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PREFACE

is intended to bridge the gap which has existed between the very
elementary handbooks available on Mathematica and those reference books written for the more
advanced Mathematica users. This book is an extension of a manuscript which was developed to
quickly introduce enough Mathematica commands to a group of students at Georgia Southern
University that they could apply Mathematica towards the solution of nonlinear ordinary
differential equations. In addition to these most basic commands, these students were exposed to
the vast uses of lists in Mathematica. Having worked through this material, these students were

successfully able to take advantage of the capabilities of Mathematica in solving problems of
interest to our class.

Ma:hcmﬂm_bl_mu is an appropriate reference book for readers of all levels of
Mathematica experience. It introduces the very basic commands and includes examples of
applications of these commands. It also includes commands useful in more advanced areas such as
ordinary and partial differential equations. In all cases, however, examples follow the introduction
of new commands. Of particular note are the sections covering Mathematica Packages (Chapters
7, 8, and 9), because the commands covered in these chapters are absent from most Mathematica
reference books. The material covered in this book applies to all versions of Mathematica as well
with special notes concerning those commands available only in Version 2.0. Other differences in
the various versions of Mathematica are also noted.

Of course, appreciation must be expressed to those who assisted in this project. We would
like to thank our department head Arthur Sparks for his encouragement and moral support and for
being the msugator of the Computer Calculus Project which initiated the idea of writing a book like

Example. We would also like to thank Prof. William F. Ames for suggesting
that we publish our work and for helping us contact the appropriate people at Academic Press. We
would like to express appreciation to our editor, Charles B. Glaser, and our production manager,
Simone Payment, for providing a pleasant environment in which to work. We would also Iike to
thank our colleagues for taking the time to review our manuscript as it was being prepared for
publication. We appreciated their helpful comments. Finally, we would like to thank those close
to us for enduring with us the pressures of meeting a deadline and for graciously accepting our
demanding work schedules. We certainly could not have completed this task without your care
and understanding.

M. L. Abell

J. P. Braselton



Chapter 1
Getting Started

8 Mathematica, first released in 1988 by Wolfram Research, Inc., is a system for doing mathematics on a computer.
It combines symbolic manipulation, numerical mathematics, outstanding graphics, and a sophisticated
programming language. Because of its versatility, Mathematica has established itself as the computer algebra
system of choice for many computer users. Overall, Mathematica is the most powerful and most widely used
program of this type. Among the over 100,000 users of Mathematica, 28% are engineers, 21% are computer
scientists, 20% are physical scientists, 12% are mathematical scientists, and 12% are business, social, and life
scientists. Two-thirds of the users are in industry and government with a small (8%) but growing number of
student usrs. However, due to its special nature and sophistication, beginning users need to be aware of the
special syntax required to make Mathematica perform in the way intended.

@ The purpose of this text is to serve as a guide to beginning users of Mathematica and users who do not intend to
take advantage of the more specialized applications of Mathematica. The reader will find that calculations and
sequences of calculations most frequently used by beginning users are discussed in detail along with many typical

examples. We hope that Mathematica by Example will serve as a valuable tool to the beginning user of
Mathematica.

B A Note Regarding Different Versions of Mathematica

For the most part, Mathematica by Example was created with Version 1.2 of Mathematica. With the release of
Version 2.0 of Mathematica, several commands from earlier versions of Mathematica have been made obsolete. In

addition, Version 2.0 incorporates many features not available in Version 1.2. Mathematica by Example adopts the
following conventions:

Sections that discuss features of Yersion 1.2 will begin with symbols like . l___] ;
unless otherwise noted, these commands are supported under Yersion 2.0.

Sections that discuss the features of Version 2.0 will begin with symbols like @ @ O .
These sections are NOT pertinent to Version 1.2.
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@ 1.1 Macintosh Basics

Since Mathematica by Example was created using Macintosh computers, we will quickly review several of the
fundamental Macintosh operations common to all application programs for the Macintosh, in particular to
Mathematica. However, this book is not meant to be an introduction to the Macintosh and the beginning user
completely unfamiliar with the Macintosh operating system should familiarize himself with the Macintosh by
completing the Macintosh Tour and consulting the Macintosh Reference. The material that appears in
Mathematica by Example should be useful to anyone who uses Mathematica in a windows environment.
Non-Macintosh users may either want to quickly read Chapter 1 or proceed directly to Chapter 2, provided they
are familiar with their computer.

After the Mathematica program has been properly installed, a user can access Mathematica by first clicking twice on
the hard disk icon located in the upper right hand comer of the computer screen. The following window will appear:

&€ File Edit Diew Special Open your hard disk by clicking twice on the icon
E(=———= HardDisk =———=D)=
3 items 52,770K in disk 25,967K available | HardDisk
FQ
System Folder tathernatica { Other Stuff

The Mazhemazica program (provided the program
has been installed correctly) is conzained in

the Mathemazica f file. To open the Mazhematica f
Sfile, click twice on the icon.

&l |

=) BT

Trash
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The Mathematica f folder can be opened by clicking twice on its icon. After opening the Mathematica f folder, start
Mathematica by double clicking on the icon labeled Mathematica. These steps are illustrated below:

€ File Edit View Special

HardDisk :
3 items 52,779K in disk 25,958K available | HardDisk
System Folder Mathematica f Other Stuff
Click twice on the Moathemazica icon to start
Mazthermotice
f[==—————————— Mathematita f =FiF—=—"————1F
8 items 52,779K in disk 25,958K available
&
2 8 &8 O O
Math A Math B Math C Packages Samples
The Samples folder
contains semples
of various feczures
_ of Mathemazica
Mathematica Prefs Mathematica Help i
The Packages folder contains
Drograms necessary to implement
some of Mathemazica's more
sophisticazed features. Several
of them will be discussed lazer.
)
<] =
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After double-clicking on the Mathematica icon, an empty Mathematica document appears; the Mathematica session
can be initiated by typing anything. When you begin typing, Mathematica automatically creates an jnput cell for
you. If an input cell contains a Mathematica command, the command is evaluated by pressing ENTER or
Shift-Return.

In general, the ENTER key and RETURN key are not the same. The ENTER key is used to evaluate Mathematica
commands; the RETURN key gives a new line.

& File Edit Cell Graph Find Action Style Window

s0=——— Untitled-1 == When you click twice on the Mathematica icon,
Begin Typing 162 Mathematica opens and the screen is replaced
[ ] by an empty Mathematica documenz. When you
begin typing, on “input cell” is creczed.

A Mathematica document is called

a Notebook.

mll---l-l-l-

. The cursor is horizontal-
In order 1o create a new input cell whenever it is \ j
move the cursor below the original cell so

that the cursor is horizontal. When the cursor berween two cells: =

is horizontal, click the mouse once: ]
When the cursor is korizontad and the
mouse is clicked once, @ black line ]

oppears across the document window: §—3  —
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A horizontal black line appears after clicking the horizontal cursor once. Additional typing causes Mathematica to
replace this line with a new jnput cell containing the most recently typed information.

€ File Edit Cell Graph Find RAction Style Window

ELI=——— Untitled-1 %—————EEI To creaze e new “input cell”, move the cursor below
Begin Typing VU] the existing cell click once. Notice that a
horizonzal black line oppears.

When you begin typing, Mathematica replaces
the black line with a cell to hold your text.

[Ra T
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H1.2 Introduction to the Basic Types of Cells, Cursor Shapes, and Evaluating

Commands

In the following example, 2+3 is a Mathematica command. The input cell containing 2+3 can be evaluated by

pressing ENTER after the command has been typed.

Do NOT type “Ir(1)" and
numbers the calculations for you.

“Out(1)". Mathematica automatically

[ 2 FileJ{Z/dit Cell Graph Find Action Style Window

EO=—Z= untitled-1 =———

Section

Text Cell

|

OE| When you start 2yping, a “cell” is auromazically
[~ creazed by Mathematica. A% new cells are

assumed to be INPUT cells. INPUT cells are
cells that contain & mathematical command
Mazhemazica com evaluote.

7o creaze @ new cell, move the cursor below en
existing cell, click once and @ horizorzal black
line appears. When you start typing, @ new cell
is created--replacing the black line.

Cells that have brackets that look like ]
are INPUT (or ACTIVE) cells.

Cells that kave brackets that ook like
are INACTIVE CELLS.

Inactive cells are cells that cannot be evaluated by Marhematica. Inactive cells include output cells, graphics cells,
and text cells. Qutput cells are cells that contain the results of calculations performed by Mathematica; graphics
cells are cells that contain two- or three-dimensional graphics produced by Mathematica; and text cells are cells that
contain explanations or other written material that cannot be evaluated by Mathematica.

To verify that you are able to evaluate input cells correctly, carefully type and ENTER each of the following

commands:
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Notice that every Mathematica command begins with capital letters and the argument is enclosed by square brackets
" [ ] " .

track of the sequence of performed calculations for you.

Do NOT type In() or Oui(); Mathematica automatically keeps
¢ File%ﬁell Graph Find HRAction Style Window

ED% Untitled-1 %@gl Be sure 10 type each command EXACTLY as it
e - appears. Pay close attention to square brackets
Inf 12p= i and capital letters.
[Pi.80] ] || 7o execure @ Mathematica command, press
o . ENTER 7o obtain a rew line within an
gutl 1.2/= existing cell, press RETURN.

3.14159265635689793238462643383\

279502884197169399375105820\ N[ Pi.80]
omputes the value of . w 80 digits of accuracy.

974944592307816406286209

inf13/)= Tl Expand] (x~2-2x+7-y~2)~3]
~ny —_™ -~ 3
Expand[ (x"2-2x+y-7"2)"3] Computes the product (xz—2x+y-yz).
outf 13/= i
3 4 5 6
-8 x +12x -6x +x +
2 3

12 x y-12 x y +

The arrow "~>" in the following example is obtained by typing the minus key "~" followed by the greater than key
” >" .
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& File Edit Cell

Graph Find Action Style Window

El Untitled-1

nf 1=
Plot3D[ Sin[x]Cos[¥].
{x.-Pi Pi}.{y.-Pi Pi}]

Gulf 1 f=
-SurfaceGraphics-

inf15)=

tablei=Table[BesselJ[x.n].
{n.1.6}]:

tableZ2=Table[GrayLevel[ j/10]
{j.0.5}]:

Plot[Release[ tablel].
{x.0.8} PlotStyle->
table2]

00 00
N W OO

24 3
L4k

EiE|
5

Be sure © type each command EXACTLY as it
appears. In particular, pay close attention to
capital letters, square brackets, and braces.

To obtain a new line within a cell, press
RETURN; o evaluate a Mathematica command,
or input, press ENTER.

Plot3D[Sin[x]Cos[¥].
{x.-Pi Pi}.{y.-Pi.Pi}]
grophs the function

1(x,y) = Sin(x)Cos(y) on the interval
[-r,a]x[-n,n]

BesselJ[ x.n] derotes the Bessel
Sunction of the first kind,

o _1rf 2j+n
b [g] where

J, (=0 ——m—

2 ]goj!l"(l+j+n)

(x)= J: t*le=t at is the Gamma function.

tablei=Table[BesselJ[x.n].
{n.1.6}]:

table2=Table[ GrayLevel[j/10]
{j.0.5}]:

Plot[Release[ tablel].

{x.0.8}.PlotStyle—>

table2]

creazes and graphs, in different shedes of gray,
a toble of Bessel functions of the first kind.
This example shows that severel Mathemozica
commands can be combined into & single input
cell and executed.

press ENTER; To obtain a rew line,
preszs RETURN.

Remember: To execute a command,
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Often when using a notebook, users need to convert active cells to inactive cells. This may be accomplished as
follows:

o To convert Active Cells to Inactive Cells;
1) Use the mouse to click on the cell bracket of the cell to be modified. The cell bracket will become highlighted.
2) Goto Style and select Cell Style.
3) Use the mouse and cursor to choose the desired cell style.
Notice how the cells from the first example have been modified; the Title Cell is highlighted.

& File Edit Cell Graph Find HAction Style Window

E[1==——= Untitled-1
Type Anything Active Cell
inf th=
243 Inpuz Cell
outf /=
”‘;} Output Cell

Title Cell Title

B Section Section Cell This cell wes changed to @ Section Cell; and
Text Cell  Toxr Cell This cell was changed to @ Text Cell
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As the cursor is moved within a Mathematica notebook, the cursor changes shape. The shape depends on whether
(a) the cursor is within an active or inactive cell or (b) the cursor is between two cells.

Cursor Shapes:

When you click within a text cell,
the cursor is vertical. Fou con then type within the texz cel

™~
This is a text cetl | ]

—

When you are between two cells, the cursor is § When you click between two cells, a horizonzal black line

horézom{al @pears.
N ]

When you are within a grophics cell, ¢ b
appears. You cannot write inside a gr

]

!
D1

eye
s cell

10
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B 1.3 Introduction to the Mathematica Menu -

After Mathematica has started, the Mathematica Menu appears at the top of the screen. The purpose of this section is
to introduce the most frequently used operations from the Menu. The Menu will be described in more detail in

Chapter 10.

® The Menu discussed here is as it appears in Version 1.2. The Version 2.0 Menu is somewhat different from the
Version 1.2 Menu. For a discussion of the Version 2.0 Menu, see Chapter 10.

The Mathematica Mere & File Edit Cell Graph Find Action Style Window

Untitled-1 __—,E]_l

X

Click here to save changes

Begin Typing Clck here to resize the notbook ]

and close the notebook

The thermometer displays

the amount of RAM used; [IbL 1T 11

when the thermometer is

Jull, Quiz and restort To scrol wizhin the
érog these boxes.

Mazhemotica

, use the cursor end mouse to

To use the Menu, use the mouse to move the cursor to either File, Edit, Cell, Graph, Find, Action, Style, or
Window. We briefly describe several of the features available under File, Edit, Style, and Window.

