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Introduction

Computer vision and image processing have become active areas of basic and
applied mathematical research, due to their impact in the development of new
technologies and to the related interesting theoretical problems. The vastness of
applications requires a multi-disciplinary study; a selection of involved mathemat-
ical areas includes, in particular, calculus of variations, optimization and partial
differential equations, probability and statistics, topology and differential topology,
differential and discrete geometry, affine geometry, harmonic analysis, inverse
problems and numerical analysis; see for instance [2, 9, 18, 19, 26, 28, 37, 57, 62,
63, 68, 70, 75, 89]. The areas of application in ordinary life are numerous and we
could mention: medical imaging (image reconstruction, interpretation and aid to
diagnostics), video processing and analysis, stereo vision, 3D reconstruction and
shape recognition from image sequences, and the restoration and interpretation of
satellite images; we refer the reader to [69] and references therein.! These subjects
are mostly directed by applications, but they require solid grounded theories,
appropriate for instance to ensure robustness of the related algorithms.

The aim of this book is to investigate one of the central problems of computer
vision,> namely the topological and algorithmical reconstruction of a three-
dimensional scene E C R?, composed of various smooth bounded solid objects
(the connected components of E) starting from information on a generic orthogonal
plane projection® of E. As explained in detail in Chap. 1, the original motivation
that led us to this study came from the calculus of variations, in the effort of finding
an action functional F (introduced in [12]) defined on plane graphs and whose
minimization should give information on the depth ordering of the various objects
composing the scene. Postponing the technical discussion on the variational aspects

ISee also [17, 29, 51, 77, 78, 81].
2See for instance [30-32, 38, 39, 41-44, 55, 56, 65, 66, 76, 82, 83] and references therein.

3 In this book we shall not consider the case when two or more simultaneous projections are
involved; the case of shapes evolving in time is, instead, related to ambient isotopic deformations
of the objects, an issue which will be treated in various chapters.

xi
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Fig. 1 Two partially
overlapping objects: neither
of them is in front of the other

Fig. 2 A knotted torus

of the model to Chaps. 1 and 11, it is worth recalling that the functional F has
been introduced with the purpose of removing a difficulty in a previous model by
Nitzberg and Mumford [65, 66] related to self-occlusions: in particular, in Figs. 1
and 2, we draw two interesting and typical examples of self-occlusions, which
can be analysed using the functional . We also remark that, as observed in [12],
admissible configurations for F, which can be arguably minimizers under a certain
range of parameters, may give, as a result, the illusory contours* of the famous
Kanizsa triangle [54], as discussed in Sect. 1.5; see, more specifically, Figs. 1.6, 1.7,
and 1.8.

In order to carry out our analysis on the topological and algorithmical aspects
of the reconstruction problem of a three-dimensional shape E, let us briefly explain
what is the information we need on one of its stable plane projections. Denote by
> the boundary dFE of E; for a given generic projection direction, let us consider
the so-called visible apparent contour vis(Gs) C R? of X, an oriented plane graph
which is the natural sketch of ¥ that one usually draws by hand in order to represent
the scene. For instance, for the solid shape in Fig.3, the bold curves in Fig.5
represent the visible apparent contour. In order to have a better picture of the various
graphs involved, it is often useful to imagine the shape to be semi-transparent, as in
Fig. 4. Due to the genericity assumption on the projection direction, it turns out that

“We shall treat contours without corners; as we shall explain in Chap. 1, a slight smoothing of the
original Kanizsa image does not change the qualitative properties of the example, and does not
alter the presence of illusory contours.
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Fig. 3 The
three-dimensional scene E
producing the apparent
contour of Fig. 5. Image taken
from [14]

Fig. 4 The same
three-dimensional scene as in
Fig. 3, but made
semi-transparent. Image taken
from [14]

Fig. 5 The bold graph
represents the visible part of
the apparent contour of the
three-dimensional scene in
Fig. 3; the whole graph
represents its apparent
contour. Image taken

from [14]

the singular points of vis(Gy), if any, are only of two types: terminal points and
T-junctions. The example of Fig. 5 shows three terminal points and one T-junction.
It is not difficult to realize that vis(Gy) is a subset (usually, but not always, a proper
subset) of another oriented graph Gy, the so-called apparent contour of 5 see
Fig.5 again. The graph Gy has two types of singular points only: cusps, arising as
local completions of terminal points of vis(Gy), and X-junctions (called crossings),
local completions of T-junctions. Accordingly, the apparent contour of Fig.5 has
four cusps and one X-junction. It is useful to observe that Gy has here a geometric
meaning: it is the plane projection of a finite set of smooth pairwise disjoint closed
curves lying on X (and called critical set, or also singular set), obtained as the
set of all points of ¥ where the tangent plane contains the projection direction.
Now, the crucial three-dimensional information carried by Gy is contained in a
labelling [25, 53, 87, 88], which is a number dx (a) € N attached to any arc a, and
representing the number of sheets of ¥ in front of the part of the singular curve
projecting on that arc. Accordingly, vis(Gy) is the closure of the set {dy = 0}.
For instance, in Figs. 1 and 2, we have ds = 2 on the dotted arcs, and dy = 0
on the visible arcs. The labelled apparent contour, namely the pair (Gx,ds),
is the starting point for the definition of the action functional F, leading to the
minimization principle described in Chaps. 1 and 11. We mention here that another

3Sometimes, we shall call Gy, apparent contour of E.
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symbol, denoted by fx, appears in the domain of F: for x ¢ Gy in the projection
plane, the value f5(x) represents the total number of intersections between X and
a light ray emanating from x (see Fig. 1.1 (right)). Such a locally constant function,
which can be easily recovered as a doubled winding number with respect to G, is
useful for various reasons, one of them being that it simplifies the presentation of
the model.

Several theoretical and practical questions arise in a natural way, and show
beautiful and unexpected relations between calculus of variations [62], singularity
theory [4-6, 20, 86], Morse theory [10] and knot theory [73]. Moreover, we stress
that the techniques we use when dealing with most of such issues fit naturally in an
algorithmic setting: as we shall see, it is one of our primary goals to analyse this
algorithmic part, with implementations, experiments and computed examples.

We shall be interested in investigating:

(i) the completion problem, namely: the characterization of those plane graphs
which are visible part of a labelled contour graph;

(ii) an algorithmic construction of a completion, to be implemented as a computer
program;

(iii) the characterization of those labelled plane graphs which are apparent
contours of some smooth stable three-dimensional scene;

(iv) an algorithmic reconstruction of the topology of a three-dimensional smooth
shape starting from a labelled apparent contour, and its implementation on a
computer;

(v) a list of topological invariants of three-dimensional shapes, which can be
directly computed starting from the apparent contour, and that can be
implemented on a computer;

(vi) the recognition of two labelled apparent contours which are apparent contours
of two ambient isotopic shapes, using a finite sequence of elementary moves,
taken from a complete finite set. In other words, what are the moves on the
labelled apparent contours that relate two embedded surfaces, deformable into
each other by a smooth path of embeddings?

(vii) a computer program aiming to implement the elementary moves on apparent
contours, and, more in general, capable to manage labelled (or unlabelled)
apparent contours from a structural/topological point of view;

(viii) the problem of elimination of cusps, namely: how to use the elementary
moves in order to modify a labelled apparent contour into another one
without cusps, representing a three-dimensional shape, ambient isotopic to
the original one;

(ix) the generalization of some of the above problems, in particular the algorith-
mic parts, to more general situations, concerning for instance abstract closed
(not necessarily orientable) surfaces;

(x) a variational study of the functional F, such as an investigation of the
properties of sequences of labelled apparent contours having a uniform bound
on the action.
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Problem (i), which is global in nature, addresses necessary and sufficient
conditions on an oriented plane graph K with nonexterior terminal points and T-
junctions, in order to be the visible part of what we shall call a complete labelled
contour graph (G, d), having cusps and X-junctions. Here the function d, defined
on the arcs of G, is a labelling, and must fulfill the same consistency properties®
shared by the function dx. We can roughly rewrite (i) with the statement

given K 3 (G,d) suchthat G 2 K and K = {d = 0}. (1

Following [14], in Chap.4 we give a constructive solution to this problem (see
Theorem 4.3.1, that we call the completion theorem), based on a suitable Morse
description of K and G. We note here that the aim of the completion theorem is
not to provide the “simplest” completion of K, whatever simplest could mean’; the
scope of the result is to show that the conditions® imposed on K are sharp, and
allow us to construct at least one completion. The problem of returning, as output
of the completion, a “simple” graph G is related to points (v) and (vi), and will be
addressed below. An improvement of the results of [14] is given by Corollary 4.5.1,
based on the introduction of the background; this represents a further degree of
freedom, which allows us to fix a priori the regions of G where f = 0. Here the
function f is defined on R? \ G; it can be obtained as a doubled winding number
with respect to G, and has to satisfy various consistency relations with the labelling
d. Examples 4.6.2 and 4.6.4 clarify the interest in the use of Corollary 4.5.1, in
connection with the reconstruction of the apparent contour of a standard torus; see
also the example illustrated in Sect. 9.1 with the use of the visible program. We
remark that the completion of a visible contour is inherently nonunique, even when
forcing a priori the background (the region where f* = 0); this is clarified with the
example displayed in Fig. 9.10.

The Morse description, explained in Sect.2.5, is a convenient way to encode
all topological information of a graph, and fits well for practical purposes. This is
clearly seen when dealing with problem (ii): the software code described in Chap. 9,
in particular the visible program, is an actual implementation of the constructive
proof given in the completion theorem. The input of the program is a Morse
description of a drawing of a visible contour, see for instance Figs.9.1,9.9 and 9.11.
The output, provided the graph is completable (namely, it satisfies the necessary
and sufficient conditions of the completion theorem) is a complete labelled contour
graph, still identified using a textual Morse description, and next graphically
reconstructed as a drawing, using the visualization program showcontour. The
visible program also recognizes those graphs K which are not completable
(called “impossible graphs”), such as those described in Figs. 9.12 and 9.13.

6See Definition 4.2.5.
7For instance, a graph with a minimal number of vertices, or without cusps.
8See Definition 4.1.8 and Figs. 3.15 and 3.16.
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The algorithmic reconstruction of the completion theorem (and of the visible
program) strongly depends on the Morse description of the visible contour: different
Morse descriptions of the same visible contour will in general lead to different
structurally non-equivalent 3D shape reconstructions. Conversely, different (but
structurally equivalent) visible contours described by the same Morse description
will clearly lead to the same reconstruction.

The usefulness of the existence of a consistent labelling d on an oriented
complete graph G is that it characterizes the apparent contours of smooth stable 3D
shapes. Following closely the proof of [12] (see also [58, 87, 88]), in Theorem 5.1.1
(called the reconstruction theorem) we show how to reconstruct a smooth, not
necessarily connected, 3D shape E starting from the labelled graph (G, d); namely,
how to find a smooth closed surface ¥ := JE such that

G = Gy, d =ds. @)

The notion of stability’ employed in this theorem (Definition 2.1.2) goes back to
the pioneering works of Whitney [86] and Thom [79], (see also Arnold [3] and
Wall [84]) on singularity theory; stability turns out to be a crucial concept, and its
generalizations and ramifications are of central importance in the whole book. Just
to mention a few consequences of this assumption,'? it guarantees that all graphs that
we consider have a finite number of nodes, that the self-intersections (X-junctions
and T-junctions) are double and transverse, and that the cusps are ordinary cusps.
Remarkably, stable maps from a closed two- or three-dimensional manifold to a two-
or three-dimensional manifold are dense, and their singularities have been classified
(see for instance [40] and references therein): these results are the cornerstone for
the completeness result illustrated in Chap. 6 and, as a consequence, for a large part
of the algorithms described in Chap. 10.

The cut-and-paste proof of the reconstruction theorem is topological in character
and constructive. Deferring the technical details to Chap.5, a couple of related
comments are in order. The reconstructed dE is unique, up to transformations which
do not change the order and the number of intersections of the manifold with the
light rays emanating from the projection plane (and therefore do not modify the
corresponding labelled apparent contour): this sort of uniqueness result is proven
in Theorem 5.1.4. The proof of the reconstruction theorem furnishes an embedded
smooth manifold dF, but not the “roundest” way to embed it in the ambient space
R3; investigation of this latter problem is beyond the scope of the present book.

Summarizing the discussion concerning points (i)—(iii), we conclude that, start-
ing from a visible contour graph K, we can construct a complete labelled contour
graph (G, d) satisfying (1), which, in turn, provides a three-dimensional scene

9See, e.g., [40] and references therein.

10We assume that the boundary of the scene E is in general position with respect to the projection:
using the concept of stability, this means that the restriction to dE of the projection is stable, see
Sect. 3.2 for the details.
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E satisfying (2) and fulfilling the natural sort of uniqueness for such kind of
problems. The completion and the cut-and-paste procedure are automatized in
a computer program. Moreover, problem (iv) is one of the issues considered
in Chap. 10, which aims to be a self-contained user’s guide to an original and
rather complex computer program for the reconstruction of three-dimensional
shapes, based on an analysis of apparent contours. The reconstruction problem is
completely solved from an algorithmic point of view; the program appcontour
reconstructs the topological structure of dE, in particular information such as
the number of connected components of dJE and the Euler—Poincaré charac-
teristic of each of them can be obtained, together with information about the
relative position in space allowing to distinguish, e.g., between two concentric
spheres (E is a hollow sphere) and two mutually external spheres (E is a
pair of solid spheres), with the commands “contour countcc”, “contour
extractcc”, “contour characteristic”, “contour ccordering”,
“contour ccparent” (see Sect.10.10.1).

When proving results such as the reconstruction theorem, or also when analysing
topological invariants of apparent contours, one realizes that a basic idea is to
consider the more general concept of apparent contour of a map from a manifold
into another manifold.!' This is a classical topic in differential topology: see for
instance [50, 60, 79, 86]. In particular, given a two-dimensional smooth closed
(abstract) manifold M and a smooth stable map ¢ : M — R2, the apparent contour
appcon(p) of ¢ is the subset of R? where the function counting the number of
preimages of ¢ has a jump. It can be equivalently defined as the image in R? of
the critical set (or singular set) of ¢ in M, where the rank of the differential of ¢ is
not maximal. The previously discussed labelled apparent contour of an embedded
surface is a special case: in particular, the reconstruction theorem can be restated in
terms of factorization of maps, as follows. Let (G, d) be a complete labelled contour
graph. Then

G = appcon(¢) = Gy and d =dy,

where ¢ is a map from a smooth closed two-manifold M to the plane, ¥ := e(M)
for a smooth embedding e of M into R? x R, and ¢ factorizes as

p=rmoe, 3)

where 7 is an orthogonal projection 7 : R? x R — R?, with ¥ in general position
with respect to m. Indeed, the core of the proof of the reconstruction theorem
consists in producing the manifold M as a quotient, and next in embedding it in R3;
the same theoretical procedure is next implemented in the appcontour program,
as a starting point of the computation of the first fundamental group, as we shall see.

T As we shall see, this abstract viewpoint is essential also in Chap. 6.
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According to this more general viewpoint, in Chap. 2 we recall a few well-known
facts from singularity theory12 (see, e.g., [7, 8, 40] and references therein), for a
stable map ¢ from a closed smooth manifold 2" to a manifold ¢/, and give some
examples. It is worth recalling here that knot theory is the study of stable maps from
the circle S! to R. The choices

X =M, Y =R?or R?

(in particular dim(Z") = 2) can be applied to the study of apparent contours of
closed not necessarily embeddable (or even not immersible) manifolds in R?; we
quickly touch these issues (point (ix) of the above list) in Sect. 10.17, with the Boy
surface (a standard immersion of the real projective plane), the Klein bottle, and
examples from the literature such as the Haefliger sphere, the Millet projection of
the real projective plane and the Milnor sphere. These examples lead to consider the
interesting problem of apparent contours possibly without labelling, a subject that
we do not want to further deepen in the present book.

Concerning point (v), in Chap.7, we study some invariants of an apparent
contour for a map ¢ : M — R In the first part of the chapter (Sects.7.1—
7.3), we analyse invariants under diffeomorphisms of the target space R?. Besides
the number of cusps and of crossings of the apparent contour appcon(g), a third
invariant has been considered in [67], and called Bennequin-type invariant, denoted
by BL(appcon(g¢)). This invariant, based on the Bennequin’s construction for
Legendrian knots [16, 52], does not have an immediate interpretation.'3 Following
[13], in Theorem 7.3.1, we show that such an invariant can be obtained solely
looking at the apparent contour, without resorting to a Legendrian lift (see, in
particular, Definition 7.1.2): indeed, it turns out that the invariant can be computed
only taking into account the nodes, the cusps, the extremal points with respect
to some height function and the orientation of the apparent contour. Here, again,
Morse descriptions of appcon(g) play a central role. In this way the computation
can be implemented into a computer program, and this is done by the program
appcontour, command “contour info”. In the last part of the chapter
(Sect. 7.4), we suppose that the map ¢ factorizes through an embedding in R? and
an orthogonal projection as in (3). Then, we analyse some invariants of the apparent
contour under diffeomorphisms of R3. The computation [12] of the total Euler—
Poincaré characteristic y(X) of the surface JE of the corresponding solid shape is
given in Theorem 7.4.1, in terms only of the apparent contour Gx: interestingly, and

125uch as the notion of stratification [45], see Sect. 6.2.

BIt is defined as an appropriate linking number of the Legendrian lift of appcon(p) in the
projectivized cotangent bundle P 7 *R2, and its computation for a given apparent contour is not
trivial. More precisely, BL(appcon(¢)) is defined by taking the sum of the self-linking numbers
of the liftings of the components of appcon(¢) and the linking numbers between the liftings of
two different components. The self-linking number is itself defined by also taking into account the
twisting of a strip constructed by shifting points of the lifted curve by a small amount in the normal
direction to the contact plane; we refer to [67] for the precise definition.
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a posteriori not surprisingly, the formula for y(X) is independent of the labelling dx
on Gy; see the discussion in Sect. 7.4.

The chapter concludes with a number of remarks concerning the first fundamen-
tal group of E and R? \ E. In particular, we discuss the Alexander polynomial
(focusing mainly on Fox differential calculus [35, 36]) and some invariants of
fundamental groups, applied to surfaces with genus two; see Sects. 7.6—7.9. These
issues, as well as the actual computation of y(X), are implemented in Chap. 10 (see
Sects. 10.7 and 10.9).

Now, let us discuss the (huge) problems listed in points (vi) and (vii) and their
consequences (for instance, the solution to point (viii)). To this aim, it is useful
to start by recalling the well-known result [1, 21, 64, 71] of Reidemeister in knot
theory, asserting that two link diagrams'* represent ambient isotopic links if and
only if they can be related by a finite number of local Reidemeister moves or
their inverses. We are interested in a similar question for two-dimensional smooth
closed manifolds M embedded in R>. Following [15],"> in Chap.6 we prove
that two generic embeddings of a closed surface M in R3 are ambient isotopic
if and only if their apparent contours can be connected using only a finite set
of elementary moves (also called rules, or Reidemeister-type moves) on labelled
apparent contours and a finite number of smooth planar isotopies. We refer to
Sect. 6.3 for an informal presentation of this result, which is proven in Sect. 6.5, and
addressed as the completeness theorem. It turns out that there are six basic moves'®
on an apparent contour (see Fig. 6.2 for a graphical representation) originated from
a general deformation of the corresponding embedded surface; they can be used
in exactly the same way as the Reidemeister moves on link diagrams. The essence
of the result is that this set of moves is complete. This means that two embedded

14The diagram of a knot, or more generally of a link, is an orthogonal projection of the image of
the link onto some generic plane, with the addition of the knowledge of which strand goes over at
each crossing. Stability implies that transversal crossings are the only possible singularities of the
diagram.

5The proof has some similarities with the one described in [24] for the embedding of surfaces in
R*.

16Namely, K (from the Russian word kasanie = tangency), L (lips), B (beak-to-beak), C (cusp-
fold), S (swallow’s tail) and T (triple point). This list of moves is essentially the same found
in the literature for the related subject of maps from two-manifolds into R? (see, e.g., [67]),
even if the addition of the labelling entails a different classification of the list of moves. Similar
classifications appear in various contexts, in particular in Thom’s catastrophe theory [80] and in
Cerf’s theory [27], and in the paper [61] of Mond; see also the papers [59, 72, 85]. Concerning
a complete set of Reidemeister moves relating two equivalent knotted surfaces in R*, we refer to
the set of moves found by Roseman [74], to the papers of Carter and Saito [22, 23] where generic
embedded surfaces in R* are considered, projected in R? (diagram) and projected further in R2,
and to the papers [46—49] of Goryunov. We refer to [7, 8, 11, 24, 25] for further information. The
results illustrated in Chap. 6 treat the case of embeddings, which are usually not considered in the
literature. Considering paths of embeddings concretely means that one has to take into account the
behaviour of the labelling at the “critical times” corresponding to the intersection with the strata of
the so-called discriminant hypersurface.
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surfaces in general position with respect to the projection, that can be deformed
into each other, have apparent contours that can be connected using solely a finite
sequence of such moves (and a finite number of planar isotopies). A relevant part of
Chap. 10 consists in the implementation of the above-mentioned moves, which are
essential for the results related to Chaps. 4, 7 and 9; see Sects. 10.1 and 10.2. Among
the various interesting features of the program appcontour, the implementation
of the moves allows, in several situations, to “simplify” the apparent contour, thus
making possible to recognize the topology of the actual three-dimensional shape
to which it corresponds (via the reconstruction theorem). It is however worth
recalling that, in the simpler case of knots, there is at the moment no algorithm
(and no invariant) which is capable to recognize equivalent knots. The knot group
(fundamental group of the complement in R3), a powerful invariant that can be
computed by appcontour via a presentation, is capable of distinguishing the
unknot; however, it is not a manageable invariant and the problem is shifted to that
of recognizing equivalent presentations of the same finitely presented group.'’

A typical situation is when considering a completion of a visible contour graph
provided by the completion theorem; if the completion is so complicated that the
corresponding three-dimensional shape is not recognizable, we can resort to the
appcontour program in order to try to simplify it: in several cases, this makes
possible to figure out the scene (see for instance Example 4.6.4).

One interesting application of the completeness theorem is given in Chap. 8,
where we give a solution to point (viii): in Theorem 8.3.2, we show that, up
to R3-ambient isotopies, any smooth closed surface embedded in R® has an
apparent contour without cusps.'® The proof of this result is based on the judicious
application of various combinations of the elementary moves and their inverses.
This result is, in some case, another example showing a possible way to simplify an
apparent contour. Notice carefully, however, that this is not always the case: indeed,
there are situations in which the elimination of all cusps is obtained at the expenses
of increasing the number of crossings.

The book concludes with Chap. 11 where, following [12], we analyse some
variational properties of the action functional F discussed at the beginning (and
described in Chap. 1). In order to minimize F it is useful to deepen the study of
its lower semicontinuous envelope, and this amounts in taking limits of sequences
of labelled apparent contours with a uniform bound on the action. In this passage
to the limit, many nice properties of labelled apparent contours (consequences of
the stability assumptions) are lost. In particular, in Sect. 11.3.2 we produce some

"There are a number of software codes for the study of knots and their invariants and for the
manipulation of three-manifolds, such as SnapPea, SnapPy, Orb, and Knotscape; we refer to the
link http://www.math.uiuc.edu/~nmd/computop/index.html for further information. See also [33,
34].

8Probably the more common example is represented by the apparent contour of a torus with four
cusps and two crossings, which can be modified into two concentric circles.
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examples which illustrate the difficulties in identifying a notion of limit labelling
defined on a limit graph.

Finally, the reference list of this book is far from being complete; we apologize
for this incompleteness.
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Chapter 1
A Variational Model on Labelled Graphs

with Cusps and Crossings

In this chapter we review some of the variational models appearing in the mathe-
matical literature of image segmentation. We will mainly focus attention on those
models related to the problem of reconstructing a notion of order between the
various objects in a three-dimensional scene. Next, we describe a variational model
[14]" that can be considered as one of the motivations for the topological study of
the apparent contours and of three-dimensional shapes made in the sequel of the
book.

1.1 The Reconstruction Problem

Let @ C R? be a Lipschitz bounded simply connected open set, typically €2 =
(0,1) x (0,1),let I := (0,1) and I = [0, 1] be the closure of 7. We assume to have
given an image, mathematically described as a function

g:Q—1,

containing information on the grey-level intensity. The function g gives the bright-
ness at each point of the plane domain €2, and it is discontinuous along curves which
correspond to sudden changes in the visible surfaces. Conventionally, we assume
regions where g takes the value one (respectively zero) to correspond to the black
(respectively white) colour. The final aim, which is also one of the main issues in

'With kind permission from Springer Science+Business Media, in this chapter and in Chap. 11
we illustrate the results and report some of the figures from the quoted paper [14].

© Springer-Verlag Berlin Heidelberg 2015 1
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2 1 A Variational Model on Labelled Graphs with Cusps and Crossings

computer vision, would be to reconstruct a three-dimensional scene (a 3D-scene, or
a scene for short)

ECcQ:=QxICcR’ (1.1)

corresponding to g. By definition, a 3D scene E is the union of a finite number of
connected closed pairwise disjoint solid subsets of Q with smooth boundary and
not intersecting the boundary dQ (see Definition 3.1.1). We shall clarify in the next
paragraphs what we mean by a 3D scene corresponding to g, on the basis of a
variational principle.

In order to reconstruct a 3D scene E, a first problem that one has to face is
the so-called segmentation problem, which consists in decomposing the image into
regions and contours corresponding to meaningful parts of the objects of E. This
decomposition is described through a pair (u, K): the intensity function (or grey
level)

u:Q — R,

required to be as uniform as possible inside each region, with sharp transitions K,
taking place across the boundaries of the regions, or on fractures interior to some
region.” Such transitions are usually called discontinuity arcs. Any discontinuity arc
is an intensity edge and the related problem of edge detection® looks for the location
of the sharp transitions in intensity. Edge detection requires a further linking process
of the edges into global curves to achieve a segmentation. One of the advantages of
the variational approach to image segmentation is that it unifies edge detection
and linking into a single minimization process. In Sects. 1.2—1.4 we shall describe
some* of the approaches recently proposed in the literature, that aim to solve the
segmentation problem by minimizing suitable action functionals, and to provide
an optimal segmentation (#, K) of g (uniqueness of an optimal segmentation, in
general, cannot be expected). These models, in particular the Nitzberg—Mumford
one, can be considered as the starting point for the variational model based on the
apparent contours, which is described in Sect. 1.5 and analysed in Chap. 11.

Once an optimal segmentation (u#, K) has been obtained, the next step to face
is the reconstruction problem, namely to reconstruct a three-dimensional scene E
starting from (u, K). In this process the outline of the scene (or more precisely
the visible part of the apparent contour of the scene, as we shall see) should

2In the context of what we shall call “visible contours”, there are (arcs) fractures with terminal
points ending inside a region; these arcs are not part of the boundary of a segmentation.

3The problem of edge detection is extensively studied in computer vision; see, for instance, [24,
45, 56, 67].

“Tt is not the aim of this chapter to give a complete overview on this argument. We refer the reader,
for instance, to [3, 27, 53, 60, 66, 72, 79] for some of the topics that are not treated here, and for a
more complete list of references.
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correspond to the discontinuity curves K of the optimal segmentation. Observe
that discontinuity curves arising from solid bodies partially or totally occluded are
necessarily lost in the two-dimensional picture. Therefore the completion problem
arises, namely the process of completing K into a new set of curves representing
the projection of the whole boundary of the 3D scene. In the reconstruction of the
occluded arcs, a priori information on the topology of the scene could in principle
be used as a constraint. Since the final aim is to provide the scene, or at least its
topology, information on the depth of the various solid objects must be contained
in the action functional to be minimized. In a sense (that is made precise) this
information appears in the Nitzberg—Mumford model. In a different way, in the
variational model described in Sect. 1.5, this information is provided by the Huffinan
labelling (labelling,> for short) which will enter in the domain of the action. For
convenience of the reader, in Sect. 1.5 we make more explicit the relations of the
variational model with the completion problem studied in Chap.4, and with the
reconstruction of the topology of the 3D scene studied in Chap. 5.

Remark 1.1.1 (On Roundedness of the 3D Shape) In this book we will not be
concerned with the reconstruction of the “best shape” (i.e., the most round in
some sense) that a scene may have, for instance for a given topology. Accordingly,
we shall call depth-equivalent those scenes that differ by a homeomorphism of
Q which preserves the fibres of the orthogonal projection of dE on Q2 and the
order of the points on each fibre.® Then, we shall be concerned here only with the
reconstruction of the depth-equivalence class [E] of a scene E. We remark that
the various quantities introduced in Sect. 1.5 are independent of the choice of the
representative in the depth-equivalence class of E.

Before starting with a more detailed discussion, we advise the reader about some
simplifications that are shared by all models that we are going to describe. These
models, indeed, do not take into account what we could call “spurious” discontinuity
sets, due, for instance, to

— shadows,

— patterns on the surfaces of the solid objects, caused by the presence of different
materials, or by optical properties of the surfaces themselves,

— corners or edges. These however were already excluded by the smoothness
requirement on E.

51t is worthwhile to observe that a contour may be, in general, endowed with several different
labellings.

Basically, two scenes E and F are depth-equivalent if they consist of the same number of
connected components, and each connected component F; of F is obtained from the corresponding
connected component E; of E through a strictly monotone map in the view direction, continuously
depending on the position in 2. In particular, if it happens that E; is in front of the connected
component E;, then the same depth ordering is preserved for the corresponding connected
components F; and F; of F. See Definition 5.1.2 for the details.
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Concerning shadows, we shall in particular suppose that the illumination direction
coincides with the projection direction of the scene on €2.

Finally, we will not discuss the dependence of the minimizing configurations on
the various possible choices of the parameters appearing in the action functionals.

1.2 The Mumford-Shah Model

The variational approach to the image segmentation problem yields a single
nonlinear process, by simultaneously placing the discontinuity set K and smoothing
the image only out of the boundaries. In the Mumford—Shah action functional [62],
the segmentation problem is formulated as the L?-approximation of the given image
g by means of a piecewise smooth function u, the jump of which consists of the
discontinuity curves separating the regions of approximately constant, or possibly
smooth, intensity. This is achieved by considering the functional

MS(u, K) := /Q(u —g)dx 4« /Q\K |Vul> dx + BH'(K), (1.2)

where K C Q (the closure of Q) is a closed set, u € C'(Q\ K), H' denotes
the one-dimensional Hausdorff measure in R2, and o and B are nonnegative
parameters. The function u is discontinuous across the set K and, outside K, it
is required to be of class C'; in (1.2), Vu denotes the gradient of u in Q \ K. The
first term (sometimes called fidelity term) in the expression of the Mumford—Shah
functional, namely®

[(u—g)2 dx, (1.3)
Q

forces u to be close to g in the L2-distance. In order to make nontrivial the
minimization of (1.3), some regularizing term must be added. The second term in
the functional favours u to be smooth, requiring the squared L? gradient norm to be
finite. At the same time, the last term penalizes large sets K in order to avoid a too
fragmented segmentation. The variational formulation, namely the infimization of
the functional MS(u, K) over all closed sets K C € and over all u € C'(Q \ K),
overcomes the inconvenients of separate smoothing and detection processes, at the
cost of an increased computational complexity. As already discussed in Sect. 1.1,
the function u represents a denoised approximation of the image g, and K represents
the set of contours of the segmentation. Because of the presence of the length term

"That is, #!(K) is the length of K when K is sufficiently smooth, see [43].

80ther norms different from the L2-norm in (1.3) have been considered in the literature; also,
suitable functions of u different from the identity can be taken into account: we refer the reader,
for instance, to [44, 52] and the references therein.
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H'(K), this minimization process is not a straightforward matter. The proof of
existence of minimizers is obtained by resorting to a weak formulation: first the
existence of a weak solution is proved, then the solution of the original problem is
obtained by proving regularity properties of the weak solution [34]. Weak solutions
are looked for in a class of discontinuous functions introduced by De Giorgi and
Ambrosio in [33], and denoted by SBV(2).” In this way, the set K is now implicitly
defined as the discontinuity set (or jump set) J, of u, so that the weak form of the
functional depends only on the function # and becomes

u) = u—g)? ul? ! ).
MS(u) fQ( g) dx—i—ot/Q\Ju|V|dx+/3'H(J)

We refer the reader to the book [2] for the details and a list of related references.
Mumford and Shah studied the properties of minimizers of the functional (1.2)
under some simplifying assumptions. They proved that the nodes of K can only
be either triple points where three curves meet with equal angles, or points of the
boundary of 2 where one curve meets the boundary perpendicularly, or crack tips
where a curve ends and meets nothing. See also [26, 32], and the books [31, 60] for
more information. '

From the above results, however, it follows that relevant features for pattern
recognition, such as T-junctions due to occlusions, are not allowed in a configuration
minimizing the Mumford-Shah functional. Indeed, due to the presence of the
length term, T-junctions are locally deformed in an unnatural triple junction at
120° angles.!! One possibility that has been explored'? is to add to the action
functional a term depending on the curvature « of the contour. Indeed, it is known

This is a subspace of the space BV (2) of functions with bounded variation in Q, and it is called
the space of special functions of bounded variation in . An example of a function in SBV () is
given by the characteristic function of a finite perimeter set in 2.

10We recall also the variational model where the total variation o fg | Dul is considered, in place
of the terms « [o, ,, |Vul* dx + BH'(J,); see [70]. The advantage of this model (originally
introduced in the context of image denoising) is that the functional involved is convex; the
disadvantage is its lackness of differentiability at zero and its linear growth at infinity. The
discontinuities recovered by the total variation method appear less sharp with respect to the ones
recovered by the Mumford—Shah functional (and seems not to be suited for the reconstruction of
T-junctions). The total variation model has found (in one variant or another) many applications
as a tool to compute the minimum of geometric functionals, in surface reconstruction, in the
development of more sophisticated anisotropic total variation models, as a test example to develop
efficient numerical schemes for nonlinear and non-differentiable functionals, or as inspiration for
edge preserving regularizers. See also the book [3] for related questions and references.

Similarly, corners in case of nonsmooth shapes are smoothed out: however, in this book we
will never be concerned with nonsmooth (polyhedral, for instance) 3D scenes. Apart from the
discussion related to the functional in (1.5), all contours that we shall consider will be without
corners.

12We are not concerned here with functionals depending on the Hessian of u, see [18] for more
information.
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that including curvature integrals in variational segmentation models allows a more
accurate reconstruction of the singularities along the visible contours [30, 71]. Such
anew term is also often used to solve the completion problem for occluded contours:
for instance, in [47, 61] it is suggested the study of the elastica functional

/(,3 + (k) dH', where ¢, (£) 1= AE% forany £ € R,

A being a nonnegative parameter, and the integration being performed over the
missing boundaries. See also [1, 5, 6]. This idea has been pursued by Nitzberg and
Mumford in [64], who proposed a segmentation model which also allows regions to
overlap, in order to take into account the partial occlusion of farther away objects
by those nearer. See also the book [65] of Nitzberg, Mumford and Shiota,'? where
the reader can find a discussion on the segmentation problem with depth, on the role
of T-junctions in the human visual system and on the psychology of continuation of
contours, together with a list of related references.

1.3 The Nitzberg—-Mumford Model

The Nitzberg—Mumford model, called the 2.1D sketch, is a variational model aiming
to give a reasonable solution to the segmentation problem described in Sect. 1.1,
taking into account the depth ordering between different objects, and suited for
possibly restoring by completion the hidden parts of incomplete regions, with arcs
of sufficiently smooth (and not necessarily rectilinear) curves.

Let Partoyerap (IR?) be the set of all finite families S of possibly overlapping closed
subsets of R? with nonempty connected interior, such that each R € S has boundary
OR of class C2, and

| Jr=2.

ReS

Given S € Partoyeriap (R?) and a partial order relation < on S, we enumerate the
elements of S using <, writing S as (R, ..., R,). The relation < can be interpreted
as arelative depth: R; < R; (or equivalently i < j) means that “R; is closer than
R; to the observer”, i.e., R; occludes R;. The sets le defined as

i—1
R ;=R\ | JR; forief2,....n

J=1

B31n this reference the Nitzberge—Mumford model was developed further, together with a related
computer algorithm which, however, does not implement a direct minimization of the functional
NM in (1.4).
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are therefore the “visible” parts of the objects (with respect to the choice of <),
namely, forany i € {1,...,n} the set R} is interpreted as the visible part of R;.
Now, let us denote by ¢nm : R — (0, +00) an even convex function vanishing
quadratically at the origin, and linearly increasing at infinity with slope A. The
Nitzberg—Mumford functional [64, 65] has the following expression:

NM(S, <) :=NM((Ry, ..., Ry))

= [ —g)dx + 6 n R; "/ dH',
B NERFREETDSLTED BY IR ANCE
(1.4)

where g} is the mean value of g on R/, |R;| is the area of R;, § is a nonnegative
parameter, and « is the curvature of the boundary of each region. Notice that:

— the first term in the expression of the functional NM depends on the order <
(while the second and the third one do not). It encourages partitions with visible
brightness g} close to the data.

— The second term is a penalization on the total area of the regions R;, so that too
many overlappings are penalized.'*

— The last term is a penalization on the length and the curvature of all contours,
which are therefore required to be short and wiggle as little as possible. The
linear growth of ¢y at infinity serves to assign a finite energy contribution to a
corner of the contour, proportional to the change in tangent direction. Indeed, if
the boundary of a set R in the partition is not smooth, but just piecewise smooth,
the curvature depending term in (1.4) is defined as follows. Write dR as the image
of a map y using the arclength s € [0,1(y)], where I(y) = H'(3R), and let 6
denote the angle between the tangent to y and the positive direction of the first
axis. Assuming that @ is of class C! out of a finite set of points C, then the term

/ édnm(i) dH' is replaced by
IR\)2

[ om@ds 2L 16% 6 -6 (15)
[0.I(N\C

seC

where 67 (s), 0~ (s) are the two one-sided limits of § at s € C.

— The reason of the presence of the mean values g/ is the following. Suppose to
fix the pair (S, <) and to consider the right-hand side of (1.4) as a function of
the constants g/, ..., g,. Then, this function is minimized for the choices g/ =
‘Tlﬂle{gdxforanyi =1,...,n.

141f § is too large, a minimizing configuration could, in principle, destroy a T-junction, transforming
it into a smoothed corner.
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Remark 1.3.1 A slight modification of NM consists in taking a finite ordered
family (R, ..., R,) of closed subsets of R? with nonempty connected interior and
boundary of class C2, defining R| := Ry, R} ;== R; \Uj_le fori € {2,...,m},

R = Q\UJ_ R; (the background) and then defining the action functional on

the family S of these partitions, as

NM((Ri, ..., R, R, )
m+1 (16)

—Z/<g, g)de+8Z|R|+Z/ (B + (i) dH.

i=1 i=1 i=1

where, again, g; is the mean value of g on the visible part R} of R;. In this way, the
background is not penalized. This modification corresponds to impose R, = 2 in
the Nitzberg—Mumford model (and n = m + 1).

The Nitzberg—Mumford model represents a scene in terms of overlapping
ordered finite families of subsets of 2. An ordered family which minimizes NM
is called an optimal overlapping segmentation of g. In such a segmentation possibly
new contours are introduced,"” interpreted as the continuation of partly occluded
contours. Interestingly, besides a segmentation of g, a configuration minimizing NM
carries an order information among the various regions, so that the model identifies
a sort of notion of relative depth between the objects, which tells us which region
is in front and which region is in back. In addition, the model is capable to often
reconstruct correctly'® the T'-junctions, differently with respect to the Mumford—
Shah model.

Example 1.3.2 (Partially Overlapping Disks) Take Q = (0, 1)x (0, 1) as usual, and

_ 3\, 1
BT =ix=x,x)eQ:(xi—<) +x5 5 —¢,

8 16
B+ ( ) €Q 52+ 2o L
= X = x,x N X1 — — .x_ .
b2 '8 2= 16

Choose a piecewise constant function g as follows: g equals to a constant in B~ and
another constant in BT\ B~,and g = 0in Q \ (B~ U B™). If we consider the
family {B~, BT, Q \ (B~ U B™)} with the order relation so that

Ri=B~, R,=B", R,=Q\ (B UBY),

5Thus giving a first guess on the completion of the occluded contours.

16Substituting ¢, in place of ¢ny does not modify this positive feature of the model.
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we have: R| = Ry, R, = R, \ Ry, and
(R R R = [ - dxt [ @ -wrdx om0 BT
B~ BT\B—
4 f (B + ) dH' + / (B + () dH!
9B~ aB+
= 5B~ N BT| + / (B + () A
JdB—

+ / (B + (i) dH'.
dB+

since g} = gin B~ and g5 = gin BT \ B™. On the other hand, if we take the order
relation so that

Si=B%, S=B", S;=Q\(B UBY),
we have S| = 1, 5, = $>\ Si,
RM((S1. S2. 53) =/ (€, — ) dx +/ (€h— ) dx + 8B~ N B*|
B+ B—\B+
4 / (B + (i) dH' + / (B + () dH!
9B~ aB+
— [ (@ -erax B OB [ (B gl aH!
B 0B~

+ / (B + (i) dH,
9B+

and / (g} — 2)* dx is positive. Therefore,
BT

NM((R1. Ro. R})) < NM((S1. $5. 5%)).

This inequality leads to believe that, when looking for a minimizing segmentation of
g, the partition (R;, R», R}) is more favourable with respect to (Sy, S», S3), in which
case the set B~ is in front of BT, and the depth order would be also reconstructed.!”

""However, as in the Mumford—Shah functional, in a minimizing segmentation of g corners are
smoothed out due to the presence of the term measuring the length of the contours. Indeed, it is
still convenient to smooth a corner appearing in the jump set of g and then reduce the length term,
at the expense of slightly increasing the other terms in the functional. This implies that corners
are not sharply reconstructed, which is a phenomenon that would obviously happen also if one
replaces ¢nm With ¢, in (1.4).
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However, another possible choice is to consider the ordered partition
T\=B", T,=BT\B~, T{y=Q\(B~UB™M),

where now 7, N T, = @, and T5 is not of class C2, and therefore the expression for
the functional in (1.5) is required. We have

N T T = [ B gt dH [t i e

(BT\B

where ¢ takes into account the contribution due to the two corners of B* \ B~. The
comparison between NM((R}, R». TRY)) and NM((T}, T». T3)) depends now on the
magnitude of the various involved parameters (in particular of §). It is worth noticing
that the partition (7, 7>, T3’ ) cannot be a minimizer (even a local minimizer), since
a small smoothing of the corners makes lower the value of NM: indeed the length
term decreases most with respect to the contribution of the fidelity term.

Remark 1.3.3 (Nonlocally Constant Grey Level) The model was conceived for
images having a locally constant grey level, since in (1.4) the function u is assumed
to be locally constant and equals g; on R;. As observed in [65, Chapter 6], it is
possible to remove such an assumption, by replacing the first sum in NM with the
term'®

Z/ (u—g)zdx+a2/ |Vul? dx.
R R

i=1 i=1

Various properties of a weak formulation of NM were inspected in [13], based
on the previous work [15] (furtherly refined in [12]) on the elastica functional.'® A
numerical minimization of the Nitzberg—Mumford functional has been explored in
[39].

It is worthwhile to remark that the occlusion problem in the functional (1.4)
is tackled by enforcing a priori a “global” ordering between the objects, which are
therefore obtained as a stack of depth ordinate objects: in this way, self-overlappings
and interwoven shapes are excluded.

18 Again, here o is a nonnegative parameter. Note that letting « — o0 forces the function u to
be piecewise constant. Notice also that, referring to the modification considered in (1.6), the term

to be added reads as 371" [o (u — 2)2 dx +a Y08 [ [Vul? dx.

19See [16] and the references therein for the applications of the elastica functional to computer
vision.
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1.4 Other Curvature-Depending Functionals

Before passing to the discussion on the apparent contours, for completeness we
briefly illustrate some other variational models for image segmentation containing
a curvature term. We refer also to the books [60, 68] and their list of references for
a discussion on related arguments.

Functionals that include curvature terms have been considered by various authors
in the recent literature on image segmentation, see, for instance, [1, 4, 7, 17-20, 22,
25,28,29,35-37,40, 55,57, 68]. In this section we limit ourselves to describe three
models related to our previous discussion.

The minimization of a functional depending both on the curvature and on the
total number of singularities along the curves was proposed by Terzopoulos [73]
and, independently, by Anzellotti, and reads as

A(u,C, P) :=/Q(u—g)2a’x+oe/Q |Vu|2dx+/c(,3+¢2(/c)) dH' 4 o#P,

\cup

where C is a suitable family of plane curves® in 2, P is the set of the endpoints
of the curves in C, #P is the number of points of P and o is a suitable
positive parameter. The elastica term asks, as usual, for a greater regularity of a
minimizing configuration, while the penalization of the total number of endpoints
encourages the sensitivity for the recognition of the nodes. Differently with respect
to the Nitzberg—Mumford model, minimizing configurations of the functional A
do not necessarily destroy a corner. Therefore this model is suited for a better
reconstruction of the angles in the image, but it does not recognize any order due to
occlusions between the various regions.

With the purposes of incorporating the occlusion information and reconstructing
the hidden contours, another variational model has been proposed in [9] (see also
[8, 10]). In this model the fidelity term is the usual one as in (1.3), hence it does not
depend on any notion of ordering. The order dependence due to occlusions appears
in another term in the functional, that we now quickly describe. Let us denote by
BV(R?,7Z) the space of functions of bounded variation taking integer values. A
function y € BV (R?, Z) can be written as

XZZO‘I'XR," with o; € Z \ {0} foranyi € Z,
ieT

where Z € N is at most countable, {R;}; is a family of possibly overlapping finite
perimeter sets with R; # R; forany i, j € Z withi # j, and yp, denotes the
characteristic function of R;, namely yg, (x) = 1if x € R; and yg,(x) = 0 if
x ¢ R;. We call the double sequence (;, R;);ez a representation of y.

20The functional A has been studied in [30] (see also [21] for further approximation properties), to
which we refer for all details.
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The functional proposed in [9] reads as follows: if u € SBV(Q2) and y €
BV(R?,Z) are such that u is of class W!? out of the closure of the jump set J,
of y,! then

BM(u, ) := MS(u) + inf Y _ |o;[W(R;),
i€T

where the infimum is taken over all representations (¢;, R;) of y, and W denotes the
L'-lower semicontinuous envelope of the functional

4 e/ (B + da(i)) dH. (1.7)
QNoA

In this model, J, represents the set of all contours, and the occluded part corre-
sponds to J, \ J,. The function u is, as usual, the denoised grey level. However,
also this model is not capable to detect occluded and occluding objects at the
same time. To overcome this problem, in [11] it is proposed a different variational
model allowing for interwoven and self-overlapping shapes such as those in Fig. 1
in the Introduction, which reads as follows. Let us denote by Wp the L!'-lower
semicontinuous envelope of the functional in (1.7), where ¢num is replaced now by

$p(€) = Al§)".  §eR, (1.8)

and p > 1. Letn € Nand let {R;}i=1... be a family of bounded subsets of R? with
W,(R;) < +ooforanyi = 1,...,n. Associated with {R;, ..., R, }, we introduce
the function v defined as

Fig. 1.1 (Left) The bold graph represents the visible part of the apparent contour of the three-
dimensional scene in Fig. 3 of the Introduction; the whole graph represents its apparent contour.
(Right) The values of the function fs. The labelling dy is not displayed here, but it can be inferred,
for instance, from Fig. 3.11. Compare also with Fig. 9.11

2I'This means essentially that the jump set of u is contained in the jump set of y.
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w(x)e{ie{l,...,n}:xeR,«},

Yy =0 ifxg| )R

i=1

so that several choices of the values of { are possible, in the intersection of two of
the sets R;. The function v takes the role of a local depth ordering associated with
{Ry....,R,},and the set {x € R?: ¥(x) = i} represents the visible part of R;, for
anyi € {1,...,n}. Let u € BVj,(R?) be piecewise constant. We denote by D the
setof all (u,n,{Ry,..., R,}, V) satisfying the inclusions

J.CJy S C)aR,-.

i=1

We define the functional BM; : D — [0, +00] as

BM(u,n.{Ry,..., Ry}, ¥) := /};Z(u —g)’dx+ Y W,(R).

i=1

Observe that the dependence of BM; on i appears in the domain D. A comparison
between this model and the Nitzberg—Mumford model will appear in [11].
We conclude this section by recalling

— the perspective taken in [68, 69], where the mathematics of the completion
problem is inspired by the architecture of the visual cortex; see also [29], for
a phenomenological variational model based on the elastica functional.

— the models for visual interpolation of missing contours in [38, 41, 42, 46, 58, 74,
75] and the references therein.

1.5 The Variational Model on Labelled Graphs

As already observed, the occlusion problem in the functional (1.4) is tackled by
enforcing a priori a “global” ordering on the objects,”> which are then considered
basically as flat silhouettes at constant distance from the observer. This excludes
situations where two objects overlap in opposite order in different locations as
in Fig. 1, or where a single body self-overlaps, like the knotted solid torus in
Fig. 2. Therefore, the Nitzberg—Mumford model can represent pictures of interposed
objects that are neither woven nor self-overlapping. This limitation can be consid-
ered as the main motivation for the authors of [14] to introduce the variational model
on labelled graphs, that we want now to describe. As we shall see, this model is

22See also [65, Chapter 6].
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Fig. 1.2 The values of fx do
not identify a
three-dimensional scene 2

]f )

strictly tied to the reconstruction problem of the 3D-scene E described in Sect. 1.1,
and it requires a topological analysis on apparent contours, an argument covered
in various chapters of this book. Indeed, declaring the domain Dom(F) of the
action functional F requires an understanding of the structure of a labelled apparent
contour. More precisely, it requires the solution of an inverse problem which is
topological in character, namely the characterization of those planar graphs which
are apparent contours of some three-dimensional stable scene in a given projection
direction. This problem is called the recovery problem in computer vision, and aims
to bridge the gap between three-dimensional scenes and two-dimensional contours.

Let us start with a quick description of the apparent contour®® of the boundary
Y of a three-dimensional scene E, referring to Chap.3 for the details. Writing a
point of the set Q in (1.1) as (x1, X3, 2), let us consider the orthogonal projection
of ¥ onto the plane {z = 0}. We will interpret the direction es, orthogonal to this
plane, as the viewing direction: ideally, the observer is situated behind the plane,
while the scene is in front of the plane, as depicted in Fig. 3.1. Associated with the
choice of the projection direction, we can now consider the critical set, defined as
the set of all points of ¥ where the tangent plane contains the line spanned by e;.
Under a suitable stability assumption,?* it turns out that the critical set consists of a
finite number of smooth simple pairwise disjoint closed curves. Then the apparent
contour Gy of X, defined as the orthogonal projection on {z = 0} of the critical set,
consists of the image of a finite family of maps which are smooth immersions of S!
in Q up to a finite number of points corresponding to canonical (or simple) cusps;
the image of each of these maps can have a finite number of self-intersections, and
also two images can intersect. In any case, the intersections (called crossings) are
double and transverse.””> As we have anticipated in the Introduction, in Fig. 3 we
show a connected three-dimensional scene, and in Fig. 4 we show the same scene,
but as if it were transparent, in order to make clear the apparent contour, which in
this case has four cusps and one crossing: see Fig. 1.1 (left). On the other hand, we
do not display the critical set.

Now, given a point x € 2 out of the apparent contour, we denote by fx(x) the
total number of layers of ¥ which are in front of the point (x, 0). Then the jump

23The reader can look through reference [23] for an introduction to apparent contours.
24See Definition 3.2.1.

25In computer vision, the description of the possible singularities of the visual mapping of a smooth
manifold-solid onto the image plane under parallel projection can be found, for instance, in [54].
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Fig. 1.3 Image taken from [14]. The values of fx (the same as in Fig. 1.2) and of d = dx identify
the depth-equivalence class of E. Left: the larger sphere is in front of the smaller one. Centre: the
larger sphere is behind the smaller one. On the right the large sphere has a hole inside. Compare
also with Examples 9.5.2-9.5.5

Fig. 1.4 The values of fr and of d = df. Image taken from [14]

set J . of fx coincides with Gy, and fsx jumps of two units when passing from
one side to the other along an arc of the apparent contour.”® Moreover, J fx carries
a natural orientation, so that the higher value of fs lies locally on the left.?’ It is
not difficult to see that the local values of fs around an arc, a cusp and a crossing,
respectively, are as displayed in Fig. 2.3.2 In Fig. 1.1 (right) we denote the values
of fx for X as in Fig. 3.

It is worth noticing that the knowledge of fx does not uniquely identify the
depth-equivalence class of a three-dimensional scene, as it follows by looking
at the example in Fig. 1.2. This configuration, indeed, represents three ambient
isotopically inequivalent?® scenes E, sharing the same values of fx:

— E has two connected components: a large sphere in front of a smaller one;
— E has two connected components: a large sphere behind a smaller one;
— FE is connected, and it is a sphere with a hole inside.

26Notice that fy, € BV(S2,2N), the class of all functions of bounded variation in  taking values
in the even natural numbers (zero included).

2TThis is the reason why, in some of the figures containing the values of fx, we do not display the
orientation of the apparent contour.

28In Fig. 2.3 the function f is denoted by f since in the more general framework of Sect. 2.2,
there is not a surface ¥ embedded in R3.

2The notion of ambient isotopically equivalence of two scenes is explained in Chap. 6.
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To hope uniqueness of solutions to the recovery problem up to certain transfor-
mations of R?, it is indeed necessary to enrich Gy with a labelling dx (sometimes
called Huffman labelling [48], see also [77, 78]). Precisely, for a given point x in the
relative interior of an arc, dy(x) is the number of layers of X in between (x, 0) and
the unique point on the critical set projecting on x. Namely, dx (x) gives the number
of layers of ¥ which are “anterior” to the point on the critical set corresponding to
x.30 Referring to the three possible interpretations of Fig. 1.2, we show in Fig. 1.3
the three corresponding different labellings. One can realize that fs and dy must
satisfy a certain number of compatibility conditions, precisely the ones depicted in
Fig. 3.11. It is also worthwhile to observe that the apparent contour and the two
functions fy and dyx do not depend on the choice of an element inside the depth-
equivalence class of E.

In Chap.5 we show that the labelling characterizes those graphs which are
apparent contours of some three-dimensional scene. Namely, given a plane graph
G the nodes of which are only cusps and crossings, enriched with a labelling
d satisfying all compatibilities (called consistent labelling), there exists a smooth
stable three-dimensional scene E having that labelled graph as its apparent contour,
ie., Gy = G and dy = d (where, as usual, we adopt the notation ¥ = 0F).
Moreover, the depth-equivalence class of E is unique. Keeping in mind this
existence and uniqueness result also in connection with the reconstruction problem
described in Sect. 1.1, we can finally identify the domain of the functional F:
Dom(F) consists of the triplets ( f, d, u), where f € BV(L2,2N), and

— the jump set J, of f is an oriented graph with cusps and crossings,
— d is a compatible labelling on J 7,
— uis in the Sobolev space H' out of the visible part {d = 0} of J .

Then, given (£, d,u) € Dom(F), the functional F reads as follows®':

F((f.d,u) ::fg(u—g)2 dx +a/m{d_0} |Vul* dx

+ / (B + ¢p(k)) dH' + o#nodes(J 7)),
J ¢ \nodes(J )

3See also Fig. 3.14, which shows the labelling for Fig. 3 in the Introduction. Once we have given
dyx, we can define the visible contour of X as the closure of {ds = 0}. Its singularities are only
terminal points (corresponding to cusps in the apparent contour) and T-junctions (corresponding to
crossings).

31Chapter 11 is devoted to the mathematical study of some aspects of the functional F, whose
rigorous definition is given in Sect. 11.1.
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where p € (1,2),% ¢, is defined in (1.8), and nodes(J r) denote the set of all cusps
and crossings of J . Notice that:

— the fidelity term (first term in F) is the same as in the Mumford—Shah functional,
and therefore is independent of any occlusion ordering.

— Recall that {d = 0} € J, and that d depends on the values of f; f is, in turn,
determined by its jump and a suitable orientation of it (as shown in Lemma 2.2.9).
Therefore, the term / |Vu|? dx depends also on the orientation of J I3

Q\{d=0}
The conditionu € H'(2\{d = 0}) means essentially that J, C {d = 0}. Hence
u is required to be “smooth” along the invisible part {d > 0} of J. In order to
decrease the action F, it is therefore convenient, for a given f, to have {d = 0}
as large as possible, in order to let # jump in a larger set and consequently to
reduce the value of F((f.d,u)). The invisible part of the graph J is therefore
“minimized”.

— The third term, which contains the curvature, is a penalization for both the visible
and the invisible part of the graph. Since we assume p > 1, a graph with corners
is excluded.

— The last term is a penalization on the total number of nodes (i.e., crossings
and cusps). However, in a minimizing configuration, this does not lead to the
reconstruction of corners related to the presence of polyhedral parts in the scene.
The only allowed possibility happens when a corner is interpreted as a T-junction:
this is exactly what happens in the Kanizsa triangle discussed below.

— We cannot in general confine ourselves to consider a piecewise constant function
u out of the visible part of the apparent contour. Take, for example, the case of
Fig. 1.4: assuming u to be piecewise constant out of the visible contour would
imply the arcs of the apparent contour ending at a cusp not to be anymore parts
of the discontinuity set of u.

Let us observe that this model has, in certain situations and with the proper choice
of the parameters, a higher degree of freedom with respect to the Nitzberg—Mumford
model, for what concerns the completion of the hidden contours. Consider, for
instance, Fig. 1.5 (left), where we assume g = 0 out of the figure, g = 1/2
in the lower part, and g = 1 inside the ellipse, and two T-junctions are present.
The completion of hidden contours obtained by minimizing the Nitzberg—Mumford

32As we shall see in Chap. 5 the exponent p = 2 is not allowed (close to the cusps). Notice that
the canonical cusp of J; has the local form x% = xf; hence locally around the origin on a branch

of the cusp and for x; > 0, we have k(x) = % 73 which belongs to L? for p € [1,2)

1
but not to L? in a neighbourhood of the origin. It may also be useful to observe that, as in the
Nitzberg—Mumford model, the values of the parameters appearing in the expression of F can be
related to the size of the curvature of the contour.
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oD 0

Fig. 1.5 Centre: the completion given by minimizing the Nitzberg—Mumford functional in (1.4),
for a certain range of parameters. This configuration, as well as the one on the right, is admissible
for the model on apparent contours. We display the values of the labelling: the integer 2 refers to
the short arcs connecting a cusp to the visible part. Compare also with Example 9.5.6

model is, under certain parameters range,’> most probably the one depicted in
Fig. 1.5 (centre), which corresponds to a 3D scene consisting of two connected
components, with the ellipsoid in front of the other connected component. On the
other hand, besides this reconstruction, the model on apparent contours has another
inequivalent way to resolve the 3D scene: this is shown in Fig. 1.5 (right), with
u = g. This latter figure displays a connected 3D scene representing a mushroom. In
this configuration (where we indicate also the values of d), there are two new nodes
(the two cusps inside the ellipse) that are penalized in the functional F; however,
the curvature of the invisible contour may be not so high, so that this configuration
may become more favourable.

The variational model on apparent contours is more complicated than the
Nitzberg—Mumford model, and allows in general for a larger number of possible
topological completions of the occluded contours. However, it shares with the
Nitzberg—Mumford model the limitation of computing the continuation of hidden
contours using only local information on the endpoints and tangents.>*

It is interesting to look at the behaviour of the functional F on the Kanizsa
triangle [49].% Instead of the original Kanizsa triangle, we consider the picture in
Fig. 1.6, where the three vertices are slightly smoothed. Such a smoothing simplifies
the presentation, it does not affect our qualitative discussion, and does not affect the
presence of the illusory contour. We take g = 1 inside the three dark regions and
g = 0 elsewhere. We also imagine to have a very large positive parameter in front of
the fidelity term, so that a minimizing configuration ( f, d, u) has u very close to g.

33 Another configuration with finite action (both for NM and for F) less favourable for a suitable
range of parameters and also less natural, consists in splitting the set into two disjoint regions, by
smoothing the two T-junctions and transforming them in two smoothed corners.

34Namely, the continuation of hidden contours is computed solely from the endpoints and tangents
to the visible contours at their terminal points, and not from a procedure taking also into account
the global shape of the regions.

33Concerning the “Gestalt school”, see, e.g., [50, 51, 59, 76].
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Fig. 1.6 Smoothed Kanizsa
triangle; we take g = 1 inside
the dark regions and g = 0 /\

outside. Image taken from
[14]

Fig. 1.7 The values of f,
and d,. The function u, is
equal to g. Note that the
visible part {d, = 0} of the
contour consists of the whole
big triangle and the union of
the long arcs of the three
disks. Image taken from [14]

Consider the triplet ( f,, d,, u,) where u, = g and the values of f, and d, are
displayed in Fig. 1.7. Note that

— the set {d, = 0} (visible contour) contains the three long segments composing
the “illusory contour”, so that the whole big triangle with the smoothed vertices
is visible and occludes part of the three circles;

— the set J,, is strictly contained in {d, = 0}.

