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Abstract

Goal programming is a technique often used in engineering design activities primarily to find a com-
promised solution which will simultaneously satisfy a number of design goals. In solving goa program-
ming problems, classical methods reduce the multiple goal-attainment problem into a single objective of
minimizing a weighted sum of deviationsfrom goals. Moreover, in tackling non-linear goal programming
problems, classical methods use successive linearization techniques, which are sensitive to the chosen
starting solution. In this paper, we pose the goal programming problem as a multi-objective optimization
problem of minimizing deviationsfrom individual goals. This procedure eliminates the need of having ex-
tra constraints needed with classical formulationsand also eliminates the need of any user-defined weight
factor for each goal. The proposed technique can also solve goal programming problems having non-
convex trade-off region, which are difficult to solve using classical methods. The efficacy of the proposed
method is demonstrated by solving a number of non-linear test problems and by solving an engineering
design problem. The results suggest that the proposed approach is an unique, effective, and most practical
tool for solving goal programming problems.
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1 Introduction

Developed in the year 1955, goal programming method has enjoyed innumerable applicationsin engineering
design activities' ~>. Goal programming is different in concept from non-linear programming or optimization
techniques in that the goal programming attempts to find one or more solutions which satisfy a number of
goals to the extent possible. Instead of finding solutions which absolutely minimize or maximize objective
functions, the task is to find solutions that, if possible, satisfy a set of goals, otherwise, violates the goals
minimally. Thismakesthe approach more appealing to practical designers compared to optimization methods.
The most common approach to classical goal programming techniquesis to construct a non-linear pro-
gramming problem (NLP) where aweighted sum of deviationsfrom targetsisminimized®. The NLP problem
also contain a constraint for each goal, restricting the corresponding criterion function value to be within the
specified target values. A major drawback with this approach is that it requires the user to specify a set of
weight factors, signifying the relative importance of each criterion. This makes the approach subjective to
the user. Moreover, the weighted goal programming approach has difficulty in finding solutionsin problems
having non-convex feasible decision space. Although there exists other methods such as lexicographic goal
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programming or minimax goal programming®7, these methods are also not free from the dependence on the
relative weight factor for each criterion function.

In this paper, we suggest using a multi-objective genetic algorithm (GA) to solve the goal programming
problem. In order to use a multi-objective GA, each goal is converted into an equivalent objective function.
Unlike the weighted goal programming method, the proposed approach does not add any artificial constraint
into itsformulation. Since, multi-objective GAs have been shown to find multiple Pareto-optimal solutions 5+,
the proposed approach is likely to find multiple solutionsto the goal programming problem, each correspond-
ing to a different setting of the weight factors. This makes the proposed approach independent from the user.
Moreover, since no explicit weight factor for each criterion is used, the method is also not likely to have any
difficulty in finding solutionsfor problems having non-convex feasible decision space.

It is worthwhile to highlight here that the use of a multi-objective optimization technique to solve goal
programming problemsis not new®* and isnovel. But the inefficiency of classical non-linear multi-objective
optimization methods has led the researchers and practitioners to only concentrate on solving linear goal
programming problems. Although there are some attempts to use sequentia linear goal programming ap-
proaches, where a linear approximation of the non-linear problem is solved sequentially, the methods have
not been successful®. Multi-objective GAs are around for last five years or so and have been shown to solve
various non-linear multi-objective optimization problems successfully 1°~13. As a result of these interests,
there exist now a number of multi-objective GA implementations®®14=1€, |n this paper, we show how one
such GA implementation can make the non-linear goal programming easier and practical to use.

In the remainder of the paper, we briefly discussthe concept of goal programming and argue why classical
goal programming methods are not adequate tools. Thereafter, we present the working principle of one multi-
objective GA implementati on—non-dominated sorting GA (NSGA). The usefulnessof the proposed approach
is demonstrated by solving five different test problems and an engineering design problem using NSGA.

2 Goal Programming

Goal programming wasfirst introducedin an application of a single-objectivelinear programming problem by
Charnes, Cooper, and Ferguson'. However, goal programming gained popularity after the works of Ignizio?,
Lee!”, and others. Romero® presented a comprehensive overview and listed a plethora of engineering ap-
plications where goal programming technique has been used. The main ideain goa programming isto find
solutionswhich attain a pre-defined target for one or more criterion function. If there exists no solutionwhich

achieves targets in al criterion functions, the task is to find solutions which minimize deviations from tar-

gets. Goal programming is different from non-linear programming problems (NLPs), where the main idea
isto find solutions which optimizes one or more criteria'®19. There is no concept of a goal in a mathemati-
cal programming problem. We illustrate the concept of goal programming by considering a single-criterion
problem.

Let us consider a design criterion f(Z), which is a function of a solution vector #. In the context of
NLP, the objective is to find the solution vector #* which will minimize or maximize f(z). Without loss of
generality, we consider criterion functionswhichisto be minimized (such asfabrication cost of an engineering
component). In most design problems, there exists a number of constraints which make a certain portion
(¥ € F) of the search space feasible. It isimperative that the optimal solution # * isfeasible, that is, ©* € F.
In a goal programming, atarget value ¢ is chosen for every design criterion. One of the design goals may be
to find a solution which attains a cost of ¢:

goal (f(#)=1),
TeF. @)

If thetarget cost ¢ issmaller than the minimum possible cost f(#*), naturally there exists no feasible solution
which will attain the above goal exactly. The objective of goal programming isthen to find that solutionwhich
will minimize the deviation d between the achievement of goal and the aspiration target, . The solution for
this problem is still ©* and the overestimate is d = f(&*) — ¢. Similarly, if target cost ¢ is larger than the
maximum feasible cost fi,.x, the solution of the goal programming problem is & which makes f(Z) = fmax-

2



However, if the target cost ¢ is within [f(Z*), fimax), the solution to the goal programming problem is that
feasible solution & which makes the criterion value exactly equal to ¢. Although this solution may not be the
optimal solution of the constrained f (), this solution is the outcome of the above goal program.

In the above example, we have considered a single-criterion problem. Goal programming is hardly used
for singlecriterion problems. Infact, goal programming bringsinteresting scenarioswhen multiple criteriaare
considered. In the above example, an ‘equal-to’ type goal is discussed. However, there can be four different
types of goal criteria, as shown below

1. Lessthan-equal-to (f(Z) < t),
2. Greater-than-equal-to (f(Z) > t),
3. Equa-to (f(¥) =t), and

4, Withinarange (f(7) € [t',"]).

