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Preface

We see an ever-increasing move toward inter and trans-disciplinary attacks upon
problems in the real world [..]. The system scientist has a central role to play in
this new order, and that role is to first of all understand ways and means of how
to encode the natural world into “good” formal structures.

—John L. Casti (1992)

Contemporary systems which have become increasingly complex, constitute
generally problems of an interdisciplinary nature. Such systems are usually
endowed with various types of uncertainties in the system parameters, system
structure, and in the environment in which such systems operate. With an
increase in complexity of the systems considered, with either very small or
very large amounts of data available, the representation of uncertainty in
a mathematical model becomes of vital importance. Fuzzy mathematical
concepts such as fuzzy sets, fuzzy logic and similarity relations represent one
of the most influential currents in engineering and operational research! and
is expected to play an increasingly important role in the representation of
uncertainty, systems modelling and data analysis.

1Operational research (or Operations Research) is the application of scientific principles to
business management, providing a quantitative basis for complex decisions.

ix



X PREFACE

Intended as a guide to system modelling, system identification and decision
making (i.e. classification, prediction and control), various on-the-surface un-
connected methodologies are presented. To cope with uncertainties, several
methods based on probability theory, fuzzy mathematics and possibility the-
ory are introduced. Presupposing little familiarity with system theory, the
book endeavors to steer the reader through a number of concepts intercon-
nected by fuzzy mathematics. For most of the theory presented in this book,
I cannot claim that the given material is novel or that its arguments have
great originality. Indeed, much of what I say draws on the insight of promi-
nent researchers in the various areas addressed. However, in drawing together
separately developed concepts, restating the case from a systems engineering?
perspective, I hope to show the continuing vitality and attractiveness of fuzzy
mathematics in face of new challenges appearing in science and engineering,.

Textbooks on fuzzy systems, system theory, time-series and data analysis
traditionally describe a theoretical framework or particular methodology and
then apply these concepts to problems. I believe that such a strategy is not
optimal, nor does it seem adequate to deal with the current challenges in sci-
ence and engineering. Researchers in system and control theory have, over the
last few decades, “zoomed in” on certain aspects of the theory, refined their
mathematical tools to tremendous depths, and at the same time established
various schools of thought. The subsequent accumulation of a vast amount
of theoretical material within any particular area has condemned young re-
searchers to specialize in a particular technique whereby they tend to lose
the ‘big picture’. Such overspecialization in training often makes it more
difficult to choose an adequate framework within which to work. I contend
that starting from the problem at hand, with the available information and
an understanding of the uncertainty involved, we require knowledge of more
than one methodology and how the different theoretical frameworks can be
related. We shall therefore start in this book with system models and the
information available to build them. Uncertainty is considered by formaliz-
ing the intuitive concept of ‘expectation’, from which we subsequently derive
quantitative measures of uncertainty (statistics, fuzzy measures). Fuzzy sets
and fuzzy relations will emerge ‘naturally’ from considering the application of
theories (models) to observations (data). To relate formal models to sampled
data, we have to generalize set-operations (as the basis for comparisons) and
transitivity (as the basis for reasoning).

In the spirit of John Casti’s view quoted above, control engineers should
be prepared to move ‘up-scale’ and consider large-scale systems. Leaps in the

2Systems engineering is a generic term used to describe the branch of engineering which is
interdisciplinary in nature and is concerned with the integration and interfacing of differing
techniques (technologies) to analyze (develop) complex systems.
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technology for data acquisition, storage and processing make it not necessarily
feasible but necessary to deal with complex or large-scale phenomena3. As
the complexity of systems increases and the nature and the quality of the data
varies, the formalization and quantification of uncertainty becomes increas-
ingly important. It is the aim of fuzzy mathematics and possibility theory to
be precise about uncertainty by:

>> combining quantitative data and qualitative information;
D> integrating functional and rule-based models;
> complementing statistical with fuzzy mathematical concepts.

This book introduces fuzzy systems sympathetically explaining its philosoph-
ical implications and practical applications. There are four main themes or
arguments running through the book:

1. Reformulating systems theory to take account of fuzzy systems and pos-
sibility theory.

2. Introducing data engineering as the discipline, which for a given set
of complex, uncertain data, extracts information by detecting pattern,
and thereby turns information into the evidence used in decision making
(classification, prediction and control).

3. The quest for a methodology which enables us to combine quantitative
formal analysis with qualitative context-dependent expert knowledge.

4. That when solving a real-world problem, (matching observations with a
model) an empirical approach (implying heuristics)* is perfectly accept-
able. Certainty is a myth; there is no single ‘correct’ methodology.

My philosophy or motivation for this book is similar to what I believe has
been the primary interest of people like N. Wiener (Cybernetics), M. Mesarovic
(Abstract Systems Theory), H. Haken (Synergetics), R. Rosen (Anticipatory
Systems) and J. Casti (Complexification). We are primarily interested in the
overall properties of systems and the character of the models used to cap-
ture the behavior of these systems or processes. An important aspect of our
approach includes understanding the constraints of our enquiries.

As for terminology, I am reluctant to use the terms ‘system theory’ or
‘control theory’ as they may suggest abstraction or unrelatedness to the prac-
tise of solving ‘real-world’ problems. On the other hand, we may follow the

31If we define a large-scale system as one described in ‘fine-grain’ terms, complexity is only
relative to the scale employed.

4The term empirical means based or acting on observation or experiment, not on theory;
deriving knowledge from experience. The term heuristic means allowing or assisting to
discover, proceeding to a solution by trial and error.
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advice of mathematician David Hilbert, who once commented that “there is
nothing more practical than a good theory”. The terms ‘systems engineering’
and ‘control engineering’ have subsequently been used to emphasize the more
applied side of modelling, estimation, filtering and control. However, this still
reflects some kind of separation. Somewhat surprisingly, probability theory
and statistics are often mistaken as synonymous whereas they could not be
more ‘apart’ conceptually — for any real-world problem, probabilistic models
are an abstraction through which we generalize. Whereas some in many cases
modelling, as a generalization, has been the main purpose, we call ‘data en-
gineering’ the practice of matching data with models, or more generally with
the art of turning data into information. Data engineering is then related to
possibility theory with the latter providing the conceptual framework for the
former and thus constitutes the ‘toolbox’ which allows reasoning about data
in the presence of uncertainty.

There have been many approaches to modelling, identification, control,
forecasting and decision making®, and the literature is full of detailed exposi-
tions of these individual techniques which usually lend themselves to specific,
mostly well understood problems in science and engineering. While over the
last few decades researchers have focused on refining these approaches and
with respect to specific problems, I am convinced that current challenges —
for example, in business process analysis, financial forecasting, and molecu-
lar biology — require us to “zoom out” to consider principles, paradigms and
methodologies from a global or more abstract point of view. As we shall
see, various methodologies, often perceived as distinct or competitive, are in
fact closely related (i.e. complementary). Having knowledge of formal rela-
tionships and semantic differences we are now in the position to choose the
appropriate representation for a given problem.

For example, in molecular biology, sequences of nucleotides (describing
genomes) and amino acids (describing proteins) form the basic “information
units” from which scientists try to extract patterns. Such patterns hint at
relationships between often numerous variables. These relationships may be
time-dependent, they may be ‘logical’ in nature (truth relations), or they
simply state some unqualified form of coexistence or association (mapping).
Reasonably accurate formal and possibly dynamic models may not be realis-
tic yet but one can safely assume that no one single modelling paradigm will
be sufficient to capture all the aspects of any given system. Instead it will
be important to understand the principle ideas of formal mathematical mod-
elling, the encoding of time and the formulation of states and relationships.

5As we shall see, the purpose of a model is, if initially for understanding hidden relation-
ships, ultimately for decision making. Forecasting, prediction, control, classification and
prioritization are only examples of decision making for which, assuming a minimum degree
of rationality, we require a model.
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A specific approach is then selected among well-understood principles such
as finite automaton, black-box model, rule-based system, and so forth. The
choice will not just depend upon the nature of these complex relationships
but also upon how we perceive and we wish to use them. For this reason, we
shall not be at all concerned with the intrinsic aspects of models. We will
not consider, for instance, approximation and forecasting accuracy but will
instead focus on the global properties, the relationships and similarities be-
tween different approaches. Hopefully, the reader will be surprised how closely
related, or similar, many concepts usually considered as distinct actually are.
Apart from a ‘natural’ and desirable specialization in order to study any par-
ticular approach in greater detail, to gain a better understanding of it, there
is an unpleasant tendency in systems and control theory to emphasize differ-
ences, usually by pointing out advantages (w.r.t. particular properties), “to
rubbish” other ideas in order to get your own approach considered as ‘new’
(publishable). This unnecessary obsession with separation, is partly fueled
by the way funding is provided for research — which requires the researcher
to speculate about (fairly specific) applications and to claim advantages over
other concepts. This entails that, in order to be ‘successful’, one has to focus
on one particular approach (knowledge and time are limited) and constantly
point out differences rather than seeking synergy or integration (which re-
quires a broader knowledge base, more time, and does not lead immediately
to applications.).

In modern systems theory and its applications as described above, the
physical structure of the system under consideration is of secondary interest.
Instead, a model is intended to appropriately represent the behavior of the sys-
tem under consideration. We therefore require methodologies and paradigms
which provide interpretability in addition to accuracy. Accuracy is thereby un-
derstood not as the ability to provide a numerical value which minimizes (for
example) the mean-square-error, but rather as the ability to be precise and
honest about uncertainty. The forecast of a conventional time-series model,
based on various simplifying assumptions, is not necessarily more accurate
than the forecast of a rule-based fuzzy system generating a possibility distri-
bution. A fuzzy set may be more precise than a real number!

In this book, we are concerned with the fundamental aspects of data anal-
ysis, system modelling and uncertainty calculi. It is organized as follows:
Key concepts in modelling, identification and clustering, including their fuzzy
mathematical extension, are reviewed. Standard paradigms to modelling and
identification are discussed with the conclusion that a particular mathemati-
cal framework is a matter of preference with any experimentally verifiable ap-
proach being valid. The combination of classical state-space approaches and
fuzzy systems, suggests a new paradigm for a propositional calculus of sys-
tems. Subsets of the state-space are identified with logical propositions. The
motivation behind the proposed methodology is to put together two streams
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of ideas: a) fuzzy clustering inducing fuzzy equivalence classes with respect to
generalized equivalence relations and b) the question of finding characteristics
of non-transitive systems using propositional logical systems.

Typing this book, clustered into clearly separated sections forming an or-
dered sequence, reflected the struggle of my mind with its content — we tend to
impose a linear ordering (subsequent sections) on issues where we know a web-
like structure is more realistic. We also tend to reduce problems into smaller
(linear) subproblems (chapter, section, subsection), such that the whole is
represented as the sum of its parts. Generating such hierarchical structures,
free of interconnections suggests dichotomies where, in fact, the whole is more
than the sum of its parts. Unable to overcome the two-dimensional world of
paper, screens and the linear order of words, I have avoided clearly separated
chapters and encourage the reader to skip forward and backward as he or she
goes along reading the book in the usual way. However, this is not intended as
an excuse for neglect to structure in the layout of this book. Although I con-
cede that the spread of arguments across various sections may at first appear
a little confusing (and perhaps even daunting to some), I believe this struc-
ture to be a necessary evil and that it will eventually prove very rewarding.
I fully accept that it is the responsibility of the author to control the process
of forming thoughts into words, and then transcribing them onto paper as
text, to be recreated in someone else’s mind. It is astonishing how precisely
we can communicate experiences verbally but are unable to formalize them.
Instead of providing a mathematical concept in textual form it sometimes
appears more convenient to focus just on the math. For example, instead of
describing the context in which data are generated in order to understand
what it means if they are correlated, we ‘simply’ establish a functional rela-
tionship where semantics seems of little importance... that is, until we try to
learn something from data which we did not know already! The fact that the
mathematical world is embodied in percepts while existing in independence
from them, is often used as an excuse to “let the equations speak”. It is true
that mathematical truth is likewise manifest in, but independent of, any ma-
terial embodiment and is thus outside the perceptual categories of space, time
and causality. However, I find this only initially satisfying since we quickly
realize that we use mathematics to describe aspects of the phenomenal world
and that syntactic rules cannot be independently discussed from semantics
(i.e. the meaning and interpretation of the context which the mathematics
is intended to describe). Therefore by suggesting formal equivalence or sim-
ilarity we may forget that the mathematics is about “something”, that is,
that the propositions express percepts or qualities. A fact or datum by it-
self is essentially meaningless; it is only the interpretation assigned to it that
has significance. On the other hand we are informally free to interpret these
propositions in any way that we want. It therefore seems to me that in order
to make the struggle for completeness, consistency and clarity bearable, we
need to turn confusion into a wonder for diversity and complexity.
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Although the material of this book has been taught to students studying
control theory, I hope it is of interest across the engineering disciplines, math-
ematics, and the sciences. This book is dedicated to those whose minds cross
boundaries.

O. WOLKENHAUER

Manchester, April 2001
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Introduction

Scientific theories deal with concepts - not reality. Formula and theories are so
formulated as to correspond in some ‘useful’ way to the real world. The quest for
precision is analogous to the quest for certainty and both - precision and certainty
are impossible to attain.

—XKarl Popper

Control theory evolved within systems theory and from cybernetics by fo-
cussing on closed-loop (feedback) control of engineering systems. Mathemat-
ical control theory has made considerable progress not only with respect to
linear time-invariant systems but also in the analysis of nonlinear systems. As
a result of the progress, researchers have become specialists in usually a fairly
narrow view of how to model and control a system. Current challenges in
science and engineering seem to require a different breed of researchers. I be-
lieve it is again time to take a broader look at (dynamic) systems and students
studying control theory should be in a good position to play a useful role in
Science and Engineering: For a control engineer, ‘Model-Predictive Control’
is what in General Systems Theory is described by anticipatory systems; ‘Op-
timal Control’ describes goal seeking systems and possibly most general, any
control system is, in fact, successive decision making in the context of policy
making.

Within engineering, models have long been used to predict the temporal
evolution of the attributes of a physical system. The successful application of

Xix



XX INTRODUCTION

Newton’s laws in describing physical systems by means of differential equa-
tions has lead to a focus on simulation and the transfer of these principles
to other areas such as biology, social sciences, operations research, economics
and so forth. We now realize that owing to complezity, and although ‘in
principle’ possible, classical modelling is not a practical way forward. With
complexity I mean in this context the problem of multi-variable, multi-level
interconnected — ‘complex’ systems for which formal models if applicable (sig-
nificant) to a larger class of processes are not specific (precise) enough for a
particular problem and if accurate for a particular problem they are usually
not generally applicable.

So if models, describing the physical structure, of a system are not a com-
plete solution, what else can be done to improve our chances to obtain law-like
formal models for some aspects of the real world? In molecular biology, com-
plexity defeats physical modelling of even comparatively simple processes.
Similarly, in operations research there is considerable interest in models of
business processes but one goes hardly further than using simple flowcharts.
Both domains, however, are currently accumulating vast amounts of data
stored in databases creating new business in the areas of data mining and
data warehousing.

System Analysis

— T

Fact Explanation: Law Explanation:
{theory,data} — singular fact {theory, subsidiary assumption(s), data} — law
Descriptive Data Analysis Inferential Formal Modelling

Fig. 1.1 Descriptive vs. law-like explanation in system analysis [Bun98].

Figure 1.1 outlines the two main modes of system analysis: Fact Ezpla-
nation, that is, the descriptive analysis of empirical data (e.g., density and
parameter estimation) and Law Ezplanation, that is, using context-dependent
theoretical knowledge to describe functional relationships between variables
representing the system under consideration. The purpose of the latter is usu-
ally to explain mechanisms (relationships between variables) of the system,
assuming the model describes a part of the real-world accurately — “as it is”.
I contend that progress could be made if we instead focus on models that
describe a system — “as observed”. Focusing on observations and context-
dependent knowledge requires us to go beyond conventional statistics and
systems theory, to combine different paradigms in a pragmatic fashion and to
generalize uncertainty techniques. Fuzzy mathematics, possibility theory and
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data engineering are the vehicles I promote in this book as a tentative way
forward.

It is my view that a priori knowledge is vital for the analysis of com-
plex systems and should therefore be integrated into systems analysis. This
statement may, at first, seem nonsense as decades have been spent with the
objective to abolish the need for a priori knowledge in multi-variate analy-
sis. I believe that further advances in systems engineering will depend on the
success to integrate all kinds of knowledge into the tools used for the analysis
of complex systems. This book drafts a formal framework in which such a
synergy of data and knowledge engineering could take place. The philosophy
of such a program is outlined in Figure 1.2. It is assumed that data sets alone
would not provide sufficient information for decision making in the presence
of uncertainty (i.e. forecasting, control and classification). The dilemma that
even the most sophisticated mathematical techniques for identification and es-
timation still require substantial knowledge and understanding of the process
under consideration, is reflected in Norbert Wiener’s complaint (From ‘Cy-
bernetics: or Control and Communication in the Animal and the Machines’,
1961):

“I may remark parenthetically that the modern apparatus of the the-
ory of small samples, once it goes beyond the determination of its own
specially defined parameters and becomes a method for positive statis-
tical inference in new cases, does not inspire me with any confidence
unless it 1s applied by a statistician by whom the main elements of the
dynamics of the situation are either explicitly known or implicitly felt.”

In this book we shall present various methodologies which, in combination,
should help us to improve our ability to turn numerical data into knowledge.
If only a relatively small number of numerical data are available, we are forced
to make assumptions about regions of the data space we have no numerical
evidence for. This form of extrapolation, can often be guided by rule-based
expert or operator experience. More recently, the area of ‘Data Mining’ has
attempted to extract new knowledge from large volumes of multi-variate data.
In these applications the amount of data available are often very large and
we are required to find a form of abstraction to replace samples by some kind
of distribution capturing properties of the underlying variable(s). We should
note that in both cases the data available usually do not satisfy statistical
assumptions of repeated trials under fixed conditions and therefore distribu-
tions used in abstraction and extrapolation become (fuzzy) restrictions of the
underlying (sub)spaces. Despite all the progress made in data analysis, we
must admit that even today we have to have a good idea of what we are look-
ing for in searching data and that a good knowledge of the context in which
data are generated is indispensable. More general, I shall claim that there are
fundamental limits in analyzing systems. The success in modelling complex
systems depends therefore very much on our ability to formalize and combine
the various distinct forms of uncertainty relevant to systems engineering (i.e.
randomness, fuzziness, vagueness, ambiguity, and imprecision).
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So far the two branches of quantitative analysis (e.g., time-series analysis)
and qualitative knowledge processing (e.g., expert systems) have been devel-
oped separately. I believe that the search for pattern in data with the aim
to make decisions would benefit from the integration of context-dependent
knowledge into quantitative multi-variate analysis. Economic forecasting is
an example, illustrating the fact that though there may well be cycles which
can be extracted from data sets, (rule-based) knowledge of the political con-
text provides valuable information on trends as wellS.

data sets M multi-variate
— .
(measurement) data analysis

* |
1
1
|
I
\

experience rule-based
. — .
(observation) reasoning

Fig. .2 The combination of quantitative and qualitative analysis.

.1 OVERVIEW OF THE REMAINING CHAPTERS

We start by introducing the notion of a (dynamic) system and the represen-
tation of such systems for purposes of analysis. Next, various techniques of
coping with uncertainty are addressed (including least-squares criterion, max-
imum likelihood estimation, stochastic processes and so forth). Then, system
identification (viewed as learning from data) is considered, utilizing a proba-
bilistic approach (estimates of kernel densities and function approximation).
This is followed by discussions of specifying propositions as subsets in the data
space; system identification in the context of fuzzy system formulation and
as random-set modelling; fuzzy inference engines; fuzzy classification; fuzzy
control; and fuzzy mathematics. At the end, several appendices are provided.

81n stock market forecasting, the proposed methodology corresponds to a fusion of technical
analysis and fundamental analysis (as the two main broad groups of approaches to predict-
ing changes in security investments). Technical analysis is based on the premise that there
are identifiable trends in the past data. Technical analysts, often called ‘chartists’, search
data for turning points, business cycles and trends. Fundamental analysis uses information
from annual reports, financial and business news and so forth. to estimate the ‘intrinsic
value’ of a given security.
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In Section 1, I discuss classical modelling as the process which specifies a
set of functions. Learning from data is subsequently described as the infer-
ence of some dependency - choosing an ‘appropriate’ function from a given
set of functions. Section 3 outlines the classical parametric approach to sys-
tem identification: We try to identify a functional dependency, linear in its
parameters, which is a reasonable approzimation to the desired function. The
motivation for this philosophy comes from the Weierstrass theorem, accord-
ing to which any continuous function can be approximated on an interval by
polynomials.

A critical discussion of the classical and fuzzy systems approaches, suggests
a very different philosophy of modelling: a propositional calculus of (dynamic)
systems, based on discrete sampling of a compact (r + m)-dimensional mani-
fold Z embedded in a vector space R"*™.” Then, sampled data induce clusters,
hence partitions, in the multi-variate data space. The approach is motivated
by two developments: The logic of quantum mechanics as described in the
1930s by Birkhoff and Von Neumann and fuzzy clustering in a multi-variate
data space.

Birkhoff and Von Neumann showed that for a mathematical description
of a physical system one can expect to find a calculus of propositions which
is formally indistinguishable from the calculus of linear (function) subspaces.
Fuzzy clustering, on the other hand has been successful in pattern recogni-
tion due to the introduction of fuzzy partition spaces. I combine both ideas
by describing the underlying mathematical problem as the description of a
generalized equivalence relation by the set of its clusters in the same way
as equivalence relations are uniquely determined by their sets of equivalence
classes. Fuzzy clustering is introduced in Section 4.

In Section 7, I argue that identification of system models from data will
inevitably induce similarity relations, that is, uncertainty is certain! I then
set out to explore the algebraic structure of the data-induced quotient with
respect to similarity relations, in order to describe a (fuzzy) propositional
calculus for dynamic systems. The advantage of such an approach is that
quantitative time-series analysis can easily be merged with a qualitative anal-
ysis of the context in which reasoning takes place. Such combined strategy
should improve our predictions or at least increase confidence in forecasts
about the evolution of a system. The structure of reasoning can be summa-
rized as follows:

7] use the term manifold in general to describe a collection of objects of a set. For some
dynamical systems, the data space turns out not to be a vector space but is instead some
type of topological space. For example, hypersurfaces in R"t™ or affine subsets of a vector
space are manifolds.
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Systems — modelling — identification — regression — clustering —
uncertainty, non-transitivity — equivalence relations — quotient — cat-
egories — algebras — (fuzzy) logics — approximate reasoning = synergy
of quantitative and qualitative analysis.

Combining system identification and rule-based systems (Section 5 and
Section 7.2), we can achieve a synergy of quantitative models (using product
space clustering) and qualitative information (using approximate reasoning).
Fuzzy models which can be constructed from fuzzy clustering are described
in Section 5.

I will demonstrate how probability theory, statistics, are complemented by
fuzzy mathematics and possibility theory in the field which we refer to as Data
Engineering. A good example for this view is the following chain of formal
relationships which we show to be equivalent or at least closely related:

The least-squares principle (Sec.2.1) — Fourier series (Sec.2.1.2) — ker-
nel density estimation (Sec.3.2) — universal, basis function approxima-
tion (Sec.3.3) — fuzzy rule-based systems (Sec.5).

Virtually all the material is derived from, or directly related to, two fun-
damental concepts: The formulation of a system using some dependent vari-
able(s), denoted y, as a function of the independent variable(s) x:

y = f(x;)

Secondly, the expectation operator forms the basis for describing (measuring)
(un)certainty in systems and data:

E[h()] = f 9() o h()

The text is self-contained to the extent that I have tried to explain briefly all
concepts involved with secondary material presented in the appendices. The
interested reader will not, however, be able to avoid some decision making for
further reading. Sections in this book are closely connected and some themes
run across more than one section. In an attempt to keep the flow of the main
arguments, examples often contain extensions and new material not covered
in the preceding sections. A summary of how a system can be modelled, using
various paradigms introduced in this book, is given in Section 12.

.2 SUMMARY OF KEY CONCEPTS AND IDEAS

Section 1: System Analysis

O Scientific theories deal with concepts, not with reality.
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System theory used mathematical concepts to describe aspects of the ‘real-
world’.

A formal model is a graph, i.e. a subset of a product space formed by variables
characterizing a system or process.

An observable is some characteristic of a system which can, in principle, be
measured.

A state is a specification of a system or process at a specific instant.
A dynamic system or process is a system in which the state changes with time.
Differential equations are a common way to encode dynamics.

There are many alternative and equally valid ways to represent a system...

Section 2: Uncertainty Techniques

O

The expectation operator is a generic concept to summarize information in
an underlying universe of discourse.

Averaging information leads to probability measures and statistics.

Aggregating information leads to fuzzy measures and possibility measures in
particular.

Matching data with a (parametric) model, a criterion for how well the data
are fitted is required.

The least-squares criterion provides optimal parameter estimates for linear
models.

A geometric (vector) representation of the regression problem shows that the
optimal solution implies orthogonality.

The Fourier series is an example for function approximation using the orthog-
onality principle.

The least-squares principle does not require a statistical framework to make
sense.

Maximum likelihood estimation is a statistical framework for parameter esti-
mation.

Stochastic processes are a probabilistic framework to study time-series.

The Kalman-Bucy filter is a good example how a probabilistic framework,

orthogonality and the expectation operator can be used to develop a new
concept to model data.

Section 3: Learning from Data: System ldentification

O

O

O

The identification of a model is an approximation of the function which relates
independent (e.g., input-) and dependent (e.g., output-) variables.

Linear parametric regression, employing the least-squares principle, is an ef-
ficient tool to identify parameters from data - to learn linear functional rela-
tionships.

In a probabilistic framework data are assumed to be distributed according to
some unknown probability density function.
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Statistical learning can be seen as a generalization of density estimation.

Like the Fourier series, Kernel density estimation provides another example
of the approximation of an unknown function by means of so-called basis
functions.

Section 4: Propositions as Subsets of the Data Space

a

O

A more general concept to represent data sampled from a system is that of a
data space.

System properties and behavior are reflected by clusters of data.
Clusters may be interpreted as linear submodels of an overall nonlinear system.

Clusters may also be interpreted as if-then rules relating properties of the
variables that form the data space.

Fuzzy clustering provides least-squares solutions to identify clusters, to parti-
tion the data space into clusters or classes.

Fuzzy boundaries between clusters are differentiable functions and hence are
computationally attractive.

For many real-world problems a fuzzy partitioning of the underlying space is
more realistic than ‘hard clustering’.

Section 5: Fuzzy Systems and ldentification

O

O

a
O

0

Fuzzy clustering provides an effective way to identify fuzzy rule-based models
from data.

Various fuzzy model structures exist and can be distinguished in terms of
their simplicity, interpretability and suitability in diverse problems such as
classification, prediction and control.

Fuzzy systems are equivalent to the basis function expansion model.

Fuzzy clustering does not make assumptions about the randomness but can
be related to regression analysis.

Fuzzy c-regression models yield simultaneous estimates for the parameters of
c-regression models.

Section 6: Random-Set Modelling and Identification

O
O

Random sets can be viewed multi-valued maps or random variables.

For very small data sets, local uncertainty models (random subsets) can be
used to generalize information in the data space.

The estimation of coverage functions of random sets yields possibility distri-
butions.

While probabilities describe whether or not an events occurs, possibility de-
scribes the degree of confidence or feasibility to which some condition exists.

A random-set approach to identification leads to qualitative predictions.

Qualitative predictions are fuzzy restrictions and may therefore provide a
mechanism to combine quantitative data analysis with rule-based systems
describing qualitative expert knowledge.
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Section 7: Certain Uncertainty
O Scientific investigation relies on two principal concepts: comparing and rea-
soning.

O Mathematical formulations of distance and transitivity are at the core of the
modelling problem.

O The Poincaré paradox describes the indistinguishability of individual elements
in non-mathematical continua and hence proves that uncertainty is certain.

Taking account of uncertainty leads to similarity (fuzzy) relations.
Fuzzy concepts therefore occur ‘naturally’ from fundamental analysis.

Fuzzy relations motivate approximate reasoning.

R

Approximate reasoning is a concept to capture qualitative (context-dependent)
expert knowledge.

Section 8: Fuzzy Inference Engines
00 There are various distinct ways to realize a fuzzy rule-based system, distin-
guished by the way rules are combined and the inference engine employed.
O Fuzzy systems are nonlinear mappings.

O Fuzzy systems are universal function approximators.
Section 9: Fuzzy Classification
O Fuzzy clustering groups unlabelled data into a fixed number of classes and

hence can be used to design classifiers.

0O Specific fuzzy classifiers can be shown to be formally equivalent to optimal
statistical classifiers.

O If-then rule-based fuzzy classifiers provide an intuitive framework to interpret
data.
Section 10: Fuzzy Control

O Fuzzy rule-based systems can also be used to devise control laws.

O Fuzzy control can be particularly useful if no linear parametric model of the
process under control is available.

(O Fuzzy control is not ‘model-free’ as a good understanding of the process dy-
namics may be required.

O Fuzzy control lacks of design methodologies.
O Fuzzy controllers are easy to understand and simple to implement.
Section 11: Fuzzy Mathematics
O Fuzzy concepts are ‘natural’ generalizations of conventional mathematical con-
cepts.
O Probability and possibility are complementary.

O Possibility theory is the attempt to be precise about uncertainty, to related
statistical objects with rule-based and fuzzy concepts.



XXViii INTRODUCTION

.3 SYMBOLS AND NOTATION

The notation used generally follows the usual conventions in the literature.
Matrices are denoted by bold capital letters while, x can have different mean-
ings: small bold letters describe random or fuzzy variables, vectors and combi-
nations of them. x is also used to denote the regressor vector and x; describes
a vector of measured values for the variables in the regressor vector. Indices
are generally used with equivalent meaning; j is primarily used to index mea-
surements m; while 7 is used to index rules, regressors, and so forth. ¢ denotes
(continuous-) time, tj or k discrete-time. Dependence on time is usually de-
scribed by using brackets x(k). X denotes a space which may also be of
dimension greater than one. For example, X = X; x --- x X,.. If subspaces
are identified with the real line, R, we may write X = R" to denote the
r-dimensional Euclidean space. Calligraphic letters such as B are used to rep-
resent sets of sets. In few cases the same symbol is used in different contexts.
For example, o is used to denote the standard deviation of a random-variable;
0x,y denotes the covariance between x and y, while o denotes a o-algebra
on ).

“for which” or “given”.

“there exists”.

“for all”.

“defined”.

“approximately”.

“if and only if” (iff).

“therefore”.

“maps to”.

“implies”, material implication.
“maps from to”, general mapping.

¢l <w
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system.

formal model.
observable.

dynamic or flow.
trajectory.

orbit.

manifold, data space.
observation in =.

set of subsets in 2
state-space, regressor space, set of abstract states.
input space.

output space.
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less or equal.

partial ordering.
subsethood.
elementhood.

union.

intersection.
disjunction.
conjunction.

negation.

complement.

triangular (t-)norm and t-conorm.
cardinality, size, count.
compositional operator.
binary operation.
estimate.

optimal value.

any other value.
derivative.

general set.

sequence.

set of real numbers, real line.
vector.

vector space.

transposed.

vector norm.

distance, metric.

distance ). |z; — y;| between x and y.
Euclidean norm.

absolute value.

determinant of matrix A.
logarithm to base e.

logarithm to base 2.

gradient.

power class, set of (crisp) sets.
set of fuzzy sets.

Borel algebra.

Topology.

cl-monoid.



XXX INTRODUCTION

s Laplace operator.

z z-transform operator.

] complex number, imaginary part.
0 damping factor.

A unit delay.

¢ state-transition matrix.

F system matrix.

G gain matrix.

X regressor vector, random variable.
x(k) sequence of random variables.

X; measurement of x.

m; € M measurement vector, data matrix.
Y output matrix (vector).

X regressor matrix.

\\% weighting matrix.

e prediction error.

a;, b; ARX, ARMA, and TS-model parameters.
T lag.

6,0 parameter (vector).

E[] expectation operator.

¢ crisp set indicator function.

I fuzzy set membership function, fuzzy restriction.
Pr probability measure.

P probability distribution, density function.
I possibility measure.

s possibility distribution.

F cumulative distribution function.
g fuzzy measure.

weN elementary outcomes.

o (co)variance.

n mean.

p correlation.

R? multiple correlation coefficient.
N(n,o) normal or Gaussian distribution.
L(-),R() loss, risk functional.

K(9) kernel function.

() basis function.

14 likelihood function.

Q>) risk function.

L =logt log-likelihood function.
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general limit.

number of outputs.

number of regressor variables.
number of data.

number of parameters.
NARX system order.
number of rules.

number of projected subsets.
number of nearest neighbors.
order of MA model.

indices.

threshold tolerance.

noise, disturbance.

regression function, hypersurface.
graph.

fuzzy graph.

fuzzy mapping.

classifier.

natural map.

multi- or set-valued mapping.
Sugeno or fuzzy integral.
level-set, a-cut.

co-domain for fuzzy restrictions.
range.

rule, relation, set.

equivalence relation.

similarity relation.

equivalence class.

quotient (set), factor set.
partition induced by E,.

XXXi
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~—

X
[cD), .., c(9)

g0 ~wgdra®=

rule fulfillment.

cluster prototypes.

eigenvalue, eigenvector.

partition matrix u;; € U.

objective or cost function.

loop counter.

number of clusters.

weighting, weights.

hard, fuzzy partition space.

fuzzy covariance matrix.

set of real ¢ x d matrices.

identity matrix.

transformation matrix.

correlation matrix.

matrix with o; as diagonal elements.
autocorrelation matrix.

covariance matrix.

mean vector.

set of d x d positive definite matrices.
set of typical points.
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System Analysis

O

Scientific theories deal with concepts, not with reality.

O Systems theory uses mathematical concepts to describe aspects of
the ‘real-world’.

O A formal model is a graph, i.e. a subset of a product space formed
by variables characterizing a system or process.

O An observable is some characteristic of a system which can, in principle,
be measured.

O A state is a specification of a system or process at a specific instant.

O A dynamic system or process is a system in which the state changes
with time.

O

Differential equations are a common way to encode dynamics.

O There are many alternative and equally valid ways to represent a system...

So far as the laws of mathematics refer to reality, they are not certain. And so
far as they are certain, they do not refer to reality.

—Albert Einstein

System theory uses mathematical concepts to describe physical, natural or
social systems in order to gain an understanding of the processes involved. It
is important to realize that [Pap91]: “scientific theories deal with concepts,
not with reality. All theoretical results are derived from certain axioms by
deductive logic. In physical sciences, the theories are so formulated as to

1
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Phenomenal World : Mathematical World
ambience decoding the self
(prediction)
|
NATURAL : FORMAL

sysTem |~ Naturallaw === | qygTEN

RIS '.
W

causal entailment .
(observation, measurement)

1
1

inferential entailment

Fig. 1.1 The modelling relation between a natural system & and a formal system 901. If
the modelling relation brings both systems into congruence by suitable modes of encoding
and decoding, it describes a Natural Law. In this case 21 is a model of G, thatis, G is a
realization of 901. (Picture adopted from R. Rosen [Cas92]).

correspond in some useful sense to the real world, whatever that may mean.
However, this correspondence is approximate, and the physical justification
of all theoretical conclusions is based on some from of inductive reasoning.”
This means that the model under consideration is a formal model, it does not
pretend to model reality adequately and hence model assumptions are in a
sense arbitrary, that is, the model builder can freely decide which model char-
acteristics he chooses. Hereafter, a systemm & is understood, very generally,
as a part of the “external world” we wish to describe by means of a formal
model M. The situation is illustrated in Figure 1.1.

Let us first consider a simple example. Assume we are observing three
variables (attributes) denoted by z;, z2 and z3 taking values from the sets
X1 ={1,2,3,4}, Xo = {1,2,3,4}, and X3 = {2,8, 18,32}, respectively. An
experiment generates the following measurements:

m; = (1,1,1), my = (2,2,8), ms = (3,3,18), my = (4,4, 32).

The process or system under consideration is therefore represented by the
collection of all pairs

M={m;} j=1,..,d. (1.1)

Though M can be considered as a model, representing the system under
consideration, a more general and constructive description would be desirable.
From the observations we may consider the following equation as a law that
describes the generation of the observations above:

3 =27 + 73 . (1.2)



If variables z,, x5 take their values in the sets X; and X5, equation (1.2) gives
the values for z3. We may say that z3 is a function of z; and x5, denoted
z3 = f(x1,z2). An equivalent alternative to the functional description (1.2)
is to describe the model by a set of ordered pairs, generalizing (1.1):

F = {($1,.’E2,$3) = f(xl,mg)} .

This simple example captures most aspects of the problem we will consider
hereafter. To arrive at a formal model which represents (is a model of) the
phenomenon under consideration it is necessary to:

> Select variables (attributes) to be observed.

Specify the range of values observed variables can take.

>
> Sample or measure data (ordered pairs) in an experiment.
> Identify a formal model F C X; x -+ x X,,.

>

Give an encoding (constructive formulation) f(-) representing the sys-
tem under consideration. For example, the relation, rule, correspon-
dence or mapping f(-) can be a regression model, differential equations,
many-valued logical functions, a probability density and so forth.

Observed variables may, of course, be time functions over the time interval
{t: t; <t < ty} of experimentation. Typically one variable will be of partic-
ular interest and is therefore considered as dependent on the other variables.
We will denote this situation by describing the model as the composite of two
spaces X (referring to independent variables), U (referring to inputs) and Y
(outputs or dependent variables), that is, F C U x Y. Since in general, F’
is a proper relation, for any given input there might be many outputs. This
violates the classical view on causality and motivates the introduction of the
concept of state. Once a formal mathematical model is obtained we can:

> Study the properties of the system (model) using deductive methods or
simulation.

> Interpret the meaning of the derived properties in the context of the
experimental evidence.

> Using the model, forecasts or classifications can be used in decision
making, specifically control and prioritization.

Figure 1.2 outlines the process of system analysis in the way it is considered
in subsequent sections.

What follows is a more formal treatment of the aspects discussed above.
We first introduce the basic notions of state and observable as discussed by R.
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Fig. 1.2 System Analysis.

Rosen!. Instead of trying to model the internal physical structure of a system,
we describe formalism to represent the process of ‘recognition’, ‘measurement’,
‘discrimination’ and ‘classification’ - related to observed quantities. It is the
dynamical behavior of these ‘observables’ that provides the basis for learning
about the original system &. In some sense, we therefore assume that either,
as suggested above, we cannot know principally the exact inner structure of
&, or complexity suggests a more pragmatic approach to modelling.

Intuitively, an observable of a system is some characteristic of a system
which can, in principle, be measured, and a state is a specification of what
our system is like at a specific instant of time. The basic philosophy on which
this view rests is summarized by the following two propositions:

1. Observable events can be represented by the evaluation of factors on
abstract states.

2. An observable can be regarded as a mapping from states to real numbers.

Assume the system under consideration exists in a (finite, infinite or un-
countable) set of distinct, abstract states X = {x1,z2,...}, for example,
X = {z1 = “OFF”, zo = “ON”}. We may not be able to determine which
of these states & is in. This uncertainty will depend on various factors such

1R. Rosen’s work established a considerable advance to classical modelling and simulation in
which physical models, successfully employed in engineering, were less successfully applied
to science. The reasons why Rosen’s ideas, which, though a major advance in theory, have
not had the impact they deserve, may be seen in their abstract nature. A good summary
of Rosen’s work can be found in [Cas92].
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as the nature of the information available, the quality of the model, assump-
tions made and so on. Observing the system we assume that the system is
characterized by a set of observables (maps) £, which associate a number or
point with each state z € X of &. Hence, a state is not an intrinsic property
of the system itself but rather a mathematical construct, depending upon the
way we analyze and model &. We therefore assume, that the system & under
consideration, consists of an abstract state-space and a finite set of observables

X —-R i=12,...,n+m+1.

In principle, we would require an infinite number of observables in order to
observe the system & completely. In practice, we however assume the system
is sufficiently described by a finite set of observables:

6= (Xa§17§2,-~-’§n+m+l) .

1.1 UNCERTAINTY

To compare observables with respect to the information they convey, let X
be a set of states, and consider the observable

E: X—-R.

The encoding of an observable as a mapping £: X — R from a set X of
abstract states into the real numbers R implies that an observation represents
a description, or encoding, of that state. In most experimental contexts we
will find that an observable £ on X induces an equivalence relation

E¢(z,2') =1 if and only if £(z) = &(2')
and hence equivalence classes [z]; for which elements in X are indistinguish-

able w.r.t. &:
2] = {2’ : &) =¢&(@)} .

The set of equivalence classes on X is called quotient set and is denoted by
X/E¢. Therefore, what we actually observe is usually not X but the set
of reduced states X/E;. Equivalence relations will play an important role
throughout what follows. We shall return to the problem of system uncer-
tainty and equivalence relations in Section 7.

1.2 THE ART OF MODELLING: LINKAGE

The relation E¢ specifies the extent to which the elements of X can be resolved
by the observable £. In other words, E; specifies these distinct elements of
X which result in the same observation. Thus, as far as £ is concerned, the
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replacement of any state xz by another state in the same equivalence class
is not an observable event. In fact, using only one observable £, what we
actually observe is not the state set X, but rather the quotient set X/E;.
For us, then, this quotient set would be the set of states of our system. Now,
consider two observables £ and ¢ and let Z be the set of Eg equivalence
classes that intersect [z];. Intuitively, the observables provide two independent
descriptions of the same system and we are interested in how these descriptions
are to be compared. Using Rosen’s terminology, we say

1. ¢ is totally linked to ¢ at [z], if Z is a single {' equivalence class (Eg
implies Eg/).

2. & is partially linked to £ at [a:]é if Z is more than one ¢ equivalence
class but not all of the quotient set X/Rg:.

3. &' is unlinked to £ at [m]g if Z=X/FEq.

We shall discuss three cases for which two factors are ‘unlinked’, ‘linked’
and ‘partially linked’. We assumed that an observable takes its values in R.
Let us for the sake of simplicity in notation, denote the range of values by X
such that an observable is a mapping from X to X:

& X - X

r = I.

We first consider the illustration in Figure 1.3 defining two factors £ and &’
which partition X in different ways.

X/Eq X/Ee

Fig. 1.3 Example of two totally unlinked factors £ and £'. The grey area on the left is the
equivalence class [z] ¢ generated by EonX.

The concept of linkage between factors £ and &' becomes plausible by as-
suming a given [z] in X/E¢ and subsequently to discuss which &'-equivalence
classes intersect with [z],. From Figure 1.3, we find that factor &' splits the
classes of E¢ such that ¢ can distinguish between values, indistinguishable
via £&. We say that the greater the extent of the splitting of [:1:]6 by &', the
more unlinked £’ is to & at [z],. We find that



THE ART OF MODELLING: LINKAGE 7

> The whole of X/FE, i.e. both {'-classes intersect with [z].: {' is said
to be unlinked to § at [z],.

> ¢’ is unlinked to £ at each [z]; every Eg-class intersects every Eg-class
and conversely: £’ is said to be totally unlinked to £.

Having fixed some value Z in £(X), &'(z) is not arbitrary in &'(X); the coor-
dinates f(z), g(z) of x € X are not independently variable in X/E¢, X/E¢,
respectively.

X/E¢ = X/Eg ,X/B¢ X/Eg
£=¢ ¢

[x]er

Fig. 1.4 Two examples of two totally linked factors £ and £’ such that E¢ refines E¢.

Figure 1.4 illustrates the second extreme: total linkage. We make the
following observations:

> Only a single ¢'-class intersects with [z]: £ is said to be linked to £ at
rlm]g
o> Since ¢ is linked to & at each [z],, every class of E¢ intersects exactly

one class of E¢/, namely, the one which contains it: £ is said to be totally
linked to &.

If & and ¢ are totally linked, E is said to refine Egr, & does not split the
classes of E¢ and no new information is obtained from an additional factor &
The coordinates £(z) and &'(z) are independently variable in X/E;, X/E¢
respectively. That is, having fixed some value Z in £(X) we may find a value
in X such that £(z) = Z and &'(z) is arbitrary in £'(X).

In general, let E¢, FE¢ be equivalence relations on a set X. E; is said to be
a refinement of E¢ if E¢(z,,z2) implies E¢/(21,22). In terms of equivalence
class, this means that every FEg-equivalence class is a subset of some F:-
equivalence class or in other words, E¢ refining E¢ means that elements of
the partition from Eg are further partitioned by E¢ and blocks of the Eg
partition can be obtained from the set-theoretic union of E¢-blocks. If Eg is
a refinement of E¢/, then there is a unique mapping

h:  X/Ee - X/Be (1.3)
[x]g — h([m]g) = [-73]51
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which makes the following diagram commute:

97 Y,
h

X/ Eg X/ Ee

Thus the value of £ on z in X is completely determined by the value of £
on that z through the relation ¢'(z) = h(£(z)). That is, £ is a function of
¢ and &' does actually not need to be measured. Next, let us assume that
£,¢: X — {0,1} are defined such that their values are equal to one if z is on
the right of the line which partitions X and zero otherwise. We then have the
situation depicted on the right in Figure 1.5 where we find that:

> For z;, only one ¢'-class intersects with [z] ¢ but not all of X/E¢. That
is, ¢’ is linked to £ at [a:]£

> For z2, both {'-classes intersect with [z], and hence ¢’ is unlinked to ¢
at [z],.

We also note that the linkage relationship between £ and £’ is not symmetric,
that is, the linkage of £’ to £ at [z], can be different from the linkage of £ to
¢

X/E¢r = X/Ej
I

i ¢ i3
. [m] E : M 1 * o) :
= | | (z) =1
’ €@)=0 | &a)=1 1 &)=
[CEK i 5'(12) -0 {l(I) -0 : 5/(1,) =1

Fig. 1.5 Two examples of partial linkage between factors.

Before concluding this subsection, we look at another illustration of linkage.
From Figure 1.6, we have the following equivalence classes for ¢ and &' from
which we find that £ and £ are totally unlinked.

[xl]g' = {z1, 3} X/E¢ = {{2?17372},{1?3@4}}
[z2]5f = {2, 24} X/Eg = {{xla$3}a {352,1"4}}
e ={as, e} [zs]y = {21, 25}
e =A{ms, x4} [ma]g = {ze,2a}  X/Eeo = {{m}, {w2}, {ws}, {wa}}
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Fig. 1.6 Example of two totally unlinked factors £ and ¢'.

In Figure 1.7, we find an example of total linkage. The equivalence classes
and quotient sets are as follows:

(1] = {71,272} [;]e = {21} X/E¢ = {{z4}, {3}, {z1,22}}
[22]e = {z1,22}  [22]e = {22} X/Eg = {{z3,z4}, {22}, {2:1}}
[zs]e = {3} [z3]e = {z3, 24}
[zl = {24} [#d)e = {z3,24}  X/Eee = {{z1}, {22}, {23}, {24} }
13 i 3 )
. . N e
W | . .

Fig. 1.7 Example of two totally linked factors £ and £'.

Finally we look at an example of partial linkage, illustrated in Figure 1.8.
The equivalence classes and quotient sets are:

[21]e = {21, 22} [#1]p = {=1} X/Eg = {{z1, 22}, {3,24}}

[22)e = {21, 20} (2] = {22,233} X/Eg = {{z:1}, {22, 23}, {24} }
[z3]e = {ws,za}  [w3]y = {72, 23}

(4] [za]er = {24} X/Eger = {{z1}, {22}, {23}, {za}}

With respect to the linkage of ' to £ we find that for all z in X, ¢ is partially
linked to § at [z]; since it intersects with more than one {'-class but not all
of X/Eg . The linkage of § to £ at [z],, is, however, different:

I3 = {$3,.’Z’4}

> Linkage at [z1],: Intersects with a single {-class.
> Unlinked at [z2],, and (23], Intersections with all of X/Ee.

> Linkage at [z4],.
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£ 3
7} Z4 T4 T4
x3 / z3 T3 z3
T2 I3 T2 \ T2
Ty / 31 x] T

Fig. 1.8 Example of partial linkage between £ and &'.

The aim of a product space representation is to obtain for a given x € X a
unique representation in form of ‘coordinates’:

X = §(X) x£(X)
z = (£(2),€'(2)) -

The expectation is therefore that two observables provide a more comprehen-
sive description of elements of X. Considering a pair of observables (¢,¢'),
as if they describe one, we would say that two abstract states are equivalent
if neither £ nor &' can distinguish between them. That is, if the pair (£,&')
imposes a single equivalence relation E¢¢ on X, where E¢¢ holds if and only
if £(z1) = &€(z2) and &'(z1) = &'(z2). The equivalence classes of this new re-
lation E¢¢s are formed from the intersections of the equivalence classes of E;
with E¢/. We then can form the quotient set X/E¢. and given an equivalence
class in X/FEg¢ we can associate with it a unique pair of numbers (£(z), &' (x))
for any abstract state z in that class. Thus X/E¢. is a new description of X,
playing the same role as the the state descriptions X/FE¢ and X/E¢ but finer
than either of them. X/FE¢e assumes the role of what is usually called the
phase space or state-space, with £ and &' playing now the role of state vari-
ables. The case for two observables can be generalized to an arbitrary family
of observables, in which case the symbol [] is used to denote the product.

The linkage relation between observables ¢ and ¢’ can be represented ge-
ometrically in the two-dimensional ‘state-space’ — £(X) x &'(X) as a curve,
that is, as a relation

f(E(),€'(z)) =0

in which &'(z) can be considered as the independent variable. More general
relationships between observables are described in the equation of state

fi(fla---a£n+m+l)20 i:1,2,...,m. (14)

We note that an equation of state establishes a deterministic relationship
between observables but not necessarily conveys information about causal

links. In [Cas92] the following example is given: Let & be a closed vessel
containing an ideal gas. Take X to be the positions and velocities of the
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molecules making up the gas, and define the three observables for properties
of the gas

P(z) = pressure when in state z,
V(z) = volume when in state z,
T'(z) = temperature when in state z .

Then the ideal gas law asserts the single equation of state
f(p,V,T)=0 specifically f(p,v,t) =pv—t.

Observables whose values remain fixed for every state z € X are called
parameters, &;(z) = 6;. For | parameters we write it = n+m + 1,n+m +
2,...,n+m+1,

f(gl,...,€n+rn; 91,02,...,91) =0 .

If in addition m observables &,+1,&n+2,- - -, Ent+m are functions of the remain-
ing observables &1, €2, . .., €,, We use the notation

u= [{la&Z?‘ .. 7611]

y = [én—}-l ) £n+27 sy §n+m]

0= [0n+m+17 0n+m+2> L) 6n+m+l]

and obtain for the equation of state,

f(u;0)=y. (1.5)

We may then interpret the independent observables u, as inputs to the system
and dependent observables y as the resulting outputs. We can think that the
inputs somehow ‘determine’? the outputs. Before considering other model
structures, let us consider the fundamental question of how to decide whether
two descriptions f(u;80) and f(u;8') of & are equivalent, that is, contain the
same information. We note that f(u; ) is, in fact, a family of models, indexed
by 8. Then the two maps

fo: U—>Y and foo : U—>Y |

where U and Y are the input and output spaces, respectively, are considered
to be equivalent if there exist bijections (one-to-one and onto)?

gee : U—=U and hgg : Y =Y,

2We should emphasize that causation is not mirrored by a functional representation such
as y = f(u). Causal connections are essentially asymmetrical but y = f(u) can be inverted
to yield u = f~!(y), so that the relative places of the ‘cause’, and of the ‘effect’ can be

exchanged.
3 An overview of different types of mappings is provided in Appendix 13.1.
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which enable us to transform fg into fgr, that is, the following diagram com-
mutes:

feo

U Y

96,0’ he,e’

for
U Y

This diagram is called commutative diagramm since the maps satisfy the fol-
lowing relation:

foroge.er = hee o fo .
An important conclusion is that only those properties of 9t which remain
invariant under such transformation, are intrinsic properties of the system &.
The symbol o denotes the composition of two functions defined as follows:
Given any two functions g and h, when the codomain of g is the domain of h

as in g A
U X Y

the composite function h o g is defined as the set of ordered pairs

{(u,y) : veU,yeY, and Iz € X with (u,z) € g and (w,y) €h}. (1.6)

Illustrating the composition with the commutative diagram
g

U

X

%o,
Y

we can interpret the composition as the rule “first apply g, then apply A”,
(h o g)(u) = h(g(u)), formalizing the idea of two operations carried out in
succession. We may therefore use the composition of mappings as a means to
describe dynamics - changes in the ‘state’ of a system.

