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PREFACE

Scientists often have the feeling that through their work they are learning
about some aspect of themselves. Physicists see this connection in their
work, as do the psychologists, or chemists. In the study of robotics, the
connection between the field of study and ourselves is unusually obvious.
And, unlike a science that seeks only to analyze, robotics as presently
pursued takes the engineering bent toward synthesis. Perhaps it is for
these reasons that the field fascinates so many of uso
The study of róbotics concerns itself with the desire to synthesize
some aspects of human function by the use of mechanisms, sensors,
actuators) and computers. Obviously, this is a huge undertaking which
seems certain to require a multitude of ideas from various "classical"
fields.
Presently different aspects of robotics research are carried out by
experts in various fields. It is usually not the case that any single individual has the entire area of robotics in his or her grasp. A partitioning
of the field is natural to expect. At a relatively high leveI of abstraction,
splitting robotics into four major areas seems reasonable: mechanical
manipulation,
locomotion, computer vision, and artificial intelligence.
This book introduces the science and engineering of mechanical
manipulation.
This subdiscipline
of robotics has its foundations
in

~
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several classical fields. The major relevant fields are mechanics, control
theory, and computer science. In this book, Chapters
1 through 8
cover topics from mechanical engineering and mathematics,
Chapters
9 through 11 cover control theoretical material, and Chapters 12 and
13 might be classed as computer science material. Additionally, the
book emphasizes computational
aspects of the problems throughout; for
example, each chapter which is predominantly concerned with mechanics
has a brief section devoted to computational
considerations.
This book has evolved from class notes used to teach "Introduction
to Robotics" at Stanford University during the autumns of 1983 through
1985, and the first edition used at Stanford and many other schools from
1986 through 1988. The present edition has benefited from this use and
incorporates corrections and improvements due to feedback from many
sources. At Stanford, the introductory
robotics course is the first in a
three quarter sequence where the second quarter covers computer vision
and the third covers artificial intelligence, locomotion, and advanced
topics.
.
This book is appropriate
for a senior undergraduate
or first year
graduate levei course. It is helpful if the student has had one basic
course in statics and dynamics, a course in linear algebra, and can
program in a high levellanguage.
Additionally it is helpful, though not
absolutely necessary, that the student have completed an introductory
course in control theory. One aim of the book is to present material in
a simple, intuitive way. Specifically, the audience need not be strictly
mechanical engineers, though much of the material is taken from that
field. At Stanford, many electrical engineers, computer scientists, and
mathematicians
found the first edition quite readable.
While this book is directly of use to those engineers developing
robotic systems, the material should be viewed as important background
material for anyone who will be involved with robotics. In much the
same way that software developers have usually studied at least some
hardware, people not directly involved with the mechanics and control
of robots should have some background such as that offered by this texto
The second edition is organized as 13 chapters. While the material
will fit comfortably into an academic semester, teaching the material
within an academic quarter will probably require the instructor to choose
a couple of chapters to omito Even at that pace, all of the topics cannot
be covered in great depth. In some \vays, the book is organized with
this in mind; for example, most chapters present only one approach
to solving the problem at hand. One of the challenges of writing this
book has been in trying to do justice to the topics covered within the
time constraints of usual teaching situations. One method employed to
this end was to consider only the material which directly impacts on
the study of mechanical manipulation.
At the end of Chapter 1 several

G[]
references are listed, including a listing of research oriented journals
that publish in the robotics area.
At the end of each chapter is a set of exercises. Each exercise has been
assigned a difficulty factor, indicated in square brackets folIowing the
exercise's number. Difficulties vary between [00] and [50], where [00] is
trivial and [50] is an unsolved research problem. * af course, what one
person finds difficult, another may find easy, so some readers may find
them misleading in some cases. Nevertheless, an effort has been mátle
to appraise the difficulty of the exercises.
AdditionalIy, at the end of each chapter there is a programming
assignment in which the student applies the subject matter of the
corresponding
chapter to a sim pIe three-jointed
planar manipulator.
This sim pIe manipulator is complex enough to demonstrate nearly alI the
principIes of general manipulators,
while not bogging down the student
with too much complexity. Each programming assignment builds upon
the previous ones, until, at the end of the course, the student has an
entire library of manipulator
software.
Chapter 1 is an introduction
to the field of robotics. It introduces
some background material, the adopted notation of the book, a few
fundamental ideas, and previews the material in folIowing chapters.
Chapter 2 covers the mathematics
used to describe positions and
orientations in 3-space. This is extremely important material since, by
definition, mechanical manipulation concerns itself with moving objects
(parts, tools, the robot itself) around in space. We need ways to describe
these actions in a way which is easily understood and as intuitive as
possible.
Chapters 3 and 4 deal with the geometry of mechanical manipulators. They introduce the branch of mechanical engineering known as
kinematics, the study of motion without regard to the forces that cause
it. In these chapters we deal with the kinematics of manipulators
but
restrict ourselves to only static positioning problems.
Chapter 5 expands our investigation of kinematics to velocities and
static forces.
.
In Chapter 6 we deal for the first time with the forces and moments
required to cause motion of a manipulator.
This is the problem of
manipulator
dynamics.
Chapter 7 is concerned with describing ~?tions of the manipulator
in terms of trajectories through space.
.
Chapter 8 many topics related to the mechanical design of a manipulator. For example, how many joints are appropriate, of what type
should they be, and how should they be arranged?

* I have adopted the same scale as in The Art Df Computer Progamming by
D. Knuth (Addison-Wesley).

I
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In Chapters 9 and 10 we study methods
(usually with a digital computer) so that it
position trajectory through space. Chapter
control methods, and Chapter 10 extends
nonlinear realm.

of controlling a manipulator
will faithfully track a desired
9 restricts attention to linear
these considerations to the

Chapter 11 covers the relatively new field of active force control
with a manipulator. That is, we discuss how to control the application
of forces by the manipulator. This mode of control is important when the
manipulator
comeS into contact with the environment around it, such
as when washing a window with a sponge.
Chapter 12 overviews methods of programming robots, specifically
the elements needed in a robot programming system, and the particular
problems associated with programming industrial robots.
Chapter 13 introduces off-line simulation and programming systems
which are now beginning to appear and represent the latest extension
to the man-robot interface.
I would like to thank the many people who have contributed their
time to helping me with this book~First, my thanks to the students of
Stanford's ME219in
the autumn of 1983 through 1985 who suffered
through the first drafts. and found many errors,aIl.d
provided many
suggestions. Professor Bernard Roth has contributed in mjLny ways, both
through constructive criticism of the manuscript and by pr6viding me
with an environment in which to complete the first edition. At SILMA
Inc. I have enjoyed a stimulating environment as well as the resources
that aided in completing the second edition. Dr. Jeff Kerr wrote the
first draft of Chapter 8. His expertise as a mechanical designer of robot
systems has strengthened
this edition. I owe a debt to my previous
mentors in robotics: Marc Raibert, Carl Ruoff, and Tom Binford.
Many others around Stanford, SILMA, and elsewhere have helped in
various ways-my thanks to John Mark Agosta, Mike Ali, Lynn Balling,
AI Barr, Stephen Boyd, Chuck Buckley, Joel Burdick, Jim Callan,
Monique Craig, Subas Desa, Tri Dai Do, Karl Carcia, Ashitava Chosal,
Chris Coad, Ron Coldman, Bill Hamilton, Steve Holland, Peter Jackson,
Eric Jacobs, Johann Jager, Paul James, Jeff Kerr, Oussama Khatib, Jim
Kramer, Dave Lowe, Jim Maples, Dave Marimont, Dave Meer, Kent
Ohlund, Madhusudan Raghavan, Richard Roy, Ken Salisbury, Donalda
Speight, Bob Tilove, Sandy Wells, an.~ Dave Williams. I only wish I had
had time to more fully use all of théir suggestions.
FinallyI wish to thank Tom Robbins and Don Fowley at AddisonWesley, and several anonymous reviewers.

Pala Alto, Califomia

J.J.C.
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1
INTRODUCTION

1.1

Background

The history of industrial automation is characterized by periods of rapid
change in popular methods. Either as a cause or, perhaps, an effect, such
periods of change in automation techniques seem closely tied to world
economics. Use of the industrial
robot, which became identifiable
as a unique device in the 1960s, along with computer aided design
(CAD) systems, and computer aided manufacturing
(CAM) systems,
characterizes the latest trends in the automation of the manufacturing
process [1]. These technologies are leading industrial automation through
another transition, the scope of which is still unknown.
A1though growth of the robotics market has slowed compared to
the early 1980s (Fig. 1.1), according to spme predictions the use of
industrial robots is in its infancy. Whether ar not these predictions
are fully realized, it is clear that the industrial robot, in one farm ar
another, is here to stay.
Present use of industrial robots is concentrated
in rather simple,
repetitive tasks which tend not to require high precision. Figure 1.2
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reflects the fact that in the 1980s relatively simple tasks like machine
tending, material transfer, painting, and welding are economically viable
for robotization.
Manufacturing
market analysts predict that in the
1990s industrial robots will become increasingly viable in applications
which require more precision and sensory sophistication such as assembly
tasks.
Likewise, Fig. 1.3 indicates that the predicted increase in the
capabilities of industrial robots will cause a shift in which kinds of
industries employ them. The automotive industry, where robots have
been economically justified since the 1970s, will continue to be the
leading user. However, the major growth of the D.S. robot population
will occur in nonautomotive
industries.
This book focuses on the mechanics and control of the most important form of the industrial robot, the mechanical
manipulator.
Exactly what constitutes an industrial robot is sometimes debated. Devices
such as that shown in Fig. 1.4 are always included, while numerically
controlled (NC) milling machines are usually noto The distinction lies
somewhere in the sophistication of the programmability
of the device~if
a mechanical device can be programmed to perform a wide variety of
applications,
it is probably an industrial robot. Machines which are
for the most part relegated to one class of task are considered fixed
automation.
For the purposes of this text, the distinctions need not
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1 Introduction

be debated as most material is of a basic nature that applies to a wide
variety of programmable
machines.
By and large, the study of the mechanics and control of manipulatars
is not a new science, but merely a collection of topics taken from
"classical" fields. Mechanical engineering contributes methodologies for
the study of machines in static and dynamic situations. Mathematics
supplies tools for describing spatial motions and other attributes
of
manipulators. Control theory provides tools for designing and evaluating
algorithms to realize desired motions ar force application. Electrical
engineering techniques are brought to bear in the design of sensors and
interfaces for industrial robots, and computer science contributes a basis
for programming these devices to perform a desired task.

1.2

The mechanics
andcontrolof mechanical
manipulators

The following sections introduce some terminology and briefly preview
each of the topics which will be covered in the texto

FIGURE 1.4 The Cincinnati Milacron 776 manipulator
has six rotational
joints and is popular in spot welding applications.
Courtesy of Cincinnati
Milacron.

1.2

The mechanics

and control of mechanical

manipuIators

"LL

Descriptionof positionand orientation
\

ln the study of robotics we are constantly concerned with the location
of objects in three-dimensional
space. These objects are the links of
the manipulator,
the parts and tools with which it deals, and other .
objects in the manipulator's
environment. At a crude but important
level, these objects are described by just two attributes: their position
and their arientation. N aturally, one topic of immediate interest is the
manner in which we represent these quantities and manipulate them
mathematically.
ln arder to describe the position and orientation of a body in space
we will always attach a coardinate system, ar frame, rigidly to the
object. We then"proceed to describe the position and arientation of this
frame with respect to some reference coardinate system (see Fig. 1.5).
Since any frame can serve as a reference system within which
to express the position and orientation
of a body, we often think
of transforming ar changing the description of these attributes
of a
body from one frame to another. Chapter 2 discusses conventions
and methodologies
for dealing with the description of position and
orientation, and the mathematics of manipulating these quantities with
respect to various coordinate systems.

z

xb~:.

y

FIGURE 1.5 Coordinate systems or "frames" are attached to the
manipulator

and

objects

in the

environment.
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Forward kinematicsof manipulators
Kinematics
is the science af matian which treats matian withaut regard
to the forces which cause it. Within the science af kinematics ane studies
the pasitian, velacity, acceleratian, and all higher arder derivatives af the
pasitian variables (with respect to time ar any ather variable(s)). Hence,
the study af the kinematics af manipulatars refers to all the geametrical
and time-based praperties af the matian.
Manipulators cansist af nearly rigid links which are cannected with
joints which allaw relative matian af neighbaring links. These jaints
are usually instrumented with pasitian sensars which allaw the relative
pasitian af neighbaring links to be measured. ln the case af ratary
ar revolute jaints, these displacements are called joint angles. Some
manipulatars
cantain sliding, ar prismatic jaints in which the relative
displacement between links is a translatian, sametimes called the joint
offset.
The number af degrees of freedom that a manipulatar passesses
is the number af independent pasitian variables which wauld have to be
specified in arder to lacate all parts af the mechanism. This is a general
term used for any mechanism. For example, a faur-bar linkage has anly
ane degree af freedam (even thaugh there are three maving members). ln
the case af typical industrial robats, because a manipulatar is usually an
apen kinematic chain, and because each jaint pasitian is usually defined

82

z
{Base}

y

x
FIGURE 1.6 Kinematic equatians describe the toal frame relative
base frame as a functian af the joint variables.

ta the

1.2 The mechanics and contraI of mechanical manipuIators
with a single variable, the number of joints equals the number of degrees
of freedom.
At the free end of the chain of links which make up the manipulator
is the end-effector.
Depending on the intended application of the robot,
the end-effector may be a gripper, welding torch, electromagnet, or other
device. We generally describe the position of the manipulator by giving
a description of the tool frame, which is attached to the end-effector,
relative to the base frame which is attached to the nonmoving base of
the manipulator
(see Fig. 1.6).
A very basic problem in the study of mechanical manipulation
is
that of forward kinematics.
This is the static geometrical problem of
computing the position and orientation of the end-effector of the manipulator. SpecificalIy, given a set of joint angles, the forward kinematic
problem is to compute the position and orientation of the tool frame
relative to the base frame. Sometimes we think of this as changing the
representation
of manipulator position from a joint space description
into a Cartesian
space description. * This problem will be explored in
Chapter 3.

Inverse kinematicsof manipulators
In Chapter 4 we will consider the problem of inverse kinematics.
This problem is posed as folIows: Given the position and orientation
of the end-effector of the manipulator, calculate alI possible sets of joint
angles which could be used to attain this given position and orientation
(see Fig. 1.7). This is a fundamental
problem in the practical use of
manipulators.
The inverse kinematic problem in not as simple as the forward
kinematics. Because the kinematic equations are nonlinear, their solution
is not always easy or even possible in a closed formo Also, the questions
of existence of a solution, and of multiple solutions, arise.
The existence or nonexistencf3 of a kinematic solution defines the
workspaceof a given manipulator. The lack of a solution means that the
manipulator cannot attain the desired position and oriehtation
because
I
it lies outside of the manipulator's
workspace.

Velocities,static forces, singularities
In addition to dealing with static positioning problems, we may wish to
analyze manipulators
in motion. Often in performing velocity analysis
of a mechanism it is convenient to define a matrix quantity calIed
* By Cartesian space we mean the space in which the position of a point is
given with three numbers, and in which the orientation
of a body is given with
three numbers. It is sometimes called task space ar operational space.

CD
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FIGURE 1.7 For a given position and orientation of the tool frame, va!ues
for the joint variables can be calculated using the inverse kinematics.

the Jacobian of the manipulator.
The Jacobian specifies a mapping
from velocities in joint space to velocities in Cartesian
space (see
Fig. 1.8). The nature of this mapping changes as the configuration of the
manipulator varies. At certain points, called singularities,
this mappinK
is not invertible. An understanding
of the phenomenon is important to
designers and users of manipulators.
Manipulators
do not always move through space; sometimes they
are also required to contact a workpiece ar work surface and apply a,
static force. In this case the problem arises: Given a desired contact
force and moment, what set of joint torques are required to generate
them? Once again, the Jacobian matrix of the manipulator arises quite
naturally in the solution of this pr9blem.

Dynamics
Dynamics
is a huge field of study devoted to
required to cause motion. In arder to accelerate
rest, glide at a constant end-effector velocity, and
a stop, a complex set of torque functions must be

studying the forces
a manipulator
from
finally decelerate to
applied by the joint

1.2
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02

v

FIGURE 1.8 The geornetrical relationship
between joint rates and velocity
of the end-effector can be described in a rnatrix called the Jacobian.
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FIGURE 1.9 The relationship
between torques applied by the actuators
and the resulting rnotion of the manipulator
is embodied in the dynamic
equations of rnotion.
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1 Introduction

actuators.

*

The exact form of the required functions of actuator torque

depend on the spatial and temporal attributes of the path taken by the
end-effector as well as the mass properties of the links and payload,
friction in the joints, etc. One method of controlling a manipulator to
follow a desired path involves calculating these actuator torque functions
using the dynamic equations of motion of the manipulator.
A second use of the dynamic equations of motion is in simulation.
By reformulating
the dynamic equations so that acceIeration is computed as a function of actuator torque, it is possible to simuIate how a
manipuIator would move under appIication of a set of actuator torques
(see Fig. 1.9).
In Chapter 6 we deveIop dynamic equations of motion which may
be used to contraI or simuIate the motion of manipuIators.

Trajectorygeneration
A common way of causing a manipuIator to move from here to there in
a smooth, controlled fashion is to cause each joint to move as specified
by a smooth function of time. Commonly, each joint starts and ends
its motion at the same time, so that the manipuIator motion appears

8l(

FIGURE 1.10 In arder to move the end-effector through space from point A
to point B we must compute a trajectory
for each joint to follow.
* We use joint actuators as the generic term for devices which power a
manipulator,
for example: electric motors, hydraulic and pneumatic actuators,
muscles, etc.

,.,

1.2 The mechanics and contraI of mechanical manipulators
coordinated.
Exactly how to compute these motion functions is the
problem of trajectory
generation
(see Fig. 1.10).
Often a path is described not only by a desired destination but
also by some intermediate locations, or via points, through which the
manipulator
must pass en route to the destination. In such instances
the term spline is sometimes used to refer to a smooth function which
passes through a set of via points.
In order to force the end-effector to follow a straight line (or other
geometric shape) through space the desired motion must be converted
to an equivalent set of joint motions. This Cartesian
trajectory
generation
will also be considered in Chapter 7.

Manipulatordesign and sensors
Although manipulators
are in theory universal devices applicable to
many situations, generally economics dictates that the intended task
domain influence the mechanical design of the manipulator.
Along
with issues such as size, speed, and load capability, the designer must
also eonsider the number of joints and their geometric arrangement.
These considerations impact upon the manipulator's
workspace size and
quality, the stiffness of the manipulator structure, and other attributes.

~73

50 lbs

FIGURE 1.11 The design of a mechanical manipulator
must address
issues of actuator choice, location, transmission system, structural stiffness,
sensor location, and more.
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Integral to the design of the manipulator
are issues involving the
choice and location of actuators, transmission
systems, and internal
position (and sometimes force) sensors (see Fig. 1.11). These and other
design issues will be discussed in Chapter 8.

Linear position control
Some manipulators are equipped with stepper motors or other actuators
which can directly execute a desired trajectory.
However, the vast
majority of manipulators
are driven by actuators which supply a force
or a torque to cause motion of the links. In this case, an algorithm is
needed to compute torques which will cause the desired motion. The
problem of dynamics is central to the design of such algorithms but
does not in itself constitute a solution. A primary concern of a position
control system is to automatically compensate for errors in knowledge
of the parameters of a system, and to suppress disturbances which tend
to perturb the system from the desired trajectory. To accomplish this,
position and velocity sensors are monitored by the control algorithm
which computes torque commands for the actuators (see Fig. 1.12). In
Chapter 9 we will consider control algorithms whose synthesis is based
on linear approximations
to the dynamics of a manipulator. These linear
methods are prevalent in current industrial practice.

FIGURE 1.12 In order,. to cause the manipulator
to follow the desired
trajectory,
a position control system must be implemented.
Such a system
uses feedback from joint sensors to keep the manipulator
on course.

1.2 The mechanics and contraI of mechanical manipulators
Nonlinearpositioncontrol
Although control systems based on appraximate
linear models are
popular in current industrial robots, it is important to consider the
complete nonlinear dynamics of the manipulator
when synthesizing
contraI algarithms.
Some industrial rabots are now being intraduced
which make use of nonlinear
controI algorithms in their contrallers.
These nonlinear techniques of contralling a manipulator pramise better
performance than do simpler linear schemes. Chapter 10 will introduce
nonlinear contraI systems for mechanical manipulators.

Forcecontrol
The ability for a manipulator
to control forces of contact when it
touches parts, tools, or work surfaces seems to be of great importance
in applying manipulators
to many real-world tasks. Force controI is
complementary
to position control in that we usually. think of one ar
the other as applicable in a certain situation. When a manipulator
is
moving in free space, only position control makes sense, since there is
no surface to react against. When a manipulator
is touching a rigid
surface however, position control schemes can cause excessive forces to
build up at the contact or may cause contact to be lost with the surface
when it was desired for some application. Since manipulators are rarely
constrained by reaction surfaces in all directions simultaneously, using a

FIGURE 1.13 In order for a manipulator
to slide across a surface while
applying a constant force, a hybrid position-force control system must be used.
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mixed ar hybrid control is required, with some diréctions controlIed by
a position control law and remaining directions controlIed by a force
control law (see Fig. 1.13). Chapter 11 introduces a methodology for
implementing such a force control scheme.

Programmingrobots
A robot programming
language serves as the interface between the
human user and the industrial robot. Central questions arise such as:
How are motions through space described easily by the programmer?
How are multiple manipulators
programmed so that they can work in
paralIel? How are sensar-based actions described in a language?
Robot manipulators
differentiate themselves from fixed automation by being "flexible," which means programmable.
Not only are the
movements of manipulators programmable,
but through the use of sensors and communications
with other factory automation, manipulators
can adapt to variations as the task proceeds {see Fig. 1.14).
The sophistication
of the user interface is becoming extremely
important
as manipulatars
and other programmable
automation
are
applied to more and more demanding
industrial
applications.
The
problem of programming
manipulators
encompasses alI the issues of

~LD
FIGURE
1.14
Desired
motions
of the manipulator
contact
forces, and complex
manipulation
strategies
a robot programming language.

and end-effector,
can be described

desired
in

1.2

The mechanics

and contraI of mechanical

manipulators

"traditional"
computer programming,
and so is an extensive subject
in itself. Additionally, some particular attributes
of the manipul~tor
programming problem cause additional issues to arise. Some of these
topics will be discussed in Chapter 12.

Off-line programmingand simulation
An off-line programming
system
is a robot programming
environment which has been sufliciently extended, generally by means of
computer graphics, that the development of robot programs can take
place without access to the robot itself. A common argument raised
in their favor is that an off-line programming
system will not cause
production equipment (i.e., the robot) to be tied up when it needs to be
reprogrammed; hence, automated factories can stay in production mode
a greater percentage of the time (see Fig. 1.15).
They also serve as a natural vehicle to tie computer aided design
(CAD) data bases used in the design phase of a product to the actual
manufacturing of the product. ln some cases, this direct use of CAD data
can dramatically reduce the programming time required for the manufacturing processo Chapter 13 discusses the elements of an industrial
robot off-line programming system.

~
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FIGURE
1.15
Off-line
programming
systems,
generally
providing
computer
graphic
interface,
allow robots to be programmed
without
to the robot itself during
programming.

a
access

c:I[]

=:NJ

1 Introduction

1.3

Notation

Notation is always an issue in science and engineering.
use the following conventions:

ln this book, we

1.

Usually variables written in uppercase
Lowercase variables are scalars.

2.

Leading subscripts and superscripts identify which coordinate system a quantity is written in. For example, A P represents a position
vector written in coordinate system {A}, and ~R is a rotation
matrix* which specifies the relationship between coordinate systems
{A} and {B}.

3.

Trailing superscripts
inverse or transpose

4.

Trailing subscripts are not subject to any strict convention but may
indicate a vector component (e.g., x, y, or z) or may be used as a
descriptibn as in Pbolt, the position of a bolt.

5.

We will use many trigonometric
functions. Our notation for the
cosine of an angle &1may take any of the forms: cos &1 = C&1 = Cl'

represent vectors or matrices.

are used (as widely accepted) for indicating
of a matrix, e.g., R-I,
RT.

the

Vectors are taken as column vectors; hence row vectors will have
the transpose indicated explicitly.
A note on vector notation in general: Many mechanics texts treat
vector quantities at a very abstract leveI and routinely use vectors
defined relative to different coordinate systems in expressions. The
clearest example is that of addition of vectors which are given or known
relative to differing reference systems. This is often very convenient and
leads to compact and somewhat elegant formulas. For example, consider
the angular velocity, °W4' of the last body in a series connection of four
rigid bodies (as in the links of a manipulator)
relative to the fixed base
of the chain. Since angular velocities sum vectorially, we may write a
very simple vector equation for the angular velocity of the finallink:
°W4 = °Wl + lW2 + 2W3+ 3W4'

(1.1)

However, unless these quantities are €xpressed withrespect
to a common
coordinate system, they cannot be summed, and so while elegant,
equation (1.1) has hidden much of the "work" of the computation. For
the particular case of the study of mechanical manipulators, statements
like that of (1.1) hide the chore of bookkeeping of coordinate systems,
which is often the very idea which we need to deal with in practice.
* This term will be introduced

in Chapter

2.

1.3

General reference journals and magazines

Therefore, in this book, we carry frame-of-reference information in
the notation for vectors, and we do not sum vectors unless they are in
the same coordinate system. In this way, we derive expressions which
solve the "bookkeeping" problem, and may be applied directly to actual
numerical computation.
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lntroduction

Exercises
1.1

[20] Make a chronology of major events in the development of industrial
robots over the past 30 years. See References.

1.2

[20] Make a chart showing the major applications of industrial robots
(e.g., spot welding, assembly, etc.) and the percentage of installed robots
in use in each application area. Your figure should be similar to Fig. 1.2,
but be based on the most recent data you can findo See References.

1.3

[20] Make a chart of the major industrial robot vendors and their market
share, either in the D.S. or worldwide. See references section.

1.4

[10] ln a sentence or two, define: kinematics, workspace, trajectory.

1.5

[10] ln a sentence or two, define: frame, degree of freedom, position
control.

1.6

[10] ln a sentence or two, define: force control, robot programming language.
[10] ln a sentence or two, define: structural stiffness, nonlinear control,
and off-line programming.

1. 7
1.8

[20] Make a chart indicating how labor costs have risen over the past 20
years.

1.9

[20] Make a chart indicating how the computer performancejprice
has increased over the past 20 years.

1.10

[20] Make a chart showing the major users of industrial robots (e.g.,
aerospace, automotive, etc.) and the percentage of installed robots in use
in each industry. Your figure should be similar to figure 1.3 but be based
on the most recent data you can findo See references section.

Programming

Exercise

(Part

ratio

1)

Familiarize yourself with the computer you will use to do the programming
exercises at the end of each chapter. Make sure you can create andoedit files,
and compile and execute programs.

2
SPATIAL
DESCRIPTIONS AND
TRANSFORMATIONS

2.1

Introduction

Robotic manipulation, by definition, implies that parts and tools will be
moved around in space by some sort of mechanism. This naturally leads
to the need of representing positions and orientations of the parts, tools,
and of the mechanism itself. To define and manipulate mathematical
quantities which represent position and orientation we must define
coordinate systems and develop conventions for representation. Many
of the ideas developed here in the context of position and orientation
will form a basis for our later consideration of linear and rotational
velocities as well as forces and torques.
We adopt the philosophy that somewhere there is a universe
coordinate system to which everything we discuss can be referenced.

~

2 Spatial descriptions and transformations

We will describe all positions and orientations
with respect to the
universe coordinate system or with respect to other Cartesian coordinate
systems which are (or could be) defined relative to the uni verse system.

2.2

Descriptions:
positions,orientations,and trames

A description
is used to specify attributes
of various objects with
which a manipulation
system deals. These objects are parts, tools, or
perhaps the manipulator itself. In this section we discuss the description
of positions, orientations,
and an entity which contains both of these
descriptions, frames.

Descriptionof a position
Once a coordinate system is established we can locate any point in the
universe with a 3 x 1 position
vector. Because we will often define
many coordinate systems in addition to the universe coordinate system,
vectors must be tagged with information identifying which coordinate
system they are defined within. In this book vectors are written with
a leading superscript indicating the coordinate system to which they
are referenced (unless it is clear from context), for example, Ap' This
means that the components of AP have numerical values which indicate
distances along the axes of {A}. Each of these distances along an
axis can be thought of as the result of projecting the vector onto the
corresponding
axis.

{A}
ZA

.
YA

FIGURE

2.1

Vectar relative

to frame example.

2.2

Descriptions: ppsitions, orientations, and frames

Figure 2.1 pictorially represents a coordinate system, {A}, with
three mutually orthogonal unit vectors with solid heads. A point AP
is represented with a vector and can equivalently be thought of as
a position in space, or simply as an ardered set of three numbers.
Individual elements of a vector are given subscripts x, y, and z:

Ap~

[n

(2.1)

In summary, we will describe the position of a point in space with a
position vector. Other 3-tuple descriptions of the position of points, such
as spherical or cylindrical coordinate representations
are discussed in the
exercises at the end of the chapter.

Descriptionof an orientation
Often we will find it necessary not only to represent a point in space
but also to describe the orientation
of a body in space. For example,
if vector A P in Fig. 2.2 locates the point directly between the fingertips
of a manipulator's
hand, the complete location of the hand is still
not specified until its orientation
is also given. Assuming that the
manipulator has a sufficient number of joints* the hand could be oriented
arbitrarily while keeping the fingertips at the same position in space. In
order to describe the orientation of a body we will attach a coordinate
system to the body and then give a description of this coordinate system
relative to the reference system. In Fig. 2.2, coordinate system {B} has
rbeen attached to the body in a known way. A description of {B} relative
to {A} now suffices to give the orientation of the body.
Thus, positions of points are described with vectors and orientations
of bodies are described with an attached coardinate system. One way to
describe the body-attached
coordinate system, {B}, is to write theunit
vectors of its three principal axes t in terms of the coordinate system {A}.
We denote the unit vectars giving the principal directions of coordinate

system

{B}

as XB,

YB, and Zf;J. W~en writte~ in terms of
A X B, A YB, and A Z B. It will be
convenient if we stack these three unit vectors together as the columns
of a 3 x 3 matrix, in the order A XB, AYB, AZR. We will call this matrix a
rotation matrix, and because this particular rotation matrix describes
{B} relative to {A}, we name it with the notation ~R. The choice of
leading sub- and superscripts in the definition of rotation matrices will

coordinate system {A} they are called

* How many are "sufficient" will be discussed in Chapters 3 and 4.
t It is often convenient to use three, although any two would suffice since
the third can always be recovered by taking the cross product of the two given.
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{B}

ZB

FIGURE 2.2 Locating

an object

in position

and orientation.

became clear in fallawing sectians.

BR=
A

AA

YB

XB
[A'

-

AZB
]

T12
T22 T23 .
T31 T32 T33
[eu
e,,]

(2.2)

T21

ln summary, a set af three vectars may be used to specify an arientatian.
For canvenience we will canstruct a 3 x 3 matrix which has these
three vectars as its calumns. Hence, whereas the pasitian af a paint
is represented with a vectar, the arientatian af a bady is represented
with a matrix. ln Sectian 2.8 we will cansider some ather descriptians
af arientatian which require anly three parameters.
We can give expressians for the scalars rij in (2.2) by nating that
the campanents af any vectar are simply the projectians af that vectar
anta the unit directians af its reference frame. Hence, each campanent af
~R in (2.2) can be written as the dat'Praduct af a pair af unit vectars as
A
BR=

A

[

A

XB

AYB

A

A

ZB

=
]

XB

,XA

A

A

JÇB' ~A
[ XB ,ZA

YB,XA
YB 'YA
YB 'ZA

~B '~A
ZB

'YA

ZB

'ZA

.

(2.3)

]

For brevity we have amitted the leading superscripts in the rightmast
matrix af (2.3). ln fact the chaice af frame in which to describe the unit
vectars is arbitrary as lang as it is the same for each pair being datted.

2.2

Descriptions: positions, orientations, and frames

Since the dot product of two unit vectors yields the cosine of the angle
between them, it is clear why the components of rotation matrices are
often referred to as direction
cosines.
Fmther inspection of (2.3) shows that the rows of thematrix
the unit vectors of {A} expressed in {B}; that is,
A
BR

A

=

A

(2.4)

AYB

XB

are

AZ+

[

[~~f].

~

Hence, R, the description of frame {A} -relative to {B} is given by the
transpose of (2.3); that is,
:;'R

=

~RT.

(2.5)

This suggests that the inverse of a rotation matrix
transpose, a fact which can be easily verified as

AYB

~R' ~R~ [~~l]
where 13 is the 3 x 3 identity

[AXB
matrix.

is equal to its

(2.6)
AZB]~Ie.

Hence,

~R = :;.R-1 - :;'RT

(2.7)

lndeed from linear algebra [1] we know that the inverse of a matrix
with orthonormal columns is equal to its transpose. We have just shown
this geometrically.

Description
of a frame
The information needed to completely specify the whereabouts of the
manipulator hand in Fig. 2.2 is a position ancr an orientation. The point
on the body whose position we describe could be chosen arbitrarily,
however: For convenience, the point whose position we will describe
is chosen as the origin of the body-attached trame. The situation of a
position and an orientation pair arises so often'in robotics that we define
an entity called a frame, which is a set of fom vectors giving position and
orientation information. For example, in Fig. 2.2 one vector locates the
fingertip position and three more describe its orientation. Equivalently,
the description of a frame can be thought of as a position vector and
a rotation matrix. Note that a frame is a coordinate system, where in
addition to the orientation we give a position vector which locates its
origin relative to some other embedding frame. For example, frame {B}

~

~
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{C}

Zc

Yc

Zu

YB

FIGURE

2.3

Example

of several frames.

is described by ~R and A PBDRG, where A PBDRG is the vector which
locates the origin of the frame {B}:
{B}

= UR, ApBORG}'

(2.8)

ln Fig. 2.3 there are three frames that are shown along with the universe
coordinate system. Frames {A} and {B} are known relative to the
universe coordinate system and frame {C} is known relative to frame
{A}.
ln Fig. 2.3 we introduce a graphical representation of frames which
is convenient in visualizing frames. A frame is depicted by three arrows
representing unit vectors defining the principal axes of the frame. An
arrow representing a vector is drawn from one origin to another. This
vector represents the position of the origin at the head of the arrow in
terms of the frame at the tail of the arrow. The direction of this locating
arrow teUs us, for example, in Fig. 2.3, that {C} is known relative to
{A} and not vice versa.
ln summary, a frame can be used'as a description of one coordinate
system relative to another. A frame encompasses the ideas of representing both position and orientation, and so may be thought of as
a generalization of those two ideas. Positions could be represented by
a frame whose rotation matrix part is the identity matrix and whose
position vectar part locates the point being described. Likewise, an
orientation could be represented with a frame whose position vectar
part was the zero vector.

2.3

2.3

Mappings: changing descriptions from frame to frame
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Mappings:changingdescriptionstromtrame

to trame
ln a great many of the problems in robotics, we are concerned with
expressing the same quantity in terms of various reference coordinate
systems. The previous section having introduced descriptions of positions, orientations,
and frames, we now consider the mathematics
of
mapping
in order to change descriptions from frame to frame.

Mappings involving translated frames
ln Fig. 2.4 we have a position defined by the vector Bp. We wish to
express this point in space in terms of frame {A}, when {A} has the
same orientation as {B}. ln this case, {B} differs from {A} only by a
tmnslation which is given by APBORG,a vector which locates the origin
of {B} relative to {A}.
Because both vectors are defined relative to frames of the same
orientation, we calculate the description of point P relative to {A},
AP, by vector addition:
Ap

=

Bp+

APEORC.

(2.9)

Note that only in the special case of equivalent orientations
vectors which are defined in terms of different frames.

may we add
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2 Spatial descriptions and transformations

In this simpIe example we have illustrated mapping a vector from
one frame to another. This idea of mapping, or changing the description
from one frame to another, is an extremely important concept. The
quantity itself (here, a point in space) is not changed; only its description
is changed. This is illustrated in Fig. 2.4, where the point described
by BP is not translated, but remains the same, and instead we have
computed a new description of the same point, but now with respect
to system {A}.
We say that the vectar APBORGdefines this mapping, since all the
information needed to perform the change in description is contained
in APBORG(along with the knowledge that the frames had equivalent
orientation) .
Mappingsínvolvingrotatedtrames
8ection 2.2 introduced the notion of describing an orientation by three
unit vectors denoting the principal axes of a body-attached coordinate
system. For convenience we stack these three unit vectors together as
the columns of a 3 x 3 matrix. We will call this matrix a rotation matrix,
and if this particular rotation matrix describes {B} relative to {A}, we
name it with the notation ~R.
Note that by our definition, the columns of a rotation matrix all
have unit magnitude, and further, these unit vectors are orthogonal. As
we saw earlier, a consequence of this is that

~R = ~R-1 = ~RT.

(2.10)

Therefore, since the columns of ~R are the unit vectors of {B} written
in {A}, then the rows of ~R are the unit vectors of {A} written in {B}.
80 a rotation matrix can be interpreted as a set of three column
vectors or as a set of three row vectors as follows:
A

A

BR=
[

A

XB

AYB
AZB]

= [:~n

(2.11)

As in Fig. 2.5, the situation will ari~e often where we know the definition
of a vector with respect to some frame, {B}, and we would like to know
its definition with respect to another frame, {A}, where the origins of
the two frames are coincident. This computation is possible when a
description of the orientation of {B} is known relative to {A}. This
orientation is given by the rotation matrix ~R, whose columns are the
unit vectors of {B} written in {A}.
In order to calculate AP, we note that the components of any vector
are simply the projections of that vector onto the unit directions of its

2.3
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{B}

{A}

YA

FIGURE

2.5

Rotating

frame. The projection

the descriptian

is calculated

of a vectar.

with the vector dot product.

Thus

we see that the components of A P may be calculated as
Apx

=

BXA

. Bp,

Apy = BYA . Bp,
Apz =

BZA

(2.12)

. Bp'

ln order to express (2.12) in terms of a rotation matrix multiplication, we note from (2.11) that the rows of ~R are BXA' BYA' and BZA80 (2.12) may be written compactly using a rotation matrix as
AP

= ~R B p.

(2.13)

Equation (2.13) implements a mapping-that
is, it changes the description of a vector-from Bp, which describes a point in space relative to
{B}, into Ap, which is a description of the same point, but expressed
relative to {A}.
We now see that our notation is of great help in keeping track of
mappings and frames of reference. A helpful way of viewing the notation
we have introduced is to imagine that leading subscripts cancel the
leading superscripts of the following entity, for example the Bs in (2.13).

~

[][]

2 Spatial descriptions and transformations
EXAMPLE 2.1

Figure 2.6 shows a frame {B} which is rotated relative to frame {A}
about Z by 30 degrees. Here, Z is pointing out of the page.
Writing the unit vectors of {B} in terms of {A} and stacking them
as the columns of the rotation matrix we obtain
0.866

~R =

0.500
[ 0.000

-0.500

0.000

0.866 0.000 .
0.000 1.000]

(2.14)

Given
B

We calculate

P

=

0.0
2.0 .
[ 0.0 ]

(2.15)

AP as
-1.000
Ap

= ~R Bp =

1.732.
[

(2.16)

0.000 ]

Here ~R acts as a mapping which is used to describe Bp relative to
frame {A}, Ap. As introduced in the case oftranslations, it is important
to remember that, viewed as a mapping, the original vector P is not
changed in space. Rather, we compute a new description of the vector
relative to another frame.
-

.

{A}

XB

XA

FIGURE
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{B}

rotated

30 degrees

about

Z.

2.3 Mappings: changing descriptions from frame to frame .~

Mappingsinvolvinggeneralframes
Very often we know the description of a vector with respect to some
frame, {B}, and we would like to know its description with respect to
another frame, {A}. We now consider the general case of mapping. Here
the origin of frame {B} is not coincident with that of frame {A} but
has a general vectar offset. The vectar that locates {B}'s origin is called
A PBORG' Also {B} is rotated with respect to {A} as described by ~R.
Given Bp, we wish to compute AP, as in Fig. 2.7.
We can first change B P to its description relative to an intermediate
frame which has the same arientation - as {A}, but whose origin is
coincident with the origin of {B}. This is done by premultiplying by ~R
as in Section 2.3. We then accàunt far the translation between origins
by simple vector addition as in Section 2.3, yielding
Ap=

~RBp+

(2.17)

APBORG'

Equation (2.17) describes a general transformation
mapping of a vector
from its description in one frame to a description in a second frame. Note
the following interpretation
of our notation as exemplified in (2.17): the
B's cancelleaving
all quantities as vectors written in terms of A, which
may then be added.
The form of (2.17) is not as appealing as the conceptual form,
(2.18)

Ap=~TBp'

That is, we would like to think of a mapping from one frame to another
as an operator in matrix formo This aids in writing compact equations as
ZB

{A}

ZA
XB
//
//
~/

XA

FIGURE

2.7

General

transform

of a vector.
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well as being conceptually clearer than (2.17). In arder that we can write
the mathematics given in (2.17) in the matrix operator form suggested
by (2.18), we define a 4 x 4 matrix operatar, and use 4 x 1 position
vectors, so that (2.18) has the structure
Bp
(2.19)

A:;

>om~;omAP~ORC]

1

That is,
1. A "I" is added as the last element of the 4 x 1 vectors.
2.

A row "[OOO 1]" is added as the last row of the 4 x 4 matrix.

We adopt the convention that a position vector is 3 x 1 or 4 x 1
depending on whether it appears multiplied by a 3 x 3 matrix or by a
4 x 4 matrix. It is readily seen that (2.19) implements
Ap=

13RBp+ ApSORG
(2.20)

1 = 1.

The 4 x 4 matrix in (2.19) is called a homogeneous
transformo
For our purposes it can be regarded purely as a construction used to cast
the rotation and translation of the general transform into a single matrix
formo In other fields of study it can be used to compute perspective and
scaling operations (when the last row is other than "[O O O 1]", or the
rotation matrix is not orthonormal). The interested reader should see [2].
Often we will write equations like (2.18) without any notation
indicating that this is a homogeneous representation,
because it is
obvious from contexto Note that while homogeneous transforms
are
useful in writing compact equations, a computer program to transfarm
vectors would generally not use them because of time wasted multiplying
ones and zeros. Thus, this representation
is mainly for our convenience
when thinking and writing equations down on paper.
Just as we used rQtation matrices to specify an orientation, we will
use transforms (usually in homogeneous representation)
to specify a
frame. Note that while we have intFoduced homogeneous transforms in
the context of mappings, they also serve as descriptions of frames. The
description of frame {B} relative to {A} is ~T.
EXAMPLE 2.2
Figure 2.8 shows a frame {B} which is rotated relative to frame {A}
about Z by 30 degrees, and translated 10 units in XA, and 5 units in
A

.

YA. Fmd

A

P where

B

T

P = [3.0 7.0 0.0] .
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Frame {B}

rotated

and translated.

The definition af frame {B} is
0.866

~T =

-0.500

0.500
0.000
[O

0.000

0.866
0.000 0.000
1.000
O
O

10.0

5.0
0.0 .
1 ]

(2.21)

Given
BP

=

3.0
7.0 .
[ 0.0 ]

(2.22)

We use the definitian af {B} given abave as a transfarmatian,
Ap=

~TBp=

9.098
12.562 .
[ 0.000 ]

.

(2.23)

[]I]
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2.4

Operators:translations,rotations,transformations

The same mathematical
forms which we have used to map points
between frames can also be interpreted
as operators which translate
points, rotate vectors, or both. This section illustrates this interpretation
of the mathematics
we have already developed.

Translationaloperators
A translation
moves a point in space a finite distance along a given
vector direction. U sing this interpretation
of actually translating
the
point in space, only one coordinate system need be involved. It turns
out that translating the point in space is accomplished with the same
mathematics as mapping the point to a second frame. Almost always, it
is very important to understand which interpretation
of the mathematics
is being used. The distinction is as simple as this: When a vector is
moved "forward" relative to a frame, we may consider either that the
vectar moved "forward" or that the frame moved "backward."
The
mathematics involved in the two cases is identical, only our view of the
situation is different. Figure 2.9 indicates pictorially how a vector API
is translated by a vector AQ. Here the vector AQ gives the information
needed to perform the translation.

I

{A}
ZA

I
1/
.~

2.9
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/' ""."
//
A'/
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/~Pl

/

FIGURE
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The result of the operation
AP2

To write this translation
notation

isa new vector AP2, calculated

=

API + AQ.

operation
AP2

as a matrix

= DQ(q)

where q is the signed magnitude

DQ(q)=

(2.24)
operator,

of the translation

1
O
O
[O

O
1
O
O

we use the
(2.25)

ApI'

direction Q. The D Q operator may b.e thought
transform of the special simple form:

as

along the vector

of as a homogeneous

O qx
O qy ,
1 qz
O 1 ]

(2.26)

where qx' q , and qz are the components of the translation vectar Q
and q

=

q~+ q~+ q;. Equations (2.9) and (2.24) implement the same

mathematics. Note that if we had defined BPAORC(instead of APBORC)
in Fig. 2.4 and had used it in (2.9) then we would have seen a sign change
between (2.9) and (2.24). This sign change would indicate the difference
between moving the vector "forward" and moving the coordinate system
"backward." By defining the location of {B} relative to {A} (with
APBORC)we cause the mathematics of the two interpretations to be
the same. Now that the "DQ" notation has been introduced, we may
also use it to describe frames, and also as a mapping.
Rotationaloperators
Another interpretation
of a rotation matrix is as a rotational operator
which operates on a vector API and changes that vector to a new vector,
A P2, by means of a rotation, R. Usually, when a rotation matrix is shown
as an operator no sub- or superscripts appear since it is not viewed as
relating two frames. That is, we may write
AP2

=

R API. ,.

(2.27)

Again, as in the case of translations, the mathematics described in (2.13)
and in (2.27) is the same; only our interpretation
is different. This fact
also allows us to see how to obtain rotational matrices which are to be
used as operators:
The rotation matrix which rotates vectors through some rotation, R,
is the same as the rotation matrix which describes a frame rotated by R
relative to the reference frame.

DD

ffiJ
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Although a rotation matrix is easily viewed as an operator, we
will also define another notation for a rotational operator which clearly
indicates which axis is being rotated about:
A P2 =

RK(O)

(2.28)

A PI.

this notation "RK(e)" is a rotational operator which performs a
rotation about the axis direction K by an amount e degrees. This
operator may be written as a homogeneous transform whose position
vector part is zero. For example, substitution into (2.11) yields the
ln

operator

which rotates

Z axis by e as

about the
cosO

Rz(O)

=

o O

-sinO

sinO
O
[ O

O O
1 O .
O 1

cosO
O
O

(2.29)

]

Of course, to rotate a position vector we could just as well use the
3 x 3 rotation matrix part of the homogeneous transformo The "RK"
notation, therefore, may be considered to represent a 3 x 3 or a 4 x 4
matrix. Later in this chapter we will see how to write the rotation matrix
for a rotation about a general axis, K.
EXAMPLE 2.3
Figure 2.10 shows a vector A P1. We wish to compute the vector
obtained by rotating this vector about Z by 30 degrees. Call the new

vector APz.
The rotation matrix which rotates vectors by 30 degrees about Z
is the same as the rotation matrix which describes a frame rotated
30 degrees about
rotational operator

Z

relative

to the

reference

0.866
0.500

-0.500
0.866

[ 0.000

0.000

frame.

Thus

the

correct

is

Rz(30.0)

=

0.000
0.000

.

(2.30)

1.000 ]

Given
'0.0
A PI

=

2.0

.

(2.31)

[ 0.0 ]
We calculate

A Pz as
-1.000
A P2

=

Rz (30.0) A PI

=

1.732.

[

0.000 ]

11

(2.32)
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1 'P,
{A}

XA

FIGURE

2.10

The vectar

A PI rotated

30 degrees about

Z.

Equations (2.13) and (2.27) implement the same mathematics. Note
that if we had defined ~R (instead of ~R) in (2.13) then the inverse
of R would appear in (2.27). This change would indicate the difference
between rotating the vector "forward" versus rotating the coordinate
system "backward." By defining the location of {B} relative to {A}
(with ~R) we cause the mathematics of the two interpretations to be
the same.

Transformationoperators
As with vectors and rotation matrices, a frame has another interpretation as a transformation
operator. In this interpretation,
only one
coordinate system is involved, and so the symbol T is used without
sub- or superscripts. The operator T rotates and translates a vector API
to compute a new vector, A P2. Thus
A P2

= T

A PI .

(2.33)

Again, as in the case of rotations, the mathematics described in (2.18)
and in (2.33) is the same, only our interpretation
is different. This fact
also allows us to see how to obtain homogeneous transforms which are
to be used as operators:

~

~

2
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The transform which rotates by R and translates by Q is the same
as the transform which describes a frame rotated by R and translated by
Q relative to the reference frame.
A transform is usually thought of as being in the form of a homogeneous transform with general rotation matrix and position vector parts.
EXAMPLE 2.4
Figure 2.11 shows a vector Apl. We wish to rotate it about Z by 30
XA' and 5 units in Yk Find AP2

degrees, and translate it 10 units in
where

A Pl

= [3.0 7.0 o.of.

-

The operator T, which performs the translation and rotation, is
0.866

T

=

-0.500

0.500
0.000
[O

0.000

0.866
0.000
O

0.000
1.000
O

10.0
5.0
0.0 .
1 ]

(2.34)

Given
3.0
A PI

= 7.0 .

(2.35)

[ 0.0]

We use T as an operator:
A P2

=

T

A PI

=

9.098
12.562 .
[ 0.000 ]

(2.36)

RApI

.
{A}

.

~

YA

XA
FIGURE
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The

vector

A PI rotated

and

translated

to form

A P2.

2.6
Note that this example is numerically

exactly the same as Example

but the interpretation is quite different.

2.5

Transformation arithmetic

2.2,

8

Summaryof interpretations

We have introduced concepts first for the case of translation only, then
for the case of rotation only, and finally for the general case of rotation
about a point and translation
of that point. Having understood
the
general case of rotation and translation,
we will not need to explicitly
consider the two simpler cases since they are contained within the general
framework.
As a general tool to represent frames we have introduced
the
homogeneous transform, a 4 x 4 matrix containing orientation
and
position information.
We have introduced three interpretations
of this homogeneous transform:
1.

It is a description of a frame. ~T describes the frame {B} relative
to the frame {A}. Specifically, the columns of ~R are unit vectors
defining the directions of the principal axes of {B}, and A PBORG
locates the position af the origin of {B}.

2. It is a transform mapping. ~T maps BP
3.

It is a transform

operator. T operates

f--7 A P.

on API to create AP2.

From this point on the terms frame and transform will both be used
to refer to a position vector plus an orientation. Frame is the term favored
when speaking of a description, and transform is used most frequently
when use as a mapping or operator is implied. Note that transformations
are generalizations of translations and rotations, so we will often use the
term transform when speaking of apure rotation (or translation).

2.6

Transformationarithmetic

ln this section we look at the multiplication of transforms and the inversion of transforms. These two elementary operations form a functionally
complete set of transform operators.

[L

Q[]
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Compoundtransformations
ln Fig. 2.12, we have c P and wish to find Ap.
Frame {C} is known relative to frame {B}, and frame {B} is known
relative to frame {A}. We can transform c Pinto BP as
Bp= 1J3:Tcp,
And then transform

BPinto

(2.37)

AP as
Ap=~TBp'

Combining

(2.38)

(2.37) and (2.38) we get the following, not unexpected

result:

= ~T 1J3:T
c P,

(2.39)

AP

from which we could define

éT = ~T 1J3:T.

(2.40)

Again, note that familiarity with the sub- and superscript
notation
makes these manipulations
simple. ln terms of the known descriptions
of {B} and {C}, we can give the expression for éT as

~R1J3:R

éT=

- - - - - - - - --

O

- - - - - - --

O

,,
,:, ~R BPCORG + A PBORG
, - - - - - - - - - - - - - - - --,--

O:

1
{B}

ZB
{A}

ZA

./

FIGURE

2.12

./
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/'

Compound

./

/'

/'

frames: each is known relative

to previous.

(2.41)
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Invertinga transform
Consider a frame {B} which is known with respect to a frame {A};
that is, we know the value of ~T. Sometimes we will wish to invert
this transform, in order to get a description of {A} relative to {B}; i.e.,
~T. A straightforward way of calculating the inverse is to compute the
inverse of the 4 x 4 homogeneous transformo However, if we do so, we
are not taking full advantage of the structure inherent in the transformo
It is easy to find a computationally simpler method of computing the
inverse which does take advantage of this structure.
Tofind ~T we must compute ~ R arid BpAORGfrom ~R and APBORG'
First, recall from our discussion of rotation matrices that
:;.R = ~RT.
Next, we change the description
B(ApSORG)=

Since the left-hand

(2.42)

of A PBORG into {B} using Eq. (2.12):
:;.RApsORG+

(2.43)

BPAORG'

side of Eq. (2.43) must be zero, we have

BPAORG = -:;.R

ApSORG= - ~RT ApSORG'

(2.44)

Using (2.42) and (2.44) we can write the form of ~T as
I
I

:

~RT

:;'T=

I
I

-~RT

A PSORG

(2.45)

- - - - - - - - - -- - - --:- - - - - - - -- - - - --

O
Note that

O

O:

1

with our notation,

:;'T= ~T-1.
Equation (2.45) is a general and extremely
inverse of a homogeneous transformo

useful way of computing

the

EXAMPLE 2.5
Figure 2.13 shows a frame {B} which 18 rotated

relative

to frame

{A} about Z by 30 degrees, and translated four units in XA' and three
units in YA- Thus, we have a description of ~T. Find ~T.
The frame defining {B} is

~T=

0,866
0.500
0.000
[O

-0.500
0.866
0.000
O

0.000
0.000
1.000
O

4,0
3.0
0.0 .
1 ]

(2.46)
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{A}
YA

XA

FIGURE

2.13

{B}

reI ative to {A}.

Using (2.45) we compute

BT
A

2.7

=

0.500 0.000
0.866 0.000
-0.500
0.000 0.000 1.000
O
l O
0866 O

-0.598
0.0
1
-49641

.

.

(2.47)

Transformequations

Figure 2.14 indicates a situation in which a frame {D} can be expressed
as products of transformations in two different ways. First,
bT=

fj.T ~T,

(2.48)

but also as

bT = ~T gT gT.
We may set these two descriptions
equation:
U A
AT D T

=

(2.49)

of fjyT equal to form a transform

U" B
G
BT GT D T.

(2.50)

Transform equations may be used to solve for transforms in the case of
n unknown transforms and n transform equations. Consider (2.50) in
the case that all transforms are known except ~T. Here we have one
transform equation and one unknown transform; hence, we easily find
its solution as
gT=

~T-1

fj.T~TgT-1.

(2.51)

2.7

Transform equations

{D}

~
FIGURE

2.14

Set of transforms

forming

a loop.

Figure 2.15 indicates another similar situation.
Note that in all figures we have introduced a graphical representation
of frames as an arrow pointing from one origin to another origino The
arrow's direction indicates which way the frames are defined: in Fig. 2.14,
frame {D} is defined relative to {A}, but in Fig. 2.15 frame {A} is
defined relative to {D}. In order to compound frames when the arrows
line up, we simply compute the product of the transforms. If an arrow
points the opposite way in a chain of transfOl;ms, we simply compute its
inverse first. In Fig. 2.15 two possible descriptions of {C} are
g1' = ::i1' :;{1'-1 81'

(2.52)

and
g1'=

~1'~1'.

(2.53)

Again, we might equate (2.52) and (2.53) to solve for, say, ~T:
::i1'= ~T ~1' 81'-1 :;{1'.

(2.54)

[ID
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{D}

FIGURE

2.15

Example

of a transform

equation.

EXAMPLE 2.6

Assume we know the transform !J.T in Fig. 2.16, which describes
the frame at the manipulator's fingertips {T} relative to the base of the
manipulator, {B}. Also, we know where the tabletop is located in space
relative to the manipulator's base Q~cause we have a description of the
frame {S} which is attached to the t"ableas shown, ~T. Finally, we know
the location of the frame attached to the bolt lying on the table relative
to the table frame, that is, ~T. Calculate theposition and orientation
of the bolt relative to the manipulator's hand, ~T.
Guided by our notation (but, it is hoped, also by our understanding)
we compute the bolt frame relative to the hand frame as
'?;T

=

!j,T-1 1JT ~T.

.

(2.55)
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{T}

FIGURE

2.8

2.16

Manipulator

reaching

for a bolt.

More on representationof orientation

80 far, our only means of representing an orientation is by giving a
3 x 3 rotation matrix. As shown, rotation matrices are special in that alI
columns are mutualIy orthogonal and have unit magnitude. Further, we
will see that the determinant of a rotation matrix is always equal to + 1.
Rotation matrices may also be calIed proper orthonormal
matrices
where "proper" refers to the fact that the determinant is + 1 (nonproper
orthonormal matrices have a determinant of -1).
It is natural to ask whether it is possible"to describe an orientation
with fewer than nine numbers" A result from linear algebra known as
Cayley's formula for orthonormal
matrices [3] states that for any
proper orthonormal matrix, R, there exists a skew-symmetric matrix,
S, such that

R = (13 - 8)-1(I3 + 8),

(2.56)

OU

C1:!J
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where 13 is a 3 x 3 unit matrix. Now a skew-symmetric matrix (i.e.,
S = -ST) of dimension 3 is specified by three parameters (sx' Sy' sz) as
-Sz

s=

Sy

O

s~

[ -Sy

-~x ]

Sx

(2.57)
.

Therefore, an immediate consequence of formula (2.56) is that any 3 x 3
rotation matrix can be specified by just three parameters.
Clearly, the nine elements of a rotation matrix are not alI independent. In fact, given a rotation matrix, R, it is easy to write down the
six dependencies between the elements. Imagine R as three columns, as
originalIy introduced:

(2.58)

R~[X

Y z]

As we know from Section 2.2, these three vectars are the unit axes of
some frame written in terms of the reference frame. Since each is a unit
vectar, and since alI three must be mutualIy perpendicular, we see that
there are six constraints on the nine matrix elements:
IXI = 1,
IYI

= 1,

lil = 1,
X.y=

O,

x.i=

O,

y.i=

O.

(2.59)

It is natural then to ask whether répresentations
of orientation can be
devised such that the representation
is convenient1y specified with three
parameters. This section will present several such representations.
Whereas translations
along three mutualIy perpendicular
axes are
quite easy to visualize, rotations seem less intuitive. Unfortunately,
people have a hard time describing and specifying arientations
in
three-dimensional
space. One difficu1ty is that rotations don't generalIy
commute. That is, ~R ~R is not the same as ~R ~R.

2.8 More on representation of orientation
EXAMPLE 2.7

X

Consider two rotations,
by 30 degrees.

one about

30 degrees and one about

-0.500 o.OOO
0.866 0.000
0.000 1.000 j

(2.60)

1.000 0.000
0.000
Rx (30) = 0.000 0.-866 -0.500
0.866 ]
[ 0.000 0.500

(2.61)

Rz(30) =

0.866
0.500
[ 0.000

Z by

Rz(30) Rx (30)

IoRx(30)Rz(30)=

=

0.87
0.50
[ 0.00

-0.43
0.75
0.50

0.25
-0.43
0.87 ]

0.87
0.43
[ 0.25

-0.50
0.75
0.43

0.00
-0.50
0.87 ]

(2.62)

This is not surprising since we use matrices to represent rotations and
multiplication of matrices is not commutaÍive in general.
8
Because rotations can be thought of either as operators or as descriptions of orientation, it is not surprising that different representations
are favored for each of these uses. Rotation matrices are useful as
operators. Their matrix form is such that when multiplied by a vector
they perform the rotation operation. However, rotation matrices are
somewhat unwieldy when used to specify an orientation.
A human
operator at a computer terminal who wishes to type in the specification
of the desired orientation of a robot's hand would have a hard time to
input a nine-element matrix with orthonormal columns. A representation
which requires only three numbers would be simpler. The following
sections introduce several such representations.

X-Y-Z fixedangles
.

Qne method of describing the orientation of a frame {B} is as follows:
Start with the frame coincident with a kn9:wn reference frame {A}.
First rotate {B} about XA by an angle 'Y,then rotate about YA byan
angle (3, and then rotate about ZA by an angle a.
Each of the three rotations takes place about an axis in the fixed
reference frame, {A}. We will call this convention for specifying an orientation X Y Z fixed angles. The word "fixed" refers to the fact that
the rotations are specified about the fixed (i.e., non-moving) reference
frame (Fig. 2.17). Sometimes this convention is referred to as roll, pitch,

- -

~

~
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ZA

ZA

ZA

y~

YA

x~
x~

FIGURE 2.17
Rx(-y), Ry({3),

X-Y-Z fixed angles. Ratatians
Rz(a).

are perfarmed

in the arder

yaw angles, but care must be used, as this name is often given to other
related but different conventions.
The derivation of the equivalent rotation matrix, ~Rxyzb,
(3, a), is
straightforward
because all rotations occur about axes of the reference

frame:

.

"23Rxyzh,(3,a) =

=

Rz(a)

Ry((3) Rxh)

ca

-sa

sa
[ O

ca
O

O

c(3

O
O
1 ] [ -s(3

O S(3

1

O
- ~"{

1 O
O q
O c(3] [ O s"{

c"{

,
]

(2.63)
where ca is shorthand for cos a and sa for sin a, etc. It is extremely
important to understand the order of rotations used in (2.63). Thinking
in terms of rotations as operators, we have applied the rotations (from
the right) of Rxb), then Ry((3), and then Rz(a). Multiplying (2.63)
out, we obtain
cac(3
"23Rxyzh,(3,a)=

sac(3
[ -s(3

cas(3s"{ - saq

cas(3c"{ + sas"{

sas(3s"{fcaq
c(3s"{

sas(3c"{-cas"{
c(3c"{

.

(2.64)

]

Keep in mind that the definition given here specifies the order of the
three rotations. Equation (2.64) is correct only for rotations performed
in the order: about XA by I' about YA by (3, about Z A by a.
The inverse problem, that of extracting equivalent X- Y-Z fixed
angles from a rotation matrix is often of interest. The solution depends
on solving a set of transcendental
equations: there are nine equations and

2.8
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three unknowns if (2.64) is equated to a given rotation matrix. Amongst
the nine equations are six dependencies, so essentially we have three
equations and three unknowns. Let
13Rxyzb,/3,

a) =

7'11

7'12

7'13

7'21

7'22

7'23

7'32

7'33

[ 7'31

.

(2.65)

]

From (2.64) we see that by taking the square root of the sum af
the squares of Tll and T21 we can compute cos 13. Then, we can solve
for 13with the arc tangent of -T31 over 1;he computed cosine. Then, as
long as cj3 i- O we can solve for a by taking the arc tangent of T21/cj3
over TII 1cj3, and we can solve for 'Y by taking the arc tangent of T321cj3
over T331cj3.
In summary:
(3=Atan2(-7'31,

J7'~l +7'~1)'

(2.66)

a = Atan2(7'21/c(3, 7'l1/C(3),
,=

Atan2(7'32/c(3, 7'3dc(3),

where Atan2(y, x) is a two-argument arc tangent function.*
Although a second solution exists, by using the positive square root
in the formula for 13,we always compute the single solution for which
-90.0° ::; 13::; 90.0°. This is usually a good practice, since we can then
define one-to-one mapping functions between various representations of
orientation. However, in some cases, calculating all solutions is important
(more on this in Chapter 4). If 13= :1:90.0°(so that cj3= O),the solution
of (2.66) degenerates. In those cases, only the sum or the difference of a
and 'Y may be computed.

One possible

convention

is to choose

a

=

0.0

in these cases, which has the results given below.
If 13 =

90.0°, then a solution may be calculated as
(3 = 90.0° ,
a = 0.0.
,=

(2.67)

Atan2(7'12,7'22), O'

* Atan2(y,x)
computes
tan-l(~)
but uses the signs of both x and y
to determine
the quadrant
in which the resulting angle lies. For example,
Atan2(-2.0,-2.0)
= -135°;
whereas Atan2(2.0,2.0)
= 45°, a distinction
which would be lost with a single-argument
arc tangent function. As we are
frequently computing angles which can range over a full 360°, we will make
use of the Atan2 function regularly. Note that Atan2 becomes undefined when
both arguments are zero. It is sometimes called a "4-quadrant
arc tangent,"
and some programming
language libraries have it predefined.
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If /3 = -90.0°, then a solution may be calculated as
(3= -90.0°,
a = 0.0.

(2.68)

1= -Atan2(T12,T22)'

Z-Y-X
Another

Eulerangles
possible description

õf a frame {B} is as follows:

Start with the frame coincident with a known frame {A}. First rotate
{B} about ZB by an angle a, then rotate about YB by an angle (3,and
then rotate about XB by an angle f.
In this
the moving
set of three
takes place

representation,
each rotation is performed about an axis of
system {B}, rather than the fixed reference, {A}. Such a
rotations are called Euler angles. Note that each rotation
about an axis whose location depends upon the preceding

rotations. Because the three rotations occur about the axes Z, Y, and
X, we will call this représentation Z-V-X Euler angles.
Figure 2.18 shows the axes of {B} after each Euler angle rotation is
applied. Rotation a about Z causes X to rotate into XI, and Y to rotate
into YI, and so on. An additional "prime" gets added to each axis with
each rotation. A rotation matrix which is parameterized by Z-Y-X Euler
angles will be indicated with the notation ~RzIYlxl(a,/3,,),
Note that
we have added "primes" to the subscripts to indicate that this rotation
is described by Euler angles.

ZR

ZA

YR

y~
YA

x~
FIGURE

2.18

x~

Z-Y-X Euler angles.

XB

Xs
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With reference to Fig. 2.18, we can use the intermediate frames {B'}
and {B"} in order to give an expression for ~RzIYlxl(a,j3'I)'
Thinking
of the rotations as descriptions of these frames, we can immediately write
A
BR=

A
BIR

B'
B"R

B"
B R,

(2.69)

where each of the relative descriptions on the right-hand side of (2.69)
is given by the statement of the Z-Y-X Euler angle convention. Namely,
the final orientation of {B} is given relative to {A} as
f3RZ'yl x'

Rz(a)

-

ca
sa
[ O
where ca

=

Ry(j3)

-sa
w
O

cos a and sa

RxCY)

O
cj3
O
O
1 ] [ -sj3

= sin a,

1 O
O sj3
1 O
O c,
O cj3] [ O s,

etc. Multiplying

cacj3 casj3s, - saCf
sacj3 sasj3s,+wCf
cj3s,
[ -sj3

f3RzIYlx/(a,j3,,)=

O

(2.70)

-SI ,
Cf ]

out, we obtain

casj3Cf + sas,
sasj3c,-ws,
.
cj3c/
]

(2.71)

Note that the result is exactly the same as that obtained for the same
three rotations taken in the opposite order about fixed axes! This
somewhat nonintuitive
result holds in general: three rotations taken
about fixed axes yield the same final orientation
as the same three
rotations taken in opposite arder about the axes of the moving frame.
Since (2.71) is equivalent to (2.64), there is no need to repeat
the solution for extracting Z-Y-X Euler angles from a rotation matrix.
That is, (2.66) can also be used to solve for Z-Y-X Euler angles which
correspond to a given rotation matrix.

Z-Y-Z Eulerangles
Another possible description 9f a frame {B} is as follows:
Start with the frame coincident with a known frame {A}. First rotate
{B} about ZB by an angle a, then rotate about YB by an angle 13,
and then rotate about ZB by an angle ,.
Note that since rotations are described relative to the frame we are
moving, {B}, this is an Euler angle descriptiofí. Because the three rotations occur about the axes Z, Y, and Z, we will call this representation
Z- Y-Z Euler angles.
Following a development exactly as in the last section we arrive at
the following equivalent rotation matrix:
f3Rz,ylz/(a,j3,,)

=

cacj3c, - sas,
sacj3c,+ws,
-sj3Cf
[

-cacj3s, - sac,
-sacj3s,+wCf
sj3s,

casj3
sasj3 .
cj3 ]

(2.72)

O[]
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The solution for extracting Z-Y-Z Euler angles from a rotation
matrix is stated below.
Given
~RzIYlzl(a,(3,,)
If sin;3

=1=

=

Tll

T12

r13

T21

T22

T23

[ r31

T32

T33

.

(2.73)

]

"

O, then
(3 = Atan2( JT~l + T~2' T33)'
a

= Ata;'2(T23/s(3,

1=

T13/ s(3),

(2.74)

Atan2(r32/s(3, -rsds(3).

Although a second solution exists, by using the positive square root
in the~formula for ;3, we always compute the single solution for which
0.0 ::; ;3 ::; 180.00. If ;3 = 0.0 or 180.00, the solution of (2.74) degenerates.
In those cases, only the sum or the differ'ence of a and 'Y may be
computed. One possible convention is to choose a = 0.0 in these cases,
which has the results given below.
If ;3 = 0.0, then a solution may be calculated as
(3 = 0.0,
a = 0.0,
1=

(2.75)

Atan2(-r12,rll)'

If ;3 = 180.00, then a solution may be calculated as
(3 = 180.00,
a =

0.0,

1=

Atan2(r12' -rll).

(2.76)

Other angle set conventions
In the preceding subsections we have seen three conventions for specifying orientation, X-Y-Z fixed angles, Z-Y-X Euler angles, and Z-Y-Z Euler
angles. Each of these conventions requires performing three rotations
about principal axes in a certain order. These conventions are examples
of a set of 24 conventions which we will call angle set conventions.
Of
these, 12 conventions are for fixed angle sets, and 12 are for Euler angle
sets. Note that because of the duality of fixed angle sets and Euler angle
sets, there are really only 12 unique parameterizations
of a rotation

2.8 More on representation of orientation
matrix using successive rotations about principal axes. While there is
often no particular reason to favor one convention over another, since
various authors adopt different ones, it is useful to list the equivalent
rotation matrices for all 24 conventions. Appendix B (in the back of the
book) gives the equivalent rotation matrices for all 24 conventions.
Equivalentangle-axis
With the notation Rx(30.0) we give the description of an orientation
by giving an axis, X, and an angle, 30.0 degrees. This is an example
of an equivalent angle-axis representation. If the axis is a general
direction (rather than one of the unit directions) any orientation may be
obtained through proper axis and angle selection. Consider the following
description of a frame {B}:
Start with the frame coincident with a known frame {A}. Then rotate
{B}

about

the

vector

A k by an angle B according

to the right-hand

mIe.
Vector k is sometimes called the equivalent axis of a finite rotation.
A general orientation of {B} relative to {A} may be written as ~R(k, 8)

or R K (8) and will be called the equivalent angle-axis representation. *
The specification of the vector A k requires only two parameters because
its length is always taken to be one. The angle specifies a third parameter. Often we will multiply the unit direction, k, with the amount of
rotation, 8, to form a compact 3 x 1 vector description of orientation,
denoted by K (no "hat"). See Fig. 2.19.
When the axis of rotation is chosen as one of the principal axes of
{A}, then the equivalent rotation matrix takes on the familiar form of
planar rotations:
1

RxUJ) =

[

O

O

sinB

cos B

Ry(B) =

Rz(B) =

O

O cosB

O
[ -sinB

,

(2.77)

1
O
,
O cúsB]

(2.78)

cosB

O sin B

cos B

- sin B

sinB
O

cosB
O

[

]

-sinB

O
O .
1

(2.79)

]

* That such a k and () exist for any orientation of {B} relative to {A} was
shown original1y by Euler, and is known as Euler's theorem on rotation [3].
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{A}
{B}

ZA

}Ta
}TA

XA

FIGURE

2.19

Xa

Equivalent

angle-axis

representation.

If the axisof rotation is a general axis, it can be shown (see Exercise
2.6) that the equivalent rotation matrix is
RK(8)
I

=

kxkxv8+c8
kxkyv8 + kzs8
[ kxkzv8-kys8

kxkyv8-kzs8
kykyv8 + c8
kykzv8+kxs8

kxkzV8+kYS8
kykzv8 - kxs8 .
kzkzv8+c8
]

(2.80)

Where ce = cose, se = sin e, ve = 1- cose, and AK = [kx ky kzf. The
sign of e is determined by the right-hand rule with the thumb pointing
along the positivé

sense of A K.

Equation (2.80) converts from angle-axis representation to rotation
matrix representation. Note that given any axis of rotation and any
angular amount, we can easily construct an equivalent rotation matrix.
The inverse problem,
namely that of determining
K and e from
a given rotation matrix, is left as an exercise (Exercises 2.6, 2.7). A
partial result is givenbelow [3]. If
rll

=

-i3RK(8)

r12

r21'- r22
[ r31

r32

r13

r23

,

(2.81 )

r33 ]

then
8 = Acos (rll

k

+ r222+ r33 - 1
r32

-

-

1

2sin8

-

r23

r13 - r31
.
- r12 ]

[ r21

)
(2.82)

2.8 More on representation of orientation
This solution always computes a value of 8 between O and 180 degrees.
For any axis-angle pair (A k, 8) there is another pair, namely (_A k, -8),
which results in the same orientation in space, with the same rotation
matrix describing it. Therefore in converting from a rotation matrix into
angle-axis representation, we are faced with choosing between solutions.
A more serious problem is that for smalI angular rotations, the axis
becomes ill-defined. Clearly, if the amount of rotation goes to zero, the
axis of rotation becomes completely undefined. The solution given by
(2.82) fails if 8 = 0° or 8 = 180°. See Exercise 2.7.
EXAMPLÉ 2.8

A frame {B} is described as folIows: initialIy coincident with {A} we
rotate

{B} about the vector A k

=

[0.707 0.707 O.O]T (passing through

the origin) by an amount 8 = 30 degrees. Give the frame description
of {B}.
Substituting into (2.80) yields the rotation matrix part of the frame
description. Since there was no translation of the origin the position
vector is [OO ojT. 80:
0.933
~T =

0.067
-0.354
r 0.0

0.067
0.933
0.354
0.0

0.354
-0.354
0.866
0.0

0.0
0.0
0.0 .
1.0 ]

.

(2.83)

Up to this point, alI rotations we have discussed have been about
axes which pass through the origin of the reference system. If we
encounter a problem for which this is not true, we may reduce the
problem to the "axis through the origin" case by defining additional
frames whose origins lie on the axis, and then solving a transform
equation.
EXAMPLE 2.9
A frame {B} is described as follows: initialIy coincident with {A} we
rotate

{B}

about

the vector

Ak

=

[0.707 0.707 O.ojT, passing through

the point AP = [1.0 2.0 3.0], by an amount 8= 30 degrees. Give the
frame description of {B}.
Before performing the rotation, {A} and {B} are coincident. As
shown in Fig. 2.20, we define two new frame!3",{A'} and {B'}, which are
coincident with each other and have the same orientation as {A} and
{B} respectively, but are translated relative to {A} by an offset which
places their origins on the axis of rotation. We will choose
1.0

0.0
1fT = 0.0
.
[ 0.0

0.0

0.0

1.0

1.0 0.0 2.0
0.0 1.0 3.0 .
0.0 0.0 1.0]

(2.84)
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~K

FIGURE 2.20 Rotation about an axis which does not pass through the
origin of {A}. Initially, {B} was coincident with {A}.