Use the mouse o move the cursor 10 FILE in
order to create a new Mathematica notebook,
Open an existing Mathematica notebook, Save
changes 10 a notebook, Print a notebook, or
Quit Mathematica.

File

New Creatss a new Mathexatica Notedook

Open... Opensaxn m’sn’nglk%adcmadca Novedook

Saue Saves (But does not class) the apen Mathematica Notsdook
Save Bs...

Saue fis Other...

Show Page Breaks |aarks where page dreaks will accur
Show Keywords
Show Names

Page Setup... Usstaspecify type of printer andpaper wsed
Printing Options... |&sew modify margins andpage numdering
Print... Prizrs the open Ma:‘ksmatica Notsdook

Print Selection... P dightighted cells

Quit Saves cdanges to Matdematica Nevsdooks thex quits Mathematica

11
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To take advantage of the standard Macintosh
editing commands (Cut, Copy, Paste) select
EDIT. One can &lso divide a cell into two cells

or merge two {or more) cells of the same type into
a single cell. The verious Mathematica settings
will be discussed later.

Edit

Undo/Can‘t Undo

Cut

Copy

Paste

Clear

Paste and Discard
Convert Clipboard

Select All Cells

Nesting
Divide Cell Dividesash

Settings

To modify highlighted textor cells, use the mouse  Style

0 move the cursor o STYLE. Fonts, faces, sizes,

color and cell style can be modified.

Highlights all cells

le cell into two cells

Merge Cells Merges dightightad cells af the same type
inw a single cell

Cantains varigus startyp and display seteings for Matkematica

Font Tse o charge Aigh
Size Changs sizs of high

Format

k%kmdmxtm different fonts

Face Caxverthighlighted textta ftadics, dold, orunderline
I

gAted text

Colovr Caaxge color of Xightighted text

Cell Style Chaxgecsllstple of dighlighted celis

Uniform Style

Defauit Styles
All Default Styles

WINDOW lists all open notebooks, Window

several options for viewing several Sta

open notebooks simultaneously, and Tile Windows Wide

contains lists of the various Mathematica .
defaults and styles which will be discussed |1ile

ck Windows Varicas ways ef viewing several apen

Windows Tall

in detail later. Network Window
Defaults

Sty

Clipboard

les

(0p

notedooks sinultaneously.

en Files) Mathematica displays a Hstof the apen notedooks

12
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& Preview:

In order for the Mathematica user to take full advantage of the capabilities of this software, an understanding of its
syntax is imperative. The goal of Mathematica by Example is to introduce the reader to the Mathematica commands
and sequences of commands most frequently used by beginning users. Although all of the rules of Mathematica
syntax are far too numerous to list here, knowledge of the following five rules equips the beginner with the necessary
tools to start using the Mathematica program with little trouble.

B Remember these Five Basic Rules of Mathematica_Syntax
Mm1. The ARGUMENTS of functions are given in square brackets.

HM2. The NAMES of built-in functions have their first letters
capitalized.

M 3. Multiplication is represented by a space.
M4, Powers are denoted by a A,

W 5. If you get no response or an incorrect response, you have entered or
executed the command incorrectly.

13



Chapter 2

Mathematical Operations on
Numbers, Expressions and Functions

in Mathematica

@ Chapter 2 introduces the essential commands of Mathematica. Basic operations on numbers, expressions, and
functions are introduced and discussed.

@ Commands introduced and discussed in this chapter from Version 1.2 are:

Operations:  Built-In Functions: Operations on Equations:
+ N{number] Solve
- number // X NBoots
* N{number ,digits] FindRoot
- Abs [number ] Operations on Expressions and Functions:
7 Sqrt[numaber] Simplify[expression]
Exp[number] Factor[expression]
Constants: Sin[nusber] Expand [expression]
E Cos [number ] Hodulus->p
I Yan[number ] Together [expression]
Pi ArcCos [nuaber ] Lpart[expressio?]
ArcSin[nusber ] luner§tor[£ract1o?]
ArcTan[nusber] nennnlnator[fr?ctlon]
Log[b] Cancel[expr?ss1on]
Log[a,b] Clear[functions)
Mod[a,b] Compose [functionl, function2, .
Prime[n] Nest[function,n,x]
Evaluation:
expression /. variable->number
Out[n]
X
e
Graphics:
Plot[£f[x].{x,a,b} ,options] or Plot[{£f[x], g[x], - . .},{x,a, b} ,options]
Options:
PlotStyle
DisplayFunction
AspectRatio
Framed
Ticks
AxesLabel
PlotLabel
6rayLevel [number]

R6EColor [number(1) .number(2) ,number(3)]
PlotRange—>{a b}

Axes—> {a b}

Show[graphics ,options]

14
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B Commands introduced and discussed in this chapter from Version 2.0 are:

Operations on Expressions and Functions:
Composition[functionl ,function2,... ,functionm][x]
CoaplexExpand [expression]
PolynomialHod [poly,p]
Graphics:
G6raphicsArray[{{graphl .1 graphl.2,. .. ,graphl.n},
{gr‘pm'la- .- Jgrapm-n}J- -2
{graphn._1,...graphn.n}}]
Rectanqle[{xmin,yain} ,{xmax ymax} ,graphics]
Options:
Background
6ridLines
Frame
DefaultFont
PlotLabel->FontForm

@ Application: Locating intersection points of graphs of functions

15
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B 2.1 Numerical Calculations and Built-In Functions

= Numerical Calculations and Built-In Constants

The basic arithmetic operations (addition, subtraction, multiplication, and division) are performed in the natural way
with Mathematica . Whenever possible, Mathematica gives an exact answer and reduces fractions:

"a plus b" is entered as a+b;

"a minus b" is entered as a-b;

"a times b" is entered as either a*b or a b (note the space between a and b); and

"a divided by b" is entered as a/b. Executing the command a/b results in a reduced fraction.

Do NOT type “In” and "Out”. Mathematica eutomatically
rumbers the calculations for you.

€ File /!,/éit Cell Graph Find RAction Style Window

EO=—== untitled-1| =—=DF

2 -—/ 7
Inf 14/:= Mazhematica computes basic operations on numbers
121+542 N in the usual way.
ol 14f= | Mathematica assumes all cells are INPUT
663 L cells. INPUT cells are cells that contain @
il 15] = i command that Mathematica can execute. To
af 1= } execute ¢ command, press ENTER, or
3231-9876 i equivalently, Shift-RETURN. In generdd, the
ol 15)= i RETURN key gives you ¢ new line; the ENTER
6645 key evaluates a Mathematica command.
taf16/:= The symbol * denotes multiplicazion. However, @ space
-23%76 i between two expressions also derotes multiplication
Ouif 15]= QUTPUT cells are rot ACTIVE cells. They
-1748 cannot be evaluated since they do rot contain
a command Mathematica can evaluate.
inf17/:= Mazhemazica will usually give exact answers,
22361 832748 387281
ouft 7=
7211589719761868
taf15/:= The symbol / denotes division. Instead of yielding
. 46131 decimal approximation, Mathematica gives the exact
Gutf 18] = Jraction as ouzpuz.
467
31
T N

16
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ab "

, "a raised to the bth power", is entered as a*b.

J5=am can be evaluated as either a~(1/2) or Sqrt [al; %=am can be evaluated by

121
)

a~(1/3).
€ File Edit Cell Graph Find Action Style Window
EJ=== RoutineCalculation =—=0F|
inf1/-= T When Mathematica computes (=5
{(-5)"121 4 u itgivnesmexactmﬁnbzv?
guif 1= I

-3761581922631320025499956919\

11118616501972978167068006\ ]

53125
Inf2f= )
(-5)~(1/9)
ouif =
1/9

v
88280054600909352302551269\ |

]

(-5)

Y

The \ indicates that the output continnes
onto the rext line.

17

However, when Mathermazica computes
1/9
F5=(-5)

the result is en uragionod number.
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Notice that Mathematica gives an exact answer whenever possible. For a variety of reasons, however, numerical

approximations of results are either more meaningful or more desirable. The command used to obtain a numerical
approximation of the number a, is N[a] or equivalently

a // N. The command to obtain a numerical approximation of a to n digits of precision isN[a, n].

The exact values computed in the previous window are approximated numerically below:

Inf3f=
N[ (-5)~{(1/9)] To rnumerically opproximeze o expressior,
outf3]= use the commond M[ expression]
-1.19581 or expression /7 N
infdf-= 121
N[ (-5)~121} N[ (-5)~121] converss (~5)
outf /= to scienzific notazion.
84
~3.76158 10 To obtain a rumericad pproximation of
/ﬁf*’i&/-* 172
sqrt[233] ¥233=(233)
Qutf L3/ = ENTER Sqrt[233] // K OR
Sqrt[233) N[ Sqrt[233]].
‘nf 4 = Note that Sqrt[number]
Sqrt[233] /7 K produces the same oulput as
Ol ddf = (number)~(1/2).
15.2643

18
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Mathematica has built-in definitions of many commonly used constants. In particular,

e is denoted by E; = is denoted by Pi; and i=v~1 is denoted by I.

& File Edit Cell Graph Find Action Style Window
E[J==—= RoutineCalculation ==
Inf5]-= T : E denotes the constant e.
N[E.&0] RLE.50] yields afifty digit aqpproximagion of e.
Gutl 5=
2.7182818284569045235360287471\

3526624977572470937

inf8/=
H[Pi. 25]

ouifs/=
3.141592653589793238462643
Inf25) =
Sqrt[-9]

Gutf25) =
31

nf27f-=
(1-I)~4
Outf27f=
-4
infe8/=
(3+1)7(4-1)

outf 28/ =
11 71

—_— e -

17 17

Pi denotes the constant n.

N[Pi.25] calculozes @ twenzy-five digit
gpproximation of m.

The symbol I denotes i=+-1.

This command computes (l—i)‘i

+i
This writes the complex number %:-1-

in standard form.

19
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m Built-In Functions

Mathematica recognizes numerous built-in functions. These include the exponential function, Exp [x]; the
absolute value function, Abs [x]; the trigonometric functions Sin[x],Cos[x], Tan[x], Secix],
Csc[x], and Cot [x]; and the inverse trigonometric functions ArcCos [x], ArcSin[x],
ArcTan[x], ArcSec[x],ArcCsc[x], and ArcCot [x]. Notice that each of these functions is
capitalized and uses square brackets.

(Note that the inverse trigonometric functions include two capital letters!) If both of these requirements are not met,
then Mathematica will not recognize the built-in function and undesirable results will be obtained.

O The Absolute Value, Exponential and Logarithmic Functions
Calculations involving the functions Abs [x], Exp [x], and Log [x] appear in the following windows.
Notice that in order to obtain a numerical value of Exp [x], a numerical approximation must be requested by

either the command N[Exp [x]] or Exp[x]//N. Otherwise, the exact value is given which, in many
cases, is not as useful as the numerical approximation.

€ File Edit Cell Graph Find Action Style Window

[ECJ=== RoutineCalculation =—=0z|
inf 7/-= 1 1 5 .
—=¢e - ENTERcither E -5
Exp[-5] | To compuze > exher Exp[-5]
outf 7= i or equivalenzly E~{-5).
-5
E ] Exp[-5] /7 W numerically opproximazes the
inf8f:= 1 irraxional number —15=e'5 ; the identical result
Exp[-5)] 7/ W i €
Gutf S/ = 3 would be produced by the commands
0.00673795 1] R[Exp[-5]]1 OR R[E~(-5)].
tnf2f-= 1
Ahs[—S] Ahs[ —5] coi‘npw@s I—Sl
Guilf 2f= h
5
taf 3=
Abs[14] Abs[14] computes [14]
Jutf 3/ =
14

20
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In addition to real numbers, the function Abs [x] can be used to find the absolute value of the complex number
a+bI, where Abs[a+bI] = Sqgrt[a*2+b*2].

lnf5f= T
Abs[ 3-4I]

Gutl 5/ =
5
inf 7= 17

Abs[ {(3+21)7{2-9I)]

gutf 7/= N
Sqrt[13]

Abs[ 3-41] compuzes |3—4i|.

342
Abs[ (3+2X)7(2-91)] compuzes 291

Log {x] computes the natural logarithm of x which is usually denoted as either
Ln(x) or Log.(x):

=Ml LogsandExponents
Inf8f= Log[E]
Log[E] computes Lnfe) =1
vl s/ =
1
tnf = Log[E~3]
Log[E*~3] computes Ln(es) =3Ln(e)=3.
Gutf 9/ =
3
laf 10f= Exp[Log[Pi]]
Exp[LOg[Pil ] CO@WQS eLn(n) = L.
vt 1o/ =
Pi
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Log [a,b] computes Logy(a)=

Ln(a)
Ln(b)’

infttf=
Log[ 3.9]

outfttf=
2

laf &)=
Log[2,10]

00’1‘/ ! .?/ =
Log[10]

inf13)=
N[Log[2.,10].10]

gl 13f=
3.321928095

i
=

Log[3.9]
computes Log3(9)=2.

og[2.10]
wes Lo ﬂm—LMw)
omp A TR

Ln(10)
Ln(2)

22
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O Trigonometric Functions

Examples of typical operations involving the trigonometric functions Sin[x], Cos[x], and Tan [x] are
given below. (Although not illustrated in the following examples, the functions Sec[x], Csc[x], and

Cot [x] are used similarly.) Notice that Mathematica yields the exact value for trigonometric functions of some
angles, while a numerical approximation must be requested for others.