We have outlined the general framework of system analysis, (Figures 1.1
and 1.2), and are now in the position to discuss various more specific math-
ematical models. State equation (1.5) suggests a model of & where f(-) is
a mapping that relates the inputs u directly to the outputs y of the system
without considering ‘inner states’:

f:U = Y (1.7)
u = y.

Then any specific model describes a graph F' of the mapping which represents

system G:
FcUxY. (1.8)
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Modelling refers to the task of relating observations with the mapping de-
scribed by the set F'. Figure 1.9 illustrates the concept of a graph, where the
function f: X — R is defined by the set of ordered triples (uy,us, f(u1,u2))
such that each triple is belonging to R® forming a surface F' = { (u1,u2,y) €
R3:y = f(ui,u2)}. As we shall see shortly further below, the result of the
operation f is not always a real number and one then refers to f as a mapping.
For example, in (1.9) below, the vector-valued function f: R® — R™ takes
the vector u € R™ to a unique vector f(u) € R™.

R3

Flur,u2)

u2

N

(u1,u2)

Fig. 1.9 Graphof f: U = R, with U C R?.

Now, let us assume we are given the input-output relation, characterized
by observations of the inputs and outputs. We then wish to study the internal
properties of the system. More specifically, let the input-output relation be
given by

Y (1.9)

u(k) = (g, uy,...,ug)  w; €U, u(k)eU (1.10)
v(k) = (y1,¥2,¥3,---) y; €Y, y(k) € Y

An internal model is then realized by the introduction of a state-space )_(;,
where the transition map g: U — X (onto) and the output map h: X — Y
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(one-to-one) are given as:

X h: X Y (1.12)

g: U -
x(k) x(k) —  y(k) .

_)
u(k) —
As the mapping refers to sequences, U , X , and Y denote finite-dimensional
vector spaces (linear manifolds) whose elements are sequences of vectors. If
the system has n independent inputs and m independent outputs, we assume

UcCR" and YCR™.
The input-output relation provides us with a global model of &:
Me = (X,Y,f) . (1.13)

Given the input-output relation f: U — }7 in order to construct a more
detalled - internal model of the system, our task is to construct a state-space
X an initial state x(0), transition map g: U— X and output map h: XY

s0 that the diagram
f
U Y
X

commutes. The state-vector x(k) can be thought of being in an r-dimensional
Euclidean space where r is the number of components in vector x(k). Then,
the state-vector x(k) describes, as a function of time, a curve (trajectory)
in the r-dimensional state-space. Though this state-space representation is
a mathematical operator that maps a sequence of inputs into a sequence of
outputs, the canonical model

My = (X,g,h,X(O)) (114)

is, in fact, an internal model. Assuming a linear map f in (1.13) we can write
the input-output relationship in terms of the input and output sequences u(k),

y(k) as

=Y A(k - j)u(j) k=1,2,... A(i) € R™" .

=0

Consequently, the matrix sequence (A, A, ...) describes the behavior of the

system and is an equivalent description of the abstract map f in (1.13). The
behavior sequence (A;, Az, ...) is usually termed the external description of
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the system. It can be shown that we can construct a canonical internal de-
scription of the system from the sequence. As shown in the next section we
need to find matrices F € R"™*", G € R"™*™ and H € R"*™ such that

A(k) =HF* G k=12,...

An important issue is to determine the system dimension, r, for which the
sequence (A;, Ag, ...} is uniquely determined. In the next section, we will see
that processes modelled by differential equations lead directly to the system-
theoretic concept of a state-space X for an internal model. This so-called
state-space approach is commonly used in systems theory, control engineering
and will form the basis for the Kalman-Bucy filter in Section 2.3. A dynamical
system can then be represented in the state-space R” by

x(k +1) = Fx(k) + Gu(k)  x(0)=0, x(k) €K', k=0,1,...
y(k) = Hx(k)

Apart from the state-space model being suitable to model dynamic systems,
we shall see in Section 2.3 that the concept of mapping sequences fits well the
formulation of stochastic processes as sequences of random variables.

1.3 DYNAMIC SYSTEMS

All models divide naturally...into two a priori parts: one is kinematics, whose

alm is to parameterize the forms of the states of the process under consideration,

and the other is dynamics, describing the evolution in time of these forms.
—Rene Thom

A dynamical system is one which changes in time; what changes is the state
of the system. The principle of ‘mathematical causation’ states that there
exists some ‘law of propagation’ which describes how the state of the system
evolves. Formally, a dynamical system consists of a pair (X,T') where X is a
topological space, and T = {Tt}telR+ is a collection of maps indexed by the

set Ry of non-negative reals denoting time?. The state-space X is usually a
manifold or topological vector space. The dynamic or flow T on X is made
up of transformations (maps)

T; : Xt—)X,

4The passage of time implies the ideas “before” and “after”, stated formally in the transitive
law t < t' and t' < t" imply t < ¢’ for the binary relation <.
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where both the set of abstract states X and the time set can be either con-
tinuous or discrete and each domain X; is an open subsets of X. The map

T:{(t,z) eER xX:z€ X} - X (1.15)
(t,z) — Ti(z)

is usually assumed to be continuous and determinism is defined as follows.
For each z € X, define the set

I(z)={teRy : z€ X;}.
Ift € I(z) and s € I(Ty(z)), then s + ¢ € I(z) and

Ts(Ty(z)) = Toyt(x)

while
Ve e X, To(z) =2z .

When T is understood, we write T;(z) = z(t). The map

I(z) - X (1.16)
t =

is the trajectory of z € X. Its image is the orbit O(z). The previous section
introduced the concept of an observable of a system encoded as a mapping
&: X — Rfrom a set X of abstract states into the real numbers R. Given any
mapping between sets, we can define an equivalence relation E¢ on its domain,
by posing that E¢(z1,z2) holds if {(z1) = £(x2). Hence if two abstract states
z; and zo generate the same observation they are indistinguishable to the
measurement. Given an observable £ on X, we say that £ is compatible with
T; if the dynamic preserves the equivalence classes under &, that is, for any two
states = and z’ such that £(z) = €'(z), we have Ty(z) = Ty(z') for all t € R.
Let &' be another observable on X, then both observables are observing the
same system if there exists a mapping

such that the diagram

7(©
X/E¢ X/E;
® @
7€)
X/Eg X/Eg

commutes for all t € R. Now consider the situation in which the observables
¢ and ¢', through their evaluations on abstract states, are themselves the en-
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codings of two formal models. As we have seen, the linkage® between these
two observables describes how much we learn about &(z) when £(z) is known.
In this sense, the linkage between the observables also measures the extent to
which the two formal models are equivalent. If, for example, E¢ = E, that s,
every equivalence class in X/E is also an equivalence class for X/E¢ and there
exists an isomorphism between the two formal representations. Or, stated in
other words, with our formal models we describe what we observe rather than
the actual process. For many physical and engineering systems, we may get
the impression to model with differential equations (e.g., Newtons’ laws of
physics) the actual process “as it is”. The subsequent success of such physical
models in engineering has led to a focus on simulation and and modelling in
the sense of differential equations. Current challenges in the study of com-
plex large-scale systems, in engineering and biology, however demonstrate the
limits of this methodology and suggest a focus on “what we observe”. For
example, in molecular biology, the modelling of dynamic physical processes
within a cell are too complex to obtain a sufficiently accurate model of cell in-
teraction. On the other hand, vast amounts of experimental data are available
that describe genes and proteins and their ‘function’. What seems therefore
required is a focus on input-output patterns, on what we can observe, and
building models that match data with models - identify models from data. In
this section, we first review the conventional engineering perspective to mod-
elling dynamic systems before we start to discuss the identification of models
from numerical data and subsequently return to our quest for new modelling
paradigms.

A finite number of states leads to concepts such as finite-state machines or
Markov chains. A finite-state machine or automaton is a triple of finite sets
X, U and Y, and a pair of mappings

g: X xUxK-—>X h: XxK-Y, (1.17)

where K is the set of integers K = {0,1,2,...}. The elements of X are
considered as the states of &; the elements of U are the inputs to &; and
the elements of Y are the outputs of &. Time ¢t is assumed to range over K,
k € K, with the state, input and output of & at time t; denoted by z(k),
u(k), and y(k), respectively. The mappings g and h relate the state at time
try1 and the output at time ¢ to the state and the input at time t; (see

5The concept of linkage is due to R. Rosen [Ros85] who developed formal models for
anticipatory systems. An anticipatory system is one in which a present change of state
depends upon future circumstances, rather than merely on the present or past. The latter
systems, that react on the present or past, are then called reactive. The feedback control
systems, presented in later sections of this book are reactive. Rosen noted that not only in
biology many systems are anticipatory, that is their current behavior (decisions) are based
on possible future outcomes.
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Figure 1.10):

z(k + 1) = g(z(k),u(k)) : state-transition map . (1.18)
y(k) = h(z(k)) : output map .
z(0) y(k)
g, h
(k) 2(k + 1)
A

Fig. 1.10 A finite-state machine.

The finite-state machine is therefore a discrete-time dynamical system such
that for each state, a number of different transitions may occur. Furthermore,
it is assumed that there is a possibility for control action through a supervi-
sor which, at any given point in time, may influence transitions. It is then
natural to consider the problem of designing such a supervisor satisfying cer-
tain specifications. Intuitively, one would require the supervisor to prohibit
the occurrence of certain (undesirable) sequences of events, while at the same
time allowing some other (desirable) sequences of events to occur. Such a
discrete-event dynamical system is very similar to a discrete-time Markov
chain, except that there are no assumptions about the probabilities of the
state-transitions. For this reason, the supervisor design problem is a little
different from the traditional problems of Markov decision theory, for which
dynamic programming provides a solution.

Modelling with Differential Equations

There are numerous phenomena in which the rate of change of some quantity is
proportional to the quantity itself and consequently, the differential equation
g% = y where y = e%® has served as a model for many biological, chemical
and physical systems or processes. Depending on whether a is positive or
negative, we obtain models of exponential growth or decay. To name only few

examples,

> If money is compounded continuously at an annual interest rate a, the
balance grows exponentially in time.

> The death rate of bacteria under the action of a disinfectant or heat,
follows an exponential function. Note, however, that the bacteria do not
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Fig. 1.11 Law of the (average) rate of radioactive decay.

actually die exponentially but the exponential function with parameter
a provides a good model, i.e. fits the experimental data well.

> When sound waves travel through air (or any other medium) their in-
tensity is governed by the simple first order differential equation where y
denotes the intensity and x the distance travelled. A similar law, known
as Lambert’s law, holds for the absorption of light in a transparent
medium.

> The rate of decay of a radioactive substance is at every moment propor-
tional to its mass. If we denote the mass by z, the model of this process
is the differential equation (linkage relation)

dx

dt
Integrating the differential equation we obtain the solution z(¢) = z(0) -
e~ where z(0) is the initial mass of the substance. The solution is
of the general form of an equation of state (1.4), f(z,z(0),a,t) = 0.
(The law of the (average) rate of radioactive decay is derived on the as-
sumption of the mutual independence (or randomness) of the successive
individual disintegrations).

The only function which is equal to its own derivative is the exponential func-
tion: if y = e®*, then %;i = e, If we solve this simplest of differential
equations, ?T% = ay, we get the solution y = e**, where a is an arbitrary
constant. The solution is a family of exponential curves each corresponding
to a different value of a. The solutions for various values of a are plotted in
Figure 1.11.

Newton’s particle mechanics provides probably the most convincing case for
differential equations and state variables. Consider the simplest mechanical
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system - a single particle moving on a line under the action of a constant force
F. The motion is governed by Newton’s Second Law, which defines the force
F acting on a mass point m to be the rate of change of momentum (m - v):

d(m - v)
dt

where v denotes velocity which, in turn, is defined as rate of change of position
or displacement from some origin of coordinates:

F =

d*z
2
In order to apply this formulation to an actual system, we must have an inde-

pendent characterization of the force, expressed in terms of varying quantities
x and v. For instance, with parameter a,

F=m-

F(z,v)=—a-z.
We thus obtain the equation of motion

m s a
—_— = - T s
de?
which may be solved for the displacement z as an explicit function of time as
shown above. The single second-order equation can be written as a pair of

first-order equations:

dr
Et-_v
d(m-v)
dt

According to Newton’s Laws, a system of particles is then sufficiently charac-
terized by the displacement and momentum of the particles. Knowing these
displacements and momenta at an instant of time thus suffices to specify the
state of the system completely at that instant, and hence the positions and
their associated momenta are said to constitute a set of state variables (ob-
servables) for the system. Furthermore, together with a set of initial values
of the state variables, the system behavior is determined for all time. We say
that the system is deterministic.

—a- T .

At this point we should briefly remind ourselves of the concept of observ-
ables introduced earlier. For the simple mechanical system we therefore have
two observables providing measurements of the position z and its derivative.
Figure 1.12 provides an illustration of how these two observables describe the
system. Specifically, only one observable would not be sufficient as it would
only lead to one of the horizontal or vertical lines. Only with both observables
we can uniquely identify a point in the product space.
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1---r-———-—-=-1+---
| ! | 1
I I | |
| 1 | |
[ |
| : : | z
X/E¢

Fig. 1.12 Example of two observables describing a simple mechanical system following
Newton’s Law.

The system of first-order equations can be generalized to the case where
z1,...,Z, represents a family of physical magnitudes which characterize the
states of any given system such as chemical processes where x; may represent
the concentrations of reactants. Causality is assumed with the assumption
that the rates at which these quantities are changing, at any instant of time,
depends only on the present state. We may then write a set of first-order
differential equations in the form

d:E-L‘
dt

The mathematical object represented by equation (1.19), has been applied to
virtually all areas of scientific investigation. For spatial or distributed systems,
equation (1.19) is generalized by an additional variable such that the equations
of motion become partial differential equations instead of ordinary differential
equations. In many engineering problems it is more appropriate to pass from
the continuous-time parameter in (1.19) to a discrete-valued time parameter
such that the resulting equations of motion become difference equations. If,
in addition, the set of states that such a system can occupy is discrete, the
system is described as an automaton as already introduced above.

= fi(z1,...,2y) . (1.19)

For more than one variable we therefore describe a dynamic system by a
finite-dimensional system of first-order differential equations

= ix= 1.
3 X Fx , (1.20)

where F is a 7 X r matrix with constant coefficients and

x:[:rl,...,:cr]Teer .
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Equation (1.20) can be described as a mapping as follows: Let f: R — R" be
defined by f(x) = Fx, with F € R™*", then any vector x = [z1, ... ,mr]T eR
is mapped to a vector f(x) = (fi1(x),..., fr(x)) € R" with

fi(x) =) aye;
j=1

where a;; are the elements of the ith row of matrix F. Thus F is a represen-
tation of the mapping f. The general solution of (1.20), for all ¢, is obtained
by integrating (1.20) to obtain a family of solution curves, called trajectories,
drawn on the manifold® X:

x(t) = x(0) - ¥t xeR .
The dynamic system is then described by a linear difference equation
x(k +1) = Fx(k) ,

where F is a r X r matrix with constant coefficients, k¥ = 0,1,... and the
general solution is denoted by

x(k) = F*¥x(0) .

Previous formulation may be generalized to the time varying vector differen-
tial equation

dx(t)
dt - F(t) X(t) )

where x(t) € R" and F(¢t) € R"*". The solution to this equation is then given
as

x(t) = ®(t;t0)x(0) ,
where ®(t;to) = et denotes the (non-singular) state-transition matriz. Now
considering the linear time-invariant mapping
f: R 5 R"
x = y=Fx,

where F is a r X r non-singular matrix, that is, its determinant is not equal
to zero, and

f(x(@) = [A(x®),-., fr(x(®)] € R .

For a given vector y a problem arising is to solve the set of r equations given
by Fx =y for x. The solution is given by x = F~!y where the inverse matrix

6The r-dimensional manifold X is a space in which it is possible to set up a coordinate
system near each point such that locally the space looks like a subset of R”.
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F~! exists only if F is non-singular. The equation x = F~ly defines the
inverse mapping
ffl: R - R
y = x=Fly.

R" R™

state-space F(x(t)

fox

Fig. 1.13 Composite output map.

We should also note that the system

x(t) = f(x(t))
is, in fact, a composition of two mappings

x:R - R f: RN - R7"
t - x(t) x = f(x).

Such composite mapping, applying first x: R — R™ followed by f: R" — R™,
is denoted as f o x, that is,

(fox): R — R
to= (fox)(t) = f(x(t) -

The same information is given in the following commutative diagram and is
also illustrated in Figure 1.13.

R—F

Sor

Rm

A system is called invertible, if the output uniquely determines the input.
That is, if a system is represented by a mapping y = f(x), there must exist a
map g such that x = g(f(x)). Throughout this text, I emphasize formulations
of systems as some kind of mapping and dynamics as compositions. The
general motivation is this. Suppose that = is a space on which we have
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various structures - relations, binary operations, unary operations such as
complements in Boolean algebras and so on. If Z' is another space with
corresponding structures, then the system = with its operations is isomorphic
to the system Z' if there is a one-to-one mapping from = onto =’ preserving
these structures. A homomorphism just preserves the structure, that is, it is
not required to be one-to-one.

State-Space Modelling

Considering a linear functional relationship between n inputs, u(t) € R*, and
m outputs, y € R™, the input-output model

k—1
y(k) =Y Ak - j)u(j) k=1,2,... A(i) e R™*"
j=0

can be shown to be equivalent to the (discrete-time) dynamical system de-
scribed by

x(k + 1) = Fx(k) + Gu(k) (1.21)
y(k) = Hx(k) ,

where x(k) € R", u(k) € R*, and y(k) € R™. In other words, the internal
model 9%; and global model 9 are equivalent if and only if

A(k) = HF*'G Vk=1,2,....

Since there are many models M; = (F,G,H) satisfying this relation, the
notions of reachability and observability are introduced (see e.g. [Cas92] for
more details). The elements of the state-space may be thought of as being
points in R" but in general, we can view a state x to represent an encoding of
the input u in the most compact form that is consistent with the generation
of output y via the map f. In other words, a state describes an equivalence
class [u] f of inputs, where we regard two inputs u,u’ as equivalent if they
generate the same output under f, i.e. u =~ u' if and only if f(u) = f(u’).
Thus, a model may be seen as an encoding u — x = [u], the output of which
corresponds to a specific input. In Section 6 we pick this idea up to develop
the concept of local uncertainty models in the data space =.

As stated before, in the state-space model, the relationship between the
input and output signals is written as a system of first order differential or
difference equations using an auxiliary state-vector. The state-space represen-
tation is especially useful in that physical dependencies can easily be incorpo-
rated into the model”. For example, consider the following continuous-time

7Note that differential equations by themselves do not reflect causation; they do not state
that changes are produced by anything, but only that they are either accompanied or fol-
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u(t) x(t) x(t) y(t)
— G@) » —>

—~
N
=
=
=

F(t)

Fig. 1.14 Matrix block diagram of the general linear continuous-time dynamic system.

model, represented by a state equation and an output equation:

x(t) = F()x(t) + G(t)u(?) (1.22)
y(t) = H(t)x(t) , (1.23)

where x denotes the state of the system. By a state, it is meant some qualita-
tive information (a set of numbers, a function, etc.) which is the least amount
of data one has to know about the past behavior of the system in order to
predict its future behavior. The components z; of r-vector x are called state
variables. u(t) is an n-vector (n < r) representing the inputs to the system.
F(t) and G(t) are r x r and r x n matrices, respectively. If all coeflicients
of F(t), G(t) and H(t) are constants, the system is time-invariant. y(t) is a
rn-vector denoting the outputs of the system; H(t) is an r x m matrix where
m < r. The matrix F represents the dynamics and is therefore frequently
called system matriz. Matrix G describes the constraints on affecting the
state of the system by the input, and H the constraints on observing the
state of the system from outputs. Figures 1.14 and 1.15 show the general ma-
trix block diagram of a state-space model for continuous- and discrete-time,
respectively.

The solution to (1.22) can be written in the form

x(t) = ®(t;to)x(to) + /t ®(t; 7)G(T)u(r)dr , (1.24)

to

where ®(t;t9) = eF(t=%0) is called the transition matriz of (1.22). Equation
(1.24) should be read as describing the system evolving from the initial state
x(tp) at time to under the action of u(t).

lowed by certain other changes. Considering dz/dt = f(t) or dz = f(t)d¢, it merely asserts
that the variation dz undergone during the time interval dt, equals f(t)dt. The causal
problem is not a syntactic but a semantic one; it has to do with the interpretation rather
than with the formulations and representations of theories.
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u(k) x(k +1) - x(k) y(k)
=) G(k) by delay » H(k) ——>
®(k + 1;k) [€

Fig. 1.15 Matrix block diagram of the general linear discrete-time dynamic system.

In canonical-variable or normal-form representation of a system, the matrix
F turns out to be a diagonal matrix with the r poles \; of the system as its
diagonal elements. Let us view the equation

Fx=y

as a transformation of vector x to vector y by matrix operator F. The question
we would like to answer is whether there exists a vector x such that a matrix
operator F transforms it to a vector Ax () is a constant), that is, to a vector
having the same direction in state-space as the vector x. Such a vector x, is
a solution of the equation

Fx = Xx,

which can be rewritten as
(F-ADx=0. (1.25)

This set of homogenous equations has a non-trivial solution if and only if
|F—AI|=0.
This equation may be expressed in expanded form as
qA) =N +a XN T4 a N 4 e, =0.

The values of X for which the equation is satisfied are called eigenvalues of
matrix F and the last equation is called the characteristic equation corre-
sponding to matrix F. The eigenvalues of F are identical to the poles of the
transfer function of the system. The associated vector x for which a solution
exists is then called an eigenvector.

The motion of the dynamical system (its changing state) describes a trajec-
tory in the state-space. Let us briefly consider the notion of a space. Consider
the vector x = [.T],.TQ]T € R?, which we can associate with a point, where
z; and z are its Cartesian coordinates (see Figure 1.16). Then R?* may be

thought of as the set of all points in the real plane. Since each point with
coordinates (z;,z2) can be associated with a unique vector x, an alternative
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interpretation of R? is as the set of all vectors from the origin to points. The
state variables x; and x5 of a dynamical system are sometimes referred to as
phase coordinates and R? as the phase-plane. Any set of elements is called
a ‘space’ rather than a ‘set’” when some operations on the elements of the set
are defined. In other words, a set associated with some structure is called a
space. The behavior of a second-order system in time is therefore a path or
trajectory of a point in R? with x(t) = (z1(t),z2(t)) varying with time.

X1

Fig. 1.16 A vector x = (1, z2) in R? represented as a point with cartesian coordinates 1
and za.

With respect to the discrete-time system (1.21) let us first consider the
time-invariant case and the homogeneous equation where x(k) = 0:

x(k + 1) = Fx(k)
with solution
x(k) = ®(k; ko)x(ko) ,

where
B (k; ko) = Flkko)

Then, for the time-variant homogeneous equation (1.21) the solution is given
as

k-1
x(k) = @(k; ko)x(ko) + ) ®(k;j +1)G(j)x(j) -
Jj=ko
With ko = 0, instead of (1.21), we write
x(k +1) = ®(k + 1; k)x(k) + G(k)u(k) (1.26)
y(k) = H(k)x(k) . (1.27)

If the system is time-invariant we can express ® analytically in terms of the
eigenvalues of F.

In Section 2.3, we use the state-space representation (1.26) in modelling
stochastic processes. This is followed by a formulation where the encoding of
dynamics is transformed into a static regression problem by choosing past or
delayed values of y and x to define the axes of =.
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1.4 EXAMPLE: COUPLED TANKS MODEL

In this example we consider a scaled laboratory model of two coupled tanks
used to test control algorithms. The coupled tanks apparatus consists of a
transparent perspex container divided into two tanks by a center partition.
Water is pumped from the reservoir into the first tank by a variable speed
pump. Holes at the base of the partition allow fluid flow between the two
tanks. Some or all of the holes can be blocked using the rubber bungs provided
to change the degree of coupling between the two tanks. The water which flows
into the second tank is allowed to drain out through an adjustable tap. The
control input is the pump drive voltage. The sensed output is the water depth
in tank 2.

Development of the Model

Figure 1.17 shows the diagram of the coupled tanks apparatus used for mod-
elling purposes, where:

Qi is the fluid flow rate into tank 1 (from the reservoir).
Q2 is the fluid flow rate from tank 1 into tank 2.
Qo is the fluid flow rate out of tank 2 (to the reservoir).
i is the volume of fluid in tank 1.
Vs is the volume of fluid in tank 2.
H; is the level of fluid in tank 1.
H, is the level of fluid in tank 2.
A is the cross-sectional area of each tank.
‘__l\o.
| Drain tap
Cross-sectional area =a
Discharge coefficient = C
H, Q, H, Q,
Tank | Inter-tank hole Tank 2
Volume of fluid = Vl Cross-sectional area=a |, Volume of fluid = V2

Cross-sectional area= A Discharge coefficient=C;  Cross-sectional area = A
”

Fig. 1.17 Diagram of the coupled tanks apparatus for modelling purposes.
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The dynamic equations of the system may be derived by taking flow bal-
ances about each tank. For the first tank we have:

Qi— Q12 = ddltl (1.28)
- 4t (1.29)
For the second tank:
Qi2—Qo = %3 (1.30)
= A % (1.31)

The inter-tank holes and drain tap are assumed to behave like orifices. The
characteristic equation for an orifice gives (N.B. the square root of the differ-
ence between the levels of the fluid in tank 1 and tank 2 makes the system
nonlinear)

QIQ = Cd12a12 2g (H1 — H2) (132)
Qo = Cdoao\/ 2g (H2 - Ho) N (133)
where
Cay, is the discharge coefficient of the inter-tank holes.
Cy, is the discharge coefficient of the drain tap.
a2 is the combined cross-sectional area of the inter-tank holes.
ao is the cross-sectional area of the drain tap.
H, is the height of the drain tap.
g is the gravitational acceleration constant.

Linear Model

The above equations describe the system in their true nonlinear form. For
control system analysis and design it is necessary to linearize these equations
by considering small variations ¢; in Q;, ¢2 in @2, hy in Hy, and hy in Ho.
The linear equations are

dhy ki k1 1

8 4as g 1.34
T Ah1+Ah2+Aq (1.34)
th . kl kl + k?
where
Cd (112\/29
L = ——2 =t — 1.36
! oV/H: - H, (1.36)
ko Ca, v/ 29 (1.37)

o2VH, — Hy
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Taking the Laplace transform gives:

ha(s) k12

G(s) = = . 1.38
)= %) [+ [, (1.38)
The denominator can be factorized giving time constants 77 and T5:
1
G(s) = k2 . (1.39)

(sTh +1)(sTo + 1)

Steady-state Operating Conditions

To determine theoretical values for the model we assume a steady-state oper-
ating condition with a pump flow rate of 900cm?® -min " (Q; = 900cm®-min™?).
Since this is a steady-state condition the inter-tank flow rate and drain tap
flow rates will also be 900cm?® - min™!. Therefore:

Qi = Q12 = Q, =900 cm® - min~' . (1.40)

We will use the coupled tanks apparatus with the largest two inter-tank
holes plugged (leaving the smallest two unplugged). The smallest two inter-
tank holes are 0.635cm and 0.317cm in diameter. The drain tap orifice is
equivalent to an orifice 0.635cm in diameter. Therefore:

2 2

7r (———0'235) + (—0‘?;17) cm? (1.41)
2

™ (0—(;3§> cm? . (1.42)

The inter-tank hole, and drain tap discharge coefficients are:

a12

Qo

C4, = 06 (1.43)

Cqy, = 06. (1.44)
Other constants are:

g = 98ms? (1.45)

Hy = 3cm (1.46)

A = 100 cm? . (1.47)

The steady-state fluid levels H; and Hs can now be calculated using equations
(1.32) and (1.33).
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Uncertainty Techniques

[ I R O

The expectation operator is a generic concept to summarize information.
Averaging information leads to probability measures and statistics.
Aggregating information leads to fuzzy measures and possibility measures.

The least-squares criterion provides optimal parameter estimates for linear
models.

A geometric representation of the regression problem shows that the
optimal solution implies orthogonality.

The Fourier series is an example using the orthogonality principle.

The least-squares principle does not require a statistical framework to make
sense.

Maximum likelihood estimation is a statistical framework for parameter
estimation.

Stochastic processes are a probabilistic framework to study time-series.

The Kalman-Bucy filter is a good example of how a probabilistic framework
can be used to develop a new concept to model data.

31
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It follows that the word probability, in its mathematical acceptance, has refer-
ence to the state of our knowledge of the circumstances under which an event
may happen or fail. With the degree of information we possess concerning the
circumstances of an event, the reason we have to think that it will occur, or, to
use a single term, our ezpectation of it will vary. Probability is the expectation
founded upon partial knowledge.

—George Boole

In the analysis of complex systems we can expect neither data nor models
to be precise and free of uncertainty. This section introduces the expectation
operator as a generic tool to extract information from variables (i.e. signals
and data). The expectation of any function h with respect to some function
g both defined on a space, say Y, is given by

E[h()] = /y hy) - 9(y) dy . (2.1)

'The expectation operator may be used in two ways to summarize information:
a) averaging data to obtain a single measure if the data are uncertain, in
particular if they are random; b) aggregating information to obtain a consensus
between similar pieces of information. The former is primarily dealt with in
Probability Theory [Pap91], whereas the latter is considered in Possibility
Theory [NW97, Wol98].

If data are considered to be random, the uncertainty of outcomes in Y is
characterized by some probability distribution or density p(y) which quantifies
the ‘likelihood’ of whether any particular value in Y will, on average, occur or
not. In a probabilistic setting, it is common practice to associate the outcomes
in Y with a random variable, denoted y. For some event, represented by
subset A C Y, the expectation of the characteristic function ( specifying
subset A, is defined as the probability of event A:

+00 i
Emﬂ:[ cawmwmxwmm<“”:{é ézzj’
:/mw@ 22
A
= Pr(A) .

In this context, two kinds of measures are of particular importance: measures
of central tendency and dispersion of values of variable y. A measure of central
tendency is the mean value defined by

ﬂﬂ=L%Mw®

=n. (2.3)
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From (2.3), the dispersion of data in Y, around 7, is quantified by the variance

Elly —n)? = /Y (v - ply) dy

=0, . (2.4)
The square root of (2.4) is called standard deviation. From (2.4), considering

two variables x and y we define the covariance between the two variables as

Oxy = E[(x =) (Y — ny)] . (2.5)

If ox,y = 0, then x and y are said to be ‘independent’. A bounded measure
of this is the correlation coefficient:
. Ux,y
Pxy = —— where -1<p<1. (2.6)
Ox - Oy

Mean and variance are two important quantities providing a rough summary
of the form of the probability distribution. This description is certainly not
unique as one could construct many distributions, all of which have the same
values of 7 and o, but with their shapes differing in other respects. In order to
characterize distributions with values such as n and ¢ in a more comprehensive
way, the concept of moments is introduced.

A ‘problem’ is that the concepts presented so far are abstract, theoretical
models for what happens ‘in general’. Considering actual data sets we need
to estimate the defined measures by some ‘sample statistics’. Given a finite

set of datal!, M = {m; = z;}, j = 1,...,d, we may, for example, use the
following estimators of (2.3) and (2.4):
1
n=5 >z (2.7)
=1
18
N 12
6 = =3 (a; — ) (28)
=1

or the unbiased? estimator

7= (=i (29)

d
=1

—

J

1In subsequent sections, the set of training data M is a set of objects (vectors) m;. For
example, m = (x,y), where x is a vector of regressors and y denotes the dependent variable.
For single-valued outcomes we write m; = x;.

2Unbiasedness means that the expectation of the estimator, i.e. sample mean 7 (sample
variance 2), is the mean 7 (variance 02). A proof can be found in Appendix 13.5.
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Note that the expectation operator is not exclusive to probability theory.
Viewing the product in the definition of (2.2) as describing a weighting of
values y with their likelihood p(y) and the integral as a means to summarize
the information across Y, we can generalize the definition of the expectation
operator (2.1) in two ways: considering fuzzy events pa: Y — [0, 1] and gen-
eralizing the Riemann integral to the fuzzy integral. Let (Y = R, F(Y), Pr)
be a probability space with the event space F(Y) and sample space Y and a
probability measure Pr: F(Y) — [0,1]. The fuzzy set A = {(y,pa(y)) |y €
Y} e F(Y), where pu: Y — [0,1], is called a fuzzy event in Y and the proba-
bility of the fuzzy event A is defined as the expectation of p4:

Elual = /HA(?!) dPr

+00
5/ na(y) p(y) dy (2.10)

—00

= Pr(4) .

Equation (2.10) evaluates the degree with which space Y has the fuzzy prop-
erty A. The corresponding experiment is a random selection of elements y
more or less belonging to A. At each trial a membership value pa(y;) is
provided and

d
Pri) = Jim S

where d denotes the number of trials.

In (2.1), the Riemann integral accumulates the ‘evidence’ g(y) of elements
in y weighted by h(y). Intuitively we may generalize this idea by replacing the
Riemann integral (sum) and the weighting (product) with two more general
methods leading to the fuzzy integral:

mmu&fh@omw,
Y

where the mapping ¢g: F(Y) — [0,00) is referred to as a fuzzy measure gen-
eralizing the concept of a probability measure. The integral is sometimes
referred to as the Sugeno integral since the concept was introduced by Mi-
chio Sugeno. If g(A) is considered as a degree of confidence of event A, for
consistency, g should be monotone in the sense of set-inclusion:

If A implies B (i.e. A C B), then g(A4) < g(B) .
The axiom of additivity for probabilities is relaxed as follows:

If ANB =0, then g(AU B) = g(A)  g(B) . (2.12)
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Probability measures are recovered for * = +. Using * = max, we obtain
possibility measures. Accordingly, the probability distribution function p(-)
is replaced by a possibility distribution 7(-) on Y, defined as a mapping from
the reference set Y into the unit-interval, that is,

m: Y — [0,1],

where 7(y) is interpreted as the degree of possibility that y € Y coincides
with an existing but inaccessible value. For a given fuzzy event represented
by fuzzy set A with membership function, pa:Y — [0,1], the expectation of
14 defines the possibility of event A:

Elpa] = ][uA(y) o 7(y)

Y

=sup { pa(y) An(y) } (2.13)
yey

=TI(A) .
For ‘crisp’ events, where (4: Y — {0,1},

II(A) = supn(y) . (2.14)
yEA

Thus, while in (2.2) evidence is accumulated - the probability is determined
by measuring the area of p(y) valid w.r.t. A, in (2.14) we pick only the most
favorable element in Y. The difference is illustrated in Figure 2.1. In contrast
to the ‘frequentist interpretation’ of probability, describing whether or not an
event will occur on average, the notion of a degree of possibility is usually
used to describe degrees of feasibility to which some condition exists. The
relationship between possibilities and probabilities will be further discussed
in subsequent sections. A more detailed account on how expectation, integrals,
probabilities and possibilities are motivated and formalized, can be found in
Appendix 13.4. The relationship between probability and possibility measures
is further discussed in Section 6. In Section 11, a bijective transformation
between both domains is introduced.

There are three important ideas to be remarked in this section. First,
fuzzy measures (e.g., possibility measure) are obtained as an expectation us-
ing a nonlinear generalization of the Lebesgue integral. We shall use the
statistics and measures introduced here throughout as a tool to quantify un-
certainty. Other techniques for parameter estimation will be introduced as
required in any particular context. Second is the need to accumulate or aggre-
gate (weighted) information into a single object. This operation, formalized
by some integral, is applied to a space, general set or over time (sequence
of sampled data). Finally, a criterion is necessary to quantify the overall
properties of such space, set or sequence. In (2.8), the variability of data is
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Calz) pa(z)

11(A)
m(x)

PrANP @)
r X X

Fig. 2.1 The probability and possibility of event A.

described as the proximity to (similarity with) a reference value. The distance
(z —n) of a value z to the mean 7 is squared to eliminate the effect of nega-
tive values in accumulating individual qualifications into an overall measure.
The ‘squares criterion’ is fundamental to systems and data analysis. The
least-squares criterion is commonly used to describe the objective function in
system identification. It will be introduced in the following section and will
play a prominent role throughout this book.

2.1 THE LEAST-SQUARES CRITERION

You’ve got to draw the line somewhere.
—as they say.

In this section, we introduce a technique which allows us to identify system
models, as discussed in Section 1, from sampled data. The most commonly
used criterion to quantify the quality of the model fitting the data is called
‘least-squares’ criterion. It is the basis for regression analysis, hence system
identification and plays an important role in fuzzy clustering. The geomet-
rical representation of a least-squares solution provides us with an intuitive
approach to fuzzy models as universal approximators of a nonlinear regres-
sion surface, that is, the unknown nonlinear function y = f(x) represents a
nonlinear (hyper)surface in the product space X x Y Cc R™t!,

The theory of regression is concerned with prediction of a variable y, on
the basis of information provided by variables x. Let x = [z1,22...,2,]" be
the regression vector over some domain X = (X; X --- x X,) C R", called
the regressor space. The aim then is to identify the static dependence of a
dependent or response variable, y € Y C R, called the regressand, on the
independent variables z, called regressors. The concept of system modelling
for regression analysis is summarized in Figure 2.2.
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system

codomain

Y

domain

X

Fig. 2.2 Systems modelling for regression analysis.

The assumption is that y ~ f(x;6), where the deterministic function f(-)
captures the dependence of y on x. The aim of the identification algorithm
is to construct a function f(x;@), from a finite set of data M = {m,}, in
order to find an appropriate representation of f(x). For example, considering
input-output models, using an autoregressive model structure, the system is
described by a finite number of past inputs and outputs:

x =[yk),...,y(k —ny + 1), uk),...,u(k —n, + 1)]" .

Linear parametric regression, using the least-squares criterion, provides solu-
tions for linear functions f(-) as discussed in conventional system identification
[Lju87]. Note that y and x may not be related to time at all. On the other
hand, y may depend only on time, y = f(t), or y is dependent on some
variables which themselves vary in time.

In general, the problem is to find a function of the regressors f(x; @), called
regression function, such that the difference, L (y, f(x; 0)), called loss becomes
small so that y = f(x;0) is a good prediction of y. Therefore the regression
model takes the form

y=f(x;0) . (2.15)

If y and x are described within a stochastic framework, one could, for exam-
ple, minimize the expected value of the loss, called the risk functional [CM98,
Vap98):

ElL] = /L(y,f(x;B)) p(x,y) dxdy . (2.16)

A common loss function for regression is the squared error (Ls):

L(y, f(x;0)) = (y — f(x;0))” . (2.17)
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In this case, the function f that minimizes (2.17) is the conditional expectation
of y given z1,zs,...,z,

f(x;0) = E[y|x; 0]
called the regression of y on x. In linear parametric regression, y is fit to a
linear combination of the z;

f(x;0) = 61zy + 20 + - + 0,2, (2.18)
with vector 8 = [0;,6,, ... ,HT]T written in vector notation
f(x:6) =x76 .
Y
>
............... ° !
m= [Ty | E=XxY

Fig. 2.3 Data in the regression space.
Since only a finite set of sampled data M = {m;} is available with
T
m; = [x7,y;] (2.19)
= [mlj, R ,m(r_H)j]T (S R™+! y

the variance in (2.17) is replaced by the sample variance

J

j=1
where
[myj,. .. me)T =x; €R . (2.20)
In the linear case (2.18), we therefore minimize the variance of the residuals
1 & 2
62=5> (uj—x;0) (2.21)

1
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instead of (2.17). In (2.21), using xfO as the prediction of g,
y—g=e (2.22)

is called the prediction error which we aim to minimize. Considering a time-
series, that is, y and e depend on time, the variable e(k) thus represents that
part of the output y(k) that cannot be predicted from past data. For this
reason it is also called the innovation at time t;. A suitable 8 to choose is
the minimizing argument of (2.21):

Q..l)—‘

= arg min

d
Z : : (2.23)

called the least-squares estimate. Based on previous observations, we would
thus use

§=x70 (2.24)
as a predictor function. Since the loss (2.21) is a quadratic function of 0, it
can be minimized analytically. The necessary condition for the minimum of
(2.23) is that all derivatives with respect to the parameters 6; vanish:

52
06

06,

01111 +--+60,x, —yj)ZO

852
06,

01.’1?1 +--- 46z, — yj):0

i

= :2Z$r‘ (911:1 +"'+0Txr_yj)=0-
j=1

These conditions can be rewritten in the form of so-called normal equations:

(ilzml-m1+-~-9d2z1-md——-2yj-x1
01> my-mi+--04» Ty Ta= P Yj- T

01296,1-9:1+o~9d2xd-xd:zyj~x1 .

That is, all @ that satisfy

d d
1 ~ 1
y E xjij 6= 3 E X;Y; (2.25)
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yield a global minimum of (2.23). If the matrix on the left is invertible, we

have
-1

d d

.1 1

6= E§ x| EE X;Yj - (2.26)
j=1 j=1

Rewritten in matrix notation, we define the following d x 1 vector and d x
matrix

Y x{
Y2 x5
Y= X=| 1. (2.27)
Yd XZ
The normal equations take the form
[XTX] 6 =XTY (2.28)
and the estimate
6 =[x"X]'XTY, (2.29)

where [XTX] ~'XT is known as the Moore-Penrose pseudoinverse and (2.29)
thus gives the solution to the overdetermined (d > r) system of linear equa-
tions

Y =X6. (2.30)

To ensure that X7X is invertible, one needs to choose inputs to the system
so that it is “sufficiently excited”. If data are to be weighted, we introduce
the weighting matrix

w1 0
W = (2.31)
0 Wy
and write for (2.26) and (2.29),
0 = [X"WX] ' X"WY (2.32)

-1
d d
w.xxT . . . .
i XiX; W;iX;Yj -

Note that the least-squares fitting makes sense without a probabilistic for-
mulation. However, in order to study properties of least-squares estimates,
usually a stochastic framework is used [Lju87]. Then, typical assumptions
are that the sequence of regressors (x(k)) is deterministic, the output of the
system is a random variable that takes on real values and can be interpreted
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as the sum of a deterministic function and a random error with zero mean,
leading to the time-series model

y(k+1) = f(x(k);0) + (k) ,

where (k) is assumed to be a sequence of independent, identically distributed
random variables with zero mean. In a statistical framework, the assumption
is that there exists a population random variable y such that Ely;] = f(x;),
and for the residuals e;, Ele;] = 0. Hence, the deterministic function is the
mean of the output conditional probability

fx) = / v p(ylx) dy . (2.33)

Fig. 2.4 Data scatter plot and least-squares line fit.

From a geometrical perspective, the unknown nonlinear function y = f(x)
represents a (non)linear hypersurface in the product space X x Y C R™*!,
called regression surface. Based on the assumptions that an accurate repre-
sentation of the dependency y = f(x) is nonlinear, in sections 4 and 5 this
hypersurface is decomposed into a set of linear (fuzzy) submodels. The ge-
ometrical view on regression is based on the vector representation. Let us
consider three data points m; = (—4,0), ms = (1,3), mg = (3,6) with a
regression line fitted through the data as shown in Figure 2.4. The model in
vector-matrix notation, Y = X0+ E, where E = Y —Y denotes the residuals,
is defined by

1 -4 0 €1
Y=]1 1 . [Gl:l + |e2
1 3 2 es
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The fitted regression line is a vector denoted by y. The columns of X are
sequences of sampled values from z; and z; and are therefore also vectors,
denoted by x; and xa,

. . Y1 N 1 . -4
y =01 -x1+605 % or yo| =601 (1] +62- | 1 . (234)
Y3 1 3

Considering variables as vectors in a space defined by observations on the
axes, we obtain the representation of Figure 2.5. Algebraically, our problem
is to find a vector that is a linear combination of the vectors x; and x,, and
geometrically this means, we must select an optimum fit, y*, somewhere on
the plane generated by x; and x2. It is the fact that the two variables generate
a plane which is the basis for the geometrical view leading to hypersurfaces.
To determine the point or vector on this plane which best fits, that is, is
closest to the observed y according to the least-squares criterion, we have to
drop a perpendicular from y onto the plane.

observation 3

residual é =y — y

observation 2

observation 1

Fig. 2.5 Geometrical representation of a least-squares fit.

If the regressors are orthogonal, as in Figure 2.7, and we denote by y{, y%
the perpendicular projections of y onto x; and x5, we have y* = y;' + yj,
comparing this with (2.34), we can find simple formulas for 6, and 6,. For
only two vectors y and x, the perpendicular (orthogonal) projection of y onto
x is a scalar multiple of x:

y=a-x (2.35)
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with the problem to determine a such that the inner product (y —a-x)-x =0
is zero, that is, the angle between the two vectors is 90° (see Figure 2.6).

any other projection of y onto x.

Fig. 2.6 Orthogonal projection y’ of y onto x.
Hence,
a=—. (2.36)

Substituting (2.36) into (2.35) we have as the projection y' of y onto x

y' = (i—;‘) X . (2.37)

From (2.37), inserted into y* = y| + y4, the optimal fit is given as

y':(Y"‘1)-x1+(y"‘2)-x2. (2.38)
X1 - X1 X2 * X9

Comparing (2.38) with (2.34), we obtain the parameter estimates as

f; = L=t (2.39)

Xi- X4

In Section 2.1.2, the least-squares criterion is generalized to a function ap-
proximation problem for which the concept of orthogonal functions plays an
important role. The Fourier series will serve as an example of a set of orthog-
onal functions. Further, in Section 2.3, the geometrical view of sequences of
random variables as vectors and their orthogonality to ensure optimality is
used to derive the Kalman-Bucy filter as a powerful demonstration of how the
concept of expectation can be used in system analysis.
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Fig. 2.7 Vector representation of least-squares regression.

2.1.1 Example: Regression Line

The example of a regression line or ‘straight-line-fit’ provides a solution for
the linear parametric model (2.18) simplified to

Yy = 01(1)1 + 92172
=0, + 6z . (240)

With z; = 1, we write z for z5 and use the subscripts for indices of measured
values of z. We have the following matrices:

el ol el

and for the normal equations (2.28) and the parameter estimate (2.29):

SARE N
R R 4
dS 72 - (Y z) dy zy—3 T3y

Considering the two variables y and z, (2.40) defines a straight-line fit through
the scatter plot of data for y and x. The slope of the line is determined by

parameter 6;:
RN D PN (2.41)

dye? — (L 2)°
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The result suggests that the regression line (2.40) describes also in some way
the correlation between the two variables z and y. Then there should be a
relationship to the correlation coefficient (2.6) defined earlier. In a scatter
diagram, the ‘cloud’ of data is characterized by the estimates of mean values
and standard deviation of both variables. More specifically, we can draw the
o-line through the point of averages (), 7,) with a slope defined by 6, /6,. In
Figure 2.8, the o-line and least-squares fit of the regression line, together with
95% confidence intervals®, are shown for the following set of data [FPP97):

xz 300 351 355 421 422 434 448 471 490 528
y 2 27 272 269 298 3.09 271 32 294 3.73

The point of averages is found at (7,,7,) = (422,2.876), 62 = 65.95, 62 =
0.42, and 6; = 0.56,0; = 0.0055. Replacing the covariance and standard

300 350 400 450 500 550

Fig. 2.8 Regression line (solid), o-line (dotted), 95% confidence interval (dashed).

deviations of z and y by their estimators

where

3A 95% confidence interval means that we are confident of finding the values in the interval
+20 around the regression line. That is, a 95% confidence level means we expect the values
to be in the interval +20 95% of the time.
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we obtain the following estimate for the correlation coefficient:

i @)y 2 zy — dia Ty
WS u-1)  VEe-a) S -0
_ Yay-d[3¥e- 53yl

VE @ = 2’ /T v - 0y)?
_ dYay-YeXy
/T (@ - 1)\ /T v - )
The numerator already matches the one in (2.41), and we find that if we

multiply p, 4 by 6,/6, the slope of the o-line, we have found the slope of the
regression line coinciding with 65:

(2.42)

Gy dY zy—Y zdy ‘ﬁ‘ ¥ (y —y)”

Pz,y - A—
o S-S w1 T2
_dy - Zy dy zy—3 T3y
dY (z—7,)°  dXa® -2 +d 30
_dYmy-Yzyy _dYzy-Yzdy
dy o - d*i dya? - (Lz)°

=0, .

If the correlation coefficient p,, is near +1 we say that z is favorably
relevant to y and conversely, whereas if p;,, is near —1 we say that = and
y are unfavorably relevant to one another. If p,, is exactly +1 or —1, we
obtain, as a special case, the linear relation y = 6,2 + 6;. Note, however, that
variables that are functionally related among each other are correlated but
not conversely: if the correlation coefficient is near +1 or —1, we may suspect
the existence of a law, but this is all.

2.1.2 Example: Fourier Series

As the previous of a straight-line fit illustrated, the least-squares criterion
may in general be used to fit functions to data. Or, in other words, consider
a function y = f(t) which we try to approximate by some § = f(t;8) using
parameter 6. The error of approximation, given by

+o0 9
/_ (Ft) - £(5:0))

is to be minimized using . This is the least-squares cost function (2.17). Now,
let y = f(t) only be specified by a sequence f(¢x) sampled at equal distances
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of time t; where k = 1,2,3,.... We define a class of functions f(¢x;6), indexed
by 6, to minimize the quadratic error

d
3 (Fte) - f(ti:8)” .

k=1

A general linear form of this approximation is

T
Ft:0)=>" 0;-i(t) (2.43)

i=1
a linear combination of a set of functions {¢1,ds,...,¢,} with r parameters
01,65, ...,0, used to minimize the quadratic error. A well-known example is

¢ =ttt  with i=1,2,...,r

such that
f(t;0) =0y + 0ot + O5t* + - + 0,87

is the least-squares polynomial of order r. In the general case the quadratic
error takes the form

d

2
T
Z (yk - Z ;- ¢ik> = Ly where ¢;(tx) = ¢k, and f(tx) = yr for short.
k=1 i=1

(2.44)
To obtain a minimum, we take the partial derivatives with respect to 6; and

set these equal to zero

oL d T
80?:_2 >, ¢jk'<yk-z 9i'¢ik)=0,
7 k=1 i=1

leading to

3 bk bk 0 D Pk Dk 01 > Yk b1k
: : = : : (2.45)
Z ¢rk ¢1k o Z ¢rk : ¢rk 01‘ Z Yk ¢7‘k

The number of solutions for (2.45) depends on the nature of the set of functions
{¢:} as well as the sampled sequence (yx). If the number of samples, d, is
larger than the number of functions, r, the quadratic error will be different
from zero. For d = r, we usually have one solution for which the error is
zero. For d < r we have various solutions. For a reasonable approximation,
we consider the minimal mean quadratic error which we obtain by extracting
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L4 /d from equation (2.44):

Ly 1< r ?
= Yr — 9i'¢i)
d dé(’“ ; k
d , . .
=$Z yz_Zykzei'd’ik‘*'ZgjZei‘¢ik‘¢jk . (2.46)
k=1 =1 j=1 =1

Using the fact that

d r d
YN bbbk =D vk F=12...,7
k=1 =1 k=1
we obtain
me

Vi =2y Y OB+ D 05 yk - b

i=1 j=1

Yk <yk - Z b; - ¢ik> (2.47)
i=1

as a general equation of the mean quadratic error.