We then have

F (s dov 1) = / (B + () dH' + 60, (19)

J 1, \nodes(J 1)
where J, is the whole apparent contour in Fig. 1.7 and nodes(Jz,) are the six
crossings, which are penalized.

The optimality of this configuration in terms of F obviously depends on the
choice of the parameters. For instance, another admissible triplet ( fy, db, up) is
obtained by slightly smoothing the six crossings, as displayed in Fig. 1.8, so that
they do not contribute anymore to the action. The function u, is equal to 1 inside
the three smoothed regions and 0 outside, and the values of f;, and d, are depicted
in Fig. 1.8, so that the three smoothed regions are visible. Differently with respect
to u,, in this case uy, is not exactly equal to g, and this gives a nonzero contribution
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Fig. 1.8 The values of f, 0
and d,. The six corners of @
Fig. 1.6 are smoothed, and

this has a cost in terms of the
curvature of the contour. The
function u, is not identically
equal to g. Image taken from

CEEY

in the expression of F (( fy, dp. ur)). Notice also that J,, = {d, = 0}. Since the
corresponding apparent contour now has no nodes, we have

f((fb,db,ub))=f9(ub—g)2 dx—i—/J (B + () dH". (1.10)
o

The largest contribution on the right-hand side of (1.10) is due to the term
lk|? dH' around the smoothed corners, since the exponent p is larger than
It
one.’® On the other hand, the length of Jy is now smaller than the length of J,,
since the illusory arcs are not anymore in the jump set of f,. Finally, a small nonzero
contribution is present, due to the L?-penalization of the difference between u;, and
g, which is of the order of the area of the difference between the black regions in
Fig. 1.6 and their smoothed versions.
In conclusion, if f is sufficiently small with respect to the other parameters, and
if the smoothing of the corners is accurate enough, comparing together formulas
(1.9) and (1.10), it is reasonable to expect that

F((far das ua)) < F ((Jo. dp, ) .

and that ( f;, d,, u,) is a triplet minimizing F.

It is worth noticing that parts of the visible contour {d, = 0} are present also
where u, does not jump: this happens exactly on the illusory contours, which are
therefore reconstructed.

Summarizing, our approach to the problems illustrated in Sect. 1.1 is the
following.

(1) Given g, infimize F among all admissible triplets. Assuming that the problem
has at least one solutions, call

(f.d.u)

a minimizer.

3For a circle S, of radius ¢ > 0 and « its curvature, we have | |k|” dH' = 2me'™?, which
Se
diverges as ¢ — 0.
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(2) Find the depth-equivalence class [E] of the three-dimensional scene E such
that, setting ¥ = 0F,

fs=f and ds =d

via Theorems 5.1.1 and 5.1.4.

The interesting conclusion is that a three-dimensional output [E] is obtained,
starting from an input represented by the two-dimensional image g.

A preliminary analysis for the study of the infimization of F is made in Chap. 11.

Recognizing the 3D shape, once [E] is given, a problem which concretely
consists in simplifying the apparent contour by means of admissible moves cor-
responding to isotopies of R?, is the content of part of the book.

We conclude this chapter by observing that a direct minimization of the
functional F seems to be a hard problem (and essentially the same holds for
the Nitzberg—Mumford functional). If one is concretely interested in finding a
minimizer of F, a possible strategy could be to use a descent method along the
gradient, starting from some initial configuration. Such an initial configuration could
be found as follows. First one approximates g with one of the available methods
in segmentation and devise, in particular, a set of curves expected to be close to
the visible contour of a minimizer of /. Making use of the results of Chap.4,
this segmentation of g, in particular the approximation of a visible contour, can be
completed into a labelled apparent contour. Such an apparent contour can finally be
used as the starting configuration for the above-mentioned gradient descent method.
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Chapter 2
Stable Maps and Morse Descriptions
of an Apparent Contour

In this chapter we recall the notion of stable map between two manifolds.' It is
convenient to introduce the terminology in arbitrary dimension, and in a rather
abstract setting. In Chap. 3 we will be concerned with the material collected here,
in the special case of a two-manifold embedded in R*: the reader interested in
the embedded case can skip this chapter, and look directly through Chap. 3. In
Chap. 6 we shall make use of the stability properties of a one-parameter family of
embedded surfaces. Interesting situations for us will be when the source and target
manifolds have the same dimension, and in particular the two-dimensional and the
three-dimensional cases.

2.1 Stability of Maps

Given a (finite dimensional) manifold Z of class C*° without boundary, we set
Diff(Z) := {y : Z — Z : x diffeomorphism of Z of class C*}.

We say that y € Diff(R") is supported in B C R" if y(x) = x forany x € R" \ B;
x 1s said to have compact support if B is bounded.
We set
Diff.(R") := {F € Diff(R") : F has compact support} .

Notice that if 7 € Diff.(R"), then F is a positive’ diffecomorphism of R".

ISee [23, 25, 26], the books [9, 10, 18, 24], the references quoted in [27], and also [1, 17].

2The map F keeps the orientation: for instance, when n = 2, a positively oriented Jordan curve in
R? is mapped through F into a positively oriented Jordan curve.
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As it is customary in differential topology, by a closed manifold we mean a
compact manifold without boundary.

Let 2" denote a closed manifold of dimension m > 1 of class C*® (source
manifold), and let % be a manifold of dimension n > 1 of class C*° without
boundary (target manifold). We denote by C*° (2", %) the set of all maps of class
C® from 2 to %, endowed with the Whitney topology [10], [15, Section 41], [2].

Definition 2.1.1 (Equivalence) Two maps ¢, ¢, € C*°(Z", %) are C* left-right
equivalent (briefly, equivalent) if there exist y € Diff(2") and n € Diff(#') such
that

Y20 )X =No@p.
In other words, the diagram

2 2w

O

r 2w

is commutative.
The next definition relates the notion of equivalence with the Whitney topology.

Definition 2.1.2 (Stability) A map ¢ € C®(2Z", %) is smoothly stable (briefly,
stable) if there exists a neighbourhood U, C C*(Z", %) of ¢ such that any map in
U, is equivalent to ¢.

We set
Stable(Z", %) := {p € C=°(Z", %) : ¢ is stable}.

We notice that Stable(Z", %) is an open subset of C*° (2", #%).
In view of the important role taken by the concept of stability, it is worthwhile to
illustrate it with some examples.

Example 2.1.3 (Morse Functions) Suppose that # = R. When 2" is closed, ¢ €
Stable(Z", R) if and only if ¢ is a Morse function (that is, it has a finite number of
critical points, and each critical point is nondegenerate) with distinct critical values®
(see, e.g., [10, Chapter 3, Proposition 2.2]).

3In the terminology of Thom, Morse functions are called correct, and Morse functions with distinct
critical values are called excellent [6].
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a b a b a b

Fig. 2.1 Example 2.1.4. Left: a stable Morse function with two nondegenerate critical points.
Centre: an unstable function with one degenerate critical point. A small deformation produces
two critical points. Right: an unstable Morse function with three nondegenerate critical points

Example 2.1.4 As a special case of Example 2.1.3,* suppose that 2~ = R and
% = R. Stability now means that the second derivative cannot vanish at stationary
points (that is, critical points cannot be degenerated) and that distinct critical points
cannot map onto the same value. Consider the functions in the left and right Fig. 2.1,
with nondegenerate critical points in the interval (@, b): one local maximum and
one local minimum in Fig. 2.1 (left) having different critical values, and the double-
well potential shaped-function with two minima at the same level and one local
maximum, in Fig. 2.1 (right). Then the function in Fig. 2.1 (left) is stable; on
the other hand, the one in Fig. 2.1 (right) is not stable, as well as the function in
Fig. 2.1 (centre), having one horizontal inflection point. Roughly speaking, stability
means that a small (in C*° (R, R)) deformation of the function does not change the
qualitative properties of its graph. It is clear that a small deformation of the function
in the central picture of Fig. 2.1 alters the number of critical points, and a small
deformation of the function in the right picture of Fig. 2.1 alters the number of
critical values. On the other hand, for the function in Fig. 2.1 (left) it is not possible
to introduce new critical points as well as to modify the local number of critical
values using small deformations, since these deformations may slightly change only
the horizontal or the vertical position of the critical points.

Example 2.1.5 A stable map from S' to R? is a smooth curve that can have a
finite number of transverse self-intersections, and the number of preimages cannot
be larger than two (no triple intersections). This readily generalizes to a one-
dimensional closed manifold .2°, which is the disjoint union of a finite number of
copies of S'.

Example 2.1.6 (Knots) Classical knots® in R? (respectively in S*) are stable maps
from S! to R3 (respectively to S%).

Let ¢ € C®(Z, %) and let us denote by d¢ the differential of ¢.

4Not quite, since R is not closed. However we require functions to behave “nicely” outside some
interval [a, b], e.g. by forcing them to have constant nonzero derivative.

SIn this book a knot is a C°° embedding of S! in R, hence in particular a tame knot in the usual
terminology; see, for instance, [8, p. 5].
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Definition 2.1.7 (Critical Set) The critical set of ¢ is defined as follows:

crit(p) = {S € Z :rank (dp(§)) < min(m,n)}.

In the literature of singularity theory, the critical set is often also called singular
set.

Notice that the critical set living on a single connected component of 2 is not
necessarily connected.

The next example, as well as Theorem 2.1.12, is of particular importance in
connection with the apparent contours of embedded surfaces, which are considered
in Chap. 3.

Example 2.1.8 Suppose that 2" is two-dimensional, and let ¢ € Stable(.2", R?).
Then, a theorem in singularity theory due to Whitney (see [25], [10, p. 191]) asserts
that ¢ is excellent, namely, the following properties hold. The critical set of ¢
consists of folds, denoted by

Si(e).

This is the set of all points £ € 2~ where d¢(§) has rank one. S;(¢) is a smooth
submanifold of 2" of codimension one without boundary, hence it is the union of
a finite number of smooth closed disjoint simple curves,® called fold curves. Inside
the folds, we can isolate the set of cusps,7 denoted by

S1,(¢) C S1(e).

This is the set of all points of S;(p) where the differential of the restriction of ¢
to S1(¢) vanishes. S1,(¢) is a smooth submanifold of codimension two, hence it
is a finite set of points. The characterization of stable maps in this case is given in
Theorem 2.1.12, below.

Example 2.1.9 Suppose that 2" is two-dimensional. A classical result (see, e.g.,
[10, Chap. 6, Sec. 1]) asserts that a stable map ¢ € C*® (2", R?) can have (only) the
following features:

* regular points: (image of) points where locally ¢ maps diffeomorphically onto
its image;
« double curves: points of R? having exactly two preimages;

%Therefore, each of these curves is the embedded image of S! into 2.

7We warn the reader that these cusps, belonging to the source manifold .2, should not be confused
with the cusps of an apparent contour, which lie in the target manifold #/.
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e pinch points (in finite number): (image of) points where the differential of ¢
drops rank. The standard example of a map exhibiting a pinch point is the so-
called Whitney umbrella®;

« triple points (in finite number): points of R having exactly three preimages.

The next example is useful in connection with the results illustrated in Chap. 6.

Example 2.1.10 Suppose that 2" is three-dimensional and let ¢ € Stable(Z", R?).
Then, a theorem in singularity theory (see, e.g., [10, Chap. 7, Sec. 6]) asserts that the
critical set of ¢ consists of folds, denoted by S;(¢). This is the set of all points £ €
Z where d¢(§) has rank two. Sj(¢) is a smooth submanifold (without boundary)
of 2 of codimension one. Inside the folds, we can isolate the pleats, denoted by
S1,(¢) C Si(p). This is the set of all points of S;(¢) where the differential of the
restriction of ¢ to S;(¢) has rank one. Si,(¢) is a smooth submanifold (without
boundary) of 2" of codimension two. Inside the pleats, we can, in turn, isolate the
set of swallow’s tails, denoted by

S13((p) - Slz((p)’

namely the set of all points of S}, (¢) where the differential of the restriction of ¢ to
S'1, (@) vanishes. Sy, (¢) is a smooth submanifold of :Z" of codimension three, hence
it is a finite set of points.

Definition 2.1.11 (Critical Value Set) Let ¢ € C*°(Z", %'). The critical value set
of ¢ is defined as

g(crit(p)).

The critical value set, for a stable map from a closed two-dimensional manifold
to the plane (also called apparent contour), will be extensively studied in the
subsequent chapters. In Chap. 6 we shall consider the case of maps from a closed
three-dimensional manifold into R3 (see, in particular, the stratification of ¢ in
Sect. 6.2).

The next result (see, e.g., [27] and the references therein; see also [23, pp. 61,62])
is crucial for the aims of the present book.

Theorem 2.1.12 (Equivalence to Stability in the Two-Dimensional Case) Let
Z be a closed two-dimensional manifold of class C*®, and let ¢ € C®(Z ,R?).
Then ¢ is stable if and only if the following two conditions hold:

— @ is excellent,
— the images of fold curves intersect only pairwise and transversally, whereas the
image of any cusp does not coincide with the image of any other fold point.

8Sometimes called the cone on a figure-eight curve.



30 2 Stable Maps and Morse Descriptions of an Apparent Contour

Moreover

— if§ € 2 is a fold point then, locally around & and ¢(§), there are coordinates
such that ¢ takes the form

(u,v) = (x1,x2) = (uz, v);

— if&€ € 2 is a cusp then, locally around & and ¢(§), there are coordinates such
that ¢ takes the form

(u,v) = (x1,x2) = (uv — u’, v).

Example 2.1.13 (Inequivalent Maps with the Same Critical Value Set) Two maps
having the same critical value set are not necessarily equivalent, as shown by the
following example. Let 2~ = S! and # = R. Consider the two maps taking 2~
in R, as in Fig. 2.2 (where, for convenience, the abstract manifold S' is depicted
in R?). The critical value set is in this case a finite number of (oriented) points of
R, and it is the same for the two maps which, however, are not equivalent. Indeed,
the two correspondences between the points of the critical set and the points of
the critical value set are topologically different. In the left case, the preimages of
the minimal/maximal values A4 of the singular value set are separated by critical
points, while in the case on the right this is not verified.

When the dimension of 2 is not larger than the dimension of ¢/, we denote by
Emb(Z", %)

the set of embeddings of 2" into % of class C*. It is possible to prove’ that
Emb(Z", %) is openin C*(Z", %).

We also recall the following result.!

Fig. 2.2 Two maps with the
same critical value set are not
necessarily equivalent:
Example 2.1.13

9See, for instance, [10, Chapter II, Proposition 5.8].
10See [23] and [10, p. 162].



2.2 Stable Maps from a Two-Manifold to the Plane 31

Theorem 2.1.14 (Density of Stable Maps) Suppose that the dimensions of 2~ and
% are less than or equal to three. Then Stable( 2", %) is dense in C*°(Z", %).

Unless otherwise specified, all maps that we shall consider will be stable:
therefore, in our discussion on apparent contours, stability will play a central role.

The case of interest in the sequel of this chapter and in Chap. 3 is that of
Example 2.1.8; in the next section we shall focus on this case.

2.2 Stable Maps from a Two-Manifold to the Plane

Let us denote by M a closed manifold of class C° of dimension two.'! In this
section we consider the case

X =M and  =R?,

where, here and in the following, we fix the standard orientation on R2.
Let

¢ € Stable(M, R?). (2.1

We specify the notation of Definition 2.1.11 in this two-dimensional case as
follows.

Definition 2.2.1 (Apparent Contour) The apparent contour appcon(¢) of ¢ is
defined as the critical value set of ¢, namely

appcon(g) := g(crit(p)).

Notice that appcon(¢) is nonempty; indeed, setting ¢ = (¢1, ¢2), the minimum
problem miAI/l[ ¢1(m) has a solution, and a minimizer is a point belonging to crit(¢).
me

Observe also that the critical set in a single connected component of M can give
raise to an apparent contour consisting of several connected components.

Sometimes, we shall refer to appcon(¢) as an apparent contour without labelling
(or, equivalently, an unlabelled apparent contour).

Definition 2.2.2 (Component) A component of appcon(g) is the image through ¢
of a connected component of crit(¢).

As we have seen in Theorem 2.1.12, the stability of ¢ ensures that the number
of components of appcon(g) is finite, and that each component is the image of

"M is an abstract manifold, not necessarily oriented or connected. We shall be mostly interested
(for instance, in Sect. 3.2) in the case when M can be embedded in R?, which gives, in particular,
an orientation to M .
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a C*® map from S' to R%. Such a map is an immersion, up to a finite number
(possibly zero) of points corresponding to cusps'>!3 in the image. Each component
may have a finite number of double transverse self-intersections, at points that are
not cusps; furthermore, different components may have a finite number of double
transverse intersections (at points that are neither cusps nor self-intersections of the
same image). All such intersection points will be called crossings of the apparent
contour of ¢.

Notation: The set of all crossings of appcon(¢) will be denoted by

crossings(appcon(¢)),

and the set of all cusps of appcon(g) will be denoted by

cusps(appcon(yp)).

Since appcon(g) is also considered as a plane graph, possibly containing closed
arcs,'# it is convenient to introduce the set

nodes(appcon(¢)) := cusps(appcon(¢)) U crossings(appcon(¢))

of nodes (or vertices) of the apparent contour of ¢.
Finally, we denote by

arcs(appcon(¢))

the set of all relatively open arcs of appcon(¢p); that is, a is an arc if a is a connected
component of appcon(¢) \ nodes(appcon(¢)).
The arcs of ¢ are classified as follows:

— closed arcs (smoothly diffeomorphic to an S');
— loops that start and end at the same node (a cusp or a crossing);
— arcs connecting two distinct nodes.

A component of appcon(gp) corresponds to a sequence of arcs taken from
arcs(appcon(g)) and nodes taken from nodes(appcon(g)) obtained by “glueing”
arcs at cusps, and pairs of opposite arcs at crossings.

Summarizing, when 2~ = M and % = R?2, the apparent contour of the map ¢
has the following local structure: any point of appcon(¢) has a neighbourhood U

12ocally, each cusp of the apparent contour is diffeomorphic to the simple (or ordinary, see, for
instance, [3, p. 115]) cusp, which has the form {(x1, x2) : x3 = x} or equivalently, in a parametric
form, (¢2,¢3) for a real parameter ¢ in a neighbourhood of the origin.

3The component is, sometimes, called “irreducible” (with cusps and double points); see, e.g., [22].

4Compare, for instance, with Chaps. 1 (Fig. 1.3) and 4. We specify below and in Definition 4.1.1
what is a closed arc, a nonstandard feature in graph theory.



2.2 Stable Maps from a Two-Manifold to the Plane 33

— < f f+2

Fig. 2.3 Left: an arc of appcon(¢). Centre: a simple cusp of appcon(yp), i.e., the semicubic curve
(¢2,13). Right: a crossing of appcon(¢). The labels refer to the function f = Jo defined in (2.2)
and counting the number of preimages of ¢. The apparent contour of ¢ is oriented according to
Remark 2.2.7

in R? such that U N appcon(gp) is smoothly diffeomorphic to one of the pictures
displayed in Fig. 2.3.

The complement R? \ appcon(g) of the apparent contour is a disjoint union of
a finite number of connected open sets. It is then convenient to give the following
definitions.

Definition 2.2.3 (Regions) We call region of the apparent contour of ¢ any
connected component of R? \ appcon().

Definition 2.2.4 (External Region) The external region is the only unbounded
region of the apparent contour of ¢.

Notice that the external region is necessarily not simply connected.

We continue our description of the apparent contour of the map ¢ in (2.1) by
introducing the function counting the number of preimages of ¢. Such a function
easily determines a natural orientation of appcon(gp).

We recall that, given a set P C R, we denote by #P the cardinality of P. As
usual, we denote by N the set of natural numbers (zero included) and by Z the ring
of integer numbers.

Definition 2.2.5 (The Function f,) We define the function f, : R* — N as
follows:

Jo(x) =#{me M : p(m) = x}, x € R2. 2.2)

The function f, is finite, constant on each region of appcon(g), it vanishes on the
external region (but not necessarily only in the external region), and jumps exactly
on appcon(¢). Furthermore, stability of ¢ implies that f, jumps of two units across
an arc (see Theorem 2.1.12).

Remark 2.2.6 The value of f, on appcon(g) is the following:

e on an arc of appcon(g) it is the mean value of the two neighbouring values (an
odd natural number);
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e on acrossing it is the mean value of the four neighbouring values (an even natural
number);

e onacusp itis the minimum between the two neighbouring values (an even natural
number).

Remark 2.2.7 (Orientation) There is a natural choice of the unit normal to the
apparent contour out of the nodes; namely, the one which points toward the region
where the value of f, is higher. Using the orientation of R?, this determines an
orientation of the tangent unit vector to the apparent contour out of the nodes, so
that the higher value of f, is taken locally on the left; see Fig. 2.3.

We recall that the winding number w(y, x) of a continuous closed curve y : S! —
R? with respect to a point x ¢ p(S') is the number of complete counterclockwise
turns of the curve around x. The winding number depends on the orientation of y,
and is negative if the curve travels around x clockwise.

Definition 2.2.8 (Winding Number) The winding number

w(appcon(gp), ) : R? \ appcon(¢) — Z

of appcon(y) is defined as follows:

w(appcon(p), x) := > w(y. X),
y : S'>R?
y(S") component of appcon(gp)

for all x € R? \ appcon().

The function f, can be reconstructed from its jump set (i.e., the apparent contour)
and an orientation of it. More precisely, the following observation holds.

Lemma 2.2.9 ( f, and Winding Number) We have

Jo(x) = 2 w(appcon(gp), x), x € R? \ appcon(e).

Proof The assertion follows by observing that the apparent contour is oriented, and
that both f,, and twice w(appcon(y), -) satisfy the following properties:

— they are locally constant on the regions of the apparent contour,
— they vanish on the external region,
— they jump by two and with the same sign when crossing an arc of the apparent
contour.
O

Remark 2.2.10 Not all oriented closed plane curves satisfying the properties
described above are apparent contours of some stable map ¢. For instance, it is
clear that the following are necessary conditions:
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* the function f,, as reconstructed using Lemma 2.2.9 according to the winding
number, must be nonnegative in every region;

* cusps cannot be adjacent to regions with £, = 0. Indeed, from the local equations
of ¢ around a cusp ¢ given by Theorem 2.1.12, if x belongs to a sufficiently small
neighbourhood of ¢, the points of ¢~ (x) correspond to the real solutions of a
cubic equation.

However, these two further requirements are not sufficient to identify graphs that are
apparent contours of some map. For example, it can be checked that the graph shown
in Fig. 3.12 (centre), the one with the “figure-eight”, satisfies the two requirements
above, but cannot be obtained as an apparent contour, even in the broad context
of this chapter concerning stable maps from a closed, not necessarily connected,
two-manifold to R?.

Example 2.2.11 (Haefliger Sphere) An interesting example of apparent contour,
due to Haefliger'” [12], is depicted in Fig. 2.4, and corresponds to a stable map from
the sphere S? to R2. It is worth mentioning here that this apparent contour cannot
be obtained as an orthogonal projection, onto R?, of the critical set of an immersion
(self-intersections are allowed) of the sphere S? in R? = R? x R. We shall briefly
discuss this example in Sect. 10.17.1. Apparent contours of maps which factorize as
an embedding (self-intersections are not allowed) and a projection will be studied
in Chap. 3.

In the special case when M is orientable, we can distinguish positive and
negative cusps'® of appcon(¢).

Definition 2.2.12 (Positive and Negative Cusps) Let M be orientable. Let ¢ =
@(m) € cusps(appcon(p)), where m € M is the unique preimage of ¢ on the
critical set of ¢. Cusp c is called positive (respectively negative) if the image of
a clockwise oriented small topological circle around m goes around ¢ clockwise
(respectively counterclockwise).

Fig. 2.4 Picture taken from
[12]. It represents the
apparent contour of a map
from the sphere S? to R? due
to Haefliger. As shown in
[12], this map cannot be
factorized as an immersion in
R? and a projection onto R?

3Tn [12, Theorem 1] the author gives necessary and sufficient conditions for the factorization of
an excellent map (see Example 2.1.8) through an immersion and a projection.

19The notion of positive and negative cusps of Definition 2.2.12 (see, e.g., [21]) is different from
the notion considered in Chap. 8 (compare Definition 8.1.2 and Remark 8.1.3).
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We shall make use of the notions of positive and negative cusps in the com-
putational part of the book; we refer, in particular, to Sect. 10.9.2. Positive and
negative cusps, in the special case of labelled apparent contours, are considered in
Remark 3.4.10.

2.3 Ambient Isotopies

We start by recalling from [ 14, p. 178] the following concepts, adapted to our case.

Definition 2.3.1 (R"-Ambient Isotopy) We say that a map
H:R"x[0,1] > R"

is an R"-ambient isotopy of class C*° (briefly, an R"-ambient isotopy), if the
following properties'” hold:
- H e C®[R" x [0,1],R"),
— H, € Diff(R") for any ¢ € [0, 1], where we use the notation
Hi ()= H(.1),

- Hyp=1idinR".

In this book we will be interested only in R”-ambient isotopies with compact
support.

Definition 2.3.2 (Compact Support) We say that the R”-ambient isotopy H has
compact support if there exists a bounded subset B of R” such that

H,(x) = x, x eR"\ B, t €[0,1].
Notice that an R”-ambient isotopy can be viewed as a path
t €10,1] - H, € Diff.(R")
with origin the identity.
Throughout the book, we shall use the symbol 4 to denote an R2-ambient

isotopy,'® and the symbol H to denote an R3-ambient isotopy. When, as usual, an
apparent contour appcon(p) lies inside Q = (0,1) x (0,1), and an R?-ambient

The first property means that H admits an extension of class C° on an open set of R"t!
containing R” x [0, 1].
8Consistently, we set /1, (-) = h(-, 1).
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isotopy A with compact support is applied to appcon(y), we shall tacitly assume
that A1(-, ¢) is the identity out of a compact set contained in €2, for any ¢ € [0, 1].
We shall need the following technical result.

Theorem 2.3.3 (Plane or Space Isotopies with Compact Support and Diffeo-
morphisms) Let n € {2,3} and ¢ € Diff.(R"). Then there exists an R"-ambient
isotopy h : R" x [0, 1] — R" with compact support such that

ho = id, hy = 9.

Proof Suppose firstn = 2. Let us consider S as the compactification of R? with the
point at infinity, denoted by co. Let us extend ¥ on S? (keeping the same symbol)
as 1¥(oc0) := oo. Consider the spherical inversion inv : S> — S? defined as

# if x € R?\ {0},
inv(x) :== 10 if x = oo, (2.3)

oo ifx=0,

where |x| is the euclidean norm of x.
Define

B (x) := inv(?(inv(x))), x e S%

Then & € Diff* (S?), where Diff" (S?) denotes the set of all positive diffeomor-
phisms of S? of class C*°. In addition, ¥ is the identity in a neighbourhood of
the origin which, without loss of generality, we can suppose to be the unit ball
B ={xeR?:|x|<1}CS~. )

From [19, Theorem 1.3] and [20],' it follows that there exists a path h:S?x
[0,1] — S? of positive C* diffeomorphisms of s?, ie, h € Diff " (S?) for any
t € [0, 1], such that 1y = id in S? and h; = ¥} Note that #; = id in By.

Now, the idea of constructing %, directly from %, by spherical inversion could not
lead to the correct conclusion, since it is not guaranteed that a neighbourhood of 0
is left fixed?® by A, forall # € (0, 1).

We divide the proof into three steps. In the first step, we show that it is possible
to modify % into a map h with the same properties, and, in addition, fixing the origin
forall r € [0, 1].

19We recall that, if V is a C° orientable n-dimensional manifold without boundary, and if
Difft (V) denotes the group of positive diffeomorphisms of V endowed with the Co°(V, V)
topology, then the orbits coincide with the connected components; see [7, p. 1]. If V = S?, then
the connected component of the identity coincides with the arcwise connected component of the
identity (see [6, p. 1]).

20 Actually, even {0} could not be left fixed by A,.
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Step 1. There exists a map / : S? x [0, 1] — S? of class C* such that

(1) h, € Difft(S?) forall z € [0, 1],

(2) hg =idin S?,

3) El = ¢, in particular, El is the identity in Bj,
4) h,(0) =0forallt € [0,1].

Let us consider the orbit of the origin, namely h.(0), for 1 € [0, 1]. Up to the
composition of &, with a positive C*° diffeomorphism of S* smoothly depending on
t, we can suppose that this orbit never meets oo, namely

hi(0) # o0,  Vrelo,1]. (2.4)

In order to ensure the validity of property (3), it is sufficient to consider a rotation?!
R(-, t) sending /4, (0) into the origin, and then define

h(,t):=R (ﬁ(-,t),t), 1 €10, 1].

Then 7 satisfies the required properties.
Note that

ho=ho,  hy=h. (2.5)
Step 2. We can modify h into a map (still denoted by h and belonging to C*®(S? x

[0, 1],S?%)) satisfying, besides properties (1)—(3), also a stronger version of (4),
namely

(4°) there exists p € (0, 1) such that, setting B, := {x € R?: |x| < p} C R?%,

h(x,t) = x 4+ O,(|x%), x € B, tel01], (2.6)

2Making use of (2.4), we define R(-, t) as follows. Let us identify S? with the unit sphere in R* and
endow it with parallels and meridians with the north pole identified with 0o and 0 € S? identified
with the south pole. The stereographic projection from the north pole to the tangent plane at the
south pole provides an identification of points of R? with points of S? \ {oo} (we employ a scale
reduction of a factor 2 on the stereographic projection so that the equator is mapped onto the unit
circle of R?). Suppose first that h, (0) is not the south pole. Let P(¢) be the intersection between the
equator of S? and the meridian passing through (the poles and) h, (0). Let r(¢) be the line (in R?)
joining p(t) to ¢(t), where p(t) [respectively ¢(¢)] is the point on the equator having the longitude
of P(t) plus (respectively minus) 7z/2. Then R(:,?) is the (smallest) rotation around r(¢) sending
i, (0) into the origin. This is a rotation of angle given by the latitude of Iy (0) plus /2, clearly
this rotation takes the above-mentioned meridian into itself. If /z, (0) is the south pole, we define
R(-,1) := idg: (). Then, R(-,¢) € Difft(S?), and R is of class C° and satisfies the required
properties.



2.3 Ambient Isotopies 39

uniformly with respect to ¢ € [0, 1]; that is, O, (|x|?) is a smooth map of (x, ?),
such that
10:(1x*)]

< +o00.
1€[0.1] |x|?

Given x € R?, let I (0) be the Jacobian matrix of %, (with respect to x) evaluated
at x = 0. Making use of the compactness of [0, 1], let us select p € (0, 1) with the
property that

(J5(0)7'(B)) cC B, telo.1].
Define, for any ¢ € [0, 1], the map ¢, : S* — S? as follows:

(J; (0)~'x ifx € By,
§i(x) == q¥(x,1) ifp<|x| <1,

X if [x| > 1 orx = o0,

where the C* map ¥ glues the values of {; in order to ensure that {; belongs to
Diff* (S?).
In order to get condition (4’), it is then enough to consider the composite map

(x,1) € S* x [0,1] = (& (x).1),

and to use a Taylor expansion. The uniformity of the remainder in (2.6) with respect
to ¢ € [0, 1] is a consequence of the invertibility of J; (0) and the compactness of
[0, 1].

This concludes the proof of step 2. Observe that (2.5) is still valid.

Now, we have to find a neighbourhood of the origin which is fixed by 4;.

Step 3. We can modify the map / into a map h € C*®(S? x [0, 1], S?), satisfying,
besides properties (1)—(3), also

(4”) h(x,t) = xforany x € B, andany ¢ € [0, 1].
Choose a function « : S* — [0, 1] of class C* such that

- a(x) =0if [x| = p,
- a(x) =1if [x| < p/2,
— there exists C € (0, +00) such that sup .. |V (x)| < C/p.

Next, define
h(x,1) = a(x)x + (1 —a(x)h(x,1), (x,1) € S?x [0, 1],

so that i(x,¢) = x forany x € B>, and h = hin (S2\ B,) x [0, 1].
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The Jacobian matrix of 4, at x € R? is computed as

[ (0)1d + (1 = & (x)) J5, (x)] + (x = Iy (x)) @ Var(x),

where:

— the first term is an approximation of the identity as p — 0% by (4)’ uniformly
with respect to ¢ € [0, 1]. Indeed

()Id + (1 — () J; ()] = 1d = (1 — a(x)) (J;, (x) — 1d),
and by (4)
11 = a(x)) (I, (x) =1d) || < (195, (x) = 1d]| < [O:(|x]),
where O, (|x]) is a smooth map of (x.7), such that

@)
p 10D]
1€[0,1] | x|
— the second term (supported in B,) is infinitesimal as p — 07: indeed, by (2.6),

we have that x — /1,(x) behaves quadratically in |x| (uniformly with respect to
t € [0, 1]), hence it is of the order of p?, while |Ve| blows up at most as C/p.

It follows that the determinant of the Jacobian of 4 is everywhere positive. We
conclude by resorting to [13, Proposition 2.30]: on the one hand, by the properties
of h, in S* \ B, (where it coincides with h) we have that h, has degree one. On
the other hand, knowing that the degree is one, positivity of the determinant of the
Jacobian implies that every point of S? has exactly one preimage.

Finally, we define

h(x,t) := inv(h(inv(x), 1)), xeR? telo1].

Then h satisfies the required properties.

If n = 3, the proof follows along the lines as in the case n = 2, with the following
differences. One has to use, in place of [19, 20], the results of [6, Section 1, pp. 1,3]
(see also [5]), which gives a smooth path A : S x [0,1] — S? of positive C*®
diffeomorphisms of S* such that H(-,0) = idinS* and H (-, 1) = F (), where Fis
a positive diffeomorphism of S* (R compactified with the addition of the point co)
extending F. In addition, the rotation R in the proof of the case n = 2 must now be
replaced by the map

x— H,(0) ifx eR3,

00 if x = oo.

7:xeS >
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To establish the regularity of t in a neighbourhood of co, we have to use a local
chart, in order to replace oo with 0; this can be done using the spherical inversion
inv defined as in (2.3) with S® replacing S. In the new chart, inv(z(inv(x))) is of
class C!, since

. . _ 1 X _ g
inv(z(inv(x))) = TR AT (|x|2 H, (0))
1
T 1—2x- H,00) + x| H 0P
=x 4+ 2(H,(0) - x)x + |x|?H,(0) + O(|x|*)  asx — 0,

(x — [x*H,(0))

and the Jacobian of inv(z(inv(x))) converges to the identity as x — 0. We can now
regularize by convolution the function inv(z (inv(-))), using a standard convolution
kernel independent of #, and with sufficiently small support. O

2.4 Ambient Isotopic and Diffeomorphically Equivalent
Apparent Contours

In various parts of the book we will be interested in structural properties of
apparent contours; it is then convenient to introduce suitable notions of isotopies
and equivalence between apparent contours.

Let us denote by M; and M two closed two-dimensional manifolds of class C*°.

Definition 2.4.1 (Ambient Isotopic Apparent Contours) Let
@1 M — R?, 02 My - R?
be two stable maps. We say that appcon(¢;) and appcon(g,) are C* R? ambient

isotopic (briefly, ambient isotopic) if there exists an R2-ambient isotopy & : R? x
[0, 1] — R? with compact support such that

hi(appeon(g1)) = appcon(g,),

and

fwz ohy = f(ﬂl‘

Therefore, two apparent contours are ambient isotopic if there exists a path ¢ €
[0,1] — h,(-) € Diff.(R?) with origin the identity, taking at the final time one
apparent contour into the other, and respecting the values of the functions f,, fy,
(this latter condition being equivalent to consistency of the R2-ambient isotopy with
the orientation of the arcs of the apparent contour).
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Definition 2.4.2 (Diffeomorphically Equivalent Apparent Contours) Let
@11 M; — R?, 02 My, - R?

be two stable maps. We say that appcon(¢,;) and appcon(g,) are diffeomorphically
equivalent if there exists ¢ € Diff, (R?) such that

¥ (appcon(g1)) = appcon(¢z), 2.7

and

f¢2019 =f<p|- (2.3)

Definitions 2.4.1 and 2.4.2 are equivalent, as the following result shows.

Theorem 2.4.3 (R?>-Ambient Isotopies and Diffeomorphisms) Let
oM >R, g My >R

be two stable maps. Then appcon(¢,) and appcon(y,) are ambient isotopic if and
only if they are diffeomorphically equivalent.

Proof Suppose that appcon(¢; ) and appcon(¢,) are ambient isotopic. Then, the map
¥ := h, belongs to Diff.(R?), and (2.7) and (2.8) hold. Conversely, if appcon(¢,)
and appcon(gp,) are diffeomorphically equivalent, then they are ambient isotopic, as
a consequence of Theorem 2.3.3. O

A first use of the diffeomorphic equivalence between apparent contours is given
in the next section.

2.5 Morse Descriptions of an Apparent Contour

In this section we shall consider again the case 2~ = M a closed two-dimensional
manifold, and % = R?. In a number of problems, it is convenient to seek a way to
describe an apparent contour, capable of keeping track of its topological structure,
and insensitive to smooth sufficiently small deformations of R2.2> We shall use
this description for solving the completion problem (Chap. 4), to give a natural
description of the invariant 25 (appcon(¢)) defined in Sect. 7.1, and, above all, for
algorithmical applications (Chaps. 9 and 10). It turns out that this description can
be achieved by a simple technique obtained by adapting the methods of Morse

22This task is similar to describing a prime knot in knot theory by means of notations like the one
introduced by Dowker-Thistletwaite [16, p. 7], see also the combinatorial description of knotted
surfaces in [4, pp. 21,22].
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theory [2]. As seen in Sect. 2.2, an apparent contour is essentially a 1D manifold
with the addition of singular points, namely crossings and cusps. This suggests the
introduction of a height function with the usual nondegeneracy properties of a Morse
function, and further requirements that take into account the singular points. Such
additional requirements would be similar (and simpler, due to the lower dimension)
to those that define a stratified Morse function,”® the stratification of appcon(g)
being defined as the set of crossings and cusps as the zero-dimensional stratum, and
its complement as the one-dimensional stratum. By scanning the apparent contour
while moving the level of the height function, we can keep track of all critical
changes in the local shape of the apparent contour: local maxima/local minima are
typical of standard Morse theory (for one-dimensional manifolds). To them we must
add new Morse events: traversing of a crossing and traversing of a cusp.

However, by doing so, we shall lose information about the relative position, in the
plane, of the point of the apparent contour originating the Morse event with respect
to the rest of the apparent contour, in particular to the other regular points at the
same level (same value of the height function). Therefore, we adapt this approach in
a way that takes into account the embedding of the apparent contour in R2. It turns
out that appcon(¢) defines a stratification of the plane having the set of crossings
and cusps as the zero-dimensional stratum, its complement in appcon(y) as the
one-dimensional stratum and R? \ appcon(¢) as the two-dimensional stratum. We
could thus consider height functions defined on the whole of R2, that are stratified
Morse functions with respect to the given stratification (see again Definition 6.2.3).
Actually, here we do not need this generality; moreover, it is convenient to depart
substantially from the details of such an approach in the vicinity of a cusp, in order
to simplify the resulting description.

In the end, we shall be able to describe the apparent contour in terms of a finite
sequence of events. This sequence can be readily converted into a sequence of
typographical characters to be used, for instance, as input for a computer program
that implements specific computations on apparent contours as the ones described
in Chaps. 9 and 10. As already said, a Morse description of an apparent contour’*
will also be used in Chap. 7 and, in the context of labelled apparent contours, in
Sect. 4.4, for the completion problem of visible contours. A software program that
automates the completion process will be illustrated in Chap. 9.

The Morse description will be:

* Finite: the description requires only a finite sequence of symbols, taken from a
finite set. The action of an element of Diff,(R?) leads to a deformed apparent
contour that might or might not have the same Morse description.

* Complete: two apparent contours with the same Morse description are ambient
isotopic. This last property is crucial, and a proof will be sketched at the end of
Sect. 2.5.4.

23See [11] for the definition of stratifications and stratified maps. Compare also with Chap. 6,
Definition 6.2.3.

24See, e.g., [4].
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Definition 2.5.1 (Morse Lines) By a one-parameter family of Morse lines travers-
ing R? we mean a C* diffeomorphism® m : R xR = Ry x R; — R? = ]Ri which
is the identity out of a bounded set of R x R.

The first variable of m will be denoted by s and the second variable by A.
If p € R? has coordinate x = (x, x), with A(p) we shall thus refer to the second
component of the inverse m~! of m, which will play the role of the aforementioned
Morse height function. The first component of the inverse of m will be usually
denoted by s = s(p) and used as a parametrization of the lines of constant A,
called Morse lines.

For any A € R we set m,(-) := m(-, 1), which is an oriented curve “traversing”
R2. Note that if A; # A, then my, (R) Nm,,(R) = 0.

Since all apparent contours that we shall consider are compactly contained in the
square 2 = (0, 1) x (0, 1), we can suppose without loss of generality that m is the
identity outside Q, so that

my([0, 1]) N appcon(p) = m, ([0, 1]) N appcon(p) = 2.

For any given point p € R? there is a unique value of A = A(p) € R such that the
Morse line m, (-) passes through p. In this way the height function A(p) is defined
in the whole of R? and in particular on the apparent contour.

Remark 2.5.2 (Horizontal Morse Straight Lines) Up to the action of an element in
Diff. (R?), we can suppose that m is the identity everywhere, so that the Morse lines
m, become horizontal straight lines at height A. It is therefore equivalent to leave the
apparent contour unchanged and choose m appropriately or to deform the apparent
contour (by smoothly deforming the plane) and choosing m as the identity map.
Note also that using m™!(p) = (s(p), A(p)) in place of p = (x1, x») is equivalent
to a change of (curvilinear) coordinate system: in the modified coordinate system
we can take m to be the identity without having to deform the apparent contour
and again the Morse lines m; become horizontal straight lines. In Fig. 2.5 the same
apparent contour is drawn in the x| x, coordinate system (left picture) and in the sA
coordinate system (right picture).

2.5.1 Genericity of Morse Lines in Case of No Cusps

Suppose for the moment that the apparent contour does not contain cusps. Given
A € [0, 1], we say that my (+) is generic if m, ([0, 1]) does not contain any crossing,
it intersects appcon(¢) in a finite set and each intersection is transverse.

2 Notice that m can be thought of as an element of Diff, (R?).
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Fig. 2.5 The descriptive map m (Definition 2.5.4) can be regarded as an alternative coordinate
system. In the new system (right) the Morse curves (dotted lines in the left figure) become
horizontal straight lines (right). Note that the interior local maximum remains after the coordinate
change

We say in turn that m is generic if m,(-) is generic for all A except for a finite
set {A1,...,A,} of values called critical levels (or critical values), with 1 > A; >
Ay > ---> A, > 0. Moreover for any e {A1,...,A,} we require that there exists
a unique § € (0, 1) such that mz ([0, 1] \ {5}) intersects transversally appcon(¢) in
a finite set of points not in crossings(appcon(p)) (i.e., m; would be generic but for
the presence of the point mj(s)) and, if we set p := m;(5) € appcon(p), we have
exactly one of the following items:

— pis acrossing with the two tangents transversal to the Morse line;
— p is an intersection point with appcon(¢) locally on one side of the Morse line
(a local maximum or a local minimum).

Since crossings are in a finite number we can readily adapt the standard
arguments of Morse theory and conclude that the set of generic families of Morse
lines is dense in the set of C*° diffeomorphisms of the plane. This means that the
identity is generic up to a small deformation (equivalently, that the identity is generic
if we slightly deform the apparent contour).

In view of Remark 2.5.2, we shall assume that each m; is a horizontal straight
line. Therefore we call m a generic family of horizontal Morse lines for appcon(p).
We choose an orientation of R? and we take the convention that the lines foliate R?
from top to bottom as A € R decreases.

Recall that the family of Morse lines m; (-) can equivalently be seen as the family
of level curves of the Morse height function A(p). In this context the critical levels
correspond to self-intersections and (nondegenerate) critical points of the Morse
function.

2.5.2 Morse Lines in Case of Cusps: Markers

Cusps of the apparent contour are treated in a special way. Indeed it is convenient
to view cusps simply as marked points along an otherwise smooth arc (either
closed or connecting pairs of crossings). This is accomplished for any cusp ¢ €
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cusps(appcon(g)) by devising the diffeomorphism m so that the Morse line m;
passing through c is tangent to the cusp (namely, tangent to the two arcs ending at
¢). This is clearly achievable by a local modification of the diffeomorphism m in a
sufficiently small ball centred at c.

Equivalently, as shown in Fig. 2.7, we can deform the apparent contour locally
around the cusp and make it tangential to the Morse line through it; if m is the
identity, this is equivalent to require that cusps are horizontal. Compare also Fig. 2.5,
in which the use of the sA coordinate system allows to leave the apparent contour
unchanged; see also Remark 2.5.2.

Remark 2.5.3 1t is important to clarify that the above described modifications (of
m or of the apparent contour) are not small in terms of the W!°°-norm, since we
are substantially changing the derivatives of m or the slope of the apparent contour.
Moreover the required tangentiality property is lost under small perturbations of m
or of the apparent contour in the Whitney topology. However such a requirement is
perfectly legitimate and well suited for our purposes. Indeed, if the cusp were not
tangent to the Morse line, then necessarily the apparent contour would lie locally on
one side, similarly to the case of local maxima/minima, and this would confuse the
resulting description.

To take into account the presence of cusps we accordingly modify the definition
of one-parameter family of Morse curves as follows.

Given A € [0, 1], we say that m, (-) is generic if m, ([0, 1]) does not contain any
crossings or cusps, it intersects appcon(g) in a finite set and each intersection is
transverse.

Definition 2.5.4 (Descriptive Map of an Apparent Contour) We say that mis a
descriptive map of appcon(gp) if:

(1) there exists a finite set {41, ..., A, } of real numbers, called critical values, with
1 >4 > A > --- > A, > 0, such that my (-) is generic for any A € [0,1] \
A Ak

(2) forany A € {A4,...,A,} there exists a unique § € (0, 1) such that m; ([0, 1] \
{s}) intersects appcon(¢) in a finite set of points and each intersection is
transverse and belongs to appcon(¢) \ nodes(appcon(p)). Moreover, if we set
p :=m;(5) € appcon(p), we have exactly one of the following items:

(a) p is acrossing with the two tangents transversal to the Morse line m; (R);

(b) p is neither a crossing nor a cusp of appcon(¢) and is a local maximum or
a local minimum, namely appcon(¢) lies locally on one side of the Morse
line mj () with the values of A being locally smaller than A for a maximum
and locally larger than A for a minimum;

(c) p is a cusp and the Morse line is tangent to the two arcs ending at p; in
view of the local shape of cusps which forces the curvature to blow up both
at 400 and at —oo at the cusp, the Morse line must necessarily traverse the
apparent contour at p, i.e., the two arcs at p are locally in opposite sides
with respect to the Morse line.
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The pair (5, ) in Definition 2.5.4 is called critical point; with a slight abuse of
notation we shall also refer to mj; (5) as a critical point.

Since a Morse line through a cusp crosses locally the apparent contour, from
the point of view of the Morse description a cusp behaves essentially in the same
way as a regular point at a regular value of A, at which the Morse line has only
transversal intersections. Moreover the local geometry of the cusp is, up to a
compactly supported C*® diffeomorphism of R?, completely determined and only
depends on the local orientation of the two arcs ending at the cusp. Namely the cusp
points to the right if the two arcs are oriented upwards, and it points to the left if
the two arcs are oriented downwards; here, we suppose for definiteness that m is the
identity, i.e., the Morse lines are horizontal straight lines oriented from left to right
for increasing values of the parameter s.

In other words, a cusp can be reconstructed (up to the action of an element of
Diff, (IR?)) if we substitute it with a distinguished point (that will be called a marker
or marked point) on the arc, obtained by glueing the two arcs meeting at the cusp
in a smooth way and with a non-horizontal tangent; this is described in Fig. 2.8.
Concretely, we smooth out all cusps and only keep track of them by marking their
former position along the arcs.

Definition 2.5.5 (Extended Arcs) The relatively open arcs that result after glueing
at cusps will be called extended arcs.

As an example, the apparent contour of Fig. 2.6 can be conveniently described
using the equivalent sketch of Fig. 2.8 in which we have five extended arcs, two of
them containing two markers each (representing the four cusps).

We shall still regard such markers as formally representing cusps, so that they
will still be listed in nodes(appcon(¢)).

Remark 2.5.6 For clarity of exposition, cusps (marked points) are considered
singular points in the definition of a generic m; (-) (i.e., the intersection of m,(:)
with appcon(g) at a marked point implies that m1, (-) is nongeneric). However the
topological structure of the apparent contour does not change when locally crossing
such a critical level and the only required information for our purposes is the

Fig. 2.6 An example of oriented apparent contour with two crossings and four cusps (M is a
torus)
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Morse line

Morse line

Fig. 2.7 A cusp in general position with respect to the Morse line (/eft) can be locally deformed
into a cusp tangent to the Morse line (right)

2 qk

Fig. 2.8 Substitution of a marker in place of a cusp in the apparent contour of Fig. 2.6. Cusps are
moved so that they have different height, which is a required condition for m to be a descriptive
map using a family of horizontal Morse lines

number of cusps contained in each extended arc of appcon(¢). Such extended arcs
are curves that do not contain any crossing, which are either closed or have crossings
as endpoints.

Remark 2.5.7 In Sect. 10.2 we shall introduce another description of an apparent
contour, called the region description, which is also well suited for being imple-
mented on a computer.

2.5.3 The Morse Description

A descriptive map m : R x R — R? provides a way to encode the shape
of the apparent contour, up to deformations by a C° diffeomorphism of R? (or
equivalently of R x R) with compact support. For any given A € (0, 1) we have
a finite set of intersections of the Morse line m; (-) with appcon(g), all of these,
except at most one, are transverse, with an arc a of the apparent contour that
crosses the Morse line upwards (following the canonical orientation, a crosses the
Morse line with increasing values of A) or downwards (a crosses the Morse line
with decreasing values of ). For regular values of A (i.e., when m, (-) is generic),
these are the only possible intersection points. Since we seek a description up to
the action of Diff.(R?), it is not important to record the values of the parameter
s corresponding to these crossings, but only their relative ordering together with a
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sign distinguishing between upward and downward crossings. Therefore we end up
with a finite sequence of symbols taken from

(RS

If1 > A > --- > A, > 0 are the critical values of A, the sequence of arrows
does not change for all values A € Ul':] (Ai41,A;). Hence it suffices to choose one
regular value for each interval between two consecutive critical values to represent
the whole regular interval.

At a critical level A = A; for some i € {1,...,n} we have a special intersection
point which, according to its type and depending on the local orientation of the arcs

involved, corresponds to one of the following (finite) list of symbols
PN e e XXX X -, <)

which, together with the symbols 1 and |, allows to encode the shape information
associated with A. Finally, the information in a regular interval can be easily inferred
from the information at one of the two critical values bounding the interval, and can
thus be omitted.

In the end we can encode the shape information with a list of n sequences of
symbols, each taken from the lists above, exactly one of which is not in {1, | }.

Remark 2.5.8 (Morse Description and Diffeomorphic Equivalence) Two diffeo-
morphically equivalent apparent contours (Definition 2.4.2) do not necessarily have
the same Morse description. Similarly, an apparent contour has infinitely many
different Morse descriptions.

Example 2.5.9 (Morse Description of a Torus) To illustrate this we give the encod-
ing corresponding to the apparent contour of Fig. 2.8 (right) where the four markers
are just a graphical replacement for small horizontal cusps:

V4N

P

XX

Lt
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The critical levels are the following:

Oriented global maximum: ¥. The orientation is necessarily from the right to the
left.

Oriented local maximum, having one arc on the left (respectively on the right)
oriented downwards (respectively upwards): || ¥ 4.

Oriented marked point < having one arc on the left oriented downwards and two
arcs on the right oriented upwards: | < 1 1.

Oriented marked point > having two arcs on the left oriented downwards and one
arc on the right oriented upwards: | | > 1.

Oriented crossing, having one arc on the left (respectively on the right) oriented
downwards (respectively upwards): | X 1.

Oriented crossing, having one arc on the left (respectively on the right) oriented
downwards (respectively upwards): | X 1.

Oriented marked point < having one arc on the left oriented downwards and two
arcs on the right oriented upwards: | < 1 1.

Oriented marked point > having two arcs on the left oriented downwards and one
arc on the right oriented upwards: | | > 1.

Oriented local minimum . .,, having one arc on the left (respectively on the right)
oriented downwards (respectively upwards): || . 1.

Oriented global minimum .

Remark 2.5.10 (Morse Description and Labelling) In Sect. 3.4 (see also Defini-
tion 4.2.5) we shall introduce a labelling of the apparent contour, which is, in
essence, just a nonnegative integer tag attached to each arc. For such labelled
apparent contours the Morse description is slightly more complex. Indeed we need
to add one or more nonnegative integers to each symbol encoding the corresponding
value of the labelling: one integer is enough for the symbols representing transversal
crossings {1, |} and local maxima/minima {<,”7, ., .}, two integers are
necessary to give the values of the labelling before and after a cusp for the symbols
in {>, <}, and finally four integers are required for giving the labelling of the four
involved arcs at a crossing for the remaining symbols.

2.5.4 Recovering the Shape from a Morse Description

Given the list of symbols obtained from an apparent contour appcon(¢) with the pro-
cedure described above and using m as descriptive map, we can physically construct
a representative apparent contour and prove that it is diffeomorphically equivalent to
appcon(g) (Definition 2.4.2). From this it readily follows the completeness property
listed at the end of the introductory text of Sect. 2.5. In the construction below all
diffeomorphisms are assumed to be of class C*° and with compact support.

Step 1: construction of the representative when appcon(¢) does not contain
cusps.
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We start by constructing a grid of relevant points as follows. Let n be the number
of lines of symbols in the Morse description (number of critical levels). Let us
introduce n equally spaced horizontal lines in the square Q2 = (0,1) x (0, 1) and
on each line (starting from the top) fix a number of equally spaced points in the
same number as the symbols in the corresponding line of the Morse description.
The constructed set of points corresponds to the intersections of the Morse line
with the apparent contour at the critical levels. Now, we connect the points on
two adjacent horizontal lines with oriented segments consistently with the type
indicated by the corresponding symbols. This is clearly possible since the Morse
description actually comes from some apparent contour. In this way we end
up with an oriented polygonal apparent contour that can be smoothed out with
standard smoothing techniques without moving the points of the grid and using
only horizontal displacements. Let us call W the resulting apparent contour and let
m be the corresponding descriptive map (which is actually the identity map). On one
side it is clear that the Morse description of ¥ given by m coincides with our Morse
description. On the other side we can prove that W is diffeomorphically equivalent
to appcon(e). First, by preliminarily using m as a diffeomorphism of the plane, we
can assume without loss of generality that m is the identity map. Then we can map
the n critical levels of m onto the equally spaced lines used to construct ¥ with an
increasing diffeomorphism of the x;-coordinate; we can thus assume that the critical
levels of m are exactly the same as those of m. Eventually, for any given height x,
we map diffeomorphically the intersection points of m onto those of m. This can be
done in view of our construction and can also be done smoothly with respect to the
xp-coordinate, giving the desired equivalence.

Step 2: dealing with the cusps.

Cusps can be introduced into the representative apparent contour at the end of the
previous construction (obtained as if cusps were not present). We simply deform the
apparent contour in a small enough neighbourhood of the cusp point by introducing
a rescaled version of the standard semicubic cusp with horizontal tangent and
oriented to the right or to the left according to the orientation of the arcs ending
at the cusp. It is again possible to prove the diffeomorphically equivalence of W
with appcon(¢) by locally modifying around cusps the diffeomorphism constructed
in step 1.
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Chapter 3
Apparent Contours of Embedded Surfaces

In this chapter we adapt the notions introduced in Chap. 2 to the special case of the
apparent contour of a smooth, possibly nonconnected, compact surface £ without
boundary embedded in R?. Embeddedness allows to enrich an apparent contour with
a labelling, which, in particular, permits to define the visible contour.

3.1 Three-Dimensional Scenes

Let us start by defining what we mean by a three-dimensional scene.

Definition 3.1.1 (3D Scene) By a 3D scene E (a scene, for short) we mean the
closure of a bounded open subset of R? having boundary 0E of class C*.

We recall that F is of class C* if the following holds: for any point p € JF
there exist a ball B centred at p and an orthogonal coordinates system of R* such
that B N 0F (respectively B N E) can be written as the graph (respectively the
subgraph intersected with B) of a function of class C* defined in an open subset of
R

We shall always assume that £ C 0 = Q2 x I, namely that the scene is contained
in the open portion Q of cylinder over the open square 2 = (0, 1) x (0, 1).

From the definition, it follows that the set E is the union of a finite number
of smooth, compact, pairwise disjoint connected components (sometimes called
bodies), each connected component being the closure of a bounded open subset
of R3. In the sequel, in order to simplify notation, the boundary of E will be often
denoted with the symbol X, which is an orientable, possibly nonconnected, closed’

IRecall that closed here means compact without boundary.

© Springer-Verlag Berlin Heidelberg 2015 53
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scene

apparent contour of 3
\rz N I Y= boundary of E
T - . = boundary o:
: P |
z2=— 00 A e

observer retinal plane

Fig. 3.1 The left-oriented orthonormal basis {e|, €2, e3}. The span of e; and e, is the retinal plane,
which lies in between the observer and the scene

surface of class C°°, embedded in R?. It is clear that R? is partitioned as the disjoint
union of the interior of E, of X, and of the complement R* \ E of E.

In our framework, the scene is seen from the point of view of an observer lying
far away from E. As explained in the Introduction and in Chap. 1, one of our main
interests is to reconstruct E, or at least its topology, starting from information on
a two-dimensional picture of E taken by the observer. The picture of E lies on
a “retinal plane” where points of E are projected: conventionally, we imagine the
retinal plane to be interposed between the observer and E itself, as in Fig.3.1. In
this way we can recover the 2D picture by looking at the intersections of the light
rays connecting a point on ¥ with the point of view. The actual position of the
retinal plane is not really important, and positioning the plane behind the scene
(with respect to the observer) would make no real difference.

We will be concerned with the case of an observer situated at infinite distance
from E, and of an orthogonal projection from R? onto the retinal plane. This
suggests the following splitting.

3.1.1 Splitting of R®

Let us denote by {ey, e3, e3} a left-oriented orthonormal basis of the ambient space
R3, see Fig. 3.1, where the z-axis corresponds to e3. We split R? as

R} =R’ R,

so that a point p € R? has coordinates (x,z) in the basis {ei, e, e3}, with x =
(x1,x2) € R? and z € R. The coordinate z has the meaning of depth and increases
from the observer toward the scene. We fix the plane {z = 0} = span{e;, e} to
be the retinal plane. Since by our convention the retinal plane lies in between the
observer and E, the scene is, from the point of view of the observer, behind the
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retinal plane®: points of E have positive third coordinate z, while the observer is
situated at z = —oo.
We denote by

7R = R? x {0}, 7(x,z2) = (x,0), (3.1

the orthogonal projection onto R?; whenever no confusion is possible, we shall often
write R? in place of R? x {0}. As we shall see, the apparent contour of ¥ will be
the planar image, via the map =z, of a suitable set of curves lying on X. In the
terminology of computer vision, the planar image of E is sometimes called the
outline of the scene, while the boundary of the outline is called the contour [12,
Chap. 8].

When E is considered as consisting of opaque bodies, parts of £ may be
occluded by other parts. As already discussed in Chap. 1, various qualitatively
different cases can occur. For instance, the occlusion does not necessarily take place
between two different connected components of £, since one connected component
can be partially occluded by itself, as displayed in Fig.2 of the Introduction.
This shows that, in general, there is no depth ordering relation between the
connected components of E. In Chap.4 we will be concerned with the problem
of reconstructing hidden portions of the apparent contour of ¥ when E is opaque.’

Another case is when E is partially transparent, so that it may be possible
to recognize the boundary of the outline of £ even in presence of occlusions.
Depending on the situation at hand, it might or might not be possible to infer the
number of layers of ¥ crossed by the light ray before hitting an occluded target
point on X. The transparent case will be considered in Chap. 5.*

We shall always assume that the boundary of the scene is in general position with
respect to . To properly introduce this notion (Definition 3.2.1 below) we need to
recall some concepts from singularity theory (see, for instance, [1, 2, 9] and the
references therein).

3.2 Apparent Contours of Embedded Surfaces

We now come back to the discussion started in Sect. 2.2, focusing our attention to
the case of three-dimensional scenes, therefore when our surfaces are embedded
in the three-dimensional Euclidean space. Essentially, this amounts to consider
particular maps ¢ that factorize through an embedding of M in R3 and an orthogonal

2We advise the reader that in some of the figures, it will be convenient to imagine the x;x, plane
as horizontal, with the z direction being vertical, and e; pointing downwards.