SJ=—— RoutineCalculation =01 .
— S| Mathematice gives exact values of
tolti= |{={ehe standard trigonometric functions. If the
Cos[Pi/ 4] valdue is not well known, it is necessary
Sutf 1= . 0 request & numerical gpproximazion.
Sqrt[2] Notice that every built-in Mathematica
------- Junction begins with a capital letter
2 and the argument is enclosed in
lnf )= square brackets.
Sin[Pi/3] |
01/3'/ .:'7/ = 7
Sqrt[3]
2 =
inf3f:= i
Tan[3 Pi/4] |
outf3/= 7
-1 |
tnfdf= T Since the numerical value of COS[%]
Cos[Pi/12] i is rot well-known, @ rumerical
outf = 3 gpproximation must be requested.
Pi
Cos[ --]
12 1]

Even though Mathematica's built-in functions cannot compute exact values of
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Cos(llz) and Sin(%’f), numerical approximations can be obtained by entering

N[Cos[Pi/12]] or Sin[-9Pi/8]//N.

inf5f=

R[Cos[Pif12]]
outl 5/ =

0.965%926
nfsf=

Sin[-9 Pi/8]
outls/=

-9 Pi
sin[ ----- ]
8

inf 7f-=

Sin[ -9 Pi/s8)] // N
vl 7/ =

0.382683

O Inverse Trigonometric Functions

Similarly, to obtain @ numerical vaiue

of Sin[%]

Commands involving the inverse trigonometric functions are similar to those demonstrated in the earlier section on
trigonometric functions. Again, note the two capital letters in each of the inverse trigonometric functions. The

(built-in) inverse trigonometric functions are:
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(i) AxcCos[x]; (ii)) ArcCoth[x];
(v) AxcCosh[x]; (vi) ArcCsc[x];

(iii) ArcSec[x]; (iv) AreSinh([x];
(vii) ArcSech[x]; (viii) ArcTan[x];

(ix) ArcCot[x]); (x) ArcCsch[x]; (xi) ArcSin[x]; and (xii) ArcTanh[x].

/ﬂf.:? =
ArcCos[1/72]

Guifef=
Pi

3

inf3/-=
ArcSin[-1]
Outf3/=
-Pi

2

infdf-=
ArcTan[ 1]

outf =
Pi

4

IE0==== RoutineCalculation ===PF]
1

Notice thaz the inverse trigonometric
Junctions are built-in Mazhematica
functions. When possible, exact
values ore given.

In most instances, a numerical approximation must be requested:

inf5)=
ArcSin[1/3]) 7/ W

Outf 5/ =
0.33%9837

Inf6/-=
H[ArcCos[2/3]}

outfs/=
0. 841069

inf7f-=

oulf7f=
1.5608

ArcTan[100] // N

Since ArcSin[173]
s not well known, & numericod approximation
is obtained.

Notice that N[ ArcCos[2/3]]
gives the same numericed opproximation
to ArcCos[2/73)

¢s ArcCos[273) 77 W ifizwere
evaluazed.

25
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B2.2 Expressions and Functions

m Basic Algebraic Operations on Expressions

Mathematica performs standard algebraic operations on mathematical expressions. For example, the command
Factor|[expression] factors expression; Expand[expression] multiplies expression;
Together [expression] writes expression as a single fraction.

[ED=== operationsonExpressions =——=1|
__ 5| Factor[12x°2+27 x y-84y"2]
Inf22)= cors the mial 12%2 +27%7 847>
Factor[12x~2+27 1 y-84y~2] Jactors the polyno X Xy—oay.
27/ Don’t forget the space between the x and the y.j Remember: Multiplication
Guf 27/ forg £ 4 of two expressions is denoted
3(4x-7y) (x+47y) by @ space. Hence, XY
il 28 = is an expressior xy while
Expandl ¢ xev}<2 (3 3 x y denotes x multiplied by y.
xpand[ (x+y)"2 (31-¥)"3] Expandl (513353 (3-3353]
Gutf 28/ "5 computes the product
4 3 2
27x +27x y-18x y - (x+y)2(3x—y)3.
2 3 4 5
10x v +7xy -v¥

lnf28f=
Together[2/x°2 - x°2/2]

Gutf2gf =

Together[2/x*2 - x~2/2]

, .2 x°
writes the expression 2 __ 2
x¢ 2

s a single fraction.

In general, a space is not needed between a number and a symbol to denote multiplication. That is, 3dog means "3
times variable dog"; Mathematica interprets 3 dog the same way. However, when denoting multiplication of two
variables, either include a space or *: cat dog means "variable cat times variable dog”, cat *dog means
the same thing but catdog is interpreted as a variable catdog.
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The command Apart [expression] computes the partial fraction decomposition of expression;
Cancel [expression] factors the numerator and denominator of expression then reduces

expression to lowest terms.

inf30/=

Apart{1/{{x-3){(x-1))1]
outf30/=

1 1

2 (-3 +3x) 2 (-1+2x)
inf3t])=

Cancel[ (x*2-1)/(x*2-2x+1)]
Outf3t/=

1+ x

-1 + x

m Naming and Evaluating Expressions

Apart[1/((x-3){x-1))]
performs the partial fraction decomposition

1
(x-3)x-1)

on the expression

Cancel[ (x*2-1)/7({(x"2-2x+1)]
x%-1

simplifies the fraction
x4 -2%+1

1 by factoring end reducing to lowest terms.

In Mathematica, mathematical objects can be named. Naming objects is convenient: we can avoid typing the same
mathematical expression repeatedly and named expressions can be referenced throughout a notebook.

Since every built-in Mathematica function begins with a capital letter, we will adopt the convention that every
mathematical object we name will begin with a lower-case letter. Consequently, we will be certain to avoid any
possible ambiguity with a built-in Mathematica object. An expression is named by using a single equals sign (=).

Expressions can be evaluated easily. To evaluate an expression we introduce the command /. . The command /.
means "replace by". For example, the command x*2 /. x-> 3 means evaluate the expression

x2 when x=3.

The following example illustrates how to name an expression. In addition, Mathematica has several built-in

functions for manipulating fractions:

1) Numerator[fraction] yields the numerator of a fraction; and

2) Denominator[fraction] yields the denominator of a fraction.
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The naming of expressions makes the numerator and denominator easier to use in the following examples:

EJ=———— NamingExpressions =——=——0| B +2x2 —x—2
vl 9= 1K ?Twe;quesswn———x3+x2_4x_4
fraction={x"3+2x°2-x-2)/({x"3+x"2-41-1) |
outf 19 = isnomed fraction.
2 3
-2 - X +2x +X
. dy s xz . x3 Numerator[ fraction]yields
. the numerazor of fraction;
inf 0= the numerezor Is named NUR.
nun=Numerator[fraction]
Outf 20/ = T
2 3
-2 - X+ 2x +x
21)= i
nf2t/ Factor[num] factors num.
Factor[num}
outfet/=
(-1 + x) (1 + x) (2 + x) i
22 =
Inf 22/, num /. x->2 evelictes num
num /. x->2 when x=2,
oulf 22/ =
12 - Denominator[ fraction]
'nf23):= yields the denominazor of
den=Denominator[ fraction] - . .
& fraction; the denominator is
Oulf23/= ] named den .
2 3
-4 -4 x+x +X i
lnf24f:= 1t |Factor[den] factors den.
Factor[den] A
oY= b
(-2 + x) (1 + x) (2 + x) i
Inf25)= i den /. x->3 eveluotes den
den /. x->3 i whenx=3
outf75)= h
20
Y4
el
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Mathematica can also evaluate and perform standard algebraic operations on named expressions:

[E0=====—== NamingExpressions

inf2o) =
Cancel[fraction]
ouif 26 /=
-1 + x

Inf27)=
fraction /. x->4

oqutfe7f=
3

2
nf28f-=
fraction /. x->-3

Outf 28/ =
4

5

nf2af=
Apart[fraction]

outf 28/ =

=E
{3

Cancel[ fraction]

Jactors the numerazor and
denominazor of fraction
then simplifies.

fraction /. x->4

eveluozes fraction
when x=4.

fraction /. x->-3

evabiares fraction
when x=-3.

Apart[ fraction]
perfoms the partial fraction
decomposiztion on
fraction.

Every Mathematica object can be named; even graphics and functions can be named with Mathematica.
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u Defining and Evaluating Functions

It is important to remember that functions, expressions, and graphics can be named anything that is not the name of
a built-in Mathematica function or command. Since every built-in Mathematica function begins with a capital
letter, every user-defined function or expression in this text will be defined using lower case letters. This way, the
possibility of conflicting with a built-in Mathematica command or function is completely eliminated. Also, since

definitions of functions are frequently modified,

we introduce the command Clear. Clear [expression]

clears all definitions of expression. Consequently, we are certain to avoid any ambiguity when we create a
new definition of a function. When you first define a function, you must always enclose the argument in square
brackets and place an underline after the argument on the left-hand side of the equals sign in the definition of the

function.

O Example:

Use Mathematica to define f(x)=x2, gx)=

Jx, and h(x)=x+ Sin (x).

EO
inf10/-=
Clear[f.g.h]
f[x_}=x"2
ouf 19/ = ]
2
X
nft1f)=
glx_]=5qrt[x]
ouift /=
Sqrt{x] ]
taf t3f-= l
h[x_}:=x+5in[ x]
lnf 13/-=
2h
h
h/: hix_] = x + Sin{x]
Dor’t forget to include the underline {(__")on
the left-kand side of the equals sign ir the
definition of a function. Remember to
ALWAYS include arguments of functions in
square brackets.

DefiningFunctions ————EEEIClear[ f.g.h] clears all prior definitions of

{7 g, and b Consequently, we are sure to avoid any

| ambiguity if f, g, and h hove been used previously in
the notebook.

f[x_]=x"2 defines f{x)to be the function (%) =x%°.

ii Notice the underline ("_") on the left-hand side
itof the definition of f{x) does NOT aeppear on the
right-hand side. The underline MUST be
:tincluded on the left-hand side of the equals
sign and NOT included on the right-hand side.

gL x_1=Sartlx] defines #'x) 0 be the function
g(x)=¥x.

h[ x_] :=x+5in[ x] defines k{x) 20 be the function
h(x)=x+Sin(x).

Notice that the = preveras Mathemazica from
showing the definition of h(x) after i is entered;
revertheless, the commond 9h

shows the definizion of h(x)
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Chapter 2 Mathematical Operations
When you evaluate a function, type functionname [point] ENTER. Notice that functions can be
evaluated for any real number (in the function’s domain):

O Example:
Using the definitions of f, g, and h from above, compute f(2), g(4) and h(r/2).

£[ 2] evaluates the function f oz x=2.

Infl1f-=
£[2]
Gl 1=
4
tnftGf.=
gl 4]
Gl 9=
2
Inf20/=
h[Pi/2]

oulf 20/ =
Pi

1+ --

gl 4] evaluozes the function g &t %=4.

h[Pi/2] eveluates the functionh a2 x==-f2£f
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Moreover, Mathematica can symbolically evaluate and manipulate functions.

O Example:

Several examples follow which involve the

1ol 25 =

f[a-b"2]
Guif 23/ =

2 2

(a - b )
lnf 2=

Expand[ f[a-b"2]]
Outf 24/ =

2 2 4

a - 2ab +b
Inf34f=

(f[x+h]-£f[x])/h
Guf 54 =

2 2
-x + (h + x)
h

Inf35/-=

Simplify[

(f[x+h]-f[x])/h]

Outf 351=

h+ 2 x

11l

]

function f(x)=x2 defined above

f[a-b*2] evaluates f(a-bz).

Expand[ f[a-b~2]] compuzes f(a —bz).
and then expands the resulting product.

(f[x+h]-£f[x])/h computes the quotient
f{x+h)—1{x)
N .

Notice that RETURN gives a new line;
while ENTER (or SHIFT-RETURN) evaluates
an input cell

On the other hond, Simplify[{f[{ x+h]-f[x])/h]

computes and simplifies ﬂ—xj-%:@

Many different types of functions can be defined using Mathematica. An example of a function f of two variables is

illustrated below.
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Additional ways of defining functions will be discussed in later parts of this text.

0O Example:

Define f(x,y) =1-Sin(x” +y?). Compute f(1,2), f(Z\/'i,%w/E), £(0,a), and f(a®—b%,b%—a?).

SJ=—=—= DefiningFunctions =——=0|
nft &f-= T

f[x_.y_]=1-Sin[ x~2+y~2]
outf19]=

. f[x_.v_]=1-Sin[x"2+¥"2]
defines the function
of two variables f(x,¥) = 1—Sin(x2 +y2).

2 2

1 - Sin[x + v |
Inf23f=

£f[1.2]
vt 23/ =

1 - Sin[5])
infedf-=

f[2 Sqrt[Pi]).3/2 Sqrt[Pi]])
Outf 2=

Sqrt[ 2]

f[1.2] computes £{1,2).

f[2 Sqrt[Pi].372 S5qrt[Pi]]
3
cormputes f[Zv'ﬂ.,-z-Jn,].

fﬁf.?.ff.':
f[0.a]

outfl5)=

£[ 0.a] computes 1(0,8).

2
1 - Sinfa ]

Evaluating f(az—bz,bz—az) is done the same way as in the previous examples:

Il 25] = f[a~2-b~2 b"2-a"2] computes
f[a~2-b~2_ b"2-a*2] f(az—bz,bz—az).
outi 25/ =
2 22 2 22
1 -8Sin[{a -b) + {(-a +Db )]
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Vector-valued functions, such as g below, can also be defined:

O Example:

Define the vector—valued function g(x)={x2,l—x2}; compute g(1) and g(Sin(b)).

Inf27/= 1] orx_1={x*2.1-x~2} defines the
glx_]={x"2.1-x"2} ] vector functiong(x) = {x* 1-x%}.
outfe7/= h
2 2
{x.1-x} 3]
Inf28/-= T =12 1-12
[1] compuzes g{l)=(1",1-1"}
gl1] ] { }
outf 25/= ]
{1. 0} In any case, don't forget to include the underline ~_~ after each
variable on the left hand side of the definition of the function.
100 not use the underline in any other case.