U
Qu

ISR

| =
M= 1=

Looking at the form of the set of functions ¢ in (2.45), it appears partic-
ularly useful if (2.45) could be solved explicitly for the coefficients 6 without
solving the system of r X r equations beforehand. It turns out that if the set
of functions ¢ is orthogonal, we obtain such a simple solution of (2.45). If we
view the sampled sequence (y = f(tx)) of function f(¢x) as a vector

y = [yl»y%- .. ayd]
and denote the prediction error (2.22), f(tx) — f(tx;8), by e,

e=[e,es,...,e4

then we find the minimum for (2.47) if the two vectors are orthogonal, that
is, their inner product is zero:

d
y~e:2yk-ek:0. (2.48)

k=1

Orthogonality of functions is defined analogously. Two functions ¢(-) and h(-)
are orthogonal in the interval [a, b] iff

[ str-nw at=o. (2.49)
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Then, the r functions ¢;, ¢ = 1,2,...,r are orthogonal over a set of d points
tr, k=1,2,...,d if they are pairwise orthogonal, that is,

d
S ik =0  i#j. (2.50)
k=1

Then, in (2.45), only diagonal elements in the 7 X r matrix are different from
zero and we have from (2.45) the solutions

d
> Yk Dk
=" j=1,2,...,r. (2.51)
> i
k=1

Note that the denominator is different from zero, as long as at least one
¢;k 1s different from zero. In conclusion, we find a simple solution to the
least-squares problem if the functions ¢; are orthogonal. That is, our approx-
imation problem has a simple solution if the approximation f(t;0) is a linear
combination of orthogonal functions.

Up to now our discussion has been generally about fitting a function f(¢x; 0)
through a set of points f(¢x) so as to get a good approximation of y = f(t).
Probably the best known example for a specific pair of orthogonal functions
leads to the Fourier series. The principle idea is to decompose a periodic
function f(t) into a linear combination of harmonics of a certain ‘fundamental
frequency’ wp:

flt)=—+ Z (ai - cos(iwot) + b; - sin(iwgt)) . (2.52)

In equation (2.52) the fundamental frequency wy is chosen such that the du-
ration of one period of f(t) equals 2m/wp, and the a;,b; are coefficients of
the least-squares. Without loss of generality it is usually assumed that the
sequence of d points is sampled at ¢ = ff + -f—f—(;% = S%%’—r, k=12,...,d
The orthogonality of the sin(-) and cos(:) terms in (2.52) is given if and only
if the number of samples d is at least twice as large as the highest order of
harmonics ny,. In this case, the coefficients a; and b; in (2.52) are related to
the solution (2.51) as follows:

cos? (iwots) i=0,1,...,np

sin? (iwoty) 1=1,2,...,np
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and from (2.51) the least-squares solution for the Fourier coefficients is

a; = Yk - cos(iwotk) 1=0,1,...,n4

Al
=

x~
1l
-

b; =

aul o
‘Mﬁ-

-
n

Yr - sin(iwoty) i=1,2,...,np .

The extension of the Fourier series leads to the Fourier integral and conse-
quently to the Fourier transform and Laplace transform. The key idea is that
with the Fourier series (2.52) we have expressed the time domain signal f(t)
in terms of its frequency domain components. Analyzing signals and systems
as a function of frequency rather than time, opens up an alternative frame-
work for systems analysis, which has been very successful in engineering. The
practicality of such frequency domain analysis is given by the fact that some
operations, nonlinear in the time domain, turn out to be linear operations

in the frequency domain. A brief summary of integral transforms is given in
Appendix 13.7.

2.2 MAXIMUM LIKELIHOOD ESTIMATION

An idea which can be used once is a trick. If it can be used more than once it
becomes a method.
—G. Polya and S. Szego (1971)

This section introduces an alternative statistical framework for parameter
estimation. The mazimum likelihood (ML) approach, due to R. A. Fisher,
suggests to examine the likelihood function of the sample values and to take
as the estimates of the unknown parameters those values that maximize the
likelihood function.

Let M = {(x;,y,)} also denoted {m;}, (2.19), be a set of d sampled data
pairs; the m; modelled as outcomes of independent random variables. It is
assumed that the data observed is drawn from a distribution with distribution
or density p(M|0) parameterized by 8 = [, .. .,OT]T. The key idea in ML
estimation is to determine the parameter(s) 6 for which the probability of
observing the outcome M is as high as possible. The function

£(0;m;,my,...,my) = p(M|0) (2.53)

is the likelihood function. The ML-estimate of the parameter(s) is that value
of parameters which maximizes the likelihood function

Oy = arg max £(0; M) . (2.54)
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Since the argument, maximizing ¢, is of importance - not the actual value of
the function at that point, it is common to ignore constants in the likelihood
function that do not depend upon the parameter(s). In many applications
it is more convenient to consider the logarithm of the likelihood function?,
called the log-likelihood function:

£(6; M) =1n £(6; M) . (2.55)

Since the logarithm is monotonically increasing, maximizing the log-likelihood
is equivalent to maximizing the likelihood. If the function £ is continuously
differentiable, a necessary (but not sufficient) condition to maximize the (log)
likelihood is for the gradient to vanish at the value 6 that is the ML value:

ng(o = BML | M) = Vo In LZ(B = OML l M) =0 y (2.56)

where T
vo[o o )"
06;’ 06, a6,

2.2.1 Example: ML-Estimates for the Normal Distribution

A simple example for the ML approach is estimating the parameters n and o2
of the normal distribution from a finite set of training data M = {m; = z;}.
The basic assumption is that the observed d samples were generated according
to the normal distribution

1 (e=m?
T;n,0) = e 207 . 2.57
plz;m,0) =~ N (2.57)

The likelihood function takes the form

((6; M) = p(z1) - p(z2) - - - - p(2a)

d
1
=——a*P| 53 Z (z; — | . (2.58)

Hence, the log-likelihood function is

L£(6; M) = Pr(M|n, o?)

d 1 &
= —5 In(2r) —d In(o -2—2:: z; —n)° . (2.59)

4For example, if one estimates a parameter of an exponential probability law, taking the
natural logarithm simplifies the maximization to taking the derivative of a sum of values.
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We maximize the log-likelihood function by taking the partial derivatives, and
equating these to zero

or 1
=3 Z(xi —n) = (2.60)
n =
oL d 1<
W:_Tﬂ-+ﬁz(xj_n)2=0' (2.61)
j=1

From (2.60) and (2.61) we obtain the ML-estimates as

1 d
7= 32: (2.7)

1 d
=az (2.8)

For more complicated likelihood functions numerical methods are required
for an iterative optimization. A well-established example is the Expectation
Maximization (EM) algorithm introduced by A. Dempster to problems with
a many-to-one mapping from an underlying distribution to the distribution
governing the observations.

2.2.2 The EM Algorithm

A common task in data analysis or signal processing is the estimation of the
parameters of a probability distribution function. In many practical situa-
tions this is a non-trivial problem because direct access to the data necessary
to estimate the parameters is impossible; some of the data are missing. Such
difficulties arise when an observed outcome is a result of an accumulation
of simpler outcomes. The Expectation Maximization (EM) algorithm, in-
troduced by A.P. Dempster, is commonly used to estimate parameters of a
mixture or missing data model via the maximum likelihood principle. The
algorithm is ideally suited to problems where there is a many-to-one mapping
from an underlying distribution to the distribution governing the observation.

The EM-algorithm 2.1 consists of two major steps: an expectation step,
followed by a maximization step. The expectation is with respect to the un-
known underlying variables, using the current estimate of the parameters and
conditioned upon the observations. The maximization step then provides a
new estimate of the parameters. These two steps are iterated until conver-
gence. Section 3.4 provides an example for the EM-algorithm used to identify
mixture density models.
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Set loop counter | = 0; choose the termination tolerance § > 0 and initialize
parameter(s) 6(9).
Repeat for [ =1,2,...:

Step 1: E-Step: Estimate unobserved information using 0¢-1 . The unobserved
probability density function is

p(x;0) ,

where 8 € © is the set of parameters of the density. Because we do not
have the information of x to maximize Inp(m;@), we instead maximize the
expectation of Inp(x; @) given the data M and our current estimate of 8:

E[inp(x;8)|m,00)] = Q(8]6™) .
Step 2: M-Step: Compute the ML-estimate of parameter(s) g(+1) using informa-
tion estimated from the E-step:
U+ = arg max Q(eleW) .
Analytically, the ML-estimate is obtained by taking the derivative of
In p(x; @) with respect to 0, equating it to zero, and solving for 6.

Until “0“) - 0“*”” <5 .

Algorithm 2.1 The EM-algorithm.

2.3 STOCHASTIC PROCESSES

A random variable is neither random nor variable
— it is simply a function.

A time-series is a sequence of observations taken sequentially in time. Time-
series analysis is concerned with techniques for the analysis of the dependence
among observations and thus to build dynamic models for time-series data. A
model that describes the probability structure of a sequence of observations
is called stochastic process. It is assumed that the generating mechanism is
probabilistic and that the observed series (y1,ys,...,yq) is a realization of a
stochastic process (y1,¥y2,-.-,¥Yd) = Y’(t)5.

Considering a signal that varies over time, we write y(t) to denote observa-
tions changing over time. Then at discrete instances of time, tx, y(tx) = y (k)

5We use the notation ¥ to denote a vector space in general and Y(t) to denote a vector space
induced by the sequence of random variables y(0),...,y(t) up to time t. This notation will
prove useful in deriving the Kalman-Bucy filter.



54 UNCERTAINTY TECHNIQUES

Fig. 2.9 Stochastic process y (¢, w) as t-dependent random variable.

is a random variable
y: Q8 = Y
w = yw).

Consequently, for each ¢, the random variable y(¢) has a probability density
function and hence mean and variance as functions of time, given by

+oo
ny(t) = Ely(t)] = / y p(y;) dy
+o00
oy(t)=E [(y(t) - ny(t))z] = /_ (y —n)’py;t) dy .

Considering a discrete-time process, that is, values are sampled at equally
spaced instances of time tx, a stochastic process is then a sequence of random
variables

yk): KxQ — Y
(k,w) +—  ykw),

where k € K is an index set. A stochastic process can be viewed as a t-
dependent random variable (Figure 2.9), as a joint function of ¢t and w (Fig-
ure 2.10) or for every w € ) the mapping from K into Y is called a realization
(or sample function) of the process (Figure 2.11). The collection of all pos-
sible realizations is called ensemble. As we are dealing with a collection of
random variables, one at each time point, the stochastic process is charac-
terized by its joint distributions. Individual distributions for any instant of
time are then referred to as marginal distributions. The problem is that, in
general, we cannot construct the joint distribution from its marginals since
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these functions tell us nothing about the joint variation. So, in principle, a
stochastic process is a non-countable sequence of random variables, one for
each tr. In general, it seems necessary to consider an infinite-dimensional
probability distribution. Fortunately, it can be shown, that if we are given
the joint probability distribution for d values we should have sufficient infor-
mation to enable us to calculate the probability of any event associated with
the complete overall behavior of the process.

Fig. 2.10 Stochastic process y(t,w) as a joint function of ¢ and w.

A fundamental assumption of time-series analysis is that the value of the
series at time tx, y(k), depends only on its previous values (deterministic part)
and on a random disturbance (stochastic part). Furthermore, this dependence
is assumed to be linear, leading to a class of linear models called autoregressive
moving average (ARMA) models. An ARMA model of order n, and ng,
ARMA(ny,ng), is defined by

Ty

y(k):Zai-y(k—i)-kZ bi-e(k—i+1), (2.62)

=1

where {a;} and {b;} are the coefficients of the autoregressive (AR) and moving
average (MA) parts, respectively. The disturbance {e(k)} is white noise with
zero mean and variance o2 usually assumed normally distributed. In general,
a white noise process {e(t)} is defined by

Ele(®)] =0
E[e*(t)) =0 Vit
Elet)e(t+71)] =0 if 7>0.

In other words, a white noise process is a sequence of uncorrelated random
variables.
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Fig. 2.11 Realization of the stochastic process y(¢,w), w-dependent random variable.

Consider a stochastic process u(t), as an input to a system, with output y
where the system is specified in terms of the mapping f

y = f(u). (2.63)

The system is deterministic if it operates only on the variable ¢, treating w
(‘selecting realizations’) as a parameter. This implies that if two realizations
of the input are identical in ¢, then the corresponding realizations of the output
are also identical in t. The system is called stochastic if f operates on both
variables t and w. Hereafter we shall only consider deterministic systems. For
any linear system E[f(u(t))] = f(E[u(?)]).

In order to make any kind of statistical inference from a single realization
of a stochastic process, we are forced to make simplifying assumptions. The
most important restriction leads to the class of stationary processes. It is
assumed that the process is in some steady-state mode or equilibrium, that
is, for these processes statistical properties do not change in time, the prob-
ability distributions are time-invariant, p(y;t) = p(y). In practice, a much
weaker definition of stationarity, called second-order or weak stationarity, is
employed. Stationarity up to order 2 implies that E[y(t)] = 71, a constant
independent of time and the variance of y(t) is equal to o2, also a constant,
independent of time and Efe(t)e(t + 7)] is a function of 7 only.

By definition, stationarity implies that the process has a constant mean 7.
The fact that the covariance of a stationary process is only a function of the
time difference 7 (called lag) allows the introduction of two important func-
tions used to characterize stochastic processes: the autocovariance function
of y(t)

oyy(t) = E[(y(®) —n) (y(t+7)—n)] (2.64)
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and the autocorrelation of y(t) is the expected value of the product y(t)-y(t+
7), leading to the autocorrelation function

oyy () _ Bl —npltn-n)
vy By - n)?) Ely(t+ 1) - )]

For each 7, py y(7) defines the correlation coeflicient between pairs of values
of y(t) separated by an interval of length 7. Since the expectation operator is
a theoretical construct, estimators are required to implement these functions
for finite sequences of measured data. Given d observations (y1,¥2,. . .,y4) of
a process y(t), and assuming stationarity, the sample mean

1 &
U(T):E;yj

is used to estimate the sample autocovariance sequence

Pyy(T) = (2.65)

d

T

(Wj+r — 1) (5 — 1) - (2.66)

Oy,y (r) =

SO

<.
1

That is, the expectation is replaced by an average over the series at different
times. It should be noted that 7 and 4 are random variables. The sam-
ple autocorrelation sequence py y(T) is defined to be the normalized sample
covariance sequence
&Yyy (T) (2 67)
by,y(0) .
As in Section 1, a sequence is a vector and so is the sequence of random
variables up to time ¢, y(t) = (y(0),...,y(¢)), (1.11). The set of all linear
combinations of these random variables forms a vector space (linear manifold),
?(t), which is a finite-dimensional subspace of the space of all observations.
The scalar product of any two vectors (sequences), say x(t) and y(t), then
defines the covariance ox y. Then the autocovariance, given by the Euclidean
norm, corresponds to the length of the vector:

Py,y(T) =

2
ayy =lly®Il" .
The angle between two vectors x(t) and y(t) is given by

= =1 [y Ol

SN S — (2.68)
\/Ux,x : Cry,y

From this, two sequences are uncorrelated if their vectors are orthogonal. In
terms of expectations, a stochastic process is uncorrelated if

cos(a)

Ely®yt+n)]=Ely®)] - Elyt+7)] 721. (2.69)



58 UNCERTAINTY TECHNIQUES

If in addition
Ely(t)y(t+7)]=0, (2.70)

then the stochastic process is said to be orthogonal. In general, a random
vector x is a vector of random variables

X = [X1,X2,...,%n])", (2.71)
characterized by a probability distribution function
Pr(zq,...,2n) = Pr(x; <z1,...,%p < Zp) .
The mean of the random vector x is then defined by
Ny = E[x] (2.72)

N = /xipi(wi)dwi ,

where p;(z;) is the marginal density of the i*" component of z. An important
set of parameters is that which indicates the dispersion of the distribution.
The covariance matriz of x is defined by

== E[x-n)x-n]

—Xl — T
=F [Xl—n1~--Xn—77n]
| [ Xn — TIn
[ =n)(xi=m) - (1 =m)(Xn = 1)
=E : :
L _(xn —m)(X1—=m) - (Xn "nn)(xn = Nn)
[El(x1 =m)(x1—m)] - El(x1 —m)(Xn —nn)]
= z ; (279
| El(xn = mn)(x1 =m)] -+ E[(Xn = 7n)(Xn — 7))
—611 rr Cin
LCn1 Cnn

The components o;; of this matrix are
cij = E(xi — ) (x5 — ;)] hL,ji=1,...,n.

The diagonal components of the covariance matrix are the variances of indi-
vidual random variables, and the off-diagonal components are the covariances
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of two random variables x; and x;. The covariance matrix is symmetric and
can be rewritten in the following form:

2 = Blxx"] - E[x|n" - nE[x"] +nn"
=S-m", (2.74)
where

E[X]Xl] tee E[xlxn]
S = ExxT] = : : : (2.75)

Elxpx1] -+ E[xpXy)
Equation (2.74) describes the relationship between the covariance and auto-
correlation matrices, demonstrating that both essentially contain the same
amount of information. The matrix S of (2.75) is called the autocorrelation

matriz of x. We can then replace the elements in (2.73) by the variances o2,
standard deviations and correlation coefficients p;;:

Ciy = 0’1»2 and Cij = Pij0i0j . (276)

We can then express 3 as a combination of two matrices:

2 =TRTY, (2.77)
where
opb 0 -+ 0 1 pi2 - pin
0 o pi2 1
Y=1. . and R=| . ) . . (2.78)
0 o op Pin ... 1

Matrix R is called correlation matriz. In contrast to variance or standard
deviation which depend on the scales of coordinate systems, the correlation
matrix captures the relationship between random variables independent of
scale.

The basic ideas of random variables, random vectors and the parameters
characterizing them, have been developed into a comprehensive framework to
analyze signals and systems, in particular, with respect to filtering and control.
Consider a signal z(t) and noise €(t) where only the sum y(t) = z(t) + (t)
can be observed. In a stochastic framework the (real-valued) variables y, z,
¢ are considered as random variables® y, x and €. Sampling the signal gives
a realization of the sequence of random variables (y(0),y(1),...,y(t)). The

6Note that we use bold letters to describe random variables as well as vector(s). See also
Figure 2.12.
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X1 X2 Xn

x1(w3) / Xp(ws)

\ Xn(wg)

| ——|x2(ws)

x3(ws)
- - 1 4

~— -
X =[X1,...,Xn]

Fig. 2.12 Vector-valued random variable x. For simplicity some results in this section are
derived for single-valued random variables but can be extended to vectors.

objective is, on the basis of observations, to make some inference about the
value of the signal at ¢t = t', where the following cases can occur”’:

t'<t: data smoothing (interpolation)
t'=t: filtering
t'>t: prediction
For any given sequence of measured values (y1,y2,...,yq) of the (real-

valued) random variable y(t), the conditional probability distribution function

Pr(x(t) <6 y(0) =y1,...,¥(t) = ya)

represents all information about random variable x(t) obtained from the mea-
surements of random variables y(0),...,y(t). Any statistical estimate of ran-
dom variable x will be some function of this conditional distribution and
hence be a function of random variables y(0),...,y(t). The estimate itself
will therefore be a random variable too and the quality of the estimate x(¢'|t)
is quantified by a loss function L(-) where L(-) is positive, L(0) = 0, and is a
non-decreasing function of the estimation error x(t') — x(¢'). Commonly, the
estimate is required to minimize the average loss

E[L(x(t") - x(t))] = E[E[L(x() - x(t") | ¥(0),...,y(®)]] -

7All three cases of data smoothing, filtering and prediction were summarized by R. E.
Kalman as the estimation problem.
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Since the first expectation on the right-hand side does not depend on x we
may only minimize

E[L(x(t") - %(t") | ¥(0),...,¥(t)] -

Making some assumptions about the properties of the stochastic processes
x(t), y(t) and e(t), one can show that the random variable %(¢'|t) which
minimizes the average loss is the conditional expectation

x(t'|t) = E[x(') | y(0),...,y(®)] .

One of the most significant application of these ideas to engineering was pre-
sented by R. E. Kalman and R. S. Bucy. On the basis of expectations alone,
without actually calculating any integrals, using the geometric view and the
orthogonality condition, they were able to derive an optimal (least-squares)
estimate of x(t') as an orthogonal projection of x(t') onto the vector space
Y (t) formed by the random variables y(0),...,y(t) (up to time ¢) and their
linear combinations .
Z aiy(i) -

i=tg

Let eq,,...,e; be an orthogonal basis, that is, any vector (sequence) in Y(t)
is given by Zzzto a;. We denote these vectors in Y (¢) by

)‘c(t)éZai'ei.

i=to

Any vector x(t), not necessarily in ?(t), can be decomposed into two parts: a
part X(t) € Y(t) and a part %(t) orthogonal to Y (¢), i.e. orthogonal to every
vector in ¥ (¢):

x(t) = x(t) + x(t)

= > E[x(t) - e e; +x(t) (2.79)

i=tg

where %(t) is called the orthogonal projection of x(t) on Y (t). In the next
section we will derive the equations leading to what is known as the Kalman
filter as an example of how to use expectations and the geometrical view of
sequences.
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2.3.1 Example: Kalman-Bucy Filtering

The assumption of randomness is another mode of abstraction, a constraint which

will be satisfied in certain kinds of situations and which will fail to be satisfied
in others.

—Robert Rosen

In this section, we derive in detail the basic equations of the Kalman-Bucy
filter as presented in the first paper [Kal60] that initiated decades of research
in extending its basic ideas. The Kalman filtering approach may be briefly
summarized as follows:

e Prior to Kalman’s paper, Wiener’s work in time-series analysis led to
complex integral equations. Kalman and Bucy converted the problem
into a nonlinear differential equation whose solution yields the covari-
ance matrix of the minimum filtering error. This matrix contains all
information required in designing an optimal filter.

e A (“random”) signal is modelled as a dynamic system excited by white
noise.

e The optimal filter generates a best linear estimate of the actual (noise-
free) signal.

e The variance equations are of Ricatti type which occur in the calculus of
variations and are closely related to the canonical differential equations
of Hamilton. This establishes some duality between estimation and
control theory.

Kalman’s ideas established a novel, mathematically more tractable and ele-
gant approach to prediction and filtering by using conditional distributions
and expectations. We derive his equations as an example of how the geo-
metrical perspective - viewing sequences of random variables as vectors, and
orthogonality - ensuring optimality can be used effectively. The overall struc-
ture of the Kalman-Bucy filter - the signal model and the filter itself, are
illustrated in Figure 2.13.

For the signal, we consider the dynamic model (1.26) illustrated in Fig-
ure 1.15, where the input u(k) to the system is assumed to be an independent
Gaussian vector-valued stochastic process with zero mean and covariance ma-

trix Q(k):

Elu(k)]=0 V&
Elu(k)u'(k+7)]=0 if 7>0
Elu(k)u(k)] = Q(k) . (2.80)
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x(k+1ik+1)
) Bk + Tk + 1) ——p
*(k + 1|k)
y(klk —1) RS R ;
y (k) | unit ylklk —1)
G*(k) | b)) delay —> H(k) |
_ I |
I %(k|k — 1) |
I I
| |
| ®(k+1; k) ! |
\ T ___ _signalmodel )

Fig. 2.13 Matrix block diagram of the Kalman-Bucy filter.

Here, x(k) is an r-vector, and y(k) is an m-vector. Here the elements of matrix
G(k) are all equal to one. Given the observed values of y(0),...,y(k), we aim
to find an estimate x*(k + 1|k) of x(k) which minimizes the expected loss.
From the previous section and the geometrical view of least-squares estimation
in Section 2.1, the solution to the filtering problem is the orthogonal projection
of x(k) onto the linear manifold ¥ (k) generated by the observed sequence of
random variables:

x*(k + 1|k) = E[x(k + 1)|y(0),. .., y(k)] (2.81)
= Elx(k + 1)|Y (k)]
= x(k+1|k) e Y(k) !

In other words, X is that linear function of random variables y(0), ...,y (k)
which minimizes a quadratic loss function. Vector y(k) is composed of two
parts, y(k|k — 1) € Y (k — 1) and residual §(k|k — 1) orthogonal to ¥ (k — 1):

y(k) =yklk—1)+y(klk—1) . (2.82)
NN —
Y (k) ev' (k) ey (k—1)

The orthogonal spaces Y’(k —1) (known from, or induced by, (y(0),...,y(k—
1))) and Y'(k) make up Y (k). The component of y(k) lying in ¥ (k — 1),
denoted by y(k|k — 1), using (1.27), is specified by
y(k|lk — 1) = H(k)x" (k|k — 1) inserted into (2.82) leads to
y(klk = 1) = y(k) — y(k[k — 1)
=y(k) - H(k)x*(klk - 1) . (2.83)

Equation (2.83) describes the “not expected” part of the measurement. As-
suming by induction that x*(k|k — 1) is known, from (2.81) and (2.82) we
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have

x*(k + 1|k) = E[x(k + 1)|Y (k — 1)] + E[x(k + 1)|Y" (k)]
= ®(k + L k)x"(klk — 1) + E[u(k)|Y (k = D] +E[x(k + 1)|Y' (k)] .

from (1.26)

(2.84)

In (2.84), u(k) is independent of u(k — 1), u(k — 2),.... Hence from (1.26),
(1.27) is also independent of y(0),...,y(k) and Y (k — 1) - u(k) is orthogonal
to Y (k — 1), and therefore

x*(k + 1|k) = ®(k + 1; k)x*(k|k — 1) + E[x(k + 1)|7' (k)] , (2.85)

where the term E[x(k + % (k)] is assumed to be a linear operation on
y(klk — 1). Introducing the gain (matrix) G*(k) of the optimal filter (cf.
Figure 2.13),

E[x(k + 1)|Y'(k)] = G*(k)y (k|k — 1) . (2.86)

Combining (2.83), (2.84) and (2.86),
x*(k + 1|k) = ®(k + 1; k)x*(k|k — 1) + G*(k) [y (k) — H(k)x*(k|k 1))
= ®(k+ 1;k)x*(klk — 1)+ G*(k)y(k) — G"(k)H(k)x*(k|k — 1)
= L@(k +1;k) — G*(k)H(k)J] x*(klk — 1) + G*(k)y(k) . (2.87)

=&* (k+1:k)

With the new notation,
®*(k+1;k) = ®(k+ 1;k) - G*(k)H(k) , (2.88)
the optimal state estimate, given Y (k), is
®"(k+1;k) =®"(k+ 1;k)x"(k|lk — 1) + G*(k)y (k) . (2.89)

From (2.89), it becomes apparent that signal and filter are governed by the
same model structure (1.26) and x*(k|k — 1) is the state of the optimal fil-
ter while the observations y(k) are the inputs to the optimal filter (see Fig-
ure 2.13). Next, we consider the estimation error

%(k + 1k) = x(k + 1) — x*(k + 1|k)
= ®(k + 1;k)x(k) + u(k) Eb*(k +1; k)x*(klk -1)+ G*(k)y(k)l]

from (1.26) from (2.89)
=&(k + 1;k)x(k) + u(k) — ®*(k + 1; k)x*(k|k — 1)
- G"(k)H(k)x(k) .
[

from (1.27)
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Since x*(k|k — 1) = x(k) — x(k|k — 1),

x(k + 1|k) = ®(k + 1;k)x(k) + u(k) — ®*(k + 1; k)x(k)
+®*(k + L k)x(klk — 1) — G*(k)H(k)x(k)
=®"(k+ 1;k)x(klk — 1) + u(k) + ®(k + 1; k)x(k)
— [®(k + 1; k) — G* (k)H(K)]x(k) — G* (k)H(k)x(k)
+ ®(k + 1;k)x(k) — ®(k + 1; k)x(k) + G* (k)H(k)x(k)
- G*(k)H(k)x(k) .

These re-arrangements and substitutions lead eventually to

x(k+1lk) = ®"(k + L; k)x(klk — 1) + u(k) . (2.90)
Equation (2.90) shows that the estimation error is governed by a linear dy-
namic system with transition matrix ®*. Next, we derive an expression for

the covariance matrix of the error X(k + 1|k). Inserting (2.88) into (2.90), we
obtain

x(k+1|k) = [®(k + 1;k) — H(k)]x( ) + u(k) (2.91)
=&k + 1;k) (k|k - 1) G*(k ) ( ) (k|k — 1) + u(k)
= ®(k+ 1;k)x(klk — 1) = G*(k)y (k|k — 1) + u(k) . (2.92)

Using (2.92), the covariance of the error is specified by

P(k+1) = E[i(k + 1K) (k + 1|k)]

= E[ic(k +10k) (B (k + 1; k)% (klk — 1) — G* (k)3 (klk — 1) + u(k))T].
(2.93)

From the definition of optimality, that is, x* (k+1|k) = %(k+1|k) € Y (k), the
optimal estimate is the orthogonal projection of x(k+1) onto ¥ (k). Therefore,

Ex(k+1kyT@)] =0 Vi=0,...,k

and hence

E [%(k+ 1k)yT (klk —1)] =0 (2.94)

simplifies (2.93) to

P(k+1)=E [i(k +1|k) (@ (K + 1; B)%(k|k — 1) + u(k))T] .
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Replacing x(k + 1|k) by (2.91) in the last equation,
P(k+1)=E _{ (®(k + 1; k) — G* (k)H(k)) % (klk — 1) + u(k)}
A®(k + 1;k)%(k|k - 1) + u(k)}T]
~-E -{<I>*(k + 1, k)% (klk — 1) + u(k)}

A% (klk - 1)@7 (k + 1;k) + uT(k)}]

= E[®(k + 1; k)x(k|k — 1)xT (k|k — 1)®7 (k + 1; k)
+ &*(k + 1;k)%(k|k — l)uT(kJ)
-0
+u(k)xT (k|k — 1)®T (k + 1; k) +u(k)uT(k)] .

—0

Leading to
Pk +1) = @ (k + 1; k) E[x(k|k — )X (k|k — 1)] @7 (k + 1;k) + Q(k)
or

Pk+1) = ®*(k+ 1;k)P(k)®T (k + 1;k) + Q(k) . (2.95)

Terms involving the product of u(k) and %(k|k — 1) vanish since u(k) is inde-
pendent of x(k) and therefore of x(klk — 1). Independence implies uncorre-
latedness, that is,

E[() - u(k)] = E[(")] - E[u(k)]
=0,

since E[u(k)] = 0, by definition. If, in the derivation of P(k + 1), we use
(2.90), replacing both terms %(k + 1|k) instead of using (2.91) for one and
(2.90) for the other, we have

Pk+1)= E[:Tc(k +1k)xT (k + 1|k)]

= E[{«I)*(k + 13 k)% (kK — 1) + u(k)}

A& (klk - 1)@ (k + 1;k) + uT(k)}] .
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Multiplying the terms within the curly brackets gives us

P(k+1) = E[q»*(k + 1 k)x(k|k — 1)XT (k|k — 1)@*T(k + 1; k)
+ &*(k + 1; k)x(k|k — DuT (k)u(k)xT (k|k — 1)@* T (k + 1;k)
+ u(k)u” (k)|
=& (k+1; k:)E[ic(ch ~ &7 (klk - 1)]<I>*T(k +1;k)
+ E[tI)*(k +1; k)% (k|k — l)uT(k)]

"

—0
+ u(k)x” (klk - 1)@ (k + 1;k) +E[u(k)uT(k)]
=0

=& (k+ LkPE)® T (k+ 1]k) + Q(k) . (2.96)

What remains to be found is an expression for the gain G*(k) of the optimal
filter. First note that we found two equivalent recursive expressions (2.95)
and (2.96) for P(k + 1):
P(k+1) = [@(k + 1;k) — G*(k)H(K)|P(k)®" (k + 1;k) + Q(k)  (2.95)
= [®(k + L;k) — G*(k)H(k)]
P(k)(®(k + 1;k) — G*(K)H(K)" + Q(k) . (2.96)

For both expressions to hold true,

[®(k + 1;k) — G*(k)H(k)]P(k)HT (k)H(K)" =0
ie. [®(k+1;E)PHEHT (k) - G*(k)HE)P*(K)HT (k)] G (k) =0.

Therefore, we obtain for the optimal gain the expression
G* (k) = ®(k + 1; k)P(k)H” (k) [H(k)P (k)HT (k)] " . (2.97)

For more details and extensions of the Kalman-Bucy filter, the reader is re-
ferred to the vast literature available on the subject. Part of the impact
Kalman’s original paper had, comes from the fact that though conceptually
very different to the filtering problem described here, Kalman identified a
dual optimal control problem which merely requires a change of interpreta-
tion with most equations remaining unchanged. Consequently almost every
introductory book on control engineering will mention Kalman filtering.
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Learning from Data:
System Identification

O The identification of a model is an approximation of the function which
relates independent (e.g., input-) and dependent (e.g., output-) variables.

O Linear parametric regression, employing the least-squares principle, is an
efficient tool to identify parameters from data - to learn linear functional
relationships.

O In a probabilistic framework data are assumed to be distributed according
to some unknown probability density function.

O Statistical learning can be seen as a generalization of density estimation.

O Like the Fourier series, Kernel density estimation provides another example
of the approximation of an unknown function by means of so-called basis
functions.

That all our knowledge begins with experience, there is indeed no doubt ... but

although our knowledge originates with experience, it does not all arise out of
experience.

—Immanuel Kant

In order to use regression techniques in identifying models from data, we now
introduce a vector of independent variables. Let the observables &i,...,&, be
maps from the set of abstract states (2 into an n-dimensional manifold =, that
is,

E: Q0 - =
w = o=(x,9),

69
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where m = 1 (single-output system) and the vector of independent variables
be denoted by

X = [21,22,...,Z,] .

We can now describe the manifold = or data space as the Cartesian product
of the input and output spaces

E=XxY where X=X xXg,x---x X,

for short. In Section 1 we have seen that a formal model 9 of a system & is
described by some mapping! f(-) which relates variables x with y:

f: X - Y (3.1)
X = y.

A specific model thus describes a graph F C X x Y, (1.8), of the mapping
which represents system &. In time-series analysis, y refers to the output
whereas x describes some inputs and the vector of variables € is used to denote
all other factors that affect the output but whose values are not observed
or controlled. Uncertainty in the output reflects the lack of knowledge of
the unobserved factors €. In this context, we express the transformation Ty,
(1.15), by the dynamical law

y(k+1) = f(x,k), xeX,

describing y at time tx41 depending upon previous states of observables which
are summarized in vector x. It will be this class of systems we focus upon in
subsequent sections.

The identification of a model 9 is an approximation of f: X — Y, based
on a sampled set of training data, that is, measurements m; = (x;,y;),
j = 1,2,...,d of the observations or objects 0.? The identified dependency
between x and y is described by means of a parameter vector 8, that is, we
assume that f(-) is an appropriate representation of G and using a finite set
of sampled data we implement a function f(x; @) which we hope is as close to
f(x) as desirable. Learning, in general, means the selection of a set of func-
tions f(x;0), where 0 is a set of abstract parameters used only to index the
set of functions. It follows that the most general form of prediction concerning

1 A mapping or function f on X to Y is aset F C X x Y of ordered pairs which for each
x € X contains exactly one ordered pair (x,y). X is called the domain and Y the codomain
of f. Visualizing X and Y as “spaces” of some sort, X XY is called Cartesian product space.
Since F' is a subset of the product space which meets each “vertical” subspace {z} x Y in
exactly one point, it describes a curve and is therefore often called the graph of the function.
2With respect to dynamic systems, o may be regarded as the state of the system and E as
the state-space. On the other hand, in clustering o is an abstract object. Since regression
and clustering are generic tools for pattern recognition, we refer to o as an ‘observation’.
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G is that the ‘point’ o, determined by measurements, will lie in some subset
A of =.

In linear parametric regression, the set of functions is specified as a poly-
nomial of fixed degree, and the set of functions implemented is

f(x;0) = Z b; - z; (3.2)

such that an appropriate set of 6; can be found using least-squares (2.29).
For example, considering input-output “black-box” models, using an autore-
gressive model structure, the system is described by a finite number of past
inputs and outputs:

x = [y(k),...,y(k —ny +1),uk),...,ulk —n, +1)]7 . (3.3)

Considering system identification [Lju87], this leads to the ARX (AutoRe-
gressive with eXogenous input) model structure:

Ny Ny
yk+1) =Y 6yl —i+1)+ > Oppi-ulb—i+1). (3.4)
1=1 =1

Equation (3.4) is commonly called the predictor for model

TOEDY ai-y(k—z‘)+§j biulk — i)

where the adjustable parameters are denoted € = [a;,- -+ ,ap,,b1, " ,bnu]T
and 7 = ny +n,. In Sections 4 and 5 we describe fuzzy models which approx-
imate a nonlinear regression surface by linear submodels. These models can
be described as NARX (Nonlinear AutoRegressive with eXogenous® input)
models which establish a relation between the past input-output data and the

predicted output

ylk+1) = f(x,k) +e(k)

= f(y(k),...,y(k—ny + 1), u(k),...,u(k —n, + 1)) +e(k) ,
(3.5)

where k denotes discrete time samples, n,, and n, are integers related to the
system’s order and f is some nonlinear mapping.

3Variables in models for forecasting are usually classified as endogenous or ezogenous.
Endogenous variables are those values the model is built to explain, while the exogenous
variables are those that are not determined by the model but nonetheless impact on it.
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3.1 THE PROBABILISTIC PERSPECTIVE

Due to non-observed and uncontrolled variables, the knowledge of observed
values x does not uniquely specify the output y. The consequence is some
uncertainty in y. This leads to the formulation of a ‘statistical dependency’
between x and y.

A stochastic framework describes the x € R" as random vectors drawn
independently from a fixed probability density p(x) which is unknown. The
system under study produces a value y for every input vector x according
to the fixed conditional density p(y|x) which is unknown. The problem of
learning is to select a function that best approximates the system’s response.
The training data M = {m;}, m; = (x;,y;) are assumed to be independent*
and identically distributed, following the joint probability density function

p(x,y) = p(x) - p(ylx) , (3.6)
where (x,y) € X x Y. A finite sample from this distribution is denoted by
{m;}, j =1,2,...,d. Consider the regression model

y:f(X)+E, (37)

where ¢ is some zero mean random noise®. Then, we find

ﬂm:/&mdey (3.8)

such that the graph (1.8) of the mapping which describes the system is spec-
ified by
F={(fx),x): f(x)=(3.8)} . (3.9)

Within a stochastic framework, in order to estimate f(x; @), one minimizes
the expected value of the loss

BILI = [ Ly, 16x58)) plox,y) dxdy (2.16)
= R(D),

where p(x,y) is unknown. Hence, density estimation is the most important
learning problem and is therefore further discussed in the next section.

4The assumption of independence is based on the view that microscopic phenomena have
much smaller time constants and therefore can be seen as independent of the primary signal.
5 Assuming the process is linear with noise being added to the signal, probability distribu-
tions are usually assumed to be Gaussian with the following argument. Macroscopic random
effects are thought of as a superposition of microscopic random effects. Under the central
limit theorem the accumulated effect tends to be Gaussian regardless the distribution of
the microscopic effects.
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At this point, it might be useful to clarify some terminology. Learning
is probably the most general term describing methods that estimate the un-
known mapping (dependency) y = f(x) between a system’s inputs and out-
puts from a finite set of training data, that is, input-output samples m;.
Common learning tasks are classification, regression, density estimation, and
clustering. We use the terms ‘learning’ and ‘system identification’ interchange-
ably, though system identification is usually associated with linear parametric
regression [Lju87]. In a probabilistic setting, all these tasks learn, that is, es-
timate f(x;0), by minimizing the risk functional E[L], (2.16). In each case,
however, the loss function and the output differ. In statistical learm'ng theory
[Vap98, CM98] the general predictive learning problem is formalized as fol-
lows: Let M = {m,}, and m = (x,y) denote and input-output pair of which
we are given d samples as training data. The data are assumed to be dis-
tributed according to some unknown probability density function p(m). The
objective of predictive learning is to find a loss function Q(m, 0), @ € © that
minimizes the risk functional

/Q(m 0 dF( )
- / Q(m,0) p(m) dm , (3.10)
where
Q(m,0) = L(y, f(x;0)) (3.11)

denotes the loss function as applicable for any of the learning problems (clas-
sification, regression, density estimation, and clustering). In regression (2.16),
we used the least-squares principle, that is, the quadratic loss

Q(m,0) = (y - f(x;0)) . (2.17)

At the root of statistical learning theory is the idea to estimate the risk func-
tional (3.10), by taking an average of the risk over the training data:

d
1
Remp( EZ (m;, ) . (3.12)

As the optimal estimate, obtained by minimizing the risk functional (3.10),
depends on the cumulative distribution function F'(m), p(m), respectively.
One usually therefore first has to estimate the unknown probability density
function from the available data M and then find an optimal estimate for
f(x;0). Alternatively, we use the estimated risk (3.12) as a substitute for the
unknown true risk. This approach is called the Empirical Risk Minimization
(ERM) inductive principle. The main claim of statistical learning theory is
that the ERM inductive principle is not only a general framework for learn-
ing but also should be preferred to density estimation in case of small, finite
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samples. With ERM the goal is to find values for 8 that minimize the em-
pirical risk. Then, the solution to the learning problem is the approximating
function of f(x; @), minimizing (3.12) with respect to the parameters. A non-
linear parameterization of a set of approximating functions f(x;0) leads to a
nonlinear optimization problem. One commonly used optimization approach
is the EM-algorithm. As parameters are estimated iteratively, the value of the
empirical risk is minimized. As illustrated in Figure 3.1, in [CM98], predictive
learning is described as a two-step inference:

1. Induction: Learning (estimation) of unknown dependency from data.

2. Deduction: Using the identified model for prediction.

Such conventional formulation of identification algorithm implies that we are
estimating the unknown function f(-) everywhere in =, that is, for all pos-
sible input values. Such global function approximation has obvious disad-
vantages and has led to various concepts that support ‘localized predictive
learning’. For instance, in [CM98], the transductive approach of support vec-
tor machines, rooted in statistical learning theory, is outlined. The ideas put
forward in Section 4 and Section 6, will also support localized modelling and
prediction - though motivated by a very different philosophy.

a priori o - estimated
knowledge model

W deduct
training transduction predicted
_—
data output

Fig. 3.1 Predictive learning [CM98].

I shall argue that the nature of the uncertainty involved in describing &
can have different forms (fuzziness, randomness, ambiguity, vagueness, im-
precision) depending on the nature of the system, the nature of the data,
necessary assumptions and personal preference for a particular mathematical
framework. It is therefore important to note that a statistical/probabilistic
formulation is not the only valid framework. It is surprising that despite the
number of assumptions required, the number of parameters not estimated but
chosen, numerical compromises and the consequences of our foregoing discus-

sion we still find statements in the literature such as “Probability measures
are adequate for describing all types of uncertainty.” or
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“In contrast to the classical statistics [..] using various types of a priori
information, the new theory [..] does not rely on a priori knowledge
about a problem to be solved.”

One can only have the impression that there exists an unreasonable respect
for statistics and probabilistic modelling which may inhibit creativity in the
progress of systems theory. In subsequent sections, I try to demonstrate that
fuzzy mathematical objects occur naturally; that is, not by applying some
extension principle to mathematical objects but by necessary generalization
when considering uncertainty in systems engineering. In combination, fuzzy
mathematics, statistics and possibility theory should provide us with a flexible
set, of tools, necessary to analyze complex systems.

3.2 KERNEL DENSITY ESTIMATION

The previous sections highlighted the importance of density estimation to sta-
tistical learning theory. In this section, we first introduce the problem with
Parzen’s kernel estimators, and then extend the results to function approxi-
mation in general.

The most basic approach to density estimation is the histogram. Its main
disadvantage is that it is discontinuous and has two parameters (the number
of bins, and bin width) which heavily depend on the nature and number
of data available. E. Parzen [Par62] suggested a class of smooth estimates
of probability density functions which we now discuss in more detail. Let
X1,Xs9,...,Xq be independent random variables identically distributed with
cumulative distribution function

:/ p(z) dz . (3.13)
Given a set of training data z1,..., 4, an empirical estimate of (3.13) is

1A

EZ z; < '), (3.14)

where ((-) is the indicator function taking the values 0 and 1 depending on
whether the argument is false or true. The estimator (3.14) is itself a bino-
mially distributed random variable with mean E[F(z)] = F(z) and variance
equal to %F(w) (1= F(z)). From (3.14), a simple candidate to estimate p(x)
is

—F(z - h)
h , (3.15)
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where h is a suitably chosen positive number. Introducing the kernel function

K (-) defined by
0.5 if|z/| <1
K(2') = = 3.16
(=) {0 if 2] > 1, (3.16)

we can rewrite (3.15) as a weighted average over the sample distribution func-

tion:
o= [ k(555 ke
d

=ﬁz (””“”J) . (3.17)

Jj=1

Equation (3.17) is usually referred to as kernel estimator. Apart from the
naive kernel estimator (3.16), a Gaussian kernel estimator is frequently used:

K(z') = \/__126_0.5(95')2 : (3.18)

To illustrate density estimation, we use the well-known data set of obser-
vations of eruptions of the Old Faithful geyser [Sil86]. Figure 3.2 shows the
results for the ‘naive’ estimator (3.16) and the Gaussian estimator (3.18) with
h=0.5.

window width 0.5 window width 0.5
0.4
0.5
0.4 0.3
x 0.3 ® 0.2
o [
0.2
0.1
0.1
0 0
0 2 4 6 8 0 2 4 6 8
naive kernel estimator Gaussian kernel estimator

Fig. 3.2 Kernel density estimates for the ‘Old Faithful’ data set.

Multi-variate kernel estimators are straightforward generalizations of the
univariate case. Using the same kernel in each dimension but with a different
smoothing parameter for each dimension the estimate is defined pointwise as

;ﬁ(x)z'dh E{HK(L— )} , (3.19)

where x = [z, .. .,xT]T € R and the data z;; come from a r x d matrix.
Geometrically, the estimate places a probability mass of size 1/d centered
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on each sample point, exactly as in the univariate case. In Section 9.1 we
will demonstrate the equivalence of fuzzy and statistical classifiers where the
optimal Bayesian classifier uses a multi-variate kernel density estimate.

3.3 BASIS FUNCTION APPROXIMATION

Returning from basic density estimation to the more general estimation of
the mapping y = f(x), we can make the following useful observation. In a
stochastic framework, the estimation of the density p(x,y) is the most impor-
tant learning task since it is essential to minimizing the risk functional R(0),
(3.10). A loss function for density estimation is

L(f(x;6)) = — In f(m; ) . (3.20)

Inserting (3.20) into (3.10) gives the risk functional
R(0) = /— In f(x;0)p(x) dx . (3.21)

0 is an I-dimensional vector in ® C Rl and it is assumed that the unknown
density is captured by this parameterized class of functions. Given a set of
independent identically distributed training data M = {m;}, j = 1,...,d,
the likelihood function (2.53) describes the probability of the data set M
conditioned on 6:

d
Pr(M|0) = [] f(m;;0)
j=1
=((O0;M) . (2.53)

As shown in Section 2.2, a maximum likelihood estimate is obtained by max-
imizing the log-likelihood function, (2.55), £(0; M) = In £(6; M) which is
equivalent to minimizing the risk functional (3.21).

Estimating the density of x, the output represents the density and hence
f(x;0), 8 € © becomes a set of densities. With respect to the more general
learning problem, the representation of the kernel estimator, (3.17) suggests
a generalization called basis function approzimation:

f(x;0) =6 ¢i(x) , (3.22)
=1

which is a linear combination of so-called basis functions ¢;. The 6, are
weights which sum up to one for some fixed 7. Equation (3.22) describes a
large class of approximating functions we can choose from in order to model
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the mapping y = f(x). Algebraic polynomials lead to the linear regression
models introduced in Section 2.1:

f(x;0) = Ze ‘T (2.18)
=1

In Section 2.1.2, the Fourier series was derived with the same objective - to
find a good approximation of f(t) using a linear combination of trigonometric
functions

f0)=2_ 8i-9i(t) (2.43)
= 5122 + i (ai - cos(iwot) + b; - sin(iwpt)) - (2.52)

=1

From density estimation, we have seen that basis function approximation
(3.22) not only provides linear models but also generalizes to nonlinear uni-
versal approximator. This class of universal approximators also includes some
neural network approaches (such as Radial Basis Function (RBF) networks)
and in Section 5 we will show that fuzzy models are another example from
this class.

3.4 EXAMPLE: EM ALGORITHM FOR MIXTURE-DENSITY
ESTIMATION

In this section, we introduce the Expectation Maximization (EM) algorithm
as a tool to estimate parameters of a mixture of probability density functions
via the maximum likelihood method (Section 2.2).

Let M = {m;,mg,...,my} denote data which are assumed to be gener-
ated independently from some unknown mixture of density functions. This
unknown mixture is estimated using the following general class of approxi-
mating functions:

f(x:0,w) = w; - ¢i(x,0,) (3.23)
=1

where the 6; are the parameters of the individual densities in the mixture and
the w; are weights summing up to one. From Section 2.2 on ML-estimation
we know that the best estimator is the mixture density (chosen from the class
(3.23)) maximizing the log-likelihood function. This density is denoted as

p(m) = ip(m}i,&-) - Pr(3) where i Pr(i)=1. (3.24)
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Individual densities in the mixture are indexed by ¢ and parameterized by 8;.
In (3.24), Pr(i) denotes the probability that a given data sample came from
density 3. Hence, the log-likelihood function for (3.24) is

(0; M) = ZanPr p(m;li, 0;) . (3.25)

According to the maximum likelihood principle, we should use the parameters
0 that maximize (3.25). This is numerically difficult to achieve and it would be
easier if the data were labelled, that is, if it would be known which component
of the mixture generated any given data point. In this case, u;; € U would
denote whether sample j originated from density component i and the log-
likelihood function for complete information would be

d
(6; M, U) ZZuU Inp(mj|uy, ;) - Pr(u;) . (3.26)

j=11i=1

Given the complete information, the maximization problem could be split
into a set of simpler problems, estimating densities independently using the
associated data samples selected by u;; € U. However, we assumed that the
data are unlabelled, meaning the the u;; are unknown and we have to operate
with incomplete data. Since it is impossible to work with (3.26) directly, A.P.
Dempster showed that we can use the expected value of (3.26) instead. That
is, it can be shown that if a certain value of parameter 0 increases the expected
value of (3.26), then the log-likelihood function (3.26) will also increase. This
leads to the formulation of the EM-algorithm (see Section 2.2.2) which we
here state for density estimation and basis function approximation in general.
Iterating with loop counter [, the two steps characterizing the EM-algorithm
are:

e E-Step: Compute the expectation of the complete data log-likelihood

function f(x;w,8)

d c

Q8,69 =33 pij- (ei (my,60) +mw®) ,  (3.27)

j=11i=1

where p;; is the probability that density ¢ generated data point j, cal-
culated by

pij = Elu;j|my]
o0 g (m,00)
= — . (3.28)
> - g (mj,6))
k=1
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e M-Step: Find the parameters w(*1) and 8**V) that maximize the
expected complete data log-likelihood

d
1) _ 1
wi ) = Z (3.29)
6!+ ) = argmapr“ In ¢; (mJ,B(l ) (3.30)
j=1

A common assumption on the density functions of the mixtures is that
they are Gau351an each den51ty described by a mean value 7; and covariance
matrix 3.

! with variance o? on the diagonal. In this case, the approximating
density functlon f(x) is

RESAE
E Wi ——— e
(2mo? )2

(3.31)

where the w; are unknown weights. Hence, for the Gaussian mixture model
the expectation and minimization steps are

e E-Step: Compute p;; = E[uijlmj,a(l)] as
-l
(U-—n)(l) 'e-%
Dij = :

T (3.32)
> (o7 e D"
k=1

o M-Step: Estimate new weights and parameters of the Gaussians

d
1
w§l+1) =3 Zpij ) (3.33)
j=1
> by
(1+1) _ 3=1
nl d ) (334:)
Pij
d 2
2 Pij - Hmj - m(lH)“
(7)Y = 00— (3.35)

szj
i=1
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3.5 DISCUSSION: MODELLING AND IDENTIFICATION

Truth can never be told so as to be understood, and not believ’d.
—William Blake

With finite data we cannot expect to find f(x;6) exactly. To obtain a useful
solution, one needs to incorporate prior knowledge in addition to data; the
joint density p(x,y) is not known. However, density estimation requires, in
general, a large number of samples, but even more with respect to the order
of = (a problem called the curse of dimensionality®). Similarly, the notion
of minimizing ezpected risk implies large numbers of samples to have the
averaging as a good approximation of the expectation.

