm"xdx= + fcos’"xsm"‘zxdx (m#—n)
m+n m+n
(1.113)
Ju dv=uv—fvdu (1.114)

1.6 Dirac Delta Function

In all of electrical engineering, there is perhaps nothing that is responsible
for more hand-waving than is the so-called delta function, or impulse function,
which is denoted 4(¢) and which is usually depicted as a vertical arrow at the
origin as shown in Fig. 1.3. This function is often called the Dirac delta
function in honor of Paul Dirac (1902-1984), an English physicist who used
delta functions extensively in his work on quantum mechanics. A number of
nonrigorous approaches for defining the impulse function can be found
throughout the literature. A unit impulse is often loosely described as having
a zero width and an infinite amplitude at the origin such that the total area
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3(1)

Figure 1.3 Graphical representa-
tion of the Dirac delta function.

under the impulse is equal to unity. How is it possible to claim that zero
times infinity equals 1? The trick involves defining a sequence of functions
f.() such that

r f,()dt =1 (1.115)
and lim f,(t) =0 for t #0 (1.116)

n-— oo

The delta function is then defined as

5(t) = lim £, () (1.117)
n— oc
Example 1.3 Let a sequence of pulse functions f, (t) be defined as
E lt| < .1_
f.(t) =<2 “n
0 otherwise (1.118)

Equation (1.115) is satisfied since the area of pulse is equal to (2n) - (n/2) =1 for all n.
The pulse width decreases and the pulse amplitude increases as n approaches infinity.
Therefore, we intuitively sense that this sequence must also satisfy (1.116). Thus the
impulse function can be defined as the limit of (1.118) as n approaches infinity. Using
similar arguments, it can be shown that the impulse can also be defined as the limit of a
sequence of sinc functions or gaussian pulse functions.

A second approach entails simply defining 4(¢) to be that function which
satisfies

f ot)ydt =1 and oty =0 fort#0 (1.119)
In a third approach, &(¢) is defined as that function which exhibits the
property

r 5(2) Ft) dt = £(0) (1.120)

While any of these three approaches is adequate to introduce the delta
function into an engineer’s repertoire of analytical tools, none of the three is
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sufficiently rigorous to satisfy mathematicians or discerning theoreticians. In
particular, notice that none of the approaches presented deals with the
thorny issue of just what the value of §(¢) is for ¢ = 0. The rigorous definition
of 6(t) introduced in 1950 by Laurent Schwartz (Schwartz (1950) rejects the
notion that the impulse is an ordinary function and instead defines it as a

distribution.

Distributions
Let S be the set of functions f(x) for which the nth derivative f")(x) exists for
any n and all x. Furthermore, each f(x) decreases sufficiently fast at infinity
such that

lim x"f(x) =0 for all n (1.121)

X — o0

A distribution, often denoted ¢(x), is defined as a continuous linear mapping
from the set S to the set of complex numbers. Notationally, this mapping is
represented as an inner product

f " @ f(x)dx =2 (1.122)

or alternatively

{p(x), f(x)) =2 (1.123)

Notice that no claim is made that ¢ is a function capable of mapping values
of x into corresponding values ¢(x). In some texts (such as Papoulis 1962),
¢(x) 1s referred to as a functional or as a generalized function. The distribu-
tion ¢ is defined only through the impact that it has upon other functions.
The impulse function is a distribution defined by the following:

f "8 £ dt = £(0) (1.124)

The equation (1.124) looks exactly like (1.120), but defining (¢) as a distribu-
tion eliminates the need to tap dance around the issue of assigning a value
to 0(0). Furthermore, the impulse function is elevated to a more substantial
foundation from which several useful properties may be rigorously derived.
For a more in-depth discussion of distributions other than J(¢), the interested
reader is referred to Chap. 4 of Weaver (1989).

Properties of the delta distribution

It has been shown (Weaver 1989; Brigham 1974; Papoulis 1962; Schwartz and
Friedland 1965) that the delta distribution exhibits the following properties:

r @) dt =1 (1.125)

— o0
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5(t) = lim ‘S(t—)—fi'i) (1.126)
J "5t —to) f©) dt = Fity) (L.127)
1
é(at) = — 6(t) (1.128)
la}
5(t)f(®) = F(t)3(t0) (1.129)
5,(t — 1)) % 8,(t —t,) = O[t — (¢, + £,)] (1.130)

In Eq. (1.129), f(¢) is an ordinary function that is continuous at ¢t =¢,, and in
Eq. (1.130) the asterisk denotes convolution.

1.7 Mathematical Modeling of Signals

The distinction between a signal and its mathematical representation is not
always rigidly observed in the signal processing literature. Mathematical
functions that only mode! signals are commonly referred to as “signals,”” and
properties of these models are often taken as properties of the signals
themselves.

Mathematical models of signals are generally categorized as either steady-
state or transient models. The typical voltage output from an oscillator is
sketched in Fig. 1.4. This signal exhibits three different parts—a turn-on
transient at the beginning, an interval of steady-state operation in the middle,
and a turn-off transient at the end. It is possible to formulate a single
mathematical expression that describes all three parts, but for most uses,
such an expression would be unnecessarily complicated. In cases where the
primary concern is steady-state behavior, simplified mathematical expres-

N\/\/\ﬂ O
JAVAVAVRVAS

k/\/\J Turn-off

| transient

! Steady- state

L——_V—J

Turn-on
transient

Figure 1.4 Typical output of an audio oscillator.
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sions that ignore the transients will often be adequate. The steady-state
portion of the oscillator output can be modeled as a sinusoid that theoreti-
cally exists for all time. This seems to be a contradiction to the obvious fact
that the oscillator output exists for some limited time interval between
turn-on and turn-off. However, this is not really a problem; over the interval
of steady-state operation that we are interested in, the mathematical sine
function accurately describes the behavior of the oscillator’s output voltage.
Allowing the mathematical model to assume that the steady-state signal
exists over all time greatly simplifies matters since the transients’ behavior
can be excluded from the model. In situations where the transients are
important, they can be modeled as exponentially saturating and decaying
sinusoids as shown in Figs. 1.5 and 1.6. In Fig. 1.5, the saturating exponential
envelope continues to increase, but it never quite reaches the steady-state
value. Likewise the decaying exponential envelope of Fig. 1.6 continues to
decrease, but it never quite reaches zero. In this context, the steady-state
value is sometimes called an assymptote, or the envelope can be said to
assymptotically approach the steady-state value. Steady-state and transient
models of signal behavior inherently contradict each other, and neither
constitutes a “true” description of a particular signal. The formulation of the
appropriate model requires an understanding of the signal to be modeled and
of the implications that a particular choice of model will have for the
intended application.

x(t)

1_B—uf - - -

€ - -

i ,
C

AN

~

Figure 1.5 Exponentially saturating sinusoid.



Mathematical Review 19

x(t)

»uf

/-\__—~ ‘7-\-—

s

Figure 1.6 Exponentially decaying sinusoid.

Steady-state signal models

Generally, steady-state signals are limited to just sinusoids or sums of
sinusoids. This will include virtually any periodic signals of practical interest
since such signals can be resolved into sums of weighted and shifted sinusoids
using the Fourier analysis techniques presented in Sec. 1.8.

Periodicity. Sines, cosines, and square waves are all periodic functions. The
characteristic that makes them periodic is the way in which each of the
complete waveforms can be formed by repeating a particular cycle of the
waveform over and over at a regular interval as shown in Fig. 1.7.

Definition. A function x(¢) is periodic with a period of T if and only if x(t + nT) = x(¢) for
all integer values of n.

Functions that are not periodic are called aperiodic, and functions that are
“almost” periodic are called quasi-periodic.

Symmetry. A function can exhibit a certain symmetry regarding its position
relative to the origin.

Definition., A function x(t) is said to be even, or to exhibit even symmetry, if for all
t, x(2) = x(—t).

Definition. A function x(¢) is said to be odd, or to exhibit odd symmetry, if for all
¢, x(t) = —x(—1¢).

An even function is shown in Fig. 1.8, and an odd function is shown in Fig. 1.9.
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x(t+T) x(t+2T)

t-T : t : t+T t+27T

x(t} x(t+T)

.........................

P

Figure 1.7 Periodic functions.

A

-t

Figure 1.8 Even-symmetric function.

AN A

V=AY

Figure 1.9 Odd-symmetric function.
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Symmetry may appear at first to be something that is only “nice to know”
and not particularly useful in practical applications where the definition
of time zero is often somewhat arbitrary. This is far from the case, how-
ever, because symmetry considerations play an important role in Fourier
analysis—especially the discrete Fourier analysis that will be discussed in
Chap. 7. Some functions are neither odd nor even, but any periodic function
can be resolved into a sum of an even function and an odd function as given

by
X(t) = Xoyen(£) + Xoaa ()
where xqyeq(f) = Y2[x(¢) + x(—1)]
Xoaalt) = V2 [x(t) — x(—1)]

Addition and multiplication of symmetric functions will obey the following
rules:

Even + even = even
Odd + odd = odd
Odd x odd = even
Even x even = even

Odd x even = odd

Energy signals versus power signals

It is a common practice to deal with mathematical functions representing
abstract signals as though they are either voltages across a 1-Q resistor or
currents through a 1-Q resistor. Since, in either case, the resistance has an
assumed value of unity, the voltage and current for any particular signal will
be numerically equal—thus obviating the need to select one viewpoint over
the other. Thus for a signal x(¢), the instantaneous power p(¢) dissipated in
the 1-Q resistor is simply the squared amplitude of the signal

p@) = |x@)? (1.131)

regardless of whether x(t) represents a voltage or a current. To emphasize the
fact that the power given by (1.131) is based upon unity résistance, it is often
referred to as the normalized power. The total energy of the signal x(f) is then
obtained by integrating the right-hand side of (1.131) over all time:

E= J- N |x()|* dt (1.132)
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and the average power is given by

1 T/2

P=lim — f lx(2)|? dt (1.133)
T— oo T — T/2

A few texts (for example, Haykin 1983) equivalently define the average power

as

1 T
P=1lim — | [|x@®}d: (1.134)
T— o0 -7

If the total energy is finite and nonzero, x(¢) is referred to as an energy signal.
If the average power is finite and nonzero, x(t) is referred to as a power signal.
Note that a power signal has infinite energy, and an energy signal has zero
average power; thus the two categories are mutually exclusive. Periodic
signals and most random signals are power signals, while most deterministic
aperiodic signals are energy signals.

1.8 Fourier Series

Trigonometric forms

Periodic signals can be resolved into linear combinations of phase-shifted
sinusoids using the Fourier series, which is given by

(t) = % + S [a, cos(rwot) + b, sin(nwt)] (1.135)
n=1
2 T/2
where g, = —f x(t) dit (1.136)
T) 70
2 T2
a,=— f x(t) cos(nwyt) dt (1.137)
T —T/2
9 T/2
b,=— x(t) sin(nw,t) dit (1.138)
T]) 70

T = period of x(t)

2
W = 771 = 2nf, = fundamental radian frequency of x(t)

Upon application of the appropriate trigonometric identities, Eq. (1.135) can
be put into the following alternative form:

x(t) =co+ Y, ¢, cos(nwyt —6,) (1.139)

n=1
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where the ¢, and 8, are obtained from q, and b, using

_%
Co= 3 (1.140)
c,=~/ai+b2 (1.141)
_f b
0, =tan -z (1.142)

Examination of (1.135) and (1.136) reveals that a periodic signal contains
only a dc component plus sinusoids whose frequencies are integer multiples
of the original signal’s fundamental frequency. (For a fundamental frequency
of fy, 2f, is the second harmonic, 3f, is the third harmonic, and so on.)
Theoretically, periodic signals will generally contain an infinite number of
harmonically related sinusoidal components. In the real world, however,
periodic signals will contain only a finite number of measurable harmonics.
Consequently, pure mathematical functions are only approximately equal to
the practical signals which they model.

Exponential form

The trigonometric form of the Fourier series given by (1.135) makes it easy to
visualize periodic signals as summations of sine and cosine waves, but
mathematical manipulations are often more convenient when the series is in
the exponential form given by

x(t) = Y c,emfo (1.143)

n = -o0

1 )
where ¢, = -, J x(t) e ~/2mhot d¢ (1.144)
T )r

The integral notation used in (1.144) indicates that the integral is to be
evaluated over one period of x(¢). In general, the values of kn are complex; and
they are often presented in the form of a magnitude spectrum and phase
spectrum as shown in Fig. 1.10. The magnitude and phase values plotted in
such spectra are obtained from c, using

e, | = /IRe(c,)1% + [Im(c,)]? (1.145)
_ . Im(c,,)
8, = tan [__Re(cn)] (1.146)

The complex ¢, of (1.144) can be obtained from the a, and b, of (1.137) and
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,X(w)l

crg{X(w)}

Figure 1.10 Magnitude and phase spectra.

(1.138) using

ib
Gn ¥ 100 _;j & n<0
¢, =< a, =0 (1.147)
—ib
a, 2] n n>0

Conditions of applicability

The Fourier series can be applied to almost all periodic signals of practical
interest. However, there are some functions for which the series will not
converge. The Fourier series coefficients are guaranteed to exist and the
series will converge uniformly if x(¢) satisfies the following conditions:

1. The function x(?) is a single-valued function.

2. The function x(f) has at most a finite number of discontinuities within
each period.

3. The function x(f) has at most a finite number of extrema (that is, maxima
and minima) within each period.
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4. The function x() is absolutely integrable over a period:
f 20| dt < o0 (1.148)
T

These conditions are often called the Dirichlet conditions in honor of Peter
Gustav Lejeune Dirichlet (1805-1859) who first published them in the 1828
issue of Journal fiir die reine und angewandte Mathematik (commonly known
as Crelle’s Journal). In applications where it is sufficient for the Fourier
series coefficients to be convergent in the mean, rather than uniformly
convergent, it suffices for x(¢) to be integrable square over a period:

J |x(®)|? dt < o0 (1.149)
T

For most engineering purposes, the Fourier series is usually assumed to be
identical to x(¢) if conditions 1 through 3 plus either (1.148) or (1.149) are
satisfied.

Properties of the Fourler series

A number of useful Fourier series properties are listed in Table 1.4. For ease
of notation, the coefficients ¢, corresponding to x(t) are denoted as X(n), and
the ¢, corresponding to y(t) are denoted as Y(n). In other words, the Fourier
series representations of x(t) and y(t) are given by

= 3 X exp(j 2;'”) (1.150)

¥t) = i Y(n) exp(jzgnt) (1.151)

n= —ao

TABLE 1.4 Properties of the Fourler Series
[Note: x(t), y(t), X(n), and Y(n) are as given in Egs. (1.150) and (1.151).]

Property Time function Transform

. Homogeneity

2. Additivity

3. Linearity

. Multiplication
. Convolution
. Time shifting

. Frequency shifting

ax(t)
x(t) + ¥
ax(t) + by(t)

x(®)y @)

1 T
—T—,'[; x(t —1)y(r) dt

x(t — 1)

exp(jzz,mt>x(t)

aX(n)
X(n) + Y(n)
aX(n) + bY(n)

§ X(n —m)Y(m)

m= —oo

X(n)Y(n)

exp( =i ;nnr )X (n)

X(n —m)
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where T is the period of both x(f) and y(t). In addition to the properties listed
in Table 1.4, the Fourier series coefficients exhibit certain symmetries. If (and
only if) x(t) is real, the corresponding FS coeflicients will exhibit even
symmetry in their real part and odd symmetry in their imaginary part:

Im[x(f)] =0 < Re[X(—n)] = Re[X(n)]
Im[X(—n)] = —Im[X(n)] (1.152)
Equation (1.152) can be rewritten in a more compact form as
Im[x(®)] =0 < X(—n)=X*(n) (1.153)

where the superscript asterisk indicates complex conjugation. Likewise for
purely imaginary x(¢), the corresponding FS coefficients will exhibit odd
symmetry in their real part and even symmetry in their imaginary part:

Re[x(®)] =0 = X(—n) = —[X*(n)] (1.154)

If and only if x(¢) is (in general) complex with even symmetry in the real part
and odd symmetry in the imaginary part, then the corresponding FS co-
efficients will be purely real:

x(—2t) =x*@) < Im[X(n)] =0 (1.156)

If and only if x(¢) is (in general) complex with odd symmetry in the real part
and even symmetry in the imaginary part, then the corresponding FS co-
efficients will be purely imaginary:

2(—t) = —[x*{) < Re[X(n)] =0 (1.156)

In terms of the amplitude and phase spectra, Eq. (1.153) means that for real
signals, the amplitude spectrum will have even symmetry and the phase
spectrum will have odd symmetry. If x(¢) is both real and even, then both
(1.153) and (1.155) apply. In this special case, the FS coeflicients will be both
real and even symmetric. At first glance, it may appear that real even-sym-
metric coefficients are in contradiction to the expected odd-symmetric phase
spectrum; but in fact there is no contradiction. For all the positive real
coefficients, the corresponding phase is of course zero. For each of the
negative real coeflicients, we can choose a phase value of either plus or minus
180°. By appropriate selection of positive and negative values, odd symmetry
in the phase spectrum can be maintained.

Fourier series of a square wave

Consider the square wave shown in Fig. 1.11. The Fourier series representa-
tion of this signal is given by

=3 e exp<j2;,nt> (1157)

n= —aw




Mathematical Review 27
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Figure 1.11 Square wave.
TA nt

where ¢, = — sinc| — 1.158
re ¢, =5 (T) ( )

Since the signal is both real and even symmetric, the FS coeflicients are real
and even symmetric as shown in Fig. 1.12. The corresponding magnitude
spectrum will be even, as shown in Fig. 1.13a. Appropriate selection of +180°
values for the phase of negative coefficients will allow an odd-symmetric
phase spectrum to be plotted as in Fig. 1.13b.
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Figure 1.12 Fourier series for a square wave.
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Figure 113 Fourier series (a) amplitude and (b) phase spectra for a square wave.

Parseval’s theorem

The average power (normalized for 1 Q) of a real-valued periodic function of
time can be obtained directly from the Fourier series coeflicients by using

Parseval’s theorem:

1
=7 L lx(®)|* dt

= Y |eafP=ci+ 2_211/212% K (1.159)

n=—oo

1.9 Fourier Transform

The Fourier transform is defined as

X(f) = joo x(2) e 72t dt (1.160)

— o0
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or in terms of the radian frequency w = 2xnf:

X(w) = j x(t) e 7 dt (1.161)
The inverse transform is defined as
x(t) = J X(f) e df (1.162a)
1 (= )
=— f X(w) e’ dw (1.162b)
2n |_ o

There are a number of different shorthand notations for indicating that x(¢)
and X(f) are related via the Fourier transform. Some of the more common
notations include:

X(f) = #[x(D)] (1.163)

x(t) = F [X(f)] (1.164)

x(t) o X(f) (1.165)

x(t) — X(f) (1.166)
IFT

x(t) <& X(f) (1.167)

The notation used in (1.163) and (1.164) is easiest to typeset, while the
notation of (1.167) is probably the most difficult. However, the notation of
(1.167) is used in the classic work on fast Fourier transforms described by
Brigham (1974). The notations of (1.165) and (1.166), while more difficult to
typeset, offer the flexibility of changing the letters FT to FS, DFT, or DTFT
to indicate, respectively, “Fourier series,” “discrete Fourier transform,” or
“discrete-time Fourier transform” as is done in Roberts and Mullis (1987).
(The latter two transforms will be discussed in Chap. 6.) The form used in
(1.166) is perhaps best saved for tutorial situations (such as Rorabaugh 1986)
where the distinction between the transform and inverse transform needs to
be emphasized. Strictly speaking, the equality shown in (1.164) is incorrect,
since the inverse transform of X(f) is only guaranteed to approach x(¢) in the
sense of convergence in the mean. Nevertheless, the notation of Eq. (1.164)
appears often throughout the engineering literature. Often the frequency
domain function is written as X(jw) rather than X(w) in order to facilitate
comparison with the Laplace transform. We can write

oo

X(jw) =J x(t) e 7t dt (1.168)

and realize that this is identical to the two-sided Laplace transform defined

by Eq. (2.21) with jw substituted for s. A number of useful Fourier transform
properties are listed in Table 1.5.
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TABLE 1.5 Properties of the Fourier Transform

Time function Transform

Property x(t) XN

1. Homogeneity ax(t) aX(f)
2. Additivity x(t) + ¥(t) X(f) + Y(f)

3. Linearity

4. Differentiation

5. Integration

6. Frequency shifting
7. Sine modulation
8. Cosine modulation

9. Time shifting

10. Time convolution

11. Multiplication

12. Time and frequency scaling

13. Duality
14. Conjugation

15. Real part

16. Imaginary part

ax(t) + by(t)

n

d
— x(t
dt,,x()

f ' x(t) dt

e ~i2mfoty(t)
x(t) sin(2nfyt)
x(t) cos(2nfyt)

x(t —1)

jw h(t — 1) x(1) dt

x()y(t)

0
x| — a>0
a
X()
x*(t)

Re[x(?)]

Im[x(t)]

aX(f) +bY(f)
(j2nf)"X(f)

X(f 1
72*;; +§X(0) (f)

X(f+/o)
WIX(f —fo) + X(f +fo)]
BIX(f —fo) = X(f +fo)]

e " X(f)

H(f)X(f)

J © XY - da

— 0

aX(af)

2(—f)
X*(—f)
YIX(f) + X*(—N)]

L x) - X%~
2

Fourier transforms of periodic signals

Often there is a requirement to analyze systems that include both periodic
power sighals and aperiodic energy signals. The mixing of Fourier transform
results and Fourier series results implied by such an analysis may be quite
cumbersome. For the sake of convenience, the spectra of most periodic
signals can be obtained as Fourier transforms that involve the Dirac delta
function. When the spectrum of a periodic signal is determined via the
Fourier series, the spectrum will consist of lines located at the fundamental
frequency and its harmonics. When the spectrum of this same signal is
obtained as a Fourier transform, the spectrum will consist of Dirac delta
functions located at the fundamental frequency and its harmonics. Obvi-
ously, these two different mathematical representations must be equivalent
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in their physical significance. Specifically, consider a periodic signal x,(?)
having a period of 7. The Fourier series representation of x,(t) is obtained
from Eq. (1.143) as

x j2nnt
x,(t) = _Z; c, exp(j ;n > (1.169)

We can then define a generating function x(t) that is equal to a single period
of x,(t):

T

= 1.17
*®) 0 elsewhere ( 0)

The periodic signal x,(f) can be expressed as an infinite summation of
time-shifted copies of x(2):
e}

x,() = Y x(t—nT) (1.171)

= — o0

The Fourier series coefficients ¢, appearing in (1.169) can be obtained as

1 n
c, = 71X<_7_1> (1.172)

where X(f) is the Fourier transform of x(¢). Thus, the Fourier transform of
x,(t) can be obtained as

Fla, 0] =% i X(%) 5<f—%) (1.173)

Common Fourier transform pairs

A number of frequently encountered Fourier transform pairs are listed in
Table 1.6. Several of these pairs are actually obtained as Fourier transforms-
in-the-limit.

1.10 Spectral Density

Energy spectral density

The energy spectral density of an energy signal is defined as the squared
magnitude of the signal’s Fourier transform:

S.(f)=|X(H (1.174)

Analogous to the way in which Parseval’s theorem relates the Fourier series
coefficients to the average power of a power signal, Rayleigh’s energy theorem
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TABLE 1.6 Some Common Fourier Transform Pairs

Pair
No. x(t) X(w) X(f)
1 1 2n &(w) of)
1 1 1
2 — & — 4+ -4
u(®) o + 7 dw) 27rf+2 (f)
3 o(t) 1 1
4 ¢ 2j" 6™(w) (L> 3™(f)
2n
5 sin wyt jnldlow + wy) — 8w — w,)) JE [6(f + fo) = o(f — fo)]
6 cos wyt 8w + wy) + 8w — wy)] Yl6(f + fo) + 8(f — fu)]
1 1
7 —at t s
e w0 jo+a J2nf +a
. 20 27,
8 tye t —_—
“(t) e sin o (@ +jw)® + wf (@ +27f)2 + (2nfy)?
a+jo a +j2nf
9 tye 4 —_—
ta() e cos o, (@ +jo)’ + o} (@ +j2n)2 + (2nfy)*
1 Jt|<% . (o .
10 —
{0 elsewhere S 2n sincf
i < <Y
I sine & S0 nt 1 |w|<n 1 |fl<%
nt 0 elsewhere 0 elsewhere
12 at exp(—at) t>0 a a
0 elsewhere (a + jw)? (a +j2nf)?
2a 2a
1 —_ -
3 exp(—alt) a?+ w? a2+ 4n?%f?
’ 1 t>0 9 1
14 signum ¢t £ 0 t=0 — ——f
-1 t<0 e I7

relates the Fourier transform to the total energy of an energy signal as

follows:

= | pora-|" sina= [ xora

(1.175)

In many texts where x(¢) is assumed to be real valued, the absolute-value
signs are omitted from the first integrand in (1.175). In some texts (such as
Kanefsky 1985), Eq. (1.175) is loosely referred to as ‘“Parseval’s theorem.”
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Power spectral density of a periodic signal
The power spectral density (PSD) of a periodic signal is defined as the squared
magnitude of the signal’s line spectrum obtained via either a Fourier series
or a Fourier transform with impulses. Using the Dirac delta notational
conventions of the latter, the PSD is defined as
n
x[ =
%)

1 s n
S,(f) =Fn=2w 5(f—7,)
where T is the period of the signal x(t). Parseval’s theorem as given by Eq.
(1.159) of Sec. 1.8 can be restated in the notation of Fourier transform spectra
as

2

(1.176)

(1.177)







Chapter

Filter Fundamentals

Digital filters are often based upon common analog filter functions. There-
fore, a certain amount of background material concerning analog filters is a
necessary foundation for the study of digital filters. This chapter reviews the
essentials of analog system theory and filter characterization. Some common
analog filter types—Butterworth, Chebyshev, elliptical, and Bessel—are
given more detailed treatment in subsequent chapters.

1.2 Systems

Within the context of signal processing, a system is something that accepts
one or more input signals and operates upon them to produce one or more
output signals. Filters, amplifiers, and digitizers are some of the systems used
in various signal processing applications. When signals are represented as
mathematical functions, it is convenient to represent systems as operators
that operate upon input functions to produce output functions. Two alterna-
tive notations for representing a system H with input x and output y are
given in Egs. (2.1) and (2.2). Note that x and y can each be scalar valued or
vector valued.

y = Hlx] (2.1)
y=Hx (2.2)

This book uses the notation of Eq. (2.1) as this is less likely to be confused
with multiplication of x by a value H.

A system H can be represented pictorially in a flow diagram as shown in
Fig. 2.1. For vector-valued x and y, the individual components are sometimes
explicitly shown as in Fig. 2.2a or lumped together as shown in Fig. 2.2b.
Sometimes, in order to emphasize their vector nature, the input and output
are drawn as in Fig. 2.2¢.

35
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Xp — Yy
X e —— Y2
. H[ ] .
. _.-) Ym
X ———d
(a)
X —— H[] — Y

. , x > H[ ] — >y
——y H[ ] f——>

(¢)
Figure 2.1 Pictorial representation of a Figure 2.2 Pictorial representation of a
system. system with multiple inputs and out-

puts.

In different presentations of system theory, the notational schemes used
exhibit some variation. The more precise treatments (such as Chen 1984) use
x or x(*) to denote a function of time defined over the interval (— o0, o). A
function defined over a more restricted interval such as [t,,¢;) would be
denoted as x, ,,,. The notation x(t) is reserved for denoting the value of x at
time ¢. Less precise treatments (such as Schwartz and Friedland 1965) use x(t)
to denote both functions of time defined over ( — o0, c0) and the value of x at
time ¢. When not evident from context, words of explanation must be included
to indicate which particular meaning is intended. Using the less precise
notational scheme, (2.1) could be rewritten as

¥(t) = H[x(?)] (2.3)

While it appears that the precise notation should be the more desirable, the
relaxed conventions exemplified by (2.3) are widespread in the literature.

Linearity

If the relaxed system H is homogeneous, multiplying the input by a constant
gain is equivalent to multiplying the output by the same ¢onstant gain, and
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x(t) H ] a vt

() —— H[ ] ayl

Figure 23 Homogeneous system.

the two configurations shown in Fig. 2.3 are equivalent. Mathematically
stated, the relaxed system H is homogeneous if, for constant a,

Hlax] = a H[x] (2.4)

If the relaxed system H is additive, the output produced for the sum of two
input signals is equal to the sum of the outputs produced for each input
individually, and the two configurations shown in Fig. 2.4 are equivalent.
Mathematically stated, the relaxed system H is additive if

Hix, + x,] = H[x,] + H[x,] (2.5)

A system that is both homogeneous and additive is said to “exhibit
superposition” or to ‘“satisfy the principle of superposition.” A system that
exhibits superposition is called a linear system. Under certain restrictions,
additivity implies homogeneity. Specifically, the fact that a system H is
additive implies that

Hloax] = a H[x] (2.6)

for any rational o. Any real number can be approximated with arbitrary
precision by a rational number; therefore, additivity implies homogeneity for
real a provided that

lim H{ax] = H[ax) (2.7)
Time invariance

The characteristics of a time-invariant system do not change over time. A
system is said to be relaxed if it is not still responding to any previously
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x(t)

()

) ——— H ]

Figure 2.4 Additive system.

applied input. Given a relaxed system H such that
y(@® = H[x(@®)] (2.8)
then H is time invariant if and only if
¥t ~1) =Hlx(t — 1) (2.9)

for any 1 and any x(f). A time-invariant system is also called a fixed system or
stationary system. A system that is not time invariant is called a time-varying
system, variable system, or nonstationary system.

Causality

In a causal system, the output at time ¢ can depend only upon the input at
times ¢ and prior. Mathematically stated, a system H is causal if and only if

Hlx,(®)] = H[x,(®)] for t < ¢, (2.10)
given that
x,(2) = x,(2) for t <,

A noncausal or anticipatory system is one in which the present output de-
pends upon future values of the input. Noncausal systems occur in theory,
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but they cannot exist in the real world. This is unfortunate, since we will
often discover that some especially desirable frequency responses can be
obtained only from noncausal systems. However, causal realizations can be
created for noncausal systems in which the present output depends at most
upon past, present, and a finite extent of future inputs. In such cases, a
causal realization is obtained by simply delaying the output of the system for
a finite interval until all the required inputs have entered the system and are
available for determination of the output.

2.2 Characterization of Linear Systems

A linear system can be characterized by a differential equation, step re-
sponse, impulse response, complex-frequency-domain system function, or a
transfer function. The relationships among these various characterizations
are given in Table 2.1.

Impulse response

The impulse response of a system is the output response produced when a unit
impulse 8(¢) is applied to the input of a previously relaxed system. This is an
especiaily convenient characterization of a linear system, since the response

TABLE 2.1 Relationships among Characterizations of Linear Systems

Starting with Perform To obtain
Time domain differential Laplace transform Complex-frequency-domain
equation relating x(¢) system function
and y(t)
Compute y(2) for Impulse response h(t)

x(t) = unit impulse

Compute y(t) for Step response a(t)
x(¢) = unit step

Step response a(t) Differentiate with respect Impylse response h(t)
to time
Impulse response h(t) Integrate with respect Step :response a(t)
to time
Laplace transform Transfer function H(s)
Complex-frequency-domain Solve for Transfer function H(s)
system function
Hs) Y(s)
8) =——
X(s)

Transfer function H(s) Inverse Laplace transform Impulse response h(t)
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y(t) to any continuous-time input signal x(¢) is given by

=2}
y(t) = J x(t) h(t, 7) dt (2.11)
where h(Z, ) denotes the system’s response at time ¢ to an impulse applied at
time 7. The integral in (2.11) is sometimes referred to as the superposition
integral. The particular notation used indicates that, in general, the system is
time varying. For a time-invariant system, the impulse response at time ¢
depends only upon the time delay from 7 to ¢; and we can redefine the impulse
response to be a function of a single variable and denote it as A(t — 7).
Equation (2.11) then becomes

y(t) = Jw x(t) h(t — 1) dr (2.12)

— 0

Via the simple change of variables A =¢ — 1, Eq. (2.12) can be rewritten as

y(@t) = jw x(t — A) h(A) dA (2.13)

— o0

If we assume that the input is zero for t < 0, the lower limit of integration can
be changed to zero; and if we further assume that the system is causal, the
upper limit of integration can be changed to t, thus yielding

y@) = ft 2(t) h(t — 1) dt = ft x(t — ) h(4) dA (2.14)

0

The integrals in (2.14) are known as convolution integrals, and the equation
indicates that “y(¢f) equals the convolution of x(t) and h(t).” It is often more
compact and convenient to denote this relationship as

¥(&) = x() @ h(t) = h(t) @ x(2) (2.15)

Various texts use different symbols, such as stars or asterisks, in place of ®
to indicate convolution. The asterisk is probably favored by most printers,
but in some contexts its usage to indicate convolution could be confused with
the complex conjugation operator. A typical system’s impulse response is
sketched in Fig. 2.5.

Step response

The step response of a system is the output signal produced when a unit step
u(t) is applied to the input of the previously relaxed system. Since the unit
step is simply the time integration of a unit impulse, it can easily be shown
that the step response of a system can be obtained by integrating the impulse
response. A typical system’s step response is shown in Fig. 2.6.
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h(t}

Figure 2.5 Impulse response of a
LN t typical system.

a(t)

Figure 2.6 Step response of a typical system.

2.3 Laplace Transform

The Laplace transform is a technique that is useful for transforming differen-
tial equations into algebraic equations that can be more easily manipulated
to obtain desired results.

In most communications applications, the functions of interest will usually
(but not always) be functions of time. The Laplace transform of a time
function x(¢) is usually denoted as X(s) or Z[x(¢)] and is defined by

@

X(s) = L[x()] =J x(t)e * dt (2.16)
The complex variable s is usually referred to as complex frequency and is of
the form o + jw, where ¢ and w are real variables sometimes referred to as
neper frequency and radian frequency, respectively. The Laplace transform for
a given function x(¢) is obtained by simply evaluating the given integral.
Some mathematics texts (such as Spiegel 1965) denote the time function with
an uppercase letter and the frequency function with a lowercase letter.
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However, the use of lowercase for time functions is almost universal within
the engineering literature.

If we transform both sides of a differential equation in ¢ using the definition
(2.16), we obtain an algebraic equation in s that can be solved for the desired
quantity. The solved algebraic equation can then be transformed back into
the time domain by using the inverse Laplace transform.

The inverse Laplace transform is defined by

x(t) = % [X(s)] = él?; f X(s) e* ds (2.17)
C

where C is a contour of integration chosen so as to include all singularities
of X(s). The inverse Laplace transform for a given function X(s) can be
obtained by evaluating the given integral. However, this integration is often
a major chore—when tractable, it will usually involve application of the
residue theorem from the theory of complex variables. Fortunately, in most
cases of practical interest, direct evaluation of (2.16) and (2.17) can be
avoided by using some well-known transform pairs, as listed in Table 2.2,
along with a number of transform properties presented in Sec. 2.4.

TABLE 2.2 Laplace Transform Pairs

Ref. no. x(t) X(s)
1
1 1 -
s
1
2 u, () -
s
3 () 1
1
4 t 3—2
n!
5 t sn+l
6 in ot hd
sin w
52+ w?
s
7 cos wt —_—
32+ w?
8 e~ 1
s+a
w
9 e~ % sin wt —_
s+a)?+w?
S+a
10 e % coswt

(s +a)?+w?
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Example 2.1 Find the Laplace transform of x(t) =e ~*.

solution X(s) = J e destdt (2.18)
o
=j ot o gy (2.19)
o
1
= (2.20)

Notice that this result agrees with entry 8 in Table 2.2.

Background

The Laplace transform defined by Eq. (2.16) is more precisely referred to as
the one-sided Laplace transform, and it is the form generally used for the
analysis of causal systems and signals. There is also a two-sided transform
that is defined as

Fulx(@®)] = f x(t) e dt (2.21)
The Laplace transform is named for the French mathematician Pierre Simon
de Laplace (1749-1827).

2.4 Properties of the Laplace Transform

Some properties of the Laplace transform are listed in Table 2.3. These
properties can be used in conjunction with the transform pairs presented in
Table 2.2, to obtain most of the Laplace transforms that will ever be needed
in practical engineering situations. Some of the entries in the table require
further explanation, which is provided below.

Time shifting

Consider the function f(t) shown in Fig. 2.7a. The function has nonzero
values for ¢ <0, but since the one-sided Laplace transform integrates only
over positive time, these values for ¢ <0 have no impact an the evaluation of
the transform. If we now shift f(¢) to the right by 7 units as shown in Fig. 2.7b,
some of the nonzero values from the left of the origin will be moved to the
right of the origin, where they will be included in the evaluation of the
transform. The Laplace transform’s properties with regard to a time-shift
right must be stated in such a way that these previously unincluded values
will not be included in the transform of the shifted function either. This can
be easily accomplished through multiplying the shifted function f(t — 1) by a
shifted unit step function u,(t —7) as shown in Fig. 2.7c. Thus we have

Llu, ¢t —)ft—1)] =e = F(s) a>0 (2.22)
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TABLE 2.3 Properties of the Laplace Transform

Property Time function Transform
1. Homogeneity a f(t) a F(s)
2. Additivity @) + g@t) F(s) + G(s)
3. Linearity af(t) +bg@t) a F(s) + b G(s)
4. First derivative %f(t) s F(s) - f(0)
oL d? d
5. Second derivative e f(@® s F(s) —s f(0) — o f(0)
a® k-1
6. kth derivative oE f(@® skF() = Y gk—1-nfm™(0)
n=0
t t]
7. Integration J f(Ddr @ + l < (@) d‘t)
—oo 8 8 - 00 t=0
¢ F
f f@) dr il
N s
8. Frequency shift e % f(1) X(s +a)
9. Time shift right ut—1)ft—r1) e~ F(s) a>0
10. Time shift left fit+r),fi®) =0 forO<t<rt e™ F(s)
t]
11. Convolution wt) =J‘ h(t — 1) x(z) dt Y(s) = H(s) X(s)
o
1 ¢ + joo
12. Multiplication f(®) g®) F(s—r)G@r)dr

27[.] c —jao
0'3<C<0’—0',

Notes: f*X¢) denotes the kth derivative of f(£). fO@) = f(t).

Consider now the case when f(¢) is shifted to the right. Such a shift will move
a portion of f(¢) from positive time, where it is included in the transform
evaluation, into negative time, where it will not be included in the transform
evaluation. The Laplace transform’s properties with regard to a time shift left
must be stated in such a way that all included values from the unshifted
function will likewise be included in the transform of the shifted function.
This can be accomplished by requiring that the original function be equal to
zero for all values of ¢ from zero to 1, if a shift to the left by 7 units is to be
made. Thus for a shift left by 7 units

Zlfit+1)] =F(s)e™ if f(() =0 for0<t<r (2.23)

Multiplication

Consider the product of two time functions f(¢) and g(¢). The transform of the
product will equal the complex convolution of F(s) and G(s) in the frequency
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(a) (1)

(b) f(t-7)

(c) uft-x) f(t-7)

Figure 2.7 Signals for explanation of the Laplace transform’s “‘time-shift-right”
property.

domain.

1 ¢ + joo
2110 80) = 5 f F(s—nG(rdr o ,<c<o—o, (2.24)
¢ — joo

2.5 Transfer Functions

The transfer function H(s) of a system is equal to the Laplace transform of the
output signal divided by the Laplace transform of the input signal:

_ ¥ _ £1y0)]
=X(s) ~ Z1x(0)] (2.25)

It can be shown that the transfer function is also equal to the Laplace
transform of the system’s impulse response:

H(s) = £[r(®)] (2.26)

H(s)
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Therefore, ¥(t) =% H{H(@S) L)} (2.27)

Equation (2.27) presents an alternative to the convolution defined by Eq.
(2.14) for obtaining a system’s response y(f) to any input x(f), given the
impulse response h(t). Simply perform the following steps:

Compute H(s) as the Laplace transform of A(¢).
Compute X(s) as the Laplace transform of x(f).
Compute Y(s) as the product of H(s) and X(s).

Compute y(t) as the inverse Laplace transform of Y(s). (The Heaviside
expansion presented in Sec. 2.6 is a convenient technique for performing
the inverse transform operation.)

- WD

A transfer function defined as in (2.25) can be put into the form

P()
Q(s)

where P(s) and @(s) are polynomials in s. For H(s) to be stable and realiz-
able in the form of a lumped-parameter network, it can be shown (Van
Valkenburg 1974) that all of the coeflicients in the polynomials P(s) and Q(s)
must be real. Furthermore, all of the coefficients in @Q(s) must be positive.
The polynomial (s) must have a nonzero term for each degree of s from the
highest to the lowest, unless all even-degree terms or all odd-degree terms
are missing. If H(s) 1s a voltage ratio or current ratio (that is, the input and
output are either both voltages or both currents), the maximum degree of s
in P(s) cannot exceed the maximum degree of s in Q(s). If H(s) is a transfer
impedance (that is, the input is a current and the output is a voltage) or a
transfer admittance (that is, the input is a voltage and the output is a
current), then the maximum degree of s in P(s) can exceed the maximum
degree of s in Q(s) by at most 1. Note that these are only upper limits on the
degree of s in P(s); in either case, the maximum degree of s in P(s) may be
as small as zero. Also note that these are necessary but not sufficient
conditions for H(s) to be a valid transfer function. A candidate H(s) satisfy-
ing all of these conditions may still not be realizable as a lumped-parameter
network.

H(s) = (2.28)

Example 2.2 Consider the following alleged transfer functions:

$2—~25+1

B =G g8 1 (229
s +25%4+2s2—3s+1
= 2.30
Hy(s) s34+ 382+ 35 +2 (2:30)
2 _
Hy(s) == 241 (2.31)

834+ 33241
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TABLE 2.4 System Characterizations Obtained from the Transfer Function

Starting with Perform To obtain
Transfer function H(s) Compute roots of H(s) denominator Pole locations
Compute roots of H(s) numerator Zero locations
Compute |H( jw)| over all ® Magnitude response A(w)
Compute arg[H( jw)} over all @ Phase response 6(w)
Phase response 6(w) Divide by o Phase delay t,(w)
Differentiate with respect to w Group delay 1,(w)

Equation (2.29) is not acceptable because the coefficient of s? in the denominator is
negative. If Eq. (2.30) is intended as a voltage- or current-transfer ratio, it is not
acceptable because the degree of the numerator exceeds the degree of the denominator.
However, if Eq. (2.30) represents a transfer impedance or transfer admittance, it may be
valid since the degree of the numerator exceeds the degree of the denominator by just 1.
Equation (2.31) is not acceptable because the term for s is missing from the denominator.

A system’s transfer function can be manipulated to provide a number of
useful characterizations of the system’s behavior. These characterizations
are listed in Table 2.4 and examined in more detail in subsequent sections.

Some authors, such as Van Valkenburg (1974), use the term ‘“network
function” in place of “transfer function.”

2.6 Heaviside Expansion

The Heaviside expansion provides a straightforward computational method
for obtaining the inverse Laplace transform of certain types of complex-
frequency functions. The function to be inverse-transformed must be ex-
pressed as a ratio of polynomials in s, where the order of the denominator
polynomial exceeds the order of the numerator polynomial. If

P(s)
H(s) = Ky—= 2.32
6 = Ko gy s (232)
where Q(s) = [ (s —8,)™ = (s —51)™(s —82)™ " - (s —5,)"™" (2.33)
k=1

then inverse transformation via the Heaviside expansion yields

LOHE =K, Y Y, [Kut™ * exp(s, 1) (2.34)
r=1%k=1
1 d*=1 [ (s —s,)m,P(s)

where K,, = & —Dim —R)lds* [ ) :L:sr (2.35)

A method for computing the derivative in (2.35) can be found in Section 1.4.
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Simple pole case

The complexity of the expansion is significantly reduced for the case of €(s)
having no repeated roots. The denominator of (2.32) is then given by

Q)= J] s—s)=(s—8.)s—82) """ (s —8,) s1#8#83%# "5, (2.36)
E=1
Inverse transformation via the Heaviside expansion then yields

£ ~'[H(s)] = K, zn: K, e*! (2.37)

_ [ = 3)P@)
where K, = [ Q) :|s=s, (2.38)

The Heaviside expansion is named for Oliver Heaviside (1850-1925), an
English physicist and electrical engineer who was the nephew of Charles
Wheatstone (as in Wheatstone bridge).

2.7 Poles and Zeros

As pointed out previously, the transfer function for a realizable linear
time-invariant system can always be expressed as a ratio of polynomials in s:

P(s)
Q(s)
The numerator and denominator can each be factored to yield
(8 —21)(8 —2,)(s —23) - (8 — 2p)
H(s) = H, (2.40)
(s —p)(s —Pa)(s —p3) (5 — Pn)
Where the roots z, z,,..., 2, of the numerator are called zeros of the
transfer function, and the roots p,, p,, ..., p, of the denominator are called

poles of the transfer function. Together, poles and zeros can be collectively
referred to as critical frequencies. Each factor (s — z;) is called a zero factor,
and each factor (s —p;) is called a pole factor. A repeated zero appearing n
times is called either an nth-order zero or a zero of multiplicity n. Likewise,
a repeated pole appearing n times is called either an nth-order pole or a pole
of multiplicity n. Nonrepeated poles or zeros are sometimes described as
simple or distinct to emphasize their nonrepeated nature.

Example 2.3 Consider the transfer function given by

83+ 582 +8s+4

2.41
s%+ 1352+ 59s + 87 (24D)

H(s) =
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The numerator and denominator can be factored to yield

(s +2%(s+1)
(s+5+2/)(s+5—2/)s+3)

Examination of (2.42) reveals that

H(s) = (2.42)

s = —1 is a simple zero

s = —2 is a second-order zero
s= —5+ 2j is a simple pole
s= —5—2j is a simple pole

s= —3 is a simple pole

A system’s poles and zeros can be depicted graphically as locations in a
complex plane as shown in Fig. 2.8. In mathematics, the complex plane itself
is called the gaussian plane, while a plot depicting complex values as points
in the plane is called an Argand diagram or a Wessel-Argand-Gaussian
diagram. In the 1798 transactions of the Danish academy, Caspar Wessel
(1745-1818) published a technique for graphical representation of complex
numbers, and Jean Robert Argand published a similar technique in 1806.
Geometric interpretation of complex numbers played a central role in the
doctoral thesis of Gauss.

Pole locations can provide convenient indications of a system’s behavior as
indicated in Table 2.5. Furthermore, poles and zeros possess the following
properties that can sometimes be used to expedite the analysis of a system:

1. For real H(s), complex or imaginary poles and zeros will each occur in
complex conjugate pairs that are symmetric about the ¢ axis.

.
.
n

xl.-.__
'
[

n

0= zero

X = pole

Figure 2.8 Plot of pole and zero locations.
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TABLE 2.5 Impact of Pole Locations upon System Behavlor

Corresponding
Corresponding natural description of system
Pole type response component behavior

Single real, negative Decaying exponential Stable
Single real, positive Divergent exponential Divergent instability
Real pair, negative, unequal Decaying exponential Overdamped (stable)
Real pair, negative equal Decaying exponential Critically damped (stable)
Complex conjugate pair Exponentially decaying Underdamped (stable)
with negative real parts sinusoid
Complex conjugate pair Sinusoid Undamped (marginally
with zero real parts stable)
Complex conjugate pair Exponentially saturating Oscillatory instability
with positive real parts sinusoid

2. For H(s) having even symmetry, the poles and zeros will exhibit symmetry
about the jw axis.
3. For nonnegative H(s), any zeros on the jw axis will occur in pairs.

In many situations, it is necessary to determine the poles of a given transfer
function. For some systems, such as Chebyshev filters or Butterworth filters,
explicit expressions have been found for evaluation of pole locations. For
other systems, such as Bessel filters, the poles must be found by numerically
solving for the roots of the transfer function’s denominator polynomial.
Several root-finding algorithms appear in the literature, but I have found the
Laguerre method to be the most useful for approximating pole locations. The
approximate roots can be subjected to small-step iterative refinement or
polishing as needed.

Algorithm 2.1 Laguerre method for approximating one
root of a polynomial P(z)

step 1. Set z equal to an initial guess for the value of a root. Typically, z is
set to zero so that the smallest root will tend to be found first.

step 2. Evaluate the polynomial P(2) and its first two derivatives P’(z) and
P”(z) at the current value of z.

step3. If P(z) evaluates to zero or to within some predefined epsilon of zero,
exit with the current value of z as the root. Otherwise, continue on to step 4.

step 4. Compute a correction term Az, using
N
Z =
F + /(N - 1)NG — G?
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where F 2 P'(2)/P(2), G & F? — P"(2)/P(z), and the sign in the denominator is
taken so as to minimize the magnitude of the correction (or, equivalently, so
as to maximize the denominator).

step 5. If the correction term Az has a magnitude smaller than some
specified fraction of the magnitude of z, then take z as the value of the root
and terminate the algorithm.

step 6. If the algorithm has been running for a while (let’s say six itera-
tions) and the correction value has gotten bigger since the previous iteration,
then take z as the value of the root and terminate the algorithm.

step 7. If the algorithm was not terminated in step 3, 5, or 6, then subtract
Az from z and go back to step 2.
A C routine laguerreMethod( ) that implements Algorithm 2.1 is pro-
vided in Listing 2.1.