In order to tackle above goals, usualy two non-negative deviation variables (» and p) are introduced. For
the less-than-equal-to type goal, the positive deviation p is subtracted from the criterion function, so that
f(&) — p < t. Here, the deviation p quantifies the amount by which the criterion value has surpassed the
target . The objective of goal programming isto minimize the deviation p so asto find the solution for which
the deviation is minimum. If f(Z) > ¢, the deviation p should take a non-zero positive value, otherwise it
must be zero. For the greater-than-equal-to type goal, a negative deviation » is added to the criterion function,
sothat f(#) + n > t. The deviation » quantifies the amount by which the criterion function has not satisfied
the target ¢. Here, the objective of goa programming is to minimize the deviation n. For f(Z) < t, the
deviation n should take a nonzero positive value, otherwise it must be zero. For the equal-to type goal, the
criterion function needs to have the target value ¢, thus both positive and negative deviations are used, so that
f(&) —p+n =t. Here, the objective of goal programming isto minimize the summation (p + n), so that the
obtained solution is minimally away from the target in either direction. If f(Z) > ¢, the deviation p should
take a non-zero positive value and if f(#) < t, the deviation n should take a non-zero positive value. For
f(&) = t, both deviationsp and » must be zero. The fourth type of goa ishandled by using two constraints:
f(@) —p < thand f(7) +n > t*. Theobjective here isto minimize the summation (p+ ). All of the above
constraints can be replaced by a generic equality constraint:

f@) -p+n=t )

For a‘less-than-equal-to’ type goal, the deviation » is a dack variable which makes the inequality constraint

into an equality constraint'®. For a‘range’ typegoal, there are two such constraints, onewith ¢/ having p asthe
slack variableand the other with ¢ * having n asthe slack variable. Thus, to solveagoal programming problem,
each goal is converted into a at |east one equality constraint, and the objective isto minimize all deviations p

and n. Goal programming methods differ in the way the deviations are minimized. Here, we briefly discuss
three popular methods, although there exists other goal programming approaches. In al methods, we assume
that there are M criterion functions f; (&), each having one of the above four types of goal.

2.1 Weighted Goal Programming
A composite objectivefunction with deviationsfrom each of A criterion function is used, as described below:
Minimize Y, (ajp; + Bim;),
Subjectto  f;(Z) — p; +n; =t;, foreachgoadl j, ©)
reF
n;,p; > 0, for each goal ;.

Here, the parameters «; and j3; are weighting factorsfor positive and negative deviations of the j-th criterion
function. For less-than-equal-to type goals, the parameter 3 iszero. Similarly, for greater-than-equal-to type
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goals, the parameter «; is zero. For range-type goals, there exists a pair of constraints for each criterion
function. Usually, the weight factors o ; and j3; are fixed by the decision-maker, which makes the method
subjective to the user. We illustrate this matter through a simple example problem:

goa (f1 =10z; < 2),
goal (f, = 10HEa=B < 9y (4)

10$1
Subjectto F=(0.1<z; <1, 0<zy<10).

The decision space, which is the feasible solution space (& € F) isshown in Figure 1 (shaded region). The
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Figure 1: The goa programming problem is shown in Figure 2: The goal programming problem is shown in
solution space. function space.

goa lines(f1 < 2 and f; < 2) areaso shown. Itisclear that there exists no feasible solution which achieves
both goals. Figure 2 also shows that the criterion space and the decision space do not overlap. Thus, the
resulting solution to above goal programming problem will violate either or both the above goals, but in a
minimum sense. In solving this problem using the weighted goal programming, the following NLP problem

is constructed:
Minimize «yp1 + aspo,

SUbJeCttO 10z — p1 <2

LoHeS) ) < 2, (5)
0.1<z; <1, 0<ay<10,
p1,p2 > 0.

Note that in the above NLP problem the deviations n; and n, in the constraints are eliminated by using a
‘<’ relation. Figures 1 and 2 make the concept of goal programming clear. Since no solutionin the decision
gpace lies in the criterion space, the objective of goa programming isto find that solution in the decision
space which minimizes the deviation from the criterion space in both criteria. Here comes the dependence
of the resulting solution on the weight factors oy and «,. By choosing a value of these weight factors, one,
in fact, constructs an artificial penalty function (or known as an utility function) away from the criterion
space. The above formulation constructs a penalty function as shown in Figure 3(a) for each criterion. Thus,
the objective a1 py + aopo produces contours (known as Archimedian contours) as shown in Figure 2. The
concept of the above minimization problem isto find the contour which touches the decision space. In other
words, the minimization procedure finds that contour which has the minimum value and contains at least one
solution from the decision space. If equal importance to both objectives (that is, v ; = @y = 0.5) isgiven, the
minimum contour (marked by solid lines) is shown in Figure 2 and the resulting solution (marked as’A’) is
asfollows:
1 =0.3162, z5=05.0, p=p;=1.162.
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Figure 3: Different penalty functions are shown.

At this solution, the criterion function valuesare f; = 3.162 and f, = 3.162, thereby violating goals f; < 2
I nteresting scenario emerge when different weight factors are chosen. For example, if oy = 1anday, = 0
are chosen, the resulting contour is shown by a dashed line and the corresponding solution (marked as’B’) is
asfollows:
rp = 027 Ty = 507 P1 = 07 P2 = 3.0.

The corresponding criterion values are f; = 2 (no deviation from target) and fo = 5.0 (adeviation of 3.0
from target). On the other hand, if oy = 0 and oy = 1 are chosen, the resulting solution (marked as’C') isas
follows:

Ty = 057 Tg = 507 P1 = 307 P2 = 0.

The corresponding criterion values are f1 = 5 (adeviation of 3.0 from target) and f» = 2 (no deviation from
target). These solutions A, B, and C are shown in Figure 1 as well. Thisfigure showsthat there exists many
more such solutionsthat lieintheinterval 0.2 < 2y < 0.5 and 2z, = 5.0, asshown in Figure 1, each one of
which isthe solution of the above goal programming problem for a particular set of weight factorsa: ; and «,.
Thus, we observe that the solution to the goal programming problem largely depends on the chosen weight
factors.