A stochastic framework usually assumes stationarity, that is, the process is
assumed to be in a particular state of statistical equilibrium. Strict station-
arity is the assumption that statistical properties of process do not change
over time, that is, the joint probability distribution p(x,y) of any set of ob-
servations must be unaffected by shifting all the times of observation forward
or backward by any integer amount. The concept of stationarity is a math-
ematical convenience as it allows us to estimate properties (mean, variance)
of the distribution, associated with a particular observation/instant of time,
by averaging over time, that is, the sequence of observations. Similarly, the
assumption of ergodicity allows us to replace ensemble averages by their corre-
sponding time averages. A process is then called ‘ergodic’. For some practical
problems, the assumption of each observation (sequentially in time) being in-
dependent, identically distributed random variables may appear somewhat
unrealistic or non-intuitive.

We can conclude, that a stochastic framework may appear more rigor-
ous, thus more desirable than heuristic approaches but the many assumptions
made (linearity, large samples, stationarity, ergodicity, independent identically
distributed Gaussian variables) and the necessity to include prior knowledge,
make any nonlinear, possibly heuristic, approach appear equally useful. The
main advantage of a stochastic framework is that it provides a rich set of
mathematical tools for an analysis on paper.

In subsequent sections, I outline a fuzzy mathematical perspective which
clusters training data in M, in the product space =. As a consequence the re-
gression concept in system identification finds its analogy in clustering. Using
fuzzy clustering algorithms, local linear submodels are represented by fuzzy

6The phrase ‘curse of dimensionality’ was first coined by R. Bellman to describe the expo-
nential growth in combinatorical optimization as the dimension increases.
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sets (fuzzy relations, possibility distributions), allowing an interpretation of
cluster as (fuzzy) propositions. These ideas are described in greater detail in
Section 4.

Fuzzy clustering divides the available data into groups in which local lin-
ear relations exist between regressors and the regressand: y = f; (x;0;) + ¢,
where each 6; is a vector of parameters to be determined, and each ¢; is
a random vector with zero mean vector and some covariance matrix. The
principle of fuzzy identification by product space clustering is therefore to ap-
proximate a nonlinear regression problem by decomposing it into several local
linear submodels. The obtained fuzzy partition matriz is subsequently used
to define an if-then rule-based fuzzy model. The decomposition of a global
nonlinear mapping into a set of locally linear models is based on a geometri-
cal interpretation of the regression problem. The unknown nonlinear function
y = f(x), (3.1), represents a nonlinear regression (hyper)surface in the prod-
uct space X x Y C R™'. Fuzzy clustering as a method to identify fuzzy
if-then rule-based systems from data is introduced in Section 4. The concep-
tual relationship between multiple or switching regression models and fuzzy
clustering, attributed to Hathaway and Bezdek, is reviewed in Section 5.7.

A rule-based fuzzy model has a number of advantages in comparison with
global nonlinear models, such as neural networks. The model structure is easy
to understand and is in some cases interpretable. Various types of knowledge
can be integrated in the model, including statistical objects and empirical
knowledge. Furthermore, fuzzy models allow, in principle, for input data
being imprecise (intervals) or vague (fuzzy sets).

Typical structures for fuzzy models are the so-called ‘Takagi-Sugeno Model’,
‘Linguistic Model’, and the ‘Relational Model’. In Sections 5, 6 and Section
7.2, we describe fuzzy models which generalize the graph F', (1.8), of the

mapping f: X — Y into a fuzzy graph F.
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Propositions as Subsets of
the Data Space

O A more general concept to represent data sampled from a system is that
of a data space.

[0 System properties and behavior are reflected by clusters of data.

O Clusters may be interpreted as linear submodels of an overall nonlinear
system.

O Clusters may also be interpreted as if-then rules relating properties of the
variables that form the data space.

O Fuzzy clustering provides least-squares solutions to identify clusters, to
partition the data space into clusters or classes.

O Fuzzy boundaries between clusters are differentiable functions and hence
are computationally attractive.

[0 For many real-world problems a fuzzy partitioning of the underlying space
is more realistic than ‘hard clustering’.

For the things we have to learn before we can do them, we learn by doing them.
—Aristotle

An alternative view of a ‘functional’ representation of the system &, is to
identify subsets of the data space & = X x Y, with propositions in order to
formulate a calculus of ‘logical’ propositions that leads to a rule-based repre-
sentation of the data. Modelling dynamic systems, time-series data may then
be transformed to points in the data space. Choosing variables, representing

83
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the axis of = carefully, the data may exhibit ‘pattern’ (clusters) in = (see
Figure 4.1).

y(k)

°® [ ] X]

time

X2 data space X XY

Fig. 4.1 From time-series data to the data space representation.

If, as in previous sections, x = [xl,...,mr]T and y are characterizing the
system &, then the most general form of prediction concerning & is that the
point (z1,Z2,...,Zs,y) € Z, determined by actually measuring x and y, will
lie in a subset A of the (z1,...,z,,y)-spaces. Hence, we call subsets of space =
‘experimental propositions’ concerning &. The state-space is however a math-
ematical concept which needs to be related to some ‘experimental reality’. In
general, (i.e., not only in quantum theory) a one-to-one correspondence of
measurements and knowledge of the state of & is unattainable. Such cer-
tain uncertainty motivates some calculus of experimental propositions that
generalizes relations of points in R™ to (fuzzy) subsets. We are going to use
notions of equivalence relations and equivalence classes to explain clustering.
The reason is that, although no proofs are provided, the connection to fuzzy
systems and uncertainty modelling is intuitive.

Fuzzy Clustering

Feature Analysis System Identification Classifier Design
Rule-Extraction Prediction & Control Classification

Fig. 4.2 Numerical pattern recognition.

The following section describes clustering techniques to identify subsets of
the data space from sampled data. Clustering is a generic tool for pattern
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recognition - the search for structure in data, with a wide range of applica-
tions including fuzzy-system identification, classification and image analysis
(see Figure 4.2). As cluster analysis is concerned with methods that identify
pattern in data, it can form the basis for a refined analysis of dependency
relationships. Using a proximity measure between objects (points) in =, pat-
tern in data are found by partitioning the set of objects into separate clusters
(classes). Clusters form connected (dependent) regions of a multi-dimensional
space = in which objects (sampled data) are clustered with varying density
across the space =. Let the data space = be non-empty and define by C = {C;}
the “cluster space” describing the outcome of clustering, that is, a set of
clusters (classes) C; with which elements o € = are to be associated. By
identifying these clusters, partitioning =, the algorithms implicitly identify a
function
f:z =20,

which for any observation (object) o € E assigns a set C; € C of possible
results. The ‘correct’ function f is identified (learned from a set of training
data) by specifying an objective function or mapping

J: {f} - R,
which measures the quality or error we aim to optimize.

Let an observation consist of n measured variables describing an object
o € R*. The set of d measurements m; = [my;,... ,mnj]T of o forms an xd
data matriz' M:

mi1 M2 - Migd
Moy M2 - Mag

M= . . . . . (4.1)
Mnp1 Mp2 -+ Mpg

For instance, with regard to the model structure, defined by (3.3) and (3.5),
we consider the following regressor variables:

y(k+1) = f(y(k),y(k = 1),y(k — 2),u(k)) .
We therefore have for the regression vector

x' = [y(k)vy(k - l)ay(k - 2)7u(k)] .

1As clustering has wide-ranging applications various sets of notation are in use. Often,
m; € M are referred to as objects or feature vectors. Since clustering algorithms attempt
to organize unlabelled feature vectors into ‘natural groups’, clustering is also called ‘unsu-
pervised learning’ and columns of the obtained partition matrix U are referred to as ‘label
vectors’.
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y(4) O O
y(5) y(4)  y(3) @  u@)
y = , X= :
y(d) yd-1) y(d—2) y(d-3) u(d—1)

From X and y we form the data matrix M7 = [X,y], with n = r+ 1, suitable
for fuzzy clustering:

y(3) y(4) y(d-1)
y(2) y(3) y(d - 2)
M= |y(1) y(2) y(d—3)
u(3) u(4) u(d—1)
y(4) y(5) y(d)

Note that y and each variable in x represent an axis of the product space
=. Here we consider intrinsic partitional classification as opposed to hierar-
chical clustering?. Whereas hierarchical clustering leads to a nested sequence
of partitions by imposing the ultra-metric on the set of objects, frequently
visualized as a dendrogram, partitional clustering aims at a single partition.
We obtain such a partition for a fixed number of clusters by minimizing a
clustering criterion, for example, ‘squared errors’ (4.8).

Given a set of d objects m;, that is, points in the n-dimensional space
= C R", we wish to partition them into ¢ clusters by means of a (reflexive,
symmetric, transitive) equivalence relation, that is, the map

E: ExE - {01}

or, informally, the subset of = x Z defined by {(0,0') : E(o,0') = 1}. Given
M, a clustering algorithm generates a partition matriz

E(C(l),ml) E(c(l),mg) E(c(l),md)
U= . (4.2)
E(C(c), m;) E(c(c),mQ) - E(C(c), mg)

An element u;; € U is the equivalence of any m; with the cluster prototype

¢ € C or, in other words, it is the membership in the " cluster, that is,

the membership in [c()],. Let the prototypes of the clusters be denoted by

2For an overview of clustering and a description of the single-linkage algorithm see Appendix
13.3.
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C =[cM,...,c9], where ¢ is commonly defined as the centroid - the mean
vector
d
2 wij - m;
==L =12 .c. (4.3)

d
> Uij
i=1

In general, for any c() € = the equivalence relation E induces the equivalence

class A )
[c(z)]E = {0 . 0 €5, E(C(i),o) = 1} . (4.4)

With ¢ on both sides, equation (4.4) suggests the need for an iterative so-
lution to the clustering problem. Hence, a cluster, [¢()];, describes the set of
elements m; € Z satisfying equivalence relation E. The collection of equiva-
lence classes {[c(")] g} forms a hard-c-partition, a field or more specifically a
quotient or factor set, Z/E, of Z by E:

=/E = {[c"]g} . (4.5)
The natural map of = onto Z/F is defined as
v: 2 — EJE (4.6)

o ~ [0]g.

The natural map associates an element with the equivalence class it is in. It
is thus a classifier which in condition monitoring could be used to identify
and classify faults within a system.

4.1 HARD-C-MEANS CLUSTERING

Let M = {m;, my,...,my} be a finite set and 2 < ¢ < d be an integer. Then
the hard partitioning space for M is the set

c d
Mpe = U € Ve : wij € {0,11,¥(0,5); Y uij =1 0< Y uyy <d,Vi
i=1 j=1
(4.7)
where u;; € U and V¢4 is the vector space of real ¢ x d matrices - the set
of admissible solutions for the (hard) clustering problem. The partition (4.2)
requires the definition of the cluster center (4.3) and vice versa. For this rea-
son clustering algorithms iteratively optimize a clustering criterion (objective
function, cost function) such as

c d
The(M;U,C) = > > uy; di (mj,c(i)) , (4.8)

i=1 j=1
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where U € My, and d} (mj,c() is the distance, proximity, of object m;
with respect to prototype c¢(¥), calculated by the squared inner-product norm

. o112
da (mj,c(’)) = ”m] —c®

A

T ,

= (m; — c(’)) A(m; - c(l)) . (4.9)
If the positive definite matrix A is the identity matrix I (ones on the di-
agonal and all other elements zero), the distance measure induced on R",
is the Euclidean metric (Ly norm). The ‘Mahalonobis norm’ is obtained
by choosing A to be the inverse of the n X n sample covariance matrix
l/d}:?zl(mj — Nm)(Mm; — ﬁm)T of M, where 7jy, is the sample mean (2.7)
of the data. Whereas the Euclidean norm imposes hyperspherical clusters on
R™, the Mahalonobis norm generates hyperellipsoidal clusters.

Vertices: crisp labels

Cube:
possibilistic labels
—

Triangle:

probabilistic labels
s

Fig. 4.3 Options for cluster labels.

From (4.8), the objective is to minimize the ‘within-cluster-overall-variance’
where the ‘within-cluster variance’ is the squared error with respect to the
prototypical c¢(¥. The iterative algorithm starts with an initial partition and
assigns objects to clusters so as to optimize the objective function (4.8). If the
value of the objective function obtained is sufficiently small, the clustering is
assumed to be valid:

(U,C) = arg min Jhe(M;U,C,A) ,
th)(Rdx‘:)(Vdd
where Vg4 is the set of d x d positive definite matrices. Clustering the data
assigns a label to each object m;. The label is the j*" column from U de-

scribing its membership of m; in the ¢ clusters (classes). In hard-c-means
clustering only one element of the label vector can be equal to one and all
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other elements must be zero. Obvious generalizations are shown in Figure 4.3
and followed up further below.

Each hard-c-partition U of M induces on = X = a unique hard equivalence
relation E, the elements of which are defined by e;; = 1 iff m; and m; belong
to the same hard subset of U, and e;; = 0 otherwise:

P 1 iff mjoy,. g € [c(=19]
Y10 otherwise .

The (hard) equivalence relation E satisfies the following conditions:

ei; = 1, 1<i<d (reflexivity)
€ij = €ji, 1<i#j<d (symmetry)
ife;;j =1and ejp =1, theney =1 V(i,j,k) (transitivity).

Hard clustering has been criticized with various examples in which objects
should have partial membership in clusters in order to achieve a realistic
(fuzzy) partitioning in the given context (see example 4.3 below). But there
are not only conceptual reasons to introduce fuzzy partitions. A problem
with the hard-c-partition is that the space My, is too large to search for an
optimal partition. The number of distinct ways to partition the data space
into ¢ non-empty subsets is

=[S (v o]

i=1

The problem is due to the discrete nature of the characteristic function taking
the u;; as its values. If the u;; are continuous, taking any value in the unit-
interval [0, 1], then we can determine the derivatives of some objective function
J(-) with respect to u;; in order to analytically derive an optimal solution.
Many of those problems were solved with the introduction of fuzzy partition
spaces (which are differentiable). The study of least-squares solutions to fuzzy
objective functions has been largely progressed by J. Bezdek [Bez81].

4.2 LEAST-SQUARES FUNCTIONALS: FUZZY CLUSTERING

The generalization of the hard-c-partition to a fuzzy partition follows directly
by allowing degrees of membership in the unit-interval. From (4.7) the fuzzy
partition space of M is the set

c d
M= U € Vea t g € [0,1],¥(i,5); D uij =1; 0< Y wi; <d,¥i
i=1 j=1

(4.10)
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Other partition spaces may be obtained by relaxing the condition that the
sum of membership values across cluster must add up to one [Bab98]. The
objective function (4.8) is generalized into the fuzzy-c-means functional

J;e(M; U, C) = ZZ uij)® (mj,c(i)) , (4.11)

i=1 j=1

where U € Mjy, is a fuzzy partition of M and w € [1,00) is a weighting
exponent which determines the fuzziness of the resulting clusters. For w — 1,
the clusters tend to be crisp, hard, i.e. either u;; = 1 or u;; — 0, for
w — oo we have u;; — 1/c. A typical value for w is 2. The objective
function (4.11) minimizes the sum over the quadratic distances of the data
to the prototypes weighted by their membership degrees and is therefore a
least-squares criterion. Hence, the value of (4.11) can be seen as a measure
of the total variation of m; from ¢, The minimization of the c-means
functional represents a nonlinear optimization problem that can be solved by
a variety of methods. The most popular method is an iteration through the
first-order stationary conditions of the functional (4.11), known as the fuzzy-
c-means algorithm [Bez81, Bab98, HKKR99]. To obtain necessary conditions
for (local) minima we somehow have to take partial derivative of (4.11). In
[Bez81], the constraint Y ;_, u;; = 1 is added to the objective function by
means of Lagrange multipliers® to obtain an expression like

c d d c
Z Z (uij)wd2A (mj,c(i)) + Z)\j (Z Usj — 1) .
i=1 =1

i=1 j=1

We can then relax the search space for U to allow 0 < Z?:l u;j < d so that
minimization can be done on uncoupled columns of U. This leads to the

Lagrangian
c c
Lj(/\,Uj) = Z (uij)wd;‘-’j - (Z Uij — 1) ,
i=1

=1

where we write d; = d3 (m;,c(?)) for short and u; denotes the j*" column
of U. Stationary points are found for this expression by setting the gradient
equal to zero. Therefore, the following partial derivatives must be zero:

8
L) § wij — (4.12)
9 2

aTstL ()\ u]) =w - u dst A (413)

3 Lagrange multipliers are a sequence of real numbers X such that a point zo that minimizes
J(z) subject to g1 =0,...,9m = 0 will be a stationary point of the Lagrangian L(X,x) =
J(@) + 37 Aigi(@).
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From (4.13),

1

)\ w—1

From (4.12) set equal to zero, and (4.14), we have

and thus

<%> S S (4.15)

Or switching back to our usual notation, within an optimization loop, we
would determine for any given object m; the degree of membership in the 7*?
cluster by

1
Uij = - 2 o —— (4.16)
m;,clt w—
k§] (dA(mj:c k ))
and
d
ZJ (uij)" m;
== 1<i<ec. (4.17)
> (uif)®
j=1

In equation (4.16), it is possible that 3i: da (mj,c(?) = 0 for some m; and
one or more cluster prototypes c¢(®), s € S C {1,2,...,c}. This problem, for
which the new u;; is undefined, is called a singularity. To fix it, we assign to
each u;j, ¢ € S° the value 0 subject to the constraint ZsESuSk =1, Vj. The
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solution, (4.16) and (4.17) also satisfies the constraints given in (4.10). The
fact that the ¢( are determined as the (membership) weighted mean of the
data gives the name fuzzy-c-means. Algorithm 4.1 is terminated if changes
in the partition matrix are negligible, that is, if for some convenient matrix
norm ||[U® — U-Y)|| < 6. Examples for such a criterion are

d c
— . l -
oo -ueo] = 53 i -
j=1 i=1
- O] (1-1)
< e {1 -7

Fix ¢, 2 < ¢ < d, and choose any inner-product norm metric for R™, the termination
tolerance § > 0, e.g., between 0.01 and 0.001, and fix w, 1 < w < oo, e.g., 2.
Initialize U©) ¢ M., (e.g., randomly).

Repeat for [ =1,2,...:

Step 1: Compute cluster prototypes:

> (qu-‘”)w m;

j=1

5 (u5™)"

i=1

() _
' =

Step 2: Compute distances:

d3 (mj,cl(i)) = (c,(i) - mj)TA(cl(i) - mj) , 1<i<e, 1<j5<d.
Step 3: Update the partition matrix:
If da (m,,c,‘”) S0for1<i<e 1<j<d,
o _ 1
3 (d (my, )/ (g e(40)) /2

otherwise

c
ul) =0ifda (mj,cf’) >0, and ) € [0,1] with Y ul) = 1.
=1

Until |[U® —U¢-D| <6 .

Algorithm 4.1 Fuzzy-c-means algorithm (FCM).

The generalization of the binary set-membership E(o,0') € {0,1} to a
fuzzy set-membership function E(0,0') € [0,1] reformulates the clustering
problem as follows: The problem consists of characterizing a fuzzy equivalence
relation, also called similarity relation, E, by the set of its clusters in the
same way as equivalence relations E are uniquely determined by their sets of
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equivalence classes (4.4). In analogy to the partition matrix (4.2), we find
Be®,my) B(e®,my) - B(e®,m,)
U= : : : , (4.18)
E(c©,m,) E(C(C),mz) E(c("),md)
where the fuzzy equivalence relation is the map
E:E2xZ — [0,1] (4.19)

and u;; € U describes the degree of similarity of object m; with prototype
c, E(c(i) ,m;), or the membership of the data samples in the clusters. That
is, fuzzy sets are induced by ‘crisp’ sets when taking a similarity relation into
account. In other words, the point ¢ € E induces a fuzzy set Wy of all
elements that are similar to c(?). The membership degree p of o to this fuzzy
set is the grade to which o and ¢ are similar or indistinguishable:

Het (0) = E(c®,0) . (4.20)

The fuzzy set p.i) (o) = E(c,0) is called the eztensional hull of ¢ with
respect to similarity relation E* Similarity relations are fuzzy generalizations
of equivalence relations and clusters are fuzzy equivalence classes (4.21). We
can therefore describe fuzzy clustering as the problem of constructing fuzzy
quotients (4.22) with respect to similarity relations:

]z = {(0’ E(c(i),o))} , (4.21)
=/E = {[C(i)]é} . (4.22)

A similarity relation [Zad71, Wol98] on = is a map whose values E(o0,0')
are interpreted as the degree to which o and o' are equivalent. As with
equivalence relations, E is required to satisfy three axioms interpreted as
reflexivity, E(o,0) = 1, that is, each element is similar to itself to the degree
1; symmetry, E(o,o’) = E(o’,o), i.e. o0 is similar to o’ to the same degree
as o' is similar to o; and transitivity. In equivalence relations, transitivity
describes the fact

E(0;,0;) A E(oj,0r) = E(o0;,0%) . (4.23)

4In conventional set theory the subset consisting of all those elements which have a certain
property is called the extension of the property. The ‘extensionality’ axiom for sets states
that a set is completely determined just by specifying its elements. With respect to E,
the fuzzy set po, represents the extensional hull of the set {00}, i.e. it is the smallest
extensional fuzzy set with pog(00) = 1. In general, the extensionality of a fuzzy set A
describes the compatibility of a t-norm T(-,-), E and pa: T(pa(0), E(0,0")) < pa(o').
That is, it is a multi-valued formulation of the statement “IF o € A, AND o ~ o/, THEN
o € A”?
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(0,4) (6,4) .
[ ° e
(1,3) (5,3) :

Y [ ] ‘e

(0,2) (1,2) (2,2) (3,2) (4,2) (5,2) (6,2)
[ ] [ ] [ ] L] [ ] L] [ ] ° L] o -
(1,1) (5,1) :

° ° .o

(0,0) (6,0) . :
. . x

Fig. 4.4 The butterfly data set and hard-c-means result.

For similarity relations transitivity is generalized with the condition that there
exists a continuous triangular norm, T': £ x £ — [0, 1], generalizing the tri-
angle inequality (7.1), such that for all 0;,0;,04 € = the following inequality
holds:

E(oi,ok) >T (E(oi,oj),E‘(oj,ok)) :  T-transitivity. (4.24)

The triangular norm can be interpreted as the valuation function of a con-
junction. For instance, let T be the Lukasiewicz norm (7.4). Then, for (4.24),
we have _ _ _
E(oi,0r) > E(04,05) + E(0j,0¢) — 1,

which states that if o; and o;, as well as o; and o are similar, then also o;
and oy, have to be similar. The origin of triangular norms, t-norms for short, is
the so-called Poincaré paradox and Menger’s probabilistic spaces (Section 7).
The emergence of similarity relations from fundamental aspects of modelling
and measurements is further discussed in Section 7. Section 4.6 presents a
fuzzy rule-based system, based on similarity relations.

4.3 EXAMPLE: HARD VS. FUZZY CLUSTERING

The data set M consists of 15 points in the plane:

j 1 2 3 4 5 6 7 8
m; (0,00 (0,2) (04) (1,1) (1,2) (1,3) (2,2) (32)

J 9 10 11 12 13 14 15

mj (472) \(511) (5)2) (513) (610) (672) (674)

As depicted in Figure 4.4, the shape of the data set suggests a ‘butterfly’
which is frequently used to discuss hard vs. fuzzy clustering [Bez81]. Clus-
tering these points by the hard-c-means algorithm yields two fuzzy clusters
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as shown in Figure 4.5. The plot shown on the right in Figure 4.4 shows
the result after 2 iterations. We observe that, even though the butterfly is
symmetric, the clusters in Figure 4.4 cannot be. This suggests that a fuzzy
partitioning of the data into two clusters would be more natural. The result
of the fuzzy-c-means algorithm 4.1 with w = 1.25 and § = 0.01 is shown in
Figure 4.6. For w = 1.25, the algorithm stopped after 7 iterations. Figure 4.7
shows the fuzzy clusters for w = 2 obtained after 6 iterations and projected
onto the z-axis. In Figure 4.8, the effect of the weighting factor w is demon-
strated. For all results the following random initial partition matrix U(® was
used:

U =

0 0
11

O =
O =

1 1 1
0 0 O

Fig. 4.5 Fuzzy sets obtained from fuzzy-c-means clustering of the Butterfly data set.

4.4 ORTHOGONAL TRANSFORMATION

As noted before, the distance measure employed in the objective function has
considerable influence on how well the algorithm detects clusters (or shapes).
To make the discussion in this section easier, let us consider a simple example
of data in the plane similar to those in Figure 2.8 with = = X; x X». Let
us shift our coordinate system of = to bring the expected vector i (i.e. the
cluster center C) to the origin such that o denotes the new coordinate system:
o=o0-n1.

A Euclidean distance leads to the expression

oTIo ,
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Fix ¢, 2 < ¢ < d, and choose any inner product norm metric for R®, the termination
tolerance § > 0, e.g., between 0.01 and 0.001. Initialize U € M., (e.g., randomly).
Repeat for [ =1,2,...:

Step 1: Calculate centers (centroids) of hard clusters, i.e. the c-mean vectors c(!):

Step 2: Update U®): Reallocate cluster memberships to minimize squared errors
between the data and current cluster centers (prototypes):

i oDy = Q)
ug) _ { 1 if d(my,c; )Alrgn‘clgcd(m],c,c )

0 otherwise.

Until [UO - U= <45 .

Algorithm 4.2 Hard-c-means (ISODATA) algorithm.

—
o
[}

-

[ ] [ ® [ ]
1 0 0 1
[ ] [ [ ] [ ]

1 1 1 0.5 0 0 0 0 0 0 0.5 1 1 1
[ ] [ ] ® (] [ ] [ [ ] [ ] [ ] (] [ J [ ] [ [
1 0 0 1
° [ ] [ ] [ ]

1 0 0 1
[ ] [} o °

Fig. 4.6 Fuzzy-c-means clustering of the butterfly data set. w = 1.25

where I is the identity matrix, imposing a spherical structure onto the data
space Z. In other words, the algorithm using the Euclidean norm should be
particularly well suited to identify clusters of spherical shape. More often,
however, we may find that clusters are shaped to what can be better de-
scribed with an ellipsoid. What follows is a discussion on how such clusters
can be characterized. In particular, we shall discuss the case where instead
of the identity matrix I the covariance matrix 3 leads to what is called the
Mahalonobis norm. Describing an ellipsoidal cluster by its two main axes
is a task similar to principal component analysis. The motivation of princi-
pal component analysis is parsimony — dimension reduction. Two or more
correlated variables are described by a single linear composite (the equation
describing the longer axis of the ellipsoid or the regression line fitted to the
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0.87 0.13 0.13 0.87
[ ] [ ] [ ] L]
0.95 0.05 0.05 0.95
[ ] (] [ ] [ ]

097 1 0.8 05 012 0 0.03 003 0 0.12 0.5 088 1 097
[ ] [ ] [ ] [ ] [ J [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
0.95 0.05 0.05 0.95
[ ] L] [ o
0.87 0.13 0.13 0.87
° [ ] [ ] [ ]

Fig. 4.8 FCM: w = 1.25 (left), w = 2 (right). Result after 7 iterations.

cluster). This linear composite (“principal component”) attempts to account
for as much as possible of the variation shared by the contributing variables.
In other words, the data are maximally spread along the axis described by
the linear composite. The axis is found by transforming the original coordi-
nate system into a new one, maximizing the variance subject to the constraint
&7® = 1, where & is one column of the transformation matriz T associated
with the axis along which the data are spread with maximum variance (see
Figure 4.9). This restriction on the length of ® will ensure that our transfor-
mation meets the unit length condition for rotation. The term ‘orthogonal’
refers to the square matrix T that exhibits the property

TITT=TTT =1.

That is, any two column vectors or any two row vectors in the matrix T are
mutually orthogonal and, furthermore, each vector is of unit length. Using
such a transformation matrix on a set of points will preserve their angles,
lengths, and interpoint distances, while at the same time referring them to a
new, perhaps simpler, coordinate system.
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2, "
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T

Fig. 4.9 Eigenvectors and eigenvalues of a cluster with ellipsoidal structure.

In order to maximize the spread of data along the principal axis, we try to
find a vector ® which maximizes the expression

R Yty 2 (4.25)

The constraint 7 ® = 1 ensures that the resultant scalar #7 - ~1® cannot be
made arbitrarily large by finding entries of ® with arbitrarily large values. The
expression is optimized by taking the partial derivatives w.r.t. to a Lagrange
multiplier

0

o5 (77 - A(@"® 1)) =252 - 2@, (4.26)

and setting this equal to zero
(Z-AD)® =0. (4.27)

Note that the term 0/9® consists of n partial derivatives. Equation (4.27)
resembles expression (1.25), (F — AI)x = 0, which is often used to find the
eigenstructure of system matrix F for dynamic systems. The only difference
is that ¥ is symmetric, and the eigenvectors ®° to be normalized to unit
length. If the matrix 3 — AI, for a fixed A, were nonsingular (i.e. possessed
an inverse), it would always be the case that the only possible solution to
the equation involves setting ® equal to the zero vector. Here we want the
reverse, that is, to find a A that will make 3 — AI singular. Recalling that
singular matrices have determinants of zero, we want to find a value for A
that satisfies the characteristic equation of 3:

IZ— M| =0.

50ne should not confuse the notation of the eigenvector with the state-transition matrix.
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In other words, we wish to find ® such that if premultiplied by X, results in
a vector AP whose components are proportional to those of ®:

P =)D .

Solving the characteristic equation yields n roots, but since we want to maxi-
mize the distances between points, (4.25), we look for the largest A; obtained
from solving the characteristic equation. That is, we shall order the roots from
large to small and choose that eigenvector ® corresponding to the largest A;.
The eigenvectors corresponding to two different eigenvalues are orthogonal
and hence form a new coordinate system. Collecting the eigenvectors in a
transformation matrix T

T =[®y,...,9,],

we can transform any given vector o into the new coordinate system by mul-
tiplying it with T. In conclusion, the expression

(0-m)'Eo-n) =1

using the covariance matrix X, defines a (hyper)ellipsoid. Using the informa-
tion of the covariance of the data we should therefore expect the clustering
algorithm to perform better if the clusters are ‘shaped’. We will explore this
idea further when, in Section 5, we present the Gustafson-Kessel algorithm
which does exactly that.

4.5 EXAMPLE: CLASSIFICATION

In this example we discuss fuzzy clustering in classifier design. Discrimina-
tion and classification are multi-variate techniques concerned with separating
distinct sets of objects (or observations) and with allocating new objects (ob-
servations) to previously defined groups. The example and data we use in this
section are taken from [JW98]. In addition to an introduction to classification
we demonstrate the sensitivity of clustering to the scales of different variables.
Subsequent sections will provide further examples of classifier design.

The admission officer of a business school has used an “index” of under-
graduate grade point average (GPA) and graduate management aptitude test
(GMAT) scores to help decide which applicants should be admitted to the
school’s graduate programs. In [JW98] pairs of values x = (z1 = GPA,z, =
GMAT) for recent applicants have been categorized into three groups: C; -
admit; Cy - do not admit; and C3 — borderline. The data are pictured in
Figure 4.10. A decision will ultimately be to admit or not to admit a student
and clustering the data into two groups would appear natural. The borderline
group was presumably introduced to make the process fairer since there may
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700

2.25 2.5 2.75 3 3.25 3.5 3.75 4
GPA

Fig. 4.10 Scatter plot of (z; = GPA,z, = GMAT) for applicants to a graduate school
who have been classified as admit (A), reject application (R) and borderline (B).

be cases where two applicants with very similar scores may be classified into
distinct groups.

Suppose a new applicant has an undergraduate GPA of z; = 3.21 and a
GMAT score of zo = 497. Let us classify this applicant using the following
allocatory rule with equal prior probabilities:

pootea (X5 €i) + Inp; is largest.

1
Assign x to the population C; for which —§d22

In this rule the p; are prior probabilities which, if unknown, are usually set
topr = p2 = --- = p. = 1/c. An observation is then assigned to the closest
population where the distance of x to the sample mean vector c; is calculated
as r

d?)ooled (X,Cl) = (X - Ci) 2;c)loled (X - Ci) .

Matrix ¥ is the pooled estimate of the covariance matrix

1
di+dy+---+d,

% ooled = (dh = 1)Z1 + (dz = DEp 4 -+ + (de — X))
where d; denotes the sample size and ¥; the sample covariance matrix for
population C;. Obviously these values can only be calculated if a set of labelled
training data exists, that is, a training set of correctly classified observations.
We also note that for the probabilistic model, the populations do not actually
exist, but are thought to be created artificially.

Using a probabilistic framework enables us to quantify the quality of our
classification in terms of probabilities. However, as seen in this example we
are required to make use of the following tricks and assumptions:

e Populations may be created artificially and assumed to be normal.
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Fig. 4.11 Result of discriminant analysis for applicants to a graduate school who have been
classified as admit (A), do not admit (R) and borderline (B).

e Prior probabilities need to be defined.
e A set of labelled training data is required.
e For data at the margins of a group an additional class is introduced.

For the training data shown in Figure 4.10 the following parameters were
obtained using a statistical software package:

d1=31 d2=28 d3:26
[ 3.40 [ 248 [ 2.99
“1 = |561.23 €2 = \447.07 €3 = 1446.23

o | 297 . _[0.0361 -2.0188
= |488.45 pooled = | _9 0188 3655.9011

With x = [3.21, 497]T, the sample distances are calculated as
A pored (%,€1) = 2.58  d3p0q(X,C2) = 17.10  d5 1eq (X, €3) = 2.47 .

Since the distance from x = [3.21,497)" to the class mean cg is smallest, the
applicant is assigned to Cj3, borderline. Figure 4.11 shows the decision surface
for the whole space.

We now contrast the discrimination analysis and its result using fuzzy-c-
means clustering. First, we consider three clusters, ¢ = 3, as in the given
example and set w = 2. After 14 iterations the fuzzy-c-means algorithm
determined, from unlabelled data, the cluster centers shown on the left in
Figure 4.12.
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Fig. 4.12 Fuzzy-c-means clustering on non-normalized data, w = 2. Cluster centers (left)
and class membership functions (right).

The fuzzy-c-means algorithm returns the partition matrix U which serves
as the model for our classifier. The final cluster prototypes are obtained as

85 w
> (ug)" m,;
Jj=1
85 ’
> (uig)®

i=1

i=1,2.

Cc; =

For any new applicant, from the pair x = [z; = GPA,zy = GMAT]T, the
membership in one of the two classes is then calculated by

pe, (x) = = ! - (4.28)
(is3) + (i)

As can be seen in Figure 4.12, the cluster center for the ‘reject’ class is dis-
placed leading to class membership functions which do not take account of
the GPA scores. Distance measures are sensitive to variations in the nu-
merical ranges. In our example, differences in GMAT scores can be around
200 while GPA score differences can be around 0.75. Since the membership
evaluation in the iterative algorithm and the decision, (4.28), is based on a
distance measure, the algorithm can generate misleading results. Clustering
algorithms based on adaptive distance measures, introduced in Section 5, are
less sensitive to data scaling. The normalization or scaling of data can help.
If, in our example, we divide all values by the maximum value in the data set,
the fuzzy-c-means algorithm identifies the three classes correctly, as shown in
Figure 4.13.

In the design of the statistical classifier, it was recognized that two classes
would lead to unfairness for the students near to the margins of any class.
A ‘borderline’ class was introduced. Since a student will either be admitted
or not, a further decision is required on the basis of the ‘distance’ to the two
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Fig. 4.13 Fuzzy-c-means clustering on normalized data. w = 1.25, 17 iterations.

decision regions (‘accept’, ‘reject’). Let us now consider fuzzy clustering for
only two classes, that is, ¢ = 2. We use unlabelled but normalized data to
classify applicants into two groups C; and Cs: admit and do not admit. The
general rule applied is that if the GPA is low and the GMAT is low, then the
student is likely to perform poorly and should be rejected. On the other hand,
an applicant with a high GPA and a high GMAT value should be admitted.
The data matrix is created from 85 applicants consisting of two rows and
d = 85 columns:

GPA

M = GMAT

B N

Fig. 4.14 Fuzzy-c-means classification for w = 1.25.

The weighting factor w reflects the fuzziness in the decision making (student
most probably would refer to w as the (un)fairness factor). For both w = 1.25
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and w = 2, the following cluster centers of the normalized data were obtained:
c; = (0.9,0.8), cy = (0.7,0.6) .

For w = 1.25, 8 iterations and for w = 2, only 7 iterations were required.
For the test candidate with scores, x = (3.21,497), the class memberships for
w = 1.25 are

ue, (X) =0.73, HC, (X) =0.27

and for w = 2,

ue, (x) = 0.67 e, (x) =0.33 .

.

GMAT
=} =
o =)

Fig. 4.15 Fuzzy-c-means classification for w = 2.

The decision surface and density contour plots are shown in Figures 4.14
and 4.15. The fuzzy classifier, working with unlabelled data provides a more
intuitive solution with equivalent final (hard) decisions. In Section 9.1, we
will discuss classification problems further and demonstrate the equivalence
of fuzzy inference engines with Bayes-optimal statistical classifiers (which are
based upon the kernel density estimator in Section 3.2).

4.6 SIMILARITY-BASED REASONING

This section follows up the description of clustering inducing fuzzy equivalence
relations. It should be read in conjunction with Section 7.

Starting with the following fuzzy rule
Ri . IF Ty is Ail AND I9 is AiZ ...AND Ty is Air, THEN Yy is Bi . (56)

In [KGK94], fuzzy modelling is described in terms of similarity relations in the
sense that the fuzzy sets A;r, B; of model (5.6) correspond to the extensional
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hulls, (4. 20) of single points :c( ) and y(()i), k=1,...,r. That is, ,um (zg) =
E,(;) (Tk, T4, )) The fuzzy rule can then be mterpreted as a vague representation
of the point (zgo), . x,?,y(() ), i =1,2,...,nRp, in X; x X3 x --- x X, X
Y. For each rule, a multl variate similarity relation on the product space is
constructed by means of the similarity relations Ej defined on the subspaces
(or vice versa). If, for instance, we require the similarity relation to be the
coarsest similarity relation on the product space such that it does distinguish
at least as well as each Ej, for the antecedent variables on X; x --- x X,., we
have

B, 5y = min { Below, o)}, k=127 (4.29)

From the definition of the extensional hull of a single point, (4.20), the exten-
sional hull of a set My can be defined as the fuzzy set

fny(0) = sup {E(oo,o)} . (4.30)
09 E Mo

1M, is interpreted as the fuzzy set of elements that are similar to at least one

of the elements of My. We can now construct the extensional hull of the set
of points

M0={(z§?,... 2,y )} i=1,2,...,ng. (4.31)
Combining equations (4.29) and (4.30), we have

HMo (1, r,Y) :m?X{Eram?n{El, LB B) ((xh 2y, @l el ) }

:m?x{min{ Eﬁnn mk,zko E(y,y (z))}}}
= max {min { min {u (i)(mk)} , B (i)(y)}} . (4.32)
[ k=1,...,r Zko Yo

For a given tuple (z1,...,z,), for each possible response y the degree to
which the tuple (z1,...,z,,y) is similar to at least one of the points in Mj,
is computed by equation (4.32) replacing the sup by max. M, may be seen
as (proto)typical points of the system model. The data space & = X; X --- X
X, x Y is partitioned by the fuzzy sets induced by the typical points. The
graph (1.8) of system &, is a fuzzy subset of =, that is, it is the fuzzy graph

r { <($1‘”)\/Ef,,){555} ((ml* 2 9), (@) 50)’1/31)))) }

(4.33)
In [KK97], the set of typical points My, also referred to as a partial mapping,

is identified with the vector of cluster prototypes c¢(¥), (4.17). Hence, the
extensional fuzzy set A; of E is a fuzzy point since there exists an cd ez
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such that the membership function of A; equals the extensional hull of the
(crisp) point {c(¥} with

fet (0) = ( @, ) (4.34)

and p (o) is normalized, that is, there exists an o for which p.i) (o) = 1.
The definition of a fuzzy point implies

T (pa;(0), pa,(0) < E(0,0") , (4.35)

which is a multi-valued formulation of the statement “IF o is an element of
A; AND o' is an element of A;, THEN o is similar to o’”. Then, if 4; is a
fuzzy cluster in =, we can use (4.35) to calculate E(o,0’) for any (o,0') € =.
The process of deriving an output fuzzy set or single output value in Y, given
a fuzzy graph F' and inputs, is based on the compositional rule of inference
described on p. 158.

An open problem is how to extract some fuzzy logic rule-based system
by exploiting the lattice structure of the quotient of = by E defined by U as
discussed in Section 4.7. Sections 7 and 8 describe various other fuzzy systems
similar to (4.32) as part of an introduction to approximate reasoning. See also
Section 11 for more details on fuzzy mappings and graphs.

4.7 THE STRUCTURE OF THE QUOTIENT INDUCED BY SIMILARITY
RELATIONS

The fuzzy quotient induced by sampled data is a fuzzy partition of = with
respect to a similarity relation E. By exploring the lattice structure of =/ E we
aim to describe clusters as models of sets with respect to certain non-classical
(fuzzy) logics, that is, maps with respect to T satisfying a list of logical axioms
(cf. [FR94, NW97]). Fuzzy logic [NW97] means the extension of ordinary
logic where the truth values consist of the two-element Boolean algebra to the
case where they consist of the DeMorgan algebra ([0,1],V,A,—,0,1) (i.e. a
bounded distributive lattice where DeMorgan’s laws hold). Such a reasoning
system uses the connectives and, or, not, and if-then. Flexibility in the
proposed methodology is ensured by a relatively large class of connectives
forming the basis of a propositional logical system.

Hohle solved the quotient problem with reference to the ultra-metric ap-
proach to hierarchical clustering®, via the definition of the category M-SET

6 An overview of hierarchical clustering can be found in Appendix 13.3.
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[Hoh88]. Starting with an integral commutative complete lattice monoid”
M = (L,*,=x) (4.36)

he defines M -similarity with the M-valued, symmetric, reflexive, fuzzy equiv-
alence relation (4.19)

E:ExEL, (4.37)

where transitivity is generalized by, cf. (4.24)

E(0i,01) > E(0,05) * E(0j,05) . (4.38)

As before, M is viewed as a set of truth values. If the partially ordered set
(L, <) is a lattice, then it comes equipped with the two binary operations A
and V for every pair of elements in L:

!

I

aVa' =sup {a,a'} : join (supremum - smallest upper bound of {a,a’} )
L

aNad = irLlf {a,a'} : meet (infinimum - greatest lower bound of {a,a'} ) .

The lattice is complete if every subset of L has a sup. If a lattice has an
identity (i.e. it has a largest and smallest element) for A and V, then it is a
bounded lattice. A lattice satisfying both distributive laws is called distribu-
tive. The lattice ([0, 1], X), used in Sections 4 and 7, is a bounded distributive
lattice which however is not complemented, (i.e. there does not exist for every
element in [0, 1] a complement). It is therefore not a Boolean lattice (Boolean
algebra). For the unit-interval equipped with a t-norm and partial ordering
<, in case of T, clusters are set structures with respect to the intuistic logic
whereas for Ty clusters are models of sets with respect to the Lukasiewicz
logic. On the other hand, (4.36) is also a complete Heyting algebra where * is
the meet A.

Hohle showed that there exists a bijective mapping between the set of all
M -similarities on Z and all partition trees, that is,

&5 (@) = partition induced by equiv. rel. E, = {(0,0") : E(0,0') > a},
(4.39)
where a € L. E, C Z X Z contains all pairs of points that are a-indistin-

guishable. For instance, from (7.6), E, = {(0,0') € EXE: |lo—0'|| < a}. As

"A groupoid is any abstract system consisting of a set on which a closed operation has been
defined. If we throw away the group axiom requiring every element to have an inverse, we
get a more general structure called a semi-group or monoid, i.e. (L, <) is a complete lattice,
(L,*) is a commutative monoid and (L, *, <) is integral iff the upper bound is unity w.r.t.
*. A monoid is a semi-group with an identity element. A semi-group is an associative
groupoid.
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demonstrated in Section 7, E, is not transitive for a # 1, that is, FE, is not
an equivalence relation.

IfE (0, 0') is interpreted as the degree of indistinguishability between o and
o' in terms of an error or tolerance level o, a cluster with respect to a given
E on Z is a subset of = containing all those elements of = whose similarity
is sufficiently large. Using the category M-SET, Hohle defines the quotient
w.r.t. E to be the object (£, E,)/E. With the definition of an equivalence
class as the map
¢g,: E— {0,1} (4.40)
the relation
E(0,0') = sup £(0)x£(0))  Vo,0 €5, (4.41)
all clusters w.r.t. g,
shows that E — {clusters w.r.t. E} is an injective map, that is, the ‘chaining
effect’ in conventional hierarchical clustering does not occur.

An open question is how similar results can be obtained for partitional
clustering; given fuzzy partition matrix U. The investigation into the lattice
structure of the fuzzy quotient, obtained from fuzzy clustering, would provide
a rigorous basis for the engineering practice applying approximate reasoning
and fuzzy modelling. The mathematical fusion of NARX modelling with a
propositional fuzzy logic and fuzzy clustering would have a wide range of
applications. For example, in time-series and multi-variate data analysis a
propositional logical system would allow an interface of qualitative expert
knowledge with the quantitative analysis.

To develop a propositional calculus based on fuzzy clustering in a multi-
dimensional state-space a number of open problems need to be solved. By
exploring the lattice structure of the quotient set, a (fuzzy) logic should form
the basis for approximate reasoning on subsets of the product space used to
represent a dynamic system. The main criticism of a propositional calculus,
founded in bivalent logic, centers around the realism of modelling causation,
that is, two-valued logical correlates of causal connections. In case of material
implication, associating antecedent p with a cause and the consequent ¢ with
an effect, an absent cause may have an effect; things may be self-caused. To
model causal links, relations between p and c are required to be non-reflexive
(nothing is self-caused) and asymmetrical (irreversibility). Based on this re-
quirement, conventional logic is inadequate for modelling cause-effect links.
However, recent studies of fuzzy relations [FR94] offer a relational approach
that provide appropriate mappings that are irreflexive, transitive (chain-like)
and asymmetrical. At the same time the field of conditional event algebras
[GMN97] advances formal links between logical and probabilistic descriptions
and, in principle, it should therefore become possible to analyze dynamic sys-
tems in a measure-free, that is, (fuzzy) logical or (fuzzy) relational framework.
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Fuzzy Systems and
Identification

O Fuzzy clustering provides an effective way to identify fuzzy rule-based
models from data.

O Various fuzzy model structures exist and can be distinguished in terms
of their simplicity, interpretability and suitability in diverse problems such
as classification, prediction and control.

O Fuzzy systems can be shown to be equivalent to the basis function
expansion model.

As the complexity of a system increases, our ability to make precise and yet
significant statements about its behavior diminishes until a threshold is reached
beyond which precision and significance (or relevance) become almost exclusive
characteristics.

—Lotfi Zadeh

In this section we follow up on the results of Section 4 to see how the fuzzy
partition matrix U (4.18), can be used to describe if-then rule-based models,
which were suggested in Section 3.5. The basic principle of identification by
product space clustering is to approximate a nonlinear regression problem by
decomposing it into several local linear subproblems described by if-then rules.
The methods discussed here have found numerous applications in engineering,.
A comprehensive discussion, including the application in control, was provided
by Babuska [Bab98].
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Given a fixed number of clusters ¢, the weighting coefficient m, and an ini-
tial partition matrix, the fuzzy-c-means algorithm 4.1 returns, after some iter-
ations, fuzzy partition matrix U, describing the membership of the data sam-
ples in the clusters. Each cluster is characterized by its center and covariance
matrix which represents the variance of the data in the cluster. The eigen-
structure of the cluster covariance matriz F() contains information about
the shape and orientation of the i*® cluster

d , T
5~ ()" (am; = 9)(am; — <t9)
O — i=1

y (5.1)
Z (u”)

]:

Let \jx denote the k" eigenvalue of F(¥ and ®;;, the k* unit eigenvector
of F(). Let the eigenvalues be arranged in decreasing order as A\;; > \jp >

- > Ain. Then the eigenvectors ®;; to ®;(,_;) span the i*? cluster’s linear
subspace and the nth eigenvector ®;, is the normal to this linear subspace.
The eigenvectors are labelled in the order of the eigenvalues, that is, if A;, is
the smallest eigenvalue, ®;, is called smallest eigenvector. Whether the chosen
model structure is correct can be evaluated using the proportions between
the eigenvalues. Figure 5.1 illustrates an ellipsoid modelling the shape and
orientation of a cluster by its eigenstructure.

Fig. 5.1 Ellipsoid with eigenvectors and eigenvalues describing shape and orientation of a
cluster.

For the basic fuzzy-c-means algorithm 4.1, where the distance d is simply
the Euclidean norm, that is, A is the identity matrix, the fuzzy-c-means al-
gorithm searches for spherical clusters of approximately the same size. By
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adapting the norm-inducing matrix A at each iteration using F(), ensures
that the algorithm can detect hyperelh;r)smdal clusters of different shape and
orientation. Then the equation (o — ¢) (o — ¢) = 1 defines a hyperellip-
soid. The length of the k** axis of this hyperellipsoid is given by v/Ax and its
direction is spanned by ®;. A well-known implementation of this idea is the
Gustafson-Kessel (GK) algorithm 5.1 [Bab98, Bez81]. For the GK-algorithm,
each cluster has its own norm-inducing matrix A®). From (4.9), denote the
inner-product norm by

dyw = (Cgi) - mj)TA(i) (cgi) B mj) ' (5:2)

In order to be able to apply (4.16) and (4.17) iteratively with varying A(),
its determinant (the cluster volume) is fixed, say |A()| = 1. To get a matrix
A®' from AD with |AD| = 1, we have A’ = (l/IA(i)|)1/(T+1) A, Using
the inverse of the covariance matrix, the A() in equation (5.2) is calculated
as

AG = (pO) T (p )7 (5.3)
In Figure 5.2, the GK-algorithm is applied to a data of a nonlinear first-order
autoregressive process, y(k) = f(x; k), where x = [y(k — 1)]. For a first-order
model, the data space = is two-dimensional with y(k) on the abscissa, values
y(k — 1) on the ordinate and the ellipsoids, representing linear submodels,
obtained by applying algorithm 5.1. In this example the size of the cluster is
about the same. In general, from the condition |A()| = 1 the GK-algorithm
looks for clusters of equal volume. Hence, we have made an improvement to
the FCM by considering shape and orientation but would require yet another
refinement of the algorithm to take account of the cluster volume.

06f

0.4

-04f ,
A

~06}

Fig. 5.2 First-order nonlinear autoregressive process and linear submodels identified by the
GK-algorithm.
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Fix ¢, 2 < ¢ < d, and choose the termination tolerance § > 0, e.g., between 0.01 and
0.001, and fix w, 1 <w < o0, e.g., 2. Initialize U ¢ My, (e.g., randomly).
Repeat for | =1,2,...:

Step 1: Compute cluster prototypes (means) (4.17):

S (u00)”
cl(i):j=+d(1ij———?——;—li 1<i<ec.
j§1 (ug_l))

Step 2: Compute the cluster covariance matrices (5.1):

d . a_ihw . T
> (u; V)" (my —ef”) (m; —¢f”)

d
I-1)\ ¥
2 (“51 ))
J=1
Step 3: Compute distances for 1 <:<cand 1< j<d:

a2 (e, my) = (f? - mj)T [|F<i)|rriT> . (Fm)—l} (e — my)

Step 4: Update the partition matrix using (4.16):
Ifdpey >0for1<i<e 1<j<d,

HONS ! :
(%) c 2 1 !
kgl (dp) /dpeor) /=D

otherwise

! . i 1 . = !
wl) = 0if dgsy (c0),my) >0, and u) €[0,1] with Y u =1.

i=1

Until [UO - UC-D| <6 .