2.8 Magnitude, Phase, and Delay Responses

A system’s steady-state response H( jw) can be determined by evaluating the
transfer function H(s) at s = jw:

H( jo) = |H(jo)| & = H(s), - 0 (2.43)
The magnitude response is simply the magnitude of H( jw):
|H( jw)| = ({Re[H( jw)] }* + {Im[H( jo)]}*)'"* (2.44)
It can be shown that
|H( jo)|? = H(S)H(—8)s = jo» (2.45)
If H(s) is available in factored form as given by

(s —2)(s —2)(s —23) " " (s — 2,) (2.46)

— H,
H) = B s —pa)s —pa) (5 —py)

then the magnitude response can be obtained by replacing each factor with
its absolute value evaluated at s = jw:

jow =z |jo =z |jo — 2] - -|jo — 2]

|H(jo)| = H, - - T —= (2.47)
ljw —py| - |jo — pa| - |jo — ps| lio —p.|
The phase response 6(w) is given by
oy Im[H(jw)]
O(w) = tan {———Re[ H( jw)]} (2.48)
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Phase delay
The phase delay 1,(w) of a system is defined as
-0
T, () = af“’) (2.49)

where 8(w) is the phase response defined in Eq. (2.48). When evaluated at any
specific frequency w,, Eq. (2.49) will yield the time delay experienced by a
sinusoid of frequency w passing through the system. Some authors define
17,(w) without the minus sign shown on the right-hand side of (2.49). As
illustrated in Fig. 2.9, the phase delay at a frequency w; is equal to the
negative slope of a secant drawn from the origin to the phase response curve

at w,.

Group delay
The group delay t.(w) of a system is defined as

1,(w) = :&tii 0(ws) (2.50)

where 0(w) is the phase response defined in (2.48). In the case of a modulated
carrier passing through the system, the modulation envelope will be delayed
by an amount that is in general not equal to the delay 7,(w) experienced by
the carrier. If the system exhibits constant group delay over the entire
bandwidth of the modulated signal, then the envelope will be delayed by an
amount equal to 7,. If the group delay is not constant over the entire
bandwidth of the signal, the envelope will be distorted. As shown in Fig. 2.10,
the group delay at a frequency w; is equal to the negative slope of a tangent
to the phase response at w,.

Assuming that the phase response of a system is sufficiently smooth, it can
be approximated as

Nw + w,) = 1,0, + 1,0, (2.51)

8(w)

Bw) T ~ - -~ -~

Figure 29 Phase delay.
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8(w)

Figure 2.10 Group delay.

If an input signal x(f) = a(t) cos w.t is applied to a system for which (2.51)
holds, the output response will be given by

¥(®) = Ka(t — 1) cos[w.(t —1,)] (2.52)

Since the envelope a(t) is delayed by 7, the group delay is also called the
envelope delay. Likewise, since the carrier is delayed by 7,, the phase delay is
also called the carrier delay.

2.9 Filter Fundamentals

Ideal filters would have rectangular magnitude responses as shown in Fig.
2.11. The desired frequencies are passed with no attenuation, while the
undesired frequencies are completely blocked. If such filters could be imple-
mented, they would enjoy widespread use. Unfortunately, ideal filters are
noncausal and therefore not realizable. However, there are practical filter
designs that approximate the ideal filter characteristics and which are
realizable. Each of the major types—Butterworth, Chebyshev, and Bessel—
optimizes a different aspect of the approximation.

Magnitude response features of lowpass filters

The magnitude response of a practical lowpass filter will usually have one of
the four general shapes shown in Figs. 2.12 through 2.15. In all four cases the
filter characteristics divide the spectrum into three general regions as shown.
The pass band extends from direct current up to the cutoff frequency w.. The
transition band extends from @, up to the beginning of the stop band at w,,
and the stop band extends upward from @, to infinity. The cutoff frequency w,
is the frequency at which the amplitude response falls to a specified fraction
(usually —3 dB, sometimes —1 dB) of the peak pass-band values. Defining the
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|Hin)]
{a)
fe t
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(b}
fe f
Htes]
(e}
f, fy t
4|H(”| Figure 211 Ideal filter re-
sponses: {a) lowpass, (b) high-
(d) pass, (¢} bandpass, and {(d)
bandstop.
, fy f

Figure 212 Monotonic magnitude response of a practical lowpass
filter: {a) pass band, (b} stop band, and (¢} transition band,



Filter Fundamentals 55

B

Figure 2.13 Magnitude response of a practical lowpass filter with
ripples in the pass band: (a¢) pass band, (b) stop band, and (c)
transition band.

frequency w, which marks the beginning of the stop band is not quite so
straightforward. In Fig. 2.12 or 2.13 there really isn’t any particular feature
that indicates just where w, should be located. The usual approach involves
specifying a minimum stop-band loss a, (or conversely a maximum stop-band
amplitude A,) and then defining w, as the lowest frequency at which the loss

Figure 214 Magnitude response of a practical lowpass filter with
ripples in the stop band: (a) pass band, (b) stop band, and (c) transi-
tion band.
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Figure 215 Magnitude response of a practical lowpass filter with
ripples in the pass band and stop band: (a¢) pass band, (b) stop band,
and (c) transition band.

exceeds and subsequently continues to exceed a,. The width W, of the
transition band is equal to w, — w,. The quantity W /w, is sometimes called
the normalized transition width. In the case of response shapes like those
shown in Figs. 2.14 and 2.15, the minimum stop-band loss is clearly defined by
the peaks of the stop-band ripples.

Scaling of lowpass filter responses

In plots of practical filter responses, the frequency axes are almost univer-
sally plotted on logarithmic scales. Magnitude response curves for lowpass
filters are scaled so that the cutoff frequency occurs at a convenient fre-
quency such as 1rad/s (radian per second), 1 Hz, or 1 kHz. A single set of
such normalized curves can then be denormalized to fit any particular cutoff

requirement.

Transfer functions. For common filter types such as Butterworth, Chebyshev,
and Bessel, transfer functions are usually presented in a scaled form such
that w. =1. Given such a response normalized for w, =1, we can scale the
transfer function to yield the corresponding response for w,=a. If the
normalized response for w, =1 is given by

KII (s —2)

Hy(s) = 7. (s —p;)
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then the corresponding response for w. = « is given by

_ KIP,—am)
B = o G —ap)

Magnitude scaling. The vertical axes of a filter's magnitude response can be
presented in several different forms. In theoretical presentations, the magni-
tude response is often plotted on a linear scale. In practical design situations it
is convenient to work with plots of attenuation in decibels using a high-resolu-
tion linear scale in the pass band and a lower-resolution linear scale in the
stop band. This allows details of the pass-band response to be shown as well as
large attenuation values deep into the stop band. In nearly all cases, the data
are normalized to present a 0-dB attenuation at the peak of the pass band.

Phase response. The phase response is plotted as a phase angle in degrees or
radians versus frequency. By adding or subtracting the appropriate number
of full-cycle offsets (that is, 27 rad or 360°), the phase response can be
presented either as a single curve extending over several full cycles (Fig.
2.16) or as an equivalent set of curves, each extending over a single cycle
(Fig. 2.17). Phase calculations will usually yield results confined to a single
2n cycle. Listing 2.2 contains a C function, unwrapPhase( ), that can be
used to convert such data into the multicycle form of Fig. 2.16,

Step response. Normalized step response plots are obtained by computing the
step response from the normalized transfer function. The inherent scaling of
the time axis will thus depend upon the transient characteristics of the
normalized filter. The amplitude axis scaling is not dependent upon normal-

0°

-90°

-180° N

-270°

-360°
\\

-450°

phase shift

-540°

-630°

-720°
0.1 fc fe 1O'C

frequency

Figure 2.18 Phase response extending over multiple cycles.
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Figure 2.17 Phase response confined to a single-cycle range.

ization. The usual lowpass presentation will require that the response be
denormalized by dividing the frequency axis by some form of the cutoff
frequency.

Impulse response. Normalized impulse response plots are obtained by comput-
ing the impulse response from the normalized-transfer function. Since an
impulse response will always have an area of unity, both the time axis and
the amplitude axis will exhibit inherent scaling that depends upon the
transient characteristics of the normalized filter. The usual lowpass presenta-
tion will require that the response be denormalized by multiplying the
amplitude by some form of the cutoff frequency and dividing the time axis by

the same factor.

Highpass filters

Highpass filters are usually designed via transformation of lowpass designs.
Normalized lowpass-transfer functions can be converted into corresponding
highpass-transfer functions by simply replacing each occurrence of s with 1/s.
This will cause the magnitude response to be ““flipped” around a line at f, as
shown in Fig. 2.18. (Note that this flip works only when the frequency is
plotted on a logarithmic scale.) Rather than actually trying to draw a flipped
response curve, it is much simpler to take the reciprocals of all the important
frequencies for the highpass filter in question and then read the appropriate
response directly from the lowpass curves.

Bandpass filters

Bandpass filters are classified as wide band or narrow band based upon the
relative width of their pass bands. Different methods are used for obtaining
the transfer function for each type.

Wide-band bandpass filters. Wide-band bandpass filters can be realized by
cascading a lowpass filter and a highpass filter. This approach will be
acceptable as long as the bandpass filters used exhibit relatively sharp
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Figure 2.18 Relationship between lowpass and highpass magnitude
responses: (@) lowpass response and (b) highpass response.

transitions from the pass band to cutoff. Relatively narrow bandwidths
and/or gradual rolloffs that begin within the pass band can cause a signifi-
cant center-band loss as shown in Fig. 2.19. In situations where such losses
are unacceptable, other bandpass filter realizations must be used. A general
rule of thumb is to use narrow-band techniques for pass bands that are an
octave or smaller.

Narrow-band bandpass filters. A normalized lowpass filter can be converted into
a normalized narrow-band bandpass filter by substituting [s — (1/s)] for s in

Figure 2.19 Center-band loss in a bandpass filter realized by cascad-
ing lowpass and highpass filters: (a) lowpass response, (b) highpass
response, (c) pass band of BPF, and (d) center-band loss.
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Figure 2.20 Relationship between lowpass and bandpass magnitude
responses: (a) normalized lowpass response and (b) normalized band-
pass response.
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Figure 221 Relationship between lowpass and band-stop magnitude
responses: (a) normalized lowpass response and (b) normalized band-
stop response.
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the lowpass-transfer function. The center frequency of the resulting bandpass
filter will be at the cutoff frequency of the original lowpass filter, and the
pass band will be symmetric about the center frequency when plotted on a
logarithmic frequency scale. At any particular attenuation level, the band-
width of the bandpass filter will equal the frequency at which the lowpass
filter exhibits the same attenuation (see Fig. 2.20). This particular bandpass
transformation preserves the magnitude response shape of the lowpass proto-
type but distorts the transient responses.

Bandstop filters. A normalized lowpass filter can be converted into a normal-
ized bandstop filter by substituting s/(s®—1) for s in the lowpass-transfer
function. The center frequency of the resulting bandstop filter will be at the
cutoff frequency of the original lowpass filter, and the stop band will be
symmetrical about the center frequency when plotted on a logarithmic
frequency scale. At any particular attenuation level, the width of the stop
band will be equal to the reciprocal of the frequency at which the lowpass
filter exhibits the same attenuation (see Fig. 2.21).
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Listing 2.1 laguerreMethod( )

/l**l*#tt*tt*********ltt#**t#t#**t***t*#**lt*tllttl[

/* */
/* Listing 2.1 x/
/* x/
/* laguerrefethod() s/
/* %/

/l*#*t*tt**t***tl*ttt*****l‘**#l**tt#*t#****#tt*t*t/

%*include “globDefs.h”
tinciude "protos.h”
extern FILE *fptr;

int laguerreflethod(
int order,
struct complex coefl],
struct complex *zz,
real epsilon,
real epsilon2,
int moxIterations)
{
int iteration, f;
struct complex d2P_dz2, dP_dz, P, f, g, fSard, radical, cwork;
struct complex z, fPlusRad, fllinusRad, deltaZ;
real error, magZ, oldflagZ, fwork;
double ddl, dd2;

z =~ ¥zz;
oldMag2 = chbs{z);

for{ iteration=1; iteration{=maxIterations; iteration++)
{
d2P_dz2 = cmplx(B8.8, 8.8);
dP_dz = ceplix(8.8, 8.8);
P = coeflorder];
error = cRbs(P);
mag2 = clbs(z);

for{ jmorder-1; j>=8; j--)
{
d2P_dz2 = cRdd{dP_dz, chult{z, d2P_dz2));
dP_dz = cRdd{ P, chult{dP_dz,z));
cwork = clult{P,z);
P = cRdd{ coeflj], clult(P,z));
ercor = cAbs(P) + magZ * error;
1
error = epsilon2 ¥ error;

d2P_dz2 = sMult{2.8, d2P_dz2);
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if( cAbs(P) < error)
{
*zz ¢ Z;
return 1;
}
f = eDiv{ dP_dz,P);
fSqrd = clult{ f, f);
g = cSub{ fSqrd, cDiv{ d2P_dz2,P});
radical = cSub{ stult{ {real)order, g}, fSgrd);
fwork = {real)(order-1);
radical = cSqrt{ sMult{fwork, radical));
fPlusRad = cAdd{f, radical);
fMinusRad = cSub{ f, radical);
if{ (cAbs{fPlusRad)) > (cAbs{fMinusRad)) )
{
delta2 = cliv( caplx{ {realjorder, 8.8), fPlushad);
}
else
{
delta? = cDiv{ caplx{ (real)order, 8.8), fllinusfad);
}
z = cSub(z,deltald);
if( (iteration > 6) && (cRbs(delta?) > oldMag?) )
{
*zz = z;
return 2;
}
if{ cRbs(delitaZ) < { epsilon * cAbs(z)))
{
¥z2z = z;
return 3;
}
}

fprint f{fptr, “Laguerre method failed to converge \n");
return -1;

}

63
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Listing 2.2 unwrapPhase( )

/***t******l’#‘******‘**!’*#**##*t*t*/

/* */
/¥ Listing 2.2 */
/¥ */
/*  unerapPhase() X/
FAd */

FEEERERERRRERFRERERXRRRRKRERKKERR KK
Finclude <math.h>

void unwrapPhase{int ix,

real *phase)
{
static real halfCircleOffset;
static real aldPhase;

if{ ix==0)
{
hatfCircleQffset = @.8;
oldPhase = *phase;
}
else

{
*phase = *phase + halfCirclelffset;

if( fabs{oldPhase - *phase) > {double}98.&)

{
i f(oldPhase < *phase)
{
*phase = *phase - 360.8;
halfCircle0ffset = halfCircleOffset - 360.8;
}
else
{
*phose = *phase + 368.8;
halfCircleOffset = halfCircleOffset + 368.8;
}
}
oldPhase = *phase;
}
return;

}
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Butterworth Filters

Butterworth lowpass filters (LPF) are designed to have an amplitude re-
sponse characteristic that is as flat as possible at low frequencies and that is
monotonically decreasing with increasing frequency.

3.1 Transfer Function

The general expression for the transfer function of an nth-order Butterworth
lowpass filter is given by

1 1
H(s) = = 3.1
R T EY PR S P VS SRy P (31
- i +n—1 i +n—1
where s; = /™2 +n—1/2n] o cos<7r 2l—+n———> +J sin<n 2l—+n~> (3.2)
2n 2n

Example 3.1 Determine the transfer function for a lowpass third-order Butterworth
filter.

solution The third-order transfer function will have the form

1

(8 —8,)(8 — 8;,)(s — 53)

H(s) =

The values for s,, s,, and s; are obtained from Eq. (3.2):

2 . (2 .
§; = cos(—;-> +j sm(—g) = —0.5 + 0.866j

8o =e/" = cos(n) +j sin(n) = —1
4 4
85 = cos(—?)z) +j sin(g) = —0.5— 0.866;

65
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1
Thus, H(s) = : :
us ©) = 5+ 05— 0866)s T ) + 051 0.866))
_ 1
T 83 +2s24+ 25 +1

The form of Eq. (3.1) indicates that an nth-order Butterworth filter will
always have n poles and no finite zeros. Also true, but not quite so obvious,
is the fact that these poles lie at equally spaced points on the left half of a
circle in the s plane. As shown in Fig. 3.1 for the third-order case, any
odd-order Butterworth LPF will have one real pole at s = —1, and all
remaining poles will occur in complex conjugate pairs. As shown in Fig. 3.2
for the fourth-order case, the poles of any even-order Butterworth LPF will
all occur in complex conjugate pairs. Pole values for orders 2 through 8 are

listed in Table 3.1.

3.2 Frequency Response

A C function, butterworthFreqResponse( ), for generating Butterworth
frequency response data is provided in Listing 3.1. Figures 3.3 through 3.5

jw
S’qxl, L
s2f -
— . z
E Figure 3.1 Pole locations for a
! third-order Butterworth LPF.
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Vi |
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t ! Figure 3.2 Pole locations for a
N - fourth-order Butterworth LPF.
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TABLE 3.1 Poles of Lowpass Butterworth Filters

n Pole values

2 —0.707107 + 0.707107j

3 —1.0
~0.5 4 0.866025;

4 —0.382683 £ 0.923880j
—0.923880 + 0.382683;

5 —-1.0
—0.809017 + 0.587785j
—0.309017 + 0.951057f

6 ~0.258819 + 0.965926;
—0.707107 + 0.707107j
—0.965926 + 0.258819;

7 —-1.0
—0.900969 + 0.433884j
—0.623490 + 0.781831j
—0.222521 + 0.974928;

8 —0.195090 + 0.980785;
—0.555570 + 0.831470;f
—0.831470 + 0.555570f
—0.980785 + 0.195090;

magnitude (dB)

I 2 I A I A N A

0.2 0.3 04 05 06 07 08 1

frequency

Figure 3.3 Pass-band amplitude response for lowpass Butterworth filters of orders 1
through 6.
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Figure 3.4 Stop-band amplitude response for lowpass Butterworth filters of orders
1 through 6.

show, respectively, the pass-band magnitude response, the stop-band magni-
tude response, and the phase response for Butterworth filters of various
orders. These plots are normalized for a cutoff frequency of 1 Hz. To denor-
malize them, simply multiply the frequency axis by the desired cutoff fre-

quency f,.
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Figure 3.5 Phase response for lowpass Butterworth filters of orders 1 through 6.
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Example 3.2 Use Figs. 3.4 and 3.5 to determine the magnitude and phase response at
800 Hz of a sixth-order Butterworth lowpass filter having a cutoff frequency of 400 Hz.

solution By setting f, = 400, the n = 6 response of Fig. 3.4 is denormalized to obtain the
response shown in Fig. 3.6. This plot shows that the magnitude at 800 Hz is approxi-
mately —36dB. The corresponding response calculated by butterworthFreqRe-
sponse( ) is —36.12466 dB. Likewise, the n = 6 response of Fig. 3.5 is denormalized to

magnitude (dB)
FS
o

" I i + M L L
T

400 800 1600 24K

frequency (Hz)
Figure 3.6 Denormalized amplitude response for Example 3.2.
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Figure 3.7 Denormalized phase response for Example 3.2.
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obtain the response shown in Fig. 3.7. This plot shows that the phase response at 800 Hz
is approximately —425°. The corresponding value calculated by butterworthFreqRe-
sponse( ) is —65.474°, which “unwraps” to —425.474°.

3.3 Determination of Minimum Order for
Butterworth Filters

Usually in the real world, the order of the desired filter is not given as in
Example 3.2, but instead the order must be chosen based on the required
performance of the filter. For lowpass Butterworth filters, the minimum order
n that will ensure a magnitude of A4, or lower at all frequencies w, and above
can be obtained by using

_log(10 411 1)

2 log(w, /w,) 33

where o, = 3-dB frequency
w, = frequency at which the magnitude response first falls below A,

(Note: The value of A, is assumed to be in decibels. The value will be
negative, thus canceling the minus sign in the numerator exponent.)

3.4 Impuise Response of Butterworth Filters

To obtain the impulse response for an nth-order Butterworth filter, we need
to take the inverse Laplace transform of the transfer function. Application of
the Heaviside expansion to Eq. (3.1) produces

ht)=Z"H@®] =Y K,e" (3.4)
r=1
(s —s,)
(s =81 )8 —83) " (S —8,) [s=s,
The values of both K, and s, are, in general, complex, but for the lowpass

Butterworth case all the complex pole values occur in complex conjugate
pairs. When the order n is even, this will allow Eq. (3.4) to be put in the form

where K, =

n/2
h(t) = Y, [2Re(K,) e’ cos(w,t) — 2 Im(K,) e’ sin(w,t)] (3.5)
r=1
where s, = ¢, + jo, and the roots s, are numbered such that for r=1,2,...,
n/2 the s, lie in the same quadrant of the s plane. [This last restriction
prevents two members of the same complex conjugate pair from being used
independently in evaluation of (3.5).] When the order n is odd, Eq. (3.4) can
be put into the form
(n—1)2

h) =Ke '+ Y [2Re(K,)e " cos(w,t) — 2 Im(K,) e sin(w,?)] (3.6)

r=1
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where no two of the roots s,,r=1,2,...,(n —1)/2 form a complex conjugate
pair. [Equations (3.5) and (3.6) form the basis for the C routine butter-
worthImpulseResponse( ) provided in Listing 3.2.] This routine was used
to generate the impulse responses for the lowpass Butterworth filters shown
in Figs. 3.8 and 3.9. These responses are normalized for lowpass filters having
a cutoff frequency equal to 1 rad/s. To denormalize the response, divide the
time axis by the desired cutoff frequency w,. = 2nf. and multiply the time axis
by the same factor.

o} 5 10 15 20 25
time (seconds)
Figure 3.8 Impulse response of even-order Butterworth filters.
]
] 5 10 15 20 25

time (seconds)

Figure 3.9 Impulse response of odd-order Butterworth filters.
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Figure 3.10 Denormalized impulse response for Example 3.3.

Example 3.3 Determine the instantaneous amplitude of the cutput 1.6 ms after a unit
impulse is applied to the input of a fifth-order Butterworth LPF having f, = 250 Hz.

solution The n =5 response of Fig. 3.9 is denormalized as shown in Fig. 3.10. This plot
shows that the response amplitude at ¢ = 1.6 ms is approximately 378.

3.5 Step Response of Butterworth Filters

The step response can be obtained by integrating the impulse response. Step
responses for lowpass Butterworth filters are shown in Figs. 3.11 and 3.12.

time (sec)

Figure 3.11 Step response of even-order lowpass Butterworth
filters.
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Figure 3.12 Step response of odd-order lowpass Butterworth filters.

These responses are normalized for lowpass filters having a cutoff frequency
equal to 1rad/s. To denormalize the response, divide the time axis by the
desired cutoff frequency w, = 2xf,.

Example 3.4 Determine how long it will take for the step response of a third-order
Butterworth LPF (f, = 4 kHz) to first reach 100 percent of its final value.

solution By setting w, = 2nf, = 8000n = 25,132.7, the n = 3 response of Fig. 3.12 is denor-
malized to obtain the response shown in Fig. 3.13. This plot indicates that the step
response first reaches a value of 1 in approximately 150 ps.

0.8 |

0.6 |

04} E

0o 199 398 597 796
150

time (usec)

Figure 3.13 Denormalized step response for Example 3.4.
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Listing 3.1 butterworthFreqResponse( )

JEEERERRRE RO E X KRR KRR KERR

/* X/
/* Listing 3.1 */
/¥ ¥/
/*  butterworthFreqResponse() x/
/¥ */

JEEERIREERKRARRERRRRRR KKK KKK KEKXK /

¥include <math.h>
*include <stdio.h>
%inciude "gqloblefs.h”
#include "protos.h”

void butterworthFreqResponse{ int order,
real frequency,
real *magnitude,
real *phase)
{
struct complex pale, s, numer, denom, transferFunction;
real x;
int k;
nuper = caplx(1.8,8.8);
denom = capix(1.8,8.8);

s = cmpix(@.8, freguency);
for{ k=1; k<=order; k++)
{
x = P1 * {{double){order + (2*%k)-1}) / (double)(2*order);
pole = caplx( cos(x), sin{x));
denos = clult{denom, cSub(s,pole)};
}
transferFunction = cDiv(nuaser, denom);
*magnitude = 28.8 * logi8(cAbs(transferfunction));
*phase = 188.8 * arg(transferfunction) / PI;
return;

}
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Listing 3.2 butterworthimpulseResponse( )

/tl******t**#*t*tli*t*tlﬂt*t********l#*tt*****t***/

/* */
/% Listing 3.2 x/
/¥ x/
/¥  butterworthlmpulseResponse() */
-""* */

JEEREEREERRERE IR R R REEERERR R KRR EREIERREERRRAK )
%include <math.h>

Sinclude <stdio.h>

®include "qloblefs.h”

%include "protes.h”

void butterwarthlmpulseResponse( int order,
real delta_t,
int npts,
real ywall])
f
1
real L, 1, x, R, I, LT, NT, cosPart, sinPart, h_of.t;
real K, sigma, omega, t;
int ix, p, Bi, iQii;
real ymax, ymin;

for{ ix=8; ix <= npts; ix++)

{

print f{"%d/n",ix);

hoof_t = 8.8;

t = delta.t ¥ ix;

for( r=1; r <= {order>>1); r++)
{
x = PI * (double){order + (2%r)-1) / {double){2%order);
signa = cos{x);
osega = sin{x);

/¥ Compute Lr and Nr */

L=1.8;

N=0.8;

for{ ii=1; ii<=order; ii++)
{
if{ ii == r ) continue;

x = P1 * {double){order + (2*ii)-1) / (double){2*arder);
R = sigma - coalx);
1 = omega - sin{x};

75
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LT = L*R - IM*I;
MT = L*] + R¥N;

L=1LT;
n=nT;
}
L= LT 7 (LT*LT + NT*NT);
M= -NT /(LT*LT + MT*NT);
cosPart = 2.8 * L * exp(sigma*t) * cos(omega*t);

sinPart = 2.8 * I * exp(sigma*t) * sin{omegu*t);

h_of_t = h_of_t + cosPart - sinPart;
}
if( {order®2) == 8)
{
gvallix] = hoof_t;
if( (real) h_of_t > ymax) ymax = h_of_t;
if{ (real) hoof_t < ymin) ymin = h_of_t;
cont inue;

}

/* compute the real exponential component for odd-order responses ¥/

(= 1.8;
.8

E

= §.8;

{order+1)/2;

x = P1 * (double){order + (2%rj-1) / (double){2*order);
sigma = cos(x);

omega = sin(x);

for( iii=1; iii<=order; iii++)

{

if( iii == r) continue;

x = PI * {double){order + (2%iii)-1) / {double){2%order);
R = sigma - cos{x);

I = omega - sin{x);

B O™
L

LT = L*R - M*];

MT = L*I + RMM;

L=LT;

M=NT;

}
K= LT / (LT*LT + NT*M7);
hoof_t = h_of_t * K * exp(-t);
yvallix] = hoof_t;
if{ (real) hoof_t > ymax) ymax = h_of_t;
if( {real) h_of_t < ymin) ymin = h_of_t;
}

return;
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Chebyshev Filters

Chebyshev filters are designed to have an amplitude response characteristic
that has a relatively sharp transition from the pass band to the stop band.
This sharpness is accomplished at the expense of ripples that are introduced
into the response. Specifically, Chebyshev filters are obtained as an equirip-
ple approximation to the pass band of an ideal lowpass filter. This results in
a filter characteristic for which

. 1
|H( jw)|? =m (4.1)

where ¢2=1071°--1
T, (w) = Chebyshev polynomial of order n
r = passband ripple, dB

Chebyshev polynomials are listed in Table 4.1.

TABLE 4.1 Chebyshev Polynomlals

n T, (w)

1

w

202 -1

4% - 3w

8wt - 8w2+1

160w® — 2002 + Sw

3208 — 48w + 18w2%2 — 1

64007 — 112w°% + 56w°® — Tw

128»® — 256w° + 160w* — 3202 + 1
2562 — 57607 + 43200° — 120003 + 9w
512110 — 1280w® + 1120w ® — 400w * + 50w? + 1

O WO =T WN O

[y

n”
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4.1 Transfer Function

The general shape of the Chebyshev magnitude response will be as shown in Fig.
4.1. This response can be normalized as in Fig. 4.2 so that the ripple bandwidth
w, is equal to 1, or the response can be normalized as in Fig. 4.3 so that the 3-dB
frequency w, is equal to 1. Normalization based on the ripple bandwidth
involves simpler calculations, but normalization based on the 3-dB point makes
it easier to compare Chebyshev responses to those of other filter types.

frequency / Waig

wr

Figure 41 Magnitude response of a typical lowpass Chebyshev filter.

frequency

Figure 4.2 Chebyshev response normalized to have pass-band end at
w = 1rad/s. Features are: (a) ripple limits, (b) pass band, (c¢) transi-
tion band, (d) stop band, and (e) intersection of response and lower
ripple limit at w =1.
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0.4 1 10

frequency

Figure 43 Chebyshev response normalized to have 3-dB point at
@= 1rad/s. Features are: (a) ripple limits, (b) pass band, (c) transition
band, (d) stop band, and (e) response that is 3dB down at w = 1.

The general expression for the transfer function of an nth-order Chebyshev
lowpass filter is given by

H, _ H,

HO =g 6= GG G=s) (42
[T (=s) n odd

where Hy=<{'"" N (4.3)
107720 H (—s;) n even

$;=0; + jw, (4.4)

g, = [(1/)))2 — y:' sin (2 ;nl)n (4.5)

_ [(l/y) 7] s (2; - l)n (4.6)

(1 +1+ e2>1/" (47

€=./107"°_1 (4.8)

The pole formulas are somewhat more complicated than for the Butterworth
filter examined in Chap. 3, and several parameters—e¢, y, and r—must be
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determined before the pole values can be calculated. Also, all the poles are
involved in the calculation of the numerator H,.

Aigorithm 4.1 Determining poles of a Chebyshev filter

This algorithm computes the poles of an nth-order Chebyshev lowpass filter
normalized for a ripple bandwidth of 1 Hz.

step 1. Determine the maximum amount (in decibels) of ripple that can be
permitted in the pass-band magnitude response. Set r equal to or less than
this value.

step 22 Use Eq. (4.8) to compute ¢.

step 3. Select an order n for the filter that will ensure adequate perfor-
mance.

step 4. Use Eq. (4.7) to compute y.

step5. Fori=1,2,...,n; use Egs. (4.5) and (4.6) to compute the real part
o; and imaginary part w; of each pole.

step 6. Use Eq. (4.3) to compute H,.
step 7. Substitute the values of H, and s, through s, into Eq. (4.2).

Example 4.1 Use Algorithm 4.1 to determine the transfer-function numerator and poles
(normalized for ripple bandwidth equal to 1) for a third-order Chebyshev filter with

0.5-dB pass-band ripple.

solution Algorithm 5.1 produces the following results:
¢ =0.349311 y = 1.806477 s, = —0.313228 + 1.021928j
s, = —0.626457 83 = —0.313228 — 1.021928j H,=0.715695

The form of Eq. (4.2) shows that an nth-order Chebyshev filter will always
have n poles and no finite zeros. The poles will all lie on the left half of an
ellipse in the s plane. The major axis of the ellipse lies on the jw axis, and the
minor axis lies on the ¢ axis. The dimensions of the ellipse and the locations
of the poles will depend upon the amount of ripple permitted in the pass band.
Values of pass-band ripple typically range from 0.1 to 1dB. The smaller the
pass-band ripple, the wider the transition band will be. In fact, for 0-dB
ripple, the Chebyshev filter and Butterworth filter have exactly the same
transfer-function and response characteristics. Pole locations for third-order
Chebyshev filters having different ripple limits are compared in Fig. 4.4. Pole
values for ripple limits of 0.1, 0.5, and 1 dB are listed in Tables 4.2, 4.3, and 4.4
for orders 2 through 8.

All the transfer functions and pole values presented so far are for filters
normalized to have a ripple bandwidth of 1. Algorithm 4.2 can be used to
renormalize the transfer function to have a 3-dB frequency of 1.
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Figure 44 Comparison of pole
locations for third-order low-
pass Chebyshev filters with
different amounts of pass-band
ripple: (a¢) 0.01dB, () 0.1dB,
and (c) 0.5dB.
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TABLE 4.2 Pole Values for Lowpass
Chebyshev Filters with 0.1-dB
Pass-Band Ripple

n Pole values
2 —1.186178 + 1.380948;
3 —0.969406
—0.484703 + 1.206155j
4 —0.637730 + 0.4650005
—0.264156 + 1.122610j
5 —0.5638914

—0.435991 + 0.667707j
—0.166534 + 1.080372j

6 —0.428041 + 0.283093;
—0.313348 + 0.773426j
—0.114693 + 1.056519j

7 —0.376778
—0.339465 + 0.463659]
—0.234917 + 0.835485j
—0.083841 + 1.041833;

8 —0.321650 + 0.205314;
—0.272682 + 0.584684;
—0.182200 + 0.875041;
—0.063980 + 1.032181;

TABLE 4.3 Pole Values for Lowpass
Chebyshev Filters with 0.5-dB
Pass-Band Ripple

81

n Pole values
2 -0.712812 + 1.00402;
3 —0.626457
—0.313228 + 1.021928;
4 —0.423340 + 0.420946j
-0.175353 + 1.016253;
5 —0.362320
—0.293123 + 0.625177j
—0.111963 + 1.011557;
6 —0.289794 + 0.270216j

—0.212144 + 0.738245j
—0.077650 + 1.008461)

7 —0.2566170
—0.230801 + 0.447894j
—0.159719 + 0.807077j
—0.057003 £ 1.006409;

8 —0.219293 + 0.199907;
—0.185908 + 0.569288;
—0.124219 + 0.852000
—0.043620 + 1.005002j
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TABLE 4.4 Pole Values for Lowpass
Chebyshev Filters with 1.0-dB
Pass-Band Ripple

n Pole values
2 —0.548867 + 0.895129;
3 —0.494171
—0.247085 + 0.965999;
4 —0.336870 + 0.407329j
—0.139536 + 0.983379;
5 —0.289493

—0.234205 + 0.6119205
-~0.089458 + 0.990107;

6 —0.232063 + 0.266184j
—0.169882 + 0.727227j
—0.062181 £ 0.993411;
7 —0.205414

—0.185072 + 0.442943j
—0.128074 £ 0.798156;
—0.045709 + 0.995284;

8 -0.175998 + 0.198206
—0.149204 + 0.564444j
—0.099695 + 0.844751;
—0.035008 + 0.996451;

Algorithm 4.2 Renormalizing Chebyshev LPF
transfer functions

This algorithm assumes that ¢, H,, and the pole values s; have been obtained
for the transfer function having a ripple bandwidth of 1.

step 1. Compute A using

Ao cosh™![(1/e)] =% log<1 + \/61 — 62)

n
step 2. Using the value of A obtained in step 1, compute R as

et e 4

R= h =
cosh A 2

(Table 4.5 lists R factors for various orders and ripple limits. If the required
combination can be found in this table, steps 1 and 2 can be skipped.)

step 3. Use R to compute H, 45(s) as

H,/R"

H, 45(s) = 2_, [s — (s;/R)]
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TABLE 4.5 Factors for Renormalizing Chebyshev Transfer Functions

Order
Ripple 2 3 4 5 6 7 8
0.1 1.94322 1.38899 1.21310 1.13472 1.09293 1.06800 1.05193
0.2 1.67427 1.28346 1.15635 1.09915 1.06852 1.05019 1.03835
0.3 1.53936 1.22906 1.12680 1.08055 1.05571 1.04083 1.03121
04 1.45249 1.19348 1.10736 1.06828 1.04725 1.03464 1.02649
0.5 1.38974 1.16749 1.09310 1.05926 1.04103 1.03009 1.02301
0.6 1.34127 1.14724 1.08196 1.05220 1.03616 1.02652 1.02028
0.7 1.30214 1.13078 1.07288 1.04644 1.03218 1.02361 1.01806
0.8 1.26955 1.11699 1.06526 1.04160 1.02883 1.02116 1.01618
0.9 1.24176 1.10517 1.05872 1.03745 1.02596 1.01905 1.01457
1.0 1.21763 1.09487 1.05300 1.03381 1.02344 1.01721 1.01316
1.1 1.19637 1.08576 1.04794 1.03060 1.02121 1.01557 1.01191
1.2 117741 1.07761 1.04341 1.02771 1.01922 1.01411 1.01079
1.3 1.16035 1.07025 1.03931 1.02510 1.01741 1.01278 1.00978
14 1.14486 1.06355 1.03558 1.02272 1.01576 1.01157 1.00886
1.5 1.13069 1.05740 1.03216 1.02054 1.01425 1.01046 1.00801

4.2 Frequency Response

Figures 4.5 through 4.8 show the magnitude and phase responses for Cheby-
shev filters with pass-band ripple limits of 0.5 dB. For comparison purposes,
Figs. 4.9 and 4.10 show Chebyshev pass-band responses for ripple limits of 0.1
and 1.0 dB. These plots are normalized for a cutoff frequency of 1 Hz. To

magnitude (dB)
N TS
2 o) »

)
ol
[o]

L — 1 A - — A I

04 0.2 0.3 0.4 0.5 0.7 1

frequency

Figure 4.5 Pass-band magnitude response of even-order lowpass Chebyshev filters
with 0.5-dB ripple.
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(dB)
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Figure 4.6 Pass-band magnitude response of odd-order lowpass Chebyshev filters
with 0.5-dB ripple.
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Figure 4.7 Stop-band magnitude response of lowpass Chebyshev filters with 0.5-dB
ripple.
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Figure 48 Phase response of lowpass Chebyshev filters with 0.5-dB pass-band ripple.
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Figure 49 Pass-band magnitude response of even-order lowpass Chebyshev filters
with 0.1-dB ripple.
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magnitude (dB)

o1 o2 03 04 05 07 1

frequency

Figure 410 Pass-band magnitude response of even-order lowpass Chebyshev filters
with 1.0-dB ripple.

denormalize them, simply multiply the frequency axis by the desired cutoff
frequency f,. The C function chebyshevFreqResponse( ), used to generate
the Chebyshev frequency response data, is provided in Listing 4.1. Note that
this function incorporates Algorithms 4.1 and 4.2.

4.3 Impulse Response

Impulse responses for lowpass Chebyshev filters with 0.5-dB ripple are shown
in Fig. 4.11. The C routine chebyshevImpulseResponse( ), used to generate
the data for these plots, is provided in Listing 4.2. These responses are
normalized for lowpass filters having a 3-dB frequency of 1 Hz. To denormal-
ize the response, divide the time axis by the desired cutoff frequency f. and
multiply the amplitude axis by the same factor.

4.4 Step Response

The step response can be obtained by integrating the impulse response. Step
responses for lowpass Chebyshev filters with 0.5-dB ripple are shown in Fig.
4.12. These responses are normalized for lowpass filters having a cutoff
frequency equal to 1 Hz. To denormalize the response, divide the time axis by
the desired cutoff frequency f,.
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time (sec)

Figure 4.11 Impulse response of lowpass Chebyshev filters with 0.5-dB pass-band
ripple.
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Figure 4.12 Step response of lowpass Chebyshev filters with 0.5-dB pass-band
ripple.
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Listing 4.1 chebyshevFreqResponse( )

/t*t***tt****t*ttt*ttt*t**‘!**#ttt*/

/% */
/¥ Listing 4.1 */
/* */
/*  chebysheuFregResponse() %/
/% */

/ltt**t**t*****t*t*##t*x#**********/

%include <math.h>
3define PI {(double) 3,141592653589

vouid chebyshevFregResponse( int order,
float ripple,
char normalizationType,
float frequency,
float *magnitude,
float *phase)

{

double fi, gamma, epsilon, work;

double rp, ip, x, i, r, rpt, ipt;

double normalizedFrequency, hSubZers;

int k, ix;

epsilon = sqrt{ -1.8 + pow( {double)18.8, {double)(ripple/1€.0) ));
gamma = pow( {{ 1.8 + sgrt{ 1.8 ® epsilon*epsilon))/epsilon),
{double){1.8/{float) order) );

if{ normalizationType == '3’ )
{
work = 1.8/epsilon;
A = { log{ work e sqrt{ work*work - 1,8) ) ) / order;
normal izedFrequency = frequency * { exp(R) + exp{-R))/2.8;
}

else

{

normal izedFrequency = frequency;

}

rp = 1.8;
ip = 8.8;

for{ k=1; k<=order; k++)

{

x = (2%-1) * P1 / (2 .8%order);

i = 8.5 * {gamsa + 1.8/gamma) * cos(x);
r = -8.5 % (gomma - 1.8/ganma) * sin{x);
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rpt = ip ¥ i -rp ¥r;
ipt =-rp ¥ i -r ¥ip;
ip = ipt;

rp = rpt;

}

hSubZero = sqrt( ip*ip @ rp*rp);
if( orderf2 == 8 )
{

hSubZero = hSubZero / sqrt{1.6 @ epsilon*epsilon);

}

rp = 1.,8;
ip=8.8;
for{ k=1; k<{=order; k++)
{
x = (2%k-1)*P1/(2.8%order);
i = 8.5 % (gosma + 1.8/gamma) * cos(x);
r = -8.5 * {goama - 1.8/gamma) * sin(x);
rpt = ip*(i-normalizedFrequency) - rp¥r;
ipt = rp*{normalizedFrequency-i) - r¥ip;
ip=ipt;
rp=rpt;
)
*aggnitude = 28.8 * logl8(hSublero/sqrt{ip*ip+rp*rp));
*phase = 188.8 * atan2{ ip, rp) /Pl;
return;

}

Listing 4.2 chebyshevimpuiseResponse( )

/lttt*t*ttt*t*ttttl***tltt****#*ttt*t#l*t***ttt!#/

/* */
/% Listing 4.2 */
/* */
/*  chebyshevlmpulseResponse() */
/* %/

/tlt‘tt**tt*t#ttt**t#ttlt‘**t#tt*t*#***t**t‘*t*t*/

Binciude <math.h>
sdefine P1 {double) 3.141592653569

void chebyshevlmpulseResponse( int order,
float ripple,
char normalizatienType,
float delta.t,
int npts,
{loat ywalll)

89
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{

double m, p;

double R, gamma, epsilon, work, normFactor;
doubie rp, ip, x, i, r, rpt, ipt, ss;

double hSubZerc, h_of_t, t, sigma, omega;
double K, L, M, LT, HT, I, R, cosPart, sinPart;

int k, ix, ii, iii, rer;
epsilon = sqrt{ -1.8 + pow{ (double)!8.8, {double){ripple/18.8) });

i f{ normalizationType == '3')
{
work = 1.8/epsilon;
A = { log( work + sgrt{ work*eork - 1.8) )} ) / order;
nornfactor = { exp({A) ® exp(-A))/2.8;
)
else
{
norsfactor = 1.8;

}

gamsa = poa{ ({ 1.8 ® sqrt{ 1.8 ® epsilon*epsilon))/epsilon),
{double)(1.8/(float) order) );

/E oo e */
/¥ compute H_zero */
rp = 1.8;
ip=8.0;

for{ k=1; k<=order; k++)
{
x = (2%k~1) ¥ P1 / {float)(2%order);
i = 8.5 % {ganma + !.08/gamma) * cos{x)/norFactor;
r = -8.5 ¥ (gommo - 1.8/gamma) * sin{x)/normFactor;

rpt = ip ¥ i - rp ¥ r;
ipt =-rp ¥ i -nr ¥ ip;
ip = ipt;

rp = rpt;

}

hSub2ero = sqrt{ ip*ip ® rp*rp);

if( order¥2 == 8 )
{
hSub2ero = hSubZero / sqrt{!.@ ® epsilon*epsilon);
}

print f{"hSubZero = &f\n",hSubZera);
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for{ ix=0; ix<npts; ix++)

{
print {{"%d\n",ix);
hoof_t = 8.8;

t = delta_t * ix;
for{ rre=1; rrr <= {(order >> 1); rrr++)
{
x = {(2%ppp-1)*P1/{2. @%order);
signa = -8.5 * (gamma - 1.08/gamma) * sin{x)/noraFactor;
omega = 8.5 * (gamma + 1.8/gamea) * cos{x)/noraFactor;

/* compute Lr and fir */
L =1
h=8;
foriii=1; ii<=order; ii++}
{
if{ ii == rrr) continue;
x = {2¥ii-1) * P1 /{float){2*order);

R = sigma -{-8,5%(ganma -1.8/gamma))*sin{x) / noraFactor;
1 = omega -{8.5*{gumma +1.8/gamma))*cos{x) / normFactor;

LT=L*R-NM*1;

M =L %1 +R*N;

L =17,

M= NT7;

}
L =LY/ {LT * LT + NT * NTJ;
M= -NT /7 (LT *¥ LT + NT * NT);

cosPart = 2.8 ¥ L ¥ exp(sigma*t) * cos{omega*t);
sinPart = 2.8 ¥ N * exp(sigma*t) * sin{omega®t);

h_of_t = h_of_t + cosPart - sinPart;
}
if( {order¥2) ==8 )
{
yval{ix] = hoof_t * hSubZero;
}
else
{
/¥ compute the real exponential component ¥/
/* present in odd-order responses x/
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rrr = {order+1) »> 1;

x = {2%rrp-1) * P1 / (float){2*order);

signa = -8.5 * (gamma - 1.8/gamma) * sin(x) / normfactor;
omega = 8.5 * (gamma ® 1.8/gomma) * cos{x) / norafactor;

for{ iti=1; iii¢= order; iii++)
{
ifliii == rrr) continue;
x = (2%iii-1) * P1 / {float)(2*erder);
R = sigea -(-8.5%(ganma -1.8/gamma))*sin{x) / norafactor;
1 = omega -(8.5*(gamma +1.8/gamaa))*cos(x) / normFactor;

LT=L*R-N*1,
MT=L*I1+R*HN
L=LT;
n= N7,
}
K = LT 7 (LTALT + HT*0T);
hof_t = hoof.t + K * exp{sigma*t};
gval[ix] = hoof_t * hSubZero;
}

return;
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Elliptical Filters

By allowing ripples in the pass band, Chebyshev filters obtain better selectiv-
ity than Butterworth filters do. Elliptical filters improve upon the perfor-
mance of Chebyshev filters by permitting ripples in both the pass band and
stop band. The response of an elliptical filter satisfies

1
-
[Hje)* =1 + R%(w, L)

where R,(w, L) is an nth-order Chebyshev rational function with ripple
parameter L. Elliptical filters are sometimes called Cauer filters.

5.1 Parameter Specification

As shown in Chap. 3, determination of the (amplitude-normalized) transfer
function for a Butterworth lowpass filter requires specification of just two
parameters—cutoff frequency w, and filter order n. Determination of the
transfer function for a Chebyshev filter requires specification of these two
parameters plus a third—pass-band ripple (or stop-band ripple for inverse
Chebyshev). Determination of the transfer function for an elliptical filter
requires specification of the filter order n plus the following four parameters,
which are depicted in Fig. 5.1:

A, = maximum pass-band loss, dB
A, = minimum stop-band loss, dB
w, = pass-band cutoff frequency
w, = stop-band cutoff frequency

The design procedures presented in this chapter assume that the maximum
pass-band amplitude is unity. Therefore, A, is the size of the pass-band
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O Up Us
Figure 5.1 Frequency response showing parameters used to specify an
elliptical filter.

ripples, and A, is the size of the stop-band ripples. Any four of the five filter
parameters can be specified independently, with the fifth then being fixed by
the nature of the elliptical filter’'s response. The usual design strategy
involves specifying A,, A,, w,, and o, based upon requirements of the
intended application. Algorithm 5.1, as follows, can then be used to compute
the minimum value of n for which an elliptical filter can yield the desired
performance. Since n must be an integer, not all combinations of A4,, A;, w,,
and w, can be realized exactly. The design procedure presented in this
chapter can yield a filter that meets the specified A4,, A, and w, and that
meets or exceeds the specification on A;.

Algorithm 5.1 Determining the required order for
elliptical filters

step 1. Based upon requirements of the intended application, determine the
maximum stop-band loss A, and minimum stop-band loss A, in decibels.

step 2. Based on requirements of the intended application, determine the
pass-band cutoff frequency w, and stop-band cutoff frequency w,.

step 3. Using w, and w,, compute selectivity factor k as k = w, |w,.

step 4. Using the selectivity factor computed in step 3, compute the modu-
lar constant q using

q =u + 2u®+ 15u® + 150u 13 (5.1)

_4f7 _p2
where u =1—iﬁ (5.2)
201+ Y1-k
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step 5. Using the values of A, and A,, determined in step 1, compute the
discrimination factor D as

104:110—1

=T (5.3)

step 6. Using the value of D from step 5 and the value of ¢ from step 4,
compute the minimum required order n as

_ [ log 16D ]
"= Log(l/q) &4

where [x7] denotes the smallest integer equal to or greater than x.

The actual minimum stop-band loss provided by any given combination of
A,, w,, o, and n is given by

104,710 _ 1
A, =10log(1+ 207 —1 (5.5)
16q"

where ¢ is the modular constant given by Eq. (5.1).

Example 5.1 Use Algorithm 5.1 to determine the minimum order for an elliptical filter for
which A, =1, A, 2 50.0, w, = 3000.0, and o, = 3200.0.

solution

3000
k=" =0.9375
3200
u = 0.12897
q =0.12904
10°—1
D= 55— = 4293,093.82

n=[8.812671=9

A C function cauerOrderEstim( ), which implements Algorithm 5.1, is
provided in Listing 5.1. This function also computes the actual minimum
stop-band loss in accordance with Eq. (5.5).

5.2 Normalized-Transfer Function

The design of elliptical filters is greatly simplified by designing a frequency-
normalized filter having the appropriate response characteristics, and then
frequency-scaling this design to the desired operating frequency. The simplifi-
cation comes about because of the particular type of normalizing that is
performed. Instead of normalizing so that either a 3-dB bandwidth or the
ripple bandwidth equals unity, an elliptical filter is normalized so that

A/ prwsN = 1 (5.6)
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where w,n and w,y are, respectively, the normalized pass-band cutoff fre-
quency and the normalized stop-band cutoff frequency. If we let o represent
the frequency-scaling factor such that

w w,
pr =_p CUSN Z—s (5.7)
4 4

then we can solve for the value of « by substituting (5.7) into (5.6) to obtain

%=/ w0, (5.8)

As it turns out, the only way that the frequencies w,y and w,y enter into the
design procedure (given by Algorithm 5.2) is via the selectivity factor & that

is given by

oo Gplt @ (5.9)

Since Eq. (5.9) indicates that & can be obtained directly from the desired w,
and w,, we can design a normalized filter without having to determine the
normalized frequencies w,y and w,y! However, once a normalized design is
obtained, the frequency-scaling factor o as given by (5.8) will be needed to
frequency-scale the design to the desired operating frequency.