3We shall show a completion theorem starting only from the visible part of the apparent contour.

4We shall show a reconstruction theorem of a three-dimensional shape starting from the knowledge
of the whole apparent contour, and of a consistent labelling on it.
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projection R? — R?; see (3.3) below. In this situation we are allowed to identify M
with its embedded image ¥ C R>. We shall see that it is then possible to give a clear
geometric meaning to the function f, introduced in Definition 2.2.5. Moreover,
it is also possible to define a new function on the apparent contour related to the
depth ordering, leading to the concept of labelling; see, e.g., [11, 17], [7, p. 19], [6,
pp- 19,20], [3]. The labelling will be crucial in the process of global reconstruction
of a scene starting from a suitable plane graph, as described in Chap. 5.
Let there be given a scene E C R3, and set, as usual,

Y = JE. (3.2)

Consider the splitting of R3 and the projection 7 : R® — R? x {0} described in
Sect.3.1.1.

Definition 3.2.1 (General Position, Stable Scene) We say that ¥ is in general
position with respect to 7, or equivalently that the scene E is stable (or also that
Y. is stable), if the restriction of 7 to X,

Mg 1 T = R x {0},

is stable.

Definition 3.2.1 can be easily related to Definition 2.1.2. Indeed, take a two-
dimensional smooth closed orientable manifold M with the same topology of X,
denote by

Emb(M,R*) C C®°(M,R%)
the set of all smooth embeddings’ of M in R?, and take e € Emb(M, R?) so that

Y =e(M).

Without loss of generality we can fix M = X, viewed as an abstract two-manifold,
and e = id. Next, define ¢ : M — R? = R? x {0} as

p:=moe=mx. 3.3)
Then ¥ is in general position with respect to 7 if and only if the map ¢ is stable.®

Up to small deformations, we can assume that X is in general position with
respect to 7,’ in the following sense.

SFollowing, e.g., [9], a smooth embedding of M into R?® is a smooth injective map having
differential of rank 2 (maximal) at all points of M.

6See [13] for stability theorems of composite mappings.

7This could be achieved also in terms of small changes in the viewing direction, as in [16, 17].
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Lemma 3.2.2 (Stable Scenes Up to Small Deformations) Given e €
Emb(M,R?) and a neighbourhood U. C C*(M, R3) of e, there exists & €
Emb(M,R?) N U, such that ¥ := &(M) is in general position with respect to 1.

Proof The composition 7 o e € C®(M,R?) is a map between two 2-manifolds,
and the source manifold M is closed. We recall now that the set of all stable
maps from M to R? is dense in C*®° (M, R?) (see [9, p- 160, and Theorem 2.5 of
Chapter 6, Proposition 3.3 of Chapter 2]). Therefore, given any neighbourhood V' C
C®(M,R?) of 7 o e, there exists a stable map ¥ € V. Wedefineé: M — R3 as

&(m) := (Y (m),z(m)) e R> xR = R?,

where m € M and z(m) is the z coordinate of e(;n) € R>. In other words we use ¥
to deform X in the x;x;, plane while keeping the z coordinate fixed.
In particular we conclude

ol =1 (3.4)

Taking V small enough and recalling that Emb(M,R?) is an open subset of
C*®(M, IR3)A, we obtain that & € Emb(M,R?) N U,; the stability of ¥ and (3.4)
imply that X := é(M) is in general position with respect to 7. O
Example 3.2.3 Figure 3.2 shows an example of ¥ not in general position with
respect to .

Unless otherwise specified, from now on we shall always assume that % is in
general position with respect to .

Remark 3.2.4 (Critical Curve) Denote by d(m|x) the differential of n|x. Since M
and X can be identified via the embedding map e, the critical set crit(¢) (where ¢
is as in (3.3)) can be identified with

{cr € X: rank(d(mg)(a)) = 1}

= {0 € X : the tangent plane to ¥ at o contains span{es}}

Fig. 3.2 Image taken from [3]. The scene E consists of two disjoint three-dimensional closed
balls at different depth. We display the values of fx (see formula (3.5)). This scene is not stable.
See [9, p. 88] for more information
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which, as we already know, consists of a finite set of pairwise disjoint connected
components, each component being a smooth closed simple curve in X, and will be
called the critical curve. At the points of the critical curve, the projection 7 maps
the tangent plane onto a line, and e3 generates the kernel of d (7)x).

Definition 3.2.5 (Apparent Contour) Let ¢ be as in (3.3). The apparent contour
appcon(g) of ¢, denoted by

Gy,

will be called the apparent contour of X.

With a small abuse of language, sometimes Gy will be called the apparent
contour of the 3D shape E (recall (3.2)).

The reason for using the symbol Gy is that it reminds the notion of graph; as
we shall see, graphs will be of frequent use in the next chapters. Accordingly, arcs,
crossings, cusps and nodes of Gy are denoted by

arcs(Gy), crossings(Gy), cusps(Gs), nodes(Gyx),
respectively. The external region will be denoted by
ext(Gy).

To have a better geometric insight, let us list some of the properties of the apparent
contours in this embedded case. Under our stability assumptions the apparent
contour of ¥ coincides with the set of all points x € R? such that there exists a
point (x, z) belonging to 7~!(x) N T where 7 ™! (x) and T are nontransverse. More
precisely:

— if x € arcs(Gyx) then, inside the finite set of points of 77! (x) N T there is
only one, call it (x, z), which is a nontransverse intersection, and the intersection
multiplicity at (x, z) is two.

— If x € cusps(Gy) then, inside the finite set of points of 7~!(x) N X there is
only one, call it (x, z), which is a nontransverse intersection, and the intersection
multiplicity at (x, z) is three. See also Fig. 3.3.

— If x € crossings(Gy) then, inside the finite set of points 77! (x) N X there are
exactly two distinct points (x,z) and (x,w) which are nontransverse intersec-
tions, and the intersection multiplicity at (x, z) and at (x,w) is two. Moreover,
the tangent planes to ¥ at (x, z) and (x, w) are non-parallel. Figure 3.4 displays
a local realization of this situation.
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Fig. 3.3 A smooth fold
generating a cusp in the
apparent contour: here the
vertical direction is the
direction of the observer.
Compare also with
Example 3.3.3

Fig. 3.4 Two smooth folds,
one behind the other,
generating a crossing in the
apparent contour

3.3 The Function fy

Assuming the factorization of G in (3.3) through the embedding e and the projection
7 makes it possible to give a geometric interpretation of the function f;.. defined
in (2.2). Indeed, setting for notational simplicity

fnoe = f27

we have

fsx)=#{r"'(x)NZ} =#{zeR: (x,2) € T}, x e R2 (3.5)

Therefore, fx(x) is the total number of intersections between X and the line
emanating at (x, 0) in the view direction. As we already know, fy is constant and
even on each region, and vanishes on the external region (and obviously also out of
2). With a small abuse of notation, we denote by

f=(R)

the constant value of fx on the region R C R?\ Gx. Remember that the local
orientation of the apparent contour around a cusp c is such that the inside (i.e., the
acute part) of the cusp lies locally on the left. Hence, in a neighbourhood of ¢ we
always have the higher number of preimages of 7 in the inside of the cusp (see
Fig.3.3). Accordingly, a cusp pointing to the right is always oriented upwards. The
incoming arc of Gy at ¢ will be sometimes denoted by ¢~ and the outgoing arc by
¢T. InFig. 3.11 we show the local values of fx around c.
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Fig. 3.5 The curve Gy is the apparent contour of a three-dimensional set E consisting of two
interwoven connected components. The integer numbers are the values of the function fy on the
various regions

Fig. 3.6 The apparent contour of a torus, together with the values of fs on the regions

Fig. 3.7 Image taken from [3]. Pair of consecutive cusps. The configuration on the right is not
allowed in an apparent contour Gy, in view of the properties of the function fx (the highest value
of fy is taken in the acute part of the cusp)

In Figs. 3.5 and 3.6 we show two examples of apparent contour Gy with the
values of fy on the regions; Fig.3.5 corresponds to an occlusion between two
different objects, none of them being in front of the other, and Fig. 3.6 corresponds
to a torus.

In Fig. 3.7 (right) we show an example of two consecutive cusps which cannot
appear in an apparent contour Gy.

In the last two pictures of Fig.3.11 we show the local values of fx around a
crossing. If p is a crossing, the four arcs at p will be sometimes denoted by a;t and
a;t (a stands for above, b stands for below) in such a way that a_ is incoming and
is opposite to a; which is outgoing (a;IE belong locally to the same component of
the apparent contour). Similarly for a;t.
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Definition 3.3.1 (Stratum) A stratum of region R is a pair

(R,r),

where r € Nisanindex withr € {1,..., f=(R)}.

of the point (x, 0), for any x in a region.

As a consequence, we can identify fx(x) with the number of strata of X in front
8

Remark 3.3.2 (The Function fs on the Apparent Contour) The function fy is
defined at all points of R2, not only on regions. In particular, its values on Gy, are
precisely as follows.’

If a is an arc of the apparent contour of X, the value of fx is constant on a and
takes the mean value of fx on the two adjacent regions. For instance, the value
of fx on the two vertical arcs in Fig. 3.4 is %(2 + 4) = 3 on the upper part, and
%(O + 2) = 1 on the lower one (remember that the apparent contour is oriented,
and the higher value of fy is taken on the region locally on the left, and equals
the lower value plus two). Again with a small abuse of notation, when necessary
we will denote by

Sfe(a)

the value of fy on the arc a.

If x is a crossing of Gy, then fx(x) is the mean value of fy on the four
neighbouring regions. For instance, in Fig. 3.4 the value of fy on the crossing
is30+2+2+4)=2.

If ¢ is a cusp of Gy, then fx(c) is the minimum of the values of fx over the two
regions adjacent to c.

Example 3.3.3 (Local Equations Around a Cusp) The simplest way to obtain an
ordinary cusp point in a plane curve is to project a space twisted cubic curve, see
[5, Chapter 1], [9, pp. 146,147], [8, p. 10]. Assume'? that the tangent plane to X at
(0,0, 0) is spanned by e and e3, and that locally around (0, 0, 0) the set X takes the
form

{(x1,x2,2) 1 x2 = Fe(x1,2)},

8The critical curve divides, with the terminology of [16], the “anterior” surfaces from the
“posterior” ones.

9Compare with Remark 2.2.6 which deals with a more general case.

19For simplicity, in the present example, the set E is not disjoint from the retinal plane. Clearly,
this assumption is irrelevant.
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Fig. 3.8 Image taken from
[3]. The surface represents
the graph of the function F,
in (3.6). The plane is
{(x1,x2,2) : x, = 0}, and is
tangent to graph(F,) at the
origin. The intersection of the
plane and the surface consists
of the parabola

{3x1 = 72, x, = 0} and the
line {z = 0, x, = 0}

where

Fe(n9) 1= 5 (2 =312 (3.6)

In Fig. 3.8 we display the graph of F, over the plane {x, = 0}.
Locally around (0,0, 0), X is parameterized as (x,z) — (x1, F¢(x1,2), 2), and
the tangent plane is spanned by (1 OF 0) and (0, aa—?, 1). The condition that, on X,

s Oxy?
the tangent plane to ¥ contains span{ée;} (Remark 3.2.4) becomes
aF,
N =0;.
0z

Therefore the critical set (the critical curve, in this case) takes locally the form
{(x1.x2,2) 1 X2 = Fu(x1,2), x| =2°}, (3.7

and since F, (zz, 7) = —73, it is a curve that can be parameterized locally around
(0,0,0), as

72— (2,2, 2).

This is a smooth one-dimensional submanifold!' of X the orthogonal projection of
which, on the plane spanned by e; and e3, is the parabola x; = 72,

Note that the intersection multiplicity of 77'(0,0) = {x; = x, = 0} with
is three, and the differential of the restriction of 7 to (3.7) vanishes at the origin.
Moreover, at the origin, the order of contact [9] of 7! (0, 0) with the singular set is
one.

1Note that e; is the tangent vector to the critical curve at the origin, thus coinciding with the kernel
of dm|x.
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Fig. 3.9 Image taken from
[3]. The set {(x1, x2,2) :
X >0,x, = :l:xl3/2} is
tangent to the graph of F,
along the singular set. The . " ——
intersection contains also 4

another curve ®, which
bounds the two external
layers

Fig. 3.10 Image taken from
[3]. The critical curve is the
intersection of the graph of
F,. with the cylinder over the
plane parabola x; = z2, while
O lies on the cylinder

x| = 72/4. The three layers
diffeomorphic to the acute
part of the cusp are projected
to three planar regions
bounded by the two parabolae

Locally around the origin of R? = R?

) = R? x {0}, the apparent contour of
¥ takes the form

{1, x2) 1 x3 = X7} = {(x1.x2) 1 x1 > 0, xp = £(x1)¥?}

i.e., a simple cusp of R.

The intersection of X with the set {(x1, x2,2) : x» = £(x;)*?} (a cylinder over
the cusp {(x1, x2,0) : xo = %(x;)*?}) consists of the critical curve and of a smooth
curve ® C X the orthogonal projection of which, on the plane {x, = 0}, is given
by the parabola {(x1,0,z) : x; = z2/4} (see Figs. 3.9 and 3.10).

Indeed, points (x1, X2,2) in

graph(F,) N {(x1,X2,2) : X1 > 0, = £(x1)*/?} (3.8)

satisfy

3 2
Z 3
xf‘(i‘i“l) =0
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which factorizes as

(x1 —2°)? (x1 — ?) =0.

Notice also that, locally, the projection map 7 is a diffeomorphism outside the cusp,
and it is a triple covering over the acute part

Ui = {(x1,X2) : x1 > 0,—)613/2

<X < xf/ )

of the cusp, see Fig.3.8. To check that the three layers forming 7! (Ui,,) are
diffeomorphic one to the other, one may project onto the coordinate plane {x, =
0}, with the projection map p.,(xi,x2,z) = (x1,0,z). Clearly p,, restricted to
graph(F,) is a diffeomorphism. The three layers we are considering are bounded
by (3.8) which is the union of the critical curve and of the curve ® with

P (©) = {x = 22/4}.

Hence the images under p,, of the three layers are the plane regions bounded
by the image through p,, of the critical curve and by p,,(®), and the three regions
diffeomorphic to the three layers are therefore locally given by

2
{(Xl,Z)ZZSO,Zz<X1 <22},

2
%(X1,Z)IZZO,ZZ<X1 <z2},

{(x1.2) 1 x1 > zz} .

3.4 Labelling an Apparent Contour: The Function d 5

The factorization of ¢ in (3.3) allows to enrich the apparent contour with a labelling
[11], which is a function defined on the arcs of Gy, and has the meaning of the
ordering induced by the depth. The starting point is the observation that, for any
x € R2, there is a natural ordering between the points of the fibre 7! (x) over x,
according to the value of the last coordinate in R?, 0 being the nearest value to the
point of view. This ordering induces obviously an ordering on the points of the set
77 1(x) N X consisting of f5(x) elements, which we number from 1 to fx(x). As
a consequence, if x € arcs(Gy), we can count the number of layers of ¥ in front of
the corresponding point of the critical curve (see Remark 3.2.4), and the resulting
number will be the labelling d.
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Definition 3.4.1 (Labelling) Given a point x € Gy which is not a crossing, the
intersection between 7~ !(x) and the critical curve consists of only one element
with coordinates (x, z). Then the function

dy : Gy \ crossings(Gy) - N

is defined as follows: dx(x) is the number of points of 7~!(x) N X having
coordinates (x, {) with ¢ < z.

The function dy is finite, and constant on each arc; namely, if x, x” are two points
on the same arc, then ds(x) = dx(x’). To address this property, we shall often say
that dx is locally constant on the arcs.'> With a small abuse of notation, if a is an
arc of the apparent contour Gy, we will denote by

ds(a)

the value of dx on a.

Definition 3.4.2 (Labelled Apparent Contour of X) The pair (Gyx, ds) will be
called labelled apparent contour of X.

When no confusion is possible, sometimes also Gy will be called labelled
apparent contour of E.

It is useful to remember the list of compatibility conditions that fs and the
labelling dx must satisfy (consistency of a labelling).

Remark 3.4.3 (Compatibilities) The following properties hold.

— fx takes nonnegative locally constant even integer values on the regions, and
vanishes on the external region. It jumps by two when passing from a region to
an adjacent one.

— dy takes nonnegative locally constant integer values on the arcs.

— At a crossing, dy jumps by two when passing from an arc to a consecutive one,
without however jumping on the other pair of consecutive arcs, and respecting the
compatibility conditions in the last two pictures of Fig.3.11. The case d, > d;
happens when there is at least one intermediate transversal layer in between the
two folds.

— At a cusp, dy jumps by one when passing from an arc to the adjacent one,
respecting the compatibility conditions in the second and third picture of
Fig.3.11.

— If ¥ € arcs(Gy),

0 =< ds(X) = liminf f5(x). (3.9

12The function dy is not defined at a crossing, where it could be defined as a multifunction taking
two nonnegative integer values: we shall not need such an extension.
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0<d<f 0<d<f

I d+1 p v
. d :
L <1 f f+2 f f+2
o f+2 d . d+1 N

0<dy<dy<f

fva T ope2 fra A2

o ’ do+2

dy+2 | dy d 2

Cf2 f . Cf2 I
dp . do

Fig. 3.11 f stands for fx on the various regions; d, d;, d, stand for the possible values of dy
on the arcs. These figures are the analog of the ones in Fig. 2.3, now enriched with the labelling.
Since in the present situation we have the embedding (see (3.3)), the central picture in Fig.2.3
concerning the cusp gives rise to two different possibilities (observe the strict inequality d < f)
which are displayed here. In the first case d is decreasing around the cusp, while in the second case
d is increasing (see Definition 8.1.1). An example is given by the apparent contour of the torus in
Fig. 3.6. Similarly, the right picture in Fig. 2.3 generates two different possibilities, depending on
which arc is behind the other in terms of the labelling. d; < d, at a crossing means that the arc
labelled by d; is “behind” the arcs labelled by d, so that there is at least one layer of X separating
the two corresponding contours. The labelling dx is therefore constant on the arcs “closest” to the
eye, while it jumps across the “furthest” arcs (the higher value of d is adjacent to regions where the
value of f"is higher). The functions f and d must satisfy various compatibility conditions around
an arc, a cusp and a crossing. See also the inequalities above the pictures. The gap shown in the
pictures for arcs at a crossing is just added for visual convenience to help to distinguish the arc
with larger values of d (where d jumps by two, broken arc) from the arc with smaller value of d
(unbroken, closer to the eye, and called emerging; see Definition 3.4.5). Image taken from [3]

Remark 3.4.4 (The Labelling ds, on a Cusp) The labelling d, is defined at all points
of Gy which are not crossings. In particular, its value on a cusp c is given by the
minimum of dy on the two arcs of Gy meeting at c.

Notation The region inside (respectively outside) a cusp shall be often denoted by
Rinn or Ry, (respectively Roy or Ryiy). We shall write f = finn = fmax In Riax-
Around a crossing, the region where f takes the maximal (respectively minimal)
value shall be denoted by R.x (respectively Ryn). We shall write f = fi. in
Rinax and f* = fiin in Riyin.

Definition 3.4.5 (Occluding and Emerging Arcs) The two vertical arcs joining
smoothly in the fourth picture of Fig.3.11 are called occluding arcs, and the
horizontal arc on the right of the occluding arcs is called emerging arc. Similarly, the
two horizontal arcs joining smoothly in the fifth picture are called occluding arcs,
and the vertical arc below the occluding arcs is called emerging arc.
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Observe that the emerging arc is always on the right of the occluding arcs.

Lemma 3.4.6 (Parity of Cusps) The number of cusps on a component of Gy, is
either even or zero.

Proof At a crossing, the labelling dx varies of an even (= 0 or 2) quantity when
passing from an arc to a consecutive one. Moreover, it varies of an odd (= 1)
quantity when passing throughout a cusp. Therefore, in order that dx attains its
original value at the starting point when travelling along the whole component of
the apparent contour, there must be an even number of cusps.'? O

A stronger version of Lemma 3.4.6 is given in Lemma 8.1.4.

Remark 3.4.7 (Number of Nodes) The number of self-intersections (if any) of a
single component of an apparent contour can be either even or odd: indeed, if we
insert a small loop inside one of the two parts of the figure-eight in Fig. 3.12 (left)
then it is possible to check that the new graph admits a compatible labelling. On the
other hand, the number of intersections of a component of an apparent contour with
another (different) component is necessarily even.

Remark 3.4.8 The usefulness of the labelling stands on the fact that it encodes all
three-dimensional information. Indeed, as we shall prove in Chap. 5, given a plane
graph with cusps and crossings admitting a consistent labelling, it is possible to
construct a stable scene'* having that graph as its apparent contour. Furthermore,
the depth-equivalence class of the scene is unique. These results have been already
addressed in the variational model discussed in Sect. 1.5.

Now, we describe some examples of “impossible” graphs, i.e., planar graphs for
which there is no labelling satisfying all compatibility conditions.

Example 3.4.9 (Impossible Graphs) Let us consider the planar graph G in Fig. 3.12
(left). The orientation of the exterior loop is forced to be counterclockwise. On

0

CO CD >

Fig. 3.12 Example 3.4.9: two examples of graphs which are not apparent contours of some X.
Image taken from [3]

3For results concerning the number of cusps of apparent contours in general contexts, see [15,
p. 4091, [14, p. 84].
14As already anticipated in the Introduction, the existence of a labelling satisfying all compatibility

conditions makes possible the construction of an abstract smooth surface M and a smooth
embedding e : M — R3 so that ¥ = e(M); see Theorem 5.3.1 for a precise statement.
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Fig. 3.13 This graph is the 0
apparent contour of
three-dimensional scene.
Image taken from [3]

the other hand, reversing the orientation of the figure-eight would not change the
final conclusion, so we fix the orientation as in the figure. Accordingly, in Fig. 3.12
(centre) we display the values of twice the winding number in the various regions.
To check that G admits no labelling, we argue as follows. From inequality (3.9), it
follows d = 0 on the exterior loop and on the left part of the figure-eight. Then
there is no choice of d on the right part of the figure-eight, which is consistent
with the compatibility conditions specified in the last two pictures of Fig.3.11.
Hence G cannot be the apparent contour of a three-dimensional scene. The same
assertion holds for the graph in Fig.3.12 (right). Indeed, once we properly orient
the graph (counterclockwise), twice the winding number on the regions takes the
values indicated in the figure. Then, any choice of d (necessarily d = 0 on the
lower arc and d = 1 on the upper one, or vice versa) leads to a contradiction with
inequality (3.9). On the other hand, the graph in Fig. 3.13 is the apparent contour of
a three-dimensional scene: define, for instance, d = 0 everywhere on G except for
the central lower arc connecting the two crossings, where d = 2.

Remark 3.4.10 (Positive and Negative Cusps on Labelled Apparent Contours) The
presence of a labelling on appcon(¢) provides a standard orientation of M , obtained
by identifying M with an embedded closed surface in R* (see Theorem 5.1.1).'3
In this case, recalling Definition 2.2.12, it turns out that ¢ € cusps(appcon(yp)) is
positive (respectively negative) if the minimum of the labelling on the two arcs
incident at ¢ is even (respectively odd). This can be checked, for instance, in
Fig.8.1'%; in this case, the right figure can be identified with M, and a positive
small circle around the upper cusp has the opposite orientation with respect to a
positive small circle around the lower cusp, due to the fact that M is oriented (by a
normal vector field).

I5Recall that a closed surface embedded in R? encloses an interior, hence an outward normal is
well defined; see, for instance, [10, p. 89].

5Notice carefully that the signs + and — in Fig.8.1 refer to the embedding sign of a cusp
(Definition 8.1.2), and not to the notion of positivity and negativity of Definition 2.2.12.
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3.5 Ambient Isotopic and Diffeomorphically Equivalent
Labelled Apparent Contours

In Sect.2.4 we have introduced certain isotopies and a notion of equivalence
between apparent contours. These notions, adapted to labelled apparent contours,
read as follows.

Definition 3.5.1 (Ambient Isotopic Labelled Apparent Contours) We say that
two labelled apparent contours (Gyx,, fx,,dsx,), (G2, fx,,ds,) are C* ambient
isotopic (briefly, ambient isotopic), if there exists an RZ-ambient isotopy &
R? x [0, 1] — R? with compact support such that

h1(Gs,) = Gx,,
such that!”

fzzohl = pr

and such that if we extend the function dy, (respectively dx,) out of the arcs of Gy,
(respectively of Gy, ) to a given constant value, say 4-oo for definitiveness, then the
following diagram

Rz h 1 Rz

[ |

N U {400} LN N U {400}

is commutative, namely dy, o h; = dx,.

According to the discussion in Sect.2.4, we can now give the following
definition.

Definition 3.5.2 (Equivalence of Labelled Apparent Contours) We say that two
labelled apparent contours (Gyx,, fx,,ds,), (Gx,, fx,,ds,) are diffeomorphically
equivalent if there exists ¢ € Diff, (R?) such that

HGx,) = Gy,
f22 ol = le’

"Hence h; preserves the orientation of the arcs.
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and the functions dyx,, dy,, extended as in Definition 3.5.1, make commutative the
following diagram

R? — R?

ldzl ld};z

N U {+o0} 4, N U {400}

namely, dx, o ¥ = dy,.

Similarly to the abstract case (Theorem 2.4.3) Definitions 3.5.1 and 3.5.2 are
equivalent; indeed, the following result.

Theorem 3.5.3 (R’>-Ambient Isotopies and Diffeomorphisms) Tiwo labelled
apparent contours are ambient isotopic if and only if they are diffeomorphically
equivalent.

Proof The proof is the same as in Theorem 2.4.3. O

3.6 Visible Contours

The arcs of Gy where dx vanishes form the visible part of the contour, called visible
contour, since there are no layers of ¥ in front of the corresponding points of the
singular set. They play an important role, in particular in Chaps. 1, 4 and 9.

Definition 3.6.1 (Visible Arcs and Visible Contour) An arc where dy, = 0 is
called a visible arc. The visible contour of G+ is defined as follows:

vis(Gx) := closure of {x € arcs(Gsx) : ds(x) = 0}.

The visible contour is usually drawn with thick arcs in the figures.
In Fig. 3.14 we draw the apparent contour, its visible part and the labelling, for
the corresponding scene in Fig. 3 of the Introduction.

Remark 3.6.2 (Structure of the Visible Contour) The structure of the visible contour
shall be analysed in Chap.4, as well as necessary and sufficient conditions for a
plane graph to be the visible part of an apparent contour. It is clear that vis(Gy) is
oriented, its arcs are smooth, and that a node of Gy belonging to vis(Gy) is either
a T-junction or a terminal point. Moreover, at a terminal point the local shape of
the incident arc is diffeomorphic to the arc of the semicubic curve (¢2,¢%). We also
anticipate here'? that:

18This list of properties originates the definition of visible contour graph given in Chap. 4: indeed,
the visible contour is a visible contour graph in the sense of Definition 4.1.8.
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Fig. 3.14 The bold graph represents the visible contour of the three-dimensional scene in Fig. 3
of the Introduction; the whole graph represents its apparent contour (all cusps are ordinary cusps).
We also depict the corresponding values of fx and d = dx

K K not allowed not allowed

Fig. 3.15 The plane graphs in the first two figures satisty all properties listed in Remark 3.6.2.
The graph in the third figure has a terminal point which is adjacent to the external region. The arc
connecting the two circles in the last figure has the external region also on the left. Image taken
from [4]

not allowed not allowed

AN A

Fig. 3.16 First two figures: allowed orientations around a T-junction of vis(Gy). Last two figures:
forbidden orientations. Compare also with (K4) of Definition 4.1.8. Image taken from [4]

— a terminal point of vis(Gy) cannot lie in the external region. For instance, the
graph K in the third picture of Fig. 3.15 cannot be the visible part of an apparent
contour.

— Any arc a of vis(Gx) which is adjacent to the external region is oriented in such
a way that the external region lies locally only on the right of a. For instance, the
graph K in the last picture of Fig. 3.15 cannot be the visible part of an apparent
contour.

— At a T-junction the transversal (or emerging) arc lies locally on the right of the
two occluding arcs. Emerging arcs are the nearly horizontal arcs in Fig. 3.16.

— At a T-junction the two occluding arcs must join smoothly and with consistent
orientation, and the emerging arc must be transverse.
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If we define the invisible contour of Gy as
{x € arcs(Gyx) : ds(x) > 0},

then any of its arcs cannot enter the external region.
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Chapter 4
Solving the Completion Problem

Following [1],! in this chapter we show how to solve the completion problem,
namely we characterize those oriented plane graphs that are visible part of an
apparent contour (Theorem 4.3.1). The proof is generalized to the case where the
background is not reduced to the external region. In our presentation we need some
elementary concepts of the theory of oriented graphs, and the Morse description of
a graph, as outlined in Sect. 2.5.3. In Chap. 9 we describe a code that automates the
construction of the proof of Theorem 4.3.1.

4.1 Some Concepts from Graph Theory

In this section the properties of an apparent contour described in Chaps. 2 and 3°
will be promoted to definitions. The usefulness of these definitions is validated by
the completion theorem.

A nonempty plane oriented graph H is a graph with oriented arcs® embedded in
R2. We are concerned only with compact plane graphs; for definiteness and without
loss of generality, all graphs that we consider are contained in the open square Q2 =
(0,1) x (0, 1).

By

nodes(H)

'With kind permission from SIAM Journal on Imaging Sciences: in this chapter we illustrate the
results and report some of the figures from the quoted paper [1].

2In particular, the local and global structures of an apparent contour and the labelling.

3As in Chap. 2, an arc of H is relatively open.

© Springer-Verlag Berlin Heidelberg 2015 73
G. Bellettini et al., Shape Reconstruction from Apparent Contours, Computational
Imaging and Vision 44, DOI 10.1007/978-3-662-45191-5_4
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we denote the set of nodes (or vertices) of H. We always assume that the graph is
finite, namely it has a finite number of nodes. Observe that we do not require H to
be connected.

We stress that we allow H to contain closed arcs and loops,4 which are defined
as follows.

Definition 4.1.1 (Closed Arcs and Loops) Closed arcs of H are Jordan curves
that have neither starting nor ending points, hence they do not contain any node.
Loops, on the other hand, are arcs of H that start and end at the same node.

According to the notation introduced in Sect. 2.2, the connected components of
the complement of H in R? are called regions of H. The unbounded region will be
called the external region of H, and denoted by

ext(H).
Concerning the regularity of H, we assume that H is continuous, which means that
H =y(S),

with y : § — R? a continuous map, where S is the disjoint union of a finite number
(possibly zero) of copies of the unit interval [0, 1] and of a finite number (possibly
zero) of copies of S!.3

Denoting by 0 the boundary of S, i.e., the disjoint union of all the endpoints of
the unit intervals, we have that nodes(H) = y(9S).

Definition 4.1.2 (Degree of a Node) The degree of a node p of H is the total
number of incident arcs at p, and it is denoted by

deg(p),

with the convention that loops are counted twice.

Definition 4.1.3 (Consecutive, Adjacent and Opposite Arcs) Two arcs of H are
consecutive at a common node p if p is the terminal node (head) of an arc and the
starting node (tail) of the other. Two arcs of H are adjacent at the node p if they are
incident in p and locally they are adjacent to the same region. If p is a node of H
of degree 4, we say that two incident arcs are opposite if they are not adjacent.

4The presence of closed arcs makes our notion of graph different from the classical one.

SThe image of [0, 1] is an oriented arc (possibly oriented loop) and the image of S' is an oriented
closed arc.
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4.1.1 Contour Graphs and Visible Contour Graphs

For the discussion on completion of graphs, it is convenient to introduce the
following concept.

Definition 4.1.4 (Contour Graph) We say that H is a contour graph if H = y(S)
is a nonempty compact finite oriented continuous plane graph, and the following
conditions hold:

(i) ift;,1, € S are such that y(t;) = y(t2), then eithert; = t, or t1, 1, € 9S.
(ii) If p € nodes(H ), then deg(p) € {1,2, 3,4}, and

(ii-1) if deg(p) = 1, we refer to p as a terminal point;

(ii-2) if deg(p) = 2, we refer to p as a cusp. In this case the two arcs incident
in p must be consecutive;

(ii-3) if deg(p) = 3, we refer to p as a T-junction. In this case we distinguish
one of the incident arcs and we call it transversal; the remaining two arcs
are called occluding, and must be consecutive;

(ii-4) if deg(p) = 4, we refer to p as a crossing; each pair of opposite arcs
incident at p must be consecutive.

Remark 4.1.5 Condition (i) means that distinct arcs can only meet at a node. The
terminology that we use in (ii-2) (respectively in (ii-3)) is motivated by the fact that
p will play the role of a semicubic cusp point (respectively a T-junction) in a visible
contour.’

Remark 4.1.6 (Components) Note that

— we allow for loops, and for multiple arcs that connect the same two nodes.

— In view of the consecutiveness assumptions, we can always continue arcs (i.e.,
follow the corresponding consecutive arc) that end on a cusp or on a crossing, or
if the arc is an occluding arc of a T-junction. In case of a crossing, continuation
arcs must be opposite. The components of H that we obtain by continuing arcs
as far as possible are either closed oriented arcs or arcs that start and end at a
terminal point or at a T-junction as transversal arcs.

Definition 4.1.7 (Interior Terminal Points) Let H be a contour graph. We say
that a terminal point of H is interior if it is not adjacent to ext(H ).

Remembering the structural properties of a visible contour listed in
Remark 3.6.2, we now give the following definition.”3

5Compare Sect. 2.2.

"The smoothness requirements (K1), (K5) and (K6) in Definition 4.1.8, as well as conditions (G1)
and (G4) in Definition 4.2.2 below, are not essential for the proof of Theorem 4.3.1. However, they
are important for the reconstruction results of a 3D scene described in Chap. 5.

8Definition 4.1.8 is better understood looking also at Fig. 3.16 of Chap. 3.
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Definition 4.1.8 (Visible Contour Graph) Let K be a contour graph. We say that
K is a visible contour graph if the following properties hold:

(K1) the arcs of K are of class C*;

(K2) any node of K is either a T-junction or a terminal point;

(K3) any arc a of K adjacent to ext(K) is oriented in such a way that ext(K) lies
locally only on the right of a;

(K4) at a T-junction of K the fransversal arc lies locally on the right of the two
occluding arcs. Such an arc will also be called the emerging arc of p;

(K5) at a T-junction of K the two occluding arcs join in a C*° way and with
consistent orientation, and the emerging arc is transverse;

(K6) the local shape of the incident arc at a terminal point of K is smoothly
diffeomorphic to one of the two arcs of the semicubic curve (12, —t3) with ¢
in a neighbourhood of the origin. The orientation of the arc must be consistent
to that of the semicubic curve as given by increasing values of ¢.

With a small abuse of language, the union of the two occluding arcs at a T-
junction will be sometimes referred to as the occluding arc.

Remark 4.1.9 (Terminal Points Are Interior) Requirement (K3) implies that all
terminal points of K are interior.

An example of contour graph where property (K4) is not satisfied is given in
Fig. 9.12 of Chap. 9; see also Fig. 9.13.

Remark 4.1.10 (Background) 1In Definition 4.1.8 we could substitute the set ext(K)
with a larger set background(K) (background), union of some of the regions of
K including the external region, and check whether requirement (K3) still holds
with background(K) in place of ext(K). If this is the case, then background(K)
will be called an admissible background. This remark is motivated by the fact
that the completion result stated in Theorem 4.3.1 can be obtained in such a
way that background(K) coincides with the set {f = 0} of the reconstructed
apparent contour. Note that the notion of interior terminal point p in Definition 4.1.7
will also change accordingly, by requiring p not to be adjacent to the larger set
background(K). See also Remark 4.3.4.

Example 4.1.11 Let K be the visible part of an apparent contour of a smooth closed
surface ¥ = JF embedded in R? as in Sect. 3.6, namely

K = vis(Gy).
Then K is a visible contour graph. As we shall see, the content of the completion

theorem and the results of Chap. 5 allow to prove that also the converse statement
holds.’

°It is not difficult to see that the conditions defining a visible contour graph K are necessary for K
to be the visible part of an apparent contour; compare, for instance, Sect. 3.6.
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Notation According also to the notation used in Chap. 3, a visible contour graph
shall usually be denoted with the symbol K. In addition, it will be usually depicted
with thick arcs in the figures.

Remark 4.1.12 (Number of T-Junctions and Terminal Points) Let K be a visible
contour graph. It follows from basic graph theory that if ¢q;,...,q, are the
T-junctions of K and py,..., p; are the terminal points (where h,k are two
nonnegative integer numbers), then /2 4 k is even; this also follows from the fact that
h + k is twice the number of nonclosed components of K, where the components
are introduced in Remark 4.1.6.

4.2 Complete Contour Graphs and Labelling

Let us start with the following definition.

Definition 4.2.1 (Winding Number) Let H be a contour graph. The winding
number of H,

w(H,):R*\H > Z,
is defined as follows:

w(H, x) = Z w(y, x), x e R?\ H.
y:SI>R?
7(S") component of H

Part of the following definition is suggested by the relations between the function
Jo and the winding number described in Lemma 2.2.9.

Definition 4.2.2 (Complete Contour Graph) Let G be a contour graph. We say
that G is a complete contour graph if the following properties hold:

(G1) the arcs of G are of class C* up to their relative closure;

(G2) if p € nodes(G), then p is either a crossing or a cusp, and in this case we
write p € crossings(G) and p € cusps(G) respectively;

(G3) the function f : R?\ G — 27 defined as

f(x) :==2w(G, x), x e R\ G, “.1)

is nonnegative;

(G4) at a crossing of G the opposite arcs join in a C* way and the two pairs of
opposite arcs cross transversally;

(G5) at a cusp of G the local shape of the two incident arcs is smoothly
diffeomorphic to the semicubic curve (¢, —¢*) with ¢ in a neighbourhood
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of the origin. The orientation of the arcs must be consistent to that of the
semicubic curve as given by increasing values of 7.

Crossings of G will be also called transversal crossings.
Remark 4.2.3 The function f defined in (G3) has the following properties:

— 1itis locally constant, i.e., it is constant on each region of the complement of G;

- f =0inext(G);

— if x € G\ nodes(G) and if f(x), f—(x) are the values of f on the two sides of
x, then

|f+(x) = f~(0)] =2

— along an arc of G, the region where the value of f is higher lies locally on the
left.

Remark 4.2.4 Requirement (GS5) in particular excludes the (impossible) configura-
tion of Fig. 3.7, right. See also the discussion about the orientation of the apparent
contour near a cusp at the beginning of Sect. 3.3.

We have already discussed in Chap. 3 what is a labelling for an apparent contour,
see in particular Sect. 3.4. We now define a similar concept for a complete contour
graph. In Theorem 4.3.1, one of the main difficulties is due to the fact that one has
to construct a completion of a visible graph, fogether with a labelling.

Definition 4.2.5 (Labelling on a Complete Contour Graph) Let G be a com-
plete contour graph and let f : R \ G — 2N be twice the winding number of G.
A labelling of G is a function

d : G\ nodes(G) - N

satisfying the following properties:

(L1) d is locally constant, i.e., d is constant on each arc of G.

(L2) Let a be an arc of G and d(a) be the value of d on a. If R|, R, are the two
regions adjacent to @ and f(R;) and f(R,) are the values of f in R and R,
respectively, then

d(a) < min{ f(R)), f(R2)}.

(L3) The compatibility conditions between f and d in Fig. 3.11 must be satisfied
at the crossings and at the cusps of G.

The labelling function d satisfying all properties listed in Definition 4.2.5 will be
sometimes called consistent labelling.

We shall occasionally need to extend the function d at the cusps of G, as the
minimum value of d in the two adjacent arcs; in this way, the function d will be
defined on G \ crossings(G) (with values in N).
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Definition 4.2.6 (Complete Labelled Contour Graph) A complete contour
graph endowed with a labelling is called a complete labelled contour graph.

We can easily provide a number of necessary conditions for a complete contour
graph to admit a labelling; for example, we cannot have cusps adjacent to the
external region, see the second point in Remark 2.2.10. Nevertheless, we do not have
an elementary characterization (which does not amount to test all possible feasible
values of d) of those complete contour graphs that admit at least one labelling. An
example of complete contour graph admitting more than one consistent labelling is
the one discussed in Chap. 1, in connection with Fig. 1.3.

Remark 4.2.7 (Parity of Cusps) It readily follows from Definition 4.2.5 that the
number of cusps of each component of a complete labelled contour graph is even.'?

Notation with a slightly redundant notation, we sometimes denote by (f,d) a
labelling and by

(G, f.d)

a complete labelled contour graph, even if f is directly deduced from G via
formula (4.1).

Example 4.2.8 (Apparent Contour as a Complete Labelled Contour Graph) Let
Y = OE be a smooth closed surface embedded in R3, in general position with
respect to 7. Following the notation of Sects. 3.2-3.4, let G be the apparent contour
of X, fs be as in (3.5), and dyx be the labelling of Definition 3.4.1. Then it follows
from the discussion in Chap. 3 that

(Gs, fs,ds)

is a complete labelled contour graph, that we shall also call labelled apparent
contour.

Definition 4.2.9 (Visible and Invisible Arcs) Let (G, f, d) be a complete labelled
contour graph. An arc of G where d = 0 is called a visible arc of G, and the closure
of the set {d = 0} is called the visible part of G and it is denoted by

vis(G).
An arc of G having d > 0 is called an invisible arc, and the complement G \ vis(G)

of the visible part of G is called the invisible part of G.

Remark 4.2.10 The visible part of G is a contour graph having as nodes only T-
junctions and terminal points: a T-junction corresponds to a transversal crossing of
G, while a terminal point corresponds to a cusp of G. In addition, the visible part of

107t is sufficient to repeat the proof of Lemma 3.4.6 in Chap. 3; compare also with Lemma 8.1.4.
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G satisfies conditions (K1)—(K6) listed in Definition 4.1.8, hence the visible part of
G is a visible contour graph.

We are now in a position to give a precise meaning to the notion of completion
of a graph.

Definition 4.2.11 (Completable Contour Graphs) Let K be a contour graph. We
say that K is completable if there exists a complete labelled contour graph G such
that K is the visible part of G.

Definition 4.2.12 (Completion) When K and G are as in Definition 4.2.11, the
graph G is called a completion of K.

Notation: according to our previous notation, and for clarity of exposition, when
necessary in the figures the visible part of G will be depicted with thick arcs, and its
invisible part with thin arcs.

4.3 Statement of the Completion Theorem

The completion theorem characterizes those graphs which are the visible part of an
apparent contour. As we shall see, the proof is constructive and relies on a Morse
description of K described in Sect. 4.4.

Theorem 4.3.1 (Completion) Let K be a contour graph. Then K is completable if
and only if K is a visible contour graph.

In other words, let K be a plane graph oriented in such a way that the unbounded
connected component of R?\ K lies locally only on the right of K. Suppose that the
nodes of K are only T-junctions and terminal points, that all terminal points of K
are interior (Remark 4.1.9) and that at a T-junction condition (K4) is met. Then there
exist a complete contour graph G and a labelling of G such that K is the visible
part of G. Since from the results of Chap. 5 it follows that G is originated from a
smooth closed surface (not necessarily connected) & = 9dE embedded in R?, we
conclude that K is completable if and only if there exists a 3D shape E such that

K = vis(Gy).
Before starting the proof of the theorem, it is worthwhile to make two other

observations.

Remark 4.3.2 (Nonuniqueness) The completion of K constructed in the proof of
the theorem is nonunique; compare, for instance, with Example 4.6.4.

Remark 4.3.3 (On the Optimality of a Completion) We have already observed that
the proof of Theorem 4.3.1 is constructive; however, in many cases the resulting
completion could be very far from “optimal”. The concept of optimality here is
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difficult to make rigorous: we can only say that, in certain situations, it may happen
that the completion given by the algorithmic proof of Theorem 4.3.1 does not
provide (even topologically) the 3D shape E usually inferred by the human brain.
In other words, the reconstruction of the stable 3D scene E having G as apparent
contour and K as visible apparent contour, is not unique, and the choice of the “best”
reconstruction may depend on a subjective interpretation of the scene.

Remark 4.3.4 In the proof of Theorem 4.3.1 we construct a complete labelled
contour graph (G, f,d) so that K = vis(G). For simplicity of exposition of the
iterative algorithm in the proof, we construct the labelling in such a way that

{f =0} = ext(K);

see requirement (P2;) in the proof. This constraint can be removed, by assigning a
priori a part of the plane, background(K) (background), containing ext(K), where
{f = 0}; compare with Remark 4.1.10.

In the proof of Theorem 4.3.1 we describe the graphs using a family m of
horizontal Morse lines my (R) travelling from top to bottom. The proof, based on
an iterative argument, consists in showing that a completion with a labelling of K
in correspondence of the i-th level of the Morse function can be continued up to
the (i + 1)-th level. One has to consider all types of Morse events and show that
locally the completion of the graph can be continued beyond such events. A number
of new invisible arcs, specified by the order of their intersection with the Morse line
and by a value of the labelling d, are added during this process. Instead of giving
explicit formulas of these intersections, we shall simply graphically illustrate the
local shape of such invisible arcs in the neighbourhood of the Morse line. Roughly
speaking, these invisible arcs are continued downwards as far as possible, till one
meets as a Morse event either a local minimum or the global minimum of K. The
operation needed at this final stage is a nonlocal one, and indeed this is the most
delicate part of the proof, since one needs to join together different invisible arcs in
order to “close the regions”. This will be the global part of the proof.

Remark 4.3.5 The invisible arcs introduced in our construction can intersect K only
at a T-junction or at a terminal point, giving raise to a crossing or a cusp respectively,
or they can cross a visible arc with a value of d that jumps of two units with strictly
positive values, thus creating a new crossing. These invisible arcs will be glued
together only in a basin around a local minimum of K, while around a T-junction or
a terminal point they will be simply extended downwards.

When A crosses a critical value, only a few of the segments in which m, (R) is
divided by the transversal intersections with K are involved in the Morse event; all
dangling invisible arcs contained in the remaining segments (those not involved in
the Morse event) are simply extended smoothly downwards without creating any
local minimum/maximum, and without intersecting each other (hence in particular
keeping their relative ordering from left to right).
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Remark 4.3.6 (Keeping the External Region or the Background) Since we cannot
insert any invisible arc in the region ext(K), it will follow at the end of the proof
that

ext(K) = ext(G).

Furthermore we have the even stronger condition ext(K) = {f = 0}. If we
substitute the larger set background(K) in place of ext(K) in (P2;) of the proof
(provided condition (K3) of Definition 4.1.8 is met with background(K) in place of
ext(K)), then this condition becomes

background(K) = { f = 0}.

4.4 Morse Descriptions of a Visible Contour Graph

The structural properties of a graph is encoded in a Morse description, which is
based on the existence of a Morse height function. We have already discussed this
argument in Sect. 2.5 of Chap. 2. Remember that in Sect. 2.5 we have defined what
is a one-parameter family m : R x R — R? of Morse lines traversing R?, and the
meaning of s(p), A(p) and m;."" Following what we have done in Sect. 2.5.2 for
apparent contours, we introduce the notion of descriptive map of a visible contour
graph.

More precisely, let K be a visible contour graph. Given A € R, we say that m; is
generic if my ([0, 1]) Nnodes(K) = @, m, ([0, 1]) N K is finite, and each intersection
is transverse.

We now give the following definition.'?

Definition 4.4.1 (Descriptive Map of a Visible Contour Graph) Let K be a
visible contour graph. We say that m is a descriptive map of K if:

(1) there exists a finite set {41, ..., A, } of real numbers, called critical values, with
1> A > Ay > --- > A, > 0, such that that my(-) is generic for any A €
[0, T\ {A1,.... An}s

1Recall also that mg ([0, 1]) N K = m;([0,1]) N K = @.

12See Figs. 4.1 and 4.2a for (ml), Figs. 4.8 and 4.10 for (m2), Figs. 4.5a and c¢ for (m5),
Figs. 4.6a, 4.7a for (m6), Fig. 4.4a and b for (m3), Fig. 4.4c and d for (m4).



4.4 Morse Descriptions of a Visible Contour Graph 83

(2) for any A€ {A1, ..., A, there exists a unique 5 € (0, 1) such that mz ([0, 1] \
{5}) intersects K in a finite set of points and each intersection is transverse and
is not a node of K. Moreover, if we set p := m3(5) € K and £ := mz(R), we
have exactly one of the following Morse events:

(ml) p ¢ nodes(K) and K lies locally below £ (p is a strict local maximum of
K with respect to £); B

(m2) p ¢ nodes(K) and K lies locally above £ (p is a strict local minimum of
K with respect to £); B

(m3) p is a terminal point, with the arc lying locally above £ (ending terminal
point); moreover, {is tangent to the visible arc at p;

(m4) p is a terminal point, with the arc lying locally below £ (starting terminal
point); moreover, {is tangent to the visible arc at p;

(m5) p is a T-junction, and locally two arcs of K, one of which being the
transversal arc, lie above £ and the third one lies below £ (ending
T-junction);

(m6) p is a T-junction, and locally two arcs of K, one of which being the
transversal arc, lie below £ and the third one lies above £ (starting
T-junction).

According to the orientation of the arcs of K, each of the items (m1)—(m6) split
in a certain number of different cases (compare, for instance, with Example 4.4.3),
as we shall see in the proof of Theorem 4.3.1.

Remark 4.4.2 (Tangency of the Morse Line at a Terminal Point) In Sect. 2.5.2 we
have discussed the reasons for a Morse line to be tangent at a cusp of an apparent
contour. Essentially for the same reason and since a terminal point p gives raise
to a cusp in the completion procedure described in Theorem 4.3.1,'3 in the present
context of visible contour graphs we require a further condition, which is always
possible with an appropriate choice of the map m: the arc at p is forced to stay
locally at one side of the Morse line. This can be achieved as a consequence of the
fact that the curvature of a visible arc blows up with a sign near a terminal point
(condition (K6) in Definition 4.1.8).

Example 4.4.3 For the visible part of the graph in Fig. 3.14, the Morse description
reads as follows: a global maximum, a local maximum oriented from right to left,
a T-junction, a terminal point, another local maximum oriented from left to right, a
terminal point, another terminal point, and a global minimum.

13We need to avoid that the Morse line passing through p has locally both arcs of the completed
contour on the same side, an inconvenient fact since it makes p to behave like a local
maximum/minimum which is undesirable, since p (being a node of K) already forces the Morse
line through p to be critical.
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4.4.1 Localization

For the proof of the completion theorem it is convenient to give a localized version
of Definition 4.2.12.

Let K be a contour graph, let m be a generic family of horizontal Morse lines for
K, and for A € [0, 1] let Uf be the open half-plane above m; (R). Let A; and A; 4,
be two consecutive critical values of m, and let

€ (Aigr, Ai).
Set
K,:=KnuUt,

and let nodes(K ) be the set of nodes of K. Finally, let G, be a contour graph.

Definition 4.4.4 (Localized Completion in a Half-Plane) We say that (G, f,,
dy) is a completion of K, in U} if

— there exists a function f, : Ul \ G, — 2N such that condition (G3) of
Definition 4.2.2 holds, with UIJ[ in place of R2 and G, in place of G;

— if p € nodes(G,), then p is either a crossing, or a cusp, or a terminal point.
Moreover all terminal points of G, lie on m,, ([0, 1]);

— there exists € > 0 small enough such that the arcs of G, intersecting the strip
Uf[_e \ﬁ: are transverse to my ([0, 1]) forall A € [u — €, ul;

— there exists a function d, : G, \ nodes(G,) — N satisfying (L1)—(L3) of
Definition 4.2.5 with G, in place of G and f,, in place of f';

- K, NU coincides with {d,, = 0}.

The pair (f,,, d,,) is called a labelling of G, in U:‘.

Definition 4.4.5 (Dangling Arcs) The arcs of G, \ K, traversing the strip U;r_E
U: will be called the dangling arcs of G,.

4.5 Proof of the Completion Theorem

We are now in a position to start the proof of Theorem 4.3.1. We have already seen
that if K is completable then K is a visible contour graph. Therefore, what remains
to prove is the converse statement. Take a visible contour graph K. Let m be a
generic family of horizontal Morse lines for K and let Ay,..., A, be the critical
valuesof mwith1 > A > A, > ---> A, > 0.
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Given A € [0, 1], denote as before by Uf the open half-plane above the Morse
line my (R). Take noncritical values w1, ..., i,+1 wWith

1>py >A1 >y >+> Ay > tpt1 > 0.

Giveni € {1,...,n}, let us suppose that the following properties are verified:

(P1;) alocalized completion (G;, f;, d;) of K is constructed in U+/_;
(P2;) the labelling ( f;, d;) satisfies the further condition

fi =0onlyin U} Next(K). 4.2)

Note that (P1;) and (P2,) are satisfied.

Our aim is to show that we can construct a completion (G;+1, fi+1,d;+1) of K
in U;;, 4 in such a way that properties (P1i+1) and (P2;+) hold, thus going beyond
the critical value A;. In order to do this, we need to take into account all possible
Morse events at level A;, and provide a certain number of rules for constructing
the completion and the labelling around each event in such a way to keep valid
properties (P1i4+1) and (P2;i41).

Once we show this step, the proof of the theorem concludes after n + 1 steps, by
setting

(G, f.d) = (Gut1, fut1, dnt1).

Indeed, since A, necessarily corresponds to the global minimum, we have U/J{”+1 )
K, and our construction will give a completion

G gQ\ext(K)gU'Ir

Hn+1 Hn41"

Notation In the figures, the dotted lines denote the Morse lines m,, ([0, 1]) and
my, ., ([0, 1]). The bold arcs are the arcs of K, while the thin arcs are added ones
in the completion procedure. The inductively given values of f at step i in U;; are
denoted by the index i, for instance f;' f? and so on. We adopt a similar notation
for the inductively given values of d on the arcs, using dil, diz, etc. For simplicity,
in the figures the new values f; 1, ]’l—"iLl, and dj 11, dij+1 on the various regions and
arcs will be simply denoted by f, f/, and d, d/ respectively.

Since the Morse lines travel from top to bottom as A decreases, it is natural to
begin the list of Morse events at level A; with the local maxima, the first one being
obviously the global maximum.
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4.5.1 Analysis at the Global Maximum and at Local Maxima

There are two possible orientations of the involved arc of K, depicted in Figs. 4.1
and 4.2a, where R denotes the region bounded by the arc.

— Case 1: Fig. 4.1. From (K3) of Definition 4.1.8 it follows that R cannot be
contained in the exterior region ext(K). Therefore, we define f := f; + 2in R.

— Case 2: Fig. 4.2a, which describes a local maximum that necessarily is not the
global maximum. In view of the orientation of the involved arc of K and the
inductive hypothesis (P2;) it follows that f; > 2. We need to distinguish two
further subcases, depending on whether region R is contained in the exterior
region of K or not.

— Case 2a: R C ext(K). In order to fulfill requirement (P2;4;), we need to define
f = 0in R. This is compatible with the inductively given value f; only if
fi = 2, asituation in which we do not add any local completion and we simply
proceed to the next Morse event. On the other hand, if f; > 2 we add the proper
number f; /2—1 of arcs (depicted with thin arcs) with the correct orientation as in
Fig. 4.2b: the figure displays the construction in the particular case f; = 6. In this
way we reduce f of two units across each new arc so that we can match the value
f = 0in R. Then we assign any value of d > 0 to each new arc (so that they
become invisible arcs), with the only requirement that (L2) of Definition 4.2.5
is satisfied: the simplest choice is of course d = 1. Note that we have created
Jfi — 2 new terminal points just below the Morse line m,,, ., (R). Such terminal
points must be continued up to the subsequent Morse event.

— Case2b: RNext(K) = @.If f; > 2wedefine f := f; —2in R, so that (P2iy,)
is satisfied, and there is no need to add any local completion. On the other hand,
if f; = 2 we add an arc with the reversed orientation as in Fig. 4.2¢c, so that we
can increase the value of f to f = 4 above the visible arc, and consequently
define f := 2 in R. The value of d > 0 on the new (invisible) arc is adjusted to
fulfill condition (L2): again the simplest choice is to assign d = 1. In this case
we have created 2 new terminal points just below the Morse line m,, , (R), to be
continued up to the subsequent Morse event.

To conclude the analysis at local maxima we need to specify how to deal with
dangling invisible arcs that might be present on the Morse line m; (R), p; > A >
Wi+1, in the open segment S between the consecutive transversal intersections of
m; (R) with K, where the new local maximum Morse event occurs. As shown in
Fig. 4.3 this segment gets split into two parts S;” and S A+ , A < A; separated by the
new region R below the local maximum. For each dangling arc in S, we are free to
choose one of the two new segments S, and S ;r , provided we preserve the relative

Fig. 4.1 Local or global T | S—

maximum. Image taken
from [1] /-I‘?\
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Fig. 4.2 (a): local but not global maximum. (b): the case R C ext(K), and the local addition of
new invisible arcs when f; = 6. (¢): the case R Next(K) = @ and f; = 2. Image taken from [1]

Fig. 4.3 At alocal maximum p we conventionally choose to continue all dangling invisible arcs
on the left. Image taken from [1]

ordering. We shall conventionally make here the choice of continuing all dangling
arcs by traversing the left segment S, , as shown in Fig. 4.3.

Being concluded the casistics of the local maxima, we continue the list of Morse
events at level A; with the analysis at terminal points and T-junctions in the order.

4.5.2 Analysis at Terminal Points

Let us observe preliminarly that from the assumptions on K and requirement (P2;)
we have f; > 0 in a neighbourhood of a terminal point p.

We distinguish two possibilities: ending terminal points (Fig. 4.4 a, b, e and f)
and starting terminal points (Fig. 4.4 ¢, d, g and h).

— Ending terminal point. Let f;/ (respectively f;") be the inductively given value of
f on the adjacent left (respectively right) region to the arc of K, where left and
right are taken with respect to the orientation of the arc. There are two cases to
be considered, depicted in Figs. 4.4a and b.

— Case 1: Fig. 4.4a. We locally complete the arc as in Fig. 4.4e, with a new arc
starting at p and below the Morse line, forming a simple cusp with the correct
orientation. We also set d := 1 on this new arc and set the values of f in
the inside of the cusp and in the complement as in the figure. Notice that the
labelling is locally consistent, in the sense that it locally meets the requirements
of Definition 4.2.5.
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d:=1 d:= 1,
fi=tfi+37 P PT7 = 42
=/ f=1f N

Fig. 4.4 (a), (e): ending terminal point p: case 1. (b), (f): ending terminal point p: case 2. (¢), (g):
starting terminal point p: case 1. (d), (h): starting terminal point p: case 2. Image taken from [1]

Case 2: Fig. 4.4b: it is similar to case 1, and the local construction is displayed in
Fig. 4.4f.

Starting terminal point. There are two cases to be considered, depicted in
Figs. 4.4c and d.

Case 1: Fig. 4.4c. By the inductive assumption (P2;) it follows that f; > 2. We
proceed as in Fig. 4.4g: namely, we add an invisible arc at p with d := 1, and
forming a simple cusp at p, with f = f; + 2 inside the cusp. Observe that the
labelling is locally consistent.

Case 2: it is similar to case 1, and it is shown in Figs. 4.4d and h.

For a starting terminal point the segment of the Morse line where the Morse event

occurs gets split into two. If there are dangling arcs, we can proceed similarly to the
case of the local maxima, see Fig. 4.3.

4.5.3 Analysis at T-Junctions

We distinguish two possibilities: ending T-junctions (Figs. 4.5a and c) and starting
T-junctions (Figs. 4.6a and 4.7a).

Ending T-junction. We are in the situation of Fig. 4.5a or c. Suppose that there
are k; > 0 dangling invisible arcs between the two points z and w, with the
(for the arcs), with d/ > 1forany j € {1,...,k;}. If k; = 0 (i.e., no dangling
arcs are present), we have f;! := f; and d;! := d;. We now distinguish two cases,
depending on the local orientation of K.

Case 1:  Orientation as in Fig. 4.5a. Notice that the orientation and the inductive

assumption (P2;) imply that R N ext(K) = @.
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b -2

S

Fig. 4.6 (a): starting T-junction. (b): the local continuation of the transversal arc. Image taken
from [1]

Firstly we locally continue the transversal arc joining p and w, downwards on
the left with the correct orientation as in Fig. 4.5b, setting d := 2 on the local
continuation of the arc and f := fik’ *1in the lower region L (if no dangling arcs
are present f := f;'in L).

Now, let us denote by U the region lying above the just constructed new invisible
arc. We claim that it is possible to locally continue all dangling arcs inside U as in
Fig. 4.5b, downwards on the left, and to assign a consistent local labelling. Note that
each arc creates a crossing between z and p in the local completion. We define the
local labelling in Fig. 4.5b as follows. Let [ € {1,...,k;}; on the local completion
of the /-th dangling arc we set d := d] + 2. Next, the (consistent) values of f
are indicated in Fig. 4.5b. Observe that this construction works independently of
the orientation of the dangling arcs: this is the reason why we do not indicate the
orientation of the dangling arcs in Fig. 4.5b. One then directly checks that all local
consistency properties required for the functions f and d are satisfied.