Algorithm 5.1 Gustafson-Kessel (GK) algorithm.

5.1 FUZZY SYSTEMS MODEL STRUCTURES

Considering the NARX model structure given in (3.5) and (4), the mapping
X — 'Y is represented by the rule-based system

R, : IF y(k) is A;1 AND...AND y(k — Ny + 1) is Ainy AND
u(k) is By AND...AND u(k — ny + 1) is Bin,, THEN y(k +1) is C; ,
(5.4)

where the conjunctive operator ‘AND’ is represented by a t-norm and we
wish to find the fuzzy sets A;x, Bix and C; from the fuzzy partition matrix U.
This can be achieved by pointwise projection of the multi-dimensional fuzzy
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sets, defined pointwise, in the rows of partition matrix U, onto the subspaces
referring to individual variables in the antecedent and/or consequent part of
the rule. The projection of the partition matrix onto the regressors should
result in a semantically interpretable partition with unimodal fuzzy sets.

In general, we have the following rule-based structure of the Linguistic
Model:

R;: IFxisA;, THENyis B;, i=12,...,ng, (5.5)

where x is the antecedent variable and y the consequent variable. Note that in
general antecedent and consequent variables can be fuzzy variables which have
fuzzy sets as their values, x € F(X), y € F(Y). For x € R", A, is a fuzzy set
defined by a multi-variate membership function py4, (x): X3 x---x X, — [0,1)}.
A; and B; may then be viewed as fuzzy restrictions on X and Y as they
partition the input and output space. In order to achieve a semantically
interpretable model, it is desirable to have fuzzy sets associated with each of
the regressors, leading to the conjunctive form

Ri : IF I 18 A,‘l AND Io is Ai2 ...AND Iy is Air, THEN y is Bi (56)
with the degree of fulfillment B; of the rule given by the conjunction
Bi(x) = pan (1) Apag (@) A Apa,, () (5.7)

where A is a suitable t-norm. As illustrated in Figure 5.3, for r = 2, we can
obtain fuzzy subsets A;; and A;, for the conjunctive form from projections of
the two-dimensional fuzzy set A;.

In the Takagi-Sugeno (TS) Model, the rule consequents are functions of
the model inputs:

Rl’ : IF x is Ai, THEN Yi = fi(x), 1= 1,2, o (58)

As before, the antecedent proposition “x is A;”, defined by the multi-variate
membership function p4,(x): R" — [0, 1], can be decomposed into a conjunc-
tive combination of regressor variables and univariate fuzzy sets:

Ri . IF Iy is Ail AND Io is Ai2 ...AND Ty is Air, THEN Yi = fi(x) . (59)
A commonly used parameterization of y leads to the affine linear T'S-model:
yi=a; X +b;, (5.10)

where a; is a parameter vector and b; is a scalar offset. The consequents of
the affine TS-model are hyperplanes (r-dimensional linear subspaces) in R™+!,
whereas the if-part of the rule partitions the input space and determines the
validity of the ng locally linear models for different regions of the antecedent
space.
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Fig. 5.3 Two-dimensional fuzzy set A; and its projections A;1 and A;z.

5.2 IDENTIFICATION OF ANTECEDENT FUZZY SETS

Antecedent membership functions for the ‘Linguistic’ and ‘Takagi-Sugeno’
models can be obtained by projection of the multi-dimensional fuzzy set de-
fined pointwise in the rows of partition matrix U (4.18). Consider first the
model structures given in (5.5) and (5.8), that is,

R;: IFxisA;, THEN ..., i=12...,ng.

Considering one rule per cluster, ¢ = ng, for the partition matrix we use
indices
uijEU, i=1,2,...,c, i=12,...,d.

The regressor vector (antecedent variables) is denoted by
. T
X =21,y Thye ey Zr) k=1,2,...,r.

The multi-dimensional fuzzy sets A; define fuzzy regions in the antecedent
space for which the i*" consequent proposition is valid. In general, the mem-
bership function is defined by p 4, (x), but since U is finite, we have a pointwise
definition for

xji[mlj,...,mkj,...,m,«j]T y (5.11)

vectors of sampled values for antecedent variables z1,...,2,, ms; € M and
M is a (r +1) x d matrix. The projection of the (r + 1)-dimensional fuzzy set,
defined by the ith row in U, onto the r-dimensional antecedent subspace is an
r-dimensional fuzzy set A;, defined pointwise for x; and membership function

VED  pax) = max fuy €U oxp =x} (5.12)
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For model structures (5.6) and (5.9) in conjunctive form,
R; : IF z3is A;; AND ... AND z is A;x AND ... AND z,. is A;,, THEN...

the membership functions for each antecedent variable x;, € x are obtained by
projecting each of the ¢ rows of the partition matrix onto each of the subspaces
corresponding to the r antecedent variables; for all (3, j, k):

pag(ze;) = max {uiy €Ut my; =mpj,j' =1,...,dk'=1,...,7} .

Myt 51 €

(5.13)
In other words, pa,, (Tk;) is the projection of fuzzy cluster i onto the k'P
coordinate space, defined pointwise for all values my;. In order to extend this
discrete fuzzy set to the set of real numbers, one usually computes the convex
hull or fits a parametric function. Figure 5.4 gives an example for a pointwise
projection onto a subspace and subsequent fitting of a parametric function.
In general, the degree of membership for a value z to the k' projection of
fuzzy cluster i, is the supremum over the membership degrees of all vectors
m; with z; as the k*h component to the fuzzy cluster 4, that is,

pag () =max {uy; : xj = (21,...,Zk,...,2) ER"} . (5.14)

The axis-orthogonal projection onto the axes of the antecedent variables has
the disadvantage that for clusters which are shaped and not orthogonal to the
axis, the projection would imply a loss of information. A transformation of
the antecedent variables, that is, the axis, by means of eigenvector projection,
using the r largest eigenvectors of the cluster covariance matrices (5.1) would
compensate for such problems. This however compromises the interpretability
of the rule-based structure.

0.2f

Fig. 5.4 Pointwise projection of a cluster and fitted parametric function.



116 FUZZY SYSTEMS AND IDENTIFICATION

5.3 PARAMETER IDENTIFICATION IN THE TAKAGI-SUGENO MODEL

Inference in fuzzy rule-based systems is the process of deriving an output fuzzy
set from given rules (the ‘knowledge base’) and the inputs. The inference in
the Linguistic model is based on the compositional rule of inference described
in Section 7.2. In the Takagi-Sugeno fuzzy model, for a given input x the
degree of fulfillment for the antecedent part of the rule is either calculated by
Bi = pa,(x), referring to model (5.8), or using (5.7) with respect to model
(5.9). Then the inference is reduced to

2 Bi(x) - (aTx +b;)
Y= .
£

(5.15)

An advantage of the TS-model structure is that it facilitates the analysis
of stability and approximation capabilities in the framework of ‘polytopic
systems’ [Bab98]. By denoting the normalized degree of fulfillment

gi(x) = 2 (5.16)

%_ﬂ, Br(x)
k=1

the affine Takagi-Sugeno model can be expressed as a quasi-linear model with
input-dependent parameters:

y= (Z ¢i(x) ‘a?> x+ Z¢i(x) b
= a”(x) + b(x) . (5.17)

The fuzzy model is then viewed as a mapping from the antecedent or input
space to a convex region (polytope) in the parameter space of the quasi-linear
model (5.17). Similarly, if the fuzzy sets B; of the Linguistic model (5.5) or
the consequent part of the TS-model is reduced to a singleton b;, we have

Ri . IF x is Ai, THENylS bi, i=1,2,...,TLR . (518)

Replacing (5.16) in (5.15), the inference engine has the compact form

y=_ ¢i(x)-bi, (5.19)

=1

which is identical to the basis function approximator (3.22) introduced in Sec-
tion 3.2! This formulation, also called basis function expansion, describes a
general class of nonlinear function approximators including Radial Basis Func-
tion (RBF) networks, multi-variate adaptive regression splines and neurofuzzy
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spline networks. In the singleton model (5.18), the basis functions ¢;(x) are
given by the normalized degrees of fulfillment of the rule antecedents.

What remains to complete the description of TS-models is a method to es-
timate parameters a; and b; for the affine model (5.10). Assuming each cluster
represents a local linear model, the consequent parameters a; and b; can be
identified from ¢ = 1,...,c independent ordinary least-squares solutions. To
separate data into their cluster, the membership degrees u;; of the partition
matrix U, (4.18), are used as weights for each data pair (x;,y;). We arrange
the identification data as in (2.27) with weighting matrix W,

x] Y1 upy 0 - 0

X3 Yo 0 wup -+ 0
X=1.1, Y=|.|, W,=1|. . . (5.20)

Xg Yd 0 0 [ Uid

Hence, the consequent parameters for each rule are concatenated into a single
parameter vector

0; = [a7 b;]" . (5.21)

Appending a unitary column to X, (2.27) gives the extended regressor matrix
X, =[X,1]. (5.22)

We find the weighted least-squares solution of
Y=X.0+¢ (5.23)

by replacing X by X, and W by W; in (2.32):
0; = [XTW.X,] ' XTW,Y . (5.24)

The parameters a; and b; are combined in a single vector

01’ = [Gzl y Giz, ey Gir’ 91'(,+1)] 3 (5‘25)
where
a; = [ai1, Gia, - - -, Qip] = [0i1,0i2, ..., 0:]
by =0,41 .

5.4 EXAMPLE: TS-MODELLING AND IDENTIFICATION

The following example is taken from one of the seminal papers that introduced
TS-models [TS85].
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Fig. 5.5 Fuzzy sets and input-output relationship of the TS-model in the first example.

In TS-models, (5.9), the premise of an implication (IF-part of a rule) is
the description of fuzzy spaces of inputs and its consequence is a linear input-
output relation. Suppose that we have the following three rules (implications):

Ry: IF 1 is l AND z, is — ., THEN y =z,+z5
Ry: IF z; is 4, THEN y= 211
Rs: IF x5 is 4 THEN y = 3z, .
The output for the conjunctive TS-model structure is given by
nR
Z (Il’An (xl) ARRRNA I'I'Air(xr)) " Yi
y = = . (5.26)

; (lan (@) A+ A s, (22)

If we are given z7 = 12, 5 = 5, the value inferred by the rules is

_0.25-17+0.2-24+0.375- 15

~17.8 .
0.2540.24+0.375 78

Figure 5.5 shows the antecedent fuzzy sets on the left and the input-output
relationship obtained from (5.26) on the right. For a second example, suppose
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that we have the following two implications (rules):

Rl : IF z is A11, THEN y=2+06.’l)
Ry : IF zis As;, THEN y =9+ 0.2z .

12
0.8 10

o v s o ®©
R

Fig. 5.6 Antecedent fuzzy sets, input-output data and identified model of the second example.

On the left in Figure 5.6, the antecedent fuzzy sets A;; (Rp, the fuzzy
set on the left) and As; (R2, The fuzzy set on the right) are shown. The
equation in the consequence can be interpreted to represent a law that holds
in the fuzzy subspace defined in the premise. On the right in Figure 5.6, the
dashed lines are the original equations in the model above. Note that the fuzzy
partitioning of the input space enables us to connect equations smoothly. In
fact, with hard clustering, an additional third relation would be required to
connect both equations. The output y for the input z is obtained from (5.26)
as

Z (HAn (‘Tl) ARRRNA /'I’Air(',’cr)) ’ (bl +apnTy +-0+ airxl)
y== -
Z (/‘LAu (IL‘1) N A pa,, (IT))

i=1

—

M

KA, (:E) ’ (bi + ailx)

i=1

12::1 Ba; (2)
Let ¢; be
b = nRNA,»l(zl) A Apa,, (zr)
2 (ma @) A A pa,, (o))
G
5 it (@)

k=1
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Then
nNR
y= Z¢i ~(bi +anz + - + airzy)
i=1
2
= Z¢’ . (b,’ +a,~1:c) .
i=1
When a set of input-output data m;j, ma;, . .., m,; for input variables 1, ..., z,

and yj, j = 1,2,...,d are given, we can obtain the consequence parameters
bi,ai1,--.,air, t = 1,...,ng, by the least-squares method (2.29). Let X be a
d x (r+1)-ng matrix!, Y a vector of size d and 0 a parameter vector defined
as follows (first in general and then for the example):

Y =[y1,- ,va)"

T
0= [bly' t 7bnnaall,"' yAngl, " ,Q1p, " " 7anRr]
d11 P Prpr Mmudiiccc Mmudinccc Merdircr Me1dng
b12 P22 Pnpz Mizdrzcc Migdaacr Mpadiz Mpadngp2
= . . . . b
G1d P2d " Pnrd Middid -+ MidP2d -+ Mrddid * MraPngd
where

bi; = MAil(xlj)/\"'/\.u‘Air(ij)
1 - .
! ;uml(wkj) A=A pay, (Trg)

Then the parameter vector 6 is calculated by (2.29),
6= [X"X]'XTY .

In Figure 5.6, the identified two models are plotted as solid lines, while the
(noise-free) models R; and R, are represented by dashed lines.

5.5 EXAMPLE: PREDICTION OF A CHAOTIC TIME-SERIES

In this example the fuzzy-c-means algorithm is used to identify the model of
a the (chaotic) Mackey-Glass time-series. The time-series is generated by the
following delay differential equation:

dz(t)  02-z(t—71)
dt 1429t —7)

—0.1z(t) . (5.27)

For 7 > 17, (5.27) displays chaotic behavior. Here, we chose 7 = 25, and
Figure 5.7 shows a section of the sampled time-series.
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Fig. 5.7 A section of the Mackey-Glass time-series for 7 = 25. 60 values from k = 200 to
260 were used for training.

In time-series prediction we are not particularly interested in individual
antecedent fuzzy sets and the interpretability of the rule. The aim is to
have accurate predictions and one may therefore consider multi-dimensional
antecedent membership functions. The membership degree p4,(x) = f;(x) of
the regressor vector x is calculated directly using the inverse of the distance
from the cluster prototype in subspace X. Let Fx denote the part of the
cluster covariance matrix related to the regressor x. The matrix is therefore
the same as (5.1), F(*), but with the last column dropped. Since we consider
subspace X of X x Y, the norm-inducing matrix is calculated as

AP = (|F<i>[)‘/’ (FO)T (5.28)

Similarly, let ch) denote the projection of cluster prototype c(? (4.17), onto
X such that the inner-product norm dQA(,.) measures the distance of an input

vector x to the prototype ch ).

diﬁj) (x,c¥) = (cgf) - mj)TAgf) (cgf) - mj) . (5.29)

The membership to a cluster (rule) is somehow inverse proportional to the
distance and the following methods have been suggested.

Probabilistic Method:

1
Bi(x) = — : —— 7w - (5.30)
2, (i 0o e (et

I'The matrix X given in the original paper by Takagi and Sugeno is not correct.
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Whereas in the probabilistic method the sum of membership degrees of all
the rules is one, this constraint is dropped in the Possibilistic Method:

1
Bi(x) = AT - (5.31)
1+di§,-) (x,c)
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Fig. 5.8 Result of fuzzy-c-means (left) and GK-clustering (right).

The effectiveness of these two methods and others is discussed in [Bab98].
Here, we compare both methods for fuzzy-c-means and the GK-algorithm
for 60 training data taken from & = 200 to k¥ = 260. In all cases, we chose

= 1.5, ¢ = 3 and the model structure y(k+1) = f(y(k—25)) or equivalently
y(k +26) = f(y(k)). First, considering the results of the fuzzy-c-means,

Figure 5.8 shows the training data in the product space, the identified cluster
centers and the linear models identified using weighted least-squares.
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Fig. 5.9 Fuzzy-c-means: probabilistic method (left) vs. possibilistic method (right).

For the Gustafsson-Kessel algorithm, the clustering result is shown in Fig-
ure 5.8. Though both models, the possibilistic method in particular, produce
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better forecasts, the algorithm is computationally much more expensive and
with only 60 values for training the GK-algorithm is sensitive to the initial

partition matrix. The forecast results are shown in Figure 5.10.
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Fig. 5.10 GK-algorithm: probabilistic method (left) vs. possibilistic method (right).

5.6 DISCUSSION: PRODUCT SPACE CLUSTERING FOR SYSTEM
IDENTIFICATION

You can only find truth with logic if you have already found truth without it.
—G.K. Chesterton

The input-output variables of a system and their past values specify a multi-
dimensional space which translates the dynamics into a static regression prob-
lem. The main problems of clustering for system identification are:

> Structure selection, that is, to determine the ‘relevant’ input and output
variables with respect to the aim of the modelling exercise.

> When identifying dynamic systems, the structure and the order (1, ny)
of the model dynamics must be chosen.

In many practical situations this may be very difficult from prior knowledge
alone. Also, the discussed algorithms assume the number of cluster is known

or fixed. Once the structure is fixed, fuzzy clustering has proven successful in
systems modelling and pattern recognition.

From the foregoing discussion, there are at least three important reasons why
fuzzy relations are relevant in systems analysis:

1. In hard clustering, objects somewhere “in between” two clusters, are

‘forced’ to be associated with exactly one cluster though partial mem-
bership may be more realistic.




124 FUZZY SYSTEMS AND IDENTIFICATION

2. Continuous degrees of membership allow analytical optimal solutions to
the optimization problems in clustering, simplifying the computation as
well as providing more realistic results with overlapping clusters.

3. The Poincaré paradox demonstrates that, on the basis of measured data,
in systems analysis, relations may be non-transitive. Maintaining some
form of transitivity, as a basic tool of inference, the integration of uncer-
tainty into relations leads to probabilistic spaces, t-norms and similarity
relations.

5.7 REGRESSION MODELS AND FUZZY CLUSTERING

O Fuzzy clustering does not make assumptions about the randomness but
can be related to regression analysis.

O Fuzzy-c-regression models yield simultaneous estimates for the parameters
of c-regression models.

Oft expectation fails and most oft there
Where most it promises, and oft it hits
Where hope is coldest and despair most fits
—William Shakespeare, “All’s Well That Ends Well”

In 1993, Hathaway and Bezdek [HB93] introduced a family of objective func-
tions, called fuzzy-c-regression models which can be used to fit switching re-
gression models to certain types of mixed data. In close analogy to the fuzzy-c-
means algorithm, minimization of the objective functions yields simultaneous
estimates for the parameters of c-regression models, together with a fuzzy-
c-partitioning of the data?. The notation in this section is identical to the
concepts defined in Section 4.

Instead of assuming that a single regression model (2.15), can account for
the d pairs of data (x;,y;), the switching regression model from which the
data are assumed to be drawn, is specified by

y=fi(x;0;)+ei, 1<i<ec, (5.32)

where the the objective is to determine the parameter vectors 8; € © C R
for ¢ different models. The data m; = (x;,y;) are unlabelled, that is, it is not
known which model from (5.32) applies®.

2An alternative approach is to first cluster the data, for instance with either the hard-c-
means or fuzzy-c-means algorithms, and then apply linear model identification to the data
in each of the obtained clusters.

3As data are unlabelled, i.e. it is unknown to which class (cluster) they belong, fuzzy-c-
means clustering is also called unsupervised learning.
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In a statistical framework the definition of an optimal estimate of @ depends
on assumptions made about the distribution of random vectors ¢; and the set
of feasible parameters. Commonly, the €; are assumed to be independently
generated from some probability distribution function p(e;n, o) such as the
Gaussian distribution with mean 0 and unknown standard deviation o;,

e
LIRS - (2.57)
27

For example, let ¢ = 2 and [ = 2. Then, from (5.32),

p(e;n, o) =
ag

y=fi(x;01) + €1

y = f2(x;02) + &2 . (5.33)

Each data sample m; is assumed to be generated with probability Pr(i) from

model ¢ such that Y ;_, Pr(i) = 1. The log-likelihood function (2.55) of the
data is

L£(0; M) = In£(6; M) = In Pr(M|6) (2.55)

c

d
Z ZPT p(m;li, 0;) (3.25)
A
=20

— 61125 — 612]0,01)

+ ((1 = Pr(i)) - ply; — 02125 — 022]0,02))] . (5.34)

To this point, the formulation of the problem of the mixture density model
discussed in Section 3.3 and the EM-algorithm can be used to iteratively
optimize £ as detailed in Section 3.4. The motivation to use the EM-algorithm
comes from the fact that the observed data are incomplete in the sense that
they are unlabelled - we do not know for any m; which model i generated it.

If we could partition M into c subsets corresponding to the models (5.32),
we would have complete information and then estimators for 8; could be ob-
tained by regression. For instance, we can first use the hard-c-means algorithm
to identify a crisp-c-partition of M such that M = (JM;, M; N M; = 0 for
i # 7, and then solve c separate single models using standard least-squares,
(2.29).

Alternatively, Hathaway and Bezdek suggested to (fuzzy) partition M and
estimate 01, ..., 0. simultaneously by modifying the fuzzy-c-means algorithm.
Clustering in M assigns (fuzzy) label vectors u;; € U, (4.18), to each m; de-
scribing the membership of the object represented by m; in the i*h class or
submodel. If the u;; came from maximum likelihood estimation in mixture
density decomposition, it would describe a posterior probability that the ob-
ject described by u;; (j fixed) came from class . For the switching regression
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problem, u;; is considered a weight describing the extent to which the model
value f;(x;;6;) matches y;. The quality of the model is quantified with the
loss Q(m, @), that is, the expectation E;;[6;] of the error in f;(x;;0;) approx-
imating y;. For example, let

Ei;10:] = lly; — fi(x;;0)|” . (5.35)

With the general definition, E;;, the family of fuzzy-c-regression model objec-
tive functions for U € My, and u;; € U is defined by

c d
E,[U,{6:}] =) ul - Eij(05] (5.36)

i=1 j=1

where w > 1 is fixed as in (4.11). The difference with the fuzzy objective
functions (4.11) is that the fit of the regression models to each y; replaces the
distance of m; to some prototype. With respect to (5.35) the objective func-
tion E,[U, {0y, ...,0,}] is a fuzzy, multi-model extension of the least-squares
criterion. If the regression functions f;(x;8;) are linear in the parameters 6;,
the parameters can be obtained as a solution of the weighted least-squares
problem specified by (5.36). Using the same approach as in (5.20), where the
membership degrees of the fuzzy partition matrix U serve as the weights in
W, and with (5.22), the optimal parameters 6; are computed as

0; = [XTW:X,] ' XTW,Y . (5.24)

The procedure is summarized in algorithm 5.2. Note that in the mixture
density approach for the EM-algorithm, the probability that component
generated data point j is denoted by p;;, (3.28), and in the fuzzy-c-regression
model it is denoted by u;;. For our example (5.33), we would have in the ML
formulation

Dii = Pr(i) -p(y; — 0snz; — 62 | 0,04)
LY .
2. Pr(k) -p(y; — Okizj — k2 | 0,0%)

5.8 EXAMPLE: PH NEUTRALIZATION PROCESS

In this example, we apply the fuzzy regression model, discussed in the pre-
vious section, to data obtained from a highly nonlinear pH neutralization
process? [Bab98]. The system consists of a neutralization tank to which a
base @ is added and the pH level is the output variable to be controlled. The
identification data set, consisting of d = 1250 values is shown in Figure 5.11.

4The pH model was described in [MHL72].



EXAMPLE: PH NEUTRALIZATION PROCESS 127

Fix ¢, 2 < ¢ < d, and choose the termination tolerance § > 0 and fix w, 1 < w < oo.
Initialize U(®) € M. randomly.

Repeat for [ =1,2,...:
Step 1: Using (5.24), calculate model parameters 051) to globally minimize (5.36).

Step 2: Update the partition matrix with E;; = E;; [05“”] to satisfy

o _ 1
YT e mN iy
Z ( il‘ ) w—1

Pt NTY

if E;; > 0 for 1 <14 < ¢, and otherwise u;; = 0 if E;; > 0, and ui; € [0,1]
with (u1; + - +ucj) = 1.

Until |[UO —U-D| <5 .

Algorithm 5.2 Fuzzy-c-regression models.

525 - T T "

Qfumin)
pH
S

50 100 150 200 250 0 50 100 150 200 250
Time fmin] Time {rin)

Fig. 5.11 Input and output data used for identification.

Here we represent the process as a first-order discrete-time NARX model:

pH(k +1) = f(pH (k),Q(K)) ,

where k denotes the sampling instant and f is the unknown relationship we
wish to identify. In Figure 5.12, the data are plotted in the data space and
it can be seen that clusters are not immediately apparent. The s-shaped area
with a higher density of data corresponds to the equilibrium of the system.
For ¢ = 3, w = 2 and the stopping criterion set equal to § = 10719, the
fuzzy-c-regression model leads to the model shown in Figure 5.13. Note that
the switching regression model does not produce compact sets. Instead, it
finds the dynamically similar regions on the pH-Q space. This means the
points marked by squares are mainly equilibrium points, while the other two
clusters cover two different off-equilibrium regions. Hence, the method is
useful for extracting “fuzzy” knowledge about the possible dynamic regions
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of the system, but because of the non-compact fuzzy sets one would obtain
from the fuzzy clusters, it is difficult to transform the result into a rule base.

"l
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Fig. 5.12 Training data, as used for identification and 90 degrees view.
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Fig. 5.13 Fuzzy switching regression model. 90 degrees view where points are assigned to
the cluster in which they have the maximum membership.
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Random-Set Modellirig and
Identification

0

Random sets can be viewed as multi-valued maps or random variables.

O For very small data sets, local uncertainty models (random subsets) can
be used to generalize information in the data space.

O The estimation of coverage functions of random sets yields possibility dis-
tributions.

O While probabilities describe whether or not an events occurs, possibility
describes the degree of confidence or feasibility to which some condition
exists.

O A random set approach to identification leads to qualitative predictions.

O Qualitative predictions are fuzzy restrictions and may therefore provide a
mechanism to combine quantitative data analysis with rule-based systems
describing qualitative expert knowledge.

Prediction is difficult, especially if it concerns the future.
—Mark Twain

In this section, we describe a random-set approach to time-series analysis.
The principle idea is that, based on only a small data set M, we are unable to
choose a distribution function for data in Z and therefore a specified number
of nearest neighbors m; in = induce random subsets - representing a local
uncertainty model. The motivation is that random-set theory provides us with
a mechanism to integrate statistical objects into rule-based systems on the
basis of generalized (fuzzy) sets. More specifically, predictions of the models

129
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developed in this section are determined from a possibility distribution which
can be processed in a rule-based system as described in Section 7.2. The
possibility distribution itself is an estimate of the generalized distribution
function of projected random subsets. Before introducing random-sets, we
review the more familiar concept of random variables and point-valued maps.

6.1 RANDOM VARIABLES, POINT-VALUED MAPS

The possible outcomes of an experiment, determined in part by random factors
form the space of elementary events (2. Other events, expressed as qualitative
concepts such as whether the die produces an even or odd number, are formed
by combinations of elementary events, that is, subsets of . These events
may thus be organized in a structure of subsets g-algebra on {2, denoted by
oq. This structure ensures (by imposing certain conditions to the subsets) a
predictable behavior in operations with subsets such as complement, union,
intersection, and so on, and then allows us to measure how likely an event is
by introducing a probability measure Prg in the measurable space (Q2,0q).
The choice of og depends on the kind of experiment under consideration.
The tuple (Q,0q, Prq) is called a probability space and it summarizes the
experiment or process.

A random variable is a rule that associates for each elementary event w €
an element x(w) in a space X, in which the elements are organized by a o-
algebra, ox . The aim of using a random variable is to generate a probability
measure on (X, o x) such that the probability space (X, ox, Prx) is the mathe-
matical description of the experiment as well as the original probability space
(Q,0q, Prg). The benefit arises when (X,o0x) is a well-known measurable
space where mathematical tools such as integration are established. One of
the most commonly used measurable space is (R, B), where B is the o-algebra
of Borel (Borel algebra), which is generated from the topological space of the
open subsets of R.

For the formal definition of a random variable, let ({2, o0q, Prq) be a prob-
ability space and (X,ox) a measurable space. Every (oq-ox)-measurable
mapping

x: Q- X (6.1)

is called a random variable. The mapping x is said to be oq-ox measurable
iff VA € ox, x 1 (A) € oq. Measurability ensures equivalent representations
of the experiment in both probability spaces (2, 0q, Pro) and (X,ox, Prx)
where Pryx is explained below. If X = R and ox = B, it is called a numerical
random variable. Since every elementary outcome is ‘mapped’ into a ‘point’,
a random variable is also referred to as a point-valued map.
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The distribution or probability law of x is defined as Pry = Prq ox~!.

This means that an event A € ox has the probability

Pry(A) = Prq ox™'(4)
= Prg (x7'(4))

From (6.2), for any event A, given a probability law defined on 2, a measure
of the probability of that event in X can be obtained using the inverse image
x~1(A) of A. The inverse map is defined by

x ' Bx — oq

A = xHA) ={w: x(w) € A}. (6.3)

Depending on whether we deal with a discrete or continuous random variables,
we have

Pry(A) = Z Pr{{w}) (discrete case), (6.4)
wex—1(A)

= / dPr (continuous case). (6.5)
x~1(A)

As illustrated in Figure 6.1, the event A is defined by a crisp subset. A set
of elements can be described by listing its elements or by the definition of its
characteristic function (Chapter 2). In terms of the expectation operator E[-],
we have equivalently:

Pro(4) = / P = /Q Ces () (@) dPrg

=/ dPry :/ Cx(x) dPrx
A X
= E[Ca(z)] - (2.2)

The concept of a random variable x can be summarized in the following
commutative diagram:
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Fig. 6.1 A random variable as a point-valued mapping.

6.2 RANDOM-SETS, MULTI-VALUED MAPS

It has been argued! that in many cases the situation described by ordinary
random variables is somewhat ideal and, in fact, we may not know into which
r any particular w maps. Such considerations lead to a multi-valued map
where any w € (2 maps into a subset of X. In other words, the only difference
to a random variable is that it associates every elementary event w € {1 with
an event of U which is a set of subsets of X. That is, we associate with each
w € O a subset of X. Associated with a probability measure, a multi-valued
map therefore describes a random-set [GMN97, Wol01]. As can be seen from
the illustration of a random-set in Figure 6.2, in case of multi-valued maps,
the inverse image is not unambiguous and subsequently the mathematics of
the spaces and measures involved is more complicated. However, we will find
that random-set theory provides a convenient interface between probability
theory and possibility theory.

Let (9,00, Prq) be a probability space and let (U, 0y) be a measurable
space where U is a set of subsets of X, that is, Y C P(X), where P(Z) is
the power class of = and oy is a o-algebra defined on Y. The power class
P(X) is defined as the set of sets P(X) = {C: C C X}. Then a random-set
is defined as a (0q — oy )-measurable mapping I' : @ — U. The mapping
associates elementary events of {1 with elements of I, so really it is a random
variable between the probability space (2, 0q, Prq) and the measurable space
(U,ou): Then in some way, as we define the distribution or the probability
law of a random variable, we define the distribution of a random-set by Prp =

1The introduction of multi-valued maps in statistics is attributed to A. Dempster, who
showed that the multi-valued mapping from §2 to X carries a probability measure, Prq,
defined over subsets of {2 into a system of upper and lower probabilities defined over subsets
of X. Upper and lower probabilities were then later described by G. Shafer as subjective
probabilities modelling belief and plausibility, in what is referred to as evidence theory.
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Fig. 6.2 Random-set: Set-valued map.

Prg oI'™! in analogy with random variables:

Prp(A) = Prgol™'(A)
= Pro{w:T'(w) € A} VAE€gy. (6.6)

Note that a random-set can be seen as a random variable from 2 to U or
as a multi-valued mapping from Q to X since I'w) € U = INw) C X.
The probability space (U, oy, Prr) is the mathematical model that is used
to represent and explain the experiment.

In order to be able to associate (probability) measure with events in P(X),
we need to define measurable spaces. U is a set of subsets included in X
and is chosen according to the type of process that is being studied. The
o-algebra on U, oy, being a set of sets of subsets of X, implies a rather
complicated structure of subsets to identify and work with. Note also that
oy C P(U) CP(P(X))sinceld CP(X). (U,oy) is termed a hypermeasurable
space.

For any A € U, that is,, A C X, we distinguish the following family of
subsets:

Ca={C: ACCelU). (6.7)

Let us suppose that (U, o0y) is a measurable space such as VA € U, Ca € oy.
Then (6.7) determines the following measure on X such that VA C X:

CF(A) = PTF(CA)
= Pro (I'(w) € Ca)
=Pro{w: ACT(w)}. (6.8)

The function cr(-) in (6.8) is called subset coverage function. We now focus
our attention on the special case of the family of subsets C4 when A = {z}.



134 RANDOM-SET MODELLING AND IDENTIFICATION

Then the family of subsets becomes

Cizy ={C : {z} e Cel} (6.9)
={C:zeCecl} (6.10)
=C,

and the subset coverage function (6.8) becomes the one-point coverage func-
tion of the random-set I'

cr(z) = Prr(Cy)
= PrqoT71(C,)
= Pro{w: T(w) C C;}
= Pro{w:z e w)} VzelX. (6.11)

From (6.11), we can define yet another distribution for subsets of X:

Ir(A) = SUB{CI‘(-’E)} VAC X . (6.12)
TE

Both (6.11) and (6.12) are mappings into the unit interval. Note that cr: X —
[0,1] therefore defines a fuzzy restriction on X. (6.12) is called a possibility
measure and was already introduced in Section 2.

Let the outcomes of a process be in the form of subsets of X and let
C1, ...,Cq be a sequence of random subsets obtained from n realizations of the
process. We assume that Cj,...,Cy is a random-set sample. Then set-valued
statistics are required to estimate the one-point coverage function and their
properties. An estimator of the one-point coverage function is

SO

d
ér(z) ==Y (alx), VzeX, (6.13)
k=1

where (¢, is the indicator or characteristic function of the crisp set Cy, k €
{1,...,d}. The difference between point-valued and set-valued statistics is
illustrated in Figure 6.3.

Problems subject to uncertainty, imposed by subjective and imprecise in-
formation, are present in many real-world problems and are more and more
often considered in engineering applications. Fuzzy set theory has been suc-
cessfully applied to those problems where a lack of precision exists in the
outcome of an experiment, for instance, the definition of a concept by a group
of experts, where everyone has a own idea of the outcome. It is called a fuzzy
concept because the borderlines are not clearly defined. Fuzzy mathemat-
ics gives good descriptions for those concepts by using fuzzy set membership
functions.
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Fig. 6.3 Point-valued statistics (left) vs. set-valued statistics (right).

Set-valued statistics based on random-set theory introduces a practical
method to set up these membership functions from a sample of outcomes
such as some different opinions about a concept. This allows us to study the
process by applying fuzzy mathematics, which has become a useful extension
to probability theory and statistics.

In the previous section we introduced the definition of a random-set and
its distribution by drawing on the similarity with the definition of a random
variable. This similarity allows us to study processes governed by a random-
set (i.e. processes with subsets of a space as possible outcomes) by applying
probability theory on the (U, o0y) hypermeasurable space.

6.3 A RANDOM-SET APPROACH TO SYSTEM IDENTIFICATION

Based upon previous definitions regarding random sets and possibility distri-
butions, this section we introduces a random-set model for multi-variate data
and dynamic systems in particular. The principle idea is to let sampled data
induce random-sets (local uncertainty models) in the data space. Thus, the
estimation of the coverage function describes a fuzzy set. In case of = = X xY
where we consider an autoregressive structure for y = f(x), the projections of
random subsets onto space Y leads to a possibility distribution as a qualita-
tive forecast, expressing explicitly the uncertainty (confidence) of the model
w.r.t. any potential candidate y(k + 1).

We begin with a simple example of the idea using a first-order autoregres-
sive model structure and square-shaped subsets. Let 2 be a set of abstract
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states and I' the observable

r-Q - U
w — TwWCE=XxY. (6.14)

Given a set of identification or training data? M = {m;}, j = 1,...,d and
m; = (x,y) € X x Y, an abstract state constitutes a finite number of points
in Z inducing a random subset in =. We call this induced random subset the
context of a state w and denote it by C. Intuitively, a small number of neigh-
boring sampled data m; describes a local uncertainty model by defining an
area in the data space in which the real but inaccessible true value lies. (The
relatively small number of neighboring points prevents us from the definition
of a probability density.) One possibility to create a context is for all m; € M
to use a metric between two points m; and m; to define the neighborhood of
m; € M as the closed set (hypercube) whose boundaries are defined by m;
and its n, nearest neighbors:

C; = [minz!, max ] x - - - x [min 2%, max z}] x [miny’, maxy’] . (6.15)

The point m; and its n, nearest neighbors are indexed by i. The data set M
thus generates a sample of I', denoted

C ={C;} where C; CXxY, j=1,...,d.

The set of hypercubes, C, essentially comprises our identified model on which
we shall base our decision making. We notice that the identification itself
therefore, initially, does not involve any optimization. Given a set of training
data, the identified model is a coverage function of a random-set (6.13). Since
the one-point coverage function (6.11) is also a fuzzy restriction (11.1), we
may consider the random-set model as a fuzzy model.

Now, consider the situation in which the data space is defined in terms of
the nonlinear autoregressive model

y(k+1) = f(x),

where
x = [y(k),...,ylk —ny +1),u(k),...,u(k —ny, + 1)]T

such that each element in vector x defines an axis in the product space X =
X, x---xX,. A prediction model is then built from the projections of random
subsets C; C Z onto Y, the space of candidates for y(k + 1). Formally, for
any x € X, extended into X x Y, the projected random intervals on Y are
defined by

Cr={y: XexNC; #0} . (6.16)

2Note that ‘x’ denoted a random variable in the previous section, while here it denotes the
regression vector as introduced in Section 2.
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Y - Xext

Fig. 6.4 Projection of random subsets in X x Y onto Y.

Let i = 1,...,n, be the number of random intervals for which Xey; is covered
by any C;. Figure 6.4 illustrates the concept of a realization of random-set
[ and projections onto Y. Then, {C¥} is a set-valued sample for x € X and
from (6.13), we obtain a conditional possibility distribution

1 ifyeC¥,

i (6.17)
0 otherwise.

w(y|x) = ni Z CC;‘ (y) where CCZ‘ (y) = {
P =1

In (6.17), for any y' € Y, #(y'|x) determines the possibility of y(k + 1) = y'.
In other words, each m(y) specifies the degree of feasibility, model confidence,
that y is the next output at time k + 1. The measure is conditional on the
experience we have from set of training data M. Consequently, regions in
which training data are sparse will produce low degrees of confidence. In fact,
if for any given X, Xext extends into regions of the data space in which no
random subsets exist, the model confidence will be zero. (We can still make
a prediction by extrapolating as in conventional regression analysis).

The difference with a probability distribution or density is important. Sta-
tistical laws (established either empirically or on the basis of hypothetical
models) are not used in prediction of the probability of occurrence of individ-
ual events. Their chief importance, as far as prediction is concerned, lies in
that they help in forecasting collective properties, that is, properties of large
collections of entities that are similar in some respects. Here, however, we con-
sider time-series with small numbers of data which are non-repeatable or only
one realization is available for analysis. Hence, we are unable to associate with
a forecast a probability distribution which for any y € Y would tell us whether
or not, on average, we could expect y to be the value y(k + 1). We contend
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Fig. 6.5 Student numbers (in thousands) enrolling between 1971 and 1992.

that reporting a single number for a prediction (or parameter estimate) is
almost always inadequate. Quantification of the uncertainty associated with
a single number, while often challenging, is critical for subsequent decision
making. Here, instead of generating first a single-valued prediction and then
building an uncertainty model, we produce a qualitative forecast, m(y) and
then extract a single number if required. For instance, we obtain a numerical
prediction of a value in Y by finding a representative value from the possibility
distribution, for example,

[y v #(ylx) dy

gk+1) = T 7@ dy

(6.18)

Since, in general, we do not have Vy € Y that there exists a y’ for which
7w(y') = 1, we normalize (6.17) to the unit-interval. Note that this does
not influence the numerical value predicted in any way (cf. Eq. (6.18)) but
provides an intuitive interpretation of 7 (see Figure 6.12).

The random-set model itself can be described by a fuzzy graph (cf. (4.33))

F={(x,er(y)} - (6.19)

The model can therefore be generalized to fuzzy inputs. Thus, the formulation
of the fuzzy system and inference described here is equivalent to the concepts
of approximate reasoning (Section 7.2). The more important point, however,
is that the information provided by 7 (from quantitative analysis) can be
combined with vague or fuzzy information in a qualitative knowledge base as
described in Section 7.2. The motivation for such diagnostic signal analysis is
as follows: We started off with the assumption that only a small training data
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set M is available, the experiment may not be repeatable and that in the case
of a time-series the process is nonlinear and non-stationary. As an example,
consider the problem of forecasting the number of students at a particular
university. Assuming we have records for 22 years, as shown in Figure 6.5, we
wish to make a forecast for the upcoming year. Surely, we can extract cycles
and trends from past data but context-dependent knowledge should help us to
improve our forecast. In our example, knowledge of economical and political
events provide additional information which is not buried in historical data.
For instance, following the currency crisis in Asia, UK universities with a large
number of Asian students could expect a negative trend in enrollments. It
is this type of qualitative context-dependent knowledge which is conveniently
represented by fuzzy if-then rules, and the random-set model suggested here
allows us to combine both quantitative analysis with qualitative information.
In Algorithm 6.1 the process of fuzzy random set modelling and forecasting
is summarized. Note that modelling essentially comprises the storage of local
uncertainty models (such as hypercubes or ellipsoids) but does not involve
any numerical optimization.

1. Modelling:
1.1 Fix nn, the number of nearest neighbors forming the local uncertainty
models.

1.2 Calculate local uncertainty model C = {C;}, j = 1,2,...,d, where d is
the number of training data, m; € M, m; = [x;r,yj]T.

2. Forecasting:

2.1 Obtain np random subsets C¥*, where x extended into Z is covered by Cj.
From this set, determine projections C¥, i =1,2,...,np onto Y.

2.2 Estimate possibility distribution (qualitative forecast quantifying model

uncertainty):
Fylx) = — E Cer(y
np T

2.3 For a single-valued numerical forecast, ‘defuzzify’ 7(-) calculating for in-
stance the mean value.

Algorithm 6.1 Fuzzy random-set modelling and forecasting.

6.4 EXAMPLE 1: NONLINEAR AR PROCESS

The nonlinear first-order autoregressive process used here has been used to
test other fuzzy models elsewhere [Bab98]. As before, it is assumed that
the system identification problem is transformed into a static approximation
problem: y ~ f(x), where x = (z1,%3,...,2Zr), X € (X1 X Xox---xX;) CR"
andy € Y C R. The considered nonlinear AR(1) dynamic system is simulated
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Nonlinear AR(1l) process 100 data for identification
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Fig. 6.6 Ex.1: Nonlinear AR(1) process: Time series and data space.

as follows:

25 -2, 05<uz,
z(k+1) = f(z(k)) +e(k), flz)=4q -2z, -05<z<05 (6.20)
2z +2, < -0.5,

where e(k) ~ N(0,0%) with ¢ = 0.3. z(0) = 0.1 and 0 < k < 200 of which
the first hundred values are used for identification and the rest for model
validation. Note that we keep the notation as in [Bab98], that is, z(k + 1)
takes its values in Y.

The only model assumptions are that the data were generated by some
nonlinear autoregressive system:

z(k+1)= f(x(k),z(k~ 1),...,z(k—r+1)), (6.21)
where 7 is the system order. We choose r = 1, leading to the planar case for

the random set model. Figure 6.6 shows the signal on the left and observations
m; € M, used for identification, on the right.

knn=5 possibility distribution k=124

0.8
i 0.6
i‘
x
0.4
0.2

—

4 -0.2 0 0.2 0.4 0.6
pred x(k+1)=-0.0737 x(k+1)=-0.0799

Fig. 6.7 Ex.1: Random-set model and forecast at k = 124, n, = 5.
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Figure 6.7 shows the random-set model obtained when considering five
nearest neighbors. At k = 124, the qualitative forecast is a possibility distri-
bution which for a value y € Y, specifies the degree of confidence that this
value will correspond to z(k + 1).

X (k+1)

x (k)

Fig. 6.8 Ex.1: Estimated fuzzy model cr(x, y) and its contour plot.

Figure 6.8 shows the (non-normalized) fuzzy model and the contour plot
calculated for a discretized product space X x Y. From the contour plot,
we can see that the random set model only conveys information about the
regions covered by the identification data. Events (x,y) which have not been
‘experienced’ before will have only little or zero reliability assigned. Little
extrapolation-occurs outside regions covered by identification data, and the
model explicitly quantifies the confidence of the model. This may be seen as
an advantage but implies that the model may not provide any prediction for
some input values.

Nonlinear AR(1l) process R"2=76.8 mse=0.117

A I\[\\AA[\
R

110 120 130 140 110 120 130 140
x(k+1): .. pred x(k+l): - k<101 for identification.

o ©o o o

x(k+1)

error

Fig. 6.9 Ex.1: Model validation.
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For the five nearest neighbor model, Figure 6.9 shows a sequence of forecasts
and the error. For better visibility only a section of the sequence is shown.

6.5 EXAMPLE 2: BOX-JENKINS GAS-FURNACE DATA

As a second example we consider the Box-Jenkins gas furnace data set which
is often used as a standard test for identification techniques. The data set
consists of 296 pairs of input-output measurements. The input u is the gas
flow rate into a furnace, the output y is the CO2 concentration in the outlet
gases with a sampling interval of nine seconds.

CO_2 concentration (out) gas flow rate (in)

60

58 2

. 1 I /W\ fl
—~ “
24 VR /\ A ﬂf\ Ap
>i5o =t W v vV

50 -1

48 2

46

0 50 100 150 200 250 300 0 50 100 150 200 250 300
sample k sample k

Fig. 6.10 Ex.2: Box-Jenkins gas furnace data.

The model structure chosen is y(k) = f(y(k — 1),u(k — 3)). The two
data sets are plotted in Figure 6.10. Only the first 50 values are used for
identification. Figure 6.11 shows the random set model for two nearest neigh-
bor sets (cubes). An increase in the number of nearest neighbors, forming a
random set, increases the area of the data space into which the model gener-
alizes/extrapolates but also increases the model complexity.

Figure 6.12 illustrates the validation of a 5-nearest neighbor model. With
md (in %) we denote the proportion of inputs for which the model would not
give a reliable forecast. One can identify a considerable number of instances in
which the model would not make a reliable prediction due to a lack of ‘previous
experience’. In such cases, the previous value is taken as the forecast. Beside
the mean square error, mse=) (y — 33)2 /n, the multiple correlation coefficient
RZ measures the proportion to which the predicted outputs g are capable of
explaining the total variation of y:
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Fig. 6.11 Ex.2: Random set model. nn=2.

CO_2 concentration R*2=97. md=34.8 mse=3.63
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Fig. 6.12 Ex.2: Model validation. n,=5.
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In Figure 6.12, if the model confidence was zero, the current value was as-
sumed as the forecast. As can be seen from the plot, this leaves to a rather
large error at times. As suggested before, in these cases we would have to
extrapolate. Using hyperellipsoids as local uncertainty models, a merging al-
gorithm iteratively merges random subsets in X X Y into a small number of
clusters. The (r+ 1) — 1 principal components in an (r + 1)-dimensional space
of a set of data then generate the same hyperplane that we would obtain
by applying multiple linear regression analysis. In other words, the hyper-
plane generated by r principal components in every cluster are used as model
to make predictions. In Figure 6.13, the algorithm is demonstrated for the
AR(1) model discussed previously. Local uncertainty models are formed by
random ellipsoids. The three final clusters obtained are marked by thicker
lines. The original piecewise-linear (noise-free) model is plotted as a dashed
line, whereas the model used for extrapolation in the random-set model is
shown as a solid line.

x (k+1)

Fig. 6.13 Clustering and extrapolation in the AR(1) random-set model.
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Certain Uncertainty

O Scientific investigation relies on two principal concepts: comparing and
reasoning.

0 Mathematical formulations of distance and transitivity are at the core
of the modelling problem.

O The Poincaré paradox describes the indistinguishability of individual
elements in non-mathematical continua and hence proves that uncertainty
is certain.

Taking account of uncertainty leads to similarity (fuzzy) relations.
Fuzzy concepts therefore occur ‘naturally’ from fundamental analysis.

Fuzzy relations motivate approximate reasoning.

[ I 8

Approximate reasoning is a concept to capture qualitative
(context-dependent) expert knowledge.

The physical laws, in their observable consequences, have a finite limit of preci-
sion.
—Kurt Godel

If we are to reduce the process of a scientific investigation to two concepts,
it would be comparing and reasoning. We use sets and operations on sets
or, equivalently, relations in order to group and hence compare objects, vari-
ables, and so forth. In Section 1 we saw that an analysis of a system by
means of observables inevitably induces equivalence relations. They play a
fundamental role which we shall discuss further in this section. More general

145
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and philosophical consequences are discussed in a summary at the end of this
section and in Section 12.2.

Let = be a set, then a (crisp) relation R on Z will be a subset of the
Cartesian product, R C E x E. If (0,0') € R, we shall write R(0,0') =1 (or
just R(o,0') for short) to state that u is related to o' via R. A relation R in
Z is an equivalence relation, denoted FE if it satisfies the following conditions:

E(o,0) =1 Voe= (reflexive),
E(0,0')=1 = E(d',0)=1 (symmetry),
E(0,0')=1 A E(0',0")=1 = FE(o,0")=1 (transitivity) .

Intuitively, an equivalence relation is a generalization of equality (which itself
is an equivalence relation). We have therefore already heavily relied on two
simple equivalence relations, equality (=) and elementhood (€) for the pur-
pose of comparison. With respect to equality, it is obvious that it satisfies the
three conditions for an equivalence relation:

a=a holds (reflexivity)
a=b = b=a (symmetry)
a=bAb=c=>a=c (transitivity) .

From this example, we can see that transitivity enables us to infer something
new about the relationship of two variables given two pieces of information.
The concept plays consequently a fundamental role in reasoning. We can
illustrate transitivity with another important tool for comparison: the concept
of a metric.

The function d(-,-) defines a distance between elements of =. Let for any
0;,0;,04 in Z:

d(Oi, Oj) =0 iff 0; = 0y
d(oi,05) >0 if o;#o0;
d(0;,0;) = d(oj,0;) symmetry .

A distance is called metric iff Vo;, 05,01 € X, it is transitive:
d(0;,0) < d(0;,0;) + d(0j,0%) . (7.1)

This inequality is called the triangle inequality:

0j
oY T,
d(oi,0k)
o; Ok
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A simple example for a metric is the absolute value of the difference:
d(z,z') = |z —2'| .

Having established the basic tools for comparison and reasoning it remains to
define a mechanism of order. Examples of relations which establish an order
are the ‘greater than’ and ‘subsethood’ relations. Again these relations are
transitive:

“greater or equal” >: 0;>0; A 0;>0;, = 0;>04

“set-inclusion” C: ACB A BCC = AcCC

Formally, these relations are establishing a partial order on =, making = a
partially ordered set (poset). A partial ordering (or semi-ordering) on = is a
binary relation < on Z such that the relation is

reflexive, i.e. = <z,
antisymmetric, i.e. = <z’ and ' < z implies z = ' ,

transitive, i.e. = <z’ and 2’ < z" implies z < z" .