Algorithm 5.2 Generating normalized-transfer
functions for elliptical filters

step 1. Use Algorithm 5.1 or any other equivalent method to determine a
viable combination of values for A,, A, w,, w,, and n.

step 2. Using w, and w,, compute the selectivity factor k as k = w, [w,.

step 3. Using the selectivity factor computed in step 3, compute the modu-
lar constant q using

q =u +2u®+ 15u° + 150113 (5.10)

__4/71 _ 12
where u =—1——1—k— (5.11)
201+ Y1 -k

step 4. Using the values of A, and n from step 1, compute V as

1 1 Ap/20
Ve—1 ( 0 +1> (5.12)

n T\104-/% — 1
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step 5. Using the value of ¢ from step 3 and the value of V from step 4,
compute p, as

1/4

(=™ g™™+Yginh[(2m + 1) V]
o (5.13)
05+ Y (—1)™q™ cosh2mV

m=1
step 6. Using the value of k& from step 2 and the value of p, from step 5,
compute W as

3
v 18

Do =

I<H 12
o[ ] o0

step 7. Determine r, the number of quadratic sections in the filter, as
r =n/2 for even n, and r =(n —1)/2 for odd n.

steps. Fori=1,2,...,r, compute X; as

9g/4 z (=D g™+ Ysin[(2m + Dun/n]

X, = met (5.15)
1+2 Y (—1)™g™ cos(2mun/n)
m=1
where 4 = i n odd
K= A n even
step9. Fori=1,2,...,r, compute Y, as
X2 12
o (1) x| 010
Step 10. For i =1,2,...,r, use the W, X,, and Y, from steps 6, 8, and 9;
compute the coeflicients a;, b;, and ¢; as
1
ai = F (5.17)
2p,Y;
= —Poti 5.18
Y14-piX? (6.18)
(DY) + (X, W)?
= 5.19
' (1+p3X?)® (519
step 11. Using q; and ¢;, compute H; as
Do I] ;;Ci n odd
Hy=< ‘7' . (5.20)
10-4/2 [T =X 1 even

i=10
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step 12. Finally, compute the normalized transfer function Hy(s) as

HO r 82+ai
e =3 s, (521
where d — {s + Do n odd
1 n even

A C function cauerCoeffs( ), which implements steps 1 through 11 of
Algorithm 5.2, is provided in Listing 5.2. Step 12 is implemented separately in
the C function cauerFreqResponse( ) shown in Listing 5.3, since Eq. (5.21)
must be reevaluated for each value of frequency.

Example 5.2 Use Algorithm 5.2 to obtain the coefficients of the normalized-transfer
function for the ninth-order elliptical filter having A, =0.1dB, w, = 3000 rad/s, and
w, = 3200 rad/s. Determine the actual minimum stop-band loss.

solution Using the formulas from Algorithm 5.2 plus Eq. (5.5), we obtain
g=0129041 V =0286525 p,=0.470218
W =1.221482 r=4 A, = 51.665651

The coeflicients X, Y, a;, b;, and ¢; obtained via steps 8 through 10 for i =1, 2, 3, 4 are
listed in Table 5.1. Using (5.20), we obtain H,=0.015317. The normalized-frequency
response of this filter is shown in Figs. 5.2, 5.3, and 5.4. (The phase response shown in
Fig. 5.4 may seem a bit peculiar. At first glance, the discontinuities in the phase response

T T T Y T T T T
or )
-01 _\_/\/\N_
o ~02r 1
=
o
3 -03f i
€
g
E -0.4} i
“05}| 1
0.6
i i L n s 1 L L
[oX] 0.2 0.3 0.4 05 0.6 0.8 1

normalized frequency

Figure 5.2 Pass-band magnitude response for Example 5.2.
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TABLE 5.1 Coefficients for Example 5.2

i X; Y, a; b; c;

1 0.4894103  0.7598211 4.174973  0.6786235  0.4374598
2 0.7889940  0.3740371 1.606396  0.3091997  0.7415493
3 0.9196814 0.1422994 1.182293 0.1127396 0.8988261
4 09636668  0.0349416 1.076828  0.0272625  0.9538953

-10 +

20 4
@™ -30 k
=
]
3 "40 H h
‘E
g
E

1 2 3 4 5 6 7 8 9 10

normalized frequency

Figure 5.3 Stop-band magnitude response for Example 5.2.

might be taken for jumps of 2r caused by the +r to —n “wraparound” of the arctangent
operation. However, this is not the case. The discontinuities in Fig. 5.4 are jumps of n
that coincide with the nulls in the magnitude response.

5.3 Denormalized-Transfer Function

As noted in Sec. 2.9, if we have a response normalized for w.y =1, we can
frequency-scale the transfer function to yield an identical response for w, = a
by multiplying each pole and each zero by « and dividing the overall transfer
function by a*= ~ "’ where n, is the number of zeros and n, is the number of
poles. An elliptical filter has a transfer function of the form given by (5.20).
For odd n, there is a real pole at s = p, and r can conjugate pairs of poles that
are roots of

s?2+bs+ec;=0 i=1,2,...,r
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Figure 5.4 Phase response for Example 5.2.

Using the quadratic formula, the ith pair of complex pole values can be
expressed as

—b, +./b? —4e;

2

p; =

The zeros of the normalized-transfer function occur at s = + j\/;,-, i=
1,2,...,r. For even n, the number of poles equals the number of zeros so
a”=~")=1. For odd n,n, —n,= —1, so the transfer function must be di-
vided by 1/« or multiplied by «. If we multiply the poles and zeros by a and
multiply the overall transfer function by 1 or o as appropriate, we obtain the
frequency-scaled transfer function H(s) as

r s+ a®a,
He)=K [| ——— 5 5.22
® il;ll s2+ab;s +a’c; (622)
Hya
d
where K =<8 + ap, n odd
H, n even

Comparison of Eqgs. (5.21) and (5.22) indicates that the frequency rescaling
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consists of making the following substitutions in (5.21):
o2a; replaces g;
a’c; replaces c;
ab; replaces b,
H,o replaces Hy (n odd)
ap, replaces p, (n odd)

A C function cauerRescale( ), which makes these substitutions, is given in
Listing 5.4.
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Listing 5.1 cauerOrderEstim( )

FEREEEERRXKXEXERRREREERRRIOR KRR RRRER 7

/% */
/* Listing 5.1 */
7% *f
/*  cauerOrderEstin() x/f
/* */

/***t**t****‘t**t*t#*********t*tt**/

void cauerOrderEstin{ real omegaPass,
real omegaStop,
real maxPagssloss,
real minStoploss,
int ¥order,
real *actualllinStoplass)
{
real k, u, q, dd, kk, lambda, w, mu, om;
real sum, term, denom, numer, sigma, v;
int i, m, r;

k=omegaPass/omegaStop; /¥ Rlg. 5.1, step 3 %/

kk=sqrt{sqrt{1.8 - k*k)); /* Eqg (5.2) */
u=8.5*%{1.8-kk)/(1.8+kk);

= 158.8 * ipow{u,13); /% Eq (5.1) */
=q+ 158 % ipow{u,9);

=g e 2.8 * ipow(u,5);

=gty

0 0 00

dd = pow{18.8, minStopLoss/10.8) - 1.8; /¥ Eq (5.3) »/
dd = dd/ {pow({18.8,maxPassloss/10.8) - 1.8);

*order = ceil{ log1B(16.8%dd) / log!®(1.8/q)); /* Eq (5.4) %/

/% Eq (5.5) %/
nuser = pow(18.8, (moxPassloss/16.8))-1.8;
*actuallinStoploss = 18,8 * log!8{numer/{16%ipow(q,*order))+1.8);
return;

}
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Listing 5.2 cauerCoeffs( )

f*#t*t**ttt***t*ttt***tttt#****tt*#/

/* %/
/* Listing 5.2 */
/¥ */
/%  cauerloeffs{) %/
/¥ x/

/l***!#ttt#t#**l#***t*tt#i*****t*ti}

void cauerloeffs{real omegaPass,
real omegaStop,
real maxPassloss,

int order,
real aal],
real bb{],
real ccl],

int *numSecs,
real *hlero,
real *pZero)

{

real k, kk, u, q, vv, we, muy, xx, uy;

real sum, ters, denom, numer;

int i, =, r;

k=omegaPass/omegaStop; /* Rlg 5.2, step 2 ¥/

kk=sqrt {sqrt (1.8 - k*k)}; /% Eq (5.11) %/
u=8.5%(1,8-kk)/(1.8+kk);

150.8 ¥ ipow(u,13); /* Eq (5.18) */
q ¢ 15.8 % jpow(u,8);

g+ 2.8 % ipow(u,5);

=q*tu;

o0 0 0 0
»

/* Eq (5.12) %/
numer = pow{18.8,maxPassLoss/28.8)+1.8;
wo = log{ numer / (pow(18.8, maxPassloss/28.8)-1))/(2.8%order);

sus = 8.8; /% Eq (5.13) %/
for{ m=8; #<5; m++) {
tern = ipow{-1.8,m);
tern = ters * ipow(qg, a*{m+1));
tern = term ¥ ainh({2%m+1) * yy);
fprint f(duspFile,"for m=Xd, term = Xe\n",m,tera);
sum = sum @ tern;
}

nuaer = 2.8 * sup * sqrt{sqrt(q));
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susm = B.8;
for{ m=1; a¢5; m++) {
term ~ ipow(-1.8,m);
term = term * ipow(g,m*m);
term @ term * cosh{2. €@ * n * yu);
aum = sum *+ term;
}
denop = 1.8 + 2.0%sum;
*pZero = fobs{nuaer/denom};

es = 1.8 @k ¥ ¥pleng ¥ ¥pleng; /% £q (5.14) %/
ws = sgrifwe * (1.6 ® *pZero ¥ *plero/k));

r = {order-(order¥2)}/2; /* Rlg 5.2, step 7 ¥/
*numSecs = r;

for{i=1; i<=r; i++) { /¥ loop for Rlg 5.2, steps B, 9, 18 %/

i f{orders2)
{au = i}
else
{su = i - 8.5;)
sum = B.8; /¥ Eg (5.15) numerator %/

for{m=8; a<5; a++) {
tern = ipow(-1.8,m};
term = term ¥ ipow{q, a¥{m+1));
tern = term * sin( (2%+1)} * PI * au / order);
sum = sum ® term;
}

numer = 2.8 * sum ¥ sgrt(sgri{g));

sum = 8.6; /% Eq (5.15) denominator ¥/
for(m=1; m<5; m++) {
term = {pow(-1.8,m);
tern = tern ¥ ipow(q,n*s);
term = term * cos(2.8 * Pl * o * au / order);
fprint f{duspFile,"for a=%d, tern = Xe\n",m, tern);
sum = sus ® term;
}
denos = 1.8 ® 2.8 ¥ sum;
XX = numer/denom;

yy = 1.8 ~ k ¥ xx¥xx; /¥ Eq (5.16) */
gy = sartlyy * {1.8-(xx¥xx/k}));

gali) = 1.8/0xx*xx); /¥ Eq (5.17) %/
denom = 1.8 + ipow(*pZero*xx, 2); /¥ Eq (5.18) %/

bbli] = 2.6 * ¥plero * yy/denom;



denom = ipow(denom,2); 7% Eq (5.19) */

numer = ipoo{*plero*yy,2) + ipow{xx*ws,2);
cclil = numer/denom;

}

ters = 1,B; /* Eq (5.20) */
for(i={; i<=p; i++) {
ters = term * cclil/aalil;
}
i f(orderX2)
{term = term * *pZero;}
else
{term = tera * pow(18.8, maxPassloss/(-28.8));}

*hlero = term;
return;

}

Listing 5.3 cauerFreqResponse( )

f&*ttltl*t****ttt*#l*t**l***t*t***t/

A */
/* Listing 5.3 */
/¥ */
/% cauerFreqResponse() x/
/% */

/t*t*t***tt**#*tl********!***tt#t**/

void cauerfregResponse{ int order,

real oall,
real bbl],
real ccll,
real hlero,
real plero,

real frequency,
real *magnitude,
real *phase)
{
double normalizedFrequency;
int r, k, ix, i;
struct compiex s, cProd, cTerabumer, cTermDencm;

r = {order-{orderX2))/2;
s = caplx{0.8, frequency);

iflordery2) {
cTernlenom = cAdd(s, cmplx{plera, 6.0));
cProd = cBiv(copix(1.6,8.8), cTerallenon);
cProd = sMult{hZero, cProd);
}

Elliptical Filters
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else {
cProd = ceplx(h2ero,8.8);
}

for (i=1; i<=p; i++) {
cTeraNumer=ctult{s,s);
cTeralenom=cAdd{cTeraNumer,sMult (bb[i],s));
cTeraNumer .Re = cTernNumer.Re + aali];
cTeraDenon.Re = cTeralienon.Re + cclil;
cProd = cMult{cProd, cTerabumer);
cProd = cDiv(cProd, cTeraDenom);
}

*sagnitude = 28.8% log!8(cAbs{ cProd));

*phase = 168.8 * arg(cProd)/Pl;

return;

}

Listing 5.4 cauerRescale( )

/t*‘t***!******ltt****tt*# ***lt#tt*/

/* x/
/% Listing 5.4 */
/¥ x/
/% cauerRescale() */
/* */
[RERRERKKRAKKEREIRKRKRRIRE KRR )
void cauerRescale(  int order,

real aal],

real bb[}],

real cc[],

real *hZero,
real *plero,
real alpha)

{

real alphaSgrd;

int r, i;

alphaSqrd = alpha*alpha;

i f{ order¥2) {
r = {order-1)/2;
*hZero = *hZerc * alpha;
*pZero = *plero * alpha;

}
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else {
r = order/Z;
}

for{i=1; i<=p; i++) {
aali] = aali) * ulphaSqrd;
cclil = celil * alphaSqrd;
bblil = bb[il * alpha;
}






Chapter

Bessel Filters

Bessel filters are designed to have maximally flat group-delay characteristics.
As a consequence, there is no ringing in the impulse and step responses.

6.1 Transfer Function

The general expression for the transfer function of an nth-order Bessel
lowpass filter is given by

bo
H(s) = o) (6.1)

where q,(s) = ) b,s*
k=1

(2n — k)!

by T2 ERln —k)!

The following recursion can be used to determine g,(s) from g, _,(s) and
Qn—2(3)3

qn =(2n —l)qn—1+s2qn—2

Table 6.1 lists ¢,(s) for n = 2 through n = 8. These values were generated by
the C function besselCoefficients( ) provided in Listing 6.1. This function is
used by other Bessel filter routines presented later in this section.

Unlike the transfer function for Butterworth and Chebyshev filters, Eq.
(6.1) does not provide an explicit expression for the poles of the Bessel filter.
The numerator of (6.1) will be a polynomial in s, upon which numerical
root-finding methods (such as Algorithm 2.1) must be used to determine the
pole locations for H(s). Table 6.2 lists approximate pole locations for n =2
through n =8.

109



110 Chapter Six

TABLE 6.1 Denominator Polynomials for Transter Functions of Bessel Filters Normalized to
Have Unit Delay at 0 =0

n q,(s)

2  5%2435+3

3 s°+6s24+15s+15

4 8%+ 10s% + 4552 4+ 105s + 105

5 5%+ 155* + 10553 + 42052 + 9455 + 945

6 $% 4+ 2155 + 210s* + 126052 + 472552 + 10,3955 + 10,395

7 s7 + 28s% 4 378s% + 3150s% + 17,3255 2 + 62,370s2 + 135,135s + 135,135

8 8%+ 3657 4+ 630s° + 6930s° + 94505 + 270,270s > + 945,94552 + 2,027,025s + 2,027,025

TABLE 6.2 Poles of Bessel Filter Normalized
to Have Unit Delay at v =0

n Pole values

~1.5 + 0.8660)

—-2.3222
—1.8390 + 1.7543j

4 —2.1039 + 2.6575)
~2.8961 + 0.8672j

5 —3.6467
—2.3247 £+ 3.5710f
—3.3520 + 1.7427j

6 —2.5158 + 4.4927j
—3.7357 + 2.6263;
—4.2484 + 0.8675]

7 —4.9716
—2.6857 + 5.4206]
—4.0701 + 3.5173j
—4.7584 + 1.7393j

8 —b5.2049 + 2.6162;
—4.3683 + 4.4146j
—2.8388 + 6.3540j
—b5.5878 + 0.8676f

The transfer functions given by (6.1) are for Bessel filters normalized to
have unit delay at w = 0. The poles p, and denominator coefficients b, can be
renormalized for a 3-dB frequency of w =1 using

pPi=Ap, by=A"""*b,

where the value of A appropriate for n is selected from Table 6.3. (The
values from the table have been incorporated in the besselCoefficient( )

function.)
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TABLE 6.3 Factors for Renormalizing Bessel
Filter Poles from Unit Delay at v =0 to
3-dB Attenuation at v =1

n A

1.35994
1.74993
2.13011
2.42003
2.69996
2.95000
3.17002

O -3 O & LN

6.2 Frequency Response

Figures 6.1 and 6.2 show the magnitude responses for Bessel filters of several
different orders. The frequency response data was generated by the C routine
besselFreqResponse( ), which is provided in Listing 6.2.

6.3 Group Delay

Group delays for lowpass Bessel filters of several different orders are plotted
in Fig. 6.3. The data for these plots was generated by the C function
besselGroupDelay( ), provided in Listing 6.3, which performs numerical
differentiation of the phase response to evaluate the group delay.
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Figure 6.1 Pass-band magnitude response of lowpass Bessel filters.
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Figure 6.2 Stop-band magnitude response of lowpass Bessel filters.
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Listing 6.1 besselCoefficients( )

/****t****#****l‘**********l***tt*l‘*,f

/¥ */
/¥ Listing 6.1 ¥/
7% */
/* besselCuefficients() X/
/% */

JRERRRRRRERR R AKX KRR R R RN REN )
®include <math.h>
%include "globDefs.h"

void besselCoefficients{ int order,
char typeOfHormalization,
real coefl])

{

int i, H, index, indexlll, indexl?;

real B[3)[NAXDRDER];

real A, renorm[MAXORDER];

rencrm{2] =~ B, 72675;
renorm[3] = @,57145;
renorm[4] = 8, 46945,
renorm[5] = 8.41322;
renarm[6] = @.37838;
renorn[7] = 8.33898;

renorm[B] = &.31546;
R = renoralorder];

index = |;
indexf!) = §;
indexMz = 2;

for( i=B; i<({3*MAXORDER); i++) BLA][i] = 8;
Bial{el = 1.g;
Bl11[8] = 1.8;
BO11[1] = 1.@;

for{ N=2; N(=order; N++)
{
index = (index+1)83;
indexfil = (indexItl + 1)83;
index2 = (indexM2 + 1)%3;

for{ i=8; i<N; i++)
{
Blindex][i] = (2*N-1) * B{indexMt][i];
}

for{ i=2; i<=N; j++)

Bessel Filters
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{
Blindex][i] = Blindex][i] + BlindexM2][i-2]1;
}
}
i f(typeOfHormalization == '0")
{
for{ i=8; i<=order; i++) coef(i] = Blindex]l[il];

}

else
{
for{ i=8; i<=apder; i++)
{
coef{i] = Blindex]{i] * pow(f, (arder - i) );
}
}
return;
}

Listing 6.2 besselFregResponse( )

/*t*t***#*#t**"t**t*t**tt****t*‘***!‘

/" */
/¥ Listing 6.2 */
/* X
/% besselFreqResponse() */
/t */‘

JEEREXEXEXREE KXRRRERR A RAREERERAK
®include <math.h>

%include "globDefs.h”
%include "protos.h”

void besselFreqRespanse{ int order,
real coef(],
real freguency,
real *magnitude,
real *phase)

{
struct complex numer, omega, denom, tronsferFunction;
int i;

numer = caplx{ coef[8], 8.8);
omsegg = cmplx{ 8.8, frcquencg);
denon = caplx! coefl[order], B.08};

for{ i=order-i; i>=@; i--}

{



Bessel Filters

denom = clult{omega,denon);
denon,Re = denom.Re + coeflil;

}

transferFunction = cliv{ numer, denam);

*magnitude = 28.8 * log!B8(cAbs{transferfunction));
*phase = 188.8 ¥ arg{tronsferFunction) / PI;
return;

}

Listing 6.3 besselGroupDelay( )

/*****‘*lll‘************tt#***l*****/

’.'t 1/
/¥ Listing 6.3 */
,‘* "r'
/¥ besselGroupDelay() X/
/% */

void besselGroupDeiayl int order,
real coef[],
real frequency,
real delta,
real *groupDelay)
{
struct complex numer, omega, omegaPlus, denom, transferfunction;
int i;
real phase, phoseZ;

numer = cmplx{ coefl&), 8.8);
denon = cmplx{ coeflorder], B.8};
omega = capix( 0.8, frequency);

for{ i=order-1; i>=0; i--J {
denom = clluit{omega,denon);
denom.Re = denom.Re + coef[il];
}
transferFunction = cDiv( numer, denom);
phase = arg{transferfunction);

denom = caplx{ coef{order], 8.8);
omegaPlus = cmplx(8.8, frequency + delta);

for{ i=order-1; ir=8; i--} {
denon = cMult{omegoPlus,dencs);
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denom.He = denom.Re + coef[i];

}
transferFunction = cDiv{ numer, denom};
phase2 = arg(transferfunction);
*grouplelay =~ {phase2 - phase}/delta;
return;

}



Chapter

Fundamentals of Digital
Signal Processing

Digital signal processing (DSP) is based on the fact that an analog signal can
be digitized and input to a general-purpose digital computer or special-
purpose digital processor. Once this is accomplished, we are free to perform
all sorts of mathematical operations on the sequence of digital data samples
inside the processor. Some of these operations are simply digital versions of
classical analog techniques, while others have no counterpart in analog
circuit devices or processing methods. This chapter covers digitization and
introduces the various types of processing that can be performed on the
sequence of digital values once they are inside the processor.

7.1 Digitization

Digitization is the process of converting an analog signal such as a time-
varying voltage or current into a sequence of digital values. Digitization
actually involves two distinct parts—sampling and quantization—which are
usually analyzed separately for the sake of convenience and simplicity. Three
basic types of sampling, shown in Fig. 7.1, are ideal, instantaneous, and natural.
From the illustration we can see that the sampling proc¢ess converts a signal
that is defined over a continuous time interval into a signal that has nonzero
amplitude values only at discrete instants of time (as in ideal sampling) or over
a number of discretely separate but internally continuous subintervals of time
(as in instantaneous and natural sampling). The signal that results from a
sampling process is called a sampled-data signal. The signals resulting from
ideal sampling are also referred to as discrete-time signals.

Each of the three basic sampling types occurs at different places within a
DSP system. The output from a sample-and-hold amplifier or a digital-to-
analog converter (DAC) is an instantaneously sampled signal. In the output

17
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vt) v(t)

il

(a) b)

v(t) v(t)

L L |

tc) (d)

Figure 7.1 An analog signal (a) and three different types of sampling: (4)
ideal, (¢) instantaneous, and (d) natural.

of a practical analog-to-digital converter (ADC) used to sample a signal, each
sample will of course exist for some nonzero interval of time. However,
within the software of the digital processor, these values can still be inter-
preted as the amplitudes for a sequence of ideal samples. In fact, this is
almost always the best approach since the ideal sampling model results in the
simplest processing for most applications. Natural sampling is encountered
in the analysis of the analog multiplexing that is often performed prior to
A/D conversion in multiple-signal systems. In all three of the sampling
approaches presented, the sample values are free to assume any appropriate
value from the continuum of possible analog signal values.

Quantization is the part of digitization that is concerned with converting
the amplitudes of an analog signal into values that can be represented by
binary numbers having some finite number of bits. A quantized, or discrete-
valued, signal is shown in Fig. 7.2. The sampling and quantization processes
will introduce some significant changes in the spectrum of a digitized signal.
The details of the changes will depend upon both the precision of the
quantization operation and the particular sampling model that most aptly fits

the actual situation.
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(a) (b)

Figure 7.2 An analog signal (a¢) and the corresponding quantized signal

(b).

Ideal sampling

In ideal sampling, the sampled-data signal, as shown in Fig. 7.3, comprises a
sequence of uniformly spaced impulses, with the weight of each impulse equal
to the amplitude of the analog signal at the corresponding instant in time.
Although not mathematically rigorous, it is convenient to think of the
sampled-data signal as the result of multiplying the analog signal x(t) by a
periodic train of unit impulses:

x() =2t Y 8¢t —nT)
Based upon property 11 from Table 1.5, this means that the spectrum of the
sampled-data signal could be obtained by convolving the spectrum of the
analog signal with the spectrum of the impulse train:

f[x(t) Y ot —nT)} =X(f) * [fs > 5(f—mfs)]
As illustrated in Fig. 7.4, this convolution produces copies, or images, of the
original spectrum that are periodically repeated along:the frequency axis.
Each of the images is an exact (to within a scaling factor) copy of the

ay 'y

Figure 7.3 Ideal sampling.
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X(f)

-fg -y ) fy fom fy fs fo+fy

— e— fg- 21y

Figure 7.4 Spectrum of an ideally sampled signal.

original spectrum. The center-to-center spacing of the images is equal to the
sampling rate f,, and the edge-to-edge spacing is equal to f, — 2fy. As long as
f. is greater than 2 times fy, the original signal can be recovered by a lowpass
filtering operation that removes the extra images introduced by the sampling.

Sampling rate selection

If £, is less than 2f;;, the images will overlap, or alias, as shown in Fig. 7.5,
and recovery of the original signal will not be possible. The minimum
alias-free sampling rate of 2fy is called the Nyquist rate. A signal sampled
exactly at its Nyquist rate is said to be critically sampled.

Uniform sampling theorem. If the spectrum X(f) of a function x(f) vanishes
beyond an upper frequency of f; Hz or wy rad/s, then x(t) can be com-
pletely determined by its values at uniform intervals of less than 1/(2f) or
7w, If sampled within these constraints, the original function x(t) can be
reconstructed from the samples by

© in[2 —nT
0 5 s B

n = —auo

where T is the sampling interval.

Since practical signals cannot be strictly band-limited, sampling of a
real-world signal must be performed at a rate greater than 2f; where the
signal is known to have negligible (that is, typically less than 1 percent)
spectral energy above the frequency of f;. When designing a signal process-
ing system, we will rarely, if ever, have reliable information concerning the
exact spectral occupancy of the noisy real-world signals that our system will
eventually face. Consequently, in most practical design situations, a value is
selected for f,, based upon the requirements of the particular application, and
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Figure 7.5 Aliasing due to overlap of spectral images.

then the signal is lowpass-filtered prior to sampling. Filters used for this
purpose are called antialiasing filters or guard filters. The sample-rate selec-
tion and guard filter design are coordinated so that the filter provides
attenuation of 40 dB or more for all frequencies above [, /2. The spectrum of
an ideally sampled practical signal is shown in Fig. 7.6. Although some
aliasing does occur, the aliased components are suppressed at least 40 dB
below the desired components. Antialias filtering must be performed prior to
sampling. In general, there is no way to eliminate aliasing once a signal has
been improperly sampled. The particular type (Butterworth, Chebyshev,
Bessel, Cauer, and so on) and order of the filter should be chosen to provide
the necessary stop-band attenuation while preserving the pass-band charac-
teristics most important to the intended application.

Instantaneous sampling

In instantaneous sampling, each sample has a nonzero width and a flat top.
As shown in Fig. 7.7, the sampled-data signal resulting from instantaneous
sampling can be viewed as the result of convolving a sample pulse p(f) with
an ideally sampled version of the analog signal. The resulting sampled-data
signal can thus be expressed as

OEOJ ot — nT):I

where p(t) is a single rectangular sampling pulse and x(¢) is the original
analog signal. Based upon property 10 from Table 1.5, this means that the
spectrum of the instantaneous sampled-data signal can be obtained by multi-
plying the spectrum of the sample pulse with the spectrum of the ideally
sampled signal:

?{p(t)*[x(t) 5 5(t—nT)]}=P(f)-{X(f)*[fs 5 6(f—mfs)]}

n= —a m = — o0

xs() = p(t) * [x(t)

n
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(a)

~40 dB

(b)

-40 dB

fy/2 fg

(c)

-40 dB

Figure 7.6 Spectrum of an ideally sampled practical signal: (@) spectrum of raw
analog signal, (b) spectrum after lowpass filtering, and (c) spectrum after sam-

pling.

As shown in Fig. 7.8, the resulting spectrum is similar to the spectrum
produced by ideal sampling. The only difference is the amplitude distortion
introduced by the spectrum of the sampling pulse. This distortion is some-
times called the aperture effect. Notice that distortion is present in all the
images, including the one at base-band. The distortion will be less severe for
narrow sampling pulses. As the pulses become extremely narrow, instanta-
neous sampling begins to look just like ideal sampling, and distortion due to
the aperture effect all but disappears.
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Figure 7.7 Instantaneous sampling.
(a)

10nmnnor
AL

Figure 7.8 Spectrum of an instantaneously sampled signal is
equal to the spectrum (a) of an ideally sampled signal multi-
plied by the spectrum (b) of 1 sampling pulse.

Natural sampling

In natural sampling, each sample’s amplitude follows the analog signal’s
amplitude throughout the sample’s duration. As shown in Fig. 7.9, this is
mathematically equivalent to multiplying the analog signal by a periodic
train of rectangular pulses:

x,() = 2(t) {p(t) . [ 3 - nT)]}
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[

Figure 7.9 Natural sampling.

The spectrum of a naturally sampled signal is found by convolving the
spectrum of the analog signal with the spectrum of the sampling pulse train:

Flx,() = X(f) » [P(f) LS 5(f—mfs)]

m= —ov

As shown in Fig. 7.10, the resulting spectrum will be similar to the spectrum
produced by instantaneous sampling. In instantaneous sampling, all frequen-

{a)

(b)

(c)

| il

0

f

Figure 7.10 Spectrum {(c¢) of a naturally sampled signal is
equal to the spectum (@) of the analog signal multiplied by
the spectrum (b) of the sampling pulse train.
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cies of the sampled signal’s spectrum are attenuated by the spectrum of the
sampling pulse, while in natural sampling each image of the basic spectrum
will be attenuated by a factor that is equal to the value of the sampling
pulse’s spectrum at the center frequency of the image. In communications
theory, natural sampling is called shaped-top pulse amplitude modulation.

Discrete-time signals

In the discussion so far, weighted impulses have been used to represent
individual sample values in a discrete-time signal. This was necessary in
order to use continuous mathematics to connect continuous-time analog
signal representations with their corresponding discrete-time digital repre-
sentations. However, once we are operating strictly within the digital or
discrete-time realms, we can dispense with the Dirac delta impulse and adopt
in its place the unit sample function, which is much easier to work with. The
unit sample function is also referred to as a Kronecker delta impulse (Cadzow
1973). Figure 7.11 shows both the Dirac delta and Kronecker delta represen-
tations for a typical signal. In the function sampled using a Dirac impulse
train, the independent variable is continuous time ¢, and integer multiples of
the sampling interval T are used to explicitly define the discrete sampling
instants. On the other hand, the Kronecker delta notation assumes uniform

x(1)
(@)

Lol

0 2T

Figure 7.11 Sampling with Dinac
x(n) and Kronecker impulses: (a)
continuous signal, (b) sampling
with Dirac impulses, and (c)
sampling with Kronecker im-
pulses.

(c)

o ——n
N fp—

O —

D |——

O f———
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sampling with an implicitly defined sampling interval. The independent
variable is the integer-valued index n whose values correspond to the dis-
crete instants at which samples can occur. In most theoretical work, the
implicitly defined sampling interval is dispensed with completely by treating
all the discrete-time functions as though they have been normalized by
setting T = 1.

Notation

Writers in the field of digital-signal processing are faced with the problem of
finding a convenient notational way to distinguish between continuous-time
functions and discrete-time functions. Since the early 1970s, a number of
different approaches have appeared in the literature, but none of the
schemes advanced so far have been perfectly suited for all situations. In
fact, some authors use two or more different notational schemes within
different parts of the same book. In keeping with long-established mathe-
matical practice, functions of a continuous variable are almost universally
denoted with the independent variable enclosed in parentheses: x(t), H(e/®),
¢(f) and so on. Many authors, such as Oppenheim and Schafer (1975),
Rabiner and Gold (1975), and Roberts and Mullis (1987), make no real
notational distinction between functions of continuous variables and func-
tions of discrete variables, and instead rely on context to convey the distinc-
tion. This approach, while easy for the writer, can be very confusing for the
reader. Another approach involves using subscripts for functions of a dis-
crete variable:

xp £ x(kT)
H, 2 H(e™)
¢ 2 $(mF)

This approach quickly becomes typographically unwieldy when the indepen-
dent variable is represented by a complicated expression. A fairly recent
practice (Oppenheim and Schafer 1989) uses parentheses ( ) to enclose the
independent variable of continuous-variable functions and brackets [ ] to
enclose the independent variable of discrete-variable functions:

x[k] = x(kT)
H[n] = H(e’™)
¢lm] = ¢p(mF)

For the remainder of this book, we will adopt this practice and just remind
ourselves to be careful in situations where the bracket notation for discrete-
variable functions could be confused with the bracket notation used for

arrays in the C language.
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7.2 Discrete-Time Fourier Transform

The Fourier series given by Eq. (1.140) can be rewritten to make use of the
discrete sequence notation that was introduced in Sec. 7.1:

x(t) = i X[n] pJ2nnFt

n=—au

1 . . .
where F = = sample spacing in the frequency domain
0

t, = period of x(t)

Likewise, Eq. (1.141) can be written as

X[n] = tl j x(t) e "3 Ft dy
to

0

The fact that the signal x(¢) and sequence F[n] form a Fourier series pair
with a frequency domain sampling interval of F can be indicated as

FS; F
x(t) —— X[n]

Discrete-time Fourier transform

In Sec. 7.1 the results concerning the impact of sampling upon a signal’s
spectrum were obtained using the continuous-time Fourier transform in
conjunction with a periodic train of Dirac impulses to model the sampling of
the continuous-time signal x(f). Once we have defined a discrete-time se-
quence x[n], the discrete-time Fourier transform (DTFT) can be used to obtain
the corresponding spectrum directly from the sequence without having to
resort to impulses and continuous-time Fourier analysis.

The discrete-time Fourier transform, which links the discrete-time and
continuous-frequency domain, is defined by

o &)

XE*Ty= Y «x[n]e /T (7.1)

n= —oo

and the corresponding inverse is given by
1 (™ . onT
x[n] = 5 Xy e/ dw (7.2)
U bt (4

If Eqgs. (7.1) and (7.2) are compared to the DTFT definitions given by certain
texts (Oppenheim and Schafer 1975; Oppenheim and Schafer 1989; Rabiner
and Gold 1975), an apparent disagreement will be found. The cited texts
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define the DTFT and its inverse as

X(e'*) = Oi x[n] e /on (7.3)

1 (" . )
x[n] S f X(ejm) e](nnT d(D (74)
2n | _,

The disagreement is due to the notation used by these texts, in which w is used
to denote the digital frequency given by

== QT
w Fs

where Q = analog frequency
F, = sampling frequency
T = sampling interval

In most DSP books other than the three cited above, the analog frequency is
denoted by w rather than by Q. Whether @ or Q is the “natural” choice for
denoting analog frequency depends upon the overall approach taken in
developing Fourier analysis of sequences. Books that begin with sequences, and
then proceed on to Fourier analysis of sequences, and finally tie sequences to
analog signals via sampling tend to use w for the first frequency variable
encountered which is digital frequency. Other books that begin with analog
theory and then move on to sampling and sequences, tend to use w for the first
frequency variable encountered which is analog frequency. In this book, we will
adopt the convention used by Peled and Liu (1976) denoting analog frequency by
w and digital frequency by /. = wT. The function X(e/“7T)is periodic with a period
of w, = 2n/T, and X(e’*) is periodic with a period of 1, = 2.

Independent of the w versus Q controversy, the notation X(e’*7) or X(e’*) is
commonly used rather than X(w) or X(4) so that the form of (7.1) remains similar
to the form of the z transform given in Sec. 5.1 which is

Xz = Y =x[n]z™" (7.5)
If e/“ is substituted for z in (7.5), the result is identical to (7.1). This indicates
that the DTFT is nothing more than the z transform evaluated on the unit circle.
[Note: e/* = cos w +j sin w, 0 < w < 2x, does in fact define the unit circle in the
z plane since |¢’*| = (cos® w + sin® ) =1].

Convergence conditions
If the time sequence x[n] satisfies

o

Y |x[n]] <

n= —aoc
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then X(e/*T) exists and the series in (7.1) converges uniformly to X(e/*7). If
x[n] satisfies

e o]

Y |x[nlf< oo

n= —aoo

then X(e’*T) exists and the series in (7.1) converges in a mean-square sense to
X(e’*T), that is,

lim f |X(eT) — Xp(e’T)| dev =0
M- |_,

M
where Xp(e’T) = Y x[n]e 7T

n=-M

The function X,,(e’T) is a form of the Dirichlet kernel discussed in Sec. 11.2.

Relationship to Fourier series

Since the Fourier series represents a periodic continuous-time function in
terms of a discrete-frequency function, and the DTFT represents a discrete-
time function in terms of a periodic continuous-frequency function, we might
suspect that some sort of duality exists between the Fourier series and DTFT.
It turns out that such a duality does indeed exist. Specifically if

flk] < FeioT)
and we set
we=T
*(®) = FEM),_
X{n) = fIRlle—

FS; wg
then x(t) «— X[n]

7.3 Discrete-Time Systems

In Chap. 2 we saw how continuous-time systems such as!filters and amplifiers
can accept analog input signals and operate upon them to produce different
analog output signals. Discrete-time systems perform essentially the same role
for digital or discrete-time signals.

Ditference equations

Although I have deliberately avoided discussing differential equations and
their accompanying headaches in the analysis of analog systems, difference
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equations are much easier to work with, and they play an important role in
the analysis and synthesis of discrete-time systems. A discrete-time, linear,
time-invariant (or if you prefer, shift-invariant) (DTLTI or DTLSI) system,
which accepts an input sequence x[n] and produces an output sequence y[n],
can be described by a linear difference equation of the form

ylnl +a,yln —1] +ayy[n — 2] +- - - +a, yln — k]
=box[n] +6,x[n —1] + b, x[n — 2]+ -+ b, x[n — k] (7.6)

Such a difference equation can describe a DTLTI system having any initial
conditions as long as they are specified. This is in contrast to the discrete-
convolution and discrete-transfer function that are limited to describing
digital filters that are initially relaxed (that is, all inputs and outputs are
initially zero). In general, the computation of the output y[n] at point n using
Eq. (7.6) will involve previous outputs y[n — 1], y[n — 2], y[n — 3], and so on.
However, in some filters, all of the coeflicients a,, a,, . . ., a, are equal to zero,
thus yielding

yinl =byx[n] +b,x[n — 1} + by x[n — 2] +-- -+ b, x[n — k] (7.7)

in which the computation of y[n] does not involve previous output values.
Difference equations involving previous output values are called recursive
difference equations, and equations in the form of (7.7) are called nonrecursive
difference equations.

Example 7.1 Determine a nonrecursive difference equation for a simple moving-average

lowpass filter in which the output at n =i is equal to the arithmetic average of the five
inputs from n =i — 4 through n =1i.

solution The desired difference equation is given by

x[n] +x[n — 1] + x[n — 2] + x[n — 3] + x[n — 4]
ylnl = 5

=0.2x[n] + 0.2x[n — 1} + 0.2x[n — 2] + 0.2x[n — 3] + 0.2x[n — 4] (7.8)

Relating this to the standard form of Eq. (7.7), we find £k =4,5,=0 for all i, and
aGQ=a,=a=a3=0a,=02.

Discrete convolution

A discrete-time system’s impulse response is the output response produced
when a unit sample function is applied to the input of the previously relaxed
system. As we might expect from our experiences with continuous systems,
we can obtain the output y[rn] due to any input by performing a discrete
convolution of the input signal x[n] and the impulse response h[n]. This
discrete convolution is given by

yinl= 3 himl xln —m]
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If the impulse response has nonzero values at an infinite number of points
along the discrete-time axis, a digital filter having such an impulse response
is called an infinite-impulse response (IIR) filter. On the other hand, if
h[m] =0 for all m > M, the filter is called a finite-impulse response (FIR)
filter, and the convolution summation can be rewritten as

M-1
yln] = Z_: h[m] x[n — m]

FIR filters are also called transversal filters.

Example 7.2 For the moving-average filter described in Example 7.1, obtain the filter’s
impulse response.

solution The filter’'s impulse response h[n] can be obtained by direct evaluation of Eq.
(7.8) for the case of x[n] equal to the unit sample function:

n=0

hin] = y[n] for x[n] = {(1) n£0

Thus,

0.2 0<n<4
hin) _{ otherwise

The following summation identities will often prove useful in the evaluation
of convolution summations:

N 1—(ZN+1
Z anz——l—a (X?él (79)
n=0 -
N
Y na”=m(l—a — Na™ 4+ No N+ 1) a#1 (7.10)
n=0

n o’ [(1+ a)(1—a®) —2(1 — a)Na? — (1 —a)® N2 o] a#1
(1— 1-w?
(7.11)

7.4 Diagramming Discrete-Time Systems

Block diagrams

As is the case for continuous-time systems, block diagrams are useful in the
design and analysis of discrete-time systems. Construction of block diagrams
for discrete time systems involves three basic building blocks: the unit-delay
element, multiplier, and summer.

Unit-delay element. As its name implies, a unit-delay element generates an
output that is identical to its input delayed by 1 sample interval:

y[R] = x[k —1]
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x[k] x[k-1]

— ] 2 Figure 7.12 Block diagram repre-

sentation of a unit-delay ele-
ment.

The unit-delay element is usually drawn as shown in Fig. 7.12. The term z !

is used to denote a unit delay because delaying a discrete-time signal by 1
sample time multiplies the signal’s z transform by z~!. (See property 5 in
Table 9.4.) Delays of p sample times may be depicted as p unit delays in series
or as a box enclosing z 7.

Multiplier. A multiplier generates as output the product of a fixed constant
and the input signal

yk] = a x[k]

A multiplier can be drawn in any of the ways shown in Fig. 7.13. The form
shown in Fig. 7.13¢ is usually reserved for adaptive filters and other situa-
tions where the factor a is not constant. [Note that a system containing
multiplication by a nonconstant factor would not be a linear time-invariant

(LTI) system!]

Summer. A summer adds two or more discrete-time signals to generate the
discrete-time output signal:

y[R] = x,[R] + x5kl + - - + x,[A]

(k] (K]

a) e

b) Ic

(] (K]

c) .
Figure 7.13 Block diagram repre-
sentations of a multiplier.
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x[K]

m y[k] Figure 7.14 Block diagram repre-
xz[K] : I} sentations of a summer.
xa k]

A summer is depicted using one of the forms shown in Fig. 7.14. A negative
sign can be placed next to a summer’s input paths as required to indicate a
signal that is to be subtracted rather than added.

Example 7.3 Draw a block diagram for a simple moving-average lowpass filter in which
the output at k =1{ is equal to the arithmetic average of the three inputs for k =i —2
through k& =1.

solution The difference equation for the desired filter is
ylk] = (k] + Yoalk — 1] + Yoxlk — 2]
The block diagram for this filter will be as shown in Fig. 7.15. It should be noted that

block diagram representations are in general not unique and that a given system can be
represented in several different ways.

Example 7.4 Draw alternative block diagrams for the filter of Example 7.3.

solution Since multiplication distributes over addition, the difference equation can be
rewritten as

ylk] =Y {x[k] + x[k — 1] + x[k — 2]}

and the block diagram can be redrawn as shown in Fig. 7.16.

x[ ] /3 y[ ]
k - /2\ k

2'1

1/3

1/3

Figure 7.15 Block diagram for Example 7.3.
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4] - - /_Z\ 3

z! z!

Figure 7.16 Block diagram for Example 7.4.

Signal flow graphs

A modified form of a directed graph, called a signal flow graph (SFT), can be
used to depict all the same information as a block diagram but in a more
compact form. Consider the block diagram in Fig. 7.17 which has some
labeled points added for ease of reference. The oriented graph, or directed
graph, for this system is obtained by replacing each multiplier, each connect-
ing branch, and each delay element with a directed line segment called an
edge. Furthermore, each branching point and each adder is replaced by a
point called a node. The resulting graph is shown in Fig. 7.18. A signal flow
graph is obtained by associating a signal with each node and a linear
operation with each edge of the directed graph. The node weights correspond
to signals present within the discrete-time system. Associated with each edge
is the linear operation (delay or constant gain) that must be performed upon
the signal associated with the edge’s from node in order to obtain the signal
associated with the edge’s to node. For a node which is the to node for two or
more edges, the signal associated with the node is the sum of all the signals
produced by the incoming edges. For the graph shown in Fig. 7.18, the

Z‘1 Z'i Z

1/3

Figure 7.17 Block diagram of a discrete-time system.

Figure 7.18 Directed graph corresponding to the
block diagram of Fig. 7.17.
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x[n] z-! 3 z-1 y[n)

° .

Figure 7.19 Signal flow graph derived from the
directed graph of Fig. 7.18.

following correpondences can be identified:

Node a: x[k]

Node b: x[k —1]

Node c: Vex[k — 1]

Node d: summer producing y[k]

Edge (a, b): first delay element
Edge (c,d): second delay element
Edge (a,d): bottom multiplier
Edge (b,¢): top multiplier

Edge (¢, d): unity gain connection from point ¢ to summer

135

The resulting signal flow graph is shown in Fig. 7.19. It is customary to use
multiplication by z ! as a shorthand notation for unit delay, even though the

signals in an SFG are time domain signals, and multiplication by z~!
frequency domain operation.

is a






Chapter

Discrete Fourier Transform

The Fourier series (FS), introduced in Chap. 1, links the continuous-time
domain to the discrete-frequency domain; and the Fourier transform (FT)
links the continuous-time domain to the continuous-frequency domain. The
discrete-time Fourier transform (DTFT), introduced in Sec. 7.2, links the
discrete-time domain to the continuous-frequency domain. In this chapter, we
examine the discrete Fourier transform (DFT) which links the discrete-time
and discrete-frequency domains. A complete treatment of the design and
coding of DFT algorithms can fill volumes (see Brigham 1975; Burrus and
Parks 1984; Nussbaumer 1981). Rather than attempt complete coverage of
DFTs, this chapter presents only those aspects that are germane to the design
of digital filters. Coverage of the so-called fast algorithms for implementation
of the DFT is limited to one specific type of algorithm along with an ex-
amination of the computational savings that fast algorithms can provide.

8.1 Discrete Fourier Transform

The discrete Fourier transform and its inverse are given by

N—-1

X[ml= Y x[n]e 2rmnfT m=0,1,...,N—1 (8.1a)
n=0
N-1 N-1
= Y x[n] cos(2nmnFT) +j Y x[n]sin(2nmnFT) (8.1b)
n=0 n=20
N-1 _
x[n)= Y X[m]e* T  p=0,1,...,N-1 (8.2a)
m=20

1 N—

=Y X(m] cos(ZimnFT) +j Y Xim] sin(2tmnFT) (8.25)
m=0 m=20

It is a common practice in the DSP literature to “bury the details” of Eqgs.
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(8.1) and (8.2) by defining Wy, = e/2*/N = ¢/2*FT gnd rewriting (8.1e) and (8.2a)
as

N-1
X[m] = Z x[n] Wx™" (8.3)
N -1
x[n] = 2—:0 X[m] Wg» (8.4)

Since the exponents in (8.3) and (8.4) differ only in sign, another common
practice in writing DFT software is to write only a single routine that can
evaluate either (8.3) or (8.4) depending upon the value of an input flag being
equal to +1 or —1. Back in the “olden days,” when memory and disk space
were expensive, this was a big deal; but these days, having two separate
routines may pay for itself in terms of clarity, execution speed, and simplified
calling sequences.

Parameter selection

In designing a DFT for a particular application, values must be chosen for
the parameters NN, 7, and F. N is the number of time sequence values x[n]
over which the DFT summation is performed to compute each frequency
sequence value. 1t is also the total number of frequency sequence values X[m]
produced by the DFT. For convenience, the complete set of N consecutive
time sequence values is referred to as the input record, and the complete set
of N consecutive frequency sequence values is called the output record. T is
the time interval between two consecutive samples of the input sequence, and
F is the frequency interval between two consecutive samples of the output
sequence. The selection of values for N, F, and T is subject to the following
constraints, which are a consequence of the sampling theorem and the
inherent properties of the DFT:

1. The inherent properties of the DFT require that FNT = 1.

2. The sampling theorem requires that T < 1/(2fy), where fy is the highest
significant frequency component in the continuous-time signal.

3. The record length in time is equal to NT or 1/F.

4. Many fast DFT algorithms (such as the one discussed in Sec. 8.5) require
that N be an integer power of 2.

Example 8.1 Choose values of N, F, and T given that F must be 5 Hz or less, N must be
an integer power of 2, and the bandwidth of the input signal is 300 Hz. For the values
chosen, determine the longest signal that can fit into a single input record.

solution From constraint 2 above, 7' < 1/(2fy). Since fy = 300 Hz, T" < 1.66 ms. If we select
F =5 and T =0.0016, then N > 125. Since N must be an integer power of 2, then we
choose N =128 =27, and F becomes 4.883 Hz. Using these values, the input record will

span N7 = 204.8 ms.



Discrete Fourier Transform 139

Example 8.2 Assuming that N = 256 and F must be 5 Hz or less, determine the highest
input-signal bandwidth that can be accommodated without aliasing.

solution Since FNT =1, then T > 781.25 us. This corresponds to a maximum f; of 640 Hz.