Case 2:  Orientation as in Fig. 4.5c. Again, due to the local orientation of K, we
have RNext(K) = @. We firstly locally continue the transversal arc joining p and
w downwards on the left as in Fig. 4.5d, setting d := 2 on the local continuation
of the arc and f := f;! + 4 in region L. The local completion of the dangling
arcs and the assignment of the labelling is then exactly the same as in Fig. 4.5b,
see Fig. 4.5d.

— Starting T-junction. We are in the situation of Fig. 4.6a or Fig. 4.7a. Note that in
both figures RNext(K) = @. Again, we need to distinguish two cases, depending
on the local orientation of K.

Case 1:  Orientation as in Fig. 4.6a. By the inductive hypothesis (P2;) it follows
that f; > 2. We locally continue the transversal arc at p upwards on the right with
the correct orientation as in Fig. 4.6b, setting d := 2 on the local continuation of
the arc and defining the values of f as in the figure.

Case 2:  Orientation as in Fig. 4.7a. As a consequence of the constraint (K2) we
have U Next(K) = @ and R N ext(K) = @, so that by the inductive hypothesis
(P2;) it follows f; > 4. Firstly, we locally continue the transversal arc at p on
the right with the correct orientation as in Fig. 4.7b, and we set d := 2 on the
local continuation. We now need to distinguish two subcases.
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Hit1

Fig. 4.7 (a): starting T-junction. (b): local continuation, case in which L C ext(K) and f; = 4.
(c): Case in which L C ext(K) and f; > 4; we take as an example f; = 8. (d): case in which
LNext(K) =@ and f; > 4. (e): case in which LNext(K) = @ and f; = 4. Image taken from [1]

Case 2a: L C ext(K). We necessarily have to define f := Oin L. If f; = 4,
then it is enough to construct the labelling as in Fig. 4.7b. If f; > 4 we need to
introduce the proper number f; /2 — 2 of oriented arcs as in Fig. 4.7¢, in order to
match the value f := 0 in the lower region L. On the invisible arcs (but to the
lowest passing through p) we define d := 3. One checks that the local labelling
is consistent at the new crossings on the arc separating region U from region R.

Case2b: L Next(K) = 0. If f; > 4, then we locally complete the graph as
in Fig. 4.7d. If f; = 4 we need to introduce an oriented arc (with reversed
orientation) as in Fig. 4.7e in order to obtain a value of f > 0 in the lower region
L. One checks that the resulting local labelling is consistent. This concludes the
analysis at T-junctions.

Now, we analyse the merging part of the proof, and consider those Morse events
for which the invisible dangling arcs obtained in the previous steps must be suitably
joined each other. This is the case, for instance, when the Morse line intersects the
global minimum p of K, and there are invisible dangling arcs inside the region
U which is locally above p and bounded by K. In this situation the invisible arcs
cannot go out of U since the region below p (denoted by R in the corresponding
figures) is contained in ext(K) (compare with Remark 4.3.6). This is the most
delicate part of the proof. As we shall see, besides new crossings, in some cases
it will be necessary also to introduce new cusps.
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4.5.4 Analysis at Local Minima and at the Global Minimum

There are two cases to be considered: Figs. 4.8a and 4.10a (this latter case happens,
for instance, for the global minimum, and is the most involved).

Case 1: Fig. 4.8a. In view of the orientation of the involved arc, we necessarily
have R N ext(K) = @. If there are no dangling invisible arcs between the two
points z and w, we simply define f := f; + 2 in R (and of course no local
continuation is required).

If there are k; > 1 dangling invisible arcs between z and w, denote by
{f’}j=1. k+1 the corresponding labelling values for the regions, and by

{d!}j=1. k the labelling for the arcs, with d/ > 1 for any j € {1,...,k;},
see Fig. 4.8b. Note that fil > 2, since no invisible arc can be adjacent to ext(K).
We then continue downwards the arcs inside region R, increasing of two units
the corresponding value of d, and this is done independently of the orientation of
each arc. Observe that in this process we create k; new crossings, as indicated in
Fig. 4.8c. The values of the function f are correspondingly increased of two units
passing from region U to region R. One checks that the local labelling around each

new crossing is consistent, independently of the orientation of the dangling arcs.

Case 2:  Fig. 4.10a. If there are no dangling invisible arcs between z and w, we
simply keep the value of f in R as the one given by the inductive step.
If there are k; > 1 dangling invisible arcs between z and w, as, for instance, in
Fig. 4.9a, we need to distinguish two further subcases.

Case 2a: R Next(K) = @. In this case f;' > 4. If there is some dangling arc
y having labelling d = d(y) = 1 then, by inserting one cusp (similarly to
what done, for instance, in Fig. 4.9¢) to y, we increase the value of d(y) of
one unit. After this operation, we can therefore suppose that the value of d on
each dangling invisible arc in region U is larger than or equal to 2, namely

d! > 2inside U forany j € {1.....k;}. (4.3)

a b a & c
fi fle2y g\ oo e
i }\‘//,l z\\/v///u,
U
r R

Fig. 4.8 (a): local but not global minimum: R Next(K) = @. (b): independently of the orientation
of the dangling invisible arcs, we continue these arcs inside region R. In (¢) we show the local
completion when k; = 3. Image taken from [1]
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R d=1 R gl—2d!-2 a2

Fig. 4.9 (a): the case in which R Next(K) = @. (b): if there is a region inside U where fl'.] =2,
then necessarily we have the depicted values of f and d, and the depicted orientations. The two
arcs with d; = 2 are then smoothly joined remaining inside U, as in (c). (¢): example of the
procedure adopted in case 2a of the proof. Image taken from [1]

Moreover, observe that the dangling arcs having dij = 2 cannot be continued
downwards since, due to the local orientations, the new value of d should
decrease of two units (remember Fig. 3.11), thus vanishing on the local
continuation of the arc.!* This is not allowed, as the continued arcs cannot
be visible.

If there is j € {1,...,k; + 1} such that f,»j = 2, using also (4.3), we are
necessarily in the local situation displayed in Fig. 4.9b. Then the two arcs locally
bounding the region where f;/ = 2 can be smoothly joined one to each other,
remaining inside U, similarly to what displayed in Fig. 4.9c. From now on these
joined arcs will be no longer considered as dangling arcs, and therefore we shall not
consider them anymore.

Let y be a dangling invisible arc with d =: d(y) = 2. In view of the previous
construction, necessarily the local value of f on the regions on the two sides of y is
larger than or equal to 4. Then by adding one cusp (as shown in Fig. 4.9¢) we can
increase the value of d(y) to d(y) = 3 on y. We can therefore assume that

all dangling arcs have d,-j > 3, “4.4)

We are now in the position to continue all dangling arcs under consideration
from region U to region R, similarly to what depicted' in Fig. 4.9c, where now the
values of f;/ and d/ are decreased of two units when passing from U to R. The
resulting values of f are strictly positive, thus meeting the inductive assumptions.
Also, the resulting values of d are strictly positive, thanks to (4.4).

Case 2b: R C ext(K), see Fig. 4.10b. Necessarily f; = 0 in R, therefore no
dangling invisible arc is allowed to leave U. Observe that

4For example, if the dangling arc is oriented downwards (respectively upwards), the local labelling
at the corresponding crossing is the same as in the penultimate (respectively last) picture of
Fig. 3.11.

I5Tf the dangling arc is oriented downwards, then the new formed cusp points on the left.
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Fig. 4.10 (a): local or global minimum. R can be contained in ext(K), as in Figure (b) (and as in
the case of the global minimum). In that case the total number of dangling invisible arcs is even
(= 2h;, h; = 1), moreover, the values of f and the orientations are necessarily as in the figure.
(c): necessarily there are two contiguous arcs, among the dangling arcs of Figure (b), oriented in
this way. Image taken from [1]

— fi = 2 in the region between the arc of K and the first dangling invisible arc
starting from the left, since f; = 0 only in the exterior region by the inductive
assumption (P2;). Similarly, f; = 2 in the region between the arc of K and the
first dangling invisible arc starting from the right. See Fig. 4.10b.

— The total number of dangling arcs is even. We denote this number by 24;.

— Since dangling invisible arcs cannot be adjacent to ext(K), it follows that f; = 4
in the region between the first and the second dangling invisible arc starting from
the left (if #; > 1). For the same reason, f; = 4 in the region between the
first and the second dangling invisible arc starting from the right, see Fig. 4.10b.
In particular, the orientation of the first dangling arc starting from the left is
downwards, whereas the orientation of the first dangling invisible arc starting
from the right is upwards, as shown in Fig. 4.10b.

— There exists at least one pair of contiguous dangling invisible arcs with the local
orientations as in Fig. 4.10c. They are found by looking for the maximal value
of f/,j =1,....2h;.

Fix a pair of contiguous dangling invisible arcs as in Fig. 4.10c, and let j, j + 1
be the integers indexing the arcs of the pair (see Fig. 4.11a). If d/ d! +1
smoothly join the two arcs remaining inside region U as in Fig. 4.11b.

Suppose now that d/ # d/*' (Fig. 4.11c), and set dpy := max{d/,d/*"}.
Adding the appropriate number of cusps on the arc which has the lower value of
d, we can make the two invisible arcs to have the same value of d = dmax: see
Fig. 4.11c, where we have considered the case di] - dl-j + 2, and therefore
we have added two cusps with the correct orientation on the j-th invisible arc.
Then we can argue as in Fig. 4.11b, by smoothly joining the two arcs with the
same value of d = dp,, remaining inside U (Fig. 4.11¢). Now, we consider all
the remaining arcs: again we observe that there exists at least a pair of contiguous
arcs with the orientations and the local values of f as in Fig. 4.10c. We then argue
as before adding the proper number of cusps, and we smoothly join together the
two contiguous arcs remaining inside U, without intersecting the other dangling
arcs. After a finite number of these operations, all dangling arcs are smoothly joined
pairwise. One checks that the constructed labelling is consistent, and this concludes
the proof of the theorem. O
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Fig. 4.11 (b): if two contiguous arcs of (a) have the same value of d we smoothly join them
remaining inside L. Here again R C ext(K). (¢): case in which d; J # d; it , for instance d; J

dl-j *1. we show the example when a'l-] +2 = a’,-’ *1, 5o that we add two cusps to the left arc in

order to increase the value of d of two units. Image taken from [1]

We shall see in Example 4.6.4 that the constructive proof of Theorem 4.3.1
provides, for K as in Fig. 4.15a, the completion G of Fig. 4.15b. This is the apparent
contour of a solid shape topologically equivalent to a sphere (and not to a torus),
and this is a consequence of requirement (4.2). This requirement can be relaxed:
more precisely, the region { f = 0} can be larger than the external region ext(K),
provided we strengthen condition (K3) in Definition 4.1.8. Under this assumption,
it turns out that the resulting completion is given by the apparent contour of a torus.
We observe that deciding whether f* vanishes also in some nonexterior region is a
piece of information that must be known a priori.

Corollary 4.5.1 (Completion with Assigned { /' = 0}) Let K be a contour graph
satisfying conditions (K1), (K2) and (K4)—(K6) of Definition 4.1.8. Suppose in
addition that background(K) is a union of connected components of R* \ K and
satisfies the following conditions:

(K3’) background(K) contains ext(K),
(K3”) any arc a of K which is adjacent to background(K) is oriented in such a
way that background(K) lies locally only on the right of a.

Then there exists a complete labelled contour graph (G, f,d) such that K is the
visible part of G, and furthermore

{f = 0} = background(K).
Proof 1t is the same'® as the proof of Theorem 4.3.1, by replacing ext(K) with
background(K). O

Remark 4.5.2 The local shape of K (respectively G), especially near a terminal
point (respectively a cusp), is inessential for the validity of Theorem 4.3.1. Indeed
it is always possible to recover the required regularity of G (properties (G1), (G4)

16Notice that in the proof of Theorem 4.3.1 the connectedness of ext(K) is not used.
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and (G5) of Definition 4.2.2) a posteriori by means of local deformations. This is
also possible with no modification of the visible part K of G provided K already
has the required regularity properties (K1), (K5) and (K6) listed in Definition 4.1.8.

The completion of a visible contour graph is far from being unique. Therefore,
any invariant (in whatever sense) of a completion cannot be an invariant of the
original visible contour graph. We refer to Sect. 9.2.3 for a further discussion.

Remark 4.5.3 (Dependence on the Morse Description) The algorithmic proof of
Theorem 4.3.1 depends on the Morse description of the visible contour: different
Morse descriptions of the same visible contour will in general lead to inequivalent
3D shape reconstructions.

4.6 Examples

The aim of Theorem 4.3.1, as opposed, for instance, to that of [2], is not to provide
a good solution, i.e., a completion that corresponds to the 3D object that our brain
infers from the contour sketch, but only to rigorously show that the set of possible
3D (smooth) objects that give rise to the given visible contour is nonempty. In some
cases, however, the result of Theorem 4.3.1 coincides with the natural interpretation
of the original visible contour. In other cases, instead, the completion given by
Theorem 4.3.1 may not give, as a result, what one commonly expects. One can then
try to apply Corollary 4.5.1. Let us illustrate these assertions with some examples.

Example 4.6.1 (Bean) Let us consider the visible contour of Fig. 4.12a, which
satisfies all assumptions (K1)—(K6) of Definition 4.1.8. Applying the construction
described in Theorem 4.3.1, and employing the Morse description (see Defini-
tion 4.4.1), we proceed as follows:

— a(global) maximum, Morse event (m1). No addition of invisible arcs is required
(Fig. 4.1);

— a (local) maximum oriented from right to left, Morse event (m1l). Again, no
addition of invisible arcs is required (Fig. 4.1);

Fig. 4.12 Example 4.6.1.
Image taken from [1]
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— a T-junction, Morse event (m5). We are in the situation of Fig. 4.5¢'7; since we
have no dangling arcs we simply locally complete the transversal arc by creating
a new dangling arc with d = 2, oriented upwards;

— aterminal point, Morse event (m3). We are in the situation of Fig. 4.4a and we
will proceed as in Fig. 4.4e by adding a new dangling arc with d = 1 oriented
downwards;

— a(global) minimum, Morse event (m2). We are in the situation of Fig. 4.10b with
two (h; = 1) dangling arcs (with opposite orientation) with d = 1 and d = 2;
we will connect them after the addition of a cusp.

The result is depicted in Fig. 4.12b, which represents a bean. This is the natural
interpretation of the original visible contour.

The next example is peculiar: the visible contour K does not need any completion
since it already satisfies all properties required to be a complete contour graph.
The choice G = K gives therefore the simplest possible completion of K and
the resulting 3D object E is a solid torus. However the procedure illustrated in the
proof of Theorem 4.3.1 gives a different (but perfectly legitimate) result.

Example 4.6.2 (Torus, 1) Let us consider the visible contour K of Fig. 4.13a
consisting of a pair of concentric circles with opposite orientation, the larger one
necessarily oriented counterclockwise. This contour satisfies all requirements (K1)—
(K6) of Definition 4.1.8. Notice that it does not contain any node, so that the trivial
choice G = K is already a solution to the completion problem. Such a G is the
apparent contour of a torus viewed from above. The constructive procedure in the
proof of Theorem 4.3.1 gives an unexpected result: indeed, due to requirement (P2;)
we cannot assign the (otherwise legitimate) value f = 0 inside the inner circle.
The obtained completion is the apparent contour G of Fig. 4.13b with a value of
d = 1 on the intermediate (invisible) circle. Compare case 2b in Sect. 4.5.1. The
3D reconstruction of such a G has the shape of a sphere with a large excavation
viewed from above; it could resemble to an amphora viewed from above. These
two very different 3D reconstructions (which also have different topological types)
are completely indistinguishable by means of their visible apparent contours. On
the other hand, imposing f = 0 also in the inside of the inner circle gives, using

Fig. 4.13 (a): Example 4.6.2.
In (b): we depict the resulting
completion G, given K,
provided by Theorem 4.3.1.
Image taken from [1]

17With a left-right reflection. Notice that reflecting the values of f still results in an orientation of
the two arcs from right to left.
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Fig. 4.14 (a): Example 4.6.3. Note that this example is identical to Example 4.6.2 (Fig. 4.13) if we
restrict to the first two Morse events (above the dotted line). The completion G in (b): is “optimal”.
Image taken from [1]

Corollary 4.5.1, the apparent contour of the torus (G = K), which is the expected
result.

Example 4.6.3 (Sphere with a Cave) Consider the visible contour K of Fig. 4.14a.
It consists of an external circle oriented counterclockwise containing an arc with two
terminal points oriented from left to right. Note carefully that the visible contours of
the two examples in Figs. 4.13a and 4.14a coincide whenever restricted to the half-
plane above the dotted lines. Therefore their Morse description is identical until the
Morse line reaches the dotted lines, and consequently the initial construction of the
completion in Theorem 4.3.1 (based on the Morse description) will necessarily be
the same in both cases up to that line.

The resulting G that we obtain from the construction of the proof of Theo-
rem 4.3.1 is shown in Fig. 4.14b. The reconstructed 3D object £ could resemble
a sphere with a cave, and in this case the reconstruction seems to be the expected
one.

In both Examples 4.6.2 and 4.6.3 our procedure requires the addition of an
invisible arc between the two local maxima Morse events; this addition is actually
redundant in the first example, but it is essential in the second one since otherwise
we would get a negative value of f locally in the region immediately below the
internal visible arc.

Example 4.6.4 (Torus, II) A more involved example is shown in Fig. 4.15a. In order
to distinguish the values of f from the values of d, we depict the values of f
inside a small circle. The sequence of Morse events includes two T-junctions and
two terminal points. Hence, following the constructions described in the proof of
Theorem 4.3.1, we create a total of 6 dangling arcs as shown in the lower part of
Fig. 4.15b. In particular note that the first T-junction forces us to add an invisible arc
with d = 3 in order to have f > 0 inside the hole of the original contour, in respect
to the inductive requirement (P2;). The result is rather complex and its analysis can
be carried out with the aid of the appcontour software described in Chap. 10.

In Chap. 9 we describe an actual implementation of the constructive proof
of Theorem 4.3.1 in a software code named visible. Its output is a Morse
description that can be directly used as input to the appcontour program.

Figure 4.16a shows the resulting apparent contour as reconstructed by the
software; the reader should check that this is equivalent to Fig. 4.15b up to ambient
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Fig. 4.15 Example 4.6.4. The values of f are depicted inside a small circle. The completion in
(b) of (a) is the apparent contour of a surface ambient isotopic to a sphere. Image taken from [1]

Fig. 4.16 Example 4.6.4. Use of the software appcontour to understand the constructed
apparent contour. The four pictures show the initial contour (ambient isotopically equivalent
to Fig. 4.15b) and the result of successive application of rules that correspond to 3D isotopic
deformations of the originating 3D shape; d = 1 on the dashed arcs and d = 3 on the dotted
ones. Image taken from [1]
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isotopies. A number of properties of the apparent contour are also computed, in
particular the number of connected components (= 1) and the Euler characteristic
(= 2) of the 3D surface.

Using appcontour it is also possible to apply rules (similar to the Reidemeis-
ter moves for knots) to the apparent contour, that correspond to ambient isotopic
deformations of the 3D surface; one of the applicable rules (denoted S by the
software) allows to simplify the swallow’s tail and the result is shown in Fig 4.16b.
Now rule C allows to untangle one of the two cusps, and the result is shown in
Fig. 4.16c¢. Finally, rule L produces the apparent contour of a sphere (Fig. 4.16d).

We remark that forcing f = 0 in the innermost region of Fig. 4.15a and
making use of Corollary 4.5.1, produces, as a result of the algorithmic proof of
Theorem 4.3.1, the usual torus: see the discussion in Example 9.1.
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Chapter 5
Topological Reconstruction
of a Three-Dimensional Scene

Following closely [1],""? in this chapter we characterize those planar graphs
contained in €2 that are apparent contours of a stable smooth 3D scene £ C Q =
Qx(—1,1). As we shall see, the conditions imposed on a graph for being a complete
labelled contour graph are sufficient for our purposes.

The notation concerning graphs is introduced in Chap. 4; in particular, complete
labelled contour graphs are introduced in Definition 4.2.6. The meaning of a 3D
scene E is explained in Definition 3.1.1, and the concept of stable scene is explained
in Definition 3.2.1.

5.1 Statement of the Reconstruction Theorem

The reconstruction result (Theorems 5.1.1 and 5.1.4) characterizes those graphs
which are apparent contours of a smooth three-dimensional scene. As we shall see,
the proof of this assertion is rather long, and splits into an existence and a uniqueness
part.

The existence result,’ the proof of which is given in Sect. 5.2, can be stated as
follows.

'With kind permission from Springer Science+Business Media, in this chapter and in Chap. 11 we
illustrate some results and report some of the figures from the quoted paper [1].

2See also the panelling construction in [11] and [2-6, 12].

3See again [11, 12], and also [8].
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Theorem 5.1.1 (Existence) Let (G, f,d) be a complete labelled contour graph.
Then there exists a stable 3D scene E C Q such that

f = fz and d = d):,

where X := 0E.

It is worthwhile to observe that part of the proof of Theorem 5.1.1, specifically
the construction of the topological manifold 7 described in Sect. 5.2.1, is actually
implemented in the appcontour program. This piece of information is used in the
computation of the CW complex, and in the computation of the first fundamental
group of E and R3 \ E, as described in Sect. 10.7.

In order to state the uniqueness part of the reconstruction result, we need to
introduce a suitable notion of equivalence.

5.1.1 Depth-Equivalent Scenes

Let E C Q be a three-dimensional scene. For any x € 2, we define E, := {z €
(=1,1) : (x,2) € E} = n~'(x) N E as the one-dimensional slice of E passing
through the point (x, 0). We call E, the fibre of E over (x, 0) in the direction of the
eye.

Since we are not interested in reconstructing the precise depth of the points on
the surfaces, we have to consider equivalent those three-dimensional scenes which
differ to each other by a homeomorphism preserving the order of the points on the
fibres.

Therefore, we need the following definition, already mentioned at the beginning
of Chap. 1.

Definition 5.1.2 (Depth-Equivalence Class of a 3D Scene) Let £, E; C Q be
two 3D scenes. We say that £} and E, are depth-equivalent, and we write [E] =
[E>], if there exists a homeomorphism ® : O — Q of the form

O(x.2) = (x,0:(z)),  (x,2) €0,
with O, strictly increasing for any x € €2, and
lg, = 1g, 0 0.
Namely, if E; and E, are depth-equivalent, then, for any x € €, there is a

continuous strictly monotone map ®, taking the fibre £}, of E; over (x,0) onto
the fibre E,, of E», and varying continuously with respect to x.
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Remark 5.1.3 Let E| and E, be depth-equivalent, let f; and f> be the correspond-
ing functions as defined in (3.5); that is, for any x € €2,

) =#Ha' )N} Al =#Hr(x) N,
where
X1 =0E;, X,=0E,,.
Let d; and d, be the corresponding labellings as in Definition 3.4.1. Then
h=1H and dy = d,.

We are now in a position to state the uniqueness part of the reconstruction
problem, which is proven in Sect. 5.3.

Theorem 5.1.4 (Uniqueness) Let Ey, E; C Q be two stable 3D scenes, such that

Sz, = fx, and ds, =ds,.
Then

[E1] = [En].

5.2 Proof of Existence

The aim of this section is to prove Theorem 5.1.1.
Denote by

Ry,....R,

the regions* of G (see Sect. 4.1).

The proof splits into various steps. In the first step we define a two-dimensional
abstract topological manifold 7 by properly glueing the boundaries of the regions.
The manifold 7 is obtained as a quotient of a set D, a sort of disjoint union’ of
the closure of the regions, each region appearing the proper number of copies. This
construction will be implemented in the program appcontour in Chap. 10, for
instance in Sect. 10.7.1.

4Remember that, by definition, the regions are open.

SWe recall that, if X, ..., X,, are sets, the disjoint union I, X; is defined as UL {(x,i) :
x € X;} = U (X; x {i}), and the disjoint union topology on II7_, X; is defined as follows:

AC L, X, isopenif AN (X; x{i})isopenforanyi =1,...,m.
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According to our usual notation (Sect. 3.3), for any i = 1,...,n we denote by
f(R;) the value of the restriction of f to region R;.° We also let Ny be the set of
all positive natural numbers.

5.2.1 Glueing

Define

D= {(x,i,r) €QxNxNy:ief{l,....nl, xR, r e{l,...,f(Ri)}}.
The set D can be interpreted as the disjoint union I7_, D;, where
D; = {(x,r) €QxNy:xeR;,r e{l,...,f(R,»)}}.

Notice that the set D; is, in turn, the disjoint union of f(R;) copies of R;, the strata’
of R;. We endow D with the disjoint union topology.

Remark 5.2.1 By definition, the set D; is empty if f(R;) = 0: this happens in
particular when R; is the external region.

Now, we want to suitably “glue” together the boundaries of the various strata of
the regions, and this will be done by introducing an equivalence relation on D. The
idea is to paste ordered pairs of arcs (preserving the same orientation) of the strata
using the information given by the values of the labelling d.

Let (xi1,i1,r1), (x2,i2,72) € D. We say that (xi,i;,r) and (x2,i», ;) are
equivalent, and we write (xy, i1, 71) ~ (X2, i3, 72), if

X1 = X =! X,

and either i; = i, and r; = r,, or one of the following four cases hold (the second
case splits into cases 2.1-2.4, the third one into cases 3.1-3.5 and the fourth one into
cases 4.1-4.3):

1. x ¢G.
In this case x belongs to only one region, so that i; = i,. Then r; = r;.
Therefore, glueing does not occur for points in the regions;
2. x € a € arcs(G).
Let for notational simplicity d (= d(x) = d(a)) be the value of the labelling
d at x, and denote by Ryx and Ry, the two regions at opposite sides of the arc

6Remember from Definitions 4.2.1 and 4.2.2 that f(x) is independent of the choice of x € R;.
7Recall that a stratum of R; is a pair (R;, r) withr € {1,..., f(R;)}; see Definition 3.3.1.
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R al d=2
Jmin + 2 r=1
r=9 horizontal gluings
r=3 N
Junin = 4 r=4 vertical gluing
r=2>5 . .
6 horizontal gluings
r=20
9 il
.fmin +2 fmin =4

Fig. 5.1 Four horizontal glueings and one vertical glueing along the arc a. Image taken from [1]

a, with corresponding values foux = f(Rmax) = f(Rmin) + 2 =: fmin + 2.
Then

2.1. iy # i, 11 = rp < d. We glue along a the first d strata of the regions at
opposite sides of a. We call such an identification horizontal glueing along
a, see Fig. 5.1;

22. 01 = i3, Riy = Rnax.d +1 <r; <ry <d+2. We glue the (d + 1)-th and
the (d + 2)-th strata of Rp,x along a. We call such an identification vertical
glueing along a, see Fig. 5.1;

23. 01 # i2, Riy = Rmin, d +3 < ry = r; + 2, provided fnin > d. We glue
along a (horizontal glueing) the last fyn — d strata of the two regions at
opposite sides of a;

24. 01 # iz, Riy, = Rmax, d +3 < ri = rp + 2, provided fmin > d. Same
identification as in 2.3, with exchanged i; and i,.

While in item 2 we have been concerned with the identification of arcs, in item 3
we identify quadruples of points, and in item 4 we identify either pairs of points
or quadruples of points. We still use the words horizontal and vertical glueings
at the point x, considered as limit cases of the horizontal and vertical glueings
introduced in item 2.

3. x € crossings(G).

Concerning the notation around x, we refer to Fig. 5.2. which coincides with
the last picture in Fig. 3.11 (the case of the penultimate picture being similar®).
Note that d| < d,. There are two strata folding at depths d; + 1 and d, + 3
(items 3.2 and 3.4 below concern those strata in the order). The remaining strata
do not fold around x, and are divided into three groups and horizontally glued at
x (items 3.1, 3.3 and 3.5 below).

8For the glueing concerning the penultimate picture of Fig. 3.11, it is sufficient to repeat items
3.1-3.5, with i1 _ replaced by i_ 4.
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Fig. 5.2 Left: compatibility 0<d L < dy < f
conditions between f and d -
around a crossing. Right: i s
Local realization in space [+ f+2

(f=0d=d=0) d do+2
[ U “S—
f+2 f
dy

Denote by R;, (respectively R;__) the region where f takes its maximum
(respectively minimum) value among the four regions around x, and by R;, _
(respectively R;__ ) the region in the first (respectively third) quadrant. Then

3.1. ry = ry <d, provided d; > 0. The first d; strata in front of the two folded
strata are glued horizontally four by four at x;

3.2, (i,r), (i2,12) € {(i+—, di+1), (i+-, d1+2), (i++, d1+1), (i4+, d1+2)}~
Remembering the glueing described for the arcs, and looking at the first
folding, at x we glue all together

— vertically the two strata of region R; __,

— vertically the two strata of region R;__,

— horizontally the first two strata of regions R; — and R; s

— horizontally the second two strata of regions R; _ and R;__ | .

33. (1, 71), (ia,12) € {(i__,r), s P), g7 4+ 2), (s T + 2)} for r €
{di+1,...,d,},provided d, > d;. The d,—d, strata intermediate between
the two folded strata are glued horizontally four by four at x at the proper
depth.

34, (11,10),(12.72) € {(imp ot ). (g A2 42). (g da43). (g da ).
Remembering the glueing described for the arcs, and looking at the last
folding, at x we glue all together

— vertically the two strata of region R;_ e

— vertically the two strata of region R; __,

— horizontally the first stratum of region R;_, with the third stratum of
region R; o

— horizontally the second stratum of region R;_, with the fourth stratum
of region R; .

3.5. (i1, 1), (2, 12) € {(i__,r),(i_+,r £ 2) Gt + 2), (o7 + 4)} for
re{d,+1,..., fmin}, provided fuin > d>. The remaining fii, — d> strata,
behind the two folded strata, are glued horizontally four by four at x.
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Fig. 5.3 Left: compatibility 0<d<f
conditions between f and d

around a cusp. Right: local

realization in space (d = 0) d

4. x € cusps(G).
Let us denote by R;,,
by R;,, the other region. We also let f, be the value of f in R
f = fou+2in R;, . Then

lout?
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the region containing the acute part of the cusp, and
recall that

4.1. ry = rp < d, provided d > 0. The first d strata in front of the cusp are

glued horizontally two by two at x (identification of two points).

42. (i1, 1), (2, 12) € {(iout,d 1), (Gioms d + 1), Ginns d +2), (Gims d + 3)}.

Remembering the glueing described for the arcs, and referring’ to
Fig. 5.3 (which coincides with the third picture in Fig. 3.11), at x we glue

all together (identification of four points)

— vertically the first and the second stratum of R
the arc labelled by d,

— horizontally the first stratum of R
case along the arc labelled by d,

— vertically the second and the third stratum of R
the arc labelled by d + 1,

— horizontally the third stratum of R;,
case along the arc labelled by d + 1;

Linn»

imn With the stratum of R;_,

Linn»

with the stratum of R

Lout?

as a limit case along
as a limit
as a limit case along

as a limit

4.3. (i1,11), (i2, 1) € {(i(,ut, ), Gign, 7 +2)} forr € {d +2,..., fou}, provided
four > d + 1 (recall that fo,, > d + 1). The last fo, — (d + 1) strata are

glued horizontally two by two at x (identification of two points).
Remark 5.2.2 'We can rephrase the previous definitions as follows.

— Condition 3.2 is equivalent to

(x,ip—ydi + 1) ~ (x,ig—,dy +2) ~ (x,ip4,d) + 1) ~ (x,i44,dr +2).

— Condition 3.4 is equivalent to

(xyicg,da+ 1) ~ (x,icp,dr +2) ~ (X, iq4,dr +3) ~ (X,i44,dr + 4).

9The case of the second picture of Fig. 3.11 can be treated in a similar manner.
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— Condition 4.1 is equivalent to (X, iinn, 7) ~ (X, iou, 7) forany r € {1,...,d}.
— Condition 4.2 is equivalent to

(x,iou,d + 1) ~ (x,dinn. d + 1) ~ (X, lin, d + 2) ~ (X, iipn. d + 3).
— Condition 4.3 is equivalent to
(x1i0l1t!r)N (xsiinnvr+2)v re {d+2v---7fout}-

Itis possible to check that ~ is an equivalence relation on D, and that all elements
of D belong to an equivalence class. If (x,i,r) € D, we denote by

[(x,i,r)] ={(y.k,p) € D : (y,k,p) ~ (x,i,r)}

the equivalence class of (x,i,r). Observe that the cardinality of an equivalence
class is
1 ifx ¢ G,
if x € G \ nodes(G),

#(x,i,r)] =
I ) if x € crossings(G),

2or4 if x € cusps(G).
We define T as the quotient of D with respect to the equivalence relation ~, i.e.,

T:=D/~ = {[(x,i,r)] : (x,i,r)eD}, (5.1)

which we endow with the quotient topology.'? The set 7 has a natural structure of
topological manifold, as described in a precise way in the appendix of this chapter.

5.2.2 Smooth Local Embedding of T in R

We now show that 7 can be endowed with a structure of smooth manifold, and that
it can be smoothly locally embedded in R? in such a way that the projection map
keeps the correct apparent contour. The explicit expressions of the embeddings will
be useful also in connection with the uniqueness result (Theorem 5.1.4).

1. x ¢ G. In this case the local charts which make 7 a manifold of class C*° around
x are obtained using (x1, x;) as parameters. Assume, without loss of generality,

That is, if ¢ : D — T is the quotient map, then U < 7 is open if and only if ¢~ (U) is open
inD.
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that x = (0, 0) and that (0, 0) is contained in region R;, so that f(0,0) = f(R;).
Fixr € {1,..., f(0,0)}. Select a neighbourhood U CC R; of (0, 0). We define
the map ¥ : U — T as follows:

Y (x1, x2) = [((x1,x2),8,7)], (x1,x2) € U.

Then i is a homeomorphism between U and v (U), and this latter is a
neighbourhood of [((0,0),i,7)] in 7. The transition functions between two
intersecting neighbourhoods U C R%xmz) are the identity; in particular, they
are of class C*°. Hence, 7 becomes a two-dimensional manifold of class C*
around x.

Now, let

er Y (U) - R?
be defined as follows:

er[((x1,x2),1,7)] := (x1,X2,2,), (x1,x2) € ¥(U),
where!!

.
yi=—14+2— .
: f(R)+1

Then ey is a smooth local embedding of ¥ (U) in R3.

2. x € a € arcs(G). As we shall see, and in contrast with the previous case, here the
local charts which make 7" a manifold of class C* around x are obtained using
(x1, z) as parameters. Assume that x = (0,0); let U C 2 be a sufficiently small
neighbourhood of x, in such a way that @ N U can be written as x, = g,(x;),
for x1 in an open interval / C R, for a function g, € C*°(7) satisfying g,(0) =
g,,(0) = 0. Suppose in addition that f = fyin = 0in U N{x, < g,(x1)} (hence
f =2inU N {x, > g,(x1)}), the general case being an easy generalization.'”
Denote by R; the region containing U N {x, > g,(x;)}. Note that d = 0 in
anU.Set

V, = {[((xl,xz),i,r)] t(x1,x2) €U.xp = ga(xl)}v re{l.2},

Observe that z, € (—1, 1), so that all points that we consider belong to Q. Moreover Zy <z if
r,rme{l,..., f(0,0)} and ry < rs.

21f fiin > 0, it is enough to consider the strata that are transverse in correspondence of U, and
that are either in front of a parametrized stratum, or behind it, in dependence of the index r and of
the value of d.
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and
Vo=V U,

which is a neighbourhood of [((0, 0),,1)] in 7.
Define, for (x1, z) in a neighbourhood!® W of (0, 0),

Ga(x1,2) := 22 + ga(x1). (5.2)

Clearly, if W is small enough, we have G, € C*®°(W). Let ¢, : W — T be the
parametrization map defined as follows:

((x1,Go(x1,2)),i,1) ifz<O,

Ya (X 1» Z) = .
((x1,Gq(x1,2)),1,2) ifz>0.
Provided W is small enough, we can ensure that ¥, (W) C V,. One checks that ¥
is a homeomorphism between W and v,(W), so that the chart ¥ : ¥, (W) — W
is well defined and continuous.

Moreover, it turns out that the transition functions between two open sets W of
fol 2 (the domains of two parametrizations as above) having nonempty intersection
are of class C*. In addition, the transition functions between two open sets, one of
the form U as in case 1, and the other one of the form W, are of class C*°.!4

We are now in a position to construct a smooth local embedding in R, Let

e, V, > R?

be defined as follows:

eq ([((x1,2),7, D]) := (x1, Ga(x1,2),2)
, () eyW).  (53)
€a ([((Xl,Z), L, 2)]) = (X], Ga(xlvz)’ Z) ’
Note that e, is of class C*°,

ea(Va) = {(XI’XZ’ Z) X2 = Ga(Xl,Z)} = graph(Gll)

locally around the origin, and that the tangent plane to e, (V,) at (0,0,0) € R%}n ) X
R, is {x, = 0}.

13We suppose, as usual, that |z] < 1.
14The reason being that the function p € (0, +00) — /P is of class C°°.
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Let us show that the projection map m leaves invariant the apparent contour. The
singular set is given by

eq(Va) N (x1,x2.2) B%Ga(xl,Z) =0¢ =e(Va) N{z =0} = {(x1.ga(x1). 0)},

whose orthogonal projection on the plane {z = —1} coincides with {x, =

ga(x1)}.

3. x € crossings(G). In this case the embedding is constructed by repeating twice
the previous argument, making a suitable translation of the strata corresponding
to the highest value of d, and then inserting, if necessary, the proper number of
transversal layers at the correct depth.

Concerning the next case, it is helpful to recall the discussion made in
Example 3.3.3.

4. x € cusps(G). Assume that x = (0, 0), that the two arcs meeting at x belong,
locally, to {(x1,x2) € Q : x; € [0,8)} for a suitable § > 0 small enough, and
that have horizontal tangent line at 0. Up to a diffeomorphism of R2, we know
that the two arcs have equation

xo=+x2 x €[0,6),

for § > 0 sufficiently small.

We can suppose that the three involved strata are numbered with r = 1,2, 3.
Consequently, we can assume'” that fi, = 1 in Roy = R,, (hence f = 3 in
Rinn = R;)) and d = 1 in the lower arc of the cusp. Hence d = 0 in the upper arc
of the cusp; see Fig. 5.3.

We want to use (x, z) as local parameters. Let

W= (—e,¢) x (=8,8) C R?

(x1.2)

be a sufficiently small rectangular neighbourhood of (0, 0). Let V. be a neighbour-
hood of [((0, 0), iy, 1)] in 7, which is of the form

Ve = {((xlsXZ),iinnsr) S(x,x) €U, x1 20, —x13/2 <x2 < x?/z, re {1,2,3}}
U {((x1,x2), fout, 1) : (x1,x2) € U, x1 < 0}

3/2

U {((xl,xz),iom, D:(x1,x2) €U, x1 20, x2>x]' " orxz < —xf/z},

SFor simplicity, here f takes odd positive integer values: in order our discussion to be included in
the standard framework where f takes values in 2N, it is enough to add a transversal layer at the
proper depth.
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for a suitable sufficiently small neighbourhood U of the origin. Define

Fo(x1,2) == = (2 — 32zx1)., (x1,2) € W.

1
2
Let Y. : W — T be the parametrization map defined as follows:

(x1, Fo(x1,2), finn, 2)  if x1 > 22,

Ve(x1,2) = (x1, Fe(x1,2), finn, 3) if% <x;<Z2andz <0,

(x1, Fe(x1,2), iinn, 1) ifé <x;<zandz >0,

(x1, Fo(x1,2),iou, 1) elsewhere.

Provided W is small enough, we can ensure that ¥.(W) C V.. Then v, is a
homeomorphism between W and v.(W), so that the chart ¥ ' : y.(W) — W
is well defined and continuous.

One checks that the transition functions between two open sets W of R%xl 2) (the
domains of two parametrizations as above) having nonempty intersection are of
class C*°. In addition, the transition functions between two open sets, one of the
form U as in case 1, and the other of the form W, are of class C*°.

We are now in a position to construct the smooth local embedding of 7~ in R3.
Let

ec: Ve —» R}
be defined as
€ ([((Xl,Z), iiﬂn’ 1)]) = (X], F(;(Xl,Z), Z) s
€ ([((Xl,Z), iiﬂn’ 2)]) = (X], F(?(xl’ Z)’ Z) s
. (x1.2) € Ye(W).
€ ([((Xl,Z), Linn, 3)]) = (X], F(?(xl’ Z)’ Z) s
Cc ([((XI,Z), ioutv 1)]) = (xla Fc(xh Z), Z) s

The fact that the projection 7 leaves invariant the apparent contour follows from the
discussion in Example 3.3.3.

We denote by M the topological manifold 7" endowed with the smooth differen-
tial structure described above.

5.2.3 Smooth Global Embedding of M in R?

In this section, we show that the local parametrizations introduced in Sect. 5.2.2 can
be glued in a smooth way, in the intersection of two coordinate neighbourhoods.
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This will allow us to use a partition of unity, which, in the end, will lead to the C*°
global embedding of M in R3.

We start by introducing a class of multifunctions in the variables (xj, x;). Let
B C R%ﬂ_xz) be an open ball centred at the origin, and denote by P(R) the set
of all subsets of R. Let g € C*°(R) be a function, satisfying g(0) = 0, and let

graph(g) := {(x1, g(x1)) : x; € R}.

Definition 5.2.3 (Smooth Two-Valued Function) Let ¢ : B N {x; > g(x1)} —
P(R). We say that ¢ is a smooth two-multifunction with ordered branches glued
along B N graph(g), if

() ={7(0).LT()) xeBN{xa=gx)l,
where ¢ : B N {x, > g(x;)} — R are two functions of class C* such that

T <¢tin BNix > glx)},
¢~ =¢* on B N graph(g).

We use the notation
¢=1[¢".¢"]
to indicate the smooth two-valued function ¢, and we set
graph(¢) := graph(¢{™) U graph(¢*) C R, ) x Re.

Definition 5.2.4 (Smoothly Glued Branches) We say that the two branches of ¢
are smoothly glued along B N graph(g), if graph(¢) can be seen as the graph of a
function ¢ of class C*° with respect to the variables (xy, z), such that

2
%T‘fm,g(xl)) - 0.

An example of a smooth two-valued function with smoothly glued branches is
given by the right-hand side of formula (5.3) (recall (5.2)).

Lemma 5.2.5 (Square-Root of a Smooth Function) Let I C R be an open
interval containing the origin, and let 6 : I — [0, +00) be a function with the
following properties:

- 6 eC>®(),
— 0(z) =0ifand only if 7 = 0,
- 0"(0) > 0.

Then 6 can be written as follows:

0 =§2 in /,
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where § € C*°(I) has the following properties:

- 8(0) =0,
— 8(z) <Oforanyz € I withz <0, and §(z) > 0 for any z € I withz > 0,
- §(0) > 0.

Precisely

T/0(@ ifzel\ {0},

8(z) :={
© 0 ifz=0.
Proof Define

0(z .

% ifze I\ {0},
h(z) =

"
0 ifz=0.

One checks'® that 1 € C®(1, (0, +00)), therefore vh € C%(I). Since §(z) =
72/ h(z), it follows that § € C*®°(I). Observing!” that §'(0) > 0, it follows that § is
locally invertible around zero. 0

Lemma 5.2.6 (Horizontal Interpolation) Let I C R be an open interval, and let
a,b € I with a < b. Suppose that 81,8, € C*(I) are two functions having the
following properties:

— 81(z) < Oforanyz € I withz < a, and §,(z) > 0 foranyz € I withz > a,
- §i(a) >0,
— 82(2) < Oforanyz € I withz <b, and §,(z) > 0 foranyz € I withz > b,
- 8(b) > 0.

Then, given w € C*°(R, [0, 1]) with @' (0) = 0, and setting

¢:= (1 —-w(0))a+ w(0)b,

16For example, let us check that 1 € C'(I). For z # 0 we have h'(z) = ZLQ52Q g5 that,
applying twice de I’Hopital’s theorem, we have lim,—o/'(z) = lim,— # = @, d
therefore £ is differentiable at the origin. In a similar manner, one proves that all derivatives of
h are continuous in /.

"For z > 0 we have 0(z) %9”&) and 0'(z) = z0”(v), for two suitable points 7,v € (0, 7).

0 (2) 0" (v) 0”(0)

Hence §'(z7) = e = T and therefore §’(0) = lim__, o+ §'(z) = 1/ =5~ > 0.
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there exist a neighbourhood J of ¢ and a function 63 € C*°(J), such that, for any
8 € R with |8| sufficiently small, if we set

zz3:=(1— CL)((S))Z] + CL)((S)Zz, with z;,z> € I so that 51(21) = §and 82(22) =4,
we have zz € J and
8 = 83(z3).

Proof The function §; is locally invertible around a with a smooth inverse, and, in
the same manner, §, is locally invertible around b with a smooth inverse. Hence, for
8 € R with |§| sufficiently small, we can consider the C°°-function

h(8) = (1 — w(8))87"(8) + w(8)8;" ().
Using the assumption w’(0) = 0, we have

1

_8’1 @ + 0.

h'(0) = (1-w(0) (0)

1
5y(b)

Inverting /4 in a suitable neighbourhood of zero, we can now define, locally around
¢ = h(0), the function 83 as

53 = h_l.

Then the assertion of the lemma follows from the inverse function theorem. O
Proposition 5.2.7 (Interpolation of Two Multifunctions) Let R be a region, and
let B be a sufficiently small open ball contained in §2 and intersecting G and R. Let
[El_,§1+] : BN R — P(R) (respectively {5, 2+] : BN R — P(R)) be a smooth
two-valued function smoothly glued along B N G of the form (5.3). Let w;,i = 1,2
be two nonnegative functions of class C*°(B) with
wi+w,=1 inBNR.

Define

nFi=wilE+wiE inBNR, (5.4)
and

n:=[n".n"]1: BNR— PR).

Then 1 is a smooth two-valued function, smoothly glued along B N G.
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Proof We need to prove the smoothness assertion in a neighbourhood of a point x
belonging to the relative interior of an arc a € G. Assume without loss of generality
that x = 0, and that locally a can be written as a = {x, = g,(x;)}, for a function
g4 of class C*® with g,(0) = g/ (0) = 0, and that R lies locally in {x, > g,(x1)}.
Hence, locally, ¢ li and Zzi are defined for x; > g(x;).

By assumption we have that, for i € {1, 2},

{(x1.x2, 8 (x1,x2)) : (x1.x2) € BN R} U {(XI,X27§,-+(X1sX2)) s (X1, x2) Egﬂi}
can be viewed as the graph {x, = ¢;(x,z)} of a function ¢;, of class C* in its
domain. In addition
— the function z — ¢; (x1, z) is strictly convex in a neighbourhood of z = 0,

— locally ¢; (x1,z) > g4(x), with the equality only'® if
z=2z(x) =& (x1, ga(x1)) |

namely ¢; (x1,zi (x1)) = ga(x1).

Define, for a fixed choice of x1,
0;(z) := i (x1.2+ zi (x1)) — ga(x1), i €4{1,2},

for z in a suitable open interval (—o,0) of 0 € R. The function 6; is of class
C*((—o0,0)) and satisfies the assumptions of Lemma 5.2.5, since 6;(z) = 0 only if
z = 0and 6/(0) > 0.

Therefore there exists ¢ > 0 such that 6; can be locally represented as

6 =) in(-0,0),

for an invertible function ; € C*°((—o, ¢)), which we shall use a new variable in
place of the square-root of x;.

Now, we write the function wy (x1, x2) (and, as a consequence, also the function
wa(x1,x2) = 1 —wi(x1, x2)) in the hypothesis of the proposition, as w; (§) in the
new coordinates (x, §), related to (x;, x,) via the C*°-map

wl(xl,xz) = W1()C1,52 + ga(xl)) = 17\11(8)

Observe that

- wj(0) =0,
— from Lemma 5.2.5, §/(0) > 0.

18Recall that é‘,—+ =i at (x1, g4(x1)).
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Therefore, we are in a position to apply Lemma 5.2.6 with the choice ® = wy, and
we get the function 83. Let us define 65(x1, ) := 83(-), and

d3(x1,2) 1= 03(x1,2) + ga(x1).

We have ¢3(x1,z) > g4(x1); moreover, ¢3 assumes its minimal value at z =
n*(x1, ga(x1)). Eventually, it is possible to check that the two branches of the
inverse of ¢3 are exactly the functions n* defined in (5.4). O

5.2.3.1 Partition of Unity

Let us cover G and all regions with a finite family of overlapping open balls, with
the property that any node of G belongs to only one ball. We have to show that in
the intersection of two balls of the covering the definitions given in Sect. 5.2.2 can
be glued in a smooth way. Since a node belongs to only one ball, we need to prove
our claim only locally around the relative interior of the arcs of G, therefore we
shall be concerned only with glueing two multifunctions of the form (5.3). Then the
assertion follows from Proposition 5.2.7.

Taking a partition of unity'® relatively to the above-mentioned covering, we
finally obtain the global C°°-embedding of M in R>.

5.2.4 Definition of the 3D-Shape

Since M is two-dimensional, closed and embeddable in R3, the image X of
the embedding (an orientable surface) divides the space into various connected
components (see [7, p. 89]), only one of which is unbounded. We define the 3D
shape E as the set of points of R? that are connected with infinity with a generic
curve®” intersecting ¥ an odd number of times. The image of the embedding?!' is

therefore 0F = X.

19We recall that if A,,..., A, is a finite covering of Q, a partition of unity subordinated to the
covering is given by a family of C* functions Ay, ..., A, : @ — [0, 1] such that D7/, A;(x) =1
for any x € Q.

20Generic here means the following: the curve has only a finite number of intersection with the
image of the embedding, and each intersection is transverse.

21Since ¥ is orientable, also M turns out to be orientable; in this book, we shall always choose the
orientation on M consistently with the induced orientation on X.
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Remark 5.2.8 (Trivial Covering) The restriction of 7j;¢ to the preimage T, }5 (R)
is a covering that, in principle, could be nontrivial when R; is not simply connected:
this is not the case here, since the manifold that we want to construct is embedded,
and therefore we are allowed to properly order the preimages of the points of R;.?

A careful analysis of the local reconstructions described above shows that the
solid shape E is stable: in the proof of this assertion one needs to use various facts,
for instance, the nondegeneracy assumption 6”(0) > 0 of Lemma 5.2.5.

The proof of Theorem 5.1.1 is concluded. O

In Theorem 7.4.1 we prove a formula (see [1]) which allows to compute the
Euler—Poincaré characteristic of ¥ from the apparent contour.

5.3 Proof of Uniqueness

The aim of this section is to prove Theorem 5.1.4. Set f := fx, = fx, and d :=
dx, = dy,. Denote by G the apparent contour of ¥, (and of X,), namely G is the
jump set Jr of f.

We denote, as usual, by Ry,..., R, the regions of G. If x € G, we denote
by Rpmax(x) (respectively Rpin(x)) the region adjacent to x where f = fipax
(respectively f = fuin)-

Let us start by recalling that the function f is defined at every point of G in a
natural way,”* namely:

ST+ )

x € G\ nodes(G) = f(x) = 5

x € crossings(G) = f(1) = 1 (uin) + 20foin(0) +2) + foia() + 4
= fmin(x) + 2,

x € cusps(G) = f(x) = fou(x) = frin ().

22An example of a nontrivial covering can be constructed by taking the Klein bottle as M,
constructed as the square [0, 1] X [0, 1] with identification of the two horizontal sides, the two
vertical sides are also identified but with reversed orientation: (0, m,) is identified with (1, 1 —m5).
The map ¢ can then be constructed as (m;,m;) € M — p(cos8,sin6) with & = 27w m; and
p = 3 + cos(2wm,). The apparent contour consists of two concentric circles of radii 2 and 4.

23Compare with Remark 3.3.2: function f, on Gy, counts the actual number of intersections of
the light ray with the surfaces.
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Fig. 5.4 E, and E; are topologically a three-dimensional ball and [E] = [E;], with the apparent
contour (coinciding here for simplicity with the visible contour) which is (topologically) a circle.
The bisectrix corresponds to the limit of the piecewise linear interpolation from the side of Ry, (X).
On the other hand, as & converges to x € G from the side of Ry, (x), and as z,El (&‘),ZZE '(®)

collapse, and similarly zfz &), zzE ? (&) collapse, the limit piecewise linear interpolation is the dotted
graph, passing through a suitable point P. The discontinuity between such a piecewise linear
function and the bisectrix is apparent. Image taken from [1]

Given h € {1,2} and x € , we let z." (x),...,z%()(x) be the depth
(z-coordinate) of each intersection of dE, with the light ray 7~'(x) hitting x,
ordered as

-1< zf”(x) << z_‘;fx)(x) < 1.
For any x € Q we let

£y ize[-1,1] > £y (2) € [-1,1]

be the continuous piecewise linear interpolating function satisfying

O (zFr(x) = 22(x) ifre{l,.... f(x)},
(5.5
C(£1) = +1,

see Fig. 5.4. Then

— givenanyi € {1,...,n} and z € [—1, 1], the function

x € R; — £,(z) is continuous,
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because, for any r € {1,..., f(x)}, the points zZ!(x) and z%2(x) depend in a
continuous way on x, when x varies continuously in region R;.
- Givenz e [—1,1],

xeG — lim fg(z) = €< (2),
£ € Rmax (x)
E—x

and in the limit
Rux(x) €& - x € G,

two distinct elements of the set {zf‘ ®,.. "Zilm(é)(g)} collapse to the same

point, and the same happens for two elements of the set {zf 2),..., z?{iax © &)}
— After collapsing to the same point, these elements suddenly vanish when & leaves
the closure of Ry« (x) and enters one of the adjacent regions: as a consequence,

x — £.(z) is not continuous at x € G,

see again Fig. 5.4. Such discontinuities prevent us to use the function £, for con-
structing the homeomorphism ®, which appears in the statement of the theorem.
Indeed, in the sequel we shall properly modify £, (recall Definition 5.1.2).

— For any x € Q the function z € [—1, 1] — £,(z) is strictly increasing.

In order to get the continuity with respect to x also at points of G, we shall
modify the definition of £, in a neighbourhood of G. Set, for notational simplicity,

E 1 E 2
Zrlzzr) Zrzzzrv re{l""’f(x)}.

We consider separately the cases of points on an arc, of crossings and of cusps.

1. x € a € arcs(G). For h € {1,2} and £ € Ry« (x), we denote by

.20, 40. 2 @ € {140, 2 0 ®.1].

the depths of the four consecutive intersections between the fibre 7! (£) and
AEy, with 2" _(§) < 21(§) < Z4L(§) < % (§), such that 2" (§) and 2% (§)
collapse as § — x, i.e.,

: h . h h . . h
lim z2(§) =:z2(x) =24 (x) ;== lim Z (%),
£ € Rmax (x) £ € Rmax (x)
E—x E—x

with the convention that

fe&=2 = Z_(&=-1 and £, ¢ =1,

a case which happens when d(x) = 0.
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It is worthwhile to observe that
P (y) and zi’ur(y) are defined also for y € Ryin(x). (5.6)

For h € {1,2} define

o (x) =2 (x)

dn(x) =
n(x) o (x) =2 _(x)

€ (0,1).

Now, we work on a one-sided strip_ of a, from the side of Ruyin (x)._ We take § > 0
sufficiently small, and, given y € Ryn(x) with 0 < dist(y, G) < §, we denote by
x(y) a point on G nearest to y, i.e.,

dist(y,G) = |y —x(»)|.

We take § > 0 sufficiently small, so that x () is uniquely defined.>* We also restrict
ourselves to those y € Ryn(x) for which

x(y) € G \ nodes(G) 5.7

and x stays at some small positive distance from the nodes. We let S® C Ry,n(x) be
the one-sided strip of a consisting of the points y with the properties listed above.
We introduce a “fictitious” point Fa (y) € (—1, 1) as a suitable convex combination
of 2" _(y) and z’jr + () (recall (5.6)). More precisely, we extend Xu on the side of
Ruin(x) as follows: we set

dist(y, G) N 5 —dist(y, G) -

wn(y) == % An(x (), h e {l1,2},
and we let
dn(x) ifn=xe€ a,
hatny = )0

un(y) if n =y € S%is such that x(y) satisfies (5.7).
Observe that A, is continuous at the points x € a under consideration. In addition,

dist(y, G) =8 = Ax(y) = 1/2.

24This can be done because the arcs of G are of class C°°, and in proximity of a cusp we are
considering the region where f = fin.
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Now define, for all y € §¢ such that x(y) = x,

) =W+ A= () € (). (). he{l.2)
Then
21 =Ap () (x) + (1 = A ()2 4 (x)

(-2 @) @+ (- @ - @+ @)

Z++(X)—Z —(x)

=7 (x),

and

dist(y.G) =8 = 2.(») == (_) +Z (). hefl2). (538)

N =

Hence, for y € Rmin(x(y)) such that dist(y, G) = §, the fictitious point is exactly
the mean value of two consecutive intersections for both surfaces dE; and 0E,.
Referring to Fig. 5.4, in this way, we linearly connect the polygonal APB to the
segment A B, and this is done by moving point B onto the midpoint of AB, as the
distance of y from G passes from 0 to 8.

For any y € S¢ we let

¢ -1.1] = [-1,1]

be the continuous piecewise linear interpolating function satisfying the analog

of (5.5), with the addition of the fictitious point,>> and such that €5 (£1) = £1.
Observe that (5.8) entails that the resulting interpolation is globally affine,

and hence Z‘}‘, matches with £, which is kept for those ¥ € Rpyin(x) such that

dist(y,G) > §. This observation will be used later on when defining the final
homeomorphism (see (5.9), below).

2. p € crossings(G). If d» > d; (i.e., there is a transverse layer separating the two
foldings) it is sufficient to repeat the arguments of case 1, separately for each
of the two foldings. Therefore, we can assume d; = d,. We denote by a; the
arc where the labelling does not jump when passing through p (emerging arc),
and a, the other arc (broken arc). Along a; let z’l’ be the collapsing value of the
intersection of the light ray with the layer from the side where f is larger, and
define z in a similar manner with respect to a», for & € {1,2}. We let 2" (§)
(possibly equal to —1) and zﬁ (&) (possibly equal to 1) be the intersections of

25Namely, in the list of the z-coordinates of all intersections of dE, with 7 ~!(y), we now insert
also the depth 2" () of the fictitious point.
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the light ray ! (£) with the layers, just before and after the two foldings. As in
case 1, we introduce two fictitious points 21’1 (y) (respectively 22’1 (y)) in a curved
rectangle S of width § > 0 sufficiently small, having p as a vertex, and located
on the side where f is smaller, around a; (respectively a;). In order to ensure
the monotonicity of the interpolant, we use the factor 2 /3 (respectively 1/3) as
the limit weight in the convex combination of 7 _ and zf’k 4~ We can then define
the piecewise linear interpolant

cr
Ey

by adding the fictitious points in the regions where they are defined, and keep ¢,
elsewhere. In order to connect this construction with the previous one, we also
need two small rectangular regions separating the rectangle with each one-sided
strip constructed in case 1, where the limit weight passes linearly from 1/3 to
1/2.

3. p ecusps(G).Forh € {1,2} and § € Rin(p) = Rumax(p), we denote by

26).208). 2L ),

the depth of the three intersection points collapsing to zg (p) at p, with 7" (§) <
2(€) < 2 (§); whereas, if y € Rouw(p) = Rmin(p), we denote by z% (y) the
depth of the unique intersection point.

We denote by a_ (respectively ay) the arc of G where d has the lower
(respectively larger) value. We already know?° that, on the arcs a, two elements of
the set {2, zg, zli} collapse: precisely, we have, for i € {1, 2},

rE =D <A, Eea,

2@ <x® =246, Efeay,
2(p) = (p) = 24 (p).
If § > 0 is small enough, given y € Rou(p) = Ruin(p) with 0 < dist(y, G) < 6,

we denote by x(y) the uniquely defined point on G nearest to y. We suppose for
definitiveness

x(y) € ay.

26Recall that, by definition, the arcs are relatively open.
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We introduce the depth 2! (y) of a fictitious point, for y in a one-sided strip S¢ C
Rou(p) of width 8, as follows: for y € S¢ such that x(y) = x,

5 — dist(y, G)

dist(y, G ]
mz’i(y)+

)= (Z0) =2 +Ahon). hefr,

where we observe that z}j’ﬁ(y) joins continuously with z” (y) across a4 (and
continuously with zi (y) across a—).
Note that

3(y) > 2L (y) provideddist(y,G) <8 (and x(y) # p). he{l,2},
and
dist(y,G) =8 = 20(y) =Z4(y),  he{l,2}.
One checks that 22 is well defined and continuous in S¢. For any y € S¢ we let

&
be the continuous piecewise linear interpolating function satisfying the analog
of (5.5), with the addition of the fictitious point at depth Eg, and such that
£(£1) = £1.