Similarly the description of {B} in terms of {B'} is
1.0

fT

=

0.0
0.0
0.0
[

0.0

0.0

-1.0

1.0 0.0
-2.0 .
0.0
1.0 -3.0
0.0 0.0
1.0 ]

(2.85)

Now, keeping other relationships fixed, we can rotate {B'} relative to
{A'}. This is a rotation about an axis which passes through the origin, so
we may use (2.80) to compute {B'} relative to {A'}. Substituting
into
(2.80) yields the rotation matrix part of the frame description. Since
there was no translation of the origin, the position vectar is [O O of.
So we have

~;T

=

0.933

0.067

0.354

0.067
-0.354
[ 0.0

0.933
0.354
0.0

-0.354
0.866
0.0

Finally, we can write a transform
A
BT=

0,0

0.0
0.0 .
1.0 ]

(2.86)

equation to compute the desired frame,
A A' B'
A,T B,T B T,

(2.87)

2.8
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which evaluates to
0.933

~T =

0.067

0.354

-1.13

0.067 0.933
-0.354
0.354 -0.354
0.866
0.000
0.000
0.000
[

1.13.
0.05
1.00]

(2.88)

A rotation about anaxis which does not pass through the origin causes
a change in position, plus the same final orientation as if the axis had
passed through the origino Note that we could have used any definition
of {AI} and {BI} such that their origins were on the axis of rotation.
Our particular choice of orientation was ârbitrary, and our choice of the
position of the origin was one of an infinity of possible choices lying along
the axis of rotation. Also, see Exercise 2.14.
.

Eulerparameters
Another representation of orientation is by means of four numbers called
the. Euler parameters.
Although complete discussion is beyond the
scope of the book, we state the convention here for reference.

k = [kx ky kzJ T and the equivalent
are given by

In terms of the equivalent axis
angle e, the Euler parameters

.

(j

El

= kx

Sln -

E2

= ky

sm

2

.

(j

E3

2
. (j
(2.89)

= kz sm -2
(j

E4 = COS2

It is then clear that these four quantities are not independent, but that
Ei + E~+ E~+ E~= 1

(2.90)

must always hold. Hence, an orientation might be visualized as a point
on a unit hypersphere in four-dimensional
space.
Sometimes, the Euler parameters are viewed as a 3 x 1 vectar plus
a scalar. However, viewing them as a 4 x 1 vector, the Euler parameters
are also known as a unit quaternion.
The rotation matrix, R" which is equivalent to a set of Euler
parameters is given as
1R€=

2E~ - 2E~

2(EIE2+E3E4)

[ 2(EIE3-E2E4)

+ E2E4)

2(EIE2 - E3E4)

2(EIE3

1-2Ei-2E~

2(E2E3-EIE4)

2(E2E3+EIE4)

1-2Ei-2E~

.
]

(2.91)
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Given a rotation

matrix,

the equivalent

Euler parameters

are

r32 -r23
El

=

4E4

r13 -r31

E2=~
r21 - r12
4E4
1
E4 = --11+
rll + r22 + r33
2

(2.92)

E3=-

Note that (2.92) is not usefurin a computational sense if the rotation
matrix represents a rotation of 180 degrees about some axis, since E4goes
to zero. However, it can be shown that in the limit all the expressions in
(2.92) remain finite even for this case. In fact, by noting the definitions
in (2.89), it is clear that ~ll Ei remain on the interval [-1,1].
Taught and predefinedorientations
In many robot systems it will be possible to "teach" positions and
orientations using the robot itself. The manipulator is moved to a desired
location and this position is recorded. A frame taught in this manner
need not necessarily be one to which the robot will be commanded to
return; it could be a part location or a fixture location. In other words,
the robot is used as a measuring tool having six degrees of freedom.
Teaching an orientation like this completely obviates the need for the
human programmer to deal with orientation representation at all. In the
computer the taught point is stored as a rotation matrix, or whatever,
but the user never has to see ar understand it. Robot systems which
allow teaching of frames using the robot are thus highly recommended.
Besides teaching frames some systems might have a set of predefined
orientations like "pointing down" or "pointing 1eft." These specifications
are very easy for humans to dea1 with. However, if this were the on1y
means of describing and specifying orientation, the system wou1d be
very 1imited.

2.9

Transformationof free vectors

We have been concerned mostly with position vectors in this chapter. In
1ater chapters we will discuss ve1ocity and force vectors as we11. These
vectors will transform differently because they are a different type of
vector.
In mechanics one makes a distinction between the equality and the
equivalence of vectors. Two vectors are equal if they have the same

2.9

Transformation of free vectors

dimensions, magnitude, and direction. Two vectors which are considered
equal may have different lines of actions, for example, the three equal
vectors in Fig 2.21. These velocity vectors have the same dimensions,
magnitude, and direction, and so are equal according to our definition.
Two vectors are equivalent in a certain capacity if each produces
the very same effect in this capacity. Thus, if the criterion in Fig. 2.21
is distance traveled, all three vectors give the same result and are
thus equivalent in this capacity. If the criterion is height above the.xy
plane, then the vectors are not equivalent despite their equality. Thus,
relationships between vectors and notions of equivalence depend entirely
on the situation at hand. Furthermore, vectors which are not equal may
cause equivalent effects in certain cases.
We will define two basic classes of vector quantities which may be
helpful.
Aline
vector refers to a vector which, along with direction and
magnitude, is also dependent on its line of action as far as determining
its effects is concerned. Often the effects of a force vector depend upon
its,line of action (or point of application), and so it would be considered
a line vector.
A free vector refers to a vector which may be positioned anywhere
in space without loss or change of meaning provided that magnitude
and direction are preserved.
For example, apure moment vector is always a free vector. If we
have a moment vector, B N, which is known in terms of {B}, then we

V3

V2

z

y

x
FIGURE 2.21

Equal

velocity

vectors.
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the same moment in terms of frame {A} as
AN=

'i3R BN.

(2.93)

That is, since alI that counts is the magnitude and direction (in the case
of a free vector), only the rotation matrix relating the two systems is
used in transforming. The relative locations of the origins does not enter
into the calculation.
Likewise, a velocity vector written in {B}, BV, is written in {A} as
AV = 'i3RBV.

(2.94)

The velocity of a point is a free vector, so alI that is important is its
direction and magnitude. The operation of rotation (as in (2.94)) does
not affect the magnitude, and accomplishes the rotation which changes
the description ofthe vector from {B} to {A}. Note that, APBORGwhich
would appear in a position vector transformation, does not appear in
a velocity

transformo

For example,

in Fig. 2.22, if BV

= 5X, then

AV = 5Y.
Velocity vectors and force and moment vectors will be more fulIy
introduced in Chapter 5.

{B}

YA

YB

v
til

.

XB ,.

{A}

XA

FIGURE
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Computational considerations

Computationalconsiderations

The availability of inexpensive computing power is largely responsible
for the growth of the robotics industry; yet for some time to come,
efficient computation will remain an important issue in the design of a
manipulation system.
While the homogeneous representation is useful as a conceptual
entity, typical transformation software used in industrial manipulation
systems does not make use of them direCtly since the time spent multiplying by zeros and ones is wasteful. Usually, the computations shown
in (2.41) and (2.45) are performed, rather than the direct multiplication
or inversion of 4 x 4 matrices.
The arder in which transformations are applied can make a large
difference in the amount of computation required to compute the same
quantity. Consider performing multiple rotations of a vector, as in
AP

= "f,R f!:R gR DP.

One choice is to first multiply
form "JyR in the expression

the three rotation

AP

= ~R

D

P.

(2.95)
matrices

together,

to

(2.96)

Forming "JyRfrom its three constituents requires 54 multiplications and
36 additions. Performing the final matrix-vector multiplication of (2.96)
requires an additional 9 multiplications and 6 additions, bringing the
total to 63 multiplications, 42 additions.
If instead we transform the vector through the matrices one at a
time, i.e.,
AP

= "f,Rf!:RgR DP

A P = "f,R f!:R c P
Ap=

"f,RBp

Ap=

Ap,

(2.97)

the total computation requires only 27 multiplications and 18 additions,
less than half the computations required by the other method.
Of course, in some cases, the relationships ~R, ~R, and gR may
be constant, and there may be many DPi which need to be transformed
into APio ln this case, it is more efficient to calculate "JyRonce, and then
use it for alI future mappings. See also Exercise 2.16.

~
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EXAMPLE 2.10
Give a method of computing the product of two rotation matrices,
less than 27 multiplications
and 18 additions.
Where Li are the columns of ~R, and êi are the three columns of
the result, compute

~R ~R, using

ê1 = ~i1,
,

C2.=

A'

BR

L2,

(2.98)

ê3 = ê1 X ê2,
which requires 24 multiplications

and 15 additions.

.
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Exercises
2.1

[15]A vector AP is rotated about ZA by () degrees and is subsequently
rotated aboi.rt X A by q; degrees. Give the rotation matrix which accomplishes these rotations in the given order.

2.2

[15] A vectar AP is rotated about YA by 30 degrees and is subsequently
rotated about XA by 45 degrees. Give the rotation matrix which accomplishes these rotations in the given order.

2.3

[16] A frame {B} is located as follows: initially coincident with a frame
{A} we rotate {B} about ZB by () degrees and then we rotate the resulting
frame about X B by q;degrees. Giv!, the rotation matrix which will change
the description of vectors from BP to Ap.

2.4

[16] A frame {B} is located as follows: initially coincident with a frame
{A} we rotate {B} about ZB by 30 degrees and then we rotate the
resulting frame about X B by 45 degrees. Give the rotation matrix which
will change the description of vectors from BP to AP.

2.5

[13] 'i3R is a 3 x 3 matrix with eigenvalues 1, e+ai, and e-ai, where
i = yCI. What is the physical meaning of the eigenvector of 'i3R
associated with the eigenvalue I?

2.10 Exercises
2.6

[21] Derive equation (2.80).

2.7

[24] Describe (or program) an algorithm which extracts the equivalent
angle and axis of a rotation matrix. Equation (2.82) is a good start,
but make sure your algorithm handles the special cases of e = 0° and

e = 180°.

2.8

[29] Write a subroutine which changes representation of orientation from
rotation matrix form to equivalent angle-axis formo A Pascal-style procedure declaration would begin:
Procedure

RMTOAA(VAR

R:mat33;

VAR K:vec3;

VAR theta:

Write another subroutine
which changes from equivalent
representation
to rotation matrix representation:
Procedure

AATORM(VAR

K:vec3;

VAR

theta:

real:

VAR

real);

angle-axis
R:mat33);

Run these procedures on several cases of test data back-to-back and
verify that you get back what you put in. Include some of the difficult
cases!
2.9

[27] Do Exercise 2.8 for roll, pitch, yaw angles about fixed axes.

2.10

[27] Do Exercise 2.8 for Z-Y-Z Euler angles.

2.11

[10] Under what condition do two rotation matrices representing finite
rotations commute? A proof is not required.

2.12

[14] A velocity vector is given by
BV

=

.

10.0
20.0 .
[ 30.0 ]

Given

~T=
compute
2.13

0.866
0.500
0.000
[O
.

-0.500 0.000 11.0
0.866 0.000 -3.0
0.000 1.000 9.0 '
1 1
O
O

A V.

[21] The following frame definitions are given as known. Draw a frame diagram (like that of Fig. 2.15) which qualitatively shows their arrangement.
Solve for ~T.
0.000 11.0
0,866 -0.500
3{T=

0.500
0.000
[O

0.866 0.000
0.000 1.000
O
O

1.000 0.000
0.866
:f.T = 0.000
0.000 0.500
O
[O
0,866
fjT =

0.433
0.250
[O

-0.500
0.750
0.433
O

o.oob
-0.500
0.866
O
0.000
-0.500
0.866
O

-1.0
8.0 '
1 ]
0.0
10.0,
-20.0
1 1
-3.0
-3.0
3.0'
1 ]

I:::]I]
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2 Spatial descriptions and transformations

2.14

[31] Develop a general formula to obtain ~T, where" starting from initial
coincidence, {B} is rotated by e about K where K passes through the
point AP (not through theorigin of {A} in general).

2.15

[34] {A} and {B} are frames differing only in orientation. {B} is attained
as follows: starting coincident with {A}, {B} is rotated by e radians about
unit vector

K.

That

is,

~R = ~RK(e).
Show that

~R = eKe,
where
-kz

K=
2.16

~z
[ -ky

o
kx

ky

-;x

]

.

[22] A vector must be mapped through three rotation matrices:

Ap= ~R ~R gR DF.
One choice is to first multiply the three rotation matrices together, to
form 'iJR in the expression:
Ap=

'iJRDF.

Another choice is to transform the vector through the matrices one at a
time; that is,

Ap=

~R~RgRDp

Ap=

~R~Rcp

Ap=

~RBp

Ap=

AF.

Because DP is changing at 100 Hz, we must recalculate A P at this rate.
However, the three rotation matrices are also changing as determined by
a vision system
which gives us new values for ~R, ~R, and g R at 30
Hz. What is the best way to orgànize the computation to minimize the
calculation effort (multiplications and additions)?
2.17

[16] Another familiar set of three coordinates which can be used to
describe a point in space is cylindrical coordinates. The three coordinates
are defined as illustrated in Fig. 2.23. The coordinate e gives a direction in
the xy plane along which to radially translate by an amount r. Finally, Z
is given to specify the height above the xy-plane. Determine the Cartesian
coordinates of the point AP in terms of the cylindrical coordinates e, r,
and z.

2.10 Exercises

{A}

ZA

YA

z

FIGURE 2.23

2.18

2.19

Cylindrical

coordinates.

[18] Another set of three coordinates which can be used to describe a point
in space are spherical coordinates. The three coordinates are defined as
illustrated in Fig. 2.24. The angles a and (3can be thought of as describing
azimuth and elevation of a ray projecting into space. The third coordinate,
r, is the radial distance along that ray to the point being described.
Determine the Cartesian coordinates of the point AP in terms 'af the
spherical coordinates a, (3, and r.
about its X axis by an amount rj;, and then it is
by an amount 1jJ.From our study of Euler
angles, we know that the resulting orientation is given by:
[24] An object is rotated

rotated about its new

Y axis

Rx

(rj;)Ry

(1jJ).

Whereas if the two rotations had occurred about axes of the fixed reference
frame, the result would be
Ry (1jJ)Rx (rj;r
It appears that the order of multiplication depends upon whether rotations
are described relative to fixed axes, or those of the frame being moved.
It is more appropriate,
however, to realize that in the case of specifying
a rotation about an axis of the frame being moved, we are specifying a
rotation in the fixed system given by (for this example)

Rx (rj;)Ry(1jJ)K;/(rj;).

~

[]I]
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{A}

ZA

}TA

XA

FIGURE

2.24

Spherical

coordinates.

This similarity tmnsform [1], multiplying the original Rx(tjJ) on the left
reduces to the resulting expression in which it looks as if the order of
matrix multiplication has been reversed. Taking this viewpoint, give a
derivation for the form of the rotation matrix which is equivalent to the
Z-Y-Z Euler angle set (0:,(3,{) (the result is given by (2.72)).
2.20

[20] Imagine rotating a vector Q about a vector K by an amount B to
form a new vector, Q'. That is,

Q' = RK(B)Q.
Use (2.80) to derive Rodriques'

formula, which is

Q' = Q cos B + sin B(K x Q) + (1 - cos B)(K . Q)K.
[15] For sufficiently small rotations so that the approximations sin B = B,
cosB = 1, and B2 = O hold, derive the rotation matrix equivalent to a
rotation of B about a general axis, K. Start with (2.80) for your derivation.
2.22 [20] Using the result from Exercise 2.21, show that two infinitesimal
rotations commute (i.e., the order m which the rotations are performed
is not important).
2.21

2.23 [25]Give an algorithm to construct the definition of a frame f.j,T from
three points UP1, UP2, and uP3, where the following is known about
these points:
1) UP1 is at the origin of {A}.
2)

UP2 lies somewhere

3)

UP3 lies near the positive

on the positive

Y axis

X

axis of {A}.

in the XY plane of {A}.

~2

Spatial descriptions and transformations
2.30

[15] Referring to Fig. 2.25, give the value of <J..T.

2.31

[15] Referringto Fig. 2.26, give the value of ~T.

2.32

[15] Referring to Fig. 2.26, give the value of éT.

2.33
2.34

[15] Referring to Fig. 2.26, give the value of ~T.
[15] Referring to Fig. 2.26, give the value of <J..T.

2.35
2.36

[20] Prove that the determinant of any rotation matrix is always equal

~1.

.

[36] A.rigid body moving in a plane (Le., in 2-space) has three degrees of

freedom. A rigid body movinf in 3-space has 6 degrees of freedom. Show
that a body in N-space has 2(N2 + N) degrees of freedom.
2.37 [15] Given
0.86
0,25
0.43
5,0
-0.50
0.00 -4.0
~T = 0.87
3.0 '
0.75 -0.50
0.43
O
O
1 ]
[O
what is the (2,4) element of ~T?
2.38 [25] Imagine two unit vectors, VI and V2, embedded in a rigid body. Note
that no matter how the body is rotated, the geometric angle between these
two vectors is preserved (Le., rigid body rotation is an "angle-preserving"
operation). Use this fact to give a concise (four- or five-line) proof that the
inverse of a rotation matrix must equal its transpose, and that a rotation
matrix is orthonormal.
2.39

[37] Give an algorithm (perhaps in the form of a Pascal program) which
computes the unit quaternion corresponding to a given rotation matrix.
Use (2.91) as starting point.

2.40

[33] Give an algorithm (perhaps in the form of a Pascal program) which
computes the Z-X-Z Euler angles corresponding to a given rotation matrix.
See Appendix B.

2.41

[33] Give an algorithm (perhaps in the form of a Pascal program) which
computes the X-Y-X fixed angles corresponding to a given rotation matrix.
See Appendix B.

Programming

Exercise

(Part

2)

1. If your function library does not include an Atan2 function subroutine,
write one.
2.

,-

To make a friendly user interface, we wish to describe orientations in the
planar world with a single angle, e, instead of a 2 x 2 rotation matrix. The
user will always communicate in terms of angle e, but internally we will
need the rotation matrix formo For the position vector part of a frame, the
user will specify an x and a y value. So, we want to allow the user to specify
a frame as a 3-tuple: (x, y, e). Internally, we wish to use a 2 x 1 position
vector and a 2 x 2 rotation matrix, so we need conversion routines. Write a
subroutine whose Pascal definition would begin:

OL!

2
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2.30

[15] Referring to Fig. 2.25, give the value of <iT.

2.31
2.32

[15] Referring to Fig. 2.26, give the value of "fiT.
[15] Referring to Fig. 2.26, give the value of éT.

2.33 [15] Referring to Fig. 2.26, give the value of f!:T.
2;34 [15] Referring to Fig. 2.26, give the value of <iT.
2.35

[20] Prove that the determinant of any rotation matrix is always equal
to 1.

2.36

[36] A rigid body moving in a plane (Le., in 2-space) has three degrees of

freedom. A rigid body movi~ in 3-space has 6 degrees of freedom. 8how
that a body in N-space has 2(NZ + N) degrees of freedom.
2.37 [15] Given
0.43
0.86
0,25
5,0
-0.50
0.00 -4.0
~T = 0.87
0.43
0.75 -0.50
3.0 '
O
O
1 ]
[O

2.38

what is the (2,4) element of 1J.T?
[25] Imagine two unit vectors, VI and Vz, embedded in a rigid body. Note
that no matter how the body is rotated, the geometric angle between these
two vectors is preserved (Le., rigid body rotation is an "angle-preserving"
operation). Use this fact to give a concise (four- or five-line) proof that the
inverse of a rotation matrix must equal its transpose, and that a rotation
matrix is orthonormal.

2.39

[37] Give an algorithm (perhaps in the form of a Pascal program) which
computes the unit quaternion corresponding to a given rotation matrix.
Use (2.91) as starting point.

2.40

[33] Give an algorithm (perhaps in the form of a Pascal program) which
computes the Z-X-Z Euler angles corresponding to a given rotation matrix.
8ee Appendix B.

2.41

[33] Give an algorithm (perhaps in the form of a Pascal program) which
computes the X-Y-X fixed angles corresponding to a given rotation matrix.
8ee Appendix B.

Programming

Exercise

(Part 2)

1. If your function library does not include an Atan2 function subroutine,
write one.
2.

,.

To make a friendly user interface, we wish to describe orientations in the
planar world with a single angle, e, instead of a 2 x 2 rotation matrix. The
user will always communicate in terms of angle e, but internally we will
need the rotation matrix formo For the position vector part of a frame, the
user will specify an x and a y value. 80, we want to allow the user to specify
a frame as a 3-tuple: (x, y, e). Internally, we wish to use a 2 x 1 position
vectar and a 2 x 2 rotation matrix, so we need conversion routines. Write a
subroutine whose Pascal definition would begin:

2.10 Programming Exercise (Part 2)
Procedure

UTOI(VAR

uform:

vec3j

VAR

iform:

frame)j

Where "UTOI"stands for "User form TO Internal form." The first argument
is the 3-tuple (x, y, B), and the second argument is oftype frame. The type
"frame" consists of a (2x1) position vector and a (2x2) rotation matrix. If
you wish, you may represent the frame with a (3x3) homogeneous transform
in which the third row is [O 01 ]. The inverse routine will also be necessary:
Procedure

3.

iform:

framej

VAR

uform:

vec3);

Write a subroutine to multiply two transforms together. Use the followlng
procedure heading:
Procedure

4.

ITOU(VAR

TMULT(VAR

brela,

creIo,

creIa:

frame)j

The first two arguments are inputs, and the third is an output. Note that the
names of the arguments document what the program does (brela = ~T).
Write a subroutine to invert a transformo Use the following procedure
heading:
Procedure

TINVERT(VAR

brela,

arelb:

frame)j

The first argument is the input, the secondthe output. Note that the names
of the arguments document what the program does (brela
5.

=~ T).

The following frame definitions are given as known. These frames are input
in the user representation of (x y B] (where B is in degrees). Draw a
frame diagram (like Fig. 2.15, only in 2-D) which qualitatively shows their
arrangement. Write a program which calls TMULTand TINVERT(defined in
3 and 4 above) as many times as needed to solve for {!;T.
SiT

= [x

y

B] = [11.0 -1.0

30.0],

~T = [x y B]= [0.0 7.0 45.0],
'6T = [x y B]= (-3.0

-3.0

- 30.0].

Print out {!;T in both internal and user representation.
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3
MANIPULATOR
KINEMATICS

3.1

Introduction

Kinematics
is the science of motion which treats motion without regard
to the forces that cause it. Within the science of kinematics one studies
the position, velocity, acceleration, and all higher order derivatives of
the position variables (with respect to time or any other variable( s)).
Hence, the study of the kinematics of manipulators
refers to all the
geometrical and time-based properties of the motion. The relationships
between these motions and the forces and torques which cause them is
the problem of dynamics and is the subject of Chapter 6.
ln this chapter, we consider poSition and orientation of the manipulator linkages in static situations. ln Chapters 5 and 6 we will consider
the kinematics when velocities and accelerations are involved.
ln order to deal with the complex geometry of a manipulator we will
affix frames to the various parts of the mechanism and then describe the
relationshi~ between these frames. The study of manipulator kinematics

3.2

Link description

involves, among other things, how the locations of these frames change as
the mechanism articulates. The central topic of this chapter is a method
to compute the position and orientation of the manipulator's end-effector
relative to the base of the manipulator as a function of the joint variables.

3.2

Link description

A manipulator may be thought of as a set of bodies connected in a chain
by joints. These bodies are called links. Joints form a connection between
a neighboring pair of links. The term lower pair is used to describe
the connection between a pair of bodies when the relative motion is
characterized by two surfaces sliding over one another. Figure 3.1 shows
the six possible lower pair joints.
Due to mechanical design considerations, manipulators are generally
constructed fram joints which exhibit just one degree of freedom. Most
manipulators
have revolute
joints or have sliding joints called prismatic joints. ln the rare case that a mechanism is built with a joint
having n degrees of freedom, it can be modeled as n joints of one degree

~
~
Revolute

Cylindrical

Screw

FIGURE

3.1

The six possible

~
Prismatic

/~I

Planar

Spherical

lower pair joints.

[][]
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3 Manipulator kinematics

of freedom connected with n - 1 links of zero length. Therefore, without
loss of generality, we will consider only manipulators which have joints
with a single degree of freedom.
The links are numbered starting from the immobile base of the
arm, which might be called link O. The first moving body is link 1,
and so on, out to the free end of the arm, which is link n. ln order to
position an end-effector generally in 3-space, a minimum of six joints
is required. * Typical manipulators have five or six joints. Some robots
may actually not be as simple as a single kinematic chain-they
may
have parallelogram
linkages or other closed kinematic structures. We
will consider one such manipulator
later in this chapter.
A single link of a typical robot has many attributes
which a
mechanical designer had to consider during its designo These include the
type of material used, the strength and stiffness of the link, the location
and type of the joint bearings, the external shape, the weight and inertia,
etc. However, for the purposes of obtaining the kinematic equations of
the mechanism, a link is considered only as a rigid body which defines the
relationship between two neighboring joint axes of a manipulator. Joint
axes are defined by lines in space. Joint axis i is defined by a line in space,
or a vector direction, about which link i rotates relative to link i-L
It
turns out that for kinematic purposes, a link can be specified with two
numbers which define the relative location of the two axes in space.
For any two axes in 3-space there exists a well-defined measure of
distance between them. This distance is measured along a line which is
mutually perpendicular to both axes. This mutual perpendicular always
exists and is uni que except when both axes are parallel, in which case
there are many mutual perpendiculars
of equallength.
Figure 3.2 shows
link i-I
and the mutually perpendicular
line along which the link
length, ai-I' is measured. Another way to visualize the link parameter
ai-I is to imagine an expanding cylinder whose axis is the joint i-I
axis
when it just touches joint axis i the radius of the cylinder is
equal to ai-I'
The second parameter needed to define the relative location of the
two axes is called the link twist. If we imagine a plane whose normal
is the mutually perpendicular line just constructed, we can project both
axes i-I
and i onto this plane and measure the angle between them.
This angle is measured from axis i" 1 to axis i in the right-hand sense
about ai-I' t We will use this definition of the twist of link i-I, Oói-I' ln
Fig. 3.2, Oói-I is indicated as the angle between axis i-I
and axis i (the
lines with the triple hash marks are parallel). ln the case of intersecting
axes, twist is measured in the plane containing both axes, but the sense
-

* This makes good intuitive sense as the description of an object in space
requires six parameters-three
for position and three for orientation.
t ln this case ai-l is given a direction as pointing from axis i-I
to axis i.

[]O

3.2 Link description

Axis i-I

Axis i

/
/
/~'

/

f
FIGURE 3.2 The kinematic function of a link is to maintain a fixed
relationship between the two joint axes it supports. This relationship
can be
described with two parameters, the link length, a, and the link twist, a.

of Q:i-l is lost. In this special case, one is free to assign the sign of Q:i-l
arbitrarily.
You should convince yourself that these two parameters, length and
twist, as defined above, can be used to define the relationship between
any two lines (in this case axes) in space.
EXAMPLE 3.1
Figure 3.3 shows the mechanical drawings of a robot link. If this link
is used in a robot with bearing "A" used for the lower numbered joint,
give the length and twist of this link. Assu'ille that holes are centered
in each bearing.
By inspection, the common perpendicular lies right do!"n the middle
of the metal bar connecting the bearings, so the link length is 7 inches.
The end view actually shows a projection of the bearings onto the plane
whose normal is the mutual perpendicular.
Link twist is measured in

the right-hand sense about the common perpendicular from axis i
to axis i, so in this example,

it is clearly +45 degrees.
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Bearing "A"
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Linkconnectiondescription

The problem of connecting the links of a robot together is again
one filled with many questions for the mechanical designer to resolve.
These include the strength of the joint, lubrication, bearing and gearing
mounting, etc. However, for the investigation of kinematics, we need
only worry about two quantities which will completely specify the way
in which links are connected together.

Intermediate
linksin the chain
Neighboring links have a common joint axis between them. One parameter of interconnection
has to do with the distance along this common
axis from one link to the next. This parameter is called the link offset.
The offset at joint axis i is called di, The second parameter describes
the amount of rotation about this cqmmon axis between one link and
its neighbor. This is called the joint angle, Bi.
Figure 3.4 shows the interconnection
of link i-I
and link i. Recall
that ai-l is the mutual perpendicular between the two axes of link i-L
Likewise ai is the mutual perpendicular
defined for link i. The first
parameter of interconnection
is the link offset, di, which is the signed
distance measured along the axis of joint i from the point where ai-l
intersects the axis to the point where ai intersects the axis. The offset di
is indicated in Fig. 3.4. The link offset di is variable if joint i is prismatic.

3.3

Link connection description

Axis i

Axis i-I

FIGURE 3.4 The link offset, d, and the joint angle, a, are two parameters
which may be used to describe the nature of the connection between
neighboring links.

The second parameter of interconnection is
extension of ai-l and ai measured about
indicated in Fig. 3.4, where the lines with
parallel. This parameter is named ei, and is

the angle made between an
the axis of joint i. This is
the double hash marks are
variable for a revolute joint.

Firstand last linksin the chain
Link length, ai' and link tWlst, ai' depend on joint axes i and i + 1. Hence
aI through an-l and 0'1 through O'n-l are defined as discussed above in
this section. At the ends of the chain, it will be our convention to assign
zero to these quantities. That is, ao = an = 0.0 and ao = O'n = 0.0.*
Link offset, di, and joint angle, ei, are well defined for joints 2 through
n - 1 according to the conventions discussed above in this section. If
joint 1 is revolute, the zero position for e1 may be chosen arbitrarily and
dI = 0.0 will be our convention. Similar1y, if joint 1 is prismatic, the

* In fact, an and O<ndo not need to be defined at alI.

[}[]
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3 Manipulator kinematics

zero position of dI may be chosen arbitrarily, and BI = 0.0 will be our
convention. Exactly the same statements apply to joint n.
These conventions have been chosen so that in a case where a
quantity could be assigned arbitrarily, a zero value is assigned so that
later calculations will be as simple as possible.

Linkparameters
Hence any robot can be described kinematicalIy by giving the values
of four quantities for each link. Two describe the link itself, and two
describe the link's connection to a neighboring link. In the usual case
of a revolute joint, Bi is calIed the joint variable, and the other
three quantities would be fixed link parameters. For prismatic joints,
di is the joint variable and the other three quantities are fixed link
parameters. The definition of mechanisms by means of these quantities
is a convention usualIy calIed the Denavit-Hartenberg
notation [1].*
Other methods of describing mechanisms are available but are not
presented here.
At this point we could inspect any mechanism and determine the
Denavit-Hartenberg parameters which describe it. For a six-jointed robot
18 numbers would be required to completely describe the fixed portionof
its kinematics. In the case of a six-jointed robot with alI revolute joints,
the 18 numbers are in the form of six sets of (ai' ai' di),
EXAMPLE 3.2

Two links, as described in Fig. 3.3, are connected as links 1 and 2
of a robot. Joint 2 is composed of a "B" bearing of link 1 and an "A"
bearing of link 2 arranged so that the flat surfaces of the "A" and "B"
bearings lie flush against each other. What is d2?
The link offset d2 is the offset at joint 2, which is the distance,
measured along the joint 2 axis, between the mutual perpendicular of
link 1 and that of link 2. From the drawings in Fig. 3.3, this is 2.5
inches.
Before introducing more examples we will define a convention for
attaching a frame to each link of the manipulator.

.

* Note that many related conventions go by the name of Denavit-Hartenberg
but differ in a few details. For example, the version used in this book differs
from some of the robotic literature in the manner of frame numbering. Unlike
some other conventions, in this book frame {i} is attached to link i and has
its origin lying on joint axis i.

3.4

3.4

Convention for aflixing frames to links

Conventionfor affixingframesto links

In order to describe the location of each link relative to its neighbors
we define a frame attached to each link. The link frames are named by
number according to the link to which they are attached. That is, frame
{i} is attached rigidly to link i.

Intermediate
linksin the chain
The convention we will use to locate frames on the links is as follows:
The Z-axis of frame {i}, called Zi, is coincident with the joint axis i. The
origin of frame {i} is located where the ai perpendicular intersects the
joint i axis. Xi points along ai in the direction from joint i to joint i + 1.
In the case of ai = O, Xi is normal to the plane of Zi and Zi+!' We
define ai as being measured in the right-hand sense about Xi, and so we
see that the freedom of choosing the sign of ai in thiscase corresponds
to two choices for the direction of Xi, fi is formed by the right-hand
rule to complete the ith frame. Figure 3.5 shows the location of frames
{i - I} and {i} for a general manipulator.
Axis i-I

FIGURE 3.5 Link frames are attached
rigidly to link i.

Axis i

so that

frame {i} is attached

[1[]
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Firstand lastlinksin the chain
We attach a frame to the base of the robot, or link O, called frame {O}.
This frame does not move and for the problem of arm kinematics can
be considered the reference frame. We may describe the position of all
other link frames in terms of this frame.
Since frame {O} is arbitrary, it always simplifies matters to choose
Zo along axis 1 and to locate frame {O}so that it coincides with frame
{I} when joint variable 1 is zero. Using this convention we will always
have ao = 0.0, ao = 0.0. Additionally, this ensures that dI = 0.0 if joint
1 is revolute, or 01 = 0.0 if joint 1 is prisrqatic.
For joint n revolute, the direction of X N is chosen so that it aligns
with XN-l when °n = 0.0, and the origin of frame {N} is chosen so
that dn = 0.0. For joint n prismatic, the direction of XN is chosen so

that °n

= 0.0, and

of XN-l

the origin of frame {N} is chosen at the intersection

and joint axis n when dn

= 0.0.

Summaryot the linkparameters
in termsot the linktrames
If the link frames have been attached to the links according to our
convention, the folIowing definitions of the link parameters are valid:
ai

= the

ai

=

distance from Zi to Zi+1 measured

the angle between Zi and Zi+1 measured

along Xi;
about Xi;

di = the distance from Xi-l to Xi measured along Zi; and
°i = the angle between Xi-l and Xi measured about Zi'
We usualIy choose ai > Osince it corresponds to a distance; however,
ai' di, and °i are signed quantities.
A final note on uniqueness is warranted. The convention outlined
above does not result in a unique attachment of frames to links. First
of alI, when we first align the Zi axis with joint axis i, there are two
choices of direction in which to point Zi' Furthermore, in the case
of intersecting joint axes (i.e., ai = O), there are two choices for the
direction of Xi, corresponding to the choice of signs for the normal to
the plane containing Zi and Zi+l' When axes i and i + 1 are paralIel, the
choice of origin location for {i} is arpitrary (though generalIy chosen in
order to cause di to be zero). Also when prismatic joints are present there
is quite a bit of freedom in frame assignment. (See also Example 3.5.)

3.4

Convention for affixing frames to links

Summaryof linkframeattachment
procedure
The folIowing is a summary of the procedure to folIow when faced with
a new mechanism in order to properly attach the link frames:
1.

Identify the joint axes and imagine (or draw) infinite lines along
them. For steps 2 through 5 below, consider two of these neighboring
lines (at axes i and i + 1).

2.

Identity the common perpendicular
between theml or point of
intersection. At tb.e paint aI inten5ectian, ar at tb.e paint ~llere tbe

common perpendicular meets the ith axis, assign the link frame
origin.
3.

Assign the Zi axis pointing

4.

Assign the "Yi l'txis pointing alang tb.e conHIlan perpendicular,
ar if
the axes intersect, assign Xi to be normal to the plane containing
the two axes.

5.

Assign the Y; axis to complete

6.

a]ong the ith jojnt ».xis

a right-hand

coordinate

system.

Assign {O} to match {I} when the first joint variable is zero. For {N}
XN direction freely, but generalIy so
as to cause as many linkage parameters as possible to become zero.

choose an origin location and

EXAMPLE 3.3
Pigure '3.Da shows a t.bree-llJJk pll1JJl1Il1IID, J}gf:fl,!l3t fl,)) r;I1If}tjV1I1U5
are revdute, this manipulator
is sometimes cailed an "RRR (or 3R)
mechanism." Fig. 3.6b is a schematic representation
of the same manipulator. Note the double hash marks indicated on each of the three axes
which indicate that these axes are paralIel. Assign link frames to the
mechanism and give the Denavit-Hartenberg
parameters.
We start by defining the reference frame, frame {O}. It is fixed to
the base and aligns with frame {I} when the first joint variable (81)
is zero. Therefore we position frame {O} as shown in Fig. 3.7 with Zo
aligned with the joint 1 axis. For this arm, alI joint axes are oriented
perpendicular to the plane of the arm. Since the arm lies in a plane with
alI Z axes par alIeI, there are no link offsetsj alI di are zero). Since alI
joints are rotational, when they are at zer~ degrees, alI X axes must
align.
With these comments in mind it is easy to find the frame assignments shown in Fig. 3.7. The corresponding link parameters are shown
in Fig. 3.8.
Note that since the joint axes are alI paralIel and alI the Z axes
are taken to point out of the paper, alI ai are zero. This is obviously a
very sim pie mechanism. Note that our kinematic analysis always ends

[1[]

[1[]

3

Manipulator

kinematics

(a)

(b)

FIGURE 3.6 A three-link planar armo On the right we show the same
manipulator
by means of a sim pie schematic notation. Hash marks on the
axes indicate that they are mutually parallel.

at a frame whose origin lies on the last joint axis, therefore l3 does not
appear in the link parameters. Such final offsets to the hand are dealt

with separately later.

.
EXAMPLE 3.4

Figure 3.9a shows a robot having three degrees of freedom and one
prismatic joint. This manipulator can be called an "RP R mechanism,"
a notation which specifies the type and order of the joints. It is a "cylindrical" robot whose first two joints are analogous to polar coordinates
when viewed from above. The last joint (joint 3) provides "roll" for the
hand. Figure 3.9b shows the same manipulator ln schematic formo Note
the symbol used to represent prismatic joints, and that a "dot" is used
to indicate the point at which two acfjacnet axes intersect. Also the fact
that axes 1 and 2 are ortl;1ogonal has been indicated.
Figure 3.10a shows the manipulator
with the prismatic joint at
minimum extension, and the assignment of link frames are shown in
Fig. 3.10b.
Note that frame {O} and frame {I} are shown as exactly coincident
in this

figure

because

the robot

that frame {O}, although

is drawn

for the position

not at the bottom

81

=

O. Note

of the flanged base of the

3.4

Convention

for affixing frames to links

Yi

Xo

FIGURE

FIGURE

3.7

3.8

Link frame assignments.

i

ai - 1

ai - 1

dI

8I

1

O

O

O

81

2

O

Li

O

82

3

O

L2

O

83

Link parameters

of the three-link

planar

manipulator.

robot, is nonetheless rigidly affixed to link O,the nonmoving part of the
robot. Just as our link frames are not used to describe the kinematics
all the way out to the hand, they need not be attached all the way back
to the lowest part of the base of the robot. It is sufficient that frame {O}

D2:J

~

3 Manipulator kinematics
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Joint 2
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Joint 3

(a)

FIGURE
prismatic
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3.9 Manipulatar
jaint.

(b)

having three

degrees

af freedam

and ane

.lI
X3
23

(a)

FIGURE

3.10

(b)

Link frame assignments.

be attached anywhere to the nonmoving link O,and that frame {N}, the
final frame, be attached anywhere to the last link of the manipulator.
Other offsets can be handled later in a general way.
Note that while rotational joints rotate about the 2; axis of the
associated frame, prismatic joints siide along 2;. ln the case where joint
i is prismatic, °i is a fixed constant and di is the variable. If di is zero
at minimum extension of the link, then frame {2} should be attached
where shown so that d2 gives the true offset. The link parameters are
shown in Fig. 3.1l.
Note that °2 is zero for this robot and d2 is a variable. Axes 1 and
2 intersect, so aI is zero. Angle aI must be 90 degrees in order to rotate
2;1 so as to align with 2;2 (about Xl).
.

3.4

i

ai - 1

1

O

Convention for affixing frames to links

ai - 1

dI

8I

O

O

81

<c

2

90°

O

d2

O

3

O

O

L2

83
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y
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Link parameters

for the Fi? R manjpulator

of Example

3.4.

-T

L2

__L
(a)
FIGURE

3.12

Three-link,

(b)
nonplanar

manipulator.

EXAMPLE 3.5
Figure 3.12a shows a three-link, 3R manipulator
for which joint
axes 1 and 2 intersect, and axes 2 and 3 are parallel. Figure 3.12b shows
the kinematic schematic of the manipulator. 'Note that the schematic
includes annotations indicating that the first two axes are orthogonal
and that the last two are parallel.
Demonstrate
the nonuniqueness
of frame assignments and of the
Denavit-Hartenberg
parameters by showing several possible correct assignments of frames {I} and {2}.
Figure 3.13 shows two possible frame assignments and corresponding
parameters for the two possible choices of direction of 22,

DO

~
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21

ci:1

21

X2

sP
c'1A
Y2

A
Z2

al

=O

(q = -900
dl = O
FIGURE

a'l = O
aI = 900
dI = O

62 = -900

a2 = L2
a2 = O
d2 = - Ll

62 = 900

3.13 Two possibleframeassignments.

al = O
aI = 900
dl = O

FIGURE

a2=L2
a2 = O
d2 = Ll

3.14

a2 = L2
a2 = O
d2 = Ll

aI = O
62 = 900

aI = -900

a2 = L2
a2 = O

dI

d2 = -LI

O

62 = -900

Two more .possible frame assignments.

ln general when Zi and Zi+1 iiitersect, there are two choices for Xi,
ln this example joint axes 1 and 2 intersect, so there are two choices
for the direction of Xl, Figure 3.14 shows two more possible frame
assignments corresponding to the second choice of Xl,
ln fact, there are four more possibilities corresponding to the above
four choices but with Zl pointing downward.
.

3.5

3.5

Manipulator kinematics

Manipulatorkinematics

In this section we derive the general form of the transformation
which
relates the frames attached to neighboring links. We then concatenate
these individual transformations
to solve for the position and orientation
of link n relative to link O.

Derivation of link transformations
We wish to determine the transform which defines frame {i} relative to
the frame {i - I}. In general, this transformation will be a function of
the four link parameters. For any given robot, this transformation will be
a function of only one variable, the other three parameters being fixed by
mechanical designo By defining a frame for each link we have broken the
kinematics problem into n subproblems. In order to solve each of these
subproblems, namely ~-lT, we will further break the problem into four
sub-subproblems. Each of these four transformations will be a function
of one link parameter only, and will be simple enough that we can write
down its form by inspection. We begin by defining three intermediate
frames for each link, namely: {P}, {Q}, and {R}.
Axisi -1

Axisi

/
/

/
/~
:2/::

FIGURE

Cti- 1

3.15

Location

of intermediate

frames {P},

{Q}, and {R}.
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3 Manipulator kinematics

Figure

3.15 shows the same pair of joints

as before with frames
X and Z axes are
clearer. Frame {R} differs

{P}, {Q}, and {R} defined. Note that only the
shown for each frame to make the drawing

from frame {i - 1} only by a rotation of Cti-l. Frame {Q} differs from
{R} by a translation ai-I. Frame {P} differs from {Q} by a rotation
Bi, and frame {i} differs from {P} by a translation
di. If we wish to
write the transformation
which transforms vectors defined in {i} to their

description in {i - 1} we may write
i-lp= k~lT ~T ~T {'T

(3.1)

ip,

or
i-I P = ~-lT

(3.2)

i p,

where

~-lT = ,;;lT ~T ~T {'T.
Considering each of these transformations,
written:

= RX(ai-l)

~-lT

DX(ai-l)

(3.3)

we see that (3.3) may be
Dz(di),

(3.4)

Screwz(di,()i),

(3.5)

RZ(()i)

or
~-lT = ScrewX(ai-l,

ai-I)

where the notation ScrewQ(r, cp)stands for a translation along an axis
Q by a distance r, and a rotation about the same axis by an angle cp.
Multiplying out (3.4) we obtain the general form of ~-IT:
~.
i-lT

=

t

[

-~

O

s()ica"i-l

cOicai"-l

s()isai-l

c()isai-l

O

-s;-

-sai-l

t- l d t

cai-ldi
1

cai-l

O

1

a.

O

.

(3.6)

]

EXAMPLE 3.6
Using the link parameters shown in Fig. 3.11 for the robot of Fig. 3.9,
compute the individual transformations
for each link.
Substituting
the parameters into (3.6) we obtain
COl
°T =
1

S()l
O

[

O

1 O
lT

2

=

O O

O 1
[O O

-S()l

COlO
O
1
Q.

O
-1

O
O

C()3 -s()3
2T =
3

S()3
O
[ O

O 0

C()3
O
O

O

O
O

'

11

O
-d2

O
1

O

'
1

O

O O
1 12 .
O 1j

(3.7)

3.6

Actuator space, joint space, and Cartesian space

Having derived these link transformations,
it is a good idea to check them
using common sense. For example the elements of the fourth column of
each transform should give the coordinates of the origin of the next
higher frame.
-

Concatenating
link transformations
Once the link frames have been defined and the corresponding link parameters found, developing the kinematic equations is straightforward.
Using the values of the link parameters the individuallink
transformation matrices can be computed. Then, the link transformations
can be
multiplied together to find the single transformation
that relates frame
{N} to frame {O}:

~T = ~T ~T ~T . . . f,-lT.

(3.8)

This transformation, ~T, will be a function of all n joint variables. If
the robot's joint position sensars are queried, the Cartesian position and
orientation of the last link may be computed by ~T.

3.6

Actuatorspace,jointspace,and Cartesianspace

The position of all the links of a manipulator
of n degrees of freedom
can be specified with a set of n joint variables. This set of variables is
often referred to as the n x 1 joint vector. The space of all such joint
vectors is referred to as joint space. Thus far in this chapter we have
been concerned with computing the Cartesian
space description from
knowledge of the joint space description. We use the term Cartesian
space when position is measured along orthogonal axes, and orientation
is measured according to any of the conventions outlined in Chapter 2.
Sometimes the terms task-oriented
space or operational
space are
used for what we will call Cartesian space.
80 far we have implicitly assumed that each kinematic joint is
actuated directly with some sort of actuator. However, in the case of
many industrial robots, this is not so. For'" example, sometimes two
actuatars work together in a differential pair to move a single joint, or
sometimes a linear actuator is used to rotate a revolute joint through the
use of a four-bar linkage. ln these cases it is helpful to consider the notion
of actuator positions. 8ince the sensors which measure the position of
the manipulator are often located at the actuators, some computations
must be performed to compute the joint vectar as a function of a set of
actuator values, or actuator
vector.

[§.[]

[][J

3 Manipulator kinematics

As indicated in Fig. 3.16, there are three representations
of a
manipulator's position and orientation: descriptions in actuator
space,
joint space, and Cartesian
space. ln this chapter we are concerned
with the mappings between representations
as indicated by the solid
arrows in Fig. 3.16. ln Chapter 4, we will consider the inverse mappings
indicated by the dashed arrows.
The manner in which actuators might be connected to move a joint
is quite varied and, although they might be catalogued, we will not do
so here. For each robot we design or seek to analyze, the correspondence
between actuator positions and joint positions must be solved. ln the
following section we will solve an example problem for an industrial
robot.

3.7

Examples:kinematicsof two industrialrobots

Current industrial robots are available in many different kinematic
configurations [2], [3]. ln this section we work out the kinematics of two
typical industrial robots. First we consider the Unimation PUMA 560,
a rotary joint manipulator with six degrees of freedom. We will solve for
the kinematic equations as functions of the joint angles. For this example
we will skip the additional problem of the relationship between actuator
space and joint space. Second, we consider the Yasukawa Motoman L-3,
a robot with five degrees of freedom and rotary joints. This example
is done in detail, including the actuator-to-joint
transformations.
This
example may be skipped on first reading of the book.

I

/--,

Actuator
space

/-""",
\(

\

Joint
space

Cartesian
space

~~
FIGURE

3.16

Mappings

between

kinematic

descriptions.

3.7

Examples: kinematics of two industrial robots

The PUMA560
The Unimation PUMA 560 (Fig. 3.17) is a robot with six degrees of
freedom and all rotational joints (i.e., it is a 6R mechanism). It is shown
in Fig. 3.18 with link frame assignments in the position corresponding
to all joint angles equal to zero.
of the robot.

*

Figure 3.19 shows detail of the forearm

Note that the frame {O} (not shown) is coincident with frame {I}
when 81 is zero. Note also that for this robot, as with many industrial
robots, the joint axes of joints 4, 5, and 6 all intersect at a common
point, and this point of intersection coincides with the origin of frames

FIGURE

3.17

The Unimàtian

FUMA 560.

Courtesy01Unimatíon
Incorporated.
ShelterRockLane,Danbury,Conn.

* Unimatian has used a slightly different assignment af zero location af the
jaints, such that li;; = 113- 1800 where li;; is the position
of joint 3 using
Unimation's
canvention.

[]L]
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3 Manipulator kinematics

23

24
FIGURE 3.18 Some kinematic
the FUMA 560 manipulator.

parameters

and frame assignments

for

{4}, {5} and {6}0 Furthermore, the joint axes 4, 5, and 6 are all
mutually orthogonal. This wrist meçp.anism is illustrated schematically
in Figo 3.20.
.
The link parameters corresponding to this placement of link frames
are shown in Figo 3021. ln the case of the PUMA 560 a gearing arrangement in the wrist of the manipulator couples together the motions of
joints 4, 5, and 6. What this means is that for these three joint,we must
make a distinction between joint space and actuator space and solve
the complete kinematics in two steps. However, in this example, we will
consider only the kinematics from joint space to Cartesian space.

3.7

Examples: kinematies of two industrial robots

d4

_1-

.\ ~4

----------

24

a3

Y3

-126

FIGURE 3.19 Kinematic parameters
of the PUMA 560 manipulator.

Using (3.6) we compute

=

lT 2 -

2T =
3

3T 4 -

881
O
[ O

~T ==

and frame assignments

-881

e8l
O
O

for the forearm

O O
O O
1 O '
O 1]

c82

-882

O O

O
-882
[ O

O
-c82
O

1 O
O O '
O 1]

C83

-883

883
O
[ O

c83
O
O

O

a2

O O
1 d3 '
O 1 ]

c84

-884

O a3

O
-884
[ O

O
-c84
O

1 d4
O O '
O ,1 ]

C8S
4T S -

,

each of the link transformations:
e8l

DT
1

1;J

~Y5

O
88s
[ O

-88s

O

O
e8s
O

-1
O
O

O
O
O '
1]

c86

-886

O O

O
-886
[ O

O
-c86
O

1 O
O O .
O 1]

(3.9)
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industrial robots.

form gT by matrix multiplication of the individuallink matrices.

forming

this product

we

will derive

some

subresults

will be

which

useful when solving the inverse kinematic problem in Chapter 4. We
start by multiplying gT and ~T:
C5C6
4T

6

-

-

-

4 T 5T
5
6

-C586

-

85C6

O

-8586

C5

[ O
where c5 is shorthand

-85

C6

86

O

O

3T 4T
4
6

-

*

Depending

on

the

,,c",

amount

- C486

Cs

84CS86 - C4C6

848s

O

O

O- ""
of

space

-C485

-8586

85C6
-84CSC6
[

!1 '

for cos 85, 85 fç>.fsin 85, and so on. * Then we have
-C4c586 - 84C6

3T 6
-

(3.10)

available

any of the threeforms:cosOs, CO5,or Cs.

to

show

d4

O
1
a,]

expressions,

.

(3.11)

we

use
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Because joints 2 and 3 are always parallel, multiplying ~T and ~T first
and applying sum of angle formulas will yield a somewhat simpler final
expression. This can be done whenever two rotational joints have parallel
axes, and we have
C23
I

3 T --23 IT ZT --

-823

O

O

-823

-C23

O

a2C2

1

d3

O -a282

,

(3.12)

O O
1 ]
[ O
where we have used the sum of angles formulas (from Appendix A):
C23 = C2C3 - 8283' ,.
823

= C283 + 8ZC3'

Then we have
IT 6 -

IT
3

3T
6

[

Irll

IrlZ

IrI3

IPX

Ir2I
Ir3I

Ir22

Ir23

Ip

Ir32

Ir33
O

O

O

Y ,
Ipz.
1 ]

~
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where

1TU

= C23

[C4c5c6

1T21 = -84C5C6
1T31 = -823

-

8486]

=

8238586'

- C486,

[C4C5C6 - 8486] - C2385C6,

1T12 = -C23 [C4C586
1T22

-

84C586

-

+ 84C6] + 8238586'

C4C6,

1T32 = 823 [C4C586

+ 84C6] + C238586,
(3.13)

1T13

=

1T23

= 8485'

-C23C485

- 823C5,

1T33= 823C485 - C23C5,

1px

= a2c2 + a3c23

- d4823,

1py = d3,
1pz = -a3823

- a282 - d4c23.

Finally, we obtain the product

of all six línk transforms

~T= ~T~T =

TU

T12

T13

Px

T21
T31

T22
T32
O

T23
T33
O

Py
pz
'
1 1

[ O
where

TU

=

C1 [C23 (C4C5C6

-

8486)

-

82385C6]

+ 81(84C5C6

T21 = 81 [C23(C4C5C6 - 8486) - 8,:4385C6] - C1(84C5C6
T31 = -823(C4C5C6

+ C486),
+ C486),

- 8486) - C2385C6,

T12 = C1 [C23( -C4C586

- 84C6)

+ 8238586]

+ 81 (C4C6

-

84C586)'

T22 = 81 [C23( -C4C586

- 84C6)

+ 8238586]

-

-

84C586),

T32

=

-823(

-C4C586

-

84C6)

+ C238586,

C1 (C4C6

3.7
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= -Cl (C23C4S5 + S23C5) - SIS4S5'
= -SI(c23c4S5
+ S23c5) + ClS4S5,

T33 = S23C4S5

-

C23C5,

Px = Cl [a2c2 + a3c23 - d4s23] - d3s1'
Py = SI [a2C2 + a3c23 - d4S23] + d3cl,
pz = -a3s23

- a2s2 - d4c23'

(3.14)

Equations (3.14) constitute the kinematics of the PUMA 560. They
specify how to compute the position and orientation offrame {6} relative
to frame {O}ofthe robot. These are the basic equations for all kinematic
analysis of this manipulator.

The YasukawaMotomanL-3
The Yasukawa Motoman L-3 is a popular industrial manipulator with
five degrees of freedom (Fig. 3.22). Unlike the examples we have seen
thus far, the Motoman is not a simple open kinematic chain, but rather
makes use of two linear actuators coupled to links 2 and 3 with four-bar
linkages. AIso, thraugh a chain drive, joints 4 and 5 are operated by two
actuators in a differential arrangement.
ln this example we will solve the kinematics in two stages. First we
will solve for joint angles fram actuator positions; and second, we will
solve for Cartesian position and orientation of the last link fram joint
angles. ln this second stage, we can treat the system as if it were a
simple open kinematic chain 5R device.
Figure 3.23 shows the linkage mechanism which connects actuator
number 2 to links 2 and 3 of the robot. The actuator is a linear one
which directly contrais the length of the segment labeled DO. Triangle
ABO is fixed, as is the length BD. Joint 2 pivots about point B, and the
actuator pivots slightly about point O as the linkage moves. We give the
following names to the constants (lengths and angles) associated with
actuator 2:
"12= AE,
(32= ED,

CP2= AC,
D2 = LJED,

C<2= EC,
12= EJ,

and the following names to the variables:
82 = -LJEQ,

'l/J2= LCED,

92 = DC.

Figure 3.24 shows the linkage mechanism which connects actuator
number 3 to links 2 and 3 úf the robot. The actuator is a linear one

[]D

[KJ

3

Manipulator

FIGURE

3.22

kinematics

The Yasukawa

Motoman

L-3.

Courtesy
of Machine
Intelligence
Corporation.

which directIy contraIs the Iength of the segment labeIed HG. TriangIe
EFG is fixed, as is the Iength F H. Joint 3 pivots about point J, and the
actuator pivots slightIy about point G as the Iinkage moves. We give the
following names to the constants (Iengths and angIes) associated with
actuator 3:
13 = EF,
(33 = HF,

4>3 =

EC,

0:3

= CF,

13 = JK,

and the following names to the variabIes:
83

= LPJK,

This arrangement
tional effect. Actuator

1/J3

= LCFH,

93 = CH.

of actuators and linkages has the following func2 is used to position joint 2, and while doing so,
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M/

A

FIGURE

3.23

Kinematic

details of the Yasukawa

link 3 remains in the same orientation

actuator

2 linkage.

relative to the base of the robot.

Actuator 3 is used to adjust the orientation of link 3 relative to the base
of the robot (rather than relative to the preceding link as in a serial
kinematic chain robot). One purpose of such a linkage arrangement is
to increase the structural
rigidity of the main linkages of the robot.
This often pays off in terms of an increased ability to position the robot
precisely.
The actuators for joints 4 and 5 are att~ched to link 1 of the robot
with their axes aligned with that of joint 2 (points B and F in Figs. 3.23
and 3.24). They operate the wrist joints through two sets of chains-one
set located interior to link 2, and the second set located interior to link 3.
The effect of this transmission system along with its interaction with the
actuation of links 2 and 3 is described functionally as follows: Actuator
4 is used to position joint 4 relative to the base of the robot, rather than
relative to the preceding link 3. This means that holding actuator 4
constant will keep link 4 at a constant orientation relative to the base of

[][]
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FIGURE
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Kinematic

details of the Yasukawa

actuator

3 linkage.

the robot, regardless of the positions of joints 2 and 3. Finally, actuator
5 behaves as if directly connected to joint 5.
We now state the equations which map a set of actuator values (Ai)
to the equivalent set of joint values (f)i). ln this case, these equations were
derived by straightforward plane geometry~mostly just application of
the "law of cosines."* Appearing in these equations are scale (ki) and
offset (.\) constants for each actuator. For example, actuator 1 is directly
connected to joint axis 1, and so the conversion is simple; it is just a
matter of a scale factor plus an offset. Thus
e1 = k1A1 + >-1'

e2 = cos-1

(k2A2

(

+ >-2)2 -2002(32

oo~- (3~

)+

tan-1

P2
« 12

) + D2

-

2700,

* If a triangle's angles are labeled a, b, and c, where angle a is opposite
A, and so on, then A2 = B2 + C2 - 2BC cos a.

side

3.7

83

= COS-l

(

k3A3

Examples: kinematics of two industrial robots

+ >'3? - Q~- /3~

)

-2~~

-

82

+ tan-l

~3
b

( )-

900,
(3.15)

84 = -k4A4 - 82 - 83 + >'4+ 180°,

Figure 3.25 shows the attachment of the link frames. In this figure
the manipulator is shown in a position corresponding to the joint vector
e = (O,-90°,90°,90°, O). Figure 3.26 shows the link parameters for this
manipulator. The resulting link transformation matrices are
0T
1

=

c81

-881

881
O
[ O

c81
O
O

O O
O O
1 O '
O 1]

c82

-882

O O

lT 2 -

O
-882
[ O

O
-c82
O

1 O
O O '
O 1]

2T 3-

883
O
[ O

c83

C84

3T 4-

884
O
[ O
c85
O

4
5T

=

885

[

O

-883

O l2

c83 O O
010'
O
O 1]
-884

(3.16)

O l3

c84 O O
010'
O
O 1]
-885
O O
O
-1 O
c85

O

O

O

O 1]

.

Forming the product to obtain gT we obtain

where
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FIGURE
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of link frames for the Yasukawa

r33

L-3.

= ~34'

P:r;= Cl (l2C2 + l3C23) ,
Py = SI (l2C2 + l3C23) ,

(3.17)

We have developed the kinematic equations for the Yasukawa Motoman in two steps. In the first step we compute a joint vector from
an actuator vector, and in the second step we compute a position and
orientation of the wrist frame from the joint vector. If we wish to
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compute only Cartesian position and not joint angles, it is possible to
derive equations which map directly from actuator space to Cartesian
space which are somewhat simpler computationally than the two-step
appIoach (see Exercise 3.10).

3.8

Frameswith standardnames

As a matter of convention it wiil be helpful if we assign specific names
and locations to certain "standard" frames associated with a robot
and its workspace. Figure 3.27 shows a typical situation in which a
robot has grasped some sort of tool and wishes to position the tool
tip to a user-defined location. The five frames indicated in Fig. 3.27 are
so often referred to that we will define names for them. The naming
and subsequent use oí these five frames in a robot programming and
control system facilitates providing general capabilities in an easily
understandable way. Ail robot motions wiil be described in terms oí
these frames.
Brief definitions of the frames shown in Fig. 3.27 are listed below.
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{G}

FIGURE

3.27

The standard

frames.

The basetrame,{B}
{B} is located at the base ofthe manipulator. It is merely another name
for frame {O}. It is affixed to a nonmoving part of the robot, sometimes
called link O. .
The station trame,{S}
{S} is located in a task relevant location. In Fig. 3.28, it is at the comer
of a table upon which the robot is to work. As far as the user of this
robot system is concemed, {S} is the universe frame and all actions of
the robot are made relative to it. It is sometimes called the task frame,
the world frame, or the universe frame. The station frame is always
specified with respect to the base frame, that is, ~T.

The wristtrame,{W}
{W} is affixed to the last link of the manipulator. It is another name
for frame {N}, the link frame attached to the last link of the robot.
Very often {W} has its origin fixed at a point called the wrist of the
manipulator, and {W} moves with the last link of the manipulator. It

is definedrelative to the base frame. That is, {W} = ~T = fj;T.

3.8

FIGURE

3.28

Example

of the assignment

Frames with standard names

of standard

frames.

The tool trame,{T}
{T} is affixed to the end of any tooI the robot happens to be hoIding.
When the hand is empty, {T} is usualIy Iocated with its origin between
the fingertips of the robot. The tooI frame is always specified with respect
to the wrist frame. In Fig. 3.28 the tooI frame is defined with its origin
at the tip of a pin that the robot is hoIding.
The goaltrame,{G}
{G} is a description of the Iocation to which the robot is to move the
tooI. SpecificalIy this means that at the end of the motion, the tooI
frame shouId be brought to coincidence with the goal frame. {G} is
always specified reIative to the station frame. In Fig. 3.28 the goal is
Iocated at a hoIe into which we want the pin to be inserted.
All robot motions may be described in terms of these frames without
Ioss of generality. Their use heIps to give us a standard Ianguage for
talking about robot tasks.

OQIJ
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3.9 WHEREis the tool?
ane of the first capabilities a robot must have is to be able to calculate
the position and orientation of the tool it is holding (or of its empty
hand) with respect to a convenient coordinate system. That is, we wish
to calculate the value ofthe tool frame, {T}, relative to the station, {S}.
ance ~T has been computed using the kinematic equations we can use
Cartesian transforms, as studied in Chapter 2, to calculate {T} relative
to {S}. Solving a simple transform equation leads to
(3.18)

Equation (3.18) implements what is called the WHERE
function in some
robot systems. It computes "where" the arm is. For the situation in
Fig. 3.28, the output of WHERE would be the position and orientation of
the pin relative to the table topo
Equation (3.18) can be thought of as generalizing the kinematics. ~T
computes the kinematics due to the geometry of the linkages along with
a general transform (which might be considered a fixed link) at the base
end (~T) and another at the end-effector (~T). These extra transforms
allow us to include tools with offsets and twists, and to operate with
respect to an arbitrary station frame.

3.10

Computationalconsiderations

In many practical manipulator systems, the time required to perform
kinematic calculations is a consideration. In this section we briefly
discuss various issues involved in computing manipulator kinematics as
exemplified by (3.14) for the case of the PUMA 560.
ane choice to be made is the use of fixed- or floating-point representation of the quantities involved. Many implementations use floating
point for ease of software development, since the programmer does
not have to be concerned with scaling operations due to the relative
magnitude of the variables. However, when speed is crucial, fixed-point
representation is quite possible because the variables do not have a
large dynamic range, and these ranges are fairly well known. Rough
estimations of the number of bits needed in fixed-point representation
seem to indicate that 24 are sufficient [4].
By factoring equations such as (3.14), it is possible to reduce the
number of multiplications and additions at the cost of creating local
variables, which is usually a good trade-off. The point is to avoid computing common terms over and over throughout the computation. There

Exercises

has been some application of computer assisted automatic factorization
of such equations [5].
The major expense in calculating kinematics is often the calculation of the transcendental functions, Le., sine and cosine. When these
functions are available as part of a standard library, they are often
computed from a series expansion at the cost of many multiply times.
At the expense of the required memory, many manipulation systems
employ table lookup implementations of the transcendental functions.
Depending on the scheme, this reduces the amount of time required to
calculate a sine or cosine to two or three multiply times or less [6].
The computation of the kinematics as in (3.14) is redundant in that
nine quantities are calculated to represent orientation. One means which
usually reduces computation is to calculate only two columns of the
rotation matrix and then compute a cross product (requiring only six
multiplications and three adds) to compute the third column. Obviously,
one chooses the two least complicated columns to compute.

References
[1] J. Denavit and R.S. Hartenberg, "A Kinematic Notation for Lower-Pair
Mechanisms Based on Matrices," Journal of Applied Mechanics, pp.
215-221, June 1955.
[2] J. Lenarcic, "Kinematics," in The International Encyclopedia of Robotics,
R. Dorf and S. Nof, Editors, John C. Wiley and Sons, 1988.
[3] J. Colson and N.D. Perreira, "Kinematic Arrangements Used in Industrial
Robots," 13th Industrial Robots Conference Proceedings, April1983.
[4] T. Thrner, J. Craig, and W. Gruver, "A Microprocessor Architecture for
Advanced Robot Control," 14th ISIR, Stockholm, Sweden, October 1984.
[5] W. Schiehlen, "Computer Generation of Equations of Motion" in Computer
Aided Analysis and Optimization of Mechanical System Dynamics, E.J.
Haug, Editor, Springer-Verlag, 1984.
[6] C. Ruoff, "Fast Trigonometric Functions for Robot Control," Robotics Age,
November 1981.

Exercises
3.1

[15] Compute the kinematics of the planar arm from Example 3.3.

3.2

[37] Imagine an arm like the PUMA 560 except that joint 3 is replaced
with a prismatic joint. Assume the prismatic joint slides along the direction of Xl in Fig. 3.18; however, there is still an offset equivalent to d3
to be accounted for. Make any additional assumptions needed. Derive the
kinematic equations.

3.3

[25] The arm with three degrees of freedom shown in Fig. 3.29 is like the
one in Example 3.3 except that joint l's axis is not parallel to the other
two. Instead, there is a twist of 90 degrees in magnitude between axes 1

OQ[]

[]Q[J
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and 2. Derive link parameters and the kinematic equations for ~T. Note
that no l3 need be defined.
3.4

3.5

[22] The arm with three degrees of freedom shown in Fig. 3.30 has joints
1 and 2 perpendicular, and joints 2 and 3 paralIel. As pictured, alI joints
are at their zero location. Note that the positive sense of the joint angle
is indicated. Assign link frames {O} through {3} for this arm-that
is,
sketch the arm showing the attachment of the frames. Then derive the
transformation matrices ~T, ~T, and ~T.
[26] Write a subroutine to compute the kinematics of a PUMA 560. Code
for speed, trying to minimize the number of multiplications as much as
possible. Use the procedure heading
Procedure

KIN(VAR

theta:

vec6;

VAR wrelb:

frame);

Count a sine or cosine evaluation as costing 5 multiply times. Count
additions as costing 0.333 multiply times, and assignment statements as
0.2 multiply times. Count a square root computation as 4 multiply times.
How many multiply times do you need?

3.6

[20] Write a subroutine to compute the kinematics of the cylindrical arm
in Example 3.4. Use the procedure heading
Procedure

KIN(VAR

jointvar:

vec3;

VAR

wrelb:

frame);

Count a sine or cosine evaluation as costing 5 multiply times. Count
additions as costing 0.333 multiply times, and assignment statements as
0.2 multiply times. Count a square root computation as 4 multiply times.
How many multiply times do you need?

I
.J
I

FIGURE 3.29 The 3R nonplanar

arm (Exercise

3.3).
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FIGURE

3.7

3.30

Two views oí a 3R manipulator

(Exercise

3.4).

[22] Write a subroutine to compute the kinematics of the arm in Exercise 3.3. Use the procedure heading
Procedure

KIN(VAR

theta:

vec3;

VAR wrelb: frame);

Count a sine or cosine evaluation as costing 5 multiply times. Count
additions as costing 0.333 multiply times, and assignment statements as
0.2 multiply times. Count a square root computation as 4 multiply times.
How many multiply times do you need?

3.8

[13] In Fig. 3.31 the Iocation of the tooI, ':fT, is not accurately known.
Using force controI, the robot feels around with the tooI tip until it inserts
it into the socket (or GoaI) at Iocation ~T. Once in this "calibration"
configuration (in which {G} and {T} are coincident), the position of
the robot, ~T, is determined by reading the joint angle sensors and
computing the kinematics. Assuming ~T and ~T are known, give the
transform equation to compute the unknown tooI frame, ':fT.

3.9

[11] For the two-link manipulator shown in Fig. 3.32a, the link transformation matrices, ~T and ~T, were determined. Their product is
-cBl S02
-SOl S02
C02
O

SOl
-cBl
O
O

OQ[].

~
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manipulator

(Exerci se 3.13).

The link frame assignments used are indicated in Fig. 3.32b. Note that
frame {O} is coincident

3.10

with frame {I} when 81

= O. The

Iength of the

second link is 12, Find an expression for the vector oPtip which Iocates
the tip of the arm reIative to the {O} frame.
[39] Derive kinematic equations for the Yasukawa Motoman robot (see
Section 3.7) which compute the position and orientation of the wrist frame
directIy from actuator vaIues, rather than first computing the joint angIes.
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(Exerci se 3.15).

A solution is possible which requires only 33 multiplications, 2 square
roots, and 6 sine or cosine evaluations.
3.11

[17] Figure 3.33 shows the schematic of a wrist with three intersecting
axes, but where the axes are not orthogonal. Assign link frames to this
wrist (as if it was a 3-DOF manipula to r), and give the link parameters.

3.12 [081Can an arbitrary rigid body transformation always be expressed with
four parameters (a, 0:,d, 8) using the form of equation (3.6)7

FIGURE

3.36

RP R planar

robot

(Exercise

3.16).
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FIGURE

3.37

Three-link

RRP

manipulator

(Exercise

3.17).

FIGURE

3.38

Three-link

RRR

manipulator

(Exercise

3.18).

3.13

[15] Show the attachment oflink frames for the 5-DOF manipulator shown
schematically in Fig. 3.34.

3.14

[20] As was stated, the relative position of any two tines in space can be
given with two parameters, a and Q, where a is the length of the common
perpendicular jointing the two, and Q is the angle made by the two axes
when projected onto a plane whose normal is the common perpendicular.
Given a tine def1ned as passing through point p with unit vector direction
m, and a second passing through point q with unit vector direction n,
give expressions for a and Q.
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FIGURE
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manipulator

(Exercise

3.20).

3.15

[15] Show the attachment of link frames for the three degrees-of-freedom
(DOF) manipulator shown schematically in Fig. 3.35.

3.16

[15] Assign link frames to the RPR planar robot shown in Fig. 3.36 and
give the linkage parameters.

3.17

[15] Show the attachment of link frames on the three-link robot shown
in Fig. 3.37.

3.18

[15] Show the attachment of link frames on the three-link robot shown
in Fig. 3.38.
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FIGURE
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FIGURE

3.42

Schematic

of a P3R manipulator

(Exercise

3.22).

3.19

[15] Show the attachment of link frames on the three-link' robot shown
in Fig. 3.39.

3.20

[15] Show the attachment of link frames on the three-link robot shown
in Fig. 3.40.

3.21

[15] Show the attachment of link frames on the three-link robot shown
in Fig. 3.41.

3.22

[18] Show the attachment of link frames on the P3R robot shown in
Fig. 3.42. Given your frame assignments, what are the signs of d2, d3,
and a2?

IJ:TIJ
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Programming
1.

Exercise

(Part

3)

Write a subroutine to compute the kinematics of the planar 3R robot in
Example 3.3. That is, a routine with the joint angles' values as input, and
a frame (the wrist frame relative to the base frame) as output. Use the
procedure heading
Procedure

KIN(VAR

theta:

vec3;

VAR

wrelb:

frame);

where "wrelb" is the wrist frame relative to the base frame, {t.T. The type
"frame" consists of a 2 x 2 rotation matrix and a 2 x 1 position vector. If
desired, you may represent the frame with a 3 x 3 homogeneous transform
in which the third row is [ O O 1 ]. (The manipulator

2.

Procedure

3.

data are II

= l2 = 0.5

meters. )
Write a routine which calculates where the tool is relative to the station
frame. The input to the routine is a vector of joint angles:
WHERE(VAR

theta:

vec3;

VAR

trels:

frame);

Obviously, WHERE
must make use of descriptions of the tool frame and the
robot base frame in order to compute the location of the tool relative to the
station. The value of !JT and ~T should be stored in global memory (or,
as a second choice, you may pass them as arguments in WHERE).
A tool frame and a station frame are defined by the user for a certain task
as below:
!JT

= [x

y

e] = [0.1 0.2 30.0],

~T = [x y e]= [-0.1 0.3 0.0].
Calculate tJ1e position and orientation of the tool relative to the station
frame for the following three configurations (in units of degrees) of the arm:
.

[e1 e2

e3] = [0.0 90.0

[e1 e2 e3]= [-23.6

- 90.0],

- 30.3 48.0],

[e1 e2 e3]= [130.0 40.0 12.0].

4
INVERSE
MANIPULATOR
KINEMATICS

4.1

Introduction

In the last chapter we considered the problem of computing the position
and orientation of the tool relative to the user's workstation given the
joint angles of the manipulator. In this chapter we investigate the more
difficult problem: Given the desired position and orientation of the tool
relative to the station, how do we compute the set of joint angles which
will achieve this desired Tesult? Whereas Chapter 3 focused on the direct
kinematics
of manipulators,
here the focus is the inverse kinematics
of manipulators.
Solving the problem of finding the required joint angles to place
the tool frame, {T}, relative to the station fràÍne, {S}, is split into two
parts. First, frame transformations
are performed to find the wrist frame,
{W}, relative to the base frame, {B}, and then the inverse kinematics
are used to solve for the joint angles.

114

I4

Inverse manipulator

4.2

kinematics

Solvability

The problem of solving the kinematic equations of a manipulator
is a
nonlinear one. Given the numerical value of 9vT we attempt to find
values of 81, 82, ..., 8w Consider the equations given in (3.14). In the
case of the PUMA 560 manipulator, the precise statement of our current
problem is: Given ~T as sixteen numeric values (four of which are trivial),
solve (3.14) for the six joint angles 81 through 86,
For the case of an arm with six degrees of freedom (like the one
corresponding to the equations in (3.14)) we have twelve equations and
six unknowns. However, among the nine equations arising from the
rotation matrix portion of ~T, only three equations are independent.
These added with the three equations from the position vector portion of
~T give six equations with six unknowns. These equations are nonlinear,
transcendental
equations which can be quite difficult to solve. The
equations of (3.14) are those of a robot which had very simple link
parameters-many
of the ai were O or ::!:90 degrees. Many link offsets
and lengths were zero. It is easy to imagine that for the case of a
general mechanism with six degrees of freedom (with alIlink parameters
nonzero) the kinematic equations would be much more complex than
those of (3.14). As with any nonlinear set of equations, we must concern
ourselves with the existence of solutions, multiple solutions, and the
method of solution.