Periodicity

A periodic function of time will have a discrete-frequency spectrum, and a
discrete-time functon will have a spectrum that is periodic. Since the- DFT
relates a discrete-time function to a corresponding discrete-frequency func-
tion, this implies that both the time function and frequency function are
periodic as well as discrete. This means that some care must be exercised in
selecting DFT parameters and in interpreting DFT results, but it does not
mean that the DFT can be used only on periodic digital signals. Based on the
DFT’s inherent periodicity, it is a common practice to regard the points from
n =1 through n = N/2 as positive and the points from n = N/2 through
n =N —1 as negative. Since both the time and frequency sequences are
periodic, the values at points n = IN/2 through n = N — 1 are in fact equal to

the values at points n = N/2 through n = —1. Under this convention, it is
convenient to redefine the concept of even and odd sequences: If
x[N — n] = x[n], the x[n] is even symmetric, and if x[N —n] = —x[n], then

x[n] is odd symmetric or antisymmetric.

8.2 Properties of the DFT

The DFT exhibits a number of useful properties and operational relationships
that are similar to the properties of the continuous Fourier transform
discussed in Chap. 1.

Linearity
The DFT relating x[rn] and X[m]:
DFT

x[n] ﬁ X[m]

is homogeneous

DFT
a X[n] == a X[m]
IDFT
additive
DFT
x[n] + y[n] == X[m] + Y[m]
IDFT

and therefore linear

DFT
a x[n] + b y[n}] ﬁ a X[m] +b Y[m]
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Symmetry

A certain symmetry exists between a time sequence and the corresponding
frequency sequence produced by the DFT. Given that x[n] and X[m] consti-
tute a DFT pair, that is,

DFT
x[n] == X[m]
IDFT

1 DFT
then — X[n] == x[ —m]
N IDFT

Time shifting

A time sequence x[n] can be shifted in time by subtracting an integer from n.
Shifting the time sequence will cause the corresponding frequency sequence
to be phase-shifted. Specifically, given

DFT
x[n] = X{m]
IDFT

DFT .
then x[n — k] == X[m] e ~/2"m&IN
IDFT

Frequency shifting

Time sequence modulation is accomplished by multiplying the time sequence
by an imaginary exponential term e/#"*N,_ This will cause a frequency shift of
the corresponding spectrum. Specifically, given

DFT
IDFT
_ DFT
then x[n] 77 *IN — X[m — k]
IDFT

Even and odd symmetry

Consider a time sequence x[n] and the corresponding frequency sequence
X[m] = Xg[m] + jX;[m], where X;[m] and X,[m] are real valued. If x[n] is
even, then X[m] is real valued and even:

x[—n] =x[n] <« X[m] = Xg[m] = Xg[—m]
If x[n] is odd, then X[m] is imaginary and odd:
x[—n] = —x[n] <= X[m] =jX;[m] = —jX;[—m]

Real and imaginary properties

In general, the DFT of a real-valued time sequence will have an even real
component and an odd imaginary component. Conversely, an imaginary-
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valued time sequence will have an odd real component and an even imaginary
component. Given a time sequence x[n] = xz[n] + jx;[n] and the correspond-
ing frequency sequence X[m] = X[m] + jX;[m], then

x[n] = xg[n] < Xg[m] = Xg[—m] Xi[m] = - X;[—m]

xln] =jx;[n] = Xplml = —Xp[-m]  X;[m] = X;[—m]

8.3 Implementing the DFT

The C function shown in Listing 8.1 is the “brute-force” implementation of
Eq. (8.1). This function is an example of grossly inefficient code. The sine and
cosine operations are each performed N? times to compute an N-point DFT.

Since
eXp<_i7;]k> = explj;%(kzvﬂ} (8.5)

it follows that there are only N different values of phi that need be computed
in dft( ). We can trade space for speed by precomputing and storing the
values of sin(phi) and cos(phi) for phi=0,1,..., N—1. The resulting
modified function dft2( ) is presented in Listing 8.2.

8.4 Fast Fourier Transforms

Consider the operation of dft2( ) for the case of N =8. The computation of
sumRe involves the product of x[n].Re and cosVal[k] for n =0,1,...,7.
For any given value of n, the value of k is determined by the value of m using

k = mn modulo N

For N =8, there are 64 possible combinations of (m, n) and only 8 possible
values of k. Obviously, more than 1 combination of (m, n) will map into each
value of & as indicated in Table 8.1.

TABLE 8.1 Values of k as a Function of (m, n) for an 8-point DFT

kO,n)  k(,n)  kK2,n)  k(B,n)  k(4,n)  k(B,n)  k6,n)  k(1,n)

B

NS bk N =D
oo o0 o0 oo
SN AR LN —=O
D NS OO DO
TN 93 —~O0 wo
O RO O O
L Hb T o
R DO N OO
=N WA T 3O
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For N =8, the function dft2( ) computes the product x[0].Re*cosVal[0] a
total of eight times-—once for each different value of m. Similarly, the
product x[4].Re*cosVal[0] is computed a total of four times—once for each
odd value of m. A variety of different fast DFT algorithms has been developed
by reordering and regrouping hhe DFT computations so as to minimize or
eliminate the need for multiple calculation of the same product.

The expanded equations for computation of X(0) through X(7) for an
8point DFT are listed in Table 8.2. Making use of Eq. (8.5) along with the
commutative, associative, and distributive properties of addition and multi-
plication, the equations of Table 8.2 can be rewritten in the form shown in
Table 8.3. Examination of these equations reveals that they share many
common terms that can be computed once and then used as needed without
having to be computed over again. Use of these common terms is easier to
understand if the equations are presented in the form of a signal flow graph
as in Fig. 8.1. The format of this signal flow graph has been slightly modified
from the format of Sec. 7.6 in order to reduce the clutter somewhat. In the
modified format, each circle represents one (possibly complex) addition and
one (possibly complex) multiplication. The term corresponding to the line
with the arrowhead entering the circle is multiplied by the constant within
the circle and then added to the term correesponding to the other line
entering the circle. The notation W" represents exp(—j2n/N). The computa-

TABLE 8.2 Equations for Computation of an 8-point DFT

X(0) = x(O)WO + x(1)W° + x(2)W° + x(3) WO + x(4)W° + x(5) WO + x(6) W + x(T)W*®
X(1) = x(O)W° + (D)W + 2(2)W2 + x(3) W3 + x(4) W* + x(B)W? + x(6) W + x(T)W7
X(2) = x(O)W° + x(H)W? + x(2)W* + 2(3) W + x(4) W3 + x(5) W0 + x(6) W2 + x(T) W
X(3)=x(O)W° + x(1)W?3 + x(2)W® + x(3) W + (W2 + x(5) W + x(6) W8 + x(T) W
X(4) = x(O) WO + x(1)W* + (W8 + 2(3)W12 4 x(H) WS + x(5) W2 + x(6) W + x(T)WB
X(5) = x(OYW + 2(1)W® + (W + ()W 4 x() W2 + x(5) W2 + x(6) W + x(T)W
X(6) = x(0) WO + x(1)W® + x(2) W2 4+ x(3)WB + x(4) W2 + x(5) W3 + x(6) W2 + x(T) W2
X(7) =x(0)W° + x(YW7 + (W™ + 2(H W2 + x(HW2 + x(5) W3 + 2(6) W2 + x(T)W*

TABLE 8.3 Factored Equations for Computation of an 8-point DFT

X(0) = {[x(0) + x()W°] + W,[x(2) + 2(6) W]} + Wy{[x(1) + x(5)W°] + Wox(3) + x(T)W°}}
X(1) = {[x(0) + x(4HW*] + W2[x(2) + x(6) W]} + WH{[x(1) + x(5)W*] + W?x(3) + () W*)}
X(2) = {[x(0) + 2(4) W°] + W4[x(2) + 2(6) W]} + W3{[x(1) + x(5)W°] + W4[x(3) + x(T)W°I}
X(3) = {[x(0) + x(HW*] + WElx(2) + () W]} + Wo{[x(1} + () W*] + Wx(3) + () W]}
X(4) = {[x(0) + 2(HW°] + WO[x(2) + x(6) W1} + W*{[x(1) + x(5)W°] + W°[x(3) + x(T)W°]}
X(5) = {[x(0) + x(HW*] + W2[x(2) + 2(6) W*]} + W{[x(1) + x(B) W*] + W3[x(3) + x(T)W*]}
X(6) = {[x(0) + (W] + W4[x(2) + x(6) W]} + We{[x(1) + x(5)W°] + W*[x(3) + x(T)W°]}
X(7) = {[x(0) + x()W*] + WO[x(2) + x(6) W]} + W{[x(1) + x(5)W*] + WE[x(3) + x(T)W*]}
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x(0) & x(0)
x(¥) x(4)
x(2) x(2)
x(3) X(6)
x{4) x(1}
x(5) x{5)
x(6) x(3)
7} x(7)

Figure 8.1 Signal flow graph representing the equations of Table 8.3.

tion scheme depicted by Fig. 8.1 can be extended for any value of N that is an
integer power of 2. A C function fft( ) that implements this scheme is given
in Listing 8.3. Listings of the support functions bitRev( ), ipow( ), and
log2( ) are provided in App. A.

8.5 Applying the Discrete Fourier Transform

Short time-limited signals

Consider the time-limited continuous-time signal and its continuous spec-
trum shown in Figs. 8.2a and 8.2b. (Remember that a signal cannot be both
strictly time limited and strictly band limited.) We can sample this signal to
produce the time sequence shown in Fig. 8.2¢ for input to a DFT. If the input
record length N is chosen to be longer than the length of the input time
sequence, the entire sequence can fit within the input record as shown. As
discussed in Sec. 8.2, the DFT will treat the input sequence as though it is the
periodic sequence shown in Fig. 8.2d. This will result it a periodic discrete-
frequency spectrum as shown in Fig. 8.2e. The actual output produced by the
DFT algorithm will be the sequence of values from m =0 to m =N — 1. Of
course, there will be some aliasing due to the time-limited nature (and
consequently unlimited bandwidth) of the input-signal pulse.

Periodic signals

Consider the band-limited and periodic continuous-time signal and its spec-
trum shown in Fig. 8.3. We can sample this signal to produce the time
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sequence shown in Fig. 8.3c for input to the DFT. If the input record length
N of the DFT is chosen to be exactly equal to the length of 1 period of this
sequence, the periodic assumption implicit in the DFT will cause the DFT to
treat the single input record as though it were the complete sequence. The
corresponding periodic discrete-frequency spectrum is shown in Fig. 8.3d.
The DFT output sequence will actually consist of just 1 period that matches
exactly the spectrum of Fig. 8.3b. We could not hope for (or find) a more
convenient situation. Unfortunately, this realtionship exists only in an
N-point DFT where the input signal is both band limited and periodic with a
period of exactly N.

Long aperiodic signals

So far we have covered the use of the DFT under relatively favorable
conditions that are not likely to exist in many important signal processing
applications. Often the signal to be analyzed will be neither periodic nor
reasonably time limited. The corresponding sequence of digitized-signal val-
ues will be longer than the DFT input record and will therefore have to be
truncated to just N samples before the DFT can be applied. The periodic
nature of the DFT will cause the truncated sequence of Fig. 8.4b to be
interpreted as though it were the sequence shown in Fig. 8.4c. Notice that in
this sequence there is a large discontinuity in the signal at the points
corresponding to the ends of the input record. This will introduce additional
high-frequency components into the spectrum produced by the DFT. This

@

Figure 8.4 Discontinuities caused
by truncating the input se-
quence of a DFT: (a) long input
sequence, (b) truncated input
sequence; (¢) input sequence as
interpreted by the DFT, and (d)
resulting discontinuities.
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phenomenon is called leakage. To reduce the leakage effects, it is a common
practice to multiply the truncated input sequence by a tapering window prior
to application of the DFT. A good window shape will taper off at the ends of
the input record but still have a reasonably compact and narrow spectrum.
This is important since multiplying the time sequence by the window will
cause the corresponding frequency sequence to be convolved with the spec-
trum of the window. A narrow window spectrum will cause minimum smear-
ing of the signal spectrum. Several popular windowing functions and their
spectra are treated at length in Chap. 11.



Listing 8.1 dft( )

/**t*#‘l*******tt#****#*****t*t#t**/

*/
*/
*/
*/
*/

/t

/¥  Listing 8.1

/*

% df()

/%

/***‘t*****‘kt**t***t*******x******/

void dft( struct complex x[],
struct complex xx[],
int N)

{

int n, m;

real sumfe, sumlm, phi;

for{ w=8; m<N; n++) {
sumRe = ©.8;
sunlm = 8.8;
for( n=8; n<N; n++) {

phi = 2.8 ¥ Pl ¥ & * n /N;
sumRe += x[n].Re * cos(phi} + x[nl.In ¥ sin{phi);
sumle += x[n).Im * cos{phi) - x[n).Re * sin{phi);

}
xx[m) = cmplx(sunfe, sumln);
}

return;

}

Listing 8.2 dtt2( )

/t*****l*tt‘8**##**#*&**!****l*****f

7%
/¥ Llisting 8.2
7%

A dft2()

/%

*/
*/
x/
Ij
*/

/tt*****#**#**t***t*#*t*****ttt**tt/

void dft2( struct complex x[],

atruct complex xx{],

int B)
{
int n, m, k;
real sumfe, sumlm, phi;

static real coslal{DFTSICE], sinUal[DFTSIZ2EY;

Discrete Fourier Transform
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for{ k=@; k<N; k++) {
cosVallk] = cos{2.8 ¥ PI ¥ k /N);
sinlatlk] = sin(2.8 * P] * & /N);
}

for{ m=8; m<N; m++) {
supRe = 6.8;
sumlm = £2.6;

for{n=8; n<N; n++) {
k = {m*n)3N;
supRe += x[n].Re * cosVallk] + x[n].Im * sinVallk];
sumlm += x[n].1m * cosVallk] - x[n].Re * sinballk]);
)

xx[a] = cwplx{sumRe, sumin};

}

return;

}

Listing 8.3 ffi( )

f*******#********t******!t*********{

/¥ *
/*  Llisting 8.3 */7
I s
AR 1YY X
’* x/

/#********i*****t#t****#lt****#***t/

vaid fft{ struct complex xIn[],
struct complex xOut[},
int N)
{
stutic struct complex x[2][OFTSIZE];
static rec! cc[OFTSIZE], ss[DFTSIZE];
static char inStringl81];
int ping, pong, n, L, uSkip, level, nb, nE, kt, kb, nBot;

for{ n=8; w<N; n++} {
x[81[n] = xInlnl;
ccln]l = cos{2.8 * P1 * n sN};
ssln] = 2in{2.8 * P1 * n #N);
}
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pong = 8;
ping = |;
L = log2{N);
nSkipg = N;

for(level=1; level<sl; level++) {
nSkip /= 2;
n= 8
for{nG=8; nG<ipow(2,{level-1}); nb++) {
kt = bitRev(L,2*n6);
kb = bitRev(L,2*nG+1);

for{nB=8; nB<nSkip; nB++) {
nBot = n + nSkip;
x[ping]{nl.Re = x[pong][n].Re
® cclkt] * x[pongl{nBot].Re
® ss{kt] * x[pong]{nBot].Im;
x[pingllnl.Im = x{pongln].la
+ cclkt] * xIpong)lnBot].Im
- asfkt] * x[pongllnBot].Re;
x[pinglinBot].Re =  x[ponglin].Re
o ccfkb] * x[pongllnBet].Re
+ ss[kb] * x[ponglnBot].lm;
x[pingl{nBot].Im = x{pongl{nl.Im
+ cc[kb] * x[panglinBot].In
- ss[kb]l * x[pongllnBot].Re;
a++;
}
n += nSkip;
}
ping = lping;
pong = !pong;
}
for{n=8; n<N; n++) xOutlbitRev{L,n)]) = x[ponglin];
return;

}
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The z Transform

The two-sided, or bilateral, z transform of a discrete-time sequence x[n] is
defined by
<@

X@= Y =x[njz " (9.1

n=—ow

and the one-sided, or unilateral, z transform is defined by

X@) =) x[nlz" 9.2)
n=20
Some authors (for example, Rabiner and Gold 1975) use the unqualified term
“z transform” to refer to (9.1), while others (for example, Cadzow 1973) use
the unqualified term to refer to (9.2). In this book, “z transform” refers to the
two-sided transform, and the one-sided transform is explicitly identified as
such. For causal sequences (that is, x[n] =0 for n <0) the one-sided and
two-sided transforms are equivalent. Some of the material presented in this
chapter may seem somewhat abstract, but rest assured that the z transform
and its properties play a major role in many of the degign and realization
methods that appear in later chapters.

9.1 Region of Convergence

For some values of z, the series in (9.1) does not converge to a finite value.
The portion of the z plane for which the series does converge is called the
region of convergence (ROC). Whether or not (9.1) converges depends upon
the magnitude of z rather than a specific complex value of z. In other words,
for a given sequence x[n], if the series in (9.1) converges for a value of z = z,,
then the series will converge for all values of z for which |z| =|z|. Con-
versely, if the series diverges for z = z,, then the series will diverge for all
values of z for which |z|=]z,|. Because convergence depends on the magni-
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Im
Re
(a) (b)
Im
Re
(c) (d)

Figure 9.1 Possible configurations of the region of
convergence for the z transform.

tude of z, the region or convergence will always be bounded by circles
centered at the origin of the z plane. This is not to say that the region of
convergence is always a circle—it can be the interior of a circle, the exterior
of a circle, an annulus, or the entire z plane as shown in Fig. 9.1. Each of
these four cases can be loosely viewed as an annulus—a circle’s interior
being an annulus with an inner radius of zero and a finite outer radius, a
circle’s exterior being an annulus with nonzero inner radius and infinite
outer radius, and the entire z plane being an annulus with an inner radius of
zero and an infinite outer radius. In some cases, the ROC has an inner radius
of zero, but the origin itself is not part of the region. In other cases, the ROC
has an infinite outer radius, but the series diverges at 2| = 0.

By definition, the ROC cannot contain any poles since the series becomes
infinite at the poles. The ROC for a z transform will always be a simply
connected region in the z plane. If we assume that the sequence x[n] has a
finite magnitude for all finite values of n, the nature of the ROC can be
related to the nature of the sequence in several ways as discussed in the
paragraphs that follow and as summarized in Table 9.1.

Finite-duration sequences
If x[n] is nonzero over only a finite range of n, then the 2z transform can be

rewritten as
No

X@= ) x[njz""

n=N;
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TABLE 9.1 Properties of the Region of Convergence for the z Transform

x[n] ROC for X(2)
All Includes no poles
All Simply connected region
Single sample at n =0 Entire z plane

Finite-duration, causal, x[n] =0 for all n <0, =z plane except for z =0
x[n] # 0 for some n >0

Finite-duration, with x[n} 0 for some n <0, 2z plane except for z = o
x[n] =0for all n>0

Finite-duration, with x[n] # 0 for some n <0, =z plane except for z =0 and 2z = o
x[n] #0 for some n >0

Right-sided, x[n] = fM’or all n <0 Outward from outermost pole

Right-sided, x[r] # 0 for some n <0 Outward from outermost pole, z = o0 is excluded
Left-sided, x[n] =0 for all n >0 Inward from innermost pole

Left-sided, x[n] 0 for some n >0 Inward from innermost pole, z = 0 is excluded
Two-sided Annulus

This series will converge provided that |x[n]| < oo for N, <n < N, and |z 7| <
w for N; < n < N,. For negative values of n, |z 7| will be infinite for z = oo;
and for positive values of n, |z7"| will be infinite for z =0. Therefore, a
sequence having nonzero values only for n = N, through n = N, will have a
z transform that converges everywhere in the z plane except for z = o0 when
N, <0 and z =0 when N, > 0. Note that a single sample at n =0 is the only
finite-duration sequence defined over the entire z plane.

Infinite-duration sequences

The sequence x[n] is a right-sided sequence if x[n] is zerp for all n less than
some finite value N,. It can be shown (see Oppenheim and Schafer 1975 or
1989) that the z transform X(2) of a right-sided sequence will have an ROC
that extends outward from the outermost finite pole of X(2). In other words,
the ROC will be the area outside a circle whose radius equals the magnitude
of the pole of X(z) having the largest magnitude (see Fig. 9.2). If N, <0, this
ROC will not include z = co.

The sequence x[n] is a left-sided sequence if x[n] is zero for all n greater
than some finite value IV,. The z transform X(z) of a left-sided sequence will
have an ROC that extends inward from the innermost pole of X(z). The ROC
will be the interior of a circle whose radius equals the magnitude of the pole
of X(2) having the smallest magnitude (see Fig. 9.3). If N, > 0, this ROC will
not include z =0.
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Figure 9.2 Region of conver-
gence for the z transform of a
right-sided sequence.

8

X=poles™
Im
Re
Figure 9.3 Region of conver-
gence for the z transform of a
left-sided sequence.
X = poles

The sequence x[n] is a two-sided sequence if x[n] has nonzero values
extending to both — oo and +00. The ROC for the z transform of a two-sided

sequence will be an annulus.

Convergence of the unilateral z transform

Note that all of the properties discussed above are for the two-sided z
transform defined by (9.1). Since the one-sided z transform is equivalent to
the two-sided transform when x[n] =0 for n <0, the ROC for a one-sided
transform will always look like the ROC for the two-sided transform of either
a causal finite-duration sequence or a causal right-sided sequence. For all
causal systems, the ROC for the bilateral transform always consists of the
area outside a circle of radius R = 0. Therefore, for two-sided transforms of
causal sequences and for all one-sided transforms, the ROC can be (and
frequently is) specified in terms of a radius of convergence R such that the
transform converges for |z| > R.
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9.2 Relationship between the Laplace and z Transforms

The z transform can be related to both the Laplace and Fourier transforms.
As noted in Chap. 7, a sequence can be obtained by sampling a function of
continuous time. Specifically, for a causal sequence

x[n] = i x,(nT)o(t — nT) (9.3)

n=20

the Laplace transform is given by

X(s) = i x,(nT)e "T* (9.4)

n=0

Let X,(s) denote the Laplace transform of x,(¢). The pole-zero pattern for X(s)
consists of the pole-zero pattern for X, (s) replicated at intervals of w, =2n/T
along the jw axis in the s plane. If we modify (9.4) by substituting

z=e7 (9.5)
x[n] =x,(nT) (9.6)

we obtain the z transform defined by Eq. (9.1).

Relationships between features in the s plane and features in the z plane
can be established using (9.5). Since s =¢ +jw with ¢ and w real, we can
expand (9.5) as

z=eT=eTeT =e°"(cos wT +J sin wT)

Because |e/*7| = (cos®? oT +sin*wT)"?=1, and T >0, we can conclude that
|z| <1 for 6 <0. Or, in other words, the left half of the s plane maps into the
interior of the unit circle in the z plane. Likewise, |z| =1 for ¢ =0, so the jo
axis of the s plane maps onto the unit circle in the # plane. The “extra”
replicated copies of the pole-zero pattern for X(s) will all map into a single
pole-zero pattern in the z plane. When evaluated around the unit circle (that
is, z = ¢’*), the z transform yields the discrete-time Fourier transform (DTFT)
(see Sec. 7.2).

9.3 System Functions

Given the relationships between the Laplace transform and the z transform
that were noted in the previous section, we might suspect that the z
transform of a discrete-time system’s unit sample response (that is, digital
impulse response) plays a major role in the analysis of the system in much
the same way that the Laplace transform of a continuous-time system’s
impulse response yields the system’s transfer function. This suspicion is
indeed correct. The z transform of a discrete-time system’s unit sample
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response is called the system function, or transfer function, of the system and

1s denoted by H(z).
The system function can also be derived from the linear difference equation
that describes the filter. If we take the z transform of each term in Eq. (7.6),

we obtain
Y(2) +a,27'Y(2) + a,z 2Y(2) + - -+ a,z"*Y(2)

= by X(2) + b,z 'X(2) + byz 2X(2) + b,z ~*X(2)
Factoring out Y(z) and X(z) and then solving for H(z) = Y(2)/X(2) yields

_Y(2) _b0+blz’1+b22’2+---+bkz“k

H = =
) X(2) 1+4+az7'+az7 %+ - -+a,z7"*

Both the numerator and denominator of H(z) can be factored to yield

bo(z — 1)z —q2) - (2 —qy)
(z=p )z —p:)2—p3) - (2—Dy)

H(z) =
The poles of H(z) are p,,p,,...,Ps, and the zeros are ¢,,q,,...,q,,.

9.4 Common z-Transform Pairs and Properties

The use of the unilateral z transform by some authors and the use of the
bilateral transform by others does not present as many problems as we might
expect, because in the field of digital filters, most of the sequences of interest
are causal sequences or sequences that can easily be made causal. As we
noted previously, for causal sequences the one-sided and two-sided trans-
forms are equivalent. It really just comes down to a matter of being careful
about definitions. An author using the unilateral default (that is, “z trans-
form” means ‘‘unilateral z transform”) might say that the z transform of

x[n] =a™ is given by
z
X(z)=— for |z| > |a| 9.7
z—a

On the other hand, an author using the bilateral default might say that (9.7)
represents the z transform of x[n] =a” u[n], where u[n] is the unit step
sequence. Neither author is concerned with the values of a” for n < 0—the
first author is eliminating these values by the way the transform is defined,
and the second author is eliminating these values by multiplying them with
a unit step sequence that is zero for n < 0. There are a few useful bilateral
transform pairs that consider values of x[n] for n < 0. These pairs are listed
in Table 9.2. However, the majority of the most commonly used z-transform
pairs involve values of x[n] only for n > 0. These pairs are most conveniently
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TABLE 9.2 Common Bilateral 2-Transform Pairs

x[n] X(2) ROC
o[n] 1 all z
on—m],m>0 z ™ z2#0
éfn-—m],m<0 zom z2 # 00
uln) zil |z| > 1
[ 1 2 1
—u[—n—-1] " |2| <
—a"uf—n 1] z 2] <la|
z—a
—na*u[-n—1] G jza)z l2| < |a]

tabulated as unilateral transforms with the understanding that any unilat-
eral transform pair can be converted into a bilateral transform pair by
replacing x[n] with x[n] u[n]. Some common unilateral z-transform pairs are
listed in Table 9.3. Some useful properties exhibited by both the unilateral
and bilateral z transforms are listed in Table 9.4.

9.5 Inverse z Transform

The inverse z transform is given by the contour integral

x[n] = L (f X(@)z""'dz (9.8)
2y J ¢

where the integral notation indicates a counterclockwise closed contour that
encircles the origin of the z plane and that lies within the region of
convergence for X(z). If X(2) is rational, the residue theprem can be used to
evaluate (9.8). However, direct evaluation of the inversipn integral is rarely
performed in actual practice. In practical situations, inversion of the z
transform is usually performed indirectly, using established transform pairs
and transform properties.

9.6 Inverse z Transform via Partial Fraction Expansion

Consider a system function of the general form given by

bpz™+ b2 '+ 4+ b, 2"+ b,

H(z) =
@ Zn+a2" " '+ +a, 2 +a,

(9.9)
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TABLE 9.3 Common Unilateral z-Transform Pairs
(R =radius of convergence)

x[n] X(2) R
z
1 1
z—-1
P
1
u,[n] 1
of[n} 1 0 (z =0 included)
Tz
T —_— 1
* @—-D?
T?2(z+1
(nT)2 # 1
(z-1)°
T3 2(z%+ 4z + 1)
nT)? _— 1
(nT) 1)
z
a” la]
z—a
22
n+1l)a” _— a
( ) (Z . a)z ' |
(n+Dn+2 28
——a — la|
2! (z—a)
(n+1(n +2)n +3) 2t
a” — la|
3! (z —a)?
(n + 1(n + 2)n + 3)(n + 4) 25
a” — la|
4! (z —a)®
az i
na” —_— a
(z —a)?
2 n az(z + a) |a|
nZa =T
(z—a)*
5n az(z? +4az +a?) a|
na —_—
(z —a)*
‘_l._.. e%/z 0
nt
—anT 2 —aT
—_— e
) z—e T | I
. T az sin oT |a|
a” sin n
e 22— 2az cos wT + a?
n T 22 —za cos wT al
co! @
arcosnw 2?2 — 2az cos wT + a?
ze  *Tsin w, T
—anT o3 T 0 eAaT
¢ Suk Wolt 22— 2z¢e *Tcoswo, T + e~ 2T | |
2 __ —aT 0 T
22 —ze cos —

—anT
e cos wynT —5o7

22— 2ze " *Tcosw, T + e
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TABLE 9.4 Properties of the z Transform
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Property no. Time function Transform
x[n] X@@)
yln] Y(2)
1 a x[n] a X(2)
2 x(n] + y[n] X(z) + Y(2)
3 e~ x[n) X(e® 2)
4 a” x[n] X(f)
o
5 x[n —m] 2" X(2)
6 x[n] * y[n] X(2) Y(2)
7 n x{n] -z % X(2)
8 x[~n] Xz
9 x*[n] X*(2%)

Such a system function can be expanded into a sum of simpler terms that
can be more easily inverse-transformed. Linearity of the z transform allows
us to then sum the simpler inverse transforms to obtain the inverse of the
original system function. The method for generating the expansion differs
slightly depending upon whether the system function’s poles are all distinct
or if some are multiple poles. Since most practical filter designs involve
system functions with distinct poles, the more complicated multiple-pole
procedure is not presented. For a discussion of the multiple-pole case, see

Cadzow (1973).
Algorithm 9.1 Partial fraction expansion for H(z)
having simple poles

step 1. Factor the denominator of H(z) to produce

boz™+bz™ "1+ + b, 121+ b,
(2 —p1)(z —p)(z —p3) " - (2 — pg)

H(z) =

step 22 Compute ¢, as given by

b,

0=H z2=0—"
¢o=H@\: 0= S o (=)
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step 3. Compute ¢; for 1 <i < m using
Z—p;
¢ = 7H(Z)(z:pi

step 4. Formulate the discrete-time function A[n] as given by
h(n) = coé(n) + Cl(pl)n + c2(p2)n + T + cm(pm)n fOI‘ n = 07 1y 2’ R
The function A[n] is the inverse z transform of H(z).

Example 9.1 Use the partial fraction expansion to determine the inverse z transform of
22
Hz)=——
@ z22+z-—-2
solution
Step 1. Factor the denominator of H(z) to produce

z2

HE=) = (z — 1)z +2)

Step 2. Compute ¢, as
co=H(2)|,_,=0

Step 3. Compute ¢, ¢, as

o= (z—1) 22 2 1
oz -z +2|,., 2%+2z2|,_, 3
o (z+2) 2?2 2 2
Loz -+ 2—z|o_, 3

Step 4. The inverse transform A[n] is given by

hin]=Y%()" + %(=2)»
=14+ Y%(-2)" n=012...
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FIR Filter Fundamentals

Digital filters are usually classified by the duration of their impulse response,
which can be either finite or infinite. The methods for designing and imple-
menting these two filter classes differ considerably. Finite impulse response
(FIR) filters are digital filters whose response to a unit impulse (unit sample
function) is finite in duration. This is in contrast to infinite impulse response
(IIR) filters whose response to a unit impulse (unit sample function) is
infinite in duration. FIR and IIR filters each have advantages and disadvan-
tages, and neither is best in all situations. FIR filters can be implemented
using either recursive or nonrecursive techniques, but usually nonrecursive
techniques are used.

10.1 Introduction to FIR Filters

The general form for a linear time-invariant FIR system’s output y[k] at time
k 1s given by

N-1
ylk] = 2 hin] x[k — n] (10.1)

0

where h[n] is the system’s inpulse response. As Eq. (10.1) indicates, the
output is a linear combination of the present input and the N previous
inputs. The remainder of this chapter is devoted to basic properties and
realization issues for FIR filters. Specific design approaches for selecting the
coefficients b, are covered in Chaps. 11, 12, and 13.

FIR advantages
FIR filters have the following advantages:

m FIR filters can easily be designed to have constant phase delay and/or
constant group delay.

161
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s FIR filters implemented with nonrecursive techniques will always be stable
and free from the limit-cycle oscillations that can plague IIR designs.

s Round-off noise (which is due to finite precision arithmetic performed in
the digital processor) can be made relatively small for nonrecursive imple-
mentations.

s FIR filters can also be implemented using recursive techniques if this is
desired.

FIR disadvantages

Despite their advantages, FIR filters still exhibit some significant disadvan-

tages:

» An FIR filter’s impulse response duration, although finite, may have to be
very long to obtain sharp cutoff characteristics.

m The design of FIR filters to meet specific performance objectives is gener-
ally more difficult than the design of IIR filters for similar applications.

10.2 Evaluating the Frequency Response of FIR Filters

A digital filter’s impulse response h[rn] is related to the frequency response
H(e’*) via the DTFT:

HeHd= Y hinle- (10.2)

n=-—ow

For an FIR filter, h[n] is nonzero only for 0 < n < N. Therefore, the limits of
the summation can be changed to yield

N-1
H(e*)y= Y h[n]e /™ (10.3)
n=90
Equation (10.3) can be evaluated directly at any desired value of 4.
We now take note of the fact that A = wT and that the value of continuous-

radian frequency w,, corresponding to the discrete-frequency index m is given
by

w,, = 2nmF (10.4)
Substituting 2zmFT for A, and H{m] for H(e’*) in (10.2) yields the discrete
Fourier transform:

H[m] = Nil h[n] exp(—2njnmFT) (10.5)
n=0

Thus, the DTFT can be evaluated at a set of discrete frequencies w = w,,,
0 < m < N, by using the DFT, which in turn may be evaluated in a computa-
tionally efficient fashion using one of the various FFT algorithms.
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10.3 Linear Phase FIR Filters

As discussed in Sec. 2.8, constant group delay is a desirable property for
filters to have since nonconstant group delay will cause envelope distortion
in modulated-carrier signals and pulse-shape distortion in base-band digital
signals. A filter’s frequency response H{e/®) can be expressed in terms of
amplitude response A(w) and phase response #(w) as

H(e’®) = A(w) /%
If a filter has a linear phase response of the form
N w) = —aw —n<wsn (10.6)

it will have both constant phase delay 7, and constant group delay 7,. In fact,
in this case 7, = 1, = a. It can be shown (for example, Rabiner and Gold 1975)
that for « =0, the impulse response is an impulse of arbitrary strength:

c n=0
h =
[l {o n#0
For nonzero a, it can be shown that Eq. (10.6) is satisfied if and only if
o= N—_—l (10.7a)
2
hln} =h[N —1—n]} 0<ns<N-1 (10.7b)

Within the constraints imposed by (10.7), the possible filters are usually
separated into two types. Type 1 filters satisfy (10.7) with N odd, and type 2
filters satisfy (10.7) with N even. For type 1 filters, the axis of symmetry for
h[n] lies at n =(N —1)/2 as shown in Fig. 10.1. For type 2 filters, the axis
of symmetry lies midway between n = N/2 and n = (N — 2)/2 as shown in
Fig. 10.2.

h{n)
h(n)

b N1 N-2

: T2

Nt N

2 2
Figure 10.1 Impulse response for a Figure 10.2 Impulse response for
type 1 linear phase FIR filter showing a type 2 linear phase FIR filter
even symmetry about n = (N —1)/2. showing even symmetry about

the abscissa midway between
n=(N-2)/2 and n = N/[2.



164 Chapter Ten

Filters can have constant group delay without having constant phase delay
if the phase response is a straight line that does not pass through the origin.
Such a phase response is defined as

6(w) =B +aw (10.8)

The phase response of a filter will satisfy (10.8) if

g = i% (10.95)
h[n] = —h[N -1 —n] 0<n<N-1 (10.9¢)

An impulse response satisfying (10.9¢) is said to be odd symmetric, or antisym-
metric. Within the constraints imposed by (10.9), the possible filters can be
separated into two types that are commonly referred to as type 3 and type 4
linear phase filters despite the fact that the phase response is not truly linear.
[The phase response is a straight line, but it does not pass through the origin,
and consequently (w, + w,) does not equal 8(w,) + 8(w,).] Type 3 filters
satisfy (10.9) with NV odd, and type 4 filters satisfy (10.9) with N even. For type
3 filters, the axis of antisymmetry for A[n] lies at n = (N — 1)/2 as shown in
Fig. 10.3. When n = (N — 1)/2, with N even, Eq. (10.9¢) gives

{5

Therefore, A[(N — 1)/2] must always equal zero in type 3 filters. For type 4
filters, the axis of antisymmetry lies midway between n = N/2 and
n = (N -2)/2 as shown in Fig. 10.4.

h{n) h{n)

NfZ e eos

L} N-t

2 2
Figure 10.3 Impulse response for a Figure 10.4 Impulse response for
type 3 linear phase FIR filter showing a type 4 linear phase FIR filter
odd symmetry about n = (V — 1)/2. showing odd symmetry about the

abscissa midway between n =
(N —2)/2 and n = N/2.
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The discrete-time Fourier transform (DTFT) can be used directly to obtain
the frequency response of any FIR filter. However, for the special case of
linear phase FIR filters, the symmetry and ‘“realness” properties of the im-
pulse response can be used to modify the general DTFT to obtain dedicated
formulas having reduced computational burdens.

The frequency response H(e’*T) and amplitude response A(e’“T) are listed
in Table 10.1 for the four types of linear phase FIR filters. The properties of
these four types are summarized in Table 10.2. A C function, cgdFirRe-
sponse( ), which implements the equations of Table 10.1 is provided in
Listing 10.1. The function normalizeResponse( ) in Listing 10.2 can be used
to normalize the response so that the peak pass-band value is at 0 dB.

At first glance, the fact that A(w) is periodic with a period of 4n for type 2
and type 4 filters seems to contradict the fundamental relationship between
sampling rate and folding frequency that was established in Chap. 7. The
difficulty lies in how we have defined A(w). The frequency response H(w) is in
fact periodic in 27 for all four types as we would expect. Both Re[H(w)] and
Im[H(w)] are periodic in 2z, but factors of —1 are allocated between A(w) and
0(w) differently over the intervals (0, 2n) and (2r, 47) so that 8(w) can be made
linear [and A(w) can be made analytic].

TABLE 10.1 Frequency Response Formulas for Linear Phase FIR Filters

h(nT) symmetry N H(e'»T) A(e“T)y
(N —1)2
Even 0dd g ~JoN = DTIZ f(gjoT) Y. a, cos wkT
k=0
Even Even e ~JwN-DT[2 p(eioT) Y. b, cos[w(k —%)T]
k=1
V=12
Odd Odd e oW —DT[2 = n/2] A(giwT) Z ay sin wkT
k=1
_ ) Nz
Odd Even e /oW —DT2=n/2] A(gioT) Y. b, sinfw(k —%)T)
k=1

wndP5] a7 ooy

TABLE 10.2 Properties of FIR Filters Having Constant Group Delay

Type
1 2 3 4
Length, N 0dd Even 0dd Even
Symmetry about w =0 Even Even 0Odd 0dd
Symmetry about w == Even Odd Odd Even

Periodicity 2n 4n 2n 4n
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Some of the properties listed in Table 10.2 have an impact on which types
can be used in particular applications. As a consequence of odd symmetry
about w =0, types 3 and 4 always have A(0) = 0 and should therefore not be
used for lowpass or bandstop filters. As a consequence of their odd symmetry
about w =7, types 2 and 3 always have A(n) =0 and should therefore not be
used for highpass or bandstop filters. Within the bounds of these restrictions,
the choice between an odd-length or even-length filter is often made so that
the desired transition frequency falls as close as possible to the midpoint
between two sampled frequencies. The phase response of types 3 and 4
includes a constant component of 90° in addition to the linear component.
Therefore, these types are suited for use as differentiators and Hilbert
transformers (see Rabiner and Gold 1975).
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Listing 10.1 cgdFirResponse( )

j!*t*#*‘*t**t**t**t*t**#*******tt*t/

* */
/* Listing 18.1 */
/% */
/*  cadfirResponse() ¥/
/3 *f

/!!l*****t*********#*******#*****#*/

void cgdfirResponse{ int firType,
int numbTaps,
real hhi],
logical dbScale,
int number0fFoints,
real Hd[1)

{

int index, L, u;

real lambde, work;

/¥printf{"in symFirResponse\n”);*/

for{ L=8; L<=number0fPoints-1; L++}
{
lambda = L * Pl / {(real) numberOfPoints;
switch {firType) {
case 1: /¥ symmetric and odd */
work = hh[{nuabTaps-1)/2];
for{ n=1; n<=({numbTaps~1}72); n++) {
index = {numbTaps-1)/2 - n;
work = work + 2.8 * hh[index] * cos{n*lambda);
}
break;
case Z: /¥ symmetric and even */
vork = 8.8;
for{ n=1; n<=(nuabTaps/2}; n++} {
index = numbTaps/2-n;
work = work *+ 2.0 * hhlindex) * cos{{n-8.5)%lambda);
)
break;
case 3: /¥ antisymmetric and odd */
wvork = 8.0;
for{ n=1; n<={{numbTaps-1)/2); n++) {
index = {numbTaps-1}/2 - n;
work = work + 2.8 * hhlindex] * sin{n*lambda);
}
break;
case ¢4: /¥ sysmetric and even */
work = 0.8;
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for{ n=1; n<={numbTaps/2); n++} {
index = numbTaps/2-n;
work = work + 2.8 * hh{index] * sin{{n-0.5)*lambda};

}
break ;
i
i fidbScale)
{Hd[L] = 28.0 * logl@{fabs{work));)}
else

{Hd[L] = fabs{work);}
PfL1{LX18)) printf{"83d\r", numberQfPoints-L);
}

return;

)

Listing 10.2 normalizeResponse( )

/it**#ttt#*ttt#*ttttlttt**t*t***#*#/

* +
/* Listing 18.2 */
” +/
/*  normalizeResponse() *f
* */

/**ttl’t**‘**tt********t**##t*****#t;‘

void normalizeResponse{ logical dbScale,
int numPts,
real H[])

{

int n;

real biggest;

ifidbScale)
I
biggest = -188.0;
for{ n=8; ni=numPts-1; n++)
{if(H[n)>biggest) biggest = Hin];}
far{ n=8; n<=numPts-1; n++)
{H[n] = Hlnl-biggest:}
}
else
{
biggest = 8.8;
for{ n=8; n<=nusPts-1; n++)
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{if(H[n]>biggest) biggest = H[n];)
for{ n=8; n<=numPts-1; n++)

{H[n] = Hln]/biggest;}
}

return;

}
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11

Fourier Series Method
of FIR Filter Design

11.1 Basis of the Fourier Serles Method

This Fourier series method of FIR filter design is based on the fact that the
frequency response of a digital filter is periodic and is therefore representable
as a Fourier scries. A desired “target” frequency responsc is selected and
expanded as a Fourier series. This expansion is truncated to a finite number
of terms that are then used as the filter coefficients or tap weights. The
resulting filter has a frequency response that approximates the original
desired target response.

Algorithm 11.1 Designing FIR filters via the
Fourier series method

Step 1. Specify a desired frequency response H,(L).
step 2. Specify the desired number of filter taps N.

step 3. Compute the filter coeflicients h[n] for n =0,1,2,..., N —1 using

~

hin] =2i j H, () cos(mi) + j sin(mA)] di (11.1)
T J2n
where m =n — (N - 1)/2.
[Simplifications of (11.1) are presented below for the cases in which H, is

the magnitude response of ideal lowpass, highpass, bandpass, or bandstop
filters.]

Step 4. Using the techniques presented in Secs. 10.2 and 10.3, compute the
actual frequency response of the resulting filter. If the performance is not
adequate, change N or H,(1) and go back to step 3.

171
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Figure 11.1 Desired frequency response for Example 11.1.

Example 11.1 Use the Fourier series method to design a 21-tap FIR filter that approxi-
mates the amplitude response of an ideal lowpass filter with a cutoff frequency of 2 kHz
assuming a sampling frequency of 5 kHz,

solution The normalized cutoff is A = 2= /5. The desired frequency response is depicted in
Fig. 11.1. Using Eq. (11.1), we can immediately write

1 2716 1 LETE
Aln) = — '[ cos(mA) dd +j— sin(m7) di
21 ) s 2n J pum
Since the second integrand is an odd function and the limits of integration are symmetric
about zero, the second integral equals zero. Therefore,

_ sin(md) 275

2mn

Rin]

A= —2n/5

_ sin(2mn/5)
T mn

(11.2)

where m =n — 10.
L’Hospital's rule can be used to evaluate (11.2) for the case of m =0 (that is, n = 10):

{d /dm) sin(2Zmn [5)
(d/dm)mn

_ (2r /5) cos(Zmn|5)
n

A[10] =

m=0

m =40

2
=-=0.4
5

Evaluation of (11.2) for m # 0 is straightforward. The values of A[n] are listed in Table
11.1, and the corresponding magnitude response is shown in Figs, 11.2 and 11.3, Usually,
the pass-band ripples are more pronounced when the vertical axis is in linear units such
as numeric magnitude or percentage of peak magnitude as in Fig. 11.2. On the other
hand, details of the stop-band response are usually more clearly displayed when the
vertical axis ie in decibels as in Fig. 11.3.

Properties of the Fourier series method

1. Filters designed using Algorithm 11.1 will exhibit the linear phase prop-
erty discussed in Sec. 10.3, provided that the target frequency response
H;(2) is either symmetric or antisymmetric.
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TABLE 11.1 Impulse Response Coefficients for
the 21-tap Lowpass Filter of Example 11.1

R[O] = R[20] = 0.000000
R[1] = R[19] = —0.033637
R[2] = R[18] = —0.023387
h{8] =A[17] = 0.026728
R[4] = h[16] = 0.050455
h[5] = h[15] = 0.000000
h[6] = h{14] = —0.075683
h[7] = h[13] = —0.062366
R[8] =h[12] = 0.093549
R[9] =A[11] = 0.302731

R[10] = 0.400000

2. As a consequence of the Gibbs phenomenon, the frequency response of
filters designed with Algorithm 11.1 will contain undershoots and over-
shoots at the band edges as exhibited by the responses shown in Figs. 11.2
and 11.3. As long as the number of filter taps remains finite, these
disturbances cannot be eliminated by increasing the number of taps.

frequency X\

Figure 11.2 Magnitude response (as a percentage of peak) ob-
tained from the 21-tap lowpass filter of Example 11.1.
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Figure 11.3 Magnitude response (in decibels) obtained from the 21-tap
lowpass filter of Example 11.1.

Windowing techniques to reduce the effects of the Gibbs phenomena will
be presented later in this chapter.

Result 11.1 FIR approximation for ideal lowpass filter. The impulse response co-
efficients for an FIR approximation to the ideal lowpass amplitude response
shown in Fig. 11.4 are given by

sin(mi) n=01...,N—-1

hin) =—7 m=n—(N—1)/2

For odd-length filters, the coefficient at n = (/N — 1)/2 is obtained by applica-
tion of I’Hospital’s rule to yield

N-1] iy
hl——[=—
Rl
The coefficients given by Result 11.1 can be computed using the C function
idealLowpass( ), which is provided in Listing 11.1.

Resuit 11.2 FIR approximation for ideal highpass filter. The impulse response co-
efficients for an FIR approximation to the ideal highpass amplitude response
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Figure 11.4 Frequency response of ideal lowpass digital filter.

shown in Fig. 11.5 are given by

1-—- 22 m=0
V4
hln] = .
—sin(mAi;) m£0
mn

where m =n — (N — 1)/2.
The coefficients given by Result 11.2 can be computed using the C function
idealHighpass( ), which is provided in Listing 11.2.

Example 11.2 Use Result 11.2 to design a 21-tap FIR filter that approximates the
amplitude response of an ideal highpass filter with a normalized cutoff frequency of
Ay =3n/5.

solution The coefficients h(n) are listed in Table 11.2, and the resulting frequency re-
sponse is shown in Figs. 11.6 and 11.7.

Result 11.3 FIR approximation for ideal bandpass filter. The impulse response co-
efficients for an FIR approximation to the ideal bandpass amplitude response
shown in Fig. 11.8 are given by
Ag—A
v 7L m=0
n
hln] =

1
— [sin(mA ;) — sin(miy)] m#0
nn

where m =n — (N —1)/2.

Hd(ej)‘)

T T
- N 0 A T A
2w+ 2w-N

Figure 11.5 Frequency response of ideal highpass digital filter.
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TABLE 11.2 Impulse Response Coefficients for
the 21-tap Highpass Filter of Example 11.2

R[0] = h[20) =  0.000000
R[1] =A[19] = 0.033637
R(2] = h[18] = —0.023387
R[3] = h[17] = —0.026728
h[4] = h[16] = 0.050455
R[5] = h[15] = 0.000000
R[6] = h[14] = —0.075683
R[7] =h[13]= 0.062366
h[8] =h[12] = 0.093549
R[9] = A[11] = —0.302731

R[10] =  0.400000

The coefficients given by Result 11.3 can be computed using the C function
idealBandpass( ), which is provided in Listing 11.3.

Example 11.3 Use Result 11.3 to design a 2l-tap FIR filter that approximates the
amplitude response of an ideal bandpass filter with a pass band that extends from
AL =2n[5 to Ay = 3= /5.

frequency X\

Figure 11.6 Magnitude response (as a percentage of peak) ob-
tained from the 21-tap highpass filter of Example 11.2.
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Figure 1.7 Magnitude response (in decibels) obtained from 21-tap
highpass filter of Example 11.2.

solution The coefficients A(n) are listed in Table 11.3, and the resulting frequency re-
sponse is shown in Fig. 11.9.

Result 11.4 FIR approximation for ideal bandstop filter. The impulse response co-
efficients for an FIR approximation to the ideal bandstop amplitude response
shown in Fig. 11.10 are given by

1442t m=0
hinl =3 i
— [sin(mAi,) — sin(mi)] m#0
nx
where m =n — (N — 1)/2.
Hglel™)
o Ay Ay A Ay . 1y

Figure 11.8 Frequency response of ideal bandpass digital filter.
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TABLE 11.3 Impuise Response Coefficients for
the 21-tap Bandpass Filter of Example 11.3

R[O] = R[20] = 0.000000
R[1] = A[19] = 0.000000
R[2] =h[18] = 0.046774
R[3] =R[17] = 0.000000
R[4] = h[16] = —0.100910
R[5] =A[15] = 0.000000
h6) =h[14] = 0.151365
h{7] =h[18]= 0.000000
R[8] = A[12] = —0.187098
R[9) =h[11]= 0.000000

R[10] =  0.200000

The coefficients given by Result 11.4 can be computed using the C function
idealBandstop( ), which is provided in Listing 11.4.