Lo

g(Sin (b)) is computed the same way:

mfsaj.-=_ ] gl Sin[b]] computes

gL Sin[b]] g(Sin (v)) = {sin®(v),1 - Sin(v)},
outf 30/ =

{Sin[b] . 1 - Sin[b] }
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0 Example:

Define the vector—valued function of two variables h(x,y)= {Cos(x2 - yz), Sin (yz - xz)}.

nf3tl=
hix_.¥ ]={Cos[x"*2-¥*2].
Sin[{y~2-x2]}
outf 3t/ =
2 2 2 2
{Cos[x -y 1. Sin[-x + ¥ ]}
nf32f-=
h[1.2]}

outf 32/ =

{Cos[-3]. Sin[3]}
Inf335/=

h[Pi.-Pi]
Oulf33/=

{1. 0}
inf 3=

hf-Pi Pi]
Gutf 3 =

{1. 0}
inf35/-=

h[Cos[a~2].Cos[1-a*2]]
Oulf36/=

2 2 2 2
{Cos[Cos[a ] - Cos[1 -a ] ],

2 2 2 2

Sin[-Cos[a ] + Cos[1 -a ] ]} |

h[x__.y_]={Cos[x"2-7¥*2].
Sin[y*2-x+2]}

defines the function
h(x,y) = {Cos(xz -y%),sin(y? - xz)}.

Notice that b is a function of two variables thez
has a range consisting of ordered poirs. We will
see thax many types of functions can be defined
with Mathemazica.

h[1.2], h[Pi, -Pi], b[-Pi.Pi], and
h{Cos[a~2].Cos[1-a*~2]]

calculote

h(1,2), hin,—n), h(-n,n), ond

h(Cos(az), Cos(l -2 )), respectively.

m Additional Ways to Evaluate Functions and Expressions

Not only can a function £ [x] be evaluated by computing £ [a] where a is either a real number in the domain of f
or an expression, functions and expressions can be evaluated using the command /. .

In general, to evaluate the

function f[x] when x is replaced by expression, the following two commands are equivalent and yield the

same output:

1) flexpression] replaces each variable in £ by expression; and

2) f£[{x] /. x-> expression replaces each variable x in £ [x] by expression.



Chapter 2 Mathematical Operations

Before defining rew functions f and g, first clear all
prior definizions.
Then define

(LW=§+f;ﬂ&w=bmﬁhﬁﬂﬁmbtﬂﬁ}

[1.2] compuzes 1(1,2).

[1.2] compuzes 2(1,2).

[x.¥] /. x->1 /. y->2 computes I(X,¥),
eplaces x by 1, and then replaces y by 2.
Notice that the result is EXACTLY the same as £[1.2]

[x.¥] /7. x->1 /7. y->2computes g(x,y),
eplaces x. by 1, and then replaces y by 2.
Notice thoz the result is EXACTLY the same as g[1.2].

0O Example:

=[J=—— DefiningFunctions =—[1g|

inf 43 = )
Clear[f.g]
fIx_.y¥_]:=x"2+y"2
glx_.¥y_]:={S5in[ x~2-y"2].

Cos[y~2-x*2]} i

Inf &6 )= 1]
£f[1.2]

Gutf 45/ = T
5 _

inf47) = |
gl[1.2]

outf47)= ]
{Sin[-3]. Cos[3]} 4

tof 45/ -= |
flx.¥] /. x—>1 /. y-—=>2

Ouif 45/ =
5 JJ

Inf48f-= 1
glx.¥yl /. x->1 /. y->2

outfde/=
{5in[-3]. Cos[3}]} 4
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There are several other methods available for evaluating functions. However, depending on the situation, one
method may prove to be more appropriate than others. Some of these methods are discussed here in order to make
the reader aware of alternate approaches to function evaluation. In the example which follows, a function £ is
defined which maps a list of two elements, {a, b}, to the real number, a Modulo b using the built-in function
Mod. If a and b are real numbers, Mod [a, b] returns a modulo b. The typical approach to evaluating £ at
{a,b} is to directly substitute {a,b} into £ with £[{a,b}]. However, two another approaches which yield
the same result are £@ {a,b} and {a,b}//£. These are demonstrated below with {5, 3}.

SI=———= Usinglutput =——"—D1=

inft1of-=
Clear[£f]
f{{a_.b_}] :=Hod[a. bl
inftttf=
fl{a.b}]

vt/ =
Mod[a, b]
inf112f-=
£L {5.3}]
ouif 1 12f =
2

nft13/:=
£ a {5.3}

oulft 13/ =
2

inft1)-=
{5.3} 7/

guif 1 1/ =
2

Hod[a.b]
returns ¢ Mod b.

All three of these commands
compute f{{5,31)=2
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m Retrieving Unnamed Qutput

Although naming Mathematica objects is convenient, occasionally, one may want to use previous results in
subsequent calculations even though these objects were not necessarily named. Fortunately, Mathematica provides
two convenient ways to refer to previously generated output. First, the symbol % refers to the most recent output;
%% refers to the second most recent output; %%% refers to the third most recent output and, in general $%%...%
(k-times) refers to the kth most recent output. Second, Out [n], where n is a positive integer, refers to the nth

output.

Several examples are given below which illustrate these ideas. First, functions £, g, and h are defined. Then,
these functions are evaluated using several different methods. The commands £[%] and £[Out [30]] given
below yield the same output since both evaluate the function £ at x =.077.

S[J=——— UsingOutput |
Inf25)-= T & Afeer clearing oll prior definitions of
Clear[f.g.c.h] f,g,c,tmdh,defme
f[x_]:=x"2 1(x) = ¥2, g(x) 20 be the numerical value
glx_]:=N[Sqrt[x].2} of& to two decimal ploces, and k(x)
hlix_]:=N[Sin[x]+2Cos[x].2]: ] Yo be the numerical volue of
inf29] = 1 Sin{x)+2C0s(x) to two decimad places.
gl 2] {§compuzes g(2)
w29 = - X refers to the previous oufput,
1" '4 - XX refers to the secornd most recert
' output; XXX refers to the third most
nf 30f:= recent output; and, in general,
h[ 2] §computes k(Z) i XXX. . .X (k-times)refers to the
outf30/= 3 kth most recent outpur.
0.077 ]
inf3t)= T
fIN] §computes {.077) i
Qulf3ts= 3
0. 00592958 |
Inf33/= ]
fLOut[30]] § computes {.077) J
outf35/= ]
0.00592958 i
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These methods of retrieving output are useful as input is altered. For example, a new variable ¢ is defined below in
terms of a and b. The function £ can then be evaluated at ¢ in several ways which are demonstrated below.

g [%] computes g at the previous output, Out [ [35]]. Hence, g{%%%%] computes g at the fourth previous
output, Out [ {32] ]. In the last example below, h is evaluated at the second previous output, Out [ [35]].

inf33/:= =
c=a+hb
outf33/= .
a +b
inf34-=
I[X] computes f{a+d)
Outf34/= .
2
{(a + b)
Inf35/:= -
f[Out[33]] | compures fa+b) ]
003/35}5' E
2
{a + b)
g XXXX] | compuzes g(.00592958); the sarne result could have been
ouif55)= obtained by entering g[Out[32]]

0.077 1]

Since we have defined c=a+b, the same
result would have been obtained if we
ertered either £[c}

or f[Out[33]].

Inl37]= In this case, the same result covld have
= 3 :| been obtained by entering either
h{XX] §compwes h((a+b) ) hf (a+b)~2] or
Gut{37/= h[Out[ 35]1].

2 2
2. Cos[(a + b) ] + Sin[(a + b) ]

m Composition of Functions

Mathematica can easily perform the calculation flg[x]]. However, when composing several different functions or
repeatedly composing a function with itself, two additional commands are provided:

1) Compose[fl, £2, £3, . . . ,£n,x] computes the composition
flof2o f30 . . _ofn (x) where fl, 2, f3, ..., and fn are functions and x is an expression.

o In Version 2.0, the function Compose is replaced by the function Composition. In Version 2.0,
Composition[£f1l,£2,...,£n] [x] computes the composition

flof2o f30 . . .ofn (x) where fl, f2, f3, ..., and fn are functions and x is an expression.
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2) Nest[£, x, n] computes the composition

fofo fo ., .of (x)
(f composed with itself n times)

where f is a function, n is a positive integer, and x is an expression.

0O Example:

In the following example f(x)= x2 and h(x) = x+Sin (x).

=

DefiningFunctions

=0

nfsf-=
f[h[£f[x]1]]
outfs/=

2
(x

2
+ Sin[x ])

2

inf7/-=
Compose[f.h.£f.x]

ot 7/ =
2
(x
Inf8f=
fLE[£[£Lx]]1]
Gulf 8f =

16
X

lnf §fo=
Nest[f.x.4]
Gulf 9f =

16
X

2
+ Sin[x 1)

2

£IRLEx]1]] computes f{n(f(x}))

Compose[£f.h.£f x]

adso computes I’(h(f(x)))

ELELELE0xINN]  compures  {E{1(f(x))) .
The same resul could have been obiained by

eveluazing Compose[ £ £ £,£,x].

However, for repeczed composizions of the same function
the commond Nest con be used

Hest[f.x.4] also compuzes { (f(f(f(x)))) .
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o In Version 2.0 Mathematica displays output for EACH command as it is generated unless a semi-colon is

included at the end of the command. Hence, in the following example, output is displayed for all except the last

command:

O Example:

Let f(x)= bog(:)_(—:/;-) g(x)=Sin(3x)— Cos(4x), h(x)= x* and k(x) = h(g(x)). Compute
and simplify k, compute Exp[f(x)]=e

f(x) f(x+iy)

, and write €
its real and imaginary parts, assuming x and y are real.

= Explf(x+1iy)] in terms of

[ECJI==—=——=== Version2RIgSimplification ==——==013|

lnfdf = 11030
Clear[f.g.h.k] In Version 2.0, output for each comumend
f[x_]=Log[ (2x+1)}/{(x-1/2)] is displayed unless @ semi-colon is placed
g[x_]=5in[3 x]-Cos[4 x] oz the end of the command. Hence, in this
hix_]=x"2; case the definitions of f and g are shown,

oulf o= the definition of | is suppressed.
Logf 1525

-(3) + x

ouif3/=

-Cos[4 x] + Sin[3 x]

o In Version 2.0, the command Compose has been replaced by the command Composition. Even though

entering the command Compose[£, g, x] yields £ [g[x]], Mathematica issues a warning that
Compose is an obsolete function, replaced by Composition.
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o Also notice that the option Trig->True has been added to the command Expand. The effect of the option
Trig->True is to eliminate powers of Sines and Cosines in trigonometric expressions:

inf!8f=
k[x_]=Compose[h.g.x]

Conpose: :obsfn:

superseded by Conposition.
oulf 19/ =
{(-Cos[4 x] + Sin[3 x])2

Rl 20/ =
Expand[k[x]]

Outf S0/ =
Cos[ 4 x]2 - 2 Cos[4¢ x] Sin{3 x)] +
Sin[ 3 x]2

/ﬁff/f'=
Expand[k[x].Trig->Truel

oufef =
_ Cos[6 x] Cos[8 x]
: 2 T2
Sin[ 7 x]

+ Sin[x] -

111

Compose is an obsolete function,

Even though the command Compose
is considered obsolete in

Version 2.0, h{g(x)) is compuzed
correctly.

o W |

Expands the terms of k(x)

Expands the terms of £(x) and eliminates
powers of trigonometric functions.

42
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o Version 2.0 also includes the new command ComplexExpand. If expression is a Mathematica
expression in terms of x+I y, the command ComplexExpand[expression] rewrites
expression in terms of its real and imaginary components, assuming that » and y are both real.

In order to compute h(g(x)) in Version 2.0, enter Composition{h,g] [x]:

Inf5)=
Composition[h.g]l[x]

gulf5/=
{(-Cos[4 x] + Sin[3 xl)2
Inf6/-=

1+2x+21vy

-5 +x+Iy

11

Performs the same compuzation as
Compose[h.qg,x] irnVersion l2

fraction=Composition[Exp.£f][ x]

(-(%) £ x) (1 +23%)

as[-(3) + x + I y)°

Zyz

Abs[—(%) + x + 1 y]2

+

inf /=
ComplexExpand[
fraction /. x-> x+1 ¥]
vl f =
1
2 (-(5) + )y
I« 1 2
Abs[-(é) + X + Ivy]
i 2 x
( 1+ ) Y 5) +
Abs[-(é) +x +1Ivy)

1

131
£(x)

Computes e
and rarnes the result fraction.

Guif6/=

1 +2x

~(3) + x

fraction /. x->x+I y // Simplify j}replacescachxin fraction
outf 8] = by x + 7 y and simplifies the result.

Assuming x ond y are redd,
ComplexExpand

1+2x+21Iy
=12+x+1y

in terms of its reqd and imoginary components.

is used to rewrite

{above)

43




Chapter 2 Mathematical Operations

B2.3 Mod Math

The command Mod [a, b] reduces the number a modulo b. If p is a polynomial, the command Mod [p, b]
reduces the coefficients of p modulo b.

0 Example:

In the following examplg the factors of x*+x>+x>+x+1 modulo 5 are found and

verified. A function modexpand [poly, p] which expands and factors the polynomial poly modulo p is
then defined for later use.