Existenceof solutions
The question of whether solutions exist or not raises the question of the
manipulator's
workspace.
Roughly speaking, workspace is that volume
of space which the end-effector of the manipulator
can reach. For a
solution to exist, the specified goal point must lie within the workspace.
Sometimes it is useful to consider two definitions of workspace: Dextrous workspace
is that volume of space which the robot end-effector
can reach with alI orientations. That is, at each point in the dextrous
workspace, the end-effector can be arbitrarily oriented. The reachable
workspace
is that volume of space which the robot can reach in at
least one orientation. Clearly, the dextrous workspace is asubset of the
reachable workspace.
Consider the workspace of the two-link manipulator
in Fig. 4.1.
If II

=

l2 then

the

reachable

workspace

consists

of a disc

of radius

2l1. The dextrous workspace consists of only a single point, the origino
If II i- l2 then there is no dextrous workspace, and the reachable
workspacebecomes
a ring of outer radius II +l2 and inner radius Il1 - l21.

Inside the reachable workspace there are two possible orientations of

4.2

Solvability

LZ-\

FIGURE 4.1

Two-link

manipulator

with link lengths

11 and 12.

the end-effector. On the boundaries of the workspace there is only one
possible orientation.
These considerations of workspace for the two-link manipulator have
alI assumed that the joints can rotate 360 degrees. This is rarely true
for actual mechanisms. When joint limits are a subset of the fulI 360
degrees, then the workspace is obviously correspondingly reduced, either
in extent, or in the number of possible arientations
attainable.
For
example, if the arm in Fig. 4.1 has fulI 360 degree motion for 81, but
only O <::::
82 <::::1800, then the reachable workspace has the same extent,
but only one orientation is attainable at each point.
When a manipulator has less than six degrees of freedom, it cannot
attain general goal positions and orientations in 3-space. Clearly, the
planar manipulatar
in Fig. 4.1 cannot reach out of the plane so any
goal point with a nonzero Z-coordinate value can be quickly rejected as
unreachable. In ma;py realistic situations, manipulators with four ar five
degrees of freedom ~re employed which operate out of a plane, but clearly
cannot .reach general goals. Each such manipulator must be studied to
understand its workspace. In general, the workspace of such a robot is a
subset of a subspace which can be associated with any particular robot.
Given a general goal frame specification, an interesting problem arises in
connection with manipulators of less than si~ degrees of freedom: What
is the nearest attainable goal frame?
Workspacealso
depends on the tool frame transformation,
since it is
usualIy the tool-tip which is discussed when we speak of reachable points
in space. GeneralIy, the tool transformation
is performed independently
of the manipulatar
kinematics and inverse kinematics, so we are often
led to consider the workspace of the wrist frame, {W}. For a given

end-effector, a tool frame, {T}, is defined; given a goal frame, {G},
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the corresponding {W} frame is calculated, and then we ask: Does this
desired position and orientation of {W} lie in the workspace? In this way
the workspace which we must concern ourselves with (in a computational
sense) is a different one than the one imagined by the user, who is
concerned with the workspace of the end-effector (the {T} frame).
If the desired position and orientation of the wrist frame is in the
workspace, then at least one solution exists.

Multiplesolutions
Another possible problem encountered in solving kinematic equations is
that of multiple solutions. A planar arm with three revolute joints has
a large dextrous workspace in the plane (given "good" link lengths and
large joint ranges) since any position in the interior of its workspace can
be reached with any orientation. Figure 4.2 shows a three-link planar
arm with its end-effector at a certain position and orientation.
The
dashed lines indicate a second possible configuration in which the same
end-effector position and orientation are achieved.
The fact that a manipulator
has multiple solutions may cause
problems because the system has to be able to choose one. The criteria
upon which to base a decision vary, but a very reasonable choice would
be the closest solution. For example, if the the manipulator is at point
A as in Fig. 4.3, and we wish to move it to point B, a good choice
would be the solution which minimizes the amount that each joint is
required to move. Hence, in the absence of the obstade, the upper
dashed configuration in Fig. 4.3 would be chosen. This suggests that one
input argument to our kinematic inverse procedure might be the present
position of the manipulator. In this way, if there is a choice, our algorithm
can choose the dosest solution in joint-space. However, the notion of
"dose" might be defined in several ways. For example, typical robots
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One of the two possible

solutions

to reach point B causes

may have three large links followed by three smaller, orienting links near
the end-effector. ln this case, weights might be applied in the calculation
of which solution is "closer" so that the selection favors moving smaller
joints rather than moving the large joints when a choice exists. The
presence of obstacles may force the "farther" solution to be chosen in
cases where the "closer" solution would cause a collision-in general, we
need to be able to calculate all the possible solutions. Thus, in Fig. 4.3
the presence of the obstacle implies the lower dashed configuration is to
be used to reach point B.
The number of solutions depends upon the number of joints in the
manipulator but is also a function of the link parameters (ai' ai' and
di for a rotary joint manipulator) and the allowable range of motion of
the joints. For example, the PUMA 560 can reach certain goals with
eight different solutions. Figure 4.4 shows four solutions which all place
the hand with the same position and orientation. For each solution
pictured, there is another solution in which the last three joints "flip"
to an alternate configuration according to the formulas:
B~

= B4 + 180°,

B~ = -B5,

(4.1)

B~ = B6 + 180° .

80 in total there can be eight solutions for a sirigle goal. Because of limits
on joint ranges, some of these eight may not be accessible.

,

ln general, the more nonzero link parameters there are, the more
ways there will be to reach a certain goal. For example, consider
a manipulator with six rotational joints. Figure 4.5 shows how the
maximum number of solutions is related to how many of the link length
parameters (the ai) are zero. The more that are nonzero, the bigger the
maximum number of solutions. For a completely general rotary-jointed
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manipulator with six degrees of freedom, there are up to sixteen solutions
possible [1], [6].

Methodof solution
Unlike linear equations, there are no general algorithms which may be
employed to solve a set of nonlinear equations. In considering methods
of solution it will be wise to define what constitutes the "solution" of
a given manipulator.

4.2

Number
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~
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<;;16

of solutions

vs. nonzero

ai.

A manipuIator will be considered solvable if the joint variabIes can
be determined by an algorithm which alIows one to determine all the sets
of joint variabIes associated with a given position and orientation [2].
The main point of this definition is that we require, in the case of
muItipIe solutions, that it be possible to calcuIate alI solutions. Hence,
we do not consider some numerical iterative procedures as solving the
manipuIator since some of these methods are not guaranteed to find alI
the solutions.
We will spIit alI proposed
broad classes: closed
form

manipuIator solution strategies into two
solutions
and numerical
solutions.

Because of their iterative nature, numerical solutions generalIy are much
slower than the corresponding closed form solution; in fact, so much so
that for most uses, we are not interested in the numerical approach
to solution of kinematics. Iterative numerical solution to kinematic
equations is a whole fieId of study in itseIf (see [6,11,12]), and is beyond
the scope of this texto
We will restrict our attentionlO
closed form solution methods. In
this context "closed form" means a solution method based on anaIytic
expressions or on the solution of a polynomial of degree 4 or Iess, .such
that noniterative calcuIations suffice to arrive at a solution. Within the
class of closed form solutions we distinguish two methods of obtaining the
solution: algebraie
and geometrie.
These distinctions are somewhat
hazy, since any geometric methods brought to bear are appIied by means
of algebraic expressions, so both methods are similar. The methods differ
perhaps in approach only.
A major recent resuIt in kinematics is'. that, according to O'.1i
definition of solvability, all systems with revolute and prismatic joints
having a total of six degrees of freedom in a single series chain are
now solvable. However, this general solution is a numerical one. OnIy
in special cases may robots with six degrees of freedom be solved
anaIyticalIy. These robots for which an analytic or closed form solution
exists are characterized by several intersecting joint axes, andjor many
ai equal to Oor :1:90 degrees. Since numerical solutions are generalIy time

[J]Q]
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consuming relative to evaluating analytic expressions it is considered
Jvery important to design a manipulator such that a closed form solution
exists. Manipulator designers discovered this very soon and now virtually
I

I

I

all industrial manipulators are designed sufficiently simply so that a
closed form solution may be developed.

A sufficient condition that a manipulator with six revolute joints
will have a closed form solution is that three neighboring joint axes
intersect at a point. Section 4.6 discusses thisl condition. Almost every
manipulator with six degrees of freedom q~lt today has three axes
intersecting. For example, axes 4, 5, and

4.3

I of!~he PUMA

560 intersect.

The notionof manipulatorsubspacewhen n <

6

The set of reachable goal frames for a given manipulator
constitutes
its reachable workspace. For a manipulator with n degrees of freedom
where n < 6, this reachable workspace can be thought of as a portion
of an n degree of freedom subspace.
ln the same manner in which the
workspace of a six degree of freedom manipulator is a subset of space,
the workspace of a simpler manipulator is a subset of its subspace. For
example, the subspace of the two-link robot oLFig. 4.1 is a plane, but
the workspace is a subset of this plane, namely Ia circle of radius LI + 12
for the case that LI = 12'
J
Qne way to specify the subspace of an n degree of freedoill manipulator is to give an expression for its wrist or tool frame as a f1l1nction of
n variables which locate it. If we consider these n variables to be free,
then as they take on all possible values, the subspace is generated.
EXAMPLE 4.1

Give a description of the subspace of ~T for the three--link manipulator from Chapter 3, Fig. 3.6.
The subspace of ~T is given by
C4>

B T w
-

[

84>
0.0
O

-84>

0.0

C4> 0.0
0.0
1.0
O ,. O

x

Y
0.0
1

'

(4.2)

1

where x and y give the position
of the wrist, and cP describes
the
orientation
of the terminallink.
As x, y, and cP are allowed to take on
arbitrary
values, the subspace
is generated.
Any wristframe
which does
not have the structure
of (4.2) lies outside the subspace
(and therefore
lies outside the workspace)
of this manipulator.
Link lengths and joint
limits restrict
the workspace
of the manipulator
to be a subset of this
subspace.
8
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n

YI

22

Y2

FIGURE

4.6

A polar two-link

manipulator.

EXAMPLE 4.2

Give a description of the subspace of gT for the polar manipulator
with two degrees of freedom shown in Fig. 4.6. We have

°p"RC

~

(4.3)

m,

where x and y can take any values. The orientation is restricted because
the 022 axis must point in a direction which depends on x and y. The
°Y2 axis always points down, and the OX2 axis can be computed as the
cross product °Y2 x 022. In terms of x and y we have
X

y'x2+y2

(4.4 )
o Z2 = [ y'xi+y2

The subspace

can therefore

be given as

y

y'x2+y2
-x

o
2T=

] .

1-y'x2+y2
O
O

O
O

-1
O

x
y' x2+y2 ,y

y' x2 +y2
O
O

X

y

.

(4.5)

O
1

Usually in defining a goal for a manipulator
with n degrees of
freedom we use n parameters to specify the goal. If, on the other hand, we
give a specification of a full six degrees of freed~m, we will not in general
be able to reach the goal with an n < 6 manipulator.
In this case, we may

Uill

[lliJ
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be interested instead in reaching a goal which lies in the manipulator's
subspace and is as "near" as possible to the original desired goal.
Hence, when specifying general goals for a manipulator
with less
than six degrees of freedom, a solution strategy is

1.

Given a general goal frame, ~T, compute a modified goal frame, ~/T,
such that ~IT lies in the manipulator's subspace and is as "near" to
~T as possible. A definition of "near" must be chosen.

2.

Compute the inverse kinematics to find joint angles using ~,T as
the desired goal. Note that a solution still may not be possible if the
goal point is not in the manipulator's workspace.

It generally makes sense to position the tool frame origin to the
desired locàtion and then choose an attainable orientation which is
near the desired orientation.
As we saw in Examples 4.1 and 4.2,
computation
of the subspace is dependent on manipulator
geometry.
Each manipulator must be individually considered to arrive at a method
of making this computation.
Section 4.7 gives an example of projecting a general goal into the
subspace of a manipulator
with five degrees of freedom in order to
compute joint angles which will result in the manipulator reaching the
nearest attainable frame to the desired.

4.4

AlgebraicV5. geometric

As an introduction to solving kinematic equations, we will consider
two different approaches to the solution of a simpie planar three-link
manipulator.
Algebraicsolution
Consider the three-link planar manipulator introduced in Chapter 3. It
is shown with its link parameters in Fig. 4.7.
Following the method of Chapter 3, we may use the link parameters
easily to find the kinematic equatioRs of this arm:

B T W
-

DT 3 -

+ 12C12

C123

-8123

0.0

11C1

8123
.0.0
[ O

C123

0.0
1.0
O

1181 + 12812
0.0
1

0.0
O

.

(4.6)

]

To focus our discussion on inverse kinematics, we will assume that the
necessary transformations
have been performed so that the goal point
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}TI

Xa
ai - 1

ai - 1

d,

8,

1

O

O

O

81

2

O

LI

O

82

3

O

L2

O

83

i
.

FIGURE
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Three-link

planar

manipulator

and its link parameters.

is a specification of the wrist frame relative to the base frame, that is,
~T. Because we are working with a planar manipulator,
specification
of these goal points can be most easily accomplished by specifying three
numbers: x, y, and cjJ,where cjJis the orientation of link 3 in the plane
(relative to the +X axis). Hence, rather than giving a general ~T as a
goal specification, we will assume a transformation
with the structure

B T w
-

cq,

-sq,

0.0

8q,
0.0
[ O

cq,
0.0
O

0.0
1.0
O

X
y
,0.0 .
1 ]

(4.7)

All attainable goals must lie in the subspace implied by the structure
of equation (4.7). By equating (4.6) and (4.7) we arrive at a set of four
nonlinear

equations

which must be solved for e1, ez, ari~ e3:
Cq, = C123,

(4.8)

8q, = S123'

(4.9)

[J1[J
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= 11C1 + 12C12'
Y = 1181 + 12812'

(4;10)

x

(4.11)

We now begin our algebraic solution of equations (4.8) through
(4.11). If we square both (4.10) and (4.11) and add them, we obtain

= li + l~+ 21112c2'

X2 + y2

(4.12)

where we have made use of
C12

= C1C2

812 = C182

-

8182'

(4.13)

+ 81C2'

Solving (4.12) for C2 we obtain
C2

=

X2

+ y2

li

-

-

l~

(4.14)

21112

ln arder for a solution to exist, the right-hand side of (4.14) must
have a value between -1 and 1. ln the solution algorithm, this constraint
would be checked at this time to determine if a solution exists. Physically,
if this constraint is not satisfied, then the goal point is too far away for
the manipulator
to reach.
Assuming the goal is in the warkspace, we write an expression for
82 as

82

Finally, we compute

= IVl

-

(4.15)

c~.

82 using the two-argument
82 = Atan2(82' C2)'

arctangent

routine*
(4.16)

The choice of signs in (4.15) corresponds to the multiple solution in
which we can choose the "elbow-up" or the "elbow-down" solution. ln
determining 82 we have used one of the recurring methods for solving
the type of kinematic relationships that often arise, namely to determine
both the sine and cosine of the desired joint angle, and then apply the
two-argument arctangent. This ensures that we have found all solutions,
and that the solved angle is in the proper quadrant.
Having found 82 we may solve (4.10) and (4.11) for 81: We write
(4.10) and (4.11) in the form
x = k1c1 -

k281'

Y = k181 + k2c1'
* See Section

2.8.

(4.17)
(4.18)

4.4

where
k1

Algebraic

vs. geometric

= II + 12c2'
(4.19)

k2=12s2'

ln arder to solve an equation of this form, we perfarm a change of
variables. Actually, we are changing the way in which we write the
constants kl and k2.
If
'1'= +Vki

+ k~

and

(4.20)
i = Atan2(k2, k1),

then
k1 = rcosi,
(4.21)

k2 = rsini.
Equations

(4.17) and (4.18) can now be written
x

"

= cosicOS

()1 - smism

()1,

(4.22)

.
y
.
- = cos i sm ()1 + sm i cos () l'
r

(4.23)

x
cos(f + ()1) = -,
r

(4.24)

sin(f + ()1) = 7!...
r

(4.25)

r

or

Using the two-argument

arctangent

i + ()1 = Atan2

we get

(~,~)

= Atan2 (y, x),

(4.26)

and so
()1 = Atan2(y, x)

-

Atan2(k2, k1).

(4.27)

Note that when a choice of sign is made in the solution of ()2 above,
it will cause a sign change in k2, thus affecting ()l' The substitutions
used, (4.20) and (4.21), constitute a metliod of solution of a frequently
appearing form in kinematics, namely that of (4.10) or (4.11). Note also
that if x = y = O then (4.27) becomes undefined-in
this case ()l is
arbitrary.
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Finally, from (4.8) and (4.9) we can solve for the sum of 81 through
83:
81

+

82 + 83 = Atan2(sq"

(4.28)

cq,) = <f;,

from which we can solve for 83 since we know the first two angles. It is
typical with manipulators that have two or more links moving in a plane
that in the course of solution, expressions for sums of joint angles arise.
ln summary, an algebraic approach to solving kinematic equations is
basically one of manipulating the given equations into a form for which a
solution is known. It turns out that for many common geometries, there
are several forms of transcendental
equations which commonly arise. We
have encountered a couple of them in this preceding section. ln Appendix
C (in the back of the book) several more are listed.

Geometricsolution
ln a geometric approach to finding a manipulator's
solution, we try to
decompose the spatial geometry of the arm into several plane geometry
problems. For many manipulators (particularly when the ai = Oor :1:90)
this can be done quite easily. Joint angles can then be solved for using the
tools of plane geometry [7]. For the arm with three degrees of freedom
shown in Fig. 4.7, since the arm is planar, we can apply plane geometry
directly to find a solution..
Figure 4.8 shows the triangle formed by 11, 12, and the line joining
the origin of frame {O} with the origin of frame {3}. The dashed lines
represent the other possible configuration of the triangle which would
lead to the same position ofthe frame {3}. Considering the solid triangle,

Yo
y

Xo

FIGURE

4.8

Plane geometry

associated

with a three-link

planar

robot.
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we can apply the "law of cosines" to solve for 82:
X2 + y2

8ince cos(180 + 82) =

-

= li + I~ -

21112 cos(180

(4.29)

+ 112),

cos(82), we have
X2
C2

+ y2

=

li

-

I~

-

(4.30)

21112

J

In order for this triangle to exist, the distance to the goal point
X2 + y2
must be less than or equal to the sum of the link lengths, II + l2' This
condition would be checked at this point in a computational
algorithm
to verify existence of solutions. This condition is not satisfied when the
goal point is out of reach of the manipulator. Assuming a solution exists,
this equation is solved for that value of 82 which lies between Oand -180
degrees since only for these values does the triangle in Fig. 4.8 existo The
other possible solution (the one indicated by the dashed line triangle)
may be found by symmetry to be 8~ = -82,

To solve for 81 we find expressions for angles

W

and (3 as indicated

in Fig. 4.8. First, (3 may be in any quadrant depending
x and y. 80 we must use a two-argument arctangent:
(3 = Atan2(y,x).

on the signs of

(4.31)

We again apply the law of cosines to find w:
2
X

cos 1/J=

+ Y2 + II2

-

122

211J X2 + y2

,

(4.32)

where the arccosine must be solved so that O::; W ::; 1800 in order that
the geometry which leads to (4.32) is preserved. These considerations are
typical when using a geometric approach-we
must apply the formulas
we derive only over a range of variables such that the geometry is
preserved. Then we have
111

= (3I

1/J,

(4.33)

where the plus sign is used if 82 < O anElth'e minus sign if 82 > O.
We know that angles in a plane add, so the sum of the three joint
angles must be the orientation of the last link:
111 + 112 + 113

which is solved for 83 to complete

= rjJ,

our solution.

(4.34)
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Algebraicsolutionby reductionto polynomial

Transcendental
equations are difficult to solve because, although there
may be just one variable, say e, it generally appears as sin e and cos e.
Making the following substitutions,
however, yields an expression in
terms of a single variable, u:

e

u = tan -,
2

1 - U2

(4.35)

cos e = --:/,
l+u
2u
sin e = --:/.
l+u

This is a very important geometric substitution
used often in solving
kinematic equations. Using these substitutions, transcendental
equations
are converted into polynomial equations in u. Appendix A lists these
and other trigonometric
identities.
EXAMPLE 4.3
Convert

the transcendental

equation

acose + bsine = c,

(4.36)

into a polynomial in the tangent of the half angle and solve for e.
Substituting from (4.35) and multiplying through by 1 + U2 we have

a(l
Collecting

- U2)

+ 2bu= c(l + U2).

(4.37)

powers of u yields
(a + C)U2- 2bu+ (c - a) = O,

which is solved by the quadratic
u=

(4.38)

formula to be

b::l:: Vb2

- a2 ~ c2

(4.39)

a+c

Hence,

e = 2tan-l

b::l:: Vb2

(

"

- a2 - C2

a+c

.

)

(4.40)

Should the solution for u from (4.39) be complex, there is no real solution
to the original transcendental
equation. Note that if a + c = O the

argument of the arctangent becomes infinity, and hence, e = 1800. ln
a compute r implementation this potential division by zero should be
checked for ahead of time. This situation results from the quadratic
term of (4.38) vanishing so that the quadratic degenerates into a linear
equation.
-

4.6

Pieper's solution when three axes intersect

Since polynomials up to degree four possess closed form solutions
[8, 9], manipulators
which are sufficiently simple so that they may be
solved by algebraic equations of this degree (or lower) are called closed
form solvable manipulators.

4.6

Pieper'ssolution
whenthreeaxesintersect

As mentioned earlier, although a completely general robot with six degrees of freedom does not have a closed form solution, certain important
special cases can be solved. Pieper [3, 4] studied manipulators with six

degrees of freedom in which three consecutive axes intersect at a point. *
ln this section, we outline the method he developed for the case of all six
joints revolute, with the last three axes intersecting. Ris method applies
to other configurations which include prismatic joints as well, and the
interested reader should see [4]. Pieper's work applies to the majority of

commercially available industrial robots.
.
When the last three axes intersect, the origins of link frames {4},
{5}, and {6} are all located at this point of intersection. This point is
given in base coordinates as

= ~T~T~T 3 P4ORG
or, using the fourth column of (3.6) for i = 4,

(4.41 )

oP40RG

oP

-

40RG

-d:~a3

°T lT zT
1

Z

3

.

(4.42)

d4ca3'

l

or

1

j

fl((J3)
oP4ORG

= ~T ~T

fZ((J3)
f3((J3) ,
[ 1 ]

(4.43 )

where

= ~T -d:~a3

;~

l

f3
1

1

l

d4c0ó3
1

.

(4.44 )

1

Using (3.6) for ~T in (4.44) yields the following expressions for fi:
fI = a3c3 + d4sa3s3
+ az,
fz = a3caZs3
f3

* lncluded
parallel
axes,

= a3saZs3

- d4s0ó3caZc3

- d4sazca3

- d3sOóz,

(4.45)

- d4sa3saZc3 + d4cazca3 + d3caz.

in this family of manipulators
are those
since they meet at a point at infinity.

with

three

consecutive

[J][J
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Using (3.6) for ~T and ~T in (4.43) we obtain
Clgl -

op 40RG --

81g2

81g1 + Clg2
g3
1
[
]

(4.46 )

where
gl =c2fl

- 82f2 + aI'

g2 =82CO!lfl

+ C2CO!1f2 - 80!1f3

g3 =8280!1fl

+ C280!1f2 + CO!1f3 + d2cO!I'

We now write an expression for the magnitude
is seen from (4.46) to be
r

- d280!1'

(4.4 7)

squared of oP40RG, which

= gi + g~ + g~

(4.48 )

or, using (4.47) for the gi, we have
r ==ff

+ fi + f1 + ai + d~ + 2d2f3 + 2a1(c2fl

(4.49)

- s2f2)'

We now write this equation, along with the Z component
(4.46), as a system of two equations in the form

equation

from

r =(k1c2 + k2s2)2al + k3,
Z =(kI82

-

k2c2)80!1

+ k4,

(4.50)

where
k1 = fI'
k2 =
k3

-

h,

= ff + fi + f~ + ai + d~+ 2d2h,

(4.51)

k4 = f3CO!1 + d2cO!I'

Equation (4.50) is useful because dependence on 81 has been eliminated,
and dependence on 82 takes a sim pIe formo
Now Iet us consider the solution of (4.50) for 83, We distinguish
three cases:
1.

If aI

= Othen

we have r

= k3 where

r is known. The right-hand

side

(k3) is a function of 83 only. After-making the substitution (4.35), a
quadratic

equation

in tan

~ may

be solved for 83,

2.

If sal = O then we have z = k4 where z is known. Again, after
substituting
(4.35) a quadratic equation arises which may be solved
for 83,

3.

Otherwise,

eliminate

s2 and c2 from (4.50) to obtain

(r -

k3)2
(z - k4)2 - k 2 k 2
+
2
1 + 2'
4 aI2
8 aI

(4.52)
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This equation, after the (4.35) substitution
for 83, results
equation of degree 4, which may be solved for 83.*

in an

Having solved for 83, we may solve (4.50) for 82, and (4.46) for 81.
To complete our solution, we need to solve for 84, 85, and 86. Since
these axes intersect, these joint angles affect the orientation of only the
last link. We can compute them based only upon the rotation portion of
the specified goal, ~R. Having obtained 81,82, and 83, we can compute
2Rle4=o' the orientation oflink frame {4} relative to the base frame when
84 = O. The desired orientation of {6} differs from this orientation by
only the action of the last three joints. Since the problem was specified
given ~R, we can compute

~Rle4=o

=

~R-1Ie4=o

(4.53)

~R.

For many manipulators,
these last three angles can be solved for by
using exactly the Z-Y-Z Euler angle solution given in Chapter 2 applied
to ~RleFo. For any manipulator (with intersecting axes 4,5, and 6), the
last three joint angles can be solved for as a set of appropriately defined
Euler angles. Since there are always two solutions for these last three
joints, the total number of solutions for the manipulator will be twice
the number found for the first three joints.

4.7

Examplesof inversemanipulatorkinematics

In this section

we work out the inverse kinematics

of two industrial

robots. One manipulator solution is done purely algebraically, while the
second solution is partially algebraic and partially geometric. While the
following solutions do not constitute a cookbook method of solving manipulator kinematics, they do show many of the common manipulations
which are likely to appear in most kinematic solutions.

The UnimationPUMA560
As an example of the algebraic solution technique applied to a manipulator with six degrees of freedom, we will solve the kinematic equations
of the PUMA 560 which were developed in Chapter 3. This solution is
in the style of [5].

* It is helpful

to note

2a2a3C3 + 2a2d4s0<3S3

that

f~ + f? + f~ = a~ + d~ + d~ + a~ + 2d4d3Ga3+

Oill
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Hence

cos(cjJ-

8IJ

(4.62)

2'
P
d~

= I)l-

and so

(4.63)

.

- O,

Finally, the solution

81

= Atan2

At=2(d;, "'V'- :!)

~

.

for 81 may be written:

(Py,Px)

(4.64)

Atan2(d3' IVP; + P; - d~) .

-

Note that we have found two possible solutions for 81 corresponding to
the plus-or-minus sign in (4.64). Now that 81 is known, the left-hand
si de of (4.56) is known. If we equate the (1,4) elements from both sides
of (4.56) and also the (3,4) elements, we obtain
C1Px + SlPy
-pz

=

a3c23

-

d4s23

+ a2c2,
(4.65)

= a3s23 + d4c23 + a2s2.

If we square equations (4.65) and (4.57) and add the resulting equations,
we obtain

= K,

a3c3 - d4s3

(4.66)

where
K

2
2
= P2x + Py + pz -

2

2

a2 - a3 2a2

d2

2
3 - d4

(4.67)

Note that dependence on 81 has been removed from (4.66). Equation (4.66) is of the same form as (4.57) and so may be solved by the
same kind of trigonometric substitution
to yield a solution for 83:

83

= Atan2

(a3, d4) - Atan2

(K, IV a~+ d~

-

K2)

.

(4.68)

[]E[]
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The plus-or-minus sign in (4.68) leads to two different solutions for 83,
If we consider (4.54) again, we can now rewrite it so that all the
left-hand side is a function of only knowns and 82:

[gT(02)]-1 ~T = ~T(04) ~T(05) gT(06)'

(4.69)

or
CIC23
-Cl S23
-SI

[

S1C23
-SI

O

Cl

S23

-S23

-a2C3

rl1

r12

r13

Px

-C23
O

a2s3
-d3

r21
r31

r22
r32

r23
r33

Py
Pz

O

1

] [ O

O

O

01

~T,

-

(4.70)

j

where ~T is given by equation (3.11) developed in Chapter 3. Equating
the (1,4) elements from both sides of (4.70), as well as the (2,4) elements,
we get
CIC23Px + S1C23Py - S23Pz - a2c3 = a3,
(4.71)
-ClS23Px

These equations

- SI"23Py

- C23Pz + a2s3

may be solved simultaneously

= d4,

for 823 and C23' resulting

ln
S23

=

(-a3

- a2C3)pz + (CIPx + SIPy)(a2S3
2

pz + (CIPx + SIPy )

- d4)

2

'
(4.72)

(a2S3 - d4)pz - (-a3 - a2c3)(CIPx + SIPy)
C23 =
2
2
.
pz + (CIPx + SlPy)

Since the denominators are equal and positive, we solve for the sum of
82 and 83 as
023

= Atan2[(

-a3

- a2c3)pz - (CIPx + sIPy)(d4

- a2s3),

(a2s3 - d4)pz - (a3 + a2c3)(cIPx+ SIPy)]

(4.73)

Equation
(4.73) computes four values of 823 according to the four
possible combinations of solutions for 81 and 83, Then, four possible
solutions for 82 are computed as
()2 = O~~ - 03,

(4.74)

where the appropriate solution for 83 is used when forming the difference.
Now the entire left side of (4.70) is known. Equating the (1,3)
elements from both sides of (4.70), as well as the (3,3) elements, we get
r13clc23

+ r23s1c23
-r13s1

-

r33s23

+ r23cl

= -C4S5,
= S4S5'

(4.75)

4.7

As long as 85
84

=I O, we

= Atan2

(-'1381
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can solve for 84 as
+ T23C1, -'13C1

C23 - '2381 C23

+ '33823)

.

(4.76)

When 85 = O the manipulator is in a singular configuration in which
joint axes 4 and 6 line up and cause the same motion of the last link
of the robot. In this case, all that matters (and all that can be solved
for) is the sum or difference of 84 and 8ô' This situation is detected by
checking whether both arguments of the Atan2 in (4.76) are near zero.
If so, 84 is chosen arbitrarily,* and when 8ô is computed later, it will be
computed accordingly.
If we consider (4.54) again, we can now rewrite it so that all the
left-hand side is a function of only knowns and 84 by rewriting it as
(4.77)

[~T(84)] -1 gT = ~T(85) ~T(86),
where

[âT(84)r1

C1C23C4 + 8184
-C1 C2384

+ 81 C4

-C1823

r

o

is given by
81 C23C4
-81

C184

-

C2384

-

-823C4

-a2c3c4

82384

a2c384

C1 C4

-C23

-81823

o

+ d384

-

a3C4

+ d3C4+ a384 , (4.78)

a283 - d4

o

1

]

and ~T is given by equation (3.10) developed in Chapter 3. Equating the
(1,3) elements from both sides of (4.77), as well as the (3,3) elements,
we get
'13(CIC23C4

+ 8184) + T23(81C23c4
T13(-C1823)

-

C184)

+'23(-81823)

-

'33(823c4)

+'33(-C23)

= -85'
(4.79)

= C5'

80 we can solve for 85 as:
85

= Atan2(85,c5),

(4.80)

where 85 and C5 are given by (4.79) above.
Applying the same method one more time, we compute
write (4.54) in the form
O

(5T )

-

1 O

6T

=

(gT) -1 and

5

6T (86 ) .

(4.81)

Equating the (3,1) elements from both sides of (4.77), as well as the
(1,1) elements as we have done before, we get
(4.82 )

86 =Atan2(86,c6),
* It is usually

chosen to be equal to the present

value of joint 4.

~

~
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where
86 = -rn

(Cl C2384 - 81 C4) - r21 (81 C2384

C6 = rn [(CIC23C4 +
-

r31 (823C4CS

8184)CS

-

C18238S]

+ Cl C4) + r31

+ r21

[(81C23C4

(82384),

-

CI84)CS

-

818238S]

+ C238s),

Because of the plus-ar-minus signs appearing in (4.64) and (4.68), these
equations compute four solutions. Additionally,
there are four more
solutions obtained by "flipping" the wrist of the manipulator. For each
of the four solutions computed above, we obtain the flipped solution by
(}~ = (}4+ 180°,

(}~= -(}s,

(4.83)

(}~= (}6+ 180°.

After ali eight solutions have been computed, some ar ali of them may
have to be discarded because of joint limit violations. af the remaining
valid solutions, usually the one c!osest to the present manipulator
configuration is chosen.

The YasukawaMotomanL-3
As a second example we will solve the kinematic equations of the Yasukawa Motoman L-3 which were developed in Chapter 3. This solution
will be partially algebraic and partially geometric. The Motoman L-3
has three features which make the inverse kinematic problem quite
different than that of the PUMA. First, because the manipulator
has
only five joints, it is not able to position and orient its end-effector in
arder to attain general goal frames. Second, because of the four-bar type
of linkages and chain drive scheme, motion at one actuator moves two
or more joints. Third, the actuator position limits are not constants
but depend on the position of the other actuators, and so determining
whether a computed set of actuator values is in range or not is not trivial.
If we consider the nature of the subspace of the Motoman manipulator (and the same applies to ma,ny manipulators
with five degrees
of freedom), we. quickly realize that this subspace can be described
by giving one constraint on the attainable orientation: The pointing
direction of the tool, that is, the ZT axis, must lie in the "plane of the
arm." This plane is the vertical plane which contains the axis of joint 1,
and the point where axes 4 and 5 intersect. The nearest orientation to
a general orientation is the one obtained by rotating the tool's pointing
direction so that it lies in the plane using a minimum amount of rotation.
Without developing an explicit expression for this subspace, we will

4.7
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4.9

RotatÍng

a goal frame Ínto the Motoman's

subspace.

determine a method of projecting a general goal frame into it. Note
that this entire discussion is for the case that the wrist frame and tool
frame differ only by a translation along Zw.
ln Fig. 4.9 we indicate the plane of the arm by its normal, M, and
the desired pointing direction of the tool by ZT. This pointing direction
must be rotated by angle e about some vector k in order to cause the

new pointing direction, ZIr, to lie in the plane. It is clear that the k
which minimizes e lies in the plane and is orthogonal to both ZT and ZIr.
For any given goal frame, M is defined as
-PY

M-

~

V]Jx

1

(4.84)

T Py

[ Px
O ] ,

where Px and Py are the X and Y coordinates
Then K is given by
K

of the desired tool position.

= M X ZT.

(4.85)

= k x M.

(4.86)

The new ZIr is
Z!r

The amount of rotation, e, is given by
cose

A

= ZT.

AI

ZT,

sii:te= (ZT x Z!r). k.

(4.87)

~

[J][J
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Using Rodriques'

formula (see Exercise 2.20) we have

Yf = c(JYT+ s(J(K x YT) + (1 - c(J)(K. YT)K.
Finally, we compute the remaining
matrix of the tool as

(4.88 )

unknown column of the new rotation

XIr = Yf x ZIr.

(4.89)

Equations (4.84) through (4.89) describe a method of projecting a given
general goal orientation into the subspace of the Motoman robot.
Assuming that the given wrist frame, ~T, lies in the manipulator's
subspace, we solve the kinematic equations as follows. ln deriving the
kinematic equations for the Motoman L-3, we formed the product of
link transformations:
gT = ~T ~T ~T ~T ~T.

(4.90)

If we let

gT =

and premultiply

Tn

T12

T13

PX

T21
T31
[ O

T22
T32
O

T23
T33
O

Py
Pz
1]

both sides by ~T-1,

(4.91)

we have

~T-l gT = ~T ~T ~T ~T,

(4.92)

where the left-hand side is
CITn

+ S1T21

Cl T12 + SI T22

CIT13 + S1T23

-T32

-T33

-T31
-SITn

[

+CIT21

-SITI2

+ CIT22
O

O

-SI

T13 + Cl T23
O

CIPx + SIPy
-pz
-SIPx + CIPy
1
]
(4.93)

and the right-hand side is
*
*
S5
[ O

*
*

'8234

-C234
O
C5
O
O

*

*
O'
1]

(4.94)

where several of the elements have not been shown. Equating the (3,4)
elements, we get
-SIPx

+ CIPy = O,

(4.95)
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which gives us'

8,

(4.96)

Atan2 (Py,Px)'

~

Equating the (3,1) and (3,2) elements we get
55

~

C5 ~

-8,rll

+ c,r21'

-8,r"

+ c,r",

(4.97)

lrom which we calculate 85 as
85
Equating

~

Atan2 (r21c1 - r118"r'2c,

the (2,3) and (1,3) elements
C234

~

r33'

8234

~

c,r13

- r128,),

(4.98)

we get

+ 8,r23,

(4.99)

which leads to
8234

= Atan2

(r'3c, + r238" r33)'

(4.100)

To solve lor the individual angles 82, 83, and 84' we will take a geometric
approach. Figure 4.10 shows the plane 01 the arm with point A at joint
axis 2, point B at joint axis 3, and point C at joint axis 4.
* For this manipulator,
i5 nol calculated.

a 5econd 50lution would violate joint timit5 and 50

[J]ill]
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From the law of cosines applied to triangle ABC
cos B3

= p;, + p~+ p;

-

21213

we have

l~ - l~

(4.101)

Then we havet
B3 = Atan2 (J1FromFig.

B2

Finally

4.10 we see that

B2

=

(4.102)

COS2B3,COSB3)'
-cp - (3 or

= -Atan2 (pz, Jp; + p~) - Atan2 (13sinB3,12+ 13cosB3).

(4.103)

we have
B4

= B234

-

B2 -

(4.104)

B3'

Having solved for joint angles we must perform the further computation to obtain the actuator values. Referring to Section 3.7, we solve
equation (3.15) for Ai

1
AI

=

k1 (B1 - À1) ,

A, ~ :, (

A,

~

A4 =

-2",~,=("

- n, - tan-'(~:) + 2700) +a; + ~~- A,) ,

:, ( -2a,~, =(0, +O, - tan-'(~:) +900) + a~+ ~~

~
k4

(180° + À4 -

B2 - B3 - B4)

-

À,) ,

,

1
A5

= k 5 (.\5 -

(4.105)

B5) .

Since the actuators have limited ranges of motion, we must check
that our computed solution is in range. This "in range" check is complicated by the fact that due to the pechanical arrangement, actuators
interact and affect each other's allowed range of motion. For the Motoman robot, actuators 2 and 3 interact in such a way that the following
P mw,t

~]

2 and 3

the

:\.![CL

4.8
That is, the limits of actuator
3. Similarly:
32,000

The standard frames

2 are a function of the position of actuator

< As < 55,000.

- A4

(4.107)

Since one revolution of joint 5 corresponds to 25,600 actuator counts,
when A4 > 2600 there are two possible solutions for A5' This is the
only situation in which the Yasukawa Motoman L-3 has more than one
solution.

4.8

The standardtrames

The ability
many rabot
in Fig. 4.11,
The way

to solve for joint angles is really the central element in
contraI systems. Again, consider the paradigm indicated
which shows the standard frames.
these frames are used in a general rabot system is as follows:

1.

The user specifies to the system where he wishes the station frame
to be located. This might be at the comer of a work surface as in
Fig. 4.12 or even affixed to a moving conveyor belt. The station
frame, {S}, is defined relative to the base frame, {B}.

2.

The user specifies the description of the tool being used by the robot
by giving the {T} frame specification. Each tool the robot picks up

{G}

{Si

FIGURE

4.11

Location

of the

"standard"

frames.

Oill

::illJ
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may have a different {T} frame associated with it. Note that the
same tool grasped in different ways requires different {T} frame
definitions. {T} is specified relative to {W}, that is, 1;fT.
3.

The user specifies the goal point for a robot motion by giving the
description of the goal frame, {G}, relative to the station frame.
Often the definitions of {T} and {S} remain fixed for several motions
of the robot. ln this case, once they are defined the user simply gives
a series of {G} specifications.
ln many systems, the tool frame definition (1;fT) is constant (for
example, it is defined with its origin at the center of the fingertips).
Also, the station frame may be fixed, or easily taught by the user
with the robot itself. ln such systems, the user need not be aware
of the five standard frames-he
or she simply thinks in terms of
moving the tool to locations (goals) with respect to the work area
specified by station frame.

4.

The robot system calculates a series of joint angles to move the joints
through in order that the tool frame moves from its initiallocation
in a smooth manner until {T} = {G} at the end of motion.

\

\
FIGURE

4.12

Example

workstation.

4.10 Repeatability and accuracy

4.9

SOLVE-ing
a manipulator

The SOLVEfunction implements Cartesian transformations
and calls the
inverse kinematics function. Thus, the inverse kinematics are generalized
so that arbitrary tool frame and station frame definitions may be used
with our basic inverse kinematics, which solves for the wrist frame
relative to the base frame.
Given the goal frame specification, ~T, SOLVE uses the tool and
station definitions to calculate the location of {W} relative to {B}, {'tT:

~T = ~T ~T j(T-1.
Then the inverse kinematics
through Bn'

take

{'tT as an input

(4.108)
and calculate

(}1

4.10 Repeatability
andaccuracy
Many industrial rabots today move to goal points which have been
taught. A taught
point is one that the manipulator is moved to physically, and then the joint position sensors are read, and the joint angles
stored. When the rabot is commanded to return to that point in space,
each joint is moved to the stored value. In simple "teach and playback"
manipulators such as these, the inverse kinematic prablem never arises
because goal points are never specified in Cartesian coordinates. When
a manufacturer
specifies how precisely a manipulator
can return to a
taught point, he is specifying the repeatability
of the manipulator.
Any time a goal position and orientation are specified in Cartesian
terms, the inverse kinematics of the device must be computed in arder
to solve for the required joint angles. Systems which allow goals to be
described in Cartesian terms are capable of moving the manipulator to
points which were never taught, points in its workspace to which it has
perhaps never gane before. We will call such points computed points.
Such a capability is necessary for many manipulation tasks. For example,
if a compute r vision system is used to locate a part which the robot must
grasp, the rabot must be able to move to tne Cartesian coordinates
supplied by the vision sensor. The precision with which a computed
point can be attained is called the accuracyof the manipulator.
The accuracy of a manipulator is lower bounded by the repeatability.
Clearly accuracy is affected by the precision of parameters appearing
in the kinematic equations of the robot. Errors in knowledge of the
Denavit-Hartenberg
parameters will cause the inverse kinematic equations to calculate joint angle values which are in errar. Hence, while

[J;f[]

~
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the repeatability
of most industrial manipulators
is quite good, the
accuracy is usually much worse and varies quite a bit from manipulatar
to manipulator.
Calibration techniques can be devised which allow the
accuracy of a manipulatar
to be improved through estimation of that
particular manipulator's
kinematic parameters [10].

4.11

Computationalconsiderations

In many path control schemes which we will consider in Chapter 7,
it is necessary to calculate the inverse kinematics of a manipulator
at
fairly high rates, for example 30 Hz ar faster. Therefore, computational
efficiency is an issue. These speed requirements
rule out the use of
numerical solution techniques which are iterative in nature, and for this
reason, we have not considered them.
Most of the general comments of Section 3.10, made for forward
kinematics, also hold for the problem of inverse kinematics. For the
inverse kinematic case, a table-lookup Atan2 routine is often used to
attain higher speeds.
Structure of the computation of multiple solutions is also important.
It is generally fairly efficient to generate all of them in parallel, rather
than pursuing one after another serially. Of course, in some applications, when all solutions are not required, substantial time is saved by
computing only one.
When a geometric approach is used to develop an inverse kinematic
solution, it is sometimes possible to calculate multiple solutions by
simple operations on the various angles solved for in obtaining the first
solution. That is, the first solution is moderately expensive computationally, but the other solutions are found very quickly by summing and
differencing angles, subtracting 1f, and so on.
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Exercises
4.1

[15] Sketch the fingertip workspace of the three-link manipulator of Chapter 3, Exercise 3 for the case 11 = 15.0, 12= 10.0, and 13= 3.0.

4.2

[26] Derive the inverse kinematics of the three-link manipulator of Chapter 3, Exercise 3.

4.3

[12] Sketch the fingertip workspace of the 3-DOF manipulator of Chapter 3, Example 3.4.

4.4

[24] Derive the inverse kinematics of the 3-DOF manipulator of Chapter 3,
Example 3.4.

4.5

[38] Write a Pascal subroutine that computes ali possible solutions for the
PUMA 560 manipulator which lie within the following joint limits:

-170.0

< (}1 < 170,.0,

-225.0

< (}2 < 45.0,

-250.0 < (}3< 75.0,
-135.0 < (}4< 135.0,
-100.0 < (}5< 100.0,
-180.0 < (}6< 180.0.

Oill

Oill
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Use the equations
inches):

derived

in Section 4.7 with the numerical
a2

= 17.0,

a3

= 0.8,

values (in

d3 = 4.9,
d4 = 17.0.
4.6

[15] Describe a simple algorithm
set of possible solutions.

4.7

[10] Make a list of factors which might affect the repeatability
of a
manipulator.
Make a second list of additional factors which affect the
accuracy of a manipulator.

4.8

[12] Given a desired position and orientation of the hand of a three-link
planar rotary jointed manipulator,
there are two possible solutions. If we
add one more rotational joint (in such a way that the arm is still planar),
how many solutions are there?

4.9

for choosing the nearest

solution from a

[26] Figure 4.13 shows a two-link planar arm with rotary joints. For this
arm,

the second

link is half as long as the first,

range limits in degrees

are

o < ()1 < 180,
-90 < ()2 < 180.

FIGURE

4.13

Two-link

planar

manipulator.

that

is: 11

=

212, The joint

4.11

Sketch the approximate

reachable

4.10

[23] Give an expression
Example 3.4.

for the subspace

4.11

[24] A 2-DOF positioning table is used to orient parts for arc-welding.
The forward kinematics which locate the bed of the table (link 2) with
respect to the base (link O) are
C1C2
82

workspace

Exercises

-C182

81

C2

O

12810+ 11

C1
O

12c1 + h1
1
]

8182
O

gT = [ -8~C2

(an area) of the tip of link 2.

of the manipulator

of Chapter

3,

Given any unit direction fixed in the frame of the bed (link 2), 217, give
the inverse kinematic solution for (J1,(J2 such that this vector is aligned
with o Z (i.e., upward). Are there multiple solutions? 1s there a singular
condition for which a unique solution can not be obtained?
4.12

[~2] 1n Fig. 4.14 two 3R mechanisms are pictured. 1n both cases, the three
axes intersect at a point (note that over ali configurations, this point
remains fixed in space). The mechanism in Fig. 4.14a has link twists (ai)
of magnitude 90 degrees. The mechanism in Fig. 4.14b has one twist of q;
in magnitude and the other of 180 - q;in magnitude.
The mechanism in Fig. 4.14a can be seen to be in correspondance with
Z-Y-Z Euler angles, and therefore we know that it suffices to orient link 3
(with arrow in figure) arbitrarily with respect to the fixed link O.Because q;
is not equal to 90 degrees, it turns out that the other mechanism cannot
orient link 3 arbitrarily.
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Two 3R mechanisms

(Exercise

4.12).
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the set of orientations

which are unattainable

with the second

mechanism. Note that we assume that ali joints can turn 360 degrees (i.e.
no limits) and we assume that the links may pass through each other if
need be (Le., workspace not limited by self-collisions).
4.13

[13] Name two reasons why closed form analytic
preferred over iterative solutions.

4.14

[14] There exist 6-DOF robots for which the kinematics are NOT closedform solvable. Does there exist any 3-DOF robot for which the (position)
kinematics are NOT closed-form solvable?

4.15

[38] Write a subroutine
[8,9]).

4.16

which solves quartic

[25] A 4R manipulator
link

parameters

are

equations

is shown schematically
aI

= 1,

kinematic

solutions

are

in closed form (see

in Fig. 4.15. The nonzero

= 45°, d3 = v'2, and a3 = v'2,

a2

and the mechanism is pictured in the configuration
corresponding
to
e = [0,90°, -90°, O]T. Each joint has limits of ::1::180°. Find ali values
of ()3 such that
o P40RG

4.17

= [1.1,1.5, 1.707]T .

[25] A 4R manipulator is shown schematically in Fig. 4.16. The nonzero
link parameters are aI = -90°, d2 = 1, a2 = 45°, d3 = 1, and a3 = 1,
and the mechanism is pictured in the configuration corresponding to
e = [O,O,90° , 0(. Each joint has limits of ::1::180°.Find ali values of
()3 such that
T

°p 40RG -- [0.0,1.0,1.414]
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4.15

A 4R manipulator

shown

= [0,90°, -90°, O]T (Exercise 4,16).

V 2""

in the position

/

4.11

/

4.16

A 4R manipulator

e = [O,900,-900,O]T

/11"

22

YO,l

FIGURE
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Exercises

(Exercise

shown

in the position

4.17).

4.18

[15] Consider the RRP manipulator shown in Fig. 3.37. How many
solutions do the (position) kinematic equations possess?

4.19

[15] Consider the RRR manipulator shown in Fig. 3.38. How many
solutions do the (position) kinematic equations possess?

4.20

[15] Consider the RP P manipulator shown in Fig. 3.39. How many
solutions do the (position) kinematic equations possess?

4.21

[15] Consider the P RR manipulator shown in Fig. 3.40. How many
solutions do the (position) kinematic equations possess?

4.22

[15] Consider the P P P manipulator shown in Fig. 3.41. How many
solutions do the (position) kinematic equations possess?

4.23

[38] The following kinematic equations arise in a certain problem:

sinç = asine + b,
sinq'J= ecos e + d,
1/; = ç + q'J.

Given a, b, c, d, and 1/;,show that in the general case there are four solutions
for e. Give a special condition under which there are just two solutions
for e.

[00

J]QJ 4

Inverse manipulator

4.24

kinematics

[20] Given the description of link frame {i} in terms of link frame {i
find the four Denavit-Hartenberg
of ~-lT.

Programming

Exercise

(Part

parameters

as functions

-

I},

of the elements

4)

1. Write a subroutine to calculate the inverse kinematics for the three-link
manipulator (see Section 4.4). The routine should pass arguments as shown
below:
Procedure

INVKIN(VAR

wrelb: frame; VAR current,near,far:

vec3;

VAR sol:boolean);

where "wrelb," an input, is the wrist frame specified relative to the base
frame; "current," an input, is the current position of the robot (given as a
vector of joint angles); "near" is the nearest solution; "far" is the second
solution; and "sol" is a flag which indicates whether solutions were found or
noto (sol

= FALSE

if no solutions

were found).
11

The joint ranges of motion

=

12

=

The link lengths

(meters)

are

0.5.

are

-170° ::; ei ::; 170°.
Test your routine by calling it back-to-back
are indeed inverses of one another.

2.

with KIN to test whether

they

A tool is attached to link 3 of the manipulator.
This tool is described by
}f T, the tool frame relative to the wrist frame. Also, a user has described
his work area, the station frame relative to the base of the robot, as fIT.
Write the subroutine
Procedure
VAR

SOLVE(VAR

trels:

frame;

VAR

current,near,far:

vec3;

sol:boolean);

where "trels" is the {T} frame specified relative to the {S} frame. Other
parameters are exactly as in the INVKIN subroutine. The definitions of {T}
and {S} should be globally defined variables or constants. SOLVEshould use
calls to TMULT,TINVERT, and INVKIN.

3. Write a main program which accepts a goal frame specified in terms of x,
y, and rp. This goal specification is {T} relative to {S}, which is the way
the user wants to specify goals.
The robot is using the same t061 in the same working area as in
Programming Exercise (Part 2), so {T} and {S} are defined as
}fT = [x y

B]= [0.1 0.2

sBT = [x y

B]= [-0.1

30.0],

0.3 0.0].

Calculate the joint angles for each of the three goal frames given below.
Assume that the robot will start with all angles equal to 0.0 and move to

4.11

Programming Exercise (Part 4)

these three goals in sequence. The program
with respect to the previous goal point.

should find the nearest solution

[Xl

YI

rPI] = [0.0 0.0

[X2

Y2

rP2] =

[x3

Y3

rP3]= [-0.4

[X4

Y4

rP4]= [0.8

[0.6

-

90.0] ,

0.3 45.0],

-

0.3
1.4

120.0],
30.0].

You should call SOLVE and WHEREback to back to make sure they are truly
inverse functions.

Oill

5
JACOBIANS:

VELOCITIES AND
STATIC FORCES

5.1

Introduction

In this chapter we expand our consideration of robot manipulators
beyond static positioning problems. We examine the notions of linear
and angular velocity of a rigid body and use these concepts to analyze
the motion of a manipulator. We also will consider forces acting on a
rigid body, and then use these ideas to study the application of static
forces with manipulators.
It turns out that the study of both velocities and static forces leads
to a matrix entity called the Jacobian* of the manipulator, which will
be introduced in this chapter.
* Mathematicians
shorten it to simply

call it the
"Jacobian."

"Jacobian

matrix,"

but

roboticists

usually

5.2

Notation for time-varying position and orientation

The field of kinematics of mechanisms is not treated in great depth
here. For the most part, the presentation is restricted to only those
ideas which are fundamental to the particular problem of robotics. The
interested reader is urged to study further from any of several texts on
mechanics [1-3].

5.2

Notationfor time-varyingpositionand orientation

Before investigating the description of the motion of a rigid body, we
briefiy discuss some basics: the differentiation of vectors, representation
of angular velocity, and notation.
Differentiationof positionvectors
As a basis for our consideration of velocities (and in Chapter 6, accelerations), we need the following notation for the derivative of a vector:
BVQ

= !!:
lim BQ(t + ót)
dt BQ = At-O
Ót

-

BQ(t) .

(5.1)

The velocity of a position vector can be thought of as the linear velocity
of the point in space represented by the position vector. From (5)) we
see that we are calculating the derivative of Q relative to frame {B}. For
example, if Q is not changing in time relative to {B}, then the velocity
calculated is zero-even if there is some other frame from which Q is
varying. Thus it is important to indicate the frame in which the vector
is differentiated.
As with any vector, a velocity vector may be described in terms of
any frame, and this frame of reference is noted with a leading superscript.
Hence, the velocity vector calculated by (5.1) when expressed in terms
of frame {A} would be written:
A (BVQ)

=

:: BQ.

(5.2)

80 we see that in the general case, a velocity vector is associated with a
point in space, but the numerical values describing the velocity of that
point depend on two frames: one with respect to which the differentiation
was done, and one in which the resulting velocity vector is expressed.
In (5.1) the calculated velocity is written in terms of the frame
of differentiation, so the result could be indicated with a leading B
superscript, but for simplicity, when both superscripts are the same,
we needn't indicate the outer one; that is, we write
(5.3)

[00

5 Jacobians: velocities. and static forces

Finally, we can always remove the outer, leading superscript by explicitly
including the rotation matrix which accomplishes the change in reference
frame (see Section 2.10); that is, we write
(5.4)

We will usually write expressions in the form of the right-hand side
of (5.4) so that the symbols representing velocities always mean the
velocity in the frame of differentiation, and do not have outer, leading
superscripts.
Rather than considering a general point's velocity relative to an
arbitrary frame, we will very often consider the velocity of the origin oi
a frame relative to a some understood universe referenceframe. For this
special case we define a shorthand notation:
(5.5)

where the point in question is the origin of frame {C} and the reference
frame is {U}. For example, we can use the notation ve to refer to the
velocity of the origin offrame {C}, and Ave is the velocity of the origin
of frame {C} expressed in term'5 of frame {A} (though differentiation
was done relative to {U}).
EXAMPLE 5.1
Figure 5.1 $hows a fixed universe frame, {U}, a frame attached to a
train traveling at 100 mph, {T}, and a frame attached to a car traveling
at 30 mph, {C}. Both vehicles are heading in the X direction of {U}.
The rotation matrices, !f.R and gR, are known and constant.
. Ud U p
?
Wh
at 18 dI

eORG.

ud

di

U PeORG

=

uVeORG

= Ve = 30X.

What is e (UVTORG)?
e u

(

VTORG

)=

e

= euRVT = euR(lOOX) = UeR -1
A

VT

A

lOOX.'

.
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Notation for time-varying position and orientation

c cccc
lU}

FIGURE

5.1

Example

of some frames in linear motion.

{A}

FIGURE
to frame

5.2
{A}.

Frame {B}

The angularvelocity

is rotating

with angular

velocity

AnB

relative

vector

We now introduee an angular velocity vector using the symbol S1.
Whereas linear velocity deseribes an attribute of a point, angular velocity
deseribes an attribute of a body. Sinee we always attaeh a frame to the
bodies we eonsider, we ean also think of angular velocity as deseribing
rotational motion of a frame.

[N]

Jacobians: velocities and static forces

Tn Fig. 5.2, A[2B describes the rotation of frame {B} relative to
{A}. Physically, at any instant, the direction of A[2B indicates the
instantaneous axis ofrotation of {B} relative to {A}, and the magnitude
of A[2B indicates the speed ofrotation. Again, like any vector, an angular
velocity vector may be expressed in any coordinate system, and so
another leading superscript may be added; for example, c (A[2B) is the
angular velocity of frame {B} relative to {A} expressed in terms of
frame {C}.
Again, we introduce a simplified notation for an important special
case. This is simply the case in which there is an understood reference
frame, so that it need not be mentioned in the notation
(5.6)

where (JJc is the angular velocity of frame {C} relative to some understood reference frame, {U}. For example, A(JJCis the angular velocity
of frame {C} expressed in terms of {A} (though the angular velocity is
with respect to {U}).

5.3

Linearand rotationalvelocityof rigidbodies

In this section we investigate the description of motion of a rigid body,
at least as far as velocity is concerned. These ideas extend the notions of
translations and orientations described in Chapter 2 to the time-varying
case. Tn Chapter6 we will further extend our study to considerations
of acceleration.
As in Chapter 2, we attach a coordinate system to any body which
we wish to describe. Then, motion of rigid bodies can be equivalently
studied as the motion of frames relative to one another.

Linear velocity
Consider a frame {B} attached to a rigid body. We wish to describe the
motion of BQ relative to frame {A}, as in Fig. 5.3. We may consider
{A} to be fixed.
Frame {B} is located relative to {A} as described by a position
vector, APBORG, and a rotation matrix, ~R. For the moment we will
assume that the orientation, ~R, is not changing with time. That is,
the motion of point Q relative to {A} is due to APBORG andjor BQ
changing in time.
Solving for the linear velocity of point Q in terms of {A} is quite
simple. Just express both components of the velocity in terms of {A}

5.3

Linear and rotational velocity oí rigid bodies

{A}

FIGURE 5.3
to frame {A}.

Frame {B}

is translating

with velocity

AVBORG

relative

and sum:
(5.7)

Equation (5.7) is only for the case in which relative orientation of {B}
and {A} remains constant.
Rotationalvelocity
Now let us consider two frames with coincident origins and with zero
linear velocity so that the origins will remain coincident for all time.
One or both could be attached to rigid bodies, but for clarity the rigid
bodies are not shown in Fig. 5.4.
The orientation of frame {B} with respect to frame {A} is changing
in time. As indicated in Fig. 5.4, rotational velocity of {B} relative to
{A} is described by a vector called AnB. We also have indicated a vector
BQ which locates a point which is fixed in {B}. Now we consider the
ali important question: How does a vector change with time as viewed
from {A} when it is fixed in {B} and the systems are rotating?
Let us consider that the vector Q is constant as viewed from frame
{B}; that is,
(5.8)

Even though it is constant relative to {B}, it is clear that point Q will
have a velocity as seen from {A} due to the rotational velocity AnB.

Oill
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FIGURE 5.4 Vector BQ, fixed in frame {B},
frame {A} with angular velocity AnB.

is rotating

with respect

to

To solve for the velocity of point Q we wiIl use an intuitive approach.
Figure 5.5 shows two instants of time as vector Q rotates around AnB.
This is what an observer in {A} would observe.
By examining Fig. 5.5 we can determine both the direction and the
magnitude of the change in the vector as viewed from {A}. First, it is
clear that the difIerential change in AQ must be perpendicular to both
AnB and AQ. Second, from Fig. 5.5 we see that the magnitude of the
differential change is
(5.9)

These conditions on magnitude and direction immediately suggest the
vector cross product. Indeed, our conclusions about direction and magnitude are satisfied by the computational form
(5.10)

In the general case, the vector Q may also be changing with respect to
frame {B}, so adding this component we have
(5.11)

Using a rotation matrix to remove the dual-superscript, and since the
description of AQ at any instant is ~R BQ, we have
AVQ

= ~R BVQ +

AnB x ~R BQ.

(5.12)

5.4

FIGURE

5.5

More on angular velocity

The velocity oí a point due to an angular

velocity.

Simultaneouslinear and rotationalvelocity
We can very simply expand (5.12) to the case where origins are not
coincident by adding on the linear velocity of the origin to (5.12) to
derive the general formula for velocity of a vector fixed in frame {B} as
seen from frame {A}:
(5.13)

Equation (5.13) is the final result for the derivative of a vector in a
moving frame as seen from a stationary frame.

5.4

More on angularvelocity

In this section we take a deeper look at angular velocity, and in
particular, the derivation of (5.10). Whereas the previous section took
a geometric approach in showing the validity of (5.10), here we take a
mathematical approach. This section may be skipped by the first time
reader.

~

5 Jacobians: velocities and static forces

A propertyot the derivativeot an orthonormal
matrix
We can derive an interesting relationship between the derivative of an
orthonormal matrix and a certain skew symmetric matrix as follows. For
any n x n orthonormal matrix, R, we have
(5.14)

where In is the n x n identity matrix. Our interest, by the way, is for
the case n = 3 and R a proper orthonormal matrix, or rotation matrix.
Differentiating (5.14) yields
(5.15)

where On is the n x n zero matrix. Eq. (5.15) may also be written
(5.16)
Defining
(5.17)

we have from (5.16) that
(5.18)

80, we see that S is a skew-symmetric matrix. Hence, a property relating
the derivative af orthonormal matrices with skew-symmetric matrices
exists and may be stated as
(5.19)

Velocityot a pointdueto rotatingreterencetrame
Consider a fucedvector BP unchanging with respect to frame {B}. It's
description in another frame {A} is given as
(5.20)

If frame {B} is rotating (Le., the derivative ~R is nonzero) then AP will

be changing even though B P is constant; that is
(5.21)

or, using our notation for velocity,
(5.22)

5.4

More on angular velocity

Now, rewrite (5.22) by substituting for BP to obtain
(5.23)

Making use of our result (5.19) for orthonormal matrices, we have
(5.24)

where we have adorned S with sub- and superscripts to indicate that
it is the skew-symmetric matrix associated with the particular rotation
matrix ~R. Because of its appearance in (5.24) and for other reasons to
be seen shortly, the skew-symmetric matrix we have introduced is called
the angular velocity matrix.

Skew-symmetric
matricesandthevectorcrossproduct
If we assign the elements in a skew-symmetric matrix, S, as
(5.25)
and define the 3 x 1 column vector
(5.26)

then it is easily verified that

sp = n x P,

(5.27)

where P is any vector, and x is the vector cross product.
The 3 x 1 vector, n, which corresponds to the 3 x 3 angular
velocity matrix, is caUed the angular velocity vector, and was already
introduced in Section 5.2.
Hence, our relation (5.24) may be written
(5.28)

where we have shown the notation for n which indicates that it is the
angular velocity vector which specifies the motion of frame {B} with
respect to frame {A}.

5 Jacobians: velocities and static forces

Gaining physicalinsightconcerningthe angularvelocityvector
Having deterrnined that there exists some vector D such that (5.28) is
true, we now wish to gain some insight as to its physical meaning. Derive
D by direct differentiation of a rotation matrixj that is,

R = .o.t-O
lim R(t + t.t) t.t

R(t)

(5.29)

Now, write R(t + D.t) as the composition of two matrices, namely
R(t + t.t) = RK(t.B)R(t),

(5.30)

where over the interval D.t a small rotation of D.B has occurred about
axis K. Using (5.30) write (5.29) as

R= .o.t-O
lim

(

RK(t.B)
t.t

-

13R(t)

),

(5.31)

or,

R=

(

lim RK(t.B)
.o.t-O
t.t

Now, from small angle substitutions

- 13

)

R(t),

(5.32)

in (2.77) we have

-kzt.B
1
k",t.B

(5.33)

80, (5.32) may be written
-kzt.B
O
k",t.B
t.t

R(t).

(5.34)

Finally, dividing the matrix through by D.t and then taking the limit,
we have
(5.35)

Hence, we see
(5.36)

5.4

More on angular velocity

where
nx
n = ny =
[ nz ]

kxé
[

ky~ = éi<.
kz8 ]

(5.37)

The physieal meaning of the angular velocity vector, n, is that at any
instant the ehange in orientation of a rotating frame ean be viewed as
a rotation about some axis K. This instantaneous
axis oí rotation
taken as a unit veetor and then sealed by the speed of rotation about
that axis (O) yields the angular velocity vector.

Otherrepresentations
of angularvelocity
Other representations of angular velocity are possiblej for example,
imagine that the angular velocity of a rotating body is available as rates
of the set of Z-Y-Z Euler angles:
(5.38)

Given this style of deseription, or any other using one of the twentyfour
angle sets, we would like to derive the equivalent angular velocity
veetor.
We have seen that

O

-nz ny

nz
O
[ -ny
nx

-nx'
O ]

(5.39)

From this matrix equation one may extract three independent equations,
namely
(5.40)

From (5.40) and a symbolie deseription of R in terms of an angle set,
one may derive the expressions whieh relate the angle set velocities to
the equivalent angular velocity vector. The resulting expressions ean be
east in matrix form, for example, for Z-Y-Z Euler angles,

n = EZ,y,z,(eZ,y,z,)éz,y,z,.

(5.41 )

That is, E(.) is a Jacobian relating an angle set velocity vector and the
angular velocity vector, and is a funetion of the instantaneous values of
the angle set. The form of E(.) depends on the particular angle set it is
developed for; henee the subseript is added to indicate this.

~

~
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EXAMPLE 5.2

Determine the E matrix which relates Z-Y-Z Euler angles to the
angular velocity vector. That is, find EZ'y,Z' in (5.41).
Using (2.72) and (5.40) and doing the required symbolic differentiations yields

.
EZ'y'Z'

5.5

~

(5.42)

[!

Motionof the linksof a robot

In considering the motion of robot links we will always use link frame
{O}as our reference frame. Hence, Vi is the linear velocity of the origin
of link frame {i}, and l.J)iis the angular velocity of link frame {i}.
At any instant, each link of a robot in motion has some linear and
angular velocity. Figure 5.6 indicates these vectors for link i. In this case,
it is indicated that they are written in frame {i}.

FIGURE 5.6 The velocity of link i is given by vectors
may be written in any frame, even frame {i}.

Vi and "-'i which

5.6 Velocity "propagation" from link to link

5.6

Velocity"propagation"
trom linkto link

We now
velocities
each one
structure
from the

consider the problem of calculating the linear and angular
of the links of a robot. A manipulator is a chain of bodies,
capable of motion relative to its neighbors. Because of this
we can compute the velocities of each link in order starting
base. The velocity of link i + 1 wiIl be that of link i, plus

whatever new velocity components were added by joint i + 1.*
As indicated in Fig. 5.6, let us now think of each link of the
mechanism as a rigid body with linear and angular velocity vectors
describing its motion. Further, we will express these velocities with
respect to the link frame itself rather than with respect to the base
coordinate system. Figure 5.7 shows links i and i + 1 along with their
velocity vectors defined in the link frames.
Rotational velocities may be added when both úJvectors are written
with respect to the same frame. Therefore, the angular velocity of link
i + 1 is the same as that of link i plus a new component caused by
rotational velocity at joint i + 1. This can be written in terms of frame
{i} as
(5.43)

i -- Iv;...

1

i.,. lWi ~ 1

i{JJi

FIGURE

5.7

Velocity vectors

of neighboring

links.

* Remember that linear velocity is associated with a point, and angular
velocity is associated with a body. Hence, the term "velocity of a link" here
means the linear velocity of the origin of the link frame, and the rotational
velocity of the link.

[]§§]
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Note that

(5.44)

We have made use of the rotation matrix relating frames {i} and {i + 1}
in order to represent the added rotational component due to motion at
the joint in frame {i}. The rotation matrix rotates the axis of rotation of
joint i + 1 into its description in frame {i} so that the two components
of angular velocity may be added.
By premultiplying both sides of (5.43) by ~+1R we can find the
description of the angular velocity of link i + 1 with respect to frame
{i+1}:
(5.45)

The linear velocity of the origin of frame {i + 1} is the same as that
of the origin of frame {i} plus a new component caused by rotational
velocity of link i. This is exactly the situation described by (5.13), with
one term vanishing because iPi+1 is constant in frame {i}. Therefore
we have
(5.46)

Premultiplying both sides by ~+1R, we compute
(5.47)

Equations (5.45) and (5.47) are perhaps the most important results of
this chapter. The equivalent relationships for the case that joint i + 1
is prismatic are

(5.48)

Applying these equations successively fróm link to link, we can compute
Nú.JNand NvN, the rotational and linear velocities of the last link. Note
that the resulting velocities are expressed in terms of frame {N}. This
turns out to be useful, as we will see later. If the velocities are desired
in terms of the base coordinate system, they can be rotated into base
coordinates by multiplication with ~R.

5.6

Velocity "propagation" from link to link

x

FIGURE

5.8

A two-link

manipulator.

EXAMPLE 5.3

A two-link manipulator with rotational joints is shown in Fig. 5.8.
Calculate the velocity of the tip of the arm as a function of joint rates.
Give the answer in two forms-in terms of frame {3} and also in terms
of frame {a}.
Frame {3} has been attached at the end ofthe manipulator as shown
in Fig. 5.9, and we wish to find the velocity of the origin of this frame
expressed in frame {3}. As a second part of the problem, we will express
these velocities in frame {a} as well. We will start by attaching frames
to the links as we have done before (see Fig. 5.9)
We will use Eqs. (5.45) and (5.47) to compute the velocity of
the origin of each frame starting from the base frame {a}, which
has zero velocity. Since (5.45) and (5.47) will make use of the link
transformations, we compute them as:

T

= [Si
c,

T =

S
[

Cl
O
-"O

O O
1 O '
O O]
1
O

C2 O O
O 1 O '
O 1,]
1
-',O O

(5.49)

[]Q1]
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X3

À ,,/

/

62

X2~

/

/

,{;
/)6~
Xo

FIGURE

5.9

Frame assignments

for the two-link

manipulator.

1 O O l2

2
O 1 O O
gT = O O 1 O .
[ O O O 1]
Note that these correspond to the manipulator of Example 3.3 with joint
3 permanently fixed at zero degrees. The final transformation between
frames {2} and {3} need not be cast as a standard link transformation
(though it may be helpful to do so). Then using (5.45) and (5.47)
sequentially from link to link, we calculate

(5.50)

(5.51)

(5.52)

(5.53)
.....-.-........

, ... -. ~

5.7
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I:}§[]

(5.54)

(5.55)

Equation (5.55) is the answer. Also the rotational velocity of frame {3}
is found in Eq. (5.54).
To find these velocities with respect to the nonmoving base frame,
we rotate them with the rotation matrix gR, which is

(5.56)

This rotation yields

.

(5.57)

It is important to point out the two distinct uses for Eqs. (5.45)
and (5.47). First, they" may be used as a means of deriving analytical
expressions as in Example 5.2 above. Here, we manipulate the symbolic
equations until we arrive at a form such as (5.55), which wiil be evaluated
with a computer in some application. Second, they may be used directly
to compute (5.45) and (5.47) as they are written. They can easily be
written as a subroutine which is then applied iteratively to compute
link velocities. As such they could be used for any manipulator without
the need of deriving the equations for a particular manipulator. However,
the computation then yields a numeric result with the structure of the
equations hidden. We are often interested in the structure of an analytic
result such as (5.55). Also, if we bother to do the work (that is, (5.50)
through (5.57) ), we generaily wiil find that there are fewer computations
left for the computer to perform in the final application.

5.7

Jacobians

The Jacobian is a multidimensional form of the derivative. Suppose, for
example, that we have six functions, each of which is a function of six
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independent variables:

(5.58)

We could also use vector notation to write these equations as
Y

= F(X).

(5.59)

Now, if we wish to calculate the differentials of Yi as a function of
differentials of Xj' we simply use the chain rule to calculate, and we get

(5.60)

which again might be written more simply using vector notation as
8Y

=

ôF 8X.

ÔX

(5.61)

The 6 x 6 matrix of partial derivatives in (5.61) is what we call
the Jacobian, J. Note that if the functions fI (X) through f6(X) are
nonlinear, then the partial derivatives are a function of Xi. 80 we use
the notation
8Y

= J(X)

8X.

(5.62)

By dividing both sides by the differential time element, we can think of
the Jacobian as mapping velocities in X to those in Y:
Y=J(X)

X.

(5.63)

At any particular instant, X has a certain value, and J(X) is a linear
transformation. At each new time instant, X has changed and therefore

5.7

Jacobians

so has the linear transformation. Jacobians are time-varying linear
transformations.
ln the field of robotics, we generally speak of Jacobians which relate
joint velocities to Cartesian velocities of the tip of the armo For example:
°v = oJ(8) é,

(5.64)

where e is the vector of joint angles of the manipulator, and V is a vector
of Cartesian velocities. In (5.64) we have added a leading superscript to
our Jacobian notation to indicate in which frame the resulting Cartesian
velocity is expressed. Sometimes this superscript is omitt~d when the
frame is obvious or when it is unimportant to the development. Note that
for any given configuration of the manipulator, joint rates are related to
velocity of the tip in a linear fashion. This is only an instantaneous
relationship, since in the next instant the Jacobian has changed slight1y.
For the general case of a six-jointed robot, the Jacobian is 6 x 6, é is
6 x 1, and °v is 6 x 1. This 6 xl Cartesian velocity vector is the 3 x 1 linear
velocity vector and the 3 x.1 rotational velocity vector stacked together:
(5.65)

Jacobians of any dimension (including nonsquare) may be defi~ed. The
number of rows equals the number of degrees of freedom in the Cartesian
space being considered. The number of columns in a Jacobian is equal
to the number of joints of the manipulator. In dealing with a planar
arm, for example, there is no reason for the Jacobian to have more than
three rows, although for redundant planar manipulators, there could be
arbitrarily many columns (one for each joint).
ln the case of a two-link arm, we can write a 2 x 2 Jacobian which
relates joint rates to end-effector velocity. From the result of Example 5.2
we can easily determine the Jacobian of our two-link armo The Jacobian
written in frame {3} is seen (from (5.55)) to be
(5.66)

and the Jacobian written in frame {O} is (from (5.57))
(5.61)

Note that in both cases, we have chosen to write a square matrix which
relates joint rates to end-effector velocity. We could also consider the 3 x 2
Jacobian which would include the angular velocity of the end-effector.