Example 11.4 Use Result 11.4 to design a 31-tap FIR filter that approximates the
amplitude response of an ideal bandstop filter with a stop band that extends from
AL =215 to Ay = 3n/5.

mognitude (dB)

-80 | i
-90 J
o] k4 14
2
frequency X

Figure 11.9 Magnitude response (in decibels) obtained from the 21-tap
bandpass filter of Example 11.3.
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Figure 11.10 Frequency response of ideal bandstop digital filter.

TABLE 11.4 Impulse Response Coefficients for
the 31-tap Bandstop Filter of Example 11.4

hl0] =
hl1] =
hl2] =
(3] =
hl4] =
h[5] =
hl6l
A7)
h[8]
h[9]
R[10]
R[11]
h[12]
A[13]
h[14]

h{29

R[26] =

= h[25] =
= h[24] =
=h[23] =
= h[22] =
=h[21] =
= h[20] =
=h[19] =
= h[18] =
=h[17) =
=h[16] =
R[15] =

h{30] =
{29] = —0.043247
h[28] =

27 =

0.000000

0.000000
0.031183
0.000000
0.000000
0.000000
—0.046774
0.000000
0.100910
0.000000
—0.151365
0.000000
0.187098
0.000000
0.800000
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solution The coefficients A(n) are listed in Table 11.4, and the resulting frequency re-
sponse is shown in Figs. 11.11 and 11.12.

11.2 Rectangular Window

As shown in the previous section, filters designed via the Fourier series
method will, as a consequence of the Gibbs phenomenon, have frequency
responses that contain overshoots and ripple. One way to reduce these effects
involves multiplying the filter’s impulse response by a window that “‘tapers
off” the impulse response instead of abruptly truncating it to a finite number
of terms. The basic idea of windowing is very straightforward, and most of
the effort in this area is directed toward finding “good” window functions. A
discussion of just what constitutes a good window function will be easier if
we first develop a windowing viewpoint of truncation.



180 Chapter Eleven

frequency \

Figure 11.11 Magnitude response (as a percentage of peak) ob-

tained from 31-tap bandstop filter of Example 11.4.
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Figure 11.12 Magnitude response (in decibels) obtained from 31-tap

bandstop filter of Example 11.4.
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w(t)

Figure 11.13 Rectangular win-
dow.

I
2 2

Truncating a filter’s impulse response can be thought of as multiplying the
infinite-length impulse response by a rectangular window such as the one
shown in Fig. 11.13. This window has a value of unity for all values of ¢ at
which the impulse response is to be preserved, and a value of zero for all
values of t at which the impulse response is to be eliminated:

T
1 t|<—
wy={" =3 s,
0 otherwise '
The rectangular window’s Fourier transform is given by
7 sin nft
W(f)=——7F7— (11.4)
nft

The magnitude of (11.4) is plotted in Fig. 11.14. The peaks of the first through
ninth sidelobes are attenuated by 13.3, 17.8, 20.8, 23.0, 24.7, 26.2, 27.4, 28.5, and
29.5 dB, respectively. The data for Fig. 11.14 was generated using the C
function contRectangularResponse( ) provided in Listing 11.5.

The rectangular window’s response will serve primarily as a benchmark to
which the responses of other windows can be compared [Note: By omitting
further explanation, some texts such as Stanley (1975) imply that Eq. (11.4)
also applies to the discrete-time version of the rectangular window. However,
as we will discover below, the Fourier transforms of the continuous-time and
discrete-time windows differ significantly. A similar situation exists with
respect to the triangular window.]

Discrete-time window

Since FIR filter coefficients exist only for integer values of n or discrete
values of ¢t =nT, it is convenient to work with a window function that is
defined in terms of n rather than ¢. If the function defined by (11.3) is sampled
using N =2M + 1 samples with one sample at ¢t =0 and samples at nT for
n=+1,+2, ..., + M, the sampled window function becomes

{1 -M<ns<M
wln] =

11.5
0 otherwise ( )
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Figure 11.14 Magnitude spectrum for a continuous-time rectangular window.

For an even number of samples, the rectangular window can be defined as
either

wln] =1 -M-1)<n<M (11.6)
or win] =1 ~Ms<sn<M-1) (11.7)

The window specified by (11.6) will be centered around a point midway
between n =0 and n =1, and the window specified by (11.7) will be centered
around a point midway between n = —1 and n =0. In many applications
(especially in languages like C that use zero-origin indexing), it is convenient
to have w[n] defined for 0 <n < (N —1):

wln] =1 0<ns(N-1) (11.8)

In order to emphasize the difference between windows such as (11.5), which
are defined over positive and negative frequencies, and windows such as
(11.8) which are defined over nonnegative frequencies, digital-signal process-
ing “borrows” terminology from the closely related field of time-series analy-
sis. Using this borrowed terminology, windows such as (11.5) are called lag
windows, and windows such as (11.8) are called data windows. Data windows
are also referred to as tapering windows and occasionally tapers or faders. To
avoid having to deal with windows centered around % or ~Y, many authors
state that N must be odd for lag windows. However, even-length data
windows are widely used for leakage reduction in FFT applications.
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Frequency windows and spectral windows

The discrete-time Fourier transform (DTFT) of the lag window (11.5) is given by

sin[nf(2M + 1)]
sin(nf)

The form of (11.9) is closely related to the so-called Dirichlet kernel D, (-) which
is variously defined as

W(f) = (11.9)

al ¢ 3 sin{[n + (1/2)}0}
D,®) =5 . ;_n cos kb = im0
(Priestley 1981)
D,(x) £ i exp(2njkx) = M
k=-n sin(mx)

(Dym and McKean 1972)

sin{[n + (1/2)]x}
2 sin(x/2)

D, (x) é% i cos(kx) =

(Weaver 1989)

The magnitude of (11.9) is plotted in Fig. 11.15 for N =11 and Fig. 11.16 for
N =21. As indicated by these two cases, when the number of points in the

@
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frequency X\

Figure 11.15 Magnitude of the DTFT for an 11-point rectangular window.
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Figure 11.16 Magnitude of the DTFT for a 21-point rectangular window.

window increases, the width of the DTFT sidelobes decreases. The sidelobes
in Fig. 11.15 are attenuated by 13.0, 17.1, 19.3, 20.5, and 20.8 dB; and the
sidelobes in Fig. 11.16 are attenuated by 13.2, 17.6, 20.4, 22.3, 23.7, 24.8, 25.5,
26.1, and 26.3 dB. The data for these plots were generated using the C function
discRectangularResponse( ) provided in Listing 11.6.

The DTFT of the data window (11.8) is given by

sin(N=f)

W(f) = exp[ — jaf(N — 1)] “sin(nf)

(11.10)
A function such as (11.9), which is the Fourier transform of a lag window, is
called a spectral window. A function such as (11.10), which is the Fourier
transform of a data window, is called a frequency window. The forms of (11.9) and
(11.10) differ from the form of (11.4) due to the aliasing that occurs when the
continuous-time window function is sampled to obtain a discrete-time window.

11.3 Triangular Window

A simple, but not particularly high-performance, window 1is the triangular
window shown in Fig. 11.17 and is defined by

_ 2

w(t) =1 It s% (11.11)
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w(t)

Figure 11.17 Triangular window.
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Window functions are almost always even symmetric, and it is customary
to show only the positive-time portion of the window as in Fig. 11.18.
The triangular window is sometimes called the Bartlett window after
M. S. Bartlett who described its use in a 1950 paper (Bartlett 1950). The
Fourier transform of Eq. (11.11) is given by

1 sin(nft/2) P2
W(f)—z[————(nﬁ/z) ] (11.12)

The magnitude of (11.12) is plotted in Fig. 11.19. The peaks of the first
through fourth sidelobes are attenuated by 26.5, 35.7, 41.6, and 46.0dB,

0.9
0.7 f

0.5
0.4 |
0.3 :
oz |

[oR I ¥

A Il i i " A i L 1

[eX] 0.2 0.3 0.4 0.5
t/e

Figure 11.18 One-sided plot of a triangular window.
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Figure 11.19 Magnitude response of a continuous-time triangular window.

respectively. The data for Fig. 11.19 was generated using the C function
contTriangularResponse( ) provided in Listing 11.7.

Discrete-time triangular window

If the function defined by (11.11) is sampled using N = 2M + 1 samples with
1 =2MT, one sample at t =0, and samples at n7T for n=+1, +2,..., + M,
the sampled window function becomes the lag window defined by

wln] =1 ——2‘—;) —-M<n<M (11.13)

for the normalized case of 7' =1. This equation can be expressed in terms of
the total number of samples N by substituting (N —1)/2 for M to obtain

2n| -—N-1H_ _N-1

wih] =1-5773 2 2

(11.14)

In some texts (such as Marple 1987 and Kay 1988), Eq. (11.14) is given as
the definition of the discrete-time triangular window. However, evaluation of
this equation reveals that w[n] =0 for n = +[(N — 1)/2]. This means that the
two endpoints do not contribute to the window contents and that the window
length is effectively reduced to N — 2 samples. In order to maintain a total of
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N nonzero samples, many authors substitute (N +2) for N in Eq. (11.14) to
obtain

|2n| —(N—-1) N-1
=1- <n< .
wln] Nl 5 n 7 (11.15)
N odd

For an even number of samples, the window values can be obtained by
substituting (n + %) for n in Eq. (11.15) to obtain a window that is symmetri-
cal about a line midway between n = —1 and n =0. (The equals sign in the
box below is in quotes because n can assume only integer values; neverthe-

less, n “=" —Y% is a convenient shorthand way of saying “midway between
n=—1and n=0.")

-1 (11.16)

12n + 1] —-N Sg

win] N+1 g M

? —“1

N even, center at n “= o5

Alternatively, we could substitute (n — %) for n in Eq. (11.15) to obtain a
window symmetric about a line midway between n =0 and n =1:

|2n — 1] —N N

=1- l<n<= 11.17

wnl N+1 2 + n 2 ( )
N even, center at n “=”§

An expression for the triangular data window can be obtained by substitut-
ing [n — (N — 1)/2] for n in Eq. (11.15) or by substituting (n — N/2) for n in Eq.
(11.16) to yield

|2n — N + 1|

0<n<N-1 11.18
N+1 " (11.18)

wn}=1-—

Section 11.4 will present several C functions for generating various forms of
the discrete-time triangular window.

Frequency and spectral windows

The spectral window obtained from the DTFT of the lag window (11.14) is
given by

(11.19a)

(M .
WF) =% |:s1n( nf)]

sin(nf)
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" o -2 frmioon

m (11.196)

The form of (11.19) is closely related to the Fejer kernel F,(+), which, like the
Dirichlet kernel presented in Sec. 11.3, has some variety in its definition:

L4
7 s Sin (nnx)
2(®) n sin*(nx)
(Priestley 1981)
F.(6) & sin®(nd/2)

2nn sin%(0/2)
(Dym and McKean 1972)

The magnitude of (11.19) for N =11 and N = 21 is plotted in Fig. 11.20. The
data for these plots were obtained using the C function discTriangularRe-
sponse( ) provided in Listing 11.8.

mognitude (dB)

frequency X\

Figure 11.20 Magnitude of the DTFT for (@) an 11-point triangular
window and (b) a 21-point triangular window.
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11.4 Window Software

As we saw in the previous section, a window function can come in a number
of different varieties—odd-length lag window, even-length lag window cen-
tered on n =%, and so on. As was done for the triangular window, an explicit
function for each variety can be derived. However, the task of designing and
coding computer programs to generate window coefficients can be simplified
somewhat if we view the different varieties from a slightly different perspec-
tive. Despite the apparent variety of specific formats, there are really only
two basic forms that need to be generated—one form for odd-length windows
and one form for even-length windows. All of the specific varieties can be
generated as simply horizontal translations of these two forms. Furthermore,
since all the windows considered in this book are symmetric, we need to
generate the coefficients for only half of each window. An odd-length lag
window is probably the most “natural” of the discrete-time windows. Con-
sider the triangular window shown in Fig. 11.21, which has sample values
indicated at t = +nT forn =0,1, 2,.... Because of symmetry, we will require
our program to generate the (N +1)/2 coefficients corresponding
to t=0,T,2T,3T,...,(N—1)T/2 and place them in locations 0 through
(N —1)/2 of an array called window[ ]. These coefficients can be obtained
using Eq. (11.15). Next we consider the triangular window shown in Fig.
11.22. This window has been shifted so that its axis of symmetry lies at
t = —T'/2. The sample values indicated in the figure can be obtained from Eq.
(11.i6). The sample values for either the even-length case of Fig. 11.22 or the
odd-length case of Fig. 11.21 can be obtained from the combined formula

2)x|

wn]=1—-——

[n] N+1
h n for N odd

where x =
n+%  for N even
wit)
+ + + + + + t
-6T -5T -4T -3T -2T -T T 2T 3T 4T 5T 6T

Figure 11.21 Triangular window sampled to produce an odd-length lag
window.
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wi(t)
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Figure 11.22 Triangular window shifted and sampled to produce an

even-length lag window with axis of symmetry midway between
n=—1and n=0.

The C function, triangularWindow( ), provided in Listing 11.9, uses this
formula to generate coefficients for both odd- and even-length triangular
windows. For N odd, the value returned in window[0] lies on the full
window’s axis of symmetry and is the value of the continuous-time window at
t =0. For N even, the value returned in window|[0] lies one-half sample-time
to the right of the full window’s axis of symmetry and is the value of the
continuous-time window at ¢t = T/2.

Generating and storing a complete lag window would be conceptually
straightforward if C allowed the use of negative indices for arrays. Although
it is not possible to define an array that takes negative indices, it is possible
to give the appearance of negative indices by using the special structure
called WWWW, which is defined by the following code fragment:

typedef struct{
real left[256];
real right{256];
} timeRecord:
union timeRec{
real fult[b12];
timeRecord half;
F WWWW;
# define LAG_WINDOW WWWW haif.right
# define DATA_WINDOW WWWW full

Use of this special structure is one way to permit negative index values for
an array. The array WWWW half.right can take a negative index because
of the space reserved by the left[ ] array within the structure half of type
timeRecord. The macro LAG_-WINDOW is defined to facilitate easier
reference to WWWW . half.right. For example, the C statement

LAG_WINDOW[b]=0.735b;

will place the value 0.735 into location 5 of the array WWWW _ half.right
(which, owing to the union, is also location 261 of the array WWWW.full or
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DATA_WINDOW). The statements

LAG_WINDOW[-1]=0.25;
LAG_WINDOW([-2566]=0.5;

will place the value 0.25 into location 255 and the value 0.5 into location 0 of
the array WWWW half.left.

The C function makeLagWindow( ), provided in Listing 11.10, takes a
half window as generated by triangularWindow( ) (or similar functions for
other window shapes to be presented in subsequent sections) and converts it
into a full lag window. For the output array, the call of this function should
use the array WWWW half.right or its defined alias LAG_-WINDOW:

makelLagWindow( numbTaps, window, center, LAG_WINDOW);

If N is odd, the full window will be placed in locations — (N — 1)/2 through
(N —1)/2 of the “array” LAG_-WINDOWI[ ]. If N is even and center is
negative, the full window will be placed in locations — N/2 through (V/2) — 1
of LAG_WINDOWT] ]. If N is even and center is positive, the full window
will be placed in locations —(N/2) +1 through N/2 of LAG_-WINDOW] ].

The C function makeDataWindow( ), provided in Listing 11.11, takes a
half window as generated by triangularWindow( ) (or similar functions)
and converts it into a full data window. For the output array, the call of this
function should use the array WWWW.full or its defined alias DATA_WIN-
DOW—

makeDataWindow( numbTaps, window, DATA_WINDOW):

If N is odd, the input value window|[0] will lie on the axis of symmetry of the
output in DATA WINDOWT] ]. If N is even, the input value window[0] will
appear in two consecutive locations in the center of the output window, and
the axis of symmetry will lie between these two locations.

11.5 Applying Windows to Fourier Series Filters

Conceptually, a tapering window such as the triangular window is applied to
the input of an FIR approximation to an ideal filter. However, since multipli-
cation is associative, a much more computationally efficient implementation
can be had by multiplying the window coefficients and the original filter
coefficients to arrive at a modified set of filter coefficients. The impulse
response coefficients produced by the C functions of Sec. 11.1 are generated in
a data window format {that is, A[n] is defined for 0 < n < N — 1}. Therefore
the window coefficients should also be put into a data window format before
multiplying them with the ideal filter coefficients of Sec. 11.1.
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TABLE 11.5 Coefficients for a 21-tap Lowpass Filter

{h[n] are the original coefficients; w[n] are triangular
window coeflicients}

n hin] w(n) wln] - hln]
0, 20 0.000000 0.000000 0.000000
1,19 —0.033637 0.090809 —0.006116
2,18 —0.023387 0.181818 —0.006378
3,17 0.026728 0.272727 0.009719
4, 16 0.050455 0.363636 0.022934
5,15 0.000000 0.454545 0.000000
6, 14 —0.075683 0.545455 —0.048162
7,13 —0.062366 0.636364 —0.045357
8,12 0.093549 0.727273 0.076540
9,11 0.302731 0.909091 0.275210

10 0.400000 1.00 0.400000

Example 11.5 Apply a triangular window to the 21-tap lowpass filter of Example 11.1.

solution Table 11.5 lists the original values of the filter coefficients, the corresponding
discrete-time window coefficients, and the final values of the filter coefficients after the
windowing has been applied. The frequency response of the windowed filter is shown in
Figs. 11.23 and 11.24. The response looks pretty good when plotted against a linear axis

frequency X\

Figure 11.23 Magnitude response (as a percentage of peak) for a
triangular-windowed 21-tap lowpass filter.
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Figure 11.24 Magnitude response (in decibels) for a triangular-
windowed 21-tap lowpass filter.

as in Fig. 11.23, but the poor stop-band performance is readily apparent when the
response is plotted on a decibel scale as in Fig. 11.24.

11.6 von Hann Window

The continuous-time von Hann window function shown in Fig. 11.25 is

defined by
2nt
w(t) =0.5+0.5 cos Tn lt] < % (11.20)

The corresponding frequency response, shown in Fig. 11.26, is given by
W(f) = 0.547 sinc(nfr) + 0.237 sinc[nr(f — 1)] + 0.237 sinc{nz(f + 1)] (11.21)

The first sidelobe of this response is 31.4 dB below the main lobe, and the
main lobe is twice as wide as the main lobe of the rectangular window.
References to the von Hann window as the “hanning” window are wide-
spread throughout the signal processing literature. This is unfortunate for
two reasons. First, the window gets its name from Julius von Hann, not some
nondescript Mr. Hanning. Second, the term hanning is easily (and often)
confused with Hamming. Oppenheim and Schafer (1975) insinuate that the
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Figure 11.25 The von Hann window.
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incorrect use of hanning is due to Blackman and Tukey (1958). This window
is ocassionally called a raised-cosine window.

Discrete-time von Hann window

If the function defined by Eq. (11.20) is sampled using N =2M + 1 samples
with one sample at t =0 and samples at nT for n = +1, +2,..., + M, the
sampled window function becomes

wln] = 0.5+ 0.5 cos %;f _M<n<M (11.22)

for the normalized case of T =1. Evaluation of (11.22) reveals that w(n) =0
for n = + M. This means that the two endpoints do not contribute to the
window contents and that the window length is effectively reduced to N —2
samples. In order to mantain a total of N nonzero samples, we must substitute
M +1 for M in Eq. (11.22) to yield

w[n] = 0.5+ 0.5 cos —-M=n<M (11.23)

2nn
20M +1)
Equation (11.23) can now be recast in terms of N by substituting (N — 1)/2 for
M to obtain

wln] =0.5+ 0.5 cos Iin—nl _(A;~ ) <n< N; ! (11.24)
n odd

For an even number of samples, the window values can be obtained by
substituting either (n + %) or n(—%) for n in Eq. (11.24) to obtain

n(2n +1) —N N
=0. . <n<—— .
w(n] 5+ 0.5 cos N1 2 n 2 1 (11.25)
3 bRl _1
N even, center at n “= Ty
n(2n — 1) -~N N
={0. . <n<s-— .
wln] =0.5+ 0.5 cos N1 3 +1<n 3 (11.26)
[3 ?” 1
N even, center at n “= 2

The C function, hannWindow( ), provided in Listing 11.12, generates co-
efficients for the von Hann window.
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TABLE 11.6 Coefficients for a 21-tap Lowpass Filter

{h[n] are the original coeflicients; w{n] are von Hann
window coefficients}

n h[n] win] win] - h(n}
0, 20 0.000000 0.000000 0.000000
1,19 —0.033637 0.024472 —0.000823
2,18 —0.023387 0.095492 —0.002233
3,17 0.026728 0.206107 0.005509
4,16 0.050455 0.345492 0.017432
5,15 0.000000 0.500000 0.000000
6, 14 —0.075683 0.654508 —0.049535
7,13 —0.062366 0.793893 —0.049512
8,12 0.093549 0.904508 0.084616
9,11 0.302731 0.975528 0.295323

10 0.400000 1.00 0.400000

Example 11.6 Apply a von Hann window to the 21-tap lowpass filter of Example 11.1.

solution Table 11.6 lists the original values of the filter coeflicients, the corresponding
discrete-time window coefficients, and the final values of the filter coefficients after the
windowing has been applied. The frequency response of the windowed filter is shown in
Fig. 11.27.

(dB)

magnitude

frequency X

Figure 11.27 Magnitude response for a von Hann-windowed 21-tap
lowpass filter.
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11.7 Hamming Window

The continuous-time Hamming window function shown in Fig. 11.28 is
defined by

2
w(®) =054+ 046 cos —  [f| <~ (11.27)
T

The Fourier transform of Eq. (11.27) is given by
W(f) = 0.541 sinc(nfr) + 0.237 sinc[rt(f — 1)] + 0.237 sinc[nz(f + 1)] (11.28)

The magnitude of (11.28) is plotted in Fig. 11.29. The highest sidelobe of this
response is 42.6 dB below the main lobe, and the main lobe is twice as wide
as the main lobe of the rectangular window’s response. This window gets its
name from R. W. Hamming, a pioneer in the areas of numerical analysis and
signal processing, who opened his numerical analysis text (Hamming 1972)
with the now famous and oft-quoted pearl, “The purpose of computing is
insight, not numbers.”

Discrete-time Hamming windows

If the function defined by Eq. (11.27) is sampled using N = 2M + 1 samples
with one sample at ¢ =0 and samples at nT for n= +1, +2,..., + M, the

i S e i i ol Y R | b

(o] 0.2 0.3 0.4 0.5
t/

Figure 11.28 Hamming window.
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Figure 11.28 Magnitude response of the Hamming window.

sampled window function becomes the lag window defined by

[y

2
win] = 0.54 4 0.46 cos — M<ns<M (11.29)
oM

for the normalized case of T =1. Equation (11.29) can be expressed in terms
of the total number of samples N by substituting (N — 1}/2 for M to obtain

| =051 4 0,46 cos Lt PN 11.30
wln] = 0.54 + 0.46 cos N1 g TS S (11.30)
n odd

For an even number of samples, the window values can be obtained by
substituting n + % for n in Eq. (11.30) to obtain

~

(2n + 1) - N N
=0.54 + 0.46 cos - L <n < ——
wln] 5 cos N1 9 n 5

1 (11.31)

—1
2

X3 2

N even, center at n "' =

R

The data window form can be obtained by substituting {n — (N — 1)/2] for n in
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Eq. (11.30) or by substituting (n — N/2) for n in Eq. (11.31) to yield

2
w[n] =0.54 — 0.46 cos ik

<n<N- .
N—7 0SnsN-1 (1132

(Note the change in sign for the cosine term-—-this is not a typographical
error.)

Example 11.7 Apply a Hamming window to the 21-tap lowpass filter of Example 11.1.

solution The windowed values of A[k] are listed in Table 11.7, and the corresponding
frequency response is shown in Fig. 11.30.

Computer generation of window coefficients

The C function hammingWindow( ), provided in Listing 11.13, generates
ordinates for the Hamming window. The output conventions for even and odd
N are as described in Sec. 11.4.

11.8 Dolph-Chebyshev Window

The Dolph-Chebyshev window is somewhat different from the other windows
in this chapter in that a closed-form expression for the time domain window
is not known. Instead, this window is defined as the inverse Fourier trans-
form of the sampled-frequency response which is given by

cos{N cos![B cos(nk/N)]}

Wik] = (—1)* cosh(N cosh™! f)

—(N—-1D<k<N-1 (11.33)

A sidelobe level of —80 dB is often claimed for this response, but in fact, Eq.
(11.33) defines a family of windows in which the minimum stop-band attenua-
tion is a factor of §. A stop-band attenuation of 20« dB is obtained for a value

TABLE 11.7 Coefficients for a 21-tap
Hamming-Windowed Lowpass Filter

k hik]
0, 20 0.000000
1,19 —0.003448
2,18 —0.003926
3,17 0.007206
4,16 0.020074
5,15 0.000000
8, 14 —0.051627
7,13 ~0.050540
8, 12 0.085330
9,11 0.295915

10 0.400000
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magnitude (dB)

2
frequency XA

Figure 11.30 Magnitude response for a Hamming-windowed 21-tap
lowpass filter.

of B given by
B = coshI:—Jl\—7 cosh1(10“)} (11.34)

Often, f > 1 and consequently, evaluation of (11.32) may entail taking the
inverse cosine of values with magnitudes greater than unity. In such cases,
the following formula can be used:

TC —
——tan

1 X
SRR <1/1—x2> <1 (11.35)
In(x +/x*— 1) x| =1

The Dolph-Chebyshev window takes its name from C. L. Dolph and Pafnuti
Chebyshev. The function W(k) is a normalized form of the function developed
by Dolph (1946) for specifying an antenna pattern optimized to achieve a
narrow main lobe while simultaneously restricting the sidelobe response.
Helms (1968) applied Dolph’s result to the analogous problem of optimizing a
filter response for a narrow transition band while simultaneously restricting
sidelobe response. The name of Chebyshev is associated with this window
because for integer values of z, the numerator of Eq. (11.33) is the zth order
Chebyshev polynomial:

1

T.(x) = cos(z cos ™' x)



Listing 11.1 idealLowpass( )
jt*t*ltt!t***t******!****t*t****i#

/¥

/¥ Listing 11.1
7%

/¥ ideallowpass()
7%

'y
*/
*/
*/
*/

¥/

f**********************#****t******/

void ideallowpass( int numbTaps,
reul lumbdall,
real hh{1)

i

int n,nllax;

real mm;

printf{"in ideallowpass\n"};

for{ n=0: n<numbTaps; n++}

{

mw = 1 - {real){numbTaps~1)/2.
ifinm==0)
{hh{n] = lambdali/PI;}
else
{hh{n] =
}
return;

}

Listing 11.2 idealHighpass( )

f****‘**‘***t‘l***#***#t*****t****

/¥

/¥  Listing 11.2

/%

/% idealHighpass()
/%

/*t**********‘#***********#***t*t*

void idealHighpass{ int numbTaps,
real lambdal,
real hh[])

{

int n,nMax;

real mm;

printf{"in idealHighpass\n");

8;

*/
*
*/
*f
*/
*f
*y

Fourier Series Method of FIR Filter Design

sinfmm * lambdal)/{am * PI):}

201
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for{ n=0; n<numbTaps; n++)

{
ne = n - (real){numbTapa-1)/2.6;
if{mm==0)
{hh{n] = 1.8 - lambdaL/PI;}
else
{hh{n] = -sin{nm * lambdal}/{mm * PI};}
}
return;

}

Listing 11.3 idealBandpass( )

/t************t***t****t******‘****/

/* */
/¥ Listing 11.3 */
/¥ */
/*  idealBandpass() */
/¥ */

/***#tt*t*t**t**********#*‘********/

void idealBandpass{ int numbTaps,
real lambdal,
real lambdal,
real hh{])

{

int n,nlax;

real am;

printf("in idealBandpass\n");

for{ n=8; n<numbTaps; n++)

{
wn = n - (real){numnbTaps-1)/2.8;
if(mm==8)
{hhin] = {lambdal - lambdal)/F1;}
else
{hhin] = {sin{mm * lambdaU) - sin{mm * lasbdal))/{mm * PI};}
}
return;

}



Listing 11.4 idealBandstop( )

/**‘*t******t***********#*tt******t/

/%
/¥ Listing 1.4

/%

/*¥  idealBandstop()
/%

*/
*/
*/
*/
*/

/t**tt*t***l**t***tttt#************/

void idealBandstop{ int numbTaps,

real lambdal,
real tambdal,

real hh[1)
{
int n,nMax;
real mm;
printf{"in idealBandstop\n"};

for{ n=0; n<numbTaps; n++)

{

sn = n - (real){numbTaps-1)/2.8;

if{mm==8)
{hh(n]
else

{hh[n]

}
return;

}

Fourier Series Method of FIR Filter Design

1.8 + {lambdal - tambdall)sP1;}

{sin{n * lambdal) - sin{am * lambdal)}/{mm * PI1):}

Listing 11.5 contRectangularResponse( )

/t*t**tt*t*t*ttt***ttt!#t*****tt****/

/%
/¥ Listing 11.5

/*

/%  contRectangularResponse()
/%

X
*/
x/
X7

*/

/****!****tttt*t****t*****t***t***tt;

sdefine TINY 3.16e-5

real contFectangularPesponse{ real freg, real tou, logical dbScale)

{

real x;

203
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x = =inc{Pl ¥ freq * tau);
if(dbScale)
{
if(fabs(x) < TINY)
{x = -98.6;)}
else
{x = 28.8*log18{fabs{x));}
}
return(x);

}

Listing 11.6 discRectangularResponse( )

/ttt#*ttt***ﬁtltt**t*t*ttt****tttttl/

/* */
/% Listing 11.6 */
/* *f
/*  discRectangularResponse() *f
/* *f

/t*tt#t*t*#**t#******t***#t*t*******/

real discRectangularResponse( real freg,

int I,

logical normalizedAmplitude)
{

real result:

if{freq == 8.6)
{ result = (real) (2%1+1);}
else
{ result = fabs(sin(Pl * freq * (2*¥N+1))/ sin{ PI * freq));}

if( normalizedfAmplitude ) result = result / {real) (2*M+1);
return{result};

}
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Listing 11.7 contTriangularResponse( )

/**tt!t****ttl#ltttttt*ttttt*#t**‘*/

/* */
/¥ Listing 11.7 x/
/* */
/% contTriangularResponse() */
7% */

/t***tt*tttt*t*tt*t*#*t***tt*t*****/

real contTriongularResponse( real freq,
real tou,
logical dbScate)

{

real ampl, x;

ampB = @.5 ¥ tou;

x = Pl ¥ freq ¥ tou / 2.0;

x = 8.5 % tau ¥ sincSqrd{x);

i f(dbScale)
{
i f(fabsix/amp@) < TINY)
{x = -96.0;}
else

{x = 20.8%log18(fabs{x/amp8));}
}

return{x);

}

Listing 11.8 discTriangularResponse( )

/**********8&K*****#ttttt#*tt**#t**/

/* */
/* Listing 11.8 */
/¥ */
/*  discTriangulaorResponse() */
/* x/

/*#*#*tt**tt**#*tt*ttt*t**t*t**t*t*/

real discTriangularResponse{ real freg,

int M,

logical normalizedAmplitude)
{

real result;
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if(freq == 8.0)
{ result = (real) N;}
else
{ result = (sin(PI * freq * M) * sin(Pl * freq * M)) /
(N * sin{ P1 * freq) * sin( PI * freq));
}

if( normalizedAmplitude ) result = result / (real) N;
return{result);

}

Listing 11.9 triangularWindow( )

/**ittlt*#*tl*t*****t*ttttttt*****t,

/* */
/*  Listing 11.9 x/
/* X/
/% triangulorlindow() */
/% x}

/!t**t*t#*#*ltt*#*t**t****t**t**t*ti

void triongulardindow( int N, real window[])
{

real offset;

int n;

offset = {real) {1-(NX2));

for{n=0; n<(N/2.8); n++)
{
window{n] = 1.8 - (2.0% + offset}/(N+1.8);
}

Peturn;

}

Listing 11.10 makeLagWindow( )

/#!t**ltt**ttt*l*t**tttt****#tttt*t/

/* X/
/% Listing 11.18 */
/* */
/% makeloglindow() */
/* K,f

/*ttt*t**#tttt*****t*t*tt*t**t*t**t;

void makelLaglindow( int N,
reol windouw(],
int center,
real outlindow{])
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{

int n,N;

P fINg2) {
M=(N-1)/2;
for(n=8; n<=M; n++} {
outdindowlnl = window[n];
outiindosl-n] = ocutlindow(n];
}
}
else {
N=(N-2)/2;
if(center == negotive) {
for{ n=0; n<=it; n++) {
outiindoe[n} = window[n];
outUindos{-{1+n)] = windowln];
)
}
else |
far( n=0; n<=M; n++) {
outUindos{n+1] = windouw[nl;
out¥indow[-n] = window(nl;

}
}

return;

}

Listing 11.11 makeDataWindow( )

/#t**tttt***x**#***K*l*tt*******ttt/

% X/
/% Listing 11.11 x/
/; */
/¥  mokeDotollindow() */
/¥ */

j*kttt*****t*t***#*kt*****#****ttt‘/

void mokeDatallindouw( int W,
real windomw{],
real outiindow(])

int n,M;
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if(Ng2) {
M={H-1)/2;
for{n=@; n<=M; n++) {
outdindow[n] = window[M-r];
outUindow{M+n] = windouw{n];
}
}
else {
M=(N-2)/2;
for{n=6; n<=M; n++) {
outUindow(n] = window{M-nl;
outWindow[f*n+1] = window{n];
}
}
return;

}

Listing 11.12 hannWindow( )

/**t*t***t#*tt***t********!******t*/

/* */
/¥ Listing 11.12 *f
/* x/
/*  hannllindow() x/
/* */

/#*****ltt****t*******‘#***t**t*#**/

void hannlindow{ int N, real window[])

{

logical odd;
int n;

odd = N¥2;

for{n=8; n<(N/2.8); n++)
{
ifi odd}
{window[n] = 8.5 + @.5 * cos{THO_PI*n/iN-1)};}
else
{window[n] = @.5 + 8.5 * cos{TUO_PI * (2%n+1)/(2.8%{(N-1))};}
}

return;

}



Listing 11.13 hammingWindow( )

/**tt*tt*¥***#t****t******t*‘t***#*/

/%
/* Listing 11.13
/*

/% hasminglindow(}
7%

*/
*/
x/
x/

‘f

/t*****ttt*t**t******t***t***t****#f

Fourier Series Method of FIR Filter Design

void hamminglindow{ int N, real window[])

{
logical odd;
int n;
odd = NH%2;
forin=8; n<{N/2.&);
{
ifi odd)
{window[n]
else
{fwindow(n]
}
return;

}

n++}

@.54 + .46 *

§.54 + ©.46 * cos{THO_PI*n/iN-1));}

cos{TUG_PT * (2¥n+1)/02.0%(N-1)7);)

209






Chapter

12

FIR Filter Design: Frequency
Sampling Method

12.1 Introduction

In Chap. 11, the desired frequency response for an FIR filter was specified in
the continuous-frequency domain, and the discrete-time impulse response
coefficients were obtained via the Fourier series. We can modify this proce-
dure so that the desired frequency response is specified in the discrete-
frequency domain and then use the inverse discrete Fourier transform (DFT)
to obtain the corresponding discrete-time impulse response.

Example 12.1 Consider the case of a 21-tap lowpass filter with a normalized cutoff
frequency of 2, =3r/7. The sampled magnitude response for positive frequencies is
shown in Fig. 12.1. The normalized cutoff frequency 4, falls midway between n =4 and
n =5, and the normalized folding frequency of i = falls midway between n =10 and
n =11. (Note that 45/10.5 = 3/7.) We assume that H,(—n) = H,(n) and use the inverse
DFT to obtain the filter coefficients listed in Table 12.1. The actual continuous-frequency

Ay L

Figure 12.1 Desired discrete-frequency magnitude re-
sponse for a lowpass filter with i, =3=n/7.
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TABLE 12.1 Coefficients for the 21-tap Filter
of Example 12.1

h[0] = R{20] = 0.037334
h[1] = R[19] = —0.021192
h(2] = h[18] = —0.049873
h[3] = h(17] = 0.000000

h[4] = h[16] = 0.059380
R[5] = h[15] = 0.030376
h[6] = h[14] = —0.066090
R{T] = A[13] = —0.085807
h(8] =h[12] = 0.070096
R[9)=h[11] = 0.311490

R[10] = 0.428571

response of an FIR filter having these coeflicients is shown in Figs. 12.2 and 12.3. Figure
12.2 is plotted against a linear ordinate, and dots are placed at points corresponding to
the discrete-frequencies specified in Fig. 12.1. Figure 12.3 is included to provide a
convenient baseline for comparison of subsequent plots that will have to be plotted
against decibel ordinates in order to show low stop-band levels.

The ripple performance in both the pass-band and stop-band responses can
be improved by specifying one or more transition-band samples at values
somewhere between the pass-band value of H;(m) =1 and the stop-band

os | 1
0.7 }
06}
os |
0.4} 1
03}

02 1

o} X L 4

2
frequency X

Figure 122 Magnitude response for filter of Example
12.1.
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magnitude (dB)
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2
frequency A

Figure 12.3 Filter response for Example 12.1 plotted on deci-
bel scale.

value of H;(m) =0. Consider the case depicted in Fig. 12.4 where we have
modified the response of Fig. 12.1 by introducing a one-sample transition band
by setting H,(5) = 0.5. The continuous-frequency response of this modified
filter is shown in Fig. 12.5, and the coefficients are listed in Table 12.2.

The peak stop-band ripple has been reduced by 13.3dB. An even greater
reduction can be obtained if the transition-band value is optimized rather
than just arbitrarily set halfway between the pass-band and the stop-band
levels. It is also possible to have more than one sample in the transition band.
The methods for optimizing transition-band values are iterative and involve
repeatedly computing sets of impulse response coefficients and the corre-
sponding frequency responses. Therefore, before moving on to specific opti-
mization approaches, we will examine some of the mathematical details and

Hg(n)

t t + A & -—@ . n

1 2 3 4 5 6 7 8 9 10 N1

Figure 12.4 Discrete-frequency magnitude response
with one transition-band sample midway between the
ideal pass-band and stop-band levels.
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magnitude (dB)

-90 1

0 hd L4

2
frequency X

Figure 12.5 Continuous-frequency magnitude response corre-
sponding to the discrete-frequency response of Fig. 12.3.

TABLE 12.2 Coefficients for the 21-tap
Filter with a Single Transition-Band
Sample Value of 0.5

RIO] = A[20] = 0.002427
R[1]=hA[19] = 0.008498
R[2] = h[18] = —0.010528
R3] = h[17] = —0.023810
h{4] = h[16) = 0.016477
h[5] = A[15] = 0.047773
R[6] = h[14] = —0.020587
R[7] = A[13] = —0.096403
RI8] = A[12] = 0.023009
R[9] = A[11] = 0.315048

R[10] = 0.476190

explore some ways for introducing some computational efficiency into the
process.

12.2 0Odd N versus Even N

Consider the desired response shown in Fig. 12.6 for the case of an odd-length
filter with no transition band. If we assume that the cutoff lies midway
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Figure 12.6 Desired frequency-sampled response for an
odd-length filter with no transition-band samples.

between n =n, and n = n, + 1 as shown, the cutoff frequency is 2nF(n, + %),
where F is the interval between frequency domain samples. For the nor-
malized case where 7 =1, we find F = 1/N, so the normalized cutoff is given
by

_n(2n,+1)

Y
v N

(12.1)
This equation allows us to compute the cutoff frequency when n, and NNV are
given. However, in most design situations we will need to start with known
(desired) values of N and A, and then determine n,. We can solve (12.1) for
n,, but for an arbitrary value 4, the resulting value of n, might not be an
integer. Therefore, we write

_ 1 12.
" L 2n 2 (12.2)
where Ay, denotes desired 1, and |-| denotes the “floor” function that

truncates the fractional part from its argument. Equation (12.2) yields a
value for n, that guarantees that the cutoff will lie somewhere between n, and
n, + 1, but not necessarily at the midpoint. The difference AL =|1, — Ayp | is
an indication of how “good” the choices of n, and N are—the smaller A4 is,
the better the choices are.

It is a common practice to assume that the cutoff frequency lies midway
between n =n, and n = n, + 1 as in the preceding analysis. If the continuous-
frequency amplitude response is a straight line between A(n) =1 at n =n,
and A(n) =0 at n =n, + 1, the value of the response midway between these
points will be 0.5. However, since A(n) is the amplitude response, the
attenuation at the assumed cutoff is 6 dB. For an attenuation of 3 dB, the
cutoff should be assigned to lie at a point which is 0.293 to the right of n, and
0.707 to the left of n, + 1.
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If we assume that the cutoff lies at n, +0.293, the cutoff frequency is
2nF(n, + 0.293) and the normalized cutoff is given by

_ 2n(n, +0.293)

Ay N

(12.3)

The required number of samples in the (two-sided) pass band is 2n, + 1 where

Ni
o = L z;m

- 0.293J

For convenience we will denote the i, given by (12.1) as i; and the i, given
by (12.3) as 4;.

Even N

Now let’s consider the response shown in Fig. 12.7 for the case of an
even-length filter with no transition band. If we assume that the cutoff lies
midway between n = n, and n = n, + 1, the cutoff frequency is 2nFn, and the
normalized cutoff is

Solving for n, and using the floor function to ensure integer values, we obtain

e [N

P 2n

If we assume that the cutoff lies at n, +0.293, the cutoff frequency is
2nF(n, —0.207) and the normalized cutoff is

2n(n, — 0.207)
lg=—F—F——

N
A(n)
on

e o o o
— & n

np.
A

Ay 4

Figure 12.7 Desired frequency-sampled response for an
even-length filter with no transition-band samples.
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The required number of samples in the (two-sided) pass band 2n, where

N.
n, = [ Z;D +0.207 J

If processing constraints or other implementation considerations place an
upper limit N,_,, on the total number of taps that can be used in a particular

situation, it might be smart to choose between N = N, ., and N = (N, — 1)
based upon which value of N yields A, that is closer to Ayp.

Example 122 For N, =21 and g, =%, determine whether N = 21 or N = 20 would
be the better choice based on values of AL

solution For N = 20,

- [20[(37!/7)” _ P_OJ 4

2n 7

L 24 _2n
20 5

3n 2n n
S i

For N = 21,

21[(3n/7 1
= |G 3] =Las=s

9 3n
=TT

3 3n

For this contrived case, N = 21 is not only the better choice—it is the best choice,
yielding A1 =0.

Example 123 For N_,. =21 and Ay, =%, determine whether N =21 or N =20 would
be the better choice based on values of AA.

solution For N =20,

no= [ 22N 507 | = 14200) =4

2n
2n(4 —0.207)
Ay=—————=1,1916
8 20
Al = 2n

3 1.1916‘ = 0.065
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For N =21,

{21[(27r/5)]
n,= | ——-

- O.293J =13.907/=3
i1

o _ 2n(3.293)

= 0.9853
3 21

on

Al = 5 0.9853‘ =0.2714

Since 0.065 < 0.2714, the better choice appears to be N = 20.

12.3 Design Formulas

The inverse DFT can be used as it was in Example 12.1 to obtain the
impulse response coefficients A(n) from a desired frequency response that
has been specified at uniformly spaced discrete frequencies. However, for
the special case of FIR filters with constant group delay, the inverse DFT
can be modified to take advantage of symmetry conditions. Back in Sec. 8.2,
the DTFT was adapted to the four specific types of constant-group-delay
FIR filters to obtain the dedicated formulas for H(w) and A(w) that
were summarized in Table 10.1. For the discrete-frequency case, the DFT
can be similarly adapted to obtain the explicit formulas for A(k) given in
Table 12.3. (The entries in the table are for the normalized case where
T =1.) After some trigonometric manipulation, we can arrive at the corre-
sponding inverse relations or design formulas listed in Table 12.4. These
formulas are implemented by the C function fsDesign( ) provided in Listing
12.1.

TABLE 12.3 Discrete-Frequency Amplitude Response of FIR Filters with Constant Group Delay

Type
1 M-1 M
2n(M — n)k onk
h[n] symmetric RIM]+ Y 2h[n] cos[u} —hM]+ Y 2h(M—n) cos< o n>
N odd n=0 N ne1 N
2 Rt oM —m)k | N2 [N 2nk[n — (1
h[n} symmetric Y 2h[n) COS[M} -y 2h|:—— n] COS{ nk(n — ( /2)]}
N even h=0 N n=1 2 N
3 M-1 M
2n(M — n)k 2nk
h{n] antisymmetric Y. 2h[n] sin[gn( r) ]= Y. 2h[M —n] sin( T n>
N odd n=0 N ne1 N

4 R oM —n)e| N2 [N 2nk[n — (1/2
h[n] antisymmetric Y 2h[n) Sin[u} -y 2h[——n] sin{ nk(n — (1/ )]}
N even n=0 N A=l 2 N
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TABLE 12.4 Formulas for Frequency Sampling Design of FIR Filters with Constant Group Delay

Type hlnln=012...,N—1
1 M
! 2r(n — M)k
hin] symmetric = {A(O) + Y 24(0) cos[L(”__)_]}
N odd N et N
2 —
1 (N/2) - 1 on(n — Mk
h[n] Symmetric - {A(O) + Z ZA(k) Cos[i(n——l—i]}
N even N £ N
3 - ) _
h[n] antisymmetric l{ Y 2A(k) sin[M:l}
N odd N {2 N
4 (N/2) -1
L 2n(M — n)k
hin] antisymmetric = {A <£/> sinfaM —m] + Y 24 Sin[_’i__”)_J}
N even N 2 WL N

124 Frequency Sampling Design with
Transition-Band Samples

As mentioned in the introduction to this chapter, the inclusion of one or
more samples in a transition band can greatly improve the performance of
filters designed via the frequency sampling method. In Sec. 12.1, some im-
provement was obtained by simply placing one transition-band sample
halfway between the pass band’s unity amplitude and the stop band’s zero
value. However, even more improvement can be obtained if the value of this
single transition-band sample is “optimized.” Before proceeding, we need to
first decide just what constitutes an “optimal” value for this sample—we
could seek the sample that minimizes pass-band ripple, minimizes stop-band
ripple, or minimizes some function that depends upon both stop-band and
pass-band ripple. The most commonly used approach is to optimize the
transition-band value so as to minimize the peak stop-band ripple.

For any given set of desired amplitude response samples, determination of
the peak stop-band ripple entails the following steps:

1. From the specified set of desired amplitude response samples H,, compute
the corresponding set of impulse response coeflicients A using the C
function fsDesign( ) presented in Sec. 12.3.

2. From the impulse response coefficients generated in step 1, compute a fine-
grained discrete-frequency approximation to the continuous-frequency
amplitude response using the C function cgdFirResponse( ) presented in
Sec. 10.3.

3. Search the amplitude response generated in step 2 to find the peak value
in the stop band. This search can be accomplished using the C function
findSbPeak( ) given in Listing 12.2.
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In general, we will need five parameters to specify the location of the stop
band(s) so that findSbPeak( ) “knows” where to search. The first parameter
specifies the band configuration—lowpass, highpass, bandpass, or bandstop.
The other parameters are indices of the first and last samples in the filter’s
pass bands and stop bands. Lowpass and highpass filters need only two
parameters n, and n,, but bandpass and bandstop filters need four: n,, n,, ns,
and n,. The specific meaning of these parameters for each of the basic filter
configurations is shown in Fig. 12.8. For easier argument passing, find-
SbPeak( ) has been designed to expect the filter configuration specified in a
single input array bandConfig[ ] as follows:

bandConfig[0] =1 for lowpass, 2 for highpass,
3 for bandpass, 4 for bandstop

bandConfig[1] = n,
bandConfig[2] = n,
bandConfig[3] = n,
bandConfig[4] = n,
bandConfig[5] = number of taps in filter

To see how this information is used, consider the lowpass case where n, is the
index of the first stop-band sample in the desired response H,[n]. The goal is
to find the peak stop-band value in the filter’s continuous-frequency magnitude
response. The computer must compute samples of a discrete-frequency approx-
imation to this continuous-frequency response. This approximation should not
be confused with the desired response H, [n], which is also a discrete-frequency
magnitude response. The latter contains only N samples, where N is the
number of taps in the filter. The approximation to the continuous-frequency
response must contain a much larger number of points. The number of samples
in the (one-sided) approximation to the continuous response is supplied to
findSbPeak( ) as the integer argument numPts. For the examples in this
chapter, values for numPts ranging from 120 to 480 have been used. In
searching for the peak of a lowpass response, findSbPeak( ) directs its
attention to samples n, and beyond in the discrete-frequency approximation
to the continuous-frequency amplitude response where

" _ 2Ln,
*" N

and L = number of samples in the (one-sided) approximation to the continu-
ous response (that is, numPts)
N = number of taps in the filter
n, =index of first sample in the desired (positive-frequency) stop band
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Figure 12.8 Parameters for specifying band configurations: (a)
lowpass, (b) highpass, (c) bandpass, and (d) bandstop.

For highpass, bandpass, and bandstop filters, the search is limited to the stop
band in a similar fashion.

The approach for finding the peak, as outlined in steps 1 through 3 above,
contains some “fat’” that could be eliminated to gain speed at the expense of
clarity and modularity. For example, computing the entire amplitude re-
sponse is not necessary, since only the stop-band values are of interest to the
optimization procedure. Also, for any given filter, consecutive peaks in the
response will be separated by a number of samples that remains more or less
constant—this fact could be exploited to compute and examine only those
portions of the response falling within areas where stop-band ripple peaks
can be expected.