EC===—=——=== version1.2ModMath =———D1]
/ﬂ/.:."?/.‘= 4+ 3+ 2+ +
Factor[ x~4+x~3+x"2+x+1_ Hodulus->5] Joctors X" +x7+x"+x+1
modulo 5.
O 272f=
4
{4 + x)
1nf28/:< expands (x+4)°
nult=Expand[ (4+x)}"4] and nomes the resulr mult.
outf2g/=
2 3 4
256 + 256 x + 96 x + 16 x + X%
Inf28/ = Hod[mult,k5]
Hod[mult.§ reduces each coefficient of
[ ] mult modulo 5.
aulf2a/=
2 3 4
1 +x+x +Xx +X mnodexpand[p.m]
ol 30/) = first exponds the expression
modexpand[p_.m_}:= P and then reduces each
Block[ {poly}. coefficient modulo m.
poly=Expand[p]: Notice thot the variable
Hod[poly.m] Poly isdefinedto be
1 a local vorioble to the

Junction modexpand.


file:///Ouite7j�
file:///outf28j*
file:///outf29j

Chapter 2 Mathematical Operations

O Example:

It is well known that if F is a field of characteristic p, p a prime number,

m m m
and a, be F, then (a+b)’ =aP +bP . Ilustrate this fact when m=1 for the first
five prime numbers.

We proceed by using the user-defined command modexpand from above and the built -in command Pxime.
Prime[i] retums the ith prime number.

The command Table is discussed in more detail in Chapters 4 and 5.

Inf3t/= expands (x+a)l’
Table[ E and reduces modulo p
modexpand[ {(x+a)~Prime[i].Prime[il]]. Jor the first five prime
{i.1.5}] // TableForm ] numbers.

Outf 3t/ Tableform=
2 2
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Chapter 2 Mathematical Operations

o In Version 2.0, Mod [a, b] reduces the number a modulo b. Notice that unlike prior versions of Mathematica,
a must be a number. To reduce the coefficients of a polynomial p modulo b, use the command
PolynomialMod[p,bl]:

O Example:
inf 78/-= 77 0,5,
Factor[x~10+x~5+2_ Hodulus->5] ] foctors x7 +x7 +2
- modulo 5.
Outf 75/ = =
25
(2 +x+x) ]
inf 77/ = 7 . s
poly=Expand[ {(x~2+x+1)~5] ] expands (x +x+1)
Oulf 77/ = - and nornes the result poly.
2 3
1 +6x+ 16 x + 30 x +
4 5 6
45 x + 61 x + 45 x +
? 8 9 10
30 x +15x +65x + x
nf80/-= Hod[ 13.5]
* Hod[13.5] computes 13 modulo 5.
outf80)= 3
3 =
inf&t/f-= 7 Unlike Version 1.2,
Hod[poly.5 Hod[poly.5]
[poly.Sl - does not reduce the polymmwt
outf8/= h POLlY modulo 5.
2 3
Mod[1 + 5 x + 16 x + 30 x +
4 5 6
46 x + B1 x + 45 x +
7 8 9 10
30 x + 16 x + 5 x + x
5] |
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Chapter 2 Mathematical Operations

However, coefficients of a polynomial p can be reduced modulo n with the command
PolynomialMod[p,n]:

nf82f= Polynomiallod[poly.5]
Polynomiallod[poly.5] ;fod;;cdejspl)ly
0#?‘{5.? =

Hence, the previous definition of modexpand must be altered to include PolynomialMod In Version 2.0. This
command is then illustrated by creating a table similar to that in the previous example for the prime numbers 13, 17,
19, 23, and 29. Note that this table also includes the prime number as well as the reduced polynomial.

Inf87/=
modexpand[p_.m_]:=
PolynonialHod[ Expand[p].nal]

Inf &8/ =
aodexpand[ (x*2+x+1)"11.11]

outf8e/=
11 22
1+ x + X
inf @of-=
Table[
{Prime[i].
mnodexpand[ (x~2+x+b)"Prime[i].Prime[i]]}.
{i.6.10}] // TableFora
Gutf SO wwTableForm=
13 13 26
13 b + X + X

17 17 34
17 b + X + X

19 19 38
19 b + X + X

23 23 46
23 b + X + X
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Chapter 2 Mathematical Operations

B2.4 Graphing Functions and Expressions

One of the best features of Mathematica is its graphics capabilities. In this section, we discuss methods of graphing
functions and several of the options available to help graph functions. The command used to plot real-valued
functions of a single variable is Plot. The form of the command to graph the function £ [x] on the domain [a,b]
isPlot [£x], {x,a,b}]. To plot the graph of £[x] in various shades of gray or colors, the command is
Plot[£[x], {x,a,b},PlotStyle->GrayLevel[w]] where w is a number between 0 and 1.
PlotStyle->GrayLevel[0] represents black; PlotStyle~>GrayLevel[1l] represents a white
graph.

If a color monitor is being used, the command is
Plot[£[x], {x,a,b},PlotStyle->RGBColor|[x,g,bl] where r, g, and b are numbers
between 0 and 1. RGBColozr[1,0, 0] represents red, RGBColor[0, 1, 0] represents green, and

RGBColoxr [0, 0, 1] represents blue.
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Chapter 2 Mathematical Operations
O Example:

2
Use Mathematica to define and graph f(x)=Sin(x) on the interval [-2r,2n] and g(x)=e *
on the interval [-1,1].

E[J===== GraphingFuncti ==
0 raphingrunctions §1\\"otz'¢:c that whenever we define functions,
InfSf= we first clear any existing prior definitions
Clear[£f.g] of them to avoid any possible chance of
f[x_]:=5in{x] ambiguity later.
lnf §f-= i
Plot[f[x].{x.-2Pi.2Pi}] grophs
: the function f(x) = Sin{x) on the intervel
14 [-2n,2n).
0. 51
-6 2 4
Outf &f= 7
-Graphics- . -x2 . .
- Inthis case, g(X)=¢ ~ is both defined and
inf10/) =

ked in @ single cormmend.
glx_]=Exp[ -x*2] e -
PlotIg[x].{x.-1.1}]

0.5 1

Notice that Mathematica has
placed the axes so that the
intersection point of the two
axes is the point (0,1).

L

A

uif 16/=
-Graphics-
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Chapter 2 Mathematical Operations

Graphs of functions, like expressions, can be named. This is particularly useful when one needs to refer to the
graph of particular functions repeatedly or to display several graphs on the same axes.

inf16f=
Clear[f.gl
f[x_]=Abs[Sin[x]]
glx_]=-Cos[x]:

{2 In this example, define
£(x)=|8in (x)] and g{x)=-Cos (x).

inft 7/)-= .
plotf isagraph of fx)on the
plotf=Plot{flx]). {x.-Pi.Pi}] . graph of )
inzerval [‘fl,ﬂ']-
hE
0. 84
. 61
0.\4
0.
-3 -2 -1 1 2 3
utf 1 7/ =
-Graphics-
inf18/:=

Plotg=Plot[g[x].{x.-Pi Pi}.
Plot5tyle->GrayLevel[. 3]]

plotg is egreph of g(x) on the
inzerval [‘ﬂ,ﬂ]-

.~ 14 - The option
\ ,/ PlotStyle->GrayLevel[. 3}
s 0. 54 7 specifies that the color of the groph of
N 7 &(x) be a shade of gray.
-3 -2 -1 172 3
"\-U . 51 ,/
\. /
pS
ouif 18/=
-Graphics-

50



Chapter 2 Mathematical Operations

The command used to display several graphs on the same axes is Show. To show two graphs named graphl
and graph2, the command entered is Show[graphl, graph2]. This command is shown below using
plotf and plotg from above:

inft 8=
Show[plotf_plotg]

The command Show[plotf, plotg]
shows plotf and Plotg

simultaneously.

gutf 1 8f= h
-Graphics-

More generally, the commands P1ot and Show have many options. To implement the various options, the form
of the command Plot isPlot [£[x], {x,a,b}, options]; the form of the command Show is
Show[graphs, options}). The option DisplayFunction->Identity prevents the graph from
being shown; the option DisplayFunction->$DisplayFunction causes the display of a graph
which previously was suppressed. For example, one can create several graphs without displaying any of them, and
then display all of them simultaneously:
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0O Example:

2 2 2
Let f(x)=€¢*, gx)=€¢* +1=f(x)+1 and h(x)=e " =f(x-1).

Graph f, g, and h on the intervals {-1,11, [-1,1], and {-2,1], respectively. Show the graphs of all three functions
simultaneously.

Inf36f=
Clear[f.g.h]
f[x_]1=Exp[-x"2]
glx_]=f[x]+1
hix_]=f[x+1]:

nf37/-=
plotexp=Plot[f[x}).{x.-1.1}.
DisplayFunction->Identity]

We begin by clearing any prior definizions
of [, g, ond i and then define

2 2
fx)=e%, g)=f(x)+1=e"% +1, and
2
h(x) = f(x +1) = "+
plotexp is agroph of fix) on the inzerval
[- 1,1]_ The option
DisplayFunction->Identity

O 37/ = 3 _
-Graphics- ] causes no display of plotexp.
Inf38/:= ] However, plotexp can be viewed

Show[plotexp.

DisplayFunction->$DisplayFunction] by entering this command.

_ | This is the point (0,1) |
0.5 1 ] 7

In general, the graphics option

DisplayFunction->Identity cllows

one to create graphics but rot view them
until necessary.

inf 39/ =
shiftup=Plot[g[x].{x.-1.1}.
PlotStyle->GrayLevel[. 2].
DisplayFunction->Identity]

shiftup isagraphofg(x); the option
DisplayFunction->Identity
prevenzs the graph from being shown.
shiftleft isagrephof h(x); the option
DisplayFunction->Identity
Drevents the graph from being shown.

shiftleft=Plot{h[x].{x.-2.1}.
PlotStyle->GrayLevel[ . 4].
DisplayFunction->Identity]

Even though shiftup and shiftleft are not shown, they may be viewed along with plotexp, using the
Show command together with the option DisplayFunction->$bisplayFunction.
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Note that no graphs would be displayed if the DisplayFunction~>$DisplayFunction option were
omitted from the following Show command:

inf Lo/ =

Shov[plotexp.shiftup.shiftleft.

DisplayFunction->$DisplayFunction ]

P (¢
18 N
&{x) o o h /’1‘
v . J(x)
215 -1 05 05 1

However this commend shows the grophs

of fix) (in graylevel{O]), g(x)
(in graylevell 2]}, and h(x) (in graylevel] 4})

Note: The labels fix), g(x), and
R(x) were added lazer.

The Plot command can also be used to P1ot several functions simultaneously. To display the graphs of the
functions £[x], g[x], and h [x] on the domain [a,b] on the same axes, enter commands of the form
Plot[{£[x],glx] ,h[x]}, {x,a,b},options]. This command can be generalized to include more
than three functions.

EO

GraphingFunctions

|

inf )=

Plot[ {f[x].glx].h[x]}.{x.-2.1}.
PlotStyle-—>{

GrayLevel[ 0] .GrayLevel[ . 2].
GrayLevel[ . 4]}]

L Zeore we plot f(x), g(x), and h(x) on the
interved [— 2, 1].

Notice thot the color of the groph of
fx)is GrayLevel[O];
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square brackers, and curly brackets correctly; capitalized the
| first letter of every built-in Mathematica function; and ircluded

1 the argument of every function in SQUARE BRACKETS.

P 8(x) the color of the graph of g(x) is
//' 15 "\\ GrayLevel[ . 2] ;and
o N and the color of the graph of k(x) is
PR /4_ f(x) GrayLevel[ .4]}].
m":/ 0% \
215 -1 -05 05 1 |
outf<t/= LAk
-Graphics- |Always check to make sure that you have nested parentheses,
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m Other Available Options
Additional P1ot options include:

1) AspectRatio->number
This makes the ratio of the length of the x-axis to the y-axis number. The default value is 1/GoldenRatio.
GoldenRatio is a built-in Mathematica constant (like E and Pi)

J5

with value (approximately 161803).

2) Framed->True
This draws a frame around the graph; the default value is False--no frame is drawn.

o In Version 2.0, the option Framed is replaced by the option Frame. Hence, if you are using Version 2.0,
including Frame->True instructs Mathematica to place a frame around the graph.

3) Ticks->None or Ticks->{{x-axis ticks}, {y-axis ticks}}
This specifies that either no tick marks be placed on either axis QR tick marks be placed on the x-axis at x-axis
ticks and on the y-axis at y-axis ticks.

4) MAxesLabel->{"x-axis label","y-axis label"}

This labels the x-axis x-axis label and the y-axis y-axis label. For example, the command

Plot [£([x], {x, xmin, xmax, AxesLabel->{"jane",6 "mary"}] graphs the function £{x] on
the interval [xmin, xmax]; and labels the x-axis jane and the y-axis mary. The default for the option is that
no labels are shown.

5) PlotLabel->{"name"}
This centers name above the graph. The default for the option is that the graph is not labeled.

6) Axes->{x-coordinate, y-coordinate}
This option specifies that the x-axis and y-axis intersect at the point {xcoordinate, ycoordinata}.

o In Version 2.0, Axes has been redefined. The option Axes->False specifies that the graph is to be drawn
without axes; the option AxesOrigin->{x-coordinate, y-coordinate} places the axes so
they intersect at the point {x~coordinate,y-coordinate}.

7) PlotRange->{y-minimumn, y-maximum}
specifies the range displayed on the final graph to be the interval [y-minimum, y-maximum];
PlotRange->All attempts to show the entire graph.
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O Example:

These graphing options are illustrated below:

=

GraphingFunctionsOptions

Inf20f-=

f[x_]=Sin[6 x]+2 Cos[2 x]
ploti=Plot{f[x]. {x.-Pi.Pi}]

Ay

-3 1-2 -
-14
-2
ol 20/ =
-Graphicsa-
lafatsf=

plot2=Plot[f[x].{x.-Pi Pi}.
AspectRatio->1 Framed->True]

Qutf 2t /=
-Graphics-

. |
4

a

55

To illustraze the various features of the Plot
command, we define £(x) = Sin(6x) + 2Cos{2x)
and graph fix) on the irzervald [-n,n}.