CIill
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Considering Eqs. (5.58) through (5.62), which define the Jacobian,
we see that the Jacobian might also be found by directly differentiating the kinematic equations of the mechanism. However, while this is
straightforward for linear velocity, there is no 3 x 1 orientation vector
whose derivative is u). Hence, we have introduced a method to derive
the Jacobian using successive application of (5.45) and (5.47). There
are several other methods which may be used (see, for example, [4]),
one of which will be introduced shortly in 8ection 5.8. One reason for
deriving Jacobians using the method presented is that it helps prepare
us for material in Chapter 6, in which we will find that similar techniques
apply to calculating the dynamic equations of motion of a manipulator.

Changinga Jacobian'strameot reterence
Given a Jacobian written in frame {B}, that is,

[::] = BV = B J(6)

é,

(5.68)

we may be interested in giving an expression for the Jacobian in another
frame {A}. First, note that a 6 x 1 Cartesian velocity vector given in
{B} is described relative to {A} by the transformation
I
I

~R: I O
I
I

(5.69)

-1-- - -I

O

~R

:

I
I

80, we may write
I
I

~R:

O

I
I
I

- - - - -1-- --I
O

B

J(6) é,

(5.70)

~R

:

I
I

Hence, it is clear that changing the frame of reference of a Jacobian is
accomplished according to'
I
I

~R: I O
A J(6)

=

I
I

- --- -1-- - -I

O

:

I
I

~R

B

J(6).

(5.71)
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Singularities

Given that we have a linear transformation relating joint velocity
to Cartesian velocity, a reasonable question to ask is: Is this matrix
invertible? That is, is it nonsingular? If the matrix is nonsingular then
we can invert it to calculate joint rates given Cartesian velocities:
(5.72)
This is an important relationship. For example, say we wish the hand
of the robot to move with a certain velocity vector in Cartesian space.
Using (5.72) we could calculate the necessary joint rates at each instant
along the path. The real question of invertibility is: Is the J acobian
invertible for all values of e? If not, where is it not invertible?
Most manipulators have values of e where the Jacobian becomes
singular. Such locations are called singularities
of the mechanism
or singularities
for short. All manipulators have singularities at the
boundary of their workspace, and most have loci of singularities inside
their workspace. An in-depth study of the classification of singularities
is beyond the scope of this book-for more information see [5]. For
our purposes, and without giving rigorous definitions, we will class
singularities into two categories:
1. Workspace boundary singularities are those which occur when
the manipulator is fully streched out or folded back on itself such
that the end-effector is near or at the boundary of the workspace.
2.

Workspace interior singularities
are those which occur away
from the workspace boundary and generally are caused by two or
more joint axes lining up.

When a manipulator is in a singular configuration, it has lost one
or more degrees of freedom as viewed from Cartesian space. This means
that there is some direction (or subspace) in Cartesian space along which
it is impossible to move the hand of the robot no matter which joint rates
are selected. 1t is obvious that this happens at the workspace boundary
of robots.
EXAMPLE 5.4

Where are the singularities of the simple two-link arm of ExampIe 5.2? What is the physical explanation of the singularities? Are
they workspace boundary singularities or are they workspace interior
singularities?

[]1[]
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To find the singular points of a mechanism we must examine the
determinant of its Jacobian. Where the determinant is equal to zero,
the Jacobian has lost full rank, and is singular.
DET [J(8)]

= Il IC2lIS2+ l2

o
l2

I

= lIl2S2 = o.

(5.13)

Clearly, a singularity of the mechanism exists when 82 is O or 180
degrees. Physically, when 82 = O the arm is stretched straight out. In
this configuration, motion of the end-effector is possible only along one
Cartesian direction (the one perpendicular to the arm). Therefore, the
mechanism has lost one degree of freedom. Likewise when 82 = 180
the arm is folded completely back on itself, and motion of the hand is
again only possible in one Cartesian direction instead of two. We will
class these singularities as workspace boundary singularities because
they exist at the edge of the manipulator's workspace. Note that the
Jacobian written with respect to frame {O}, or any other frame, would
have yielded the same resulto
8
The danger in applying (5.72) in a robot control system is that at a
singular point, the inverse Jacobian blows up! This results in joint rates
approaching infinity as the singularity is approached.
EXAMPLE 5.5
Consider the two-link robot from Example 5.2 moving its endeffector along the X axis at 1.0 m/s as in Fig. 5.10. Show that joint
rates are reasonable when far from a singularity, but as a singularity is
approached at ()2 = O,joint rates tend to infinity.
We start by calculating the inverse of the Jacobian written in {O}:
oJ-I(ê)

= lIl2S2
~

l2C12

[ -lICI

-l2C12

l2SI2

-lISI -l2SI2

.
]

Y3
V3 -----

FIGURE 5.10 A two-link manipulator
linear velocity.

moving

its tip at a constant

(5.14)
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Then using Eq. (5.74) for a velocity of 1 m/s in the X direction we can
calculate joint rates as a function of manipulator configuration:

(5.75)

Clearly, as the arm stretches out toward 02 = O both joint rates go to
infinity.
8
EXAMPLE 5.6

For the PUMA 560 manipulator, give two examples of singularities
which can occur.
There is singularity when 03 is near -90.0 degrees. Calculation of the
exact value of 03 is left as an exercise (see Exercise 5.14). In this situation,
links 2 and 3 are "stretched out" just like the singular location of the
two-link manipulator in Example 5.3. This is classed as a workspace
boundary singularity.
Whenever

05

= 0.0

degrees the manipulator

is in a singular

config-

uration. In this configuration joint axes 4 and 6 line up-both of their
actions would result in the same end-effector motion, so it is as if a degree
of freedom has been lost. Because this can occur interior to the workspace
envelope, we will class it as a workspace interior singularity.
8

5.9

Staticforcesin.manipulators

The chainlike nature of a manipulator leads us quite naturally to
consider how forces and moments "propagate" from one link to the next.
Typically the robot is pushing on something in the environment with the
chain's free end (the end-effector) or is perhaps supporting a load at the
hand. We wish to solve for the joint torques which must be acting to
keep the system in static equilibrium.
In considering static forces in a manipulator we first lock alI the
joints so that the manipulator becomes a structure. We then consider
each link in this structure and write a force-moment balance relationship
in terms of the link frames. Finally, we compute what static torque must
be acting about the joint axis in order for the manipulator to be in static
equilibrium. In this way, we solve for the set of joint torques needed to
support a static load acting at the end-effector.
We define special symbols for the force and torque exerted by a
neighbor link:

[!1[]
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= force exerted

on link i by link i-I,
ni = torque exerted on link i by link i-L
fi

We will use our usual convention for assigning frames to links. Figure
5.11 shows the static forces and moments acting on link i. Summing the
forces and setting them equal to zero we have
ifi - ifi+1

= O.

(5.16)

Summing torques about the origin of frame {i} we have
(5.11)

If we start with a description of the force and moment applied by
the hand, we can calculate the force and moment applied by each link
working from the last link down to the base, link O. To do this, we
formulate the force-moment expressions (5.76) and (5.77) such that they
specify iterations from higher numbered links to lower numbered links.
The result may be written:
(5.18)
(5.19)
In order to write these equations in terrns of only forces and moments
defined within their own link frames, we transform with the rotation

{i + I}

ni

FIGURE

5.11

Static

force-moment

balance

for a single link.
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matrix describing frame {i + 1} relative to frame {i}. This leads to our
most important result for static force "propagation" from link to link:
(5.80)
(5.81)

Finally, the important question arises: What torques are needed at the
joints in order to balance the reaction forces and moments acting on
the links? All components of the force and moment vectors are resisted
by the structure of the mechanism itself, except for the torque about
the joint axis. Therefore, to find the joint torque required to maintain
the static equilibrium, the dot product of the joint axis vector with the
moment vector acting on the link is computed:
(5.82)
In the case that joint i is prismatic, we compute the joint actuator force
as
(5.83)

Note that we are using the symbol r even for a linear joint force.
As a matter of convention we generally define the positive direction
of joint torque as the direction which would tend to move the joint in
the direction of increasing joint angle.
Equations (5.80) through (5.83) give us a means to compute the
joint torques needed to apply any force or moment with the end-effector
of a manipulator in the static case.
EXAMPLE 5.7
The two-link manipulator of Example 5.2 is applying a force vector
3F with its end-effector (consider this force to be acting at the origin of
{3}). Find the required joint torques as a function of configuration and
of the applied force. See Fig. 5.12.
We apply Eqs. (5.80) through (5.82) starting from the last link and
going toward the base of the robot:

(5.84)

(5.85)

[J1[J
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FIGURE

5.12

A two-link

manipulator

applying

a force at its tipo

(5.86)

(5.81)

Therefore we have
(5.88)

(5.89)

This relationship may be written as a matrix operator as

.

(5.90)

It is not a coincidence that this matrix is the transpose of the Jacobian
that we found in (5.66)!

5.10

5.10

Jacobians in the force domain

Jacobiansin the forcedomain

We have found joint torques that will exactly balance forces at the hand
in the static situation. When forces act on a mechanism, work (in the
technical sense) is done if the mechanism moves through a displacement.
Work is defined as a force acting through a distance and is a scalar
with units of energy. The principIe of virtual work allows us to make
certain statements about the static case by allowing the amount of this
displacement to go to an infinitesimal. Since work has units of energy
it must be the same measured in any set of generalized coordinates.
Specifically, we can equate the work done in Cartesian terms with the
work done in joint space terms. In the multidimensional case, work is
the dot product of a vector force or torque and a vector displacement.
Thus we have
:F. 5X

=

T'

58,

(5.91)

where F is a 6 x 1 Cartesian force-moment vector acting at the endeffector, 8X is a 6 x 1 infinitesimal Cartesian displacement of the
end-effector, T is a 6 x 1 vector of torques at the joints, and 88 is a
6 x 1 vector of infinitesimal joint displacements. Expression (5.91) can
also be written
(5.92)

The definition of the Jacobian is
5X = J58,

(5.93)

and so we may write
(5.94)
which must hold for all 88, and so we have
(5.95)

Transposing both sides yields the result
(5.96)

Equation (5.96) verifies in general what we saw in the particular case of
the two-link manipulator in Example 5.6: The Jacobian transpose maps
Cartesian forces acting at the hand into equivalent joint torques. When

[J1[]
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the Jacobian is written with respect to frame {O}, then force vectors
written in {O}may be transformed, as made clear by the notation
(5.97)

When the J acobian loses full rank, there are certain directions in which
the end-effector cannot exert static forces as desired. That is, in (5.97)
if the Jacobian is singular, :F could be increased or decreased in certain
directions (those defining the null-space of the Jacobian [6]) with no
effect on the value calculated for T. This also means that near singular
configurations, mechanical advantage tends toward infinity such that
with small joint torques large forces could be generated at the endeffector. * Thus, singularities manifest themselves in the force domain as
well as in the position domain.
.
Note that (5.97) is a very interesting relationship in that it allows
us to convert a Cartesian quantity into a joint space quantity without
calculating any inverse kinematic functions. We will make use of this
when we consider the problem of control in later chapters.

5.11

Cartesiantransformation
of velocitiesand
staticforces

We may wish to think in terms of 6 x 1 representations of general velocity
of a body:

v=[:].

(5.98)

Likewise we may consider 6 x 1 representations of general force vectors:
(5.99)

where F is a 3 x 1 force vector and N is a 3 x 1 moment vector. It is
then natural to think of 6 x 6 transformations which map these quantities
from one frame to another. This is exactly what we have already done
in considering the propagation of velocities and forces from link to link.
Here we write (5.45) and (5.47) in matrix operator form to transform
general velocity vectors in frame {A} to their description in frame {B}.
* Consider a two-link planar manipulator
nearly outstretched
end-effector in contact with a reaction surface. In this configuration
large forces could be exerted with "small" joint torques.

with the
arbitrarily
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Since the two frames involved here are rigidly connected, Bi+! appearing
in (5.45) is set to zero in deriving the following:

=

BVB
[ BWB

]

[

~R

-~RAPBORGX

O

~R

AV A
]

[ AWA

,

(5.100)

]

where the cross product is understood to be the matrix operator
(5.101)

Now, (5.100) relates velocities in one frame to those in another, so the
6 x 6 operator will be called a velocity transformation
and we will
use the symbol Tv. In this case, it is a velocity transformation which
maps velocities in {A} into velocities in {B}, so we use the following
notation to compactly express (5.100):
(5.102)

We may invert (5.100) in order to compute the description of velocity
in terms of {A} when given the quantities in {B}:
(5.103)

or
(5.104)

Note that these mappirigs of velocities from frame to frame depend on
~T (or its inverse) and so must be interpreted as instantaneous results,
unless the relationship between the two frames is static. Similarly, from
(5.80) and (5.81) we write the 6x 6 matrix which transforms general force
vectors written in terms of {B} into their description in frame {A}:
(5.105)

which may be written compactly as
(5.106)

where Tf is used to denote a force-moment
transformation.
Velocity and force transformations are similar to Jacobians in that
they relate velocities and forces in different coordinate systems. Similarly
to Jacobians we have that
(5.107)

as can be verified by examining (5.105) and (5.103).

mD'
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{WI
Sensor
f Wrist

Sensor frame

FIGURE

5.13

Frames of interest

with a force sensor.

EXAMPLE 5.8
Figure 5.13 shows an end-effector holding a tool. Located at the
point where the end-effector attaches to the manipulator, there is a
force-sensing wrist. This is a device which can measure the forces and
torques which are applied to it.
Consider the output of this sensor to be a 6 x 1 vector, S F, composed
of three forces and three torques expressed in the sensor frame, {S}.
Our real interest is to know the forces and torques applied at the tip
of the tool, TF. Find the 6 x 6 transformation which transforms the
force-moment vector from {S} to the tool frame, {T}. The transform
relating {T} to {S}, fT, is known. (Note that {S} here is the sensor
frame, not the station frame as usual.)
This is simply an application of (5.106). First, from fT we calculate
the inverse, IT, which is composed of IR, and TPsoRG' Then we apply
(5.106) to obtain
T-r- - T T S F
.rT - S f
s,

(5.108)

where
T

sTf

'fR

= [ T PSORG

T

x sR

O
.
sR ]
T

.

(5.109)
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5.10

[7] For the two-link manipulator of Example 5.2 give the transformation
which would map joint torques into a 2 x 1 force vector, 3F, at the hand.

5.11

[14] Given

~T =

0.866

-0.500

0.000

10.0

0.500
0.000
[ O

0.866
0.000
O

0.000
1.000 0.0
5.0
O
1 ]

if the velocity vector at the origin of {A} is
0.0
2.0
-3.0
1.414 I ,
1.414
0.0
find the 6 x 1 velocity vector with reference point the origin of {B}.
5.12

[15] For the three-link manipulator of Exercise 3.3, give a set of joint
angles for which the manipulator is at a workspace boundary singularity,
and another set of angles for which the manipulator is at a workspace
interior singularity.

5.13

[9] A certain two-link manipulator has the following Jacobian:

Ignoring gravity, what are the joint torques required in order that the
manipulator

5.14

apply a static

force vector oF

=

10.xo.

[18] If the link parameter a3 of the PUMA 560 were zero, a workspace
boundary

singularity

would occur when B3

= -90.0°.

Give an expression

for the value of B3 where the singularity occurs and show that if a3 were
zero, the result would be B3 = -90.0°. Hint: In this configuration a
straight line passes through joint axes 2, 3, and the point where axes
4, 5, and 6 intersect.
5.15

[24] Give the 3 x 3 Jacobian which calculates linear velocity of the tool tip
from the three joint rates for the manipulator of Example 3.4 in Chapter 3.
Give the Jacobian in frame {O}.

5.16

[20] A 3R manipulator has kinematics that correspond exactly to the set
ofZ- Y-Z Euler angles (Le., the forward kinematics are given by (2.72) with
a = B1' (3= B2' and 'Y = B3). Give the Jacobian relating joint velocities
to angular velocity of the final link.

5.17

[31] Imagine that for a general 6-DOF robot we have available oZi and
oPiorg for a1li. That is, we know the values for the unit Z vectors of each
link frame in terms of the base frame, and also the locations of the origins
of all link frames in terms of the base frame. Let us also say that we are
interested in the velocity of the tool point (fixed relative to link n) and

c::I§D 5
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5.10

[7] For the two-link manipulator of Example 5.2 give the transformation
which would map joint torques into a 2 x 1 force vector, 3p, at the hand.

5.11

[14] Given
0.866 -0.500

~T =

0.000 10.0

0.500 0.866
0.000
0.000 0.000
1.000 0.0
5.0
O
O
1 ]
[ O

if the velocity vector at the origin of {A} is
0.0
2.0
-3.0
1.414 I ,
1.414
0.0
find the 6 x 1 velocity vector with reference point the origin of {B}.
5.12

[15] For the three-link manipulator of Exercise 3.3, give a set of joint
angles for which the manipulator is at a workspace boundary singularity,
and another set of angles for which the manipulator is at a workspace
interior singularity.

5.13

[9] A certain two-link manipulator has the following Jacobian:

Ignoring gravity, what are the joint torques required in order that the
manipulator

5.14

apply a static force vector oP

=

lOXo.

[18] If the link parameter a3 of the PUMA 560 were zero, a workspace
boundary

singularity

would occur when 83

= -90.00.

Give an expression

for the value of 83 where the singularity occurs and show that if a3 were
zero, the result would be 83 = -90.00. Hint: In this configuration a
straight line passes through joint axes 2, 3, and the point where axes
4, 5, and 6 intersect.
5.15

[24] Give the 3 x 3 Jacobian which calculates linear velocity of the tool tip
from the three joint rates for the manipulator of Example 3.4 in Chapter 3.
Give the Jacobian in frame {O}.

5.16

[20] A 3R manipulator has kinematics that correspond exactly to the set
of Z-Y-Z Euler angles (Le., the forward kinematics are given by (2.72) with

'" = 81, {3= 82, and '"Y = 83).

Give the Jacobian

relating

joint velocities

to angular velocity of the final link.
5.17

[31] Imagine that for a general 6-DOF robot we have available oZi and
oPiorg for ali i. That is, we know the values for the unit Z vectors of each
link frame in terms of the base frame, and also the locations of the origins
of alllink frames in terms of the base frame. Let us also say that we are
interested in the velocity of the tool point (fixed relative to link n) and

Programming Exercise (Part 5)
we know oPtool also. Now, for a revolute joint, the velocity of the tool tip
due to the velocity of joint i is given by
(5.110)
and the angular velocity of link n due to the velocity of this joint is given
by
(5.111)
The total linear and angular velocity of the tool is given by the sum of the
°Vi and °Wi respectively. Give equations analogous to (5.110) and (5.111)
for the case of joint i prismatic, and write the 6 x 6 Jacobian matrix of
an arbitrary 6-DOF manipulator in terms of the Zi, Piorg and Ptool.
5.18

[18] The kinematics of a 3R robot are given by
-C1823
-81823
C23

O
Find oJ(e) which, when multiplied by the joint velocity vector, gives the
linear velocity of the origin of frame {3} relative to frame {O}.
5.19

[15] The position of the origin of link 2 for an RP manipulator is given by

Give the 2 x 2 Jacobian that relates the two joint rates to the linear
velocity of the origin of frame {2}. Give a value of e where the device
is at a singularity.
5.20

[20] Explain what might be meant by the statement: "An n-DOF manipulator at a singularity can be treated as a redundant manipulator in a
space of dimensionality n - L"

Programming

Exercise

(Part

5)

1. Two frames, {A} and {B} are not moving relative to one another; that is,

~T

is constant. In the planar case, we define the velocity of frame {A} as

Write a routine which, given ~T and AV A' computes BvB. Hint: This is
the planar analog of (5.100). Use a procedure heading something like:
Procedure Veltrans(VAR brela: frame; VARvrela, vre1b: vec3);

O§[]

~
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2.

where "vrela" is the velocity relative to frame {A}, or A VA, and "vrelb" is
the output of the routine (the velocity relative to frame {B}), or BVB.
Determine the 3 x 3 Jacobian of the 3-link planar manipulator (from
Example 3.3). In order to derive the Jacobian you should use velocity
propagation analysis (as in Example 5.2) or static force analysis (as in
Example 5.6). Hand in your work showing how you derived the Jacobian.
Write a routine to compute the Jacobian in frame {3}, that is, 3J(e), as
a function of the joint angles. Note that frame {3} is the standard link frame
with origin on the axis of joint 3. Use a procedure heading something like:
Procedure

Jacobian(VAR

The manipulator

3.

data are II

theta:

vec3;

= l2 = 0.5

Var Jac: mat33);

meters.

A tool frame and a station frame are defined by the user for a certain task
as below (units are meters and degrees):

':fT

= [x

y 8] = [0.1 0.2 30.0],

~T = [x y 8]= [0.0 0.0 0.0].
At a certain instant, the tool tip is at the position

~T = [x y 8] = [0.6 - 0.3 45.0].
At the same instant, the joint rates (in degjsec) are measured to be

é = [81 82 83]

= [20.0 -

10.0 12.0].

Calculate .the linear and angular velocity of the tool tip relative to its own
frame, that is, TVT. li there is more than one possible answer calculate ali
possible answers.

6
MANIPULATOR
DYNAMICS

6.1

Introduction.

Our study of manipulators so far has focused on kinematic considerations
only. We have studied static positions, static forces, and velocities; but
we have never considered the forces required to cause motion. In this
chapter we consider the equations of motion for a manipulator-the
way in which motion of the manipulator arises from torques applied by
the actuators, or from external forces applied to the manipulator.
Dynamics of mechanisms is a field in which many books have been
written. Indeed, one can spend years studying the field. Obviously, we
cannot cover the material in the completeness it deserves. However, certain formulations of the dynamics problem seem particularly well suited
to application to manipulators. In particular, methods which make use
of the serial chain nature of manipulators are natural candidates for our
study.

Manipulator dynamics

There are two problems related to the dynamics of a manipulator
that we wish to solve. In the firstproblem we are given a trajectory point,
8, é, and ê, and we wish to find the required vector of joint torques,
'T. This formulation of dynamics is useful for the problem of controlling
the manipulator (Chapter 10). The second problem is to calculate how
the mechanism will move under application of a set of joint torques.
That is, given a torque vector, 'T, calculate the resulting motion of the
manipulator, 8, é, and ê. This is useful for simulating the manipulator.

6.2 Acceleration
Dfa rigidbody
We now extend our analysis of rigid body motion to the case of
accelerations. At any instant, the linear and angular velocity vectors
have derivatives which are called the linear and angular accelerations,
respectively. That is,
(6.1)
and
(6.2)

As with velocities, when the reference frame of the differentiation is
understood to be some universal reference frame, {U}, we will use the
notation
.

vA

= U.VAORG

(6.3)

= unA-

(6.4)

and
wA

Linearacceleration
We start by restating an important result from Chapter 5, (5.12), which
describes the velocity of a vector BQ as seen from frame {A} when the
origins are coincident:
(6.5)

The left-hand side of this equation describes how AQ is changing in time.
80, since origins are coincident, we could rewrite (6.5) as
(6.6)

6.2

Acceleration of a rigid body

This form of the equation will be useful when deriving the corresponding
acceleration equation.
By differentiating (6.5), we can derive expressions for the acceleration of BQ as viewed from {A} when origins of {A} and {B} coincide:
(6.1)

Now we apply (6.6) twice-once to the first term, and once to the last
termo The right-hand side of equation (6.7) becomes
~R BVá + AOB x ~R BVQ + Af2B x ~R BQ
(6.8)

+ AOB x (~R BVQ + AOB x ~R BQ).
Combining two terms, we get

Finally, to generalize to the case in which the origins are not coincident,
we add one term which gives the linear acceleration of the origin of {B},
resulting in the final general formula:
A'
VBORG

+

A

BR

B'

A

ABA'

VQ + 2 OB x BR

VQ +

A

OB x BR

B

Q

(6.10)

A particular case that is worth pointing out is when BQ is constant,
or
B

VQ =

B'

VQ = Q.

(6.11)

In this case, (6.10) simplifies to
(6.12)

We will use this result in calculating the linear acceleration of the links of
a manipulator with rotational joints. When a prismatic joint is present,
the more general form of (6.10) will be used.
Angular acceleration
Consider the case of {B} rotating relative to {A} with Ai1B, and {C}
rotating relative to {B} with Bi1C' To calculate Ai1c we sum the vectors
in frame {A}:
(6.13)

~
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{A}

z
dv

y

x
FIGURE 6.1 The inertia tensor of an object describes the object's mass
distribution.
Here a vector A P locates the differential volume element, dv.

By differentiating, we obtain
A

.
A .
d A B
nc = nB + dt (BR nc.)

(6.14)

Now, applying (6.6) to the last term of (6.14), we obtain
(6.15)

We wiil use this result to calculate the angular acceleration of the links
of a manipulator.

6.3

Mass distribution

In systems with a single degree of freedom, we often talk about the mass
of a rigid body. In the case of rotational motion about a single axis,
the notion of the moment oi inertia is a familiar one. For a rigid body
which is free to move in three dimensions there are an infinite number of
possible rotation axes. In the case of rotation about an arbitrary axis, we
need a complete way of characterizing the mass distribution of a rigid
body. Here we introduce the inertia tensor, which for our purposes
can be thought of as a generalization of the scalar moment of inertia
of an object.
We shall now define a set of quantities which give information about
the distribution of mass of a rigid body relative to a reference frame.

6.3

Mass distribution

Figure 6.1 shows a rigid body with an attached frame. While inertia
tensors may be defined reIative to any frame, we will always consider
the case of an inertia tensor defined for a frame attached to the rigid
body. Where it is important we will indicate, with a leading superscript,
the frame of reference of a given inertia tensor. The inertia tensor relative
to frame {A} is expressed in the matrix form as the 3 x 3 matrix:
(6.16)

where the scalar elements are given by

lu =
Ixy =
lu

=

IIi
IIi

(X2

+ y2)pdv,
(6.17)

xy pdv,

I I Iv xzpdv,

'Iy;;
=I I

i

yz pdv,

where the rigid body is composed of differential volume elements, dv,
containing material of density p. Each volume element is located with a
vector, AP = [x y zf, as shown in Fig. 6.l.
The elements Ixx, Iyy, and Izz are called the mass moments of inertia. Note that in each case we are integrating the mass elements, pdv,
times the square of the perpendicular distance from the corresponding
axis. The elements with mixed indices are called the mass products
of inertia. This set of six independent quantities will, for a given body,
depend on the position and orientation of the frame in which they are
defined. If we are free to choose the orientation of the reference frame,
it is possible to cause the products of inertia to be zero. The axes of the
reference frame when so aligned are called the principal axes and the
corresponding mass moments are the principal moments of inertia.
EXAMPLE 6.1
Find the inertia tensor for the rectangular body of uniform density
p with respect to the coordinate system shown in Fig. 6.2.

[]Q[]
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z
{A}

I

I

"L------.-/

/

/

x
FIGURE

6.2

A body of uniform

density.

First, we compute Ixx. Using volume element dv

= dx dy dz,

we get

Ixx = lh 11 lw (y2 + z2)pdxdydz
= lh 11 (y2 + z2)wpdydz
(6.18)

where m is the total mass oí the body. Permuting the terms, we can get
Iyy and Izz by inspection:

;

Iyy

=

I

= m ( l2 + w2) .
3

(W2 +h2)

(6.19)

and

zz

(6.20)

6.3

Mass distribution

We next compute 1xy:
Ixv =

lh 11lw xypdxdydz

t t

=

t

-

~
2

ia ia

ypdydz

(6.21)

w2Z2

- ia

4Pdz

- mwZ.
- 4
Permuting the terms, we get
I

xx

= m4 hw

(6.22)

and

m
Ivx = 4hZ.
Hence the inertia tensor for this object is

T W+ h2)
AI

= I -TwZ

-TwZ

(6.23)

-ThW

T (w2+ h2)

-Thw

-ThZ

.

.

(6.24)

T (Z2+ W2)]

-ThZ

As noted, the inértia tensor is a function of the location and
orientation of the reference frame. A well-known result, the parallel
axis theorem, is one way of computing how the inertia tensor changes
under translations of the reference coordinate system. The parallel axis
theorem relates the inertia tensor in a frame with origin at the center
of mass to the inertia tensor with respect to another reference frame.
Where {C} is located at the center of mass of the body, and {A} is an
arbitrarily translated frame, the theorem can be stated [1] as
(6.25)
A

I xv

= c I xv -

mXeYe'

where Pc = [xc,Yc'zcf locates the center of mass relative to {A}.
The remaining moments and products of inertia are computed from
permutations of x, y, and z in (6.25). The theorem may be stated in
vector-matrix form as
(6.26)

where 13 is the 3 x 3 identity matrix.

~

~
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EXAMPLE 6.2

Find the inertia tensor for the same solid body described for ExampIe 6.1 when it is described in a coordinate system with origin at the
body's center of mass.
We can apply the parallel axis theorem, (6.25), where

Then we find
m
12 (W2

+ l2),
(6.21)

O.

The other elements are found by symmetry. The resulting inertia tensor
written in the frame at the canter of mass is

~ (h2 + l2)
cI=
.

O
[

O

O

~(w2+h2)
O

O

O

.

(6.28)

~ (l2 + W2)]

Since the result is diagonal, frame {C} must represent the principal
axes of this body.

.

Some additional facts about inertia tensors are as follows:
1. If two axes of the reference frame form a plane of symmetry for the
mass distribution of the body, the products of inertia having as an
index the coordinate which is normal to the plane of symmetry will
be zero.
2.
3.
4.

Moments of inertia must always be positive. Products of inertia
may have either signo
The sum of the three moments of inertia are invariant under orientation changes in the reference frame.
The eigenvalues of an inertia tensor are the principal moments for
the body. The associated eigenvectors are the principal axes.

Most manipulators have links whose geometry and composition
is somewhat complex so that the application of (6.17) is diflicult in
practice. A pragmatic option is actually to measure rather than to

6.4

Nev.-i;on'sequation, Euler's equation

calculate the moments of inertia of each link using a measuring device
(e.g., an inertia pendulum).

6.4

Newton's equation, Euler's equation

We will consider each link of a manipulator as a rigid body. If we know
the location of the center of mass and the inertia tensor of the link, then
its mass distribution is completely characterized. In order to move the
links, we must accelerate and decelerate them. The forces required for
such motion are a function of the acceleration desired and of the mass
distribution of the links. Newton's equation along with its rotational
analog, Euler's equation, describe how forces, inertias, and accelerations
relate.

Newton's equation
Figure 6.3 shows a rigid body whose center of mass is accelerating with
acceleration vc. In such a situation, the force, F, acting at the center of
mass which causes this acceleration is given by Newton's equation,
(6.29)

where m is the total rpass of the body.

FIGURE

6.3

A force F acting

the body to accelerate at vc.

at the center of mass of a body causes

~
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Euler's equation
Figure 6.4 shows a rigid body rotating with angular velocity, ú..!,and with
angular acceleration, w. In such a situation, the moment N, which must
be acting on the body to cause this motion, is given by Euler's equation
N=CI';;+ú.lxClú.I,

(6.30)

where c I is the inertia tensor of the body written in a frame, {C}, whose
origin is located at the center of mass.

6.5

IterativeNewton-Eulerdynamicformulation

We now consider the problem of computing the torques that correspond
to a given trajectory of a manipulator. We assume we know the position,
velocity, and acceleration of the joints, (8, é, ê). With this knowledge,
and with knowledge of the kinematics and mass distribution information
of the robot, we can calculate the joint torques required to cause this
motion. The algorithm presented is based upon the method published
by Luh, Walker, and Paul in [2].

Outwarditerat}onsto computevelocitiesand accelerations
In order to compute inertial forces acting on the links it is necessary to
compute the rotational velocity and linear and rotational acceleration of
the center of mass of each link of the manipulator at any given instant.

FIGURE 6.4 A moment N is acting on a body, and the body is rotating
with velocity ú.I and accelerating at w.

6.5

Iterative Newton-Euler dynamic formulation

These eomputations will be done in an iterative nature starting with
link 1 and moving sueeessively, link by link, outward to link n.
The "propagation" of rotational velocity from link to link was
diseussed in Chapter 5, and is given (for joint i + 1 rotational) by
(6.31)

From (6.15) we obtain the equation for transforming angular aeeeleration
from one link to the next,
(6.32)

When joint i + 1 is prismatie, this simplifies to
(6.33)
The linear aceeleration of eaeh link frame origin is obtained by applieation of (6.12):
(6.34)

which, for prismatie joint i + 1, beeomes (from 6.10):

(6.35)

We also wiil need the linear aceeleration of the eenter of mass of eaeh
link, which also ean be found by applying (6.12):
i.

Vc.

..=

i.

!lJi X

ip

c.

+

i

i

!lJi x

(

i
!lJi X

p c.

.) +

i

.
Vi'

(6.36)

where we imagine a frame, {Ci}, attached to each link with its origin
loeated at the eenter of mass of the link, and with the same orientation
as the link frame, {i}. Equation (6.36) doesn't involve joint motion at
all, and so is valid for joint i + 1 revolute or prismatic.
Note that the applieation of the equations to link 1 is especially
simple sinee 0"-'0= 000 = o.
The forceandtorqueactingon a link
Having eomputed the linear and angular aceelerations of the mass eenter
of each link, we ean apply the Newton-Euler equations (Seetion 6.4) to

[TI§]
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compute the inertial force and torque acting at the center of mass of
each link. Thus we have

(6.37)

where {CJ has its origin at the center of mass of the link, and has the
same orientation as the link frame, {i}.

Inwarditerationsto computeforcesandtorques
Having computed the forces and torques acting on each link, it now
remains to calculate the joint torques which will result in these net forces
and torques being applied to each link.
We can do this by writing a force balance and moment balance
equation based on a free body diagram of a typicallink (see Fig. 6.5).
Each link has forces and torques exerted on it by its neighbors, and
in addition experiences an inertial force and torque. In Chapter 5 we
defined special symbols for the force and torque exerted by a neighbor
link, which we repeat here:
fi

ni

= force exerted on link i by link i-I,
= torque exerted on link i by link i-L

/;.1

FIGURE 6.5 The force balance,
manipulator
link.

including

inertial

forces, for a single

6.5

Iterative Newton-Euler dynamic formulation

By summing forces acting on link i we arrive at a force balance relationship,
(6.38)

By summing torques about the center of mass and setting them
equal to zero we arrive at the torque balance equation:
(6.39)

Using the result from the force balance relation (6.38) and adding
a few rotation matrices, we can write (6.39) as
(6.40)
Finally, we can rearrange the force and torque equations so that
they appear as iterative relationships from higher-numbered neighbor
to lower-numbered neighbor.
(6.41)

(6.42)

These equations are evaluated link by link starting from link n
and working inward toward the base of the robot. These inward force
iterations are analogous to the static force iterations introduced in
Chapter 5, except that inertial forces and torques are now considered
at each link.
As in the static case, the required joint torques are found by taking
the Z component of the torque applied by one link on its neighbor:
(6.43)

For joint i + 1 prismatic, we use
(6.44)

where we have used the symbol 'T for a linear actuator force.
Note that for a robot moving in free space, N+1fN+1 and N+1nN+1
are set equal to zero, and so the first application of the equations for link
n is very simple. If the robot is contacting the environment, the forces
and torques due to this contact may be included in the force balance by
.
N+l
N+l
havmg
f N+l an d
nonzero
nN+l'

~
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The iterativeNewton-Eulerdynamicsalgorithm
The complete algorithm for computing joint torques from the motion
of the joints is composed of two parts. First, link velocities and accelerations are iteratively computed from link 1 out to link n and
the Newton-Euler equations are applied to each link. 8econd, forces
and torques of interaction and joint actuator torques are computed
recursively from link n back to link 1. The equations are summarized
below for the case of ali joints rotational.

Outward iterations:

i:

O -+ 5

(6.45)
(6.46)
(6.47)

(6.48)
(6.49)
(6.50)

Inward iterations:

-i

: 6 -+ 1
(6.51)

in- = iN- + i +l R i+ln- +l + i P c Xi Ft
1.
1.
1.
i
t

+ i Pi+l

X ~+lR

i+l fi+l,

(6.52)
(6.53)

Inciusionof gravityforces in the dynamicsalgorithm
The effect of gravity loading on the links can be included quite simply
by setting ovo = G, where G is the gravity vedor. This is equivalent
to saying that the base of the robot is accelerating upward with 1 G
acceleration. This fictitious upward acceleration causes exactly the same
effect on the links as gravity would. 80, with no extra computational
expense, the gravity effect is calculated.

6.7

6.6

An example of closed form dynamic equations

IterativeVS.closedform

Equations (6.45) through (6.53) give a computational scheme whereby
given the joint positions, velocities, and accelerations, we can compute
the required joint torques. As with our development of equations to
compute the Jacobian in Chapter 5, these relations can be used in two
ways: as a numerical computational algorithm, or as an algorithm used
analytically to develop symbolic equations.
Use of the equations as a numerical computational algorithm is
attractive because the equations apply to any robot. Once the inertia
tensors, link masses, Pc; vectors, and ~+1R matrices are specified for
a particular manipulator, the equations may be applied directly to
compute the joint torques corresponding to any motion.
However, we often are interested in obtaining better insight to the
structure of the equations. For example, what is the form of the gravity
terms? How does the magnitude of the gravity effects compare with
the magnitude of the inertial effects? To investigate these and other
questions, it is often useful to write closed forro dynamic equations.
These closed form equations can be derived by applying the recursive
Newton-Euler equations symbolically to e, é, and 8. This is analogous
to what we did in Chapter 5 to derive the symbolic form of the Jacobian.

6.7

An example.of closedformdynamicequations

Here we compute the closed form dynamic equations for the two-link
planar manipulator shown in Fig. 6.6. For simplicity, we assume that
the mass distribution is extremely simple: All mass exists as a point
mass at the distal end of each link. These masses are ml and m2'
First we determine the value of the various quantities which will
appear in the recursive Newton-Euler equations. The vectors which
locate the center of mass for each link are
1

2

-

PCl

= llXl,

Pc 2

= l2X2,.

Because of the point mass assumption, the inertia tensor written at the
center of mass for each link is the zero matrix:

[]QD
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FIGURE

6.6

Two-link

with point masses at distal end of links.

There are no forces acting on the end-effector, and so we have
13 = O,
n3

=0.

The base of the robot is not rotating, and hence we have
Wo=0,
Wo=0.

To include gravity forces we wiil use
o.
vo

A
= gYo.

The rotation between successive link frames is given by
-Si+l
Ci+l

0.0

Si+l
Ci+l

0.0

0.0

0.0 ,
1.0]
0.0
0.0 .
1.0 ]

We now apply equations (6.45) through (6.53).

6.7

An example of closed form dynamic equations

The outward iterations for link 1 are as follows:

(6.54a-f)
The outward iterations for link 2 are as follows:

O
2vC2= [ l2(810+82) ] + [

-l2(01 + 02)2
~

l181S2 -l10ic2

+ 9S12

] + [ l181C2+l1~is2+9C12' ]
(6.55a-d)

[]Q!J
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(6.55e-f)

lnward iterations for link 2 are as follows:

= 2 F2

212

O

=

2n2

lnward
C2
111=

(6.56a-b)

O
[ m2l1l2c)j1 +-m2l1l2S28~ + m2l29C12 + m2l~(81 + 82) ]

[ S;

iterations
-S2

for link 1 are as follows:
m2l1S281-m2l1C28~+m29S12-m2l2(81+82?

O

c;

~ ] [ m2l1C281+m2l1S28~+om29C12+m2l2(81+82)

]

-m1l18~ +m19S1
+ [ m1l181

;

m19c1

]

,
O

1n1

=

-

O
+ m2l29C12 + m2l~(81 + 82) ]

+ m2l1l2S28~

[ m2l1l2c281

: m",gJ

+ [m"j8'

O
O

+

2"

..

2

m2l1 B1 - m2l1l2S2(B1 +.~2) .: m2l19S2S12
.
[
+m2l1l2C2(B1 + B2) + m2l19C2C12]
(6.57a-b)

Extracting the

-

Z components

2m2l1l2s28182

1'2= m2l1l2c281

of the ini' we find the joint torques:

+ m2l29c12 + (m1 + m2)l19C1'

+ m2l1l2S28i

+ m2l29C12 + m2l~(81 + 82),
(6.58a-b)

6.8

The structure of the manipulator dynamic equations

Equations (6.58) give expressions for the torque at the actuators as
a function of joint position, velocity, and acceleration. Note that these
rather complex functions arose from one of the simplest manipulators
imaginable. Obviously, the closed form equations for a manipulator with
six degrees of freedom are quite complexo

6.8

The structureof the manipulator
dynamic
equations

It is often convenient to express the dynamic equations of a manipulator
in a single equation which hides some of the details but shows some of
the structure of the equations.

The statespaceequation
When the Newton-Euler equations are evaluated symbolically for any
manipulator, they yield a dynamic equation which can be written in
the form
T

= M(8)ê

+ V(8, é) + G(8),

(6.59)

where M(8) is the n x n mass matrix of the manipulator, V(8, é)
is an n x 1 vector of centrifugal and Coriolis terms, and G(8) is an
n x 1 vector of gravity terms. We use the term state space equation
because the term V(8, é), appearing in (6.59) has both position and
velocity dependence [3].
Each element of M(é) and G(8) is a complex function which
depends on 8, the position of ali the joints of the manipulator. Each
element of V(8, é) is a complex function of both 8 and é.
We may separate the various types of terms appearing in the
dynamic equations and form the mass matrix of the manipulator, the
centrifugal and Coriolis vector, and the gravity vector.
EXAMPLE 6.3
Give M(8), V(8, é), and G(8) for the manipulator of Section 6.7.
Equation (6.59) defines the manipulator mass matrix, M(8): it is
composed of ali those terms which multiply ê, and is a function of 8.
Therefore we have
M(8)

= [ l~m2 + 2;llzm2c2
+ li(ml
l2m2 + lll2m2c2

+ m2)

l~m2

~

lll2m2C2
l2m2

.

(6.60)

]

Any manipulator mass matrix is symmetric and positive definite, and
is, therefore, always invertible.

DQ[J
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The velocity term, V(8, é), contains ali those terms which have any
dependence on joint velocity. Therefore we have
'2
. .
.
(6.61)
v(e,é) = -m2l1l2S282 -2m?;ll2S28182
m2l1l2s281

[

]

A term like -m2l1l2s2B~ is caused by a centrifugal
force, and is
recognized as such because it depends on the square of a joint velocity.
A term such as -2m2l1l2s2B1B2 is caused by a Coriolis force and will
always contam the product of two different joint velocities.
The gravity term, G(8), contains ali those terms in which the
gravitational constant, g, appears. Therefore we have
G(e)

=[

m2l29C12 + (m1 + m2)l19C1
m2l29c12

.

(6.62)

]

Note that the gravity term depends only on 8, and not on its deriva-

tives.

.

The configuration
space equation
By writing the velocity dependent term, V(8, é), in a different form,
we can write the dynarnic equations as
T

where B(8)
coefficients,
given by

= M(e)ê

+ B(e) [éé] + c(e) [é2] + G(e),

is a matrix of dimensions n x n(n

[éé]

is an n( n

.

[éé] =

-

-

(6.63)

1)/2 of Coriolis

1)/2 x 1 vector of joint velocity products

[&1&2&1&3.

. . &n-1&n(,

(6.64)

C(8) is an n x n matrix of centrifugal coefficients, and [é2] is an n x 1
vector given by

[

'2

T
'2

'2

81 82 . . . 8n]

.

(6.65)

We will cali (6.63) the configuration
space equation since the
matrices are functions only of manipulator position [3].
In this form of the dynarnic equations, the complexity of the computation is seen to be in the form of computing various parameters which
are a function of only the manipulator position, 8. This is important
in applications (such as computer control of a manipulator) in which
the dynarnic equations must be updated as the manipulator moves.
(Equation (6.63) gives a form in which parameters which are only a
function of joint position, and can be updated at a rate related to
how fast the manipulator is changing configuration.) We wili consider
this form agam with regard to the problem of manipulator control in
Chapter 10.

6.9 Lagrangian formulationof manipulator dynamics

-

EXAMPLE
6.4

Give B(6) and C(6) (from (6.63)) for the manipulator of 8ection 6.7.
For this simpIe two-link manipulator, we have
[éé] = [&1&2],
(6.66)
[é2] = [:]

.

80 we see that
B(8)

=

[-2m2ll2s2

(6.61)

]

and
C(8)

6.9

.

= [ m2l1l2s2
O

-m2ll2S2

] .

(6.68)

Lagrangianformulationof manipulatordynamics

The Newton-Euler approach is based on the elementary dynamic formulas (6.29) and (6.30), and on an analysis of forces and moments of constraint acting between the links. As an alternative to the Newton-Euler
method, in this section we briefly introduce the Lagrangian dynamic
formulation. Whereas the Newton-Euler formulation might be said to
be a "force balance" approach to dynamics, the Lagrangian formulation
is an "energy-based" appr'oach to dynamics. Of course, for the same
manipulator, both wiIl give the same equations of motion. Our statement
of Lagrangian dynamics will be brief and somewhat specialized to the
case of a serial chain mechanical manipulator with rigid links. For a more
complete and general reference, see [4]..
We start by developing an expression for the kinetic energy of a
manipulator. The kinetic energy of the ith link, ki, can be expressed as
1
T
1 i T C.
i
= -m.v
c Vc + - c..J. ,[.'" c..J.
'2';;2'

k.

(6.69)

where the first term is kinetic energy due to linear velocity of the link's
center of mass, and the second term is kinetic energy due to angular
velocity of the link. The total kinetic energy of the manipulator is the
sum of the kinetic energy in the individual links; that is,
n

k = 2:>i.
i=l

(6.70)
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Since the VCi and iWi in (6.69) are functions of 8 and é, we see that
the kinetic energy of a manipulator can be described by a scalar formula
as a function of joint position and velocity, k(8, é). In fact, the kinetic
energy of a manipulator is given by
k(8, é) = ~éT M(8)é,

(6.71)

where M(8) is the n x n manipulator mass matrix already introduced
in Section 6.8. An expression of the form of (6.71) is known as a
quadratic
form [5], since when expanded out, the resulting sC!1lar
equation is composed solely of terms whose dependence on the 8i is
quadratiç. Further, because the total kinetic energy must always be
positive, the manipulator mass matrix must be a so-called positive
definite matrix. Positive definite matrices are those with the property
that their quadratic form is always a positive scalar. Equation (6.71)
can be seen to be analogous to the familiar expression for the kinetic
energy of a point mass,
1
k

= 2mv2.

(6.72)

The fact that a manipulator mass matrix must be positive definite is
analogous to the fact that a scalar mass is always a positive number.
The potential energy of the ith link, Ui, can be expressed as
(6.73)

where o9 is the 3 x 1 gravity vector, oPCi is the vector locating the
center of mass of the ith link, and ureJ; is a constant chosen so that the
minimum value of ui is zero. * The total potential energy stored in the
manipulator is the sum of the potential energy in the individual links;
that is,
n
U

= L Ui'

(6.74)

i=l

Since the oPCi in (6.73) are functions of 8, we see that the potential
energy of a manipulator can be described by a scalar formula as a
function of joint position, u(8).
The Lagrangian dynamic formulation provides a means of deriving
the equations of motion from a scalar function called the Lagrangian,
which is defined as the difference between the kinetic and potential
* Actually, since only the partial derivative of the potential energy
respect to e will appear in the dynamics, this constant is arbitrary.
corresponds
to defining the potential
energy relative to an arbitrary
reference height.

with
This
zero

6.9

Lagrangian formulation of manipulator dynamics

energy of a mechanical system. In our notation, the Lagrangian of a
manipulator is
.C(e, é) = k(e, é) - u(e).

(6.75)

The equations of motion for the manipulator are then given by

d ô.c
dt ôé

ô.c
ôe-

T

(6.76)

where 'T is the n x 1 vector of actuator torques. In the case of a
manipulator, this equation becomes
d ôk
ôk
ôu
dt ôé - ôe + ôe = T,

(6.77)

where the arguments of k(.) and u(.) have been dropped for brevity.
EXAyIPLE 6.5
The links of an RP manipulator shown in Fig. 6.7 have inertia
tensors
O
CIl1 =
lyY1 O ,
O lzz1
[I",
O ]

(6.78)

O

=

c2l2

[ I",

r

lyy2
O

O
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lzz2
O ]
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The RP manipulator

of Example

6.5
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and total mass m1 and m2' As shown in Fig. 6.7, the center of mass of
link 1 is located at a distance 11 from the joint 1 axes, and the center
of mass of link 2 is at the variable distance d2 from the joint 1 axis.
Use Lagrangian dynamics to determine the equation of motion for this
manipulator.
Using (6.69) we write the kinetic energy of link 1 as
1

k1

2 '2

1

= 2m11181 + 21zz181,

and the kinetic energy of link 2 as
1
2 '2
Hence,

the total

kinetic

energy

1

,

(6.79)

1

'2

(d281 + d2 ) + 21zz281.

= 2m2

k2

'2

is given

'2

(6.80)

by

2

2

1

'2

'2

k(8,8) = 2 (m1ll + lzzl + lzz2 + m2d2) 81 + 2m2d2'
Using (6.73) we write the potential energy of link 1 as
Ul = m1Ilgsin(81) + m1llg,

(6.81)

(6.82)

and the potential energy of link 2 as
U2

= m2gd2

(6.83)

sin(81) + m2gd2mo-x,

where d2max is the maximum extension of joint 2. Hence, the total
potential energy is given by
u(8)

= 9 (m1ll

+ m2d2) sin(8d

+ m1llg

(6.84)

+ m2gd2max'

Next we take partial derivatives as needed for (6.77).
ô~
ôe

.

ôk
ôe

=

2

[

2

+ lzzl

(m1ll

+ lp2

+ m2d2)

m2d2

.

81
]

,

(6.85)

O

= [ m2d28i

ôu =
ôe

(6,86)

] '

g(mlll

+m2d2)COS(81)

gm2 sin(81)

[

]

(6.87)

,

Finally, substituting into (6.77) we have
71

= (m1li

+lzzl

+lzz2 +m2d~)e1

+2m2d281d2
(6.88)

From (6.88) we can see that
M(e)

=

v(e, é) =
G(e) =

(m1li

+ lzzl

+ lzz2 + m2d~)
O

[
2m2d281.~2

[ -m2d281
(mlll
[

]

O
m2 ] '
(6.89)

,
.

+m2~2)9COS(8d

m2gsm(81)

]

.

6.10

Formulating manipulator dynamics in Cartesian space

6.10 Formulating
manipulator
dynamicsin Cartesian
space
Our dynamic equations have been developed in terms of the position
and time derivatives of the manipulator joint angles, or in joint space,
with the general form:
T

= M(e)ê

+ V(8, é) + G(e).

(6.90)

We developed this equation in joint space because we could use the serial
link nature of the mechanism to advantage in deriving the equations. In
this section we discuss the formulation of the dynamic equations which
relate acceleration of the end-effector expressed in Cartesian space to
Cartesian forces and moments acting at the end-effector.

The Cartesianstatespaceequation
As exlained in Chapters 10 and 11, it may be desirable to express the
dynamics of a manipulator with respect to Cartesian variables in the
general form [6]
:F = M",(e)X + V",(e, é) + G",(8),

(6.91)

where F is a force-torque vector acting on the end-effector of the
robot, and X is an appropriate Cartesian vector representing position
and orientation of the end-effector [7]. Analogous to the joint space
quantities, M",(8) is the Cartesian mass matrix, V",(8, É» is a vector
of velocity terms in Cartesian space, and G",(8) is a vector of gravity
terms in Cartesian space. Note that the fictitious forces acting on the
end-effector, F, could in fact be applied by the actuators at the joints
using the relationship
(6.92)

where the Jacobian, J(8), is written in the same frame as F and X,
usually the tool frame, {T}.
We can derive the relationship between the terms of (6.90) and those
of (6.91) in the following way. First, we premultiply (6.90) by the inverse
of the Jacobian transpose to obtain
(6.93)
or,
(6.94)

[]!I]
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We next develop a relationship between joint space and Cartesian
acceleration, starting with the definition of the Jacobian,

x=Jé,

(6.95)

and differentiating to obtain
(6.96)

Solving (6.96) for joint space acceleration leads to

ê = r1x - r1jé.

(6.97)

Substituting (6.97) into (6.94) we have

:F= rT M(8)J-l X- rT M(8)J-l jé+ rTV(8,

é) + rT G(8), (6.98)

from which we derive the expressions for the terms in the Cartesian
dynamics as
M",(8) = rT(8)
V",(8,é) = rT(8)
G",(8) = rT(8)

M(8) rl(8),
(V(8,é)

-

M(8) r1(8)

j(8)

é),

(6.99)

G(8).

The Jacobian appearing in equations (6.99) is written in the same

frame as :Fand X in (6.91)though the choiceof this frame is arbitrary.*
Note that when the manipulator approaches a singularity, certain quantities in the Cartesian dynamics become infinite.
EXAMPLE 6.6
Derive the Cartesian space form of the dynamics for the two-link
planar arm of Section 6.7. Write the dynamics in terms of a frame
attached to the end of the second link.
For this manipulator we have already obtained the dynamics (in
Section 6.7), and the Jacobian (equation (5.66)), which we restate here:
(6.100)

First compute the inverse Jacobian:
(6.101)

'" Certain

choices may facilitate

computation.
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and the time derivative of the Jacobian:
j(8)

11C28:? O .
= [ -l18282
°]

(6.102)

Using (6.99) and the results of Section 6.7 we obtain

When

s2

=

O the manipulator

is in a singular

position

(6.103)
and some of

the dynamic terms go to infinity. For example, when 82 = O (arm
stretched straight out), the effective Cartesian mass of the end-effector
becomes infinite in the X2 direction of the link 2 tip frame, as expected.
In general, at a singular configuration there is a certain direction, the
singular direction in which motion is impossible, but general motion in
the subspace "orthogonal" to this direction is possible [8].

.

TheCartesianconfiguration
spacetorqueequation
Combining (6.91) and (6.92) we can write equivalent joint torques with
the dynamics expressed in Cartesian space:
T

= JT(8)

(M",(8)X + V",(8,é) + G",(8)) .

(6.104)

We wiIl find it usefuIl= to write this equation in the form
(6.105)

where B",(8) is a matrix of dimensions n x n(n - 1)/2 of Coriolis
coeflicients, éé] is an n( n - 1)/2 x 1 vector of joint velocity products
given by

l

[éé] = [81828183. . . 8n-18n(,
Cx(8) is an n x n matrix of centrifugal coeflicients,and
vector given by

(6.106)

[é2]is an n x 1
(6.107)

Note that in (6.105), G(8) is the same as in the joint space equation,
but in general Bx(e) # B(e) and C",(8) # C(8).

[]ill'
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EXAMPLE 6.7
Determine Bx(8) and Cx(8) (from (6.105)) for the manipulator of
Section 6.7.
If we form the product JT(8)Vx(8, é) we find that
(6.108)

and

.

(6.109)

6.11 Inclusionof nonrigidbodyeffects
It is important to realizethat the dynamic equations we have derived do
not encompassall the e.ffects
acting on a manipulator. They includejust
those forces which arise from rigid body mechanics. The most important
source of forces that are not included is friction. All mechanisms are, of
course, affected by frictional forces. In present day manipulators in which
significant gearing is typical, the forces due to friction can actually be
quite large-perhaps equaling 25% of the torque required to move the
manipulator in typical situations.
In order to make dynarnic equations reflect the reality of the physical
device, it is important to model (at least approximately) these forces of
friction. A very simple model for friction is viscous friction, in which
the torque due to friction is proportional to the velocity of joint motion.
Thus we have
(6.110)

7jrU;tion= v8,

where v is a viscous friction constant. Another possible simple model
for friction, Coulomb friction, is sometimes used. Coulomb friction is
constant except for a sign dependence on the joint velocity:
7jrU;tion= c sgn(8),

(6.111)

where c is a Coulomb friction constant. The value of c is often taken
at one value when iJ = O, the static coefficient, and at a lower value,
the dynarnic coefficient, when iJ =f O. Whether a joint of a particular
manipulator exhibits viscous or Coulomb friction is a complicated issue
of lubrication and other effects. A reasonable model is to include both,
since both effects are likely:
7jrU;tion= c sgn(8)

+ v8.

(6.112)

6.12 Dynamic simulation
It turns out that in many manipulator joints, friction also displays
.

a dependence on the joint position. A major cause of this effect might
be gears which are not perfectly round-their eccentricity would cause
friction to change according to joint position. 80 a fairly complex friction
model would have the form
Tfriction =

f(B,iJ).

(6.113)

These friction models are then added to the other dynamic terms derived
from the rigid body model, yielding the more complete model
T

= M(8)8

+ V(8, é) + G(8) + F(8, é).

(6.114)

There are other effects which are also neglected in this model. For
example, the assumption of rigid body links means that we have failed to
include bending effects (which give rise to resonances) in our equations
of motion. However, these effects are extremely difficult to model, and
are beyond the scope of this book (see [9,10]).

6.12

Dynamicsimulation

To simulate the motion of a manipulator we must make use of a model
of the dynamics, such as we have just developed. Given the dynamics
written in closed form as in (6.59), simulation requires solving the
dynamic equation for acceleration:

ê = M-1(e) [T - v(e, é) - G(e) - F(e, é)] .

(6.115)

We may then apply any. of several known numerical
integration
techniques to integrate the acceleration to compute future positions and
velocities.
Given initial conditions on the motion of the manipulator, usually
in the form:

e(o) = eo,
é(o) = O,

(6.116)

we numerically integrate (6.115) forward in time by steps of size D.t.
There are many methods of performing numerical integration [11]. Here
we introduce the simplest integration scheme, called Euler integration,
which is accomplished as follows: 8tarting with t = O, iteratively
compute
é(t + D.t) = é(t) + ê(t)D.t,
(6.111)
e(t + D.t)= e(t) + é(t)D.t + ~ê(t)D.t2,

(]lK]
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where for each iteration, (6.115) is computed to calculate G. In this way,
the position, velocity, and acceleration of the manipulator caused by a
certain input torque function can be computed numerically.
While Euler integration is conceptually simple, other more sophisticated integration techniques are recommended for accurate and efficient
simulation [11]. The selection of ~t is an issue that is often discussed.
It should be sufficiently small that breaking continuous time into these
small increments is a reasonable approximation. It should be sufficiently
large that an excessive amount of computer time is not required to
compute a simulation.

6.13

Computationalconsiderations

Because the dynarnic equations of motion for typical manipulators are
so complex, it is important to consider computational issues. In this
section we restrict our attention to joint space dynarnics. Some issues of
computational efficiency of Cartesian dynamics are discussed in [7,8].

A historicalnoteconcerning
efficiency
Counting the number of multiplications and additions for the equations
(6.45)-(6.53) when taking into consideration the simple first outward
computation and simple last inward computation we get
126n - 99 multiplications,
106n - 92 additions,

where n is the number of links (here, at least two). While still somewhat
complex, the formulation is tremendously efficient in comparison with
some previously suggested formulations of manipulator dynamics. The
first formulation of the dynamics for a manipulator [12,13] was done
using a fairly straightforward Lagrangian approach whose required computations carne out to be approximately [14]:
32n4 + 86n3 + 171n2 + 53n - 128 multiplications,
25n4 + 66n3 + 129n2 + 42n

-

96 additions.

For the typical case of n = 6, the iterative Newton-Eulerscheme is
about 100 times more efficient! The two approaches must of course yield
equivalent equations, and numeric calculations would yield exactly the
sarne results, but the structure of the equations is quite different. This
is not to say that a Lagrangian approach cannot be made to produce
efficient equations. Rather, this comparison indicates that in formulating

6.13
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a computational scheme for this problem, care must be taken as regards
efficiency. The relative efficiency of the method we have presented stems
from posing the computations as iterations from link to link, and in the
particulars of how the various quantities are represented [151.
Renaud [16],and Liegois et aI. [17]made early contributions concerning formulating the mass-distribution descriptions of the links. While
studying the modeling of human limbs, Stepanenko and Vukobratovic
[18] began investigating a "Newton-Euler" approach to dynamics instead of the somewhat more traditional Lagrangian approach. This work
was revised for efficiency by Orin et alo [19] in an application to the
legs of walking robots. Orin's group improved the efficiency somewhat
by writing the forces and moments in the local link reference frames
instead of the inertial frame. They also noticed the sequential nature of
calculations from one link to the next, and speculated that an efficient
recursive formulation might existo Armstrong [201and Luh, Walker, and
Paul [2] paid elose attention to details of efficiency and published an
algorithm that is O(n) in complexity. This was accomplished by setting
up the calculations in an iterative (or recursive) nature and by expressing
the velocities and accelerations of the links in the local link frames.
Hollerbach [14] and Silver [15] further explored various computational
algorithms. Hollerbach and Sahar [21]showed that for certain specialized
geometries the complexity of the algorithm would further reduce.

Efficiencyof closedformvs. iterativeform
While the iterative scheme introduced in this chapter is quite efficient
as a general means of cQmputing the dynamics of any manipulator,
elosed form equations derived for a particular manipulator will usually be
more efficient. Consider the two-link planar manipulator of Section 6.7.
Plugging

in n

= 2 into

the formulas given in Section 6.13, we find that

our iterative scheme would require 153 multiplications and 120 additions
to compute the dynamics of a general two-link. However, our particular
two-link arm happens to be quite simple since it is planar and the masses
are considered point masses. So if we consider the elosed form equations
which we worked out in Section 6.7, we see that computation of the
dynamics in this form requires about 30 multiplications and 13 additions.
This is an extreme case, because the particular manipulator is so simple,
but it illustrates the point that symbolic elosed form equations are likely
to be the most efficient formulation of dynamics. Several authors have
published artieles showing that for any given manipulator, customized
elosed form dynamics are more efficient than even the best of the general
schemes [22-27].
Hence if manipulators are designed to be simple in the kinematic
and dynamic sense, they will have dynamic equations which are simple.

[]I[]
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We might define a kinematically
simple manipulator to be one which
has many (or all) link twists equal to 0°, 90°, or -90°, and many
link lengths and offsets equal to zero. We might define a dynamically
simple manipulator as one for which each link inertia tensor is diagonal
in frame {Ci}.
The drawback of formulating closed form equations is simply that
it currently requires a fair amount of human effort. However, symbolic
manipulation programs which can derive the closed form equations of
motion of a device and automatically factor common terms and perform
trigonometric substitutions have been developed [25, 28-30].

Efficientdynamicsfor simulation
When dynamics are to be computed for the purpose of performing a
numerical simulation of a manipulator, we are interested in solving
for the joint accelerations given the manipulator's current position,
velocity, and the input torques. An efficient computational scheme must
therefore address the computation of the dynamic equations studied in
this chapter, as well as efficient schemes for solving equations (for joint
accelerations) and performing numerical integration. Several efficient
methods for dynamic simulation of manipulators are reported in [31].

Memorizationschemes
In any computational scheme there can be a trade-off made between
computations and memory usage. In the problem of computing the
dynamic equationof a manipulator, (6.59), we have implicitly assumed
that when a value of 'T is needed, it is computed as quickly as possible
from e, é, and ê at run time. If we wish, we can trade off this
computational burden at the cost of a tremendously large memory
by precomputing

(6.59) for all possible

e, é,

and

ê

values

(suitably

quantized). Then, when dynamic information is needed, the answer is
found by table lookup.
The size of the memory required is large. Assume that each joint
angle range is quantized to ten discrete values; likewise, assume that
velocities and accelerations are quantized to ten ranges each. For a
six-jointed manipulator, the number of cel1s in the (e, é, ê) quantized
space is (10 x 10 x 10)6. In each of these cells, there are six torque values.
Assuming each torque value requires one computer word, this memory
size is 6 x 1018words! Also, note that the table needs to be recomputed
for a change in the mass of the load, or another dimension can be added
to account for all possible 10ads.
There are many intermediate solutions which trade off memory for
computation in various ways. For example, if the matrices appearing

References

in equation (6.63) were precomputed, the table would only have one
dimension (in 8) rather than three. After the functions of 8 are looked
up, a modest amount of computation (given by (6.63)) is done. For more
details, and other possible parameterizations of this problem, see [3], [6].
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Exercises

6.1

[12] Find the inertia tensor of a right cylinder of homogeneous density
with respect to a frame with origin at the center of mass of the body.

6.2

[32] Determine the dynamic equations for the two-link manipulator in Section 6.7 when each link is modeled as a rectangular solid of homogeneous
density. Each link has dimensions li, Wi, and hi, and total mass mi'

6.3

[43] Determine the dynamic equations for the three-link manipulator of
Chapter 3, Exercise 3.3. Consider each link to be a rectangular solid of
homogeneous density with dimensions li, Wi, and hi, and total mass mi'

6.4

[13] Write the set of equations which correspond to (6.45)-(6.53) for the
case where the mechanism may have sliding joints.

6.5

[30] Determine the dynarnic equations for the two-link nonplanar manipulator shown in Fig. 6.8. Assume that all the mass of the links can be
considered as a point mass located at the distal (outermost) end of the
link. The mass values are m1 and m2 and the link lengths are II and
l2' This manipulator.is like the first two links of the arm in Exercise 3.3.
Also assume that viscous friction is acting at each joint with coefficients
V1 and

V2'

6.6

[32] Derive the Cartesian space form of the dynamics for the two-link
planar manpulator of Section 6.7 in terms of the base frame. Hint: See
Example 6.5 but use the Jacobian written in the base frame.

6.7

[18] How many memory locations would be required to store the dynamic
equations of a general three-link manipulator in a table? Quantize each
joint's position, velocity, and acceleration into sixteen ranges. Make any
assumptions needed.

FIGURE

6.8

Two-link

with point masses at dista! end of links.
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6.8

[32] Derive the dynamic equations for the two-link manipulator shown in
Fig. 4.6. Link 1 has an inertia tensor given by
1"''''1 O
O
O
IYY1
O
.
O Izz1 ]
[ O

ciI=

Assume that link 2 has alI its mass, mz, located at a point at the
end-effector. Assume that gravity is directed downward (opposite 2'1)'
6.9

[37] Derive the dynamic equations for the three-link manipulator with one
prismatic joint shown in Fig. 3.9. Link 1 has an inertia tensor given by
1"""1
CiI=
[

O

O

Iyy1

O

O

O
O

.

Izz1 ]

Link 2 has point mass mz located at the origin of its link frame. Link 3
has an inertia tensor given by
C3I=

1"""3 O
O
O
IYY3
O
.
O Izz3 ]
[ O

ASSllIDethat gravity is directed opposite 2'1' and viscous friction of
magnitude Vi is active at each joint.
6.10

[35] Derive the dynamic equations in Cartesian space for the manipulator
of Exercise 6.8. Write the equations in frame {2}.

6.11

[20] A certain one-link manipulator has
CiI=

1"""1 O
O
Iyy1
O
[ O

O
O
Izz1 ]

.

Assume that this is just the inertia of the link itself. If the motor armature
has a moment of inertia 1m and the gear ratio is 100, what is the total
inertia as seen from the motor shaft [I]?
6.12 [20] The single degree of freedom "manipulator" in Fig. 6.9 has total mass
m

= 1 with

the center of mass at

and inertia tensor
C 11

=

1 O O
O 2 O .

[ O O 2]
From rest at t = O,the joint angle 81 movesfollowingthe time function
81(t)

= bt + ctZ

in radians. Give the angular acceleration of the link and the linear
acceleration of the center of mass in tenns of frame {I} as a function
of t.
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6.13

[40] Determine the Cartesian dynamic equations for the two-link nonplanar manipulator shown in Fig. 6.8. Assume that all the mass of the links
can be considered as a point mass located at the dista! (outermost) end of
the link. The mass values are ml and m2 and the link lengths are II and
l2' This manipulator is like the first two links of the arm in Exercise 3.3.
Also assume that viscous friction is acting at each joint with coefficients
Vl and V2' Write the Cartesian dynamics in frame {3} which is located at
the tip of the manipuiator with the same orientation as link frame {2}.

6.14

[18] The equations below were derived for a 2-DOF RP manipulator.
However, some of the terms are obviously incorrect. Indicate the incorrect
terms.

Tl

= ml

2

(dl

..

2"

. .

+ d2)8l + m2d28l + 2m2d2d28l

+ 9 COS(8l)[ml (dl + d2Ól) + m2(d2 + d2)]
T2

6.15

= ml

d28l

+

m2d2

-

ml dl d2

-

m2d2Ó2

+ m2

(d2 + l)g sin( 81)

[28] Derive the dynamic equations for the RP manipulator of Example 6.5
using the Ne,vton-Euler procedure instead of the Lagrangian technique.

6.16 [25]Derive the equations of motion for the PR manipulator shown in
Fig. 6.10. Neglect friction, include gravity (here, Xo is upward). The
inertia tensors of the links are diagonal with moments 1"''''1' 1yyl, 1zzl

~
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and 1x:z;2,1yy2, 1zz2' The centers of mass for each link are given by

6.17

1 PCl

=

2 PCz

=

[40] The velocity-related terms appearing in the manipulator dynamic
equation can be written as a matrix-vector product; that is,

where the m subscript stands for "matrix form." Show that an interesting
relationship exists between the time derivative of the manipulator mass
matrix and Vm (-), namely,

where S is some skew-symmetric matrix.
6.18

[15] Give a couple of properties that any reasonable friction model (Le.,
the term F(e, é) in (6.114)) would possesso
6.19 [28] Do Exercise 6.5 using Lagrange's equations.

Programming Exercise (Part 6)
6.20

[28] Derive the dynamic equations of the 2-DOF manipulator of Section 6.7 using a Lagrangian formulation.

Programming

Exercise

(Part

6)

1. Derive the dynamic equations of motion for the three-link manipulator
(from Example 3.3). That is, expand Section 6.7 for the three-link case.
The following numerical values describe the manipulator:
11

=

12

= 0.5m,

ml = 4.6Kg,
m2 = 2.3Kg,
m3 = 1.0Kg,
9 = 9.8m/s2.
For the first two links, we assume that the mass is all concentrated at the
distal end of the link. For link 3, we assume that the center of mass is
located at the origin of frame {3}, that is, at the proximal end of the link.
The inertia tensor for link 3 is

0.05
c31 = [

~

°

0.1

°

The vectors which locate each center of mass relative to each link frame are

.

1
PCI

2
PC2

= 11X1'
.
= 12X2,

3Pc 3 = O.

2.

Write a simulator for the three-link manipulator. A simple Euler-integration
routine is suflicient for performing the numerical integration (see Section 6.12). To keep your code modular, it may be helpful to define a routine:
Procedure UPDATE(VAR
thetadot: vec3);

tau: vec3;

VAR period:

real;

VAR theta,

where "tau" is the torque command to the manipulator (always zero for
this assignment), "period" is the length of time you wish to advance time
(in seconds), and "theta" and "thetadot" are the state of the manipulator.
Theta and thetadot are updated by "period" seconds each time you call
UPDATE.Note that "period" would typically be longer than the integration
step size, t:.t, used in the numerical integration. For example, although the
step size for numerical integration might be 0.001 second, you might wish
only to print out the manipulator position and velocity each 0.1 seconds.

~
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To test your simulation, set the joint torque commands to zero (for all
time) and perform these tests:
a)

Set the initial position of the manipulator to

Simulate for a few seconds. ls the motion of the manipulator what you
would expect?
b)

Set the initial position of the manipulator to

Simulate for a few seconds. ls the motion of the manipulator what you
would expect?
c)

lntroduce some viscous friction at each joint of the simulated manipulator. That is, add a term to the dynamics of each joint in the form
Tj = vé, wherev = 5.0Newton-meter
secondsforeachjoint.Repeattest
(b) above. ls the motion what you would expect?

7
TRAJECTORY
GENERATION

7.1

Introduction

ln this chapter, we concern ourselves with methods of computing a
trajectory in multidimensional space which describes the desired motion
of a manipulator. Here, trajectory refers to a time history of position,
velocity, and acceleration for each degree of freedom.
This problem includes the human interface problem of how we wish
to specify a trajectory or path through space. ln order to make the
description of manipulator motion easy for a human user of a robot
system, the user should not be required to writedown complicated
functions of space and time to specify the t'ãsk. Rather, we must allow
the capability of specifying trajectories with simple descriptions of the
desired motion, and let the system figure out the details. For example,
the user may just specify the desired goal position and orientation of the
end-effector, and leave it to the system to decide on the exact shape of
the path to get there, the duration, the velocity profile, and other details.

~
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We also are concerned with how trajectories are represented in the
computer after they have been planned. FinalIy, there is the problem
of actualIy computing the trajectory from the internal representation,
or generating the trajectory. Generation occurs at run time and, in the
most general case, position, velocity, and acceleration are computed.
Since these trajectories are computed on digital computers, the trajectory points are computed at a certain rate, calIed the path update rate.
ln typical manipulator systems this rate lies between 20 and 200 Hz.

7.2

General considerations
in path description
and generation

For the most part, we will consider motions of a manipulator as motions
of the tool frame, {T}, relative to the station frame, {S}. This is the
same manner in which an eventual use r of the system would think, and
designing a path description and generation system in these terms will
result in a few important advantages.
When we specify paths as motions of the tool frame relative to the
station frame, we decouple the motion description from any particular
robot, end-effector, or workpieces. This results in a certain modularity,
and would alIow the same path description to be used with a different
manipulator,
or with the same manipulator
with a different tool size.
Further, we can specify and plan motions relative to a moving workstation (perhaps a conveyor belt) by planning motions relative to the
station frame as always, and at run time causing the definition of {S}
to be changing with time.
As shown in Fig. 7.1, the basic problem is to move the manipulator
from an initial position to some desired final position. That is, we wish
to move the tool frame from its current value, {Tinitial}' to a desired
final value, {Tfinad. Note that this motion in general involves a change
in orientation as welI as a change in position of the tool relative to the
station.
Sometimes it is necessary to specify the motion in much more detail
than simply stating the desired fina,l configuration. Qne way to include
more detail in a path description is to give a sequence of desired via
points or intermediate
points between the initial and final positions.
Thus, in completing the motion, the tool frame must pass through a
set of intermediate
positions and orientations as described by the via
points. Each of these via points is actualIy a frame which specifies both
the position and orientation of the tool relative to the station. The
name path points includes alI the via points plus the initial and final
points. Remember that although we generalIy use the term "points,"

7.2
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these are actually frames which give both position and orientation. Along
with these spatial constraints on the motion, the user may also wish to
specify temporal attributes of the motion. For example, the time elapsed
between via points might be specified in the description of the path.
Usually, it is desirable for the motion of the manipulator
to be
smooth. For our purposes, we will define a smooth function as one
which is continuous and has a continuous first derivative. Sometimes,
a continous second derivative is also desirable. Rough, jerky motions
tend to cause increased wear on the mechanism, and cause vibrations by
exciting resonances in the manipulator.
ln order to guarantee smooth
paths, we must put some sort of constraints on the spatial and temporal
qualities of the path between the via points.
At this point there are many choices that may be made, and
consequently a great variety in the ways that paths might be specified
and planned. Any smooth functions of time which pass through the via
points could be used to specify the exact path shape. ln this chapter
we will discuss a couple of simple choices for these functions. Other
approaches may be found in [1], [2], [13-19].