Similarly to the case of crossings, we need two small interfacial regions where
we join £§ with £7, keeping the required continuity and monotonicity.

Now, we collect the local interpolants defined in cases 1-3, and define the final
homeomorphism ®. We set

e ifyese,
€1 ify e S,

@, =4 VeSS (5.9)
¢ ifyese,

£, elsewherein Q.

This concludes the proof, since the map ® is the homeomorphism required in
Definition 5.1.2, which makes E| and E; depth-equivalent. O

The map ® : QO — QO constructed in the proof of Theorem 5.1.4 is a
homeomorphism and for fixed x, ®(x,-) is piecewise linear (hence Lipschitz
continuous). One can show that ® is Lipschitz continuous. Providing a map ® of
class C*° seems to be more complicated, and we do not insist on this.

We have seen that existence of a consistent labelling on a complete contour graph
is equivalent to the embeddability of a closed surface M in R? corresponding to that
graph. The pair ( f, d) allows us to construct the abstract surface 7 with a cut and
paste technique, which turns out to be diffeomorphic to M : the function f allows to
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fix the number of copies of each region, and d determines the way to paste them. The
statements of Theorems 5.1.1 and 5.1.4 can be rewritten in terms of factorization of
maps as follows.

Theorem 5.3.1 (Reconstruction in Terms of Maps) Let (G, f,d) be a complete
labelled contour graph. Then there exist

— a closed two-manifold M of class C*°,

— amap ¢ € C®(M,R?),

— an embedding e : M — R? x R of class C*°,

— an orthogonal projection i : R? x R — R? on the first factor,

such that
(1) X :=e(M) is in general position with respect to T,
(1) ¢ factorizes as

@ =moe,

(iii) G = appcon(e), f = fy, andd = dsx.

Moreover, if for i = 1,2, M; is a smooth closed two-manifold of class C*°, ¢; €
C®(M;,R?), ande; : M; — R? x R is an embedding of class C*®, such that

G = appcon(g;) = appcon(¢z), S =fo = Jfo d =ds, =ds,.

then there exists a homeomorphism \V : M| — M, such that the following diagram
commutes:

M]L)Mz

-

RZLRZ

The map W is constructed using Theorem 5.1.4, by means of the map ®. We
actually expect to be able to choose ¥ : M| — M, to be a C*° diffeomorphism but
that, at least, would require ® to be in C*°(Q, Q).

S5.A Appendix

In this appendix we show that the structure of topological manifold on 7 (defined
in (5.1)) can be constructed independently of the embedding shown in Sect. 5.2.2.
This observation could be useful in situations which are more general that those
considered in the present chapter. Our aim here is to construct an atlas of continuous
maps, in such a way that 7 is locally a copy of R? around each of its points.
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1. x ¢ G. Assume that x = (0,0) € R; is a point in region R;, and let r €
{1,..., f(R))}. For (s, 7) in a neighbourhood A of the origin of R?, define the
map

0:A—T, @(s,7) := ((s,7).1.7). (5.10)

Then ¢ is a continuous local parametrization around x of the r-th stratum of
region R;.

2. x € a € arcs(G). Assume that x = (0,0), with d := d(x) = d(a), and that
a, locally around x, is described by {x, = 0} (the general case being an easy
extension). Suppose also that f = fy;, locally in {x; < 0}. Write Rpax = R;
for some index i+ € {1,...,n}. For (s, 7) in a neighbourhood A of the origin of
R?, define the map

((s,r),i+,d + 1) ift >0,
0o A>T, Qa(s,7) 1= (5.11)
((s.=1) ig,d +2) ift <0.

Formula (5.11) gives a local parametrization of a neighbourhood of the point
in the preimage of x on the singular set; concerning the other preimages, it is
enough to argue as in formula (5.10).

Then, recalling item 2.2 in Sect. 5.2.1 and the definition (5.1) of 7 and its
topology, it follows that ¢, is a continuous local parametrization.

3. x € crossings(G). Assume that x = (0,0) is a crossing between two arcs a
and y as in the right picture of Fig. 5.2 (the remaining cases being similar, as
well the corresponding general cases of two curved arcs). Let a (respectively y)
be described, locally around x, by {x, = 0} (respectively {x; = 0}), and let
dy = d(a) and d, = d(y). We have f = fu, inregion R;__ (locally contained
in {x; > 0,x < 0}), wherei—— € {1,...,n}, hence f = fnax inregion R;
for some index i+4+ € {1,...,n}. As before, Ri _ (respectively Ri_}) is the
region locally contained in {x; > 0, x, > 0} (respectively in {x; < 0,x, < 0})
as displayed in the right picture of Fig. 5.2. For (s, t) in a neighbourhood A4 of

the origin of R?, define the two maps <p£3’ :A— T and (pg) : A — T asfollows:

((s, 7),i4—,d| + 1) ifs >0,7>0,

((s.=7)ig—.di +2) ifs>0,7<0,
(pc(rl)(s, 7) = (5.12)
((S,T),i++,d1+1) ifSEO,TZO,

((s,=0).ig4.di +2) ifs <0,7<0,
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((=.7),i44.dr +3) ifs>0,7>0,
((=8,7), i dr + 1) ifs>0,7 <0,

9P (s,7) 1= (5.13)
((s,r),i++,d2+4) ifs <0,7>0,

((s,t),i,+,d2+2) ifs <0,7 <0.

Formulas (5.12) and (5.13) give a local parametrization of a neighbourhood of
the two points in the preimage of x which lie on the singular set; concerning the
other preimages, it is enough to argue as in formula (5.10).

Then, recalling item 3 in Sect. 5.2.1 and definition (5.1) of 7 and its topology, it
1 2 . ..
follows that ¢, ¢cr” are continuous local parametrizations.

4. x € cusps(G). Assume that the cusp is located at x = (0, 0), and that the two
arcs adjacent at x have, locally around x, the equation x3 = x; (the general case
being an easy extension). Moreover, assume that the labelling is d on the upper
arc and d + 1 on the lower arc, as in the right picture of Fig. 5.3 (the case of the
left picture being similar). For (s, 7) in a neighbourhood A of the origin of R,

define the map

Qe (s,7) €A — ((s,xz(s,r),i(s,r),r(s,r)) eT

as follows:

if (s,7) € Aand 2 > s3 then ¢ (s, 7) := ((5,7), iou, d + 1);
if (s,7) € A and 2 < 53 (in particular s > 0) then
S3/2

(5,37 +25%) i d +3) if —s¥? <7 < -2,

0e(5,7) := { (5, =37), fion, d + 2) it =22 <7 <22,

((5,37 = 28%2) ijpn, d + 1) if S < 7 <572,
(5.14)

see Fig. 5.5. Formula (5.14) gives a local parametrization of a neighbourhood of
a point in the preimage of x which lies on the singular set; concerning the other
preimages, it is enough to argue as in formula (5.10).

Recalling item 4 in Sect. 5.2.1 and definition (5.1) of 7 and its topology, it
follows that ¢ is a continuous local parametrization.
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Fig. 5.5 Plot of the graph of i $2< s 7-)
the function 7 — x,(s, 7) ’
in (5.14), for a fixed value of §3/2

s > 0 small enough. Image
taken from [1]

) g3/2
3/2 -
_Sz/z 53/2
3
—53/2

It can be checked that the transition functions expressing the coordinate changes
are continuous. We have therefore constructed a C° topological manifold 7 of
dimension two; note that 7~ is a Hausdorff compact topological space.?’
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Chapter 6
Completeness of Reidemeister-Type Moves
on Labelled Apparent Contours

In this chapter we illustrate the results and report the figures from the paper
[3]. More specifically, we shall prove that there exists a finite set of simple, or
elementary, moves (also called rules) on labelled apparent contours, such that the
following property holds': the images X; and X, of two stable embeddings of a
closed smooth (not necessarily connected) surface M in R? are isotopic if and only
if their apparent contours can be connected using finitely many isotopies of R2,
and a finite sequence of elementary moves or of their inverses (sometimes called
“reverses”). The completeness of this result’ is of crucial conceptual importance
in this book, because it helps in recognizing the topology of a 3D-shape, once its
apparent contour is given. We stress that the result refers to embedded (and not
immersed) surfaces. We also notice that, forgetting for a moment about the
labelling, the list of elementary moves coincides with the classification considered
in Chap.7, on the codimension one stratum of the discriminant hypersurface in
C>®(M,R?). Roughly, the isotopy (consisting of embeddings) connecting %, and
3, intersects the discriminant hypersurface only on the codimension one strata, and
such intersections are transverse. We refer to Sect. 7.3 for more details.

The proof of the completeness result relies, basically, on the classification
of singularities of a stable® map from a closed three-manifold . into a three
manifold 7, which was briefly discussed in Example 2.1.10, and on the density
of Stable(.”, .7) in C®° (Y, 7).

!See Theorem 6.0.3 and Corollary 6.6.5 for a precise statement.

2Namely, the fact that there are no other moves, besides those in the list of Sect. 6.1, necessary to
connect two apparent contours of isotopic surfaces.

3In [6, Definition 2] a different notion of equivalence between maps is introduced. Such a definition

can be more suitable when the target space is the cartesian product of a two-dimensional manifold
with R.
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The program appcontour described in Chaps.9 and 10, and the results of
Chap. 8 are heavily based on the use of the elementary moves devised in the
completeness theorem.

Recall from Sect. 2.3 the notion of R3-ambient isotopy with compact support.

Definition 6.0.1 (R*-Ambient Isotopic Embeddings) Let ¢;, e, be two C®
embeddings in R* of a closed C™ surface M. We say that e; and e, are C*®°R3-
ambient isotopic (briefly, ambient isotopic), if there exists an R3-ambient isotopy
H :R?x [0, 1] — R3? with compact support, such that

Hioei =e in M.

Let us denote by M; and M; two closed two-dimensional manifolds of class C*°.

Definition 6.0.2 (Ambient Isotopic Surfaces) Let
e : M; — R, e M, —> R
be two stable C*° embeddings. We say that 3¥; := e (M) and X, := ey(M) are

C>®R3-ambient isotopic (briefly, ambient isotopic), if there exists an R*-ambient
isotopy H : R® x [0, 1] — R? with compact support such that

Hi(%)) = %
Note that if ¥; and X, are ambient isotopic, then M; and M, are smoothly
diffeomorphic.
The next result ensures that, in order to check that ¥; := e;(M) and

%, ;= ey(M) are ambient isotopic, it is sufficient to find F € Diff.(R?) such
that 7(X,) = X,. In this way, the dependence on “time” ¢ € [0, 1] is suppressed.
We refer to [S, p. 10] (see also [7]) for similar properties, in the case of topological
embeddings of knots.

Theorem 6.0.3 (R3-Ambient Isotopies and Diffeomorphisms) Let e;, e, be two
stable C® embeddings in R of a closed C® surface M. The two following
assertions are equivalent:

— ey and e, are ambient isotopic;
— there exists F € Diff,(R>) such that F oe| = e,.

Proof 1t follows from Theorem 2.3.3. O
In a similar manner, it is possible to prove the following result.

Theorem 6.0.4 Lete, : M, — R3, e, : My — R3 be two C*® embeddings. The two
following assertions are equivalent:

— X1 :=e1 (M) and 2, := e;(M,) are ambient isotopic;
— there exists F € Diffo(R®) such that F(£;) = 2.
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6.1 Moves on a Labelled Apparent Contour

In this section we list the moves, or rules (namely, local topological modifications)
on a labelled apparent contour. As we shall see, there are six basic moves, that
correspond to a general deformation of the corresponding embedded surface; they
can be used in exactly the same way as the Reidemeister moves on link diagrams.
We show that this set of moves is complete (see Theorem 6.4.6 and Corollary 6.6.2).
This essentially means that two embedded surfaces in general position with respect
to a fixed projection, that can be deformed into each other by an R3-ambient isotopy,
have apparent contours that can be connected using only a finite sequence of such
moves and a finite set of R?-ambient isotopies.

Definition 6.1.1 (Reidemeister-Type Moves (Or Rules)) The moves on a
labelled apparent contour are denoted by

K,L,B,C, S, T.

They are defined in Fig. 6.2, by identifying a box in R? diffeomorphic to the box
on the left side of the picture and replacing it with a box diffeomorphic to the box
on the right.

We require that the moves leave unchanged a (small) neighbourhood of the
boundary of the box. The letters are motivated by the following terminology:

— Kkasanie (= tangency),
— L lips,

— B beak-to-beak,

— C cusp-fold,

— S swallow’s tail,

— T triple point.

Remark 6.1.2 (Inverse Moves) Except for the move T, the same definition as
Definition 6.1.1 can be given by switching the role of the two boxes: this is
equivalent to reverse the orientation of the 7-axis, and to consider the inverse moves
as temporal inverse moves (see also Sect. 10.4.4). The corresponding moves are
denoted by

K-, B, ¢!, s

The (direct) moves K, L, B, C, S, T are chosen in such a way that they simplify
the local topology of the apparent contour (i.e., they decrease the number of
crossings/cusps). There is no distinction between direct and inverse moves of type
T, as we shall explain in the sequel.

Since the apparent contours that we consider are oriented, different orientations
determine different moves (see also Sect. 10.4.1); for simplicity of notation in
Fig. 6.2, the orientations are often not depicted. Moreover, we do not display the
values of f before and after the moves, since they can be inferred from the
orientation of the apparent contour (see Lemma 2.2.9).
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6.1.1 Listof All Simple Rules

Now, we list the simple (or elementary) moves, taking into account the labelling
(see also Sect. 10.4.1).

— The four moves of type K. The moves of type K are subdivided into four different
cases as follows. First of all, possibly applying a rotation of 180°, we can suppose
that the arc having the two extremal points on the left is in front of the other
arc. Accordingly, the four moves are classified on the basis of the four possible
orientations of the two arcs, and they are denoted by

KO, K1, K1b, K2,

as shown in Fig. 6.1 (see again Sect. 10.4.1). These four moves are parametrized
by two nonnegative integer numbers d and k, as explained in Sect. 6.1.3 below.*

— The moves L and B. Possibly applying a rotation of 180°, we can assume that the
upper arc has the highest value of d. Then there is one move L and one move B,
as depicted in Fig.6.2.

— The eight moves of type C. We divide the moves of type C into two groups of
four different types. First we consider the case when the cusp is in front of the
(vertical) arc. The first of the pictures for C in Fig. 6.2 is, in turn, divided into
four cases, depending® on whether the value of d decreases (decreasing cusp) or
increases (increasing cusp) when travelling along the cusp, and on the orientation
of the vertical arc. In the second picture the cusp is behind the vertical arc:
similarly as before, we have four cases. The set of values taken by d along the

d /ﬁ+k‘+2 KO d 4+]€+2 K
1

d+k< — d d+k+2 d+k;< . d d+k+ 2

d+k+2 d+k+2

/(d+k' d ,(?4—1{

d+k+ Ki1b K2

2< —_— d d+Fk d+k+ 2 —_— d d+k

d d+k \(<+k

Fig. 6.1 Image taken from [3]. List of K-moves. Here d € N and k € N; compare also with
Fig.3.11

4 A realization in space of these moves involves two folds of the surface which can be “far one from
the other”.

3The move L can be realized in space by considering the surface in Fig. 1.4, by gradually reducing
the “hill”. The inverse of a move B can be realized by straightening the central part of a depression
in a long “wave” with two parallels arcs corresponding to the crease and the valley of the wave.

5Compare also with Definition 8.1.1.
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Fig. 6.2 The basic Reidemeister-type moves on a labelled apparent contour. Image taken from [3]

cusped arc are {d + k,d + k +1,d + k + 2,d + k + 3}. Again the meaning
of the two parameters d and k is explained in Sect. 6.1.3.

— The two moves of type S. The moves of type S are divided into two groups: in the
first picture of Fig. 6.2 the value of d jumps up by two at the crossing and the two
cusps are decreasing, whereas in the second picture the two cusps are increasing.

— The 16 moves of type T. The three arcs carry the ordering given by their relative
depth (increasing values of d); we can always rotate the picture so that the nearest
arc (lowest d) is the vertical one. Then, we have two different possibilities for
the position of the intermediate and furthest arcs. Each of the three arcs can be
oriented in two ways: the internal triangular region can lie on the left or on the
right. In the end we have 16 different possibilities which however also account for
the corresponding time reversed moves, in the sense that the inverse of a T move
is still a T move (differently to what happens for all other moves). If d1, k; and k,
denote respectively the number of layers in front of the first fold (nearest arc), the
number of layers interposed between the first and second fold and the number of
layers interposed between the second and the third fold, then d = d; on the first
arc, d; + ky and d; + k; + 2 are the two values of d on the second arc, and the
values of d on the third arc are contained in the set {d| +k+k,+i : i =0,2,4},
the precise values depending on the orientation of the first and second arcs.
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Composition of simple moves will be largely used in Chaps. 8 and 10.

Remark 6.1.3 (Number of Layers Involved) In order to make a complete classifica-
tion of the moves, the number of layers, at different depths, of the corresponding
embedded surface’ must be taken into account: this introduces further degrees of
freedom in the list of different moves, as follows. Moves L, B and S have one
nonnegative integer parameter d , counting the number of layers in front of the fold.
Moves of type K and C have two nonnegative integer parameters d and k, counting
the number of layers in front of the first fold, and the number of layers in between
the two folds. Moves of type T have three nonnegative integer parameters, given
respectively by the number of layers in front of the first fold, by the number of
layers between the first and the second fold, and by the number of layers between
the second and the third fold.

Remark 6.1.4 Moves B, L and S elide pairs of cusps: we refer to Sect. 8.1 for more
information.

We can conclude this section with the following useful notion, which will be
generalized further in Definition 8.3.1.

Definition 6.1.5 (Reidemeister-Equivalence of Labelled Contour Graphs) We
say that two labelled apparent contour graphs are Reidemeister-equivalent if they
can be connected by using a finite sequence of direct or inverse Reidemeister-type
moves, and a finite number of R2-ambient isotopies with compact support.

More generally, if O C R? is a bounded open set, we say that two labelled
apparent contour graphs are Reidemeister-equivalent in O if they can be connected
by using a finite sequence of direct or inverse Reidemeister-type moves in O, and a
finite number of R?-ambient isotopies compactly supported in O.

6.2 Stratifications and Stratified Morse Functions

We shall recall here briefly a few facts about singularity theory (see, e.g., [1, 2, 8,
20, 22-24] and the references therein, and Sect. 2.1). Let . denote a closed smooth
manifold of dimension three, and let .7 be a smooth manifold of dimension three
without boundary. Remembering the concept of stability given in Definition 2.1.2,
we recall that if F is stable, then any map equivalent to F is stable. Moreover, for
the present choice of the dimension of . and 7, we have® that Stable(.*, 7)) is
dense in C*° (., 7).

7See Chap. 5.
8See Theorem 2.1.14.
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6.2.1 Stratifications Induced by a Stable Map

In Example 2.1.10 we have seen that a map F € Stable(.”, .7’) has a critical set in
the manifold .¥ consisting of:

e Folds. Denoted by S| (F), it is a smooth submanifold of . of codimension 1;

* Pleats. Denoted by Si,(F) C Si(F), it is a smooth submanifold of .# of
codimension 2 in .

* Swallow’s tails in .. Denoted by S1,(F) C Si,(F), it is a finite set of points
of .7.

These submanifolds allow to stratify . as follows. We define

Xo(F) the set of regular points of F,
Xi(F) == Si1(F) \ S$1,(F),

Xo(F) 1= 81,(F) \ S1;(F),

X3(F) == 81,(F),

6.1

the index i in X;(F) denoting the codimension in ..
Observe that . is the union of the mutually disjoint smooth submanifolds
X;(F),and

X;(F)= |J x(F). je{0.1,2.3}.

j<h<3

Definition 6.2.1 (Stratification of .) We call {Xo(F), Xi(F), Xo(F), X3(F)}
the stratification of . associated with the stable map F, and X;(F) is called the
stratum of codimension 7, foranyi = 0, 1,2, 3.

When no confusion is possible, for notational simplicity, we drop the dependence
on F of the sets on the left-hand side of (6.1), thus setting

X; == X;(F).

We are now in a position to introduce the stratification of 7. By [8, Chap. 7,
Theorem 6.3], if F € Stable(., .7), the images of the strata X; through F must
intersect transversally. On F (X)) there are no conditions. The set F (X)), if it self-
intersects, it self-intersects transversally, the resulting intersection is a set of double
curves of codimension 2 in 7 (points having two singular preimages, i.e., two
preimages in S;(F)) and a set of triple points (codimension 3, points with three
singular preimages) in .7. Moreover, F (X)) intersects F(X5) transversally, giving
a finite set of cusp-fold points in .77. The remaining cases have dimension that is too
low to give rise to any intersection set. Therefore, we define the following subsets
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of the target manifold .7 (the index i in Yij (F') denoting the codimension in .7 and
the superscript j denoting the number of singular preimages):

e Yo(F) is the set of all n € .7 such that no element in F~!(57) belongs to X; U
X, U X3; hence Yo (F) N F(&) € F(Xy);

e Y/(F) is the set of all n € 7 such that F~!(n) has one element in X; and the
other elements in Xy. We call Yl1 (F) the set of fold surfaces. It carries a natural
orientation, since it separates points where the number of preimages of F jumps
of two units;

e Y)(F) is the set of all n € 7 such that F~!(n) has one element in X», and
the other elements in Xo. We call Y, (F) the set of cusp curves;

o YZ(F) is the set of all n € 7 such that F~!(5) has two elements in X; and
the other elements in X,. We call Y.2(F) the set of double curves;

s Y](F)is the set of all n € 7 such that F~!(5) has one element in X3, and the
other elements in Xy. We call Y31 (F) the set of swallow’s tails;

e YZ(F) is the set of all n € 7 such that F~!(n) has one element in X», one
element in X and the other elements in Xy. We call Y32(F ) the set of cusp-fold
points;

» YJ(F)isthe set of all n € 7 such that F~!() has three elements in X; and the
other elements in Xo. We call Y;}(F) the set of triple points.

Figure 6.3 shows an example of the strata sets Y,(F), Y,/(F) (twice), Y3 (F),
Y2(F), Y; (F) in the order.

Now, we can define a natural stratification of the target manifold .7 in the smooth
submanifolds Yy(F), Y1(F), Y2(F), Y3(F), where

Yi(F) = Y| (F),
Y2(F) := Y, (F) U Y2 (F), (6.2)
Y3(F):= Y, (F)UY{(F)UY;(F).
When no confusion is possible, for simplicity of notation, we drop the dependence
on F in (6.2), thus setting Y} := Y/ (F) and ¥; := Y, (F).

Definition 6.2.2 (Stratification of .7) The set {Yo(F),Y1(F),Y2(F),Y3(F)},
denoted also by {Y;}, is called the stratification of .7 induced by the stable map
F,and Y; (F) is called the stratum of codimension j, forany j =0,1,2,3.

We conclude this section by recalling the definition of a stratified Morse
function.’

°See, e.g., [9] and the references therein, or also [15, p. 597, 600, 601]. Usually, a stratified Morse
function takes real values: for technical reasons, we consider here the slightly different case of a
function taking values in S!, but the definition is essentially the same.
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Fig. 6.3 Image taken from [3]. Each row represents the fold surfaces Y| near different types of
critical points for p: K, L, inverse of B, inverse of S, C, T. The second and third pictures on each
row show the slice at 1 = const [apparent contour, remember equality (6.4)] before and after the
critical time. Compare with Corollary 6.6.2
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Definition 6.2.3 (Stratified Morse Function) Let F € Stable(.”, Z) and let
u: 7 —S!

be a function of class C*°. We say that u is a stratified Morse function on .7 endowed
with the stratification {Y; } , induced by F, if the following three conditions hold:

— forany j € {0, 1,2} the restriction Uy, of u to stratum Y; is a Morse function,'°
J

and the set crit(ulYA) of its critical points is finite;
J

— the critical values U Uy, (crit(u‘y/,)> U u(Y3) are distinct!';
j€{0,1,2}
— if j € {1,2,3} and j € Y}, then the kernel ker(d u5) of the differential of u at
7 does not contain any limit of a sequence of tangent spaces to Y}, at n©) € Y},
where 0 < /1 < j and limj s 1 oo n'© = 7.

As we shall see, the stratified Morse function of interest here is the second
projection p : R* x S' — S!. In this case, ker(dpy) is the plane {t = 0}
(¢ the variable in S'); this is the frontal plane in Fig.6.3. The last condition in
Definition 6.2.3 therefore means that, at a point of a stratum, the limit tangent spaces
coming from the strata with higher dimension are not parallel to the plane {t = 0}.

6.3 Informal Statement

A rough version of the result we are interested in (Theorem 6.4.6 and its corollaries)
can be stated as follows. Let be given two stable scenes E; and Ej; think, for
instance, of X; := dFE as the surface in Fig. 3 of the Introduction, and ¥, := 0F; as
the standard round sphere. Consider the corresponding labelled apparent contours,
namely the one in Fig. 5.1 of the introduction (for ), and the round circle (for £,).
The statement consists of two parts. Suppose first that we are able to show that the
two apparent contours are Reidemeister-equivalent. Then

3, = F(X)), (6.3)

for some F € Diffc(]R3), and therefore ¥, and ¥, are R3-ambient isotopic (by
Theorem 6.0.3). The existence of F follows by observing that each move can be
realized as the composition of a diffeomorphism of R3, which is the identity out of
a neighbourhood of the region corresponding to the move, and a fixed projection.
Conversely, suppose that for some F € Diff.(R?) equality (6.3) holds. Then we
show that the two apparent contours are Reidemeister-equivalent. The rest of this

19Hence, the critical points of Uy, are nondegenerate.

!By definition, points of ¥3 are considered as critical points of u.
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chapter is essentially devoted to the proof of this latter implication, which runs as
follows. Let be given an orthogonal projection 7 : R® = R*> x R — R? and a
smooth closed surface M. We apply Theorem 6.0.3, where we identify X, with the
surface M, so that e; := idy,. Calling e, := F o e;, from Theorem 6.0.3 we can
find an R*-ambient isotopy H as in Definition 6.0.1. In particular, ¥; and X, are
isotopic (Definition 6.4.3), via an isotopy

y € C®(M x [0,1],R?),

a path between an initial embedding (+ = 0) and a final embedding (+ = 1) of
M in R, both in general position with respect to 7. Since we need to deal with
closed manifolds .7, .7, we extend y in a smooth periodic way to a map defined on
& = M x S'. Let us interpret as time the last coordinate ¢ € S!, and denote by
(m, 1) the coordinates of the points of .. Let us now consider the level-preserving
map

F,: % — 7 =R xS,

obtained as the composition of the track (m, 1) € M xS' — (y(m,t),t) € R* xS!
of the isotopy y with the projection (x,z,7) € R3xS! — (x,¢) € R?xS'. Namely,

Fy(m.1) = (@:(m). 1),

where
¢ M —> R, @ (m) == (y1(m. 1), y2(m.1)).
In other words,
F, = (w o y,idg).

Provided F, is stable, its critical set crit(F,) (Definition 2.1.7) gives a stratification
of . into smooth submanifolds as explained in Sect. 6.2, and, in a natural way, also
a stratification {Y, Y1, Y2, Y3} = {Y;}F, of . The critical value set of F, can be
written as

Fy(crit(Fy)) =Y, UY,UYs;,

where we recall that Y is the stratum of fold surfaces, Y, the stratum of cusp curves
and double curves, and Y3 the discrete stratum of cusp-fold points, swallow’s tails
and triple points. The family of apparent contours relating the two embeddings then
satisfies the useful equality (see Remark 6.4.5):

Fy (crit(Fy)) = |_J (appeon(g:) x {1}). (6.4)

tes!
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Let us now consider the second projection p : 7 — S', p(y,t) = t. Provided p
is a stratified Morse function (when 7 is endowed with the stratification {Y; } r, ), it
turns out that Y3 and the critical points of the restriction Py, determine the complete
list of moves on the apparent contours (see Corollary 6.6.2 and Fig. 6.3). Ensuring
that p is a stratified Morse function means in particular, in our context, that the
tangent spaces to the various strata are transverse to the planes {t = const}.

One technical point in the proof consists in showing that F, can be slightly
deformed into a stable map, keeping its level-preserving structure, and then per-
turbed once more in order to make p stratified: this is the content of Theorem 6.4.6
(based on Proposition 6.5.1, Lemma 6.5.3 and Corollary 6.5.2).

6.4 Rigorous Statement

In this section M denotes a C° two-dimensional closed manifold (hence, not
necessarily connected). We recall from [11, p. 177] the following concepts (see also
[12, p. 33]).

Definition 6.4.1 (Isotopy) We say thatamap y € C°°(M x[0, 1], R?) is an isotopy
from M to R?, and we write

y € Isot(M x [0, 1], R?),

if, for any ¢ € [0, 1], the map y(-, 1) : M — R3 is an embedding.
Given y € Isot(M x [0, 1], R?) and ¢ € [0, 1], we often shall write

vi() =y (1)

Definition 6.4.2 (Isotopic Embeddings) Lete; and e; be two smooth embeddings
of M in R3. We say that e; and e, are isotopic, if

Iy elsot(M x [0,1].R*) : ypy=e; and y; =e,. (6.5)

Next, we introduce what we mean by an isotopy between two surfaces ¥ and X,.

Definition 6.4.3 (Isotopic Surfaces) Let X; and X, be the images of two smooth
embeddings of M in R3. We say that ¥ and X, are isotopic if

3y elsot(M x[0,1],R?) : yo(M)=%;, and y(M)=3,. (6.6)

With a small abuse of language, if y, ¥, ¥, are as in (6.6), we say that y is an
isotopy between X and X, or also that ¥; and X, are isotopic via the isotopy y.
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Notice that if e; and e, are two ambient isotopic smooth embeddings of M in R3
via an R3-ambient isotopy H, then e; and e, are isotopic, as it follows by defining
the isotopy y as y; := H; oe; forany ¢ € [0,1].!2

As already remarked in Sect. 6.3, we shall consider a slight modification of the
concept of isotopy, since, in order to apply the results of Sect.6.2 on singularity
theory, we need to consider maps defined on a closed manifold; therefore, we
perform the following operations. We first reparametrize the map y(m,-) by
composing it with a strictly increasing C*°([0, 1], [0, 1]) function having vanishing
derivatives of all orders at 0 and 1. We still denote by y this composition and by ¢
the new variable, so that

ox ok
SEm Dm0 = Srm =0, keNk=1.

We next extend y on the whole of M x R by reflecting it about 0 and 1, resulting
in a C* periodic function of period 2 in the variable z. If we identify R/[0, 2] with
S!, we obtain a smooth function, still denoted by y, defined on the closed smooth
manifold M x S! with values in R3. In this way 0 and 1 are two distinct points in
the oriented circle S'.

From now on, we set

S =M xS (6.7)
(the source manifold) and
T :=R>xS! (6.8)
(the target manifold). Variables in . are denoted by
(m,t) withm = (m,my) € M (locally), andr € S'.
Moreover, we denote by (x, z) a point of R} = R? x R where x = (x1,x;) € R?
andz € R.

Variables in .7 are denoted by

(x,t) withx = (x1,x;) € R?, andt € S'.

12The converse statement also holds true, as a consequence of the Isotopy Extension Theorem (see,
for instance, [11, Theorem 1.3, p. 180], see also [19, pp. 157-201]). Namely, suppose that y, e; and
e, are as in (6.5). Then, y induces an isotopy from e; (M) to R3, which extends to an R3-ambient
isotopy with compact support.
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Moreover, we denote by
p:.7 =S

the projection (that can be considered as a “height” function, or also a “time”
function) on the second factor,

plx,t) =t, xeR? teS, (6.9)
and we let
7:RP=R>xR - R?

be the projection on the first factor, defined by 7 (x, z) := x.

Definition 6.4.4 (The Level-Preserving Map F,) Let o« € C®(Y, R?). We
associate'? with « the map F, € C*°(Y, T), defined as

Fy(m,t) .= (w(a(m,1)),1), (m,t) e 7. (6.10)

Remark 6.4.5 Writing y in components as y = (yy, ¥2, ¥3), it is immediately seen
that the differential of F, has rank 2 at (7,7) € . if and only if the differential of
the map

gr = 7m(y(.0) :m e M — gp(m) := (yi(m.1). y2(m.7)) € R

has rank one at 77 € M. In particular, formula (6.4) relating the critical value set of
F, with the apparent contour of ¢, ' holds true.

Let ¥ and X, be two isotopic surfaces embedded in R?, and let y be the isotopy.
In order to prove the completeness of the set of moves (Sect. 6.6) we need that
F, € Stable(, ) and, at the same time, that p : F — S! is a stratified Morse
function on .7 endowed with the stratification {Y } F, Following a terminology
similar to that of [18, Sect. 5], [17, p. 350], in this case we say that F, is prepared
for moves.

Recalling the definition of general position of an embedded surface with respect
to a projection (Definition 3.2.1), we can now state the main result of this chapter.

13Notice that the map o € C® (., R?) — F, € C°°(., 7) is continuous.

“Note also that, defining f,, as in (2.2), we have f,, (x) = #{m € M : F,(m,t) = (x,t)} for
any (x,t) € 7.
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Theorem 6.4.6 Let M be a C*° closed two-dimensional manifold. Let . and T
be defined as in (6.7) and (6.8), respectively. Let w : R?> = R? x R — R? be the
orthogonal projection, let e1, e, € Emb(M, R>), and suppose that the two surfaces

) =el(M), ) = e(M)
are in general position with respect to 1. Let
y € Isot(.7, R?)

be an isotopy between %, and %,. Then, for any neighbourhood U., C
Emb(M,R%) C C®(M,R? of ej, J = 1,2, and for any neighbourhood
U, CC®(L,R%) of y, there exists a map"

7 € U, N Isot(S, RY)

so that Yy € Ug,, V1 € U,, 31 = Jo(M) and £, = 71(M) are in general position
with respect to m, and satisfying the following properties:

F; € Stable(., T), 6.11)

and p : 7 — Sl is a stratified Morse function on 7 endowed with the stratification
{Y; }F; induced by the map Fj.

The proof of Theorem 6.4.6 is postponed in Sect. 6.5; as we shall see, the critical
points of the restriction of p to the codimension two and three strata of a suitable
stratification of .7 will determine the list of moves.

Remark 6.4.7 (Critical Points of the Restrictions of p) Leta € C® (., R?) be such
that

F, € Stable(”, ),

and let {Y;} . be the stratification of .7 induced by F;. Recalling definition (6.9)
of p and the fact that Y} is an open set, it is immediate to check that

Py, has no critical points.

Moreover, observing that a point (x,¢) € Y is critical for pjy, if and only if the
tangent plane to Y; at (x, ¢) is parallel to the plane {t = 0}, we have that

Py, has no critical points.

For ¢ € [0, 1], we use the notation y; (-) = y (-, ).
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Indeed, let (72, 7) € X, be such that F,,(m,7) € Y7, and let us consider the differen-
tial d(Fy|x,)gmz) of the restriction of F, to X1, at (772,1). Then d(Fy|x,) 7 (X1)
coincides with the tangent space to Y at Fo(m.7), and d(Fyx,)@n(X1) <
(d Fy) ga)(X1). But the definition of X; implies that d(Fy|x,)@mz) (X1) is two-
dimensional. On the other hand, the rank of the differential of F, at (72,7) € .
is two and therefore also (d Fy)@7)(X1) is two-dimensional, and we deduce
d(Fy\x)an(X1) = (d Fy)gap(X1). Thus, the tangent space to Yy at Fy(m,1)
coincides with (d Fy)@7)(X1). The last column of the matrix of (d Fy)ay) is
(0,0, 1): this implies that the tangent space to Y| at F,, (772, f) contains a vector of the
form (cy, ¢2, 1) for some ¢y, ¢; € R. In particular the tangent plane to Y; at F, (771, 1)
is transverse to {t = 7}, and this holds uniformly with respect to the points in Y.

Remark 6.4.8 Let (X,7) € Y, U Y3 be a point which is limit of a sequence of points
(x®,t®) € Y, as k — +00. Assume that the limit 7" of the sequence of tangent
planes to Y; at (x®, 1)) € Y| exists. Then, by Remark 6.4.7 and by continuity, still
(c1,¢2, 1) is one of the two vectors spanning T'. Therefore T is transverse to {f = 7}
at (X, 7).

It may happen that a curve in ¥, having an endpoint in Y3 has there a tangent
line contained in a plane parallel to {t = 0}, as we now show; this kind of examples
motivate Lemma 6.5.3.

Example 6.4.9 The function p could not be a stratified Morse function on 7,
endowed with the stratification {Y} . , since the third condition of Definition 6.2.3

may fail. Indeed, we can constructamap a € C*®°(., R®) with F, € Stable(., 7),
having a triple point at (X,7) = (0,0) € Y3}, with one of the double curves in Yz2
parallel to { = 0}. For instance, it is enough to consider a map F, € Stable(.’, 7)
having, locally around (0, 0), the fold surfaces of the form {x; = +¢} and {x, = 0}.
These folds are obviously mutually transverse, {x; = ¢ = 0} is locally one of the
double curves and it is parallel to the plane {t = 0}.

Remark 6.4.10 (Swallow’s Tail Singularity) Up to a change of variables in .7
and .7, a swallow’s tail singularity at the origin has the local description'®

m=&&E+EE+E, m=§& mn=&.

There are two cusp curves and one double curve originating at the singularity with a
common tangent vector (0, 0, —1); moreover, at the singularity, all fold surfaces are
locally tangent to the plane {; = 0}. We can provide two simple realizations in our
context of the canonical representation above. The choice

m = (51,52)’ X = (771’ 772)’ = 69:3 = 13,

16See, for instance, [8, p. 176, 177], and more generally [13, 14].
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corresponds to the move S, whereas the choice

m=(§.8), x=@m), t=&=n,
(whence 7 (e(m, 1)) = (tmy + mam?} + m{, my)) corresponds to an evolution that
is degenerate at t = 0: indeed, the corresponding apparent contour has a cusp with

one of the two departing arcs that is (locally) completely contained in another arc of
the contour.

6.5 Proof of the Completeness Theorem

Following closely [3], we split the proof of Theorem 6.4.6 into various steps.
The first step concerns the map o« — Fj: essentially, it says that given a
neighbourhood N, of o, we can find a neighbourhood Vf, of F,, such that any
G € Vg, is equivalent to a map having the third component equal to ¢.

Proposition 6.5.1 (On Level-Preserving Paths) Let « € C®(,R?). For any
neighbourhood N, of a in C®°(,R?), there exists a neighbourhood Vr, of F,
in C® (S, T) such that the following property holds:

VGeVg, daeN, : Goy= Fyzforsome y € Diff(.). (6.12)
In particular,

Fy is equivalent to G.
Proof Let N, C C*®(”,R?) be a neighbourhood of a. If we choose a sufficiently
small neighbourhood Vg, of F,, we can ensure that any G € Vj,, that we write
componentwise as
G=(G,6G,,G3): S =MxS' > R*xS' =7,
has the following property: for any m € M, the function
t €S' — G¥(t) := G3(m,1) € S!
is close to the identity in C*°(S!, S!), and therefore it is invertible. Let us denote by
g": St —s!

the inverse of G¥', so that

g"(GY) =1idg and G5 (g") = idg.
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Notice that the map (m,t) € .¥ — g™ (t) € S' is smooth. Denoting by
aZ

the third component of o, we define o : . — R3 as follows:

E(m, Z) = (Gl(mv gm(l))v GZ(mv gm([))’ Olz(m, t)>’ (m’ t) € y
Since o depends continuously on G, possibly reducing Vf,, we can ensure that
a € N,.

By definition,
Fe(m.1) = (Gi(m.g"(1). Ga(m.g"(0).t).  (m.1) € 7.

Now, if we consider the map y : (m,t) € ¥ — y(m,t) == (m,g"({)) € &7,
we have

y € Diff(.%).

Since G o y = Fyz = id s o Fg, the thesis of the proposition follows. O

Corollary 6.5.2 Let « € C®(¥.,R?. For any neighbourhood N, of o in
C®(.7,R3), there exists & € Ny such that

Fz € Stable(, 7). (6.13)

Proof Let Vi, and & be as in Proposition 6.5.1. Since Stable(.#, .7") is dense in
C>®(S,.7), it follows that V, N Stable(., .7) is nonempty. Therefore, choosing
G in (6.12) with the further property that G € Stable(.”, .7), we deduce that Fy is
equivalent to a map in Stable(.¥, 7). As a consequence, (6.13) holds true. O

In the next lemma'” we perform a further perturbation of a stable map Fjg, in
order to get a new map which is prepared for moves.

Lemma 6.5.3 (Existence of Stable F 5 and Stratified p) Let B € C®(%,R>) be
such that Fg € Stable(., 7). For any neighbourhood Wg of B in C*° (., R3),

3B e Wy suchthat Fj € Stable(, ), (6.14)

17See [18, Proposition 5.4] for related problems.
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and

p T — Sl is a stratified Morse function on T endowed with {Y; }F,;' (6.15)

Proof Since Fg € Stable(.,.7), from Remark 6.4.7 it follows that Pyvo(Fy)
and Piy,(Fp) have no critical points. Example 6.4.9 shows, however, that p is not
necessarily a stratified Morse function on .7 endowed with {Y; } r,. Therefore, we
need to slightly perturb Fg (see (6.19) and (6.23), below), into a new map F 5 in
order to obtain (6.15).

Let Wp be a neighbourhood of B in C*®(.#, R?). Recalling Definition 6.2.3, in
order to prove the thesis, we have to show that (6.14) holds, and the function p :
7 — R satisfies the following three properties:

(1) if (x,7) € Y3(F/§), then all curves in Yz(Fg) having (X, 7) as an endpoint cannot

have a limit tangent line at (X, 7) contained in the plane { = 7};
(2) the critical points of Piyy( ) are nondegenerate;
(3) the critical values of Pyy( ) are distinct and distinct from p(Y3(F ﬁ)), in turn

consisting of distinct points of S'.
Let us consider the stratification {¥;}r, induced by Fg, and let (X,7) € Y3(Fp).
Note that, if (X,7) € Y3 (F), then only one of the three double curves meeting at
(x,7) may have a limit tangent line contained in {t = 7}: indeed, if two of them
share this property, then there is a fold surface in Y; (Fg) having the tangent plane at
(x,7) parallel to {t = 7}, which is in contradiction with Remark 6.4.7. Recall also
that, if (X,7) € Y, (Fp) is a swallow’s tail, then the two cusp curves and the double
curve meeting at (X, 7) have the same tangent vector there.

Firstly, we want to show that we can achieve condition (1). Assume that there is

a curve contained in Y>(Fg) U {(X,7)} having (X, 7) as an endpoint, and with a limit
tangent line at (X, 7) contained in {f = 7}. Let A = (11, A5, A3) € C*°([0, 1], .7) be
a regular parametrization of such a curve, having (X, 7) as initial point, so that

A(0) = (x,7) and A5(0) = 0.
Let us select a function a € C°*°(.7) with compact support, and satisfying

a(x,7) =0, (6.16)

d
d—a(k(a))\(,:o ?é 0. (617)
o

Let
— O C Z be aneighbourhood of (x, 7) small enough so that

0N (Y3(Fp) \ {(x.D)}) = &
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— 0 € C*®(Z) be a nonnegative function, having support contained in O, and
which is constantly equal to one in a small neighbourhood of (X, 7);
- ¢eR

Define the function j : .7 — R as
jx,t) =1t +eo(x,t)a(x,t), (x,1) e 7.

Then, j € C*®°(7) and, provided |e| is sufficiently small, we have that for any
x € R? the functiont € S! — jx,t) € S! is invertible. Hence, if we consider the
map ¥ : . — 7 defined by

V= (idge, j),
we have

v e Diff(7). (6.18)
Define G : ¥ — 7 as

G :=Vo Fg. (6.19)

Thus, G is equivalent to Fg, and therefore, since by assumption Fg €
Stable(., .77), we also have

G e Stable(.’*”, 7).
Now, let us consider the stratification
{Yo(G). Y1(G), Y2(G). Y3(G)} (6.20)

induced on 7 by G: by (6.18) and (6.19) it follows that such a stratification is the
image through W of the stratification induced by Fg. Equality (6.16) implies that
(X,7) € Y3(G); moreover W(A([0, 1])) C Y2(G)U{(7,7)} is regularly parametrized
in a neighbourhood of (X,7) by o € [0,1] — ¥(A(0)) = (A1(0), A2(0), j(A(0))).
Since

d d d
%J'(A(U))kr:o = )tlg(o) + S%G(A(U)Na:o = 8%61(1(0))\(7:07 (6.21)

equality (6.17) guarantees that the right-hand side of (6.21) is nonzero. It follows
that assertion (1) is satisfied for the stratification (6.20); namely, if (¥,7) € Y3(G),
then all curves in Y>(G) having (X,7) as an endpoint cannot have a limit tangent
line at (X, 7) contained in the plane { = 7}.
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Applying Proposition 6.5.1 with the choice
o = ﬁ» Na = Wﬂv

we obtain a corresponding neighbourhood Vi, of Fg. If |e] is sufficiently small,
we have

G € V.
From (6.19) it follows
G(m,1) = (w o f(m.1).i" (1)),  (m.1)e.S,
where
i"(t) ;=1 + ex(Fg(m.1)) a(Fg(m.1)),  (m.1) € ..

Denote by y : . — . the map defined by y(m,t) := (m, (i"™)~'(¢)). Then

x € Diff(), (6.22)
and
Goy€Vg.
From (6.12), it follows that
3B € Wy suchthat G o x = Fj. (6.23)

Since G € Stable(.”, .7), we deduce that
FB € Stable(.”, 7).

Moreover, (6.22) and (6.23) imply that the stratification of % associated with
G is the image through y of the stratification associated with Fg, and that the
stratification of .7 induced by G coincides with the stratification induced by F.
We conclude therefore that the stratification induced by F' i satisfies condition (1).

Now, if we replace the function a in the previous argument with the function
a + b, where b : . — R is a smooth function satisfying

bED#0.  dbgp =0,

we obtain that p(Y3)) consists of distinct points of S!.
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Considering the stratification of .7 induced by F 4> from condition (1) we deduce
that py,( Fp) has no critical points on the boundary points of Y,(F ﬁ). Therefore,
being all critical points of p|y, Fy) interior to any arc of Y»(F 3), we can argue using
one-dimensional Morse theory, and obtain assertion (2). Also assertion (3) follows
in a standard way. O

We are now in the position to prove Theorem 6.4.6.

For j = 0,1, let Ue/ C C®(M, R3) be a neighbourhood of e;. Let U, C
C*®(.,IR?) be a neighbourhood of y. Let us apply Corollary 6.5.2 to « = y and
with the choice of a neighbourhood N, of « satisfying

N, CU,.
We obtain a corresponding map y € N, such that
F; € Stable(., 7). (6.24)
Possibly reducing N,, we can assume that
Vo €Uy and y, €U,.

Since (6.24) holds, we can now apply Lemma 6.5.3 to f = 7, taking as Wp a

neighbourhood of ¥ satisfying W3 C N,. We obtain a corresponding map ,3 € Wg.
If we set

it follows that
j; € Wﬂ - Na - U)M

and y satisfies (6.11) and the (last) assertion of the statement of the theorem,
concerning the stratifiability of p. Moreover yy € Ug, and y; € Uk,.

Since y, € Emb(M,R*) and Emb(M, R?) is open in C®(M,RR?), it follows,
possibly reducing Wp, that yo(M) and y; (M) are isotopic (Definition 6.4.2). Since
by hypothesis ¥; and X, are in general position with respect to &, we have that
7|5, € Stable(X1,R?) and 7|5, € Stable(Z,, R?). Whence, possibly reducing Wp,
and recalling that Stable(X ;, R?) is open in C*°(X;,R?) for j = 1,2, it follows
that

Ty € Stable(Z1,R?) and 75, (i) € Stable(E,, R?).

The proof of the theorem is concluded. O
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6.6 Completeness of Moves

Let , e, €2, ¥, 7, {¥;}Fr, and p be as in Theorem 6.4.6. By stability and
compactness, the set crit(ple) of critical points of Py, is finite. Since also Y3

consists of isolated points, it follows that p| (crit(plyz)) U p(Y3) is a finite set
of points of S!.

Definition 6.6.1 (Critical Times) We call

Py, (crit(p|yz)) U p(Y3)

the set of critical times.

If #y is not a critical time, the apparent contour (given by a time-slice, i.e., the
transversal intersection of Y; U Y, U Y3 with {t = ty}) varies smoothly, and its
topology does not change. Hence, if #; < t, are such that the time interval [z, 1;]
does not contain any critical time, we can find a smooth path [t1,#,] — Diff.(R?)
of diffeomorphisms of R? compactly supported in a fixed bounded set, connecting
the apparent contours at times #; and ;. Moreover, in view of the classification of
singularities of stable mappings between three-manifolds (Sect. 6.2.1), we obtain the
following result (compare with Fig. 6.3; in that figure, notice carefully the direction
of ¢, with respect to which local maxima and minima are considered).

Corollary 6.6.2 (Completeness) A point (x,t) € crit( ple) U Y3 lies in one of the
following classes, each determining a move in the list of Sect. 6.1:

- (x,1) € Y22 is a local maximum (respectively local minimum) of a double curve:
moves of type K (respectively of type K™').

- (x,1) € Yzl is a local maximum (respectively local minimum) of a cusp curve
that bounds folds going downwards (respectively upwards): move L (respectively
move L™} ).

- (x,1) € Yzl is a local maximum (respectively local minimum) of a cusp curve
that bounds folds going upwards (respectively downwards): move B (respectively
move B™!).

- (x,1) € Y31: moves of type S.

- (x,1) € Y32: moves of type C.

- (x,1) € Y33: moves of type T.

The precise one-to-one correspondence between the list of moves of Sect. 6.1 and
the list in Corollary 6.6.2 is provided by the following observation.

Remark 6.6.3 A more refined classification of each move can be obtained by
looking at the orientation of the various folds involved, and at the relative depth
of the preimages in the critical set X| = § 1(F5) (see Sect.6.2.1) with respect to
the regular preimages. For example, a point in Y. 33(F)7) has three distinct preimages
in X (Fy), which can be ordered according to the z-coordinate (dropped by the
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projection ). Each of the three involved folds (which are transversal to “time”
direction ¢) carries a natural orientation and hence contributes with a sign. The
relative depth of the three singular preimages with respect to the remaining regular
preimages provides for the three nonnegative integer parameters, as explained in
Sect. 6.1.3. Note that a cusp curve forces the orientation of the two adjacent folds.

Remark 6.6.4 Corollary 6.6.2 is consistent with [4, Theorem 3.5.5], where isotopies
of surfaces T immersed in R, realized as projections of embedded surfaces in R*,
possibly with pinch points, are considered. The authors of [4] seek all codimension
one singularities of maps R* D I' — RxR — R. The majority of these singularities
are related to self-intersections and pinch points of I', which are excluded in our
setting. Moreover, they also consider singularities that arise from the presence of a
height function RxR — R, which we do not need here. The remaining codimension
one singularities correspond to those listed in Corollary 6.6.2.'8

Corollary 6.6.5 Let w : R? = R? x R — R? x {0} be the projection on the first
factor, let ey, e, € Emb(M,R?), and suppose that the two surfaces

X i=e(M), ¥ i=er(M)

are in general position with respect to ww. Let ¢1 := mw o e and ¢, := 1w o e,. Then
X1 and X; are isotopic if and only if their apparent contours

appcon(g,), appcon(¢;) C R?
are Reidemeister-equivalent.

Remark 6.6.6 (Reidemeister Moves on Knots) A proof similar to the one described
in Sects. 6.5 and 6.6 can be used to show the classical result of Reidemeister, on
the completeness of the three Reidemeister moves for knots and links. The proof
is obtained by replacing M with the disjoint union % of a finite number of
copies of S!, and by recalling the classification of singularities of a map from
% x S' to R? x S!. More specifically, the second and third Reidemeister moves
correspond, respectively, to the double curves and to the triple points, while the first
Reidemeister move corresponds to the Whitney umbrella (see Example 2.1.9).

18Ty be more specific, [4, Fig. 9(row 1, column 1)] corresponds to move L; [4, Fig. 9(2,1)]
corresponds to move B; [4, Fig. 9(3,1)] corresponds to move S; [4, Fig. 10(1,1)] corresponds
to move K; [4, Fig. 10(1,2)] corresponds to move C; [4, Fig. 10(2,1)] corresponds to move T.
Theorem [4, 3.2.3] is a simpler version of [4, Theorem 3.5.5], in which the height function is not
considered, and hence is more close to Corollary 6.6.2. It follows by combining the classifications
given by [10, 16, 21].
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Fig. 6.4 The first Reidemeister move is obtained with a suitable sequence of compositions of the
moves for apparent contours, by considering the apparent contour of a thin tubular neighbourhood
of the knot (or link); d = 1 on the dashed curves, and d = 2 on the dotted ones

Considering a sufficiently thin tubular neighbourhood of the knot (or link), the

second and third Reidemeister moves can be obtained, respectively, by means of an
iterated application of the K and T move. The first Reidemeister move, instead, is
obtained with the sequence of composite rules displayed in Fig. 6.4; composite rules
are defined in Sect. 10.4.3, and are extensively used by the program appcontour.
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Chapter 7
Invariants of an Apparent Contour

The aim of this chapter is to illustrate some interesting invariants of apparent
contours and labelled apparent contours. These invariants can be numbers, groups,
polynomials; invariance here means that the they are insensitive to certain transfor-
mations, that will be specified case by case.

As an example, let us consider an apparent contour appcon(¢) C R? of a stable
map ¢ : M — R? (Definition 2.2.1). Then, it is clear that the number of components
of appcon(g) is invariant under R?>-ambient isotopies. Moreover, the number of
crossings of appcon(yp) is

— invariant under diffeomorphic equivalence (Definition 2.4.2),
— invariant under the action of Diff(M).

On the other hand, supposing that ¢ factorizes as an embedding in R* and a
projection on R? (formula (3.3)), then the number of crossings of appcon(g) is not
invariant under the action of a diffeomorphism of R3.

The number of crossings is one of the three linearly independent first order
Vassiliev-type invariants [23, 45], [29, Chapter 12], [14] in the sense! considered
in [33], the other two being the number of cusps and a Bennequin-type invariant
[10], which will be described later on in this chapter. When appcon(gp) is a labelled
apparent contour (Example 4.2.8), it is worthwhile to recall that the number of
crossings is not invariant under the Reidemeister-type moves described in Chap. 6.

When M is orientable, we can distinguish positive and negative cusps of
appcon(g) (Definition 2.2.12), the number of which is easily seen to be, separately,
invariant under the action of Diff, (R?).

!By invariant, the authors of [33] mean a locally constant function on the set of stable mappings;
see Sect.7.3. See also [23, 32] and the references therein. The invariants considered in [33] turn
out to be also invariants under diffeomorphic equivalence (Definition 2.4.2).
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7.1 Definition of 23 (appcon(¢))

Let M be a two-dimensional closed (not necessarily connected) manifold of class
C®, andletp : M — R? be a stable map. In this section, following [9],2 we
associate with appcon(¢) a number, denoted by B(appcon(¢)), computable only in
terms of the apparent contour.® It turns out that B(appcon(p)) is invariant under
the action of Diff, (R?); hence, if appcon(¢p;) and appcon(¢,) are diffeomorphically
equivalent (Definition 2.4.2), then

B (appcon(g1)) = B(appcon(¢z)).

In Sect. 7.3 we shall prove that B (appcon(¢)) turns out to be the Bennequin-type
invariant considered in [33], the definition of which is based on Legendrian lifts.
Recalling the Morse description in Sect. 2.5, we denote by maxmin,(appcon(¢))
(oriented maximum/minimum points) the set of all pairs (p,or), where p €
appcon(g) is a local maximum or minimum point, and “or” is the local orientation of
appcon(¢) at p. We shorthand maxmin,, (appcon(¢)) with the following symbols*:

maxmin,, (appcon(p)) = {‘(\, AN ,v}

Also, we indicate by crossings,,(appcon(¢)) (respectively cusps,,(appcon(g))) the
set of all pairs consisting of a crossing (respectively a (horizontal) cusp, or more
conveniently here a marked point, see Sect. 2.5.2) of appcon(¢) and the local orien-
tation of appcon(¢). We shorthand crossings,, (appcon(¢)) and cusps,,.(appcon(p))
as follows:

crossings,,(appeon(p)) = { X, X. XK. X .
cusps,(appeon(9)) = { <. > },

where we notice that the orientation around a cusp is not indicated, since it is
determined by the cusp direction: namely, < is oriented downwards, and > is
oriented upwards.

2With kind permission from Elsevier, in this section and in Sects.7.2 and 7.3 we illustrate the
results and report some of the figures from the quoted paper [9].

3B (appcon(¢)) is automatically computed in the appcontour program (Chap. 10).
4Compare also with Sect. 2.5.3.



7.1 Definition of B (appcon(p)) 159

We set

crito (appcon(e))
:=maxmin,-(appcon(p)) U crossings,, (appcon(¢)) U cusps,,(appcon(¢)).

Recall, as done in Sect.2.5.3, that if A is a critical level, we classify it according to
the (transversal) intersections of a Morse line m; (-) with appcon(¢) lying on the left
and on the right of the corresponding critical point.

We indicate by a vertical oriented arrow on the left (respectively on the right) of
a singular point p € nodes(appcon(¢p)) the orientation of a left (respectively right)
arc to p.

Following the notation in Definition 2.2.5, we recall that

Jo(x) :=#m e M : p(m) = x}, x € R
Using Remark 2.2.6, which specifies the values of f, on appcon(¢), we can

proceed with the following concept [9].

Definition 7.1.1 (The Function b) Let ¢ : M — R? be a stable map. Let
s € maxminy(appcon(¢)) U cusps..(appcon(p)), and ps € appcon(¢) be the
corresponding point. We define

Jo(ps) ifs € {9,
b(s) := | = /o (ps) ifs € {< ., >, (7.1)
—Jfo(ps) — 3 ifse{>- <}

The contribution of s € crossings,,(appcon(¢)) is defined as follows:
b(X) == +1, bX):=-1,  b(X) = +1, b(X):=-L
(7.2)

Definition 7.1.2 (The Number 2B (appcon(¢))) Let¢ : M — R? be a stable map.
We define

B (appcon(g)) := Z b(s). (7.3)
s€Ecritor (appcon(¢))

Some comments are in order.

* The number B(appcon(p)) only takes into account the nodes, the cusps, the
extremal points (with respect to the height function) and the orientation of the
apparent contour, and its definition relies on a Morse description of appcon(yp).
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 The independence of B(appcon(¢)) of the Morse description’ of appcon(e) is a
consequence of Theorem 7.3.1 (see Corollary 7.3.3). In a similar way, one checks
that ®B(appcon(¢)) is invariant under the action of any element of Diff, (R?).

e The definition of 2B (appcon(¢)) does not require the construction of the Legen-
drian lift (see Sect.7.2).

* Inthe case of Legendrian knots, the so-called Thurston—Bennequin invariant (see,
e.g., [44, p. 360] and the references therein), reminds definition (7.3).

The computation of B(appcon(p)) is implemented in the program appcon-
tour; the results obtained on some examples are presented in Sect. 10.9.2.

7.2 Definition of BL(appcon(¢))

Let us briefly recall from [33] the construction of BL(appcon(¢)). In the following
O is an open disk containing appcon(¢). The construction consists of various steps.

Step 1. Each component of appcon(y) is lifted by using the direction of the
(projectivized) cotangent line as an additional dimension (Legendrian lift,
see, for instance, [34]). We can take the additional coordinate as an angle
¢ € [-7, 7] (direction of the normal to appcon(¢)) with extremal values
identified to each other. The Legendrian lift of appcon(¢) obtained in
this way is a set of (pairwise disjoint) smooth closed oriented curves
embedded in O x [-F, 7] with top and bottom faces identified, which

is a set 7" with the topology of a solid torus.

Step 2. One takes a thin strip along each component y of the Legendrian lift, by
moving it of a small amount =€ in the normal direction to the contact
plane® at the given point. We denote by 7 the boundary of this strip: this
may consist of one or two components, according to whether the strip is a
Moebius band or a cylinder.

3An informal way to realize that 9B (appcon(g)) is independent of the Morse description is the
following. Suppose we are given two Morse descriptions of appcon(g). Possibly composing with
two elements of Diff. (R?), we can suppose that the Morse lines of both the two Morse descriptions
are horizontal and straight. The original apparent contour appcon(¢) is changed, under the action
of these two diffeomorphisms, into two new apparent contours, say G and G’. Let us construct by
hand an R?-ambient isotopy taking G into G’. One then classifies the events that appear in the path
of diffeomorphisms taking G into G’, which are the following: local maxima or minima can be
created or destroyed, and one checks that in both cases, (7.3) is unchanged. In addition, the number
of crossings does not change, since a diffeomorphism of R? can only locally “rotate” and translate
a crossing. When performing a local rotation, local maxima and minima are introduced, and one
checks directly the invariance using definition (7.3) and Definition 7.1.1. Also the number of cusps
does not change; moreover, cusps have been previously transformed into transversal marked points:
applying a local rotation to an arc containing a marked point, the invariance follows from the
definition, since the weight is independent of the orientation of the arc.