Moreover, as outlined elsewhere®, there exists a number of other problems with the weighted goal pro-
gramming method:

1. Since criterion functions f;(Z) may not be commensurable with each other, the above weighted com-
posite objective function may add ' pints of butter with kilos of potatoes'. It causes difficulty to an user
in choosing an appropriate set of weight factorsto get a reasonabl e solution to the problem.

2. Criterion functions may have different range of values, thereby giving unegual importance to all crite-
rion functions. One remedy of this problem is to normalize the criterion functions before using equa-
tion 3, however, thisapproach requires knowledge of lower and upper bounds of each criterion function.

3. Thedeviation values p; and n; may not be of the same order in magnitude as the target values, thereby
making some constraints difficult to satisfy.

4. Simple weighting technique mentioned above will not be able to respond to differing weight factorsin
problems having non-convex feasible decision space.

For handling other types of goals, an Archimedian contour with an equivalent penalty function is used 7.
Figure 3(b) showsthe penalty function used for an ‘equal-to’ type goal, involving two weights « and 3.
2.2 Lexicographic Goal Programming

In this approach, different goals are categorized into several levels of preemptive priorities. Goals with a
lower-level priority isinfinitely more important than a goal of a higher-level priority. Thus, it isimportant to
fulfill the goals of first level priority before considering goals of second level of priority. Some researchers
argue that such consideration of goalsis most practical ?, although there exists some critics of this approach2°.
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This approach formulates and solves a number of sequential goal programming problems. First, only
goals and corresponding constraints of the first level priority are considered in the formulation of the goal
programming problem and is solved. If there exists multiple solution to the problem, another goal program-
ming problem is formulated with goals having the second level priority. In this case, the objectiveis only to
minimize deviation in goals of second level priority. However, the goals of first level priority is used as hard
constraints so that obtained solution does not violate the goals of first level priority. This process continues
with goals of other higher level prioritiesin sequence. The processis terminated as soon as one of the goal
programming problems results in a single solution. When this happens, all subsequent goals of higher level
priorities are meaningless and are known as redundant goals®. Since for solving an individual goal program-
ming requires the use of the weighted goal programming approach for nonlinear problems, thismethod is also
not free from the subjectiveness of users and other difficulties mentioned earlier.

2.3 Minimax Goal Programming

Thisapproach issimilar to the weighted goal programming approach, but instead of minimizing the weighted
sum of deviations from targets, the maximum deviation in any goal from target is minimized. The resulting
nonlinear programming problem becomes as follows:

Minimize d

Subjectto a;p; + B;n; < d, for each goal j,
f]‘(f)—p]‘—l—n]‘:t]" for each goal j, (6)
reF,
n;,p; > 0, for each goal j.

Here, the parameter d becomes the maximum deviation in any goal. Once again, this method requires the
choice of weight factors a; and /3;, thereby making the approach subjective to user.

In the next section, we briefly discuss the multi-objective GAs. Thereafter, we show how multi-objective
GAs can be used to solve goal programming problems which do not need any weight factor. In fact, the
proposed approach simultaneously finds sol utionsto the same goal programming problem formed for different
weight factors, thereby making the approach both practical and different from the classical approaches.

3 Multi-Objective Genetic Algorithms

M ulti-objective optimization problems giverise to a set of Pareto-optimal solutions, none of which can be said

to be better than other in all objectives. In any interesting multi-objective optimization problem, there exists
anumber of such solutionswhich are of interest to designersand practitioners. Since no one solutionis better

than any other solution in the Pareto-optimal set, it is aso a goal in a multi-objective optimization to find

as many such Pareto-optimal solutions as possible. Unlike most classical search and optimization problems,

GAs work with a population of solutions and thus are likely (and unique) candidates for finding multiple
Pareto-optimal solutions simultaneously ®-14=16, There are two tasks that are achieved in a multi-objective
GA:

1. Convergence to the Pareto-optimal set, and
2. Maintenance of diversity among solutionsof the Pareto-optimal set.

GAswith suitablemodificationin their operators have worked well to solve many multi-objectiveoptimization
problems with respect to above two tasks. Most multi-objective GAs work with the concept of domination.
In the following, we first define domination between two solutionsand then describe one multi-objective GA
implementation in brief.

For a problem having more than one objective function (say, f;,j = 1,...,M and M > 1), asolution
«(1) is said to weakly dominate the other solution z (2), if both the following conditions are true”.



1. The solution #(") is no worse (say the operator < denotes worse and > denotes better) than #(2) in all
objectives, or f; (7)) £ f;(#?) foral j =1,2,..., M objectives,

2. The solution #(!) is strictly better than #(2) in at least one objective, or f;(#)) = f;(#)) for at least
onej ¢ {1,2,...,M}.

With these conditions, it is clear that in a population of N solutions, the set of non-dominated solutions are
likely candidates to be the members of the Pareto-optimal set. It isimportant to mention here that if the first
condition is satisfied with strict f; (#1)) = f;(#()), then the solution #() is said to strongly dominate the
solution Z(2). In the following, we describe one implementation of a multi-objective GA which attempts to
find the best set of non-dominated solutionsin the search space.

3.1 Non-dominated Sorting GA (NSGA)

NSGA used here is a real-parameter GA which works directly with the parameter values. We outline the
NSGA procedure in Figure 4 and then describe each operator in succession. The variable pop isan array of

Generate initial population (pop) ;
if (not terminate)
Non-dominated ranking (pop) ;
Fitness_ assignment (pop) ;
for i=1 to N step 2

parentl = Selection (pop) ;

parent2 = Selection (pop) ;

(childl,child2)=Crossover (parentl,
parent2) ;

newpop_1i = Mutation(childl) ;

newpop_i+1 = Mutation(child2) ;
pop = newpop;
print non-dominated solutions;

Figure4: A flowchart of NSGA.

dimension NV (populationsize), each member of whichisa P-dimensional solutionvector. NSGA beginswith
randomly created solution vector z; € [z}, 2%]. In the following, we describe how a population of solutionsis
first ranked according to non-domination and then discuss the fitness assignment procedure.

3.1.1 Non-Dominated Ranking

Consider a set of N population members, each having M (> 1) objective function values. The following
procedure can be used to find the non-dominated set of solutions:

Step 0: Beginwith: = 1.