~
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Jointspace schemes

ln this section we consider methods of path generation in which the
path shapes (in space and in time) are described in terms of functions
of joint angles.
Each path point is usualIy specified in terms of a desired position
and orientation of the tool frame, {T}, relative to the station frame,
{S}. Each of these via points is "converted" into a set of desired joint
angles by application of the inverse kinematics. Then a smooth function
is found for each of the n joints which pass through the via points and
end at the goal point. The time required for each segment is the same
for each joint so that alI joints will reach the via point at the same
time, thus resulting in the. desired Cartesian position of {T} at each
via point. Other than specifying the same duration for each joint, the
determination
of the desired joint angle function for a particular joint
does not depend on the functions for the other joints.
Hence, joint space schemes achieve the desired position and orientation at the via points. ln between via points the shape of the path,
while rather simple in joint space, is complex if described in Cartesian
space. Join't space schemes are usually the easiest to compute, and,
because we make no continuous correspondence between joint space and
Cartesian space, there is essentialIy no problem with singularities of the
mechanism.

Cubic polynomials
Consider the problem of moving the tool from its initial position to a goal
position in a certain amount of time. Using the inverse kinematics the
set of joint angles that correspond to the goal position and orientation
can be calculated. The initial position of the manipulator is also known
in the form of a set of joint angles. What is required is a function for each
joint whose value at to is the initial position of the joint, and whose value
at ti is the desired goal position ofthat joint. As shown in Fig. 7.2, there
are many smooth functions, 8(t), which might be used to interpolate the
joint value.
,.
ln making a single smooth motion, at least four constraints on 8(t)
are evident. Two constraints on the function's value come from the
selection of initial and final values:

e(o) = eo,
(7.1)

e(tf) = ef.

7.3

Joint space schemes

6(t)
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FIGURE
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An additional two constraints are that the function is continuous in
velocity, which in this case means the the initial and final velocity are
zero:
8(0) = O,
(7.2)
8(tf) =0.
These faur constraints can be satisfied by a polynomial of at least
third degree. Since a cubic polynamial has faur coefficients, it can be
made to satisfy the four constraints given by (7.1) and (7.2). These
constraints uniquely specify a particular cubic. A cubic has the form
O(t)= ao + aIt + a2t2 + a3t3,

(7.3)

and so the joint velocity and acceleration along this path are clearly
8(t) = aI + 2a2t+ 3a3t2,
8(t) = 2a2+ 6a3t.

(7.4)

Combining (7.3) and (7.4) with the faur de§lred constraints yields faur
equations in four unknowns:
00

= ao,

Of

= ao + aItf

+ a2t} + a3t},
(7.5)

o = aI'

o= aI

+ 2a2tf + 3a3t}.

[]R]
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80lving these equations

for the ai we obtain
ao

= &0'

aI = O,
3
a2 = 2(&i - &0),
ti
2
a3 = -3"(&i - &0)'
ti

(7.6)

Using (7.6) we can calculate the cubic polynomial that connects any
initial joint angle position with any desired final position. This solution
is for the case when the joint starts and finishes at zero velocity.
EXAMPLE 7.1

A single-link robot with a rotary joint is motionless at e = 15
degrees. It is desired to move the joint in a smooth manner to e = 75
degrees in 3 seconds. Find the coefficients of a cubic which accomplishes
this motion and brings the manipulator to rest at the goal. Plot the
position, velocity, and acceleration of the joint as a function of time.
Plugging into (7.6) we find
ao = 15.0,
aI

= 0.0,

a2

= 20.0,

a3

= -4.44.

(7.7)

Using (7.3) and 7.4) we obtain
&(t)

=

15.0 + 20.0e

-

4.44t3,

8(t) = 40.0t - 13.33t2,
e(t)

= 40.0 -

(7.8)

26.66t.

Figure 7.3 shows the position, velocity, and acceleration functions for
this motion sampled at 40 Hz. Note that the velocity profile for any
cubic function is a parabola, and the' acceleration profile is linear.
-

Cubicpolynomials
for a pathwithvia points
80 far we have considered motions described by a desired duration and
a final goal point. ln general, we wish to allow paths to be specified
which include intermediate via points. If the manipulator is to come to
rest at each via point, then we can use the cubic solution of 8ection 7.3.
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profiles for a single cubic

Usually, we wish to be able to pass through a via point without stopping,
and so we need to generalize the way in which we fit cubics to the path
constraints.

~
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As in the case of a single goal point, each via point is usually specified
in terms of a desired position and orientation of the tool frame relative
to the station frame. Each of these via points is "converted" into a set
of desired joint angles by application of thE. inverse kinematics. We then
consider the problem of computing cubics which connect the via point
values for each joint together in a smooth way.
If desired velocities of the joints at the via points are known, then
we can determine cubic polynomials as before, but now the velocity
constraints at each end are not zero, but rather, some known velocity.
The constraints of (7.3) become

0(0)

= 00,
(7.9)

O{tf) = Of'

The fOUI equations

describing

this general cubic are

eo = ao,
ef = ao + altf + a2tJ + a3t},
(7.10)

eo = aI,
Of = aI + 2a2tf + 3a3tJ.

Solving these equations

ao

for the ai we obtain

= eo,

aI = eo,
32.

a2 = 2'(ef
tf

21.
a3 = -ç;(ef
f

-

eo) - -eo
tf

!.
- -ef,
tf

(7.11)
.

- fo) + t2f (ef + eo).

Using (7.11) we can calculate the cubic polynomial that connects any
initial and final positions with any initial and final velocities.
If we have the desired joint velocities at each via point, then we
simply apply (7.11) to each segment to find the required cubics. There
are several ways in which desired velocity at the via points might be
specified.

7.3

Joint space schemes

1. The user specifies the desired velocity at each via point in terms
of a Cartesian
instant.

linear and angular

velocity of the tool frame at that

2.

The system automatically chooses the velocities at the via points by
applying a suitable heuristic in either Cartesian space or joint space.

3.

The system automatically
chooses the velocities at the via points
in such a way as to cause the acceleration at the via points to be
continuous.

In the first option, Cartesian desired velocities at the via points
are "mapped" to desired joint rates using the inverse Jacobian of the
manipulator evaluated at the via point. If the manipulator is at a singular
point at a particular via point, then the user is not free to assign an
arbitrary velocity at this point. While it is a useful capability of a path
generation scheme to be able to meet a desired velocity which the user
specifies, it would be a burden to require that the user always make
these specifications. Therefore, a convenient system should include either
option 2 ar 3 (or both).
In option 2, the system automatically chooses reasonable intermediate velocities using some kind of heuristic. Consider the path specified
by the via points shown for some joint, B, in Fig. 7.4.
In Fig. 7.4 we have made a reasonable choice of joint velocities at the
via points, as indicated with small line segments representing tangents
to the curve at each via point. This choice is the result of applying
a conceptually and computationally
simple heuristic. Imagine the via
points connected with straight line segments-if
the slope of these lines
changes sign at the via point, choose zero velocity, if the slope of these
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lines does not change sign, choose the average of the two slopes as the via
velocity. ln this way, from specification of the desired via points alone,
the system can choose the velocities at each point.
ln option 3, the system chooses velocities such that acceleration is
continuous at the via point. To do this, a new splining solution is needed.
ln this kind of spline, we replace the (two) velocity constraints at the
connection of two cubics with the (two) constraints that a) velocity be
continuous and b) acceleration be continuous.

EXAMPLE 7.2
Solve for the coefficients of two cubics which are connected in a
two-segment spline with continuous acceleration at the intermediate via
point. The initial angle is 80, the via point is 8v' and the goal point is 8g'
The first cubic is

()(t)

= ala

+ aut + al2t2 + a13t3,

(7.12)

()(t)

= a20

+ a2lt + a22t2 + a23t3.

(7.13)

and the second is

Each cubic will be evaluated over an interval
ending at i = ifi' where i = 1 or i = 2.

starting

at i -

O and

The constraints we wish to enforce are
()O =

ala'

()v = ala + autf1

+ al2t11 + a13t;l,

()v = a20,
()9 = a20 +a2ltf2

2
+a22tf2

3
+a23tf2,

0= au,
0= a21 + 2a22tf2 + 3a23t12,
au + 2al2tfl + 3al3t11 = a21,
2al2 + 6a13tf1 = 2a22'

(7.14)

7.3

Joint space schemes

These constraints specify a linear equation problem of eight equations
and eight unknowns. Solving for the case t f = t fI = t f2 we obtain
alO = 00,
all = O,
120v - 30g - 900

alZ

=

al3

=

aZO

= °v,

aZI =
a

Z

4tf
-SOv + 30g + 500
3

4tf

30g-300
4t f

- -120v
zz -

=

aZ3

(7.15)

'

+ 60g + 600
4tZf
'

SOv - 50g - 300
3

4tf

.

.

For the general case of n cubic segments the equations which arise
from insisting on continuous acceleration at the via points may be cast in
matrix form which is solved to compute the velocities at the via points.
The matrix turns out to be tridiagonal and easily solved [4].

Higher arder palynamials
Higher order polynomials are sometimes used for path segments. For
example, if we wish to be able to specify the position, velocity, and
acceleration at the beginning and end of a path segment, a quintic
polynomial is required:
O(t) = ao + alt + aztZ + a3t3 + a4t4 + astS,
where the constraints

(7.16)

are given as

00

= ao,

Of

= ao + altf + azt} + a3t} +'a4tj + ast},

eo = aI'
(7.17)
ÉJf=

aI

+ 2aztf + 3a3t'f + 4a4t'f + 5astj,

00 = 2a2,
.CJ
-

,"}

~

~
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These constraints specify a linear set of six equations
whose solution is

with six unknowns

ao = Bo,

aI = éo,
00
a2 = 2'
a3

=

~=
~=

2GBf

-

2GBo- (Sé f + 12éo)t f - (300 - Of )tJ
3

2tf

3GBo- 3GBf + (14éf + 16éo)tf + (300 - 20f )tJ
4

2tf
12Bf - 12Bo- (6éf + 6éo)tf - (00 - Of)tJ
5

2tf

(7.18)

,

,

.

Various algorithms are available for computing smooth functions
(polynomial or otherwise) which pass through a given set of data points
[3], [4]. Complete coverage is beyond the scope of this book.

Linear functionwith parabolicblends
Another choice of path shape is linear. That is, we simply linearly
interpolate to move from the present joint position to the final position
as in Fig. 7.5. Remember that although the motion of each joint in this
scheme is linear, the end-effector in general does not move in a straight
line in space.
However, straightforward linear interpolation would cause the velocity to be discontinous at the beginning and end of the motion. To create
a smooth path with continous position and velocity, we start with the
linear function but add a parabolic blend region at each path point.
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During the blend portion of the trajectary, constant acceleration is used
to change velocity smoothly. Figure 7.6 shows a simple path constructed
in this way. The linear function and the two parabolic functions are
"splined" together so that the entire path is continuous in position and
velocity.
ln arder to construct this single segment we will assume that the
parabolic blends both have the same duration, and therefore the same
constant acceleration (modulo a sign) is used during both blends. As
indicated in Fig. 7.7, there are many solutions to the problem-but
note
that the answer is always symmetric about the halfway point in time,
th, and about the halfway point in position, 8h' The velocity at the end
of the blend region must equal the velocity of the linear section, and
so we have
..
(}
(}tb = h - (}b
th - tb '

(7.19)

where 8b is the value of 8 at the end of the blend region, and 8 is the
acceleration acting during the blend region. The value of 8b is given by

(}b

Combining

=

1.. 2
2

(7.20)

(}o + -(}tb'

(7.19) and (7.20) and t = 2th, we get
.. 2
(}tb

..

-

(}ttb + ((}j - (}o) =

O,

(7.21)

where t is the desired duration of the motion. Gi'.'.en any 8i' 80, and t,
we can follow any of the paths given by choice of 8 and tb which satisfy
(7.21). Usually, an acceleration, e, is chosen and (7.21) is solved for the
corresponding tb' The acceleration chosen must be sufficiently high, or a
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solution will not existo Solving (7.21) for tb in terms of the acceleration
and other known parameters, we obtain

tb

The constraint

= -2t

-

ViJ2t2

on the acceleration

- 4e((jf

..
2(j

- (jo)

.

(7.22)

used in the blend is

e>4((jf-(jO)
t2

(7.23)

When equality occurs in (7.23) the linear portion has shrunk to zero
length and the path is composed of two blends which connect with
equivalent slope. As the acceleration used becomes larger and larger, the
length of the blend region becomes shorter and shorter. ln the limit of
infinite acceleration we are back to the simple linear interpolation case.
EXAMPLE 7.3
For the same single segment path discussed in Example 7.1, show
two examples of a linear path with paraboli~ blends,
Figure 7.8a shows one possibility where e was chosen quite high. ln
this case we quickly accelerate, then coast at constant velocity, and then
decelerate. Figure 7.8b shows a trajectory
where acceleration is kept
quite low, so that the linear section almost disappears.
-

Linearfunctionwithparabolicblendsfor a pathwithvia points
We now consider the case of linear paths with parábolic blends for the
case in which there are an arbitrary number of via points specified.

Figure 7.9 shows a set of joint space via points for some joint e. Linear
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Position, velocity, and acceleration profiles for linear
interpolation
with parabolic blends. The set of curves on the left are based on
a higher acceleration during the blends than those on the right.

functions connect the via points, and parabolic blend regions are added
around each via point.
We will use notation as follows. Consider three neighboring path
points which we will call points j, k, and l. The duration of the blend
region at path point k is tk' The duration of the linear portion between
points j and k is tjk' The overall duration of the segment connecting
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points j and k is tdjk' The velocity during the lin~ar portion is Bjk1 and
the acceleration during the blend at point j is Bj' See Fig. 7.9 for an
example.
As with the single-segment case, there are many possible solutions
depending on the value of acceleration used at each blend. Given alI
the path points Bk, the desired durations tdjk, and the magnitude of
acceleration to use at each path point ekI, we can compute the blend
times t k' For interior path points this folIows simply fTOm the equations
I

().jk--' -

Bk

()k - ()j
tdjk

= SGN(Bkl

- Bjk) IBkl,
(7.24)

()kl - ()jk
t ..
,
k ()k
1
tjk = tdjk - ~tj
The first and last segments

must

1
- '2tk'

be handled

slightly

entire blend region at one end of the segment
total

segment's

time

differently

must be counted

since

an

in the

duration.

For the first segment,
we solve for tI by equating
for the velocity during the linear phase of the segment:
()2 - ()l
1
td12 - 2t1

..

= ()lt1.

two expressions

(7.25)

7.3

Joint space schemes

~his can be solved for tI, the blend time at the initial point, and then
e12 and t12 are easily computed:

eI = SGN((}2 tI

= td12

(}d le11

e

-

d12

'

2((}2 - () 1

-

)

e1
(7.26)

à 12 --

t12

(}2- (}1
l'
td12 - 'j,t1

= td12

1
- tI - 2t2'

Likewise, for the last segment (the one connecting
n) we have

(}n-l-(}n
td(n-l)n

1
'j,tn

-

=etn

points n

-

1 and

(7.27)

n'

which leads to the solution
en = SGN((}n-l

tn = td(n-l)n

- (}n) lenl,
t2d(n-l)n

-

+ 2(() n

~(}n

()

n

d
(7.28)

()
à(n-l)n

=

n
td(n-l)n

-

(}n-l
-

l'
'j,tn

1
t(n-l)n

=

td(n-l)n

-

tn

-

2tn-l'

Using (7.24) through (7.28) we can solve for the blend times and
velocities for a multisegment path. UsualIy, the user specifies only the
via points and the desired duration of the segments. In this case, the
system uses default values for acceleration for each joint. Sometimes, to
make things even simpler for the user, the system will calculate durations
based on default velocities. At alI blends, sufficiently large acceleration
must be used so that there is sufficient time to get into the linear portion
of the segment before the next blend region starts.
EXAMPLE 7.4
The trajectory of a particular joint is specified as folIows: Path points
in degrees: 10, 35, 25, 10. The duration of these three segments should be
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2, 1, 3 seconds, respectively. The magnitude of the default acceleration
to use at all blend points is 50 degrees / second 2. Calculate all segment
velocities, blend times, and linear times.
For the first segment we apply (7.26a) to find
81 = 50.0.
Applying

(7.29)

(7.26b) to calculate the blend time at the initial point, we get
t = 2

-

1

14 -

V

The velocity, 812' is calculated

=

812

2(35 - 10)

50.0

The velocity, 823' is calculated
.

(7.30)

from (7.26c) as

= 13.50.

35 - 10
2 - 0.5(0.27)

e23 =

= 0.27.

(7.31)

from (7.24a) as
25 - 35 = -10.0.

(7.32)

~

Next, we apply (7.24b) to find
82 = -50.0.
Then t2 is calculated

from (7.24c), and we get
t2

The linear portion
and we get

(7.33)

=

-10.0 - 13.50

-50.0

length of segment

t12

=2-

= 0.47.

(7.34)

1 is then calculated

1
0.27 - -(0.47)
2

= 1.50.

from (7.26d)

(7.35)

Next, from (7.28a) we have
(7.36)

e4=50.0.
80 for the last segment
t4

(7.28b) is used 'to compute

=3-

J9 +

The velocity, 834' is calculated

834

=

2(10

-

25)

50.0

= 0.102.

t4, and we have
(7.37)

from (7.28c) as

10 - 25 3 - 0.050 -

-5.10.

(7.38)
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(7.24b) is used to obtain
(}3 =

Then t3 is calculated

50.0.

(7.39)

from (7.24c), and we get
t3

=

-5.10 - (-10.0)
50

= 0.098.

(7.40)

Finally, from (7.24d) we compute
1
1
t23 = 1 - 2(0.47) - 2(0.098) = 0.716,
1
t34 = 3 - -(0.098)
- 0.102 = 2.849.
2

(7.41)

(7.42)

The results of these computations constitute 'ã "plan" for the trajectory.
At execution time, these :r:umbe~~ would be used by the path generator

to compute values of a, a, and a at the path update rate.

.

In these linear-parabolic-blend
splines, note that the via points are
not actually reached unless the manipulator comes to a stop. Often, when
acceleration capability is sufficiently high, the paths will come quite close
to the desired via point. If we wish to pass through a point by coming
to a stop, the via point is simply repeated in the path specification.

~
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If the user wishes to specify that the manipulator
pass exactly
through a via point without stopping, this specification can be accommodated using the same formulation as before with the following addition:
The system automatically replaces the via point through which we wish
the manipulator to pass with two pseudo via points on either side of the
original (see Fig. 7.10). Then path generation takes place as before. The
original via point will now lie in the linear region of the path connecting
the two pseudo via points. In addition to requesting that the manipulator
pass exactly through a via point, the user can also request that it pass
through with a certain velocity. If the user does not specify this velocity
the system chooses it based on a suitable heuristic. The term through
point might be used (rather than via point) to specify a path point
through which we force the manipulator to pass exactly.

7.4

Cartesianspace schemes

As mentioned in Section 7.3, paths computed in joint space can ensure
that via and goal points are attained, even when these path points were
specified by means of Cartesian frames. However, the spatial shape of the
path taken by the end-effector is not a straight line through space, but
rather, it is some complicated shape which depends on the particular
kinematics of the manipulator
being used. In this section we consider
methods of path generation in which the path shapes are described in
terms of functions which compute Cartesian position and orientation as
functions of time. In this way, we can also specify the spatial shape of the
path between path points. The most common path shape is a straight
line; but circular, sinusoidal, or other path shapes could be used.
Each path point is usually specified in terms of a desired position and
orientation of the tool frame relative to the station frame. In Cartesianbased path generation schemes, the functions which are splined together
to form a trajectory
are functions of time which represent Cartesian
variables. These paths can be planned directly from the user's definition
of path points which are {T} specifications relative to {S} without
first performing inverse kinematics. However, Cartesian schemes are
more computationally
expensive to execute since at run time, inverse
kinematics must be solved at the path update rate. That is, after the
path is generated in Cartesian space, as a last step the inverse kinematic
calculation is performed to calculate desired joint angles.
Several schemes for generating Cartesian paths have been proposed
in literature from the research and industrial robotics community [1],
[2]. In the following section we introduce one scheme as an example. In
this scheme, we are able to use the same linear/parabolic
spliner which
we developed for the joint space case.

7.4

Cartesian space schemes

Cartesianstraightlinemotion
Often we would like to be able easily to specify a spatial path which
causes the tip of the tool to move through space in a straight line.
Obviously, if we specify many closely separated via points which lie on
a straight line, then the tool tip will appear to folIow a straight line
regardless of the choice of smooth function which interconnects the via
points. However, it is much more convenient if the tool folIows straight
line paths between even widely separated via points. This mo de of path
specification and execution is calIed Cartesian straight line motion.
Defining motions in terms of straight lines is a subset of the more
general capability of Cartesian
motion in which arbitrary functions
of Cartesian variables as functions of time could be used to specify a
path. In a system which alIowed general Cartesian motion, path shapes
such as ellipses or sinusoids could be executed.
In planning and generating Cartesian straight line paths, a spline of
linear functions with parabolic blends is appropriate. During the linear
portion of each segment, since alI three components of position change
in a linear fashion, the end-effector will move along a linear path in
space. However, if we are specifying the orientation as a rotation matrix
at each via point, we cannot linearly interpolate its elements as this
would not result in a valid rotation matrix at alI times. A rotation
matrix must be composed of orthonormal columns, and this condition
would not be guaranteed if it was constructed by linear interpolation of
matrix elements between two valid matrices. Instead, we will use another
representation
of orientation.
As stated in Chapter 2, the so-calIed angle-axis representation
can
be used to specify an orientation with three numbers. If we combine
this representation
of orientatión with the 3 x 1 Cartesian position
representation,
we have a 6 x 1 representation
of Cartesian position
and orientation. Consider a via point specified relative to the station
frame as ~T. That is, the frame {A} specifies a via point with position
of the end-effector given by SPAORG, and orientation ofthe end-effector
given by
R. This rotation matrix can be converted to the angle-axis

~

representation ROT(SKA, BSA) or simply sKk We will use the symbol
..Yto represent this 6 x 1 vector of Cartesian position and orientation.
Thus we have
SPAORG
SXA

where SKA is formed by
of rotation, BSk If every
we then need to describe
six quantities from path

=

,
[

sKA

(7.43)

]

scalingJhe
unit vector SKA by the amount
path point is specified in this representation,
spline functions which smoothly move these
point to path point as functions of time. If

[E]
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linear splines with parabolic blends are used, the path shape between
via points will be linear. When via points are passed, the linear and
angular velocity of the end-effector are smoothly changed.
Note that unlike some other Cartesian straight line motion schemes
that have been proposed, this method does not guarantee that ratations
occur about a single "equivalent axis" in moving from point to point.
Rather, our scheme is a simple one which pravides smooth orientation
changes and allows the use of the same mathematics
we have already
developed for planning joint interpolated trajectories.
One slight complication arises fram the fact that the angle-axis
representation
of orientation is not unique:
(SkA,

BSA) = (SkA,

BSA

+ n3600),

(7.44)

where n is any positive or negative integer. ln going fram a via point {A}
to a via point {B} the total amount of ratation should be minimized.
Assuming that our representation
of the orientation of {A} is given as
SK A' we must choose the particular SK B such that S K B - S K A is
minimized. For example, Fig. 7.11 shows four different possible sKB's
and their relation to the given SK A' The difference vectors (braken
lines) are compared to determine the SK B which will result in minimum
rotation~in
this case, SK B (-1) .
Once we select the six values of X for each via point, we can use
the same mathematics we have already developed for generating splines
I
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7.5

Geometric problems with Cartesian paths

which are composed of linear and parabolic sections. However, we must
add one more constraint: The blend times for each degree of freedom
must be the same. This will ensure that the resultant motion of all the
degrees of freedom will be a straight line in space. Since all blend times
must be the same, the acceleration used during the blend for each degree
of freedom will differ. Hence, we specify a duration of blend, and using
(7.24c) we compute the needed acceleration (instead of the other way
around). The blend time can be chosen so that a certain upper bound
on acceleration is not exceeded.
Many other schemes for representing and interpolating the orientation portion of a Cartesian path may be used. Among these are the use
of some of the other 3 x 1 representations
of orientation introduced in
Section 2.8. For example, the lntelledex 605T manipulator
(Fig. 7.12)
moves along Cartesian straight line paths in which interpolation
of
orientation is done using a represenation similar to Z-Y-Z Euler angles.

7.5

Geometric
problems
withCartesianpaths

Because a continuous correspondence
is made between a path shape
described in Cartesian space and joint positions, Cartesian paths are
prone to various problems relating to workspace and singularities.

FIGURE 7.12 The Intelledex model 605T robot
inch repeatability,
and ::1::0.002inch accuracy.
Photocourtesy
01Intelledex,
Inc.

featuring

six axes, ::1::0.001

~

~
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FIGURE
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Problems of type 1: intermediate points unreachable
Although the initiallocation
of the manipulator and the final goal point
are both within the manipulator
workspace, it is quite possible that
not all points lying on a straight line connecting these two points are
in the workspace. As an example, consider the planar two-link robot
shown in Fig. 7.13 and its associated workspace. ln this case, link 2 is
shorter than link 1, so the workspace contains a hole in the middle whose
radius is the difference between link lengths. Drawn on the workspace
is a start point A, and a goal point B. Moving from A to B would be
no problem in joint space, but if a Cartesian straight line motion were
attempted, intermediate points along the path would not be reachable.
This is an example of a situation in which a joint space path could easily
be executed, but a Cartesian straight line path would fail. *

Problems of type 2: high joint rates,.near singularity
We saw in Chapter 5 that there are locations in the manipulator's
workspace where it is impossible to choose finite joint rates that yield
the desired velocity of the end-effector in Cartesian space. It should
not be surprising, therefore, that there are certain paths (described in
* Some robot systems would notify the user of a problem before moving the
manipulator,
while in some, motion would start along the path until some joint
reaches its limit, at which time manipulator
motion is halted.

7.5
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Cartesian terms) which are impossible for the manipulator to perform. If,
for example, a manipulator is following a Cartesian straight line path and
approaches a singular configuration of the mechanism,Qne or more joint
velocities may increase toward infinity. Since velocities of the mechanism
are upper bounded, this situation usually results in the manipulator
deviating from the desired _path.
As an example, Fig. 7.14 shows a planar two-link (with equallink
lengths) moving along a path from point A to point B. The desired
trajectory is to move the end tip of the manipulator at constant linear
velocity along the straight line path. In the figure several intermediate
positions of the manipulator
have been drawn to help visualize its
motion. All points along the path are reachable, but as the robot goes
past the middle portion of the path, the velocity of joint one is very
high. The doser the path comes to the joint one axis, the faster this rate
will be. One approach is to scale down the overall velocity of the path
to a speed where all joints stay within their velocity capabilities. In this
way, although the desired temporal attributes of the path may be lost,
at least the spatial aspect of the trajectory definition is adhered to.

Problemsof type3: startandgoalreachablein differentsolutions
A third kind of problem that may arise is shown in Fig. 7.15. Here a
planar two-link with equallink lengths has joint limits which restrict the
number of solutions with which it can reach a given point in space. In
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FIGURE
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particular, a problem will arise if the goal point cannot be reached in the
same physical solution as the robot is in at the start point. ln Fig. 7.15
the manipulator can reach all points of the path in some solution, but
not in any one solution. ln this situation, the manipulator
trajectory
planning system can detect this problem without ever attempting
to
move the robot along the path, and signal an error to the useI.
Due to these problems with paths specified in Cartesian space, most
industrial manipulator
control systems support both joint space and
Cartesian space path generation. The user quickly learns that because
of the difliculties with Cartesian paths, joint space paths should be used
as the default, with Cartesian paths used only when actually needed by
the application.

7.6

Pathgeneration
at runtime

At run time the path generator routine constructs the trajectory,
usually in terms of e, iJ, and ij, and feeds this information to the manipulator's control system. This path generator computes the trajectory
at the path update rate.

7.6 Path generation at run time

Generationof jointspacepaths
The result of having planned a path using any of the splining methods
mentioned in Section 7.3 is a set of data for each segment of the
trajectory. T?ese da.~a are used by the path generator at run time to

calculatee, e, and e.
In the case of cubic splines, the path generator simply computes (7.3)
as t is advanced. When the end of one segment is reached, a new set of
cubic coefficients is recalled, t is set back to zero, and the generation
continues.
In the case of linear splines with parabolic blends, the value of time,
t, is checked on each update to determine whether we are currently in
the linear or the blend portion of the segmento In the linear portion, the
trajectory for each joint is calculated as
fJ = fJj + fJjkt,

é = éjk'

(7.45)

e = o,
where t is the time since the jth via point and ejk was calculated at
path planning time from (7.24a). In the blend region, the trajectory for
each joint is calculated as

tinb
fJ

= t - (~tj + tj k) ,

= fJj +

.

1..

fJjk(t - tinb)

2

+ "2fJktinb,

(7.46)

é = éjk + fJktinb'
fJ = fJk,

where ejk> ek> tj' and tjk were calculated at path planning time by
equations (7.24) through (7.28). This continues with t being reset to ~tj
when a new linear segment is entered, until we have worked our way
through

all the data sets representing

the p~th segments.

Generationof Cartesianspacepaths
For the Cartesian path scheme presented in Section 7.4, we use the path
generator for the linear spline with parabolic blends path. However,
the values computed represent the Cartesian position and orientation
rather than joint variable values, so we rewrite (7.45) and (7.46) with
the symbol x representing a component of the Cartesian position and

~
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orientation vector. ln the linear portion
freedom in X is calcuated as
x

of the segment,

each degree of

= Xj + Xjkt,

x = Xjk,

(7.47)

x = O.
where t is the time since the jth via point and Xjk was determined at
path plan time using an equation analogous to (7.24a). ln the blend
region, the trajectory for each degree of freedom is calculated as
tinb=t-(~tj+tjk)'
1
x

= Xj + Xjk(t

- tinb) + zXktTnb,

(7.48)

x = Xjk + xktinb,

x = Xk,
where the quantities Xjk' xk, tj' and tjk were determined at plan time
just as in the joint space case.
Finally, this Cartesian trajectory (X, X, and X) must be converted
into equivalent joint space quantities. A complete analytical solution
to this prablem would use the inverse kinematics to calculate joint
positions, the inverse Jacobian for velocities, and the inverse Jacobian
plus its derivative for accelerations [5]. A simpler way often used in
practice is as follows: At path update rate we convert X into its
equivalent frame representation, ~T. We then use the SOLVEroutine (see
Section 4.8) to calculate the required vector of joint angles, 8. Numerical
differentiation

is then used to compute

é

and ê.* Thus,

the algorithm

is

x -->'bT,
6(t) = SOLVE('bT),
(7.49)

8(t) = 6(t)

-

6(t
Dt

-

bt)

ê(t) = 8(t)

-

8(t
Dt

-

Dt)

Then, 8, é, and ê are supplied to the manipulator's contraI system.
* This differentiation

can be done noncausally

ing in better
quality
é and
input,
and so it would not

ê. AIso, many
be computed.

contraI

for prepIanned
systems

paths,

do not require

resuIta

ê

7.8

7.7

Planning paths using the dynamic madel

Descriptionof pathswith a robotprogramming
language

ln Chapter 10 we will discuss robot programming
languages in some
detail. Here, we will illustrate how various types of paths that we have
discussed in this chapter might be specified in a robot language. ln these
examples, we use the syntax of AL, a robot programming
language
developed at Stanford University [6].
The symbols A, B, C, and D stand for variables of type "frame" in
the AL language examples below. These frames specify path points which
we will assume have been taught or described textually to the system.
Assume the manipulator begins in position A. To move the manipulator
in joint space mode along linear-parabolic-blend
paths we could say
move ARMto C with duration

= 3*seconds;

To move to the same position and orientation
say
move ARMto C linearly

with

in a straight

duration

line we could

= 3*seconds;

where the clause "linearly" denotes that Cartesian straight line motion
is to be used. If duration is not important,
the user can omit this
specification and the system will use a default velocity, that is,
move ARMto C;
A via point can be added, and we can write
move ARMto C via

B;

or a whole set of via points migh~ be specified by
move ARMto C via B,A,D;
Note that in

j

move ARMto C via

B with duration

=

6*seconds;

the duration is given for the entire motion. The system decides how to
split this duration between the two segments. It is possible in AL to
specify the duration of a single segment; for example by
move ARMto C via B where duration
= 3*seconds;
The first segment
seconds.

7.8

which leads to point

B,.will have a duration

of 3

Planningpathsusingthe dynamicmodel

Usually when paths are planned we use a default or a maximum
acceleration at each blend point. Actually, the amount of acceleration

[]§.[]
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that the manipulator
is capable of at any instant is a function of the
dynamics of the arm and the actuator limits. Most actuators are not
characterized by a fixed maximum torque or acceleration, but rather by
a torque-speed
curve.
When we plan a path assuming there is a maximum acceleration at
each joint or along each degree of freedom, we are making a tremendous
simplification. ln order to be careful not to exceed the actual capabilities
of the device, this maximum acceleration must be chosen conservatively.
Therefore, we are not making full use of the speed capabilities of the
manipulator in paths planned by the methods introduced in this chapter.
We might ask the' following question: Given a desired spatial path of
the end-effector, find the timing information (which turns a description
of a spatial path into a trajectory) such that the manipulator
reaches
the goal point in minimum time. Such problems have been solved by
numerical means [7,8]. The solution takes the rigid body dynamics into
account as well as actuator speed-torque
constraint curves.

7.9

Collision-freepath planning

It would be extremely convenient if we could simply tell the robot system
what the desired goal point of the manipulator motion is, and let the
system determine where and how many via points are required so that
the goal is reached without the manipulator
hitting any obstacles. ln
order to do this, the system must have models of the manipulator,
the
work area, and all potential obstacles in the area. A second manipulator
may even be working in the same area and hence each arm must be
considered as a moving obstacle for the other.
Systems that plan collision-free paths are not available commercially.
Research in this area has led to two competing techniques, and several
variations and combinations thereof. One class of methods solves the
problem by forming a connected graph representation
of the free space
and then searching the graph for a collision-free path [9~1l]. Unfortunately these techniques have exponential complexity in the number
of joints in the device. A second approach is based on creating artificial
potential fields around obstacles which cause the manipulator(s)
to avoid
the obstacles while they are drawn toward an artificial attractive pole at
the goal point [12]. Unfortunately, these methods generally have a local
view of the environment and are subject to becoming "stuck" at local
minima of the artificial field.
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Exercises
7.1

[8] How many individual cubics are computed when a six-jointed robot
moves along a cubic spline path through two via points and stops at a
goal point? How many coefllcients are stored to describe these cubics?

7.2

[13] A single-link robot with a rotary joint is motionless at () = -5°. It
is desired to move the joint in a smooth manner to () = 80° in 4 seconds.

Find the coefllcients of a cubic which accomplishes this motion and brings
the arm to rest at the goal. Plot the position, velocity, and acceleration
of the joint as a function of time.
7.3

[14] A single-link robot with a rotary joint is motionless at () = -5°.
It is desired to move the joint in a smooth manner to () = 80° in 4
seconds and stop smoothly. Compute the corresponding parameters of a
linear trajectory with parabolic blends. Plot the position, velocity, and
acceleration of the joint as a function of time.

7.4

[30] Write a path planning routine which implements (7.25) through
(7.30) in a general way for paths described by an arbitrary number of path
points. For example, this routine could be used to solve Example 7.4.
[18] Sketch graphs of position, velocity, and acceleration for the twosegment continuous acceleration spline given in Example7.2. Sketch them
for a joint for which ()o = 5.0°, ()v = 15.0°, ()9 = 40.0°, and each segment
lasts 1.0 second.

7.5

7.6

[18] Sketch graphs of position, velocity, and acceleration for a two-segment
spline where each segment is a cubic, using the coefllcients as given in
(7.11). Sketch them
()v

for a joint where ()o

=

5.0° for the initial

point,

= 15.0° is a via point, and ()g = 40.0° is the goal point. Assume each

segment has a duration of 1.0 second, and the velocity at the via point
is to be 17.5 degrees/second.

7.7

7.8

[20] Calculate él2, é23, tl, t2, and t3 for a two-segment linear spline with
parabolic blends (use (7.24) through (7.28)). For this joint, ()l = 5.0°,
()2 = 15.0°, ()3 = 40.0°. Assume tdl2 = td23 = 1.0 second, and the
default acceleration to use during blends is 80 degrees/second2.
Sketch
plots of position, velocity, and acc,EÜeration of ().
[18] Sketch graphs of position, velocity, and acceleration for the twosegment continuous acceleration spline given in Example 7.2. Sketch them

for a joint for which ()o = 5.0°, ()v = 15.0°, ()9 = -10.0°, and each
segment

7.9

lasts 2.0 seconds.

[18] Sketch graphs of position, velocity, and acceleration for a two-segment
spline where each segment is a cubic, using the coefllcients as given in
(7.11). Sketch them for a joint where ()o = 5.0° for the initial point,
()v = 15.0° is a via point, and ()g = -10.0° is the goal point. Assume each

Exercises

segment has a duration of 2.0 seconds,
is to be 0.0 degrees/second.

and the velocity at the via point

7.10

[20] Calculate B12, B23' tI, t2, and t3 for a two-segment linear spline with
parabolic blends (use (7.24) through (7.28)). For this joint, (}I = 5.0°,
(}2 = 15.0°, (}3 = -10.0°. Assume tdI2 = td23 = 2.0 seconds, and the
default acceleration to use during blends is 60 degrees/second2.
Sketch
plots of position, velocity, and acceleration of ().

7.11

[6] Give the 6x 1 Cartesian position and orientation representation,
S Xc,
which is equivalent to ~T where ~R = ROT(Z,300)
and SPCORC =
[10.0 20.0 30.0]T.

7.12

[6] Give ~T, which is equivalent to the 6 x 1 Cartesian position and
orientation representation
S Xc = [5.0 -20.0
10.0 45.0 0.0 O.O]T.

7.13

[30] Write a program which uses the dynamic equations from Section 6.7
(the two-link planar manipulator)
to compute the time history of torques
needed to move the arm along the trajectory of Exercise 7.8. What are the
maximum torques required and where do they occur along the trajectory?

7.14

[32] Write a program which uses the dynamic equations from Section 6.7
(the two-link planar manipulator)
to compute the time history of torques
needed to move the arm along the trajectory
of Exercise 7.8. Make
separate plots of the joint torques required due to inertia, velocity terms,
and gravity.

7.15 [22]Do Example 7.2 when tf1
7.16

=1=tf2'

[25] We wish to move a single joint from (}o to ()f starting from rest,
ending at rest, in time t f' The values of (}o and ()f are given, but we wish
t.o computetf
so that IIB(t)11 < Brnax
and
IIB(t)11 < Brnax
(}rnax and (}rnax are given positive
constants.
Use a single
and

7.17

give an expression

[10] A single

cubic

for t f and

trajectory

for the

is given

(}(t)

cubic's

for all
cubic

t, where
segment,

coefficients.

by

= 10 + 90t2 -

60t3

from t = O to t = 1. What are the
starting and final positions, velocities, and accelerations?

and is used over the time interval

7.18

[12] A single cubic trajectory is given by
(}(t)

= 10+ 90t2 - 60t3

and is used over the time interval from r-= O to t = 2. What are the
starting and final positions, velocities, and accelerations?
7.19

[13] A single cubic trajectory is given by
(}(t)

= 10 + 5t + 70t2 - 45t3

and is used over the time interval from t = O to t = 1. What are the
starting and final positions, velocities, and accelerations?
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7.20

[15] A single cubic trajectory is given by
8(t) = 10+5t+70t2

-45t3

and is used over the time interval from t = O to t = 2. What are the
starting and final positions, velocities, and accelerations?

Programming

1.

Exercise

(Part

7)

Write a joint space, cubic splined path planning
your system should include is
Procedure CUBCOEF(VAR
VAR cc: vec4);

system. One routine

thO,thf,thdotO,thdotf:

which

real;

where

thO

= initial

postion of 8 at beginning of segment,

thf = final position of 8 at segment end,
thdotO = initial velocity of segment,
thdotf = final velocity of segmento
These four quantities are inputs,
coefficients, is the output.
Your program should accept
in the form of tool frame, {T},
user form of (x, y, q;). To keep
duration. Your system should
some reasonable heuristic for
Hint: See option 2 in Section

and

"cc", an array

of the four cubic

up to (at least) five via point specifications
relative to station frame, {S}, in the usual
life simple, alI segments will have the same
solve for the coefficients of the cubics using
assigning joint velocities at the via points.
7.3.

2.

Write a path generator system which calculates a trajectory in joint space
based on sets of cubic coefficients for each segmento It must be able to
generate the multisegment
path you planned in Problem 1. A duration
for the segments will be specified by the user. It should produce position,
velocity, and acceleration information at the path update rate, which will
also be specified by the user.

3.

The manipulator is the same three-link as always. The definition
and {S} frames are the same as before:

':!T = [x y
~T = [x y

of the {T}

8] = [0.1 0.2 30.0],
8] = [0.0 0.0

0.0].

Using a duration of 3.0 seconds per segment, plan and execute the path
which starts with the manipulator at position
[Xl Yl q;l]

= [0.758 0.173 0.0];

Programming Exercise (Part 7)

moves through

the via points
[X2

Y2

cP2] = [0.6

[X3

Y3

cP3]= [-0.4

-

0.3
0.3

45.0],
120.0] ;

and ends at the goal point (in this case same as initial point)
[X4 Y4 cP4]

= [0.758 0.173 0.0] .

Use a path update rate of 40 Hz, but print the position only every 0.2
seconds. Print the positions out in terms of Cartesian user formo You don't
have to print out velocities ar accelerations, though you might be interested
to do sO.
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MANIPULATOR
MECHANISM
DESIGN

8.1

Introduction

In previous chapters we have seen that the particular structure of a
manipulator influences kinematic and dynamic analysis. For example,
some kinematic configurations will be easy to solve while others may
have no closed form kinematic solution. Likewise, the simplicity of the
dynamic equations can vary greatly with the kinematic configuration
and the mass distribution of the links. In coming chapters we will see
that manipulator control depends not only on the rigid body dynamics
but also upon the friction and flexibility of the drive systems.
The tasks that a manipulator can perform will also vary greatly with
the particular designo Although we have generally dealt with the robot
manipulator as an abstract entity, its performance is ultimately limited
by pragrnatic factors such as load capacity, speed, size of workspace,
and repeatability. For certain applications, the overall manipulator size,
weight, power consumption, and cost will be significant factors.

8.2

Basing the design on task requirements

This chapter discusses some of the issues involved in the design of
the manipulator. In general, methods of design and even the evaluation
of a finished design are partially subjective topics. It is difficult to narrow
the spectrum of design choices with many hard and fast rules.
The elements of a robot system falI roughly into four catagories:
1) The manipulator, including its internal or proprioceptive
sors,
2) the end-efIector, or end of arm tooling,

sen-

3) external sensors and efIectors such as vision systems, part feeders,
etc., and
4) the controlIer.
Given the breadth of engineering disciplines encompassed, we will
restrict our attention only to the design of the manipulator itself.
In developing a manipulator design, we will start by examining
the factors likely to have the greatest overall efIect on the design and
then consider more detailed questions. Ultimately, however, designing
a manipulator is an iterative processo More often than not, problems
which arise while solving a design detail wilI force rethinking of previous
higher leveI design decisions.

8.2 Basingthe designon taskrequirements
Although robots are nominally "universalIy programmable" machines
capable of performing a. wide variety of tasks, economies and practicalities dictate difIerent manipulators be designed for particular types
of tasks. For example, large robots capable of handling payloads of
hundreds of pounds do not generally have the capability to insert
electronic components into circuit boards. As we shalI see, not only the
size, but the number of joints, the arrangement of joints, the types of
actuation, sensing and control will alI vary greatly with the sort of task
to be performed.

Numberof degreesof freedom
The number of degrees of freedom in a manipulator should match the
number required by the task. Not alI tasks require a fulI six degrees of
freedom.
The most common of these circumstances occurs when the end
efIector has an axis of symmetry. Figure 8.1 shows a manipulator
positioning a grinding tool in two difIerent ways. In this case, the
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orientation of the tool with respect to the axis of the tool, ZT' is
immaterial since the grinding wheel is spinning at several hundred RPM.
Since we can position this 6-DOF robot in an infinity of ways for this
task (rotation about ZT is a free variable), we say that the robot is
redundant for this task. Are welding, spot welding, deburring, glueing,
and polishing provide other examples of tasks which often employ end
effectors with an axis of symmetry.
In analyzing the symmetric tool situation, it is sometimes helpful
to imagine a fictitious joint whose axis lies along the axis of symmetry.
In positioning any end-effector to a specific pose, we need a total of
six degrees of freedom. Since one of these six is our fictitious joint, the
actual manipulator need only have five degrees of freedom. If a 5-DOF
robot were used in the application of Fig. 8.1, then we would be back
to the usual case in which only a finite number of different solutions are
avaliable for positioning the to o!. Quite a large percentage of existing
industrial robots are 5-DOF due to the relative prevalence of symmetric
tool applications.
Some tasks are performed in a domain which, fundamentally, has
fewer than six degrees of freedom. Placement of components on circuit
boards provides a common example of this. Circuit boards are generally
planar and contain parts of various heights. Positioning parts on a planar
surface requires three degrees offreedom (x, y, and B), and in order to lift
and insert the parts, a fourth motion normal to the plane is added (z).
Robots with fewer than six degrees of freedom can also perform
tasks in which some sort of active positioning device presents the parts.
In welding pipés, for example, a tilt/roll platform, shown in Fig. 8.2,
often presents the parts to be welded. In counting the number of degrees

FIGURE
redundant

8.1 A 6-DOF manipulator
degree of freedom.

with a symmetric

tool contains

a

8.2

Basing the design on task requirements

offreedom between the pipes and the end-effector, the tilt/rolI platform
accounts for two. This, together with the fact that arc welding is a
symmetric tool task, means that in theory, a 3-DOF manipulator could
be used. In practice, realities such as the need to avoid collisions with
the workpiece generalIy dictate the use of a robot with more degrees of
freedom.
Parts with an axis of symmetry also reduce the required degrees
of freedom for the manipulator. For example, cylindrical parts can in
many cases be picked up and inserted independent of the orientation of
the gripper with respect to the axis of the cylinder. Note, however, that
after the part is grasped, the orientation of the part about its symmetric
axis must not matter for alI subsequent operations, since its orientation
is not guaranteed.

Workspace
In performing tasks, a manipulator has to reach a number of workpieces
or fixtures. In some cases, these can be positioned as needed to suit the
workspace of the manipulator. In other cases, a robot may be instalIed
in a fixed environment with rigid workspace requirements. Workspace
is also sometimes called work volume or work envelope.

FIGURE 8.2 A tiltjroll platform
overall manipulator
system.

provides

two degrees of freedom to the
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The overall scale of the task sets the required workspace of the
manipulator. In some cases the details of the shape of the workspace and
the location of workspace singularities may be important considerations.
The intrusion of the manipulator itself in the workspace can sometimes be a factor. Depending on the kinematic design, operating a
manipulator in a given application may require more or less space around
the fixtures in order to avoid collisions. Restricted environments may
affect the choice of kinematic configuration.

Load capacity
The load capacity of a manipulator depends upon the sizing of its
structural members, power transmission system, and actuators. The load
placed on actuators and drive system is a function of the configuration
of the robot, the percentage of time supporting a load, and dynamic
loading due to inertial and velocity-related forces.

Speed
An obvious goal in design has been for faster and faster manipulators.
High speed offers advantages in many applications when a proposed
robotic solution must compete on economic terms with hard automation
or human workers. For some applications, however, the process itself
limits the speed rather than the manipulator. This is the case with many
welding and spray painting applications.
An important distinction is that between the maximum end-effector
speed and the ovérall cycle time for a particular task. For pick-andplace applications, the manipulator must accelerate and decelerate to
and from the pick and place locations within some positional accuracy
bounds. Often, the acceleration and deceleration phases take up most of
the cycle time. Hence, acceleration capability, and not just peak speed,
is very important.

Repeatabilityand accuracy
High repeatability and accuracy, while desirable in any manipulator
design, are expensive to achieve. For example, it would be absurd to
design a paint spraying robot to be accurate to within 0.001 inches when
the spray spot diameter is 8 inches ~2 inches. To a large extent, accuracy
of a particular model of industrial robot depends upon the details of their
manufacture rather than of their designo High accuracy is achieved by
having good knowledge of the link (and other) parameters. Accurate

8.3

Kinematic configuration

measurements after manufacture, or careful attention
during manufaturing make this possible.

8.3

to tolerances

Kinematicconfiguration

Once the required number of degrees of freedom has been decided upon,
a particular configuration of joints must be chosen to realize those
freedoms. For serial kinematic linkages, the number of joints equals the
required number of degrees of freedom. Most manipulators are designed
so that the last n - 3 joints orient the end-effector and have axes that
intersect at the wrist point, and the first three joints position this wrist
point. Manipulators with this design could be said to be composed of a
positioning sti'ucture followed by an orienting structure or wrist.
As we saw in Chapter 4, these manipulators always have closed form
kinematic solutions. Although other configurations exist which possess
closed form kinematic solutions, almost every industrial manipulator
belongs to this wrist-partitioned
class of mechanisms. Furthermore,
the positioning structure is almost without exception designed to be
kinematically simpIe, with link twists equal to 00 or :r90°, and many of
the link lengths andj or offsets equal to zero.
It has become customary to classify manipulators of the wristpartitioned, kinematically simple class according to the design of their
first three joints (the positioning structure). The following paragraphs
briefly describe the most common of these classifications.

Cartesian
A Cartesian
manipulator
has perhaps the most straightforward
configuration. As shown in Fig. 8.3, joints 1 through 3 are prismatic,
mutually

orthogonal;

and correspond

to the

X, Y,

and

Z

Cartesian

directions. The inverse kinematic solution for this configuration is trivial.
This configuration produces robots with very stiff structures. As a
consequence, very large robots can be built. These large robots, often
called gantry robots, resemble overhead gantry cranes. Gantry robots
sometimes manipulate entire automobiles or inspect entire aircraft.
The other advantages of Cartesian manipulators stem from the fact
that the first three joints are decoupled. This makes them simpler to
design and does not produce any kinematic singularities due to the first
three joints.
Their primary disadvantage is that alI of the feeders and fixtures
associated with an application must lie "inside" the robot. Consequently,
application workcells for Cartesian robots become very machine de-
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..

li

Side view

FIGURE

8.3

A Cartesian

Top view

manipulator.

pendent. The size of the robot's support structure limits the size and
placement of fixtures and sensors. These limitations make retrofitting
Cartesian robots into existing workcells extremely difficult.

Articulated
Figure 8.4 shows an articulated
manipulator,
sometimes also called
a jointed, elbow, or anthropomorphic
manipulator. They typically
consist of two "shoulder" joints, one for rotation about a vertical axis
and one for elevation out of the horizontal plane, an "elbow" joint whose
axis is usually par811elto the shoulder elevation joint, and two or three
wrist joints at the end of the manipulator. Both the PUMA 560 and the
Motoman L-3 that we have studied in earlier chapters falI into this class.
Articulated robots provide the least intrusion of the manipulator
structure into the workspace, making them capable of reaching into
confined spaces. They require much less overall structure than Cartesian
robots, making them less expensive for applications needing smaller
workspaces.

SCARA
The SCARA" configuration, shown in Fig. 8.5, has three parallel
revolute joints allowing it to move and orient in a plane, with a fourth
prismatic joint for moving the end-effector normal to the plane. The
chief advantage is that the first three joints don't have to support any
*

SCARA stands

for selectively

compliant

assembly

robot armo

8.3

Kinematic configuration

Top view
FIGURE

8.4

An articulated

manipulator.

Side view
FIGURE

8.5

A SCARA

Top view
manipulator.

of the weight of the manipulator or the loado Tn addition, link O ean
easily house the actuators for the first two jointso The aetuators ean
be made very large, so the robot ean move very fasto For example, the
Adept One SCARA manipulator ean move at up to 30 feet per seeond,
about ten times faster than most articulated industrial robots [1]. This
eonfiguration is best suited to planar taskso
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Spherical
The spherical configuration in Fig. 8.6 has many similarities to the
articulated manipulator, but with the elbow joint replaced by a prismatic
joint. This design is better suited to some applications than the elbow
designo The link that moves prismatically may telescope, or may "stick
out the back" when retracted.

Cylindrical
Cylindrical manipulators (Fig. 8.7) consist of a prismatic joint for
translating the arm vertically, a revolute joint with a vertical axis,
another prismatic joint orthogonal to the revolute joint axis, followed
by a wrist of some sort.

Wrists
The most common wrist configurations consist of either two or three
revolute joints with orthogonal, intersecting axes. The first of the wrist
joints usually forms joint 4 of the manipulator.
A configuration of three orthogonal axes will guarantee that any
orientation can be achieved (assuming nO joint angle limits) [2]. As
stated in Chapter 4, any manipulator with three consecutive intersecting
axes will possess a closed form kinematic solution. Therefore, a three
orthogonal axis wrist can be located at the end of the manipulator in
any desired oriéntation with nO penalty. Figure 8.8 is a schematic of one

(
Side view
FIGURE

8.6

A spherical

Top view
manipulator.

8.3

.

.

Side view
FIGURE

8.7

A cylindrical

Kinematic configuration

Top view
manipulator.

As

C

FIGURE
via three

8.8 An orthogonal
concentric shafts.

axis wrist driven by remotely

located

actuators

possible design of such a wrist which uses several sets of bevel gears to
drive the mechanism from remotely located actuators.
In practice it is difficult to build a three orthogonal axis wrist not
subject to rather severe joint angle limitations. An interesting design
used in several robots manufactured by Cincinatti Milacron (Fig. 1.4)
employs a wrist which has three intersecting but nonorthogonal axes.
In this design (called the "three roll wrist"), all three joints of the wrist
can rotate continuously without limits. The nonorthogonality of the axes
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creates a set of orientations which are impossible to reach with this wrist.
This set of unattainabIe orientations is described by a cone within which
the third axis of the wrist cannot lie (see Exercise 8.11). However, the
wrist can be mounted to link 3 of the manipuIator so that link structure
occupies this cone and so would be unavaiIabIe anyway. Figure 8.9 shows
two drawings of such a wrist [24].
Some industrial robots have wrists which do not have intersecting
axes. This implies that a closed form kinematic solution may not existo If,
however, the wrist is mounted on an articuIated manipuIator such that
the joint 4 axis is paralIel to the joint 2 and 3 axes as in Fig. 8.10, there
wiIl be a closed form kinematic solution. Likewise, a nonintersecting
axis wrist mounted on a Cartesian robot yieIds a closed form solvabIe
manipuIator.
TypicaIly, 5-DOF weIding robots use two axis wrists oriented as
shown in Fig. 8.11. Note that if the robot has a symmetric tool, this
"fictitious joint" must foIlow the ruIes of wrist designo That is, in order
to reach all orientations, the tool must be mounted with its axis of
symmetry orthogonal to the joint 5 axis. In the worst case, when the

(a)

(b)

FIGURE 8.9 Two views of a nonorthogonal
axis wrist [24]. From
In~ernational Encyclopedia 01 Robotics, by R. Dorf and S. Nof, (editors). From
"Wrists"by M. Rosheim, John C. Wiley and Sons, Inc., New York, NY
@1988. Reprinted by permission.

8.4

Quantitative measllres af warkspace attributes
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FIGURE 8.10 A manipulator
with a wrist whose axes do not intersect.
However, this robot does p"ossess a closed form kinematic solution.

axis of symmetry is parallel to the joint 5 axis, the fictitious sixth axis
is in a permanently singular configuration.

8.4 Quantitative
measures
af warkspace
attributes
Manipulator designers have proposed several interesting quantitative
measures of various workspace attributes.

Efficiency
of designin termsof generating
workspace
Some designers noticed that it seemed to take more material to build
a Cartesian manipulator than to build an articulated manipulator of
similar workspace volume. To get a quantitative handle on this we first

[1ill

[]ill'

8 Manipulator mechanism design

o
/

/'
, /
/"

65
~ZT

/

FIGURE

8.11

Typical

define the length

wrist design of a 5-DOF

welding robot.

sum of a manipulator as
N

L

=L
i=l

(ai-l + di)

,

(8.1)

where ai-l and di are the link length and joint offset as defined in
Chapter 3. Thus, the length sum of a manipulator gives a rough measure
of the "length" of the complete linkage. Note for prismatic joints, di must
here be interpreted as a constant equal to the length of traveI between
the joint traveI limits.
ln [3] the structurallength
index, QL' is defined as the ratio of
the manipulator length sum to the cube root of the workspace volume,
i.e.
(8.2)

where L is given in (8.1) and W is the volume of the manipulator's
workspace. Hence, QL attempts to summarize the relative amount of
structure (linkage length) required by different configurations to generate
a given work volume. Thus, a good design would be one in which
a manipulator with a small length sum nonetheless possessed a large
workspace volume. Good designs have a low QL'
Considering just the positioning structure of a Cartesian manipulator (and therefore the workspace of the wrist point), the value of Q L
is minimized when alI three joints have the same length of traveI. This
minimal value is QL = 3.0. On the other hand, an ideal articulated
manipulator such as the one in Fig. 8.4 has QL = ij 47i /3 9:! 0.62. This
helps quantify our earlier statement that articulated manipulators are
superior to other configurations in that they have minimal intrusion into
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their own workspace. Of course, in any real manipulator structure the
figure given above would be somewhat larger due to the effects of joint
limits reducing the workspace volume.
EXAMPLE 8.1
A SCARA manipulator like that of Fig. 8.5 has links 1 and 2 of equal
length l/2, and the range of motion of the prismatic joint 3 is given by
d3. Assume for simplicity that the joint limits are absent and find QL.
What value of d3 minimizes QL and what is this minimal value?
The length sum of this manipulator is L = l/2 + l/2 + d3 = l + d3,
and the workspace volume is that of a right cylinder of radius l and
height d3; therefore,
Q
L

-

(8.3)

1+ d3

- f,/7r12d3'

Minimizing QL as a function of the ratio d3/l gives d3 = l/2 as optimal

[3].The correspondingmínimalvalueof QL is 1.29.

.

Designingwell-conditionedworkspaces
At singular points a manipulator effectively loses one or more degrees
of freedom, which may mean that certain tasks cannot be performed
at that point. In fact, in the neighborhood of singular points (including
workspace boundary singularities) actions of the manipulator may no
longer be well-conditioned. In some sense, the farther the manipulator
is away from singularities, the better able it is to move uniformly
and apply forces uniformly in all directions. Several measures have
been suggested for quantifying this effect. Use of such measures at
design time might yield a manipulator design with a maximally large
well-conditioned workspace.
Since singular configurations are given by
det(J(8))

= O,

(8.4)

it is natural to use the determinant of the Jacobian in a measure of
manipulator dexterity. In [4]the manipulability measure, w is defined
as

w = /det (J(8)P(8)),
which for a nonredundant manipulator reduces to
w

= Idet (J(8))

I.

(8.5)

(8.6)

A good manipulator design has large areas of its workspace characterized
by high values of w.

[11[]
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Whereas velocity analysis motivated (8.6), other researchers have
proposed manipulability measures based on acceleration analysis or force
application ability. Asada [5] suggested examination of the eigenvalues
of the Cartesian mass matrix
(8.7)

as a measure of how well the manipulator can accelerate in various Cartesian directions. He suggests a graphic representation of this measure as
an inertia ellipsoid given by
(8.8)

the equation of an n-dimensional ellipse, where n is the dimension of
X. The axes of the ellipsoid given in (8.8) lie in the directions of the
eigenvectors of Mx(G) and the reciprocals of the square root of the
corresponding eigenvalue provides the lengths of the axes of the ellipsoid.
Well-conditioned points in the manipulator workspace are characterized
by inertia ellipsoids which are spherical or nearly so.
Figure 8.12 shows 'graphically the properties of a planar two-link
manipulator. In the center of the workspace the manipulator is well
conditioned as indicated by nearly circular ellipsoids. At workspace
boundaries, the ellipses flatten, indicating the manipulator's difficulty
in accelerating in certain directions.

FIGURE 8.12 Workspace of a 2-DOF planar arm showing inertia ellipsoids,
from [5] (@1984 IEEE). The dashed line indicates a locus of isotropic points
in the workspace. Reprinted by permission.
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Other measures of workspace conditioning have been proposed in
[6-8].

8.5 Redundantand closedchainstructures
In general, the scope of this book is limited to manipulators which are
serial chain linkages of six or fewer joints. However, in this section we
briefly discuss manipulators outside of this class.

Micromanipulators and other redundancies
While general spatial positioning capability requires six degrees of
freedom, there are advantages to having even more controllable joints.
One use for these extra freedoms which is already finding some
practical application [9,10], and is of growing interest in the research
community is for a micromanipulator.
A micromanipulator is generaIly formed by several fast, precise degrees of freedom located near the
distal end of a "conventional" manipulator. The conventional manipulator takes care of large motions, and the micromanipulator, whose joints
generaIly have a small range of motion, accomplishes fine motion and
force control.
Additional joints can also help a mechanism avoid singular configurations, as suggested in [11,12]. For example, while any three degree
of freedom wrist wiIl suffer from singular configurations (when alI three
axes lie in aplane), a four degree of freedom wrist can effectively avoid
such configurations [13-15].
Figure 8.13 shows two configurations suggested [11,12] for seven
degree of freedom manipulators.
A major potential use of redundant robots is in avoiding collisions
while operating in cluttered work environments. As we have seen, a six
degree of freedom manipulator can reach a given position and orientation
in only a finite number of ways. The addition of a seventh joint aIlows
an infinity of ways, where the desire to avoid obstacles can influence
the choice.

Closed loop structures
Although we have considered only serial chain manipulators in our
analysis, some manipulators contain closed loop structures.
For
example, the Motoman L-3 robot described in Chapters 3 and 4 possesses
closed loop structures in the drive mechanism of joints 2 and 3. Closed
loop structures offer the benefit of increased stiffness of the mechanism
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[16]. On the other hand, closed loop structures generally reduce the
allowable range of motion of the joints and thus decrease the workspace
size.
Figure 8.14 depicts a Stewart mechanism, a closed loop alternative to the serial 6-DOF manipulator. The position and orientation of
the "end-effector" is controlled by the lengths of the six linear actuators
which connect it to the base. At the base end, each actuator is connected
by a two degree of freedom universal joint. At the end-effector, each
actuator is attached with a three degree of freedom ball and socket joint.
It exhibits characteristics common to most closed loop mechanisms: it
can be made very stiff, but the links have a much more limited range of
motion than do seriallinkages. The Stewart mechanism, in particular,
demonstrates an interesting reversal in the nature of the forward and
inverse kinematic solutions: the inverse solution is quite simple, whereas
the forward solution is typically quite complex, sometimes lacking a
closed form formulation (see Exercises 8.7 and 8.12).
In general, the number of degrees of freedom of a closed loop
mechanism it is not readily obvious. The total number of freedoms can
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FIGURE 8.14 The Stewart
parallel manipulator.

mechanism

be computed with Griibler's

is a six degree of freedom

fully

formula [17],

.
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n

= 6(1-

n -1) + 'LJi'

(8.9)

i=l

where F is the total number of degrees of freedom in the mechanism, l is
the number of links (including the base), n is the total number of joints,
and fi is the number of degrees of freedom associated with the ith joint.
A planar version of Grübler's formula (when all objects are considered to
have three degrees of freedom if unconstrained) is obtained by replacing
the 6 in (8.9) with a 3.
EXAMPLE 8.2
Use Grübler's formula to verify that the Stewart mechanism (Fig.
8.14) indeed has six degrees of freedom.
The number of joints is 18 (6 universal, 6 ball and socket, and
6 prismatic in the actuators). The number of links is 14 (2 parts for
each actuator, the end-effector, and the base). The sum of all the joint
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freedoms is 36. Using Grübler's formula, we verify that the total number
of freedoms is six, computed as
F

= 6(14 -

18 -1) + 36 = 6.

.

(8.10)

8.6 Actuationschemes
Once the general kinematic structure of a manipulator has been chosen,
the next most important matter of concern is the actuation of the joints.
TypicaIly the actuator, reduction, and transmission are closely coupled
and must be designed together.

Actuatorlocation
The most straightforward choice of actuator location is at or near the
joint it drives. If the actuator can produce enough torque or force, its
output can attach directly to the joint. This arrangement, known as
a direct drive configuration [18], offers the advantages of simplicity
in design and superior controIlability. That is, with no transmission or
reduction elements between the actuator and the joint, the joint motions
can be controIled with the same fidelity as the actuator itself.
Unfortunately, many actuators are best suited to relatively high
speeds and low torques and therefore require a speed reduction system. Furthermore, actuators tend to be rather heavy. If they can be
located remotely trom the joint and toward the base of the manipulator,
the overall inertia of the manipulator can be reduced considerably. This,
in turn, reduces the size needed for the actuators. To realize these
benefits, a transmission
system is needed to transfer the motion from
the actuator to the joint.
In a joint drive system with a remotely mounted actuator, the
reduction system may be placed at the actuator, or at the joint. Some
arrangements combine the functions of transmission and reduction.
Aside from added complexity, the major disadvantage of reduction
and transmission systems is that they introduce additional friction and
flexibility into the mechanism. When the reduction is at the joint, the
transmission wiIl be working at higher speeds and lower torques. Lower
torque means that flexibility wiIl be less of a problem. However, if the
weight of the reducer is significant, some of the advantage of remotely
mounted actuators is lost.
In Chapter 3 details were given for the actuation scheme of the
Yasukawa Motoman 1-3, which is typical of a design in which actuators
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are mounted remotely and resulting joint motions are coupled. Equations
(3.15) show explicitly how actuator motions cause joint motions. Note
for example that motion of actuator 2 causes motion of joints 2, 3, and 4.
The optimal distribution of reduction stages throughout the transmission will ultimately depend on the flexibility of the transmission, the
weight of the reduction system, the friction associated with the reduction
system, and the ease of incorporating these components into the overall
manipulator designo
Reduction and transmission systems
Gears are the most common element used for reduction. They can
provide for large reductions in relatively compact configurations. Gear
pairs come in various configurations for parallel shafts (spur gears),
orthogonal intersecting shafts (bevel gears), skew shafts (worm gears
or cross helical gears), and other configurations. Different types of gears
have different load ratings, wear characteristics, and frictional properties.
The major disadvantages of using gearing is that of added backlash
and friction. Backlash, which arises from imperfectly meshed gears, can
be defined as the maximum angular motion of the output gear when the
input gear remains fixed. If the gear teeth are meshed tightly to eliminate
backlash, there can be excessive amounts of friction. Very precise gears
andovery precise mounting minimize these problems but also increase
cost.
The gear ratio, 1],describes the speed reducing and torque increasing effects of a gear pair. For speed reduction systems we will define
1] >

1 so that the relationships between input and output speeds and

torques are given by
(8.11)

where 80 and 8i are output and input speeds respectively, and To and Ti
are output and input torques.
The second broad class of reduction elements includes flexible bands,
cables, and belts. Because alI of these elements must be flexible enough
to bend around pulleys, they al50 tend to be flexible in the longitudinal
direction. The flexibility of these elements is proportional to their length.
Because these systems are flexible, there must be some mechanism for
preloading the loop to ensure that the belt or cable stays engaged on
the pulley. Large preloads can add undue strain to the flexible element
and introduce excessive friction.
Cables or flexible bands can be used either in a closed loop or as
single-ended elements which are always kept in tension by some sort of
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preload. In a joint which is spring loaded in one direction, a single-ended
cable could be used to pull against it. Alternately, two active single-ended
systems can oppose each other. This arrangement eliminates the problem
of excessive preloads but adds more actuators.
Roller chains are similar to flexible bands but can bend around
relatively small pulleys while retaining a high stiffness. As a result of
wear and high loads on the pins connecting the links, toothed belt
systems may be more compact than roller chains for certain applications.
Band, cable, belt, and chain drives have the ability to combine
transmission with reduction. As in Fig. 8.15, the input pulley has
radius rl and the output pulley has radius r2, the "gear" ratio of the
transmission system is
(8.12)

Lead screws or ball bearing screws provide another popular method
of getting a large reduction in a compact package (Fig. 8.16). Lead
screws are very stiff and can support very large loads, and have the
property that they transform rotary motion into linear motion. Ball
bearing screws are similar to lead screws, but instead of having the nut
threads riding directly on the screw threads, a recirculating circuit of
ball bearings rolls between the sets of threads. Ball bearings screws have
very low friction and are usually backdrivable.

Input

Output

FIGURE 8.15 Band, cable, belt, and chain drives have the ability
,,-='t;h-n'" ...'r n~Tn'l~~'lO-n 'l...'n'reQ"Qct.'lo-n.

to
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(a)

FIGURE
reduction

Stiffness and deflections

(b)

8.16 Lead screws (a) and ball bearing screws (b) combine a large
and transformation
from rotary to linear motion.

8.7 Stiffnessanddeflections
An important goal for design of most manipulators is overall stiffness
of the structure and the drive system. Stiff systems provide two main
benefits. First, because typical manipulators do not have sensors to
measure the tool frame location directly, it is calculated using the
forward kinematics based on sensed joint positions. For an accurate
calculation, the links cannot sag under gravity or other loads. In other
words, we wish our Denavit-Hartenberg description of the linkages
to remain fixed under various loading conditions. Second, flexibilities
in the structure or drive train wiIl lead to resonances which have
an undesirable effect on manipulator performance. In this section we
consider issues of stiffness and the resulting deflections under loads. We
postpone further discussion of resonances until Chapter 9.

Flexible elements in parallel and series
As can be easily shown (see Exercise 8.21), the combination of two
flexible members of stiffness k1 and k2 when "connected in paraIlel"
produces the net stiffness
(8.13)

and when "connected in series" produces the net stiffness

~
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1
1
---+kseries - k1

1
(8.14)

k2 .

In considering transmission systems we often have the case of one
stage of reduction or transmission in series with a following stage of
reduction or transmissionj hence (8.14) becomes useful.

Shafts
A common method for transmitting rotary motion is through shafts.
The torsional stiffness of a round shaft can be calculated [19] as
(8.15)

where d is the shaft diameter, l is the shaft length, and G is the shear
modulus of elasticity (about 7.5 x 1010Nt/m2 for steel, and about a
third as much for aluminum).

Gears
Gears, although typically quite stiff, introduce compliance into the drive
system. An approximate formula to estimate the stiffness of the output
gear (assuming the input gear is fixed) is given in [20] as
(8.16)

where b is the face width of the gears, r is the radius of the output gear,
and Cg

=

1.34 X 1010 Nt/m2

for steel.

Gearing also has the effect of changing the effective stiffness of the
drive system by a fador of TJ2.If the stiffness of the transmission system
prior to the reduction (i.e., on the input side) is ki, that is,
(8.17)

and the stiffness of the output side of the reduction is ko, that is,
(8.18)

then we can compute the relationship between ki and ko assuming a
perfectly rigid gear pair as
(8.19)

Hence, a gear reduction has the effect of increasing the stiffness by the
square of the gear ratio.
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EXAMPLE 8.3
A shaft with torsional stiffness of 500.0 Nt mjradian is connected to
the input side of a gear set with 1] = 10 and whose output gear (when
input gear is fixed) exhibits a stiffness of 5000.0 Nt mjradian. What is
the output stiffness of the combined drive system?
Using (8.14) and (8.19) we have
111
-=-+~
kseries

or,

5000.0

10 (500.0)

'

50000
.
kseries = - 11 ~ 4545.4 Nt m/radlan.

(8.20)

(8.21)

When a relatively large speed reduction is the last element of a multielement transmission system, the stiffnesses of the preceding elements
can generally be ignored.
8

Belts
In a belt drive such as that of Fig. 8.15, stiffness is given by
k= AE
/ '

(8.22)

where A is the cross sectional area of the belt, E is the modulus of
elasticity of the belt, and l is the length of the free belt between pulleys
plus one third of the le~gth of the belt in contact with the pulleys [19].

Links
As a rough approximation of the stiffness of a link, we might model a
single link as a cantilever beam, and calculate the stiffness at the end
point, as in Fig. 8.17. For a round hollow beam, this stiffness is given
by [19]
k = 31rE(d~ - dt)
64/3
'

(8.23)

where di and do are the inner and outer diameters of the tubular beam,
l is the length, and E is the modulus of elasticity (about 2 x 1011Ntjm2
for steel, and about a third as much for aluminum). For a square cross
section hollow beam, this stiffness is given by
k

= E(w~ - wt)
4/3

'

(8.24)

where Wi and Wo are the outer and inner widths of the beam (i.e., the
wall thickness is Wo - Wi)'

~
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1

FIGURE 8.17 Simple cantilever
link to an end load.

beam used to model the stiffness

of a

EXAMPLE 8.4

A square eross seetion link of dimensions 5 X 5 x 50 em with a wall
thickness of 1 em is driven by a set of rigid gears with 'rJ= 10 with the
input of the gears driven by a shaft of diameter 0.5 em and length 30 em.
What defleetion is eaused by a force of 100Nt at the end of the link?
Using (8.24) we ealculate the stiffness of the link as
k.

hnk

= (2 X 1011)(0.0544(0.5)

0.044) ~ 3 69
.

x

105

.

(8.25)

Henee for a load of 100 Nt, there is a defleetion in the link itself of
100

8x

-4

~

= y;:-link = 2.7x

10

m,

(8.26)

or 0.027 em.
Additionally, 100 Nt at the end of a 50 em link is placing a torque
of 50 Nt m on the output gear. The gears are rigid, but the flexibility
of the input shaft is
ksho./t = (7.5 x 1010)(3.14)(5
f,>"\fn '>\ x 10-3)4 ~ 15.3 Nt mjradian,

(8.27)

whieh viewed from the output gear is
k~ho./t

= (15.3)(102) = 1530.0Nt mjradian.

(8.28)

Loaded with 50 Nt m, this causes an angular deflection of
88 = 1530.0
50.0 ~ 0.0326 radian,

(8.29)
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which means the total linear deflection at the tip of the link is
8x ~

0.027

+ (0.0326)(50)= 0.027+ 1.630= 1.657em.

(8.30)

In our solution we have assumed that the shaft and link are made of steel.
Since stiffness of both members is linear in E, the modulus of elasticity,
for aluminum elements we can multiply our result by about 3.
.
In this section we have examined some simple formulas for estimating the stiffness of gears, shafts, belts, and links. They are meant
to give some guidance in sizing structural members and transmission
elements. However, in practical applications, many sources of flexibility
are very difficult to model. Often, the drive train introduces significantly
more flexibility than the link of a manipulator. Furthermore, many
sources of flexibility in the drive system have not been considered here
(bearing flexibility, flexibility of the actuator mounting, etc). Generally,
any attempt to analytically predict stiffness results in an overly stiff
prediction because many sources are not considered.
Finite element techniques can be used to predict more accurately
the stiffness (as well as other properties) of more realistic structural
elements. This is an entire field in itself [21] and beyond the scope of
this book.