That is, the tangent line to appcon(gp) times R.
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Step 3.

Step 4.

Step 5.

Step 6.

The solid torus 7" can be identified with a solid torus
T C R,

obtained by rotating O around some line » C R? by the angle 26, 0 €
[—%, 5], with r chosen so that

rNnO =@ and r C{z=0}, (7.4)

{z = 0} being the plane containing . We obtain a set of oriented closed
nonintersecting curves I' C T, together with the corresponding strip
boundaries [ C T, where each I' (respectively I) is the image in T
of y C T (respectively y C T) obtained using such an identification.
For each I' one computes a self-linking number, which is obtained by
first projecting I' and ' onto some generic plane, and then counting
crossings of the projected I' and of the projected I" with an appropriate
sign,” and with the following appropriate weight: 1 for self-crossings
of the projected I" and % for self-crossings of the projected I'. When
counting self-crossings of the projected I one omits crossing points that
are inherited by self-crossings of the projected I'; in other words, one
omits self-crossings of the projected I" that are at O(e) distance from
self-crossings of the projected I'. The resulting quantity can be shown to
be invariant under Reidemeister moves on the projections of I' and T.
This entails that the final result is in fact independent of the choice of the
generic projection plane.

One also computes the linking numbers of any pair of distinct components
I'y and T, of the Legendrian lift. We use the same sign convention
as before at each mutual crossing of the projection onto some plane;
in this case, the displaced curves I are not involved. The resulting
quantity is also invariant under Reidemeister moves on the corresponding
projections.

Finally,

BL(appcon(¢))

is defined as the sum of the self-linking and linking numbers of the
Legendrian lift.

7 According to the vector product of the tangent vector to the path above and the tangent vector to
the path below.
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It turns out that BL(appcon(¢)) is an invariant® of the apparent contour
appcon(¢) under the action of Diff.(R?).

7.3 Coincidence Between 8 (appcon(¢)) and BL(appcon(¢))

Following closely [9], in this section we prove that B(appcon(p)) coincides with
BL(appcon(¢)). In order to do this, we need to recall some results mentioned in [33]
(see also [5, 41] and [36]).

Let us denote by

Unstable(M, R*) C C®°(M,R?)

the collection of all unstable maps in C*° (M, R?) (sometimes called discriminant
hypersurface®). The codimension one strata of Unstable(M, R?) are classified'” as
follows'!: L (lips), B (beak-to-beak), S (swallow’s tail), Ko, K;, K, (kasanie, or
tangency), Ty, T; (triple points), Cy, C; (cusp-crossing). We refer to [33, Figure 2],
where it is shown that each stratum can be realized locally as the projection on R? of
a surface immersed in R? (see also Fi g. 6.3, which however refers to the less general
case of labelled apparent contours).

Each stratum is locally cooriented, positively in the direction where the number
of cusps and crossings is increasing; as for Ty and T;, for which the number of
cusps and crossings does not change, the coorientation is toward the region where
the number of preimages of the newly formed triangle is higher [33, p. 30].

Given the ten local strata of the discriminant hypersurface, the corresponding
small letters (I, b, s, ko, ki1, k2, to, t1, co, c1) denote functions whose jump is
equal to one at every crossing of the stratum in the positive direction defined by

8 As we have already said in the Introduction, BL(appcon(¢)) is called a Bennequin-type invariant;
see, e.g., [36]. In [33] it is proved that all local first order Vassiliev-type invariants of appcon(¢)
are a combination of the number of cusps of appcon(¢), the number of crossings of appcon(gp),
and of BL(appcon(gp)).

°Or also the bifurcation set of C>° (M, R?) (see [42, 43] and [30]). Recall that, if a map ¢ belongs
to Unstable(M, R?), then every neighbourhood of ¢ contains maps not equivalent to ¢. We refer
to the survey article [13] for more information.

10Not surprisingly, such a classification is similar to the one in Chap. 6; this becomes reasonable,
if one interprets ¢ as the first two coordinates of a local embedding of M in R3. Notice carefully
that M is, in this chapter, an abstract two-manifold, therefore there is no labelling on appcon(g).
In contrast, in Chap. 6 only labelled apparent contours are taken into account, and for this reason
the number of possible cases is much larger.

USee, e.g., [2—4, 6, 7] and [22].
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the coorientation: Al = Ab = As = Aky = Ak; = Ak, = Aty = Aty =
Acyp = Ac; = 1. The invariant BL(appcon(¢)), which we are interested in, has
jump given by

ABL(appcon(p)) = Al + Ab + 2Aky — 2Aky + 2Ak;.

Theorem 7.3.1 (Coincidence) Let M be a closed two-dimensional manifold (not
necessarily orientable) of class C®. Let ¢ : M — R? be a stable map. We have

B (appcon(¢)) = BL(appcon(¢)). (7.5)

The next section is devoted to the proof of Theorem 7.3.1. We shall split the proof,
which is the same as in [9], into two parts. First we check that both B (appcon(¢))
and BL(appcon(g)) jump of the same amount when crossing each codimension
one stratum of the discriminant hypersurface. As a consequence, we have that
B (appcon(¢)) = BL(appcon(¢)) up to a constant. In the second part of the proof,
we show that actually this constant is zero.

7.3.1 Proof of Coincidence Up to a Constant

We start the first part of the proof, by localizing the degeneration in a sufficiently
small box. Let o be the value of f, on the right of the box; in terms of , we can
write the contribution to B(appcon(g)) inside the box.

We use a family of Morse horizontal straight lines (see Sect.2.5) travelling
downwards, as the parameter A decreases. The box A is a local description before
the degeneration, and the box B after the degeneration (see Figs. 7.1 and 7.2).

1. Stratum L. The contribution given by box A is clearly zero; in box B, the
function f, assumes value o +2 inside the contour, o 4- 1 at the local maximum
and minimum points, « at the two cusps. Hence, recalling the definition of b
givenin (7.1), we have

b)) =1+«

- g1

inbox B : () =—a—3
b(<) = —a — 3,

b)) =1+a.

Therefore B(box B) = b(¥™) +b(>) +b(<) +b(.») = 1, B(box &) =0,

AB = B(box B) —B(box A) = 1.
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Fig. 7.2 Strata Ty, T}, Cy, C,. Image taken from [9]

2. Stratum B. Here the value of f,, at the extremal points is o — 1, the value at the
cusps is @ — 2. Therefore, we have

in box A :

b()=1-a,
b = 1—a.
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b(>):—(a—2)—%=%—a,
b(<)=—(@—-2)—1=3-

inbox B:

Therefore *B(box &) = 2 — 2a, B(box B) =3 — 2« and AB = 1.
3. Stratum S. Before the degeneration the values of f, outside the contour are o
and o — 2, hence we have a value of o — 1 at the extremal point in box A, o + 1
at the extremal point in box B and « at the two cusps. Therefore

in box A : ("™ =1—-a.
b = 1+,
- g1
in box B : b =—a—3
b(>) = —a — 3,

bCX) = 1.

It follows that *B(box 2) = 1 — «, B(box B) = 1 — and AB = 0.

4. Stratum K. After the degeneration we have f, = o — 4 in the internal region;
the value of f, is a — 1 at the two extremal points in box A and o — 3 at the two
extremal points in box B. Therefore

in box A : b)) =1-0,
b("™™=1-a.
b("™) =3 —a,

in box B : b(X) = —1,
bex) = —1,
b()=3—0.

It follows that B(box ) = 2 — 2, B(box B) = —2«a + 4 and AB = 2.

5. Stratum K;. In box A the values of f, are o + 2, o and o — 2 respectively in the
top, middle and bottom region, hence we have values of @ + 1 and o — 1 at the
extremal points. The same values are achieved in box B. Therefore

b(\?\) =l+a,
("™ =1—-a.

in box A :



166 7 Invariants of an Apparent Contour

b("™) = —a —1,
inbox B : 0D = +1,

b(X) = +1,

b)) =a—1.

It follows that B(box ) = 2, B(box B) = 0 and A®B = —2.
6. Stratum K. Here the values of f, at the extremal points are & 4 1 in box A and
o + 3 in box B. Therefore

inbox A : (o) =1+0a
b)) =1+4a.
b)) =a + 3,

in box B : b9 = -1,
b(X) = —1,
b() =o+3.

It follows that B(box 2) = 2 + 2, B(box B) = 2« + 4 and A*B = 2.
7. Stratum Ty. We have

b(X) = +1, b(X) = +1,
in box A : b(X) = —1, in box B : b(X) = —1,
b(X) = +1. b(X) = +1.

Therefore *B(box A) = 1, B(box B) = 1 and A*B = 0.
8. Stratum T;. We have

b)) = —1, b(X) = +1,
in box A : b(X) = +1, in box B : b(X) = +1,
b(X) = +1. bX) = —1.

Therefore B(box &) = 1, B(box B) = 1 and AB = 0.
9. Stratum Cy. Going from right to left in box A the function f,, assumes the values
o, & + 2, a + 4 in the three regions. The value at the cusp is & 4 2 in box A and
o in box B. Therefore

5
inbox A : b(>):—a—§.
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b(X) = —1,
inbox B : b(>) = —a — 3,
b(X) = —1.

It follows that B(box &) = —a — 2, B(box B) = —a — 2 and AB = 0.
10. Stratum C;. We have

3

inbox A : b(>) = —a + 3
b(X) = +1,

inbox B : b(>) = —a — %,
b(X) = +1.

Therefore B(box A) = —a + %, B(box B) = —a + % and AB = 0.

Now, it is proven in [33, Lemma 5.4 and Section 2] that the variation of
BL(appcon(y)), before and after a codimension one degeneration, is the same
as the one computed above. Therefore, there exists a constant C such that

B (appcon(g)) — BL(appcon(p)) = C. (7.6)

7.3.2 Proof of Coincidence

We pass to the second part of the proof of Theorem 7.3.1. We shall provide a
constructive argument, based on an alternative derivation of B(appcon(yp)); this
argument will show that the additive constant C, found in Eq. (7.6), actually
vanishes.

The key tool is the invariance under Reidemeister moves of the self-linking and
linking numbers of the Legendrian lift (see Sect.7.1). This allows us to perform a
deformation (see (7.7), below) of the Legendrian lift, and to choose a projection
plane to compute the self-linking and linking numbers directly on the original
apparent contour appcon(g). This deformation, however, cannot be done directly,
since the Legendrian lift in the solid torus T involves a rotation around some line 7,
with r satisfying (7.4).

For convenience, let us translate O so that the straight line r passes through the
origin, with equation {x; =z = 0}.If (P,0) € y C T,P = (P, Py)is apointona
component y of the Legendrian lift, the corresponding point under the identification
of T with T is given by

(P; cos(20), P, Py sin(20)).
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Given ¢ a small positive number, we map (P, 6) in

(P1 cos(2¢6), P, Py sin(2¢6)) i e (—%, %), 1.7)
{(Py cos(wm), Py, Pysin(wm)) : ¢ < |w| <1} if |0] = % (7.8)
Note that when |6| = 7 this gives a set of values connecting nearby points

along a large circle. Notice that, as ¢ grows to 1, this identification is continuously
deformed to the original one of step 3, Sect. 7.2.

For ¢ > 0 very small, the set of angles from —{m to {m live in a set which
approaches a shallow cylinder; a further small deformation can be applied to get the
exact cylinder

C=0x(=40:

see Fig.7.3. We denote by I'; and 1:; the components of the Legendrian lift thus
deformed.

We cannot yet project onto O, because the projection is nongeneric, since we
have distinct points of I'; and f; (those on the top/bottom face of C) that project
onto the same point in appcon(¢) with the same (horizontal) tangent. We will then
slightly perturb I'; and fg, e.g., by cutting the apparent contour at points with
horizontal tangent, which we can suppose to be local maxima or minima and then
moving a little bit apart the two sides. Figure 7.3 represents the construction for an
apparent contour which is just a circle: the Legendrian lift I'; (thicker curves) has
two components, since the normal line to appcon(¢) attains each direction twice (at

Fig. 7.3 Legendrian lift I';
(thick lines) of a closed circle
and projection back on O
(solid lines). Image taken
from [9]
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opposite points on the circle). For the sake of clarity the long arcs of I'; connecting
the top to the bottom endpoints of the two components are shown as straight thick
lines at 45 degrees; one should imagine the same arcs at an angle close to zero (so
that their projections on the plane {z = 0} are almost horizontal with positive slope).
The result of the projection back onto O is also shown in Fig. 7.3, with the signature
of the crossing points depending on which arc crosses over the other.

Without loss of generality (and possibly applying a deformation of appcon(p))
we can assume that

* the two tangent lines at a crossing are not horizontal, and hence both components
of appcon(yp) cross the horizontal line transversally;

 each horizontal line crosses the apparent contour in at most one critical point (a
cusp or a crossing or a maximum/minimum);

* all cusps have horizontal tangent with the two branches lying at opposite sides
of the tangent. This is a source of nongenericity, since horizontal tangent implies
that cusp points end up on the top and bottom faces of the cylinder C. However
by slightly curving the cusps and introducing a new minimum/maximum point
we can resolve this issue.

We are now in a position to compute all contributions to BL(appcon(¢))
described in steps 4 and 5 of Sect.7.2, by considering all symbols s €

crity(appcon(e)).

* s € crossings,.(appcon(p)). We need to recover the signature of the crossing
points and add it to the linking and self-linking numbers between the components
I';. In the Legendrian lift the decreasing branch crosses over the increasing
branch, so that we end up with b(s) as defined in (7.2).

* s € cusps,.(appcon(¢)). For definiteness, let us assume that the cusp is pointing
to the right. The horizontal tangent at the cusp is a source of nongenericity;
therefore, we need to deform it by, e.g., curving it slightly upwards, thus
introducing a new minimum point corresponding to a symbol of type . that
must then be taken into account. Moreover this deformation also introduces a
new crossing between the horizontal tangent to the minimum point and one of the
branches of the cusp; the corresponding contribution shall be taken into account
later on. The cusp itself is lifted in the Legendrian lift with a vertical tangent: it
is therefore necessary a further deformation in order to achieve genericity. This
produces a self-crossing of f‘; with positive signature and hence contributes with
1 in BL(appcon(g)).

¢ s € maxminy (appcon(p)). Take for definiteness a local minimum p;. Such a
point corresponds to a long arc that connects the top face (left half of the cut
minimum point) to the bottom face (right half of the cut minimum point) of the
cylinder C. Up to a deformation, we can assume that these arcs project on curves
that travel almost horizontally towards the right, with a nearby crossing over
appcon(g) on the right of p, and possibly other crossings over appcon(g) that lie
on the right of py, make a large curve and reach the minimum point from the left,
possibly crossing below arcs of appcon(¢) lying on the left of p,. To account
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for these crossings we define an integer-valued function which is nonlocal, in the
sense that it depends on the orientation of the left and right arcs to the symbol.

Definition 7.3.2 (The Function w) Let p € R? and £ be the horizontal straight line
passing through p, and denote by ¢; C £ (respectively £, C {) the open half-line
starting at p and lying on the left (respectively on the right) of p. We define

w(p) := Wief(p) + Wright(P),

Wiett(P) = thete 4 — Here T, Wright (2) 1= #eight T — #right

where #,5 | (respectively # 1) denotes the number of points of £; N appcon(y)
where appcon(p) traverses £; downwards (respectively upwards), and #gne 1
(respectively #;0,; ) denotes the number of points of £, N appcon(¢) where
appcon(gp) traverses £, upwards (respectively downwards).

Note that!?

p & appcon(p) = w(p) = f,(p). (7.9)

When p = p; is the point corresponding to s € maxmin,,(appcon(¢)), the resulting
w(ps) accounts for all crossings far from p;. It has the correct sign, with respect to
the contribution in the linking and self-linking numbers, if s € {.,,¥}, whereas
it has the opposite sign if s € {. ,”™}. Indeed, in the latter case, the line £ is
traversed from right to left. The contribution coming from cusps (see the case s €
cusps,, (appcon(¢)) above) always corresponds to the symbol ., so that in this case
w has the opposite sign. We still need to take into account the crossing near p;; in
all cases, when s € maxmin,, (appcon(¢)), a direct check shows that this crossing is
always positive, whereas in case of cusps we have two new crossings with opposite
signature, so that we have no contribution to the self-linking number.
We end up with a contribution:

I+ w(ps)ifs € { ),
1—w(py) ifse{,™, (7.10)
L —w(py) ifs € (<.,

where in the cusp case we also take into account the self-linking due to
intersections of I';.

2Indeed, it suffices to check that both functions are zero far from appcon(g) and that both have
the same jumps when crossing appcon(¢).
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Claim Let s € maxmin,(appcon(g)) U cusps,. (appcon(¢)) and p, € appcon(¢)
be the corresponding point. Then

s €L = w(ps) = fgo(Ps) -1,
s €{ ™ = w(ps) = fgo(Ps) +1,
s e, <} = wipy) = f(p(ps) + 1.

Indeed, recalling the definition of w, (7.9) and Remark 2.2.6, the case where p; is a
local maximum (respectively minimum) follows by computing f,, at a point slightly
above (respectively below) p;. If ps is a cusp, we compute w at a point z slightly
above p;, obtaining w(p) = w(p,) — 1 for both type of cusps, and the result follows
from f,(p) = fo(ps)-

Finally, we can now prove (7.5): it was already observed that crossings contribute
in the same way. For the other type of symbols the result follows directly by recalling
Definition 7.1.2 and the contributions to BL(appcon(¢)) given by (7.10), in light of
the claim. O

Since the definition of BL(appcon(¢)) does not involve any Morse description of
the apparent contour, from Theorem 7.3.1 we deduce the following result.

Corollary 7.3.3 (Independence) ‘B(appcon(¢)) is independent of the Morse
description of appcon(g).

7.4 Euler—Poincaré Characteristic of 0F

In the previous sections of this chapter we have studied certain R2-ambient isotopic
invariants of a (not necessarily labelled) apparent contour. The main results of this
section are, instead, confined to labelled apparent contours; however, we will be
concerned with a stronger invariance, namely, invariants of the corresponding 3D
shapes'? E under R3-ambient isotopies.

One of the main examples of such invariants is represented by the right-hand
side of formula (7.11), below. More specifically, we recall from Theorem 5.1.1 that
a complete labelled contour graph (G, d) can be interpreted as the apparent contour
of a surface ¥ = 0F, where X is the image of an embedding in R3 of a smooth two-
dimensional closed manifold M. Hence (G, d) inherits all topological information
of ¥, and therefore one expects that it should be possible to compute from it the
Euler—Poincaré characteristic y(X). As we shall see, this is indeed the case: y(X)
can be computed solely in terms of the apparent contour'# [8]. Even more, it turns
out that the actual computation of y(X) from (G, d) does not involve the labelling
d. A posteriori, this is not surprising, since y(X) depends only on the manifold M.

13See also [17, Definition (1.19), p. 107] for related subjects.

4Therefore, the resulting construction is not only invariant under diffeomorphic equivalence of
apparent contours (Definition 2.4.2), but also under R3-ambient isotopies.
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This suggests that the computed value is the Euler—Poincaré characteristic of the
source manifold also in the more general setting of apparent contours of abstract
manifolds. Interestingly, this turns out to be the case,'’ provided we conventionally
define (as it is customary) the Euler—Poincaré characteristic of a nonconnected
manifold as the sum of the characteristics of each connected component (total
characteristic). We refer to Sect. 10.7.1 for an implementation of the formula in the
next result, and for further information.

Theorem 7.4.1 (Total Characteristic from the Apparent Contour) Let (G, f,d)
and ¥ = OE be as in Theorem 5.1.1. Then the Euler—Poincaré characteristic y(X)
of X is given by

X(E) = Fregions (G) - Sarcs(G) + Vcrossings(G) + chsps(G)’ (71 1)
where
Fregions(G) 1= Z (2 — #{ connected components of BR}) f(R),
R region of G
' S @)+ f(a)
Sarcs(G) = X;G fﬂ
aﬁr;zoiir;s()(Gjaéﬂ

Vcrossings (G) = Z (fmin (P) + 2)7

pEcrossings(G)

chsps(G) = Z Jmin(€).
c€cusps(G)
(7.12)

In particular, x(X) is independent of d.

Proof Let us consider a curvilinear partition P of X, that is a finite family of closed
connected subsets 7" € ¥ having the following properties:

— each T, called face, is the homeomorphic image of a closed planar polygon,

- Ur==x
TeP
— the intersection of two distinct faces is either empty, or a vertex, or an edge.'®

5See, e.g., [26], [35, Thm. 1] and [27].

1By a vertex (respectively an edge) of P we mean the homeomorphic image of a vertex
(respectively an edge) of a closed planar polygon.
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It is well known'” that
W(Z)=F-S+V, (7.13)

where F is the number of faces, S the number of edges and V' the number of vertices
of the curvilinear partition.

Remembering the definition of the projection 7 in (3.1), we have that the graph
G induces a partition of X, obtained from the closed graph'®

T (G)NZ,

the set of vertices of which is, by definition, 7! (nodes(G)) N X. Then the preimage
through 7 of each connected component of the complement of G with connected
boundary, each arc of 77! (G) N T containing at least one vertex and each vertex
are considered as elements of a partition of X.

We observe that this partition may differ from a curvilinear partition of X, since
there may be:

— loops (i.e., boundary of faces) with no vertices,
— faces which are not simply connected (hence with nonconnected boundary).

However, these loops do not contribute in the computation of y(X) in (7.13). Indeed,
adding v vertices to a loop without vertices splits it into v edges, and therefore the
S and V contributions relatively to this loop satisfy —S + V = 0.

Now, let us compute the contribution to y(X) of the above-mentioned non-simply
connected faces. Let R C X be a (connected) face with nonconnected boundary, and
let

cg := # {connected components of dR}.

Denote by dexi R C dR the external curve, bounding the union of all other connected
components 9. R of dR. To embed the given configuration in a curvilinear partition,

we add at least two arcs joining 05y, R with Oex R. If 0cx¢ R and all 95 R contain some
vertex, we may choose the joining arcs without adding any new vertex. In this way
R splits into cg connected faces, and we have added 2(cg — 1) new arcs. Hence the

contribution to y(X) is

CR—Z(CR—1)=2—CR.

7Recall that the Euler-Poincaré characteristic of a CW complex is Y (—1)%{d—
dimensional cell}; see, for instance, [40, p. 4291, [11].

8This graph contains the singular curve (see Remark 3.2.4). The corresponding partition has been
considered, in more generality, for instance in [46].
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If a connected component C of dR contains no vertices, then C is a closed loop,
and we have to introduce some new vertices besides the new arcs; however, from
the preceding arguments, any number of new vertices on a closed loop gives no
contribution to the total sum.

From Theorems 5.1.1 and 5.1.4 it follows that X is homeomorphic to a quotient
T (see formula (5.1)), obtained by pasting in a suitable way the various copies of
the boundaries of the regions. The statement of the proposition follows by recalling
that, in the cut-and-paste construction of 7T,

* aregion R appears f(R) times, and

Fregions(G) = Z f(R)

R region of G with
dR connected

+ Z (2 — #(connected components of 8R)) f(R),

R region of G with
dR not connected

-+ —(@) ..
* anarc a appears M times,
» acrossing p appears ( fmin(p) + 2) times,
e acusp c appears fmin(c) times.
]

It is immediate to check that the right-hand side of (7.11) is invariant under R?-
ambient isotopies.

Remark 7.4.2 (Additivity on Connected Components) In Theorem 7.4.1 the mani-
fold ¥ is not supposed to be connected. Assume, for example, that ¥ consists of
two connected components, namely ¥ = X; U Xy, so that y(X) = x(21) + x(X2).
From (7.11) we deduce the following formula, which is not directly evident. Let
Gy, (respectively Gy,) be the apparent contour of X (respectively of X,). Then

Fregions(GZIUEz) - Sarcs(GE]U)]z) + Vcrossings(GZlUEz) + chsps(GEhUEz)
=Fregi0ns(G21) - Sarcs(GEl) + Vcrossings(GZl) + chsps(GZl)
+ Fregions(G)Dz) - Sarcs(GEz) + Vcrossings(GZz) + chsps(GZz)-

Remark 7.4.3 (Characteristic of the Interior and the Exterior) In the special case
where 0F is connected, formula (7.12) allows us to deduce the Euler-Poincaré
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characteristic of the solid set E and of its complement R* \ E from the apparent
contour G, since'®

1 1
1(E) = 3 x(OF), xR\ E) = FXOE) + 1.

It is customary to compactify R* into S*: in this case, one obtains the more
symmetric formula

X(E) = 18"\ E) = 3 1(9F).

Obviously, these numbers do not identify the R3-ambient isotopy equivalence class
of the embedding of the set E, as the following example shows.

Example 7.4.4 Let

— E be a knotted solid torus,

— E, be the standard solid torus,

— E; be a sphere with two small two-dimensional disks removed around the north
and south poles, and with a knotted gallery connecting the two removed disks
(the so-called knotted anti-torus, see, for instance, [1, Fig. 7], and Fig. 10.20).

Then

X(0Eo) = x(0E) = x(Ey),

so that

1(Eo) = x(E1) = x(E»),

and

XS\ Eo) = x(S°\ E1) = x(S°\ Ea).

On the other hand, E, is not R3-ambient isotopic to E| (and to E,), and E| is not
R3-ambient isotopic to E,.

In the next section we shall be concerned with invariants attached to a labelled
apparent contour, under ambient isotopies of R? and also of R3, in the sense
specified at the beginning of Sect. 7.4.

19Suppose that M is a compact oriented connected three-manifold with boundary, and consider
the double D (M) of M, obtained by identifying dM with the boundary of a copy —M of M,
with opposite orientation. Then [37, p. 261] y(D(M)) = 0. On the other hand, it is possible to
show that y(D(M)) = 2y (M) — y(IM).
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7.5 Cell Complexes and Fundamental Groups

In knot theory one of the most important invariants®® is the topology of the
complement of a (tame) knot in R?, and in particular its fundamental group ;.
This suggests to focus our attention on the topological properties of the three sets
E,Y = 0E andR3 \ E, the solid set (the inside), its boundary and its complement in
R? (the outside). Of these, the less interesting is X, since its topology is completely
determined by its Euler—Poincaré characteristic y(X). Indeed, as it is well known,
all closed two-dimensional manifolds are completely classified [21, 39], and in
particular an oriented manifold can only be a sphere with zero or more “handles” (a
torus, for example, has the topology of a sphere with one handle). Also note that the
fundamental group of the outside R \ E does not change if we compactify R* and
consider S* \ E,?! so that in all considerations concerning the fundamental group
we shall often interchangeably use the most convenient one.

If ¥ = JE consists of a single connected component, we can distinguish the
following cases based on the genus g of the surface,” i.e., ¥ is a topological sphere
with g handles.

g =0: The surface ¥ = JE is a topological sphere (smoothly embedded in R?).
The generalized version of the Schoenflies theorem [12] (see also, e.g.,
[31]) implies that E is topologically a solid sphere (a 3-ball). This is also
true for the outside, provided we compactify R* C S* by adding the point
at infinity. As a consequence both E and S? \ E are contractible sets and
hence their first fundamental groups are trivial. Removal of the point at
infinity from S3 \ E obtaining R? \ E does not change its fundamental
group, although R? \ E is no longer contractible.

g = 1: The surface ¥ = 0E is now a topological torus. Working in S it can be
shown (we refer, e.g., to [38, p. 107]) that X bounds a solid torus on either
side (or both). This means that either E is a solid torus, hence a (deformed)
tubular neighbourhood of a knot in R?, or its complement is a solid torus in
S3, or both. The latter case corresponds to the so-called unknot, a knot that
can be deformed into a circle. An example of the first case is illustrated in
Fig. 10.18 (the trefoil knot), an example of the second case is illustrated in
Fig. 10.20. The fundamental groups of £ and R3 \ E allow us to identify
the three cases; the unknotting theorem [38, p. 103] ensures that having
the infinite cyclic group Z as fundamental group of both the inside and the
outside indicates that X is ambient isotopic to the standard torus. Observe
that in any case either E or S*\ E can be retracted onto a one-dimensional
set (an S'). Both the inside and the outside have a fundamental group

20Under R3-ambient isotopies with compact support.

21Beware however that R*\ E and S\ E are not, in general, homotopically equivalent; for example,
the complement of a solid sphere in S is contractible, whereas the complement in R? is not.

22The Euler-Poincaré characteristic and the genus are related by y(X) = 2 — 2g.
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having infinite cyclic commutator quotient (the abelianized is the infinite
cyclic group Z).

g > 1: In this case we cannot say much about £ or S* \ E. Sometimes E can be
retracted onto a one-dimensional set, a bouquet of more than one possibly
entangled loops (see Fig. 10.6) sometimes this is true for the complement
in S? (see Fig. 10.37), sometimes this is not true for either (see Fig. 10.38).

The picture above is however not complete. A connected component C of (say)
E (all considerations are symmetrically valid for S*\ E') might have a nonconnected
boundary consisting of some of the connected components of X, for example if &
is made of three concentric spheres, the “inside” E will consist of two connected
(solid) components: an internal solid ball and a surrounding hollow sphere, the latter
has a boundary consisting of two of the three spheres composing X. This example is
not that interesting since the fundamental group of C is insensitive to the presence
of a connected component of the boundary with the topology of the sphere (because
the complement of that sphere is contractible due to the three-dimensional version
of the Schoenflies theorem [12]).

On the contrary, if there are more than one component of dC with positive
genus, then the fundamental group is greatly influenced by the relative position of
the boundary components. As an example consider a scene E consisting of r solid
tori obtained as tubular neighbourhood of a (tame) link with » components in R3.
The fundamental group of the outside S* \ E is the link group and carries important
information on the topology of the link, often allowing to recognize links that cannot
be split by ambient isotopy. As an illustration, see Fig. 10.22 for three examples of
such situation. Of course we could have even more involved situations, such as the
one illustrated in Fig. 7.4. It has a fundamental group that can be presented as

. —-1,.-1_—1
(X1, X2, X35 X1X2X3X] X5 X3 )

having Z3, the free abelian group of rank 3, as its abelianization.

Fig. 7.4 A torus and a
double torus in a mutually
linked position
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Fig. 7.5 A typical 3D cell is
bounded below and above by
two strata corresponding to a
region of the apparent contour
Gs. We call these two faces
floor and ceiling. Arcs of the
apparent contour may give
rise to two-dimensional cells:
for instance, the vertical front
face arises from the
corresponding arc. Nodes of
the apparent contour may
give rise to one-dimensional
cells: for instance, the right
bold vertical segment arises
from the corresponding node

3D cell

apparent
contour

7.5.1 Cell Complexes

We observe that each of the three sets E, X, R? \ E can be decomposed in cells
to form a CW complex [24]. The surface X is a two-dimensional complex, whereas
the two solid sets £ and R? \ E are three-dimensional complexes.

For definiteness, let us focus our attention on the solid set £. The construction of
the complex, which is then implemented in the program appcontour (Sect. 10.7,
Chap. 10), proceeds as follows. Each element of the apparent contour (regions, arcs,
crossings, cusps) can be lifted in R? to produce one or more cells of dimension
three (regions), two (regions and arcs), one (arcs and crossings), zero (crossings and
cusps). For instance, a three-dimensional cell is a solid portion of R* bounded from
below and above by two strata (floor and ceiling) of the surface that project onto a
region R of the apparent contour (see Fig. 7.5), and bounded on the sides by “walls”
that project onto the arcs that bound R.

We proceed in a similar manner for the “outside” R? \ E. In order to avoid
problems with infinite cells, we fix a sufficiently large ball B containing the solid
set £, and R3 \ E will be replaced by B \ E; this has no effect on the homotopy
type. The apparent contour of B \ E can be easily obtained by placing the original
apparent contour inside a large S' and increasing by one the original labelling.

In order to meet the definition of a CW complex it is sometimes necessary to
introduce cutting elements to the apparent contour; in particular, this is necessary
for regions that are not simply connected: one cutting arc for each hole of the region,
and for closed arcs: one cutting node, that is actually an endpoint of a cutting arc.

Remark 7.5.1 The resulting cell complex is not necessarily connected, even for
a connected E. For instance, the outside of a hollow sphere has two connected
components, one homotopic to a point (the internal void) and the other homotopic
to an S? (the outside of the “filled” sphere).
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A key property of the 3D cells is that they are never glued together at floors
or ceilings.”® In other words, a ceiling of a 3D cell does not bound any other
3D cell. This allows us to perform a deformation retract that carries the original
complex to a new one in which both the 3D cell and its ceiling have been
removed. By repeating this procedure we can substitute the original complex with a
homotopically equivalent two-dimensional one.

This fact is crucial, since it is much easier to encode the adjacency information
for a 2D cell complex: after arbitrarily choosing an orientation for faces and arcs,
the boundary of a face is simply an ordered list of 1D cells (arcs) each with a sign
indicating whether the arc is positively or negatively oriented with respect to the
face; the boundary of an arc is just an ordered pair of 0D cells (nodes).

All properties of E (respectively R® \ E) up to homotopy are now completely
encoded in the combinatorial structure of the corresponding cell complex, in
particular so is its fundamental group ;.

7.5.2 Fundamental Groups

The cell complex constructed in Sect. 7.5.1 is of little direct use, and in particular it is
not invariant under R?>-ambient isotopies, since the construction is based on a choice
of a projection direction, and it changes when we change the projection direction.
However, its topological structure is indeed invariant under R3-ambient isotopies,
and in particular so are quantities like the number of connected components or (more
interestingly) the first fundamental group m; of each connected component.

Two R3-ambient isotopic scenes have homotopically equivalent “outsides”
leading to isomorphic fundamental groups, in other words each of the fundamental
groups (up to isomorphism) provides an invariant (a quite powerful one, actually) of
the 3D scene E up to ambient isotopy. Consequently non-isomorphic fundamental
groups correspond to necessarily non-equivalent scenes. On the contrary isomorphic
fundamental groups do not entail®* that the corresponding scenes are ambient
isotopic. This is the case even in the special case of knots and links (modelled
by using knotted tubes embedded in R?), for example the two chiral versions of
the trefoil knot (Fig. 10.18) are not ambient isotopic, yet they lead to isomorphic
fundamental groups.?

23The reason being that X separates E (the interior) from R*\ E (the exterior): the interior is below
the ceiling, and consequently it cannot be above it at the same time.

24There are exceptions, most notably the unknotting theorem [38, p. 103] asserts that “trivial”
fundamental groups for ¥ with the topology of a torus imply that the scene is ambient isotopic to
the standard solid torus.

25Proving that the trefoil knot cannot be deformed into its specular version, although apparently
obvious, requires quite sophisticated techniques, beyond the scope of this book.



180 7 Invariants of an Apparent Contour

For definiteness, let us focus attention on the solid set R? \ E (outside).?® For
simplicity we shall assume that it is connected, otherwise (the hollow sphere is an
example) all subsequent considerations are to be carried out separately for each
connected component.

From the constructed cell complex we can obtain a presentation of its funda-
mental group by using standard procedures (see, e.g., [24]). For a two-dimensional
cell complex (our case) this amounts in finding a spanning tree for the one-
skeleton, listing the remaining arcs as generators of the group and constructing
a relator for each of the 2D faces. A presentation of a group G is written as
(X1,...,Xu;F1,..., ) Where xq,...,Xx, are specific elements (generators) of G
that generate all other elements and ry, . .., r,, are words in the generators and their
inverses that correspond to the unit element of G.?’

It should be noted, however, that dealing with a finite presentation of a group
is far from conclusive: we inevitably incur in algorithmic problems, most notably
the isomorphism problem®® of deciding whether two different finite presentations
describe isomorphic groups. More precisely, the isomorphism problem?® has been
proved to be undecidable: there does not exist a computer algorithm that correctly
solves every instance of the isomorphism problem regardless of how much time is
allowed for the algorithm to run [28].

The so-called Tietze transformations can be used to manipulate a finite presen-
tation with the intent of transforming one presentation into the other. If this can be
done, then we have isomorphic groups. Conversely proving that two presentations
describe different groups amounts in finding some group invariants that differ, e.g.,
the dimension of the abelianization, which however gives very little information.

26This is the most interesting choice in the case E is a knotted solid torus (tubular neighbourhood
of a knot), or a union of knotted solid tori, tubular neighbourhood of a link. Indeed in this case the
fundamental group of R? \ E is simply called the knot group (respectively link group), whereas
the fundamental group of E simply reduces to Z, the infinite cyclic group, for each connected
component. Of course in our broader context we can imagine situations, such as the sphere with a
knotted tunnel of Fig. 10.20, where the interesting solid set is E itself.

?TStrictly speaking, xi,...,x, are free generators of the free group F of rank n; ry,...,r, are
elements of F and G is the quotient G = F/H where H is the smallest normal subgroup of F
containing ry, ..., T

28 Although as a matter of fact the isomorphism problem is decidable if restricted to special
classes of finitely presented groups. Among these, interestingly, we also find the fundamental
groups of three-manifolds. A quite interesting post on this subject by Henry Wilton can be found
at the web address http://ldtopology.wordpress.com/2010/01/26/3-manifold-groups-are-known-
right/ (May 21,2014).

The related word problem (respectively conjugacy problem) of deciding whether two words
define the same element (respectively conjugate elements) in a finitely presented group is also
undecidable in general.


http://ldtopology.wordpress.com/2010/01/26/3-manifold-groups-are-known-right/
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7.6 Alexander Polynomials and Invariants
of Fundamental Groups

Following [28], the isomorphism problem for finitely presented groups can be
alleviated by the computation of invariants: objects that are invariant under Tietze
transformations, so that they are independent of the actual presentation of the group.
Two presentations having different invariants necessarily describe groups that are
not isomorphic.

The simplest of such invariants is the abelianized of the group, obtained as the
quotient G/G’ of the group by its commutator, where G stands for the finitely
presented fundamental group and G’ is its commutator, defined as the smallest
normal subgroup containing all elements of the form aba™'b~". The resulting group,
which turns out to be isomorphic to the first homology group of the set, does not
provide any particularly new information, since it is a finitely generated free abelian
group having rank r, i.e., isomorphic to Z", that can be recovered using the Euler—
Poincaré characteristic of each of the connected components of the surface ¥ = dF
that are adjacent to the connected component C of R* \ E under consideration.*”

Direct computation of the rank r from a presentation of the fundamental group of
C requires the construction of a so-called preabelian presentation, with a procedure
that resembles gaussian elimination of matrices [28, Section 3.3].

For a general presentation we can construct an integer-valued matrix, the so-
called exponent sum matrix, by considering the sum of the exponents in the relator
r; of the generator x;, obtaining the element in row i, column j. If the number m
of relators (number of columns of the exponent sum matrix) is less than the number
n of generators (rows of the exponent sum matrix), it is customary to add n — m
zero-valued columns on the right, so that we can assume m > n. For a preabelian

presentation this matrix is diagonal with non-negative diagonal elements d, . .., d,
satisfying the property that d; divides d;+1, i € {l,...,n — 1}. This is the so-
called Smith normal form of the matrix.’! In particular we have that d; = 1 for

ie{l,....io},d; > 1fori =ip+1,...,i1,di =0fori € {iy +1,...,n}, with
appropriate choice of the values 0 < iy < i;. The diagonal entries different from 0
and 1 are the so-called invariant factors, and their presence gives rise to the so-called
torsion part of the abelianized group; hence, if iy = i}, there is no torsion part. The
number r = n — iy of zeroes in the diagonal is the rank of the abelianized G/ G’.

The structure of G/G’ can be directly read from the diagonal entries of the
exponent sum matrix of (any) preabelian presentation as follows.

30The rank r is actually equal to the Betti number b; of the component C that we are considering.
The other nonzero Betti numbers are by, which is equal to 1, since we are restricting to a single
connected component of R® \ E, and b,: the number of “voids” (cavities) in C, equal to the
number of connected components of the complement of C (which is also the number of connected
components of ¥ adjacent to C) decreased by one. The Euler—Poincaré characteristic of C is given

by bo —b1 +b2

311t can be defined for any matrix with entries in a principal ideal domain.
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e The entries equal to 1 do not count; they correspond to generators contained in
the commutator G’, and vanish in the quotient G/ G’.

 Each invariant factor d; > 1 corresponds to a factor of G/G’ isomorphic to the
cyclic group Zg, of order d;.

* Each zero entry in the diagonal corresponds to a factor isomorphic to the free
cyclic group Z.

Constructing a preabelian presentation is also a crucial step towards the compu-
tation of a more sophisticated invariant, the Alexander polynomial. This is a widely
known knot invariant (see, for instance, [15, 16]), often computed starting from a
knot diagram. In our context a knot is substituted by the surface ¥ bounding a
knotted solid torus E; since we are not aware of any easy way to recover the knot
diagram from the apparent contour of a (possibly widely) deformed knotted solid
torus, we cannot take advantage of techniques based on the knot diagram. However,
it turns out that the Alexander polynomial can be viewed actually as an invariant
of the fundamental group (this is not true for other important knot invariants, such
as the Jones polynomial). Following [28, Section 3.4], in the special case where the
abelianized G/ G’ of the fundamental group G is isomorphic to the infinite cyclic
group Z we have i) = i} = n — 1 and the Alexander polynomial is computed as an
invariant of the group G’/ G", i.e., of the abelianized of the commutator subgroup
of G. Unfortunately, even for a finitely presented G, its commutator G’ is not in
general finitely presented, as it might require countably many generators; however,
a finite presentation can be recovered in the more general context of modules over
the ring L of Laurent polynomials with integer coefficients in one indeterminate,
i.e., polynomials where the indeterminate is allowed to have a negative (integral)
exponent.

If G is the fundamental group of a knot it turns out that there is a preabelian
presentation of G with one less relator than generators (deficiency equal to one); in
this case, the exponent sum matrix of the corresponding presentation of G’ in the
context of L-modules turns out to be a square (n—1) x (n —1) matrix having Laurent
polynomials with integer coefficients as elements. The Alexander polynomial A is
its determinant.’”> A straightforward computation shows that evaluation at 1 of the
elements of the (n— 1) x (n — 1) matrix produces the (n—1) x (n— 1) principal minor
of the exponent sum matrix of the preabelian presentation. Having G/ G’ isomorphic
to Z we conclude that it is the identity matrix, so that A(1) = 1.

If ¢ denotes the indeterminate of the Laurent polynomials in L, it turns out that
the Alexander polynomial is defined up to multiplication/division by ¢ and up to
the transformation 1 — 1/¢.33 Other than that, different Alexander polynomials

32In [20] the emphasis is given to the ideal of L generated by the Alexander polynomial, indicated
by ¢, see Sect.7.7.

3The mapping ¢ — 1/t corresponds to the automorphism of the ring Z mapping the (multiplica-
tive) generator ¢ onto its inverse. This is the unique nontrivial automorphism of Z. Interestingly,
it turns out that the Alexander polynomial of a knot is invariant under such a transformation, up
to multiplication by a power of ¢; this is not the case for a generic finitely presented group with
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denote different (non-isomorphic) finitely presented groups, which in turn implies
non-equivalency (up to R*-ambient isotopies) of the original apparent contours.

7.7 Free Differential Calculus

For a finitely presented group that does not have the infinite cyclic group Z as its
abelianization, the construction of the Alexander polynomial described in Sect. 7.6
does not apply. This is the case, e.g., for a link group, which in our context
corresponds to E consisting of a number of solid tori, possibly mutually entangled.
It also happens when X = 0F is a connected surface with genus g > 1.

The approach based on the free differential calculus of Fox [18, 19] provides a
way to construct invariants of a finitely presented group G that can be successfully

applied in the more general case G/G' =~ Z'. For r = 1 we obtain the same
Alexander polynomial described in Sect. 7.6.

For a fixed n we shall denote by X be the free group with n generators x1, ..., X,.
It is composed of words in xi,...,x,,x;7',...,x, ! that can be multiplied by

juxtaposition. The special empty word, denoted by 1, is the unit element of X.
Words can be reduced by removing adjacent occurrences of a generator and its
inverse; a reduced word is a word that cannot be reduced.

Let G = (x1,...,Xu;r1,...,Fm) = X/H be the finitely presented group
obtained by choosing H as the smallest normal subgroup of X containing the m
relators ry, ..., r, € X. The projection map will be denoted by

¢:X >G=X/H.

With ZX we denote the group ring of X, i.e., the ring containing the finite formal
linear combinations of elements of X with integral coefficients.
Following [18], the free partial derivatives

0
— X > ZX, jedl, ... .n},
axj

infinite cyclic commutator quotient. The symmetry of the coefficients of the Alexander polynomial
is a nontrivial fact, consequence of the Poincaré Duality isomorphism. It is known that any Laurent
polynomial having symmetric coefficients and that evaluates to =1 for t = 1 is the Alexander
polynomial of some knot [25].
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with respect to the generators xi, .. ., x,, are defined by the identities

a1l _0
axj -
0x; ..

Wj:&j’ l,]E{],...,I’l},

d(ab 0 ob

(a)z—a+a—, a,b e X.

8xj ij an

From the identities above, by differentiating x; x;”! = 1 it follows that

ax;! —x;! ifi =j,

ax; o ifi ).

The free partial derivative is then extended by linearity on the group ring ZX as

d da
Wj Zaaa = Zaaa,

aceX aceX

with o, € Z and o, = 0 for all but a finite number of elements a € X.

It turns out that the free partial derivative of a reduced word a € X with respect
to the generator x; is a signed sum of elements d; € X, one for each occurrence of
X; or xj_l in a, negative in the latter case, with @, consisting of the initial segment
of a up to the relevant occurrence of x; excluded if the exponent of x; is 1, included
if the exponent of x; is —1.

We clarify this with an example. Take a = xlxle_lxz_ I: then

da 1 - da —1_—1
— =1—Xx1x2x; °, — = X] — X1 X2X; X, .
3X1 1A241 ax2 1 1A24 2
Following [19], the Jacobian J of the presentation (xy,...,X,;r1,...,Fy) of G

is the (m x n)-matrix containing all the free partial derivatives of the m relators with
respect to the n generators,

ary .. 9
x| 0xy
J = :
Irm ., Irm
x| Xy,

With the notation J¢ we indicate that the matrix entries are to be interpreted as
elements of ZG.
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Remark 7.7.1 (Dependence on the Presentation) The Jacobian matrix depends on
the presentation of G and a change of presentation induces a modification of the
matrix. In particular, the Tietze elementary transformations induce the following
actions on the Jacobian matrix:

¢ exchange of two rows or two columns;

e addtoarowa left-multiple34 of another row;

¢ add to a column a right-multiple of another column;

¢ add a new zero-valued row;

e add a new row and a new column with all zero-valued entries except the entry
corresponding to the intersection of the new row and column, where a 1 (unit
element of G) is placed.

Since ZG 1is not abelian, working directly with the Jacobian matrix is impractical.
In order to make the computation manageable it is convenient to project the matrix
onto a simpler one by using a projection of G onto an abelian group. Two of such
maps are particularly useful: the trivial map

0:G — {1},
projection of G on the trivial quotient group G/ G, and the abelianizing map
v:G— G/G

with G’ being, as usual, the commutator subgroup. From now on, we shall assume
that the quotient G/ G’ is isomorphic to Z" for some r € N.*

Under the trivial map o, the Jacobian matrix is mapped onto an integral-valued
matrix that, after transposition, coincides with the exponent sum matrix introduced
in Sect. 7.6. It allows to identify the structure of the commutator quotient G/ G’.

Under the abelianizing map i, the entries of the Jacobian matrix are mapped
onto the commutative ring Z(G/G’), isomorphic to the ring L of the Laurent
polynomials in r indeterminates and with integral coefficients.

34Recall that ZX and ZG are noncommutative rings.

35This is always the case for G the first fundamental group of sets of the form ¥ = 3E, E or R3\ E.
This follows using the Mayer—Vietoris exact sequence [24] on the two solid sets £, R? \ E, and
their common boundary X. Indeed, let p > 0 and consider the open sets E;r = {x € R*:

dist(x, E) < py and E, := {x € R* : dist(x,R*\ E) > p}, sothat R* = E;F U(R*\ E, ). We
have the short exact sequence 0 = H,(R®) — H(E;f N (R*\ E;")) = H((E;) & H\(R*\
E;) = Hi(R®) = 0.Hence H,(E;f N(R*\ E,")) and H,(E;")® H,(R*\ E,") are isomorphic.
Since H{(0E) is (for p > 0 sufficiently small) isomorphic to H, (Ep"' N (R3\ E.")) which is a
direct product of copies of Z, it follows that also H, (Ep"') and H;(R3\ E") are direct products
of copies of Z, and the assertion follows.
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Definition 7.7.2 (Elementary Ideals) Ford € {0,...,n — 1} the d-th elementary
ideal g, is the ideal of L generated by all minor determinants of order n — d of the
projected Jacobian matrix J¥?. They form an ascending chain ¢y € &; C --- C
&n—1. It is customary to define ¢4 ford < 0Oasey; := {0} andford > nase; := L.

The elementary ideals are invariant under the Jacobian matrix modifications
induced by the Tietze transformations, so that ultimately they are independent of
the presentation and are invariants of G. They however depend on how we choose
the isomorphism between G/ G’ and 7 .

* For simplicity, from now on we shall restrict our analysis to the case of rank
r = 2; however, most of the results extend easily to the general case.

Remark 7.7.3 (Laurent Polynomials) The ring L of Laurent polynomials in two
indeterminates u, v and integral coefficients is a commutative ring whose invertible
elements (units) are all monomials of the form +u®v?. It is not a principal domain
ring; it follows that the elementary ideals &, are not, in general, principal ideals.
The first nontrivial ideal ¢; in the case of a knot group is however a principal ideal
generated by the Alexander polynomial.

The dependence of the elementary ideals on the actual choice of the isomorphism
G/G' = 77 entails that they are not by themselves invariants of G. In order to
compute an invariant we need to identify all possible such isomorphisms. In other
words we need to find all automorphisms of Z? and consider as equivalent ideals that
correspond under such an automorphism. In the special case r = 1 (fundamental
group of a knot) there is only one nontrivial automorphism of Z, the one mapping
the generator ¢ onto its inverse 1/¢ as already observed at the end of Sect.7.6. For
r > 2 the situation is not so simple; in what follows we shall briefly investigate the
subject for the special case r = 2.

Remark 7.7.4 (Automorphisms of Z*) With abuse of notation we shall still denote
by v the composite map v followed by the isomorphism between G/G’ and Z?;*
in this way, the elementary ideals become ideals of the ring L. However they
will depend on the choice of the isomorphism between G/G’ and Z?: different
isomorphisms are related to each other by an automorphism of the group Z? onto
itself, or, equivalently, by a change of base of Z2. A generic change of base is of the
form up = u*v?, vy = u’v® where

_ |V -1 _ ay
B_|:,38] B _|:/§(§:| (7.14)

Here B is a matrix in GL(2, Z) with integral entries and determinant &1, B~ is its
inverse and u, v are a base of Z?. We use here multiplicative notation, for consistency

3Strictly speaking, the isomorphism between the corresponding group rings induced by the
isomorphism between G/G’ and Z?.
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with the usual notation for Laurent polynomials in two indeterminates u and v. The
original base u, v can be recovered from up, vp using the inverse matrix B 1 as
u=ubvh v =ulv

Definition 7.7.5 (Change of Base) Given B, B~' € GL(2,Z) as in (7.14) the
“change of variables” induced by the change of base defined by B is defined for
pe€Las

pp(u,v) = p(u”‘vﬂ, uyv‘s).

Clearly we can recover the original polynomial with p = (pp)g—1.If A C L, then
we denote by A p the correspondingset A = {pp : p € A}.

Proposition 7.7.6 If B € GL(2,Z) denotes a change of variables and p,q € L,
then (p +q)p = pp + qp and (pq)p = ppqp. If I is an ideal of L, then Ip is
itself an ideal of L.

Proof The first two assertions are a direct check. That 7 is closed under addition
and multiplication follows from the first two assertions. If p € I and g € L, set
g =qp—1.Thengpp = (qp-1 p)p € Ip since I is an ideal. O

Definition 7.7.7 (Equivalent Ideals) We say that two ideals /, I of L are equiva-
lent if there exists a change of base B such that I = Ip.

In the special case where I = (p) is a principal ideal, generated by p € L, an
equivalent ideal [/ is itself principal and it is generated by a polynomial g that is
related to p by a change of base and a unit of L, which is to say that

q = £mpypg (7.15)

where B denotes a change of base and m is a monomial u*v’, s,¢ € Z. The
combination “change of base” and “multiplication by m” can be interpreted as
an affine invertible transformation in the group Z?. This justifies the equivalence
relation defined as follows.

Definition 7.7.8 (Base-Equivalent Polynomials) Two polynomials p, g are base-
equivalent if there exists a change of base B, a monomial m and ¢ = =1 such that
p and g are related by (7.15)

Remark 7.7.9 1In order to compute the projected Jacobian matrix J¥¢ we first need
to identify a base for G/G’ and compute the image of the generators xi, ..., X, in
terms of that base with respect to the projection . This can be done by preliminarily
computing a preabelian presentation of G. Indeed for a preabelian presentation, the
first n — 2 generators are all mapped into the identity element of G/G’, whereas the
last 2, once projected, are generators of G/ G’ (hence also providing an isomorphism
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of G/ G’ with Z?),%” they will be the two indeterminates of the Laurent polynomial
in L. This remark generalizes in a straightforward way to the generic case of
rank r.

Finally, we need to introduce the fundamental ideal.

Definition 7.7.10 (Fundamental Ideal) The fundamental ideal £ C L is the ideal
generated by u — 1 and v — 1.

Lemma 7.7.11 The fundamental ideal £ is characterized by
E={pelL:p(,1) =0}

Proof The inclusion & € {p € L : p(1,1) = 0} is clear. On the other hand,
take p € L such that p(1,1) = 0. After possibly multiplying p by a suitable unit
monomial u%v#, we can assume that all exponents are nonnegative. We now think
of p as a polynomial in the indeterminate v having coefficients that are polynomials
in u (with integral coefficients). Euclidean division of p by v — 1 does not require
any division (direct check), so that it can be carried out in the ring of polynomial in
v with coefficients that are polynomial in u. We obtain

p(,v) = qu,v)(v =1) +r(u),

where ¢ € L and the rest r has forcibly degree 0 with respect to v since the divisor
v — 1 has degree one. Requirement p(1, 1) = 0 now implies that r(1) = 0, so that
r is divisible by u — 1 with a quotient s(u) having integral coefficients since again
the euclidean division by u — 1 does not require any division. We end up with

pu,v) = qu,v)(v = 1) + s@)(u—1),

and the proof is complete. O

Since evaluation in (1, 1) of a polynomial is invariant under a change of base of
7? we immediately have:

Corollary 7.7.12 (Invariance of £) & is invariant under a change of base of 7.

37Note that when the presentation is directly obtained from a knot/link diagram using the Wirtinger
technique [38], then the relation of the generators with their projection is easily obtained:
all generators associated with the same link component project to the same element, whereas
generators associated with different link component (one per component) project onto a base of
the quotient group.



7.8 Links with Two Components: Deficiency One 189
7.8 Links with Two Components: Deficiency One

In the case of a link of two components, we have a finitely presented group with a
presentation of deficiency 1 and commutator quotient of rank 2, for example as the
fundamental group of the outside of two entangled solid tori.

The Jacobian matrix J is, in this case, rectangular with one more column than

rows. The presentation (xy, ..., x,;r1,...,F,—1) can be supposed to be preabelian,
meaning that the projected Jacobian J°? has elements
(ﬁ)oz(%)w: 1 ifi <n—2andi = j, (1.16)
0x; ax; 0 otherwise.

The isomorphism ¥ : G/ G’ — 7?2 can then be chosen so that

YD = Y =v Ya) =1 jelln=2. (717

with u, v generators of 72,

Theorem 7.8.1 Let G be a finitely presented group with G/G' = 7* with a
preabelian presentation G = (X1,...,Xy;¥1,...,In—1) of deficiency 1. Define
as in (7.17). Then there exist q1, . ..q,—1 € L such that

. Y
( o ) — G-,

axn—]

0x,,

or: \ Ve
( ’) =—qi(wv)(u—-1), ie{l,....n—1} (7.18)
In particular, the elementary ideal €1 is given by
e1 = (A)E,

the product of the fundamental ideal and the principal ideal generated by a certain
polynomial A € L (Alexander polynomial) [20, p. 131].

Proof Foranyi € {1,...,n — 1}, using [18, equation (2.3)] we obtain the identity
ar; or

(et = 1) 4 —(xy — 1) (7.19)
0Xp—1 0x,

2 o
ri :1+;E()€j—l)+

3More generally this is the case for the inside and the outside of ¥ made of two connected
components of genus 1, i.e., two toric surfaces.
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where r; is viewed as an element of ZX (having (7;)° = 1). Direct computation
using (7.16) leads to (r;)¥ = 1, moreover (x; — 1)V = Oforall j € {1,...,n—2}.
Projecting (7.19) through v then leads to

o, v)(u—1)+ Bu,v)(v—1)=0 (7.20)

. v 2\ YV
where o(u, v) = (aj,%) € L and B(u,v) = (gT’;) € L. Evaluating (7.20) in
v = 1 (respectively in u = 1) shows that a(u, v) is divisible by v — 1 (respectively
B(u, v) is divisible by u — 1). Euclidean division by u— 1 and v — 1 is safe in L since

it does not require divisions and we can conclude that

a@,v) =qiwv)w—-1,  puv) =—qiuv)u—1)

which is (7.18). The elementary ideal & is generated by the determinants of the n
minors of order n — 1 of the (n — 1) x n projected Jacobian matrix. All minors
containing both the last two columns have vanishing determinant, since the last two
columns are multiples of the same column vector, so that we only need to compute
two determinants, obtained by removing one of the last two columns. They are of the
form A(u,v)(v — 1) and —A(u, v)(u — 1) respectively, where A is the determinant
of the (n — 1) x (n — 1) matrix obtained by replacing the last two columns of the
projected Jacobian with the column formed by the elements ¢;, i € {1,...,n — 1},
which concludes the proof. O

Theorem 7.8.2 The evaluation |A(1,1)] € N, where A € L is defined in
Theorem 7.8.1, is invariant under changes of base of 7.

Proof This follows from Corollary 7.7.12 and the invariance of the evaluation in
(1, 1) of a Laurent polynomial under a change of base. O

Following [20, p. 132] if G is the fundamental group of a two-components link
and the generators x,—; and x, are meridians of each of the two links, then the
evaluations A(u, 1) and A(1, v) verify

A, 1) = (I4+u+u?>+-+u""HA (1)
A, v) = (I+v4+ 0>+ -+ 07 HA ()

where g € N is the (absolute value of the) linking number between the two links
and A, A, are the Alexander polynomials of the first and second components
respectively (the two knots obtained by removing the other component).

For a generic preabelian presentation we cannot expect the last two generators
to correspond to meridians of the link, however in view of the invariance result
given by Theorem 7.8.2 we can nevertheless recover the linking number of the two-
components link from G as follows.
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Corollary 7.8.3 The absolute value q of the linking number between the two

components of a two-components link can be recovered from the elementary ideal
e1 = (A)E as

q = A0, 1)

Proof The result is true for the particular presentation where the two generators u, v
of 7?2 correspond to meridians of the two components; then, we conclude in view of
the invariance Theorem 7.8.2. 0O

Remark 7.8.4 The elementary ideal ¢; is not an invariant of G by itself, rather we
must take into account the possible changes of base of Z?, and consider the whole
equivalence class [¢1] of &1 given by Definition 7.7.7. A practical consequence is that
in order to conclude that two finitely presented groups are not isomorphic we need
a way to ensure that the computed elementary ideals &, are not base-equivalent.
Computation of a canonical representative in the equivalence class [g;] clearly
solves the problem. This is easily done in the case of Alexander polynomials in one
indeterminate, however for polynomials in two or more indeterminates practical
computation of a canonical representative is not straightforward since there are
an infinite number of different changes of base, so we cannot directly compute
all representatives and select an optimal one using a lexicographic comparison
technique. This will be discussed in Sect. 10.7.4.

Remark 7.8.5 The free group of rank 2 is a special case, in this case the elementary
ideal is trivially ¢; = L. The reverse implication is not to our knowledge true, so that
computing the first elementary ideal is not sufficient in proving that the fundamental
group is the free group. However, there is an unknotting Theorem also in the case
of links [29, Theorem 4.2], so that knowing that the fundamental group is free is
sufficient to conclude that the link is split (made of “far away” copies of a perfect
circle).

7.9 Surfaces with Genus 2: Deficiency Two

Computation of the fundamental group of each side of a surface ¥ having genus
2 will also lead to a finitely presented group G with G/G’' =~ Z?, now with a
presentation with deficiency 2.