Optimization

In subsequent discussions, T, will be used to denote the value of the single
transition-band sample. One simple approach for optimizing the value of T,
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is to just start with 7, =1 and keep decreasing by some fixed increment,
evaluating the peak stop-band ripple after each decrease. At first, the ripple
will decrease each time T is decreased, but once the optimal value is passed,
the ripple will increase as we continue to decrease T,. Therefore, once the
peak ripple starts to increase, we should decrease the size of the increment
and begin increasing instead of decreasing T,. Once peak ripple again stops
decreasing and starts increasing, we again decrease the increment and
reverse the direction. Eventually, T, should converge to the optimum value.
A slightly more sophisticated strategy for finding the optimum value of T, is
provided by the so-called golden section search (Press et al. 1986). This
method i1s based on the fact that the minimum of a function f(x) is known to
be “bracketed” by a triplet of points @ < b < ¢ provided that f(b) < f(a) and
f(b) < f(c). Once an initial bracket is established, the span of the bracket can
be methodically decreased until the three points a, b, and ¢ converge on the
abscissa of the minimum. The name “golden section” comes from the fact
that the most efficient search results when the middle point of the bracket is
a fraction distance 0.61803 from one endpoint and 0.38197 from the other. A
C function goldenSearch( ), provided in Listing 12.3, performs a golden
section search for our specific application. This function calls fsDesign( ),
cgdFirResponse( ), normalizeResponse( ), findSbPeak( ), and set-
Trans( ). All of these have been discussed previously, with the exception of
setTrans( ), which is provided in Listing 12.4. For the single-sample case
this function is extremely simple, but we shall maintain it as a separate
function to facilitate anticipated extensions for the case of multiple samples
in the transition band that will be treated in Secs. 12.5 and 12.6. The inputs
accepted by goldenSearch are as follows:

firType: 1 for N odd, A[n] symmetric; 2 for N even, h[n] symmetric; 3 for N
odd, A[n] antisymmetric; 4 for N even, h[n] antisymmetric

numTaps: The number of taps in the desired FIR filter

Hd[ ]: The positive-frequency samples of the desired magnitude response
tol: The tolerance used to terminate the golden section search

numFreqPts: The number of samples in the (one-sided) discrete-frequency
approximation to the filter’s continuous-frequency response

bandConfig] ]: An array containing filter configuration information as
explained above for findSbPeak( )

The function provides two outputs—the peak stop-band value of the magni-
tude response is provided as the function’s return value, and the correspond-
ing abscissa (frequency) is written into *fmin.

Example 12.4 For a 21-tap lowpass filter, find the value for the transition-band sample
H,[5] such that the peak stop-band ripple is minimized.
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Figure 12.9 Magnitude response of 21-tap filter from Example
12.4.

solution The optimal value for H,[5] is 0.400147, and the corresponding amplitude re-
sponse is shown in Fig. 12.9. The filter coefficients are listed in Table 12.5. Compared to
the case where H,[5] = 0.5, the peak stop-band ripple has been reduced by 11.2 dB.

12.5 Optimization with Two Transition-Band Samples

The optimization problem gets a bit more difficult when there are two or more
samples in the transition band. Let’s walk through the case of a type 1

TABLE 12.5 Coefficients for the Filter
of Example 12.4

h[0] = A[20] = 0.009532
h[1] = h[19] = 0.002454
h{2] = h[18] = —0.018536
A[3] = A[17] = —0.018963
hl4] = A[16] = 0.025209
h[5] =hA[15] = 0.044232
h[6] = h[14] = —0.029849
h[7] = h[13] = —0.094246
h{8] = hA[12] = 0.032593
R[9]=A[11] = 0.314324
h[10] = 0.466498
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lowpass filter with 21 taps having a desired response specified by

1.0 0<|n|<4
00 7<|n[<10

The values of H, and Hyz will be optimized to produce the filter having the
smallest peak stop-band ripple.

1. Letting Hz =1 and using a stopping tolerance of 0.01 in the single-
sample goldenSearch( ) function from Sec. 124, we find that the peak
stop-band ripple is minimized for H, = 0.398227. Thus we have defined one
point in the H,-Hg plane; specifically (H,, = 0.398227, Hg, = 1.0).

2. We define a second point in the plane by setting Hz =0.97 and once
again searching for the optimum H, value that minimizes the peak stop-band
ripple. This yields a second point at (0.376941, 0.97).

3. The two points (0.398227,1) and (0.376941, 0.97) can then be used to
define a line in the H,-Hy plane as shown in Fig. 12.10. Our ultimate goal
is to determine the ordered pair (H,, Hg) that minimizes the peak stop-
band ripple of the filter. In the vicinity of (H,,, 1), the line shown in Fig.
12.10 is the “best” path along which to search and is therefore called the
line of steepest descent. On the way to achieving our ultimate goal, a
useful intermediate goal is to find the point along the line at which the
filter’s stop-band ripple is minimized. In order to use the single-sample
search procedure from Sec. 12.4 to search along this line, we can define
positions on the line in terms of their projections onto the H, axis. To
evaluate the filter response for a given value of H,, we need to have Hg
expressed as a function of H,. The slope of the line is easily determined from
points 1 and 2 as

1-0.97
™ = 0.398227 — 0.376941
Hg
1.0 1 2
0.8
0.6 1
3

0.4 T
0.2 4+ Figure 1210 Line of steepest de-

scent plotted in the H,-Hy plane.

01 0.2 03 04 05 Ha
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Thus we can write
Hy; =1.4093H, + b (12.4)

where b is the Hy intercept. We can then solve for b by substituting the
values for H,, Hy at point 1 into (12.4) to obtain

b=Hz —1.4093H ,
=1 - 1.4093(0.398227) = 0.438779
Thus the line of steepest descent is defined in the H,-Hj plane as
H; =1.4093H , + 0.438779 (12.5)

The nature of the filter design problem requires that 0 < H, <1 and 0 <
Hgz < 1. Furthermore, examination of (12.5) indicates that Hy < H, for all
values of H, between zero and unity. Thus, the fact that Hz must not exceed
unity can be used to further restrict the values of H,. We find that H; =1 for
H, =0.39823. Therefore, the search along the line is limited to values of H,
such that 0 < H, < 0.39823. The point along the line (12.5) at which the peak
stop-band ripple is minimized is found to be (0.099248, 0.57863). The peak
stop-band ripple at this point is —66.47 dB.

4. The ripple performance of —66.47 is respectable, but it is not the best
that we can do. The straight line shown in Fig. 12.10 is in fact just an
extrapolation from points 1 and 2. Generally, the actual path of steepest
descent will not be a straight line and will diverge farther from the extrapo-
lated line as the distance from point 1 increases. Thus when we find the
optimum point (labeled as point 3) lying along the straight line, we really
have not found the optimum point in general. One way to deal with this
situation is to hold Hy constant at the value corresponding to point 3 and
then find the optimal value of H,-—without constraining H, to lie on the
line. This results in point 4 as shown in Fig. 12.11. (Figure 12.11 uses a
different scale than does Fig. 12.10 so that fine details can be more clearly
shown.) The coordinates of point 4 are (0.98301, 0.57863).

5. We now perturb Hy by taking 97 percent of the value corresponding
to point 4 [that is, Hg = (0.97)(0.57863) = 0.561271]. Searching for the value
of H, that minimizes the peak stop-band ripple, we obtain point 5 at
(0.085145, 0.561271).

6. The two points (0.099248, 0.57863) and (0.085145, 0.561271) can then be
used to define the new line of steepest descent shown in Fig. 12.11. Using
the approach discussed above in 3, we then find the point along the line at
which the peak stop-band ripple is minimized. This point is found to be
(0.098592, 0.579014), and the corresponding peak ripple is —69.680885 dB.

7. We can continue this process of defining lines of steepest descent and
optimizing along the line until the change in peak stop-band ripple from one
iteration to the next is smaller than some preset limit. Typically, the opti-
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mization is terminated when the peak ripple changes by less than 0.1dB
between iterations. Using this criterion, the present design converges after
the fourth line of steepest descent is searched to find the point (H, =
0.098403, Hp = 0.579376) where the peak stop-band ripple is —71.08 dB.

Programming considerations

Optimizing the value of H,, with Hy expressed as a function of H,, requires
some changes to the way in which the function findSbPeak( ) interfaces to
the function goldenSearch( ). In the single-sample-transition case, the
search was conducted with H, as the independent variable supplied (in the
appropriate location of Hd[ ]) to findSbPeak( ). For the two-sample-transi-
tion case, the software has been designed to conduct the search in terms of
the displacement p measured along an arbitrary line. (This approach is more
general than it needs to be for the two-sample case, but doing things this way
makes extension to three or more samples relatively easy—see Sec. 12.6 for
details.) The function findSbPeak( ) “expects” to have the H, and Hyg
values “plugged into” the appropriate locations in the array Hd[ ]. The
function goldenSearch2( ) given in Listing 12.5 has been modified to include
a call to setTransition( ) before each call to findSbPeak( ). The function
setTransition( ), shown in Listing 12.6, accepts p as an input and resolves it
into the H, and Hy components needed by findSbPeak( ) for computation of
the impulse response and the subsequent estimation of the continuous-
frequency amplitude response. The line along which p is being measured is
specified to setTransition( ) via the origins| ] and slopes[ ] arrays. The
values of H, and Hy corresponding to p =0 are passed in origins{1] and
origins[2], respectively. The changes in H, and Hy corresponding to Ap =1
are passed in slopes[1] and slopes|[2], respectively. Setting slopes{1] =1 and
origins[1] =0 is the correct way to specify H, = p. (Note that if we set
slopes[1] =1, origins[1] =0, slopes[2] =0 and origins[2] =0, the single-
sample case can be handled as a special case of the two-sample case, since
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these values are equivalent to setting H, = p and Hy = 0.) The iterations of
the optimization strategy are mechanized by the function optimize2( ) given
in Listing 12.7. After each call to goldenSearch2( ), the function opti-
mize2( ) uses the function dumpRectComps( ) (shown in Listing 12.8) to
print the H, and Hjy projections of the value returned by goldenSearch2( ).

Example 12.5 Complete the design of the 21-tap filter that was started at the beginning
of this section.

solution As mentioned previously, when goldenSearch2( ) is used with a stopping
tolerance of 0.01, the example design converges after four lines of steepest descent have
been searched. Each line involves 3 points—2 points to define the line plus 1 point at
which the ripple is minimized. The coordinates and peak stop-band ripple levels for the
12 points of the example design are listed in Table 12.6. Each of these points required 8
iterations of goldenSearch2( ). The impulse response coefficients for the filter corre-
sponding to the transition-band values of H, = 0.098403 and Hy, = 0.579376 are listed in
Table 12.7. The corresponding magnitude response is plotted in Fig. 12.12.

TABLE 12.6 Points Generated in the Optimization Procedure
for Example 125

Iteration H, Hy Stop-band peak, dB
1 0.398227 1.0 —42.22
2 0.376941 0.97 —42.76
3 0.099248 0.578630 —66.47
4 0.098301 0.578630 —69.93
5 0.085145 0.561271 —65.87
6 0.098592 0.579014 —69.68
7 0.098301 0.579014 —71.05
8 0.085145 0.561643 —65.20
9 0.098473 0.579241 —170.89

10 0.098301 0.579241 —71.02
11 0.085145 0.561864 —64.61
12 0.098403 0.579376 —71.08

TABLE 12.7 Impulse Response Coefficients for
the Filter of Example 12.5

R[O} = h[20] = 0.002798
R{1]=h[19] = 0.004783
Rh{2] = h[18] = —0.006541
(3] = h[17] = —0.018285
h[4] = h[16] = 0.007862
R[5] = A[15] = 0.042175
h[6] = h[14] = —0.007896
R[7) = h[13] = —0.092308
R{8] =h[12] = 0.007530
R[9]=A[11] = 0.313553
R[10] = 0.492659
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Figure 12.12 Magnitude response for Example 12.5.

Careful examination of the values in Table 12.6 reveals several anomalies.
Points 1, 2, 4, 5, 7, 8, 10, and 11 define lines of steepest descent; and points 3,
6,9, and 12 are the corresponding optimal points along these lines. The ripple
performance of the “optimal”’ point 6 is —69.68 while the performance at
point 4 is —69.93. These two points lie on the same line, and the performance
at point 4 is better than the performance at point 6. A similar situation
occurs with points 7 and 9. Such behavior indicates that the stopping
criterion for goldenSearch2( ) is not stringent enough, thereby allowing the
search to stop before the best point on the line is found.

Example 12.6 Redesign the filter of Example 12.5 using tol = 0.001 instead of tol = 0.01.

solution The number of iterations required for each point increases from 8 to 14, but the
design procedure terminates after only two lines of steepest descent. The coordinates and
peak stop-band ripple levels for the six points of this design are listed in Table 12.8. The
impulse response coefficients are listed in Table 12.9.

TABLE 12.8 Points Generated in the Optimization Procedure
for Example 12.6

Iteration H, Hy Stop-band peak, dB
1 0.399133 1.0 —42.24
2 0.377674 0.97 —42.73
3 0.100240 0.582148 —170.46
4 0.100220 0.582148 —70.34
5 0.087517 0.564683 —65.10
6 0.100425 0.582429 —170.39
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TABLE 12.9 Impulse Response Coefficients for
the Filter of Example 12.6

h[0] = A[20] = 0.002636
h[1] = hA[19] = 0.004775
h[2] = h[18] = —-0.006170
h[3] = A[17] = —0.018170
h{4] = h[16] = 0.007275
h[5] = h[15] = 0.042024
h[6] = h[14] = —0.007122
h[7] = h[13] = —0.092186
h[8] =h[12] = 0.006629
h[9] =hA[11] = 0.313507
h[10] = 0.493605

Comparison of Tables 12.6 and 12.8 reveals that performance obtained in
Example 12.6 is 0.7 dB worse than the performance obtained in Example 12.5.
Furthermore, within Example 12.6, the performance at point 3 is slightly
better than the performance at point 6. Possible strategies for combatting
these numeric effects would be to use a “tweaking factor” larger than 97
percent, or to have the tweaking factor approach unity with successive
iterations.

12.6 Optimization with Three Transition-Band Samples

Just as the two-transition-sample case was more complicated than the single-
sample case, the three-sample case is significantly more complicated than the
two-sample case. Let’s consider the case of a type 1 lowpass filter having a
desired response as shown in Fig. 12.13. (The following discussion assumes
that the three variables H,, Hg, and H are each assigned to one of the axes
in a three-dimensional rectilinear coordinate system.)

1. Consider points along the line defined by H- =1, Hg =1. (Note: H, =1
defines a plane parallel to the H, -Hy plane, and Hz =1 defines a plane that
intersects the H, =1 plane in a line which is parallel to the H, axis.) Use a
single-variable search strategy (such as the golden section search) to locate
the point along this line for which the peak stop-band ripple is minimized.
Denote the value of H, at this point as H,;.

2. Consider points along the line defined by Ho=1,Hg=1—¢. Use a
single-variable search strategy to locate the point along this line for which
the peak stop-band ripple is minimized. Denote the value of H, at this point
as H,,.

3. The points (H,4,, 1) and (H,,, 1 — ¢) define a line in the H, -Hyg plane as
shown in Fig. 12.10 for the two-sample case. [ Actually the points and the line
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Figure 12.13 Desired response
for a 21-tap type 1 filter with
three samples in the transition
band.

are in the plane defined by H; =1, and their projections onto the H,-Hy
plane are shown by Fig. 12.10. However, since the planes are parallel,
everything looks the same regardless of whether we plot the points in the
H_ =1 plane or their projections in the H, -Hy (that is, H, = 0) plane.] In the
vicinity of (Hy,, 1), this line is the “best” path along which to search and is
therefore called the line of steepest descent. Search along line to find the point
at which the peak stop-band ripple is minimized. Denote the values of H, and
Hjy at this point as H,; and Hyg,, respectively. As noted previously, the true
path of steepest descent is in fact curved, and the straight line just searched
is merely an extrapolation based on the two points (H,;, 1) and (H,,, 1 —¢).
Thus the point (H,3, Hgs) is not a true minimum. However, this point can be
taken as a starting point for a second round of steps 1, 2, and 3 which will
yield a refined estimate of the minimum’s location. This refined estimate can
in turn be used as a starting point for a third round of steps 1, 2, and 3. This
cycle of steps 1, 2, and 3 is repeated until the peak ripple at (H,,, Hg,)
changes by less than some predetermined amount (say, 0.1 dB).
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Listing 12.1 fsDesign( )

/******3***********‘**K*"***“***t**/

/¥ */
/¥ Listing 12.1 */
/¥ */
/*  fsDesign{) x/
/¥ */
JEREEREERRRRR KRS RRRR R KRR KKKERAR ]
int fsbesigni int N,

int firType,

real R[],

real hl1)
{
int n,k, status;
real x, N;

M= (N-1,8)/2.0;
status = ©;
switch {firType) {
case 1
i f(N%2) {
fori{n=0; n<N; n++) {
hin] = A€,
x = THOPI * (n-M)/N;
for{k=1; k<=l1; k++) {
h{n] = h[n] + 2.8*A[k]*cos(x*k);
}
hin] = h{nl/N;
}
}
else
{status = 1;}
break;

case 2:
i f{NX2)
{status = 2;}
else {
for{n=8; n<N; n++)
hinl = A[8];
x = TUO_PI * (a-NM)/N;
for(k=1; k<=(N/2-1); k++) {
hinl = hln] + 2.8*Alk]*cos{x*k);
}
hin] = h{nl/N;
}
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}
break;
/* _______________________________________ */
case 3:
if{Ng2) {
forin=0; n<N; n++) {
hin) = &
% = TUO_FL * (N-n)/N;
forlk=1; k<=; k++) {
h{n] = hln] + 2.@%A[k]*=in{s¥)
}
hin) = hinl/N;
}
1
else
{status = 3;}
break;
R Y,
case 4:
if(Ng2)
{status = 4;}
else {

for{n=8; n<N; n++) {
hin] = RIN/21*%sin{PI*(N-n));
% = TWO_PI * {n-N)/N;
for(k=1; k<=(N/2-1); k++) {
hin] = hin] + 2. 8*Rlk]*sin{x*k)};
}
hin] = hlnl/N;
}
}
break;
}
return{status);

}



Listing 12.2 findSbPeak( )

/#ttt**t‘#t#t**‘#t*t#*****t*tttt#**/

/*
/* Listing 12.2
/¥
/¥ findSbPeak()
/*

*/
*/
*/
*/
*/

fﬂ****************t****t***t*t*#***/

real findSbPeak{ int bandConfig(],
int numPts,

real H[ 1)
{
real peak;
int n, nBeg, nEnd, index(fPeak;
int filterType;

filterType=bandConfigl@l;

switch (filterType) {

FIR Filter Design: Frequency Sampling Method

case 1: /¥ lowpass */
nBeg = 2*nunPts*bandConfig{2]/bandConfig(5];

nEnd = numPts-1;

break;
case 2: /* highpass */
case J: /* bandpass */
nBeg = 6;
nEnd = 2*numPts*bandConfiglt]/bandConfig[5];
break;
cose 4: /¥ bandstop */

nBeg = 2*numFts*bandConfig[2]/bandConfigl5];
nEnd = Z*numPts*bandConfig[3]/bandConfigl5];

break;

}

peak = -9999,8;
for{n=nBeg; n<nEnd; n++) {
if(H[n)}>peak) {
peak=H[n];
index{0fPeak = n;
}
3

iflfilterType == 4) { /% bandpass has second stopband */
nBeg = 2*numPts*bandConfig{4]/bandConfig[S];

nEnd = numPts;
for{n=nBeg; n<nEnd; n++) {
if(H[n])>peak} {
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peak=H[n];
index(tfPeak = n;
}
}
}
return{peak) ;

}

Listing 12.3 goldenSearch( )

/**t***tt***l*‘*##t#***ttt*****tt*t/

/¥ */
/¥ Listing 12.3 */
/* */
/¥  goldenSearch({) */
/* */

jt**#**t*t*********************t‘**/

real goldenSearch( int firType,
int numbTaps,
real Hd[],
real tol,
int nusfregPts,
int bandConfigl],
real *fmin)
il
1
real x8, x!, x2, x3, xmin, {8, f1, {2, 3, oldimin;
real leftlrd, rightlrd, mid0rd, midfbsc, x, xb;
real delta;
static real hh(188], H[61G);
int n;
logical dbScale;
FILE *{ogPtr;

printf{"in goldenSearch\n");
logPtr = fopen(“search.log”,"v");

dbScale = TRUE;

setTrans{ bandConfig, 8, Hd);

fsDesign{ numbTaps, firType, Hd, hh);

cgdF irResponse(firType,numbTaps, hh, dbScale, numFregPts, H);
noraalizeResponse{dbScale, nusFreqPts,H);

leftOrd = findSbPeak{bandConfig,nunfregPts, H);
printf{"leftOrd = £f\n", leftlrd);
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setTrans{ bandConfig, 1.8, Hd);

fsDesign{ numbTaps, firType, Hd, hh);

cgdf irRespense(firType,nusbTaps, hh, dbScale, numFreqPts, H);
normalizeResponse{dbScale,numFreqPts,H);

rightOrd = findSbPeak(bandConfig,nusFregPts,H);
printf("rightOrd = Xf\n",rightOrdj;

pause{pauseEnabled);

if(leftOrd < rightOrd) {
midAbsc=1.8;
forf;;) {
print f{"checkpoint 3\n");
midAbsc = GOLD3 * midRbsc;
setTrans{ bandConfig, midfbsc, HdJ;
fsOesign{ numbTaps, firType, Hd, hh);
cgdFirResponse{firType,nunbTaps, hh, dbScale, nuafreqPts,H);
normal i zeResponse(dbScale,nunfreqPts,H);
midOrd = findSbPeak{bandConfig, nunfreqPts, H);
printfi"midird = $f\n",mid0rd);
ifimidird < leftOrd) break;
}
!
else {
x = 1.08;
for{;;) {
x = GOLD3 * x;
midAbsc = 1.8 - x;
print f("checkpoint 4\n");
setTrans{ bandConfig, midAbsc, Hd);
fsDesign{ nuabTaps, firType, Hd, hh);
cgdFirResponse! firType,nusbTaps, hh, dbScale, nuaFregPts, H);
noraal i zeResponse{dbScale, nuaFreqPts, H);
mid0rd = findSbPeak(bandConfig,nusfregPts,H);
printf("mid0rd = $f\n",mid0rd);
i f(midOrd < rightOrd) break;
}
}
xb = midAbsc:

x8 = 8.8;

x3 = 1.8;

x| = xb;

x2 = xb @ GOLD3 * (1.8 -~ xb);

printf{"xB= %f, xi= &f, x2= %f, x3= ¥f\n",x0,x1,x2,x3);

setTrans{ bandConfig, x!, Hd);
fsDesign{ numbTaps, firType, Hd, hh);
cgdf irResponse{firType,numbTaps, hh, dbScale, numFreqPts H);
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normalizeResponse{dbScale,nuafreqPts,H);
f1 = findSbPeak {bandConfig, nunfreqPts, H);

setTrans{ bandConfig, x2, Hd);

fsDesign( numbTaps, firType, Hd, hh);

cgdf irResponse! firType,nunbTaps, hh, dbScale, numFregPts,H);
normalizeResponseidbScale, numFreqPts H);

f2 = findSbPeak{bandConfig,nunFreqPts,H);

old¥min = 8.8;

for{n=1; n<=180; n++) {

f{f1<=12) {
x3 = x2;
xZ = x1;
x1 = GOLDE * x2 + GOLD3 * xB;
f3 = §2;
f2 = f1;
setTrans{ bandConfig, x1, Hd);
fsDesign( numbTaps, firType, Hd, hh);
cgdfirfesponse{firType,numbTops, hh, dbScale, nunfregPts H);
noraal i zeResponse(dbScale, nusFreqPts, H);
f1 = findSbPeak (bandConfig, nunFreqPts H);
printf("x8= %f, xl1= %f, x2= X¥f, x3= ¥f\n",xB,x1,x2,x3);
}

else {
x@ = xi;
xl = x2;
x2 = GOLDS * x1 + GOLD3 * x3;
8 = f1;
ft = {2;
setTrans{ bandConfig, x2, Hd);
fslesign{ numbTaps, firType, Hd, hh);
cqdf irResponse(firType,nunbTaps, hh, dbScale, numFreqPts H);
noraalizeResponse{dbScale,nunfFregPts,H);
f2 = findSbPeak{bandConfig, nusfregPts,H);
printf{"x8= Xf, x1= &f, x2= ¥f, x3= ¥f\n",x8,x1,x2,x3);
}

delta = fabs(x3 - x@);
oldimin = xmin;
printf{"at iter %d, delta = ¥f\n",n,delta);
printf{"tol = ¥f\n" tol);
if(delta <= tol) break;
}
if{f1¢f2)
{xmin = xt;
*fmin={1;}
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else

{xmin = x2;

*fain=f2;}
printf("miniaue of Xf ot x = §f\n", *fmin, xmin);
forintf{logFptr,"mininum of ¥f at x = Xf\n", *fmin, xmin);
return{xmin);

}

Listing 12.4 setTrans( )

fl**t#t******‘t*x*.*#‘tt*#**t*****‘/

/* */
/¥ Listing 12.4 %/
/* */
/% setTrans() x/
” */

/#t***x*****ti*****#X*tt*#****tt*##/

void setTrans{ int bandConfigl],
real x,
real Hd[ 1)

{

int nt, n2, n3, n4;

nt = bandConfig{t];
n2 = bandConfig{2];
n3 = bandConfig[3];
n4 = bandConfigl4];

switch {bandConfigl8]) {

case 1: /* lowpass */
Hd[n2-11 = x;
break;
case 2: /* highpass */
Hd[n1+1] = x;
break;
cose 3: /% bandpass ¥/
Hd[nl+1] = x;
Hd[n4-1] = Hdlni+1];
break;
case 4: /% bondstop ¥/

Hd[n2-1] = x;
Hd[n3+1] = Hd[n2-1];
break;
}

return;

}
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Listing 12.5 goldenSearch2( )

/lt**********l*#t****tt***********t/

/* x/
/¥ Listing 12.5 ¥
’* *
/*  goldenSearch2{) */
/* */

/*****t***tt*tt**#*t##*t*t*tt***#**[

real goldenSearch2{ real rholin,
real rhollax,
int firType,
int numbTaps,
real Hd[],
real tol,
int numFregPts,
real original],
real slopea[],
int bandCenfig{l,
real *fmin)
{
real x8, x!, x2, x3, xmin, 8, {1, 2, {3, ald¥min;
real leftOrd, rightOrd, midOrd, midRbsc, x, xb;
real delta;
static real hh[188], H[618];
int n;
logical dbScale;

dbScale = TRUE;

setTransition{ origins, slopes, bandCenfig, 8, Hd);
fsDesign{ numbTaps, firType, Hd, hh);

cgdF irResponse({firType,numbTape, hh, dbScale, numFreqPts H);
normalizeResponse(dbScale,nunfreqPts,H);

leftOrd = findSbPeak{bandConfig,nunfreqPts H);

setTransition( origins, slopes, bandConfig, rholtax, Hd);
fsDesign( numbTaps, firType, Hd, hh);

cgdF irResponse(firType,numbTaps, hh, dbScale, numFregPts H};
noraal izeResponse{dbScale,numfreqPts, H);

rightOrd = findSbPeak{bandConfig,nunFregPts Hj;

if(leftOrd < rightOrd) {
midAbsc=rholtax;
for(;;) {
midAbsc = GOLD3 * midAbsc;
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setTransition{ origins, slopes, bandConfig, midRbsc, Hdj;
fsllesigni numbTaps, firType, Hd, hhj;
cgdF irResponsel firType, numbTaps, hh, dbScale, numFregPts,H);
normalizeResponse{dbScale,nunfFreqPts, H);
midlrd = findSbPeak({bandConfig,numFreqPts Hj;
ifimidlrd < leftOrd) break;
}

}

else {

x = rhoflax;

for{;;) {
x = GOLD3 * x;
midRbsc = rhollax - x;
setTransition{ origins, slopes, bandConfig, midRbsc, Hd};
fsDesign{ numbTaps, firType, Hd, hh);
cgdFirResponse(firType,nunbTaps, hh, dbScale, nuafreqPts Hj;
normal izefResponse{dbScale,nunfregPts,H);
middrd = findShPeak{bandConfig,nunFreqPts H);
if{mid0rd < rightOrd) break;
!

}

xb = midAbsc;

x8 = rhollin;

x3 = rhallax;

x! = xb;

x2 = xb + GOLO3 * {rhoMax - xb};

setTransition{ origins, slopes, bandConfig, x!, Hd);
fsllesign{ numbTaps, firType, Hd, hh);

cgdFirResponse! firType,numbTaps, hh, dbScale, numFreqPfts H);
normalizeResponse({dbScale, nunfreqPts, H);

f1 = findSbPeak{bandConfig,nunFreqPts H);

setTransition( origins, slopes, bandConfig, x2, Hd);
fsbesign{ numbTaps, firType, Hd, hhJ;

cgdF irResponsel firType,nunbTaps, hh, dbScale, numFreaPts H);
normalizeResponseidhScate, nunfregPts, Hj;

f2 = findSbPeak{bandConfig,nunFregPts H);

old¥min = 8.8;

for{n=1; n<=1088; n++) {
if{f1<=72) {

x3 = x2;
x2 = xi;
x1 = GOLD6 * x2 + GOLD3 * xB;
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f3 = f2;
f2 = f1;
setTransition{ origins, slopes, bandConfig, x!1, Hd);
fsDesign{ numbTaps, firType, Hd, hh};
cqdf irResponse(firType,nunbTaps, hh, dbScale, numFregPts,R);
normalizeResponse{dbScale, nunfregPts,H);
f1 = findSbPeak{bandConfig,nuafreqPts H);
}
else {
x@ = x1;
xl = x2;
x2 = G0LD6 * x! + GOLD3 * x3;
f@ = f1;
ft = {2,
setTransition{ origins, slopes, bandConfig, x2, Hd);
fsDesign{ numbTaps, firType, Hd, hh};
cgdf irResponsel{ firType, numbTaps, hh, dbScale, nunFregPts, H);
normal i zeResponse{dbScale,nunFreqfts,H);
f2 = findSbPeak{bandConfig,nuafFregPts H);
}

delta = fabs{x3 - x8);
oldhmin = xmin;
ifidelta <= tol) break;
}
Pfif1<f2)
{xain = x1;
*fpin=f1;}
else
{xmin = xZ;
*fmin=f2;}
return{xmin);

}

Listing 12.6 setTransition( )

JERREERRRRRRRRE R RR AR RRR KRR RREN

* x/
/* Listing 12.6 ¥/
’ s/
/¥  setTransition{) x/
/% */

/*****“****‘**t*********t*t*********/

void setTransition{ real origins[],
real slopes[],
int bandConfigl],
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real x,
real Hd[1)
{

int n, nan, nl, n2, n3, n4;

nnn = bandConfig{2] - bandConfig(i] - 1;
nl = bandConfigl1];
n2 = bandConfigl2};
n3 = bandConfigl3];
4 = bandConfig{4];

switch (bandConfig{@l) {
case |: /* lowpass */
fori n=1; n<=nnn; n++) {
Hdln2-n] = ariginsln] + x * slopes[n];
}
break ;
case 2: /* highpass */
for{ n=1; nd=nnn; n++}{
Hd[n1+n] = origins(n} + x * slopes[n];
}
break;
case 3: /% bandpass */
for{ n=1; n<=nnn; n++) {
Hd{n1+n] = originsln] + x * slopes[n];
Hd[n4-n] = Hd[n1+n];
}
break;
case 4: /* bandstop */
for( n=1; n<=pnn; n++) {
Hd[nZ-n] = originsln] + x * slopes{n];
Hdln3+n]l = Hd[n2-n];
}
break;
)

return;

}
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Listing 12.7 optimize2( )

/*#**#!t****t*ti**t********##t*****/

/¥ ¥/
/¥ Listing 12.7 */
/¥ */
/¥ ouptimizez() x/
/% */

/tt***lt*****t************t********/

void aptimize2{ real yBase,

int firType,
int numbTaps,
real Hd(],
real gsTol,

int numfFregPts,
int bandConfigl]
real tweakFactor,
real rectCompa[])
{
real rl, r2, r3, x!, x2, x3, y3, winFunclal;
real slopes[S], origins{5];
real oldlin, xMax;
for(;;)

/* do storting point for new steepest descent line
stopes[l] = 1.8;
slopes[2] = 8.8;
erigina[1] = 8.8;
origins{2] = yBase;

x! = goldenSearch2{ 8.8, 1.8,

firType,nuabTaps,Hd, gsTol ,nuaFreqPts,
origins,slopes,bandConfig,&minFunclal);

’J* _____________________________________ ‘/
/* do perturbed point to get X/
/* slope for steepest descent line */

origins[2]=yBase ¥ tweakFoctor;
x2 = goldenSearch2{ &.8, 1.8, firType,numbTaps,Hd,

gsTol,numfregFts,origins, slopes,
bandConfig,&minFunclal};

/* define line of steepest descent */
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/* and find optimal point along line */

slopes[2] = yBuse*{1-tweakFactar)/{x1-x2);
origins[z] = ybase - stopes{Z] * x1;
xMax = (1.8 - origins[2])/slopes[2];

x3 = goldenSearch2{ 8.8, xMax, firType,numbTaps, Hd,
gsTol,numfregPts,
arigins,slopes,bandConfig,&minfunclal);
yd=origins{2] + x3 * slopes[2];

/¥ e o e e x/
/* if ripple at best point on current line is within specified */
/* tolerance of ripple at best point on previous line, X/
/¥ then stop; otherwise stay in loop and define a new line */
/¥ starting at the best point on line just completed. X

i f(abs{oldMin-minFunclal}<8.81) break;
oldMin = minFuncVal;
yBase = y3;
}
rectCorps{8] = x3;
rectComps{1] = origins{2) + x3 * slopes{2];
return;

!
Listing 12.8 dumpRectComps( )

/****t*****t******t**l*****#*****t*/

/* */
/¥ Listing 12.8 */
/¥ X/
/% dumpRectComps() x/
/% */

/*x*tttt*ttx**tntxtt*:***x*tx*t*tt*;

void dumpRectComps{ real origins[],
real slopes(],
int numTransSamps,
real x)

{

real rectComp;

int n;

for{n=0; n<numTransSamps; n++)
{
rectComp = originsfn+1] + x * slopes[n+1l;
print f{"rectComp[&d] = £f\n",n,rectComp);
}

return;

}
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Chapter

13

FIR Filter Design:
Remez Exchange Method

In general, an FIR approximation to an ideal lowpass filter will have an
amplitude response of the form shown in Fig. 13.1. This response differs from
the ideal lowpass response in three quantifiable ways:

1. The pass band has ripples that deviate from unity by +4,.

2. The stop band has ripples that deviate from zero by +4,. (Note that Fig.
13.1 shows an amplitude response rather than the usual magnitude re-
sponse, and therefore negative ordinates are possible.)

3. There is a transition band of finite nonzero width AF between the pass
band and stop band.

— le— AF
1+ 8p .
1-8, —

TN TN,
By s mmmmmm—m e - - N NS N

Figure 13.1 Typical amplitude response of an FIR approxi-
mation to an ideal lowpass filter.
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The usual design goals are to, in some sense, minimize §,, é,, and AF. As it
1s generally not possible to simultaneously minimize for three different
variables, some compromise is unavoidable. Chebyshev approximation is one
approach to this design problem.

13.1 Chebyshev Approximation

In the Chebyshev approximation approach, the amplitude response of a type
1 (that is, odd-length, even-symmetric) linear phase lowpass N-tap FIR filter
is formulated as a sum of r cosines:

r—1

A(f) = Y. ¢, cos(2nkf) (13.1)
k=0

where r = (N + 1)/2, and the coeflicients ¢, are chosen so as to yield an A(f)
which is optimal in a sense that will be defined shortly.
For a lowpass filter the pass band B, and stop band B, are defined as

B,={F:0<F<F,} (13.2)
B,={F:F, < F <0.5) (13.3)

where F, and F, are, respectively, the edge frequencies for the pass band and
stop band. [Equation (13.2) is read as “B, is the set of all F such that F is
greater than or equal to zero and less than or equal to F,.] We can then
define a set # as the union of B, and B,:

F =B, UB, (13.4)

In other words, & is the set of all frequencies between 0 and 0.5 not including
the transition frequencies F: F, < F < F,. In mathematical terms, % is de-
scribed as a compact subset of [0, 0.5]. The desired response D(f) is the ideal
lowpass response given by

1 FeB,

0 FeB, (13.5)

D(f) ={

Thus we could define the optimal approach as the one that minimizes the
maximum error given by

max |D(f) — A(f)| (13.6)

However, the maximum error given by (13.6) treats pass-band error and

stop-band error as equally important. A more general approach is to include
a weighting function:

1

W(f)=<K

1 FeB,

FeB, (13.7)
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which allows stop-band errors to be given more importance than pass-band
errors or vice versa. Thus we define the maximum approximation error as

|EC)|| = max W(f) - [D(f) — A(f)| (13.8)

The crux of the Chebyshev approximation design approach is to identify the
coefficients ¢, for (13.1) that minimize |E(f)]|.

Several examples of FIR design via Chebyshev approximation appear in the
early literature (Martin 1962; Tufts, Rorabacher, and Moses 1970; Tufts and
Francis 1970; Helms 1972; Herrman 1970; Hofstetter, Oppenheim, and Siegel
1971). However, the Chebyshev approximation method did not begin to enjoy
widespread use until it was shown that the Remez exchange algorithm could
be used to design linear phase FIR filters with the Chebyshev error criterion
(Parks and McClellan 1972). Use of the Remez exchange algorithm depends
upon an important mathematical result known as the alternation theorem.

Alternation theorem

The response A(f) given by Eq. (13.1) will be the unique, best-weighted
Chebyshev approximation to the desired response D(f) if and only if the error
function E(f) = W()[D(f) — A(f)] exhibits at least r 4+ 1 extrema at frequen-
cies in #. (Note: Extrema is a generic term that includes both maxima and
minima.) The frequencies at which extrema occur are called extremal frequen-
cies. Let f,, denote the nth extremal frequency such that

f1<f2<...<fn71<fn<fn+l<'..<fr<fr+1

Then it can be proven (Cheyney 1966) that

E(f)=-E(f,.,) n=1,2...,r (13.9)
and |ECf,)| = max E(/) (13.10)

Together, (13.9) and (13.10) simply mean that the error is equal at all the
extremal frequencies. Equation (13.9) further indicates that maxima and
minima alternate (hence “alternation” theorem).

13.2 Strategy of the Remez Exchange Method

The alternation theorem given in the previous section tells us how to
recognize an optimal set of ¢, for Eq. (13.1) when we have one, but it does not
tell us how to go about obtaining such c,. The Remez exchange algorithm
provides an approach for finding the FIR filter corresponding to the optimal
¢, as follows:

1. Make an initial guess of the r + 1 extremal frequencies.

2. Compute the error function corresponding to the candidate set of extremal
frequencies (see Sec. 13.3).
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3. Search to find the extrema (and therefore the extremal frequencies) of the
error function (see Sec. 13.4).

4. Adopt the extremal frequencies found in step 3 as the new set of candidate
extremal frequencies and return to step 2.

5. Repeat steps 2, 3, and 4 until the extremal frequencies have converged (see

Sec. 13.4).

6. Use the final set of extremal frequencies to compute P(f) and the corre-
sponding impulse response coefficients for the filter (see Sec. 13.5).

The error function mentioned in step 2 is computed as

E(f) = W(HID(f) — A(f)] (13.11)

where D(f) is given by Eq. (13.5) and W(f) is given by (13.7). Although Eq.
(13.1) gives the form of A(f), some other means must be used to evaluate A(f)
since the coefficients ¢, are unknown. We can obtain A(f) from the extremal

frequencies F, using

A(f) =+

Ve fOI‘f=F0,F1,...,Fr_1
Yrhy f T (13.12)
— = "k otherwise
Zr~ 1 ﬁk
L~ x—ux,
The parameters needed for evaluation of (13.12) are given by
r—1 1
A= iIJO Xp — X%
E

7= D(F;) —(—1)*

W(F,)
ZZ:O a, D(F})
A T
e W)
r 1
M= il————-[O Xp — X
itk
x = cos(2nf)

x, = cos(2nF,)



FIR Filter Design: Remez Exchange Method 249

If estimates of the extremal frequencies rather than their “true” values are
used in the evaluation of A(f), the resulting error function E(f) will exhibit
extrema at frequencies that are different from the original estimates. If the
frequencies of these newly observed extrema are then used in a subsequent
evaluation of A(f), th new E(f) will exhibit extrema at frequencies that are
closer to the true extremal frequencies. If this process is performed repeatedly,
the observed extremal frequencies will eventually converge to the true
extremal frequencies, which can then be used to obtain A(f) and the filter’s
impulse response.

Although A(f) is defined over continuous frequency, computer evaluation
of A(f) must necessarily be limited to a finite number of discrete frequencies—
therefore, A(f) is evaluated over a closely spaced set or dense grid of
frequencies. The convergence of the observed extremal frequencies will be
limited by the granularity of this dense grid, but it has been empirically
determined that an average grid density of 16 to 20 frequencies per extremum
will be adequate for most designs. Since the maximization of E(f) is only
conducted over f e #, it 1s not necessary to evaluate A(f) at all within the
transition band (except for possibly at the very end, just to see what sort of
transition-band response the final filter design actually provides). The fre-
quency interval between consecutive points should be approximately the same
in both the pass band and stop band. Furthermore, the grid should be
constructed in such a way that frequency points are provided at f =0, f = F,,
f=F,, and f =0.5. An integrated procedure for defining the dense grid and
making the initial (equispaced) guesses for the candidate extremal frequencies
is provided in Algorithm 13.1.

Algorithm 13.1 Constructing the dense-frequency grid

step1. Compute the number of candidate extremal frequencies to be placed in
the pass band as

rF, J
m,=|————*—-05
’ [0.5 +F,—F,
step2. Determine the candidate extremal frequencies within the pass band as

Fk=-r;p’—’ k=1,2,...,m,
step3. Compute the number of candidate extremal frequencies to be placed in
the stop band as
m,=r+1-—m,
stepd. Determine the candidate extremal frequencies within the stop band as

k(05— F,)

F,=F
k s+ ms—l
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step 6. For each frequency f; in the dense grid, use A(f;) from step 5 to
compute E(f;) as

E(f;) = WIDID(S;) — A(f)]

For computer evaluation, the error function is calculated by remezEr-
ror( ), which makes use of computeRemezA( ). These two functions are
provided in Listings 13.4 and 13.5, respectively. The function computeRe-
mezA( ) could have been made an integral part of remezError( ) and
designed to automatically generate A( ) and E( ) for all frequencies within
the dense grid. However, a function in this form would not be useable for
generating the uniformly spaced samples of the final A( ) that are needed to
conveniently obtain the impulse response of the filter.

13.4 Selecting Candidate Extremal Frequencies

Once Eq. (13.11) has been evaluated, the values of E(f;) must be checked in
order to determine what the values of F, should be for the next iteration of
the optimization algorithm. Based upon the particular frequencies being
checked, the testing can be divided into the five different variations that are
described in the paragraphs below. A C function, remezSearch( ), which
performs this testing is provided in Listing 13.6.

Testing E(f) for =0

If E(0) >0 and E(0) > E(f,), then a ripple peak (local maximum) exists at
f =0. (Note that f, denotes the first frequency within the “dense grid” after
f=0, and due to the way we have defined the frequency spacing with the
grid, we know that f; = I,.) Even if a peak or valley exists at f =0, it may be
a superfluous extremum not needed for the next iteration. If a ripple peak
does exist at f =0, and |E(0)| > |p|, then the maximum is not superfluous and
f =fo =0 should be used as the first-candidate extremal frequency—in other
words, set F, =f, = 0. Similarly, if E(0) <0 and E(0) < E(f,), a ripple trough
(ripple valley, local minimum) exists at f = 0. If |[E(0)| 2 [p|, this minimum is
not superfluous and we should set F,=f, =0.

Testing E(f) within the pass band and the stop band

The following discussion applies to testing of E(f) for all values of f; for
which f, <f; <f, or for which f, <f; <0.5. A ripple peak exists at f; if

E(f;) > E(f;_ 1) and E(f;) > E(f;. 1) and E(f;)) >0 (13.13)

Equation (13.13) can be rewritten as (13.14) for frequencies in the pass band
and as (13.15) for frequencies within the stop band:

E(f)>E(f,—1) and E(f)>E(f+L) and E(f)>0 (13.14)
E(f)>E(f,—1) and E(f)>E(f+1) and E(f)>0 (13.15)
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A ripple trough exists at f; if
E(f;)) <E(f;_1) and E(f,) <E(f; 1) and E(f) <0 (13.16)

Equation (13.16) can be rewritten as (13.17) for frequencies in the pass band
and as (13.18) for frequencies within the stop band:

E(f)<E(f,—1, and E(f)<E(f+I) and E(f)<0 (13.17)
E(f)<E(f,—I,) and E(f)<E(f+1) and E(f)<0 (13.18)

If either (13.13) or (13.16) is satisfied, f = f; should be selected as a candidate
extremal frequency—that is, set F, =f, where k is the index of the next
extremal frequency due to be specified.

Testing of E(f) at the pass-band and stop-band edges

There is some disagreement within the literature regarding the testing of the
pass-band and stop-band edge frequencies f, and f,. Some authors (such as
Antoniou 1982) indicate the following testing strategy for f, and f;:

If E(f,) >0 and E(f,) > E(f, — I,), then a ripple peak (local maximum) is deemed
to exist at f = f, regardless of how E(f) behaves in the transition band which lies
immediately to the right of f=f,. If a ripple peak does exist at f=f,, and if
|E(f,)| = |p], then the maximum is not superfluous and f = f, should be selected as
a candidate extremal frequency—i.e., set F), = f, where k& is the index of the next
extremal frequency due to be specified. Similarly, if E(f,) <0 and E(f,) <
E(f, — 1), a ripple trough exists at f=f,. If |E(f,)| 2 |p], this minimum is not
superfluous and we should set F, =f, where & is the index of the next extremal
frequency due to be specified. If E(f,) >0 and E(f,) > E(f, + I,), then a ripple
peak is deemed to exist at f = f, regardless of how E(f) behaves in the transition
band which lies immediately to the left of f=/f,. If a ripple peak does exist at
f=f,, and if |E(f,)| = |p|, then the maximum is not superfluous and f = f, should
be selected as a candidate extremal frequency—i.e., set F), =f, where & is the
index of the next extremal frequency due to be specified. Similarly, if E(f,) <0
and E(f,) < E(f, + I,), a ripple trough exists at f=/f,. If |[E(f,)| > |p|, this mini-
mum is not superfluous and we should set F, =fs, where & is the index of the
next extremal frequency due to be specified.

Other authors (such as Parks and Burrus 1987) indicate that f, and f, are
always extremal frequencies. In my experience the testing indicated by
Antoniou is always satisfied, so f, and f, are always selected as extremal
frequencies. I have opted to eliminate this testing both to reduce execution
time and to avoid the danger of having small numerical inaccuracies cause
one of these points to erroneously fail the test and thereby be rejected.

Testing of E(f) for f=0.5

If E(0.5) >0 and E(0.5) > E(0.5 — I,), then a ripple peak exists at f =0.5. If a
ripple peak does exist at f = 0.5, and if |E(0)| > |p|, then the maximum is not
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superfluous and f=f,=0.5 should be used as the final candidate extremal
frequency. Similarly, if E(0.5) <0 and E(0.5) < E(0.5 —I,), a ripple trough

(ripple valley, local minimum) exists at f = 0.5. If |E(0)| = |p|, this minimum is
not superfluous.

Rejecting superfluous candidate frequencies

The Remez algorithm requires that only r + 1 extremal frequencies be used in
each iteration. However, when the search procedures just described are used,
it is possible to wind up with more than r + 1 candidate frequencies. This
situation can be very easily remedied by retaining only the r + 1 frequencies
F, for which |E(F))| is the largest. The retained frequencies are renumbered
from 0 to r before proceeding. An alternative approach is to reject the
frequency corresponding to the smaller of \E(FO)\ and |E(F,)|, regardless of
how these two values compare to the absolute errors at the other extrema.
Since there is only one solution for a given set of filter specifications, both
approaches should lead to the same result. However, one approach may lead

to a faster solution or be less prone to numeric difficulties. This would be a
good area for a small research effort.

Deciding when to stop

There are two schools of thought on deciding when to stop the exchange
algorithm. The original criterion (Parks and McClellan 1972) examines
the extremal frequencies and stops the algorithm when they do not change
from one iteration to the next. This criterion is implemented in the C
function remezStop( ) provided in Listing 13.7. This approach has worked
well for me, but it does have a potential flaw. Suppose that one of the true
extremal frequencies for a particular filter lies at f = F, and due to the way

the dense grid has been defined, F; lies midway between two grid frequencies
such that

FT=fn +2fn+1

It is conceivable that on successive iterations, the observed extremal fre-
quency could alternate between f; and f,,, and therefore never allow the
stopping criteria to be satisfied.

A different criterion, advocated by Antoniou (1982), uses values of the
error function rather then the locations of the extremal frequencies. In
theory, when the Remez algorithm is working correctly, each successive
iteration will produce continually improving estimates of the correct ex-
tremal frequencies, and the values of |E(F,)| will become exactly equal for all
values of k. However, due to the finite resolution of the frequency grid as well
as finite precision arithmetic, the estimates may in fact never converge to
exact equality. One remedy is to stop when the largest |E(F})| and the
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smallest |E(F,)| differ by some reasonably small amount. The difference as a
fraction of the largest |E(F},)| is given by
max|E(F,)| — min|E(F})|

max|E(F,)|

Q=

Typically, the iterations are stopped when @ < 0.01. This second stopping
criterion is implemented in the C function remezStop2( ) provided in List-
ing 13.8.