Notice thez the resulting graph is rammed plotil;
This will allow us o use the groph lazer.

plot2 is also agraph of f{x) on the inzerval
[-n,n} Adding the option
AspectRatio->1

specifies thox the razio of the length of the x-axis
to the length of the y-axis is 1, the option
Framed->True encloses the grophics cell

in a box (or frame)

In Version 2.0, the option Framed

has been replaced by the option
Frame.
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Plot3 is agroph of {x) The option
Ticks->None specifies thoz no tick marks
are placed on either the x-axis or y-axis,; the
AxesLabel->

option {"x-axis”, "y-axis"}

specifies that the x-axis is morked x-axis

ond the y-oxis is marked ¥-axis.

[ECJ=== oGraphingFunctionsOptions ==0IE

plot3=Plot[£f[x].{x.-Pi Pi}.
Ticks->None,

AxesLabel->

{"x-axis",  "y-axis"}]

y-axis

Wten working with the Plot command,
be sure to begin with a CAPITAL
letter and enclose the entire command
in square brackets.

For plot4 zhe option

Ticks->{{~-P1.0.Pi}.{-2.0,62}}
specifies that tick marks be placed ax

X=-n and X=n onthe x-axis end
y==2 and y=2 onthe y-axis; the option

PlotLabel->
"f[x]=Sin[6 x]+2 Cos[2 x]"*

spcifies thaz the top of the graph is marked
f{x}=5in[6 x]+2 Cos[2 x].

56

A

-aXis

ot 23] =

-Graphics-

plot4=Plot[£f[x].{x.-Pi Pi}.
Ticks-—>{{-Pi.0.Pi}.{-2.0,2}}.
PlotLabel->

“f{x]=Sin[6 x]+2 Cos[2 x]"]
f[x)=Sin[6 x]+2 Cos[2 x]

-Pi Pi
-2
Oulf 25/ =
~-Graphics-
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o Graphing Features and Options of Version 2.0

Version 2.0 of Mathematica offers several plotting options which are not available or differ from those in Version
1.2. In the first example below, the fact that a semi-colon must follow a command in Version 2.0 in order that it be
suppressed is illustrated. (In Version 1.2, only the output of the last command in a single input cell is given even if
semi-colons are not used.) After defining the function £, the graph of £ is plotted and called plot£. Since a
semi-colon follows the definition of £, the formula for £ is not given in the output. Also shown below is the

GridLines option in the Plot command. Notice in featurel, GridLines->Automatic causes
horizontal and vertical gridlines to be shown on the graph.

ED GraphingOptions |
inf3/:= Notice that with Version 20, &
Clear[f] semi-colon must be placed ot the
flx_]=Exp[-(x-2)"2 (5in[Pi x])"2]: end of each command in order
Plotf=Plot[Exp[-(x-2)"2 (Sin[Pi x])~2]. } to suppress the resulting ouzpur.
{x.0.4}] In this cese, gfter defining
1 f(xy = e-(x-2]2 Si.nz[nx]'
o.gf we graph fix) or {0,4] and nome
) the resulting groph plotf.
0.6}
0.4}
0.2t
1 3 4
Gutf 3/ =
-Graphics-
inf =
featurei=Show[plotf GridLines->Automatic] The option
\ GridLines->
3 Automatic
o [ / \ / instructs Mazhematica
-8 to display vertical and
0.6 \ l N N4 [ horizonzal gridlines.
}L/ \\ /I
0.2
¥ \/
1 3 4 ]
outf 4= h
-Graphics- JJ

57



Chapter 2 Mathematical Operations

The GridLines option can be altered slightly. The following examples illustrate how one type of gridline is

requested. In feature2, GridLines->{None,Automatic} specifies that only horizontal gridlines be

displayed while in feature3, GridLines->{{1,2, 3}, None} gives vertical gridlines at x = 1, 2, and
3. Also in feature3, Ticks->{Automatic,None} causes tick marks to be placed on the x-axis but
none on the y-axis. Finally in feature3, the x and y axes are labeled with the option

AxesLabel->{"x-axis", "y-axis"}.

Inf5):=

115

feature2=5Shov[plotf. The option
GridLines->{None, Automatic}] GridLines->{None.
L Automatic}
/ \ / \ / \ [ specifies that Mathematica
0.8 display horizonzal buz not
\ { 4 \Z \ [ vertical gridlines.
i |
W, \
0.2
v W
1 2 3 4
autf5/=
-Graphics-
tnf6f:= The option
feature3=Shov[plotf, GridLines->{{1,2,3},
GridLines->{{1.2.3} _ None}. Hone}
Ticks->{Automatic None},K specifies ther Mazthematica display
AxesLabel->{"x-axis®,"y-axis"} 1§ verrical but not korizontel gridiines;
y-axis The option
Ticks->{Automatic. None}
specifies that tick marks be placed
\/“\\/ on the x-axis buz not on the y-axis; end
The option
ArxesLabel->{"x-axis",
"y-axis"}
specifies that the x-axis and y-axis
be labeled as in the picture.
X-axis
1 2 3 4
ouife/=
~-Graphics-

Several other Plot options are shown in the examples below. In featured, AxesOrigin->{x0,y0}
is illustrated. This causes the major axes to be drawn in such a way that they meet at the point {x0, y0}. Another
option is Frame which is demonstrated in both examples. Frame->True encloses the graph in a frame.

o In Version 2.0, AxesOrigin replaces Axes from Version 1.2 and Frame replaces Framed.
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Note the tick marks which accompany the frame in featured4. In feature5, however, the
FrameTicks->None option prohibits the marking of ticks on the frame. Also notice the PlotLabel
option which appears in each Plot command. In feature4, the label is given in quotation marks. This causes
the function within the quotations to be printed exactly as it appears in the PlotLabel option. Since the label
does not appear in quotations in featureb5, the label is given in mathematical notation.

inf7)-=
feature4=Show[plotf, Ticks->None,
AxesOrigin->{2,0}.
PlotLabel->"f[x]=Exp[ -{x-2)*2(Sin[x]*2)]".

Frame->True]
1 £[x]=Exp[~(x-2)"2(Sin[x]"2)]
0.8 j
0.6
0.4 1
0.2
0
0 t 2 3 4
outf 7} =
-Graphics-
lnf8):=

featureb=Show[plotf, Ticks->Hone,
AxesOrigin->{2.0}.
PlotLabel->Exp[ -(x-2)72{(Sin[x]"*2)].
Frame->True. FrameTicks->None,
Ticks->{None, Automatic}]

eL8 |

The option
AxesOrigin-—>
{2.0}
instructs Mazhematica
to display the axes so
thoz they intersect
the poinz (2,0);
The option
Frame->True
instructs Mazhematica
to place a frame
around the resulting
goph;

PlotLabel
is used to label the
rop

2 2
-((~2 + x) Sin[x] )
E

In this case, since

Exp[-(x-2)~2(Sin[x]~2}]
is not contained in quotazion marks
(as in the previous example),

the result is displayed in traditiondl
mazhematicad notezion.

outf8/=
~Graphics-
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o Displaying Several Graphs with Version 2.0

The plots given in featurel, feature2, feature3, and featured are viewed below in a single
graphics cell with the GraphicsArray option.

GraphicsArray[{featurel, feature2}, {feature3, featured}}] produces an array of
graphics objects called features which is viewed in pairs with Show[£features], where

features=GraphicsArray[{{featurel, feature2}, {feature3, featured}}]. In
general, GraphicsArray can be used to visualize any m x n array of graphics objects.

f==vw—— GraphingOptions %—EEI
nf50/= 1k
features=GraphicsArray[ The commond GraphicsArray
{{featurel, feature2}. con be used to display & mazrix or
{feature3.feature4}} vector of graphics objects.
1:
Show[ features]
ST i SSL 11
LW, { LW, 7
. V V .év V
1 2 3 4 1 2 3 4
y-axis £[x]=Exp[~-(x-2)"2(Sin[x]"2
1
0.8
| 0.6
| 0.4
| 0.2
-axis 0
1 23 4 01 2 3 4
outf50/=
-GraphicsArray-
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The command Rectangle[{x0,y0}, {x1,y1l}] creates the graphics primitive for a filled rectangle with
sides along the lines x = %0, y = y0, x = x1, and y = y1. Hence, other Mathematica commands must be used
to visualize the rectangles represented by Rectangle[{x0,y0}, {x1,y1}]. Visualization is
accomplished with Show and Graphics aj illustrated below.

Rectangle
can be used to crecte and
display several rectangles.

[ED==———= GraphingOptions ====—=—=5| Notice how the command
3

inf 72/ :=
Show[ Graphics| {

Rectangle[ {0.0},€¢1.1}].
Rectangle[ {1.1}.{1.5.1.5}].
Rectangle[ {0.1.1},.(.4.1.5}].
Rectangle[ {.5.1.1}.{.9.1.5}]. ;f:?:ndsf:[u 1}
Rectangle[ {1.1.0}.{1.4..5}]. ) (1.5.1.5)] °
1127ctang1e[{1.1,.55},{1.4,.9}]}/ corresponds to

- Rectangle[ {1.1..55}.

Qulf 72/ =
-Graphics-

REBNRRRENE: 11007 v
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Rectangle[{x0,y0}, {x1,y1}] can be used in conjunction with other graphics cells to produce
graphics of a particular size. The command Show[Rectangle[{x0,y0}, {x1,yl},plot]]
displays plot within the rectangle determined with Rectangle[{x0,y0}, {x1,y1}]. Thisis
illustrated below with rectangles from the previous example as well as earlier plots.

EJ=——————— GraphingOptions ==} Graphics cells can be shown
Inf 24/:= inrectangles of varying
Rectangle[ {0.0}.{1.1} : featureS5]. inzo a single graphics cell ond
Rectangle[ {1.1}.{1.5.1.5}.plotf]. displayed.
Rectangle[{ﬁ 1. 1} {.4. 1 b}.featurel].
Rectanglef {. 1}.¢. 9 1.5}, .feature2],
Rectangle[{i 1 0},{1 .5} .featureld].
Rectangle[ {1.1, .55}, {1 4..9},feature4]}
11
1 1 1
o JARY L~
P4 ] A Nl °-2 JD‘/ Jvul‘7 0.8
0.4t I 0.4 0.6
1] 1 ALl }
0.24S \S 0.2 0.4
1 2 3 4 1 2 3 4 0.2
1 2 3 4
2 2
E-((-z +x) Sinlx]) £[x]=Exp[-(x-2)“2(Sin[x]~2) ]
01234
y-axis
lMﬂ:'h—}a(-axis
1234
Outf 74/ =
-Graphics-
P 0
el
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O Labeling Graphs in Version 2.0

In addition to the above features, graphs created with Version 2.0 can be labeled in a variety of ways. For
example, in the following example the options DefaultFont->{"font", size} and
PlotLabel->FontForm["label"”, {"font",size}], where font and size is a font
available on your computer and 1abel is the desired graphics label, are used to create several trigonometric

graphs.
The numbering of the tick marks of plotsin are in size 12 Times font; the graph is labeled in size 14 Times
font:

E[J&===——=—=—"——=—-—= SomeTrigGraphs

Inf8E/)-=

PlotLabel—>

1

Sin(x)

1

0.5

-15 -1 -0. 05 1t 15

S

-1

oulf 85/ =
-Graphics-

pPlotsin=Plot[Sin[x]. {x.-Pi/2.Pi/2}.
DefaultFont->{"Times" 12},

FontFora[ "Sin{x)". {"Times",614}]

In Version 2.0, graphs and axes con

be labeled in @ variety of fonts and

sizes, depending ypon the fonzs you
have installed on your system.

Similarly, the axes can also be labeled in different fonts and sizes using the option

AxesLabel->{

FontForm["x~-axis label", {"font",size}],
FontForm|["y~axis 1label", {"font",size}]

}
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In the following example the function ArcSin(x)=Sin'l (x) is graphed on the interval [-11] The

axes are labeled "x-axis" and "y-axis" in size 12 Times font. The graph is labeled "ArcSin (x)" in size 12 Venice
font since the DefaultFont is chosen to be size 12 Venice font:

inf87/f-=
plotinvsin=Plot[ArcSin[x].{x,-1.1}.
PlotStyle-—>GrayLevel[. 3].
DefaultFont->{"VYenice” 12},
PlotLabel->"ArcSin(x)",
AxesLabel->

{FontForm[ "x-axis", {"Times"_ 12}].
FontFora[ "y-axis”, {"Times" 12}1}]
axis
Aﬂ}:%i,n(x}
1.5 K
1 ',,-"
0.5p .-~
i mat x-axis
-1 ~0%0.50 o5 1
et -1
/ -1.5
Outf87/=
~-Graphics~
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Naturally, many different options can be combined together. In the following window, the previous two graphs
are displayed. The option Ticks->None specifies that no tick marks are to be drawn on either axis; the graph
is labeled "Sin(x) and ArcSin(x)" in size 14 London font:

Il 88/ -=
boths=Shov[plotsin, plotinvsin,  AspectRatio->1,
Ticks->None.
PlotLabel->
FontFore[ "Sin{x) and ArcSin{x)".
{"London"_ 14}]
1

Sinlx) andy HreHindx)

..