In Section 1, for the analysis of a system we were required to establish the
quality of states, that is, we were testing values of observables for equality.
If such an analysis is to be implemented in a computer or validated with
measured data, we may find it impossible to establish theoretical equality
for real numbers. We are therefore forced to take some imprecision into
account. Matching mathematical idealism with physical reality, however, has
unfortunate consequences illustrated by the Poincaré paradox. In short, the
Poincaré paradox describes the indistinguishability of individual elements in
non-mathematical continua. More specifically, for three points o;, o; and o,
let § denote a threshold (tolerance, significance level). Then, two elements o
and o’ are indistinguishable for d(o, 0') < 4, where d(-,-) denotes a proximity
measure such as a metric. Therefore, it turns out that physical equality is not
transitive, that is, (7.1) does not apply if we study physical systems by means
of observations. The Poincaré paradox demonstrates that an element, o;, may
be indistinguishable from two others, o; and oy that can be distinguished from
one another. Let us consider the following measurements in R: o; = 1.5, o; =
2, o = 2.2, and § = 0.6, and let us use the metric d(o,0) = |o—0o'|, w.r.t. a
threshold, accuracy or error bound 4, to identify observations. Our analysis
is based on the theoretical model that if observations o; and o; are similar, as
well as o; and oy are similar, then so should be o; and o, in other words,

0; =0; N 0j =0 = O; =0 .
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Now, considering actual data,

loj—0j|=05 <6 = o0;=o0;
|0j_0k|:0-2 <d = 0 = Oy
but 10,' - Okl =07 >6 = o -',é op . (72)

A solution to this dilemma leads us directly to fuzzy relations which have
already played an important role in clustering in Section 4. To bridge the
mathematical idealization with physical reality, Karl Menger suggested re-
taining the transitive relation but introducing a measure between 0 and 1,
probabilities, to quantify uncertainty. More specifically, we associate d(o,0’)
by a (cumulative) distribution function F, o whose value F, o (a) for any a is
interpreted as the probability that the distance between o and o is less than
a. As a result, metric spaces become probabilistic metric spaces [SS83]. The
most important fact, however, is that the triangle inequality given in (7.1)
has no unique generalization:

Foor(a+b) > T (FOin (a), Fojox (b)) ) (7.3)

with a choice of functions T'(-,-). This means that the model under consid-
eration is a formal model which cannot model reality adequately and hence
assumptions are in a sense arbitrary, that is, the model builder can freely
decide which model characteristics he or she chooses. We can arrive at in-
equality (7.3) by starting with the triangle inequality (7.1), which implies the
logical proposition

d(o;,05) <a A d(oj,0or) <b = d(oj,0r) <a+b.
Since A = B implies that Pr(4) < Pr(B), we get
Pr(d(0s,05) <a A d(oj,0;) < b) < Pr(d(0j,01) < a+b) = Fo0,(a+D).

Thus, if T is such that T'(Pr(A), Pr(B)) < Pr(AAB) for any two propositions
A and B, the desired inequality (7.3) will follow. The function T is a mapping
[0,1] x [0,1] — [0,1]. For example,

Tin(a, b) = min(a, b) (minimum operator),
Truk(a,b) = max(a + b —1,0) (Lukasiewicz norm), (7.4)
Toro(a,b) =a-b (algebraic product).

Let T = a-b. Then (7.3) becomes
Foion(a+b) > Fo,0;(a) - Fojo,(b) (7.5)

which states that the probability of the distance between o; and oy being
smaller than a+b is at least the joint probability of the independent occurrence
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of the distance between o; and o; being smaller than a and the distance
between o; and oy being smaller than b. In other words,

Pr(d(o;,01) < a+b) > Pr(d(o;,0;) < a, d(oj,0r) <b) .

So much for probabilistic uncertainty and the introduction to triangular
norms. We now show that a metric induces a similarity (fuzzy) relation for
which transitivity is generalized in the form of inequality (7.3). What we
look for is a transitive relation that defines a degree of indistinguishability
for values being very close, o ~ o'. A fuzzy equivalence relation or similarity
relation [Zad71], E, is a fuzzy relation which is reflexive, symmetric, and
transitive. It defines a function E: Z x E — [0, 1] that satisfies the conditions
(cf. (4.24)):

1 Voe= (reflexive),

E(o0,0)
E(o0,0')

= E(0',0) (symmetric),
E(0,0") > T(E(0,0"), E(0’,0")) (transitive) .

Transitivity for fuzzy relations is therefore defined in analogy to Menger’s
inequality, (7.3), for probabilistic metric spaces. In this context, the triangular
norm 7', extends the domain of logical conjunction from the set {0,1} to
the interval [0,1]. Using the min-operator, we speak of min-transitivity as a
natural extension of the equivalence relation above. The equivalence classes
partition U into sets containing elements that are all similar to each other to
degree at least 0.

For a bounded metric space (Z, d) there exists a non-negative value § € R*
such that d(o,0') < ¢ for all o in E. The distance between values of factors
on objects then induces a fuzzy relation over =:

E(0,0')=1-— %d(o,o’) .

The bound ¢ allows scaling such that the distance between any two values
in Z lies in the unit-interval [0,1]. The correspondence of transitivity for a
distance function and transitivity of fuzzy relations depends on the T-norm
employed. The metric equivalent of the Lukasiewicz norm (7.4), is the triangle
inequality, (7.1); the metric equivalent of product transitivity is the inequality

d(0j,01) < d(04,05) + d(0j,0k) — d(0;,05)d(0;,0%)

related to (7.5) w.r.t. probabilistic uncertainty. If a fuzzy equivalence re-
lation is min-transitive the distance satisfies the more restrictive ultrametric
inequality:

d(0;, 0x) < max(d(0;,0;),d(0j,0%)) .
The Lukasiewicz norm turns out to be the least restrictive one. For the
comparison of factors on objects u it would usually be reasonable to assume
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that to objects are similar in their contribution to the model if |o — o'| < 4,
where §is a number representing our “indifference” w.r.t. to the measurement
process.

We saw that if we are to use equivalence relations, in practical situations,
we may allow for a tolerance to identify two objects as the same (as having
the same observable consequence). The inequality |o — o| < § describes a
subset (relation) Rs CE X 2

Rs ={(0,0) EEXE: |lo—0'| <4}.

The Poincaré paradox (7.2) demonstrated that this relation is not an equiv-
alence relation, that is, it is not a transitive relation. We therefore could
not study the quotient set induced by this relation. Kruse et al. [KGK94]!
showed, however, that we can define a mapping Ejs such that E;(o,o' ) is
greater than 1 — 4 if and only if o and o’ are indistinguishable with respect
to the tolerance J:

(0,0') € Rs if and only if Es(0,0')>1-6,

where

Es: E=xE - [0,1]
(0,0') » 1—inf{6 €[0,1] : (0,0) € Rs}

with 6 € [0,1] and if there is no ¢ for which the relation holds, we define
inf@ = 1. E& is a fuzzy equivalence relation w.r.t. Tyyk. The value E,;(o, o) =
1 — min{|o — o'|,1} describes the degree to which two objects o and o' have
similar observable consequences and transitivity of this relation implies that
if o and o’ are similar and o’ and o” are similar in their values in =, then
o is similar to o”. To arrive at the inequality (4.24) defining transitivity for
similarity relations, we show that any (pseudo)metric (in the unit-interval)
induces a similarity relation and vice versa [Zad71]:

E(0,0') = 1 — inf(d(0,0),1) . (7.6)

Let d'(0,0') = 1 — inf(d(0,0'),1) be a pseudo-metric. Inserted in the transi-
tivity law for fuzzy relations (4.24) with Tiin, the greatest t-norm, gives

1-— dl(Oi,Ok) Z mm(l - d’(Oi,Oj), 1- d’(Oj,Ok))

1The book [KGK94] and various papers by R. Kruse and F. Klawonn provide an extensive
treatment of equivalence relations and how rule-based systems can be build from them (see
Section 4.6). They also generalize the case described here with ¢ € [0,1] and Es(0,0') =
1 — min{lo — o|,1} to any unit in = by means of a scaling factor s > 0, Es(0,0') =
1 — min{|s-o—s-0|,1}.
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and since T'(A(0), B(o)) =1 - S(1 — A(o), 1 — B(0)), the t-conorm,

1 —d'(0;,0%) > 1 — max(d'(0;,0;), d'(0j,0%))
d'(0;,0k) < max(d'(0;,0;), d'(0j,0k)) ,

which is the ultra-metric, implying the triangle inequality (7.1). Then from

(7.6), with respect to (7.3), E(0,0') can also be interpreted as the probability
that the distance between o and o' is equal to 0.

This section has focused on equivalence relations and transitivity as two
fundamental concepts in any scientific investigation that makes use of a for-
mal model. Transitivity is not only of importance in science and engineering.
‘Non-technical’ decision making is based on prioritization: In pairwise com-
parisons the importance (dominance, preference) is relative. For example, we
may consider ¢ three times more important than p and r twice as important
than p. To be consistent, we need a rule, such as, if ¢ is more important than
p and r is more important than g then also r should be more important than
p. More formally, if we denote by i(-,-) the relative importance, to ensure
consistency we require the transitive relation

IF i(q,p) = = AND i(r,q) =y, THEN i(r,p) =z -y

to hold?. We have seen that comparisons, using set operations, norms and
metrics quantifies (dis)similarity by inducing formal relations. Consistent
reasoning requires the use of some rule, that is, relations are expected to be
transitive. Both the definition of functions to evaluate comparisons and the
form of the transitive law are defined - choice, a priori, ad hoc, whether it is
formal, rigorous or not.

7.1 UNCERTAINTY IN SYSTEMS ANALYSIS

The sense of the world must lie outside the world... What we cannot speak about
we must remain silent about.
—Ludwig Wittgenstein, Tractatus Logico-Philosophicus

To this point our study of system models and the analysis of data in the
presence of uncertainty suggest a number of conclusions about the encoding
of natural systems through formal systems:

> As Karl Popper demonstrated, scientific theories deal with concepts not
reality. Formula and theories are so formulated as to correspond in

2The ‘product-transitive’ relation is also the basis for Analytical Hierarchy Processes
(AHP); a decision making and prioritization technique developed by L. Saaty.
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some ‘useful’ way to the real world. However, this is an approximate
correspondence. Mathematical forms say by themselves nothing about
material reality. Any objective content lies entirely in the (biological,
physical, ..) meaning attached ad hoc to the symbols appearing in math-
ematical formulations. There is no wrong theory or model. Instead, one
may be more useful or convenient than another. The quest for precision
is analogous to the quest for certainty and both precision and certainty
are impossible to attain. It is therefore important to be precise about
uncertainty, not to ignore it but to incorporate it in our models and
theories. In systems engineering, uncertainty appears in various distinct
forms, illustrated in Figure 7.1. A successful methodology to analyze
complex systems will have to embrace all types of uncertainty includ-
ing those induced by human experts or operators. Data alone, without
knowledge of the context in which they were generated, will not be suf-
ficient. (More details of the concepts presented in Figure 7.1 can be in
found in [Wol98].)

> Triangular norms, which in many ways are at the root of fuzzy mathe-
matics and fuzzy logic, are motivated by an analysis of the fundamental
mechanism we use in the analysis of data.

> Similarity relations arise from metrics employed to quantify the simi-
larity of objects (7.6). As for conventional equivalence relations, the
definition of transitivity is important. In general, transitivity for some
fuzzy relation R, is commonly denoted R O RoR and is defined in terms
of. memhanshin, mnctions, by,

pr(z,z) > sup T(ur(z,y),ur(y,2)) .
yeY

Or, equivalently, expressed in terms of fuzzy equivalence relations E we
obtain (4.24), which resembles Menger’s inequality (7.3). In Section 4.6,
we describe an approach to approximate reasoning based on similarity
relations, developed by R. Kruse and F. Klawonn [KGK94]. The princi-
ple idea of approximate reasoning is introduced in the following section.

More philosophical consequences from these considerations and the argu-
ments put forward throughout the book are further discussed in Section12.2.

7.2 A FUZZY PROPOSITIONAL CALCULUS

Inferences of Science and Common Sense differ from those of deductive logic and
mathematics in a very important respect, namely, when the premises are true

and the reasoning correct, the conclusion is only probable.
—Bertrand Russell
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Probability:
frequency, likelihood
whether something will

oceur or not.

Possibility:
degree of feasibility that
some condition exists.

Randomness:
unpredictable variability |

Similarity:
Expectation: indistinguishability.

averaging or aggregation

Imprecision:
intervals

Ambiguity:
degree to which evidence] F
proves cirsp sct unsharpness
membership. of boundarics.

Vagueness:
insuflicicnt specificity.

Fig. 7.1 Forms and representations of uncertainty.

In subsequent sections, we will describe the problem of how to capture quali-
tative, context-dependent expert or operator knowledge in form of fuzzy logic,
if-then rules. The models developed in Sections 4 and 5 take a very similar, if
not identical, form but there the fuzzy graph F' is interpreted as a set of rules
or statements about local dependencies among variables. In Section 6, we
developed a time-series model in which forecasts are formulated as possibil-
ity distributions, which, in turn, can be processed in a fuzzy logic rule-based
system as will be discussed in Section 7.2. In Section 4 we then suggested to
interpret the cluster structure directly in terms of a multi-valued logic. In this
section, we discuss the question how logic or which form of logical relations
are suitable for modelling dynamics, states, and dependencies.

Though the concepts and ideas introduced in previous sections, lead to
models which are sets of rules, statements about local dependencies among
variables, we acknowledge that the causal problem?® is an ontological, not a
logical question, it cannot be reduced to logical terms but it can be analyzed
with the help of logic. Reducing a causal problem to its logical aspects, the
terms ‘cause’ and ‘effect’ are associated with truth vaelues as follows: Event C'
is the cause of event F, and event E the effect of event C, is translated into
three logical propositions, u, p, ¢, such that u is a true universal law, p describes
¢, and c is the logical consequence of u and p. p and c are statements about
concrete objects - events, processes, conditions and so on. In the following

3 As a definition of a ‘causal law’, which is not strictly bound to any specific philosophical
perspective, we shall understand by a ‘causal dependency’ a general proposition by virtue
of which it is possible to infer the existence of an event from the existence of another.
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subsections we discuss how the conditional or implicative statement
IF C, THEN E

may be transformed into the following logical forms:
e As a material implication, p = ¢ among propositions p and c.
e As an inclusion relation C C E among classes C' and E.

e As arelation R(z;,z2) among members z; and z2 of the classes C' and
E.

7.2.1 Probabilistic Logic

Similar to fuzzy logic, in probabilistic logic the information processed is uncer-
tain. The statements contain quantifiers such as “many”, “almost” instead of
just 3,V in first-order logic. Viewing degrees of beliefs in the truth of propo-
sitions as subjective probabilities, one would like to use standard calculus of
probabilities to implement a ‘logic’ of uncertain information [NW97]. For-
mally, the objective is to identify logical formulations with set-theoretic ones
- propositions are viewed as elements of a Boolean algebra that is a lattice.
This is accomplished with a partial order given by p < c if p A ¢ = p and the
connectives A (meet) and V (join) are defined in terms of < by pVc¢ = sup{p, c}
and p A ¢ = inf{p, c¢}. The difficulties of a synergy of set theory and logic be-
comes obvious when comparing the conditional probability model for “c given
p” — Pr(c|p) = Pr(c and p)/Pr(p) and the two-valued logical equivalent of
it, Pr(p = ¢), determined as the truth of “c or not p”. We may therefore
have Pr(p = ¢) > Pr(c|p). This problem of defining an algebraic synthe-
sis of the foundations of logic and probabilities was the original program of
George Boole [Boo58], which is now discussed in the context of conditional
event algebras [GMN97].

7.2.2 Classical Two-Valued Logic

The basis of propositional calculus is a set of formal entities, that is, simple
statements - primitive propositions, often called variables of the logic. Such
variables are combined using basic logical connectives, V (or), A (and), -
(not), to build expressions or formulas. The mapping from the set of all
expressions into the set of truth values is called truth evaluation. In two-
valued logic the ‘truth’ of a proposition can take the values 0 (“false”) and 1
(“true”) only. The formula p = ¢, modelling “IF p THEN c¢” or “p implies ¢’
is called material implication and is defined by

p=>c=-pVec (7.7)
=(pVe)V-p, (7.8)
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that is, it is defined in terms of the three basic connectives. From the table
above it becomes apparent that two-valued logic is insufficient to deal with all
those cases for which we might employ rule-based knowledge. In particular,
the truth values of p and p = ¢ cannot be chosen independently and it is
not possible to quantify gradual changes in the antecedent and consequent
of a rule. In fact, if the antecedent p were interpreted as the cause and the
consequent c as the effect, the material implication would mean that an absent
cause entails any effect. Further, every proposition implies itself as p = p,
meaning everything is self-caused.

A propositional calculus is a logic of atomic propositions which cannot be
broken down. The validity of arguments does not depend on the meaning
of these atomic propositions, but rather on the form of the argument. If we
consider propositions of the form “all as are b” which involves the quantifier
“all” and the predicate b, then the validity of an argument should depend on
the relationship between parts of the statement as well as the form of the
statement. In order to reason with this type of proposition, propositional
calculus is extended to predicate calculus. A predicate on a set is a relation.
Generalizing the Boolean modus ponens, we can either redefine the implication
or allow fuzzy concepts (fuzzy sets) in the premise and conclusion parts of the
rule. This leads to what is known as approzimate reasoning.

Drawing conclusions from hypotheses, approximate reasoning is an ap-
proach which models IF-THEN types of knowledge representations by gen-
eralizing the Boolean (two-valued) logic modus ponens (“forward reasoning”):

Approximate Reasoning Two-valued logic
Implication IF xis A, THEN y is B. p=c
Premise x is A'. p
Conclusion y is B'. c

In fault or change detection, the truth of a proposition is interpreted as
the feasibility or possibility to which some practical condition exists. The rule
IF C, THEN E, describes the truth value or feasibility of E as a function of
the truth value of event C. In other words, the rule serves as a description,
explanation:

IF p, THEN ¢

or IF C is true, THEN F is true ,

where p = “C is true” essentially is a test of hypothesis. On the other hand,
in prediction we identify the succession of events

IF w(k), THEN w(k+1) isw',

where again in the premise part of the rule we test a hypothesis for the possi-
bility or feasibility that the systems is in a particular state or condition. The
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uncertainty is with the truth evaluation or measurement of the current state,
condition the system is in. In conclusion, it seems that a relational frame-
work would be most promising in modelling and analyzing local dependencies
among variables. The next section will introduce fuzzy sets and relations as
a basis for approximate reasoning.

7.2.3 Approximate Reasoning

Everything is vague to a degree you do not realize till you have tried to make it
precise.
—Bertrand Russell

To introduce the idea of approximate reasoning consider the set of “people”,
denoted P. Let A C P be the subset of all “tall people” and let h(p) be a
function describing the height for any p € P, h: P — R such that h(p;) >
h(p,) means person p; is at least as tall as p,. Suppose P # 0, there is at
least one tall person. (This assumption should be reasonable by experience:
the author of this book is 2.11 m tall and has not met anyone considering him
as “not tall”.) We can formulate the following inductive rule:

IF p; is tall, AND p, is indistinguishable from py, THEN p; is tall.

Starting with three persons, p; known to be tall, pp only 1 cm taller than p;
and p3 being lcm taller than py, we find that the rule is true for p; and pa, po
is concluded to be a tall person. Since p3 is only just as much taller than p,
as py is taller than p; we also conclude pj3 is tall. Declaring one person as tall,
it turns out from a finite iteration of modus ponens that all people are tall
— which clearly does not conform with the author’s experience. The problem
lies with the application of the law of the excluded middle, ANA° = (), applied
to vague concepts such as “tall people”. Using a fuzzy set to represent the set
of tall people avoids this paradoxical situation. Consider the map

A: P - [0,1].

Then A should be some function of the height of a person, A(p) = f(h(p)).
Function f should be continuous, monotonically increasing and for at least one
value of h it should be equal to one. The inductive premise is now reformulated
as a relation R(p1, p2) such that (see also p. 145)

R(p1,p2) =1 given (p1,p2) € {(p1,p2) : 0 < |h(p1) — h(p2)| <6} .

A simple way of deducing the truth value A(pz) of “py is tall” from the truth
value A(p;) is by means of the following relation representing the concept of
“relative height”:

Alp2)

R(Phpz) = A(p) ,
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from which we obtain the basic deductive relationship

A(p2) > R(p1,p2) - A(p1)  VY(p1,p2) -

If both persons are of similar height, R(p1,p2) is close to one and it turns
out that for finite iterations of modus ponens, as above, the validity of the
deductive process becomes smaller and smaller. It seems that fuzzy sets and
fuzzy relations provide a methodology to capture approzimate reasoning.

In approximate reasoning, classical propositions p,c, which can be either
true or false, are replaced by fuzzy propositions such as “x is A” where x is
a fuzzy variable and the fuzzy concept A is represented by a fuzzy subset.
A given fact “x is A’”, conjunctively combined with the prior knowledge of
the implication rule, leads to gradual truth values taking values on the unit-
interval. In standard logic the emphasis is on formal validity and truth is to
be preserved under any and every interpretation. In contrast, in approximate
reasoning one tries to preserve information within the situation (context) in
which the reasoning takes place. In general, we identify the triple (-, A, V)
with (¢,N,U) and here in particular with (1 — u,T,S). Here, a t-norm is a
binary function that extends the domain of logical conjunction from the set
{0,1} to the interval [0, 1]. Similarly, S models disjunctive operations.

A proposition takes the form “x is A” with fuzzy variable x taking values
in X and A modelled by a fuzzy set defined on the universe of discourse X
by membership function u: X — [0,1]. A compound statement, “x is A AND
y is B”, is taken as a fuzzy set AN B in X x Y with

/‘AﬂB(may) = T(NA('T)aIJ‘B(y)) .

For the sake of simplicity, we consider a single rule of type
IF xis A, THEN y is B,
which can be regarded as a fuzzy relation

R: XxY = 0,1]
(z,y) = R(z,y),

where R(z,y) is interpreted as the strength of relation between z and y.
Viewed as a fuzzy set, with ugr(z,y) = R(z,y) denoting the degree of mem-
bership in the (fuzzy) subset R, pgr(z,y) is computed by means of a fuzzy
implication. Replacing the negation — in (7.7) with the basic fuzzy comple-
ment 1 — g, and the disjunction V with the fuzzy union max-operator, we
obtain the so-called Dienes-Rescher implication

jr(@,y) = max(l - pae), us (v)) - (7.9)
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From (7.8), replacing negation by the fuzzy complement, disjunction by the
max-operator and conjunction by the min-operator, we obtain the Zadeh im-
plication

pr(z,y) = max (min(pa(z), u5(y)), 1 — pa(z)) - (7.10)
Other possibilities are
pr(z,y) = min(1,1 — pa(z) + ua(y)) : Lukasiewicz implication,
(7.11)
1 if <
pr(z,y) = ' ,uA(x.) < ns(y), : Gédel implication, (7.12)
up(y) otherwise.

or defined using ¢-norms

pr(z,y) = min(pa(z), pe(y)) : Minimum implication, (7.13)
ur(z,y) = pa(z) - ue(y) : Product implication. (7.14)

Finally, given some ‘input data’, the generalized modus ponens provides a
mechanism for inference on the basis of some input:

Implication: IF x is A, THEN y is B.
Premise: xis A’
Conclusion: y is B'.

In terms of fuzzy relations the output fuzzy set B’ is obtained as the relational
sup-t composition, B’ = A’ o R. The computation of the conclusion up/(y)
is realized on the basis of what is called the compositional rule of inference:
Given par(z), and pgr(z,y), pp (y) is found by generalizing the ‘crisp’ rule

IF x =a AND y = f(x), THEN y = f(a) .
The inference can be described in three steps as illustrated in Figure 7.2:
1. Extension of A’ to X x Y, i.e. par_,(z,y) = pa(x).
2. Intersection of A'ext with R, i.e.

paronr(®@,y) =T (par. (z,9), nr(z,y) VY (2,9) .

3. Projection of A'ext N R on Y, i.e. the compositional rule of inference is
defined by

pp (y) = sup par nr(Z,Y)
zeX

= sggT(uA;,t (z,y), ur(z,9)) , (7.15)
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where in (7.15) the supremum or maximum can be seen as a ‘selection’ from
the information provided by AL, N R. Taking the maximum over all values in
X, one may view B’ described by up(y) as the shadow of fuzzy set AL . NR.

ext

Fig. 7.2 Compositional rule of inference in approximate reasoning.

The link of (7.15) to the composition of fuzzy relations can be easily arrived
at from the definition of a composite mapping (1.6) given in Section 1. Let g
and h define two ordinary relations on U x 2 and Q x Y, respectively. The
composition of g and h, denoted h o g, is defined as a relation in U x Y such
that (u,y) € ho g if and only if there exists at least one w € (2 such that
(u,w) € g and (w,y) € h. Using characteristic function (3: U x @ — {0,1}
and (n: 2 xY — {0,1}, we have

Chog (u7 y) = ng)z( T(Cg (u,w),(h(w,y)) (716)

for any (u,y) € U x Y where T is any t-norm. Equation (7.16) is then
generalized to fuzzy relations by simply replacing the characteristic function
for crisp sets ¢ by the fuzzy set-membership function p:

hog(t,y) = max T (uy(u,w), pa(w,y)) - (7.17)

Because the t-norm in (7.17) can take a variety of formulas, we obtain for each
t-norm a particular composition. The two most commonly used compositions
in the literature are the so-called maz-min composition and maz-product com-
position using Tiin and Tpro, respectively.
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Fuzzy Inference Engines

O There are various ways to realize a fuzzy rule-based system, distinguished
by the way rules are combined and the inference engine employed.

O Fuzzy systems are nonlinear mappings.

O Fuzzy systems are universal function approximators.

All traditional logic habitually assumes that precise symbols are being employed.
It is therefore not applicable to this terrestrial life but only to an imagined celes-
tial existence.

—Bertrand Russell

The previous section introduced approximate reasoning as a methodology to
encode rule-based knowledge and to process linguistic information using fuzzy
sets and fuzzy logic. We have seen that for one rule the generalized modus po-
nens specifies a mapping. Because any realistic rule-base will consist of several
rules, the question arises of how make an inference with a set of rules. Here-
after, two frequently used inference schemes, namely, the composition-based
and the individual-rule-based inferences, are described. Depending on various
assumptions on the type of input data (fuzzy or non-fuzzy) and fuzzy logics
(implication,...) used, we obtain compact representations of fuzzy if-then rule-
based systems as mappings. This section follows closely the comprehensive
discussion in [Wan97].

161
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8.1 COMPOSITION-BASED INFERENCE

In composition-based inference, all rules are combined into a single fuzzy
relation R in X x Y, which is then viewed as a single fuzzy if-then rule.
Hereafter, we consider the ‘linguistic model structure’ (5.5), or its conjunctive
form (5.6), with r input variables combined in vector x. Then, A; is a fuzzy set
defined by a multi-variate membership function p4,(x): X1 x---xX, — [0,1].

The way rules are combined depends on the interpretation of what a set of
rules should mean. If rules are viewed as independent conditional statements,
then a reasonable mechanism for aggregating ng individual rules R; (fuzzy
relations) is the union:

= S(prr (%,9),-- - bRmr (X,)) - (8.1)

On the other hand, if rules are seen as strongly coupled conditional statements,
their combination should employ an intersection operator:

Il

R=() R,
i=1
T(l”Rl (x,y),...,,uRnn(x,y)) : (82)

Composition-based inference is summarized in Algorithm 8.1.

Let A’ be any fuzzy set in X. We then obtain the output of composition-based fuzzy
inference engine as follows. For the ng fuzzy if-then rules of the conjunctive linguistic
model structure

R; : IF z;is Aj; AND z2 is Aj2...AND z, is A;», THEN y is B; . (5.6)
Step 1: Determine the fuzzy set membership functions
Ban s xAp (@15 @r) = T(pag, (21),- 0 04, (2r) - (8.3)

Step 2: Equation (8.3) is viewed as the fuzzy set g4 in the fuzzy implications (7.9)-
(7.14) and pg,;(x,y), ¢ = 1,...,nR, is calculated according to any of the
implications.

Step 3: pr(x,y) is determined according to (8.1) or (8.2).
Step 4: Finally, for an arbitrary input A’, the output B’ is obtained according to

pp (y) = fggT(um(X),uR(x,y)) . (8.4)

Algorithm 8.1 Composition-based inference.
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The first two steps are identical to the composition-based inference.

Step 1: Determine the fuzzy set membership functions
BA;, XX A Ly e vy Tp) = T(I»LA“ (z1),.-. YA, (;Cr)) . (8.3)

Step 2: Equation (8.3) is viewed as the fuzzy set g4 in the fuzzy implications (7.9)-
(7.14) and pg,(x,y), i = 1,...,ng, is calculated according to any of the
implications.

Step 3: For a given input fuzzy set A’ in X, determine the output fuzzy set B! in
Y for each rule R; according to the generalized modus ponens (7.15), i.e.

lj'Bg (y) = Ssup T(’J‘A' (x)) HKR; (X, y)) (86)
x€X

fori=1,...,ng.

Step 4: The output of the fuzzy inference engine is obtained from either the union

e (y) = S(ppy V), 1p, (Y)) (8.7)
or intersection

pp(y) =T (npy (), - 15y, (Y)) (8.8)
of the individual output fuzzy sets BY,..., B;.

Algorithm 8.2 Individual-rule-based inference.

The fuzzy system represented by fuzzy relation R, defined on the Cartesian
product space of the system variables X; x Xp x -+ x X, x Y, describes a
fuzzy graph F equivalent to (4.33), which explains why the compositional rule
of inference can be regarded as a generalized function evaluation (cf. Section
1). Let the fuzzy graph F be defined by the fuzzy relation R C X x Y,
R = U, R; such that

F={(up(),A") : B'=AoR} (8.5)

in analogy to (3.9) (cf. (4.33)).

8.2 INDIVIDUAL-RULE-BASED INFERENCE

Instead of combining all rules into one, each rule may be evaluated individually
to obtain for each rule an output fuzzy set which are then aggregated into one
output fuzzy set by taking either their union or intersection.

That is, for a given input fuzzy set A’ in X, determine the output fuzzy set
B! in Y for each rule R; according to the generalized modus ponens (7.15),
that is,

npy(y) = sup T (par (%), g, (%, 9)) (8.6)
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z
Ri : IF 1 is A AND z5 is ‘

-1 0! 41 -1 0 41
! :

!

zy Ty
6 Be B . . Be
w®,. ., THEN.......... for all Ri,...m
Y Y
6) v

Fig. 8.1 Individual-rule-based inference.

for i = 1,...,ng. The output of the fuzzy inference engine is obtained from
either the union

pe (y) = S(us; (¥), .. 1B (y)) (8.7)
or intersection

up (y) =T (us: (), - -, 1B (v)) (8.8)

of the individual output fuzzy sets By, ..., Bl.. The basic idea of the individual-
rule-based inference, for min-inference, singleton input, union intersection, is
illustrated in Figure 8.1. A step-by-step summary is given by Algorithm 8.2.

Using individual-rule-based inference with the union combination in
(8.7), the implications (7.13) and (7.14), and max for all the ¢-conorm op-
erators, we obtain from (8.6) and (8.7) the following two inference engines:

> Minimum Inference Engine: Using (7.13) and the min for all ¢-norm

operators,

123:% (y) = i:lin.z.i.)gm { Slelg)( min (/J'A' (X), KA (xl)v [ ?I’I'Air(xT)’ KUB; (y)) } :
(8.9)

> Product Inference Engine: Using (7.14) and the algebraic product
for all t-norm operators,

sy X

pp(y) = _max { Sup (/m' () - T na (@) - s, (y)> } - (8.10)



INDIVIDUAL-RULE-BASED INFERENCE 165

Let the fuzzy set A’ be a singleton, that is, if we consider ‘crisp’ input data,

1 ifx=x
! = 8.].1
ar(x) { 0 otherwise, ( )

where x’ is some point in X. Substituting (8.11) in (8.9) and (8.10), we find
that the sup,cx is achieved at x = x'. Hence, (8.9) reduces to, cf. (4.32),

uB! (y) = i:lir,laxnn {min (“Au (xll)a sy A, ('rlr)v UB; (y)) } (8'12)

veey

and (8.10) reduces to

i=1,...,nRr

pp(y) = max {H uAik(xL)-uB;(y)} - (8.13)
k=1

A disadvantage of the minimum and product inference engines is that if for
some x € X, pa,k(zk) is small, then pp/ (y) obtained from (8.9) and (8.10)
will be very small.

Using individual-rule-based inference, intersection combination (8.8), the
implications (7.9), (7.10), (7.11), we obtain from (8.6) the following inference
engines (i = 1,...,npR):

> Dienes-Rescher Inference Engine: Using (7.9) and the min(-) ¢-
norm in (8.8) and (8.3),

pp(y) = min {323 min[p (x),max(l = min (14, (@), us, (y))]}
(8.14)

> Zadeh Inference Engine: Using (7.10), and t-norm min(-) in (8.8)
and (8.3)

o (9) = i sup min s () o, (1),
PSS

s, (22,15, )], 1~ min (uA,mk)))]}. (8.15)

k=1,...,r

> Lukasiewicz Inference Engine: Using (7.11) and the min ¢-norm in
(8.8) and (8.3),

22:1 (y) = miin {:2?{ min [,UA’ (X), min(la 1- mkin (HAuc (Ik)) + uB; (y))]}

= i { sup minfien (1= min (e (22)) + W)}
i x€ =1,...,r
(8.16)
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If the fuzzy set A’ is a singleton, substituting (8.11) into the equations of the
inference engines (8.14)-(8.16), the sup, . x is obtained at x = x’, leading to
the following singleton input inference engines. From (8.14) we obtain

pp (y) = min {max[l - k:{nln (HA,-k (xlk))’MBi (y)]} .

i=1,...,nRr 1,...,7

From (8.14)

pp(y) = _min {maX[l— min (uA,-k(mﬁe)),uB;(y)]} ,

1=1,...,nRr =1,...,r

and from (8.16),

pp(y) = _min {1,1—k=rn}n (Lo (27)) +uBi(y)} :

1=1,...,nRp 1,...,7

8.3 FUZZY SYSTEMS AS NONLINEAR MAPPINGS

This section highlights the dual role of fuzzy systems. Starting with logical or
conditional statements to capture context-dependent expert knowledge, fuzzy
systems are if-then rule-based systems constructed from a collection of linguis-
tic rules. On the other hand, fuzzy systems are nonlinear mappings between
two spaces, say X and Y. As such, they can be identified from sampled data
by various methods including fuzzy clustering and we can also formally relate
fuzzy systems to various other methodologies. One therefore has to consider
the context in which a fuzzy system is employed and accordingly select the
appropriate formal representation. Semantics can therefore play an important
role; not only in separating various methodologies. For example, if a fuzzy
system is identified from data and the rules are interpreted by the user in or-
der to gain new knowledge or insight into the process that generated the data
in the first place, then the choice of a framework to formalize implications,
conditionals, or correlations is very important. If, on the other hand, the aim
is to generalize from data regardless of the interpretation, we should select
a convenient (simple, accurate,..) framework to identify such a relation from
sample data.

A defuzzifier is a mapping from the fuzzy set B' in Y to a point ¢’ in Y.
To obtain a single-valued numerical output from the inference engines, one
has to somehow capture the information given in pp: (y) by a single number.
The center of gravity defuzzifier determines y' as the center of the area under
the membership function pp(y):

, L Sy (y) -y dy

 Jywes(y) dy (8.17)

k]



FUZZY SYSTEMS AS NONLINEAR MAPPINGS 167

where fY is the conventional Riemann integral which, in case of a discrete
space Y, is replaced by a finite sum. If pp/ (y) is viewed as a density or
distribution function, then the center of gravity gives the mean value. The
main problem with this defuzzifier is the calculation of the integral for irregular
shapes of pup(y). Since the fuzzy set B’ is the union or intersection of ng
fuzzy sets, the weighted average of the centers of the ng fuzzy sets provides a
reasonable approximation of (8.17). Let y((,l) be the center of the i*P fuzzy set
and w() be its height. Then, the center-average defuzzifier calculates y' as

nRr i A
-21 y(()) cw®
). 1=
y == (8.18)
Z w(®

i=1
Consider a normalized fuzzy set B;, that is, Jy: up,(y) = 1, in the ‘Lin-
guistic model’
Ri . IF Ty is Aﬂ AND T2 is Aiz ...AND Ty is Air, THEN Y is Bi ) (56)

Let the input data be crisp, that is, substituting (8.11) into the product
inference engine (8.10), we have

ppr(y) = _max {H uAik(wﬁc)-uBi(y)} : (8.19)

i=1,...,n
R k=1

Suppose we use the center-average defuzzifier (8.18). Then, the center of the
fuzzy set pa,, (z}) - #B;(y) determines the center of B;, denoted by y()

(8.18). The height of the i*" fuzzy set in (8.19) is [T}, ra. (%) - pB. (Yo 0y =
[Trey Ha.(z)) and equals w® in (8.18). This reduces the fuzzy system
(5.6) with product inference engine, singleton input data, and center-average
defuzzier to the compact formulation

Zy“) ﬁum(x;)
2 1 man(e)

or, in general, we find that the fuzzy system is a nonlinear mapping (cf.
Section 1)

!

1 M:,

fiX o Y
x = f(x),

where the argument x € X C R" maps to f(x) € Y C R, a weighted average
of the consequent fuzzy sets:

% y(()i) ' ﬁ KA (mk)
fx) = S

3

(8.20)

o

ﬁ KA (wk)

1 k=1
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Similar to (8.20), we obtain for a fuzzy system (5.6), with minimum inference
engine (8.9), singleton input (8.11) and center-average defuzzifier (8.18),

S0
2 Yo -mmin pag, (z)
1= -

fx) = (8.21)

nR T
Z min”A.‘k(l'k)
i=1 k=1

An important conclusion is that fuzzy rule-based systems enable us to
encode ‘logical’ if-then relationships and to process fuzzy information. By
describing such knowledge processing using fuzzy relations and representing
a fuzzy system as a nonlinear mapping, we should be able to combine such
qualitative reasoning system with gquantitative models processing numerical
data.

8.4 EXAMPLE: COMPARISON OF INFERENCE ENGINES

In this section, the input-output relationships of the fuzzy inference engines,
introduced in the previous section, are visualized. Figure 8.2 illustrates the
rule-base.

IF z; is A;1 AND zo

Fig. 8.2 Rule-based fuzzy reasoning.

For the Gaussian and triangular shaped input space fuzzy sets in Figure 8.3
and output sets B; in Figure 8.4, Figures 8.7 and 8.6 describe the input-output
behavior of the minimum inference engine (8.21) and the product inference
engine (8.20), respectively. In both cases, we consider the conjunctive struc-
ture of the ‘Linguistic’ fuzzy model (5.6), with singleton input (8.11), and
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center-average defuzzifier (8.18). Figure 8.8 compares the contour plots of the
minimum and product inference engines for triangular sets.

. H H H i H i i H
-1 -08  -06 04 -02 ) 02 04 06 08 1 -1 08 06 04 -02 ) 02 04 06 08 1

Fig. 8.3 Gaussian and trapezoidal input fuzzy sets.

04f-

H i H i i H H H
-1 08 06 04 -02 o 02 04 06 08 1 -1 -06

Fig. 8.4 Gaussian and trapezoidal outputs sets B;.

From the figures, we find that the shape of the fuzzy sets has no major influ-
ence on the input-output behavior of the fuzzy system. For most engineering
applications we may therefore chose fuzzy sets which are most convenient with
respect to implementation or analysis. For triangular membership functions,
the product inference engine has a linear overall behavior as seen in Figure 8.8.
However, if we change the partition of the input space as shown in Figure 8.5,
we obtain for the minimum and product inference the input-output behavior
shown in Figures 8.9 and 8.10, respectively.

In general, we find that a disadvantage of the minimum and product in-
ference engines is that for some x € X, pa,x(zx) is very small. Then, pp:(y)
obtained from (8.9) and (8.10) will be very small. For individual-rule-based
inference with intersection-based combination, this problem does not occur.
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Fig. 8.5 An input space fuzzy partition which is not fully overlapping.

The product inference engine with individual-rule-based inference and union
combination (8.7) is identical to the composition-based inference with union
combination of rules (8.1).

If the fuzzy sets B; in (5.6) are normal with center y(()’), then for singleton
input data (8.11), center-average defuzzifier (8.18) and Lukasiewicz inference
engine (8.16) or Dienes-Rescher inference engine (8.14) the fuzzy systems are
of the following form [Wan97]:

1 Z"R @)
— 1
f(X) - nR yo )

i=1

independent of the input - which does not make sense and hence no plots are
given. A detailed comparison of inference engines can be found in the book
by Wang [Wan97).
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Fig. 8.6 Product inference with Gaussian and trapezoidal sets.
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Fig. 8.10 Product inference with non-overlapping input fuzzy partition.
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Fuzzy Classification

O Fuzzy clustering groups unlabelled data into a fixed number of classes and
hence can be used to design classifiers.

O Specific fuzzy classifiers can be shown to be formally equivalent to optimal
statistical classifiers.

O If-then rule-based fuzzy classifiers provide an intuitive framework to
interpret data.

In Section 4.5, we devised a fuzzy classifier using clustering algorithms. Here
we continue our discussion on classification from a fuzzy systems perspective.
First, we show that a fuzzy classifier can be related to Parzen’s kernel density
estimator, introduced in Section 3.2. We then apply the concept of a fuzzy
rule-base, introduced in the previous section, to design a classifier. We use the
well-known Fisher-Anderson ‘iris’ data set to illustrate the concept of fuzzy
classification.

9.1 EQUIVALENCE OF FUZZY AND STATISTICAL CLASSIFIERS

In Section 5.3, we demonstrated that a fuzzy system is in fact equivalent to a
basis function expansion (Section 3.3). The present section will add another
example of classification. We can show that the fuzzy system (8.20) is equiv-
alent to a statistical classifier! using the density estimates from Section 3.2.

1For a more extensive discussion see [Kun96].
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This example should be considered in conjunction with the example given in
Section 4.5 in order to obtain a more complete understanding of classification.

The problems of classification and discrimination are closely related. In
each instance, the data m; € R” are assumed to comprise c¢ clusters. If the
number of clusters ¢ is known, and a training sample of data is available
from each cluster, then the problem is to formulate rules for assigning new
unclassified (unlabelled) observations to one of the clusters. In other words, we
assign to an object (described as a point x in the feature space X; x -+ x X,.)
a class label C from the set C = {C1,...,C.}. Hereafter we assume that
X7 x -+ x X, coincides with R" and that have available a set of (labelled)
training data M = {my, ..., my}, m; = [my;,.. ,m,j]T € R". We denote by
i € {1,2,...,c} the index of the class label among {C1,...,C.}, associated
with m;. The problem is to design a classifier, that is, to specify a mapping
1) such that each object x is associated with one class C;:

v: R —>C.

In a probabilistic framework, both x and C are random variables. Let
Pr(C;) be the prior probability for class C;, i = 1,...,c and denote by p(x|C;)
the class-conditional probability density function. In statistical (Bayesian)
decision theory, the aim is to design an optimal classifier with a small error,
that is, one that assigns to x a class label C* corresponding to the highest
posterior probability:

Cc* = arg max Pr(C|x) .

Here, the posterior probability is calculated by
Pr(C;) p(x|Ci)

p(x) ’
p(x) =Y _ Pr(Cy) p(x|Cy) .

k

r(Cilx) = (9.1)

In Section 3.2, Parzen’s kernel estimator was introduced as a non-parametric
approximation of a probability density function. Let K (x) be a kernel func-
tion (also referred to as a Parzen window) which peaks at zero, is non-
negative, and whose integral equals one over R”. The multi-dimensional kernel
function centered around m; € R" can be expressed in the form 1 =K (x oy ),
where h determines the window with and hence is a smoothing pammeter. Us-
ing the estimator (3.19), we can approximate the class-conditional probability
density using the sample set M by

H(x|C:) Z K(X mf>, m; €M,

s bj=1
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where d¢, is the number of elements of M from class C;. Finally, we estimate
the prior probabilities in (9.1) by

dg;

Pr(C )= >

Inserting both approximations into (9.1), we obtain the following estimate of
the posterior probability:

Pr(Cilx) =

T hr. Z K(x mf) . (9.2)

tbj=1
Introducing an indicator function (¢, (m;),

1, ifbj =1, i.e. m; comes from class Cj;

€2 (m]) = {

0, otherwise.

We can rewrite (9.2) as

d
ﬁ'(Cilx) = é ~ap(x) - Z Co;(mj)K (x _hmj) , (9.3)

where factor a1 (x) depends on x but not on the class label. Using the multi-
dimensional Gaussian kernel

aoka (252 x—m) = (- my)) |

W n) T w2
(9.4)

where X is the covariance matrix. Using the Gaussian kernel we have for the
posterior probabilities (9.3)

d .
Pr(Cy|x) = é -1 (%) - Z Co.(m))Kg (X —hm]) . (9.5)

Let us now consider a fuzzy classifier where the rule-base takes the form of
(8.20). For any class C;, we consider d rules of the form

RJ‘ : IF X1 is Aj] AND ... AND Ty is Ajr,
THEN ¢, =landy! =0,Vi#i',i=1,...,c,j=1,...,d, (9.6)

where yf denotes the i*" component of the output vector y; associated with
the 7 rule. Each A, is a fuzzy set with membership function

pa;, R —[0,1] .
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Specifically, we define

_ (z — miy)*
aj, (x) = exp ("_th—J )

where h is a parameter and the membership functions evaluate the similarity
of any given x with m;. Let the activation strength (‘firing level’) of the ;"
rule be

ﬂj(x) = H HA; (xk)

k=1
= exp (—-—2% Z (zx — mk]’)2>
k=1
= exp ((x - mj)TA—l(x - mj)) .

For ¥ being an identity matrix, we notice that 8;(x) differs from the Gaussian
kernel (9.4) only by a constant. We therefore write

@@meK(”;W).

The output of the fuzzy classifier w.r.t. class C; is obtained as

i
Z:l yl - B (%)

Yt = — ...equivalent to (8.20) and (5.19)!
2. Bi(x)
7j=1
_ : i X~y
= az(x) ; yi - Ka < - ) : (9.7)

Since yf functions as an indicator function for m; with respect to C;, we find
that equations (9.7) and the posterior probability of the statistical classifier
(9.5) differ only by a factor which does not depend on the class i. In both
cases, for the fuzzy classifier and the statistical classifier a decision is obtained
by choosing the class label for which (9.7) and (9.5) are largest. We conclude
that a fuzzy system can be shown to be equivalent to a probabilistic classifier
(which is known to be asymptotically optimal in the Bayesian sense).

9.2 FUZZY RULE-BASED CLASSIFIER DESIGN

In Section 4, we used clustering algorithms to identify groups of data in the
data space. Clusters may also be considered as classes and a clustering algo-
rithm can therefore be used to design a classifier. The principal idea of fuzzy
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classification is to use fuzzy sets and fuzzy if-then rules to characterize classes.
One motivation is that the fuzzy classifier provides some degree of linguistic
interpretability of the data in terms of fuzzy labels (like “small” or “low”).
We shall develop the concept of a rule-based fuzzy classifier using the ‘iris’
data set.

Sepal wigth

2
1 Petal width
‘ 0

Petal Length

Petal Width 1

Petal Length

Fig. 9.1 Two different views of the complete Iris data set.

In his pioneering work on discriminant analysis, R.A. Fisher analyzed data,
originally collected by E. Anderson, on three species of iris flowers®. Let the
classes be defined as:

C:: Iris sestosa; Cy: Iris versicolor; Cs: Iris virginica.

The following four variables were measured: sepal length (sl), sepal width
(sw), petal length (pl), and petal width (pw). Since we cannot visualize all
four variables at the same time, we choose to plot all 150 data sets for the
variables pl, pw, and sw in Figure 9.1. In Figure 9.2, we have selected two
particular angles which demonstrate that the two variables, petal width and
petal length alone may well be sufficient to build a classifier. We therefore
chose 75 sets of training (pw, pl)-data (25 from each class).

In the original studies concerning the iris data, a question was whether
versicolor is not a sestosa-virginica hybrid. This was confirmed by Fisher.
Applying the fuzzy-c-means algorithm with w = 1.5, ¢ = 3 and 6 = 0.01 to
the data, we obtained after 11 iterations the cluster centers depicted on the
right in Figure 9.2. The partition matrix U contains for each training vector

2See [JW98] for the data set and classification based on discriminant analysis.
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Fig. 9.2 Two different views of the complete iris data set. On the right, the selected training
data are plotted together with the cluster centers obtained from fuzzy-c-means clustering on
unlabelled data.

m; = (pw,pl) a degree of membership in any of the three classes. From the
fuzzy clusters we obtain orthogonal projections onto the subspaces as shown
in Figure 9.3. The projected membership degrees are used to fit piecewise-
linear fuzzy set-membership functions as described in Section 11. We would
refer to the linguistic terms, from left to right, as “small”, “medium”, “large”,
describing the extent of the petal width and length.

1 1 : ®
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
anaa ohataloacncacnaaha
0 0.5 1 1.5 2 2.5 0 1 2 3 4 5 6 7
Petal Width Petal Length

Fig. 9.3 Projections of the fuzzy clusters in U and fitted membership functions.

The next step is to design a fuzzy classifier using the fuzzy sets. From
the plot on the right in Figure 9.2, we can intuitively see that the following
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rule-base describes an appropriate classification:

Ry:IF pw is ‘>, AND pl is l THEN iris sestosa.

ST,

Ry: IF pwis 4t AND plis Y, THEN iris versicolor.

R : IF pw is “——————h AND pl is #“———, THEN iris virginica.

Each rule describes one class and the fuzzy sets in the if-part of the rules
correspond to those in Figure 9.3. We used the t-norm min for the conjunction
such that the aggregate agreement of any given data vector with a rule is
calculated by

ﬁi(x) = Paq (:1:1) A pag, (:1’.2) N Npa,, (:ET) ) (57)

where A is a suitable t-norm. The degree of fulfillment j3;(x) of the if-part
is therefore the degree of confidence in that a given data vector x belongs to
class C;. The final decision assigns the x to the class which maximizes the
degree of confidence B(x):

C* = argmax f3;(x) .

With this classification we can validate the rule-based classifier against all 150
(labelled) vectors. For the given parameters and fuzzy sets we have five mis-
classifications. If there are two or more classes that are assigned the maximal
degree of confidence by the rules, we may either refrain from a classification
and label it as ‘unknown’, or we break the tie by selecting one these classes
randomly.
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10

Fuzzy Control

O Fuzzy rule-based systems can also be used to devise control laws.

O Fuzzy control can be particularly useful if no linear parametric model of
the process under control is available.

O Fuzzy control is not ‘model-free’ as a good understanding of the process
dynamics may be required.

O Fuzzy control lacks of design methodologies.

O Fuzzy controllers are easy to understand and simple to implement.

Feedback control theory arose from cybernetics!, the interdisciplinary sci-
ence dealing with communication and control systems in living organisms,
machines, and organizations founded by Norbert Wiener in the 1940s. Cy-
bernetics developed as the investigation of the techniques by which informa-
tion is transformed into desired performance. Systems of communication and
control in living organisms and those in machines are considered analogous in
cybernetics. To achieve desired performance of a system, the actual results
of control actions must be made available as feedback? for future action. A
standard feedback control system is illustrated in Figure 10.1.

IThe term cybernetics is derived from the Greek word kybernetes, meaning “steersman” or
“governor”.

2Feedback: When we desire a system to follow a given pattern the difference between this
pattern and the actual behavior is used as a new input to cause the part regulated to change
in such a way as to bring its behavior closer to that given by the pattern.
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control

reference error action output
O Controller Process

(feedback loop)

Fig. 10.1 Standard configuration of a feedback control system.

Conventional approaches such as PID, adaptive, optimal and robust control
are often referred to as model-based since for the design of the control law and
its parameters a linear transfer function model, based on differential equations,
is required. Assuming, or knowing, that the model is sufficiently accurate,
a powerful theory is available not only to guarantee stability, robustness,
optimality and so forth, but also to guide the non-expert through the design
in an algorithmic manner. Fuzzy control starts from the assumption that a
linear model is not available - either because it is not accurate, not feasible
or too cumbersome to determine. It is then assumed that on the scale of
input variables alone it is possible to decide upon the control action. Such an
approach does not require a parametric model but is not model-free either. We
may be required to have a good understanding of the behavior of the process
or at least have to accept heuristics. In this section we apply the previously
introduced fuzzy rule-based inference schemes to control a dynamic process
in a closed-loop configuration. The concepts presented here are only a basic
example of fuzzy control, chosen to make comparisons and to introduce the
main ideas. Many more sophisticated and advanced nonlinear, adaptive fuzzy
control schemes have been developed and described in numerous textbooks
[Wan97, Ped93, KGK94, Bab98, PY98].