Let G = (x1,...,Xs;F1,...,F,—2) be a preabelian presentation. Deficiency 2
implies that the elementary ideal ¢; is trivial and gives no information, so that
we shall compute the subsequent elementary ideal &,. We proceed similarly to
Sect. 7.8, but now we have an (n — 2) x n projected Jacobian matrix, having the

3The unknotting Theorem is valid more generally for links with m components, in which case the
fundamental group is the free group of rank m.
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last two columns with elements of the form ¢; (u, v)(v — 1),i € {1,...,n — 2} and
—qi(u,v)(u—1),i € {1,...,n — 2} respectively.

There are (;) minors of order n — 2, however most of them (those containing
both the last two columns) have zero determinant. One of the remaining minors is
given by the first 7 — 2 columns, let’s call w € L its determinant. Recalling the form
of the trivial projection (J)°? for a preabelian presentation we immediately deduce
that w(l,1) = 1,sothatw & £.

For any choice of one of the first # — 2 columns we have two minors obtained
by removing that column and one of the last two. From the structure of the last
two columns however, the determinant can be computed by substituting the column
vector formed by the ¢g;,i € {l,...,n — 2} in place of the chosen column, call w;
its determinant, and then multiplying w; times v — 1 or u — 1 respectively.

Summarizing, the elementary ideal ¢, is generated by the principal ideal (w) and
the ideal WV obtained by multiplying the fundamental ideal times the ideal generated
by wi, ..., wy—

W= wi,...,w—)E, &= (w,W).

Remark 7.9.1 Again, the elementary ideal ¢, is not an invariant of G by itself,
rather we must take into account the possible changes of base of Z?, and consider
the whole equivalence class [g;] of &, given by Definition 7.7.7.

Remark 7.9.2 Deciding whether or not two non-principal ideals are the same cannot
be done simply by comparing the two sets of generating polynomials, we also need
a way to decide whether a given polynomial belongs to the ideal generated by a
given set of polynomials. An alternative and more appealing approach consists in
finding a canonical set of generating polynomials. This problem will be discussed
in Sect. 10.7.4.

Remark 7.9.3 The free group of rank 2 is a special case, in this case the elementary
ideal is trivially &, = L. The reverse implication is not to our knowledge true,
so that computing the second elementary ideal is not sufficient in proving that the
fundamental group is the free group. Also, we are not aware of an analogue of the
unknotting Theorem for the case of the inside/outside of a surface of genus 2, so that
knowing that the fundamental group of e.g., the inside is free does not imply that
the solid set E (inside of X) can be retracted onto a one-dimensional object.
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Chapter 8
Elimination of Cusps

In this chapter we show that the apparent contour of a stable embedded closed
smooth (not necessarily connected) surface can be modified, using some of the
moves illustrated in Chap. 6, to obtain an apparent contour without cusps." More
precisely, recalling the notion of Reidemeister-equivalence (Definition 6.1.5) and its
generalization on open sets (Definition 8.3.1) our aim is to prove (Theorem 8.3.2)
that any complete labelled contour graph is Reidemeister-equivalent to a complete
labelled contour graph without cusps (actually, in Theorem 8.3.2 we prove a
stronger statement, since the thesis is localized in suitable open subsets of R?).
Together with the results of Chap. 6, it follows that, up to R3-ambient isotopies,
any smooth closed surface embedded in R? has an apparent contour without cusps.
The prototypical example is maybe given by the torus, where its apparent contour
with four cusps (Fig.2.6) is Reidemeister-equivalent to two concentric circles
(properly oriented).

The apparent contour is modified only in a local way; the new apparent
contour differs from the old one by the presence of suitable “doubled long” arcs,’
constructed so as to connect a cusp with another suitably chosen cusp. As already
remarked in the Introduction, it is worth noticing that it may happen that the number
of crossings of the new apparent contour is considerably higher than the number
of crossings of the original apparent contour. Therefore, the simplification of the
apparent contour due to “annihilation” of cusps could be obtained at the expense of
a complication in terms of arcs and crossings.

'A map having an apparent contour without cusps is usually called a fold map: see [3, 5, 7] for
related references, and also [9, p. 403], [1, 2, 6].

20n the surface embedded in R® having the graph as its apparent contour (compare with

Theorem 5.1.1), these long arcs correspond to a pair of folds on the surface, forming a sort of
wrinkle.

© Springer-Verlag Berlin Heidelberg 2015 195
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To state the elimination result, two notions are required: the embedding sign of
a cusp, and the connectibility of two cusps in an open set. These two concepts are
introduced and discussed in the next two sections, respectively.

8.1 Embedding Sign of a Cusp

Let (G, f,d) be a complete labelled contour graph (Definition 4.2.6). Recalling the
notation of Sect. 3.3, if ¢ € G is a cusp, the incoming arc of G at ¢ will be denoted
by ¢ and the outgoing arc by ¢*. Moreover, we let d(c™) (respectively d(c™)) be
the value of d on ¢~ (respectively on ¢T). From the requirements that we have on a
labelling (see Fig.3.11), it follows that

|[d(c™) —d(c)| = 1.

Remember that the function d is defined on G \ crossings(G), hence it has a
well-defined value at a cusp ¢, and it is also convenient to recall that

d(c) = min (d(c7).d(c™))

(see Remark 3.4.4).

Definition 8.1.1 (Increasing and Decreasing Cusps) We say that the cusp ¢ of G
is increasing (respectively decreasing) if d is increasing (respectively decreasing)
atc,ie., if d(c) = d(c™) (respectively d(c) = d(c™1)).

For instance, the third picture of Fig.3.11 shows an increasing cusp, and the
second picture a decreasing cusp.

Now, we assign a sign to a cusp c, related to the value of d at the incoming arc
at ¢, see Fig. 8.1.

Fig. 8.1 Example of cusps that cannot be eliminated in O because they are not connectable. The
signs = refer to the embedding sign of the cusps
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Definition 8.1.2 (Embedding Sign of a Cusp) Let c be a cusp of G. We define the
embedding sign of ¢ as

embsign(c) := (—1)4 7).

Remark 8.1.3 The embedding sign of a cusp ¢, which is the parity of d(c™), differs
from the classical notion® [4, 8] of parity of a cusp of an apparent contour of a map
from an oriented two-manifold into the plane. In our context (since an embedded
surface is necessarily orientable), the classical parity of a cusp would be simply
given by the parity of d(c).*

It has been already observed in Lemma 3.4.6 that the number of cusps of a
component of the apparent contour is even. The following stronger statement holds.

Lemma 8.1.4 (Alternate Embedding Sign) Let C be a component of G. Then

>~ embsign(c) = 0. (8.1)

c€cusps(C)

Moreover, two consecutive cusps of C have alternate embedding sign.

Proof Let c1, ¢y € cusps(C) be two consecutive cusps® of C. By the properties of
d on the arcs® of G, we have that embsign(c;) = —embsign(c;), and (8.1) follows.
O

The strategy of the proof of the elimination of cusps is based on the application
on G of the Reidemeister-type moves described in Chap. 6. It is then worth noticing
an invariance property of the embedding sign.

Remark 8.1.5 (Invariance of Embedding Sign Under Reidemeister-Type Moves)
Move B, as well as moves L and S, elides two cusps of opposite embedding sign
(belonging to two possibly different connected components of G ), whereas all other
Reidemeister-type moves do not involve cusps. Therefore, the sum of the embedding
sign of all cusps is invariant under the application of one of the (direct or inverse)

3See Definition 2.2.12.

“4For example, in [4, remark following Theorem 2] if we orient the embedded surface according
to the inner normal, and the critical curve with the orientation induced by the arcs of the apparent
contour, then the definition of sign of a cusp coincides with (—1)%(),

SThe argument is of course valid also in the presence of crossings in between the two cusps.

SRecall that, when traversing a crossing, either d remains constant, or it jumps by two units, so
that its parity remains constant.
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Reidemeister-type moves on apparent contours. This is consistent with (8.1), in the
following sense:

— if, after the application of one of the above-mentioned moves, two different
connected components C; and C, join into one single connected component C,
then

Z embsign(c) = Z embsign(c); (8.2)

c€cusps(Cp)Ucusps(Cz) c€cusps(C)

— if, after the application of one of the above-mentioned moves, one connected
component C splits into two different connected components C; and C,,
then (8.2) holds.

Observe that move B either splits a component of the apparent contour into two new
components or joins two distinct components into a single new component; for this
reason, we cannot speak of invariance under Reidemester-type moves for a single
component. Similarly, move L completely eliminates a component with exactly two
cusps with opposite embedding sign (the reverse happens for the inverse L™! of
move L).

8.2 Connectable Cusps in an Open Set

In this section we introduce the notion of connectable cusps relatively to an open set.
We start by formalizing the concept of adjacency between strata already used in
Sect. 5.2.1 (see, for instance, Fig.5.1).

Definition 8.2.1 (Horizontal and Vertical Adjacency) The strata (R;,r;) and
(R, ry) are horizontally adjacent if

- R # R,

— there exists an arc a of G witha € dR; N 0R,,

— eitherry = r, < d(a),orr, = r —2 > d(a)+ 1if f(R) < f(Ry), or
rh=r—2> d(a) +1 lff(Rl) < f(Rz)

In this situation the arc « is said to give horizontal adjacency between the strata.
The strata (Ry, r1) and (R3, r;) are vertically adjacent if

- Ry =Ry,

- |n—nl=1,

— there exists an arc @ C dR; of G having R; on the left, and such that d(a) + 1 =
min(ry, 3).

In this situation the arc a is said to give vertical adjacency between the strata.

Now, let O be an open connected subset of R? with boundary 9O of class C 1,
O = R? is allowed, in particular 3O can be empty.
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‘=

Fig. 8.2 Example of cusps that are connectable, hence they can be eliminated in ©. Notice the
bold left arc in the left picture, which is not present in the left picture of Fig. 8.1, and makes now
connectable the two cusps in O. The signs =+ refer to the embedding signs of the cusps. Observe
that the move B cannot be applied (see Fig. 6.2), because the two cusps lie in different strata

Definition 8.2.2 (Generic Position) We say that O is in generic position with
respect to G if

nodes(G) N a0 = @,

and all intersections between 00 and G are transverse, and in finite number.
From now on in this chapter, O is in generic position with respect to G.

Definition 8.2.3 (O-horizontal and O-Vertical Adjacencies) Let us consider
two strata corresponding to regions that intersects O. The two strata are said
O-horizontally adjacent (respectively O-vertically adjacent) if the arc that gives
horizontal adjacency (respectively vertical adjacency) intersects O.

Example 8.2.4 Take, in Fig. 8.2, R; = R, as the complement in O of the inside of
the two cusps on the left of the arc a having” d(a) = 0,andr; = 1 and r, = 2. Then
(R1,r) and (Ry, rp) are O-vertically adjacent. On the other hand, take R| = R»
to be the complement in O of the inside of the two cusps in Fig.8.1 and r; = 1
and r; = 2. Then (Ry,r;) and (R, ;) are not O-vertically adjacent, because of
the lackness of an arc a giving vertical adjacency in O. An example of horizontal
adjacency is given in Fig. 8.3.

We are now in a position to introduce the notion of connectable strata.

Definition 8.2.5 (Connectable Strata in ) Two strata are connectable in O if
there exists a finite sequence of (O-horizontally or O-vertically adjacent strata
connecting them.

"When G is the apparent contour of an embedded surface X, the arc a results from a folding of X.
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Fig. 8.3 The dashed curve represents the image of y, and is oriented from left to right; the bold arc
belongs to G. On the right we show the combined elementary moves for a horizontal adjacency: the
(labelled) contour on the right is obtained by performing the inverse of an L move and the inverse of
a C move (see Fig. 6.2), thus creating two new cusps on opposite sides of the bold arc. The signs &
refer to the embedding sign of the cusps. Note that the value of s at cusp ¢ equals d(c)+ 1. All other
horizontal adjacencies are obtained from this one by left-right reflection, front—back inversion and
addition of a positive constant to the labelling d. As explained in the proof of Theorem 8.3.2, the
remaining (not displayed in the right figure) long dashed arcs are doubled, and cusps with the
proper value of d are inserted so as to annihilate the cusps in the right figure by using the move B,
see Fig. 8.7. The arcs and crossings remaining after this operation belong to G but not to G. The
prototypical case of a fold “behind” the curve y corresponds to substituting: in the left picture, 1
in place of 0 and s = 1 in place of s = 3; in the right picture, the label O in place of 2, and 1 in
place of 3, while the value d = 0 is replaced by the sequence 1, 3, 1

Definition 8.2.6 (Cusp Pointing Into a Stratum) Let ¢ be a cusp of G and (R, r)
be a stratum. We say that ¢ points into (R, r) if

— ¢ € OR and R is locally on the right of ¢~ and ¢, namely R = Ryn,
—r=d(e)+ 1.

Note that given a cusp ¢ there is exactly one stratum such that ¢ points into that
stratum. Referring to Example 8.2.4 (Fig.8.2) we have that the upper cusp points
into (R, r;) = (Ry, 1), and the same happens in Fig.8.1.

We now introduce the notion of connectable cusps, which takes a crucial role in
the proof of the elimination theorem.

Definition 8.2.7 (Connectable Cusps in O) Let ¢1,¢; € O be two cusps of G.
Let (Ry,r1) and (R, r2) be two strata so that ¢; points into (R;,r;) for j = 1,2.
We say that ¢y, ¢, are connectable in O if (R, r;) and (R;, r») are connectable in O.

Remark 8.2.8 (Connectable Cusps in R?) Let ci,c, be two cusps on the same
component of G; then, independently of their embedding sign, ¢; and ¢, are
connectable in R?, namely ¢; and ¢, point into connectable strata in R?. A chain of
horizontally or vertically connectable strata that connect the two strata pointed by
c1 and ¢, can be found by recalling that, from Theorem 5.1.1, (G, f, d) coincides
with the labelled apparent contour (G, fx, dyx) of a stable smooth closed surface X
embedded in R?. Hence, a component of the apparent contour is just the projection
of a critical curve of the manifold, and the stratum pointed by a cusp corresponds
to a portion of the manifold that is adjacent to this critical curve. Therefore, it is
sufficient to follow the critical curve and annotate the strata corresponding to the
portions of manifold adjacent to it until we reach the point of the critical curve
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that projects to the target cusp c,. Recall that horizontally/vertically adjacent strata
correspond to adjacent portions of the manifold.

Notice that two cusps may be connectable also when they belong to different
components of G. Notice also that given a cusp ¢; on a component C of G, there
exists at least another cusp ¢, € C with opposite embedding sign connectable
with ¢;.

In this section we have not made use of the function f, which will be used in the
next section.

8.3 Statement of the Elimination Theorem

In order to state the main result of this chapter (Theorem 8.3.2), we need the
following concept, which defines an equivalence relation.®

Definition 8.3.1 (Reidemeister-Equivalence in ) We say that two complete
labelled contour graphs are Reidemeister-equivalent in O if they can be connected
by using a finite sequence of direct or inverse Reidemeister-type moves with
compact support in O, and a finite number of R?> ambient isotopies with compact
support in O.

The essence of the next result is, roughly speaking, that if two cusps of
G in O have opposite embedding signs and are connectable in O, then G is
Reidemeister-equivalent in O to a complete labelled contour graph without ¢; and
¢2. The new apparent contour may have new crossings and new arcs: for instance,
arcs originally ending in ¢; and ¢, get extended.

Theorem 8.3.2 (Cusps Elimination in O) Let (G, f,d) be a complete labelled
contour graph. Let O C R? be an open set with 0 of class C', in generic position
with respect to G. Let ci, c; € O be two cusps of G. Assume that

embsign(c|) = —embsign(c,),

and that ¢; and ¢, are connectable in O. Then there exist

a complete labelled contour graph (G, f .d ),
— a neighbourhood W of G,
— two disjoint neighbourhoods Uy, U, of ¢| and c, respectively, with

U,ut, cc O, U ut,n (l’lOdES(G) \ {C[,Cz}) =0,

pairwise disjoint neighbourhoods Ay, . .., A, of portions of arcs of G, with

8Reidemeister-equivalence in R? has been already used in Chap. 6 (see Definition 6.1.5).
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4 cco. 4 n[UIUU) Unodes(G)] = 0,

i=1 i=1
with the following properties:

- ((:}, f:, cz) and (G, f,d) are Reidemeister-equivalent in O;
- (G, f,d) and (G, f,d) coincide in W \ D, where D := U UU, U |/, Ai;
— cusps(G) = cusps(G) \ {c1, c2}.

Notice that G has no cusp in U; U U,, and
#cusps(G) = #eusps(G) — 2.

Moreover G can have in D new nodes and new arcs, but no new cusp. In addition,
in O and outside of W, the graph G can have (new) arcs and (new) nodes but no
new cusp. Notice also that, if embsign(c;) = embsign(c;), then from Lemma 8.1.4,
the two cusps ¢ and ¢, cannot be eliminated, whatever the choice of O. Indeed,
elimination of ¢; and ¢, would then alter the total sum of the embedding sign, which
is on the contrary an invariant (equal to zero).

Corollary 8.3.3 (Cusps Elimination) Let (G, f, d) be a complete labelled contour
graph. Then there exists a complete labelled contour graph (G, f, d) without cusps
and Reidemeister-equivalent to (G, f,d).

8.4 Proof of the Elimination Theorem

The aim of this section is to prove Theorem 8.3.2 and Corollary 8.3.3.

Without loss of generality, we can assume that the embedding sign of c; is
positive and the embedding sign of ¢, is negative. We start by selecting two points
P, and P, belonging to the regions pointed by the two cusps, with P; sufficiently
close to ¢; and P, sufficiently close to c¢;. Since by assumption the two cusps are
connectable in O, we can construct a piecewise smooth curve’ connecting them, and
a locally constant function defined on it, indicating point by point in which stratum
the curve lies. The curve can pass from a region to another region, provided the
corresponding strata are either horizontally or vertically adjacent. In case of vertical
adjacency, the curve “bounces” on the arc giving adjacency (remaining on the left
of the arc, see Fig. 8.4). In case of horizontal adjacency, the curve crosses the arc
giving adjacency. Let us state all these properties in a precise way: there exist a

°Tt may be helpful to regard this curve as a curve connecting the two corresponding points in (a
connected component of) the embedded surface constructed in Chap. 5. Considered at this level,
the curve does not self-intersect, and two cusps are connectable if they lie in the same connected
component.
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Fig. 8.4 Combined elementary moves for a vertical adjacency: the (labelled) contour on the right
is obtained by performing one of the two inverses of an S move, which one depends on whether
the value of s is increasing or decreasing. At this stage of the proof two new cusps are added to the
graph. Applying this operation to the case of Fig. 8.2, the new added cusps (whose embedding sign
is indicated by %) will be annihilated in O with the preexisting cusps with corresponding opposite
embedding sign, by inserting a couple of arcs of im(y) (see the left picture, where each dashed arc
must be doubled), and using the move B. Note that the value of s coincides with the value of the
labelling at a cusp increased by one. This move is applied when y “bounces left” and the labelling
of the arc is even (as in the figure) or when y “bounces right” and the labelling of the arc is odd,
otherwise we resort to the move illustrated in Fig. 8.6

continuous curve y : [0, 1] — R? with y(0) = Py, y(1) = P, and a function
s 1im(y) - N,

(where im(y) = ([0, 1])) with the following properties:

— im(y) self-intersects only at a finite set S; of points, any self-intersection is
double and transverse, and S; N G = @;

— im(y) N nodes(G) = @,

— im(y) NG is finite and can be partitioned as 77 U By, where T are the transversal
intersections, and B; are the bouncing intersections, namely those points such
that im(y) lies locally on the left of the arc;

— im(y) \ By is of class C*° up to B; from both sides, and at a point of B; the two
tangents to im(y) are distinct and different from the tangent to the arc';

— each crossing in 77 corresponds to a horizontal adjacency of strata and each
crossing in B; corresponds to a vertical adjacency of strata;

— function s is locally constant on the arcs of im(y) out of 77 U By;

— at a point of S; the two values of s (on the two concurring arcs of im(y)) are
distinct, see Fig. 8.5;

— function s at the endpoints P; and P, has the values corresponding to the strata
where the cusps point into;

— if we think of y as taking values in the embedded surface (footnote 9), then at
any point of im(y), the value of s would coincide with the index numerating the
stratum containing that point.

107t is possible to modify the construction so that the whole of im(y) is C®°, requiring that at points
of B; the set im(y) is tangent to the arc. Since this smoothness is not necessary here, we do not
add this requirement.
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Fig. 8.5 Combined elementary moves for a self-crossing: the graph on the right is obtained by
performing the inverse of two L moves and the inverse of two C moves. Again, new cusps are
created, the signs =+ refer to the embedding signs, and the value of s coincides with the value of
the labelling at the cusps increased by one

¥ s=2 ‘ 0
N
N ’
. .
N Js=1 2
\ //
A v
v ’
\ ;
\ ,
\ I’
\/_/'
N
0 0 0

Fig. 8.6 Combined elementary moves allowing, when necessary, exchange of the embedding sign
of the cusps

The next step in the proof is the following:

— for each point in 7; we perform one move as explained in Fig. 8.3;

— for each point in B; we perform a move as explained in Fig. 8.4 or in Fig. 8.6.
Which one depends on the parity of the labelling of the arc and on whether the
curve y “bounces left” or “bounces right” as explained in the caption of Fig. 8.4;

— for each point in S; we perform a move as explained in Fig. 8.5.

Notice that several new cusps are introduced at this stage of proof. The local
modifications displayed in Figs. 8.3, 8.4 and 8.6 require modifications of G in a
small portion of the involved arcs. These portions are the sets

Al7~-7Ai1

in the statement of the theorem.

Now, if we remove from im(y) those portions where we performed the local
modifications of Figs. 8.3-8.6, we remain with a set of disjoint arcs, the closure of
which is contained in the regions of G. Let us focus the attention on one of these
arcs, say y([e, B]), for an interval [«, B] contained in [0, 1]. Using an inverse of an L
move, we double this arc into a pair of close together parallel arcs travelling along
im(y), connecting the two newly introduced cusps (see Fig.8.7), positioned near
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7

Fig. 8.7 Along arc of y (dashed curve) is doubled, and two new cusps are created using an inverse
of an L move (right picture). The embedding signs and the values of the labelling are so that these
cusps can be annihilated with the preexisting nearby cusps, using a B move

the endpoints of y([a, B]).!' A choice of the inverse of L can be done in such a
way that:

— the labelling of the two arcs are s — 1 and s,
— the labelling on the arc on the right (with respect to the orientation of y) is even.

As a consequence, the cusp close to y(«) has negative embedding sign, while the
cusp close to y () has positive embedding sign. At this point, we have a set of new
cusps paired in such a way that they can be all eliminated by B moves. The proof of
Theorem 8.3.2 is concluded. O

We can now prove Corollary 8.3.3. Let C be a component of G. From
Lemma 8.1.4 it follows that the number of cusps of C having positive embedding
sign is equal to the number of cusps of C having negative embedding sign. Take
a cusp ¢ € C with positive embedding sign; then, travelling along C, it follows
that the subsequent cusp ¢’ of C has negative embedding sign (Lemma 8.1.4).
By Remark 8.2.8 it follows that ¢ and ¢’ are connectable in R2. Then Theorem 8.3.2
provides a new complete labelled contour graph having as set of cusps the set
cusps(G) \ {c,c’}. The assertion follows by repeating this procedure until there
are no more cusps in C, and repeating the argument for any component C of G. O

Remark 8.4.1 It is worth noticing that not all moves listed in Chap. 6 are necessary
to prove Theorem 8.3.2. More precisely, in the proof we have used the move B and
the inverses of the moves S, L and C, while moves K and T (and their inverses) have
not been used. Note also that the constructive proof of Theorem 8.3.2 allows us to
compute the number of moves which are necessary to annihilate all cusps of the
apparent contour.

""'When G is the apparent contour of an embedded surface X, this operation corresponds to the
creation of thin long crease (a double fold) that follows that part of y.
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8.5 Application to Closed Embedded Surfaces

From Corollary 8.3.3, Theorem 5.1.1 and the results of Chap.6 we deduce the
following result.

Theorem 8.5.1 (Cusps Elimination Applied to Shapes) Let X be a stable closed
(not necessarily connected) surface of class C* embedded in R?, and let Gx be
its apparent contour. Then there exists an R3-ambient isotopy deforming % into a
smooth stable closed surface 3 so that the apparent contour of 3 has no cusps.

Example 8.5.2 (Torus) The aim of Theorem 8.3.2 is to provide a general way to
elide pairs of cusps using the Reidemeister-type moves on apparent contours, and
there is no claim that such a procedure is, in some sense, the simplest one. This
is clarified by the example of the torus having the apparent contour as in Fig. 8.8.
In this case, an immediate way to annihilate (two by two) the four cusps is to perform
the move S on each pair of (nearby) cusps, ¢; with ¢, and c¢3 with ¢4 (note, on the
other hand, that the move B cannot be applied with the same pairing, although we
could annihilate with a B move, e.g. ¢; with ¢4). This is not the procedure made in
the proof of Theorem 8.3.2, which, having a general validity, in this case results in a
much more complicated construction. Let us consider, for instance, the positively
embedded cusp c;: a move B cannot be applied between ¢; and the negatively
embedded cusp c¢», since ¢; and ¢; point into different strata, like in Fig. 8.4 (right).
Following the strategy of proof of Theorem 8.3.2, we introduce an arc y connecting
¢] to ¢;, and bouncing on the exterior boundary of the torus (see Fig. 8.8 (right)).
We then introduce a pair of new cusps near the bouncing point arguing as in Fig. 8.4
right (using the local part of the boundary of the exterior region, which takes the
role of the arc labelled by O in Fig. 8.2 (left); next, we annihilate ¢; with one of
these cusps, and ¢, with the other one, as in the last picture of Fig. 8.8. A similar
argument can be applied to annihilate the positively embedded cusp c3 with the
negatively embedded cusp c4.

Fig. 8.8 Annihilation of cusps ¢; and ¢, in Example 8.5.2
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Chapter 9
The Program “‘Visible”

In this chapter we describe an actual implementation of the constructive proof of
the completion result (Theorem 4.3.1). The corresponding software code, a free
software program, called visible, is written in C language and is part of the
appcontour project described in Chap. 10 [1]. It is hosted on sourceforge.net,
its home page is http://appcontour.sourceforge.net/, from where the source code can
be downloaded, compiled and installed following the standard procedure for Unix
projects.

The software basically works as a filter that takes a description of the visible
contour graph (briefly, visible contour) K as input and produces a description of a
possible completion G as output.

Both input (visible contour) and output (complete labelled contour graph) are
described in terms of their topological structure, by using a Morse-like description
that corresponds to the one used in the proof of Theorem 4.3.1. All quantitative
information, such as the actual position and shape of the contour lines in the retinal
plane, are lost. In this respect the visible program should be considered as proof-
of-concept of an implementation of the construction described in Chap. 4.

9.1 An Example

Before entering into the details we clarify the basic ideas with an example.

The drawing of Fig. 9.1 (left) is a visible contour graph that satisfies the
requirements of Definition 4.1.8. Moreover, requirement (K3) is also satisfied when
replacing ext(K) with background(K) obtained as the union of ext(K) and the small
internal region marked with an “e” in the picture (see also Remark 4.1.10). This
allows us to apply the completion construction while forcing the region marked
with “e” to have f = fy = 0 (background) in the completed apparent contour
graph, see Corollary 4.5.1. The textual description of this visible contour is shown
on the right of Fig. 9.1, and is essentially based on the Morse description used in the
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Fig. 9.1 The visible contour Visible contour Morse description
graph on the left is described
by the text on the right, by

listing a sequence of Morse morse {
events ~ ;
R
L /7. |
[ lel | ;
A B
R I
U ;
}
Table 9.1 To each Morse Morse | ASCII Morse | ASCII
event we associate a character event |representation |event | representation
or a pair of characters taken
from the standard set of - |
ASCII characters — A A U
Kalh , (comma) e ‘or’
& \’ V2 ”
Yow /. o A

proof of Theorem 4.3.1. We need to encode the description as an ASCII' text file,
to be used as input for the program. For this reason we substitute the list of symbols
introduced in Sect. 2.5.3 (slightly modified to accommodate for T-junctions and
terminal points) with similar characters from the standard ASCII chart; for example,
the symbols ¥ and 7 are both encoded with the caret (™) ASCII character. The
complete list of Morse events and the corresponding ASCII characters are listed in
Table 9.1. Information on the orientation is in most cases inferred by the program,
by enforcing the validity of the assumptions in Definition 4.1.8. When needed,
orientation can be given explicitly, adding one of the characters “1” (lowercase L),
“r”, “u”, “d” to mean left, right, up and down respectively, to the corresponding
Morse event. In this way the various typographical characters in the description of
Fig. 9.1 (right) correspond to different kind of Morse events; the semicolons separate
the description of different (critical) Morse lines, and the letter “e” appearing in
the description is used to mark the corresponding region as part of the background
background(K), forcing the program to reconstruct in such a way to have f = 0 in

that region.

'The American Standard Code for Information Interchange (ASCII) is a universally used character-
encoding scheme originally based on the English alphabet. It encodes a set of 128 characters (33
are non-printing control characters) that can be easily used in a text file.
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resulting Morse description corresponding contour
morse {
=10 ;
d0 ~11 |u0 ;

1d0 |d1 >0+ [u0 ;

[d0 |d1 ~r2 [u0 [u0 ;

[dO |d1l |u2 Xu0dO |u0 ;
[dO |d1 |u2 Xd2uO [u0 ;
[d0 |d1 |u2 |d2 >1- |u0 ;
[dO <1+ |u2 [d2 |ul [u0 ;
[d0 Ur2 [d2 |ul |uO ;

|dO |d2 >2- |u0 ;

[d0 Ur2 |u0 ;

Ur0 ;

}

Fig. 9.2 The reconstructed labelled apparent contour is described by the text shown on the left,
with a corresponding drawing on the right

The Morse description of Fig. 9.1 (right) can be written into a file (with name,
say, example.morse) and given as input to the program visible with the
unix command

$ visible example.morse

It will produce the text shown in Fig. 9.2 (left), where again the various typograph-
ical characters correspond to different Morse events and are now also equipped by
additional characters carrying information about the orientation and labelling of the
arcs. The drawing on the right of Fig. 9.2 is a graphic reconstruction corresponding
(more or less line-by-line) to the textual description on the left. It is a (highly
deformed) apparent contour of a torus. Indeed the resulting Morse description can be
read by the appcontour program (described in Chap. 10) that can automatically
produce the apparent contour shown in Fig. 9.3 with the unix command line

$ visible example.morse | contour printmorse | showcontour

where we recall that, in a unix environment, the “pipe character connects the
output of the preceding command to the input of the following one. Since cusps
in the Morse description resulting from the visible program are described with
a syntax that differs from the one that showcontour understands, we need to
interpose the contour filter.

The result shown in Fig. 9.3 corresponds perfectly with what we would have
inferred from the visible contour that we selected for this starting example; however,
it is important to emphasize that this is not always the case. Indeed the visible
program does not make any effort to produce an “optimal” result, but it merely

”” “lw
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Fig. 9.3 The Morse
description obtained by the
visible program can be
processed by the
appcontour program
(Chap. 10) to produce this
picture. Solid lines
correspond to arcs with

d = 0, dashed lines to

d =1, and dotted lines to
d=2

follows the procedure in the proof of Theorem 4.3.1. In many cases the result of the
contour reconstruction, although perfectly valid, is far from optimal.

To make this clear we try to process the visible contour of the present example
modified by removing the marking of the small internal region as part of the
background (we remove the typographical character “e” in the Morse description).
We also need to add orienting information for the arc on the right connecting the
T-junctions (oriented downwards), since it can no longer be inferred by the program.
This can be done by adding the “d” character right after the *“|” corresponding
to the transversal intersection Morse event, see Sect. 9.2. In this way we obtain
exactly the visible contour in Example 4.6.4, Fig. 4.15 of Chap. 4. The resulting
reconstructed apparent contour is shown in Fig. 9.15, right (Example 9.5.11) and is
not immediately recognizable. Actually, it corresponds to a deformed 3D sphere.

This modified visible contour is the same presented below in Example 9.5.11.
The reconstructed Morse description and a spatially corresponding graphic visual-
ization are shown in Fig. 9.16.

9.2 Encoding a Morse Description of the Visible Contour

As already mentioned in Sect. 9.1, we first need a way to describe the visible contour
using a text file, and this is done by enforcing the Morse description introduced in
Sect. 4.4. To each critical value A; we associate a string of text terminated by a
semicolon ““;”. In this string we encode the various type of events occurring at that
critical level, following their natural order from left to right. The overall syntax of
the descriptive text is thus the following:

morse {
<Morse line 1>;
<Morse line 2>;
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Each Morse line encodes the description of the events at the corresponding
critical level. Lines with no critical events (only transversal crossings, regular levels)
are allowed. Lines with more than one critical event are also allowed, although they
would be forbidden in a Morse description, and are interpreted in the obvious way
as two or more lines, each with a single critical event.

In the end, the syntax for the Morse description is similar to the one used by the
appcontour software, as we shall see in Sect. 10.3.2 of Chap. 10.

9.2.1 Encoding the Morse Events

The Morse events occurring at some level are encoded using the correspondence
Table 9.1, where we choose standard typographical characters from the ASCII chart
(or pairs of typographical characters) resembling the local shape of the event.

Each Morse event can be optionally followed by an orientation indicator, a
single letter from the set u, d, 1, r standing respectively for up, down, left, right.
Orientations indicated by 1 or r (left/right) are reserved to the two Morse events
and 22, with obvious meaning, whereas all other Morse events can be oriented up
(u) or down (d). For a T-junction the orientation indicator refers to the transversal
arc, since the occluding arc carries a natural orientation due to restriction (K4) of
Definition 4.1.8.

9.2.2 Implicit Orientation

If the orientation information is omitted for some Morse event, the visible
program tries to infer it by assuming the validity of restrictions (K3) and (K4)
of Definition 4.1.8% (with background(K) in place of ext(K) if some region is
marked as part of the background by using the letter “e”, see below). Indeed, in
the example of Sect. 9.1, all orientations can be inferred by assuming the validity of
the constraints of Definition 4.1.8, in particular the (downward) orientation of the
short arc connecting transversally the two T-junctions is inferred by the fact that on
one side there is a region marked as part of the background (letter “e”). The program
complains with an error if

* it is not able to infer the orientation of all the arcs by enforcing the restric-
tions (K3) and (K4). In such a case it is necessary to add the orientation
information at some Morse event;

* the orientations (given explicitly in the description or inferred from the con-
straints) are incompatible with K being a visible contour.

2See also Remark 3.6.2 of Chap. 3 and Figs. 3.15 and 3.16 in the same chapter.
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9.2.3 The “e” Region Marking

It is possible to instruct the software that some internal region is actually part
of the background background(K). This could be, e.g., an information inferred
from the image or some a priori knowledge. To this aim the character “e” can be
suitably inserted between two Morse events on any Morse line that traverses the
involved region. Of course more than one region can be marked in this way to
form the background set background(K). The external region is always part of the
background and need not be marked; any non-external region that is not marked will
have f > 0 in the reconstructed apparent contour G.

The example presented in Sect. 9.1 has the small internal region marked as part
of background(K).

Note that all arcs adjacent to a background region are implicitly oriented due to
requirement (K3) (applied to background(K)).

9.3 Using the Program

The textual file (say example . morse)is then fed to the visible program with
aunix command like

$ visible example.morse

It will implement the completion construction described in the proof of Theo-
rem 4.3.1 (see also Corollary 4.5.1 if there are regions marked as external with
the character “e”’). The Morse description of the computed apparent contour is then
written in the standard output.’

The syntax of the resulting textual description will be briefly described in the next
Sect. 9.4 and can be used as input for the appcontour program (see Chap. 10)
in order to obtain information on the topological structure of the reconstructed
apparent contour and on the corresponding 3D surface. Automated visualization
of the apparent contour can be achieved using the showcontour program, but the
Morse description must be converted in a compatible form due to the different way
in which cusps are described (see Sect. 10.3.2). This conversion can be obtained
either by filtering the output through the command contour printmorse or
using the specially crafted morse2morse filter. The former entails first a conver-
sion from the initial Morse description into the region description used internally
by appcontour and then the construction of a corresponding Morse description,
which will in general be structurally different from the original one, although
describing the same apparent contour up to a deformation of the plane. The latter

3In a unix shell the standard output of a program is usually displayed on the console right after
the invocation command written by the user. It is however possible to redirect the standard output

“w_

to another program, using the pipe character ““|”, or to a file, using the redirection character “>".
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will instead maintain the structure of the Morse description and only remove the
Morse events corresponding to cusps and suitably encode the information about
cusps position along the so-called extended arcs.

Remark 9.3.1 We stress once more that the program visible makes no attempt
to produce an optimized reconstruction. Moreover, due to the way it operates,
quantitative information on the spatial geometry of the visible contour is lost in the
process (indeed this information is lost right at the beginning when the geometry is
replaced by its Morse description), making the program not suitable for the actual
recovering of the precise geometry of hidden lines in an image.

9.4 Encoding a Morse Description of the Constructed
Apparent Contour

The Morse description of the computed labelled apparent contour is similar to the
one used for the input visible contour (see Sect. 4.4), and uses the set of ASCII
characters to encode the Morse events with a few distinctions:

* T-junctions and terminal points are now respectively substituted by crossings and
cusps. As explained in Chap. 4, cusps are rotated in order to have horizontal
tangent and the ASCII characters “<” and “>” are conveniently used to encode
them. Crossings are encoded by the character “X”;

 labelling information must now be included (see Sect. 3.4, Chap. 3).

All characters encoding a Morse event are immediately followed by orienting
and labelling information. For example, the sequence “~10” at the beginning of
the description in Fig. 9.2 describes a left-oriented maximum point with labelling
ds = 0. The sequence “>0+" describes a (horizontal) cusp pointing to the right;
orientation is not required, since cusps are naturally oriented upwards (respectively
downwards) for cusps pointing to the right (respectively left); the labelling is dyx =
0 for the arc preceding the cusp (with respect to the arcs orientation) and dy = 1
for the arc following the cusp (the “+” sign means that the labelling is increasing).
The sequence “Xu0d0” encodes a crossing. The pair “u0” refers to the arcs in
the direction North—East to South—West, which are thus oriented upwards with a
labelling dx. = 0* The pair “d0” refers to the arcs in the direction NW-SE, which
are oriented downwards with a labelling dy = 0.

Remark 9.4.1 There is an important difference with the Morse description
described in Chap. 10 regarding the treatment of cusps: there they do not produce

4Conventionally the labelling refers to the arc below the Morse line, the upper arc can have a
labelling that differs by 2. Its actual value must be inherited by information on nearby Morse
events. Also by convention the information on the two arcs in direction North-East to South—West
(in short NE-SW) always precedes the information on the two arcs in direction NW-SE.
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Morse events, but are rather regarded merely as added information (markers) on the
extended arc to which they belong. The software appcontour is however capable
to recognize and then read properly a Morse description that uses the syntax
produced by the program visible. The command contour printmorse can
be used as a tool to convert a Morse description with cusps as Morse events to
the appcontour syntax, typically in order to feed the result to the showcontour
visualization program. The filter morse2morse is provided as a more direct way
to make such a conversion

9.5 Some Examples

We conclude this chapter with a number of examples. In all figures (from Fig. 9.4 to
Fig. 9.17) the left picture shows a graphic representation of the visible contour,
sometimes with arrows indicating explicitly given orientations. The text in the
middle is a corresponding Morse description using the syntax described in Sect. 9.2;
instead of displaying the textual result given by visible (often difficult to
interpret), we prefer to show (on the right) the result of the command contour
printmorse followed by showcontour (see Chap. 10). The first command
transforms the Morse description resulting from visible into the corresponding
region description (Sect. 10.2 of Chap. 10) and then back to a Morse description,
in general different (although equivalent up to an R2-ambient isotopy) from the
original one. The second command produces a graphical representation of the
apparent contour starting from its Morse description. As a consequence, the
resulting figure spatially corresponds to the original visible contour only up to an
R2-ambient isotopy.

In a few examples we deliberately include (partially oriented) visible contours
that give rise to errors from the visible program.

For completeness we also include a few very simple examples.

Visible contour Morse description Reconstructed contour

morse {
5

u ;

Fig. 9.4 Left: the visible contour (a circle) is already an apparent contour. Middle: a possible
Morse description. Right: the reconstructed (labelled) apparent contour using visible, the
resulting Morse description (not shown here) is displayed using the visualization program
showcontour
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Example 9.5.1 (Sphere) The simplest possible (nonempty) visible contour consists
of a (counterclockwise) circle, it can be described by the ASCII text displayed
in Fig. 9.4 (middle), and happens to be a valid apparent contour (with no hidden
arcs). No orienting information is required in this case. The resulting reconstructed
(labelled) apparent contour is (not surprisingly) the circle itself with labelling
dy, = 0.

Example 9.5.2 (Annulus 1) The visible contour of Fig. 9.5 (two concentric circles)
is deliberately left unoriented. The internal circle cannot be implicitly oriented,
since both orientations lead to a visible contour that satisfies the requirements of
Definition 4.1.8. This leads to the error message Insufficient orienting
information from the visible program.

Example 9.5.3 (Annulus 2) Figure 9.6 shows the same visible contour of the
previous example, but with an explicit clockwise orientation of the internal circle
(given in the Morse description by the “r” character after the first Morse event
involving the inner circle, that is its local maximum). The resulting reconstruction
(Fig. 9.6, right) does not correspond to a torus, indeed the small internal region of
the visible contour is forbidden to have fy = 0 by the reconstruction procedure,
unless it is explicitly tagged as part of the background background(K).

Visible contour Morse description Reconstructed contour
morse {
[
| U | Insufficient
U ; orienting
} information

Fig. 9.5 Left: two concentric circles cannot be implicitly oriented

Visible contour Morse description Reconstructed contour

Fig. 9.6 Explicit orientation (clockwise) of the inner circle
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Example 9.5.4 (Annulus 3) To the Morse description of the previous Example 9.5.3
we add a marker to the small inner region in order to tag it as part of the background,
thus forcing fx = 0. This is shown in Fig. 9.7. The explicit orientation of the
internal circle is not mandatory as it can be implicitly deduced by requirement (K3)
of Definition 4.1.8 applied to the marked internal region. Now the visible
program trivially reconstructs the (labelled) apparent contour of a torus with no
addition of hidden arcs (where dx > 0).

Example 9.5.5 (Annulus 4) The internal circle of the annulus of Fig. 9.8 is now
oriented counterclockwise. This prevents the internal region to be part of the
background. As for the previous Example 9.5.4, the program trivially reconstructs
the (labelled) apparent contour with no addition of hidden arcs. The result shown on
the right is the apparent contour of a small sphere in front of a bigger one.

Example 9.5.6 (Mushroom) The visible contour of Fig. 9.9 (left) reminds a mush-
room. The two T-junctions necessarily give rise to crossings in the recovered
apparent contour and hidden arcs with labelling ds = 2. However, the reconstructed
apparent contour corresponds to a sphere that partially occludes another sphere, and
is not even a connected set. Of the infinite number of possible reconstructions of
an apparent contour compatible with the given visible contour, the one selected by

Visible contour Morse description Reconstructed contour

Fig. 9.7 Marking the internal region as background ( fy = 0)

Visible contour Morse description Reconstructed contour

morse {
| ~11;
| U |;
U
}

Fig. 9.8 Orienting the inner circle counterclockwise
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Visible contour Morse description Reconstructed contour

morse {

Fig. 9.9 Visible contour of a “mushroom” (left). It is reconstructed as a pair of partially occluding

spheres (right)

Fig. 9.10 Two possible valid reconstructions of the visible contour of Fig. 9.9

the reconstruction procedure is not necessarily the “best” one. In Fig. 9.10 we show
two possible (both correct) reconstructions of this visible contour; on the left the
one that actually corresponds to a mushroom, on the right a reconstruction with two
spheres equivalent to the one obtained by visible (Fig. 9.9, right).

Example 9.5.7 (Grotto) We consider here (Fig. 9.11, left) the visible contour of
the 3D scene shown if Fig. 3 of Chap. 1, reconsidered again in Chap. 3 after
Definition 3.6.1. It is reconstructed “correctly” by visible in the labelled
apparent contour on the right of Fig. 9.11, which is a deformed version of the
apparent contour of Fig. 1.1, Chap. 1 (and Fig. 3.14, Chap. 3).

Example 9.5.8 (Impossible 1) The (unoriented) visible contour of Fig. 9.12 is
“impossible”, in the sense that there is no way to orient its arcs to get a visible
contour that satisfies requirements (K3) and (K4) of Definition 4.1.8. In particular,
due to requirement (K4), the two T-junctions force incompatible orientations upon
the common occluding arc. This causes visible to exit with the error message
Inconsistent orientation.
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Visible contour Morse description Reconstructed contour

morse {

Fig. 9.11 Visible contour and reconstructed apparent contour for the 3D shape already considered
in Chap. 1, Fig. 1.1

Visible contour Morse description Reconstructed contour
morse {
[
7 13
I /. I
[ T I
| u | Inconsistent
U ; orientation
}

Fig. 9.12 This is an impossible visible contour due to requirement (K4) of Definition 4.1.8

Example 9.5.9 (Impossible 2) The visible contour of Fig. 9.13 is also “impossible”,
now because of a conflict between requirement (K3) and requirement (K4) of
Definition 4.1.8. The T-junction induces a clockwise orientation on the circular arc,
which is incompatible with the fact that it is adjacent to the external region.

Example 9.5.10 (Annulus 5) We can resolve the conflicting implicit orientations
of the previous Example 9.5.9 by adding an extra external circle. This is shown
in Fig. 9.14. The external circle is implicitly oriented counterclockwise due to its
adjacency to the external region (requirement (K3) of Definition 4.1.8), whereas
the internal circle is implicitly oriented clockwise due to the T-junction (require-
ment (K4) of Definition 4.1.8). The resulting visible contour is then reconstructed
by visible in the apparent contour displayed in Fig. 9.14 (right). This represents
a 3D shape similar to that of Example 9.5.3, Fig. 9.6 (right), with an extra partially
hidden small wrinkle.
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Visible contour Morse description Reconstructed contour
morse {
I\
[ 2d | ;
| I
Y 5
¥ Wrong
orientation
for external
boundary

Fig. 9.13 Impossible visible contour because of conflicting implicit orientation due to require-
ments (K3) and (K4) of Definition 4.1.8

Visible contour Morse description Reconstructed contour

morse {

Fig. 9.14 An added external circle with respect to the visible contour of Fig. 9.13

Example 9.5.11 (Not a Torus 1) This visible contour (Fig. 9.15) was already
mentioned in the initial example of this chapter. By removing the “e” marking
in the small internal region we force the reconstructed apparent contour to have
fx > 0 there, thus preventing the reconstruction of the torus that one would expect
by looking at the visible contour. Indeed, the reconstructed 3D shape, as already
mentioned in the discussion of the initial example, has the topology of the sphere,
although this is not readily obvious by looking at the reconstructed apparent contour
in Fig. 9.15, right. For better clarity we also include the ASCII Morse description
of the reconstructed contour and a corresponding graphic drawing (Fig. 9.16). The
latter graphic reconstruction is a deformation (with no change of topology) of the
drawing obtained by the visualization program showcontour (Fig. 9.15, right).
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Visible contour

Morse description
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Reconstructed contour

morse {

I

I/

[ 1 1dl;
I\

I

Fig. 9.15 By omitting the “e” marking in the initial example (Fig. 9.1) the reconstructed contour

corresponds to a deformed sphere. See also Fig. 9.16

resulting Morse description

corresponding contour

morse {
~10 ;
[dO ~11
[dO [|d1
[dO [|d1
[d0 |d1
[dO |d1
[d0 |41
[d0 |d1
[dO |d1
[d0 |d1
[dO |d1
[dO |d1
[d0 |d1
|d0 Uril
Ur0 ;

}

[uo ;

>0+
~13
|d3
|d3
|d3
[d3
|d3
|d3
Ur3
|d2
Ur2

[uo ;

[u0 ;

Xu0dO |ul [u0 ;
Xd2u0 |ul |uO ;

[u0 ;

[u0 [u0 ;
XuOul |u0 ;
~r2 |u0 |ul
[u2

[u2

[u2 142 >1-
>3- 1d2 |ul
[d2 |ul [ul
>2- |ul |u0
[ul |u0 ;

>

|lul [u0 ;
|lul [u0 ;

[ud ;

>

Fig. 9.16 The reconstructed apparent contour corresponding to the visible contour of Fig. 9.15.
Morse description (left) and visual, spatially corresponding, graphic reconstruction (right)

Example 9.5.12 (Not a Torus 2) We conclude with a visible contour obtained by
vertical reflection from the one of the previous example (Fig. 9.17, left). Also
we reverted the orientation of the short arc connecting the two T-junctions. After
processing this visible contour with visible we obtain the apparent contour
displayed on the right. If deformed onto the original visible contour, it turns out
that the reconstructed apparent contour corresponds to a 3D shape made of two



Reference 223

Visible contour Morse description Reconstructed contour

Fig. 9.17 The visible contour on the left is reconstructed as a nest containing an egg

deformed spheres, a larger one deformed in the shape of a nest and a smaller one
corresponding to an egg lying in the nest and partially occluded by it (rotate the

image clockwise 90 degrees to have the nest and egg correctly oriented).
Reference

1. Paolini, M., Pasquarelli, F.: Appcontour: a software code to interact with apparent contours.
SourceForge project: http://appcontour.sourceforge.net (2006)
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Chapter 10
The Program ‘“Appcontour”: User’s Guide

In this chapter we describe a software code developed by the authors and capable to
manipulate the topological structure of apparent contours [15].

The appcontour package is a free software project hosted on sourceforge.net,
its home page is http://appcontour.sourceforge.net/ from where the source code can
be downloaded, compiled and installed, following the standard procedure for Unix
projects. It contains the executables “contour”, the core of the software, and
“showcontour”, the visualization program, a few utilities, mainly in the form
of shell scripts, and many examples of apparent contours. At the time of writing, the
package is at version 2.2.1.

The topological structure of an apparent contour is invariant under smooth
deformations of the plane. The software code is devised in such a way to be
completely insensitive to the particular embedding of Gy (or appcon(¢); see Chap. 3
for the notation) in the plane, and only captures such properties as adjacency, relative
position, orientation and topological structure of the apparent contour.

This choice has some drawbacks; for example, there is no way to recover the
exact shape and position of the input data, so that sometimes it is not easy to identify
elements (crossings, cusps, arcs or regions) on the result of some transformation
(e.g., application of one of the moves described in Chap. 6) of the input data.

The core of the software is an engine (contour) that typically reads a contour,
modifies it in the requested way and prints the result, usually a different apparent
contour. It works as a unix filter, reading data as a stream of characters from
standard input and returning the result again as a stream of characters on the
standard output. On a unix (or 1inux) system this allows concatenation of many
contour commands within a single pipe.

Internally, the software encodes the structure of an apparent contour with the so-
called region description to be explained in Sect. 10.2. Description of an apparent
contour in a manner that can be read by the software can be done mainly in two
different ways: the region description itself (encoded as a stream of characters) or a
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Morse description,! that consists in choosing some height function defined on the
retinal plane and describing how the height function interacts with the contour. This
second way of describing a contour is convenient mainly because it can be readily
obtained from a drawn sketch by introducing a division of the paper in roughly
horizontal stripes bounded by lines representing constant height; see, for instance,
Fig. 2.5. Each stripe must contain at most one special point of the drawing: crossing,
cusp or local minimum/maximum with respect to the height function.

10.1 An Overview of the Software

Before entering in any detail we shall provide here a few basic examples, just to
give a rough idea of what can or cannot be done by the appcontour package. If
correctly installed on a Unix/Linux system, the program comes with a number of
prepackaged examples of apparent contours with labelling. One of these is named
torus2 and contains the description of the apparent contour of a torus when
viewed from a point located far from the vertical rotation axis and somewhat above
the horizontal symmetry plane. Up to a positive C*° deformation of the plane, the
result is shown in Fig. 10.1.2

The core program is invoked from the unix shell with the command contour,
as in this basic example:

$ contour info torus2

The $ sign refers to the shell prompt (e.g., bash) and is followed by the
user input: the command name (contour), the requested action (info) and the
apparent contour (torus2). This second argument (pointing to the file containing
the apparent contour description) can be omitted, in which case the program expects
the description to be entered from standard input (the user enters the description
directly with the keyboard or, more frequently, the description is the result of a
previous invocation of the program as part of a Unix pipe). If necessary the exact
location (unix path) of a packaged example can be obtained using a unix command
like “contour filepath torus2”.

ISee Sect. 2.5.

2Most of the pictures of apparent contours in this chapter were obtained with the showcontour
software, sometimes with slight additions/modifications. The command used is “showcontour
<file>.morse --ge xfig --skiprtime 0.5”, it reads a Morse description of the
contour (often obtained with contour printmorse) and writes a picture in xf 1g format.
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Fig. 10.1 The reference apparent contour used in the software description corresponds to an
embedding of the standard torus. In this example we have five regions numbered from RO to R4
(region RO is the unique unbounded region), five extended arcs (al to a5) and two crossings (N1
and N2). The four cusps are contained in the two extended arcs a2 and a3. The labelling is O on the
solid lines, 1 on dashed lines and 2 on dotted lines. Apart from RO, the enumeration of regions and
arcs is chosen arbitrarily

After hitting the enter key, the result will be printed:

$ contour info torus2
This is an apparent contour with labelling

Properties of the embedded surface:
Connected comp. : 1

Total Euler ch.: 0

First order Vassiliev invariants:

Cusps: 4
Positive cusps: 2
Crossings: 2
Bennequin: 0.0

Properties of the apparent contour:

Arcs: 9
Extended arcs: 5
Link components: 2
Loops: 1

Nodes (cusps+cross) :6
Positively embedded cusps: 2
Regions: 5
Connected comp. : 2

The info action provides a display of some relevant properties of the given
apparent contour. In this case the program asserts that
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* torus2 is indeed an apparent contour with labelling;
* it is the apparent contour of an embedded surface in R? consisting of one
connected component with Euler—Poincaré characteristic y = O (it is a torus!).

Moreover:

 alist of Vassiliev-type invariants [13] is computed, most notably the Bennequin
one (see Chap. 7);

 other elementary properties readily obtainable from a sketch of the contour are
displayed. In particular “Link components: 27 asserts that the critical set
(see Definition 2.1.7, the critical set is a set of closed curves in the source
manifold) has 2 connected components, whereas “Connected comp.: 2”
refers to the number of connected components of the apparent contour itself,
considered as a subset of R2.

We can ask what direct moves can be applied to the apparent contour:

$ contour rules torus2
Rules that apply:
KO B B:2 S S:2 CROL CROR CROLB CRORB

Action rules requests a list of the simplifying (or direct) Reidemeister-type
moves (Sect. 10.4.1) or composite moves (Sect. 10.4.3) that can be legally applied
to the given contour. Some of the listed rules (simple rules) are the same described
in Chap. 6 under the name of Reidemeister-type moves, Definition 6.1.1, other rules
are useful combinations of simple rules and their inverses. Only simplifying rules
are listed. Inverse rules typically can always be applied, in many different places
of the apparent contour; application of such rules is governed by other appcontour
actions. The complete list of available rules and their description will be given in
Sect. 10.4. We have:

$ contour rule KO torus2
applying rule KO

sketch {

Arc 1: (0);

Arc 2: (01 2 1 0);

Region 0 (f = 0): () (-al);
Region 1 (f = 4): (+a2);
Region 2 (f = 2): (+al) (-a2);
}

Action rule followed by a rule name (KO in the example) actually applies
the rule (i.e., performs the move) and displays the result as a region description.
The region description will be explained in Sect. 10.2 and the rules will be listed
and discussed in Sect. 10.4. In this particular case the effect is to remove the two
crossings by passing arc a5 over arc a4, the result can be seen in Fig. 10.12 (left).
It should be emphasized that contour refuses to apply illegal rules (rules that do
not match the given contour).
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Fig. 10.2 Result of double
application of rule S to the
contour of Fig. 10.1 as
displayed by showcontour

As an example of a multiple invocation, let us apply rule S (removal of a
swallow’s tail) and then ask for the list of rules that can be applied to the result:

$ contour rule S torus2 | contour rules
applying rule S

Rules that apply:

S CROR CROLB CR2

Now we apply again rule S:

$ contour rule S torus2 | contour rule S
sketch {

Arc 1: (0);

Arc 2: (0);

Region 0 (f = 0): () (-al);

Region 1 (f = 0): (-a2);

Region 2 (f = 2): (+al) (+a2);

}

We can get a picture of the result by using another program, showcontour.
This program however requires a Morse description of the contour (see Sects. 2.5
and 10.3.2), which is provided again by contour using the printmorse action:

$ contour rule S torus2 | contour rule S |
contour printmorse | showcontour

The result of this command is shown in Fig. 10.2.
We end this quick overview with

$ contour fg torus2
Finitely presented group with 2 generators
<a,b; abAB>

where f£g stands for fundamental group.
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It computes the fundamental group of the surface embedded in R>, see
Sect. 10.7.2, the result is a presentation of Z x Z which is indeed the fundamental
group of the torus. The presentation is displayed as a list of generators (a and b in
this case) followed by a list of relators where capital letters stand for the inverse of
the corresponding generator, in our case the (only) relator asserts that bab~'a™' is
the identity, or equivalently that ba = ab. Much more interesting is the command:

$ contour ifg torus2
Free group of rank 1
<a; >

which gives the fundamental group of the solid region inside the surface: 1 £g stands
for “inside fundamental group”. In this example the result is just Z, the fundamental
group of S!. Command ofg gives, instead, the fundamental group of the solid
region outside the surface. The result is again Z which essentially means that the
torus is not knotted.

A number of contour commands are provided to deal with finitely presented
groups (typically obtained as fundamental groups of subsets of R* delimited by the
surface), one important example is the computation of the Alexander polynomial. A
description of these commands will be given in Sects. 10.7.2, 10.7.3 and 10.7.4.

10.2 Region Description

We shall use here concepts introduced in Chaps. 2 and 3 and specifically in Sect. 2.2.
Basically a topological description of a labelled or unlabelled apparent contour
can be obtained by focusing mainly on regions (the connected components of the
complement of the apparent contour) and extended arcs (one-dimensional parts of
the apparent contour connecting two crossings or closed loops without crossings).
As a proof of concept we shall use the labelled apparent contour of Fig. 10.1 that
shows a torus in its typical representation.

Neglecting cusps for the moment, we can observe that the structure of a region
can be simply given by describing the boundary as an (oriented) list of arcs. A
couple of caveats are:

* A region is not necessarily simply connected. In such a case its boundary has two
or more connected components, one of which is the external boundary, the others
correspond to each hole of the region. An example is region R4 of Fig. 10.1 with
external boundary al and one hole described by a suitable sequence of arcs.

* Some crossing can appear more than once while travelling along the boundary
of a region. This in particular happens when a crossing is adjacent to the same
region on opposite quadrants. An example is given by crossings N1 and N2 that
have region R4 on opposite sides (Fig. 10.1).

* Arcs can be closed (no endpoints), for instance arc al in Fig. 10.1. They can have
the same crossing at both endpoints, for example the extended arc a2 starts and
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ends at crossing N1. They can have two distinct endpoints: arc a4 starts from
crossing N1 and ends at crossing N2.

10.2.1 Extended Arcs

We recall that all arcs of the apparent contour are oriented to have the higher value of
Jo (number of preimages, see Definition 2.2.5 and formula (3.5) in Chap. 3) on the
left. The notion of extended arc was introduced in Sect. 2.5.2; in essence, extended
arcs are curves connecting two possibly coincident crossings (or they are a closed
curve) and may contain one or more cusps. In this way cusps are treated more as
an attribute of an (extended) arc rather than as a node of the apparent contour. In
Fig. 10.1 arc a2 (and similarly a3) contains two cusps; at the first cusp, the value of
the labelling jumps up from O to 1, at the second cusp it jumps up from 1 to 2. In the
end, all information for an extended arc reduce to a list of the values of the labelling
d across cusps.

Each extended arc will be tagged with consecutive integers starting from 1. The
numbering is arbitrary.

10.2.1.1 Streaming the Description of an Arc

We describe such an information with a string of characters as follows.

* For extended arcs that connect two distinct crossings we describe it as a list
of nonnegative integers representing the values of the labelling function d,
separated by spaces and enclosed in square brackets. The number of integers
is the number of cusps increased by one. As an example the string “[1 2 3]
describes an extended arc that connects two distinct crossings with two cusps
that separates the values of the labelling, listed in the order given by the arc
orientation.

* For extended arcs that start and end at the same crossing we follow the same
convention as in the previous case but we substitute a round parenthesis in place
of the final square bracket. For example, “[0 1 2)” describes the extended arc
a2 of Fig. 10.1 that connects the crossing N1 to itself. The meaning of the integer
values is the same as for the previous case of distinct endpoints. This type of arc
is typical when the apparent contour contains a swallow’s tail.