Actuators
Among various actuators, hydraulic cylinders or vane actuators
were originally the most popular for use in manipulators. In a relatively
compact package, they can produce enough force to drive joints without
a reduction system. The speed of operation depends upon the pump and
accumulator system usually located remotely from the manipulator. The
position control of hydraulic systems is well understood and relatively
straightforward. All of the early industrial robots and many modern
large industrial robots use hydraulic actuators.
Unfortunately, hydraulics require a great deal of equipment such
as pumps, accumulators, hoses, and servo valves. Hydraulic systems
also tend to be inherently messy, making them unsuitable for some
applications. With the advent of more advanced robot control strategies,
in which actuator forces must be accurately applied, hydraulics proved
disadvantageous due to the friction of the seals.
Pneumatic
cylinders share the same favorable attributes as hydraulics, and they are cleaner than hydraulics (air seeps out instead of
hydraulic fluid). However, pneumatic actuators have proven difficult to
control accurately due to the compressibility of air and high friction of
the seals.
Electric motors are the most popular actuator for manipulators.
Although they don't have the power-to-weight ratio of hydraulics or
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DC brush motors are among the most frequently occurring
in manipulator
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pneumatics, their controllablity and ease of interface makes them attractive for small to medium sized manipulators.
Direct current (DC) brush motors (Fig. 8.18) are the most straightforward to interface and control. The current is conducted to the
windings of the rotor via brushes which make contact with the revolving
commutator. Brush wear and friction can be problems. New magnetic
materials have made high peak torques possible. The limiting factor
on the torque output of these motors is the overheating of the windings.
For short duty cycles, high torques can be achieved, but only much lower
torques can be sustained over long periods of time.
Brushless motors solve brush wear and friction problems. Here,
the windings remain stationary and the magnetic field piece rotates. A
sensor on the rotor detects the shaft angle and is then used by external
electronics to perform the commutation. Another advantage of brushless
motors is that the winding is on the outside attached to the motor case,
affording it much better cooling. Sustained torque ratings tend to be
somewhat higher than similar sized brush motors.
Alternating current (AC) motors and stepper motors have been used
infrequently in industrial robotics. Difficulty of control of the former and
low torque ability of the latter have limited use.

8.8
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Positionsensing

VirtualIy alI manipulators are servo controlIed mechanisms. That is, the
force or torque command to an actuator is calculated based on the error
between the sensed position of the joint and the desired position. This
requires that each joint have some sort of position sensing device.
The most common approach is to locate a position sensor directly on
the shaft of the actuator. If the drive train is stiff and has no backlash,
the true joint angles can be calculated from the actuator shaft positions.
Such co-located sensor and actuator pairs are easiest to controI.
The most popular position feedback device is the incremental
rotary optical encoder. As the encoder shaft turns, the device outputs
two square wave pulse trains 90 degrees out of phase. The shaft angle
is determined by counting the number of pulses, and the direction of
rotation is determined by the relative phase of the of the two square
waves. Standard incremental encoders come with anywhere from 16 lines
per revolution to 10,000 lines. Each line produces four pulse edges, so
that with standard counting electronics, a resolution of 0.01 degrees
is readily attainable. New encoder technologies and new interpolating
techniques continue to improve this resolution dramaticalIy.
Resolvers are devices which output two analog signals-one the
sine of the shaft angle and the other the cosine. The shaft angle
is determined from the relative magnitude of the two signals. The
resolution is a function of the quality of the resolver and the amount
of noise picked up in the electronics and cabling. Resolvers are perhaps
more reliable than optical encoders, but the resolution is lower. TypicalIy
resolvers cannot be placed directly at the joint without additional
gearing to improve the resolution.
Potentiometers
provide the most straightforward form of position
sensing. Connected in a bridge configuration, they produce a voltage
proportional to the shaft position. Difficulties with resolution, linearity,
and noise susceptibility limit their use.
Tachometers
are sometimes used to provide an analog signal
proportional to the shaft velocity. Lacking velocity sensors, the velocity
feedback is derived from taking differences over time of sensed position.
This numerical differentiation
can introduce noise, as welI as a time
lago Despite these potential problems, most manipulators are without
direct velocity sensing.
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A variety of devices have been designed to measure forces of contact
between a manipulator's end-effector and the environment which it
contacts. Most such sensors make use of sensing elements called strain
gauges, of either the semiconductor or the metal foil variety. These
strain gauges are bonded to a metal structure and produce an output
proportional to the strain in the metal. In this type of force sensor design
the issues the designer must address include
1. How many sensors are needed to resolve the desired information?
2.

How are the sensors mounted relative to each other on the structure?

3.

What structure allows good sensitivity while maintaining stiffness?

4.

How can protection against mechanical overload be built into the
device?

There are three places where such sensors are usually placed on a
manipulator:
1.

At the joint actuators. These sensors measure the torque or force
output of the actuatorjreduction itself. These are useful for some
control schemes but usually do not provide good sensing of contact
between the end-effector and the environment.

2.

Between the end-effector and last joint of the manipulator. These
sensors are usually referred to as wrist sensors. They are a mechanical structure instrumented with strain gauges which can measure
the forces and torques acting on the end-effector. Typically, these
sensors are capable of measuring from three to six components of
the forcejtorque vector acting on the end-effector.

3.

At the "fingertips" of the end-effector. Usually, these force-sensing
fingers have built-in strain gauges to measure from one to four
components of force acting at each fingertip.

As an example, Fig. 8.19 is a drawing of the internal structure of a
popular style of wrist force sensor designed by Scheinman [22]. Bonded
to the cross-bar structure of the device are eight pairs of semiconductor
strain gauges. Each pair is wired in a voltage divider arrangement. Each
time the wrist is queried, eight analog volt ages are digitized and read into
the computer. Calibration schemes have been designed with which to
arrive at a constant 6 x 8 calibration matrix that maps these eight strain
measurements into the force-torque vector, F, acting on the end-effector.
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The sensed force-torque vector can be transformed to a reference frame
of interest as we saw in Example 5.8.

Force sensor design íssues
Use of strain gauges to measure force relies on measuring the deflection
of a stressed flexure. Therefore, one of the primary design trade-offs is
between the stiffness and the sensitivity of the sensor. A stiffer sensor
is inherently less sensitive.
The stiffness of the sensor also affects the construction of over load
protection.
Strain gauges can be damaged upon impact loading and
therefore must be protected against such overloads. Transducer damage
can be prevented by having limit stops which prevent the flexures
from deflecting past a certain point. Unfortunately, a very stiff sensor
may only deflect a few ten-thousandths of an incho Manufacturing limit
stops with such small clearances is very difficult. Consequently, for many
types of transducers, a certain amount of flexibility must be built in in
order to achieve effective limit stops.
Eliminating hysteresis is one of the most cumbersome restrictions
in the sensor designo Most metals used as flexures, if not over-strained,
have very little hysteresis. However, bolted, press fit, or welded joints
near the flexure introduce hysteresis. ldeally, the flexure and the material
near the flexures are made from a single piece of metal.
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It is also important to use differential measurements to increase the
linearity and disturbance rejection of torque sensors. Different physical
configurations of transducers can eliminate influences due to temperature effects and off-axis forces.
Foi! gauges are relatively durable but they produce a very small
resistance change at full strain. Eliminating noise in the strain gauge
cabling and amplification electronics is of crucial importance for a good
dynamic range.
Semiconductor strain gauges are much more susceptible to damage
through overload. In their favor, they produce a resistance change about
seventy times that of foi! gauges for a given strain. This makes the task
of signal processing much simpler for a given dynamic range.
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Exercises
8.1

[15] A robot is to be used for positioning a laser cutting device. The laser
produces a pinpoint, nondivergent beam. For general cutting tasks, how
many degrees of freedom does the positioning robot need? Justify your
answer.

8.2

[15] Sketch a possible joint configuration for the laser positioning robot of
Exercise 8.1 assumming that it will be used primarily for cutting at odd
angles through 1 inch thick, 8 x 8 foot plates.

8.3

[17] For a spherical robot like that of Fig. 8.6, if joints 1 and 2 have no
limits, and joint 3 has lower limit I and upper limit u, find the structural
length index, QL' for the wrist point of this robot.
[25] A steel shaft of length 30 cm and diameter 0.2 cm drives the input
gear of a reduction of 7J= 8. The output gear drives a steel shaft of length
30 cm and diameter 0.3 cm. li the gears introduce no compliance of their
own, what is the overall stiffness of the transmission system?

8.4
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8.5

[20] In Fig. 8.20 a link is driven through a shaft after a gear reduetion.
Model the link as rigid with mass of 10Kg loeated at a point 30 em from
the shaft axis. Assume the gears are rigid and the reduetion, TJis large.
The shaft is steel and must be 30 em longo If the design specifieations eall
for the eenter of link mass to undergo aceelerations of 2.0 g, what should
the shaft diameter be to limit dynamic defieetions to 0.1 radian at the
joint angle?

8.6

[15] If the output gear exhibits a stiffness of 1000 Nt m/radian with input
gear loeked, and the shaft has stiffness of 300 Nt m/radian, what is the
eombined stiffness of the drive system in Fig. 8.20?

8.7

[43] Pieper's eriteria for seriallink manipulators states that the manipulator will be solvable if three eonsectutive axes interseet at a single point
or are parallel. This is based on the idea that inverse kinematics ean be
deeoupled by looking at the position of the wrist point independently from
the orientation of the wrist frame. Propose a similar result for the Stewart
meehanism in Fig. 8.14 which will allow the forward kinematic solution
to be similarly deeoupled.

8.8

[20] In the Stewart meehanism of Fig. 8.14, if the 2-DOF universal joints
at the base were replaeed with 3-DOF ball and soeket joints, what would
the total number of degrees of freedom of the meehanism be? Use Grübler's
formula.

8.9

[22] Figure 8.21 shows a simplified sehematic of the drive system of joint
4 of the PUMA 560 [23]. The torsional stiffness of the eouplings are
100Nt m/radian, the shaft is 400 Nt m/radian, and eaeh of the reduetion
pairs have been measured to have output stiffness of 2000 Nt m/radian
with their input gears fixed. Both the first and seeond reduetions have
TJ= 6." Assumingthe strueture and bearing are perfeetly rigid, what is

* None oí the numerical

values in this exercise are meant to be realistic!

Exercises

Corinecting rod

#2 Gear

#4 Gear

FIGURE 8.21 Simplified version of the drive train of joint 4 of the
PUMA 560 manipulator
(from [23]). From International Encyclopedia of
Robotics, by R. Dorf and S. Nof, (editors). From "Testing" by K. Law,
N. Dagalakis, and D. Myers.

the stiffness of the joint (Le., when the motor's shaft is locked)?
8.10

[25] What is the error if one approximates the answer to Exercise 8.9 by
just considering the stiffness of the final speed reduction gearing?

8.11 [20] Figure4.14showsan orthogonalaxis wrist and a nonorthogonalwrist.
The orthogonal axis wrist has link twists of magnitude 900, while the
nonorthogonal wrist has link twists of if>and 1800 - if>in magnitude.
Describe the set of orientations which are unattainable with the nonorthogonal mechanism. Assume that ali axes can turn 3600 and that links can
pass through one another if need be (Le., workspace is not limited by
self-collision).
8.12

[18] Write down a general inverse kinematic solution for the Stewart
mechanism shown in Fig. 8.22. Given the location of {T} relative to the
base frame {B}, solve for the joint position variables d1 through ds. The
BPi are 3 x 1 vectors which locate the base connections of the linear
actuators relative to frame {B}. The T qi are 3 x 1 vectors which locate
the upper connections of the linear actuators relative to the frame {T}.

8.13

[20] The planar two-link of example 5.3 has the determinant of it Jacobian
given by
(8.31)
If the sum of the two link lengths, II + l2, is constrained to be equal to
a constant, what should the relative lengths be in order to maximize the
manipulator's manipulability as defined by (8.6)?

[]Q[]
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8.12

[28] For a SCARA robot, given that the sum of the link lengths of link 1
and link 2 must be eonstant, what is the optimal ehoice of relative length
based on the manipulability index given in (8.6)? Solving Exercise 8.13
first may be helpful.

8.15 [35]Show that the manipulability measure defined in (8.6) is also equal
to the produet of the eigenvalues of J(e).
8.16

[15] What is the torsional stiffness of a 40 em aluminum rod with radius
0.1 em?

8.17

[5] What is the effeetive "gear" reduetion, T},of a belt system with input
pulley of radius 2.0 em and output pulley of radius 12.0 em?

8.18

[10] How many degrees of freedom are required in a manipulator used to
place eylindrical shaped parts on a fiat plane? The eylindrieal parts are
perfeetly symmetrical about their main axes.

8.19 [25] Figure 8.23 shows a three-fingered hand grasping an objeet. Eaeh
finger has three single degree of freedom joints. The eontact points between
fingertips and the object are modeled as "point eontaet"-that
is, the
position is fixed, but the relative orientation is free in alI three degrees
of freedom. Henee, these point eontacts ean be replaeed by 3-DOF balI
and soeket joints for the purposes of analysis. Apply Grübler's formula to
compute how many degrees of freedom the overalI system possesses.
8.20

[23] Figure 8.24 shows an objeet eonneeted to the ground with three rods.
Eaeh rod is eonneeted to the objeet with a 2-DOF universal joint, and to

Exercises

FIGURE 8.23 A three-fingered
hand in which each finger has three degrees
oí freedom grasps an object with "point contact."

FIGURE

8.24

Closed loop mechanism

oí Exercise

8.20

the ground with a 3-DOF ball and socket joint. How many degrees of

freedom does the system possess?
8.21

.

[18] Verify that if two transmission systems are connected serially, then
the equivalent stiffness ofthe overall system is given by (8.14). It is perhaps
simplest to think of the serial connectian af two linear spring af stiffness

~

~8

Manipulator mechanism design
coefficients k1 and k2, and the resulting equations:
!=k1óXl'
! = k2óX2,

8.22

(8.32)

[20] Derive a formula for stiffness of a belt drive system in terms of the
pulley radii (rI and r2) and the center to center distance between pulleys,
dc' Start from (8.22).

Programming

Exercise

(Part

8)

1. Write a program to compute the determinant of a 3 x 3 matrix.
2. Write a program to move the simulated three-link robot in twenty steps in
a straight line and constant orientation from
0.25

~T =
[

to

0.0
0.0 ]
0.95

~T =

0.0

[ 0.0 ]

in increments of 0.05 meter. At each location compute the manipulability
measure for the robot at that configuration (Le., the determinant of the
Jacobian). List, or better yet, make a plot of the values as a function of the
position along the Xo axis.
Generate the above data for two cases:
1) II

= l2 = 0.5 meter,

and

2) II = 0.625 meter, l2 = 0.375 meter.
Which manipulator design do you think is better? Explain your answer.

9
LINEAR CONTROL
OF MANIPULATORS

9.1

Introduction

Based on previous material, we now have the means to calculate jointposition time histories that correspond to desired end-effector motions
through space. In this chapter we begin to discuss how to cause the
manipulator
actually to perform these desired motions.
The control methods that we will discuss in this chapter fall into
the class of linear controI systems. Strictly speaking, the use of linear
control techniques is only valid when the system being studied can
be mathematically
modeled by linear differential equations. For the
case of manipulator
control, such linear m~thods must essentially be
viewed as approximate methods, since as we have seen in Chapter 6, the
dynamics of a manipulator are more properly represented by a nonlinear
differential equation. However, we will see that it is often reasonable
to make such approximations,
and it also is the case that these linear
methods are the ones most often used in current industrial practice.

QQQ]
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Finally, consideration of the linear appraach will serve as a basis for
the more complex treatment
of nonlinear control systems in Chapter
10. Although we appraach linear control as an appraximate
method
for manipulator
control, the justification for using linear contrallers is
not only empirical. In Chapter 10 we will prove that a certain linear
contraller leads to a reasonable contraI system even without resorting to
a linear appraximation
of manipulator dynamics. Readers familiar with
linear contraI systems may wish to skip the first four sectiops of this
chapter.

9.2

Feedbackand closedloopcontrol

We will model a manipulator
as a mechanism which is instrumented
with sensors at each joint to measure the joint angle, and an actuator
at each joint to apply a torque on the neighboring (next higher) link.*
Although other physical arrangements of sensors are sometimes used, the
vast majority of rabots have a position sensor at each joint. Sometimes
velocity sensors (tachometers)
are also present at the joints. Various
actuation and transmission schemes are prevalent in industrial robots,
but many of these can be modeled by supposing there is a single actuator
at each joint.
Since we wish to cause the manipulator joints to follow prescribed
position trajectories,
but the actuators
are commanded in terms of
torque, we must use some kind of controI system to compute apprapriate actuator commands which will realize this desired motion. Almost
always these torques are computed by using feedback
from the joint
sensors to compute the torque required.
Figure 9.1 shows the relationship between the trajectory generator
and the physical robot. The rabot accepts a vector of joint torques, T,
fram the contraI system. The manipulator's
sensors allow the contraller
to read the vector of joint positions, e, and joint velocities, 8. All signal
lines in Fig. 9.1 carry N x 1 vectors (where N is the number of joints
in the manipulator).
Let's consider what algorithm might be implemented in the block
labeled "contraI system" in Fig. 9.1. Qne possibility is to use the dynamic
equation of the rabot (as studied in Chapter 6) to calculate the torques
required for a particular trajectory. Since we are given ed, 8d and 8d
by the trajectory generator, we could use (6.59) to compute
T

= M(EJd)8d + V(EJd,Gd) + G(EJd).

* Remember, ali remarks made concerning
for linear joints and vice versa.

rotational

(9.1)

joints hold analogously
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This computes the torques that our model dictates would be required to
realize the desired trajectory. If our dynamic model were complete and
accurate and no "noise" or other disturbances were present, continuous
use of (9.1) along the desired trajectory
would realize the desired
trajectory. Unfortunately,
due to imperfection in the dynamic model,
and the inevitable presence of disturbances,
such a scheme is not
practical for USe in real applications. Such a control technique is termed
an open loop scheme because there is no use made of the feedback fram
the joint sensors (i.e., (9.1) is a function only of the desired trajectory,
6d and its derivatives, and not a function of 6, the actual trajectory).
Generally the only way to build a high-performance
contraI system
is to make use of feedback fram joint sensors as indicated in Fig. 9.l.
Typically, this feedback is used to compute servo error by finding
the difference between the desired position and the actual position, and
likewise between desired and actual velocity:
E
.

E

= ea

-

e

-

e

.

= ea

.

(9.2)

The contraI system can then compute how much torque to send to
the actuators as some function of the servo,error. Obviously, the basic
idea is to compute actuator torques which would tend to reduce servo
errors. A control system which makes use of feedback is called a closed
loop system. The "loop" closed by such a contraI system araund the
manipulator
is apparent in Fig. 9.l.
The central prablem in designing a control system is to ensure that
the resulting closed loop system meets certain performance specifications. The most basic such criterion is that the system remain stable.
For our purposes, we will define a system to be stable if the errors remain
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"small" when executing various desired trajectories even in the presence
of some "moderate" disturbances. It should be noted that an impraperly
designed contraI system can sometimes result in unstable performance,
in which servo errors are enlarged instead of reduced. Hence, the first
task of a contraI engineer is to prave that his or her design yields a
stable system, and second to prove that the closed loop performance
of the system is satisfactory. In practice, such "praofs" may range
from mathematical
praofs based on certain assumptions and models,
to more empirical results such as those obtained through simulation or
experimentation.
Figure 9.1, in which alI signals lines represent N xl vectors, summarizes the fact that the manipulator control problem is a multi-input,
multi-output
(MIMO) control prablem. In this chapter we take a simpIe approach to constructing a control system by treating each joint as a
separate system to be controlled. Hence, for an N-jointed manipulator,
we will design N independent
single-input,
single-output
(SISO)
control systems. This is the design appraach presently adopted by most
industrial robot suppliers. This independent
joint control approach
is an appraximate method in that the equations of motion (developed in
Chapter 6) are not independent, but rather are highly coupled. Later,
this chapter will present justification for the linear approach, at least for
the case of highly geared manipulators.

9.3

Second-orderlinearsystems

Before considering the manipulator control problem, let's step back and
start by considering a sim pIe mechanical system. Figure 9.2 shows a
block of mass m attached to a spring of stiffness k and subject to friction
of coefficient b. Figure 9.2 also indicates the zero position and positive
sense of x, the block's position. Assuming a frictional force which is
proportional to the block's velocity, a free body diagram of the forces
acting on the block leads directly to the equation of motion

mx + bi + kx = O.

(9.3)

Hence, the open loop dynamics of this one degree of freedom system
are described by a second-order linear constant coefficient differential
equation [1]. The solution to the differential equation (9.3) is a time
function, x(t), which specifies the motion ofthe block. This solution will
depend on the block's initial conditions,
that is, its initial position
and velocity.
We will use this sim pIe mechanical system as an example for which
to review some basic contraI system concepts. Unfortunately,
it is

9.3

Second-order linear systems

~
m

~
FIGURE

9.2

Spring-mass

system

with friction.

impossible to do justice to the field af contraI theary with anly a brief
intraductian
here. We will discuss the contraI prablem anly assuming
that the student is familiar with simple differential equatians. Hence, we
will nat use many af the popular taals af the contraI engineering trade.
For example, Laplace
transforms
and ather camman techniques are
neither a prerequisite nor are they intraduced here. A gaad reference
for the field is [4].
Intuitian permits that the system af Fig. 9.2 might exhibitseveral
different characteristic matians. For example, in the case af a very weak
spring (i.e., k small) and very heavy frictian (i.e., b large) ane imagines
that if the black were perturbed, it wauld return to its resting pasitian
in a very slaw, sluggish manner. Hawever, with a very stiff spring and
very law frictian, the black might ascillate several times befare caming
to resto These different passibilities arise because the character af the
salutian to (9.3) depends upan the parameter values: m, b, and k.
Fram the study af differential equatians [1], we knaw that the farm
af the salutian to an equatian af the farm af (9.3) depends an the raats
af its characteristic
equation,
ms2 + bs + k = O,

(9.4)

which has the raats
b
SI

=-

S2=----

2m +
b
2m

J b2 -

4mk

2m

J b2 -

'
(9.5)

4mk

2m

The lacatian af 81 and 82 (sametimes called the poles af the system)
in the real-imaginary
plane dictate the nature af the matians af the
system. If 81 and 82 are real, then the behaviar af the system is sluggish
and nanascillatory.
If 81 and 82 are camplex (i.e., have an imaginary
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component) then the behavior of the system is oscillatory. If we include
the special limiting case between these two behaviors, we have three
classes of response to study:
1.

Real and Unequal Roots. This is the case when b2 > 4mk; that
is, friction dominates, and sluggish behavior results. This response
is called overdamped.

2.

Complex Roots. This is the case when b2 < 4 mk; that is, stiffness
dominates, and oscillatory behavior results. This response is called
underdamped.

3.

and Equal
Roots.
This is the special case when b2 = 4 mk;
that is, friction and stiffness are "balanced," yielding the fastest
possible nonoscillatory response. This response is called critically
damped.
Real

The third case (critical damping) is generally a desirable situation
since the system nulls out nonzero initial conditions and returns to its
nominal position as rapidly as possible without oscillatary behavior.

Real and unequalroots.
lt can easily be shown (by direct substitution
into (9.3)) that the
solution, x(t), giving the motion of the block in the case of real, unequal
roots has the form
x(t)

= Cleslt

+ C2es2t,

(9.6)

where 81 and 82 are given by (9.5). The coefficients cl and c2 are
constants which can be determined far any given set of initial conditions
(i.e., initial position and velocity of the block).
Figure 9.3 shows an example of pole locations and the corresponding
time response to a nonzero initial condition. When the poles of a
second-order system are real and unequal, the system exhibits sluggish
ar overdamped motion.
ln cases where one of the poles has a much greater magnitude than
the other, the pole of larger magnitude can be neglected, as the term
corresponding to it will decay to zero rapidly in comparison to the other,
more dominant pole. This same nofíon of dominance extends to higher
arder systems, for example, often a third-arder system can be studied
as a second-order system by considering only two dominant poles.
EXAMPLE 9.1

Determine the motion of the system in Fig. 9.2 if parameter values
= 1, b = 5, and k = 6 and the block (initially at rest) is released
from the position x = -1.
are m

9.3

x(t)

1m {8 }

81

FIGURE
overdamped

9.3

Re{8}

82

Root

Second-order linear systems lJ!Q.§j

location

and

response

to initial

conditions

for an

system.

The characteristic

equation

is

82 + 58 + 6 = O
which has roots 31

=

= 3.

2 and 32

(9.7)

Hence, the response has the form

= Cl e-2t + c2e-3t.

x(t)

(9.8)

conditions, x(O) = -1 and x(O) = O to
determine Cl and C2' To satisfy these conditions at t = Owe must have

We now use the given initial

Cl + C2 = -1,
-2Cl

which is satisfied by Cl

=

-3

- 3C2

and

C2

(9.9)

= O,

= 2.

80, the motion of the system

for t ~ O is given by
x(t) = -3e-2t

+ 2e-3t.

.

(9.10)

Complexroots
For the case where the characteristic
form
81

equation

has complex roots of the

= .\ + {li,

82 = .\ - {li,

(9.11)

[]Q§J
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it is still the case that the solution

has the form

x(t) = cles,t + c2es2t.

(9.12)

However, equation (9.12) is difficult to use directly since it involves
imaginary numbers explicitly. It can be shown (see Exercise 9.1) that
using Euler's formula,
eix

the solution

= cosx + isinx,

(9.12) can be manipulated

(9.13)

into the form

x(t) = cle.\t cos(ftt) + c2e.\t sin(ftt).

(9.14)

As before, the coefficients Cl and C2 are constants which can be determined for any given set of initial conditions (i.e., initial position and
velocity of the block). If we write the constants cl and C2 in the form
Cl

= r cos 8,

C2 = r sin 8,

then (9.14) can be written

(9.15)

in the form

x(t)

= re.\t

cos(ftt - 8),

r

~
= YCl

+cz,

where

(9.16)

(9.17)

8 = Atan2(c2' Cl)'
In this form, it is easier to see that the resulting motion is an oscillation
whose amplitude is exponentially decreasing toward zero.
Another common way of describing oscillatory second-order systems
is in terms of damping ratio and natural frequency. These terms are
defined by the parameterization
of the characteristic equation given by
S2

+ (wns + w; = O,

(9.18)

where ( is the damping ratio (a dimensionless number between O and
1), and wn is the natural frequenc,Y.* Relationships
between the pole
locations and these parameters are

). = -(wn,
(9.19)
ft=wnH.
* The terms damping ratio and natural frequency can ais o be applied
damped systems, in which case <:;> 1.0.

to over-

9.3

Second-order

linear systems

ln this terminology J-l, the imaginary part of the poles, is sometimes
called the damped
natural
frequency.
For a damped spring-mass
system such as in Fig. 9.2, the damping ratio and natural frequency are
given by
b
(

= 2Vkii1'

(9.20)

Wn = Jk/m.
When nO damping is present (b = O in our example) the damping ratio
becomes zero, and when critically damped (b2 = 4km) the damping
ratio is 1.
Figure 9.4 shows an example of pole locations and the corresponding
time response to a nonzero initial condition. When the poles of a
second-order system are complex, the system exhibits oscillatory or
underdamped
motion.
EXAMPLE 9.2
Determine the motion of the system in Fig. 9.2 if parameter values
are m = 1, b = 1, and k = 1 and the block (initially at rest) is released
from the position
x = -1.
The characteristic equation is
82 + 8 + 1 = O,
which has roots si

= -~

:1::V;i. Hence, the response has the form

v'3

-1-

x(t)

(9.21)

=e

2

( Cl cos z-t

+ C2sm z-t

)

.

(9.22)

x(t)

Im{s}

X Si

Re{s}

X S2

FIGURE 9.4 Root loca'tion
underdamped
system.

and response

1

. v'3

to initial

conditions

for an

I 307

I

~

9

Linear contraI of manipulators

We now use the given initial conditons, x(O) = -1 and x(O) = Oto
determine Cl and c2' To satisfy these conditions at t = O we must have
Cl

-"2Cl

for t > O is given by

=

x(t) = e

-1,

(9.23)

0

1

which is satisfied by Cl

=

-

= o.

TC2

-1 and c2 = {3. 80, the motion of the system

0

_i
2

(

-

0.

cos -t

- -

2

0

3 sm -t2

)

.

(9.24)

This result can also be put in the form of (9.16) as

20
x(t) = -e-3

i
2

0

cos( -t2

+ 120°).

.

(9.25)

Real and equalroots.
By substitution
into (9.3) it can be shown that in the case of real and
equal (i.e., repeated
roots) the solution has the form
x(t) = cleslt + c2tes2t,
where in this case 81

= 82 =

-

(9.26)

2~ so that (9.26) can be written
b

x(t) = (Cl +c2t)e-2mt.

(9.27)

ln case it is not clear, a quick application
shows that for any Cl, c2, and a, ,.
lim (Cl + C2t) e-at
t~=

Figure 9.5 shows
time response to a
second-order system
damped motion, the

= O.

of l'Hôpital's

rule [2]

(9.28)

an example of pole locations and the corresponding
nonzero initial condition. When the poles of a
are real and equal, the system exhibits critically
fastest possible nonoscillatory response.

9.3

linear systems

x(t)

1m {8}

Re{8}

81,2

FIGURE
critically

Second-order

9.5
Root location
damped
system.

and

response

to initial

EXAMPLE

conditions

for a

9.3

Determine the motion of the system in Fig. 9.2 if parameter values
are m = 1, b = 4, and k = 4 and the block (initially at rest) is released
from the position x = -l.
The characteristic
equation is
82 + 48 + 4

which has roots 81

=

82

=O

(9.29)

= 2. Hence, the response has the form
x(t)

= (C1 +c2t)e-2t.

(9.30)

We now use the given initial conditons, x(O) = -1 and x(O) = Oto
determine Cl and c2' To satisfy these conditions at t = Owe must have

-2Cl +

which is satisfied by cl

=

-1

C1

= -1,

C2

= O,

and C2 = -2.

(9.31)

80, the motion of the system

for t 2: O is given by
x(t)

= (-1

- 2t) e-2t

.

(9.32)

In Examples 9.1 through 9.3 all the systems were stable. For any
passive physical system like that of Fig. 9.2 this will be the case. Such
mechanical systems always have the properties
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m> O,
b> O,

(9.33)

k> O.
In the next section we will see that the action of a contraI system is to
effectively change the value of one or more of these coefficients. It will
then be necessary to consider whether the resulting system is stable or
noto

9.4

Controlof second-ordersystems

Suppose that the natural response of our second-order
mechanical
system is not as we wish it to be. Perhaps it is underdamped
and
oscillatory and we would like it to be critically damped. Or perhaps
the spring

is missing

altogether

(k

= O) and

so the system

never

returns

to x = O if disturbed. Through the use of sensors, an actuator, and a
contraI system we can modify the system's behavior as desired.
Figure 9.6 shows a damped spring-mass system with the addition of
an actuator with which it is possible to apply a force f to the block. A
free body diagram leads to the equation of motion

mx + bx + kx = f.

(9.34)

Let's also assume that we have sensors which are capable of detecting
the block's position and velocity. We now prapose a controI Iaw which
computes the force which should be applied by the actuator as a function
of the sensed feedback as
f = -kpx

f

.

- kvx.

(9.35)

~
m

~
FIGURE

9.6

A damped

spring-mass

system

with an actuator.

9.4

Control of second-order systems

Figure 9.7 is a block diagram of the closed loop system, where the portion
to the left of the dashed line is the control system (usually implemented
in a computer) and to the right of the dashed line is the physical system.
Implicit in the figure are interfaces between the control computer and
the output actuator commands and the input sensor information.
The control system we have praposed is a position regulation
system-it
simply attempts to maintain the position of the block in
one fixed place regardless of disturbance forces applied to the block. In
a later section we will construct a trajectory-following
contraI system
which can cause the block to follow a desired position trajectory.
By equating the open loop dynamics of (9.34) with the controllaw
of (9.35) we can derive the closed loop dynamics as

mx + bx + kx = -kpx - kvx,

(9.36)

mx + (b+ kv)x + (k + kp)x = O,

(9.37)

mx + b'x + k' x = O,

(9.38)

or
or

where b' = b + kv and k' = k + kp- From (9.37) and (9.38) it is clear
that by choosing our control gains, kv and kp, we can cause the closed
loop system to appear to have any second system behavior that we
wish. Often, gains would be chosen to obtain critical damping (i.e.,
b' = 2vmk')
and some desired closed
loop stiffness
which is given
directly by k'.
Note that kv and kp may be positive or negative depending on the
parameters of the original system. However, if b' or k' became negative,

I
I
I
I f
I
I
I
I
I

x
System

x

FIGURE 9.7 A closed loop control system. The control computer (to the left
of the dashed line) reads sensor input and writes actuator output commands.
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the result would be an unstable control system. This instability would be
obvious if one writes down the solution of the second-order differential
equation (in the form of (9.6), (9.14), or (9.26)). It also makes intuitive
sense, that if b' or k' are negative, servo errors tend to get magnified
rather than reduced.
EXAMPLE 9.4
If the parameters
k

=

1, find gains

of the system in Fig. 9.6 are m

kp and

kv for a position

regulation

=

1, b = 1, and

controllaw

which

results in the system being critically damped with a closed loop stiffness
of 16.0.
'If we wish k' to be 16.0, then for critical damping we require
b' = 2vmk' = 8.0. Since k = 1 and b = 1 we need
kp = 15.0,
kv = 7.0.

9.5

.

(9.39)

Contrailaw partitioning

In preparation for designing controllaws for more complicated systems,
let us consider a slightly different controller structure for the sample
problem of Fig. 9.6. In this method we will partition the controller
into a model-based portion and a servo portion. The result is that
the system's parameters (i.e., m, b, and k in this case) appear only in
the model-based portion, and the servo portion is independent of these
parameters. At the moment, this distinction may not seem important,
but it will become more important as w€ consider nonlinear systems in
Chapter 10. We will adopt this control law partitioning
approach
throughout the book.
The open loop equation of motion for the system is
mx + b:i;+ kx = f.

(9.40)

We wish to decompose the controller for this system into two parts. In
this case, the model-based portion qf the control law will make use of
supposed knowledge of m, b, and k. This portion of the controllaw is set
up such that it reduces the system so that it appears to be a unit mass.
This will become clear when we do an example below. The second part
of the control law makes use of feedback to modify the behavior of the
system. Since the model-based portion of the controllaw has the effect
of making the system appear as a unit mass, the design of the servo
portion is very simple-gains are chosen to control a system composed
of a single unit mass (Le., no friction, no stiffness).

9.5

ContraI

Iaw partitioning

The model-based portion of the control appears in a controllaw of
the form
f

= of + (3,

(9.41)

where a and /3 are functions or constants and are chosen so that if f'
is taken as the new input to the system, the system appears to be a
unit mass. With this structure of controllaw, the system equation (the
result of combining (9.40) and (9.41)) is
mx + bi;+ kx = aI' + (3.

(9.42)

Clearly, in order to make the system appear as a unit mass from the f'
input, for this particular system we should choose a and /3 as
a=m,
(9.43)

(3= bi; + kx.

Making these assignments
the system equation

and plugging them into (9.42), we have

x = 1'.

(9.44)

I
I

If
I

x
System

L______.-.kp

FIGURE 9.8 A closed Ioop contraI
control method.

system

empIoying

the partitioned

x
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This is the equation of motion for a unit mass. We now proceed as if
(9.44) were the open Ioop dynamics of a system to be controlled. We
design a contraI Iaw to compute f' just as we did before:
l' = -kvx - kpx.
Combining

this contrallaw

(9.45)

with (9.44) yieIds

x + kvx + kpx = O.

(9.46)

Using this methodology, the setting of the contraI gains is simpIe, and
is independent of the system parameters, nameIy

kv

=

2jk;

(9.47)

must hold for critical damping. Figure 9.8 shows a bIock diagram of the
partitioned controller used to contraI the system of Fig. 9.6.
EXAMPLE 9.5
If the parameters

of the system

in Fig.

9.6 are m

= 1, b = 1, and

k = 1, find a, /3, and gains kp and kv for a position-regulation contraI
Iaw which resuIts in the system being critically damped with a closed
Ioop stiffness of 16.0.
We choose

Dó=

1,

(3= x + x,

(9.48)

so that the system appears as a unit mass fram the fictitious f' input. We
then set gain kp to the desired closed Ioop stiffness, and set kv = 2
for critical

damping.

vç

This gives

kp = 16.0,
kv = 8.0.

.

(9.49)

9.6

Trajectory-following control

x
Xd

FIGURE

9.6

f

9.9

A trajectory

following controller

System

for the system

x

in Fig. 9.6

Trajectory-following control

Rather than just maintaining
the block at a desired location, let us
enhance our controller so that the block can be made to follow a
trajectory. The trajectory is given by a function of time, xd(t), which
specifies the desired position of the block. We assume that the trajectory
is smooth (i.e., the first two derivatives exist) and that our trajectory
generator provides xd, xd, and xd at all times t. We define the servo
errar between the desired and actual trajectory as e = Xd - x. A servo
control law which will cause trajectory following is

t = Xd + kvé + kpe.

(9.50)

We see that (9.50) is a good choice if we combine it with the equation
of motion of a unit mass (9.44), which leads to

x = Xd + kvé + kpe,

(9.51)

fi+ kvé + kpe = O.

(9.52)

ar
Since this is a second-order differential equation for which we can choose
the coefficients, we can design any response we wish (often critical
damping is the choice made). Such an equation is sometimes said to
be written in error space since it describes the evolution of errors
relative to the desired trajectory. Figure 9.9 shows a block diagram of
our trajectory following controller.
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If our model is perfect (i.e., our knowledge of m, b, and k) and if there
is no noise and no initial error, the block will follow the desired trajectory
exactly. If there is an initial errar, it will be suppressed according to
(9.52), and thereafter the system will follow the trajectory exactly.

9.7

Oisturbancerejection

One of the purposes of a control system --is to pravide disturbance
rejection, that is, to maintain good performance (i.e., small errors) even
in the presence of some external disturbances or noise. In Fig. 9.10, we
show the trajectory-following
contraller with an additional input of a
disturbance force, fdist. An analysis of our closed loop system leads to
the error equation

e + kvé + kpe = fdist.

(9.53)

Equation (9.53) is that of a differential equation driven by a forcing
function. If it is known that fdist is bounded,
that is, a constant a
exists such that
maxfdist(t)
t

< a,

(9.54)

then the solution of the differential equation, e(t), is also bounded. This
is due to a praperty of stable linear systems known as bounded-input,

fdist

Xd

f
System

FIGURE
acting.

9.10

A trajectory-following

control

system

with a disturbance

9.7

Disturbance rejection

bounded-output
or BIBO stabiIity [3, 4]. This very basic resuIt
ensures that for a Iarge class of possible disturbances, we can at Ieast be
assured that the system remains stabIe.

Steady-state
errar
Let's consider the simpIest kind of disturbance,
nameIy when fdist is
a constant. In this case we can perform a steady-state
anaIysis
by
anaIyzing the system at rest (i.e., the derivatives of all system variabIes
are zera). Setting derivatives to zero in (9.53) yieIds the steady-state
equation
(9.55)
kpe = fdist,
or
(9.56)

e = fdisdkp.

The vaIue of e given by (9.56) represents a steady-state
error. Thus it
is clear that the higher the position gain kp the smaller the steady-state
error will be.

Additionof an integralterm
In order to eIiminate steady-state error a modified contraI Iaw is sometimes used. The modification involves the addition of an integral term
to the contrallaw.
The contraI Iaw becomes

l' = xd + kve + kpe + ki

J edt,

(9.57)

which resuIts in the error equation

e + kve + kpe + ki

J

edt

(9.58)

= fdist.

The term is added so that the system will have no steady-state errar
in the presence of constant disturbances. If e(t) < O for t < O we can
write (9.58) for t > O as
(9.59)

"e"+kve + kpe + kie = j~-ist'
which in the steady-state

(for a constant

disturbance)

becomes

kie = o,

(9.60)

e = O.

(9.61)

so

[]I[]
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With this contraI law the system becomes a third-order system,
and one can solve the corresponding
third-order differential equation
to determine the response of the system to initial conditions. Often
ki is kept quite small so that the third-order system is "close" to the
second-order system without this term (i.e., a dominant pole analysis can
be performed). The form of controllaw (9.57) is called a PID control
law, or "praportional, integral, derivative" controllaw [4]. For simplicity,
the displayed equations generally do not show an integral term in the
contraI laws which we develop in this book.

9.8 Continuous
VS.discretetimecontrol
In the control systems we have discussed we implicitly assumed that
the contraI computer performs the computation
of thecontrol
law in
zero time (i.e., infinitely fast) so that the value of the actuator force
f follows that of a continuous function of time. Of course, in reality
the computation
requires some time, and the resulting commanded
force is therefore a discrete "staircase" function. We shall employ this
appraximation
of a very fast control computer thraughout
the book.
This approximation
is good if the rate at which new values of f are
computed is much faster than the natural frequency of the system being
controlled. In the field of discrete
time control or digital control
one does not make this appraximation
but rather takes the servo rate
of the contraI system into account when analyzing the system [3].
We will generally assume that the computations can be performed
quickly enough that our continuous time assumption is valido This raises
the question ofhow quick is quick enough? There are several points which
need to be considered in choosing a sufficiently fast servo (or sample)
rate:
.

Thacking reference
inputs: The frequency content of the desired
or reference input places an absolute lower bound on the sample rate.
The sample rate must be at least twice the bandwidth of reference
inputs. This is usually not the limiting factor.
Disturbance
rejection:
In disturbance rejection, an upper bound
on performance is given by a continuous time system. If the sample
period is longer than the correlation time of the disturbance effects
(assuming a statistical model for random disturbances),
then these
disturbances will not be suppressed. Perhaps a good rule of thumb
is that the sample period should be 10 times shorter than the
correlation time of the noise [3].

9.9
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Antialiasing:
Any time an analog sensor is used in a digital control
scheme, there will be a problem with aliasing unless the sensor's
output is strictly band limited. In most cases, sensors do not have a
band limited output, and so sample rate should be chosen such that
the amount of energy which appears in the aliased signal is small.
Structural
resonances:
We have not included bending modes in
our characterization
of a manipulator's
dynamics. AlI real mechanisms have finite stiffness and so will be subject to various kinds
of vibrations. If it is important to suppress these vibrations (and it
often is) we must choose a sample rate which is at least twice the
natural frequency of these resonances. We will return to the topic
of resonance later in this chapter.

9.9

Modelingand contraiof a singlejoint

In this section we will develop a simplified mo deI of a single rotary joint
of a manipulator. A few assumptions will be made which will alIow us to
model the resulting system as a second-order linear system. For a more
complete model of an actuated joint, see [5].
A common actuator found in many industrial robots is the direct
current (DC) torque motor (see Fig. 8.18). The nonturning part of the
motor (the stator) consists of a housing, bearings, and either permanent
magnets or electromagnets.
These stator magnets establish a magnetic
field across the turning part of the motor (the rotor). The rotor consists
of a shaft and windings through which current moves to power the motor.
The current is conducted to the windings via brushes which make contact
with the commutator. The commutator is wired to the various windings
(also calIed the armature) in such a way that torque is always produced
in the desired direction. The underlying physical phenomenon [6] which
causes a motor to generate a torque when current passes through the
windings can be expressed as

F = qV x B,

(9.62)

where charge q, moving with velocity V through a magnetic field B,
experiences a force F. The charges are tlíose of electrons moving through
the windings, and the magnetic field is that set up by the stator magnets.
GeneralIy, the torque producing ability of a motor is stated by means
of a single motor torque constant which relates armature current to
the output torque as

[]I[]
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Trn

= krnia.

(9.63)

When a motor is rotating it acts like a generator and a voltage develops
across the armature. A second motor constant, the back emf constant*
describes the volt age generated for a given rotational velocity as
v = keiJrn'

(9.64)

Generally, the fact that the commutator is switching the current through
various sets of windings causes the torque produced to contain some
tórque
rippIe. Although sometimes important,
this effect can can
generally be ignored (in any case it is quite hard to model, and quite
hard to compensate even if it is modeled).

Motor armature inductance
Figure 9.11
components
windings, la,
a; first-order

shows the electric circuit of the armature.
The major
are a volt age source, va, the inductance of the armature
and the generated back emf, v. The circuit is described by
differential equation given by
laia + r aia = Va - keiJrn'

(9.65)

It is generally desirable to controI the torque generated by the motor
(rather than the veIocity) with electronic motor driver circuitry. These
drive circuits sense the current through the armature and continuously
adjust the voltage source va so that a desired current ia ftows through the

tA

TA

+1
vA (

FIGURE

9.11

J

The armature

* "emf" stands

:)
circuit

for electromotive

(

of a DC torque
force.

') kefJm

motor.
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armature. Such a circuit is called a current amplifier motor driver [7].
ln these current drive systems, the rate at which the armature current
can be commanded to change is limited by the motor inductance Ia and
an upper limit on the voltage capability of the voltage source Va. The
net effect is that of a low pass filter between the requested current
and output torque.
Our first simplifying assumption is that the inductance of the motor
can be neglected. This is a reasonable assumption when the natural
frequency of the closed loop control system is quite low compared
to the cut-off frequency of the implicit low pass filter in the current
drive circuitry due to the inductance. This assumption, along with the
assumption that torque ripple is a negligible effect, means that we can
essentially command torque directly. Although there may be a scale
factor (such as km) to contend with, we will assume that the actuator
acts as apure torque source that we can command directly.

Effectiveinertia
Figure 9.12 shows the mechanical model of the rotor of a
motor connected through a gear reduction to an inertialload.
applied to the rotor, Tm' is given by (9.63) as a function of
ia flowing in the armature circuito The gear ratio (7]) causes
in the torque seen at the load and a reduction in the speed

DC torque
The torque
the current
an increase
of the load

Tm

FIGURE
9.12
Mechanical
gearing
to an inertial
load.

madel

af a DC torque

motor

cannected

through

Qill

~
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as given by
T

= 'f)Tm,
(9.66)

0= (l/'f))Om,

where 'f) > 1. Writing a torque balance for this system in terms of torque
at the rotor yields
Tm

= 1mBm+ bmOm+ (1/rJ)(1B+ bO),

(9.67)

where 1m and I are the inertias of the motor rotor and the load
respectively, and bm and b are viscous friction coefficients for .the rotor
and load bearings. Using the relations (9.66) we can write (9.67) in
terms of motor variables as
.
I
b
(9.68)
Tm

(

)

"

(

)

= 1m + 'f)2 em + bm + 'f)2 em,

or in terms of load variables
T

as

= (I + 'f)21m)B+ (b + 'f)2bm)O.

(9.69)

The term I +'TJ21m is sometimes calIed the effective inertia "seen"
at the output (link side) of the gearing. Likewise, the term b + 'TJ2bm
can be calIed the effective
damping.
Note that in a highly geared
joint

(i.e.,

'TJ> >

1) the inertia of the motor rotor can be a significant

portion of the combined effective inertia. It is this effect that alIows us
to make the assumption that the effective inertia is a constant. We know
from Chapter 6 that the inertia, I, of a joint of the mechanism actualIy
varies with configuration and load. However, in highly geared robots the
variations represent a smalIer percentage than they would in a direct
drive manipulator
(i.e., 'TJ= 1). To ensure that the motion of the robot
link is never underdamped,
the value used for I should be the maximum
of the range of values that I takes on; we'lI calI this value 1max' This
choice results in a system that is criticalIy damped or overdamped in alI
situations. In Chapter 10 we will deal with varying inertia directly and
will not have to make this assumption.

-

EXAMPLE 9.6

If the apparent link inertia, I, varies between 2 and 6 Kg m2, the
rotor inertia is 1m = 0.01, and the gear ratio is 'TJ= 30, what are the
minimum and maximum of the effective in@rtia?
The minimum effective inertia is
1min + 'f)21m= 2.0 + (900)(0.01) = 11.0,
and the maximum is

(9.70)

1ma", + 'f)21m= 6.0 + (900)(0.01) = 15.0.

(9.71)

Hence, we see that as a percentage of the total effective inertia,
variation of inertia is reduced by the gearing.
.

the
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Unmodeledflexibility
The other major assumption we have made in our mo deI is that the
gearing, shafts, bearings, and the driven link are not flexible. ln reality
alI of these elements have finite stiffness, and their flexibility, if modeled,
would increase the arder of the system. The argument for ignoring
flexibility effects is that if the system is sufficiently stiff, the natural
frequencies of these unrnodeled
resonances
are very high and can be
negl~cted compared to the influence of the dominant second-order poles

that we have modeled. * The term "unmodeled" refers to the fact that for
purposes of contraI system analysis and design, we neglect these effects
and use a simpler dynamic model, such as (9.69).
Since we have chosen not to mo deI structural
flexibilities in the
system, we must be careful not to excite these resonances. A rule of
thumb [8] is that if the lowest structural resonance is (;Jres'then we must
limit our closed loop natural frequency according to
1
wn <:::2wres'

(9.72)

This provides some guidance as to how to choose gains in our contralIer.
While we have seen that increasing gains leads to faster response
and lower steady-state
error, we now see that unmodeled structural
resonances limit the magnitude of gains. Typical industrial manipulators
have structural
resonances in the range of 5 Hz to 25 Hz [8]. Recent
designs using direct drive arrangments which do not contain flexibility
introduced by reduction and transmission systems have lowest structural
resonances as high as 70 Hz [9].
EXAMPLE 9.7

Consider the system of Fig. 9.6 with the parameter values m = 1,
b = 1, and k = 1. AdditionalIy, it is known that the lowest unmodeled
resonance of the system is at 8 radians/second. Find a, (3, and gains kp
and kv far a position contraI law so the system is criticalIy damped,
doesn't excite unmodeled dynamics, and has as high a closed loop
stiffness as possible.
We choose
a = 1,

,6 = j; + x,

(9.73)

so that the system appears as a unit mass fram the fictitious l' input.
Using our rule of thumb (9.72), we choose the closed loop natural
* This is basically the same argument we used to neglect the pole due to the
motor inductance. lncluding it would also have raised the arder of the overall
system.

~
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.

frequency to be (;Jn= 4 radians/second. From (9.18) and (9.46) we have
kp

=

(;J;,

so

kp

= 16.0,

kv = 8.0.

.

(9.74)

Estimatingresonantfrequency
The same sources of structural flexibility discussed in Chapter 8 give
rise to resonances. ln each case where a structural flexibility can be
identified, an approximate analysis of the resulting vibration is possible
if we can describe the effective mass or inertia of the flexible member.
This is done by approximating the situation by a simple spring-mass
system, which, as given in (9.20) exhibits a natural frequency of
Wn

= Jk/m,

(9.75)

where k is the stiffness of the flexible member, and m is the equivalent
mass displaced in vibrations.
EXAMPLE 9.8

A shaft (assumed massless) with a stiffness of 400 Nt m/radian drives
a rotational inertia of 1 Kg M2. If the shaft stiffness was neglected in
modeling of the dynamics, what is the frequency of this unmodeled
resonance?
Using (9.75) we have
Wres

= J 400/1 = 20rad/second

= 20/(271") Hz

~ 3.2 Hz.

.

(9.76)

For the purposes of a rough estimat~ of the lowest resonant frequency
of beams and shafts, [10] suggests using a lumped madel of the mass.
We already have formulas for estimating stiffness at the end of beams
and shafts, and these lumped models provide the effective mass or inertia
needed for our estimation of resonant frequency. Figure 9.13 shows the
results of an energy analysis [10] which suggests that a beam of mass
m be replaced by a point mass at the end of 0.23 m, and likewise that
a distributed inertia of I be replaced by a lumped 0.33 I at the end of
the shaft.

9.9
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. 0.23m

p
1
'\
//1

FIGURE 9.13 Lumped
and torsional resonance.

models

11 I) 0.331

of beams for estimation

EXAMPLE

of lowest lateral

9.9

A link of mass 4.347 Kg has an end-point
lateral stiffness of
3600 Nt/m. Assuming the drive system is completely rigid, the resonance
due to the flexibility of the link willlimit control gains. What is wres?
The 4.347 Kg mass is distributed along the link. U sing the method

of Fig. 9.13, the effective mass is (0.23)(4.347)
vibration
Wres

=

frequency
V3600/1.0

S"!

1.0 Kg. Hence, the

is

= 60radians/second

= 60/(21f)

Hz Se'9.6Hz.

.

(9.77)

The inclusion of structural flexibilities in the mo deI of the system
used for control law synthesis is required if we wish to achieve closed
loop bandwidths higher than that given by (9.75). The resulting system
models are of high arder, and the contraI techniques applicable to this
situation become quite sophisticated. Such contraI schemes are currently
beyond the state of the art of industrial practice but are an active area
of research [11, 12].

Controlof a singlejoint
ln summary,

we make the following three major assumptions:

1. The motor inductance

Ia can be neglected.

~
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2. Taking into account high gearing, we model the effective inertia
as a constant equal to Imax + T)2Im.
3. 8tructural flexibilities are neglected except that the lowest structural resonance wres is used in setting the servo gains.
With
contralled

these assumptions,
a single joint of a manipulator
with the partitioned controller given by

can be

a = Imax + 7)2Im,

(9.78)

(3 = b + 7)2bm,

and

(9.79)

T' = Bd + kve + kpe.
The resulting

system closed loop dynamics

are

e + kve + kpe = Tdist'

(9.80)

where the gains are chosen as
2
kp

=

Wn

1

2

= 4wres,
(9.81)

kv =

9.10

2~

= Wres'

Architectureof an industrialrobotcontroller

1n this section we briefly look at the architecture of the control system
of the Unimation PUMA 560 industrial rabot. As shown in Fig. 9.14,
the hardware architecture is that of a two-Ievel heirarchy with a DEC
L81-11 computer serving as the top-Ievel "master" contraI computer

passing commands to six Rockwell 6503 micrapracessors.

*

Each of these

micrapracessors
contraIs an individual joint with a P1D controllaw not
unlike that presented in this chapter. Each jbint of the PUMA 560 is
instrumented
with an incremental optical encoder. The encoders are
interfaced to an upjdown counter which the micraprocessor can read to
obtain the current joint position. There are no tachometers in the PUMA
* These simple 8-bit computers are already old technology. It is not unusual
these days for robot controllers to be based on 32-bit microprocessors
like the
Motorola 68020.

9.10 Architecture of an industrial robot controller

VAL
language

DEC
LSI-ll

Interface

FIGURE 9.14 Hierarchical
robot control system.

8d

6503

computer

architecture

of the PUMA

Current
Amp.

560

8(t)

iA
Motor

8

Encoder

FIGURE 9.15
PUMA 560.

Functional

bIocks of the joint control

system

of the

560; rather, joint positions are differenced on subsequent servo cycles to
obtain an estimate of joint velocity. In order to command torques to the
DC torque motors, the microprocessor is interfaced to a digital to. analog
converter (DAC) so motor currents can be commanded to the current
driver circuits. The current flowing through the motor is controlled in
analog circuitry by adjusting the voltage across the armature as needed
to maintain the desired armature current.
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Each 28 milliseconds the L81-11 computer sends a new position
command or set-point
to the joint micrapracessors.
The joint micraprocessors are running on a 0.875 millisecond cycle. ln this time,
they interpolate the desired position set-point, compute the servo error,
compute the PID contraI law, and command a new value of torque to
the motors.
The L81-11 computer carries out all the "high-Ievel" operations of
the overall contraI system. First of all, it takes care of interpreting the
VAL (Unimation's
robot pragramming
language) program commands
one by one. When a motion command is interpreted, the L81-11 must
perform any needed inverse kinematic computations,
plan a desired trajectory, and begin generating trajectory via points every 28 milliseconds
for the joint contrallers.
The L81-11 is also interfaced to standard peripherals such as the
terminal and a floppy disk drive. ln addition to these peripherals, it is
also interfaced to a teach pendant.
A teach pendant is a hand-held
button box which allows the operator to move the rabot araund in a
variety of modes. For example, the PUMA 560 system allows the user
to move the rabot incrementally
in joint coordinates or in Cartesian
coordinates fram the teach pendant. ln this mode, teach pendant buttons
cause a trajectory to be computed "on the fly" and passed down to the
joint contraI micrapracessors.
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Exercises
9.1

[20] For a second-order differential equation with complex roots
SI

= À + fJ.i,

S2 = À - fJ.i,
show that the general solution
x(t)

= cleslt + c2es2t,

can be written

x(t) = cle.\t cos(fJ.t)+ c2e.\t sin(fJ.t).
9.2

[13] Determine the motion of the system in Fig. 9.2 if parameter values
are m = 2, b = 6, and k = 4 and the block (initially at rest) is released

from the position x

= 1.

9.3

[13] Determine the motion of the system in Fig. 9.2 if parameter values
are m = 1, b = 2, and k = 1 and the block (initially at rest) is released
from the position x = 4.

9.4

[13] Determine the motion of the system in Fig. 9.2 if parameter values
are m = 1, b = 4, and k = 5 and the block (initially at rest) is released
from the position x = 2.

9.5

[15] Determine the motion of the system in Fig. 9.2 if parameter values
are m = 1, b = 7, and k = 10 and the block is released from the position
x = 1 with an initial velocity of x = 2.

9.6

[15] Use the (1,1) element of (6.60) to compute the variation (as a
percentage of the maximum) of the inertia "seen" by joint 1 of this robot
as it changes configuration. Use the numerical values
11 = 12
ml

= 0.5m,

= 4.0 Kg,

m2 = 2.0 Kg.
Consider

9.7

that the robot is direct drive and the rotor inertia

[17] Repeat Exercise 9.6 for the case of a geared robot
a rotor inertia of 1m = 0.01 Kg m2.

is negligible.

(use TI = 20) and

~
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9.8

[18] Consider
b = 4, and k
resonance at
kp which will
reasonable.

9.9

[25] The inertialload, I, varies between 4 and 5 Kg m2. The rotor inertia
is Trn = 0.01 Kg m2 and the gear ratio is 7) = 10. The system possesses
unmodeled resonances at 8.0,12.0, and 20.0radians/second.
Design a and
j3 of the partitioned controller and give the values of kp and kv such that
the system is never underdamped
and never excites resonances, but is as
stiff as possible.

9.10

[18] A designerof a direct drive robot suspects that the resonance due to
beam flexibility of the link itself will be the cause of the lowest unmodeled
resonance. If the link is approximately
a square cross section beam of
dimensions 5 x 5 x 50 cm with a 1 cm wall thickness, and a total mass of
5 Kg, estimate Wres'

9.11

[15] A direct drive robot link is driven through
a shaft of stiffness
1000 Nt m/radian.
The link inertia is 1 Kg m2. Assuming the shaft is
massless, what is wres'

9.12

[18] A shaft of stiffness 500 Nt m/radian drives the input of a rigid gear
pair with 7) = 8. The output of the gears drives a rigid link of inertia
1 Kg m2. What is wres caused by flexibility of the shaft?

9.13

[25] A shaft of stiffness 500 Nt m/radian drives the input of a rigid gear
pair with 7) = 8. The shaft has an inertia of 0.1 Kg m2. The output of
the gears drives a rigid link of inertia 1 Kg m2. What is wres caused by
flexibility of the shaft?

9.14

[28] The inertialload,

I, varies between 4 and 5Kgm2. The rotor inertia
the gear ratio is 7) = 10. The system possesses
an unmodeled resonance due to an end-point stiffness of the link of
4900 Nt/m. Design a and j3 of the partitioned
controller and give the
values of kp and kv such that the system is never underdamped,
and
never excites resonances, but is as stiff as possible.

is 1m

9.15

the system of Fig. 9.6 with the parameter values m = 1,
= 5. The system is also known to possess an unmodeled
wres = 6.0radians/second.
Determine the gains kv and
critically damp the system with as high a stiffness as is

=

0.01 Kg m2 and

[25] A steel shaft oflength 30 cm and diameter 0.2 cm drives the input gear
of a reduction of 7) = 8. The rigid output gear drives a steel shaft of length
30 cm and diameter 0.3 cm. What is the range of resonant frequencies
observed if the load inertia varies between 1 and 4 Kg m 2 ? /

Programming

Exercise

(Part

9)"

We wish to simulate a sim pIe trajectory-following
control system for the
three-link planar armo This control system will be implemented
as an
independent
joint PD (proportional
plus derivative) control law. Set the
servo gains to achieve closed loop stiffnesses of 175.0, 110.0, and 20.0 for
joints 1 through 3 respectively. Try to achieve approximate critical damping.
Use the simulation
running

routine

at 100 Hz. That

UPDATE to simulate

is, calculate

the control

a discrete-time

servo

law at 100 Hz, not at

Programming Exercise (Part 9)
the frequency of the numerical
on the following tests:

integration

processo Test the control scheme

1) Start the arm at e = (60, -110, 20) and command it to stay there
until time = 3.0, when the set-points should instantly change to e =
(60, -50,20).
That is, give a step input of 60 degrees to joint 2. Record
the errar-time history for each joint.
2) Control the arm to follow the cubic spline trajectory from Programming
Exercise Part 7. Recard the error-time history far each joint.

[]ill
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NONLINEAR
CONTROL OF
MANIPULATORS

10.1

Introduction

Tn the previous chapter we made several approximations which aIlowed
a linear analysis of the manipulator control problem. Most important
among these approximations was that each joint could be considered
independent and that the inertia "seen" by each joint actuator was
constant. In implementations of linear controllers as introduced in the
previous chapter, this approximation results in nonuniform damping
throughout the workspace and other undesirable effects. Tn this chapter
we wiIl introduce a more advanced control technique for which this
assumption wiIl not have to be made.
Tn Chapter 9, we modeled the manipulator by n independent second
order differential equations, and based our controller on that model. Tn
this chapter, we will base our controller design directly on the n x 1
nonlinear vector differential equation of motion which we derived in
Chapter 6 for a general manipulator.

10.2

Nonlinear and time-varying systems

8ince the field of nonlinear control theory is large, we must restrict
our attention to one or two methods which seem welI suited to mechan7
ical manipulators. Consequently, the major focus of the chapter will be
one particular method, apparently first proposed in [1] and named the
computed torque method in [2,3]. We will also introduce one method
of stability analysis of nonlinear systems known as Lyapunov's method
[4].
To begin our discussion of nonlinear techniques for controlling a
manipulator, we return again to a very simple single degree of freedom
mass-spring friction system.

10.2 Nonlinearandtime-varying
systems
In the preceding development we dealt with a linear constant coefRcient
differential equation. This mathematical form arose because the massspring friction system of Fig. 9.6 was modeled as a linear time-invariant
system. For systems whose parameters vary in time or systems which
are by nature nonlinear, solutions are more difRcult.
When nonlinearities are not severe, local linearization
may be
used to derive linear models which are approximations of the nonlinear
equations in the neighborhood of an operating point. Unfortunately,
the manipulator control problem is not welI suited to this approach
because manipulators constantly move among widely separated regions
of their workspace such that no linearization valid for alI regions can
be found.
Another approach is to move the operating point with the manipulator as it moves, always linearizing about the desired position of the
manipulator. The result of this sort of moving linearization is a linear
but time-varying system. Although this quasi-static linearization of the
original system is useful in some analysis and design techniques, we will
not make use of it in our control law synthesis procedure. Rather, we
wilI deal with the nonlinear equations of motion directly and will not
resort to linearizations in deriving a controlIer.
If the spring in Fig. 9.6 were not linear but instead contained a
nonlinear element, we could consider the system quasi-staticalIy and at
each instant determine where the poles of the system are located. We
would find that the poles "move" around in the real-imaginary plane as
a function of the position of the block. Hence we could not select fixed
gains which would keep the poles in a desirable location (for example, at
critical damping). 80 we may be tempted to consider a more complicated
controllaw in which the gains are time-varying (actualIy, varying as a
function of the block's position) in a manner such that the system is
always critically damped. Essentially, this would be done by computing

~
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kp such that the combination of the nonlinear effect of the spring would
be exactly canceIled by a nonlinear term in the controllaw so that the
overaIl stiffness would stay a constant at alI times. Such a control scheme
might be called a linearizing control law, since it uses a nonlinear
control term to "cancel" a nonlinearity in the controIled system such
that the overaIl closed loop system is linear.
We now return to our partitioned controllaw, and wiIl see that it can
perform this linearizing function. ln our partitioned controllaw scheme,
the servo law remains the same as always, but the model-based portion
now wiIl contain a modeI of the nonlinearity. Thus the model-based
portion of the control performs a linearization function. This is best
shown in an example.
EXAMPLE 10.1

Consider the nonlinear spring characteristic shown in Fig. 1O.l.
Rather than the usual linear spring relationship, f = kx, this spring
is described by f = qx3. If this spring is part of the physical system
shown in Fig. 9.6, determine a controllaw which would keep the system
critically damped with a stiffness of kCL'
The open loop equation is
mx + bx + qx3

=

f.

(10.1)

The model-based portion of the control is f = ai' + /3,wherenow weuse

a=m,
(10.2)

and the servo portion is, as always
(10.3)

where the values of the gains are calculated from some desired performance specification. Figure 10.2 shows a block diagram of this control
system. The resulting closed loop system maintains poles in fixed locations.
8
EXAMPLE 10.2

Consider the nonlinear friction characteristic shown in Fig. 10.3.
Whereas linear friction is described by f = bX,this Coulomb friction
is described by f = bcsgn(x). For most of today's manipulators, the
friction of the joint in its bearing (be it rotational or linear) is modeled
more accurately by this nonlinear characteristic than by the simpler,
linear model. If this type of friction is present in the system of Fig. 9.6,

10.2 Nonlinear and time-varying systems

f

x

FIGURE
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of a nonlinear

spring.

System
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f=mi+bx+qx3

FIGURE 10.2 A nonlinear
spring.

control
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design a control system which uses a nonlinear model-based portion to
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f

x

FIGURE

10.3

The force vs. velocity

characteristic

of Coulomb

friction.

critically damp the system at alI times.
The open loop equation is
mx + bc sgn(x) + kx
The partitioned controllaw is f

= ai'

= f.

(10.4)

+ (3,where

a=m,
/3= bc sgn(x) + kx,

(10.5)

where the values of the gains are calculated from some desired performance specmcation.
8
EXAMPLE 10.3
Consider the single-link manipulator shown in Fig. 10.4. It has one
rotational joint. The mass is considered to be located at a point at the
distal end of the link, and so the moment of inertia is mZ2. There is
Coulomb and viscous friction acting at the joint, and there is a load
due to gravity.
The model of the manipulator is
T

= ml2jj + vé + c sgn(é) + mlg cos(8).

(10.6)

10.2

FIGURE

10.4

An inverted

pendulum

Nonlinear and time-varying systems

or a one-link manipulator.

As always, the control system has two parts, the linearizing model-based
portion and the servo Iaw portion.
The model-based portion of the control is f = aI' + (3,where

(3 = vil

+ c sgn( il)

(10.1)
+ mlg cos( 8);

and the servo portion is, as always
(10.8)

where the vaIues of the gains are calcuIated from some desired performance specification.
8
We have seen that in certain simpIe cases it is not difficuIt to design
a nonlinear controller. The general method used in the above simpIe
exampIes is the same method we will use for the problem of manipuIator
control, nameIy:
1.

Compute a nonlinear model-based controllaw which "cancels" the
nonlinearities of the system to be controlled.

2.

Reduce the system to a linear system which can be controlled using
the simpIe linear servo Iaw deveIoped for the unit mass.

~
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In some sense, the linearizing control law implements an inverse
model of the system being controlled. The nonlinearities in the system
cancel with those in the inverse model; this, together with the servo law,
results in a linear closed loop system. Obviously, to do this cancelling,
we must know the parameters and the structure of the nonlinear system.
This is often a problem in practical application of this method.

10.3

Multi-input,multi-output
controlsystems

Unlike the simple examples we have discussed in this chapter so far,
the problem of controlling a manipulator is a multi-input, multi-output
(MIMO) problem. That is, we have a vector of desired joint positions,
velocities, and accelerations, and the controllaw must compute a vector
of joint actuator signals. Our basic scheme of partitioning the control
into a model-based portion and a servo portion is still applicable, but
now appears in a matrix-vector formo The controllaw takes the form
F

= aF'

+ (3,

(10.9)

where, for a system of n degrees of freedom, F, FI, and {3are n x 1
vectors; and Q: is an n x n matrix. Note that the matrix Q: is not
necessarily diagonal, but rather is chosen to decouple the n equations
of motion. If Q: and {3are correctly chosen, then from the FI input the
system appears- to be n independent unit masses. For this reason, in
the multidimensional case, the model-based portion of the control law
is called a linearizing and decoupling controllaw. The servo law for
a multidimensional system becomes
(10.10)
where Kv and Kp are now n x n matrices, which are generally chosen
to be diagonal with constant gains on the diagonal. E and E are n x 1
vectors of errors in position and velocity, respectively.

10.4

The controlproblemfor manipulators

In the case of manipulator control, we developed a model and the
corresponding equations of motion in Chapter 6. As we saw, these
equations are quite complicated. The rigid body dynamics have the form:
T

= M(e)8

+ v(e, é) + G(e),

(10.11)

10.4

The control problem for manipulators

e
'T

Arm

e

FIGURE

10.5

A model-based

manipulator

control

system.

where M(e) is the n x n inertia matrix of the manipuIator, v(e, é)
is an n x 1 vector of centrifugal and Coriolis terms, and C(e) is an
n x 1 vector of gravity terms. Each eIement of M(e) and C(e) is a
complicated function which depends on e, the position of all the joints
of the manipuIator. Each eIement of v(e, é) is a complicated function
of both e and é.
Additionally, we may incorporate a model of friction (or other
nom'igid-body effects). Assuming that our model of friction is a function
of joint positions and veIocities, we add a term, F(e, é), to (10.11) to
yieId the model
r

= M(8)8

+ V(8, é) + G(8) + F(6, é).

(10.12)

The problem of controlling a complicated system like (10.12) can be
handIed by the partitioned controller scheme we have introduced in this
chapter. In this case, we have
r = ar' + (3,

(10.13)

where T is the n x 1 vector of joint torques. We choose
a = M(8),
(3= V(8, é) + G(8) + F(8, é),

(10.14)

with the servo Iaw
(10.15)
where
E
The resuIting

= 6d

- 8.

control system is shown in Fig. 10.5.

(10.16)

~
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Using (10.12) through (10.15) it is quite easy to show that the closed
loop system is characterized by the error equation
(10.17)

Note that this vector equation is decoupled since the matrices Kv and
Kp are diagonal so that (10.17) could just as well be written on a
joint-by-joint basis as
(10.18)

The ideal performance represented by (10.17) is unattainable in practice
due to many reasons, the most important two being:
1.
2.

Discrete nature of a digital computer implementation as opposed to
the ideal continuous time controllaw implied by (10.14) and (10.15).
Inaccuracy in the manipulator model (needed to compute (10.14)).

In the next section we will (at least partially) address these two
issues.

10.5 Practicalconsiderations
In developing -the decoupling and linearizing control in the last few
sections, we have implicitly made a few assumptions which are rarely
true in practice.

Timerequiredto computethe model
In alI our considerations of the partitioned controllaw strategy, we have
implicitly assumed that the entire system was running in continuous
time, and that the computations in the control law require zero time
for their computation. Given any amount of computation, with a large
enough computer we can do the computations sufficiently fast that this is
a reasonable approximation; however, the expense of the computer may
make the scheme economically unfeasible. In the manipulator control
case, the entire dynamic equation of the manipulator, (10.14), must be
computed in the control law. These computations are quite involved
and consequently, as discussed in Chapter 6, there has been a great
deal of interest in developing fast computational schemes to compute
them in an efficient way. As computer power becomes more and more
affordable, control laws which require a great deal of computation
will become more practical. Several experimental implementations of

10.5

Practical considerations

nonlinear modeI based controllaws have been reported [5-9] and partial
implementations are beginning to appear in industrial controllers.
As discussed in Chapter 9, almost alI manipulator controI systems
are now performed in digital circuitry and are run at a certain sampling
rate. This means that the position (and possibly other) sensors are
read at discrete points in time. Based on the value read, an actuator
command is computed and sent to the actuatoro Thus reading sensors
and sending actuator commands are not done continuously, but rather at
a finite sampling rate. To analyze the effect of delay due to computation
and finite sample rate, we must use tooIs from the field of discrete
time controI. In discrete time, differential equations turn into difference
equations, and a complete set of tooIs has been developed to answer
questions about stability and pole placement for these systems. Discrete
time controI theory is beyond the scope of this book, although for
researchers working in the area of manipulator controI, many of the
concepts from discrete time systems are essential (see [10D.
Although important, ideas and methods from discrete time controI
theory are often difficult to apply to the case of nonlinear systemso
Whereas we have managed to write a complicated differentiaI equation
of motion for the manipulator dynamic equation, a discrete time equivalent is impossible to obtain in general. This is because, for a general
manipulator, the .only way to solve for the motion of the manipulator
for a given set of initial conditions, an input, and a finite interval is by
numerical integration (as we saw in Chapter 6)0 Discrete time modeIs
are possible if we are willing to use series soIutions to the differential
equations, or if we make approximations. However, if we need to make
approximations to develop a discrete modeI, then it is not clear whether
we have a better modeI than we have when just using the continuous
modeI and making the continuous time approximation. Suffice it to say
that analysis of the discrete time manipulator controI problem is difficult,
and usually simulation is resorted to in order to judge the effect that a
certain sample rate will have on performance.
We will generally assume that the computations can be performed
quickly enough and often enough that the continuous time approximation is valido

Feedforwardnonlinearcontrol
The use of feedforward controI has been proposed as a method of
using a nonlinear dynamic model in a controllaw without the need for
complex and time-consuming computations to be performed at servo
rates [11]0In Figo 10.5, the model-based controI portion of the control
Iaw is "in the servo Ioop" in that signaIs "flow" through that black box
with each tick of the servo clocko If we wish to select a sample rate of

[]ill
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200 Hz, then the dynamic mo deI of the manipulator must be computed
at this rate. Another possible control system is shown in Fig. 10.6. Here,
the model-based control is "outside" the servo loop. Hence it is possible
to have a fast inner servo loop which just consists of multiplying errors
by gains, with the model-based torques added at a slower rate.
Unfortunately, the feedforward scheme of Fig. 10.6 does not provide
complete decoupling. If we write the system equations* we will find that
the error equation of this system is
"

E + M-l(8)KvE + M-1(8)KpE = Q.

(10.19)

ClearIy, as configuration of the arm changes, the effective closed loop gain
changes, and the quasi-static poles move around in the real-imaginary
plane. However, equation (10.19) could be used as a starting point to
consider designing a robust controller. That is, to find a good set of
constant gains such that despite the "motion" of the poles, they are
guaranteed to remain in reasonably favorable locations. Alternatively,
one might consider schemes in which variable gains are precomputed
which change with configuration of the robot so that the system's
quasi-static poles remain in fixed positions.
Note that in the system of Fig. 10.6 the dynamic model is computed
as a function of the desired path only, and so when the desired path is
known in advance, values could be computed "off-line" before motion
begins. At run time, the precomputed torque histories would then be
read out of memory. Likewise, if time-varying gains are computed, they
toa could be eomputed beforehand and stored. Hence such a scheme
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could be quite inexpensive computationally at run time and thus achieve
a high servo rate.

Dual-rate computed torque implementation
Figure 10.7 shows the bIock diagram of a possible practical impIementation of the decoupling and linearizing position control system. The
dynamic model is expressed in its configuration space form so that
the dynamic parameters of the manipuIator appear as functions of
manipulator position only. These functions might then be computed by a
background process or by a second control computer [8], or Iooked up in
a precomputed tabIe [12]. In this architecture, the dynamic parameters
can be updated at a rate slower than the rate of the closed Ioop servo. For
exampIe, the background computation might proceed at 60 Hz whereas
the closed Ioop servo could run at 250 Hz.