10.1 PI-CONTROL VS. FUZZY PI-CONTROL

This section is based on the approach presented in [SY89]. A conventional
linear proportional-integral (PI) controller with two inputs (error and rate of
change in error) and one output is compared to a fuzzy PlI-controller with
piecewise-linear fuzzy set membership functions and different combinations of
logical fuzzy connectives. It is shown that, in general, a fuzzy controller is
nonlinear, but with a specific combination of t-norms and ¢-conorms the fuzzy
PI-controller is equivalent to its linear counterpart. The configuration of the
closed-loop system is shown in Figure 10.2.
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setpoint

de-
fuzzification rule-base > o
fuzzification

rate of change

process

Fig. 10.2 Block diagram of a closed-loop fuzzy control system.

A non-fuzzy PI-controller changes its control action u(t) depending on the
error e(t), that is, the difference (s — y) between the setpoint s(t) and current
output, and the integral of the error

du(t)
dt

de(t)
dt

=K, + K; e(t) , (10.1)
where e(t) = s(t) — y(t). To obtain a control action the term du(t)/dt is
integrated. A fuzzy PI-controller is developed analogously:

deriv' (k) = K, - rate' (k) + K; - error' (k) , (10.2)

where error, rate, deriv are fuzzy (or linguistic) variables partitioning the
underlying spaces by piecewise-linear (triangular) fuzzy sets as shown in Fig-
ure 10.3. Each of these fuzzy sets is called a linguistic term. The (ordered)
sets of linguistic terms, partitioning the underlying domain (universe of dis-
course), are denoted RATE and ERROR = (negative, zero, positive), whereas
for DERIV, negative and positive are further refined into ‘negative small’ and
‘negative large’. We write DERIV; to refer to the i*! term.

Equation (10.2) can be redefined to scale the fuzzy variables into a range
from —1 to +1. This requires the introduction of the scaling gains G, G,
and G., where deriv' = G, - deriv; G, - rate’ = rate and G, - error’ = error.
Substituting these into equation (10.2), we obtain the following equation for
the incremental control output of the fuzzy PI-controller:

K K;
deriv(k) = Gugr rate(k) + Guée error(k) . (10.3)
The constants K, (G,G) and K;/(G,G.) are assumed equal to 0.5 to make
deriv fall into the interval [-1,1]. The fuzzy controller is then equivalent to
a conventional PI-controller with proportional gain K, = 0.5- Gy - G, and
integral gain K; = 0.5+ G, - G.. We note that there are infinitely many
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combinations of G, G, and G, to hold true for these expressions.
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Fig. 10.3 Fuzzy sets for the variables error, rate and the output, respectively.

complete rule-base, that is the set of control rule takes the form:

R1Z

Ry :

R3 :

R4Z

R5Z

IF error is ‘negative’ AND rate is ‘negative’,
THEN deriv is ‘negative large’

IF error is ‘negative’ AND rate is ‘zero’, OR error is ‘zero’

AND rate is ‘negative’, THEN deriv is ‘negative small’
IF error is ‘negative’ AND rate is ‘positive’, OR error is ‘zero’

AND rate is ‘zero’, OR error is ‘positive’
AND rate is ‘negative’, THEN dertv is ‘zero’

AND rate is ‘zero’, THEN deriv is ‘positive small’
IF error is ‘positive’ AND rate is ‘positive’,

THEN deriv is ‘positive large’

The

IF error is ‘zero’ AND rate is ‘positive’, OR error is ‘positive’

where ‘negative’; ‘zero’, ‘positive’, and so on are fuzzy terms represented by
fuzzy sets. The logical connectives ‘AND’ and ‘OR’ are subsequently replaced
by some t- and t-conorm respectively to determine the firing level of the i*}

rule, denoted upgriv,(deriv). The rule-base can conveniently be illustrated
in matrix form:
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error

rate
N

NS Z PS

Assuming ng fuzzy sets for the error and rate of change in error, we require
2(ns — 1) fuzzy sets (and rules) for the output deriv. The principal values for
fuzzy sets in the consequence part of the rules (at which ppgriv, (deriv) = 1)
are equally spaced, but at half the interval of the members of the antecedent
fuzzy sets. There are three fuzzy sets defined on each input space for the
error and rate of error. The principal values of the i*® member of the fuzzy
partition DERIV; are given by —1+ (i — 1)/(ns — 1). Following the paper by
W. Siler we employ a linear defuzzification strategy:

2n,—1 .
deriv(k) = Z UDERIV; (deriv) - (—1 + :_—_11)> . (10.4)

=1

This value is integrated and scaled to obtain the control action required to
drive the plant. We first evaluate the control rules using the Zadeh logic:

T('U'A(')uﬂﬂ(‘)) = min(uA(')auB('))a S(MA(')aﬂB(')) = maX(MA('), HB()) .

-025

-08 o

-1
-1 08 -06 04 02 ©0 02 04 06 08 1
rate

Fig. 10.4 Characteristics of the fuzzy PI-controller using Zadeh logic.

As can already be seen, the fuzzy Pl-controller is structurally relatively
simple and is, in fact, static. All dynamic elements, such as the rate of change
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or the integration of the output signal, are outside the inference engine. This
fact allows us to study the characteristics of the controller by means of the
control surface and phase-plane plot (isocontours of constant values of deriv)
shown in Figure 10.4. The control is linear in the second and fourth quadrants
but hyperlinear in the first and third quadrants.

Using a mixed logic, that is, Zadeh logic for R; and Rs, and Lukasiewicz
logic for Ry and R4

T(pa(-), ns(-)) = max(0, (ua(-) + p(-) — 1),
S(pa(), up(-)) = min(1, pa(-) + ps(-))

and ignoring rule Rj3 since its consequent is multiplied by zero, we obtain the
controller characteristic shown in Figure 10.5. Similarly, using the probability
logic

B\’ ) = /‘A(') ':U'B(')’
B(-)) = pa() + uB(-) — pa() - us()

|
—
A3
2
=
v:

for R; and Rs, and the probability ‘AND’ and the Lukasiewicz ‘OR’ for rules
R, and Ry, the fuzzy controller is linear. We can conclude that using some
appropriate mixed logic, the fuzzy Pl-controller is theoretically and numer-
ically identical to a linear Pl-controller. Hence, choosing such mixed logic
we would not have gained any possible advantage with the fuzzy controller in
comparison to the conventional PI-controller. Even worse, while for the linear
PI-controller a design methodology is available, with the fuzzy PI-controller
we have no fixed strategy how to decide upon its parameters.

g ok_ -05 05

1 -08 06 04 -02 O 02 04 06 08 1
rate rate

error

Fig. 10.5 Characteristics of the fuzzy PI-controller using a mixed logic.
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10.2 EXAMPLE 1: FIRST-ORDER SYSTEM WITH DEAD-TIME

Based on the controller introduced in the previous section and the paper
[YSB90], this section will first replace the linear defuzzification by the center-
average defuzzification by a nonlinear strategy and then compare the nonlinear
fuzzy Pl-controller with its linear counterpart. The following notation will be
employed:

error' (k) = s(k) —y(k)
error(k) = Ge-error'(k)

rate'(k) = error'(k) —error'(k — 1)
rate(k) = G, -rate'(k)
deriv' (k) = G, -deriv(k)

u(k) = u(k—1) +deriv'(k) .

As in the previous section, we assume the sampling period to be equal to one.
Hence, the rate of change can be calculated by simply taking the difference
between two error measurements. Considering the last equation for u(k) and
the block diagram in Figure 10.2, one should also bear in mind that the output
of the fuzzy inference engine is an incremental control action not the control
action itself. The two input variables error and rate are characterized by two
fuzzy sets describing a ‘negative’ and ‘positive’ error and rate, respectively.
With only two fuzzy sets describing the inputs, the output space is partitioned
into three fuzzy sets (‘negative’,‘zero’,'positive’) as shown in Figure 10.6.

Y L L L L . . L L L i L L I
-1 08 06 04 -02 ) 02 04 06 08 1 -1 08 -06 -04 02 o 02 04 06 08 1
error, rate deriv

Fig. 10.6 TFuzzy sets for the variables error and rate (left) and the output (right).
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There are three unique fuzzy control rules composed out of four if-then
rules in total:

R; :  IF error is ‘negative’ AND rate is ‘negative’, THEN deriv is ‘negative’
R, : IF error is ‘negative’ AND rate is ‘positive’, THEN deriv is ‘zero’
Rs : IF error is ‘positive’ AND rate is ‘negative’, THEN deriv is ‘zero’

R4 : IF error is ‘positive’ AND rate is ‘positive’, THEN deriv is ‘positive’

In contrast to the linear defuzzification strategy (10.4), employed in the previ-
ous section, here we use center-average defuzzification (8.18). The denomina-
tor, normalizing the membership degrees to one, introduces some nonlinearity:

2ns—1 .
> kpERIV: (deriv) - ("1 + ,f——_li)
deriv(k) = =

(10.5)

2ns—1

KDERIV; (deriv)
1=1

Employing the Zadeh logic the control characteristics are shown in Figure 10.7.
The fuzzy controller with the nonlinear defuzzification shows an opposite be-
havior to the fuzzy PI-controller with linear defuzzification (Figure 10.4).
From the step-responses of the plant under control one would consider whether
an increased or decreased gain near (away) the steady-state (center of the

phase-plane) is desirable and would choose the defuzzification strategy ac-
cordingly.

-025 075

ot 51 08 06 04 02 o0 02 04 06 08 1
rate rate

Fig. 10.7 Fuzzy Pl-controller with center-average defuzzification and Zadeh logic for rule
evaluation.

We are now in the position to compare the nonlinear fuzzy PI-controller
with its linear (non-fuzzy) counterpart. The following equations hold for the
membership functions associated with the error and rate of change of the
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error(2k) +1 _ G. 'erro2r’(k) +1 (10.6)
——errorz(k) +1_ -G, ~err;)r'(k) +1 (10.7)
mte(l;) +1 G, -rat;’(k) +1 (10.8)
—rateék) +1 -G, ra;e’(k) +1 ' (10.9)

These equations suggest a partition of the phase-plane into sectors for which,
depending on the rule, specific fuzzy sets are relevant (see Figure 10.8):

Sector R R> R3 Ry
1 error is ‘neg.” rate is ‘neg.’ error is ‘neg.’ rate is ‘pos.’
2 error is ‘neg.’ rate is ‘neg.’ error is ‘neg.’ rate is ‘pos.’
3 rate is ‘neg.’ rate is ‘neg.’ error is ‘neg.’ error is ‘pos.’
4 rate is ‘neg.’ rate is ‘neg.’ error is ‘neg.’ error is ‘pos.’
5 rate is ‘neg.’ error is ‘pos.”  rate is ‘pos.’ error is ‘pos.’
6 rate is ‘neg.’ error is ‘pos.”  rate is ‘pos.’ error is ‘pos.’
7 error is ‘neg.’ error is ‘pos.’ rate is ‘pos.’ rate is ‘pos.’
8 error is ‘neg.’ error is ‘pos.’ rate is ‘pos.’ rate is ‘pos.’
G, - rate’

Fig. 10.8 Partioning of the phase-plane for a fuzzy PI-controller.

From equations (10.6)-(10.9) and (10.5), we obtain the following equations
for the output w.r.t. the sectors defined in Figure 10.8:
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Sectors 1 and 2:

deriv(k) = —HMerror is neg (e(k)) + Urate is pos ("'(k))
Merror is neg (6(k)) + Urate is neg (T(k)) =+ Urate is pos (T(k))

_ G -error'(k) + G, - rate' (k)
B 3 -G, -error'(k) '

(10.10)

Sectors 3 and 4:

deriv(k) = “Hrate is neg (T(k)) + Uerror is pos (e(k))
Hrate is neg (T'(k)) + Herror is neg (e(k)) + Herror is pos (C(k))
Gy - rate' (k) + Ge - error’ (k)

- 3 — G, -rate'(k) ’ (10.11)

Sectors 5 and 6:

deriv(k) = " Hrate is neg (T’(k))) + Werror is pos (e(k))
Hrate is neg ("'(k)) + Wrate is pos (T(k)) + Uerror is pos (e(k))

_ Gy -rate'(k) + G, - error' (k)
- 3+ G, -error' (k) '

(10.12)

Sectors 7 and 8:

—Herror is neg (e(k)) + Lrate is pos (T(k))
Herror is neg (e(k)) ~+ Werror is pos (e(k)) + Krate is pos (T(k))
_ Ge-error'(k) + G, - rate' (k)

deriv(k) =

34 G, rate (k) (10.13)
If G,|rate' (k)| < Gelerror' (k)| <1, then we have
. _ G -error'(k) + G, - rate' (k)
deriv(k) = 352G, - [error (F) (10.14)
and if Gelerror' (k)| < G,|rate' (k)| < 1,
. ! . U
deriv(k) = G, -error' (k) + G, - rate' (k) (10.15)

3 — G, - |rate' (k)|

As we have seen in the previous section, the fuzzy PI-controller with linear
defuzzification and mixed logic is equivalent to a non-fuzzy PI-controller with
proportional gain K, = 0.5 -G, - G, and integral gain K; =0.5-G,, - G,:

deriv' (k) = K, - rate' (k) + K; - error' (k) . (10.16)

Comparing (10.16) with equations (10.14) and (10.15), we notice that the
fuzzy PI-controller with nonlinear defuzzification and Zadeh logic for rule
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evaluation is equivalent to a linear PI-controller with changing gains K, and
K; given by

G, G

K, = .
P 3 — Gelerror' (k)| (10.17)
_ Ge ) Gu
K= 3 — G.lerror' (k)| (10.18)
when G|rate' (k)| < Gelerror' (k)| <1, and
_ Gr : Gu
Ko = 3G Trate (0] (10.19)
Ge ) Gu
K; (10.20)

T3- Gr|rate' (k)|

when G.lerror' (k)| < Gr|rate’ (k)| < 1. If we define the static gains K,, and
K, as the proportional and integral gains when both error’ and rate’ are
equal to zero, we have

Gr ° Gu

Ky, = = (10.21)
K; Ge G (10.22)

3

and find for the conventional PI-controller

deriv(k) = %’:— -rate' (k) + g—; -error' (k)
. ] . !

_ G, - rate' (k) -;Ge error’ (k) . (10.23)

Comparing equality (10.23) with equations (10.14) and (10.15), the following
inequalities are obtained:

1 S 1
3—G.-error'(k) — 3
when G, |rate' (k)| < Gelerror' (k)| <1, and
1 1
- >z
3—-G, rate'(k) — 3

when G,|error' (k)| < Ge|rate' (k)| < 1. In other words, the (absolute value of
the) incremental control action of the fuzzy PI-controller is equal to, or greater
than, the (absolute value of the) incremental control action of the non-fuzzy
PI-controller when Gelerror' (k)| < 1 and G,|rate' (k)| < 1. We can conclude
that the larger the (absolute values of) error (rate) values, the larger the
difference between the outputs of the two controllers. The nonlinearity of the
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time (sec) rate(n

Fig. 10.9 Step-responses, phase-plane and trajectory for (fuzzy) PI-controller.

fuzzy PI-controller can therefore be used to improve the control performance
in comparison to a non-fuzzy and linear PI-controller.

For a comparison of the step-responses of two Pl-controllers, fuzzy (with
Zadeh logic and nonlinear defuzzification) and non-fuzzy, the static propor-
tional gain K, and the static integral gain K; of the fuzzy controller were
set equal the proportional and integral gains K, = 2.38 and K; = 4.43 of
the conventional PI-controller. The process plant is taken to be the following
first-order system with time delay and transfer function:

Y(S) 1 . e—O.2s .

U(s) s+1

The step-response, phase-plane and trajectory are shown in Figure 10.9. We
note that there are infinitely many combinations of G, G, and G, for ex-
pressions (10.21) and (10.22) to hold true. The fact that there is no design
methodology providing step-by-step guidance how to select the parameters of
the fuzzy Pl-controller, is a major disadvantage.

10.3 EXAMPLE 2: COUPLED TANKS

Using the coupled tanks model from Section 1, we first describe two linear
control designs and then develop a fuzzy PI-controller with equivalent perfor-
mance.

Design of a Fluid Level Proportional Controller

The design procedure is to plot the root locus of the open-loop transfer func-
tion G,(z), and select the gain K, that gives a closed-loop damping factor of
9 = 0.7. The closed-loop natural frequency wy, can be read off the root locus
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diagram. The closed-loop transfer function is

HU(Z) — Ud2(z) — KP GU(Z)

, 10.24
0@ 1+ K, Gol2) (10:24)
where o
-1
Go(2)=2"= 2 <—“(ﬂ) . (10.25)
z s
The steady-state error can be calculated using
ess = [Up(2) —v4,(2)],; = vr(1)[1 = Hy(2)],1 -, (10.26)

where v,.(1) is the steady-state reference input.

Design of a Proportional Plus Integral Controller

The design procedure is to set the integral action time constant to a reasonable
value (in this case T; = 50s), plot the root locus of the open-loop system in
cascade with the compensator 1 + T 7=, and select the gain k that gives a
closed-loop damping factor of ¥ = 0.7. The purpose of the integral action is
to make the steady-state error zero. The proportional and integral gains K,
and K; can be computed by comparing the coefficients of the compensator
transfer functions

K (1 + (z—_zl)—T—) =K, + (—ZK_—ZD . (10.27)

Writing the open-loop system in series with a proportional plus integral action
compensator as

K (sT: 1 9p9dy
Go(s) = BUTitD K (10.28)
sT; T'Tps? +(Ty +To) s + 1
the closed-loop transfer function becomes
_ Kgpga, sT; +1
Hy(s) = k : K9y94 Kgpga,
2 TTas? + T (T + T3) 82 + Ty (1+ K00 ) s 4 Kopoa
(10.29)
Assuming

T: >0, To>0; g,>0; g4,>0; ka>0; T3>0, K>0 (10.30)

the closed-loop system is stable for

K K
T, (T +To) (1 + =29% ) 5 1, =909 (10.31)
K» K,
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Hence, the closed-loop system can become unstable for sufficiently large gain
if

T,
T, < 10.32
T+ Ty ( )
and the gain required to make the closed-loop system unstable is
K T, (Th + T
K= 2 (Iy + 1) (10.33)

 9pYd, T T, —T; (Ty + Ty) *

The closed-loop system under proportional plus integral control has three
poles, and one zero. Using the design procedure outlined above, two of the
poles will be complex conjugate (at ¥ = 0.7); the remaining pole and zero are
negative real.

Design of a Fuzzy PI-Controller

In contrast to conventional control theory which, based on a linear parametric
model of the process, provides a step-by-step methodology to select parame-
ters, in fuzzy control we lack such a desirable methodology and usually rely on
(often unsatisfying) trial-and-error procedures. In the following simulations,
using the notation introduced in Section 10.1, the constants KpGr
are set to make the output to fall within the interval [-1,+1]. The fuzzy
sets for the input and output are identical to the sets in Figure 10.3. Two
step-responses of a conventional and the equivalent fuzzy controller are shown
in Figure 10.10. In the simulation, G, = 0.02, G, =1, and G,, = 15.

and KiGe

o NI)O 2(‘)0 3(')0 M;O ||"ﬁ(;¢) 660 7(‘]0 ezlm 9(‘)0 1000
Fig. 10.10 Step-responses: non-fuzzy Pl-controller with K}, = 7.5 and K; = 0.15 (dashed
line), and its fuzzy equivalent.

On the basis of the proportional-integral control schemes evaluated here we
can summarize fuzzy control design as follows. Assuming the process under
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consideration is nonlinear or a linear parameterized model is not available,
a fuzzy controller should be designed in the phase-plane according to the
procedure below.

1. Fix the number of (triangular, fully overlapping) fuzzy sets partitioning
the input spaces.

2. On the basis of the phase-plane characteristic and/or trajectory, decide
on the fuzzy logic to be employed. This will determine the overall gain
structure of the phase-plane (cf. Figures 10.4 and 10.7).

3. Adjust input-output gains to have trajectories of the system to fall
within the [—1, 1] range.

4. Change positions of principal values for input fuzzy sets to fine-tune
gain structure in the quadrants of the phase-plane.

From the control surface or phase-plane characteristics of the fuzzy controllers,
we have seen that a fuzzy controller, though overall nonlinear, is, in fact, a
piecewise-linear system. It is therefore possible to use textbook knowledge on
nonlinear control design and analysis in the phase-plane.
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11

Fuzzy Mathematics

O Fuzzy concepts are ‘natural’ generalizations of conventional mathematical
concepts.

O Probability and possibility are complementary.

0 Possibility theory is the attempt to be precise about uncertainty, to related
statistical objects with rule-based and fuzzy concepts.

Everything is a matter of degree.
—The Fuzzy Principle

Since almost all objects of mathematics can be described by sets (e.g., a
function as a set of ordered pairs), one can establish fuzzy generalizations
for nearly all of those. In the previous sections, we have seen that fuzzy
mathematical concepts occur ‘naturally’, that is, considering the uncertainty
involved in the application, the need to generalize creates fuzzy mathematical
objects. We considered

e fuzzy sets e fuzzy graphs
e fuzzy mappings e fuzzy clustering
o fuzzy relations and their composition e possibility measures and distributions

To apply formal mathematical objects to an engineering problem, mathe-
matical statements are formulated using propositional calculus for which the
standard logical connectives and their set-theoretic equivalents for proposi-
tions p and g are:

197
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Conjunction pAq “p and ¢” ApN B, Intersection
Disjunction pVyg “por q” ApUB; Union
Negation -p “not p” A Complement
Implication p = ¢ “p implies ¢” A; U B, Entailment

Classically, the subsets A of a set X form a Boolean algebra under the opera-
tions union, intersection, and complement. In particular, the double comple-
ment of a subset A is A itself, (A°)° = A, in parallel to the tautology =—p =p
of the propositional calculus. Fuzzy versions of these operations above will
abandon the law of the excluded middle, AN A° = (), and consequently allow
us to model vague, fuzzy, and ambiguous concepts, avoiding paradoxes. From
these extensions, we find that there are at least five ways to develop rule-based
systems:

1. Composite fuzzy relations (approximate reasoning),

2. Functional approximation (e.g., Takagi-Sugeno models),
3. Similarity-based reasoning,

4. Multi-valued logic,

5. Possibilistic reasoning,

of which the first three were addressed in this book. An overview of different
fuzzy mathematical extensions to classical concepts is given in Figure 11.1. In
this book, fuzzy sets have been described in different ways. Most commonly
a fuzzy set is considered to be a family of pairs, R = {(z, ur(z))} and mem-
bership function p(-). pr(z) describes the degree of membership of z in fuzzy
set R. Viewing degrees of membership as some kind of weighting on elements
of the underlying reference space X, a fuzzy restriction is the mapping

p: X = [0,1]
z - uz). (11.1)
Especially in engineering, triangular and trapezoidal fuzzy set-membership
functions are sufficiently accurate and have the advantage of a simple imple-

mentation. The following equations are useful in this context. Let a < b <
¢ < d denote characteristic points:

“Left-open” set: u(z;a,b) = max (min (b"z,l) ,O)

b—a

“Right-open”: u(zx;a,b) = max (min (““_“ l) ,0

b—a’?

)
“Triangular”: u(z;a,b,c) = max (min (z_a c_w) ,0)

b—a? c—-b

“Trapezoidal”: u(z;a,b,c,d) = max (min (I"“ 1 d““”) ,0)
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Fig. 11.1 Fuzzy mathematical extensions in context [Wol98].

Instead of taking elements of the universe of discourse as arguments, we
may consider the co-domain of p to describe subsets of X in terms of a-
cuts, R* where R® = {z: ur(z) > a} is also called level-set. The fact that a
family of level-sets can describe a fuzzy set is manifested in the decomposition
or representation theorem. Instead of taking a set-membership perspective we
may view u(-) as a mapping, or fuzzy restriction R:

X - L
T = a,

KR :

where here we assume L = [0,1]. While in the set-membership setting we first
identify a value z and then determine its degree of membership, we may also
start with a level o € L to find out which elements in X satisfy this condition.
This leads to the definition of a level-set or a-cut R, (see Figure 11.2):

Ro={zeX : pz)>a}. (11.2)
The representation theorem [NW97] shows that a family of sets {R*} with
the assertion “x is in R*” has the “degree of truth” «a, and composes a fuzzy
set, or equivalently, a fuzzy restriction

R(z) = sup min(q,(r=(x)), (11.3)
a€(0,1]
where
a = min{aa CRe (X)}
and hence
R={(z,a) : z€ X, pr(z) = R(z) = a} . (11.4)
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We can summarize the level-set representation of R as the mapping
R: {{Rs)} — F(X)
(Ra) — UR ,

where
pr(z) =sup {a € [0,1], z € Ry} .

kr(z)

Fig. 11.2 Level-set representation of fuzzy restriction (set) R.

Figure 11.2 suggests yet another perspective on fuzzy restrictions as multi-
valued maps. Let I' be a map from L to X such that for any a € L, the image
is made up of those z € X which are compatible with «:

r:- o - PX) (11.5)
a = o).

Expressed in terms of ordered pairs (a,z) € L x X,

R={(a,z) : zel(a)}, (11.6)
which is called compatibility relation and is related to I'(a) by

I'(a) ={z : (a,z) € R} . (11.7)

We also considered generalizations of ordinary relations to fuzzy equiva-
lents. For example, considering the binary relation

R: XxY = {01}
(z,y) — (Cr(zy),
a fuzzy relation R is a fuzzy set defined in X x Y as

R: XxY — [0,1]
(z,y) +—  pr(z,y) .
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11.1 THE ALGEBRA OF FUZZY SETS

In this section, we first summarize the usual use and notation of (fuzzy) sets
and then look at more formal aspects of how to describe sets.

For ‘crisp’ sets, if X is any set and z € X, the algebra of the power set
P(X) of X, that is, of the set of (crisp) subsets of X, is usually formulated in
terms of A € P(X) and B € P(X) as follows:

Containment: ACB & z€A = z€B
Equality: A=B & ACcBand BCA
Complement: A°={ze€ X : z ¢ A}
Intersection: ANB={z€ X : z€ Aandz € B}
Union: AUB={z€ X : z€ Aorz € B or both} .

For fuzzy sets realized via functions, the set-theoretic operations and relations
above have their equivalents in F(X), namely, the set of all fuzzy sets (the
set of all membership functions). Let 4 and pp be in F(X):

Containment: A C B & pa(z) < pp(x)
Equality: A=B & pa(z) = pp(z)
Complement: pac(z) =1— pa(z)
Intersection: panp(z) = T (pa(z), up(z))
Union:  paus(z) = S(pa(z), pe(z)) -

These are by no means the only definitions but those most commonly used.
Similarly, the intersection and union operators are most commonly defined by

panp () = min(pa(z), pp(z)) and panp(z) = max(pa(z), up(z)) .

With this definition, the fuzzy union of A and B is the smallest fuzzy set con-
taining both A and B, and the intersection is the largest fuzzy set contained
by both A and B. This pair of operators is the only pair which preserves the
equalities pNp = p and pU u = p. In other words, it is the only pair of
distributive and thus absorbing and idempotent pair of ¢t-norm and ¢-conorm
[FR94], that is, (F(X),N, V) is a distributive lattice. However, (F(X),N,U) is
not a Boolean algebra, since not all elements of the lattice have complements
in it. Considering possibility distributions on product spaces, using max, min,
joint distributions are separable, that is, it is possible to project marginal dis-
tributions onto subspaces. Subsequently the concept of non-interactivity can
be defined in analogy to independence in probability theory.

We also made frequent use of the fact that there are two distinct ways of
formalizing the notion of a set. A subset A of X may be formulated as a list
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describing its members
A= {zr € X : z satisfies some condition} .

On the other hand, the subset A of X can be considered as an inclusion A C X
and hence as a mapping. Equivalent subobjects of X are represented by the
same “arrow” from X, by taking the arrow to be the characteristic function

CA : X—){O,l}

1 ifzeA
z = Calz here z) = ’
¢ale)  where  (4(c) {0 ifrgA.
Moreover, from the characteristic function ¢, one can reconstruct the subset
A: it consists of exactly those elements € X which land on 1 under {. In
other words, A is the pullback® of the inclusion {1} C {0,1},

A-=-===- - {1}
|
: c
¥
X {0,1}

This can be generalized by replacing the set {0,1} of ‘truth values’ by a non-
negative interval L leading to ‘categorical’ formulations of fuzzy sets [H6h88].
This includes the case of L = [0, 1] being the unit-interval or some lattice
defined on it. Then, the three operations A, V, and -, defined by truth
tables, are functions as L x L — L.

11.2 THE EXTENSION PRINCIPLE

In Section 7.2, instead of viewing the fuzzy systems as an algorithm based
on formal multi-valued logic, the rule-base and inference mechanism was de-
scribed as a mapping from a fuzzy set A’ in X to a fuzzy set B’ in Y. The
compositional rule of inference generalized the ‘crisp’ rule

IF x =a AND y = f(x), THEN y = f(a)

n the commutative diagram, A completes the solid line ‘corner’ by means of the dashed
lines and is thus called pullback. The terminology originates from Category Theory [LS97]
in which algebra is organized to look not just at the objects but also at the mappings
(arrows) between them. Examples are functions between sets or continuous maps between
spaces. A category then consists of objects and arrows between them. Category Theory
subsequently starts with functions between sets rather than with sets and their elements.
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to be valid for fuzzy sets

pp(y) = sup T (uar(z), pr(z,y)) - (7.15)

zeX
The fuzzy system, defined by the compositional rule of inference, maps fuzzy
sets in X to fuzzy sets in Y. In other words, the fuzzy model describes a fuzzy

mapping
f: FX) = FY) (11.8)

pa(x) = f(4),

where we obtain pf 4)(y) as a special case of the composition of two fuzzy
relations

'u’f(A) (y) = SEE(T(:U'A“; (xyy)vllR(xay)) (119)

with extension pa_,(X,y) = pa(x), equivalent to (7.15) or the individual-
rule-based inference (8.6).

We can take the extension of the mapping to the fuzzy mapping as a
blueprint for a general extension principle. Let f be a mapping from X to
Y, y = f(z). Consider the situation where we are given a fuzzy number A
(“approximately zo”) instead of a real number. We wish to find the fuzzy
image B by a generalization of f; how do we construct B = f(A4)? We
would require that the membership values of B should be determined by the
membership values of A. Also sup B should be the image of sup A as defined
by f. If the function f is surjective (onto), that is not injective (not a one-to-
one mapping), we need to choose which of the values pu4(z) to take for pg(y).
Zadeh proposed the sup-union of all values z with y = f(z) that have the
membership degree 4 (z). In other words,

pe(y) = sup pa(z) . (11.10)
z: y=f(z)

In general, we have the mapping
f: Xix---xX, = Y
(1,...,zr) = y=f(z1,...,2r),

which we aim to generalize to a function f () of fuzzy sets. The extension
principle is defined as

f:F(XxX) - FE)
(UAl(xl)v'-'aﬂAr(zT)) = f(l’l’Al(xl)""7ll’Ar(zT)) )

where

Hica,,..., Ar)(y) = sup {HAl () A A I‘Ar(xr)} : (11.11)
(1,20 EF(Y)
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In Section 1, we introduced the functional representation (model 90t) of a
system &, y = f(x) and its associated graph, F = {(x, f(x))}. We then
introduced various (equivalent) generalizations into fuzzy models described

by the fuzzy graph F: In Section 4.6, equation (4.33), in Section 5, equation
(5.5), in Section 6, by (6.19), and in Section 8 by equation (8.5).

11.3 FUZZY RULES AND FUZZY GRAPHS

There is a close relation between the concept of approzimate reasoning (Sec-
tion 7.2), the fuzzy inference engines (Section 8), the fuzzy mapping intro-
duced in the previous section and a fuzzy graph F. Fuzzy rules and a fuzzy
graph may both be interpreted as granular representations of functional de-

pendencies and relations.

A fuzzy graph F, serves as an approximate or compressed representation
of a functional dependence f: X — Y, in the form

ﬁ=A1XBl VAyxBy V---V AnRXBnR (1112)

or more compactly

F=\/ AixBi,
=1
where the A; and B; are fuzzy subsets of X and Y, respectively, A; x B; is the
Cartesian product of A; and B;, and V is the operation of disjunction which
is usually taken to be the union. In terms of membership functions, we may
write
pi@,y) =\ (pa: (@) A pb, () 5

1

where z € X,y € Y, V and A are any triangular ¢t- and ¢-conorm, respectively.
Usually V = max and A = min establishing the relationship to the extension
principle, approximate reasoning and so forth. A fuzzy graph may therefore
be represented as a fuzzy relation or a collection of fuzzy if-then rules

IFxisA;, THENyis B; i=1,2,...,ng .

Each fuzzy if-then rule is interpreted as the joint constraint on x and y defined
by

(x,y) is Ai X B; .
In Section 4.6 we referred to such constraint as a fuzzy point in the data space

= = X x Y. The concept of a fuzzy points and a fuzzy graph are illustrated
in Figure 11.3.
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Ai X Bi
(fuzzy point)

Fig. 11.3 Representation of a function and its fuzzy graph.

11.4 FUZZY LOGIC

Any useful logic must concern itself with Ideas with a fringe of vagueness and a
Truth that is a matter of degree.
—Norbert Wiener

The basic claim of fuzzy theorists is that everything is a matter of degree.
This view is based on the analysis of ‘real-world’ problems and the resulting
paradox when applying conventional mathematics rooted in set theory. The
following examples were first discussed by Bertrand Russell:

Liar paradox: Does the liar from Crete lie when he says that all Cretans
are liars? If he lies, he tells the truth. But if he tells the truth, he lies.

Barber paradox: A barber advertises: “I shave all, and only, those men
who don’t shave themselves”. Who shaves the barber? If he shaves himself,
then according to the ad he doesn’t. If he does not, then according to him he
does.

Set as a collection of objects:

i. Consider the collection of books. This collection itself is not a book,
thus it is not a member of another collection of books.

ii. The collection of all things that are not books is itself not a book and
therefore a member of itself.

iii. Now consider the set of all sets that are not members of themselves. Is
this a member of itself or not?
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The problem of those paradoxes is their self-reference; they violate the laws
of non-contradiction or the law of the excluded middle

t(S)At(not S)=0 or SNS°=0,

where ¢ denotes the truth value (in {0,1}), S is a statement or its set repre-
sentation, respectively. In those paradoxes we find

t(S) = t(not S) . (11.13)
With t(not S) =1 — t(S) inserted into (11.13), we obtain the contradiction
t(S) =1-1¢(S) . (11.14)

However, in fuzzy logic we simply solve (11.14) for #(S):
1
2-¢(9) =1 or t(S):i.
...the truth lies somewhere in between!

Throughout the book, we have suggested that fuzzy sets and fuzzy rule-
based systems are a suitable means to capture and process vague and fuzzy
information. In Section 5, the fuzzy partition A;, ..., A in the if-antecedent
part of a rule was identified by projecting fuzzy clusters onto subspaces. In
Section 6, the identified model provided forecasts as fuzzy restrictions and we
suggested that such information can be readily processed in a fuzzy rule-based
system as detailed in Section 7.2. It should, however, be noted that we have
not considered fuzzy logic as a multi-valued generalization of a pure (formal)
logic. Instead, we motivated our rule-based systems in terms of approximate
reasoning (see Section 7.2). Next, we provide more examples of how a fuzzy
partition and fuzzy data can be generated from numerical data sets.

11.5 A BIJECTIVE PROBABILITY - POSSIBILITY TRANSFORMATION

Possibility theory is an information theory which is related to but independent
of both fuzzy sets and probability theory. Technically, a possibility distribu-
tion is a fuzzy set. For example, all fuzzy numbers are possibility distributions.
However, possibility theory can also be derived without reference to fuzzy sets.
Many of the rules of possibility theory are similar to probability theory, but
use either max/min or max/times calculus, rather than the plus/times cal-
culus of probability theory. Research into possibility theory has been largely
concerned with being precise about uncertainty and reasoning in the presence
of uncertainty. Although not as well defined as probability theory, possibility
theory has made important contributions to establish formal relationships be-
tween a number of paradigms including belief functions, rough sets, random
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sets, fuzzy sets and probabilistic sets. The publications of Didier Dubois pro-
vide a rich and comprehensive source for most aspects of possibility theory.
Here we note only one particular aspect, a formal link between probability
and possibility distribution.

A possibility distribution 7(-) on X is a mapping from the reference set or
universe X into the unit-interval,

m: X = [0,1].

A usual convention is to assume that there exists at least one x € X for which
m(z) = 1. This is called the normalization condition. Like a probability
distribution is related to its associated probability measure, the possibility
distribution is described in terms of a possibility measure by

m(z) =({z}) ,

where the possibility of some event A is defined by

II(A) = sup n(z) for an ordinary set A, (2.14)
zeX
= sug)( min{pa(z),n(z)} for a fuzzy set A . (11.15)
S

A dual necessity (or certainty) measure is defined by

Ne(A) = 1 — TI(A°),

= igg{l —7(z)} for an ordinary set 4, (11.16)
= 15( min{pa(z), (1 - m(z))} for a fuzzy set A . (11.17)

In analogy to axioms in probability theory, Pr(X) = II(X) = 1, Pr(0) =
I1(#) = 0. The probability of the statement “A or B” is given by Pr(AUB) =
Pr(A) + Pr(B). The events A and B are assumed to be mutually exclusive,
that is, AN B = (. If A¢ denotes the event “not A”, in probability theory
it is consequently required that probabilities are additive on disjoint sets,
Pr(A) + Pr(A°) = 1. In contrast, for a subjective judgement one may view
both propositions “A occurs” and “A does not occur” as possible and we
therefore only require

Mm(A) + II(A°) > 1. (11.18)
To be able to operate with such weak evidence we require the measure of
necessity to act as a lower bound:

Ne(A) =1-T1I(A°), and Ne(A) + Ne(A°) <1, (11.19)

as the impossibility of the opposite event. “A is necessary” is interpreted as
A is bound to occur. We can summarize these intuitive requirements by the
following inequality:

Ne(A) =1 — II(A°) < Pr(A) < II(A) . (11.20)
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And for the union of two events,

(AU B) =sup {n(z) : =€ AUB}

sup {n(z) : z € AVz € B}

max (sup{r(z) : z € A},sup{n(z) : z € B})

max (II(4),II(B)) . (11.21)

Il

(AU B)

From these definitions, D. Dubois and H. Prade [DP83] derived a necessity
measure as a bias in probabilities: the necessity of an event is the extra amount
of probability of elementary events in a set over the amount of probability
assigned to the most frequent outcome outside the event of concern. For this
view, the ;s are (without loss of generality) ranked so that for p; = Pr({z;}),
p1 > p2 > -+ > pp, and A; denotes the set {z1,2,...,2;}. Thus,

Ne(A) = Z max (p; —p',0), p = mg)jpk . (11.22)
T, €A Tk

From (11.22),V j=1,...,n,
mj=1- Ne(X - {z;})

=1- Z max{p; — p;,0},
z;€X—{z;}

=p;+ Y (pi — max{p; — p;,0})
i#]

=p; + Y, min(p;,p;)
i#]

b
=D min(pi,p;) - (11.23)
i=1

11.6 EXAMPLE: MAINTENANCE DECISION MAKING

One of the major problems in maintenance practice is the lack of a system-
atic, adaptable and data-driven approach in setting preventive maintenance
instructions. A computerized maintenance management system (CMMS) is
a decision support system prioritizing machines based on the two most im-
portant criteria - the downtime of machines and the frequency of faults. The
knowledge-base consisting of nine fuzzy rules is shown in Figure 11.4. For
example, if a machine fails regularly, but the downtime is relatively small,
that is, it does not take much time to solve the problem, the operator should
obtain a skill upgrade to deal with the problem himself rather than calling
out a maintenance engineer. On the other hand, a machine which, when it
fails, does take long to repair, should be monitored for such faults if they do
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DOWNTIME
LOW MEDIUM HIGH
Operate TPM: Condition
LOW to When? based
Failure Monitoring
5 TPM Total
z : Preventive TPM:
o MEDIUM | who? Maintenance What?
(¢ ] (TPM)
w
i
HIGH Skill Level TPM: Design Out
Upgrade How? Machine

Fig. 11.4 Decision grid - fuzzy rules used in preventive maintenance decision making.

not occur too frequently. A successful ‘control’ of the maintenance problem
is achieved if machines move, month by month from the lower right corner of
the decision grid to the upper left corner. The problem is to define what is
regarded as a “low downtime”? To obtain a fuzzy partition of the two spaces
‘downtime’ and ‘frequency’, the decision support system reviews monthly data
of the worst ten machines. For example, consider the monthly evaluation of
ten machines (out of 130) representing about 89% of the problems:

d 30 20 20 17 16 12 7 6 6 4
f 27r 16 12 9 8 8 8 4 3 2

Since the downtime of machines presents the most important criteria, as
it can readily be related to profit, loss or gain, we shall focus on downtime
hereafter. The first step in obtaining a fuzzy partition is to plot a probability
distribution obtained from the histogram. The average downtime, here 13.8,
for that particular month is used to split the reference space into two halves.
A downtime considerably larger than this value should be regarded as “high”.
It is also the point for which pmeq(d) = 1. By definition, probability distribu-
tions summarize whole sets of machines; in preventive maintenance, however,
decisions are made for individual machines. That is, we do not wish to con-
sider whether or not we can (on average) expect a failure of any machine, but
on the basis of the data collected, we wish to establish the degree of feasibility
or possibility that a particular machine should be considered as having a “high
downtime”. We consequently require a transformation of the probabilistic in-

formation to a possibility distribution (or fuzzy restriction, which numerically
is the same).
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Using the bijective transformation (11.23), np refers to the number of bins
of the histogram and p is the relative frequency estimate of the probability
for that section of the space D, of downtime. The data, histogram, and the
possibility distribution obtained from (11.23) are shown in Figure 11.5. Fi-
nally, fuzzy partitions with piecewise-linear membership functions is ebtained
from a least-squares fit through the midpoints of the bars of the possibility
distribution . For values d smaller than the mean value, the least-squares
algorithm is constrained by the requirement that pmeda(d = 0) = 0. If we
require the sets of the fuzzy partition to be fully overlapping, that is, for any
d, Y, ni(d) = 1, the membership functions piow(d) and pnigh(d) are obtained
from the complement of the fuzzy set “medium”, pnigh(d) = 1 — pmed(d) for
values of d greater than the mean value and pow(d) = 1 — timea(d) for values
of d smaller than the mean value.

Low Medium High

5 10 15 20 25 30 35 40
downtime

Fig. 11.5 Data, histogram, possibility distribution and fuzzy partition.

A (multi-stage fuzzy) control or optimization problem is introduced by
considering time. Machines are reviewed on a monthly basis and, as indicated
by the arrow in Figure 11.4. We aim to move (control) machines from the
bottom-right to the upper-left corner of the decision grid.

11.7 EXAMPLE: EVALUATING STUDENT PERFORMANCES

In this example, we wish to evaluate student performances against set stan-
dards. At many universities, two thresholds are of particular importance.
The student must obtain an overall result of, say > 50% to obtain the degree.
Students with > 70% are awarded a degree with distinction. It is the neigh-
borhood of these particular points we consider. Strict adherence to such hard
thresholds is inevitably unfair in some cases where someone with, say 69.4%,
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1 poor marginal good excellent]

35 40 45 50 55 60 65 40 50 60 70 80

Fig. 11.6 Induced fuzzy set with o = 50 and § = 0.1, and fuzzy partition for MSc degree
evaluation.

may not achieve a distinction while a colleague with just 0.6% more would
succeed. Let (X,d) be a metric space with X = [0,100] and the standard
metric

d: RxR —» R*

(z,2') » |z-—2|.

From (7.6), we know that the metric d(-) induces a similarity relation E: X x
X —[0,1] on X by
E =1—inf(d(z,z'),1), (7.6)

which formally is identical to a fuzzy restriction or fuzzy set. To identify
‘border cases’, that is, students which are close to the pass mark, denoted
To, we introduce a function that depends on zo and a ‘locality’ parameter
d € (0,00) used to scale the metric d(-) to become a proximity measure. As a
result of these considerations, we obtain the triangular fuzzy set

poo(z) =1 —min{|d-zo — - z|,1} . (11.24)

Figure 11.6 (left plot), shows a fuzzy set induced by 6 = 0.1. A similar
procedure can be applied to the 70% mark. Assuming fully overlapping sets
(Vz Y p(z) = 1), the single parameter § induces a complete fuzzy partition.
Figure 11.6 (right plot) illustrates a general example of a fuzzy partition in
nerformance evaluation.

Let us now consider the results of 23 students in a particular exam. Their
results in % are:

4733 34.5 71 84.17 76.5 39.67 62 55.83
35.67 81.67 65 78.83 60.33 43 40.5 40.67
37.33 6433 62.67 50 56.67 46.83 26.67

Analyzing the data, we wish to get a picture of how the class performed as
a group compared to other classes and how results are distributed within a
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group. The overall average of marks is 55%. To get an idea of how results are
distributed within the class, we plot a histogram, with bars centered around
the points 25, 35,45,55,65,75,85. The frequency count is obtained as the
number of results that lie in bins from 20 to 90 in steps of 10. The histogram,
plotted on the left in Figure 11.7, suggests that the class is somewhat split into
two halves. With only few data, one has to be careful as the division of the
interval [0, 100] to plot the histogram influences the shape considerably. For
instance, the 50% result is counted toward the (40, 50] interval. Now, relative
frequencies are frequently used to estimate probabilities. From the data, can
we determine what the probability was to score more than, say 50%? We
would calculate such probability from the density function p(z) as shown in
the plot on the right in Figure 11.7 (obtained from Parzen’s Gaussian kernel
estimator with window width 5; cf. Section 3.2). Considering the definition
of statistical laws, the meaning of such evaluation would be senseless, and the
plot of the density function does not reveal any useful information.

frequency

25 35 45 55 65 75 85 20 30 40 50 60 70 80 90
% results % result

Fig. 11.7 Examination results: Histogram and density estimate.
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Summary

data: known facts or things used as a basis for inference or reckoning.
system: a complex whole; a set of connected things or parts.
uncertainty: the fact or condition of being uncertain.
— Ozford Dictionary, 9th edition

In this section, we summarize some of the formalisms introduced to model
natural systems. Further below, more philosophical ideas are discussed.

12.1 SYSTEM REPRESENTATIONS

Conceptually, the book presented three main topics connected by the following
lines of reasoning;:

Uncertainty:

Systems — Uncertainty — Expectation — Statistics: mean, (co-) vari-
ance, correlation.

Universal Function Approximation:

Systems — Modelling — Identification — Least-Squares Principle —
Regression — Density Estimation — Basis Function Approximation.

Fuzzy Systems:
213
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Uncertainty — Comparing & Reasoning — Equivalence Relations —
(Fuzzy) Similarity Relations — Propositions as Subsets of a Data Space
— (Fuzzy) Clustering — Fuzzy Rule-Based Systems — Random-Sets —
Fuzzy-System Identification — Approximate Reasoning.

Virtually all the material is derived from, or directly related to, two fun-
damental concepts: The formulation of a system using some dependent vari-
able(s), denoted y, as a function of the independent variable(s) x:

y = f(x;)

Second, the expectation operator forms the basis for describing (measuring)
(un)certainty in systems and data:

E[h()] = ][ 9() o k()

In systems theory, a system & is described by a formal model 9t using a
6-parameterized mapping f(-) to describe the relationship among inputs and
outputs as

y = f(u;0), (1.5)
which, in the regression formulation, was generalized to
y=f(x;0). (2.15)

Uncertainty in systems theory is due to

> Incomplete knowledge about the structure or nature of the system under
consideration.

> Observations are imprecise, vague or fuzzy, as well as random.

> Preference; to have ‘simple’ models we choose to ignore aspects or accept
incompleteness.

Consequently, sets of uncertain information need to be summarized; specifi-
cally averaged or aggregated using the expectation operator

E[h()] = /Y hy) - g(y) dy (2.1)
= fhw) o9 - (12.1)
Y

Globally, uncertain knowledge about elements of some space is characterized
by some distribution over this space which can also be described by measures
of central tendency, E[y] = n, and variability E[(y — 17)2] = ¢2. Knowledge
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about events is quantified by the expectation leading to probability measures
Pr(-) or possibility measures II(-):

ElCal = | Caly) p(w) dy = Pr(a), A crisp. (2:2)
=sup w(y) =II(A4), A crisp. (2.14)

yEA
Elpal = /YNA(y) p(y) dy = Pr(A), A fuzzy. (2.13)

= ][#A(y) om(y) = sup { na(y) A7(y) } =T(A), Afuzzy. (2.13)
Y

Events are described by crisp and fuzzy membership functions, respectively:
¢:Y—>{0,1} and p:Y—][0,1].

The (un)certainty of a relationship between two variables is formalized
using the covariance and the correlation p.

The least-squares principle is introduced as a criteria to quantify the quality
of approximation of y by f(x;6). In regression, we thus try to find a function
of the regressors in x such that the expected error is small. The examples
2.1.1 and 2.1.2 illustrated the least-squares principle applied to

> fitting functions to data,
> function approximation,

showing that the least-squares principle makes sense without a probabilistic

framework. Modelling and identification of systems is, in general, based on
the following concopts.

> A specific class of approximating functions f(x; @), parameterized by 6.

> The loss function L(y, f(m;8)) to quantify the quality of approximation
using a set of training data samples M = {m;}.

> The risk functional, quantifying the expected error:

BlL) = [ Ly, 6x:8)) plox,y) dxdy (2.16)
= R(0) .

For a stochastic framework, two closely related inductive principles play a
fundamental role:
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> Maximum Likelihood (ML): Determine the parameter(s) 6 for which

the probability of observing the outcome (data) M is as high as possible.
In other words, the likelihood (function) of the data

(0;m;, my, ..., my) = Pr(M|6) (2.53)
is maximized to obtain a ML estimate:

Omy = arg max 26; M) . (2.54)

For convenience, the log-likelihood function £ replaces £ in the actual
calculation:
L(6; M) =1n £(6; M) . (2.55)

Empirical Risk Minimization (ERM): In statistical learning the-
ory, the training data m = (x,y) are assumed to be independent identi-
cally distributed according to some (unknown) probability density func-
tion p(m). The objective is to select a loss function from the class

Q(m, 8) = L(y, f(x;0)) (3.11)
such that it minimizes the risk functional
= /Q(m, 0)p(m) dm . (3.10)

The ERM principle is then based on the empirical risk

d
Z (m;,0) . (3.12)

emp

Q.IF—‘

The class of approximating functions considered includes

> Algebraic Polynomials: For example, in linear regression

=) 6;-;. (3.2)
i=1
In a probabilistic model, f(x) = [y - p(y|x)dy and

L(y, f(x;0)) = (y — £(x;0))”
RO) = | (y- f(x;0))’p(x,y) dxy .

> Trigonometric Polynomials: For example, in the Fourier series (2.52),

f(z;0) = ap + Z a;-cos(i x) + Zb,- -sin(i ) .
i=1 =1
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> Local Basis Function Networks: For example, in kernel density
estimation, (3.17), or Radial Basis Function (RBF) neural networks,

£(x;0,w) Zw' (HX 91||)

In general, we use a linear combination of basis functions ¢;(-):

(e;nR,T)

> b di(x), (3.22)

where, depending on the context, the upper limit of the sum is either ¢ (num-
ber of clusters), or ng (number of rules), or r (number of regressor variables).
Or more generally, for example in mixture density estimation,

(¢,nr,7)

f0,w)= Y wi-i(x,6) . (3.23)

i=1
In density estimation, the ‘output’ y becomes a density and hence f(x;8)

describes a class of density functions with

> Loss function: L(y, f(x,8)) becomes L(f(x,8)).
> Likelihood function: £(6; M) = []5_, f(m;;0) .
> Log-Likelihood function: £(8; M) = Z‘;zl f(mj; 6).