Step 1: Foralj=1,...,N andj # i, compare solutions Z(*) and #\) for domination using two conditions
for all M objectives.

Step 2: If for any 7, #) isdominated by #(7), mark #() as‘dominated’.

Step 3: If al solutions(that is, when: = N isreached) in the set are considered, Go to Step 4, elseincrement
¢+ by oneand Go to Step 1.

Step 4: All solutionsthat are not marked ‘dominated’ are non-dominated solutions.

All these non-dominated solutions are assumed to constitute the first non-dominated front in the population.
These solutions are temporarily ignored from the popul ation and the above step-by-step procedure is applied



again. The resulting non-dominated sol utionsare assumed to constitute the second non-dominated front. This
procedure is continued until all population members are assigned a front. Thus, a population of size N could
be classified into a minimum of one non-dominated front of size N or amaximum of N non-dominated fronts
of size one.

An aspect of this method is that practically any number of objectives can be used. Both minimization
and maximization problems can aso be handled by this algorithm. The only place a change is required for
the above two cases is the way the non-dominated solutions are identified (according to the conditions for
dominance presented earlier). The next step isto assign fitness to each solution in the population.

3.1.2 Fitness Assignment

Since al solutionsin a particular non-dominated front are equally important, all are assigned the same fitness
value. We begin with solutions of the first non-dominated front. A large dummy fitness value (equal to V)
is assigned to each non-dominated solution of the first front. However, in order to maintain diversity among
solutions, these non-dominated solutions are then shared with their dummy fitness values. Sharing method
is discussed briefly in the next subsection. Sharing is achieved by dividing the dummy fitness value of an
individual by a quantity (called the niche count) proportional to the number of individuals around it. This
procedure causes multiple optimal solutionsto co-exist in the population. The worst shared fithess value in
the solutionsof the first non-dominated front is noted for further use.

A dummy fitness value, a little smaller than the worst shared fitness value observed in solutions of first
non-dominated set, is assigned to all members of the second non-dominated front. Thereafter, the sharing
procedure is performed among the solutionsof the second non-domination front and shared fitness values are
found as before. Thisprocessis continuedtill all population members are assigned a shared fitness value.

3.1.3 Sharing procedure

Given aset of ny solutionsin the k-th non-dominated front each having adummy fitnessvalue f ., the sharing
procedure is performed in the following way for each solution: = 1,2, ..., ny:

Step 1: Compute anormalized Euclidean distance measure with another solution j in the k-th non-dominated

front, asfollows:
P Q] G\ 2
X — X
d;; = E =,
! J p=1 ( w’; o xé )

where P isthe number of variablesin the problem. The parameters = ; and x; are the upper and lower
boundsof variable z .

Step 2: Thisdistance d;; is compared with a pre-specified parameter ogp.r. and the following sharing func-
tion valueis computed (Deb and Goldberg, 1989):

Sh(dlj) = 1 N (Ushjre) ’ If dl] S Usharey
0, otherwise.

Step 3: Increment j. If j < ny, goto Step 1 and calculate Sh(d;;). If 7 > ny, calculate niche count for :-th
solution as follows:

Nk
mi = Sh{dy).
7=1

Step 4: Degradethe dummy fitness f;. of i-th solutionin the k-th non-domination front to cal cul ate the shared
fitness, f/, asfollows:

,_fe
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This procedureis continued for all : = 1,2, ..., n; and acorresponding f/ isfound. Thereafter, the smallest
value f}fi“ of al f/ inthe k-th non-dominated front is found for further processing. The dummy fitness of the
next non-dominated frontisassignedto be fr11 = fi™™ — €, Where ¢, isasmall positive number.

The above sharing procedure requires apre-specified parameter o}, ..., Which can be cal cul ated as follows?!:

0.5
Oshare N ——,
{4

where ¢ isthe desired number of distinct Pareto-optimal solutions. Although the calculation of o ¢y, depends
on this parameter ¢, it has been been shown elsewhere? that the use of above equation with ¢ ~ 10 worksin
many test problems. Moreover, the performance of NSGASsis not very sensitive to this parameter near o ¢hare
values calculated using ¢ ~ 10.

(")

3.1.4 Selection Operator

After al solutions are assigned a fitness, selection operator is used to find above-average solution stochas-
tically. A stochastic remainder proportionate selection?? is used with the fitness values, where a solution is
selected asaparent in proportionto itsfitness value. With such aoperator, solutionsof thefirst non-dominated
front have higher probability of being a parent than solutions of other fronts. Thisis intended to search for

non-dominated regions, which will finally lead to the Pareto-optimal front. Thisresultsin quick convergence
of the population towards non-dominated regions and sharing procedure hel psto distributeit over thisregion.

Thus, selection operator helpsto emphasi ze better solutionsin the population, but does not help to create new

solutions, amatter which is performed in the following two operators.

3.1.5 Crossover Operator

Two parent solutions (1) and #(2) obtained from selection operator are crossed with a probability p. = 0.9.
For a crossover, the solutions are crossed variable-by-variable to create two new children solutions 7 () and
71?). Depending on the relative distance between the parent parameter values, children solutions are created
by using a polynomial probability distribution 3. Each variableis crossed with a probability of 0.5 using the
following step-by-step procedure:

Step 1. Create arandom number u between 0 and 1.

Step 2: Calculate 3, asfollows:

(uoe)%lT, ifugé7 @
= 1 8
! (2_1W) T otherwise,

where v = 2 — 3~ (ne+1) and 3 is calculated as follows:

where ! and = are lower and upper bounds of parameter z;. The parameter 7. isthe distributionindex
and can take any non-negative value. A small value of . alows solutions far away from parents to
be created as children solutions and a large value restricts only near-parent solutionsto be created as
children solutions. In all simulations, we use . = 30.

Step 3: The children solutions are then calcul ated as follows:

y = 05 {(9051)
y? 0.5 {(96(

+2?) = g,fal - o]
Dt e®) 4 gyfal? - )]



3.1.6 Mutation Operator

A polynomial probability distribution?? is used to create a solution zfj ) in the vicinity of a parent solution
yfj) . Thefollowing procedureis used for each variable with a probability p ,,,:

Step 1. Create arandom number u between 0 and 1.
Step 2: Calculate the parameter §, as follows:

[2u+ (1 — 2u)(1 — gyim+1]TosT _ 1,
if u<0.5,

1= [2(1 = u) + 2(u — 0.5)(1 — &)1 +1] 7T
otherwise,

q =

©)

where § = min[(y¥ — 49), (v* — y9)]/(y* — y!). The parameter 5, is the distribution index for

mutation and takes any non-negative value. We use n,,, = 100 + ¢ (where ¢ is the iteration number)
here.