13.5 Obtaining the Impulse Response

Back in Sec. 13.2, the final step in the Remez exchange design strategy
consisted of using the final set of extremal frequencies to obtain the filter’s
impulse response. This can be accomplished by using Eq. (13.10) to obtain
P(f) from the set of extremal frequencies and then performing an inverse
DFT on P(f) to obtain the corresponding impulse response. An alternative
approach involves deriving a dedicated inversion formula similar to the
dedicated formulas presented in Sec. 12.3. For the case of the type 1 filter that
has been considered thus far, the required inversion formula is

oo (o)

This formula is implemented via the fsDesign( ) function (from Chap. 12),
which is called by the C function remezFinish( ) provided in Listing 13.9.
Although the filter’s final frequency response could be obtained using calls to
computRemezA( ), I have found it more convenient to use cgdFirRe-
sponse( ) from Chap. 10, since this function produces output in a form that
is directly compatible with my plotting software.

13.6 Using the Remez Exchange Method

All of the constituent functions of the Remez method that have been pre-
sented in previous sections are called in the proper sequence by the function
remez( ), which is presented in Listing 13.10. This function accepts the
inputs listed in Table 13.1 and produces two outputs—extFreq[ ], which is a
vector containing the final estimates, and h{ ], which is a vector containing
the FIR filter coefficients.

Deciding on the filter length

To use the Remez exchange method, the designer must specify N, f,, f,, and
the ratio §,/d,. The algorithm will provide the filter having the smallest
values of |6,] and |d,] that can be achieved under these constraints. However,
in many applications, the values specified are f,, f,, J,, and J, with the
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TABLE 13.1 Input Parameters for remez( ) Function

Mathematical symbol C variable Definition
N nn Filter length
r r Number of approximating functions
L gridDensity Average density of frequency grid (in grid points
per extremal frequency) (must be an integer)
K kk Ripple ratio §,/d,
fo freqP Pass-band edge frequency
fs freqS Stop-band edge frequency

designer left free to set N as required. Faced with such a situation, the
designer can use f,, f,, and K =0,/6, as dictated by the application and
design filters for increasing values of NV until the J, and J, specifications are
satisfied. An approximation of the required number of taps can be obtained
by one of the formulas given below. For filters having pass bands of “moder-
ate” width, the approximate number of taps required is given by

N, —20log /5,5, -13 (13.19)
146(fs—fp) '

For filters with very narrow pass bands, (13.19) can be modified to be

0.22 — (20 log 5,)/27
(fs _fp)

For filters with very wide pass bands, the required number of taps is
approximated by

N=

(13.20)

0.22 — (20 log 6,)/27
(fs - fp)
Example 13.1 Suppose we wish to design a lowpass filter with a maximum pass-band
ripple of 4, =0.025 and a minimum stop-band attenuation of 60 dB or §,=0.001. The

normalized cutoff frequencies for the pass band and stop band are, respectively, f, = 0.215
and f, = 0.315. Using (13.19) to approximate the required filter length N, we obtain

N=1+ —20 log,/(0.001)(0.025) — 13

14.6(0.315 — 0.215)

N:

(13.21)

=236

The next larger odd length would be N =25. If we run remez( ) with the following
inputs:

nn =25 r=13 gridDensity = 16
kk = 25.0 freqP =0.215 freqS = 0.315
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TABLE 13.3 Coefficients for 25-tap FIR

TABLE 13.2 Extremal Frequencies for Filter of Example 13.1
Example 13.1
h[0] = h[24] = —0.004069
k u h[1} = h[23] = —0.010367
0 0.000000 h[2] = h]22] = —0.001802
1 0.042232 h[3]=h[21] = 0.015235
2 0.084464 _ _
3 0.196696 h[4] = h[20] = 0.003214
4 0.165089 h[5] = h[19] = —0.027572
5 0.199643 h[6] = h[18] = —0.005119
6 0.215000 _ _
7 0.315000 A7) =h[17) = 0.049465
3 0.399708 h[8)=h[16] = 0.007009
9 0.343906 h[9] = h[15] = —0.096992
10 0.372813 R[10] = h[14] = —0.008320
11 0.407500
12 0.447969 h[11] = A{18] = 0.315158
13 0.500000 h[12] = 0.508810

we obtain the extremal frequencies listed in Table 13.2 and the filter coefficients listed in
Table 13.3. The frequency response of the filter is shown in Figs. 13.2 and 13.3. The actual
pass-band and stop-band ripple values of 0.0195 and 0.000780 are significantly better than
the specified values of 0.025 and 0.001.

Example 13.2 The ripple performance of the 25-tap filter designed in Example 13.1
exhibits a certain amount of overachievement, and the estimate of the minimum number

[o] s n
2
frequency X

Figure 13.2 Magnitude response (as a fraction of peak) for
the filter of Example 13.1.
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Figure 13.3 Magnitude response (in decibels) for the filter of
Example 13.1.

of taps was closer to 23 than 25. Therefore, it would be natural for us to ask if we could
in fact achieve the desired performance with a 23-tap filter. If we rerun remez( ) with
nn = 23, we obtain the extremal frequencies and filter coeflicients listed in Tables 13.4
and 13.5. The frequency response of this filter is shown in Figs. 13.4 and 13.5. The
pass-band ripple is approximately 0.034, and the stop-band ripple is approximately
0.00138—therefore, we conclude that a 23-tap filter does not satisfy the specified require-
ments.

TABLE 13.5 Coefficients for 23-tap FIR

TABLE 13.4 Extremal Frequencies for Filter of Example 13.2

Example 13.2

k f A[0] = A[22] = —0.000992
: A{1]=h[21] = 0.007452
0 0.000000 h[2] = h{20] = 0.018648
1 0.051510 _ _
2 0.103021 h[3]=h[19] = 0.002873
3 0.152292 A[4] = h[18] = —0.026493
4 0.194844 A{5] = A[17] = —0.003625
5 0.215000 _ _
6 0.315000 h[6] = h{16] = 0.048469
7 0.324635 h[7}=h[15] = 0.005314
8 0.349688 A{8] = h[14] = —0.096281
9 0.382448 R[9] = A[13] = —0.006601
10 0.419062
11 0.459531 h[10] = A[12] = —0.314911

12 0.500000 h{11] = 0.507077
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Figure 13.4 Magnitude response (as a fraction of peak)
for the filter of Example 13.2.
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Figure 13.5 Magnitude response (in decibels) for the filter of
Example 13.2.

13.7 Extension of the Basic Method

So far we have considered use of the Remez exchange method for odd-length,
linear phase FIR filters having even-symmetric impulse responses (that is,
type 1 filters). The Remez method was originally adapted specifically for the
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design of type 1 filters (Parks and McClellan 1972). However, in a subsequent
paper, Parks and McClellan (1973) noted that the amplitude response of any
constant group-delay FIR filter can be expressed as

3 A(f)=Q(f) P(f)
where P(f) = Y ¢, cos(2nkf)

k=0
1 h[r] symmetric, N odd
Qf) = cos nf hin] symmetrie, N even
sin 2nf h[n] antisymmetric, N odd
sin nf h[n] antisymmetric, N even

Recall that the error E(f) was defined as

E(f) = W(OID(f) — A(f)] (13.22)
If we substitute @(f)P(f) and factor out Q(f), we obtain

_ D(f) _
E(f)—W(f)Q(f)[Q(f) P(f)}
We can then define a new weighting function W( )= W(HEf) and a new

desired response 13( ) = D(f)/Q(f), and thereby obtain

E(f) = W(HID(f) — P(f)] (13.23)

Equation (13.23) is of the same form as (13.22) with W(f ) substituted for
W(f), D(f) substituted for D(f), and P(f) substituted for A(f). Therefore, the
procedures devAeloped in previous sections canAbe used to solve for P(f)
provided that W(f) is used in place of W(f) and D(f) is used in place of D(f).
Once this P(f) is obtained, we can multiply by the appropriate @(f) to obtain
A(f). The appropriate formula from Table 12.2 can then be used to obtain the
impulse response coefficients A[n].
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Listing 13.1 gridFreq( )

/***t********t****t*t***t*tt*******/

/¥ x/
/%  Lisitng 13.1 */
/¥ */
/*  gridFreq() X/
/* */

f******t*#********t******tllt*t****/

real gridFreq{ real gridParam[],
int gl)
{
real work;
static real incP, inch, freqP, fregS;
static int r, gridlensity, mF, mS, gP;

iflgridParan[8] == 1.8} {
gridParan{8) = 0.8;
fregP = gridParam[1];
freqS = gridParam(2];
r = gridParam[3];
gridbensity = gridParam(4];
work = (8.5 + freqP - freqS}/r;
mP = floor (8.5 + fregf/work);
gridPaoran[3] = wP;
gP = aP ¥ gridBensity;
gridParan(?] = gF;
aS = pr +1 - aP;
gridParan{6] = nS;
incP = freqP / gP;
ineS = (8.5-freqS) / ({mS-1) * gridDensity};
}
else {
work = {gl<=gP) ? (gl*incP) : (freqS+{gl-{gP+1))¥incS);
}
return{work);

}
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Listing 13.2 desLpfResp( )

/l**‘*ttt**#tlt*t*t*l****tt**t‘*ttt,

/¥ */
/¥ Listing 13.2 */
/¥ X/
/¥  deslpfResp() */
7* ¥/

f#**#ttt*t*ttt*t*tt**t*#t*t********/

real desLpfResp( real freqP, real freg)
{

real result;

result » 68.8;

if(freq <= freqP) result = 1,6;
return{result);

}

Listing 13.3 weightLp( )

{tti*tl#t*‘*tt*t*ttttt##t#t##t*l*lt/

/¥ x/
/* Listing 13.3 */
/* */
/% weightlpl) x/
/¥ */

/***l*#t***tt*tttt*t***t*t**#****tt/

real weightlp{ real kk, real fregP, real freg)
{

real result;

result = 1.8;
if(freq <= freqP) result = 1.8/kk;
return{result);

}
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Listing 13.4 remezError( )

/#**l*lt*t#l******lt*******t*t*‘***ﬁ

/* */
/% Listing 13.4 7
’* */
/*  remezError() */
’* */

/ttt*tttx:tttxt**t*xtt**#****t***xt/

void remezError{ real gridParam],

int gridiaex,
int r,
real kk,
real fregF,
int iFF[],
real esel]}

{

int j;

real freq,aa;

ga = computeRemezAl gridParam, gridhax, r, kk,
: freqP, ifF, 1, 8.8);

for{ j=8; j<=gridMax; j++) {

freq = gridfreqigridParanm,j);

aa = computeRemezA{ gridfaras,
gridiax, r, kk, freqP,
iFF, 8,freq);

ee[j] = weightLp{kk, freqP,freq) *

(desLpfResp( freqF, freq) - aaj;
}

return;

)

Listing 13.5 computeRemezA( )

[t*t#*tt*t**itt***tt******#t**#tt*#/

/% */
/%  Listing 13.5 */
/* */
/% cosputeRenezR() */
/* ¥/

j**#ttll***#**t‘tt#*#***tt**‘*t****/

real computeRemezR( real gridParaam(],
int gridfiax,
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int r,

real kk,

real freqP,
int iFF[1,
int initfFlag,

real contfFreq)
{
static int i, j, k, sign;
static real freg, denom, numer, alpha, delta;
static real abslelta, xCont, term;
static real x[58], beta[58], gamma[S&];
real ag;

iflinitFlag) {
for(j=8; j<=r; j++) {
freq = gridFreq{gridParam, (FF[j1);
x[j] = cos(THO_PI * freq);
}

/¥ compute delta */
denom = 8.8;
numer = §.8;
sign = -1;
for{ k=B; k<=r; k++) {
sign = -sign;
alpha = 1.8;
for{ i=@; i<={r-t}); i++) {
i {(i==k) continue;
alpha = alpha / (x[k] - x[i]);
}

betalk] = alpha;
if( k 1= r ) alpha = alpha/{x{k]) - x[rl});
freq = gridFreq{gridParam,iFF[k]};
numer = numer + alpha * deslpfResp{freqP, freq);
denos = denom + sign*{alpha/
weightlplkk, freaqP, freq));
}
delta = numer/denom;
absDelta = fabsidelta);

sign = -1;
for{ k=8; k<=r-1; k++) {
sign = -sign;
freq = gridFreq{gridParan, iFF[k]);
gamma(k] = deslpfResp{freqF, fregq) - sign ¥ delta /
weightlplkk, freqP, freq);
}



}

else {
xCont = cos{THO.P1 * contFreq);

numer = B.08;
denom = 8.0;
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for{ k=8; k<r; k++} {
term = xCont - x[k];
if{fabs{term)<!, Ge-7) {
aa = gasmalk];
goto done;

}

else {

term = betalk]/{xCont - x[k]);
denom += term;
numer += gammalk]¥tern;

}
}

aa = numer/denonm;

}

done:
return{aa;;

}

Listing 13.6

remezSearch( )

/**t*****ttttt*#*******#****t******/

/¥
j*
/‘
/¥
/*

Listing 13.6

remezSearch()

*/
*/
*/
Ly
*f

/i**#tt!****tt************#***#****f

void remezSearch{real eel],

real absDelta,
int gP,

int iFF[],

int gridiax,

int r,

real gridParan(])
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int i,j,k,extras,index0fSmallest;
real smallestUal;

k=@;

/¥ test for extremum at =8 */

if{ { (eel0)>0.8) B8R (ee[81>eel1]) 88 (fabz{eel[B]))>=absDeltu) ) ||
{ (ee[0)<@.8) && (eel8)<ee[1]) 88 (fabs{ee[@])>=absDelta) ) ) {
iFFK]=8;
k##j

}

/* search for extrema in passband */
for(j=1; j<gP; i++) {
if{ ( (eeljl>=ee[{-1]) && (eeljl>ee(j+11) &R (eeljlv0.@) ) ||
{ (eeljl<=eelj-1]) && {eeljl<eelj+1]) & (ee[j]<0.8) )) {

iFF(K] = j;
k++;
}
1
/* pick up an extremal frequency at passhand edge */
iFF{k]=gP;
k**j

/% pick up an extremol fregquency ot stopband edge */
j=gPl;
iFF{k]=j;

k++;
/¥ search for extremo in stopbund */
for(j=gP+2; j<gridMax; j++) {

i { (eeljlr=eelj-1]) && {eelj)ree[j+1]) &R (eel[j]>@.8) ) |
{ (eeljlc=eelj-1]) & {eeljl<eelj+1]) BR {ee[j1<8.8) )) {

iFF[k) = j;
k++;
1
}
/* test for extremum at f=8.5 */
j = gridhax;

if( { (ee[j]28.8) && {ee[jlreelj-1]) && {fabs{ee[j])>=absDeita) } Il
( (ee[jl<8.8) 8& (eeljl<eelj-1]) && (fabs{ee(j])r=abslelta) } } {
iFF{k]=gridhax;

k4+;

/* find and remove superflucus extremal frequencies */



if{ kvr+t) {
extras = k - (r+1);
for(i=1; i<=extras; i++) {

smollestVal = fabs{eel iFF[8]));

index0fSmaliest = @;
for(j=1; j< k; j++) {

FIR Filter Design: Remez Exchange Method

if(fabs{ee[iFF{j1]) = smallestUal) continue;
snallestUal = fabs(ee[iFF[j]}};

index0fSmallest = j;
}

Yoy

for{j=indexQfSmallest; j<k; j++) iFF[j] = iFF[j=1];

)
}

return;

}

Listing 13.7 remezStop( )

/l**l’*#t#‘-****#t*******#*****‘l*****/

/%

/¥ Listing 13.7
/*

/¥  remezStop{)
/*

*/
*/
*/
*/
*/

/t**ttt****‘**#t**#**#t*#***t*t#**t/

int remezStop( int ifF[],
int r)

{

static int oldIFF[58];

int j,result;

result = 1;
for{j=8; j<=r; j++) {

PFCIFFL) 1= oldIFFL]) result = @;

oldIFFL}) = iFFLj);
}

return{result);

}
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Listing 13.8 remezStop2( )

/tl*#t**t*ttt****t*****ttt!***tttt‘/

/* */
/* Listing 13.8 */
7% */
/*  remezStop2{) */
/* x/

/t*##*t****t#****###**#**##*******t/

int remezStop2{ real eel],
int iFF[1,
int r)
{
real biggestUal, smallestUal, qg;
int j,result;

result = @;

biggestlal = fabs{eeliFF[8]1);

smallestUal = fabs{ee[iFF[0]]);

for(j=1; j<=r; j*++) {
if(fabs{ee[ iFF[j]])) < smallestUal) smallestVal = fabs{eeliFF[{1]);
if(fabs{ee[iFF[j]]) > biggestUal) biggestUal = fabs{eeliFF[j]1};
}

qg = {biggestUal - smaliestUal)/biggestlal;

if{qq<B.81) result=1;

return{result);

}

Listing 13.9 remezFinish( )

/t*t****#**t***t*t******t**t***t**l/

f‘ */
/¥ Listing 13.9 x/
/* x/
/% remezFinish{) */
7* x/

/3******‘*ttt**t*‘**#******$*$****$f

veid remezfinish{real extFreq[],

int nn,

int r,
real fregP,
real kk,
real wal],
real h{])
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int k,n, griditax, iFF[11;
real freg,sum;
static real gridParam[!];

for{k=8; k<r; k++) {
freq = (real) k/ {real) nn;
aalk] = computeRemezA({ gridParam, gridiax, r, kk,
fregP, iFF, 8,freq);
!
fsbesign{ nn, 1, aa, hj;
return;

}

Listing 13.10 remez( )

/****#***A’*****#***t********U*t****/

/¥ */
/* Listing 13.1€ */
% Y,
/% remez() x/
/¥ */

void remez{ int nn,
int r,
int gridDensity,
real kk,
real fregP,
real freqS,
real extfreqll,
real h{])
{
int m, gridlax, j, af, gP, aS;
real absDelta, freq;
static real gridParan[1@];
static int iFF[50];
static real ee[1824];

/¥ set up freguency grid X/
gridfaran[6] = 1.6;

gridParam[1] = fregP;

gridParar{2] = fregS;

gridParam{3] = r;

gridParam[4] = gridlensity;

freq = gridFreq{gridParam,8);
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#P = gridParas{5];

nS = gridParan[6];

gP = gridParas[?];

freaP = freqP e (freqP/{(2.8%gP));
gridliax = 1 s gridDensity*{mP+mS-1);

/*¥ make initigl guess of extremal frequencies */
for(j=8; j<mP; j++) iFF[j] « (j+1)* gridDensity;

for(f=8; j<mS; j++) iFF[j+nP] = gP @ 1 + | * gridlensity;

/¥ find optimal locations for extremal frequencies */
for{m=1;m<=20;m++} {
remezError{ gridParam, gridllax, r, kk, fregP, ifF, ee);
remezSearch{ ee, abslelta, gP, iFF, gridMax, r, gridParam);

remezStopZiee, iFF,r);
if{remezStop{iFF,r)) break;
)

for(j=8; j<=r; j++) {

extFreqlj] = gridfreg{gridParam, iFF{j]};

}
remezfFinish{ extFreg, nn, r, freqP kk, ee, h);
return;

}
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14

IR Filters

The general form for an infinite impulse response (IIR) filter’s output y[k] at
time k is given by

N M
yinl = Y a.ylk—nl+ Y b,x[k—m] (14.1)

n=1

This equation indicates that the filter’s output is a linear combination of the
present input, the M previous inputs, and the N previous outputs. The
corresponding system function is given by

z%: 0 me o
H(z) = (14.2)

1-%%_,a,z7"

where at least one of the a, is nonzero and at least one of the roots of the
denominator is not exactly cancelled by one of the roots of the numerator.
For a stable filter, all the poles of H(z) must lie inside the unit circle, but the
zeros can lie anywhere in the z plane. It is usual for M, the number of zeros,
to be less than or equal to N, the number of poles. Whenever the number of
zeros exceeds the number of poles, the filter can be separated into an FIR
filter with M — N taps in cascade with an IIR filter with N poles and N zeros.
Therefore, IIR design techniques are conventionally restricted to cases for
which M < N.

Except for the special case in which all poles lie on the unit circle (in the
z plane), it is not possible to design an IIR filter having exactly linear phase.
Therefore, unlike FIR design procedures that are concerned almost exclu-
sively with the magnitude response, IIR design procedures are concerned
with both the magnitude response and phase response.
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14.1 Frequency Response of IIR Filters

The frequency response of an 1IR filter can be computed from the coefficients
a, and b,, as

25— B exp(j2nmk/[L)

HIk] (14.3)
%o %, exp( j2nk/L)
1 n=0
where o, =< —a,, O<n <N
0 N<n
g = b, 0<m<M
™10 M<m

A C function that uses (14.3) to compute the response for an IIR filter is
provided in Listing 14.1.

14.2 IIR Realizations

A direct realization of Eq. (14.1) is shown in Fig. 14.1 using the signal flow
graph notation introduced in Sec. 4.4. The structure shown is known as the
direct form I realization or direct form I structure for the IIR system repre-
sented by (14.1). Examination of the figure reveals that the system can be
viewed as two systems in cascade—the first system using x[k — M] through
x[k] to generate an intermediate signal that we will call w{k] and the second

bo
x[k] Y[k]
z! z7
b
x[k-1] : 2 ylk-1]
Pl z-1
b Q
x[k-Z] ' 2 ' < V[k-Z]
I t
' '
| b . I I
x[k-M+1] k! | !
1 1
27 1 [ l
by o ylk-N+]
xjk-M)

z-t
N

y{k - N]

Figure 14.1 Signal flow graph of direct form I realization
for an IIR system.
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Figure 14.3 Signal flow graph of
direct form II realization for an
IIR system.
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system using w(k] and y[k — N] through y[k — 1] to generate y[k]. Since these
two systems are LTT systems, the order of the cascade can be reversed to yield
the equivalent system shown in Fig. 14.2. Examination of this figure reveals
that the unit delays in parallel running down the center of the diagram can
be paired such that within a pair the two delays each take the same input
signal. This fact can be exploited to merge the two delay chains into a single
chain as shown in Fig. 14.3. The structure shown in this figure is known as
the direct form II realization of the IIR system represented by (14.1).

14.3 Impulse Invariance

The basic idea behind the impulse-invariance approach is a very simple
one—the unit sample response of the digital filter is set equal to a sequence
of uniformly spaced samples from the impulse response of an analog filter:

hln] = h,(nT) (14.4)

(An analog filter used in this context is usually refered to as a “prototype”
filter.) This approach is conceptually simple, but from a practical viewpoint,
evaluation of (14.4) is not a straightforward matter. By definition, for an
infinite impulse response filter, the sequence A[n] will be nonzero over an
infinite domain of n. Furthermore, based on the s-plane-to-z-plane mapping
discussed in Sec. 9.2, we can conclude that the imposition of (14.4) will not
result in a simple relationship between the frequency response corresponding
to A[n] and the frequency response corresponding to h,(¢). In fact, this
relationship can be shown to be

} = k
H(e“):%k 3 Ha(j'H?‘” ) (14.5)

DTFT .
where hA[n] «—— H(e’*)
FT )
ha(t) > Ha( J(U)
Put simply, Eq. (14.5) indicates that H(e’*) will be an aliased version of
H,( jow). The only way the aliasing can be avoided is if H,( jw) is band limited
such that

H,(jo)=0 for o] =7 (14.6)
If (14.6) is satisfied, then

H(e?) = %H <j %) HES: (14.7)
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For a practical analog filter, Eq. (14.6) will never be satisfied exactly, but the
impulse-invariance method can be used to advantage with responses that are
nonzero but negligible beyond some frequency.

The transfer function of the analog prototype filter can be expressed in the
form of a partial-fraction expansion as
N
H) =y 2

k=18 — S

(14.8)

where the s, are the poles of H,(s) and the A, are given by
Ak = [(S - Sk)Ha (S)] Is =sy

Based on transform pair 8 from Table 2.2, the impulse response can then be
written as

h,(t) = g A, et u(t) (14.9)
k=1

The unit-sample response of the digital filter is then formed by sampling the
prototype filter’s impulse response to obtain

N
Al = 3 Aue™T)" u(z) (14.10)
k=1

The corresponding system function for the digital filter H(z) is obtained as
the z transform of (14.10):

N A

Hz =Y i

= 1_essz~1

(14.11)

Based on the foregoing, we can state the following algorithm for impulse-
invariant design of an IIR filter.

Algorithm 14.1 Impuise-invariant design of lIR filters

step 1. Obtain the transfer function H,(s) for the desired analog prototype
filter. (The material provided in Chaps. 3 through 6 will prove useful here.)

step2. Fork=1,2,..., N, determine the poles s, of H,(s) and compute the
coeflicients A, using

Ak = [(S - sk)Ha(S)] Is =5y (14~12)

step 3. Using the coefficients A, obtained in step 2, generate the digital
filter system function H(z) as

H(2) = f; Ay

1
¥Z11—exp(s, T)z ! (14.13)

where T is the sampling interval of the digital filter.
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step 4. The result obtained in step 3 will be a sum of fractions. Obtain a
common denominator, and express H(z) as a ratio of polynomials in 2! in
the form

YA o bz "
HZz =——— (14.14)

1-3Y a2 7%

step5. Use the g, and b, obtained in step 4 to realize the filter in any of the
structures given in Sec. 14.1.

Example 14.1 Use the technique of impulse invariance to derive a lowpass IIR digital
filter from a second-order Butterworth analog filter with a 3-dB cutoff frequency of
3 KHz. The sampling rate for the digital filter is 30,000 samples per second.

solution From Sec. 3.1 we obtain the normalized-transfer function for a second-order
Butterworth filter as

1

Hs) = —
© = =o)6 =5

3n . . 3nm
where sl=cosT+1 sin —~

=t

57 tisi 5n
8, = COS8 — sin —
2 4 ISy

3n ., . 3=
=cos7—]sm—

4

SN
AT

The specified cutoff frequency of f= 3000 yields w, = 6000n, and the denormalized re-
sponse (see Sec. 2.9) is given by

2
c

(s — w,8,)(s — w.55)

w

H,(s)=

2
c

st 0.(:/2/2) — joo (/225 + 0.(/2/2) + joo,(/2/2)]
The partial-fraction expansion of H,(s) is given by
A, " A,
s+ 0,(/2/2) —jo.(/2/2) s +0.(/2/2) + jo.(/2/2)

w

H,(s) =

—i\/2
2w,
V2

2w,

where A, =

9 =
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Using these values for A, and A, plus the fact that
_6000r =«

@t = 30000 5

we obtain from Eq. (14.13) the discrete system function H(z) as

Hez) = —iv/2/(20,) N iV/2i(20,)
——Rﬁ ~n\/§ —1 —n\/i ﬂ —1
1Aexp< 10 +7J 10 )z 1—exp<———-—10 —J 10 )z

B 2.06797 x 10~5z 1
T 1-—1.158045z ~1 + 0.4112407z 2

Programming considerations

step 1. Butterworth, Chebyshev, and Bessel filters are “all-pole” filters—
their transfer functions have no finite zeros. Closed-form expressions are
available for the poles of Butterworth [Eq. (3.2)] and Chebyshev [Eq. (4.4)]
filters. The poles of Bessel filters can be readily obtained by finding the roots
of the denominator polynomial as discussed in Chap. 6. The transfer function
for an elliptical filter has both poles and zeros. The poles are readily
available by using the quadratic formula to find the denominator roots for
each factor in Eq. (5.22). The zeros + ja\/;i are obtained by inspection of Eq.
(5.22). The software for performing the impulse-invariance transformation is
therefore designed to accept H,(s) specified as an array of poles and an array
of zeros.

step 2. Evaluation of A, for step 2 of the algorithm is straightforward. The
coefficients A, can be written as A, = N,,/D,, where the numerator N, is
obtained as

M

H, H (Pr — qm) M#0

NAk= m=1
H, M=0

and q,, is the mth zero of H,(s), p, is the kth pole of H,(s), and M is the total
number of zeros. Equation (14.12) can be evaluated using simple arithmetic—
there is no symbolic manipulation needed. The denominator D,, is obtained
as

N
Dy, = H (pr —P)

n=1
nsk

step 3. Evaluation of H(z) is more than plain, straightforward arithmetic.
At this point, for each value of k, the coefficient A, is known and the
coefficient exp(s,T) can be evaluated. However, z remains a variable and
hence will demand some special consideration. To simplify the notation in
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the subsequent development, let us rewrite H(2) as

Hey = 5 — A
=t

(14.15)
where f§, = —exp(s, T)

Step 4. For the summation in (14.15), the common denominator will be the
product of each summand’s denominator:

N
D)= ] 1+ Brz™h (14.16)
k=1

To see how (14.16) can be easily evaluated by computer, let’s examine the
sequence of partial products {D,(z)} encountered in the evaluation:

D,(2)=(1+B,z7"

Dy(2) = (1 4 B2z ) Dy(2) = D1 (2) + 27" Dy (2)
Dy(2) = (1 + B3z ™) Dy(2) = Dy(2) + B3z ' Dy(2)
D,(2)= (1 + Bsz7") Dy(2) = Dy(2) + 42" D5(2)

D(z) = Dn(2) = (1 + fnz ™) Dy—1(2) =Dy _1(2) + Bnz "' Dy _1(2)

Examination of this sequence reveals that the partial product D,(z) at
iteration k& can be expressed in terms of the partial product D, _(2) as

Dy(2) =D, 1(2) + Bz ™" Dy _1(2)
The partial product D, ,(z) will be a (k — 1)-degree polynomial in 27 ";
D, () =00(z N+ 8,(z D'+ 8,z N2+ -+ 5, _1(z7 ) !
The product B,z ' D, _,(2) is then given by
Brz 1Dy _1(2) = 6oBr(z )+ 81 Be(2 )P+ S fr(z NP+ + Gp 1 Bl )
and D,(2) is given by
D, (2) = 0(z )% + (01 + G i)z ") + (B2 + 01 fe)z "2+ -
+@p_ 1+ 0k_oBe )z )+ 0,1 B(z7 D

Therefore, we can conclude that if 8, is the coefficient for the (z )" term in
D, _,(2), then the coefficient for the (z )" term in D,(2) is (3,, + J, _ ;) with
the proviso that 6, £0 in D, _,(z). The polynomial D, _,(z) can be repre-
sented in the computer as an array of k coefficients, with the array index
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corresponding to the subscript on é and the superscript (exponent) on (z ~1):
delta[0] = 6,, delta[l] =J,, and so on. The coeflicients for the partial
product D,(2) can be obtained from the coefficients for D, _,(2) as indicated
by the following fragment of pseudocode:

for( j=k;j>=1;j--)
{delta[j] =delta[j] + beta ® deltalj— 1]}

The loop is executed in reverse order so that the coefficients can be updated
“in place” without prematurely overwriting the old values. Notice that I
referred to the fragment shown above as “pseudocode.” In actuality, both
delta[ ] and beta are complex valued; and the arithmetic operations shown
in the fragment are incorrect. The following code fragment performs the
complex arithmetic correctly, but all the complex functions tend to obscure
the algorithm that is more clearly conveyed by the pseudocode above:

for( j=k: ] »>=1;)1--)
{deltalj] =cAdd(delta[j]. cMult(beta, delta[j—1]));}

If this fragment is placed within an outer loop with %4 ranging from 1 to
numPoles, the final values in delta[n] will be the coefficients a, for Eq.
(14.14).

For the summation in Eq. (14.13), the numerator can be computed as

N N
N@) =Y [Ak I (1—ﬁn2\1)] (14.17)
By

For each value of &, the product in (14.17) can be evaluated in a manner
similar to the way in which the denominator is evaluated. The major
difference is that the factor (1 — 8,z ') is not included in the product. It is
then a simple matter to add the coefficients of each of the N products to
obtain the coefficients for the numerator polynomial N(z). A complete func-
tion for computing the coeflicients a, and b, is provided in Listing 14.2.

14.4 Step Invariance

One major drawback to filters designed via the impulse-invariance method is
their sensitivity to the specific characteristics of the input signal. The digital
filter’s unit-sample response is a sampled version of the prototype filter’s
impulse response. However, the prototype filter's response to an arbitrary
input cannot in general be sampled to obtain the digital filter’s response to a
sampled version of the same arbitrary input. In many applications a filter’s
step response is of more concern than is the filter’s impulse response. In such
cases, the impulse-invariance technique can be modified to design a digital
filter based on the principle of step invariance.
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Algorithm 14.2 Step-invariant design of lIR filters

step 1. Obtain the transfer function H,(s) for the desired analog prototype
filter.

step 2. Multiply H,(s) by 1/s to obtain G,(s), the filter’s response to the unit
step function.

step3. For k=1,2,..., N, determine the poles s, of G,(s) and compute the
coefficients A, using

Ak = [(S - sk)Ga(s)] Isssk

step 4. Using the coefficients A, obtained in step 3, generate the system
function G(z) as

G(z) = f A
KT 1—exp(s, T)z

~1

step 5. Multiply G(2) by (1 — 2z~ ') to remove the z transform of a unit step
and thereby obtain H(z) as

Hz=0—-27Y i A

r=11—exp(s, T)z 1

step 6. Obtain a common denominator for the terms in the summation of
step 5, and express H(z) as a ratio of polynomials in z ! in the form

Zyzo byz~*

G = ——r——
1-YN_ a2z %

step7. Use the q, and b, obtained in step 6 to realize the filter in any of the
structures given in Sec. 14.1.

Programming considerations

The step-invariance method is similar to the impulse-invariance method, with
two important differences. In step 2 of Algorithm 14.2, the transfer function
H,(s) is multiplied by 1/s. Assuming that H,(s) is represented in terms of its
poles and zeros, multiplication by 1/s is accomplished by simply adding a pole
at s = 0. (Strictly speaking, if the analog filter has a zero at s =0, multiplica-
tion by 1/s creates a pole at s =0, which cancels the zero. However, since
none of the analog prototype filters within the scope of this book have zeros
at s =0, we shall construct the software without provisions for handling a
zero at s =0.)

In step 5 of Algorithm 14.2, the system function G(2) is multiplied by
(1—2z71 to remove the z transform of a unit step and thereby obtain the
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system function H(z). Conceptually, this multiplication is appropriately lo-
cated in step 5. However, for ease of implementation it makes sense to defer
the multiplication until after the coefficients a, and b, are generated in step
6. A function modified to perform the step-invariance technique is provided in
Listing 14.3.
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iirResponse( )

j!!****tK*************t*******‘*x!tﬁ

/%
It‘ *
7%
/%
/*

Listing 14.1

i irRespansef)

*/
*/
*f
x7
* 7

/‘***t*********ttt***t********#*#**j

void iirfesponseistruct complex al],

T

1

static struct complex response[MARPOINTS];
int k, rn, »;
real sumRe, sumim, phi;

/¥

for{ m=8; m<number0fPaints; m++) {

sumRe = 0.6;

sualm = 8.0;

printf{"\r¥d 0GE",m);

for{n=8; n<=higM; n++)
print f{"\b\b\b%¥3d",nJ;
phi

ft

for( m=8; m<number(fPaints; m++) {

compute DFT of H{(z) numerator

sumRe += b[n].Re * cos{phi) + bln].In * sin{phi);
sumlm += b[n].Im * cos{phi) - b[n).Re * sin{phi);

}

response[m] = caplx{sumRe, sumlm};
print f{"response = {%e, Xe)\n",responselm].Re, responzelm].

struct complex bl],

int number(fPoints,
logical dbScale,
real magnitudel],
real phase[])

=2.8*Pl *p*n/ (2 0%numberlfPoints);
print f{"b[&d] = (X%e, Xe)\n",n,b[n].Re,bln].In);

compute DFT of H{z} denominator

sumnRe
sumlm

1.8;
g.a;

Im);
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forin=1; n<=bigN; n++) {
phi = 2.8 ¥ Pl * m * n / (2. 8%nunber0fPaints)};
sumRe += -aln].Re * cosiphi) - aln].Im * sin{phi);
sumlm += -a[n].Im * cosiphi) + alnl.Re * siniphi};

]
responselm] = cliv{responseln], cmpls{sunfe, sumln)};
}
jl __________________________________________________ *
/* compute magnitude and phase of respanse L

for{ m=8; m<number(fFoints; m++) {
phase[n] = argiresponse[m]);
ifidbScale)
{magnitudelm] = 20.8 * logl@(cAbs{response[m])};}
else
{magnitude{m] = cAbs{responselnl);}
printf("mac = ZLe\n",magnitude(m]};
}
return;

}

Listing 14.2 impulselnvar( )

jtt*t****t*****l*******‘#****3#&***/

/* */
/¥ Listing 14.2 */
/* */
/*  impulselnvar{) X7
/* */

/t#******‘t**t*************#*******/

void impulselnuar( struct complex polel],
int numPoles,
struct complex zero[],
int numZeros,
real hlero,
real bigT,
struct complex al],
struct complex bl ]}

{
L

int k, n, j, maxCoef;

struct complex deltalNAXPOLES];

struct complex bigRIMAXPOLES];

struct complex beta, denom, numer, work?;

283
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for{({=8; j<MRXPOLES; jrer o
deftalj] = cmpix{@.6,8.8);
aljl = caplx(0.8,8.8);
blj] = capix{8.8,8.8);

/* compute partial froction expansion coefficients */
fori k=1; k<=numPoles; k++} |

numer = caplx(hlerc,8.8);

forin=1; n<=numZeros; n++)

{ numer = clult{numer, cSuh{poleln]), zerclnl}):}

denom = cmplx(1.8,8.8);
for( n=1; ni=nuaPoles; n*+) {

if{n==k) continue;

denon = clult{denem, cSub{palelk],peleln]));

}
bigRlk] = clivinumer denca};
}
I¥ e ————————— e e %/
/* compute numeratar coefficients Xf
far{ k=1; k<=numPoles; k++) |

deltal@) = cmplx(1.&, 0.0);
for{n=1; n<NANPOLES; n++)
{deltaln) = cmpixi®@.&,8.4);}
moxCoe§ = ©;
far{ n=1; n<=numPcles; n++) {
{f{n==k) continue;
max{oef++;
beta = sllulti-1.%, cExp(sﬂult(bigT,pole[n])));
for{j=moxCoef; jr=1; j--}
{ delta[j] = cAdd{ dettalj], clult{ beta, deltalj-11));}
}
for{ j=8; j<nunPoles; j++)

{ b0} = chddib(jd, ehult{ bigAlk], deltalj]}}; }

/% compute dencminator deltaficients ¥/
al8) = cmpix(1.8,6.8);
for{ n=!; n<=numPoles; n*++} {
beta = sMult{-1.8, cExplsMult{bigT,poleln])));
ford j=n; j>=1; j--)
{ alj] = chdd( olj], chult( beta, alj-11));)}
}
for{ j=1; j<=numPoles; j++)
{ alj] = shult(-1.8,alj1);}
return;

)



HR Filters 285

Listing 14.3 steplinvar( )

PR

’* */
/¥ Listing 14.3 >/
¥ *
/¥ steplnwar() ¥
/¥ */

/*l‘************tt**************l“’**;’

void steplnvar{ struct complex polel],
int numPoles,
struct complex zeral],
int numleros,
real hlerc,
real bigT,
struct complex all,
struct complex b{1)

{

int k, n, |, maxCoef;

struct complex deltalllRXPOLES];

struct complex bigRIMAXPOLES];

struct complex beta, denom, numer, work?l;

for{j=8; j<MARPOLES; j++) {
deltalj] = capix{8.0,8.8);
aljl = cmplx(0.8,0.8);

biil = caplx(@.8,8.0);
}
pole[8] = coplx(6.&,0.6);
JF e e e 'y

/* compute purtial fraction expansion coefficients #*/
for{ k=8; k<=nunPoles; k++) {
numer = cmplx{hlero,.@);
for{n=1; n<=numleros; n++)
{ numer = cllult{numer, cSublpoleln]), zernlnl});}
denom = cmplxil.8,0.0};
for{ n=8; n<=numPoles; n++) {
i fin==k) continue;
denom = clMult{denom, cSub{polelkl,poleln]));

}
bighlk]l = cDiv(numer, dencm);
1
7K e e e e e 'y
/¥ compute numerator coefficients X/

for{ k=1; k<=numPoles; k++} {
deltal@) = caplx{1.@, 8.08);
for(n=1; n<MAXPOLES; n++)
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{deltaln] = cmp(x{@.6,6.0);}
paxCoef = 0;
for{ n=8; n<=numPoles; n++) {
ifln==k) continue;
maxCoef++;
beta = shult{-1.8, cExp(sNult{bigT,poleln])}};
for(j=maxCoef; j>=1; j--]
{ dettalj] = cRdd{ deltalj], clult{ beta, deltalj~11));}
}
for( §=8; j<nunPoles; j++)
{ blj] = cAdd{b{jI, cltuit( bigAlk], deitaljl)); }

¥ aultiply by T-z**%{-1) %
beta = cmplx{-1.2,8.8};
for(i=nunPoles+t, j>=1; j--} {
blj1 = cAddib{j}, cMultibeta, blj-11));}

/* compute denominator coefficients ¥/
al8] = cmpix{1.6,6.8);
for{ n=1; n<=numPoles; n++) {
beta = sMult{-1.8, cExp{stlult{bigT,pclelnl)));
for( j=n; i>=1; j--)
{ alj] = cfdd( alj1, cMult{ beta, alj-11}};}
)
for( j=1; j<=numPoles; j++)
{alj) = stult{-1.8,a[j1);}
return;

)
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15

lIR Filters via the Bilinear
Transformation

A popular technique for the design of 1IR digital filters is the bilinear
transformation method, which offers several advantages over the other tech-
niques presented in the previous chapter.

15.1 Bilinear Transformation

The bilinear transformation converts the transfer function for an analog
filter into the system function for a digital filter by making the substitution

21—2z1
2
T1+2z1

S

If the analog prototype filter is stable, the bilinear transformation will result
in a stable digital filter.

Algorithm 15.1 Bilinear transformation

step 1. Obtain the transfer function H,(s) for the desired analog prototype
filter.

step 2. In the transfer function obtained in step 1, make the substitution

2 1—21
T T142z!

S

where T is the sampling interval of the digital filter. Call the resulting digital
system function H(2).

step 3. The analog prototype filter’s transfer function H,(s) will, in general,
be a ratio of polynomials in s. Therefore, the system function H(z) obtained

287
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in step 2 will, in general, contain various powers of the ratio (1—z7')/
(1+2z~Y in both the numerator and the denominator. Multiply both the
numerator and denominator by the highest power of 1+ 27!, and collect
terms to obtain H(z) as a ratio of polynomials in z~! of the form

YA obrz "
Hz)=——— (15.1)
1-37 1a,27*

step 4. Use the a, and b, obtained in step 3 to realize the filter in any of the
structures given in Sec. 14.1.

Exampie 15.1 Use the bilinear transform to obtain an IIR filter from a second-order
Butterworth analog filter with a 3-dB cutoff frequency of 3 KHz. The sampling rate for
the digital filter is 30,000 samples per second.

solution The analog prototype filter’s transfer function is given by

w2
H) =t
$2+ /20,5 + w?

where w, = 6000%. Making the substitution s =2(1 —z " )/(T(1 + z~)) yields

0)2

() G vl 7)) v

where T = 1/30,000. After the appropriate algebraic simplifications and making use of the
fact that

H(z) =

GOOOn _z
@t =730,000 5

we obtain the desired form of H(z) as

0.063964 + 0.127929z ~1 + 0.063964z ~ 2
H(z) = 15.2
@ 1—1.168261z ' + 0.424118z 2 (15.2)

Comparison of (15.1) and (15.2) reveals that
a, = —1.168261 a, =0.424118
b, =0.063964 b, =0.127929 b, = 0.063964

15.2 Factored Form of the Bilinear Transformation .

Often an analog prototype filter will be specified in terms of its poles and
zeros—that is, the numerator and denominator of the filter’s transfer func-
tion will be in factored form. The bilinear transformation can be applied
directly to this factored form. An additional benefit of this approach is that
the process of finding the digital filter’s poles and zeros is greatly simplified.
Each factor in the numerator of the analog filter’s transfer function will be
of the form (s — g,,), and each factor of the denominator will be of the form
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(s — p,,), where g, and p,, are, respectively, the nth zero and nth pole of the filter.
When the bilinear transform is applied, the corresponding factors become

gl—z’1 d gl——z”1
T1+z"" n an Tl+2z1 Pn

The zeros of the digital filter are obtained by finding the values of z for which

21—2z""

- :O
T1+z7! I

The desired values of z are given by

_2+4q,T

z, = 5 q.T (15.3)

In a similar fashion, the poles of the digital filter are obtained from the poles of
the analog filter using

_2+p,T

= 15.
ZP 2 _pnT ( 4)

The use of (15.3) and (15.4) is straightforward for the analog filter’s finite poles
or zeros. Usually, only the finite poles and zeros of a filter are considered, but in
the present context, all poles and zeros of the analog filter must be considered.
The analog filter’s infinite zeros will map into zeros of z = —1 for the digital
filter.

Algorithm 15.2 Bilinear transformation for transfer
functions in factored form

step 1. For the desired analog prototype filter, obtain the transfer function
H,(s) in the factored form given by

rir‘zl=1(s_qm)

Ha(s) = HO
£zV=l (S _pn)

step2. Obtain the poles z,, of the analog filter from the poles p, of the analog
filter using
2 T
Ot S TR
2—p,T
step3. Obtain the zeros z,,, of the digital filter from the zeros g,, of the analog
filter using

_244g,T

= m=12,....M
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step 4. Using the values of z,, obtained in step 2 and the values of z,,
obtained in step 3, form H(z) as

TN E+DY M1 (= 2.m)
H(z) = H, : (15.5)
fzvzl(z_pnT) _1(2 pn)
The factor (z + 1)~ * supplies the zeros at z = —1, which correspond to the

zeros at s = oo for analog filter’s having M < N. The first rational factor in
Eqg. (15.5) is a constant gain factor that is needed to obtain results which
exactly match the results obtained via Algorithm 15.1. However, in practice,
this factor is often omitted to yield

(2 + l)N Ml_[m—- 1 zzm)

—1(2 n)

H(z) =

Example 15.2 The Butterworth filter of Example 15.1 has a transfer function given in
factored form as

w?
[s + 0.(/2/2) — jo.(/212)][s + 0.(\/2/2) + jo (/2/2)]

Apply the bilinear transform to this factored form to obtain the IIR filter’s system
function H(z).

H, (s) =

solution The analog filter has poles at

+jw
Using (15.4), we then obtain the poles of the digital filter as
<_\/> +] _\/:>wc T
V-G
2 — <T +J T)wc T
= 0.584131 + 0.28794;
—\/5 . ﬂ
+ <T =i 7)“’”
Zp,=
-J2 /2
(EYE i NEN, T
2 ( 2 J 5 >wc

=0.584131 — 0.287941;

2p

The two zeros at s = 00 map into two zeros at z = —1. Thus the system function is given
by

(z+1)°
H(z) =H, , _
(2 — 0.584131 + 0.287941;)(z — 0.584131 — 0.287941))
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H,T?
where H, = 0
2—-p,TX2—p,T)
B (60007)2
TC\/E _nﬁ ﬂﬁ ,ﬂ\/é
30,000)2( 2 - 2
¢ )<+10 ’10><+10+’10
=0.063964

If the numerator and denominator factors are multiplied out and all terms are divided by
z2%, we obtain

0.063964(1 + 22 "' + 2 2)
1 -1.168261z ' + 0.424118z ~2

H(z) = (15.6)

which matches the result of Example 15.1.

15.3 Properties of the Bilinear Transformation

Assume that the analog prototype filter has a pole at sp =0 +jw. The
corresponding IR filter designed via the bilinear transformation will have a
pole at

__2+sT
T 2T

Zp

24 (o +jo)T
T 2— (06 +jo)T

24T+ joT
" 2—06T —joT

The magnitude and angle of this pole are given by

24 0T)2 + (wT)?
fer]= (2—0T)*+ (oT)*

arg(zp) =tan™! wT —tan? —oT
24+0T 2—oT

The poles of a stable analog filter must lie in the left half of the s plane—that
is, 0 <0. When ¢ <0, the numerator of (15.7) will be smaller than the
denominator, and thus |zp| < 1. This means that analog poles in the left half
of the s plane map into digital poles inside the unit circle of the z plane—
stable analog poles map into stable digital poles. Poles that lie on the jw axis
of the s plane have ¢ = 0 and consequently map into z-plane poles which have
unity magnitude and hence lie on the unit circle. Analog poles at s =0 map
into digital poles at z = 1, and analog poles at s = 4-j oo map into digital poles
at z = —1.

(15.7)
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Frequency warping

The mapping of the s plane’s jw axis into the z plane’s unit circle is a highly
nonlinear mapping. The analog frequency w, can range from — o to + o, but
the digital frequency w, is limited to the range 4+ n. The relationship between
w, and w, is given by

w,T

1 a

2

wy =2tan” (15.8)

If an analog prototype filter with a cutoff frequency of w, 1s used to design a
filter via the bilinear transformation, the resulting digital filter will have a
cutoff frequency of w,, where w, is related to w, via (15.8).

Example 15.3 A lowpass filter with a 3-dB frequency of 3 kHz is used as the prototype for
an IIR filter with a sampling rate of 30,000 samples per second. What will be the 3-dB
frequency of the digital filter designed via the bilinear transformation?

solution Equation (15.8) yields

m, =2 tan 2

= 0.6088

Since w, = corresponds to a frequency of 30,000/2 = 15,000 Hz, the cutoff frequency of
the filter is given by

0.6088
w, = (15,000) = 2906.8 Hz
T

The frequency-warping effects become more severe as the frequency of inter-
est increases relative to the digital filter’s sampling rate.