We noted that instead of maximizing £(8; M) = Z?:x f(mj;0), we could
equally minimize —Z?zl In f(m;;0) implying that in density estimation,
maximizing the log-likelihood function is equivalent to minimizing the ML
empirical risk functional

Remp( Zlnf (m;; @

in statistical learning theory (based on the ERM principle). Though the
functional approximators given in (3.22) and (3.23) are universal - in principle
they can approximate any nonlinear function, and their parameterizations also
nonlinear and hence the maximization/minimization of an inductive principle
poses a nonlinear optimization problem. The EM-algorithm was introduced
as one possible technique to solve this optimization problem.

In Section 4 and 5, the demanded qualities of a model were further ex-
tended to allow for interpretability as well as precision. In other words, the
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identified model should allow an interpretation of local relationships in terms
of (fuzzy) if-then rules. For this purpose, in Section 4, the data matrix M was
partitioned according to (fuzzy) clusters identified in data space Z. Three par-
titional clustering algorithms were described: (1) the hard-c-means algorithm,
(2) its fuzzy-c-means generalization, and (3) the Gustafson-Kessel algorithm,
which is a further refinement to account for cluster shape and orientation.
Subsequently clusters can be identified as rules. In partitional clustering the
objective is to minimize the ‘within-cluster-overall-variance’, where the the
within-cluster variance is described by some metric evaluating the distance of
data points with respect to some prototypical point ¢,

> Hard-c-Means Clustering: For all (i,5), u;; € {0,1}, the partition
space is defined by:

c d
Mpe=qU€Vea: » uj=10<Y u; <d,¥ip .  (47)
i=1 j=1
Objective function:
c d .
Tne(M;U,C) =)0 "uy; - di (mj,c(”) : (4.8)
i=1 j=1
> Fuzzy-c-Means Clustering: For all (¢,7), u;; € [0,1], such that the
fuzzy partition space is defined by:
c d
Mpe=XU€Vea: > uij=10<) w;<dVip . (410
i=1 j=1
Objective function:

J5e(M; U, C) = Z 3 (uig)” - & (m,-,c“)) L (411)

> Switching Regression Models: In Section 5.7, switching regression
models were introduced as an alternative to the EM-algorithm in mix-
ture density estimation. The basic idea is to identify c-regression models

y = fi(x;0:) + e (5.32)
on the basis of an objective function from the family

c d
E,[U{0:}]=) ug; - Eij[05] . (5.36)

i=1 j=1
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The outcome of a clustering algorithm is the partition matrix U and cluster

centers C:
(U,C) = argmjé{n J(M) .

The elements u;; € U in the partition matrix are evaluations of an equivalence
(proximity) relation. Section 7 illustrated the fact that a crisp equivalence
relation leads to a paradox. Generalizing a transitive equivalence relation,
any pseudo-metric (employed to quantify the proximity of a data point m; to
a cluster prototype ¢(?)) induces a fuzzy or similarity relation

E:=x2 —= [0,1], (4.19)
for which transitivity is defined as
E(os,06) > T (E(oi,oj),E(oj,ok)) . (4.24)
> Approximate Reasoning is introduced via the compositional rule of
inference, generalizing the ‘crisp’ rule
IF x =a AND y = f(x), THEN y = f(a)
to be valid for fuzzy sets A' and B':

up (y) = sup T (pa (), ur(2,y)) - (7.15)
zeX

In other words, the fuzzy model describes a fuzzy mapping

f: FX) - F®) (11.8)

pa(x) = f(4).

> The Extension Principle defines a general method to extend crisp
mathematical concept to fuzzy versions:

f+FXx) = F)
(/LA1(‘T1))"';/1‘AT($T)) — -f(uAl(xl)a"-aﬂA,(xr)) R

Hicar,...an W) = sup {pas@) A Apa (e} (1111)
(z1,..2r)EF~1(y)

Four fuzzy rule-based system structures were discussed in detail. In general,
the antecedent part of the rule calculates the degree of fulfillment of the rule
via the degree of membership of x in A; where A; is a r-dimensional fuzzy
set. Alternatively, in the conjunctive model, for each i*P rule, the degree of
fulfillment is defined as

Bl(x) = KA (-’171) N A, (‘TQ) NN pa,, (zr) ) (57)
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where i = 1,2,...,npg, the A;; are one-dimensional fuzzy sets defined on
subspaces z of =, and A is calculated by a suitable t-norm operator.

> Klawonn’s Similarity-Based Models: For a given set of points

{(#80,0022,5)}

the output of the fuzzy model, based on similarity relations, is the ex-
tensional hull My of the points. Fori =1,...,ng, k=1,...,r

U, (21, -, Tr, y) = max {min {mkin {“mi‘)(zk)} » (y)}} . (4.32)
t 0

> Random-Set Models: Let 2 be a set of abstract states and T’ an
observable multi-valued map

r-90 - U
w = TwcCcE=XxY. (6.14)
The data set M generates a sample of I', denoted
C ={C;} where C; CX xY,j=1,...,d.
For the nonlinear autoregressive model
yk+1) = f(x),
where
x = [y(k),...,y(k —ny + 1), u(k),. .., ulk —ny + 1)]7

such that each element in vector x defines an axis in the product space
X = Xj x---xX,. A prediction model is then build from the projections
of random subsets C; C = onto Y, the space of candidates for y(k + 1).
Formally, for any x € X, extended into X x Y, the projected random
intervals on Y are defined by

Cr={y: XexxNCi # 0} . (6.16)

From the conditional possibility distribution, for any y' € Y, #(y'|x)
determines the possibility of y(k + 1) = y":

#(ylx) = Z Cox(y) - (6.17)

> Linguistic Fuzzy Models: Let A’ be any fuzzy set in X. We then
obtain the output of composition-based fuzzy inference engine as fol-
lows. For the ng fuzzy if-then rules of the conjunctive linguistic model
structure

Ri : IF T is Ail AND Io is A,‘z ...AND Ty is Aim THEN y is Bi .
(5.6)
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> Composition-based inference:

> First determine the fuzzy set-membership functions

KA X"‘XAir(xlv‘”vxT) iT(uAn(Zl)v"'yl“Air(mr)) . (83)

> Let (8.3) be viewed as the fuzzy set p4 in the fuzzy implica-
tions (7.9)-(7.14) and pg,(x,y), i = 1,...,ng, is calculated
according to any of the implications.
> Next, pr(x,y) is determined according to
> Union Aggregation: (8.1),

nRr

R = U R; = S(/‘LR1 (X, y)7 . 'a,u'R"R(x,y))
i=1

> Intersection Aggregation: (8.2),

nr

R=() Ri=T(ur (%,9), -, prer (X,7))

=1

> Finally, for an arbitrary input A’, the output B’ is obtained
according to

123:4 (y) = sup T(IJ'A' (X), KR (X, y)) .
xeX

> Individual-rule-based inference: The first two steps are iden-
tical to the composition-based inference:

> For a given input fuzzy set A’ in X, determine the output
fuzzy set B} in Y for each rule R; according to the generalized
modus ponens (7.15), that is,

pp: (y) = sup T (par(x), pr, (X,9)) (8.6)
xeX
fori=1,...,ng.
> The output of the fuzzy inference engine is obtained from either
the union
pp (y) = S(up ¥), .-, 18 (y)) (8.7)
or intersection
pe (y) =T (s (¥),-- -, 15 (Y)) (8.8)

of the individual output fuzzy sets Bj,..., B..

Depending on the choice of operators used in calculating unions, inter-
sections, implications, rule-aggregation and defuzzification of B, various
inference engines are obtained.
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> Takagi-Sugeno Fuzzy Models:
R; : IFxis A;, THEN y; = f;(x) . (5.8)
A common parameterization of y is the affine linear model
yi=alx+b; . (5.10)

Takagi-Sugeno inference engine:

%If Bi(x) - yi

I — (5.15)
Z:l Bi(x)
Since nr = ¢, introducing the normalized degree of membership
. ilX
b = L (5.16)
> Bi(x)
j=1

and the singleton versions y = b; of the Linguistic and TS models, we notice
that the fuzzy systems belong to the class of basis function approximators
(3.22):

y=_ ¢i(x)-b;. (5.19)
i=1

Antecedent fuzzy sets are obtained by pointwise projection and consequent
parameters were estimated by standard least-squares. In this book, we consid-
ered the Linguistic fuzzy model or equivalently the model based on similarity
relations for approximate reasoning: qualitative knowledge processing, that is,
capturing context-dependent, ad hoc, a priori expert knowledge. The other
model structures, in particular the T'S-model were introduced as models which
can be identified from data using fuzzy clustering algorithms.

Analyzing data and systems has a purpose and inevitably decisions are
made as the result of the analysis. Figure 1.2 outlined the process of systems
analysis. In Figure 12.1, we can now consider a more detailed view of what the
general term ‘decision making’ implies with respect to real-world problems.
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DECISION MAKING

P N

PREDICTION CLASSIFICATION CONTROL PRIORITISATION
; Fault-Detection Feedback and :
Forecasting and Diagnosis  Anticipatory Systems Maintenance

current state z(k) event e error e(k) aalltergg,tweilss

e +

N e R

; ; y _1 2 3P

+ —1 + + +
future state z(k + 1) class C control action u(k + 1) priorities, schedule

Fig. 12.1 Decision making concepts and applications.
12.2 MORE PHILOSOPHICAL IDEAS

This harmony that human intelligence believes it discovers in nature - does it
exist apart from that intelligence? No, without doubt, a reality completely inde-
pendent of the spirit which conceives it, sees it or feels it, is an impossibility. A
world so exterior as that, even if it existed, would be forever inaccessible to us.
But what we call objective reality is, in the last analysis, that which is common
to several thinking beings, and could be common to all; this common part, we
will see, can be nothing but the harmony expressed by mathematical laws.
—Henri Poincaré

The arguments put forward throughout the book reflect a similar position in
epistemology (the philosophy of science — metaphysics). The view from which
such “fuzzy logic of scientific discovery” is derived is outlined in Figure 12.2.
We identified ‘comparing’ and ‘reasoning’ as the two fundamental concepts
which take distinct forms in the areas of mathematics, science, logic, and
philosophy!.

1For those who would not consider reading the original work of Arthur Schopenhauer, the
excellent book by Bryan Magee [Mag97] provides a comprehensive summary.
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henomena = I PHILOSOPHY noumena
_p_r_.__ | PHILOSOPHY | Jnoumena
the world of experience explanatory world,
in which we differentiate the ontological problem
- perception - conception
attern - SCIENCE | structure
p—r_ | SCIENCE | Structure.
search for regularities describing generic
in space and time or ‘natural’ laws
e.g causation
connectives ll LOGIC = inference
disjunction union implication
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sets / reTa@ |
analysis MATHEMATICS > synthesis
describing differences finding similarities
between things that are similar between things that
distance order are different
COMPARING @ UNCERTAINTY @ REASONING
\
space \ time

similarity Possibility Theory A

PP

Fig. 12.2 “The fuzzy logic of scientific discovery” [Wol98].

The world as we know it is our interpretation of the observable facts in
the light of theories that we ourselves invent. Reality is hidden but (tran-
scendentally) real. This independent reality outside the world of all possible
experience is Kant’s world of the noumenal, the world of things as they are
in themselves. Independent reality is something which human knowledge can
approach only asymptotically. The world ‘as we experience it’ is dependent
on the nature of our apparatus for experience, with the consequence that
things as they appear to us, are not the same as they are in themselves. This
world of experience is Kant’s world of the phenomena — the empirical world.
This epistemological view has its equivalent in modelling natural systems, the
phenomenological perspective outlined in Section 1.

Since Hume demonstrated that ‘scientific laws’ are not empirically verifi-
able, Kant, Schopenhauer and Popper argued that the search for certainty
is an error. Human knowledge does not reveal something objectively and
timelessly true but remains ‘our’ belief, hypothesis, or theory — a creation of
the human mind, and not embodied in the world waiting to be discovered.
Instead of assuming a set of differential equations could describe the natural
phenomena itself, we ought to focus on the representation of systems, which
is limited and often subjective.
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Our experience is made intelligible to us in terms of time, space and causal-
ity. Space and time are forms of sensibility whereas the subjective correlative
is the ‘understanding’. Schopenhauer introduced the notion of ‘differentiation’
tied to the concepts of space and time. Then, for anything to be different from
anything else, either space or time has to be presupposed. That is, the concept
of succession presupposes either spatial or temporal concepts, or both. Hence,
causal connections exist only between objects in the phenomenal world. For
mathematics, the concept of succession is required. This presupposes either
spatial or temporal concepts, or both. This suggests that mathematics is cre-
ated rather than being discovered and as rigorous it may be, every argument
must have an absolute minimum of one premise and one rule of procedure
(e.g., If A, Then B) before it begins, and therefore begins to be an argument
at all. So, every argument has to rest on at least two undemonstrated as-
sumptions, for no argument can establish either the truth of its own premises
or the validity of the rules by which itself proceeds [Mag97].

Mathematical models of (perceived) reality are systems of causal entail-
ments. To ask “why” is to assert a “because” and hence applies to the realm
of causality only. In system theory, we study organization and pattern sepa-
rate from their material embodiment. We shall now discuss this separation of
a formal model from its real-world counterpart in more detail. In describing
a probabilistic framework of processes we noted in previous sections of the
book that it does not refer to an actual measurement but to an observation,
in general. For instance, the formal model of the dice, based on the assump-
tion of physical symmetry, leads to the probability of 1/6 for the number 2
to occur. However, this gives us only limited help in predicting the outcome
of rolling the particular dice I hold in my hand. Pr(2) = 1/6 is the result of
a formal model — a deduction. On the other hand, induction is the process
of matching measured data with the model. Induction, as a form of general-
ization, seeks to establish general (i.e. quantified) propositions on the basis
of instances; deduction, conversely seeks to establish instances in terms of
quantified or general propositions. Let X denote some set whose elements are
called instances. For simplicity, let us assume we can enumerate the elements
of X:

X = {.’171,...,2’:1',...} .
A predicate or property f, possessed or manifested by an instance z; is denoted
f(x;). Let x be a variable taking values in X. Then, the expression f(z;) is
an assertion about the specific instance x; in X. The universal quantifier ¥
is used to make statements about the set or universe X. For example, the

expression
Vz € X, f(x)

asserts “for all z in X, or for any z, z has the property f or f(x) is true”.
This general proposition can be interpreted as a string of conjunctions

vz, f(x) = f@) V f(@2) V-V fza) V-
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By deduction we can infer a particular f(x;) from the general proposition
Vz, f(x). The problem of induction is the complementary attempt to es-
tablish a general proposition on the basis of particular instances (samples)
{z1,Z2,...,}in X for which it is known that f(z;) holds. Empiricism is then
understood as the extrapolation from samples in X to a general truth about
X.

Analogous to the definition of a general proposition above, in Section 1
we introduced the graph F' = {(z, f(x))} as an alternative formulation of
the function y = f(x) to model a system. We subsequently generalized the
formulation of a graph F' C X x Y by means of fuzzy if-then rules and fuzzy
graphs F. A system can therefore be defined as a relation in the set-theoretic
sense. We define a system in terms of relationships between observed features
rather than what these features actually are (physical, biological, ...). The
general notion of a system as a subset of the space = can be made more
specific by any of the methodologies presented in this book. Most of the time
we specified a system in terms of equations defined on appropriate variables.
Each variable is associated with a system object X; or Y which represents the
range of the respective variable. In particular, we considered the construction
of such relations by means of measured data and in terms of a set of verbal
statements. A system is understood as a particular kind of set, that is, a
relation, capturing the collection of appearances of the object in consideration
rather than the object of study itself. To develop a kind of theory starting
from the definition of & as a graph F' C X X Y, more structure needs to be
introduced a) into the elements of the system objects X; as a set itself with
additional appropriate structure or b) by introducing the structure in the
object sets X; and Y themselves. The first approach leads to the concept of
(abstract) time systems and the second to the concept of an algebraic system.
The former was introduced in Section 1 with the elements of objects being
time functions.

Mathematics and set-theoretic formulations in particular are our chosen
language to describe aspects of the real-world. As with every natural language,
we have to distinguish between syntactic aspects (referring to the language
itself) and semantic aspects pertaining to the interpretation of statements
produced by the language. From a syntactical point of view, divorced from
any external referents, propositions in the language are in general not about
anything. Production rules are themselves propositions but refer to other
propositions in the language. The syntactical production rules of a language
are its internal vehicles for what Robert Rosen [Ros91] calls inferential en-
tailment. The rules allow us to say that propositions imply each other. By
talking of a ‘formal model’, we already assumed that we choose mathematics
as the formalism. Said another way, a formalism is a finite list of production
rules. A formal system is therefore distinguished from a natural system, an
aspect of, or process in, the real world we wish to study. An algorithm is
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the application of production rules to specific propositions. By addressing
a “why” or “what” to a proposition, we assume that it entails a “because”
or “this”. Inferential entailment or implication describes a relation between
propositions in a formalism; p entails ¢, or p implies c.

The study of entailment relations at the level of phenomena; the entailment
of one phenomenon by another, is usually described as causality. As indicated
in Section 7.2, propositional calculus founded in bivalent logic is entirely inap-
propriate in modelling causation. The two-valued logical correlates of a causal
connections is that of material implication, associating antecedent p with a
cause and the consequent ¢ with an effect, an absent cause may have an effect;
things may be self-caused. To model causal links, relations between p and ¢
are required to be non-reflexive (nothing is self-caused) and asymmetrical (ir-
reversibility). Based on this requirement, conventional logic is inadequate for
modelling cause-effect links. However, recent studies of fuzzy relations offer
a relational approach that provide appropriate mappings that are irreflexive,
transitive (chain-like) and asymmetrical. Sections 4.6 and 4.7 together with
the discussion in Section 7 form the background for the development of a
formal framework which allows us to analyze causal or dynamic systems in a
measure-free, that is, (fuzzy) logical or (fuzzy) relational framework. In all
this we need to separate inferential entailment from causal entailment. For-
mal or pure propositional calculus founded in bivalent logic is an example of
the former, where new propositions are generated by inferential rules. The
relation of inferential entailment to the entirely different causal entailment be-
tween phenomena is embodied in the concept of a natural law. In establishing
(hypothesizing) natural laws we make the following assertions:

> The succession of events or phenomena that we perceive are not com-
pletely arbitrary; there are relations (e.g., causal relations) manifested
in the world of phenomena.

> The relations between phenomena are, at least in parts, observable, that
is, can be perceived and grasped by the human mind.

12.2.1 Data Engineering

What we can observe is not nature itself, but nature exposed to our method of
questioning.
—Werner Heisenberg

Data engineering is the combination of pattern recognition techniques with
system theory (Figure 12.3). To approach challenges, provided by the natural
sciences and engineering, we require knowledge of more than one methodology
and how the different theoretical frameworks can be related. Various theo-
retical concepts — often described as distinct or unrelated — can shown to be
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closely related if not formally equivalent. Starting the problem-solving pro-
cess not from a theory but from the data and context-dependent knowledge
available, the book introduced a number of concepts for system modelling and
data analysis with the aim of decision making: prediction and classification,
prioritization and control.

PHENOMENA measurement DATA
(‘particular’) ¥ (context dependent)
DATA ENGINEERING:
observation structure _ | Pattern Recognition
organisation v (working methodology)
v
) INFORMATION
perception (context independent)
) ) behavi _ Systems Theo
induction fjn;:::,r v (co¥ceptual framewc?l(()
v v
KNOWLEDGE cogpnition R MODEL
('general') N » (context dependent)
deduction
‘L ‘L
THEORY, LAW DECISIONS
explanation prediction & classification, prioritisation & control

Fig. 12.3 Data engineering is the combination of pattern recognition techniques with system
theory.

In modern systems theory and its applications, the physical structure of
the system under consideration is of secondary interest. Instead, a model is
intended to appropriately represent the behavior of the system under con-
sideration. This requires methodologies and paradigms which provide inter-
pretability in addition to accuracy. Accuracy is thereby understood not as
the ability to provide a numerical value which minimizes (for example) the
mean-square-error, but rather as the ability to be precise and honest about un-
certainty. The forecast of a conventional time-series model, based on various
simplifying assumptions, is not necessarily more accurate than the forecast of
a rule-based fuzzy system generating a possibility distribution. A fuzzy set
may be more precise than a real number!

Data mining, extends classical statistics by emphasizing retrospective anal-
ysis of data; primarily interested in understandability rather than accuracy or
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predictability. The focus is on relatively simple interpretable models involving
rules, trees, graphs, and so forth with current practice being pattern-focused
rather than model-focused. We therefore call ‘data engineering’ the practice of
matching data with models or, more generally, the art of turning data into in-
formation. This requires the combination of concepts from various disciplines
such as

> Applied Statistics (multi-variate, descriptive statistics)
> Systems Theory (modelling and identification of dynamic processes)

> Decision Theory (multi-criteria decision making, knowledge-based sys-
tem).



Data Engineering: Fuzzy Mathematics in Systems Theory and Data Analysis.
Olaf Wolkenhauer

Copyright © 2001 by John Wiley & Sons, Inc.

ISBNs: 0-471-41656-8 (Hardback); 0-471-22434-0 (Electronic)

13

Appendices

13.1 SETS, RELATIONS, MAPPINGS

A set X is a collection of (mathematical) objects such as points in the plane,
real numbers, functions, and so on, called the elements of X. If x is an element
of X, we write z € X and if X and X' are two sets for which

z € X implies that z € X',

X is contained in X', X is a subset of X' and we write X C X'. The subset
of X which contains no elements is called the empty set, denoted . If A
and B are two sets, their union A U B is defined to be the set of elements
which belong to at least one of the sets A and Bj their intersection AN B is
defined as the set of elements which belong to both A and B; the difference
A — B is defined to be the set of elements which belong to A and not to B.
If AN B = 0, we say that the sets are disjoint; if AN B # 0, we say that the
sets intersect. If A C X, the difference X — A is called the complement of A
relative to X and is denoted by A¢. If A C X, the characteristic function of
A relative to X is a map (4, defined on the elements of X by

1 ifzeA
CA(“T)_{O ifzeX—A

231
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The following relations hold:

Caup(z) = max{Ca(z),(B(z) }=Ca(z) + (B(2) — Calz)(B(2) ,
Cang(z) = min{¢a(z), (B ()} =Calz) + (B(z) ,
Cac(z) =1 —Calz) .
The set consisting of the elements z;,zs,...,z, is denoted by {z;,zs, ...,
z,}. For example, the set of positive integers {0,1,2,...} is denoted by N and

the set of real numbers is denoted by R and often called the Euclidean or real
line. The following sets are called intervals:

[a,b)={z: z€R, z>a, 2 <b} “closed interval”,
(a,b)={z : z€R, z>a, z<b} “open interval”,
(a,b]={z: z€R, z>a, z<b} “left-open interval”,
[a,b) ={z: z€R, z>a, z<b} “right-open interval”.

A set X is finite iff there is an n € N such that there exists a one-to-one
(onto) correspondence between all elements in X and the set {1,2,...,n}. A
set X is said to be infinite if it is not finite. A set equivalent to N = {1,2,...}
is called countably infinite (or denumerable). A set is countable if it is either
finite or countably infinite. Alternatively, a set is countable if its elements can
be arranged as the terms of a sequence.

A set I and a correspondence ¢ — a; associating each ¢ € I to an element
a; € A is called a family of elements in A and is denoted by (a;: ¢ € I); I is
called the indez set. If I = {1,2,...,n}, we have a set called an n-tuple, and
if n = 2, this tuple is called a pair. If I is the set of strictly positive integers,
we obtain a sequence

(04,(12,03, .. ) = (an) .
A set I and a correspondence associating each element i € I a subset A; of A
is called a family of sets in A and is denoted by
A= (Al P 1€ I) .
A family A = (A; : i € I) is called a (crisp or hard) partition of the set A if

(1) Vi: Ai#0, A; C A,
(2) t#j5 = AinA; =0,
(3) Uierdi=A.
In other words, every point of A belongs to one and only one A;. A family
A= (A; : i €1)is called a covering of A if
(1) Vi: Ai 75 w,
(2) Uier Ai = A .
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Alternatively, each element of A belongs to at least one A;. The order of a
covering A is the greatest integer m for which there exist m + 1 sets of A
having a non-empty intersection; a partition is a covering of order 0. A family
A=(A; : 1€l is called a filter base (or just base) if

(1) Vi: A;#0,
2) Vi Vj 3k: A CAiNA,;.

We say that a family A is a lattice with respect to the operations U and N if

Ae A, BeA = AUBe A ANBeA.

a1 Aq 1 2

Fig. 13.1 Cartesian product (left) and Cartesian sum (right) of two sets A; and Ao.

The Cartesian sum A; + Ay of two sets A; and A, is the set formed by
the pairs (1,a1), (2,a2), where a; € A; and as € A as shown in Figure 13.1.
Suppose that two elements, first z € X, followed by y € Y, are chosen. Then,
this choice is denoted by the pair (z,y) and is called an ordered pair. The set
of all such ordered pairs is called the Cartesian product (or product set) of X
and Y,

XxY={(zy): z€X, yeY}.

Note that, in general, X x Y # Y x X. If furnished with some structure, the
set X x Y leads to a Cartesian product space (see Figure 13.1).

Any subset R C X xY of X x Y defines a binary relation between the
elements of X and the elements of Y. A relation is therefore a set of ordered
pairs, denoted

R = {(z,y) € X xY : R(z,y) holds} .
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X xY

Fig. 13.2 Relation R defined on the Cartesian product X x Y.

Since by R an element in X is associated with one or more elements in Y, R
establishes a multi-valued correspondence (see figure 13.2):

R: XxY = {0,1}
(z,y) = R(z,y) .
The domain of R is the set
dom[R]={z : z € X and R(z,y) =1 forsomey € Y} .
The range of R is the set
ran|R] ={y : y €Y and R(z,y) =1 for some z € X} .

The relation R C X x X establishes a relation among the elements of
X. An important example of such relations are equivalence relations on X
possessing the following properties:

R(z,x) VzeX (reflexivity)
R(z,z') = R(z',z) (symmetry)
R(z,z') A R(z',2") = R(z,z") (transitivity) .

Intuitively, an equivalence relation is a generalization of equality (which itself
is an equivalence relation). If R is an equivalence relation on a set X, and if
a € X is any element of X, then we can form a subset of X defined

lalp = {z : R(a,z)=1}.
If b is another element of X, we can likewise form the subset

blg ={z : R(b,z)=1}.
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We then have the following conditions:

lalg=[b]g or [algN[b]p=0.

The subset [a], defined above is called equivalence class of a (under relation
R). Since any two such classes are either identical or disjoint, the relation R
can be regarded as partitioning the set X into a family of subsets. The set
of equivalence classes of X under an equivalence relation R is called quotient
set of X modulo R and denoted

X/R.

A function (or mapping!) from a set X into a set Y, denoted f: X — Y,
is a ‘single-valued’ relation f C X x Y such that for every z € X there exists
a unique y € Y written as

y=f(z).
If f: X - Y, X, the set of arguments of f is called the domain of f, denoted
dom|[f] and Y, the set of values of f(-), is called the codomain of f. The
element y € Y in f(z) = y is called the image of z € X, or the value of the
function at x. The range of a function f: X — Y, denoted ran[f], is the set
of elements in Y that are images of elements in X, that is, ran[f] is the set
of all images of f:

ran[f] = {f(z) : z€ X} .

ran[f] is sometimes referred to as the image set. The graph of function
f: X = Y is the set (relation)

{(, f(z)) - ze X} = {(g,9) : z€ X, y=[(2)}.

The set
f(A) = {f(a) : a€ ACX)

is called the direct image of A, f(A) C ran[f]. Suppose f: X — Y and
B C Y. Then the set

f71(B) ={z : f(z) € B}

is called the inverse image of B under f, f~1(B) C X, that is, f~}(B) is a
subset of the domain of f. Let f: X — Y and g: Y — Z. Then the composite
or product of the functions f and g is the function g o f from X into Z:

gof: X—>2.
The composite g o f is defined for every z € X
(go f)(z) = g(f(2)) -

11t is customary to use the terms function, mapping and transformation synonymously.
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There exists an important relation between mappings and equivalence re-
lations. Let f: X — Y be a mapping. For each z € X, let us define

={z': f(&')=f(2)} .

These sets [z]; are all subsets of X and can be regarded as the equivalence
classes of a corresponding equivalence relation Ry on X. The relation Ry
specifies the extent to which the elements of X can be distinguished, or re-
solved, by f. Thus, if we regard the mapping f as associating with an element
z € X and element y € Y, the equivalence relation Ry specifies those distinct
elements of X which are assigned the same value by f.
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function f

surjective (onto)

injective (one-to-one)

bijective (one-to-one and onto)

Fig. 13.3 Classification of mappings.
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13.2 MEASURING FORECAST ACCURACY

The following list describes some of the most common measures used to eval-
uate forecasting accuracy.

Mean Absolute Deviation (MAD)
The Mean Absolute Deviation averages the magnitudes of the forecast errors:

n

Yy — 5l -

Jj=1

MAD =

IS

Note

e Taking squares or the magnitudes is to avoid the cancellation of positive
and negative terms.

Mean Square Error (MSE)
The Mean Square Error averages the squares of the forecast errors:

MSE = (y; — ;)" -

1

SO

d
]:
Note

e ‘Squaring’ is an algebraic operation (‘absolute value’ is not), so the MSE
can be studied using algebra and calculus.

e The statistical properties of the MSE are well established.
e The MSE gives more weight to larger forecast errors than does the MAD.
Root Mean Square Error (RMSE):

RMSE = vVMSE .
Note

e Like the MAD, the RMSE is measured in the same units as the original
data.

Mean Absolute Percent Error (MAPE)
Errors are expressed as a percentage of relative error in order to introduce a
unit-free scale of evaluation:

~

Yi —Yj
Y

MAPE = -100% .

2

Jj=1

ISH R

Note
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e Because it is dimensionless, or unit-free, the MAPE can be used to
compare the accuracy of the same or different models on two entirely
different series.

Multiple Correlation Coefficient (MCC):

M=
N)

Il

MCC = =22

-M&
K

~
I
—

Note:

e The ratio MCC measures the proportion of the total variation of y that
is explained by the regression.

e MCC is often expressed in percent.

e Sometimes the mean value of y is subtracted from ¢ and y before calcu-
lating MCC.

13.3 (HIERARCHICAL) CLUSTERING

A hierarchical clustering is a sequence of nested partitions. Instead of work-
ing on an object data set M directly, this method processes sets of d? nu-
merical relationships between pairs of objects represented by the data. It
is convenient to array the relational values as a d x d proximity or rela-
tion matriz whose elements describe a binary relation. For example, let
M = {m;,my,...,my} C R* be a set of d feature vectors in n-space, then
every metric or distance measure d produces a (dis-)similarity relation matrix
whose elements are d(m;,m;) = d;;: R* x R* — R*; for instance, object
data are converted into relational data using d;; = ||m; — m,|| = /m! m;,
1<4,j<d.

An agglomerative algorithm starts with each object describing an individ-
ual cluster. On the basis of a proximity matrix, disjoint clusters are merged
sequentially according to some local connectivity criterion. The latter is for-
mulated by any positive semi-definite, symmetric set-distance function on
P(R™) x P(R"). Different linkage algorithms correspond to different choices
of this distance d(M, M') between two subsets of M. A dendrogram provides
a convenient illustration of hierarchical clustering. At each step, the cluster-
ings are assigned sequence numbers 0, 1,...,(d—1) and §(l) is the level of the
I*h clustering. More specifically, the steps involved are as follows:

1. Start with disjoint clusters at level §(0) = 0 and sequence number [ = 0.



240 APPENDICES

2. Find the least dissimilar pair of clusters in current clustering, d(M, M') =
min;;{d(M;, M;)}, where the minimum is over all pairs of clusters in
the current clustering.

3. Increment the sequence number from [ to [ + 1. Merge clusters M and
M' into a single cluster M" to form the next clustering I. Set the level
of this clustering to §(1) = d(M, M").

4. Update the proximity matrix by deleting rows and columns correspond-
ing to M and M', and adding a row and column corresponding to M".
The proximity between the new cluster and the remaining ones is defined
for single linkage clustering as

d(M", M"") = min{d(M", M),d(M"", M)} .

5. Repeat steps 2 — 4 until all objects are in one cluster.

CLUSTERING

unsupervised learning

object matrix  j¢-- -——-—— (unlabeled data)

l—L ]
v

—-=» proximity matrix

l—‘—l

single partition partitional hierarchical nested sequence
of data space classification classification of partitions
i T

'

l
¥

objective tunctiod

fuzzy c-means
algorithm

Fig. 13.4 Overview of clustering techniques.

single-linkage
algorithms

agglomerative
clustering

13.4 MEASURE SPACES AND INTEGRALS

Uncertainty techniques use the basic notion of an event and its occurrence or
non-occurrence to model a phenomenon. To every event A there exists a con-

trary event “not A”, denoted by —A, and —A occurs only if A does not occur.
“A implies B”, that is, when A occurs, B occurs necessarily, is denoted by
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A C B. Logical combinations of events create new events. The uncertainty of
the process under consideration can take various distinct forms (randomness,
fuzziness, vagueness, ambiguity, imprecision) which require the definition of
an appropriate measure to quantify (un)certainty [Wol98]. Formally, events
are represented as sets of elementary outcomes. The sets of events form a field
(or algebra) of sets.

Let @ be an arbitrary non-empty set. A collection A of subsets of Q is a
o-field, if

(a) NeA.
(b) If A€ A, then A € A.
)

(c If A; € A,i=1,2,... € I, a countable index set, then Uoil A;eA.

For a finite number of A;, A is called a field or an algebra. The pair (2, .4)
is called a measurable space. In probability theory, {2 denotes the sample
space of elementary outcomes while A is the set of events (measurable sets).
Q refers to the certain event while the empty set () refers to the impossible
event. The power set P(2) of Q is a o-algebra. It is the largest o-algebra of
subsets of €2, and when {2 = R, the o-algebra generated by the collection of
all open subsets of R is called the Borel o-algebra of R and denoted 5. The
empty set () is contained in oq since it is the complement of .

Let (€2,A) be a measurable space. A function g: A — [0, 0] is a measure
if (@) =0 and if A;,4 =1,2,... is a sequence of pairwise disjoint elements of

A, then the condition
oo o0
g (U A= Zg(ai)>
i=1 =1

is called o-additivity. If it is required for only finitely many A;, it is called
additivity. The triple (2, A, g) is called measure space. If (X,0x) is another
measurable space and I': 2 - X with

VAcox, T7HA) = {w:T(w) € A} € 4,

then g(I'"!): ox — [0,1] is a measure on (X, ox), referred to as the measure
image of g by X. The measure g((a,b)) = b —a on (R,B) is called the
Lebesgue measure on R. The measure space (2, A, g) is a probability space if
g(©)) = 1 and the mapping I is called a random variable and g(I'"!) is the
probability law of T on X. On (R, B), probability measures can be defined
in terms of probability density functions. These are functions p: R — [0, o)
such that ffooo p(z)dz = 1. The associated probability measure is given by
gr(A) = [, p(z)dz for A € B. The measure g for a probability space is then
denoted vy Pr.



242 APPENDICES

A probability space is a set (such as the set of possible outcomes of an
experiment) associated with a function Pr(-) that measures subsets (events)
of that space. A discrete probability space has a finite or infinite number of
possible outcomes. For example, the set of d integers X = {1,2,3,...,d} or
the set of non-negative numbers X = {0,1,2,...}. A problem occurs with the
latter example. If each outcome is to be ‘equally likely’, that is, each element
has the same probability, their sum does not add up to one, Z]‘” p(z;) # 1,
a basic requirement (axiom) in probability theory. If, on the other hand,
the number of outcomes is countable, or the space is finite, we calculate the
probability of an event A C X as the sum of the probabilities of the individual
outcomes, Pr(A) =3, ¢ 4 p(z;)-

A sample space that has as elements all the points in an interval, or all
the points in a union of intervals, on the real line R is called continuous, for
example, X = {z: z > 0}. These spaces have always an infinite number of
elements. Considering the interval between two points in X, we find that
there are ‘more’ points in any continuous interval than there are integers.
Thus a continuous sample space is said to contain an ‘uncountable’ or ‘non-
denumerable’ number of points.

When the probability spaces are not just infinite but are also continuous,
the probability of events cannot be described in terms of a finite sum but leads
to the introduction of integrals. Let A = [a, b] be an interval in X = R from a

to b, describing an event in question. Then the integral Pr(A) = f: p(z) dz
calculates the probability of A as the area under the graph p(z) (probabil-
ity density function) restricted by [a,b] (cf. Fig. 2.1). The (mathematical)
problem which occurs with continuous spaces is the fact that the probability
of getting the exact outcome, say Pr(a), is zero. That is, we cannot ‘sum
up’ the probabilities of the single-element events (points) that are subsets of
A. The solution leads to the concepts of o-algebra and the Lebesgue integral
(measures).

To allow probabilities of events to be calculated by accumulating the like-
lihood of individual outcomes constituting the event, we do not allow ‘all’
possible subsets of X to be events: Let all intervals that are subsets of X, and
any finite unions and intersections of such intervals be events. In other words,
if A and B are events, then AN B and A U B are possible events. Similarly,
if A is an outcome, then A° is a candidate as are the empty set ) and X.

To introduce the Lebesgue and then fuzzy integral, we first look at the prin-
ciple idea behind the standard Riemann integral. The idea of the Riemann
integral is to measure the area under the graph f(z) by cutting it into narrower
and narrower columns and approximating each column with two rectangles;
one rectangle just above the graph, the other just below (Figure 13.5). If,
as the columns get narrower, the sum of the areas of the smaller rectangles
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Fig. 13.5 Riemann integration.

approaches that of the larger rectangles, the function is called Riemann in-
tegrable, and the common limit is the integral. The problem with Riemann
integrals is that they are only applicable to continuous functions. This prob-
lem can be solved by taking a different view of the integral. The Lebesgue
integral takes a somewhat opposite direction than the Riemann integral,. It
first looks at the values of f(z) and then at the values of  that produced y
(Figure 13.6). As with the Riemann integral, we cut the function f(z) into
narrower and narrower intervals but this time into horizontal slices, dividing
the function’s domain.

Ay

Fig. 13.6 Lebesgue integration.

The calculation of the integral becomes a question of measuring the length
of the subsets of X. Thought of in higher dimensions we would measure the
area, the volume and so forth. It is for this reason that Lebesgue integration
is synonymous with measure theory. It was A. Kolmogorov who, by realizing
this relationship, based probability theory on measure theory.

Fuzzy or Sugeno integrals are nonlinear generalized Lebesgue-Stieltjes in-
tegrals which we use for modelling expectations using a fuzzy measure g(-).
Fuzzy integrals are developed analogous to Lebesgue integrals. From the def-
inition of an expectation (2.1) of a function f(-) on X with respect to some
function g(+),

Elf()= [ f(=@)-g(z)dz,
X
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we described the probability of an event A (crisp set) as

Pr(A) = E[(a()] = / (a(@) - plz) dz (2.2)

and similar for a fuzzy event (2.10). Viewing the product of the two functions
f(-) and g(-) as a ‘weighting’ and the (Riemann or Lebesgue) integral as some
form of averaging, one could think of a more general framework in which those
composition and accumulation operations are replaced. For instance, let A
be a crisp set and f a function from X to [0,1]. Then the fuzzy integral of a
function f over A with respect to a fuzzy measure g(-) is defined as

][f z)og(-) = sup min(a,g(ANFy)) ,

a€l0,1]

where F, = {z, f(z) > a}. In terms of the expectation of a characteristic
function of a crisp set A we write

E[Ca()] = f (a(2) 0 g(z)
X

i

sup min{a, g(Aa)}
with g(-) = II(-),

= sup min(a, sup =(X))
a€l0,1] z€EANF,

and for f() =
=1I(A) . (2.14)

Similarly, for a fuzzy event A, the fuzzy integral is defined as

][f o g( fmm na(@), £(@)) 0 g()

with f(-) =

= f pa@ g

X

As with probabilities, the expectation of the fuzzy set membership function
describes the possibility of fuzzy event A:

Elua()] = ][ pa(z) o 7(2) (2.13)
X
= sup min (pa(z), 7(x))

= II(A) .
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We can interpreted the expectation of a fuzzy event as the degree of consis-
tency of the fuzzy event with the possibility distribution #. In that sense,
possibility relates to the degree of feasibility and need not to be associated
with a degree of likelihood or frequency. See also Figure 2.1.

Fuzzy measures occur if we replace o-additivity by requiring the mapping
g to be monotonic with respect to set-inclusion only. More specifically, let A
be a family of subsets of a set , with § € 4. The mapping g: A — [0,00) is
called a fuzzy measure if

(@ g@)=0.
(b) If A,B € Aand A C B, then g(A) < g(B).

The triple (2, A4, g) is a fuzzy measure space.

13.5 UNBIASEDNESS OF ESTIMATORS

Let z;, 5 =1,2,...,d be a random sample of a random variable x associated
with a probability law that has a mean 7y and variance 2. The unbiasedness
of the estimator of the variance

2 1

T 2 (5 =)’ (29)

xQ
I
M=

EY
Il
NA

is proved by showing that E[62] = o2:

. -
E|Y (zj—i)?| = E Y (22 — 22 +72)
j=1 _j:l
[ 4 d d
=E|Y a2 -2 zii+y il
| 7=1 j=1 Jj=1
[ d d
=F Z(E? —2Zl'jﬁx +d7]x
j=1 j=1
[ a
=E |>_ 2} — 2ixdilx + i’
._j:1
[ a
Li=1
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All z; are assumed to follow the same probability law. Therefore, E[z3] =
E[z; - 73] = E[x?]. Hence

d d
E Y (x;—i)?| =) E[23] - dE [#2]
j=1

0.2
—a(o2+n) - d (2 + %)
= do% + di — dny — 0% = (d - 1)og .

If we define the statistic as (2.9), it follows that

Bt =~ B[Y (- | = D% gea.
i=1
Notes
* We have

ol=E [(x - nx)Z] - E [x* = 2xn + %]
= E [x*] - 2nxE [x] + E [n}]
=E[x*]-n2 o E[x)]=ni+0%

2 2

** Since 02 = %= and 1, = 7x, we have E [fiZ] =n% + % .

13.6 STATISTICAL REASONING

In general, we can distinguish the following modes of statistical reasoning:
1. Tests of significance.

2. Statistical generalization (randomization for causal inference and induc-
tion).

3. Statistical causality (regression models and time-series analysis).
4. Subjective inference (such as Bayesian theory).

Tests of significance, rooted in the Neyman-Pearson framework of statistical
hypothesis testing, are often considered as irrelevant for the empirical sci-
ences suggesting that it is a theory not a method [Wan92]. Throughout the
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book we used descriptive or deductive techniques analyzing a given sample
without drawing any conclusions or inferences about the population. Apart
from ezplorative data analysis (EDA) and descriptive statistics®, inferential
(or inductive) statistics plays a prominent role in statistical theory. Given a
representative sample of a population, we aim to infer conclusions about the
population. The uncertainty of such analysis is quantified using probabilities.
Here we briefly list some of the key issues and terms.

Sampling Theory: Methods for obtaining a representative sample.
Estimation Theory

e point estimates vs. interval estimates.

e distribution or ‘quality’ of the estimators of 7 and 2.

Confidence Interval: For example, we are confident of finding the statistic
(unknown parameter) # in the interval 6 + 20y (confidence limits), that
is, in 95.45% (confidence level) of the time.

Statistical Decision Theory: Decision making about the population:

Tests of Significance: Testing whether an outcome is due to chance
or something else. The key idea is that if an observed value is too
many standard errors away from its expected value, it is unlikely
to be due to chance. Note that chances are assumed to be in the
measuring procedure, not the thing being measured.

Hypotheses: Statements about the probability distribution of the pop-
ulation.

Hy: null hypothesis, expressing the idea that an observed difference
is due to chance, for example, the probability of no difference
is p=10.5.

Hi: alternative hypothesis, for example, p > 0.5, p # 0.5, p = 0.7.

Hypothesis Testing: Procedures to decide whether to accept or reject
a hypothesis or to determine whether the observed samples differ
significantly from expected results.

Type I error: hypothesis rejected when it should be accepted.

Type II error: hypothesis accepted when it should be rejected.

Test Statistics: used to quantify the difference between the data
and what is expected on the null hypothesis. For example, the

z-statistic
__ observed — expected

standard error

2A good introduction, from a ‘descriptive perspective’ can be found in [Fre91].
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says how many standard errors away an observed value is from
its expected value, where the expected value is calculated using
the null hypothesis.

Standard Error: describes how big the chance error is.

Significance Level: The maximum probability with which we would
be willing to risk a type I error. For example, if there is a 0.05
or 5% level of significance in designing a test of a hypothesis, then
there are about 5 chances in 100 that we would reject the hypothe-
sis when it should be accepted, that is, we are about 95% confident
that we have made the right decision. We can say that the hypoth-
esis has been rejected at a 0.05% level of significance, which means
that we could be wrong with probability 0.05.

p-value: The p-value of a test is the chance of getting a big statistic
assuming the null hypothesis to be right.

13.7 FREQUENCY ANALYSIS

In this book the focus has been on the analysis of data in the time domain if
they were obtained from a time-series. The analysis of signals in the frequency
domain is another very powerful framework which we briefly introduce in the
present section. The focus will be on the transition from the time domain to
the frequency domain by means of integral transformations.

Though many natural or physical systems may, in principle, operate in
continuous-time, we assume the situation in which we have a set of observa-
tions such as the following sampled sequence:

k o 1 2 3 4
z(k) 0 025 05 075 1

In the time domain, we would model such data by means of linear difference
equations and the aim in this section is to develop a model of the data in
terms of frequency components. Before going any further, we need to make
some basic assumptions:

1. Period Sampling: We assume the values are sampled periodically
every Ts seconds, that is, we have

z(kTs) = z(k), k=0,1,...

For most engineering applications this may be no problem as the hard-
ware collecting data is sampling periodically anyway. However, consider
medical data collected from patients on a “monthly basis”. The number
of days between samples usually vary considerably.
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2. Reactive Paradigm: We assume that the system or process which
generated the data can be described sufficiently by means of historical
data alone. In other words, the value of z at time k is a function of past
values only:

z(k) = f (2(0),z(1),...,z(k - 1)) .
3. Linearity: We assume a linear relationship for f(-):

z(k) =ap +arz(k — 1) + agz(k —2) +--- .

These assumptions lead to a linear recurrence difference. equation in corre-
spondence to ordinary differential equations in continuous-time. We develop
frequency domain models of sampled-data systems from harmonic analysis in
continuous time.

In Section 2.1.2, the Fourier series was introduced as an approximation of a
signal f(t) by means of periodic funictions. One can also say that the Fourier
series decomposes a signal into periodic components:

o0

_mo:%+§:@rmm%w+mmmmm). (2.52)

=1
An alternative equivalent formulation is the complex Fourier series

o0

fp(t) = Z Ci - gliwot )

1=—00
where the complex Fourier coefficients ¢; are obtained as

/w0 )
= fo(t)ediwotdt .

- 2w —7/wo

Here, the period of f,(t) equals 2m/wg. Each ¢; is the value of the complex
frequency component of f,(t) at iwg. As shown in Figure 13.7, the amplitude
spectrum of f,(t) can be visualized. Apart from the visualization of frequency
components in the signal, the trandformation into the frequency domain has
several advantages: For many signals and systems, simple parametric expres-
sions can be found analytically; solutions of differential/difference equations
become algebraic in nature, allowing simple manipulation and analysis of com-
plex systems. Hence a transformation into the frequency domain is not only
useful for harmonic analysis but for systems analysis in general.

A generalization of the Fourier series is obtained if we wish to consider more

and more frequencies, that is, shrinking Aw in the complex Fourier series. To
achieve this, wy — 0, the fundamental period 27 /wp must increase infinitely.
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|col
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—_— - |C2]

1 , [

0 2wo 4wo

Fig. 13.7 Discrete amplitude spectrum obtained from Fourier analysis.

Replacing wo by Aw to emphasize the vanishing frequency interval, we obtain
the following expression:

400
E c .ejiAwt
n

i=—00

+oo w/Aw y =
Z (g‘_:)/ f(T)e~JlAwTdT e_nAwt

i=—00 ~7r/Aw

1 X[ /e y y
/ F(r)e 89T dr | BWAy

27
i=—o00 —7/Aw

fo(®)

As Aw approaches zero, the product iwy always equals w. As a result, the
fundamental period of fy(t) increases to infinity such that f,(t) approaches

ft):

+oo m/Aw
ft)= o tim Y { / § f(T)e—jiA‘”TdT} 8T A

- 27(' Aw—0 oo —1r/Aw
1 e e . it
= — T)e 7 dr | e dw
oo [ [ o]
1 [ ot
t)= — F(jw)e*tdw .
1025 [ o)

Here -
F(jw) = / f(t)e 3wtdt

is called the Fourier transform or spectrum of f(t). For the integral to con-
verge we have the condition that f(¢) — 0 for ¢ — co which often may not
be case. To ensure convergence, we use the following trick. Multiplication
of f(t) by a factor e~1°I ensures that the product f(t)e~!°!* diminishes for
increasing t. Let us also assume, without loss of generality, that f(t) starts at
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t = 0 with f(t) = 0 for ¢ < 0. Using the notation s = o + jw, we obtain the
so-called Laplace transform of f(t) as

o+jw
F(s) = /0 F(Bestdt

and vice versa from F'(s) we obtain f(t) as

f@it) = —1— /0+J'w F(s)e®tds .

277.] o—jw

Next, we derive the Laplace transform of a sampled, that is, discrete-time,
signal. The Laplace transform assumes a continuous-time signal while here
we assume we are given the sequence z(kTs). Once again we use a trick to
develop a mathematical model of the sampling process by introducing the
Dirac impulse §(t) with the property [d(¢) = 1. The sampled signal is then
described by

z*(t) = z(t) - i o(t — kTs)
i=0
i x( o(t — kTs) .

k=0

The Laplace transform of z*(t) is then obtained as

/ x(t)6(t — kTy)e stdt
0

i=—00

- i /ooox() ~S5(t — kT,)dt

k=—00
o

= Z z(ksTs) where t = kT .
k=0

If we denote e*”* by z, we obtain what is called the z-transform of a discrete-

time signal:
oo
= Z z(k)z"F
k=0
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crisp, 35
fuzzy, 34-35, 244
impossible, 241
observable, 4, 6
Expectation, 34, 61
Expectation operator, 31-32, 34, 57, 131,
214
Expectation
conditional, 38, 61-62
Extension principle, 75, 203-204, 219
Extensional hull, 93, 105-106, 220
Extensionality, 93
Factors
linked, 6
partially linked, 6
unlinked, 6
Feasibility, 155
Field, 241
Filter
Kalman-Bucy, 43, 62, 67
optimal, 62, 64
Finite-state machine, 17-18
Firing level, 184
Forecasting, 139, 142, 206
qualitative, 138, 141
Fourier series, 31, 43, 49-50, 216, 249
complex, 249
Frequency domain, 50
Function, 235
characteristic, 134
approximating, 74, 77-78
autocorrelation, 57
autocovariance, 56
basis, 69, 77, 117, 217
characteristic, 32, 89, 131, 202, 231
composite, 12
cost, 87
least-squares, 46



258 INDEX

coverage, 129, 135
cumulative distribution, 73, 75
density, 80, 217
approximating, 80
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Paradox
barber, 205
liar, 205
Poincaré, 94, 124, 145, 147, 150
Parameter, 11
Parsimony, 96
Partition, 7, 86, 232-233
crisp-c-, 125
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