Step 3: Calculate the mutated child as follows:
A0 =y by~ o)

The mutation probability p,, islinearly varied from 1/ P till 1.0, so that, on an average, one parameter gets
mutated in the beginning and all parameters get mutated at the end of asimulation run.

4 Suggested Technique

The objective in the above multi-objective GA isto find non-dominated solutionsin the search space defined
by the minimality or maximality conditionsof the objectives. However, the above multi-objective GA can be
used to solve goa programming problems. Here, we discuss a couple of changes that are necessary for this
purpose.

4.1 Formulate Objective Functions from Goals

The goals are converted to objective functions of minimizing the deviations. The conversion procedure de-
pends on the type of goalsused. We present them in the following table.

Type God Objective function

< god (f;(%) <t;)  Minimize(f;(Z) — ;)

> god (f;(%) >t;)  Minimize(t; — f;(&))

= god (f;(¥) =t;)  Minimize|f;(¥) — ;|

Range goal (f; (&) € [t5,14]) Min. max((t} — f;(Z)),
U () = 1)

Here the bracket operator ( ) returnsthe value of the operand if the operand is positive, otherwise returns zero.
Thisway agoal programming problem of variouskindsis formulated as a multi-objective problem. Although
similar other methods have been suggested in classical goal programming texts®7, the advantage with the
above formulation isthat (i) there is no need of any additional constraint for each goal, and (ii) since GAsdo
not require objective functionsto be differentiable, the above objective function can be used.

Although somewhat obvious, we shall show that the NLP problem of solving the weighted goal program-
ming for afixed set of weight factorsis exactly the same as solving the above reformulated problem. We shall
only consider the ‘less-than-equal-to’ type goal, however the same conclusion can be made for other types of
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goal, as well. Consider the agoal programming problem having one goal of finding solutionsin the feasible
space F for which the criterion f(z) < ¢t. We use equation 3 to construct the corresponding NL P problem:

Minimize p

Subjectto  f(Z) —p <,
p >0,
reF.

(10)

We can rewrite both constraints involving p as d > max(0, f(Z) — t). When (f(Z) — t) is negative, the
above problem has the solution d = 0 and when (f(&) — t) is positive, the above problem has the solution
d = f(Z) — t. Thisisexactly what isachieved by simply solving the problem: Minimize (f(Z) — t).

Since we now have a way to convert a goal programming problem into an equivalent multi-objective
problem, we can use multi-objective GAs to solve the goal programming problem. In certain cases, there
may exist a unique solution to a goal programming problem, no matter what weight factors are chosen. In
such cases, the equivalent multi-objective optimization problem is similar to a problem without conflicting
objectives and the resulting Pareto-optimal set contains only one solution. However, in most cases, goal
programming problems are sensitive to the chosen weight factors and resulting solution to the problem largely
depends on specific weight factors used. The advantage of using the multi-objective reformulationisthat each
Pareto-optimal solution corresponding to the multi-objective problem becomes the solution of the original
goa programming problem for a specific set of weight factors. Thus, by using multi-objective GAs, we can
get multiple solutionsto the goal programming problem simultaneously, which are not subjective to the user.

4.2 Using Weak Condition for Dominance

Most multi-objective search and optimization algorithms use the weak condition for dominance® presented
earlier. In such cases, a solution Z(!) need not be better than #(?) in all objectives to dominate. In the
least, if (1) is better than #(2) in only one objective and is equal to #(?) in all other objectives, then # (1)
dominates 7(2). NSGA finds non-dominated solutionsin a population by eliminating all dominated solutions.
Thus, checking with the weak condition of dominance will allow more solutionsto be qualified as dominated
solutionsthan checking with the string condition of dominance. For the non-dominated sol utions, the opposite
is true. Thus, using the weak condition for dominance allows more strict non-dominated solutions to be
retained.

With the above formulation of objective functionsfrom goals, it is clear that there will be many solutions
for which the formulated objectivevalueis zero (for example, in <-typegoal al solutionshaving f ; —t; < 0).
Since in goal programming these solutions are not of much interest, a weak dominance condition will not
include these solutionsin the non-dominated set.

4.3 Estimating Relative Weights

After multiple solutions are found, designers can then use higher-level decision-making approaches or com-
promise programming?® to choose one particul ar solution. Each solution  can be analyzed to find the relative
importance of each criterion function as follows:

v — GGE) — 4] 11
MA@ -t )

For a‘range’ typegoal, thetarget ¢; can be substituted by either ¢ g or ¢ depending on whichiscloser to f(Z).

Moreover, the proposed approach also does not pose any other difficultiesthat the weighted goal program-
ming method has. Since solutions are compared criterion-wise, there is no danger of comparing butter with
potatoes, nor thereis any difficulty of scaling in criterion function values. Furthermore, we shall show in the
next section that this approach allows to find critical solutions to non-convex goa programming problems,
which are difficult to find using the weighted goal programming method.
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5 Proof-of-Principle Results

In order to show the working of the proposed approach, we first solve a number of test problems. In the next
section, we shall apply the technique on an engineering design problem. In all test problems, we have used
NSGAs described in Section 3.1, although any other multi-objective GA implementations with the reformu-
lation suggested earlier can be used.

5.1 Test Problem P1

We first consider the example problem givenin equation 4. The goa programming problem is converted into
a two-objective optimization problem as follows:

Minimize (fi(z1,z2) — 2),
Minimize (fy(z1,22) — 2), (12)
Subjectto F=(0.1<a; <1, 0<ay<10).