Lackof knowledgeof parameters
The second potential difficuIty encountered in empIoying the computed
torque control algorithm is that the manipuIator dynamic model is often
not known accurateIy. This is particuIarIy true of certain components of
the dynamics such as friction effects. In fact, it is usually extremeIy
difficuIt to know the structure of the friction model, Iet aIone the
parameter values [13].Finally, if the manipuIator has some portion of its
dynamics which are not repeatabIe, because, for exampIe, they change
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as the robot ages, it is difficult to have good parameter values in the
model at alI times.
By nature, most robots will be picking up various parts and tools.
When a robot is holding a tool, the inertia and the weight of the tool
change the dynamics of the manipulator. In an industrial situation, the
mass properties of the tools may be known-in this case they can be
accounted for in the modeled portion of the controllaw. When a tool is
grasped, the inertia matrix, total mass, and center of mass of the last link
of the manipulator can be updated to new values which represent the
combined effect of the last link plus tool. However, in many applications
the mass properties of objects that the manipulator picks up are not
generally known, so that maintenance of an accurate dynamic model is
difficult.
The simplest possible nonideal situation is one in which we still
assume a perfect model implemented in continuous time, but with
external noise acting to disturb the system. In Fig. 10.8 we indicate
a vector of disturbance torques acting at the joints. Writing the system
error equation with inclusion of these unknown disturbances, we arrive at
(10.20)

where Td is the vector of disturbance torques at the joints. The left-hand
side of (10.20) is uncoupled, but from the right-hand side we see that a
disturbance on any particular joint will introduce errors at alI the other
joints, since M (e) is not diagonal in general.
Some simple analyses might be performed based on (10.20). For
example, it is easy to compute the steady-state servo error due to a
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E=K;lM-1(e)rd'

(10.21)

constant disturbance as
When our modeI of the manipulator dynamics is not perfect, analysis
of the resulting closed loop system becomes more difficult. We define
the following notation: M(8) is our model of the manipulator inertia
matrix, M(8). Likewise, V(8, é), G(8), and F(8, é) are our models
of the velocity terms, gravity terms, and friction terms of the actual
mechanism. Perfect knowledge of the model would mean
M(8)

= M(e),

v(e, é) = v(e, é),
c(e) = G(e),

(10.22)

F(e, é) = F(e, é).
Therefore, although the manipulator dynamics are given by
r

= M(e)ê

+ v(e, é) + G(e) + F(e, é),

(10.23)

our control law computes
r

= ar'

+ /3,

a .= M(e),

(10.24)

/3= v(e, é) + c(e) + F(e, é).
Decoupling and linearizing will not therefore be perfectly accomplished
when parameters are not known exactly. Writing the closed loop equation for the system, we have
E+KvÉ+KpE

(10.25)

=M-1 [(M-M)ê+ (v-v) + (G-C) + (F-F)],
where the arguments of the dynamic functions are not shown for brevity.
Note that if the model were exact so that (10.22) were true, then the
right-hand side of (10.25) would be zero and the errors would disappear.
When the parameters are not known exactly, the mismatch between
actual and modeled parameters will cause servo errors to be excited
(possibly even resulting in an unstable system [21]) according to the
rather complicated equation (10.25).
Discussion of stability analysis of a nonlinear closed loop system is
deferred until Section 10.7.
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10.6

Presentindustrialrabotcontraisystems

Because of the problems with having good knowledge of parameters, it
is not clear whether it makes sense to go to the trouble of computing
a complicated model-based control law for manipulator control. The
expense of the computer power needed to compute the model of the
manipulator at a sufficient rate may not be worthwhile, especially when
lack of knowledge of parameters may nullify the benefits of such an
approach. Manufacturers of industrial robots have decided, probably for
economic reasons, that attempting to use a complete manipulator model
in the controller is not worthwhile. Instead, present-day manipulators are
controlled with very simple controllaws which are generally completely
error driven and are implemented in architectures such as those studied
in Section 9.10. An industrial robot with a high-performance servo
system is shown in Fig. 10.9.

FIGURE

10.9

The Adept One, a direct drive robot by Adept Technology,

Inc.

10.6

Present industrial robot control systems

Individualjoint PIDcontrai
Most present industrial robots have a control scheme that in our notation
would be described by

a=I,
/3= O,

(10.26)

where I is the n x n identity matrix. The servo portion is
(10.27)

where K,J' Kp, and Ki are constant diagonal matrices. In many cases, êd
is not available, and this term is simply set to zero. That is, most simpIe
robot controllers do not use a model-based component at ali in their
controllaw. This type of PID control scheme is simpIe because each joint
is controlIed as a separate control system. Often, one microprocessor per
joint is used to implement (10.27), as discussed in Section 9.10.
The performance of a manipulator controlled in this way is not
simple to describe. Since no decoupling is being done, the motion of
each joint affects the other joints. These interactions cause errors which
are suppressed by the error driven controllaw. It is impossible to select
fixed gains which wilI critically damp the response to disturbances
for alI configurations. Therefore, "average" gains are chosen which
approximate critical damping in the center of the robot's workspace.
In various extreme configurations of the arm, the system becomes
either underdamped or overdamped. Depending on the details of the
mechanical design of the robot, these effects may be fairly small, and
control is good. In such systems, it is important to keep the gains as
high as possible so that these inevitable disturbances will be quickly
suppressed.

Additionof gravitycompensation
Since the gravity terms will tend to cause static positioning errors, some
robot manufacturers include a gravity model, G(B), in the controllaw
(that is, /3 = G(8) in our notation). The complete control law takes
the form
(10.28)

Such a control law is perhaps the simplest example of a model-based
controlIer. Since (10.28) can no longer be implemented on a strict jointby-joint basis, the controller architecture must allow communication
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between the joint controllers or must make use of a central processor
rather than individual joint processors.
Various approximations of decoupling control
There are various ways to simplify the dynamic equations of a particular
manipulator [3,14]. After the simplification, an approximate decoupling
and linearizing law can be derived. A usual simplification might be to
disregard components of torque due to the velocity terms-that
is, to
model only the inertial and gravity terms. Often, friction models are not
included in the controller since friction is so hard to model correctly.
Sometimes the inertia matrix is simplified so that it accounts for the
major coupling between axes but not for minor cross-coupling effects.
For example, [14] presents a simplified version of the PUMA 560's mass
matrix which requires only about 10% of the calculations needed to
compute the complete mass matrix, yet is accurate to within 1%.

10.7

Lyapunovstabilityana!ysis

In Chapter 9 we examined linear control systems analytically to determine stability and also performance of the dynamic response in terms of
damping and closed loop bandwidth. The same analyses are valid for a
nonlinear system which has been decoupled and linearized by means of
a perfect moder-based nonlinear controller, because the overall resulting
system is again linear. However, when decoupling and linearizing are
not performed by the controller, or are incomplete or inaccurate, the
overall closed loop system remains nonlinear. For nonlinear systems,
stability and performance analysis is much more difficult. In this section
we introduce one method of stability analysis which is applicable to
both linear and nonlinear systems.
Consider the simple mass-spring friction system originally considered in Chapter 9 whose equation of motion is
mx + bj; + kx

= o.

(10.29)

The total energy of the system is given by
(10.30)

where the first term gives the kinetic energy of the mass, and the second
term gives the potential energy stored in the spring. Note that the value,
v, of the system energy is always nonnegative (Le., it is positive or zero).

10.7
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Let's determine the rate of change of the total energy by differentiating
(10.30) with respect to time to obtain
iJ

= mxx

+ kxX.

(10.31)

Substituting (10.29) for mx in (10.31) yields
(10.32)

which we note is always nonpositive (since b > O).Thus, energy is always
leaving the system, unless x = O. This implies that however initially
perturbed, the system willlose energy until it comes to resto Investigating
possible resting positions by means of a steady-state analysis of (10.29)
yields
kx = O,
(10.33)
or
x=O.

(10.34)

Hence, based on an energy analysis, we have shown that the system of
(10.29) with any initial conditions (Le., any initial energy) will eventually
come to rest at the equilibrium point. This stability proof by means of an
energy analysis is a simple example of a more general technique called
Lyapunov stability analysis or Lyapunov's
second (or direct)
method after a Russian mathematician of the nineteenth century [15].
An interesting feature of this method of stability analysis is that we
can conclude stability without solving for the solution of the differential
equation governing the system. However, while Lyapunov's method
is useful for examining stability, it generally does not provide any
information about the transient response or performance of the system.
Note that our energy analysis yielded no information on whether the
system was overdamped or underdamped, or how long it would take the
system to suppress a disturbance. It is important to distinguish between
stability and performance, as a stable system may nonetheless exhibit
control performance unsatisfactory for its intended use.
Lyapunov's method is somewhat more general than the above
example indicates. It is one of the few techniques that can be applied
directly to nonlinear systems to investigate their stability. As a means of
quickly getting an idea of Lyapunov's method (in suffi.cientdetail for our
needs) we willlook at an extremely brief introduction to the theory and
then proceed directly to several examples. A more complete treatment
of Lyapunov theory can be found in [16, 17].
Lyapunov's method is concerned with determining the stability of
a differential equation

x = f(X),

(10.35)

~
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where X is m x 1 and fO may be nonlinear. Note that higher-order
differential equations can always be written as a set of first-order
equations in the form (10.35). To prove a system stable by Lyapunov's
method, one is required to propose a generalized energy function v(X)
that has the foliowing properties:
1. v(X) has continuous first partial derivatives and v(X) > O for ali
X except v(O) = O.
2.

v(X)::; O. Here, v(X) means the change in v(X) along ali system
trajectories.

These properties may hold only in a certain region or may be global,
with correspondingly weaker or stronger stability results. The intuitive
idea is that a positive definite "energy-like" function of state is shown
to always decrease or remain constant-hence,
the system is stable in
the sense that the size of the state vector is bounded.
When V(X) is strictly less than zero, asymptotic convergence of the
state to the zero vector can be concluded. Lyapunov's original work was
extended in an important way by LaSalie and Lefschetz [4], who showed
that in certain situations, even when V(X) ::;O (note equality included),
asymptotic stability may be shown. For our purposes, we can deal with
the case of v(X) = O by performing a steady-state analysis in order to
determine if the stability is asymptotic or if the system under study can
"get stuck" somewhere

other than v(X)

= O.

A system described by (10.35) is said to be autonomous
because
the function f(-) is not an explicit function of time. Lyapunov's method
also extends to nonautonomous
systems in which time is an argument
of the nonlinear function. See [4,17] for details.
EXAMPLE 10.4

Consider the linear system

x = -AX,

(10.36)

where A is m x m and positive definite. Propose the candidate Lyapunov
function
(10.31)

which is continuous and everywhere nonnegative. Differentiating yields
iJ(X) = XT

X

= XT(-AX)
= -XT AX,

(10.38)

10.7
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which is everywhere nonpositive because A is
Hence, (10.37) is indeed a Lyapunov function
The system is asymptotically stabIe because
X = O, everywhere else X must decrease.

a positive definite matrix.
for the system of (10.36).
v(X) can be zero only at
8

EXAMPLE 10.5
Consider a mechanical spring-damper system in which both the
spring and damper are nonlinear:
x+b(x)+k(x)=O.

(10.39)

The functions b(.) and k(.) are first- and third-quadrant
functions such that
xb(x) > O for x
xk(x)

> O for

x

continuous

=1=O,
=1=

O.

(10.40)

Proposing the Lyapunov function

v(x, x) = ~X2 + 1'< k(>")d>",

(10.41)

we are Ied to
v(x, x) = xx + k(x)x,
= -xb(x) - k(x)x + k(x)x,

(10.42)

= -xb(x).

Hence, v(.) is nonpositive but is only semidefinite since it is not a
function of x but only of :i:.In order to conclude asymptotic stability we
have to ensure that it is not possible for the system to "get stuck" with
nonzero x. To study alI trajectories for which :i: = O,we must consider

x = -k(x),
for which x

= O is the

(10.43)

only solution. Hence the system will only come

to rest if x = :i:= x = O.

8
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EXAMPLE 10.6

Consider a manipulator with dynamics given by
T

= M(8)6

+ V(8, é) + G(8)

(10.44)

and controlled with the control law
(10.45)

where Kp and Kd are diagonal gain matrices. Note that this controller
does not force the manipulator to follow a trajectory, but moves the
manipulator to a goal point along a path specified by the manipulator
dynamics, and then regulates the position there. The resulting closed
loop system obtained by equating (10.44) and (10.45) is
(10.46)

and can be proven globally asymptotically stable using Lyapunov's
method [18,19].
Consider the candidate Lyapunov function
(10.47)

The function (10.47) is always positive or zero because the manipulator
mass matrix, M(8) and the position gain matrix Kp are positive definite
matrices. Differentiating (10.47) yields
1;= ~éT 1\1(8)é+ éT M(8)6 - ETKpé

= ~éT
2 1\1(8)é -

éT Kdé

-

éTV(8, é)

(10.48)

= -éT Kdé,
which is nonpositive as long as Kd is positive definite. ln taking the last
step in (10.48) we have made use of the interesting identity
(10.49)

which can be shown by investigation of the structure of Lagrange's
equations of motion [18-20] (see also Exercise 6.17).
Next, we investigate whether or not the system can get "stuck" with
nonzero error. Since v can only remain zero along trajectories that have

é = O and é = O,we

see from (10.46) that in this case
(10.50)

10.8
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and since Kp is nonsingular, we have that

E=O.

(10.51)

Hence controllaw (10.45) applied to the system (10.44) achieves global
asymptotic stability.
This proof is important in that it explains, to some extent, why
today's industrial robots work. Most industrial robots use a simple
error-driven servo, occasionally with gravity models, and so are quite
similar to (10.45).
See Exercises 10.11 through 10.16 for more examples of nonlinear
manipulator controllaws which can be proven stable using Lyapunov's
method. Recently, Lyapunov theory has become increasingly prevalent
in robotics research publications [18-25].

.

10.8 Cartesian-basedcontraisystems
In this section we introduce the notion of Cartesian-based
control.
Although such approaches are not currently used in industrial robots,
there is activity at several research institutions on such schemes.

Comparison with joint-based schemes
In alI the control schemes for manipulators we have discussed so far,
we assumed that the desired trajectory was available in terms of
time histories of joint position, velocity, and acceleration. Given that
these desired inputs were available, we designed joint-based
control
schemes, that is, schemes in which we develop trajectory errors by finding
the difference between desired and actual quantities expressed in joint
space. Very often we wish the manipulator end-effector to folIow straight
lines or other path shapes described in Cartesian coordinates. As we
saw in Chapter 7, it is possible to compute the time histories of the
joint space trajectory which correspond to Cartesian straight line paths.
Figure 10.10 shows this approach to manipulator trajectory control. A
basic feature of the approach is the trajectory
conversion process
which is used to compute the joint trajectories. This is then folIowed by
some kind of joint-based servo scheme as we have been studying.
The trajectory conversion process is quite difficult (in terms of
computational expense) ifit is to be done analytically. The computations
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= INVKIN(Xd),

éd = r1(e)Xd,

(10.52)

To the extent that such a computation is done at all in present-day
systems, usualIy just the solution for 6d is performed using the inverse
kinematics, and then the joint veIocities and acceIerations are computed
numericalIy by first and second differences. However, such numerical
differentiation tends to amplify noise and introduces a Iag unIess it can
be done with a noncausal fiIter.* Therefore, we are interested in either
finding a Iess computationally expensive way of computing (10.52), or
suggesting a different control scheme in which this information is not
needed.
An alternative approach is shown in Fig. 10.11. Here, the sensed
position of the manipulator is immediateIy transformed by means of
the kinematic equations into a Cartesian description of position. This
Cartesian description is then compared to the desired Cartesian position
in order to form errors in Cartesian space. Control schemes which are
based on forming errors in Cartesian space are called Cartesian- based
control schemes. For simplicity, veIocity feedback is not shown in
Fig. 10.11 but would be present in any impIementation.
The trajectory conversion process is repIaced by some kind of
coordinate conversion inside the servo Ioop. Note that Cartesian-based
controllers must perform many computations in the Ioop because of
the kinematics and other transformations which are now "inside the
Ioop." This may be a drawback of the Cartesian-based methods, since
the resulting system may mn at a Iower sampling frequency compared
* Numerical differentiation
introduces a lag unless it can be based on past,
present, and future values. When the entire path is preplanned,
this kind of
noncausal numerical differentiation
can be done.
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to joint-based systems (given the same size computer). This would, in
general, degrade the stability and disturbance-rejection capabilities of
the system.

Intuitiveschemesof Cartesiancontrai
One possible control scheme which comes to mind rather intuitively
is shown in Fig. 10.12. Here Cartesian position is compared to the desired
position to form an error, 8X, in Cartesian space. This error, which may
be presumed smaIl if the control system is doing its job, may be mapped
into a smaIl displacement in joint space by means of the inverse Jacobian.
The resulting errors in joint space, 88 are then multiplied by gains
to compute torques which wiIl tend to reduce these errors. Note that
Fig. 10.12 shows a simplified controller in that, for clarity, the velocity
feedback has not been shown. It could be added in a straightforward
manner. We will caIl this scheme the inverse J acobian controller.
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Another scheme which may come to mind is shown in Fig. 10.13.
Here the Cartesian error vector is multiplied by a gain to compute a
Cartesian force vector. This can be thought of as a Cartesian force which,
if applied to the end-effector of the robot, would push the end-effector
in a direction which would tend to reduce the Cartesian error. This
Cartesian force vector (actualIy a force-moment vector) is then mapped
through the Jacobian transpose in order to compute the equivalent joint
torques which would tend to reduce the observed errors. We will calI this
scheme the transpose Jacobian controller.
The inverse Jacobian controller and the transpose Jacobian controller have both been arrived at intuitively. We cannot be sure that
such arrangemepts would be stable, let alone perform welI. It is also
curious that the schemes are extremely similar except the one contains
the Jacobian's inverse, and the other contains its transpose. Remember, the inverse is not equal to the transpose in general (only in the
case of a strictly Cartesian manipulator does JT = J-l). The exact
dynamic performance of such systems (if expressed in a second-order
error space equation for example) is very complicated. It turns out that
both schemes wilI work (i.e., can be made stable), but not welI (i.e.,
performance is not good over the entire workspace). Both can be made
stable by appropriate gain selection, including some form of velocity
feedback which was not shown in Figs. 10.12 and 10.13. While both will
work, neither is correct in the sense that we cannot choose fixed gains
which wilI result in fixed closed-Ioop poles. The dynamic response of
such controlIers wilI vary with arm configuration.

Cartesiandecouplingscheme
For Cartesian-based controlIers, like joint-based controlIers, good performance would be characterized by constant error dynamics over ali
configurations of the manipulator. Since errors are expressed in Carte-

10.8

Cartesian-based contrai systems

sian space in Cartesian-based schemes, this means that we would like to
design a system which, over all possible configurations, would suppress
Cartesian errors in a critically damped fashion.
Just as we achieved good control with a joint-based controller which
was based on a linearizing and decoupling modeI of the arm, we can
do the same for the Cartesian case. However, we must now write the
dynamic equations of motion of the manipulator in terms of Cartesian
variables. This can be done, as discussed in Chapter 6. The resulting
form of the equations of motion is quite analogous to the joint space
version. The rigid body dynamics can be written:
F = Mxce)X + VxC8,é) + Gx(8),

C10.53)

where F is a fictitious force-moment vector acting on the end-effector
of the robot, and X is an appropriate Cartesian vector representing
position and orientation of the end-effector [8]. Analogous to the joint
space quantities, Mx(8) is the mass matrix in Cartesian space, Vx(8, é)
is a vector of velocity terms in Cartesian space, and Gx(8) is a vector
of gravity terms in Cartesian space.
Just as we did in the joint based case, we can use the dynamic equations in a decoupling and linearizing controller. Since (10.53) computes
F, a fictitious Cartesian force vector which should be applied to the
hand, we will also need to use the transpose of the Jacobian in order to
implement the controI. That is, after F is calculated by (10.53), since we
cannot actually cause a Cartesian force to be applied to the end-effector,
we instead compute the joint torques needed to effectively balance the
system if we were to apply this force:
í

= JT(8)

F.

C10.54)
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Figure 10.14 shows a Cartesian arm control system using complete
dynamic decoupling. Note that the arm is preceded by the Jacobian
transpose. Notice that the controller of Fig. 10.14 allows Cartesian paths
to be described' directly with no need for trajectory conversion.
As in the joint space case, a practical implementation may best
be achieved through use of a dual-rate control system. Figure 10.15
shows a block diagram of a Cartesian-based decoupling and linearizing
controller in which the dynamic parameters are written as functions of
manipulator position only. These dynamic parameters are updated at
a rate slower than the servo rate by a background process or a second
control computer. This is appropriate because we desire a fast servo
(perhaps running at 500 Hz or even higher) to maximize disturbance
rejection and stability. Since the dynamic parameters are functions of
manipulator position only, they need be updated at a rate related only
to how fast the manipulator is changing configuration. The parameter
update rate probably needs be no higher than 100 Hz [8].

Adaptive contraI

10.9

Adaptivecontrol

In the discussion of model-based control, it was noted that often parameters of the manipulator are not known exactly. When the parameters in
the model do not match the parameters of the real device, servo errors
will result, as made explicit in (10.25). These servo errors could be used
to drive some adaptation scheme which attempts to update the values of
the modeI parameters until the errors disappear. Several such adaptive
schemes have been proposed.
An ideal adaptive scheme might be like the one in Fig. 10.16.
Here, we are using a model-based control law as developed in this
chapter. There is an adaptation process which, based on observation
of manipulator state and servo errors, readjusts the parameters in the
nonlinear model until the errors disappear. Such a system would learn
its own dynamic properties. The design and ana1ysis of adaptive schemes
are beyond the scope of this book. A method which possesses exactly
the structure shown in Fig. 10.16 and which has been proven globally
stable is presented in [20,21]. A related technique is that of [22].
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Exercises
10.1

[15] Give the nonlinéar control equations for an a, ,B-partitioned controller
for the system:

Choose gains so that this system is always critically damped with kc L
10.
10.2

[15] Give the nonlinear control equations for an a, ,B-partitioned controller
for the system:
T

= 588+ 28 -

1383+ 5.

Choose gains so that this system is always critically damped with kc L
10.
10.3

=

=

[19] Draw a block diagram showing ajoint space controller for the two-link
arm from Section 6.7 such that the arm is critically damped over its entire
workspace. Show the equations inside the blocks of a block diagram.

10.4 [20] Draw a block diagram showing a Cartesian space controller for the
two-link arm from Section 6.7 such that the arm is critically damped
over its entire workspace. See Example 6.6. Show the equations inside the
blocks of a block diagram.
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10.5

[18] Design a trajectory-following control system for the systems whose
dynamics are given by
2"
. .
'TI = m1ll0l + m1lll20102,
2

'T2= m2l2(01

+ (2) + V202'.

Do you think these equations could represent a real system?
10.6

[17] For the control system designed for the one-link manipulator in
Example 10.3, give an expression for the steady-state position error as a
function of error in the mass parameter. Let Wm = m - m. The result
should be a function of l,g,O,Wm, and kp. For what position of the
manipulator is this maximum?

10.7 [26] For the two degree of freedom mechanical system of Fig. 10.17, design
a controller which can cause Xl and X2 to follow trajectories and suppress
disturbances in a critically damped fashion.
10.8

[30] Consider the dynamic equations of the two-link manipulator from
Section 6.7 in configuration space formo Derive expressions for the sensitivity ofthe computed torque value versus small deviations in e. Can you
say something about how often the dynamics should be recomputed in a
controller like that of Fig. 10.7 as a function of average joint velocities
expected during normal operations?

10.9

[32] Consider the dynamic equations of the two-link manipulator from
Example 6.6 in Cartesian configuration space formo Derive expressions
for the sensitivity of the computed torque value versus small deviations
in e. Can you say something about how often the dynamics should be
recomputed in a controller like that of Fig. 10.15 as a function of average
joint velocities expected during normal operations?

11
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Exercises

10.10 [15] Design a control system for the system
f

= 5xx + 2i -

12.

Choose gains 50 that this system is always critically damped with a closed
loop stiffness of 20.
10.11 [20] Consider a position regulation system which (without 1055of generality) attempts to maintain ed = O. Prove that the controllaw

yields an asymptotically stable nonlinear system. You may take K" to be
of the form K" = k"In where k" is a scalar and In is the n x n identity
matrix. Hint: This is similar to example 10.6.
10.12 [20] Consider a position regulation system which (without 1055of generality) attempts to maintain ed = O. Prove that the controllaw

yields an asymptotically stable nonlinear system. You may take K" to
be of the form K" = k"In where k" is a scalar and In is the n x n
identity matrix. The matrix 1I1(e) is a positive definite estimate of the
manipulator mass matrix. Hint: This is similar to example 10.6.
10.13 [25] Consider a position regulation system which (without 1055of generality) attempts to maintain ed = O. Prove that the controllaw

yields an asymptotically stable nonlinear system. You may take K" to be
of the form K" = k"In where k" is a scalar and In is the n x n identity
matrix. Hint: This issimilar to example 10.6.
10.14 [25] Consider a position regulation system which (without 1055of generality) attempts to maintain ed = O. Prove that the controllaw

yields an asymptotically stable nonlinear system. You may take K" to
be oí the form K" = k"In, where k" is a scalar and In is the n x n
identity matrix. The matrix 111(8) is a positive definite estimate of the
manipulator mass matrix. Hint: This is similar to example 10.6.
10.15 [28] Consider a position regulation system which (v,-ithout 1055of generality) attempts to maintain ed = O. Prove that the controllaw
T

= -K

p

8 - K "é

yields a stable nonlinear system. Show that stability is not asymptotic and
give an expression for the steady-state error. Hint: similar to Example
10.6.

~
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10.16 [30] Prove the global stability of the "Jacobian transpose" Cartesian
controller introduced in Section 10.8. Use an appropriate form of velocity
feedback to stabilize the system. Hint: see [18].
10.17 [15] Design a trajectory-following controller for a system with dynamics
given by

such that errors are suppressed in a critically damped fashion over ali
configurations.
10.18 [15] A system with open loop dynamics given by
T

= me +

bé2

+ cé

is controlled with the control law

Give the differential equation that characterizes the closed loop action of
the system.

Programming

Exercise

(Part

10)

Repeat Programming Exercise Part 9 and use the same tests with a new
controller which uses a complete dynamic model of the 3-link to decouple
and linearize the system. For this case, use
100.0
Kp =

0.0
[ 0.0

0.0
100.0
0.0

0.0
0.0
.
100.0]

Choose a diagona! K" which guarantees critica! damping over ali configurations of the armo Compare the results with those obtained with the simpler
controller used in Programming Exercise Part 9.

11
FORCE CONTROL OF
MANIPULATORS

11.1

Introduction

While position controi is appropriate when a manipuiator is following
a trajectory through space, when any contact is made between the
end-effector and the manipuiator's environment, position controi may
not suffice. Consider a manipuiator washing a window with a sponge.
Due to the compliance of the sponge, it may be possibie to reguiate the
force applied to the window by controlling the position of the end-effector
reiative to the giass. If the sponge is very compliant, andjor the position
of the giass is known very accurateiy, this technique wouid work quite
well.
However, if the stiffness of the end-effector, tooi, or environment is
high, it becomes increasingiy difficuit to perform operations in which the
manipuiator contacts a surface. Instead of a sponge, imagine that the
manipuiator is scraping paint off a giass surface using a rigid scraping
tool. If there is any uncertainty in the position of the giass surface, or

~
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errors in the position servo of the manipulator, this task would become
impossible. Either the glass would be broken, or the manipulator would
wave the scraping tool over the glass with no contact taking place.
In both the washing and scraping tasks, it would be more reasonable
not to specifythe position of the plane of the glass, but rather to specify
a force which is to bemaintained normal to the surface.
More so than in previous chapters, in this chapter we present
methods which are not yet employed by industrial robots, except in an
extremely simplified way. The major thrust of the chapter is to introduce
the hybrid positionjforce
controller, which is one formalism through
which industrial robots may someday be controlled in order to perform
tasks requiring force contro!. However, regardless of which method(s)
emerge as practical for industrial application, many of the concepts
introduced in this chapter will certainly remain valido

11.2

Applicationof industrialrobotsto assemblytasks

The majority of the industrial robot population is employed in relatively
simpIe applications such as spot welding, spray painting, and pick
and place operations. Force control has already appeared in a few
applications; for example, some robots are already capable of simple
force control which allows them to do tasks such as grinding and
deburring. Apparently the next big area of application will be to
assembly line tasks in which one or more parts are mated. In such
parts-mating tasks, monitoring and control of the forces of contact are
extremely important.
Precise control of manipulators in the face of uncertainties and
variations in their work environments is a prerequisite to application
of robot manipulators to assembly operations in industry. It seems that
by providing manipulator hands with sensors that can give information
about the state of manipulation tasks, important progress can be made
toward using robots for assembly tasks. Currently, the dexterity of
manipulators remains quite low and continues tú limit their application
in the automated assembly area.
The use of manipulators for assembly tasks requires that the precision with which parts are positioned with respect to one another be quite
high. Current industrial robots are often not accurate enough for these
tasks, and building robots that are may not make sense. Manipulators
of greater precision can be achieved only at the expense of size, weight,
and cost. The ability to measure and control contact forces generated .
at the hand, however, offers a possible alternative for extending the
effective precision of a manipulator. Since relative measurements are
used, absolute errors in the position of the manipulator and the ma-

11.3

A framework for contrai in partially constrained tasks

nipulated objects are not as important as they would be in
position controlled system. Since small variations in relative
generate large contact forces when parts of moderate stiffness
knowledge and control of these forces can lead to a tremendous
in effective positional accuracy.

11.3

a purely
position
interact,
increase

A frameworkfor controlin partiallyconstrained
tasks

The approach presented in this chapter is based on a framework for
control in situations in which motion of the manipulator is partially constrained due to contact with one or more surfaces [1-3]. This framework
for understanding partially constrained tasks is based on a simplified
mo dei of interaction between the manipulator's end-effector and the
environment. Namely, since we are interested in describing contact and
freedoms, we consider only the forces due to contact. This is equivalent
to doing a quasi-static analysis and ignoring other static forces such
as certain friction components and gravity. The analysis is good where
forces due to contact between relatively stiff objects are the dominant
source of forces acting on the system.
Every manipulation task can be broken down into subtasks that
are defined by a particular contact situation occurring between the
manipulator end-effector (or toei) and the work environment. With
each such subtask we. may associate a set of constraints, called the
natural constraints, that result from the particular mechanical and
geometric characteristics of the task configuration. For instance, a hand
in contact '\Vith a stationary, rigid surface is not free to move through
that surface, and hence a natural position constraint exists. If the surface
is frictionless, the hand is not free to apply arbitrary forces tangent to
the surface, and hence a natural force constraint exists.
In general, for each subtask configuration a generalized surface
can be defined with position constraints along the normais to this
surface and force constraints along the tangents. These two types of constraint, force and position, partition the degrees of freedom of possible
end-effector motions into two orthogonal sets that must be controlled
according to different criteria.
Figure 11.1 shows two representative tasks along with their associated natural constraints. Notice that in each case, the task is described in
terms of a frame {C}, the so-called constraint frame, which is located
in a task-relevant location. According to the task, {C} may be fixed in
the environment or may move with the end-effector of the manipulator.
In Fig. 1l.1a, the constraint frame is attached to the crank as shown and

I
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(a) Turning crank
c~
Z

Natural constraints
Vx
Vz

=O
=O

f\"= O
nz = O

"'x = O
"')"= O

(bJ Turning screwdriver
Natural constraints
Vx = O
"'x = O

f\"= O
nz = O

"'y = O
Vz = O
c~y

FIGURE

11.1

The natural

constraints

moves with the crank with the

X

for two different

direction

tasks.

always directed

toward the

pivot point of the crank. Friction acting at the fingertips ensures a secure
grip on the handle, which is on a spindle so that it may rotate relative
to the crank armo In Fig. l1.1b, the constraint frame is attached to the
tip of the screwdriver and moves with it as the task proceeds. Notice
that in the

Y direction

the force is constrained

to be zero since the slot

of the screw would allow the screwdriver to slip out in that direction. In
these examples, a given set of constraints remains true throughout the
task. In more complex situations, the task is broken into subtasks for
which a constant set of natural constraints can be identified.
In Fig. 11.1, position constraints have been indicated by giving
values for components of velocity of the end-effector, V, described in
frame {C}. We could just as well have indicated position constraints
by giving expressions for position, rather than velocities. However, in
many cases it is simpler to specify a position contraint as a "velocity
equals zero" constraint. Likewise, force constraints have been specified
by giving values to components of the force-moment vector, F, acting on
the end-effector described in frame {C}. Note that when we say position

11.3 A framework for control in partially constrained tasks
constraints we mean position andjor orientation constraints, and when
we say force constraints we mean force andjor moment constraints. The
term natural constraints is used to indicate that these constraints arise
naturally from the particular contacting situation. They have nothing
to do with the desired or intended motion of the manipulator.
Additional constraints, called artificial constraints,
are introduced in accordance with the natural constraints to specify desired
motions or force application. That is, each time the user specifies a
desired trajectory in either position or force, an artificial constraint is
defined. These constraints also occur along the tangents and normais of
the generalized constraint surface; but unlike natural constraints, artificial force constraints are specified along surface normals, and artificial
position constraints along tangents-hence consistency with the natural
constraints is preserved.
Figure 11.2 shows the natural and artificial constraints for two tasks.
Note that when a natural position constraint is given for a particular degree of freedom in {C}, an artificial force constraint should be specified,
and vice versa. Any given degree of freedom in the constraint frame is
at any instant controlled to meet either a position or a force constraint.

Natural constraints
(a) Tuming crank

Ux = O
Uz = O

c~
Z

f,,= O
nz = O

"'x= O
"'."= O
Artificial constraints
U.,.

= rcxl

c.uz= a]

=O
fz=O
nx = O
fx

ny = O
(b) Tuming screwdriver

Natural constraints
Ux= O

f" = O

"'x= O
nz = O
"'y= O
Uz = O
Artificial constraints
c~
y

Uy = O
Wz

= CX2

fx

=O

nx

=O

ny

=O

fz = CX3
FIGURE

11.2

The natural

and artificial

constraints

for two tasks.
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Assembly strategy is a term which refers to a sequence of planned
artificial constraints that will cause the task to proceed in a desirable
manner. Such strategies must include methods by which the system can
detect a change in the contacting situation so that transitions in the
natural constraints can be tracked. With each such change in natural
constraints, a new set of artificial constraints is recalled from the set
of assembly strategies and enforced by the control system. Methods for
automatically choosing the constraints for a given assembly task await
further research. In this chapter we will assume that a task has been
analyzed in order to determine the natural constraints and that a human
planner has determined an assembly strategy with which to control
the manipulator.
Note that we will usually ignore friction forces between contacting
surfaces in our analysis of tasks. This will suffice for our introduction to
the problem, and in fact will yield strategies which work in many cases.
Usually friction forces of sliding are acting in directions chosen to be
position controlled, and so these forces appear as disturbances to the
position servo and are overcome by the control system.

EXAMPLE 11.1

Figure 11.3a-d shows an assembly sequence used to put a round peg
into a round hole. The peg is brought down onto the surface to the left
of the hole and then slid along the surface until it drops into the hole. It
is then inserted until the peg reaches the bottom of the hole, at which
time the asseníbly is complete. Each of the four indicated contacting
situations defines a subtask. For each of the subtasks shown, give the
natural and artificial constraints. AIso indicate how the system senses
the change in the natural constraints as the operation proceeds.
First, we will attach the constraint frame to the peg as shown in
Fig. 11.3a. In Fig. 11.3a, the peg is in free space, and so the natural

FIGURE 11.3 The sequence of four contacting

situations

for peg insertion.
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constraints are
c:F = O.

(11.1)

Therefore the artificial constraints in this case consitute an entire
position trajectory which moves the peg in the C Z direction toward
the surface. For example

o
O
c V =

I vapproadl

O
O
O

(11.2)

where vapproach
is the speed with which to approach the surface.
In Fig. l1.3b, the peg has reached the surface. To detect that this
has happened, we observe the force in the C Z direction. When this
sensed force exceeds a threshold, we sense contact, which implies a new
contacting situation with a new set of natural constraints. Assuming
that the contacting situation is as shown in Fig. l1.3b, the peg is not
free to move in C Z, or to rotate about C X or cY. In the other three
degrees of freedom it is not free to apply forces, and hence the natural
constraints are

c:';y =0,
c fx = O,

(11.3)

c fy = o.

The artificial constraints describe the ~trategy of sliding along the surface
in the C X direction while applying small forces to ensure that contact

is maintained. Thus we have
CVx =Vslid..

c Vy = O,

(11.4)
C fz = fcontact:

c ny = o.

[E[]
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where f rontactis the force applied normal to the surface as the peg is slid,
a nd vslideis the velocity with which to slide across the surface.
In Fig. 11.3c, the peg has fallen slightly into the hole. This situation
is sensed by observing the velocity in the c Z direction and waiting for it
to cross a threshold (to become nonzero in the ideal case). When this is
observed, it signals that once again the natural constraints have changed,
and thus our strategy (as embodied in the artificial constraints) must
change. The new natural constraints are
c Vx = O,
c Vy = O,
(11.5)

c fz = O,

We choose the artificial constraints to be

c fx = O,
(11.6)

c ny = O,
where Vinsertis the velocity at which the peg is inserted into the hole.
Finally, the situation shown in Fig. 11.3(d) is detected when the force
in the C Z direction increases above a threshold.
8
It is interesting to note that changes in the natural constraints are
always detected by observing the position or force variable that is not
being controlled. For example, to detect the transition from Fig. 11.3(b)

to Fig. 11.3(c) we monitor the velocity in C Z while we are controlling

force in C Z. To determine when the peg has hit the bottom of the hole,
we monitor Cfz although we are controlling cVz.
Determining assembly strategies for fitting more complicated parts
together is quite complexo vVehave also neglected the effects of uncertainty in our simple analysis of this task. The development of automatic
planning systems which include the effects of uncertainty and may be

11.4 The hybrid positionjforce control problem
applied to practical situations is still a research topic [4-8]. For a good
review of these methods see [9].

11.4

The hybrid position/force control problem

Figure 11.4 shows two extreme examples of contacting situations. In
Fig. 11.4a, the manipulator is moving through free space. In this case
the natural constraints are all force constraints-namely,
since there is

nothing to react against, alI forcesare constrained to be zero.* With an
arm having six degrees of freedom, we are free to move in six degrees of
freedom in position, but we are unable to exert forces in any direction.
Figure 11.4b shows the extreme situation of a manipulator with its
end-effector glued to a wall. In this case, the manipulator is subject
to six natural position constraints since it is not free to be repositioned.
However, the manipulator is free to exert forces and torques to the object
with six degrees of freedom.
In Chapters 9 and 10 we studied the position control problem which
applies to the situation of Fig. 11.4a. Since the situation of Fig. 11.4b

v
w

I,

V

f
N

FIGURE 11.4 The two extremes of contacting situations. The manipulator
on the left is moving in free space where no reaction surface exits. The
manipulator
on the right is glued to the wall 50 that no free motion is possible.

* It is important to remember that we are concerned here with forces of contact
between end-effector and environment,
not inertial forces

Q0
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does not occur very often in practice, we usuaIly must consider force
control in the context of partiaIly constrained tasks in which degrees
of freedom of the system are subject to position control, and others
are subject to force control. Thus, in this chapter we are interested in
considering hybrid positionjforce
control schemes.
The hybrid positionjforce controller must solve three problems:
1. Position control of a manipulator along directions in which a natural
force constraint exists.
2.

Force control of a manipulator along direction in which a natural
position constraint exists.

3.

A scheme to implement the arbitrary mixing of these modes along
orthogonal degrees of freedom of an arbitrary frame, {C}.

11.5

Forcecontrolof a mass-spring

Tn Chapter 9 we began our study of the complete position control
problem with the study of the very simpIe problem of controlling a single
block of mass. We were then able in Chapter 10 to use a modeI of the
manipulator in such a way that the problem of controlling the entire
manipulator becarne equivalent to controlling n independent masses (for
a manipulator with n joints). Tn a similar way, we begin our look at
force control by controlling the force applied by a simple single degree
of freedom system.
Tn considering forces of contact we must make some model of the
environment upon which we are acting. For the purposes of conceptual
development we will use a very simple mo deI of interaction between
a controlled body and the environment. We model contact with an
environment as a spring-that
is, we assume our system is rigid and
the environment has some stiffness, ke'
Let us consider the control of a mass attached to a spring as in
Fig. 11.5. We wiIl also include an unknown disturbance force, fdist' which
might be thought of as modeling unknown friction or cogging in the
manipulator's gearing. The variable we wish to control is the force acting
on the environment, fe, which is the force acting in the spring,

.

(11.7)

The equation describing this physical system is
(11.8)

11.5

m

f

FIGURE

11.5

Force contraI of a mass-spring

A spring-mass

mystem.

or, written in terms of the variable we wish to control, fe' we have
f = mk;l le + fe + fdist.

(11.9)

Using the partitioned controlier concept, we use

B = fe + h,t
to arrive at the control law,
(11.10)

where ef = fd - fe is the force error between the desired force, fd, and
the sensed force on the environment, fe' If we could compute (11.10),
we would have the closed loop system
(11.11)

However, we cannot use knowledge of fdist in our controllaw, and
so (11.10) is not feasible. We might leave that term out of the control
law, but a steady-state analysis shows that there is a better choice,
especialiy when the stiffness of the environment, ke, is high (which is
the usual situation).
If we choose to leave the fdist term out of our controllaw, equate
(11.9) and (11.10), and do a steady-state analysis by setting ali time
derivatives to zero, we find
(11.12)

~
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where Q = mk;lkpf'
the effective force feedback gain. However, if we
choose to use fd in the controllaw (11.10) in pIace of the term fe + fdist,
we find the steady-state error to be

(11.13)

When the environment is stiff, as is often the case, Q may be
small, and so the steady-state error calcuIated in (11.13) is quite an
improvement over that of (11.12). Therefore we suggest the controllaw

(11.14)

Figure 11.6 is a bIock diagram of the closed Ioop system using the control
Iaw (11.14).

System

r=

rD

.. k
eX

mx +

. Ire

+ Idist

d
dt

rD

rD

FIGURE

11.6

A force control

system

for the spring-mass

system.

11.5 Force contrai of a mass-spring
Generally, practical considerations change the implementation of a
force control servo quite a bit from the ideal shown in Fig. 11.6. First,
usually force trajectories are constantsj that is, we are usually interested
in contrblling the contact force to be at some constant leve!. Applications
in which contact forces should follow some arbitrary function of time
are rare. Therefore, the jd and Jd inputs of the control system are very
often permanently set to zero. Another reality is that sensed forces are
quite "noisy," and numerical differentiation to compute je is ill-advised.
However, since fe = kex, we can obtain the derivative of the force on
the environment

as je

=

ké;. This is much more realistic

in that most

manipulators have means of obtaining good measures of velocity. Having
made these two pragmatic choices, we write the controllaw as.
(11.15)

with the corresponding block diagram shown in Fig. 11.7.
Note that an interpretation of the system of Fig. 11.7 is that force
errors generate a set-point for an inner velocity control loop with gain
kvj' Some force controllaws also include an integral term to improve
steady-state performance.
An important remaining problem is that the stiffness of the environment, ke, appears in our controllaw but is often unknown, and perhaps
changes from time to time. However, often an assembly robot is dealing
with rigid parts, and ke could be guessed to be quite high. Generally
this assumption is made, and gains are chosen such that the system is

somewhat robust with' respect to variations in ke'

System
+

f= mx + h,x + fdist

fD

x
r.

x

FIGURE

11.7

A practical

force contrai

system

for the spring-mass.

f.
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tD

......

t

Force
servo

System

te

te

FIGURE

11.8

The force control

servo as a black box.

The purpose in constructing a control law to control the force of
contact has been to show one suggested structure and to expose a few
issues. For the remainder of this chapter, we will simply assume that
such a force-controlling servo could be built, and abstract it away into
a black box, as shown in Fig. 11.8. In practice, it is not easy to build
a high-performance force servo, and it is currently an area of active
research [11-14]. For a good review of this area, see [15].

11.6 Thehybridposition/force
controlscheme
In this section we introduce an architecture for a control system which
implements the hybrid positionjforce controller.

A Cartesianmanipulator
alignedwith {C}
We will first consider the simpIe case of a manipulator having three
degrees of freedom \Vith prismatic joints acting in the Z, Y, and X
directions. For simplicity, we will assume that each link has mass m and
slides on frictionless bearings. Let us also assume that the joint motions
are lined up exactly with the constraint frame, {C}. The end-effector is in
contact with a surface with stiffness ke which is oriented with its normal
in the _cy direction. Hence force control is required in that direction
and position control in the c

X

and c

Z directions.

See Fig. 11.9.

In this case, the solution to the hybrid positionjforce control probIem is clear. We should control joints 1 and 3 with the position controller

11.6

FIGURE 11.9 A Cartesian
contacting a surface.

The hybrid positionjforce control scheme

manipulator

with three

degrees of freedom

developed for a unit mass in Chapter 9. Joint 2 (operating in the Y
direction) should be controlIed with the force controlIer developed in
Section 11.4. We could then supply a position trajectory

in the c

X

and

c Z directions while independently supplying a force trajectory (perhaps
just a constant) in the cy direction.
If we wish to be able to switch the nature of the constraint surface
such that its normal might also be

X

or

Z, we

can slightly generalize

our Cartesian arm control system as folIows. We build the structure of
the controlIer such that we may specify a complete position trajectory
in alI three degrees of freedom and also a force trajectory in alI three
degrees of freedom. Of course, we can't control so as to meet these six
constraints at any one time, but rather, we will set modes to indicate
which components of which trajectory wilI be folIowed at any given time.
Consider the controller shown in Fig. 11.10. Here we indicate the
control oralI three joints of our simple Cartesian arm in a single diagram
by showing both the position controlIer and the force controlIer. The
matrices S and S' have been introduced to control which mode-position
or force-is used to control each joint of the Cartesian armo The S matrix
is diagonal with ones and zeros on the diagonal. Where a one is present
in S, a zero is present in S' and position control is in effect. Where a zero
is present in S, a one is present in S' and force control is in effect. Hence
the matrices S and S' are simply switches which set the mode of control
to be used with each degree of freedom in {C}. In accordance with the
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r
Cartesian
arm

FIGURE

11.10

The hybrid controller

for a 3-DOF

Cartesian

armo

setting of S, there are always three components of the trajectory being
controlled, though the relative mix between position control and force
control is arbitrary. The other three components of desired trajectory
and associated servo errors are being ignored. Hence when a certain
degree of freedQm is under force control, position errors on that degree
of freedom are ignored.
EXAMPLE 11.2
For the situation shown in Fig. 11.9 with motions in the Cy direction
constrained by the reaction surface, give the matrices S and S'.
Because the

X

and

Z components

are to be position controlled,

we

enter ones on the diagonal of S corresponding to these two components.
This wiIl cause the position servo to be active in these two directions,
and the input trajectory will be followed. Any position trajectory input
for the Y component v..iIlbe ignored. The S' matrix has the ones and
zeros on the diagonal inverted, and hence we have
1 O O

s=

O O O ,
[ O O 1]
(11.16)
O O O

S' =

O 1 O .
[ O O O]

.
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The hybrid position/force contraI scheme

Figure 11.10 shows the hybrid controller for the special case that the
joints line up exactly with the constraint frame, {C}. In the following
subsection we use techniques studied in previous chapters to generalize
the controller to work with general manipulators and for an arbitrary
{C}. However, in the ideal case, the system performs as if the manipulator had an actuator "lined up" with each of the degrees of freedom
in {C}.

A general manipulator
Generalizing the hybrid controller shown in Fig. 11.10 so that a general manipulator may be used is straightforward using the concept
of Cartesian-based controI. Chapter 6 discussed how the equations of
motion of a manipulator could be written in terms of Cartesian motion
of the end-effector, and Chapter 10 showed how such a formulation
might be used to achieve decoupled Cartesian position control of a
manipulator. The major idea is that through use of a dynamic modeI
written in Cartesian space, it is possible to control so that the combined
system of the actual manipulator and computed modeI appear as a
set of independent, uncoupled unit masses. Once this decoupling and
linearizing are done, we can apply the simple servo already developed
in Section 11.4.
Figure 11.11 shows the compensation based on the formulation of
the manipulator dynamics in Cartesian space such that the manipulator
appears as a set of uncoupled unit masses. For use in the hybrid control
scheme, the Cartesian dynamics and the Jacobian are written in the
constraint frame, {C}. Likewise, the kinematics are computed with
respect to the constraint frame.

Kin

FIGURE

11.11

The Cartesian

decoupling

scheme introduced

x

in Chapter

10.

~

~
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Since we have designed the hybrid controlIer for a Cartesian manipulator which is aligned with the constraint frame, and because the
Cartesian decoupling scheme provides us with a system with the same
input-output properties, we only need to combine the two to generate
the generalized hybrid positionjforce controlIero
Figure 11.12 is a block diagram of the hybrid controlIer for a general
manipulator. Note that the dynamics are written in the constraint
frame, as is the Jacobiano The kinematics are written to include the
transformation of coordinates into the constraint frame, and the sensed

forces are likewisetransformed into {C} Servo errors are calculated in
{C}, and control modes within {C} are set through proper choiceof S *
o

o

Figure 11.13 shows a manipulator being controlIed by such a systemo

Addingvariablestiffness
Controlling a degree of freedom in strict position or force control
represents control at two ends of the spectrum of servo stiffnesso An
ideal position servo is infinitely stiff and rejects alI force disturbances

x
id
id
Xd

FIGURE 11012 The hybrid position/force
controller for a general
manipulator.
For simplicity, the velocity feedback loop has not been shown.

.. The partitioning
of control modes along certain task-related
directions has
been generalized in [10] from the more basic approach presented in this chapter.
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FIGURE 11.13 A PUMA 560 manipulator
washes a window under control
of the COSMOS system developed under O. Khatib at Stanford University.
These experiments use force-sensing fingers and a control structure similar
to that of Fig. 11.12 [10].

acting on the system. Likewise, an ideal force servo exhibits zero stiffness and maintains the desired force application regardless of position
disturbances. It may be useful to be able to contrai the end-effector to
exhibit stiffnesses other than zero or infinite. In general, we may wish to
control the mechanical impedance of the end-effector [14,16,17].
In our analysis of contact, we have imagined that the environment
is very stiff. When we contact a stiff environment, we use zero stiffness
force control. When we contact zero stiffness (moving in free space) we
use high-stiffness position control. Hence it appears that controlling the
end-effector to exhibit a stiffness which is approximately the inverse of
the local environment is perhaps a good strategy. Therefore, in dealing
with plastic parts or springs, we may wish to set servo stiffness to other
than zero or infinite.
Within the framework of the hybrid controller, this is done simply
by using position control and lowering the position gain corresponding to
the appropriate degree of freedom in {C}. Generally, if this is done, the
corresponding velocity gain is lowered so that that degree of freedom
remains critically damped. The ability to change both position and

~
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velocity gains of the position servo along the degees of freedom of {C}
allows the hybrid positionjforce controller to implement a generalized
impedance ofthe end-effector [17].However, in many practical situations
we are dealing with the interaction of stiff parts, so that pure position
control or pure force control is desired.

11.7 Presentindustrialrobotcontraischemes
True force control, such as the hybrid positionjforce controller introduced in this chapter, does not exist today in industrial robots. Among
the problems of practical implementation are the rather large amount
of computation required, lack of accurate parameters for the dynamic
model, lack of rugged force sensors, and the burden of difficulty placed
on the user of specifying a positionjforce strategy.

Passive compliance
Extremely rigid manipulators with very stiff position servos are ill-suited
to tasks in which parts come into contact and contact forces are
generated. In such situations parts are often jammed or damaged. Ever
since early experiments with manipulators attempting to do assembly,
it was realized that to the extent that the robots could perform such
tasks, it was only thanks to the compliance of the parts, of the fixtures,
or of the arm itself. This ability of one or more parts of the system to
"give" a little was often enough to allow the successful mating of parts.
Once this was realized, devices were specially designed which introduced compliance into the system on purpose. The most successful
such device is the RCC or remate center campliance device developed at
Draper Labs [18].The RCC was cleverly designed such that it introduced
the "right" kind of compliance which allowed certain tasks to proceed
smoothly and rapidly with little or no chance of jamming. The RCC is
essentially a spring with six degrees of freedom which is inserted between
the manipulator's wrist and the end-effector. By setting the stiffnesses
of the six springs, various amounts of compliance can be introduced.
Such schemes are called passive compliance schemes, and are used in
industrial applications of manipulators in some tasks.

Compliance
throughsofteningpositiongains
Rather than achieving compliance in a passive, and therefore fixed, way
it is possible to devise schemes in which the apparent stiffness of the
manipulator is altered through adjustment of the gains of a position

11.7

Present industrial robot control schemes

control system. A few industrial robots do something of this type for
applications such as grinding, in which contact with a surface needs to
be maintained but delicate force control is not required.
A particularly interesting approach has been suggested by Salisbury
[16].In this scheme, the position gains in a joint-based servo system are
modified in such a way that the end-effector appears to have a certain
stiffness along Cartesian degrees of freedom. That is, consider a general
spring with six degrees of freedom. Its action could be described by
(11.17)

where Kpx is a diagonal 6 x 6 matrix with three linear stiffnesses followed
by three torsional stiffnesses on the diagonal. How could we make the
end-effector of a manipulator exhibit this stiffness characteristic?
Recalling the definition of the manipulator Jacobian, we have
6X = J(8)68.

(11.18)

We have, combining with (11.17),
(11.19)

From static force considerations we have
T

= JT (8)F,

(11.20)

which, combined with (11.19), yields
(11.21)

Here, the Jacobian is usually written in the tool frame. Equation (11.21)
is an expression for how joint torques should be generated as a function
of small changes in joint angles, 8e, in order that the manipulator
end-effector behave as a Cartesian spring with six degrees of freedom.
Whereas a simpIe joint-based position controller might use the
control law
(11.22)

where Kp and Kv are constant diagonal gain matrices, and E is servo
error defined as ed - e, Salisbury suggests using
(11.23)
where Kpx is the desired stiffness of the end-effector in Cartesian space.
For a manipulator with six degrees of freedom, Kpx is diagonal with

~
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the six values on the diagonal representing the three translational and
three rotational stiffnesses that the end-effector is to exhibit. Essentially,
through use of the Jacobian, a Cartesian stiffness has been transformed
to a joint-space stiffness.

Force sensing
Force sensing allows a manipulator to detect contact with a surface
and, based on this sensation, to take some action. For example, the term
guarded move is sometimes used to mean the strategy of moving under
position control until a force is felt, then halting motion. Additionally,
force sensing can be used to weigh objects which the manipulator lifts.
This can be used as a simpIe check during a parts handling operation-to
ensure that a part was acquired, or that the appropriate part was
acquired.
Some commercially available robots come equipped with force sensors in the end-effector. These robots can be programmed to stop motion
or to take other action when a force threshold is exceeded, and some can
be programmed to weigh objects which are grasped in the end-effector.
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Exercises
11.1

[12] Give the natural constraints present for a peg of square cross section
sliding into a hole of square cross section. Show your definition of {C}
in a sketch.

11.2

[10] Give the artificial constraints (Le., the trajectory) you would suggest
in order to cause the peg in Exercise 11.1 to slide further into the hole
without jamming.

11.3 [20] Showthat using the controllaw (11.14)with a system givenby (11.9)
results in the error-space equation
lif + kvfêf + (kpf + m-1ke)ef = m-1kehst,
and hence that choosing gains to provide critical damping is only possible
if the stiffness of the environment, ke, is known.
11.4

[17] Given

0,866 -0.500

~T

=

0.500
0.000

[

O

0.866
0.000
O

0.000
0.000
1.000
O

10,0
0.0
5.0 .
1 ]
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11 Force control of manipulators
If the force-torque vector at the origin of {A} is
0.0
2.0
-3.0
0.0
0.0
4.0
find the 6 x 1 force-torque vector with reference point the origin of {B}.
11.5

[17] Given
0.866

~T =

0.500

0.000

10,0

-0.500
0.000 0.866
0.000 0.000
1.000 0.0
5.0 .
O
O
O
1 ]
[

If the force-torque vector at the origin of {A} is
6.0
6.0
0.0
5.0 I ,
0.0
0.0
find the 6 x.l force-torque vector with reference point the origin of {B}.
11.6

[18] Describe in English how you accomplish the insertion of a book into
a narrow crack between books on your crowded bookshelf.

11.7 [20] Give the natural and artificial constraints for the task of closing
a hinged door with a manipulator. Make any reasonable assumptions
needed. Show your definition of {C} in a sketch.
11.8

[20] Give the natural and artificial constraints for the task of uncorking
a bottle of champagne with a manipulator. Make any reasonable assumptions needed. Show your definition of {C} in a sketch.

11.9

[41] For the stiffness servo system of Section 11.7, we have made no claim
that the system is stable. Assume that (11.23) is used as the servo portion
of a decoupled and linearized manipulator (so the n joints appear as unit
masses). Prove that the controller is stable for any K" which is negative
definite.

11.10 [48] For the stiffness servo system of Section 11.7, we have made no claim
that the system is or can be critically damped. Assume that (11.23) is
used as the servo portion of a decoupled and linearized manipulator (so
the n joints appear as unit masses). Is it possible to design a Kp which
is a function of e which causes the system to be critically damped over
alI configuratons?

Programming

FIGURE

11.14

A block constr'ained

Exercise (Part 11)

by a fioor below and a wall to the side.

11.11 [15] As shown in Fig. 11.14, a block is constrained below by a fioor and to
the side by a wall. Assuming this contacting situation is maintained over
an interval of time, give the natural constraints that are present.

Programming

Exercise

(Part

11)

Implement a Cartesian stiffness control system for the three-link planar
manipulator
by using the contrallaw
(11.23) to contraI the simulated armo
Use the Jacobian written in frame {3}.

For the manipulator in position e = [60.0 - 90.0 30.0] and Kpx of the

form

Kpx

ksrnall

-

[
simulate

the application

0.0
0.0

0.0
kbig
0.0

0.0
0.0
,
kbig ]

of the following static

forces:

1) a 1 Newton force acting at the origin of {3} in the X3 direction,

2) a 1 Newton force acting at the origin of
The values of ksrnall

Fi} in

and

the Y3 direction.

and kbig should be found experimentally.

Use a

large value of kbig for high stiffness in the Y3 direction, and a low value
of ksrnall for low stiffness in the X3 direction. What are the steady-state
defiections in the two cases?
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ROBOT
PROGRAMMING
LANGUAGES
AND SYSTEMS

12.1

Introduction

ln this chapter we begin to consider the interface between the human
use r and an industrial robot. It is by means of this interface that a user
takes advantage of all the underlying mechanics and control algorithms
which we have studied in previous chapters.
The sophistication
of the user interface is becoming extremely
important
as manipulators
and other programmable
automation
are
applied to more and more demanding industrial applications. It turns
out that the nature of the user interface is a very important concern.
ln fact, much of the challenge of the design and use of industrial robots
focuses on this aspect of the problem.

12.2

The three levels of robot programming

Robot manipulators differentiate themselves from fixed automation
by being "flexible," which means programmable. Not only are the movements of manipulators
programmable,
but through the use of sensors
and communications
with other factory automation, manipulators
can
adapt to variations as the task proceeds.
In considering the programming of manipulators,
it is important to
remember that they are typically only a minor part of an automated
processo The term workcell is used to describe a local collection of
equipment which may include one or more manipulators,
conveyor
systems, parts feeders, and fixtures. At the next higher levei, workcells
might be interconnected in factorywide networks so that a central control
computer can control the overall factory flow. Hence, the programming
of manipulators
is often considered within the broader problem of
programming
a variety of interconnected
machines in an automated
factory workcell.

12.2

The three levelsof robotprogramming

There have been many styles of user interface developed for programming robots. Before the rapid proliferation
of microcomputers
in industry, robot controllers resembled the simple sequencers often used
to control fixed automation.
Modern approaches focus on computer
programming,
and issues in programming robots include all the issues
faced in general computer programming,
and more.

Teachby showing
Early robots were all programmed by a method that we will call teach
by showing, which involved moving the robot to a desired goal point
and recording its position in a memory which the sequencer would read
during playback. During the teach phase, the user would guide the robot
by hand, or through interaction with a teach pendant. Teach pendants
are hand-held button boxes which allow control of each manipulator
joint or of each Cartesian degree of freedom. Some such controllers
allow testing and branching so that sim pie pr.Qgrams involving logic can
be entered. Some teach pendants have alphánumeric displays and are
approaching hand-held terminais in complexity. Figure 12.1 shows an
operator using a teach pendant to program a large industrial robot.
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FIGURE
12.1
The GMF 8380 is often used in automobile-body
applications.
Here an operator
uses a teach pendant
interface
manipulator.

spot-welding
to program
the

Photocourtesyof GMFanucCorpo

Explicitrobot programminglanguages
With the arrival of inexpensive and powerful computers, the trend has
has been increasingly toward programming robots via programs written
in computer programming languages. Usually these computer programming languages have special features which apply to the problems of
programming
manipulators
and so are called robot programming
languages
(RPLs). Most of the systems which come equipped with
a robot programming language have also retained a teach-pendant
style
interface as well.
Robot programming languages J:t.avetaken on many forms as well.
We will split them into three categories as follows:

1. Specialized

manipulation
languages. These robot programming
languages have been built by developing a completely new language
which, while addressing robot-specific areas, may or may not be
considered a general computer programming language. An example
is the VAL language developed to control the industrial robots of
Unimation, Inc [1]. VAL was developed especially as a manipulator

12.2

The three levels af robat

programming

control language, and as a general computer language it was quite
weak. For example, it did not support floating-point
numbers or
character strings, and subroutines could not pass arguments. A more
recent version, VAL lI, now provides these features [2]. Another
example of a specialized manipulation language is AL, developed at
Stanford University [3].
2.

Robot library for an existing compute r language.
These robot
programming
languages have been developed by starting with a
popular computer language (e.g., Pascal) and adding a library of
robot-specific subroutines. The user then writes a Pascal program
making use of frequent calls to the predefined subroutine package for
robot-specific needs. Examples incIude AR-BASlC from American
Cimflex [4] and Robot-BASlC from lntelledex [5], both of which are
essentially subroutine libraries for a standard BASlC implementation. JARS, developed by NASA's Jet Propulsion Laboratory, is an
example of such a robot programming language based on Pascal [6].

3.

Robot
library
for a new general-purpose
language.
These
robot programming languages have been developed by first creating
a new general purpose language as a programming base, and then
supplying a library of predefined robot-specific
subroutines.
An
example of such a robot programming language is AML developed
by IBM [7]. The Robot programming language KAREL, developed
by GMF Robotics [8], is also in this category, although the language
is quite similar to Pascal.

Studies of actual application programs for robotic workcells have
shown that a large percentage of the language statements
are not
robot-specific [7]. lnstead, a great deal of robot programming has to do
with initialization, logic testing and branching, communication, etc. For
this reason, a trend may develop to move away from developing special
languages for robot programming, and toward developing extensions to
general languages, as in categories 2 and 3 above.

Task-Ievelprogramminglanguages
The third leveI of robot programming
methodology
is embodied in
task-level
programming
languages.
Thes~-are languages which allow
the user to command desired subgoals of the task directly, rather than
to specify the details of every action the robot is to take. ln such a
system, the use r is able to include instructions in the application program
at a significantly higher leveI than in an explicit robot programming
language. A task-Ievel robot programming system must have the ability
to perform many planning tasks automatically.
For example, if an
instruction to "grasp the bolt" is issued, the system must plan a path of

~
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the manipulator which avoids collision with any surrounding obstacles,
automatically choose a good grasp location on the bolt, and grasp it. ln
contrast, in an explicit robot programming language, all these choices
must be made by the programmer.
The border between explicit robot programming languages and taskleveI programming languages is quite distinct. lncremental advances are
being made to explicit robot programming languages which help to ease
programming, but these enhancements cannot be counted as components
of a task-Ievel programming
system. True task-Ievel programming
of
manipulators does not exist yet but is an active topic ofresearch [9], [10].

12.3

A sample application

Figure 12.2 shows an automated workcell which completes a small subassembly in a hypothetical manufacturing processo The workcell consists
of a conveyor under computer control which delivers a workpiece. A
camera connected to a vision system is used to locate the workpiece on
the conveyor. There is an industrial robot (a PUMA 560 is pictured)
equipped with a force sensing wrist. A small feeder located on the work
surface supplies another part to the manipulator. A computer controlled
press may be loaded and unloaded by the robot, and finished assemblies
are placed in a pallet.
The entire process is controlled by the manipulator's
controller in
a sequence as follows:

1. The conveyor is signaled to start, and is stopped
system reports

that a bracket has been detected

when the vision
on the conveyor.

2.

The vision system determines the bracket's position and orientation
on the conveyor and inspects the bracket for defects such as the
wrong number of holes.

3.

Using the output of the vision system, the manipulator grasps the
bracket with a specified force. The distance between the fingertips
is checked to ensure that the bracket has been properly grasped. If
it has not, the robot moves out of the way and the vision task is
repeated.
:.

4.

The bracket is placed in the fixture on the work surface. At this
point, the conveyor can be signaled to start again for the next
bracket. That is, steps 1 and 2 can begin in parallel with the
following steps.

5.

A pin is picked from the feeder and inserted partway into a tapered
hole in the bracket. Force control is used to perform this insertion
and to perform simple checks on its completion. If the pin feeder

12.3 A sample application

FIGURE

12.2

An automated

workcell containing

an industrial

was empty, an operator is notified and the manipulator
commanded to resume by the operator.

robot.

waits until

6.

The bracket-pin
press.

assembly is grasped by the robot and placed in the

7.

The press is commanded to actuate, and presses the pin the rest of
the way into the bracket. The press signals that it has completed,
and the bracket is placed back into the fixture for a final inspection.

8.

Using force sensing the assembly is checked for proper insertion of
the pino The manipulator senses the reaction force when it presses
sideways on the pin, and can do several cnecks to determine how far
the pin protrudes from the bracket.

9.

If the assembly is judged to be good, the robot places the finished
part into the next available pallet location. If the pallet is full, the
operator is signaled. If the assembly is bad, it is dropped into the
trash bin.

10. Wait for step 2 (started
step 3.

earlier in parallel)

to complete,

then go to

1Jlli.[J
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This is an example of a task that is possible (though slightly
challenging) for today's industrial robots. It should be clear that the
definition of such a process through "teach by showing" techniques
is probably not feasible. For example, in dealing with pallets, it is
laborious to have to teach all the pallet compartment
locations; it is
much preferable to teach only the comer location and then compute the
others making use of the dimensions of the pallet. Further, specifying
interprocess signaling and setting up parallelism using a typical teach
pendant or a menu-style interface is usually not possible at all. This
kind of application necessitates a robot programming language approach
to process description
(see Exercise 12.5). On the other hand, this
application is toa complex for any existing task-levellanguages
to deal
with directly. It is typical of the great many applications which must
be addressed with an explicit robot programming
approach. We will
keep this sample application in mind as we discuss features of robot
programming languages.

12.4

Requirementsof a robotprogramminglanguage

World modeling
Since manipulation programs must by definition involve moving objects
in three-dimensional
space, it is clear that any robot programming
language needs 'a means of describing such actions. The most common
element of robot programming
languages is the existence of special
geometric
types. For example, types are introduced which are used
to represent joint angle sets, as well as Cartesian positions, orientations,
and frames. Predefined operators which can manipulate these types often
are available. The "standard frames" introduced in Chapter 3 might
serve as a possible model of the world: All motions are described as tool
frame relative to station frame, with goal frames being constructed from
arbitrary expressions involving geometric types.
Given a robot programming env~J:Onment which supports geometric
types, the robot and other machines, parts, and fixtures can be modeled
by defining named variables associated with each object of interest.
Figure 12.3 shows part of our example workcell with frames attached
in task-relevant locations. Each of these frames would be represented
with a variable of type "frame" in the robot programo
In many robot programming languages, this ability to define named
variables of various geometric types and refer to them in the program
forms the basis of the world model. Note that the physical shapes

12.4 Requirements of a robot programming language

z
{ Feeder }
z
y
{ Fixture

}

z
{ Table}

y
x

FIGURE 12.3 Often a workcell
are attached to relevant objects.

is modeled

only by a set of frames which

of the objects are not part of such a world model, and neither are
surfaces, volumes, masses, or other properties. The extent to which
objects in the world are modeled is one of the basic design decisions
made when designing a robot programming system. Most present-day
systems support only the style just described.
Some world-modeling systems allow the notion of affixments
between named objects [3]. That is, the system can be notified that two
or more named objects have become "affixed" and from then on, if one
object is explicitly moved with a language statement, any objects affixed
to it are moved as well. Thus, in our application,. once the pin has
been inserted into the hole in the bracket, th!ô system would be notified
(via a language statement) that these two objects have become affixed.
Subsequent motions of the bracket (that is, changes to the value of the
frame variable "bracket") would cause the value stored for variable "pin"
to be updated as well.
Ideally, a world-modeling system would include much more information about the objects with which the manipulator has to deal, and
about the manipulator
itself. For example, consider a system in which
objects are described with CAD-style models which represent the spatial
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shape of an object by giving definitions of its edges, surfaces, or volume.
With such data available to the system, it begins to become possible
to implement many of the features of a task-levél programming system.
These possibilities are discussed further in Chapter 13.

Motion specification
A very basic function of a robot programming language is to allow the
description of desired motions of the robot. Through the use of motion
statements in the language, the user interfaces to path planners and
generators of the style described in Chapter 7. Motion statements allow
the user to specify via points and the goal point, and whether to use joint"
interpolated motion or Cartesian straight-line motion. Additionally, the
user may have control over the speed or duration of a motion.
To illustrate various syntaxes for motion primitives, we will consider
the following example manipulator motions: 1) move to position "goall,"
then 2) move in a straight line to position "goa12," then 3) move without
stopping through "via1" and come to rest at "goa13." Assuming all of
these path points had already been taught or described textually, this
program segment would be written as follows.
In VAL II:
move goall
moves goa12
move vial
move goa13

In AL (here controlling the manipulator

"garm"):

move garm to goall;
move garm to goa12 linearly;
move garm to goa13 via vial;

In Intelledex
10
20
30
40

move goal1
move straight
cpon
move vial

Robot-BASIC:

goa12

50 move goa13
60 cpoff

Most languages have similar syntax for simple motion statements
like these. Differences in the basic motion primitives from one robot
programming language to another become more apparent if we consider
features such as

12.4

Requirements

1. The ability to do math on structured
rotation
2.

3.

of a robot programming

language

types like frames, vectors, and

matrices

The ability to describe geometric entities
different convenient representations-with
between representations

like frames

in several

the ability

to convert

The ability to give constraints on the duration or velocity of a
particular move. For example, many systems allow the use r to set
the speed to a fraction of maximum. Fewer allow the user to specify
a desired duration or a desired maximum joint velocity directly.

4. The ability to specify goals relative to various frames, including
frames defined by the user and frames
for example)

in motion

(on a conveyor

Flow of execution
As in more conventional computer programming languages, a robot programming system allows the user to specify the flow of execution. That
is, concepts such as testing and branching, looping, calls to subroutines,
and even interrupts are generally found in robot programming languages.
More so than in many computer applications,
par aliei processing
is generally important in automated workcell applications. First of ali,
very often two or more robots are used in a single workcell and work
simultaneously
to reduce the cycle time of the processo But even in
single-robot
applications
such as the one shown in Fig. 12.2, there
is other workcell equipment which must be controlled by the robot
controller in a par aliei fashion. Hence signal and wait primitives are
often found in robot programming
languages, and occasionally more
sophisticated parallel execution constructs are provided [3].
Another frequent occurrence is the need to monitor various processes
with some kind of sensor. Then, either by interrupt or through polling,
the robot system must be able to respond to certain events which
are detected by the sensors. The ability easily to specify such event
monitors is afforded by some robot programming languages [2], [3].

Programmingenvironment
As with any computer languages, a good programming
environment
helps to increase progmmmers' productivity. Manipulator programming
is difficult and tends to be very interactive, with a lot of trial and error.
If the user were forced to continually repeat the "edit-compile-run"
cycle
of compiled languages, productivity would be low. Therefore, most robot
programming languages are now interpreted so that individuallanguage

~
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statements
can be run one at a time during
and debugging. Typical programming
support
debuggers, and a file system are also required.

program development
such as text editors,

Sensor integration
An extremely important part of robot programming has to do with interaction with sensors. The system should have the minimum capability
to query touch and force sensors and use the response in if-then-else
constructs. The ability to specify event monitors to watch for transitions
on such sensors in a background mode is also very useful.
lntegration with a vision system allows the vision system to send the
manipulator system the coordinates of an object of interest. For example,
in our sample application, a vision system locates the brackets on the
conveyor belt and returns to the manipulator
controller their position
and orientation relative to the camera. Since the camera's frame is known
relative to the station frame, a desired goal frame for the manipulator
can be computed from this information.
Some sensors may be part of other equipment in the workcell. For
example, some robot contrallers can use input fram a sensor attached
to a conveyor belt so that the manipuIator can track the beIt's motion
and acquire objects from the beIt as it moves [2].
The interface to force contraI capabiIities as discussed in Chapter 9
comes thraugh special Ianguage statements
which allow the user to
specify force strategies [3]. Such force control strategies are by necessity
an integrated part of the manipuIator
control system-the
robot pragramming Ianguage simpIy serves as an interface to those capabiIities.
Programming robots which make use of active force control may require
other special features, such as the ability to dispIay force data collected
during a constrained motion [3].
ln systems which support active force contraI, the description of the
desired force application may beco me part of the motion specification.
The AL Ianguage describes active force contraI in the motion primitives
by specifying six com ponents of stiffness (three transIational
and three
rotational)
and a bias force. ln this way, the manipuIator's
apparent
stiffness is programmable.
To appIy a force, usually the stiffness is set
to zero in that direction, and a bias {orce is specified. For exampIe:
move

garm

with

stiffness=(80,80,O,100,100,100)

to

goal

with

force=20*ounces

along

zhat;

12.5 An example application coded in three RPLs

12.5

An exampleapplicationcodedin three RPLs

Perhaps the only way to gain an appreciation of the current state of
the art in robot programming languages is to read some examples of
robot programs in various languages. ln this section we have chosen a
palletizing example from [11] and show the actual code to accomplish
this task as expressed in three different robot programming languages.
Each of these programs solves the same scenario: pick a part from a
pallet with rI rows and c1 columns and put it into a pallet of r2 rows
and c2 columns; signal or wait for presentation
and removal of full or
empty pallets. These. programs are documented or self-documenting
so
that you should be able to follow them with a careful reading.