Example 15.4 Consider the case of an analog filter with a 3-dB frequency of 3 kHz used
as the prototype for an IIR filter designed via the bilinear transformation. Determine the
impact on the 3-dB frequency if the sampling rate is changed from 10,000 samples per
second to 30,000 samples per second in steps of 1000 samples per second,

solution The various sampling rates and the corresponding warped 3-dB frequencies are
listed in Table 15.1.

Fortunately, it is a simple matter to counteract the effects of frequency warping by
prewarping the critical frequencies of the analog prototype filter in such a way that the
warping caused by the bilinear transformation restores the critical frequencies to their
original intended values. Equation (15.8) can be inverted to yield the equation needed for
this prewarping:

Wy

w, = tan; (15.9)

2
¢« T
Example 15.5 We wish to design an IIR filter with a 3-dB frequency of 3kHz and a

sampling rate of 30,000 samples per second. Determine the prewarped 3-dB frequency
required for the analog prototype filter.
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TABLE 15.1 Warped Cutoff Frequencies for Example 15.4

Sampling rate Cutoff frequency, Hz % error
10,000 2405.8 —19.81
11,000 2480.5 —17.32
12,000 2543.1 —15.23
13,000 2595.8 —13.47
14,000 2640.4 —11.99
15,000 2678.5 —10.72
16,000 2711.1 —9.63
17,000 2739.3 —8.69
18,000 2763.6 —17.88
19,000 2784.9 -7.17
20,000 2803.5 —6.55
21,000 2819.9 —6.00
22,000 2834.4 —5.52
23,000 2847.2 - —5.09
24,000 2858.7 —4.71
25,000 2868.9 —4.37
26,000 2878.1 -4.06
27,000 2886.4 -3.79
28,000 2893.8 —3.54
29,000 2900.6 —-3.31
30,000 2906.8 —-3.11

solution Since w, =7 corresponds to a frequency of 30,000/2 = 15,000 Hz, a frequency of
3 kHz corresponds to a w, of

The prototype analog frequency w, is obtained by using this value of w, in Eq. (15.9):

2
£ = 19,495.18
¥ = (1/30,000)

The analog prototype filter must have a 3-dB frequency of 19,495.18/(2r) = 3102.75 Hz in
order for the IIR filter to have a 3-dB frequency of 3 kHz after warping.

15.4 Programming the Bilinear Transformation

Assume that the transfer function of the analog prototype filter is in the form
given by

Hnnll=l(s _qm)
Hn-l(s _pn

H,(s) = H,

where p, and g, denote, respectively, the filter’s poles and zeros. To generate
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a digital filter via the bilinear transformation, we make the substitution
2/(1—-2z"1
s =7 -
T\1+4+ =z

| al(iim) o
m=1 —1 m
H() = H, T\1+z

2 /1271
N I R
n=1|:T<1+21) pn:| »

which, after some algebraic manipulation, can be put into the form

(1+z HNMTIN_, [(%wqm)—(,%wm)zl]
H(z) = H, |

) Gonr ]

Thus, the denominator of H(z) is given by

and obtain

N
D) =[] 9. +6, 271 (15.10)

n=1

To see how (15.10) can be easily evaluated by computer, let’s examine the
sequence of partial products {D,(z)} encountered in the evaluation:

Di(z)=(y1+6:27")

Dy(2) = (92 + 8,2 1D, (2) =y, D, (2) + 8,27 Dy (2)
Dy(2) = (73 4 632 " DDy(2) = 73 D2(2) + 63271 Dy(2)
D,(2) = (94 + 0,2 " D)D;3(2) =y, Dy(2) + 8,2 ' Dy(2)

D(z)= Dy(z) = (yn + 0nz ) Dy _1(2) =yyDy_1(2) + 027! Dy _1(2)

Examination of this sequence reveals that the partial product D,(z) at
iteration £ can be expanded in terms of the partial product D, ,(2) as

Dy(2) =Dy 1(2) +0p27 ' Dy _1(2)
The partial product D, _,(2) will be a (k — 1)-degree polynomial in 27"

Dy 1@) =z N+ @) ez D2+ (27D
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The products y,D,_,(2) and 8,z ! D, _,(2) are then given by
TeDi - 1(2) = vrtta(z TN+ 1@+ vepaE T+ e 1 27D
62 "Dy 1(2) = Oppto(z ™) + Spin (2 )P+ Sppa(2 D+ -+ pptp 1 (27N
and D,(2) is given by

Dy(2) = y.110(z2 )% + (s — Oppto)Z ™)' + Gtz — Sppi 2 ™2+ -
+ (Prbe— 1 — Ot _2)Z D =Sy (27 1)

Therefore, we can conclude that if g, is the coefficient for the (z !)" term in
D, _,(2), then the coefficient for the (z )" term in D(2) is (i, + Spit, _ ) With
the proviso that g 20 in D, _,(2). The polynomial D, ,(z) is represented in
the computer as an array of k coeflicients, with the array index corresponding
to the subscript on u and the superscript (exponent) on (z!). Thus, array
element mu[0] contains y,, array element mu[1] contains u;, and so forth.
The coeflicients for the partial product D,(z) can be obtained from the
coefficients for D, _,(2), as indicated by the following fragment of pseudocode:

for{ j=k:j>=1:j--)
{muljl =gamma * mu[j] +beta * mu[j-1]:}

The loop is executed in reverse order so that the coefficients can be updated
“in place” without prematurely overwriting the old values. Notice that I
referred to the fragment shown above as “pseudocode.” In actuality, mu[ ],
gamma, and delta are each complex valued; and the arithmetic operations
shown in the fragment are incorrect. The following code fragment performs the
complex arithmetic correctly, but all the complex functions tend to obscure
the algorithm which is more clearly conveyed by the pseudocode above:

for{ j=k;j>=1:j--)
{mu[j] =cSub(cMult(gamma, mu[j], cMult{delta. mu[j—-1]1)):}

If this fragment is placed within an outer loop with % ranging from 1 to
numPoles, the final values in mu[n] will be the coeflicients a,, for Eq. (15.1).
A similar loop can be developed for the numerator product N(z) given by

M
N@) =[] @n—Brz M (15.11)
m=1
where «,, = T +qn
-2
ﬁm = 7 —qn

A C program for computation of the bilinear transformation is provided in
Listing 15.1.
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Listing 15.1 bilinear( )

f**#******‘****ttt*******t*****1!**ﬁ

/% */
/¥ Listing 15.1 */
/% X/
/*  bhilinear{) */
* ¥/

f‘*‘*l***t*t#**********************;

void bilinear{  struct complex pale{]
int numPoles,
struct complex zerol],
int numleras,
real hZero,
real bigT,
struct complex al],
struct complex b[]1)
{
int j,k,m,n, maxCoef;
real hC;
struct complex mu[MAXPOLES];
struct complex alpha, beta, gamma, delta, eta;
struct complex work, cTuwo;

for{j=8; j<MAXPOLES; j++) {
nulj] = copix(0.6,8,6);
aljl = cmplx(8.8,0.8);
blj]l = caplx{0.8,8.0);

}
e e e *7
/¥ compute constant gain factor *
ht = 1.6;

work = cmplx(1.8,8.8);
cTwo = caplx(2.8,8.0);
for{n=1; n<=numPoles; n++) {
work = cMult{work, cSub{cTwo, sMult{bigT,paleln])));

hC = hC * bigT;

}
h = hZerc * hU / work.Re;
¥ e e Y.
/* compute numerator coefficients */

mul8) = cmplx{1.6, €.8);

maxCoef = @;

for{ m=1; m<={numPoles-nunZeros}; m++) {
maxCoef++;
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for{ j=maxCoef; j»=i; j--)
{ nuljl = cfdd{ muljl, mulj-11};}
}
for{ m=1; mi=numlernos; m++) {
maxCoef++;
alpha = cAdd{emplx{ {-2.8/bigT), ©.8), zero[n]);
beta = cSub{cmpix{ {-2.6/bigT), €.6), poielnl);
forij=maxCoef; jr=1; j--)
{ wuli] = chAdd( mulj], clult{ beta, mu[j-11}];}

1
forl {=0; j<=numFoles; j++) b[j] = shultihl, mulil};

/¥ compute denominator coefficients */
nu[@) = coplx{!.0,0.8);
forin=1; n<MAXPOLES; n++)
{muln] = coplx(6.8,6.6),}
for{ n=1; n<=numPoles; n++) {
gamma = cSublcmpix{ (2.8/bigT}, €.8), pele{n]);
delta = cSublcmplx( (-2.8/bigT}, 8.8), paleln]);
eta = clliv{ delta, gamma);
for{ j=n; j>=!; j--)
{ mulj] = cAdd( mulj], chultleta, mulj-11)7;}
}
for{ j=1; j<=numPoles; j++}
{ aljl = shult(-1.@, mulj] };}
return;

}
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Practical Considerations

All of the digital filter designs presented up until now have been based on
infinite-precision mathematics. That is, we have assumed that all of the
signal samples, filter coefficients, and results of mathematical computations
are represented exactly or with infinite precision. In most cases we have used
the double data type in C to approximate such precision. In Think C for the
Apple Macintosh, the double data type has a 64-bit mantissa that provides
approximately 19 decimal digits of precision. In Turbo C for the PC, the
double data type has a 52-bit mantissa that provides approximately 15
decimal digits of precision. For most practical situations, either 15 or 19
digits of precision is a reasonable approximation to infinite precision. Fur-
thermore, the double type is a floating-point format and thus provides good
dynamic range in addition to high precision.

Although floating-point formats are used in some digital filters, cost and
speed considerations will often dictate the use of fixed-point formats having a
relatively short word length. Such formats will force some precision to be lost
in representations of the signal samples, filter coefficients, and computation
results. A digital filter designed under the infinite-precision assumption will
not perform up to design expectations if implemented with short-word-length,
fixed-point arithmetic. In many cases, the degradations can be so severe as to
make the filter unuseable. This chapter examines the various types of degrada-
tions caused by finite-precision implementations and explores what can be
done to achieve acceptable filter performance in spite of the degradations.

16.1 Binary Representation of Numeric Values

Fixed-point formats

Binary fixed-point representation of numbers enjoys widespread use in digital
signal processing applications where there is usually some control over the
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range of values that must be represented. Typically, all of the coefficients k[n]
for a digital filter will be scaled such that

lh[n]] < 1.0 forn=1,2,...,N (16.1)
Once scaled in this way, each coefficient can be expressed as
h=b,2+b6,2"14+b,2"24--- (16.2)

where each of the b, is a single bit; that is, b, € {0,1}. If we limit our
representation to a length of L + 1 bits, the coefficients can be represented as
a fixed-point binary number of the form shown in Fig. 16.1. As shown in the
figure, a small triangle is often used to represent the binary point so that it
cannot be easily confused with a decimal point. The expansion of Eq. (16.2)
can then be written as

L
h= Z bkz_k (16'3)

The bit shown to the left of the binary point in Fig. 16.1 is necessary to
represent coefficients for which the equality in (16.1) holds, but its presence
complicates the implementation of arithmetic operations. If we eliminate the
need to exactly represent coefficients that equal unity, we can use the
fixed-point fractional format shown in Fig. 16.2. Using this scheme, some
values are easy to write:

Y, = ,1000
% = 01100
Y6a = 2000101
Some other values are not so easy. Consider the case of ¥, which expands as

1/10:274_‘_275+2—8+279+2—12+2~13+_,,

O

_ Z (2—4k+274k—-1)

k=1

20 2!
_ 2-1 2-2
-2 -3 -L
i » /Dg |
Figure 16.1 Fixed-point bi- Figure 16.2 Alternative
nary number format. fixed-point binary num-

ber format.
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The corresponding fixed-point binary representation is a repeating fraction
given by

Vo= 2000110011 - - -

If we are limited to a 16-bit fixed-point binary representation, we can truncate
the fraction after 16 bits to obtain

Vo = 40001100110011001

The actual value of this 16-bit representation is

6553
27442754278 4270427124 97184 9716 = ——— ~ (099990845
+27°P 427842704 27124 2718 G538

Thus the value represented in 16 bits is too small by approximately
9.155 x 108,

Instead of truncating, we could use a rounding approach. Rounding a
binary value is easy—just add 1 to the first (leftmost) bit that is not being
retained in the rounded format. In the current example we add 1 to bit 16.
This generates a carry into b;; which propagates into b,, to yield

6554
»0001100110011010 =

65.536 0.100006104

This value is too big by approximately 6.1 x 1075,

In many DSP applications where design simplicity, low cost, or high speed
1s important, the word length may be significantly shorter than 16 bits, and
the error introduced by either truncating or rounding the coefficients can be
quite severe, as we will see in Sec. 16.2.

Floating-point formats

A fixed-point fractional format has little use in a general-purpose computer
where there is little or no a priori control over the range of values that may
need to be represented. Clearly, any time a value equals or exceeds 1.0, it
cannot be represented in the format of Fig. 16.2. Floating-point formats
remove this limitation by effectively allowing the binary point to shift
position as needed. For floating-point representations, a number is typically
expanded in the form

L
h =2a Z bszk
k=0

In Think C for the Macintosh, a floating-point value has the form shown in
Fig. 16.3. The fields denoted i and f contain a fixed-point value of the form
shown in Fig. 16.1 where the binary point is assumed to lie between i and the
most significant bit of f. This fixed-point value is referred to as the mantissa.
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12 16 17 18 80

[T e Til f il

Figure 16.3 Floating-point binary number format
used in Think C for the Macintosh.

If the bits in field f are designated from left to right as f,, f5, . . ., fs3, the value
of the mantisga is given by

63
m=i+ Y f,2°F
k=1

The field denoted as e is a 15-bit integer value used to indicate the power of
2 by which the numerator must be multiplied in order to obtain the value
being represented. This can be a positive or negative power of 2, but rather
than using a sign in conjunction with the exponent, most floating-point
formats use an offset. A 15-bit binary field can have values ranging from 0 to
32,767. Values from 0 to 16,382 are interpreted as negative powers of 2, and
values from 16,384 to 32,766 are interpreted as positive powers of 2. The value
16,383 is interpreted as 2° =1, and the value 32,767 is reserved for represent-
ing infinity and specialized values called NaN (not-a-number). The sign bit
denoted by s is the sign of the overall number. Thus the value represented by
a floating-point number in the format of Fig. 16.3 can be obtained as

63
U:(—l)s 2(e—16,383)<i+ Z fk2k>
k=1

provided e # 32,767.

Suppose we wish to represent %, in the floating-point format of Fig. 16.3.
One way to accomplish this is to set the mantissa equal to a 64-bit fixed-point
representation of ¥, and set e = 16,383 to indicate a multiplier of unity. Using
the hexadecimal notation discussed previously, we can write the results of
such an approach as

s=0
e = 0x3fff
i=0

f = 0x0cccecccecececee

With the various fields packed together, the resulting 80-bit floating-point
representation of %, is W = 0x3fffOccccecccccccccee. Slightly more precision
can be squeezed into the representation if we shift f 4 places to the left and
modify e to indicate multiplication by 2-* Such an approach yields

W = 0x3ffbcecececcecceceec
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Numbers greater than 1.0 present no problem for this format. The value 57
is represented as

s=0
e = 0x4004 (that is, 2°%)
i=1
f = 0x6400000000000000
W = 0x4004e400000000000000
In other words, this representation stores 57 by making use of the fact

B7=2%204+2"142°24279)

16.2 Quantized Coefficients

When the coeflicients of a digital filter are quantized, the filter becomes a
different filter. The resulting filter is still a discrete-time linear time-invari-
ant system—it’s just not the system we set out to design. Consider the 21-tap
lowpass filter using a von Hann window that was designed in Example 11.6.
The coefficients of this filter are reproduced in Table 16.1. The values given
in the table, having 15 decimal digits in the fractional part, will be used as
the baseline approximation to the coefficients’ infinite-precision values. Let’s
force the coeflicient values into a fixed-point fractional format having a 16-bit
magnitude plus 1 sign bit. After truncating the bits in excess of 16, the
coefficient values listed in Table 16.2 are obtained. The magnitude response of
a filter using such coeflicients is virtually identical to the response obtained
using the floating-point coefficients of Table 16.1. If the coefficients are

TABLE 16.1 Coefficients for 21-tap Lowpass Filter Using a
von Hann Window

n h[n]

0, 20 0.000

1,19 —0.000823149720361
2,18 —0.002233281959082
3, 17 0.005508892585759
4, 16 0.017431813641454
5,17 —0.000000000000050
6, 16 —0.049534952531101
7,15 -0.049511869643024
8,14 0.084615800641299
9,13 0.295322344140975
10 0.40
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TABLE 16.2 Truncated 16-bit Coefficients for 21-tap Lowpass Filter

n Sign Hex value Decimal value

0, 20 + 0000 0.0

1,19 — 0035 —0.000808715820312

2,18 — 0092 —0.002227783203125

3,17 + 0169 0.005508422851562

4,16 + 0476 0.017425537109375

5,156 + 0000 0.0

6, 14 - Ocae —0.049530029296875

7,13 - Ocac —0.049499511718750

8,12 + 15a9 0.084609985351562

9,11 + 4b%a 0.295318603515625
10 + 6666 0.399993896484375

TABLE 16.3 Truncated 10-bit Coefficients for 21-tap Lowpass Filter

n Sign Hex value Decimal value
0, 20 + 000 0.0
1,19 — 000 0.0
2,18 - 008 —0.001953125
3,17 + 014 0.0048828125
4,16 + 044 0.0166015625
5,15 + 000 0.0
6, 14 — 0c8 —0.048828125
7,13 — 0c8 —0.048828125
8,12 + 158 0.083984375
9,11 + 4b8 0.294921875
10 + 664 0.3994140625

further truncated to 14- or 12-bit magnitudes, slight degradations in stop-
band attenuation can be observed.

The degradations in filter response are really quite significant for the 10-bit
coefficients listed in Table 16.3. As shown in Fig. 16.4, the fourth sidelobe is
narrowed, and the fifth sidelobe peaks at —50.7dB—a value significantly
worse than the —68.2 dB of the baseline case. The filter response for 8- and
6-bit coefficients are shown in Figs. 16.5 and 16.6, respectively.

16.3 Quantization Noise

The finite digital word lengths used to represent numeric values within a
digital filter limit the precision of other quantities besides the filter co-
efficients. Each sample of the input and output, as well as all intermediate
results of mathematical operations, must be represented with finite precision.
As we saw in the previous section, the effects of coefficient quantization are
straightforward and easy to characterize. The effects of signal quantization
are somewhat different.
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(dB)

magnitude

frequency X\

Figure 16.4 Magnitude response for a von Hann-windowed
21-tap lowpass filter with coefficients quantized to 10 bits
plus sign.

(dB}

magnitude

frequency X

Figure 16.5 Magnitude response for a von Hann-windowed
21-tap lowpass filter with coefficients quantized to 8 bits plus
sign.
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magnitude (dB)

(o} b ”

2
frequency A

Figure 16.6 Magnitude response for a von Hann-windowed
21-tap lowpass filter with coefficients quantized to 6 bits plus
sign.

Figure 18.7 Typical transfer characteristic for a rounding quantizer.
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Typically, an analog-to-digital converter (ADC) is used to sample and
quantize an analog signal that can be thought of as a continuous amplitude
function of continuous time. The ADC can be viewed as a sampler and
quantizer in cascade. Sampling was discussed in Chap. 7, and in this section
we examine the operation of quantization. The transfer characteristic of a
typical quantizer is shown in Fig. 16.7. This particular quantizer rounds the
analog value to the nearest “legal” quantized value. The resulting sequence
of quantized signal values y{n] can be viewed as the sampled continuous-time
signal x[n] plus an error sequence e[n] whose values are equal to the errors
introduced by the quantizer:

y[n] = x[n] +e[n]

A typical discrete-time signal along with the corresponding quantized se-
quence and error sequence are shown in Fig. 16.8. Because the quantizer
rounds to the nearest quantizer level, the magnitude of the error will never
exceed @/2, where @ is the increment between two consecutive legal quan-
tizer output levels, that 1s,

—TQ <e(t) < for all t

TAWAWAWA
@‘zi/\/V\/\

{TAWAWANA
VARV

(b)

(CTF-a

- N oS

= N o b

0.5 4 v v v v

f\ N N [

{c)

Figure 16.8 () Discrete-time continuous amplitude signal,
(b) corresponding quantized signal, and (c) error sequence.
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The error is usually assumed to be uniformly distributed between — /2 and
/2 and consequently to have a mean and variance of 0 and @312, respec-
tively. For most practical applications, this assumption is reasonable. The
quantization interval @ can be related to the number of bits in the digital
word. Assume a word length of L + 1 bits with 1 bit used for the sign and L
bits for the magnitude. For the fixed-point format of Fig. 16.2, the relation-
ship between @ and L is then given by @ =2~

It is often useful to characterize the quantization noise by means of a
signal-to-noise ratio (SNR). In order to accomplish this characterization, the
following additional assumptions are usually made:

1. The error sequence is assumed to be a sample sequence of a stationary
random proces; that is, the statistical properties of the error sequence do
not change over time.

2. The error is a white-noise process; or equivalently, the error signal is
uncorrelated.

3. The error sequence e[n] is uncorrelated with the sequence of unquantized
samples x[n].

Based on these assumptions, the power of the quantization noise is equal to
the error variance that was given previously as

0_2 _ Q_2 _ 272L
c 12 12

If we let 62 denote the signal power, then the SNR is given by

a? o2
o =g = (1220

Expressed in decibels, this SNR is
2
10 log(%) =10 log 12 + 20L log 2 + 10 log o2

=10.792 + 6.021L + 10 log 62 (16.4)

The major insight to be gained from (16.4) is that the SNR improves by
6.02dB for each bit added to the digital word format. We are not yet in a
position to compute an SNR using Eq. (16.4), because the term o2 needs some
further examination. How do we go about obtaining a value for ¢2? Whatever
the value of g2 may be originally, we must realize that in practical systems,
the input signal is subjected to some amplification prior to digitization. For
a constant amplifier gain of A, the unquantized signal becomes Ax[n], the
signal power becomes A262, and the corresponding SNR is given by

2.2

A
SNR = 10 log( ;’) =10.792 + 6.021L + 10 log(A %52) (16.5)
g

€
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A general rule of thumb often used in practical DSP applications is to set A
so that Ao, is equal to 25 percent of the ADC full-scale value. Since we have
been treating full scale as being normalized to unity, this indicates a value of
A such that

Acg, =0.25 or A=—

Substituting this value of A into (16.5) yields

1
SNR = 10.79 + 6.02L + 10 log<fé>

=6.02L —1.249dB

Using a value of A = 1/(40,) means that the ADC will introduce clipping any
time the unquantized input signal exceeds 4c,. Increasing A improves the
SNR but decreases the dynamic range, that is, the range of signal values that
can be accommodated without clipping. Thus, for a fixed word length, we can
improve the SNR at the expense of degraded dynamic range. Conversely, by
decreasing A, we could improve dynamic range at the expense of degraded
SNR. The only way to simultaneously improve both dynamic range and
quantization SNR is to increase the number of bits in the digital word length.
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Global Definitions

/*#**t*i‘l(****!****************#**t*tt*t/

/* */
/* Hppendix R -- Global Definitions */
/* */
/* globlefs.h */
’* x/
/¥ global definitions */
/* */

/*l’***lA‘*#*tt#ttt*#****t**tt*t*l’t***!!**’J

8include <stdio.h>
%include <math.h>
*include <time.h>

3define EQL 1@

8define STOP_CHRR 38
Bdefine SPACE 32

Bdefine TRUE !

3define FALSE @

3define Pl 3.14159265
8define TWO.PI 6.2831853
tdefine TEN (double) 10.0
*define MAK_COLUMNS 2@
%define NMAX_RONS 26

/* structure definition for single precision complex */
/* struct complex

{

float Re;

ficat Im;

Vi o%

3n
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/*¥ structure definition for double precision complex */
struct complex

{

double Re;

double Inm;

Y

typedef int legical;
typedef double real;
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Prototypes for C Functions

/**#***tt***t**t*t**!**tt#*******#**l***#***tt**f

/* x/
/* fppendix B -- Prototypes for C Functions ¥/
/* */

/**#***t*“*l*tttt***‘**#***t*tit****#**i*****i*f

int Laguerrellethed( int order,
struct complex coefl],
struct complex *zz,
real epsilon,
real epsilonZ,
int moxIterations);

void unwrapPhasel int ix, real *phase;

void butterworthFregRespanse! int order,
real frequency,
real *magnitude,
real *phase);

void butterworthImpulseResponse{ int order,
real deltaT,
int npts,
real yval{l);

void chebysheufregResponse( int order,
float ripple,
char normalizatienType,
float frequency,
float *magnitude,
float *phase);

313
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void chebyshevlmpulseResponse( int order,
float ripple,
char normalizationType,
float deltal,
int npts,
float yual(]);

void cauerrderEstim{ real omegaPass,
real omegaStop,
real maxPassloss,
real maxStoploss,
int *order,
real *actualMinStoploss);

void cauerCoeffs{real omegaPass,
real omegaStop,
real maxPasslosse,

int order,
real aal],
real bb[],
real ccl],

int *numSecs,
real *hlero,
real *plero};

void cauerfreqResponse{ int order,
real aall,
real bbl],
real ccl],
real hlero,
real plero,
real frequency,
real *magnitude,
real *phase);

void cauerRescale( int order,
real aal],
real bb[],
real ccl],
real *hlero,
real *pZero,
real alpha);

vaid besselloefficients{ int order,
char typeOfHormalization,
real coef[]);



void

void

void

void

void

void

void

void

void

void

Prototypes for C Functions

besselFreqResponse{ int order,
real coefl],
real frequency,
real *magnitude,
real *phase);

besselGrouple lay( int order,
real coefl],
real frequency,
real delta,
real *grouplelay);

dft( struct complex x{],
struct complex xx[],
int anj;

dft2{  struct complex x[],
struct complex xx[],
int nn);

fft struct complex x[1,
struct complex xx[],
int nn);

cadf irResponse{ int firType,
int nuabTaps,
real hh[],
logical dbScale,
int number0fPoints,
real hD[]);

normalizeResponse( logical dbScale,
int number(fPoints,
real hhi])};

ideallowpass( int nushTaps,
real omegal,
real coefficient[]);

idealHighpass{ int numbTaps,
real omegal,
real coefficient[]);

idealBandpass{ int numbTaps,
real omegal,
real omegall,
real coefficient{]);

315
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vaid idealBandstop

int numbTaps,
real omegal,
reai omegall,
real coefficient{])

real contRectangularfesponse( real freq,
real tau,
logical dbScale);
real discRectangularResponse{ real freq,
int M,
legical nermfimp);
real contTriangularResponse! real freg,
real tau,
logical dbScale);
real discTriangutarResponse! real freg,
int M,
logical normfimp);
void triungulurUindow( int N, real window[]};
void makelaglindow( int N,
real window[],
int center,
real outHindes{]);
void makelatalindow( int H,

void hannlindow{ inat

real window(],
real outlindow[]):

nn, real window[]};

void-hammingllindow( int nn, real window[]);

int
int

int fsllesigni{

nn,

firType,

real aal],
real h(]));

findSbPeak(

int bandConfigl],

int numPts,
real hh{]};

real goldenSearch{

int firType,
int numbTaps,
real hD[],

real g=Tol,



void setTrans(

real geldenSearchei

void setTransition{

void optimize2(

void dumpRectCompsi

real gridfreqi

real desLpfResp{

int numFregPts,
int bandConfigl],
real *fmin);

int bandConfigl],
real x,
real hR[]);

real rhellin,
real rhollax,
int firType,
int numbTaps,
real hD[],

real gsTol,

int numFregPts,
real origins{],
real slopes[]
int bandConfigl],
real *fmin};

real originsfl
real slopes[],
int bandConfig(],
real x,

real Hd[]l};

real ybBase,

int firType,

int numbTaps,

real hO[],

real gsTol,

int numFregPts,
int bandConfigl],
real tweakFactar,
real rectComps({]);

real origins[],
real siopes[],

int numTransSamps,
real x);

real gridParam{], int gl};

real freqP, real freq);

real weightlp{ real kk, real fregP, real freq);

Prototypes for C Functions
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void remezError{ real gridPoram[],

int gridiax,
int r,

real kk,
real freqP,
int iFF[],
real eel]);

real computeRemezR( real gridPoranm(],

int gridiax,
int r,

real kk,

real fregP,
int iFF(],
int initflag,

real contfreq);

void remezSearch{real eel],
real absDelta,
int gP,
int iFF(],
int gridhax,
int r,
real gridParam{]);

int remezStop{ int iFF[}, int r);
int remezStop2{ real eel], int iFF[], int rj;

void remezFinish{real extFregl],
int nn,
int p,
reatl freqP,
real kk,
real aall,
real h{1);

vaid remez{ int nn,
int r,
int gridlensity,
real kk,
real freqP,
real freqS,
real extFreq[},
real h{l);
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{irfesponse{ struct compiex al),
int bigh,
struct complex bll,
int bigh,
int nusberOfPoints,
togical dbScale,
real mognitude(],
real phasel]};

void impulselnuar{  struct camplex pole{],
int numPoles,
struct complex zerol],
int nuaceros,
real hiero,
real bigT,
steuct complex all,
struct complex b[1);

void steplnuar{ struct complex pole(],
int numPoles,
struct complex zera[],
int numleros,
real hlero,
real bigl,
struct complex ul],
atruct complex b(1);

void bilinear{ struct complex pole(],
int nuaPoles,
struct complex zerol],
int numleros,
real hZerg,
real bigT,
stryct complex all,
struct complex b{1);

struct complex caplx{ real A, real B);

struct complex cRdd{ struct complex A, struct complex B);
struct complex cSub{ struct complex R, struct cosplex B);
real clag{struct complex A);

real cAbs{struct complex A);

double cdfibs{struct complex R);

real arg{struct complex f);

struct complex cSqrt{ struct complex R);

struet complex chult{ struct complex fi, struct complex B);
struct complex stult{ real @, struct complex B);

struct complex cDiv( struct complex numer, struct complex denow);
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real sincSgrd( real xj;

real sinc{ real x);

real acesh{ real x);

void pause! logical enabled);
int bitReu{ int L, int N);
int log2{ int N J;

real ipow{ real x, int k};
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Functions for Complex Arithmetic

/!******t****l*!*tx‘#**t*t*t**t***ttt*“*t*!*t***tt*t*/

/* x/
/* fppendix € -~ Functions for Complex Arithmetic  */
/¥ */

/l*l*ltxt!**l*t**tl*t*****t*#*‘**x***t****************;

®include "globlefs.h"
Binclude "protos.h"

ft********tl******!*************!*t*#**{

/* */
/* caplx() *f
* */
/* merges two real into one complex */
/¥ *;

FERRRKRKR KKK IR AN AR HRRR R RRRRR R KRR FRRR
struct complex cmplx{ real A, real B)

{

struct complex result;

result .Re = R;
result.Im = B;
return{ result);

}

JEERREERXREFRRRRRERSEERR AR KRR AEXRRS

/* x/
/* cRdd{) X/
/* */

struct complex cAdd{
struct complex f,

struct complex B) 391
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result .fie = A.Re + B.Re;
result.Im = B.Im + B.In;
return{ result);

}

/l#*l!l*tttlt***l*t*tt****l***‘***t*t*tt/

/* %/
/*  cSub{} ¥/
/* */

JEEREERREEEEFRRRRREEREERNCKREERRERRRRRRR |
struct complex cSub(
struct complex R,
struct complex B)

{

struct complex result;

result.Re = A.He - B Re;
result.Im = A.In - B.In;
return{ result);

}

/t*t*****t*t*ﬂ*‘*t*ttl#*t*ttt*tﬂ#*ttt***/

/¥ *f
/% clag() */
/% 3/

/t*****¥*#***tt#***#*#*********t*tt**t**/

real cMag{struct complex R)

{

real result;

result = sqrt(R.Re*A.Re + A.In*A.In);
return{ result);

}

FRRRREREXRAIAEIER R EREERERERE KRR ESAREN
/* */
/¥ chba() */
/* X/

[EREEERIRRERRRRRERERRKERRKKRERRRAKEAKRR |
real cAbs(struct complex R)

{

real result;

result = sgrt{R.Re*A.Re + R.In*A.1m);
return{ result);

}



/***##‘***#*tt***tt**tt‘**t*tt*****ttt*‘f

’* */
/% cdfibs() %/
’* ¥/

JERRREEERRRRR IR KRR R XK

double cdAbs{struct complesx A}

{

double result;

result = sqrt(A.Re*A.Re + A.In*A.Im}:
return{ result);

j‘*‘************************************j
/* ¥/
/¥ argl) ¥/
/* ¥

JEEXRRRRRERRERARRAARER AR RRRNR
real arg{struct complex R)
H

real result;

if({ (A.Re == 8.8) && (A.lm == 8.8) )
{
resuit = 8.8;
}
else
{
resuit = atan2{ A.Im, R.Re };

}

return{ result);

/***********‘**********‘*‘******‘**3‘*‘**/
/% X/
/% cSqrt () x)
’* %

/*t**#*****l***t**t#******t*##**#***‘****/
struct complex cSgrt{ struct compiex A)

{

struct complex result;

doubie r, thetaq;

r = sgrt{cdfbs(A});

theta = argif)/2.8;

result .Re = r ¥ cos{theta);
result.Im = r ¥ sin{theta);
return{ result);

]

Functions for Complex Arithmetic

323



324 Appendix C

’* */
% chult() */
’* */

f*“*****‘*‘**tl**‘**‘t*****tﬂ**"**‘***t,
struct complex clult(
struct complex A,
struct complex B)

{

struct complex result;

result .Re = fi,Re*B.Re - A.In*B.Im;
result.Im = A, Re*B.Im + A.In*E.Re;
return{ result);

}

SEEEEERRERIRERERRRECRA R EXERARRERAKRERARS )
7* */
/% shult() */
/* */

f**********t*t****#*****t*#*#*****#**#***/

struct complex shult{

real a,

struct complex B)
{

struct complex result;

result .Re = a*B.Re;
result.Im = o*B, In;
returni result);

}

JERREERRERRE AR AR RERRE R RRRRRERRRERRRN
/¥ */
/% cDiv() x/
7% Y

f****************#***t***#********#******j

struct complex chiv(
struct complex numer,
struct complex denom)
{
real bottom,real_top,imag-top;
struct complex result;

bottom = denoe.He*denom.fRe + denom.ln*denca.ln;
real_top = numer.Re*denom.Re + numer.lm*denom.In;
imag_top = numer.Im*denom.Be - numer. Ae*denom.lIm;
result .Re = real_top/bottom;

result.Im = imag_top/bottonm;

return{ result);

}
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Miscellaneous Support Functions

/*********************t*****t**#**********tt*****f

/* */
/* fppendix O ¥/
’ *
/* Miscellaneous Support Functions X/
7* */

FERREREREARK TR RRR KRR RRRRR KRR AR ERORRRRXRKN
%include <stdiib.h>

%include <math.h>

¥include <ctype.h>

tinclude "globDefs.h”

®include "protos.h”

% */
/* sincSgrd() */
% ey

/******************************#***i

rea! sincSqrd{ real x}
{
real result;
ifl x==8.8)
{
result = 1.6;
}
else
{
result = sin{x)/x;
result = result ¥ result;
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}
return{result);
}
FERERERREREE R KKK EEEREAERRRRRAK ]
/¥ ¥/
/*  sinc() ¥/
/* */

,*#t*tt*#**ttl*t**tt*!t**t*tt*t*tt*/

real sinc{ real x)
{
real result;
if( x==0.8)
{
result = 1.8;
}
else
{
result = sin{x)/x;
}
return{result);

}

f***‘*******X‘***********t***#***t*f

/* ¥/
/*  acosh{) x/
/* *7

/*#********************************;

real acosh( real x}

{

real result;

result = log{x*sgrt{x*x-1.@});

returniresuit);

}
[ERERAXEERAREEXRRAXRREERERAKKRERRR )
/* ¥/
/*  pause() */
/* x/

/t*t********t*#t#t**l*****t*#******/

void pause{ logical enabled)

{

chor inputStringl28];

i f{enabled) {
printf("enter anything to continue\n");
gets{inputString);



}

return;

}

/1‘#**‘****t**t*‘t***************t*!

/% ¥/
/*  bitReol) %/
/¥ X/

/****#*****#t**lit************ti*t*/

int bitRev{ int L, int N}
{

int work, work2, i, bit;

workZ = 8;
work = N;
for{i=@0: i<L; i++) {
bit = work2;
work2 = 2 ¥ work2 + bit;

work /=2;

}
return{work2);
}
/l*#t#l‘**t*!!t‘!**t#*t**l*l*****ttf
/* %/
/¥ lege{) xf
/* */

/l*t*#tt*t*#ll*‘*t**********t**ttt*/

int log2{ int N)
{

int work, result;

result = §;
work = N;
for(;;) {
if(work == @) break;
vork /=2;
resull ++;
}

return(result-1);

}

Miscellaneous Support Functions
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/**********************************/

/* *f
/*  ipouwl)} */
/¥ */

/************‘****‘*#**t***********/

real ipow( real x,

int k)
{
real result;
int n;
i f{k==0)
{result = 1.8;}
else

{result = x;
for( n=2; nd=k; n++)

{ result = result * x;}
}

return{result);

}
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Alternation theorem, 247
Antialiasing filters, 121
Aperture effect, 122
Argand diagram, 4-5, 49
Asymptote, 18

Bartlett window, 185

Bessel filters, 109-116

Bilinear transformation, 287-298
Block diagrams, 131-133
Butterworth filters, 65-76

Carrier delay, 53

Cauer filters (see Elliptical filters)
Causality, 38-39

Chebysheyv filters, 77-92

Compact subset, 246

Complex arithmetic, 4-6

Complex conjugate, 4

Critical frequency, 48

Critically sampled signal, 120

Data windows, 182

Decibels, 2-3

Delta functions, 14-16
Derivatives, 12-13

Digitization, 117-118

Dirac delta function, 14-16
Direct form realizations, 272-274
Dirichlet conditions, 25
Dirichlet kernel, 183

Discrete convolution, 130-131

Discrete Fourier transform, 137-150
Discrete-time Fourier transform, 127-129

Discrete-time signal, 117, 125-126
Discrete-time systems, 129-135
Discrimination factor, 95
Distributions, 16-17
Dolph-Chebyshev window, 199-200

Index

Elliptical filters, 93-108
Energy signals, 21-22

Energy spectral density, 31-32
Envelope delay, 53

Euler’s constant, 1
Exponentials, 1

Fast Fourier transform, 141-143
Filters:
antialiasing, 121
Bessel, 109-116
Butterworth, 65-76
Cauer, 93-108
Chebyshev, 77-92
elliptical, 93-108
finite impulse response, 131, 161 ff.
guard, 121
infinite impulse response, 131, 271-286
Finite impulse response filters, 131, 161 ff.
Fixed-point numeric formats, 299-301
Floating-point numeric formats, 301-303
Fourier series, 22-28
Fourier series method of FIR design, 171-210
Fourier transform, 28-32
Frequency sampling method of FIR design,
211-244
Frequency warping, 292-293

Gibbs phenomenon, 173
Golden section search, 222
Group delay, 52-53

Guard filters, 121

Hamming window, 197-199
Harmonic frequencies, 23
Heaviside expansion, 4748

Ideal sampling, 119-120
Impulse function, 14-16
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Impulse invariance IIR design, 274 279

Impulse response, 38-40, 58

Infinite impulse response filters, 131, 271-286

Instantaneous sampling, 121-123
Integration, 13-14

Lag windows, 182

Laguerre method, 50-51
Laplace transform, 41-45, 155
Linear phase filters, 163 166
Linearity, 36 37

Logarithms, 2

Magnitude response, 51
Magnitude scaling, 57
Modular constant, 94
Modulus, 4

Napierian logarithms, 2
Natural sampling, 123-125
Normalized power, 21
Nyquist rate, 120

Orthogonal set, 10
Orthonormal set, 10

Parseval’s theorem, 28

Partial fraction expansion, 157-160
Phase delay, 52

Phase response, 51, 57

Poles, 48-51

Power signals, 21-22

Power spectral density, 33

Quantization, 117

Quantization noise, 304-309

Rectangular window, 179-184
Region of convergence, 151-154
Remez exchange, 245-270

Sampling, 117-126
Sampling theorem, 120
Scaling, 56 ff.
Selectivity factor, 94
Signal flow graphs, 134-135
Spectral density:

energy, 31-32

power, 33
Step invariance [IR design, 279-281
Step response, 40-41, 57-58
Symmetry, 19-21
System functions, 155-156

Tapering windows, 182

Time invariance, 37-38
Transfer functions, 45-47, 56-57
Tranesition band, 53 ff.
Transversal filters, 131
Triangular window, 184-18Y%
Trigonometry, 6-12

Uniform sampling theorem, 120
Unit impulse, 14-18

von Hann window, 193 196

z transform, 151-160
Zeros, 48-51



	Digital Filter Designer's Handbook
	Contents
	List of Programs
	Preface
	Ch1 Mathematical Review
	1.1 Exponentials & Logarithms
	Exponentials
	Logarithms
	Decibels

	1.2 Complex Numbers
	Operations on complex numbers in rectangular form
	Polar form of complex numbers
	Consider three complex numbers:
	Multiplication
	Division
	Powers
	Roots
	Logarithms of complex numbers

	1.3 Trigonometry
	Phase shifting of sinusoids
	Trigonometric identities
	Euler's identities
	Series & product expansions
	Orthonormality of sine & cosine

	1.4 Derivatives
	Derivatives of polynomial ratios

	1.5 Integration
	1.6 Dirac Delta Function
	Distributions
	Properties of delta distribution

	1.7 Mathematical Modeling of Signals
	Steady-state signal models
	Periodicity
	Symmetry

	Energy Signals versus Power Signals

	1.8 Fourier Series
	Trigonometric Forms
	Exponential Form
	Conditions of Applicability
	Properties of Fourier Series

	1.9 Fourier Transform
	Fourier Transforms of Periodic Signals
	Common Fourier Transform Pairs

	1.10 Spectral Density
	Energy Spectral Density
	Power Spectral Density of Periodic Signal


	Ch2 Filter Fundamentals
	2.1 Systems
	Linearity
	Time Invariance
	Causality

	2.2 Characterization of Linear Systems
	Impulse Response
	Step Response

	2.3 Laplace Transform
	Background

	2.4 Properties of Laplace Transform
	Time Shifting
	Multiplication

	2.5 Transfer Functions
	2.6 Heaviside Expansion
	Simple Pole Case

	2.7 Poles & Zeros
	2.8 Magnitude, Phase & Delay Responses
	Phase Delay
	Group Delay

	2.9 Filter Fundamentals
	Magnitude Response Features of Lowpass Filters
	Scaling of Lowpass Filter Responses
	Magnitude Scaling.
	Phase Response.
	Step Response.
	Impulse Response.

	Highpass Filters
	Bandpass Filters
	Wide-Band Bandpass Filters
	Narrow-Band Bandpass Filters


	Listing 2.1 laguerreMethod( )
	Listing 2.2 unwrapPhase( )

	Ch3 Butterworth Filters
	3.1 Transfer Function
	3.2 Frequency Response
	3.3 Determination of Minimum Order for Butterworth Filters
	3.4 Impulse Response of Butterworth Filters
	3.5 Step Response of Butterworth Filters
	Listing 3.1 butterworthFreqResponse( )
	Listing 3.2 butterworthImpulseResponse()

	Ch4 Chebyshev Filters
	4.1 Transfer Function
	4.2 Frequency Response
	4.3 Impulse Response
	4.4 Step Response
	Listing 4.1 chebyshevFreqResponse( )
	Listing 4.2 chebyshevirnpulseResponse(

	Ch5 Elliptical Filters
	5.1 Parameter Specification
	5.2 Normalized-Transfer Function
	5.3 Denormalized-Transfer Function
	Listing 5.1 cauerOrderEstim( )
	Listing 5.2 cauerCoeffe()
	Listing 5.3 cauerFreqResponse()
	Listing 5.4 cauerRescale()

	Ch6 Bessel Filters
	6.1 Transfer Function
	6.2 Frequency Response
	6.3 Group Delay
	Listing 6.1 besselCoefficients()
	Listing 6.2 besselFreqResponse()
	Listing 6.3 besselGroupDelay()

	Ch7 FundamentaIs of DigitaI Signal Processing
	7.1 Digitization
	Ideal Sampling
	Instantaneous Sampling
	Natural Sampling
	Discrete-Time Signals
	Notation

	7.2 Discrete-Time Fourier Transform
	Discrete-Time Fourier Transform
	Convergence Conditions
	Relationship to Fourier Series

	7.3 Discrete-Time Systems
	Difference Equations
	Discrete Convolution

	7.4 Diagramming Discrete-Time Systems
	Block Diagrams
	Multiplier
	Summer

	Signal Flow Graphs


	Ch8 Discrete Fourier Transform
	8.1 Discrete Fourier Transform
	Parameter Selection
	Periodicity

	8.2 Properties of DFT
	Linearity
	Symmetry
	Time Shifting
	Frequency Shifting
	Even & Odd Symmetry
	Real & Imaginary Properties

	8.3 Implementing DFT
	8.4 Fast Fourier Transforms
	8.5 Applying Discrete Fourier Transform
	Short Time-Limited Signals
	Periodic Signals
	Long Aperiodic Signals

	Listing 8.1 dft()
	Listing 8.2 dft2()
	Listing 8.3 fft()

	Ch9 z Transform
	9.1 Region of Convergence
	Finite-Duration Sequences
	Infinite-Duration Sequences
	Convergence of Unilateral z Transform

	9.2 Relationship between Laplace & z Transforms
	9.3 System Functions
	9.4 Common z-Transform Pairs & Properties
	9.5 Inverse z Transform
	9.6 Inverse z Transform via Partial Fraction Expansion

	Ch10 FIR Filter Fundamentals
	10.1 Introduction to FIR Filters
	FIR Advantages
	FIR Disadvantages

	10.2 Evaluating Frequency Response of FIR Filters
	10.3 Linear Phase FIR Filters
	Listing 10.1 cgdFirResponse()
	Listing 10.2 normalizeResponse()

	Ch11 Fourier Series Method of FIR Filter Design
	11.1 Basis of Fourier Series Method
	Properties of Fourler Series Method

	11.2 Rectangular Window
	Discrete-Time Window
	Frequency Windows & Spectral Windows

	11.3 Triangular Window
	Discrete-Time Triangular Window

	11.4 Window Software
	11.5 Applying Windows to Fourier Series Filters
	11.6 von Hann Window
	Discrete-Time von Hann window

	11.7 Hamming Window
	Discrete-Time Hamming Windows
	Computer Generation of Window Coefficients

	11.8 Dolph-Chebyshev Window
	Listing 11.1 idealLowpass()
	Listing 11.2 idealResponse()
	Listing 11.3 idealBandpass()
	Listing 11.4 idealBandstop()
	Listing 11.5 contRectangolarResponse()
	Listing 11.6 discRectangularResponse()
	Listing 11.7 contTriangularResponse()
	Listing 11.8 discTrianguiarResponse()
	Listing 11.9 triangularWindow()
	Listlng 11.10 makeLagWindow()
	Listing 11.11 makeDataWindow()
	Listing 11.12 hannWindow()
	Listing 11.13 hammingWindow()

	Ch12 FIR Filter Design: Frequency Sampling Method
	12.1 Introduction
	12.2 Odd N versus Even N
	Even N

	12.3 Design Formulas
	12.4 Frequency Sampling Design with Transition-Band Samples
	Optimization

	12.5 Optimization with Two Transition-Band Samples
	Programming Considerations

	12.6 Optimization with Three Transition-Band Samples
	Listing 12.1 fsDesign()
	Listing 12.2 findSbPeak()
	Listing 12.3 goldenSearch(0
	Listing 12.4 setTrans()
	Listing 12.5 goldenSearch2()
	Listing 12.6 setTransition()
	Listing 12.7 optimize2()
	Listing 12.8 dumpRectComps()

	Ch13 FIR Filter Design: Remez Exchange Method
	13.1 Chebyshev Approximation
	Alternation Theorem

	13.2 Strategy of Remez Exchange Method
	13.4 Selecting Candidate Extremal Frequencies
	Testing E(f) for f=0
	Testing E(f) within Pass Band & Stop Band
	Testing of E(f) at Pass-Band & Stop-Band Edges
	Testing of E(f) for f=0.5
	Rejecting Superfluous Candidate Frequencies
	Deciding When to Stop

	13.5 Obtaining Impulse Response
	13.6 Using Remez Exchange Method
	Deciding on Filter Length

	13.7 Extension of Basic Method
	Listing 13.1 gridFreq()
	Listing 13.2 desLpfResp()
	Listing 13.3 weightLp()
	Listing 13.4 remezError()
	Listing 13.5 computeRemezA()
	Listing 13.6 remezSearch()
	Listing 13.7 remezStop( )
	Listing 13.8 remezStop2()
	Listing 13.9 remezFinish()
	Listing 13.10 remez()

	Ch14 IIR Filters
	14.1 Frequency Response of IIR Filters
	14.2 IIR Realizations
	14.3 Impulse lnvariance
	Programming Considerations

	14.4 Step lnvariance
	Programming Considerations

	Listing 14.1 iirResponse( )
	Listing 14.2 impulseInvar()
	Listing 14.3 stepInvar()

	Ch15 IIR Filters via Bilinear Transformation
	15.1 Bilinear Transformation
	15.2 Factored Form of Bilinear Transformation
	15.3 Properties of Bilinear Transformation
	Frequency Warping

	15.4 Programming Bilinear Transformatlon
	Listing 15.1 bilinear()

	Ch16 Practical Considerations
	16.1 Binary Representation of Numeric Values
	Fixed-Point Formats
	Floating-Point Formats

	16.2 Quantized Coefficients
	16.3 Quantization Noise

	AppA GlobaI Definitions
	AppB Prototypes for C Functions
	AppC Functions for Complex Arithmetic
	AppD Miscellaneous Support Functions
	Bibliography
	Index
	p250-251 Missing