Here, the criterion functionsare f; = 10z and f; = (10 + (22 — 5)?)/(102;). We use a population of size
50 and run NSGA for 50 generations. A ognare = 0.158 (equation 7 with P = 2 and ¢ = 10) isused. As
discussed earlier, the feasible decision space lies above the hyperbola. All 50 solutionsintheinitial population
and all non-dominated solutions at the final population are shown in Figure 5, which is plotted with criterion
function values f; and f,. All final solutionshave z, = 5 and 0.2 < z; < 0.5. The figure also shows
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Figure 5: NSGA solutionsare shownon a f; - f> plot of problem P1.

marks the region (with dashed lines) of true solutionsof thisgoal programming problem with different weight

factors. The figure shows that NSGA in a single run has been able to find different solutionsin the desired

range. Although the other regions (for f; < 2 and f; > 5) on the hyperbola are Pareto-optimal solutions of
the two-objective optimization problem of minimizing f, and f-, the reformulation of the objective functions
allow the NSGA to find only the required region, which are also solutionsof the goal programming problem.

Table 1 showsfive different solutionsobtained by the NSGA. Relative weight factorsfor each solutionare also

computed using equation 11. If thefirst criterion is of more importance, solutionsin first and second row can

be chosen, whereas if second criterion is of more importance solutionsin fourth or fifth rows can be chosen.

The solution in the third row shows a solution where both criteria are of more or less equal importance. The
advantage of using the proposed technique is that all such (and many more as shown in Figure 5) solutions
can be found simultaneously in one single run.
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Table 1: Five solutionsto the goal programming problem are shown.

Ea) Lo J1 (i) Ja (i) wq W3y
0.2029 5.0228 | 2.0289 4.9290 | 0.9902 0.0098
0.2626 5.0298 | 2.6260 3.8083 | 0.7428 0.2572
0.3145 5.0343 | 3.1448 3.1802 | 0.5076 0.4923
0.3690 5.0375 | 3.6896 2.7107 | 0.2972 0.7027
0.4969 5.0702 | 4.9688 2.0135 | 0.0045 0.9955

5.2 Test Problem P2

We use the following goal programming problem:

goal (fl =z > 09)7
goad (f2=(1—+/z1(1—z1))(1+ 1023) = 0.55), (13)
Subjectto 0 <z <1, 0<uy<I1.

Here, the first goal is of ‘greater-than-equal-to’ type and the second goal is of ‘equal-to’ type. The feasible
decision space isthe region above the circle shownin Figure 6. The criterion space isthe line AB. Sincethere
isno feasible solutionwhich liesin the criterion space (on the line AB), the solution to thisgoal programming
problem is the region on the circle marked by the dashed lines. Each solution in this region correspondsto a
goal programming problem with a specific set of weight factors. The solutionsto thisproblem are z » = 0 and
0.71794 < z; < 0.9, depending on the weight factorsused. If weight factorsa; = 1 and «; = 0 are chosen,
the desired solutionisz; = 0.9 and 22 = 0.7. On the other hand, if aweight factorsay = 0 and ey = 1
are chosen, the solutionis zy = 0.71794 and =, = 0.55. For other weight factors, intermediate points on
the circle will be the resulting solution of the goal programming problem. To solve using NSGA, the above
problem is converted into an equival ent two-objective optimization problem, as follows:

Minimize (0.9 — fi(x1, 22)),
Minimize |f(z1,22) — 0.55], (14)
Subjectto 0 <21 <1, 0<ay< 1.

Same NSGA parameters as that in test problem 1 are used here. Figure 6 shows how NSGA has able to find
many solutionsin the desired range. The figure showsthat NSGA finds many such solutionsin a single run.

1 T T T

Generation0 <
Generation50 +

0.9

<

0.8

<&

~ 07T Decision Space £
| :

06 S

,,,,,,,,,,, |

05 ]

04 .
03 | | | |

0 02 04 0.6 0.8 1

f1

Figure 6: NSGA solutionsare shownon a f; - f> plot of problem P2.

All 50 initial population members could not be shown in the range of the figure, because many solutionslie
outside the plotting area.
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5.3 Test Problem P3

We alter the above problem to create a different goal programming problem:

goal (fi =1 € [0.25,0.75]),
god (fy=(1—+/21(1 —z1))(141023) < 0.4), (15)

Subjectto 0<a; <1, 0<ay<1.

The feasible decision space and the criterion space are shown in Figure 7. As evident from the figure, the
solution to this problem is drastically different from that in test problem P2. There exists only one solution
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Figure 7: NSGA solutionsare shownon a f; - f> plot of problem P3.

(z; = z, = b) to thisproblem, no matter what non-zero weight factors are chosen. Thisis because, this solu-
tion (marked as*'A’ inthe figure) makes the shortest deviation from the criterion space. A NSGA withidentical
parameter setting and identical initial population as used in test problem P2 are used. It is observed that after
50 generations, all population members converge at the solution marked by ‘A’. Thistest problem shows that
although a multi-objective optimization technique is used, the use of reformulated objective function allows
to find a single solution as the Pareto-optimal solution.

5.4 Test Problem P4

Next, we consider a goal programming problem which will cause weighted goa programming approach
difficulty in finding most of the desired solutions. This problem is a simple modification to problem P3:

god (f1 =1 €[0.25,0.75]),
god (f2= (14 +/21(1— 21))(1+ 1023) < 1.25), (16)

Subjectto 0 <a; <1, 0<ay<1.

Figure 8 shows the decision space and the criterion space in a f-f> plot. Once again, there is no feasible
solution which satisfies both goals. The solutions to the above problem lie on the circle in the region AB
and CD, since each solution in the region will make the deviations from the criterion space minimum for
a particular set of weight factors. With the weighted goal programming method, it is expected to find the
solutions A, B, C, or D only. The Archimedian contour line with the shortest weighted deviation is shown by
the dashed line. When a different combination of weight factors is chosen, a different Archimedian contour
will be obtained. But any such contour cannot become tangent to any other point within AB or CD. Thus,
the intermediate solutions cannot be found using the weighted goa programming approach. However, if a
two-sloped penalty function (as shown in Figure 3(c)) isused, such intermediate sol utions can be found. Such
an Archmedian contour is shown by dotted lines. This two-slope method requires user to choose two weight
factors (o« and o) instead of one for each goal and makes the goal programming procedure complicated by

14



increasing the number of constraints. Moreover, the difficulty of dependence of the resulting solution on the
weight factors still remains with the latter penalty function approach.
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Figure 8: Criterion and decision spaces are shown for Figure 9: NSGA solutionsare shown on a f1-f-» plot of
test problem P4. test problem P4.

We use NSGAs with a population size of 100 and with al other parameters same as that used earlier. The
solutions after 50 generations are shown in Figure 9. The figure shows that solutionsin both regions AB and
CD are found by the NSGA in one singlerun.