Palletizingapplication
writtenin AL
Belowis an AL program [3]that will accomplish the palletizing application (from [11]).
BEGIN

"Palletizing

sample

program"

FRAME in_pallet, out_pallet, part;
COMMENT
The

(1,1)

grasping

positions
position

of
of

the

the

pallets

and

parts;

VECTOR del_rl, del_cl;
VECTOR del_r2, del_c2;
COMMENT

Relative

,

displacements

SCALAR

rl,

cl,

irl,

icl;

SCALAR

r2,

c2,

ir2,

ic2;

along

the

rows

and

columns;

COMMENT counters;
EVENT in_pallet_empty, in_pallet~eplaced;
EVENT out_pallet_full, out_pallet~eplaced;
COMMENT
Here

insert

and

the

OUT-PALLET

along

definitions

the

rows

and

columns.

using

the

robot.

the

recorded

frame
and

unreadable

by

vector

for

value
These

FRAME

IN-PALLET

for
would

displacements
be

taught

definitions

and

are typically

humans;

COMMENT
Now

define.

main

the

program

procedure

later

PROCEDURE PICK;
BEGIN
FRAME pick_frame;
irl:=
IF

irl

THEN
BEGIN

irl
GT

+
rl

1;

on;

PICK

and

PLACE

called

in

the

[]Q[]
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ir1

;~

ic1

;~

IF

ic1

1;
ic1 + 1;
GT c1

THEN

BEGIN
SIGNAL in_pallet_empty;
WAIT in_pallet_replaced;
ic1 ;~ 1;
END;
END;
pick_frame
;~ in_pallet+(ir1-1)*del_r1+(ic1-1)*del_c1;
MOVEBHAND TO pick_frame;
CENTERBARM;
AFFIX part TO BARM;
END;
PROCEDUREPLACE;
BEGIN
FRAMEplace_frame;
ir2:~
ir2 + 1;
IF ir2 GT r2
THEN
BEGIN
ir2

;~ 1;

ic2 ;~ ic2 + 1;
IF ic2 GT c2
THEN
BEGIN
SIGNAL out-pallet_empty;
WAIT out_pallet-replaced;
ic2 ;= 1;
END;
END;
place_frame
;= out_pallet+(ir2-1)*del-r2+(ic2-1)*del_c2;
MOVEpart TO place_frame;
OPEN BHAND TO 3.O*IN;
UNFIX part
END;

FROMBARM;

COMMENTThe main program;
OPEN BHAND TO 3.O*IN;
WHILE TRUE DO
BEGIN
PICK;
PLACE;
END;
END;

Palletizingapplicationwrittenin KAREL
Below is a KAREL program [8] that will accomplish the palletizing
application (from [11]).

12.5 An example application coded in three RPLs

program
--

PALLET

Transfers

workpieces

from

one

pallet

to

another.

var
-- Variables
BASEl

for

the

input

: position

pallet:

--

(1,1)

position

lRl,lCl

: integer

-- counters

NR1,NCl

: integer

-- limits

DR1,DCl

: vector

-- delta

lSlGl,OSlGl
-- Variables
BASE2

: integer
for

the

for

output

: position

rows

& cols

& cols

rows

for pallet

& cols
changing

pallet:

--

(1,1)

position

: integer

-- counters

NR2,NC2

: integer

-- limits

DR2,DC2

: vector

for
for

-- delta

: integer

on pallet
rows

between

-- signals

lR2,lC2

lSlG2,OSlG2

for

rows

between

-- signals

on pallet
rows

& cols

& cols

rows

for pallet

& cols
changing

-----------------------------------------------------------routine

PlCK

--

a

Pick

workpiece

from

the

input

pallet.

var
TARGET

: position

--

target

new

pallet

pose

begin
lRl

=

lRl + 1

if lRl > NRl

then
lRl = 1
lCl
if

= lCl
lCl

>

+

1

NCl

then
lCl = 1
--

get

a

=

dout[OSlGl]
-wait

for

true

notify

pallet-changer

din[lSlGl]+

--

wait

--

meaning

dout[OSlGl]

for

=

input

line

pallet

has

to

go

been

high,

changed

false

--

turn

off

--

compute

our

output

target

signal

pose

endif
endif
= BASEl

TARGET

--

start

with

(1,1)

pose

shift(TARGET,(lRl-l)*DR1+(lCl-l)*DC1)
--

shift

-- get
move
move
dose

near TARGET
to TARGET
hand

move away
end PlCK

for

row

and

col

.

offset

by 50

-- move

to 50 mm away

--

Place

--

back

away

from

TARGET

PLACE
a

from

1
50

by

-----------------------------------------------------------routine

--

the part

workpiece

on

the

output

pallet.

50

mm

TARGET

~
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var
TARGET

: position

--

target

pose

begin
IR2

=

IR2

+

if

IR2

>

NR2

1

then
IR2 = 1
IC2

=

IC2

+

if

IC2

>

NC2

1

then
IC2 = 1
--

get

a new

=

dout[OSIG2]

-wait

notify

for

pallet

true
pallet-changer

din[ISIG2]+

--

wait

--

meaning

for

=

dout[OSIG2]

input

line

pallet

has

to

go

been

high,

changed

false

--

turn

--

compute

off

our

output

target

signal

pose

endif
endif
=

TARGET

BASE2
--

start

with

(1,1)

pose

shift(TARGET,(IR2-1)*DR2+(IC2-1)*DC2)
--

end

move

near

move

to

open

hand

1

move

away

50

shift

TARGET

by

for
50

row
--

and

col

move

to

offset
50

mm

away

by

50

from

TARGET

TARGET

--

back

away

from

TARGET

mm

PLACE

------------------------------------------------------------

MAIN PROGRAM
-----------------------------------------------------------begin

--

--

IR1

= O

; IC1 = O

IR2

=

; IC2

O

initialize

=

other

--

initialize

counters

O
variables:

BASEl

, NR1

, NCl

, DR1

, DC1

ISIG1

OSIG1

BASE2

, NR2

, NC2

, DR2

, DC2

ISIG2

OSIG2

numerical

pose

open

1

while

hand
true

pick
place
endwhile
end PALLET

do

definitions

omitte~

-- loop

here
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Palletizing application written in VAL 11
In the VAL II [2] version of the palletizing
application,
the program
transfers parts between two pallets using the external binary I/O signals
to request additional
pallets. It communicates
with the user via the
system terminal,
asking questions and providing
information
on the
system operation. A pallet location is taught by instructing
the operator
to move the robot to the corners of the pallet, using the manual teach
pendant. The program then computes all locations in the pallet. Once
both pallets have been taught, the robot transfers parts until manually
stopped by the operator.
. PROGRAM

main

; ABSTRACT:

This

; between
; the

()

two

pa11et

is

the

top

pallets.

It

10cations

; from

one

pallet

; DATA

STRUCTURES:

if

to

level

moves

parts
teach
parts

items

on the

to

move

operator

and

then

to

next.

pallet

in.height
in.max
in.count

the

desired,

the

= An array

in.pa11et[]

program

a11ows

of 10cations

to

be

for

unloaded.

=

Approach/depart

=

The

number

of

items

on

=

The

number

of

items

left

height

for
a

input

full
on

pa1let.

input
this

pal1et.

input

pallet.
out.pallet[]=

An

array

pa11et

of
to

locations

be

for

out.height

=

out.max

= The

number

of

items

on

out.count

=

number

of

items

1eft

#safe

=

Approach/depart

The

pallet
Safe

items

on

the

10aded.
height

for
a

output

full
on

pallet.

output
this

pallet.

output

.
robot

location

reachab1e

from

both

pallets.
LOCAL

$ans,

in.count,

binary

signa1

; Define

out.count
numbers

used

to control

pallets

transfer

= 1001

;Input signal TRUE when transfers permitted

in.ready

= 1002

;Input

signa1

TRUE

when

input

out.ready

=

;Input

signal

TRUE

when

output

1003

in.change
= 4
out.change=
5
; Ask operator

;Output
;Output

about

setup

PROMPT "Do you want
IF $ans == "Y" THEN
DETACH()
TYPE

"Use

CALL

setup.pal1et(in.count,

PENDANT

the

new

pa1lets

pa11et

from

teach

the

n~w
new

program
input

"Use

setup.pa11et(out.count,

PENDANT

to

TYPE

"Press

teach

button

the

output

out.pal1et[],
on

the

PENDANT

ready

pa1let

ready

input pa11et
output pa11et
if desired

(Y/N):",

in.pal1et[],

CAL L

COMP

the

robot
to

TYPE

the

requests
requests

and teach

to define

;Detach
the

signa1
signa1

pal1et

$ans

control
pal1et

location"

in.height)
pa11et

location"

pout.height)
to

continue"

[1Q[]
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ATTACH()

languages

;Attach

and systems

robot

(wait

for COMP

button)

END
; Initialize

transfer

transfer.count
in.count

data

= O

;Count

= O

of parts

;Assume

out.count = O

empty

transferred

input

pallet

at start

;Assume full output pallet at start

; Wait for transfer signal, then start the pallet transfer
MOVES #safe
;Move robot to a safe place
TYPE "Waiting for trasfer signal ...", IS
;Waituntil transfersignalseen
WAIT SIG(transfer)
TYPE "starting transfer", IC2
; Main loop transferring from one pallet to the other, requesting
; new pallets as necessary. Quit when transfer signal becomes FALSE
WHILE SIG(transfer) DO
;While transfer is still ok...
IF in.count <= O THEN

;If out of input parts, ask for new

SIGNAL in.change

;Request pallet change

WAIT

SIG(-in.ready)

;Wait

WAIT

SIG(in.ready)

;Followed

by input

= in.max

;Indicate

full

in.count

for

input

not

ready
ready

pallet

END
IF out.count <= O THEN ;If output pallet full, ask for new
SIGNAL out.change
;Request pallet change
WAIT SIG(-out.ready);Wait for output not ready
WAIT

SIG(out.ready)

out.count

= out.max

;Followed

by output

;Indicate

empty

ready

pallet

END
; Acquire input part
OPEN
APPROS

in.pallet[in.count],

in.height

;Open

gripper

;Move

over

part

SPEED

20

;Move

at

20%

MOVES

in.pallet[in.count]

;Move

to

part

CLOSEI

;Close

DEPARTS in.height
in.count = in.count

;Move

; Place

output

-i

immediately
up

;Count

again

down

part

APPROS out.pallet[out.count],
SPEED 20
MOVES

speed

out.height

over

;Move

at

output
20%

speed

;Move to empty place
;Dpen immediately

out.pallet[out.count]

OPENI
DEPARTS out.height
out.count
= out.count

;Move

;Move

- i

up

;Count

again

down

; Count transfer and display it
transfer.count = transfer.count
+ i
TYPE IUi, "Number of parts ;~ransferred:", 118, transfer. count
END ;End of while loop
; All done transferring parts, move robot to safe place and quit
MOVES

#safe

.END
.PRDGRAM setp.pallet(count, array[], approach)
; ABSTRACT:
; which
; of

Routine

represent

a pallet.

; upper

left

to compute

the
All

part

upper

output

location.

an array

left,
locations

lower
have

of locations
left,
the

and

given

locations

lower

right

orientation

of

point
the
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; INPUT PARM: None
; OUTPUT

count

=

array[]

= Array containing the.pallet locations.

PARM:

approach=

LOCAL

ul,

LOCAL

row,

; Ask

11,

Ir,

col,

operator

to

The

ap,

cs,

Number of items on this pallet.

t[],

rs,

teach

approach

ncol,

i,

height

for this

nrow

frame

pallet

locations

CALL

teach.point("upper

left

pallet

position",

ul)

CALL

teach.point("lower

left

pallet

position",

ll)

CALL

teach.point("lower

right

CALL

teach.point("approach

pallet

height

"Enter

the

number

of

columns

PROMPT

"Enter

the

number

of

rows

count = ncol*nrow
to

compute

ncol

cs
END

the

(left
(top

to

to

lr)

pallet",

ap)

right):

bottom):

",ncol
",

nrow

;Computecount of items

pallet

locations

cs = O
IF

position",

above

PROMPT

; Setup

pallet.

;Assume 1 column,zero spacing
>

1 THEN

= DISTANCE(ll,lr)/(ncol-l)

rs = O
IF nrow > 1 THEN

;Compute spacing of columns
;Assume 1 row, zero spacing

rs = -DISTANCE(ul,ll)/(nrow-l);Compute spacing of rows

END
; Compute

frame

SET frame

values

= FRAME(ll,lr,ul,ul)

=

approach

;Compute

DZ(INVERSE(frame):ap);Compute

frame

;wrt
DECOMPOSE
; Loop

i

to

for

approach
frame

pallet
height
plane

= ul

t[l]
compute

array

values

=1

FOR

row

=

FOR

col

O

=

SET

array[i]

i

i

=

to

nrow-l
O

+

to

ncol-l
=

frame:TRANS(row*rs,col*cs,O,t[4]

,t[5]

,t[6])

1

END
END
RETURN
.END

12.6

Problems

peculiar to robot programming

languages

While advances in recent years have helped, programming robots is still
difficult. Robot programming shares all the problems of conventional
computer programming,
plus some additional difficulties caused by
effects of the physical world [12].
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Internalworldmodelversusexternalreality
A central feature of a robot programming system is the world model
that is maintained internally in the computer. Even when this model
is quite simple, there are ample difficulties in assuring that it matches
the physical reality that it attempts to model. Discrepancies between
internal model and external reality result in poor or failed grasping of
objects, collisions, and a host of more subtle problems.
This correspondence between internal model and the external world
must be established for the program's initial state and must be maintained throughout its execution. During initial programming or debugging it is generally up to the user to suffer the burden of ensuring that the
state represented in the program corresponds to the physical state of the
workcell. Unlike more conventional programming,
where only internal
variables need to be saved and restored to reestablish a former situation,
in robot programming, physical objects must usually be repositioned.
Besides the uncertainty inherent in each object's position, the manipulator itself is limited to a certain degree of accuracy. Very often
steps in an assembly will require the manipulator
to make motions
requiring greater precision than it is capable of. A common example
of this is inserting a pin into a hole where the clearance is an order
of magnitude less than the positional accuracy of the manipulator.
To
further complicate matters, the manipulator's
accuracy usually varies
over its workspace.
In dealing with those objects whose locations are not known exactly, it is essential to somehow refine the positional information. This
can sometimes be done with sensors, e.g., vision, touch, or by using
appropriate force strategies for constrained motions.
During debugging of manipulator programs, it is very useful to be
able to modify the program and then back up and try a procedure
again. Backing up entails restoring the manipulator
and objects being
manipulated
to a former state. However, in working with physical
objects, it is not always easy, or even possible, to undo an action. Some
examples are the operations of painting, riveting, drilling, or welding,
which cause a physical modification of the objects being manipulated.
It may therefore be necessary for the use r to get a new copy of the
object to replace the old, modified one. Further, it is likely that some
of the operations just prior to the a'fie being retried will also need to
be repeated to establish the proper state required before the desired
operation can be successfully retried.

12.6

Problems

peculiar

to robot programming

languages

Contextsensitivity
Bottom-up
programming
is a standard approach to writing a large
computer program in which one develops small, low leveI pieces of a
program and then puts them together into larger pieces, eventually
resulting in a completed programo For this method to work it is essential
that the small pieces be relatively insensitive to the language statements
that precede them and that there are no assumptions concerning the
context with which these program pieces execute. For manipulator
progamming this is often not the case; code that worked reliably when
tested in isolation frequently fails when placed in the context of the
larger programo These problems generally arise from dependencies on
manipulator
configuration and speed of motions.
Manipulator programs may be highly sensitive to initial conditions,
for example, the initial manipulator
position. ln motion trajectories,
the starting position will infiuence the trajectory that will be used for
the motion. The initial manipulator
position may also infiuence the
velocity with which the arm will be moving during some critical part
of the motion. For example, these statements are true for manipulators
that follow cubic spline joint space paths studied in Chapter 7. While
these effects might be dealt with by proper programming
care, such
problems may not arise until after the initial language statements
have been debugged in isolation and are then joined with statements
preceding them.
Because of insufficient manipulator
accuracy, a program segment
written to perform an operation at one location is likely to need to be
tuned (i.e., positions retaught and the like) to make it work at a different
location. Changes in location within the workcell result in changes in the
manipulator's
configuration in reaching goallocations.
Such attempts at
relocating manipulator motions within the workcell test the accuracy of
the manipulator kinematics and servo system, and frequently problems
arise. Such relocation may cause a change in the manipulator's kinematic
configuration, for example, from left shoulder to right shoulder, or from
elbow up to elbow down. Moreover, these changes in configuration may
cause large arm motions during what had previously been a short, simple
motion.
The nature of the spatial shape of trajectories is likely to change as
paths are located in different portions of tlfé manipulator's
workspace.
This is particularly true of joint space trajectory methods, but use of
Cartesian path schemes can also lead to problems if singularities are
nearby.
When testing a manipulator
motion for the first time it is often
wise to have the manipulator move slowly. This allows the user a chance
to stop the motion if it appears to be about to cause a collision. It
also allows the user to inspect the motion closely. After the motion has
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undergone some initial debugging at a slower speed it is then desirable
to increase motion speeds. Doing so may cause many of the aspects of
the motion to change. Due to limitations in most manipulator
control
systems, greater servo errors are to be expected in following the quicker
trajectory. Also, in force-control situations involving contact with the
environment, speed changes can completely change force strategies required for success.
The manipulator's
configuration ais o affects the delicacy and accuracy of forces that may be applied with it. This is a function of how well
conditioned the J acobian of the manipulator is at a certain configuration,
which is generally difficult to consider when developing robot programs.

Errar recovery
Another direct consequence of working with the physical world is that
objects may not be exactly where they should be and hence motions
that deal with them may fail. Part of manipulator programming involves
attempting to take this into account and making assembly operations
as robust as possible, but, even so, érrors are likely; and an important
aspect of manipulator programming is how to recover from these errors.
Almost any motion statement in the user's program can fail, sometimes for a variety of reasons. Some of the more common causes are
objects shifting or dropping out of the hand, an object missing from
where it should be, jamming during an insertion, not being able to
locate a hole, and 80 on.
The first problem that arises for erro r recovery is identifying that an
error has indeed occurred. Because robots generally have quite limited
sensihg and reasoning capabilities, errar detection is often difficult. In
order to detect an error, a robot program must contain some type of
explicit testo This test might involve checking the manipulator's
position
to see that it lies in the proper range; for example, when doing an
insertion, no change in position might indicate jamming, while too much
change might indicate that the hole was missed entirely or the object
has slipped out of the hand. If the manipulator
system has some type
of visual capabilities then it might take a picture and check for the
presence or absence of an object, and:,. if the object is present, determine
its location. Other checks might involve force, such as weighing the load
being carried to check that the object is still there and has not been
dropped, or checking that a contact force remains within certain bounds
during a motion.
Since every motion statement in the program may potentially fail,
these explicit checks can be quite cumbersome and can take up more
space than the rest of the programo Rather than attempt to deal with
all possible errors, which is extremely difficult, usually just the few

12.6 References
statements which seem most likely to fail are checked. The process of
determining which portions of a robot application program are likely to
fail is one which requires a certain amount of interaction and partial
testing with the robot during the program development stage.
Once an errar has been detected, an attempt can be made to recover
from it. This can be dane totalIy by the manipulator
under program
control, ar it may involve manual intervention by the user, ar some
combination of the two. ln any event, the recovery attempt may in turn
result in new errors. It is easy to see how code to recover from errors
can become the major part of the manipulatar
programo
The use of paralIelism in manipulator programs can further complicate recovery from errors. When several processes are running concurrently and one causes an errar to occur, it may ar may not affect other
processes. ln many cases it will be possible to back up the offending
process, while alIowing the others to continue. Other times it will be
necessary to reset several ar alI of the running processes.
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Exercises
12.1

[15] Write a robot program (use any of [1] through
from location A and place it in location B.

12.2

[20] Describe tieing your shoelace in simple English commands
form the basis of a robot programo

12.3

[32] Design the syntax of a new robot programming
language. Include
ways to give duration or speeds to motion trajectories,
I/O statements
to peripherals, commands to control the gripper, and force sensing (i.e.,
guarded move) commands. You can skip force control and parallelism
(see Exercise 12.4).

12.4

[28] Extend the specification of a new robot programming language that
you started in Exercise 12.3 by adding force control syntax and syntax
for parallelism.

12.5

[38] Write a program in a commercially
available robot programming
language to perform the application outlined in Section 12.3. Make any
reasonable assumptions concerning I/O connections and other details. Use
any of the references [1] through [8] or other for details of syntax.

12.6

[8]) to pick a block up
that might

[28] Use any robot language (for example, references [1] through [8]) and
write a general routine for unloading an arbitrarily
sized pallet. The
routine should keep track of indexing through the pallet, and signal a
human operator when the pallet is empty. Assume the parts are unloaded
onto a conveyor belt.

12.7

[35] Use any robot language (for example, references [1] through [8]) and
write a general routine for unloading an arbitrarily
sized source pallet
and loading an arbitrarily
sized destination
pallet. The routine should
keep track of indexing through the pallets, and signal a human operator
when the source pallet is empty or when the destination pallet is fuI!.

12.8 [35] Use the AL language [3] and write a program which uses force control
to fill a cigarette box with 20 cigarettes. Assume that the manipulator has
an accuracy of about 0.25 inch, so force control should be used for many
operations. The cigarettes are presented on a conveyor belt with a vision
system returning their coordinates.
12.9

[35] Use any robot language (for:.example, references [1] through [8])
and write a program to assemble the hand-held portion of a standard
telephone. The six components (handle, microphone, speaker, two caps,
and cord) arrive in a kit, that is, a special pallet holding one of each kind
of parto Assume there is a fixture into which the handle can be placed
which holds it. Make any other reasonable assumptions needed.

12.10 [33] Write an AL program [3] which uses two manipulators. One, called
GARM has a special end-effector designed to hold a wine bottle. The
other arm, BARM, will hold a wine glass, and is equipped with a force

12.6 Programming Exercise (Part 12)
sensing wrist which can be used to signal GARM to stop pouring
it senses the glass is fuI!.

Programming

Exercise

(Part

when

12)

Create a user interface to the other programs you have deveIoped by writing
a few subroutines in Pasca!. Once these routines are defined, a "user" could
write a Pascal program which contains calls to these routines to perform a
2-D robot appIication in simuIation.
Define primitives

which allow the user to set station

and tool frames:

setstation(SrelB:vec3);
settool(TrelW:vec3);
where "SrelB" gives the station frame reIative to the base frame of the
robot and "TrelW" defines the tool frame reIative to the wrist frame of the
manipuIator.

Define motion

primitives:

moveto(goal:vec3);
moveby(increment:vec3);
where "goal" is a specification of the goal frame reIative to the station frame
and "increment" is a specification of a goal frame reIative to the current
tool frame. Allow muItisegment paths to be described when the user first
calls the "pathmode"
function, then specifies motions to via points, and
finally says "runpath."
For exampIe:
pathmode;
moveto (goal1)

(* enter

path

mode *)

;

moveto(goa12);
runpath;
Write

a simpIe

(* execute
"application"

the

path
program

Iocation of the arm every n seconds.

without

stopping

at

and have your system

goal1
print

*)
the
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13
OFF-LINE
PROGRAMMING
SYSTEMS

13.1 Introduction
We define an off-line programming
(OLP) system as a robot programming language which has been sufficiently extended, generally by
means of computer graphics, that the development of robot programs

can take place without accessto the robot itself.* Off-lineprogramming
systems are important both as aids in programming present-day industrial automation as well as platforms for robotics research. Numerous
issues must be considered in the desig'n of such systems. In this chapter, a
* Chapter
13 is reprinted
with permission from International Symposium
of Robotics Research by R. Bolles and B. Roth (editors). From "Issues in the
Design af Off-Line Programming
Systems" by John J. Craig, MIT Press,
Cambridge, MA @1988.

13.1

lntroduction

discussian af these issues is presented, falIawed by the basic design af ane
such system. The tapics discussed include the spatial representatian
af
salids, graphical rendering af these abjects, autamatic calIisian detectian,
incarparatian
af kinematics, path planning, and dynamic simulatian,
simulatian af sensors, cancurrent
programming,
translatian
by past
pracessars to variaus target languages, and warkcelI calibratian.
ln the last decade the grawth af the industrial robat market has nat
been nearly as rapid as predicted. ane primary reasan for this is that
robats are still toa difficult to use. A great deal af time and expertise
is required to instalI a robat in a particular applicatian and bring the
system to productian readiness. For variaus reasans, in some applicatians
this problem is more severe than athers, and hence, we see certain
applicatian areas (e.g., spat welding, spray painting) being autamated
with rabats much saaner than ather applicatian damains. It seems that
lack af sufficiently trained rabat system implementars is limiting growth
in some if nat alI areas af applicatian. At some manufacturing campanies,
management
encaurages the use af robats to an extent greater than
that realizable by applications engineers. Alsa, a large percentage af the
rabats delivered are being used in ways which do nat take fulI advantage
af their capabilities. These symptams indicate that current industrial
rabats are nat easy enaugh to use to alIaw successful instalIatian and
programming in a timely manner.
There are many factors that make robat programming a difficult
task. First, it is intrinsicalIy related to general camputer pragramming
and sa shares many af the problems encauntered
in that field. But
pragramming
robats, ar any programmable
machine, has particular
problems which make the develapment
af productian-ready
saftware
even more difficult. As we saw in the last chapter, mast af these
special problems arise from the fact that a rabat manipulator interacts
with its physical enviranment
[1]. Even simple programming
systems
maintain a "world madel" af this physical enviranment in the farm af
lacatians af abjects and have "knawledge" abaut presence and absence af
variaus abjects encaded in the program strategies. During develapment
af a robat program (and especialIy later during productian use) it is
necessary to keep the internal madel maintained by the programming
system in carrespandence
with the actual state af the robat's environment. lnteractive debugging af pragrams with a manipulatar
requires
frequent manual resetting af the state af the ro'bat's environment-parts,
taals, etc., must be maved back to their initial lacatians. Such state
resetting becames especialIy difficult (and sametimes castly) when the
rabat perfarms a irreversible aperatian
an ane ar more parts (e.g.,
drilling, routing, etc.). The mast spectacular effect af the presence af
the physical environment is when a program bug manifests itself in some
unintended irreversible aperatian an parts, taals, ar an the manipulator
itself.
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Although difficulties exist in maintaining an accurate internal model
of the manipulator's
environment, there seems no question that great
benefits result from doing so. Whole areas of senso r research, perhaps
most notably computer vision, focus on developing techniques by which
world models may be verified, corrected, or discovered. Clearly, in order
to apply any computational
algorithm to the robot command-generation
problem, the algorithm needs access to a model of the robot and its
surroundings.
In the development of programming systems for robots, advances
in the power of programming
techniques seem directly tied to the
sophistication
of the internal model referenced by the programming
language. Early joint space "teach by showing" robot systems employed
a limited world model, and there were very limited ways in which the
system could aid the programmer in accomplishing a task. Slightly more
sophisticated
robot controllers included kinematic models so that the
system could at least aid the use r in moving the joints so as to accomplish
Cartesian motions. Robot programming languages (RPLs) evolved which
support many different data types and operations which the programmer
may use as needed to model attributes of the environment and compute
actions for the robot. Some RPLs support world modeling primitives
such as affixments, data types for forces and moments, and other features
[2].
The robot programming languages of today might be called "explicit
programming
languages" in that every action that the system takes
must be programmed by the application engineer. At the other end of
the spectrum, are the so-called task levei programming (TLP) systems
in which the programmer
may state high-level goals such as "insert
the bolt," or perhaps even "build the toaster oven." Such systems use
techniques from artificial intelligence research to automatically generate
motion and strategy plans. However, these task levellanguages
do not
exist yet, although various pieces of such systems are under development
by researchers [3]. Task levei programming systems will require a very
complete model of the robot and its environment to perform automated
planning operations.
Although this chapter focuses to some extent on the particular
problem of robot programming,
the notion of an OLP system extends
to any programmable device on the factory fioor. A common argument
raised in their favor is that an OLP'system
will not tie up production
equipment when it needs to be reprogrammed,
and hence, automated
factories can stay in production mode a greater percentage of the time.
They also serve as a natural vehicle to tie computer aided design (CAD)
data bases used in the design phase of a product's deveiopment to the
actual manufacturing
of the product. In some applications, this direct
use of CAD design data can dramatically reduce the programming time
required for the manufacturing
machinery.

13.2

Central

issues in OLP systems

Off-line programming of robots offers other potential benefits which
are just beginning to be appreciated by industrial robot users. We have
discussed some of the problems associated with robot programming, and
most have to do with the fact that an external, physical workcell is
being manipulated by the robot programo This makes backing up to try
different strategies tedious. Programming of robots in simulation offers
a way of keeping the bulk of the programming work strictly internal to a
computer-until
the application is nearly complete. Thus, many of the
problems peculiar to robot programming tend to diminish.
Off-line programming systems should serve as the natural growth
path from explicit programming
systems to task leveI programming
systems. The simplest OLP system is merely a graphical extension
to a robot programming language, but from there it can be extended
toward a task leveI programming
system. This gradual extension is
accomplished by providing automated solutions to various subtasks as
these solutions become available, and letting the programmer use them
to explore options in the simulated environment.
Until we discover
how to build task leveI systems, the user must remain in the loop to
evaluate automatically
planned subtasks and guide the development of
the application programo If we take this view, an OLP system serves as
an important basis for research and development of task leveI planning
systems, and indeed, in support of their work many researchers have
developed various components of an OLP system (e.g., 3-D models and
graphic display, language postprocessors,
etc.). Hence, OLP systems
should be a useful tool in research as well as an aid in current industrial
practice.

13.2 Centralissuesin OLPsystems
This section raises many of the issues that must be considered in the
design of an OLP system. The collection of topics discussed will help to
set the scope of the definition of an OLP system.

Userinterface
Since a major motivation for developing an OLP system is to create
an environment that makes programming manipulators easier, the use r
interface is of crucial importance. However, the other major motivation is
to remove reliance on use of the physical equipment during programming.
Upon initial consideration, these two goals se em to conflict-robots
are
hard enough to program when you can see them, how can it be easier
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without the presence of physical device? This question touches upon the
essence of the OLP design problem.
Manufacturers of industrial robots have learned that the RPLs they
provide with their robots cannot be successfully utilized by a large
percentage of manufacturing
personnel. For this, and other historical
reasons, many industrial robots are provided with a two-Ievel interface
[4], one for programmers and one for nonprogrammers.
Nonprogrammers
utilize a teach pendant and interact directly with the robot to develop
robot programs. Programmers write code in the RPL and interact with
the robot in order to teach robot work points and to debug program
flow. In general, these two approaches to program develo.pment trade off
ease of use versus flexibility.
Viewed as an extension of a RPL, it is natural for an OLP system to
contain an RPL as a subset of its user interface. This RPL should share
features which have already been discovered valuable in present robot
programming
systems. For example, for use as an RPL, interactive
languages
are much more productive than compiled languages which
force the user to go through the "edit-compile-run"
cycle for each
program modification.
While the language portion of the user interface inherits much from
"traditional"
RPLs, it is the lower leveI (i.e., easier to use) interface
which must be carefully considered in an OLP system. A central component of this interface is a computer graphic view of the robot being
programmed and its environment. Using a pointing device such as a light
pen or a mouse, the user can indicate various locations or objects on
the graphics screen. The design of the user interface addresses exactly
how the user interacts with the screen to specify a robot programo The
same pointing device can indicate items in a "menu" in order to specify
modes or invoke various functions.
A central primitive is that of teaching a robot work point or "frame"
which has six degrees of freedom by means of interaction
with the
graphics screen. The availability of 3-D models of fixtures and workpieces
in the OLP system often makes this task quite easy. The interface
provides the user with the means to indicate locations on surfaces,
allowing the orientation of the frame to take on a local surface normal,
and then provides methods for offsetting, reorienting, etc. Depending on
the specifics of the application, such tasks are quite easily specified via
the graphics window into the sirrlulated world.
A well-designed user interface should enable nonprogrammers
to
accomplish many applications from start to finish. In addition, frames
and motion sequences "taught" by nonprogrammers
can be translated
by the OLP system into textual RPL statements. These simple programs
can be maintained and embellished in a RPL form by more experienced
programmers.
For programmers,
the RPL availability allows arbitrary
code development for more complex applications.

13.2 Central issues in OLP systems
3-D modeling
A central element in OLP systems is the use of graphic depictions of the
simulated robot and its workcell. This requires the robot and all fixtures,
parts, and tools in the workcell to be modeled as three-dimensional
objects. To speed up program development, it is desirable to use any
CAD models of parts or tooling that are directly available from the CAD
system on which the original design was done. As CAD systems become
more and more prevalent in industry, it becomes more and more likely
that this kind of geometric data will be readily available. Because of the
strong desire for this kind of CAD integration from design to production,
it makes sense for an OLP system to contain a CAD modeling subsystem,
or to be itself a part of a CAD design system. If an OLP system is to
be a stand-alone system, it must have appropriate interfaces to transfer
models to and from external CAD systems. However, even a stand-alone
OLP system should have at least a sim pie local CAD facility for quickly
creating models of noncritical workcell items, or for adding robot-specific
data to imported CAD models.
OLP systems generally require multiple representations
of spatial
shapes. For many operations, an exact analytic description of the surface
or volume is generally present, while in order to benefit from display
technology another representation
is often needed. Present technology
is well suited to systems in which the underlying display primitive is a
planar polygon. Hence, while an object shape may be well represented by
a smooth surface, practical display (especially for animation) requires a
faceted representation.
User interface graphical actions such as pointing
to a point on a surface should internally act so as to specify a point
on the true surface, even if graphically the use r sees a depiction of the
faceted model.
An important use of the three-dimensional
geometry of the object
models is in automatic
collision
detection.
That is, when any
collisions occur between objects in the simulated environment, the OLP
system should automatically
warn the user and indicate exactly where
the collision takes place. Since applications such as assembly involve
many desired "collisions," it is necessary to be able to inform the system
that collisions between certain objects are acceptable. It is also valuable
to be able to generate a collision warning when objects pass within a
specified tolerance of a true collision.While
t~e exact collision-detection
problem for general 3-D solids is difficult, collision detection for faceted
models is quite practical.

Kinematicemulation
A central component in maintaining the validity of the simulated world
is the faithful emulation of the geometrical aspects of each simulated
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manipulator. Concerning inverse kinematics, the OLP system can interface to the robot controller in two distinct ways. First, the OLP system
can replace the inverse kinematics of the robot controller, and always
communicate
robot positions in mechanism joint space. The second
choice is to communicate Cartesian locations to the robot controller and
let the controller use the inverse kinematics supplied by the manufacturer
to solve for robot configurations.
The second choice is almost always
preferable especially as manufacturers begin to build arm signature style
calibration into their robots. These calibration techniques customize the
inverse kinematics for each individual robot. ln this case, it becomes
desirable to communicate information at the Cartesian leveI to robot
controllers.
These considerations generally mean that the forward and inverse
kinematic functions used by the simulator must reflect the nominal
functions used in the robot controller supplied by the manufacturer
of
the robot. There are several details of the inverse kinematic function as
specified by the manufacturer which must be emulated by the simulator
software. Any inverse kinematic algorithm must make arbitrary choices
in order to resolve singularities. For example, when joint 5 of a PUMA
560 robot is at its zero location, axes 4 and 6 line up, and a singular
condition exists. The inverse kinematic function in the robot controller
can only solve for the sum of joint angles 4 and 6, and then uses
an arbitrary mIe to choose individual values for joints 4 and 6. The
OLP system must emulate whatever algorithm is used. Choosing the
nearest solution when many alternate solutions exist provides another
example. The simulator must use the same algorithm as the controller
in order to avoid potentially catastrophic errors in simulating the actual
manipulator. A helpful feature occasionally found in robot controllers is
the ability to command a Cartesian goal and specify which of the possible
solutions the manipulator
should use. The existence of this feature
eliminates the requirement
that the simulator emulate the solution
choice algorithm since the OLP system can force its choice on the
controller.

Path planningemulation
ln addition to kinematic emulation for static positioning of the manipulator, an OLP system should accurately emulate the path taken by
the manipulator in moving through space. Again, the central problem is
that the OLP system needs to simulate the algorithms in the robot
controllers, and these path planning and execution algorithms vary
considerably from one robot manufacturer to another. Simulation of the
spatial shape of the path taken is important for detection of collisions
between the robot and its environment.
Simulation of the temporal

13.2 Central issues in OLP systems
aspects of the trajectory
are important in predicting the cycle times
of applications. When a robot is operating in a moving environment
(for example, near another robot) accurate simulation of the temporal
attributes of motion is necessary to accurately predict collisions, and in
some cases to predict communication or synchronization
problems such
as deadlock.

Dynamicemulation
Simulated motion of manipulators can neglect dynamic attributes if the
OLP system does a good job of emulating the trajectory planning algorithm of the controller and if the actual robot follows desired trajectories
with' negligible errors. However, at high speed or under heavy loading
conditions, trajectory tracking errors can become important. Simulation
of these tracking errors necessitates
modeling the dynamics of the
manipulator and objects which it moves, as well as the control algorithm
used in the manipulator
controller. Presently practical problems exist
in obtaining sufficient information from the robot vendors to make this
kind of dynamic simulation of practical value, but in some cases dynamic
simulation can be fruitfully pursued.

Multiprocesssimulation
Some industrial applications involve two or more robots cooperating
in the same environment. Even single robot workcells often contain a
conveyor belt, transfer line, vision system, or some other active device
with which the robot must interact. For this reason, it is important
that an OLP system be able to simulate multiple moving devices and
other activities that involve parallelism.
As a basis for this capability,
the underlying language in which the system is implemented should be
a multiprocessing
language. Such an environment makes it possible to
write independent robot control programs for each of two or more robots
in a single cell, and then simulate the action of the cell with the programs
running concurrently. Adding signal and wait primitives to the language
enables the robots to interact with each other just as they might in the
application being simulated.

Simulationof sensors
Studies have shown that a large portion of robot programs are not
motion statements
but rather initialization,
error checking, I/O and
other kinds of statements [5]. Hence the ability oí the OLP system to provi de an environment which allows simulation oí complete applications,
including interaction
with sensors, various I/O, and communication
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with other devices becomes important. An OLP system which supports
simulation of sensors and multiprocessing, not only checks robot motions
for feasibility but also verifies the communication
and synchronization
portion of the robot programo

Languagetranslation
to targetsystem
An annoyance for present users of industrial robots (and other programmable automation)
is that almost every supplier of such systems
has invented a uni que language for programming their product. If an
OLP system aspires to be universal in the equipment it can handle, it
must deal with the problem of translating to and from several different
languages. One choice for dealing with this problem is to choose a single
language to be used by the OLP system, and then post process the
language in order to convert it into the format required by the target
machine. The ability to upload programs which already exist on the
target machines and bring them into the OLP system is also desirable.
Two potential benefits of OLP systems relate directly to the language translation topic. Most proponents of OLP systems note that one
universal interface which enables users to program a variety of robots
solves the problems of learning and dealing with several automation
languages. The second benefit stems from economic considerations
in
future scenarios in which hundreds or perhaps thousands of robots fill
factories. The cost associated with a powerful programming environment
(such as a language and graphical interface) may prohibit placing this
at the site of each robot installation. Rather, it seems to make economic
sense to place a very simple, "dumb," but cheap controller with each
robot, and have it downloaded from a powerful, "intelligent" OLP system
which is located in an office environment. Hence, the general problem of
translating an application program from a powerful universal language
to a simple language designed to execute in a cheap processor becomes
an important issue in OLP systems.

Workcellcalibration
An inevitable reality of a computer niodel of any real-world situation is
that of inaccuracy in the mode!. In order to make programs developed on
an OLP system usable, methods for workcell calibration
must be an
integral part of the system. The magnitude ofthis problem varies greatly
depending upon the application and makes off-line programming of some
tasks much more realistic than others. If the majority of the robot work
points for an application must be retaught with the actual robot to solve
inaccuracy problems, OLP systems lose their effectiveness.

13.3 CimStation
A large class of applications involve many actions performed relative
to a rigid object. Consider, for example, the task of drilling several
hundred holes in a bulkhead. The actuallocation of the bulkhead relative
to the robot can be taught using the actual robot by taking three
measurements. From that data, the locations of all the holes can be
automatically updated if they are available in part coordinates from a
CAD system. ln this situation, only these three points need be taught
with the robot rather than hundreds. Most tasks involve tais sort of
"many operations relative to a rigid object" paradigm, for example,
PC board component insertion, routing, spot welding, arc welding,
palletizing, painting, deburring, etc.

13.3

CimStation

ln this sldion we consider the core design of CimStation, an OLP
system developed by SlLMA lnc [6]. By "core design" we mean the
fundamental portion of the system that maintains a world model which
describes arbitrarily many objects each having attributes such as spatial
shape, position, velocity, and others. The way this world model is
programmed and the way resulting programs are converted to operate
the corresponding real-world devices will be discussed.

Modelsand graphics
CimStation contains a facility to build CAD models from scratch, or to
import them from external CAD systems via the lGES (lnitial Graphical
Exchange Specification) interface or via direct translators ftom certain
CAD systems. ln any case, models are represented
by a boundary
representation
of the surface or solid. lnternally these boundaries or
surfaces are represented with collections of planar polygons, or facets.
The model data structure
stores edges shared between facets only
once, and likewise, points shared between edges are stored only once.
This data structure also includes information which allows groups of
facets to be regarded as a single surface, for example, the facets which
form the curved surface of a cylinder. ln :âddition to this faceted
representation,
the model may include an analytic
repesentation
as well. For compatibility with existing CAD systems, the system can
also handle wireframe
models, which are collections of line segments
that contain no surface infarmation.
Several modes of displaying (ar rendering)
faceted surface models
existo Figure 13.1 shows an example of some ofthese techniques. The simplest rendering technique is wireframe
mode in which each edge of the
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FIGURE 13.1 Examples of rendering of faceted models. Clockwise from
upper left: wireframe, backface elimination, ftat shading, Goraud shading.

object is drawn using a perspective transformation.
Use of a technique
calIed back face elimination
removes the hidden lines of individual
convex shapes, and yields an image which is somewhat more easily understood by the viewer. Back face elimination, a computationalIy
simple
technique, is much simpler than the complete hidden line elimination
problem. One method of achieving hidden line elimination is to filI the
facets to create a shaded image. By drawing facets farthest from the
viewer first, near facets tend to cover far facets, producing a hidden
line eliminated image. Perfect rendE;.I.:ingof shaded images requires a
Z-buffer technique implemented either in software or hardware to do
depth sorting on a pixel by pixel basis. Techniques such as Goraud
shading can be used to smooth over the edges that exist between facets
to make the rendered surface appear smooth.
Collision detection is implemented for collisions between any two
surfaced models, and uses the faceted repesentation
for the computation. To speed up collision detection, alI objects in the world model
have bounding
boxes precomputed.
On platforms without graphics

13.3 CimStation
hardware, a software collision detection algorithm similar to [7] is used.
When available, graphics hardware can be exploited for the collision
detection computation.
CimStation uses an algorithm related to, but
more general than, the method presented in [8]. In this algorithm, the
hardware used for clipping polygons to a 3-D volume (normally used
in display) is used to quickly determine if any object intrudes into a
specified volume. The hardware restricts the nature of this 3-D volume
to have straight edges and to be topologically equivalent to a cube.
The collision detection algorithm to detect a collision with object 'A'
proceeds roughly as follows:

1.

Check whether any polygons intrude into the bounding box of 'A'.

2.

For each intruding polygon found in step 1, construct its bounding
box, and check for intrusion by any polygon of object 'A'.
If any intrusions are found in step 2, use software routine for
determining if and where the planar polygons intersect.

3.

As an elaboration of the preceding algorithm, CimStation can also
detect near misses within a specified tolerance by "expanding" all objects
by the desired tolerance.

Objectsandthe worldmodel
Every simulated entity such as a workpiece, fixture, or link of a robot is
represented by an object. The object data structure contains the mo deI
of the entity, several other attributes, plus room to add future data. A
sim pIe example of another attribute stored with an object is a label by
which the object is referenced. Objects can be built from their models
and stored in data base libraries for later use.
It is natural to group objects into structured objects in a tree structure. For example, an n-jointed robot is a structured object having a null
model at its root, and having n + 1 subobjects ('linkO' through 'linkn').
Subobjects are referred to by path names, for example, 'puma1/link3'.
The entire simulated world is a single structured object with a null
mo deI at the root named 'world'. Any time an object is moved, all of
its descendants move with it, but the motion of a child-object does not
affect its parent-object.
:.
Figure 13.2 shows an example of a sim pIe world model containing
a robot, an end-effector, a part ('bolt'), and an object upon which
the robot is mounted ('pedestal').
Dashed lines in Fig. 13.2 indicate
affixments
which are used to temporarily
create a rigid connection
between two objects. Affixments connect an end-effector to the finallink
of the robot. These affixments also enable a simulated manipulator to
pick up a simulated bolt. In the situation shown in Fig. 13.2, a command
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hardware, a software colIision detection algorithm similar to [7] is used.
When available, graphics hardware can be exploited for the colIision
detection computation.
CimStation uses an algorithm related to, but
more general than, the method presented in [8]. ln this algorithm, the
hardware used for clipping polygons to a 3-D volume (normalIy used
in display) is used to quickly determine if any object intrudes into a
specified volume. The hardware restricts the nature of this 3-D volume
to have straight edges and to be topologicalIy equivalent to a cube.
The colIision detection algorithm to detect a collision with object 'A'
proceeds roughly as folIows:
1.

Check whether

any polygons intrude into the bounding

box of 'A'.

2.

For each intruding polygon found in step 1, construct its bounding
box, and check for intrusion by any polygon of object 'A'.

3.

If any intrusions are found in step 2, use software routine
determining if and where the planar polygons intersect.

for

As an elaboration of the preceding algorithm, CimStation can also
detect near misses within a specified tolerance by "expanding" alI objects
by the desired tolerance.

Objectsandthe werldmedel
Every simulated entity such as a workpiece, fixture, or link of a robot is
represented by an object. The object data structure contains the mo deI
of the entity, several other attributes, plus room to add future data. A
sim pIe example of another attribute stored with an object is a label by
which the object is referenced. Objects can be built from their models
and stored in data base libraries for later use.
It is natural to group objects into structured objects in a tree structure. For example, an n-jointed robot is a structured object having a nulI
mo deI at its root, and having n + 1 subobjects ('linkO' through 'linkn').
Subobjects are referred to by path names, for example, 'puma1jlink3'.
The entire simulated world is a single structured object with a nulI
mo deI at the root named 'world'. Any time an object is moved, alI of
its descendants move with it, but the motion of a child-object does not
affect its parent-object.
,.
Figure 13.2 shows an example of a simple world mo deI containing
a robot, an end-effector, a part ('bolt'), and an object upon which
the robot is mounted ('pedestal').
Dashed lines in Fig. 13.2 indicate
affixments
which are used to temporarily
create a rigid connection
between two objects. Affixments connect an end-effector to the finallink
of the robot. These affixments also enable a simulated manipulator to
pick up a simulated bolt. ln the situation shown in Fig. 13.2, a command
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CimStation generally uses closed fOTm kinematic routines, but iterative solutions may be used if necessary. Kinematic routines supplied by
the robot vendor may be used directly if available. Figure 13.3 shows a
simulated manipulator in a workcell-commands
to move the attached
tool or last link result in the application of inverse kinematics to compute
movement of all the linkages.
Structured objects are by no means restricted to the class of open
serial chains but may have a completely general topology.

Attachment
of pathsto objects
To add the dimension of time to the world model, a path becomes associated with an object any time that object moves. A path is essentially
a frame-valued function of time, hence specifying the evolution of the
position and orientation of an object as a function of time. At any
instant, several paths can be associated with different objects in the
world, forming the basis of simulation of simultaneous motion.
The geometric properties of a path can be specified in several ways
using CimStation. Often, as in typical RPLs, a sequence of via points
specify a path. Each of these via points can be specified graphically
or numerically. A path can also be specified computationally-a
userwritten SIL routine might compute a list of frames based on some
algorithm. Finally, and perhaps most importantly,
paths can often be
specified more or less directly from CAD data. Figure 13.4 shows a path

FIGURE 13.3 Commands to move the end-effector or anything affixed to
it cause motion of all the linkages using the particular inverse kinematic
function of the robot.
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A path

systems

derived

from CAD data.

(indicated by an equally spaced sequence of frames) which was generated
very rapidly from a CAD model that had been imported via the ICES
format from another CAD system.

Dynamicsand evaluationof worldstate
Paths associated with objects play the role of desired paths, which are
equivalent to actual paths if CimStation is not simulating dynamics.
If dynamic simulation is enabled, then the desired path, present state,
and contraI law associated with a given object determine the actual
position of the object at any future time. In dynamic mode CimStation
uses rigid body models of manipulators
and other objects, along with
their controllaws and a fourth-order Runge-Kutta integration algorithm
to compute the motion of simulated objects. In either mode, when a
graphic depiction of the world state is desired, the system updates the
positions of ali objects and calls the display function to render a scene.
This rendering depends upon the loç!1tion of the 'lens' and its current
focallength,
either of which could tliemselves be changing over time.
In dynamic simulation mode, multiple manipulators which infiuence
each other through some form of cooperation
can be simulated. In
Fig. 13.5 the motion of the two robots is coupled due to the force transmitted by the spring which connects them. When simulating a complete
closed loop dynamic system, CimStation supports the collection of data
and the generation of graphs of time histories of various variables.

13.3 CimStation

FIGURE
terminal

13.5
links.

Two robots

pulling

on a spring which connects

their

The SILlanguage
Users develop application programs through interaction with the mousemenu interface, or directly in a powerful programming language called
8IL [9]. In program generation mode, actions described from the mousemenu interface generate corresponding 8IL statements. 80 whether used
by programmers or nonprogrammers,
Cim8tation creates 8IL programs.
Cim8tation makes use of the local facilities of the host platform for text
editing, file system, hardcopy output, etc..
8IL has Pascal syntax, and a great many predefined types, procedures, and functions. Examples of predefined types include a variety of
geometric types such as types zyz (an Euler angle set), ypr (yaw, pitch,
and roll about fixed axes), point (a vector), frame (a homogeneous
transform), and dozens of others. An example of a predefined procedure
is the moveto procedure, which is used ~.o accomplish most motion
specification in 8IL.
.
8IL procedures may be polymorphic
in that the same procedure
name can be used for different routines as long as the two differ in the
types and number of arguments. This feature plays an important role
in building a robot programming
language with a minimum number
of keywords for the user to remember. For example, the statement
moveto('tool'
,foo) will move the 'tool' to foo, where foo may be a
joint vector, a frame, a position vector (implying translate only), or
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a rotation type (implying rotate only). Hence, 8IL does not need the
proliferation of command names found in most motion controllanguages
(e.g., move, jmove, jog, rotate, translate).
8IL also features automatic
coercion
of types. This alIows the
system to know about data types that are semanticalIy equivalent, and
allows for the specification of mapping functions between these types.
For example, types which represent 3-space rotations can automatically
coerce to one another in 8IL. Hence if a subroutine accepts an argument
of the type zyz Euler angles, it can immediately be called with argument
of type ypr, ar any other rotation type. This also leads to a "clean"
syntax and nonproliferation
of function names.
A major extension beyond standard Pascal is that 8IL is an interactive language. A single statement can be typed at the system at any time,
and the results can be observed. The 8IL environment resembles a LI8P
environment in that global variables, functions, and procedures are alI
immediately available. When a user defines a new function, it becomes
part of the global state. Unlike LI8P, 8IL is a typed language and has
the relatively easy syntax of Pascal. The great majority of Cim8tation is
itself written in 8IL, so when users add new functions to the system, they
are expanding the system just as its developers have. FulIy debugged 8IL
code can be compiled for efficiency.
The fact that 8IL is a concurrent ar multiprocessing language offers
a significant extension to Pascal. Users may define a process with syntax
exactly like that of a procedure declaration
(very sim pie examples
are shown in Figs. 13.6 and 13.7). Later several processes may run
concurrently.
Processes communicate
through global variables ar by
means of message passing. The message passing primitives are called
signal and wait. The type of data signaled (and waited for) can be any
legal 8IL type, so messages can range from sim pie booleans to complex
structured types. Most automation simulations use booleans as signals,
since this mimics the simple binary I/O ports found on many controllers.
In summary, 8IL can be thought of as an interpreted,
concurrent
Pascal with many predefined types and functions apropos to the robot
programming problem.

Simulationof sensors
Cim8tation allows the simulation of several kinds of sensors. In general,
using the multiprocessing environment and other features of the system,
the use r can write elaborate simulations of Sensors if desired. In this
section some simple capabilities to simulate sensors are discussed.
8imulation of force sensing for guarded moves is possible using
the multiprocessing
environment and the collision-detection
capability.
In a guarded move, the collisions between the end-effector (including
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anything affixed to it) and the rest of the environment are checked at
the force sample rate, and if a collision occurs, motion of the robot is
stopped. This force monitor is implemented as a separate process that
"wakes up" at the force sample rate and checks for a new collision.
Similarly, the simulation of limit switches and light-beam interrupt
sensors are simulated using the collision-detection
apparatus.
Vision systems can be simulated using a process to emulate the
vision system. This process can be signaled to determine the position and
orientation of any workcell object. The simulation consists of delaying
for some specified processing time and then returning the frame of the
workcell object to the calling processo Failure to detect the object can be
signaled if the object does not lie in the simulated camera's field of view.

Translation
to targetsystemlanguages
The SlL environment provides a universal language with several advanced features as well as access to the world model. This environment
is designed to be powerful and easy to use, to maximally aid in the
difficult task of developing robot programs. The resulting program,
in order to be useful, must be translated into the native language of
the simulated robot (or other programmable
automation).
The native
languages found in present-day robot controllers vary widely as regards
the types, operations, and program structures which they support. A
subsystem of CimStation accomplishes this translation from a universal
language (SlL) to a restricted language. A large part of this computational machinery is common regardless of the target language, and
another portion depends upon the target language.
The language translation problem in an OLP system is more complex than that of a cross compiler between two universallanguages.
The
fact that the target language is restricted, and the source program makes
references to a world model generally not present on the target system
causes these problems. Consider a SlL program which uses affixments
while manip'ulating
the world model, and also refers to robot goal
positions given relative to the location of various objects in the world. ln
a target system which does not support a ~orld model and affixments,
such a program may not be implementable.
Likewise, if a SlL program
makes use of certain types or operations which are not supported on
the target platform, the translation
may not be possible. Hence, a
large portion of the translation algorithm in CimStation has to do with
analyzing the SlL program in light of a description of the target language
to determine if the program is translatable. This analysis involves more
than merely checking to see if unsupported types or operations appear
in the SlL code.

[illJ
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process puma1(is_ok: boolean);
var x,bin1,bin2,drop: frame;
begin
bin1:= [40,40,0,0,90,-90J as crt_zyz;
bin2:= [20,80,0,0,90,-90J as crt-zyz;
drop:= [0,0,15,0,180,OJ as crt_ypr;
signal(sensor,ready,true);
wai t (is_ok)
if

is_ok

;

then

x:=bin1
else
x:=bin2;
moveto('bolt',

drop

reI

x);

end;
FIGURE

13.6

A nondownloadable

SIL programo

process puma2(is_ok: boolean);
var

x,bin1,bin2,drop:

frame;

begin
bin1:=

[40,40,0,0,90,-90J

as

crt_zyz;

bin2:=

[20,80,0,0,90,-90J

as

crt_zyz;

drop:=

[0,0,15,0,180,OJ

as

crt_ypr;

signal(sensor,ready,true);
wait
if

Cis_ok)
is_ok

;

then

x:=drop

reI

bin1

else
x:=dropreI bin2;
moveto('bolt',

x);

end;
FIGURE

13.7

A downloadable

SIL programo

Consider the two simpIe exampIe SlL programs in Figs. 13.6 and
13.7. They are intended for download to a controller which supports
the type frame but does not support the operation reI (frame muItipIication). Although both programs contain the use of the reI operator
on frames, one is downloadable (Fig. 13.7), and one is not (Fig. 13.6).
ln the version shown in Fig. 13.7, the reI operator only appears in
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expressions whose operands are program-flow invariant and hence can
be precomputed.
Program analysis proceeds roughly as follows. The source SIL program is converted into a graph in which each node is a block of code
which begins with a label, contains only sequential instructions,
and
ends in a "go to" or a conditional
"go to." The arcs of the graph
represent program jumps which may or may not be taken at run
time depending on the value of external inputs, etc. The entire SIL
program is analyzed to determine its use of variables, and these variables
are collected in a state vector. By querying a tabular description of
correspondences between SIL types and operations and those supported
in the target system, certain elements of this state vector are marked
as nonrepresented.
At each node of the program's graph, we ask if any
way exists to enter that node such that a nonrepresented
variable can
have different values. If this is possible, and if the node in question
uses the nonrepresented
variable, the program is not downloadable. If
analysis shows that nonrepresented
operations are only performed on
operands that are program-flow invariant, then these expressions can be
precomputed,
with only the result appearing in the target code.
If the program is downloadable, the translator will produce a native
language program complete with program structures and I/O. For many
target languages, most SIL programs are downloadable. Users who have
some familiarity with the target systems limitations can generally avoid
creating nondownloadable
SIL programs. Figure 13.8 shows the KAREL
language [10] source which results from translation of the SIL program
in Fig. 13.7. Note that because KAREL supports the reI operator, both
SIL programs shown above are downloadable to this controller. Note that
the translator has taken care of the details of changing the representation
of orientation used (from zyz to a KAREL type which is equivalent to
ypr), and the units used (from cm to mm).

Calibrationfacilities
CimStation
can temporarily
connect to a robot controller in on-line
mode. In this mode, the simulated and actual robots move together as
the user interacts with CimStation. On-line:mode allows the robot to be
used to reteach object locations, and to upload such data to CimStation
to correct the world model. If the robot is remote from CimStation, this
reteaching can occur independently and a data file uploaded.
The major calibration procedure makes use of feature point correspondence between modeled features and the locations of those features
obtained by teaching with the robot. The algorithm uses n feature points
(where n must be at least three) to update the location of a rigid body.
The system computes the RMS position erro r for the taught points in
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PROGRAM PUMA2

CONST
IS-OK= 2
SENSORREADY

=

3

VAR
X,DROP,BIN1,BIN2:

POSITION

BEGIN
= JOINT

$MOTYPE
$TERMTYPE

=

$UFRAME

=

COARSE

POSCO.O,O.O,-950.0,O.O,O.O,O.O,")

$UTOOL

=

POSC-O.o,-O.O,334.962,-O.O,O.O,O.O,")

$SPEED

=

346.41

G336::
BIN1

= POSC400.0,400.0,O.O,-89.9994,O.OOO508,-89.9999,")

BIN2

= POSC200.0,800.0,O.O,-89.9994,O.OOO508,-89.9999,")

DROP

= POSCO.O,O.O,150.0,O.O,180.0,O.O,")

DOUT[SENSORREADY]
IF DIN[IS_OK]
GOTO G329

= TRUE

THEN

ENDIF
GOTO

G332

G329::
X

=

GOTO

CBIN1: DROP)
G326

G332::
X

=

CBIN2:DROP)

G326::

FIGURE

MOVE

TO

END

PUMA2

13.8

X

NOWAIT

The KAREL

version of the program

order to allow the user to assess the accuracy
chances for success.

in Fig. 13.6.

of the robot and thus his

Another calibration procedure called warp may be used to deform
the shape of a continuous path derived from a CAD model by reteaching n points along the path. This routine uses a cubic erro r spline
to smoothly warp the original (CAD-derived)
space curve so that it
interpolates the taught points while as much as possible maintaining its
original shape.
Using all the capabilities mentioned in this section, complex multirobot workcells, such as shown in Fig. 13.9, can be simulated and
programmed
off-line.

13.4

FIGURE

13.4

13.9

Simulation

of a complete

Automating subtasks in OLP systems

workcell.

Automatingsubtasksin OLP systems

ln this section we briefiy mention some advanced features which might be
integrated into the "baseline" OLP system concept already presented.
Most of these features accomplish automated planning of some small
portion of an industrial application.

Automaticrobotplacement
One of the most basic tasks that can be accomplished by means of an
OLP system is the determination
of the ~orkcell layout so that the
manipulator(s)
can reach all of the required workpoints. Determining
correct robot or workpiece placement by trial and error is more quickly
completed in a simulated world than ln the physical cell. An advanced
feature which automates the search for feasible robot or workpiece
location(s) goes one step further in reducing burden on the user.
Automatic placement can be computed by direct search, or perhaps
by heuristic guided search techniques. Since most robots are mounted fiat
on the fioor (or ceiling), and have their first rotary joint perpendicular

~
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to the fioor, it is generally only necessary to search by tesselation of
the three-dimensional
space of robot base placement. The search might
optimize some criterion ar might halt upon location of the first feasible
robot ar part placement. Feasibility can be defined as collision-free
ability to reach all workpoints,
ar perhaps given an even stronger
definition. A reasonable criterion to maximize might be some form of a
measure of manipulability as discussed in Chapter 8. An implementation
using a similar measure of manipulability has been discussed in [11]. The
result of such an automatic placement is a cell in which the robot can
reach all of its workpoints in well-conditioned configurations.

Collision avoidance and path optimization
Research on the planning of collision-free paths [12,13] and the planning
of time-optimal
paths [14-16] are natural candidates for inclusion in
an OLP system. Some related problems which have a smaller scope,
and smaller search space, are also of interest. For example, consider
the problem of using a six degree of freedom robot for an arc welding
task whose geometry specifies only five degrees of freedom. Automatic
planning of the redundant
degree of freedom can be used to avoid
collisions and singularities of the robot [17].

Automaticplanningof coordinatedmotion
ln many arc welding situations, details of the process require a certain
relationship between the workpiece and the gravity vector to be maintained during the weld. This results in a two ar three degree of freedom
orienting system on which the part is mounted operating simultaneously
with the robot in a coordinated fashion. ln such a system there may
be nine ar more degrees of freedom to coordinate. Such systems are
generally programmed today using teach pendant techniques. A planning
system that could automatically synthesize the coordinated motions for
such a system might be quite valuable [17,18].

Force-contraisimulation
ln a simulated world in which objeéts are represented by their surfaces,
it is possible to investigate the simulation of manipulator
force-control
strategies. This task involves the difficult problem of modeling some
surface properties and expanding the dynamic simulator to deal with
the constraints imposed by various contacting situations. ln such an
environment
it might be possible to assess various force-controlled
assembly operations for feasibility [19].

References

Automaticscheduling
Along with the geometric problems found in robot programming, there
are often difficult scheduling and communication
problems. This is
particularly
the case if we expand the simulation beyond a single
workcell to a group of workcells. While some discrete time simulation
systems offer abstract simulation of such systems [20], few offer planning
algorithms. Planning schedules for interacting processes is a difficult
problem and an area of research [21,22]. An OLP system would serve as
an ideal test bed for such research, and would be immediately enhanced
by any useful algorithms in this area.

Automaticassessment
of errorsandtolerances
An OLP system might be given some of the capabilities discussed in
recent work in modeling positioning errors sources and the effect of
data from imperfect sensors [23,24]. The world model could be made
to include various error bounds and tolerancing information, and the
system could assess the likelihood of success of various positioning or
assembly tasks. The system might suggest the use and placement of
sensors so as to correct potential problems.

13.5 Summary
Off-line programming systems are useful in present-day industrial applications and can serve as a basis for continuing robotics research and
development. A large motivation in developing OLP systems is to fill
the gap between the explicitly programmed systems available today and
the task levei systems of tomorrow.
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Exercises
13.1

[10] In a sentence or two define collision detection, collision avoidance,
collision-free path planning.

13.2

[10] In a sentence or two define world model, path planning emulation,
dynamic emulation.

13.3

[10] In a sentence or two define automatic robot placement, time optimal
paths, error propagation analysis.

13.4

[10] In a sentence or two define wireframe graphics, shaded surface display,
hidden line elimination.

13.5

[10] In a sentence or two define RPL, TLP, OLP.

13.6

[10] In a sentence or two define calibration, coordinated motion, automatic
scheduling.

13.7

[20] Make a chart indicating how the graphic ability of computers has
increased over the past ten years (perhaps in terms of the number of
vectors drawn per second per $10,000 of hardware).

13.8

[20] Make a list of tasks which are characterized by "many operations
relative to a rigid object" and so are candidates for off-line programming.

13.9

[20] Discuss the advantages and disadvantages of using a programming
system which maintains a detailed world model internally.

13.10 [20] For the collision-detection algorithm sketched out in this chapter,
what situation (regarding the relative placement of obejcts) results in the
worst case running time?

Programming Exercise

1.

2.

3.

(Part

13)

Consider the planar shape of a bar with semicircular end caps. We will call
this shape a "capsule." Write a routine that given the location of two such
capsules computes if they are touching or noto Note that all points of a
capsule are equidistant from a single line segment that might be called its
"spine."
Introduce a capsule-shaped object near your simulated manipulator and test
for collisions as you move the manipulator along a path. Use capsule-shaped
links for the manipulator. Report any collisions detected.
If time and computer facilities permit, write routines to graphically depict
the capsules that make up your manipulator and the obstac!es in the
workspace.
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APPENDIX A:
TRIGONOMETRIC
IDENTITIES

Formulas

for rotation

about the principIe axes by B:
1
O
Ocos B

R x (ri) =

[ O sin B

Identities

O
- sin B ,
cos B ]

(A.I)

Ry(B)

=

cos B
O
[ -sinB

O sin B
1
O
,
O cosB j

(A.2)

Rz(B)

=

cos B - sin B O
sinB cosB O .
1j
[ O "O

(A.3)

having to do with the periodic nature
sinB

=-

sin( -B)

=

-

of sine and cosine:

cos(B+ 90°) = cos(B - 90°),

cos B = cos(-B) = sin(B + 90°) = - sin(B- 90°).

(A.4)

0.0
The sine and cosine for the sum or clifference of angles B1 and B2:
COS(81

+ 82) = C12 = C1C2

-

8182'

sin(81 + 82) = 812 = C182 + 81C2,

cos(81 - 82)

(A.5)

= C1C2 + 8182'

sin(81 - 82) = 81C2 - C182'

The sum of the squares
is unity:

of the sine and cosine of the same angle

c28 + 828 = 1.

(A.6)

If a triangle's angles are labeled a, b, and c, where angle a is opposite
side A, and so on, then the "law of cosines" is
A2

= B2

+ C2 - 2BCcosa.

(A.7)

The "tangent of the half angle" substitution:
8
u

= tan 2'
1-

COS8 =

U2

(A.8)

1+ u2 '
2u

sin8 = 1 + U2'

To rotate a vector Q about a unit vector
formula:
Q'

k

by B, use Rodriques'

= Qcos8 + sin8(K x Q) + (1- cos8)(K. Q)K.

(A.9)

See Appendix B for equivalent rotation matrices for the twenty
four angle set conventions, and Appendix C for some inverse kinematic
identities.
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APPENDIX

B:

THE 24 ANGLE SET

CONVENTIONS

The twelve Euler angle sets are given by

Rx,y,z,(a,(3,"()

=

sas(3c"(+cas"(
-cas(3C'f + sas"(
['fi

Rx,z,y,(a,(3,"()

=

cas(3C'f+sa.s"(
[ sas(3C'f
'fi - cas"(

Ry,x'z,

(a, (3, "() =

sas(3s"( + caC'f
c(3s"(

[ cas(3s"(

- saC'f

-c(3s"(
-sas(3s"( + cac"(
cas(3s"( + saC'f

-sac(3
cac(3
'fi ]

-s(3
cac(3 cas(3s"( - sac"(
sac(3
sas(3s"(
'fi'"
]
sas(3C'f - cas"(
c(3ca

sac(3
-s(3

cas(3c"(

cac(3 ]

+ sas"(

[ill]
WC!3 -ws!3cr + sas,
Ry'z'x,(a,!3,,)

=

Rz' X'y' (a,!3,,) =

s!3
[ -sac!3

c!3cr
sas!3cr + ws,

-sas!3s, + cacr
cas!3s, + sac,
-c!3s,
[

[ -s!3
c!3
sas!3

Rx'y'x,(a,!3,,)=

[ -cas!3

s!3s,
-sac!3s,+cac,

-sac!3s, + cacr
s!3s,
[ -cac!3s, - sacr

Rz'y'z,(a,!3,,)

=

cac!3c, - sas,

sas!3 sac!3cr + cas,
c!3
-s!3c,
cas!3 cac!3cr - sas,
-cas!3

s!3cr
-sac!3c, - WS,

c!3
sas!3

cac!3c, - sas,
sac!3c,+ws,
-s!3cr
[

cac!3s, + sac,

s!3s,
-sac!3s, + wc!3]

-sac!3cr - cas,
cac!3c,-sas,
s!3c,
-cac!3s,

]

- sacr

-sac!3s,+wcr
s!3s,

sas!3
-cas!3
c!3
cas!3

sas!3
c!3 ]

The twelve fixed angle sets are given by

cac!3 cas!3s, - sac,
sac!3 sas!3s,+wcr
c!3s,
[ -s!3

Rxyz(r,!3,a)=

Rxzy(r,!3,a)

=

cac!3
s!3
[ -sac!3

-cas!3cr + sas,
c!3cr
sas!3c, + cas,

]

s!3s,
-cac!3s,-sacr
-sac!3s, + cacr ]

cac!3cr - sas,

-sac!3s, + cacr
cac!3s,+sacr
s!3s,
[

Rz'x'z,(a,!3,,)=

]

s!3cr
-sac!3cr-cas,

cac!3s, + sacr

Ry' X'y' (a,!3,,) =

[

cas!3cr + sas,
sas!3cr - cas,
c!3cr

c!3
-s!3c,
cas!3 cac!3cr-sas,
[ sas!3 sac!3c, + cas,

=

sas!3cr + cas,
-cas!3cr + sas,
c!3c,
]

c!3s,

Rx'z'x,(a,!3,,)=

Ry'z'y,(a,!3,,)

-c!3s,
-sas!3s, + cacr ]

-sac!3
cac!3
s!3

cac!3 cas!3s, - sac,
sac!3 sas!3s, + cac,

Rz'y' x' (a,!3,,) =

ws!3s, + sacr

cas!3c, + sas,
sas!3cr-ws,
c!3cr

]

cas!3s, + sac,
-c!3s,
-sas!3s, + cacr ]

]
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Ry x z(t, (3,a) =

-sas(3s, + caC{
cas(3s, + saC{
-c(3s,
[

Ry zx (t, (3,a) =

c(3c,
cas(3C{ + sas,
[ sas(3c, - cas,

-s(3
c(3s,
cac(3 cas(3s, - sac,
sac(3
sas(3s,
]

Rzxy

sas(3s, + cac,
c(3s,
[ cas(3s, - sac,

sas(3C{ - cas,
c(3ca
cas(3C{ + sas,

(t, (3,a) =

Rzy x (t, (3,a) =

c(3C{
sas(3C{ + cas,
[ -cas(3C{ + sas,
c(3

Rxyx(,,(3,a)=

sas(3
[ -cas(3

Ryxy(t,(3,a)

cas(3
[ sas(3

=

Ry Zy (t, (3,a) =

s(3
-sac(3
cac(3 ]

S(3C{

-s(3C{

S(3S,

cac(3C{-sas,
sac(3c, + cas,

-cac(3s,-sac,
-sac(3s, + cac,

]

sac(3C{ + cas,
-s(3C{
cac(3C{- sas,

]

sas(3
c(3
cas(3

cac(3c, - sas,
s(3C{
[ -sac(3C{ - cas,

-cas(3
c(3
sas(3

+ cac,

cac(3s,+sac,
s(3s,
[

[

-s(3
cac(3]

-sac(3C{-cas,
cac(3C{ - sas,

-sac(3s, + caC{
s(3s,
[ -cac(3s, - saC{

Rzy z(t, (3,a) =

SaC(3

-c(3s,
-sas(3s, + caC{
cas(3s, + saC{

s(3s,

-sac(3s,
Rzxz(t,(3,a)=

sas(3C{ + cas,
-cas(3C{ + sas,
c(3c,
]

-sac(3S{+caC{
cac(3s, + saC{

c(3

Rxzx(t,(3,a)=

-sac(3
cac(3
s(3

cac(3s, + saC{
s(3s,
-sac(3s, + cac(3]

-sac(3c, - cas,
cac(3C{-sas,
s(3c,

sas(3
-cas(3
c(3 ]

cac(3C{ - sas,

-cac(3s,

- saC{

CaS(3

sac(3C{ + cas,

-sac(3s,

+ caC{

sas(3

-s(3C{

]

s(3s,

c(3 ]

APPENDIX c:
SOME INVERSE

KINEMATIC
FORMULAS

The single equation
sine

has two solutions

= a,

(C.I)

given by

(C.2)

e = ::I::Atan2
(~,a).
Likewise, given
cose=b,
there are two solutions

(C.3)

given by

e = Atan2 (b, ::I::
J1=b2)

.

(C.4)

Ifboth (C.1) and (C.3) are given, then there is a uni que solution given by
e = Atan2 (a, b) .

(C.5)
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The transcendental

equation
a cos O + b sin O = O,

(C.6)

0= Atan2 (a, -b) ,

(C.7)

0= Atan2 (-a, b) .

(C.8)

a cos O + b sin O = c,

(C.9)

has the two solutions

and

The equation

which we solved in Section 4.5 using the tangent
substitutions,
is also solved by
O = Atan2 (b, a) ::I::Atan2

(v?+ b2 -

of the half angle

C2, c)

.

(C.lO)

The set of equations
acosO

- bsinO

= c,

asinO + bcosO = d,

(C.ll)

which were solved in Section 4.4 also are solved by
0= Atan2 (ad

-

bc,ac + bd) .

(C.l2)
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actuator space
actuator vector
affixments
AL
algebraic solution
alternating-current
(AC) motors
analytic representation
angle set conventions
angle axis
angular velocity matrix
angular velocity vector
anthropomorphic
anti-aliasing
armature
articulated manipulator
artificial constraints
assembly strategy
automatic coercion
automatic robot placement
automatic scheduling
autonomous
back emf constant
back face elimination
backlash
ball bearing screws
base frame
bevel gears

143
85
85
397,425
255,401
119
288
423
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51,247
161
155,161
268
319
319
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369
370
430
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437
350
320
424
281
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7,100, 141
281

BIBO
bottom-up programming
bounded
bounded-input bounded-output
bounding boxes
brushless motors
CAOmodels
CAO
calibration
CAM
Cartesian based control
Cartesian manipulator
Cartesian mass matrix
Cartesian motion
Cartesian space
Cartesian straight line motion
Cartesian trajectory generation
Cayley's formula for
orthonormal matrices
centrifugal force
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closed form solutions
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closed loop stiffness
closed loop structures
closed loop system
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409
316
316
424
288
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1
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co-Iocated
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computed points
computed torque method
computer vision
configuration space equation
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contraI algorithm
contraI gains
contraI law partitioning
contraI law
contraI system
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Coulomb friction
criticaIly damped
crass helicaI gears
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cycIe time
cylindrical manipulator
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damping ratio
decoupled contraI
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digital control
direct drive
direct kinematics
direction cosines
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effective damping
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fixed automation
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force sensing
force-moment transformation
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gears
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geometric solution
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424
Goraud shading
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h6mogeneous transform
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14,366,374
287
hydraulic cylinders
291
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joint offset
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joint space
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joint vector
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Laplace transforms
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lead screws

282
274
308
418
291
57
57
299
338
linearizing and decoupling control
334
linearizing control
70
link length
link offset
72
74
link parameters
link twist
70
'
links
6,69
266
load capacity
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Rodriques' lormula
roll, pitch, yaw
rotation matrix
rotor
run-time
sampling rate

333
85,211
21
267
304
291
193
421
384
245,252
228
228
318
287
303
429
14,310
12,299
20
267
208
289
191
191
6,69
43
263
208
114
304
304
280
264
311
423
143
308
289
283,319,323
69
6
14,255,392
342
64
45
21
319
252
341

450

SCARAmanipulator
sensors

Index

268

12,289,290
6,267
serial kinematic linkages
servo error
301
312
servo portion
servo rate
318
"7..
328
set point
424
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