Oul{ 88/ =
-Graphics-
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In the next example we graph Cos(x) and ArcCos(x). The option DisplayFunction->Identity is
used so the graphs are not immediately displayed. Instead, these three graphs are shown simultaneously with the

three previous graphs, plotsin, plotinvsin, and boths, as a graphics array:

inf85/-=
plotcos=Plot[Cos[x].{x.0.Pi}.
DefaultFont->{"Yenice",612}.
PlotLabel->"Cos{x)",
DisplayFunction->Identity]:

plotinvcos=Plot[ArcCos[x]. {x.-1.1}.
DefaultFont->{"Einstein” 10},
PlotLabel->"ArcCos(x)".
PlotStyle->GrayLevel[ . 3].
DisplayFunction->JXIdentity]:

bothc=Show[plotcos_ plotinvcos_ AspectRatio-—>1.
Ticks->None.
PlotLabel->FontForm[ "Cos{(x) and ArcCos{(x)".
{"Athens" ,12}]
1:

Shovw[ GraphicsArray[ {
{plotsin. plotinvsin. . boths},
{plotcos. plotinvcos bothc}}]]

All six graphs are then displayed as a graphics array, illustrating the various options we have used:

Shov[ GraphicsArray[ {
{plotsin_plotinvsin boths}.
{plotcos.plotinvcos. bothc}}]]

sin PE
0.5,/ L3
-1.5-1-Qffg| 0.5 1 1.5 ?Es X-oxis
j‘ﬂ —},"IT l 0.5 1 /

Cos{=) ArcCos(x) Ces(z) and ArcCos(z)

-
s
-

i
. 2.5
n.sl_\ -3
1 ‘? ..
—n.sl 0.5 1 1.@ 0.50 N
-1 -1 -0.5 0.5 1
Ooutf 95/ =
-GraphicsArray-

Sinlx) sy HEredindx)
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m Piecewise Defined Functions

Piecewise defined functions may also be defined and graphed with Mathematica. In the following example, h(x) is
defined in three "pieces”. Notice that /; designates the definition of h(x) for different domain values.

0O Example:

6+2x for x £ -2

Use Mathematica to graph h(x) on the interval [-3,3] if h(x)= x2 for -2 < x £ 2.

Not that <= represents a less than or equal to symbol.

11-3x for x > 2

E[[J==—— PiecewiseDefinedFunction EI After clearing all prior definitions of
inf 10/-= G| b defene
Clear[h] 6+2x for x £ -2
h[x_]:=x"2 /; -2 <« 1 <=2 h{x) = X for -2 < x 5 2.
hix ]:=11-3x /. x > 2 11-3x for x > 2
h{x_]:=6+42x /. x <=-2 Piecewise-defined functions are
infi]= graphed the same way as
wl 1] . ] other functions.
Plot[h[x].{x.-3.3} AspectRatio-—>1] |
5 ]
4
34
24
1
33 -z 1 1 2z 3 |
ouif 1 1]= T
-Graphics- i
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Functions can be defined recursively. For example, if the function £ [x] is defined on the interval [a,b], then f
can be defined for x > b with £[x_] :=£[x-(b-a)] /; x=>b. Two examples are given below. Bunctions
of this type are useful in the study of Fourier series.

O Example:

If x > 1, define f(x) recursively by

(A) If -1 < <1 let f _lfOI'Ongl;
<Sx<1 le (X)—-lfor—lsx<0'

f(x)=1f(x—-2). Use Mathematica to define f and graph f on the interval [0,6]

1
(B)If -1<x <3 let h)={7%0 "1 <X <2 ¢y 53 define h(x) recursively by
1 for 2 £x<3

h(x)=h(x—4). Use Mathematica to define h and graph h on the interval [0,12].

o Version 2.0 was used in the following solution to illustrate the Version 2.0 graphics option

Background->GrayLevel [n], where n is between 0 and 1. If using Version 2.0, the functions are

defined the exact same way; however, the option Background->GrayLevelln] is not available in
Version 1.2:

. After clearing oll prior definitions of [, f is defined
m{iﬁ{:at[f] by 10 { 1for 02 x =21 l
x)= .
flx_]:=1 /; O<=x<=1 Y “lfor -1 2x<0

fix_]:=-1 /. -1<=x<0 Then f{x)=f(x-2) for x. > 1 defines frecursively for
flx_]:=f[x-2] /. x > 1 X grecter than one. "
lnf85/-=

graphf=Plot[f][x].{x.0.6} DisplayFunction->Identity]:
graphf tvo=Plot[f[x].{x.0.6}.

Background->GrayLevel[ . 2] . grapht
PlotStyle—>{{Thickness[_ 01] . GrayLevel[1]}}. {graphftwo
DisplayFunction—>Identity]: are different
Inf 90/ = graphs of f
Clear[h] ﬁfﬂ@%
hix_):=1/2x /. -1<=x<=2 t options
hix_]:=1 /. 2<=x<=3 avazi'fxbéem
bix_]:=h[x-4] /: 3<x
inf8sf =

graphh=Plot[ {h[x].1/2 h[x-1]}.{x.0,12},
PlotStyle-—>{GrayLevel[ 0] .GrayLevel[ . 3]}.
DisplayFunction->Identity]:
graphhtwvo=Plot[ {h[x].1/7/2 h{x-1]}.{x.0.12}.
Background->GrayLevel[0].
PlotStyle—>{{GrayLevel[1]}. {GrayLevel[.8]}}.
DisplayFunction->Identity]:;
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Chapter 2 Mathematical Operations

In Version 2.0, arrays of graphics cells can be visualized with the command GraphicsArray. Since
graphf, graphftwo, graphh, and graphhtwo are graphics cells,

{{graphf,graphftwo}, {graphh, graphhtwo}} is an array of graphics cells. All four can be
viewed in a single graphics cell using the command Graphicsarray:

inf83/:=
Shovw[ GraphicsArray[ { {graphf.graphftvo}.
{graphh, graphhtwvo}}]]

Ouilf 83/ =
-GraphicsArray-
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Chapter 2 Mathematical Operations

Sometimes it is useful to have Mathematica remember functional values it computes. For example, this is
particularly useful when defining functions recursively as in the previous examples. In general, to define a function
£ to remerber the values it computes enter the definition in the form

£i{x_]:=f[x]=mathematical expression.

O Example:
Use Mathematica to define k(x)=Exp|~(x~2)2|Cos(n (x-2)|] For 0 < x < 4, define g(x)=k(x)
and for x > 4, define g recursively by g(x)=g(x—4). Graph g on the interval [0,16].

In the following example, notice that k is defined so that Mathematica remembers the values of k(x) it computes.
Since g is defined recursively in terms of k, evaluation of g for values of x greater than four proceeds quickly since
the corresponding k-values have already been computed and remembered:

/f Mezhematica will remember the values of k(x) &2 computes.

70

nf33/=
Clear[q/k]
k[x_]:=k[x]=N[Exp[-(x-2)~2 Abs[Cos[Pi (x-2)]]] 1§Since kx) is defined
taf 3/ = so thaz Mothemazica
s remembers the velues
glx_]:=k[x] /@ O<=x<=4% of k(x) it computes
glx_]:=g[x-4] /7. 4<x eva&miongfpg(x) !
graphg=Plot[g[x].{x.0.16}] will be much faster
1 since g is defined
recursively in terms
0.8 of &
0.6
0.4
0.2 U \J
\
2.5 S 7.9 10 12.5 15 |
out{58/= )
-Graphics-
Time : 68.43 seconds Il 00% w IKJ B




Chapter 2 Mathematical Operations

B 2.5 Exact and Approximate Solutions of Equations

m Exact Solutions of Equations

Mathematica can solve many equations exactly. For example, Mathematica can find exact solutions to systems of
equations and exact solutions to polynomial equations of degree four or less. Since a single equals sign (=) is
used to name objects in Mathematica, equations in Mathematica are of the form

left-hand side==right-hand side. The "double-equals” sign (==) between the left hand side
and right hand side specifies that the object is an equation. For example, to represent the equation 3x+7=4 in
Mathematica, type 3x+7==4. The command Solve[lhs==rhs,x] solves the equation lhs=rhs for x.

If the only unknown in the equation lhs=rhs is x and Mathematica does not need to use inverse functions to
solve for x, then the command Solve[lhs==rhs] solves the equation lhs=rhs for x. Hence, to solve the
equation 3x+7=4, both the command Solve[3x+7==4] and Solve [3x+7==4, x] produce the same
result.

Notice that the representation of equations in Mathematica involves replacing the traditional single equals sign
by a double equals sign:

0O Example:
X2 -1

Use Mathematica to find exact solutions of the equations 3x+7=4, — =0, and
X +x+x+1=0,
[EC]==——= SolvingEquations ===——=5| 7he command Solve[ 3x+7==4]
Inf 1]-= 1K solves the linear equation 3x+7=4

Solve[ 3x+7==4] ] [ fore
Ouif 1/ = dobiistiidnnn y

. - i Solve[ (x°2-1)7 (x-1)==0]
x -> -1 Don’t forget the “double-equals} . )

» i { 1 when ;ou'xsolvc equations! : sozéuels the rationad equazion
nf 2fe= ¥ x4 -

Solve[ {(x*2-1)/(x-1)==0] _l x—1 =0 forx.k
ot = ]

{{x > -1}} i
taf 3= . . ~— :| Solve[ x*3+x*2+4x"1==0] solves

Solve[x73+x72+4x71==0] the cubic equation x° +x% +x+1=0
outf5/= 7 exactly. In general, Mothemazica will find

-1 + Sqrt[-3] the exact roots of any polyromicd equazion
{({x -> 0}, {X > ———mmmmmmm—mm 1. wizh degree four or less.
V4
-1 - Sqrt[-3]
{x > ~—=-moemmmmee 1
2
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As stated above, the exception to the above rule is when using the command Solve to find solutions of equations
where inverse functions must be used:

O Example:

Solve SinZ(x)—2Sin (x)—3=0.
When the command Solve [Sin[x]+2-2Sin[x]-3==0] is entered, Mathematica solves the equation

for Sin[x]. However, when the command Solve [Sin[x]*2-28in[x]-3==0, x] is entered,
Mathematica attempts to solve the equation for x. In this case, Mathematica succeeds in finding one solution:

[ECJ==—===— otherEquations %"mgl
LM Even though the only variable in

1nf5/:= i . ] the equazion
So0lve[Sin[x]*2-25in[ x] -3==0] .2 .
Sin“{x)-28in(x)—3=0
ol 5/= s X,
{{5in[x] -> -1}. {Sin[x]) -> 3}} ] Mozhematica will use inverse functions

to solve

sin®(x) - 28in(x)-3 =0

only if x is included in the Solve
command.

/nf6/:=
Solve[S5in[x]~2-25in[x] -3==

Solve: :ifun:
Warning: inverse functions are
being used by Solve, so sone
solutions may not be found.

Guifsf=
-Pi

{{x -> ---}. {x -> ArcSin[3]}}
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Solve[{lhsl=rhsl, lhs2==rhs2}, {x,y}] solves a system of two equations for x and y.
Solve[{lhsl==rhsl, lhs2==rhs2}] attempts to solve the system of equations for all unknowns. In
general, Solve can find the solutions to a system of linear equations. In fact, if the systems to be solved are
inconsistent or dependent, Mathematica 's output will teli you so.

0O Example:
: . . [3x-y=4
Use Mathematica to solve each of the systems of equations (i) + 2 ; and
X+y=
[ 2x-3y+4z=2
(ii) 1 3x-2y+z=0.
X+y-z=1

Solve[ {3x-y==4,x+y==2}. {x.7}]
solves the system in two unknowns

3x—-y=4
or X and y.

nfdf-=
Solvel {3x-y==4_x+y==2}.,{x.7}]
outf =

Ar equation is always represented by the

Jorm expressionl==expressionZ. Fou must
remember to include the “double-equals” between
the left-hand side and the right-hand side of

an equation.

3 1

{{x > -, vy ->-}}
2 2

nf8f-=

Solve[ {2x-3y+4z==2,
3x-2y+z==0,x+y-z==1},{x.v.2}1]

oulf 8/ =
? 9 3
{{x > -, ¥ > -, 2 > -}}
10 5 2

Solvel {2x-3y+4z==2,
3x-2y+z==0_x+y-z==1},{x.¥.Z}]
solves the system of three equazions
2x=3y+4z=2
3x-2y+z=0 forxy andcz
xt+y-z=1

Although Mathematica can find the exact solution to every polynomial equation of degree four or less, exact
solutions to some equations that Mathematica can solve may not be meaningful. In those cases, Mathematica can
provide approximations of the exact solutions using either the N[expression] or the expression // N

command:

Remember that Mathematica denotes ¥-1 by I.
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0 Example:

Approximate the values of x that satisfy the equation (i) x*—2x*>=1-x; and (i) 1-x2=x

E] SolvingEquations

=— [

/ﬁfé’.? o=
N[ Solve[x"4-2x"2==1-x]]}
001’/_7_7/=
{{x -> 1.34509},

{x -> 0.182777 + 0.633397 I},

{x -> 0.182777 - 0.633397 I}}
/ﬁf .'?5,['='
Solve[1-x"2==x*3 ,x] // N
Quf23/=
{{x -> 0.754878},

{x -> -0.877439 + 0.744862 I},

{x -> -0.877439 - 0.744862 I}}

{x -> -1.71064},

=X.

N[ Solve[ x~4-2x°2==1-x]] solves
the equation x¥-2x% =1-x
and then provides epproximazions of the roots

Solve[1-x*2==x43,x] /7 N solves
the equation 1-x% =%

and then provides approximations of the roots

In general, the commands
H[ operation] and
operation // N

yield the same outpus.
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Mathematica can also solve equations involving more than one variable for one of the other variables in terms of
other unknowns.

[EO==——= solvingEquations =——DF|
tnf &= 1] )
Solve[ v==Pi r~2/h.h] | | | For example, here Mozhematica solves
outf /= N 2
b > the equation V=% Jork
Pir
{th - ----- 1}
v -
/nl16f:= Or, in this case, Mathematica solves the
Solve[a”~2+b"2==c"2 a] '

ouif 16/= , , ecuation a02 +b2 - <:2 fora

{{a -> Sqrt[-b + ¢ ]}.