55 Test Problem P5

Asthefinal test problem, we choose one similar to that used in Ignizio*:

goal (fl =Ty > 16)7
goa (fy = (21— 3)* + 23 <9), (17)
Subjectto  6a1 + Txq < 42.

Ignizio* considered the constraint as the third goal and emphasized that the first level priority in the problem
is to find solutions which will satisfy the constraint. However, here we argue that such a first priority goal
can be taken care of by using it as a hard constraint so that any solution violating the constraint will receive a
large penalty. Since the constraint is explicitly taken care of, the next level priority isto find solution(s) which
will minimize the deviation in two goals presented in equation 15. Figures 10 and 11 show the problem in the
solution space and in the function space, respectively. The feasible search space is shown by plotting about
25,000 pointsin Figure 11. The figure shows that there exists no feasible solution which satisfies both goals.
A population size of 100 is used and the NSGA isrun for 50 generations. Other parameters identical to that
used in the previoustest problem is used. The solution obtained from NSGA isasfollows:

vy =3.568, x5, =2.939, f =10.486, f,=8.961.

This solution is marked on both figures. This solutionis feasible and lies on the constraint boundary. 1t does
not violate the second goal, however it violatesthefirst goal by an amount of (16— 10.486) or 5.514. Figure 11
showsthat it violatesthe first goa (f; > 16) minimaly (keeping minimum distance from the feasible search

space).

6 An Engineering Design

This problem has been well studied in the context of single-objective optimization '°. A beam needs to be
welded on another beam and must carry a certain load F' (Figure 12). In the context of single-objective
optimal design, it is desired to find four design parameters (thickness of the beam, b, width of the beam ¢,
length of weld ¢, and weld thickness /) for which the cost of the beam is minimum. The overhang portion of
the beam has alength of 14 inchand F' = 6, 000 Ib force is applied at the end of the beam. It isintuitive that
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Figure 12: The welded beam design problem.

an optimal design for cost will make all four design variablesto take small values. When the beam dimensions
are small, it islikely that the deflection at the end of the beam is going to be large. Thus, the design solutions
for minimum cost and minimum end deflection are conflicting to each other. In other words, a design that
is near-optimal from cost consideration is not near-optimal from near small deflection consideration and vice
versa. Such conflicting objectives appear in many instances of engineering design. In the following, we
present agoa programming problem from the cost and defl ection consideration:

god (f1(%) = 1.10471h2%( 4 0.04811tb(14.0+ () < 5),
goa (f2(7) = 25522 < 0.001),

3
Subjectto ¢ (%) = 13,600 — 7(Z) > 0,
g2(%) = 30,000 — o (7) > 0,
g3(¥) =b—h >0, (18)
94(Z) = P.(Z) — 6,000 > 0,
0.125 < h,b < 5.0,
0.1 < ¢,t<10.0.

We would like to have a design for which the cost is smaller than 5 units and the deflection is smaller than
0.001 inch. If there exists any such solution, that solution isthe desired solution. But, if such a solution does
not exist, we are interested in finding a sol ution which will minimize the deviation in cost and deflection from
5 and 0.001, respectively.

There are four constraints. The first constraint makes sure that the shear stress developed at the support
location of the beam is smaller than the allowable shear strength of the material (13,600 psi). The second
constraint makes sure that normal stress developed at the support location of the beam is smaller than the
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allowable yield strength of the material (30,000 psi). The third constraint makes sure that thickness of the
beam is not smaller than the weld thicknessfrom a practical standpoint. The fourth constraint makes sure that
the allowable buckling load (along ¢ direction) of the beam is more than the applied load F. A violation of

any of the above four constraintswill make the design unacceptable. Thus, in terms of discussionin Ignizio 4,
satisfaction of these constraintsis the first priority. The stress and buckling terms are given as follows 19

() = T2 4 72 U771 [7/0.25(02 + (h + 1)?),
L _ 6,000
V2R

o 6,000(14 + 0.50)4/0.25(C2 + (h + )2)

2{0.707h0((2/12 4 0.25(h + 1))}

_, 504,000
o = Ty
P.(F) = 64,746.022(1 — 0.02823461)tb°.

We handle these constraints using the bracket-operator penalty function !®. Penalty parameters of 100 and
0.1 are used for the first and second criterion functions, respectively. Such dependence of penaty parameters
on objective functions can be avoided by using a more efficient constraint handling technique suggested
recently?S.

In order to investigate the search space, we plot about many random feasible solutionsin f-f, space
in Figure 13. The corresponding criterion space (cost < 5 and deflection < 0.001) is aso shown in the
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Figure 13: NSGA solutions (each marked with a ‘dia- Figure 14: NSGA solution is shown on objective func-
mond’) are shown on objective function space. tion space on the modified problem.

figure. The figure shows that there exists no feasible solution in the criterion space, meaning thereby that
the solution to the above goal programming problem will have to violate at least of one of goals. A real-
parameter NSGA with 100 population members and SBX operator with . = 30 and polynomia mutation
operator with 17,,, = 100 isused. We also use o4nare Of 0.281 (refer to equation 7 with P = 4 and ¢ = 10).
Figure 13 shows the solutions (each marked with a’diamond’) obtained after 500 generations. The existence
of multiple solutionsis accounted for the fact that no knowledge on weight factor of each goal is assumed
here and each solution can be accounted for a different combination of weight factors of cost and deflection
quantities. We present three such solutionsin Table 2. If cost is more important than deflection the weight
factor for cost will be more and asolution likethe first solutionwill be chosen. On the other hand, if deflection
isimportant, the weight factor for deflection will be more and a solution like the third solution will be chosen.
Depending on the relative weights of cost and deflection, other solutions such as the one presented in the
the second row in the table will be chosen. In the last two columns, relative weight factors are computed
for each solution using equation 11. There are atotal of 100 such solutions found by the NSGA in one run.
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Table 2: Three solutions of welded beam goal programming problem.

Cost Defl. h b4 i b wy,  Wsa
5.70 0.0033 | 0.627 1.644 9.996 0.662 | 0.94 0.06
10.02 0.0018 | 0.778 1.274 9.999 1.247 | 0.43 0.57
16.76 0.0010 | 1.032 0.890 9.998 2.194 | 0.00 1.00

When al such solutions are available with a designer, usually a higher-level decision making (with further
goals) procedure or compromise programming?® can be used to choose one solution. However, the procedure
adopted here show how many such solutionscan be obtained simultaneously in one single run.

We construct another problem by changing the targetsto ¢ = 2.0 and £ = 0.05. Since there exists
no solution with cost smaller than 2 units, and the deflection of 0.05 inch is also large enough, the resulting
solution is supposed to be the minimum-cost solution. Figure 14 shows that NSGA with identical parameter
setting converges to one sol ution:

h=0.222, (=7.024, t=8.295 b=0.244.

This solution has a cost of 2.431 units and deflection of 0.0157 inch. Figure 14 shows that this solution is
very near to the minimum-cost solution.

7 Conclusions

Classical methods used for solving goal programming problems require users to provide a weight factor for
each goal. The resulting solution, therefore, depends on the chosen set of weight factors. Moreover, the
popular weighted goal programming problem has the difficulty of finding important solutions in problems
having non-convex feasible decision space. In this paper, we reformulate the goal programming problem into
amulti-objective optimization problem and suggest using amulti-objective GA tofind desired solutions. Since
multi-objective GAs can find multiple Pareto-optimal solutionsin one single run, the proposed technique is
capable of finding multiple solutionsto the goal programming problem, each corresponding to a different set
of weight factors. This makesthe proposed approach free from using any weight factor and also allowsto find
solutions to goal-programming problems having non-convex decision space. The efficacy of the proposed
technique has been shown by solving five test problems and one engineering design praoblem. The results
are encouraging and suggest the use of the proposed approach to more complex and real-world engineering
goal-programming problems.

Acknowledgments

The author acknowl edges the support provided by Alexander von Humbol dt Foundation, Germany during the
course of thisstudy.

References

[1] Charnes, A., Cooper, W., and Ferguson, R. (1955). Optimal estimation of executive compensation by
linear programming. Management Science, 1: 138-151.

[2] Clayton, E. R., Weber, W. E., and Taylor, B. W. (1982). A goa programming approach to the optimiza-
tion of multiresponse simulation models. |1E Transactions, 14(4): 282-287.

[3] Sayyouth, M. H. (1981). Goal programming: A new tool for optimizationin petroleum reservior history
matching. Applied Mathematics Modelling, 5: 223-226.

[4] Ignizio, J. P. (1976). Goal programming and extensions. Lexington, MA: Lexington Books.

18



[5] Ignizio, J. P. (1978). A review of goal programming: A tool for multiobjective analysis. Journal of
Operations Research Society, 29(11): 1109-1119.

[6] Romero, C. (1991). Handbook of critical issuesin goal programming. Oxford: Pergamon Press.

[7] Steuer, R. E. (1986). Multiple criteria optimization: Theory, computation, and application. New York:
Wiley.

[8] Fonseca, C. M. and Fleming, P. J. (1993). Genetic algorithms for multi-objective optimization: For-
mulaton, discussion and generalization. Proceedings of the Fifth International Conference on Genetic
Algorithms. 416-423.

[9] Srinivas, N. and Deb, K. (1994). Multi-Objective function optimization using non-dominated sorting
genetic agorithms, Evolutionary Computation, 2(3): 221-248.

[10] Cunha, A. G., Oliveira, P, and Covas, J. A. (1997). Use of genetic algorithms in multicriteria opti-
mization to solveindustria problems. Proceedings of the Seventh International Conference on Genetic
Algorithms. 682—688.

[11] Eheart, J. W., Cieniawski, S. E., and Ranjithan, S. (1993). Genetic-algorithm-based design of ground-
water quality monitoring system. WRC Research Report No. 218. Urbana: Department of Civil Engi-
neering, The University of Illinoisat Urbana-Champaign.

[12] Parks, G. T. and Miller, I. (1998). Selective breeding in a multi-objective genetic algorithm. Proceedings
of the Parallel Problem Solving from Nature, V, 250-259.

[13] Weile, D. S., Michielssen, E., and Goldberg, D. E. (1996). Genetic algorithm design of Pareto-optimal
broad band microwave absorbers. IEEE Transactionson Electromagnetic Compatibility, 38(4).

[14] Horn, J. and Nafplaitis, N., and Goldberg, D. E. (1994). A niched Pareto genetic algorithm for multi-
objective optimization. Proceedings of the First IEEE Conference on Evolutionary Computation. 82-87.

[15] Laumanns, M., Rudolph, G., and Schwefel, H.-P. (1998). A spatial predator-prey approach to multi-
objective optimization: A preliminary study. Proceedings of the Parallel Problem Solving from Nature,
V. 241-249.

[16] Zitzler, E. and Thiele, L. (1998a). Multiobjective optimization using evolutionary algorithms—A com-
parative case study. Parallel Problem Solving from Nature, V, 292—-301.

[17] Lee, S. M. (1972). Goal programming for decision analysis. Philadelphia: Auerbach publishers.

[18] Deb, K. (1995). Optimization for engineering design: Algorithmsand examples. New Delhi: Prentice-
Hall.

[19] Reklaitis, G. V., Ravindran, A. and Ragsdell, K. M. (1983). Engineering optimization methods and
applications. New York: Wiley.

[20] Zeleney, M. (1982). Multiplecriteria decision making. New York: McGraw-Hill.

[21] Deb, K. and Goldberg, D. E. (1989). Aninvestigation of niche and species formation in genetic function
optimization. Proceedings of the Third Inter national Conference on Genetic Algorithms (pp. 42-50).

[22] Goldberg, D. E. (1989). Genetic algorithms for search, optimization, and machine learning. Reading,
MA: Addison-Wesley.

[23] Deb, K. and Agrawal, R. B. (1995). Simulated binary crossover for continuous search space. Complex
Systems, 9: 115-148.

19



[24] Deb, K. and Goyal, M. (1997). A robust optimization procedure for mechanical component design based
on genetic adaptive search. ASVIE Journal of Mechanical Design.

[25] Zeleney, M. (1973). Compromise programming. In J. L. Cochrane and M. Zeleney (Eds.) Multiple cri-
teria decision making, (pp. 262-301).

[26] Deb, K. (in press). An efficient constraint handling method for genetic algorithms. Computer Methods
in Applied Mechanics and Engineering.

20