2 2
{a ->» -Sqrt[-D + c ]}}
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m Numerical Approximation of Solutions of Equations

When solving an equation is either impractical or impossible, Mathematica provides two functions to approximate
roots of equations: FindRoot and NRoots. NRoots numerically approximates the roots of any polynomial
equation. FindRoot attempts to approximate a root to an equation provided that a "reasonable" guess of the root
is given. FindRoot [lhs==rhs, {x, firstguess}] searches for a numerical solution to the equation
lhs==rhs, starting with x=firstguess. ( firstguess can be obtained by using the Plot
command.) Thus, FindRoot works on functions other than polynomials. Moreover, to locate more than one
root, FindRoot must be used several times. NRoot s is easier to use when trying to approximate the roots of a
polynomial.

0O Example:

Approximate the solutions of O+ x4+ 2% = 3x-7=0,

S0=—— SolvingEquations =——=5|
inf15/= 776 7o obtain approximations of oll
NRoots[ | | soduions to the equazion
1*5+1*4-41°3+2172-31-7==0, x] j ©+xt-a +2xt-3x-7=0
< use NRoots
outf15/= 3
X == -2.74463 || x == -0.880858 ||
x == 0.41452 - 1.19996 I ||
X == 0.41452 + 1.19996 I ||
x == 1.79645 The symbol || means “Or.”
inf18)= FindRoot may also be usedto
e approximate eack root of the equation
FindRoot[ 5. 4 3 2
X~5+X~4-4x~3+2x~2-3x-7==0, {x.1.8}] ||} ¥ T¥ " +2x-3x-7=0
outf 1 9/= 1.8 is our “first h
{x -=> 1.79645} guess. 1]
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O Example:

In order to approximate the roots of the equation Cos(x)-x=0, FindRoot must be used since Cos(x)-x=0 is not a
polynomial equation.

- 7o approximaze the positive solutions to

f[x_]=Cos[x]-x
Plot{f[x].{x.0.1}]

1
0.8 Notice thar {(X) is zero near 0.7
gi Then Enter
0:2 FindRoot[£f[x]==0.{x..7}]

2o approximaze the root near 0.7.

0.2l 0.2 0.4 0.6 ‘0\\1
-0.4 In general, FindRoot
ouift 7/ = will yield a single approximatior
~Graphics- to @ solution of an equation
inf18/:= . - - g
FindRoot[ f[x]==0. {x..7}1] provided that a “good” first
ouif18/= approximation has beer given;

{x -> 0.7390856}

NRoots will give approximations

of all roots of @ polyromial

equation.
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Chapter 2 Mathematical Operations

e Approximating Solutions of Equation in Version 2.0

In addition to the commands FindRoot and NRoots, Version 2.0 contains the command NSolve which can
also be used to approximate roots of some equations.

O Example:
1 1
If h(x)=x>-8x>+19x—12 and k(x)=5x2—x—§, use Mathematica Version 2.0 to compute

approximations of the solution of h(x)=k(x) using (i) NRoots; and (ii) NSolve .

Oyl In Version 2.0, the command RSolve
[ | may also be used to numerically compute
A solutions to polyromicd equations.

]
J

inf20/:=
Clear[h. k]
h[x_]=x"3-8x"2+19x-12
k[x_]=1/2x~2-x-1/8
valsi=NRoots[h[x]==k[x].x] |

ouif18/= 1|l | =d ¥So1ve
- - 2 3 is the form of the finol output. These
12+19x-8x +x 1) Gifforences will be discussed in detail
ouif 19/ = 3 in Chapter 9.
_ (}) x4+ _2 + Even though three commands are
8 2 d entered simultaneously, Version 2.0

generates output for each commaend
as it iz evaluated.

Ouif 20f = /
0.904363 ||

X == 2.66088 || x == 4.93476 ]

nf2t)-=

vals2=NSolve[h[x]==k[x].x] |
outf2tf =

{{x -> 0.904363},

{x -> 2.66088},

{x -> 4.93476}}

{100% w |Ko
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m Application: Intersection Points of Graphs of Functions
m(A)
. 3.2 1 2 1.
Locate the points where the graphs of h(x)=x"—8x“+19x-12 and k(x)= 3 x° - x—-8- intersect.
Notice that the x-coordinates of the intersection points satisfy the equation h(x)=k(x). Consequently, to locate the

intersection points, it is sufficient to solve the equation h(x)=k(x). Although this step is not necessary to solve the
problem, we first graph h and k and notice that h and k intersect three times.

IE0S———=——=——— IntersectionPoints === We begin by clearing oll prior
Inf5)-= definitions of k and k, defining
Clear[h.k] n(x) = x® - 8x% +19x - 12 and
e ot L
x_]= x*2-x- .
Plot[{b[x].k[X]}.{x.0.7}. k end k on the intervad JO,7].

PlotStyle—>{GrayLevel[0].GrayLevel[.3]}] J

The first function graphed, k, is in black
(corresponding to GrayLevel[ 0] ).

and the second function grophed, k, is in
gray (corresponding to GrayLevel[ . 3])

2 6 7
-2
-4
el 5= 7
-Graphics- 1

Since h(x)=k(x) is a polynomial equation of degree three, Mathematica can compute exact values of all three roots.
However, the roots are complicated so we approximate the solutions. Moreover, since h(x)=k(x) is a polynomial
equation we use the command NRoots [h [x]==k [x], x]:

o Notice that in Version 2.0, NSolve [h[x]==k [x], x] produces the same result.
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In the following example, the exact solutions of the equation h(x)=k(x) are computed with the command
Solve[h[x])==k[x]]. Notice that the resulting solution is expressed as a ljsf. Lists are discussed in detail
in Chapters 4 and 5. Nevertheless, the results of the command Solve {1lhs==rhs] attempts to solve the
equation Ihs=rhs for all variables that appear in the equation. The solutions, if any, are displayed as a list. In
general, the command Solve[lhs==rhs] [[1]] yields the first element of the list of solutions,
Solve[lhs==rhs] [ [2]] yields the second element of the list of solutions, and

Solve[lhs==rhs] [[j]] yields the jth element of the list of solutions.

Inf6/-=
NRoots[h[ x]=<k[x].x]
outfs/=
== 0.904363 || x == 2.66088 || x ==
inf7f=
Solve[h[x]==k[x]]
Outf 7f=
17 49
{{x > -+ -
6 151 Sqrt[-165685]) 1/3
36 {(-—- + —————-m—mm-
432 48 Sqrt[ 3}
161 Sqrt[-16585] 1/3
(=== + —==mmmmmm—s ) )
432 48 Sqrt[ 3]
17
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934761 Be sure to use “double-equals”

a2
Computes ramerical gpproximazions
of all solutions to the polyromial
equazion h{x)=k(x)

signs when working with equations.
i

The commaend Solve[ h[ x]==k[ x] ]

compuzes the exact solutions of the

polynomicd equozion h(x)}=k(x) The

command

Solve[h[x]==k[x]][[1]]

yields the exact value of the first sokuzion;
the command
Solve[b[x]==k[x]][[2]]

yields the exact value of the second solution;
and the cormmand
Solve[h[x]==k[x]][[3]]

yields the exact value of the third sobution.

Since the degree of the polynomial equation
h{x)=k(x) is 3, there are & most three distinct
solutions.
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Chapter 2 Mathematical Operations

nu(B)

2
Locate the points where the graphs of f(x)=e"(’"4) Cos{ 2| and g(x) = Sin x3/2 +§ intersect.
P T 4

Notice that the x-coordinates of the intersection points satisfy the equation f(x)=g(x). Consequently, to locate the
intersection points, it is sufficient to solve the equation f(x)=g(x). Since this problem does not involve
polynomials, we must first graph f and g and notice that they intersect twice.

To locae the intersection points,

Jirse clear amy prior definitions
of fmdg, define fand g, and
graph:

Donr’t forget to place the
underline on the left-hand
side of the equals sign and
erclose the arguments

of all functions ir square
brackets.

In order to opproximate the
inzersection points, we will

use FindRoot
to approxumeze sokurions to

the equazion fix)=g(x)

Clear[f.g]

flx_]=Exp[-(x/4)"2] Cos[{(x/Pi)]
glx_1=Sin[x*{(3/2)]+5/74

Plot[ {f[x].g[x1}.{x.0.5}.
PlotStyle->{RGBColor[1,0,0] ,RGBColor[0.0.1]}]

e N / \ The color of the grapk of
\ 8(x) would be blue;

tsy/ \\ \ The color of the

2
5
e grapk of f(x) would
S, \ be red.
0.5 >‘: J \

o~
.

Intersection points of the graphs of fand g
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Mathematica cannot solve f(x)=g(x) exactly. Since f(x)=g(x) is NOT a polynomial equation, the command
NRoot s cannot be used to numerically approximate the roots. However, we can use the command FindRoot
to approximate each root provided we have a "good" initial approximation of the root. To obtain a "good" initial
approximation of each root:

1) Move the cursor within the graphics cell and click once. Notice that a box appears around the graph:
2) Press and hold down the Open-Apple key; as you move the cursor within the graphics cell, notice that the
thermometer at the bottom of the screen has changed to ordered pairs approximating the location of the cursor
within the graphics cell:

S )==——————————— Application

inft8/):=

Clear[f . g]

flx_J}=Exp[-(xf4)"2] Cos[ (x/Pi}]
g[x_)1=Sin[x*{3/2)]+5/4

Plot[ {f[x].9[x]}.{x.0.5}.
PlotStyle—>{RGBColor[1.0.0] .RGBColor[0.0.1]1}]

R /—\\ w /\ | ]
/ \
1.5/ \\ j \

Az the cursor moves within the graphics
w1 cell, arn approximation of the location of
the cursor is given at the bottom of
0.5 the screen.
. |

outf 18] = ]

~-Graphics-
{2.56, 0.46} K]

When the cursor is near the intersection poinx, we see thaz the x-coordinaze of the point is gpproximately
2.56. Hence, we will use 2.56 as owr initial gpproximation inthe FindRoot commend.

Ar epproximezion of the second inzersection point is similarly obtained
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Chapter 2 Mathematical Operations

We then use FindRoot twice to compute an approximation of each solution:

EOE=—————— npplication =03

FindRoot[f[x]==g[x].{x.2.59}] computesan

approximazion of the soluzion to the equation f{x)=g(x)

Inf25] = rear the value 2.59.
FindRoot[f[x]==g[x].{x.2.59}]

gutf25/=
{x -> 2.54105}

Inf 25/ =
f[2.54105] 7/ W

outf 26/ =

0.461103 FindRoot[f[x]==g[x].{x.2.98}] computesen
epproximezion. of the solution to the equation f{x)=g(x)
nf27):= near the value 2.98.

FindRoot[f[x]==g[x]. {x.2.98}]
oulfE 7=

{x -> 2.9746}
We conclude that ong inzersection poinz is epproximately

tnf 28/.= (2.54105,46113) and the other intersection point is
£f[2.9746] // W approximarely (29746, 336066)

gut{28)=
0.336066
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Chapter 3
Calculus

@ Chapter 3 introduces Mathematica's built-in calculus commands. The examples used to illustrate the various
commands are similar to examples routinely done in first-year calculus courses.

@ Commands introduced and discussed in this chapter from Version 1.2 are:

The command Chop[smallnumber] produces zero when |smallnumber|< 10710

Other commands include:
Limits Multi-Variable Caiculus
Limit[expression, x—>a] D[f[x,¥7].,.x]

: : Dif[x,¥].¥]
zi.fferenual Calculus DIf[x.¥].{x,n}1]

x) D[£[x,7],{r,n}]
£ Ix1 D{f[x,¥],x,7]
£ x] Derivative[n,m][£][x,¥]
n['f[xllx] Integrate[‘f[x!’ll{xlalh}J{!Jc.ld}l
D[£f[x],{x,n}] NIntegrate[f{x,y],{x,a,b} {y,c,d}]
Dt[equation,x]
Integral Calculus Series Calculus
Integrate[expression,x] Series[f[x],{x,a,n}]
Integrate[expression, {x,a,b}] Normal [Series[f[x],{x,a ,n}]]

FIntegrate[expression, {x,a,b}] LogicalExpand[seriesl==series2]

Graphics

ContourPlot[f(x,y],{x,a, b} {y ,c.d}]

Plot3D[£f[x,¥],{x,a,b},{¥,c,d} ,options]
Options

PlotPoints->n

Shading->False

Boxed->False

PlotLabel->"text”™

AxesLabel-: {"x-axis text” ,"y-axis text™,"z-axis text"}
Ticks->None

Ticks—> {{x—axis tick marks},{y—axis tick marks},{z-axis tick marks}}
Axes—>None

BoxRatios->{a,b,c}

Hesh->False

DisplayFunction—>Identity
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Chapter 3 Calculus

8 Commands and options discussed in this chapter from Version 2.0 include:

Graphics
ImplicitPlot [equation, {x xmin, xeax),{y yein yeax}]
Version 2.0 Graphics Options Include:
Cont S thi
ontourSmoothing Show

ContourShading ContourPlot Graphicsirray}PlomD
Contours

Other Options:
Direction->+1}Limit

@ Applications in this chapter include:
o Differential Calcul

Locating Horizontal Tangent Lines
Graphing Functions and Tangent Lines
Maxima and Minima

0 Integral Calculus
Area between Curves
Volumes of Solids of Revolution
Arc Length

o Series
Approximating the Remainder
Computing Series Solutions to Differential Equations

O Multi-Variabl
Classifying Critical Points
Tangent Planes
Volume
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Chapter 3 Calculus

#3.1 Computing Limits

One of the first topics discussed in calculus is that of limits. Mathematica uses the command

Limit [expression, x->a] to find the limit of expression as x approaches the value a, where a can
be a finite number, positive infinity (Infinity), or negative infinity (-In€inity). The "->" is obtained by
typing a minus sign "~" followed by a greater that sign ">".

0O Example:
3x2 + 4x—15 in (x) 50—17x>
Use Mathematica to compute (i) Lim ——s—————; (ii) le—— (fi) Lim ———;
x—-313x2 + 32x-21" -0 X X — o0 200x + 3x2
3-x2
and (iv) Lim
@) Lim 00