* For closed extended arcs we use round parentheses in place of the square
brackets. In this case we do not have a natural starting point on the arc, so that
we just choose some point (distinct from a cusp) and list the d values while
traversing the arc along its orientation until we return to the chosen starting point.

30f course the enclosing quotation marks “** and ** are not part of the string itself.
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Note that the first and last d values must be equal. For example, the string “ (0 1
0 1 0)”describes a closed arc with four cusps. The closed arc al of Fig. 10.1
can be described by the string “ (0)”

10.2.2 Describing a Region

Relative position of the extended arcs is recovered from a suitable description of the
regions of the apparent contour. Recall that each region is a connected open set; it
can be either simply connected (i.e., it has no holes) or multiply connected, in which
case only a finite number of holes is allowed. For example, region R4 of Fig. 10.1 is
not simply connected with one hole. Basically we list all arcs bounding a given
region, in counterclockwise order, recording the arc number and an orientation.
The orientation is positive if the arc orientation is consistent with the direction in
which we are traversing the boundary (i.e., the arc is oriented counterclockwise
with respect to the region), negative if the arc is oriented opposite with respect to
the traversing direction (i.e., the arc is oriented clockwise). For simply connected
regions, the boundary has a single connected component. We then select any starting
arc along the boundary and traverse the boundary counterclockwise until we return
to the original arc and record all encountered arcs together with their orientation
(with respect to the region we are describing). The result is a circular list of pairs
(¢,a) where the orientation € belongs to {4+, —} and a is an arc. For instance,
region R3 of the apparent contour of Fig. 10.1 is simply connected and bounded
by arcs a4 and a5. We can select a4 as a starting arc and move along the boundary
with the inside of region R3 on the left (counterclockwise). Since we are moving
contrary to the orientation of a4, we have ¢ = — and start the description with
(—, a4) or simply by the string “-a4”. Continuing to travel along the boundary
of R3 we then encounter arc a5 which is also negatively oriented and we record
“-a5”. The description of R3 is then completed since we arrive again at arc a4 and
the circular list describing it is “(-a4 -a5)”. A multiply connected region has
a boundary consisting of two or more connected components, one of which is the
external boundary, and the remaining components bound each hole of the region.
There is no particular ordering for the holes. In this case the region description is
a list of connected components of the boundary, with the external boundary being
listed first and the holes listed in no particular order. The arcs of each hole are
listed again counterclockwise if viewed from inside the region, which means that
they are actually listed clockwise around the hole. They again form a circular list of
pairs (€, a) as above. An example is region R4 of the apparent contour of Fig. 10.1,
its description being “ (+al) (-a2 +a4 -a3 +ab5)”. Since the lists describing
each connected component are circular, we could equivalently describe the region
as,e.g., “(+al) (+a4 -a3 +ab -a2)”.

A special region is the external region which is the only unbounded one (e.g.,
region RO in Fig. 10.1). In this case there is no external boundary, we conventionally
decide that the external boundary in this case is described as an empty circular list
(the empty set).
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Note that any arc can appear in the description of a region at most once. Moreover
each arc will be part of the description of exactly two distinct regions: the description
of the region on the right of the arc will contain a reference to the arc with negative
orientation, whereas the description of the left region will contain a reference to the
arc with positive orientation.

As a whole, the region description of a labelled apparent contour is an unordered
collection of descriptions of each region, one of which is the external region, with
an empty external boundary. For definiteness we shall number the regions with
consecutive integers starting from 0, with 0 assigned to the external region. Clearly
the numbering of the regions that are not external is arbitrary.

Each region is described as explained above as a list of boundaries, the first of
which is the external boundary and the others can be reordered arbitrarily. Each
boundary is a circular list of signed arcs.

10.2.2.1 Streaming the Description of a Region

Summarizing, the region description can be encoded as a sequence of characters
as follows. Each connected component of the boundary, starting with the external
boundary, is described as a list of arc names prefixed by a ‘+’ or ‘-’ sign according
to orientation, separated by spaces and enclosed in parentheses.

As an example, as we have already seen, region R4 of Fig. 10.1, which is not
simply connected, will be encoded with the character string “ (+al) (-a2 +a4
-a3 +a5)”. The external region RO is described by the string “ () (-al)”.

We conclude this section with an example of an apparent contour featuring three
closed arcs labelled 0 and one inside the other (see Fig. 10.3). All three arcs are

R2 2

a3

Fig. 10.3 This apparent contour represents three spheres of increasing size at increasing distance.
Its region description allows to recover the relative position of each one of the three arcs, that
are otherwise indistinguishable. With the exception of the external region RO, the numbering of
regions and arcs is arbitrary. Reversing the orientation of the intermediate arc produces the apparent
contour of a big torus and a small sphere
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described with the same string “ (0) ”. The information about the relative position of
the arcs is encoded in the description of the regions: region RO (the external region)
is described as “ () (-al)” which entails that arc al is the outermost one; region
R2 is described as “(+al) (-a2)” which entails that arc a2 is the boundary of
the hole of a region (R2) having arc al as external boundary; region R3 is described
as “(+a2) (-a3)” which entails that arc a3 is the boundary of the hole of R3;
finally, region R1 is described as ““ (+a3) ” which means that there is nothing inside
arc a3.

10.2.3 Completeness of the Region Description

We shall say that two region descriptions are equivalent if they are the same up to:

(1) renumbering of the extended arcs;

(2) renumbering of the regions different from the external region;

(3) reordering of the holes of each region, i.e., the connected components of the
boundary of the region different from the external boundary (simply connected
regions have no holes).

(4) changing the extended arc used as a starting point in the description of the
circular list of boundaries (see Sect. 10.2.2.1). That is, as part of a region
description the string “(-a2 +a4 -a3 +ab5)”isequivalentto “(+a4 -a3
+a5 -a2)”;

(5) changing the starting point in the description of a closed extended arc (with
cusps) when listing the values for the function d (see Sect. 10.2.1.1). That is,
the arc description “(0 1 0 1 0)”isequivalentto“(1 0 1 0 1)”.

The region description satisfies properties similar to those satisfied by the Morse
description and listed at the end of the preamble of Sect. 2.5, namely it is

— Finite: the description requires only a finite sequence of symbols (taken from a
finite set).

— Complete: two apparent contours with the same region description are equivalent
in the sense of Definition 2.4.2 (modified for the case of labelled contours, see
Definition 3.5.1).

— Essential: conversely, two diffeomorphically equivalent apparent contours have
equivalent region descriptions.

The completeness property follows from the existence of an algorithm that can
recover a possible Morse description from the region description of an apparent
contour. It is then clear that apparent contours with the same region description
admit the same Morse description and we can conclude our claim using the
completeness property of the Morse description (see Sect. 2.5.4). We shall not
describe here the mentioned algorithm; it is encoded in the contour software
(function printmorse), whose source code is available, and works by pushing
an ideal Morse line through the region description.
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The essentiality property is a direct consequence of the notion of equivalence
of region descriptions, which in turn is suggested in a straightforward manner by
the definition of the region description. Namely, if ® : R> — R? is a positive
diffeomorphism giving the equivalence of two apparent contours G and H (see
Definition 2.4.2), then @ clearly defines a bijection between the extended arcs of
G and the extended arcs of H; corresponding extended arcs will have the same
description since @ is a positive diffeomorphism. In addition & also induces a
bijection between the regions of G and the regions of H with the external region
of G corresponding to the external region of H. Moreover, for each region R of
G, ® defines a bijection between the connected components of dR and those of
d(P(R)), the external boundary of R being mapped onto the external boundary of
®(R). Again, ® being a positive diffeomorphism, the description of each of the
connected components of the boundary of each region is the same as the one of the
corresponding boundary under ®. The equivalence of the two region descriptions
then follows.

10.3 Encoding an Apparent Contour with Labelling

10.3.1 Region Description as a Stream of Characters

The region description explained in Sect. 10.2 provides a way to encode an apparent
contour to be used by our software. We first choose a numbering of the extended arcs
starting from 1 and of the regions, starting from 0 (the external region). The syntax
of the region description is then best understood by looking at Fig. 10.4, where we
encode the apparent contour of Fig. 10.1.

#

# region description of the apparent contour
# of a torus in a typical position
#

sketch {

Arc 1: (0);

Arc 2: [0 1 2);

Arc 3: [2 1 0);

Arc 4: [0];

Arc 5: [0];

Region 0: () (-al);

Region 1: (+a2);

Region 2: (+a3);

Fig. 10.4 Region description |Region 3: (-a4 -ab);
corresponding to Fig. 10.1 as ‘;egim‘ 4: (+al) (-a2 +ad -a3 +ab);

a stream of characters
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The BNF (Backus-Naur form) of the description syntax is the following:

<contour-region-descriptions> :== "sketch" "{" <arcs> <regions> "}"
<arcs> :== <arc> | <arc> <arcs>

<arc> :== "Arc" <integer> ":" <arc-description> ";"

<regions> :== <region> | <region> <regionss>

<region> :== "Region" <integer> ":" <region-description> ";"

where arc-description and region-description are described in
Sects. 10.2.1.1 and 10.2.2.1 respectively. Their BNF is the following:

<arc-description> :== "[" <d-values> "]" | "[" <d-values> ")"
| "(" <d-values> ")"
<d-values> :== <integer> | <integer> <d-values>
<region-description> :== <component> | <component> <region-descriptions>
<component> :== "()" | "(" <signed-arcs> ")"
<signed-arcs> :== <signed-arc> | <signed-arc> <signed-arcss>

<signed-arc> :== <signs>"a"<integers>

<sign> c== Mym | n_n

All lines starting with the pound character # are comments and will be ignored
by the software. A description can be fed to the program as standard input or
(more often) saved into a file that will be read by the program.

10.3.2 Morse Description

A more useful way to describe an apparent contour follows directly from the Morse
description explained in Sect. 2.5. If the descriptive map m is the identity, the
horizontal Morse lines m;, can be visualized* as a single sweep line { that moves
across the whole of R? from top to bottom traversing the apparent contour Gx. We
shall then record all relevant events that occur during the traversal at the critical
levels. One important difference with the requirements of Sect. 2.5 is that we allow
here for the presence of multiple critical points at the same level. This allows
for more concise Morse descriptions and yet provides a complete description of
the apparent contour. Also we allow for (a finite number of) regular levels (no
critical points), this is sometimes useful in order to improve the readability of the
description. For a finite set of decreasing values 1 > A; > --- > A, > 0, we
investigate the intersection points of the sweep line with the apparent contour and
list them from left to right. The chosen levels A;, i € {1,...,n} must include all
the critical levels of the descriptive map. Adding regular levels to the description,
i.e., levels with only transversal intersections at points that are not crossings (cusps

4Here —A has the meaning of time.
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Fig. 10.5 Morse description 4
corresponding to Fig. 10.1 as # morse description of the apparent contour
a stream of characters # of a torus in a typical position
#
morse {
~10
/ \
/o ~r0 b \
/7 N /N /] \
| (do++ X X lu2-- )
A A N | /
\ i) Ul10 U /
\ /
U
}

are treated in a special way, as we shall see shortly), is harmless and sometimes
useful to obtain a description that produces a printout graphically reminiscent of
the shape of the apparent contour. Thinking of the sweep line as horizontal is of
course just conventional, however its orientation when listing the intersection points
is important. For instance, if the sweep line is vertical and moves from left to right,
events at a given level will be listed from bottom to top.

Cusps are treated as marked points along extended arcs (compare Sect. 2.5.2),
hence the intersection of the sweep line with a cusp is considered as regular. Recall
here that for a descriptive map we require that the Morse line (the sweep line, as we
call it in this section) to be tangent to cusps.

Following the final part of Sect. 2.5.3 we now simply encode the symbols
identifying the type of intersection using typographical characters that can be
written into a description file.

We illustrate this in Fig. 10.5 with a Morse description of the torus of Fig. 10.1;
it can be obtained by traversing the drawing of Fig. 2.8 of Chap. 3 with a vertical
sweep line. Observe the preamble “morse {” which instructs the program that
the apparent contour is described by means of a Morse description. Each line of
text is terminated with a semicolon *“;” indicating the end of the list of symbols
corresponding to a given position of the sweep line. The symbols¥™ and 7~ used in
Sect. 2.5.3 are rendered here by the typographic character “”~” followed by “1” (left)
or “r” (right) to indicate the orientation, the following integer (“0” for the first line)
gives the labelling of the corresponding arc. Similarly the typographical character
“U” is used in place of . and . The indication of the labelling is not required
for all symbols, since in most cases the program can infer it from the context, and
the same holds true for the orientation. Transversal intersections 1 and | can be
rendered by a number of equivalent typographical characters: in our example, “|”,
“(7, )7, /7, “\” all have identical meaning for the program and are differentiated
only to improve the graphical rendering of the text. Each of these characters can be
followed by the orientation indication, which in this case can be “u” or “d” (up or
down) and by the value of the labelling.

Crossings are indicated with the “X” character and can be followed by two

orientations and two labellings (with appropriate syntax) referring to the two
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arcs directed downwards (for a horizontal sweep line). For instance, the sequence
“Xu0d2” refers to a crossing for which the arc leaving in the south—west direction is
oriented upwards with a labelling of 0 and the arc leaving in the south—east direction
is oriented downwards with a labelling of 2. Information on the other two arcs
towards the north cannot be given here and must be inherited from information
given at other Morse events referring to the same extended arc.

Multiple spaces are inessential and only used here to give a better idea of the
layout of the apparent contour directly by inspecting its Morse description.

For extended arcs containing one or more cusps, the required information must
be given once (attached to any of the typographical characters involving that arc) as
a list of integers or (more briefly) by the labelling before the first cusp (according
to the arc orientation) followed by a sequence of “+” or “-”, one for each cusp
and according to the fact that the labelling increases or decreases by one. This
is illustrated in the example of Fig. 10.5 twice: the sequence “(d0++” indicates
that the extended arc corresponding to this transversal intersection (““(d” marks
a transversal intersection oriented downwards) has initially a labelling of 0, then
there is a cusp with the labelling increasing from O to 1 (the first “+”), then there
is a second cusp with the labelling increasing from 1 to 2. The sequence “|u2--"
similarly indicates an extended arc with two cusps and a labelling with values 2, 1,
0. For apparent contours without labelling (as for appcon(¢)) we can use a sequence
of “c”, each representing a cusp.

A variant of the Morse description illustrated above requires the indication of
cusps individually as Morse events with the typographical characters “>” and “<”
corresponding respectively to the symbols > and <. In this case cusps are treated as
specific Morse events in the spirit of the Morse description as explained in Sect. 2.5.
This variant was introduced mainly in order to allow to interface the program
appcontour with the program visible (see Chap. 9) that implements the
reconstruction procedure illustrated in Chap. 4. A reference guide for the visible
program is included in Chap. 9.

10.3.3 Knot Description

The knot description is an alternative and simpler way to describe a class of solid
shapes called handlebodies [18]. These are essentially a thin tubular neighbourhood
of 1D subsets of R® composed by a disjoint union of closed arcs and arcs that
connect triple junctions and/or endpoints, see Fig. 10.6. An important special case
of handlebody corresponds to a thin tubular neighbourhood of a tame knot (smooth
embedding of S! in R3) or of a tame link (smooth embedding of a finite number
of copies of S! in R3). We refer to [10] and [18] for basic terminology about knot
theory.

A standard way to describe a knot or link is by means of its diagram, which is a
projection onto a plane drawing composed by arcs and crossings. At a crossing we
need information about which one of the two crossing strands passes over the other.
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Fig. 10.6 Knot description of a tubular neighbourhood of the system of curves shown in the left

If S! is substituted by a thin pipe generically positioned in R and we consider
the apparent contour of the resulting system of pipes, we end up with a drawing
that outlines long stripes that resemble a system of streets that can cross over one
another at bridges. The value of fy is 2 inside the streets and 4 where one street
crosses over another.

Similarly, handlebodies can be described by adding triple junctions, where three
streets meet together. Although not strictly necessary to model handlebodies, we
also allow for endpoints, that are a dead-end of a street.

Instead of describing the boundary of the streets, it is much more convenient to
model, with a Morse-like description, the centre lines. We best explain the syntax
with the simple, yet interesting, example of a solid torus knotted as in the trefoil
knot. It produces the apparent contour shown in Fig. 10.18:

knot {

The typographical characters “ (7, «) ™, “|”, “/”, “\”, “*”, “U” have the same
meaning as for the Morse description (Sect. 10.3.2) without the necessity to add
information neither about orientation (knots/links are not necessarily oriented) nor
about the labelling. There are two symbols that can be used for a crossing: lowercase
“x” and capital “X”; this allows to distinguish between the case of the overpass
going in the northwest—southeast direction (“x”) from the case of the overpass going
in the northeast—southwest direction (“X”).

We allow for triple junctions, modelled with the character “Y” (two streets above
the sweep line that meet one street below the sweep line) or the character “h” (one
street above the sweep line that meets two streets below the sweep line).

The character “’” models a street that ends at the sweep line from above. The
character ““, ” models a street that ends at the sweep line from below.

An interesting example is illustrated in Fig. 10.6; the solid shape E is obtained
by taking a thin tubular neighbourhood of the set on the left of the figure, and its

knot description is shown on the right. Note that the second row of characters of
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the knot description corresponds to a noncritical Morse level and is only included in
order to make the knot description more self-explanatory.

The complement in S? of the example of Fig. 10.6 can be deformation-retracted
onto the Klein bottle with a disk removed, an example that will be considered in
Sect. 10.15.

10.4 The Rules (Reidemeister-Type Moves)

The main feature of the software is its ability to list and apply the Reidemeister-type
moves listed in Chap. 6, together with their inverses. Within this chapter we shall
call such moves simple rules. The inverse rules are a time-reversed version of the
simple rules; the composite rules are the result of combining a finite sequence of
simple and inverse rules.

These rules transform the apparent contour Gy into a new one Gy, with X/ =
OE’, having a different topological structure but corresponding to an R3-ambient
isotopy of E into E’. In other words (see Chap. 6), there exists a smooth path of
compactly supported diffeomorphisms of R* that connects the identity to a smooth
deformation that takes E into E’.

We have shown in Corollary 6.6.5 that two 3D shapes E and E’ are R3-ambient
isotopic if and only if there exists a finite sequence of simple rules or their inverses,
and a finite number of R%-ambient isotopies, that transform the apparent contour of
¥ into the apparent contour of X'.

It is worthwhile to notice here that, in general, for a given apparent contour, only
a subset of the rules can be applied, and a given applicable rule can often be applied
in different ways or in different parts of the apparent contour.

10.4.1 Simple Rules

We follow the notation of [13] and of Sect. 6.1. The presence of the labelling makes
our list of moves more rich with respect to the ones in [13]; however, the type of
moves is the same; see Remark 6.1.3 for more.

Rules are applied with the command contour rule <rule> where <rule>
is one of the simple rules listed in the sequel. The software searches for a place
in the apparent contour where the required rule can be applied, and applies it as
soon as a suitable place is found. It is possible to apply the rule at the i -th suitable
place by using the syntax <rule> :i. The name of the rule is therefore the same as
that printed with the command contour rules, which lists all simple rules that
are applicable. For example, the command contour rules three spheres
lists K2 K1b K1lb:2 T T:2 as the applicable rules (Fig. 10.7, left), in particular
rules K1b and T can both be applied in two different places of the contour. Applying
rule K2 produces the apparent contour shown in the middle picture of Fig. 10.7: the
picture displayed is produced by the software and should be interpreted, as usual, up
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Fig. 10.7 An example with three partially occluding spheres and the applicable simple rules,
written inside the region involved (left); result after applying rule K2 (centre); result after applying
the lower occurrence of rule T (right)

after KO

after K1 after K2

Fig. 10.8 An example with a (small) sphere behind a torus where rules K0, K1 and K2 can be
applied with the results shown respectively in the fop-right, bottom-left, bottom-right pictures

to smooth deformations of R?. Applying the first occurrence of rule T to the contour
shown on the left of the picture produces the result displayed on the right.>

10.4.1.1 The K Rules (kasanie)

The K rules (see Figs. 10.7 and 10.8 for examples involving them) are of four types:
for KO the two arcs are oriented in such a way that the lowest value of f (zero in

5By inspecting the resulting apparent contour it turns out that the first occurrence of rule T is
the lowest one shown in Fig. 10.7, left. Applying the second occurrence of rule T (referring to it
with T': 2) produces a result that is mirror-equivalent to Fig. 10.7, right, but not diffeomorphically
equivalent in the sense of Definition 2.4.2.
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the pictures) is in the internal region bounded by two arcs, i.e., the two surfaces
fold in such a way that they do not occlude the internal region. Rule K2 features
the highest value of f (four in the pictures) in the internal region (which is thus
occluded by both folding surfaces). We have two remaining rules: K1 and K1b,
where both surfaces fold on the same side, the two rules map into each other after a
front-back reflection of the shape E.

10.4.1.2 The T Rules

Three folding surfaces are involved in these rules. They can be ordered on the basis
of their relative distance from the point of view, using the values of the labelling.
An example of application of a T rule is shown in Fig. 10.7. There is a central
“triangular” region R with a boundary composed of three arcs, each arc can be
oriented clockwise (the corresponding surface folds away from the region R) or
counterclockwise (region R is covered twice by the corresponding folding surface)
for a total of 16 different situations, also counting those obtained by a left-right
reflection symmetry. However the software groups all these variants together as
a T rule. As already noted in Chap. 6, the inverse of a T rule is another T rule,
indeed such moves do not change the complexity of the apparent contour in terms
of number of crossings, cusps, arcs and regions.

10.4.1.3 The L Rule (Lip)

An example of application of the /ip rule L can be seen in the top-middle picture of
Fig. 10.9.

Fig. 10.9 This apparent contour allows the simple rules K1b (top row) and B (bottom row); after
applying rule K1b, rule L becomes applicable, leading to the fop-right circle
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10.4.1.4 The B Rule (Beak-to-Beak)
Figure 10.9 bottom shows an example of application of the B (beak-to-beak) rule

that melts together two cusps if the appropriate consistency conditions on the
labelling are met.

10.4.1.5 The s Rule (Swallow’s Tail)
Two occurrences of the swallow’s tail rule can be applied to the apparent contour

of a torus of Fig. 10.1, as already anticipated in Sect. 10.1 leading to the simpler
apparent contour of Fig. 10.2.

10.4.1.6 The C Rule (Cusp-Fold)

See Fig. 10.10 for an example of this rule.

Fig. 10.10 This is the apparent contour of a small sphere in front of a larger sphere with a partially
occluded wrinkle. It allows two different applications of rule C, the result of which is shown in the
two fop and bottom rows. In both cases rule L could be subsequently applied
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10.4.2 A Nonlocal Effect of the B Rule

Suppose that a beak-to-beak rule B takes place in region R and that region R is not
simply connected, its boundary being composed by n > 1 connected components.
Suppose moreover that the two cusps involved in the B rule belong to the same
connected component of the boundary of region R. This entails that region R will
be divided into two regions after application of the rule.

In such a case the result of applying the rule is not univocally determined. To
explain this assertion suppose for definiteness that the cusps belong to the external
boundary (a similar reasoning applies in the other cases). We have n — 1 holes
of the original region. That part of the apparent contour that is contained in a
hole (including its boundary) will be called island; by abusing the term, we shall
also refer to an island for the external part of the apparent contour (the external
boundary of the region and everything outside of it). Each island must be placed
in one of the two newly formed regions. This leads to some degree of uncertainty
when applying rule B under particular circumstances and is signaled with a warning
by the software. It is possible for the user to force the positioning of the islands by
means of the option --ti <i>.Theintegeri is interpreted as a sequence of digits
0 or 1 in base 2, the value of each digit indicating the destination of each island of
the region. Another way to control the positioning is to add an extra specification
to the rule name, the complete syntax is then “<rule>:n:i” where n indicates
which occurrence of the rule we are referring to (rules can often be applicable in
more than one place) and i has the same meaning as for the - -t i option.

An example of this situation will be encountered when applying rule B within
the composite rule CR4, see Fig. 10.15.

10.4.3 Composite Rules

Composite rules are particular sequences of simple rules that include at least one
inverse rule and that have an overall simplifying effect.

10.4.3.1 The CRO Composite Rule (B~'S)

See Fig. 10.11 for an example. There are actually four variants: CROL is shown
in the Figure, and consists in applying the inverse of B (beak-to-beak) on the two
arcs with labelling 1 and 2 followed by a swallow’s tail S (the same composite
rule can of course be applied if all labellings involved are incremented of the same
amount). The other variants: CROR, CROLb and CRORb are obtained with a left—
right reflection, a front-back inversion or both, applied to the rule CROL.

Notice that although the final result is simpler than the starting apparent contour,
we cannot obtain that result without resorting to the inverse of a simple rule.
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Fig. 10.11 In the indicated zone we can apply the CROL composite rule leading to the result shown
on the right

CROL-+CROR
=

Fig. 10.12 1In the indicated zone we can apply the CR1 composite rule leading to the result shown
on the right

Fig. 10.13 In the indicated zone we can apply the CR2 composite rule leading to the result shown
on the right

10.4.3.2 The cR1 Composite Rule

See Fig. 10.12 for an example. It can be obtained by applying the inverse of a K1b
rule followed by two applications of the composite rule CRO (specifically a CROL
and a CROR).

10.4.3.3 The cR2 Composite Rule

See Fig. 10.13 for an example. It can be applied to regions surrounded by a single
arc with coincident endpoints and no cusps. It is obtained by applying the inverse
of a S rule followed by the rule K0. The resulting apparent contour has one less
crossing and two more cusps.
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CROR
=

Fig. 10.14 1In the indicated zone we can apply the CR3L composite rule leading to the result shown
on the right

K1~ 14K2
=

Fig. 10.15 In the indicated zone we can apply the CR4R composite rule leading to the result shown
on the right

10.4.3.4 The CR3 Composite Rules

See Fig. 10.14 for an example. Rule CR3L is obtained by applying the inverse of
a B rule followed by the composite rule CROR. Left-right symmetry leads to rule
CR3R. The resulting apparent contour has one less crossing and two more cusps.

10.4.3.5 The CcR4 Composite Rules

See Fig. 10.15 for an example. Rule CR4R is obtained by applying rule B followed
by the inverse of rule K1 and finally by rule K2. Left-right symmetry leads to rule
CRA4L, front-back symmetry leads to the remaining two rules CR4Lb and CR4Rb.

Notice that when applying rule B we are precisely in the situation described in
Sect. 10.4.2, now with the two cusps belonging to the connected component of the
same hole of the interested region. Similarly to what done in Sect. 10.4.2 we now
must specify precisely how to connect the two cusps: by circumnavigating the hole
from above or from below, so to speak.

10.4.3.6 The A1 Composite Rule

This rule can be applied whenever we have an annular region with both boundaries
positively oriented (i.e., the external boundary is an S! oriented counterclockwise,
the internal boundary is an S! oriented clockwise) and the labelling of the internal
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S! is of one unit larger than the labelling of the external S!. In this situation we can
apply the inverse of a B rule followed by an L rule and annihilate both S'.

10.4.3.7 The A2 Composite Rule

Similar to rule A1 but with the internal labelling of one unit lower than the labelling
of the external S'.

10.4.3.8 The TI Composite Rule

This is obtained by applying the inverse of a B rule that melts two regions followed
by the same B rule but with a different choice of the position of the holes that have
to be placed in one of the two original regions. See the discussion in Sect. 10.4.2.
The option --ti <i> can be used to indicate which holes have to be transferred.
An alternative way is to indicate the rule as TI: :7 or TI:n:i; in the latter syntax,
n indicates that we require the application of the rule at the n-th found location at
which the rule can be applied, while i must be interpreted as a sequence of binary
digits each of which decides the placement of a different hole.

10.4.4 Inverse Rules

With the exception of T, the inverses of the simple rules produce a more complex
apparent contour; moreover, each of the inverses is typically applicable in a large
number of positions for a given apparent contour. This is the reason why applicable
inverse rules are not listed with the command contour rules.

There are specific commands to obtain a list of applicable inverse rules, also
indicating the correct syntax to be used for the actual application of each occurrence.

Note that quite often we fall in the uncertainty situation described in Sect. 10.4.2
requiring the use of the “~--ti <i>" option, or the more specific rule indication
such as “INVK2:1:i” if we want to precisely control the outcome of the applica-
tion of the rule.

For convenience, the rules INVK0, INVK1, INVK1b, INVK2 and INVB (respec-
tively inverses of the rules K0, K1, K1b, K2 and B)  are all grouped together in the
class of “mergearcs” rules because they all involve merging pairs of arcs facing
the same region. For any pair of such arcs, which one of the mentioned inverse rules
is applicable depends on their relative orientation and on the values of the labelling.
See also the description of the 1istma command in Sect. 10.10.1.

Rule INVL, inverse of the lip rule L, can be applied on any region R with
f(R) >0, and in that case it can be applied to any one of the f(R) strata. See
also the description of the 1istinvl command in Sect. 10.10.1.
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Rules INVS and INVSDh are symmetric to each other by a front—back reflection
and are both inverses of the swallow’s tail rule S. See also the description of the
listinvs command in Sect. 10.10.1.

Finally INVC is the inverse of rule C and involves a cusp and an arc facing
the same region with appropriate orientations and suitable values of the labelling.
Application of INVC produces a new small region having the shape of a very sharp
triangle. See also the description of the 1istinvc command in Sect. 10.10.1.

10.5 Surgeries on Apparent Contours

The structure of an apparent contour can be modified in ways that correspond to
surgery applied to the solid shape E. A typical surgery consists in the removal of
two disks in selected positions on JE and glueing the two boundaries together in
a way that respects the surface orientation. With respect to the projection 7 we
distinguish two types of surgery: vertical and horizontal. Other type of topological
modifications like adding/removing spheres and the result of applying symmetries
are listed in the reference guide, Sect. 10.10.2.

10.5.1 Vertical Surgery

The portions of the surface dE involved by the surgery are two consecutive strata
of some region R of the apparent contour Gy; the surgery acts in the projection
direction and the final effect in the apparent contour is the addition of a closed arc
inside R with appropriate labelling. The simplest possible application of this surgery
converts a sphere into a torus, see Fig. 10.16 (left):

$ contour punchhole sphere -r 1:0 | contour characteristic
Euler characteristic: 0

If the two disks belong to different connected components of JF, this
surgery glues them together, thus reducing by one the total number of connected

eollils

Fig. 10.16 (a): Vertical surgery (action punchhole) applied to the apparent contour of a sphere.
(b): Horizontal surgery (action gluearcs) applied to the apparent contour of two disjoint sphere
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components. If the two disks belong to the same connected component of dF, the
effect of the surgery is to reduce the Euler—Poincaré characteristic by 2 units.

10.5.2 Horizontal Surgery

The surgery is done between two portions of the surface that correspond to two
facing arcs of the apparent contour. The two arcs must be oriented negatively with
respect to the common region and must have the same labelling. A simple example
is shown in Fig. 10.16 (right) converting the apparent contour of two spheres to the
contour of a single sphere:

$ contour gluearcs -a 1:0 -a 2:0 disjoint spheres

sketch {

Arc 1: (0);

Region 0 (f = 0): () (-al);
Region 1 (f = 2): (+al);

}

This is the region description of the resulting contour (a single S') of a sphere.
The topology of the resulting surface dE changes in the same way as for the
vertical surgery.

10.6 Canonical Description and Comparison

As observed in Sect. 10.2.3 we can have many equivalent region descriptions
(encoded differently as a stream of characters) corresponding to the same apparent
contour, by choosing a different numbering of arcs and regions (except for the exter-
nal region) and a different ordering of the holes of each region. Therefore it would be
useful to define a procedure capable of selecting a canonical representative among
all equivalent region descriptions: finding an optimal choice of a representative will
be called canonization procedure.

Since each different region description is, in the end, just a string of char-
acters, one way of selecting a representative would be simply to choose the
smallest descriptive string with respect to some lexicographical ordering. However
this would be inconvenient for two reasons. First, cycling among all equivalent
region descriptions is computationally impractical, because the number of different
reorderings of arcs and regions grows exponentially fast with respect to the number
of arcs and regions; second, it would seem more natural to devise a way to
compare region descriptions based on intrinsic (topological) properties and not on
an arbitrary numbering.
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Since an apparent contour is essentially a graph, it is natural to briefly discuss
the isomorphism problem for graphs, and then the more difficult task of finding a
canonical description (or canonical representation).

10.6.1 On the Isomorphism Problem for Graphs

The graph isomorphism problem is one of the most studied in computer science;
it is in NP, no polynomial-time algorithm is known, but it is not known whether
it is NP-complete [9]. For graphs with additional properties the situation is much
better: for trees there are linear-time algorithms, whereas the case of planar graphs
(the case we are interested in) is in Log space (a class contained in P) [4], and an
O(n?) algorithm for the special case of planar 3-connected graphs is known since
1966 [20]. The canonization problem is clearly harder, since the ability to find a
canonical representative for a graph gives a trivial way to test for isomorphism.

However, recalling the notion of equivalence stated at the beginning of
Sect. 10.2.3, we must here emphasize that the canonization problem for apparent
contours can take advantage of the additional structure given by the embedding in
the plane. We also note that the notion of equivalence of two apparent contours that
we are interested in requires that the graph isomorphism must be consistent with the
particular planar embedding of the two graphs, which makes a big difference with
respect to the wider problem of graph canonization even in the case of planar graphs.
This is so because planar graphs are just graphs that admit at least one embedding in
the plane, but generally can admit more than one such (non-equivalent) embeddings.
Triply connected graphs are special, as they cannot admit multiple non-equivalent
planar embeddings (of course there might be none).

A planar embedding of a graph induces an additional structure. For each node, the
incident arcs are organized in a circular list (obtained by making a counterclockwise
turn around the node), i.e., each node is equipped with a cyclic permutation of its
incident arcs. We are interested in isomorphisms of graphs that are also consistent
with this additional structure.

10.6.2 The “Regions” Graph: R-Graph

Due to the structure of the region description, it is more useful to work with a kind
of dual of the apparent contour. Given a connected component C of the apparent
contour, we consider a graph (the regions-graph, or R-graph) having the regions
(connected components of R? \ C) as nodes. Each extended arc of C defines a
link connecting the two nodes corresponding to the regions at the two sides of
it; we orient this link from the region with lower value of f (the region on the
right) to the region with higher value of f (the region on the left). The R-graph
of C is planar and can be naturally embedded in the plane simply by arbitrarily
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Fig. 10.17 Left: apparent contour of a torus. It is centrally symmetric and not equivalent to that of
Fig. 10.1 due to the local structure of the two crossings. Due to the central symmetry an exchange
of the two extended arcs containing the cusps produces two equivalent region descriptions. Centre
and right: the R-graphs of the two connected components of the apparent contour

choosing a point in each region and connecting the selected points with disjoint
curves that transversally cross the extended arcs separating the two corresponding
regions. Being C connected, it follows that its regions are all simply connected,
with the exception of the external region® that has a single hole and no external
boundary. Traversing the boundary of a region counterclockwise and annotating the
visited extended arcs allows to define an additional circular list of incident arcs at
each node of the R-graph. We can always identify a special node of an R-graph:
the one corresponding to the external region of C.

For a generic (possibly nonconnected) apparent contour we have one such
R-graph associated with each connected component. These graphs are naturally
organized hierarchically by observing that the regions of a connected component
form a partitioning of one of the regions (not the external one) of another connected
component of the apparent contour. We say that the latter connected component
directly contains the former. The most external connected components are an
exception. In this way we attach R-graphs to nodes of other R-graphs. An example
of an apparent contour (with two connected components) and the two corresponding
R-graphs is shown in Fig. 10.17, the dark nodes correspond to the respective
external regions. Observe that region R4 appears in both graphs, but with different
meanings: it is not the external region of the graph describing the outer component
of the contour, whereas it is the external region of the graph describing the inner
component of the contour. The whole R-graph having R4 as external region should
be regarded as an attribute of the node R4 of the other graph. In general each region
of an R-graph has its own set of holes as an attribute: it is a (possibly empty) set
of “holes”, where each hole corresponds to a separate connected component of the

%Not to be confused with the external region of the whole apparent contour, it is the unbounded
connected component of R? \ C. Occasionally we shall refer to the external region of C as the
subset of the unbounded connected component of R? \ C that coincides with the region of the
apparent contour adjacent to C from the outside.
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apparent contour. Simply connected regions have an empty set of holes, regions with
a single hole, like the one in Fig. 10.17, have a set of holes with just one element.
Since the function f jumps of two units whenever we cross an arc, we can give a
natural orientation to the arcs of the R-graph in the direction of increasing f.

10.6.3 The Depth-First Search of an R-Graph

Depth-first search (DFS in short) is a well-known algorithm widely used to traverse
trees or graphs. Basically it consists in following links as far as possible before
backtracking and (in the case of graphs) it will not follow links leading to an already
visited node. In the end the arcs that have been actually traversed define a spanning
tree of the original graph: a connected subgraph that contains all nodes, but with no
cycles. The result of the DFS depends on the starting node and on a total ordering
of the links incident to each node.

We describe now a natural way to apply a DFS to an R-graph.” For each
connected component of the apparent contour it depends upon the selection of
a starting node and of one of its incident links (recall that we have an R-graph
associated with each connected component of the apparent contour). The external
region is the obvious candidate for the starting node, whereas in general we do not
have a natural way to select an incident link, that is one of the extended arcs that
compose the (inner) boundary of the external region.

During the DFS, as soon as we visit a region (a node of the R-graph) we define
its entry-point as the extended arc (a link of the R-graph) that has been crossed in
order to arrive to it. This, together with the cyclic ordering of the links at the node
induced by the planar embedding, allows us to define a total ordering of the incident
links that in turn can be used to continue in the DFS algorithm.

To summarize, for each R-graph (i.e., each connected component of the apparent
contour) and for each choice of an extended arc bordering its external region, we
have a procedure that allows us to define an entry-point for each internal region in
a natural way (a way that depends on the structure of the regions graph, but not on
its representation). Recalling the representation of (a connected component of) the
boundary of a region given in Sect. 10.2.2.1, this amounts in deciding the starting
arc of each cycle.

We illustrate the DFS procedure with an example (see Fig. 10.18). We choose the
apparent contour of a tube knotted in the shape of the trefoil knot, it is connected
and is composed of 14 regions and 24 arcs. We apply the DFS procedure selecting
as starting arc the one pointed by the arrow in Fig. 10.18. Starting from region

"This procedure was recently suggested to us by Giovanni Paolini, Scuola Normale Superiore,
Pisa, to whom we are indebted. It was first implemented in version 2.0.0 of the program. Previous
versions of appcontour suffer from an imperfect canonization procedure that could lead to
different regions descriptions starting from diffeomorphically equivalent apparent contours.
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Fig. 10.18 The DFS
procedure is applied to the
apparent contour of a knotted
tube by selecting the arc
pointed by the arrow as the
starting link from region RO.
Regions are numbered from 0
(the external region) to 13;
the black circles indicate the
resulting entry points. The
tube is knotted as in a trefoil
knot, the simplest possible
nontrivial knot

RO the first region entered is thus R5 and consequently its entry point is the one
indicated by the black circle in the Figure. From R5 the procedure first tries to enter
RO (already visited), then enters R11, crossing the next arc encountered walking
counterclockwise along the boundary from the entry-point. Of course following the
entry-point always leads to a just visited region, so we shall not mention such an
attempt again. Then from R11 down to R6, then (after an attempt to revisit R0)
down to R12, then R7, then R13, then (since R5 has already been visited) down
to R8, then R1. At this point both arcs of R1 lead to visited regions, hence DFS
backtracks to R8 and goes down into R4. The DFS procedures continue in this
way until it is forced to backtrack to RO with no external arcs leading to unvisited
regions still to follow. The complete list of visited region in the visiting order is:
0-5-11-6-12—-7—-13-8—1-4-9-2-10-3.

Observe that the DFS also defines in a natural way a spanning tree for each R-
graph, in the case of Fig. 10.18 we can easily obtain the spanning tree by removing
all links that correspond to extended arcs that are not entry-points for either of the
two adjacent regions. The spanning tree is always rooted at the external region.

10.6.4 The Canonization Procedure

Canonization of the region description amounts in making a specific (optimal)
choice in items (1)—(5) of Sect. 10.2.3, among all equivalent representations.

After a preliminary step (Sect. 10.6.4.1) for the canonification of the extended
arcs description, item (5) in Sect. 10.2.3, the canonification process takes advantage
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of the DFS procedure together with a lexicographic comparison procedure between
different representations (Sect. 10.6.4.3). We shall refer to Fig. 10.17 as a concrete
example. The overall theoretical complexity of the resulting canonization algorithm
is O(n?), n being the number of extended arcs. It is arguably not optimal, however
it seems sufficient for the uses that we can think for the software.

10.6.4.1 Canonical Description of an Extended Arc

The streaming description of an extended arc as described in Sect. 10.2.1.1 is unique
with just one exception. Namely, for a closed extended arc containing more than one
cusp we have to select a starting point along the arc when listing the sequence of d
values. We have thus a maximum of s (where s is the number of cusps) different
ways to describe the same extended closed arc. In such a situation we simply
define the canonical description to be the one that comes first in the lexicographical
ordering of the sequences of d values. There is no possible ambiguity in this
procedure. As an example, the strings (1 2 1 2 1) and (2 1 2 1 2) both
describe the same closed extended arc with four cusps of Fig. 10.12, right (recall
that conventionally for closed extended arcs the first and last values correspond to
the same simple arc, the one containing the chosen starting point); only the first
string gives however the (unique) canonical description.

10.6.4.2 Sorting Non-Equivalent Arcs

We can take advantage of the fact that extended arcs carry intrinsic information
(cusps and labelling) in order to reduce the algorithm overhead by introducing an
ordering among them based on such information. However we cannot assume that
all extended arcs are distinguishable based on such information. We end up with
a partition in equivalence classes of indistinguishable extended arcs, with a total
ordering among the equivalence classes. This can help reduce the computational
effort, yet it will not decrease the theoretical O(n?) computational complexity.

For example, the apparent contour of Fig. 10.17 has one extended arc with
description “(0)” (the external closed arc), two indistinguishable extended arcs
with description “[0 1 2)” (the two swallow’s tails) and two indistinguishable
extended arcs with description “[0]” (those bordering the inner hole of the torus).

When selecting an extended arc along the boundary of some region we can also
take advantage of the orientation or the extended arc with respect to the region,
allowing further discrimination.

10.6.4.3 Using DFS and Lexicographic Comparison

In view of the discussion in Sect. 10.6.3 we need a way to select (in a natural
way) an incident link (bordering extended arc) to the external region of each of the
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‘R-graphs associated with each connected component of the apparent contour.
For this we introduce the notion of normalized description of an R-graph (or
equivalently normalized description of a connected component of the apparent
contour).

Assume for the moment that the apparent contour is connected, i.e., we have only
one R-graph. Then for any two distinct choices of a link incident to the external
region we can make use of the DFS strategy described in Sect. 10.6.3 to define a
complete set of entry-points for all internal regions and consequently two different
ways to traverse the graph, leading to two different descriptions. We can then
lexicographically compare the two descriptions by simultaneously traversing the
graph in both ways and returning with a “winner” as soon as we find a difference. We
stress that in this comparison we must make use of all intrinsic information attached
to arcs and nodes (orientations and labellings). The “winning” selection will be
subsequently compared one after the other to the descriptions (set of entry-points)
obtained by varying the starting link incident to the external region. Of course
we might restrict the search to one of the equivalence classes of indistinguishable
extended arcs discussed in the previous Sect. 10.6.4.2, the equivalence class being
selected according to some well-defined strategy, in order to reduce the cost of the
procedure.

The overall winner will be a natural choice of the starting link and defines a
distinguished extended arc among those bordering the external region.

We clarify the procedure by applying it to the internal connected component
of the apparent contour of Fig. 10.17. The external region is named R4 with four
incident links, corresponding to arcs a2, a5, a3, a4, listed according to their
circular ordering.

e Selecting e.g., the arc a2 as the starting link, the DFS procedure enters region
R1, and defines arc a2 as its entry-point (no surprise here, since this is the only
incident arc at region R1). Following arc a2 from region R1 leads to the already
visited region R4, so that the procedure backtracks to region R4 and proceeds
with the next arc following the circular ordering, namely arc a5. This leads to
region R3, the procedure defines a5 as its entry-point and tries to follow the two
incident arcs at R3, both leading to the already visited region R4. Backtracking
again it follows arc a3, defines the entry-point for region R2, backtracks and
finally tries to follow the last arc a4, that however leads to the already visited
region R3, terminating the DFS.

* The whole procedure must be repeated after changing the starting link from a2
to a5, the next one in the circular list, with a new definition of entry-points for all
internal regions. The two different ways to traverse the R-graph, the one defined
by starting with arc a2 and the one defined by starting with arc a5 are now
compared lexicografically, they differ right at the beginning, since arcs a2 (“ [0
1 2)”)and a5 (“[0]”) are not indistinguishable. Some comparison technique
will then declare e.g., a2 to be “better” than a5 (we shall not enter here into the
details of how extended arcs are ordered) so that the winner so far is arc a2.
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» At this point the procedure starts from a3, obtains a set of new entry-points and
compares the result with what obtained starting from a2. Not surprisingly (in
view of the central symmetry of the apparent contour) the comparison will show
no difference in the two descriptions, anyone between a2 and a3 will be declared
best, say a3.

* The final application of the DFS strategy will start from arc a4, leading to a
description that will compare unfavourably with respect to that starting from arc
as3.

The final “winner” will then be arc a3 (together with all corresponding entry-
points), and this will be the normalized description of the inner connected compo-
nent of the apparent contour of Fig. 10.17.

If there are more connected components, the procedure explained above can
still be applied to the “innermost” connected components, the ones that have all
internal regions with no holes (they are all simply connected), and they can all be
normalized. If we now consider a connected component of the apparent contour
having one or more regions with holes, but such that all contained connected
components have been already normalized, we can proceed with its normalization
as follows, the key-point being that already normalized apparent contours can
be successfully compared using the lexicographic comparison technique already
explained above.

» For each internal region possessing more than one hole we need to reorder the
holes by comparing their normalized description, we end up with a “normalized”
list of “normalized” components of the apparent contour;

* When comparing two sets of entry-points defined by two different starting arcs,
we also must compare regions by taking into account their list of “normalized”
holes. This can be done safely since everything that we compare has already been
previously normalized.

By iterating the above procedure we can normalize one after the other all
connected components of the apparent contour, the most exterior ones will be
normalized last.

Please note that the net result of this normalization procedure allows to make a
natural choice at points (3) and (4) of Sect. 10.2.3.

As an example consider the apparent contours on the left and on the right of
Fig. 10.19. They are composed of many (8) very simple connected components, all
made of a single closed arc. From an algorithmic point of view the two apparent
contours are difficult to distinguish since each element (region or arc) of one
apparent contour can be found in the other apparent contour with the same local
structure: e.g., there are four empty closed arcs in both apparent contour, two closed
arcs containing a region with two holes can be found in both, and so on. However, a
correct application of the above strategy allows to distinguish among them.
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Fig. 10.19 The apparent contours on the left and on the right correspond to eight deformed spheres
with different relative positions (all closed arcs are oriented counterclockwise)

10.6.4.4 Sorting Regions and Arcs

Points (1) and (2) are now simple to deal with. The overall set of selected entry-
points automatically defines a transversal strategy for the overall collection of
‘R-graphs. Note that whenever we reach a region with holes we must traverse its
holes, which are completely independent R-graphs, in the order defined by the
normalization procedure, before continuing the traversal of the original connected
component. This traversal strategy naturally defines an ordering for the regions, with
the external region of the apparent contour listed first.

Similarly, arcs can themselves be reordered according, e.g., to which one is used
first during the traversal of the apparent contour. It is convenient however, for better
presentation, to use this latter ordering strategy only to discriminate (and reorder)
between indistinguishable arcs.

We have now resolved all ambiguities listed at points (1)—(5) of Sect. 10.2.3; the
resulting region description can be used as a “canonical” region description. In order
to decide whether two region descriptions describe diffeomorphically equivalent
apparent contours it would be enough to compare (character by character) the
corresponding canonical region descriptions.

10.6.4.5 Postprocessing

After we have a way to obtain a canonical region description we are however
completely free to apply to it any well-defined reordering procedure (among those
listed at points (1)—(5) of Sect. 10.2.3) that can depend both on intrinsic properties
of the apparent contour and on the canonical representation, and still obtain a good
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candidate for a canonical description. This is actually done by the appcontour
program for compatibility reasons and it is harmless.

Canonization of the region description is implicitly computed by appcontour
in most cases both before and after the application of rules, surgeries or other
modifications. For this reason the outcome of “contour print <example>”
can differ from the input region description (but will be an equivalent region
description). In many cases automatic canonization can be inhibited by using the
option - -nocanonify in the command line.

10.6.5 Comparison of Apparent Contours

The canonization procedure allows to easily define a total ordering on equivalence
classes of apparent contours. It is sufficient to lexicographically compare the
canonical region description and have the guarantee that two region descriptions
will compare as equal if and only if they represent diffeomorphically equivalent
apparent contours. The ordering will moreover satisfy the usual properties of a total
ordering

Comparison criteria to decide which one of two non-diffeomorphically equiva-
lent apparent contours is better are quite subjective, so that we shall not enter into
the details of the criteria used by the program (they might also change in future
versions).

The command “contour compare” followed by one file containing the
description of two apparent contours or by two files will compare the two apparent
contours and print one of the strings “s1 = s2”,“s1 < s2”,“sl > s2”, with
the obvious meaning.

10.7 Fundamental Groups and Cell Complexes

Commands cellcomplex, insidecomplex and outsidecomplex of the
software carry out the cell complex construction described in Sect. 7.5.1; in
particular, they print the constructed CW complex, possibly after the deformation
retract that reduces it to two-dimensional at most. The syntax of the description
is as follows. First we have a list of the nodes (0D cells) numbered starting from 0
followed by a count of how many arcs (1D cells) have it as an endpoint. For instance,
the string

node 0 ref 4
means that there are four 1D cells that concur at node 0. Then the software prints

a list of all 1D cells (arcs) numbered starting from 0 with the reference to the two
end nodes. This implicitly gives an orientation to the cell which is crucial when
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describing the 2D cells. For instance, the string
arc 2[1,3] ref 2

means that arc 2 starts at node 1 and ends at node 3. The final number 2 counts the
number of 2D cells that have this arc as part of the boundary. Finally all 2D cells
(faces) are listed with a description of the boundary. For instance,

face 1 [-5 -4 +1 ]

means that if we traverse the boundary of face number 1, which is always an S', we
find arcs 5, 4, 1 in this order; arcs 5 and 4 are traversed opposite to their orientation.

10.7.1 Computing the Euler—Poincaré Characteristic and the
Number of Connected Components

From the cell complex of each of the three sets E, ¥ := dE and R*\ E constructed
in Sect. 7.5.1, we can easily compute the corresponding Euler—Poincaré character-
istic by means of the Euler formula: number of 2D cells minus number of 1D cells
plus number of 0D cells. This information is shown respectively with the commands
contour icharacteristic, contour scharacteristic, contour
ocharacteristic, and is actually the total Euler—Poincaré characteristic, that
is the sum of the characteristics of each connected component.

The formula constructed in Theorem 7.4.1 provides a simpler way to compute
the Euler—Poincaré characteristic of X, and is used by the software code with the
command contour characteristic. It gives the same result as contour
scharacteristic and works more generally also for non-labelled apparent
contours. The same type of computation is used for the Euler—Poincaré characteris-
tic displayed with the command contour info.

The number of connected components of each of the three sets £, ¥ = JE
and R? \ E is just the number of connected components of the respective cell
complex and is displayed at the end of the corresponding cell complex description.
The computation of the number of connected components of > displayed with
contour countcc oras partof contour info ishowever computed directly
on the labelled apparent contour without resorting to the construction of the cell
complex. It should be noted, however, that we do not have a simple formula (as
it happens for the Euler—Poincaré characteristic, see formula (7.11)) and the actual
computation is carried on by simulating the construction of the topological manifold
T of Sect. 5.2. In particular there is no way to obtain the number of connected
components of the source manifold in the abstract case of non-labelled apparent
contours.
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It is possible to obtain separately the characteristic of each connected component
by combining the contour infocommand with contour extractcc <n>
with n ranging from 1 to the number of connected components.

10.7.2 Fundamental Groups

Following the procedure described in Sect. 7.5.2, the software can easily compute,
separately for each connected component, a presentation of the first fundamental
group of each of the three sets E, ¥ := dE and R3 \ E, starting from the computed
cell complex.

If this is done without any simplification, the result is however of no practical
use, due to the excessive complexity of the resulting presentation.

There are two levels of simplifying procedures. The first acts on the cell
complex itself, by removing pairs of 2D/1D or 1D/0D cells whenever the result is
a deformation retract (the procedure is similar to the one described for the removal
of the 3D cells). Another simplifying procedure glues together two 2D cells when
they share a common arc that does not bound any other 2D cell; a similar glueing
procedure can be applied to 1D cells.

The second level of simplification acts on the presentation of the fundamental
group by applying basic simplifying Tietze transformations ([11, p. 48]).

At least for sufficiently simple apparent contours, the resulting presentation is
simple enough to allow recognition of the corresponding group.

We now show how the software displays the presentation of the first fundamental
group by means of an example. The first fundamental group of (the inside of) a
solid shape E obtained by making a knotted tunnel into a sphere (see Fig. 10.20) is
described as follows:

$ contour fg --in internalknot
Finitely presented group with 2 generators
<a,b; abbaB>

Option - - in instructs the software to consider the solid set E inside the surface
¥ in place of the surface itself, i.e., the set of points that can be reached from
infinity traversing transversely the surface an odd number of times; command i1fg
is a shortcut for £g - -in. The notation used to display a finitely presented group
mimics the usual mathematical way to write a presentation, as we have already seen
in Sect. 7.5.2. We first have a list of generators, in this case ¢ and b, followed,
after the semicolon, by a list of relators, i.e., words that must be identified with the
identity of the group. In our example there is a single relator; capital letters must be
understood as the inverse of the corresponding generator (i.e., B stands for b~!). In
the end the corresponding presentation is

(a,b; abzab_l).
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Fig. 10.20 Apparent contour
of a spherical shape with a
knotted tunnel; dashed lines
have labelling 1, dotted lines
have labelling 3

Unfortunately, a presentation of a group is often far from being satisfactory, due to
the inherent difficulty in deciding whether two different presentations describe the
same group. In the example at hand, we can introduce the two elements x = ba ™!
and y = b; in this way, the original generators can be recovered from x and y as
a = x"'y,b = y so that x, y form themselves a set of generators of the group. The
relator now becomes x~2y3, that can also be written as x> = y3. The group with
presentation (x, y; x2 = y3) is known to be non-free and to coincide with the knot
group of the trefoil knot [8].

As a comparison, we can actually compute the knot group of the trefoil knot (see
Fig. 10.18) with the command

$ contour fg --out trefoilknot
Finitely presented group with 2 generators
<a,b; abAbaB>

Here the option - -out is used to require the computation of the fundamental
group of R? \ E, the outside of the surface X, consisting of all points that can
be reached from infinity after crossing (transversely) the surface an even number of
times. The combination £g - -out can be abbreviated by using the command ofg.
We can rewrite the presentation <a,b; abAbaB> in terms of the new elements
x = ba~'b and y = a~'b; they are generators since we can express a = xy 2 and
b = xy~!. Finally, after rewriting the relator in terms of x and y, we end up again
with the presentation {x, y; x> = y3).

Remark 10.7.1 The list of relators can be empty, in which case we have the free
group generated by the given generators. If both the generators list and the relators
list are empty, we obtain the trivial group consisting only of the identity element.
A trivial first fundamental group indicates that the set is simply connected, which
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unfortunately does not always imply that the set is contractible; for instance, S? has
a trivial first fundamental group, but nontrivial higher order homotopy groups.

As another example, consider the result of “contour fg torus2”, the first
fundamental group of a torus; it is displayed as

<a,b; abAB>

Now, aba™'b~" is the commutator of the two generators a and b, so that the
resulting group is isomorphic to Z x Z, as expected.

Remark 10.7.2 In the cases when the set E (or X, or R* \ E) is not connected,
the software will compute the fundamental group of each connected component and
print a presentation of each.

Recognition of knotted/unknotted surfaces is thus related to the ability to decide
whether two different presentations describe the same group. This is the well-known
group isomorphism problem, which has been proven to be undecidable in general
[11].8

The three fundamental groups of ¥, E and R® \ E are invariant under R3-
ambient isotopies, so that they can be used to prove, e.g., that there is no sequence of
Reidemeister-type moves that can transform one apparent contour (with labelling)
to another.

10.7.3 Invariants of Finitely Presented Groups
and the Alexander Polynomial

The ability to compute the invariants discussed in Sect. 7.6 is essentially the only
way we have to ensure that two first fundamental groups are not isomorphic, which
entails that the originating 3D scenes are not R3-ambient isotopic.

A few of the discussed invariants are actually implemented in the software code.

Computing the abelianized of the fundamental group requires an implementation
of the procedure described in [11, Sect. 3.3]; this is done by implementing an iter-
ative procedure that directly mimics the algorithm in [11]; the resulting preabelian
presentation can be displayed by using the “fg” command in combination with the
“--preabelian” option. As an example, for the knot group (fundamental group
of the outside) of the trefoil knot we have

$ contour fg --out --preabelian trefoilknot
Finitely presented group with 2 generators
<a,b; abAbaBB>

8 As already noted in a footnote of Sect. 7.5.2, the isomorphism problem is decidable in the special
case of the fundamental groups of 3-manifolds.



10.7 Fundamental Groups and Cell Complexes 263

If we sum up all exponents of the generator a in the relator (i.e., we count the
number of occurrences of a and subtract the number of occurrences of A) we obtain
the integer 1, whereas if we do the same with the generator b we obtain zero.

From the preabelian presentation the program can compute the abelianized and
display its description by printing its rank and the invariant factors, if present (the
torsion part). This is done with the command abelianizedfundamental,
abbreviated as afg as in the following example.

$ contour afg --out trefoilknot
Torsion-free abelian group of rank 1

It should be noted that no torsion will be present for fundamental groups obtained
in the context of apparent contours, the only way to obtain groups with a torsion
part is to directly enter a group presentation, see Sect. 10.10.7. For example, we can
ask for the abelianized of the finitely presented group < a, b;a?, b* > by directly
entering the group presentation as follows:

$ contour afg
fpgroup{<a,b;aa,bbbb>}
Abelian group of rank 0 with torsion; invariant factors: 2 4

showing that the group is isomorphic to Z, x Zi, the invariant factors are the
nontrivial diagonal entries in the Smith normal form of the exponent-sum matrix.

The Alexander polynomial can be computed (for a knotted solid torus) with the
command alexander, for the trefoil knot above we have

$ contour alexander --out trefoilknot
Computing Alexander ideal for d = 1:
Alexander polynomial (up to t -> 1/t):
+1-t+t”*2;

The actual computation is performed following the procedure exposed in
Sect. 7.6, we observe a few facts

e The d = 1 assertion in the software output emphasizes the fact that the
Alexander polynomial computed is the generator of the elementary ideal &
(Definition 7.7.2), we recall that the so-called order ideal g is trivially ey = {0},
so that &) is the first nontrivial (and generally the most informative) elementary
ideal. It is always a principal ideal, generated by the Alexander polynomial. It
is possible to force different values for the index d of the elementary ideal g4
by using the option - -foxd <d >, however elementary ideals of the outside of
knotted tubes with index d > 1 are not at present computable by the software,
excluding special cases where the result is trivially the whole ring of Laurent
polynomials.

e The “up to t -> 1/t” remark emphasizes the fact that the resulting ideal
is defined up to the choice of the isomorphism between G/G’ and Z, that in
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the end corresponds to a change of base of Z, i.e., t — 1/¢, where ¢ is a
generator of Z. This remark is somewhat diminished by the known property
of the Alexander polynomials of knots of having symmetric coefficients. This
however is not the case for a generic finitely presented group G having infinite
cyclic commutator quotient. Also recall that the Alexander polynomial is defined
up to multiplication by a unit of the ring of Laurent polynomials, i.e., monomials
of the form +¢°.

The printed polynomial is a canonical representative. This implies that whenever
we obtained different polynomials when computing the Alexander polynomial of
two scenes, the corresponding fundamental groups are not isomorphic, and hence
the two scenes are not equivalent.

It is not a surprise that the Alexander polynomial of the “inside” of the set
illustrated in Fig. 10.20, computed as

$ contour --in alexander internalknot
Computing Alexander ideal for d = 1:
Alexander polynomial (up to t -> 1/t):
+1-t+t"2;

is exactly the same as that of the trefoilknot.

The “Conway knot” (Fig. 10.23, left) [3, pp. 180,181] is the smallest (in terms of
number of diagram crossings) nontrivial knot having trivial Alexander polynomial.’
The knot description corresponding to the diagram in Fig. 10.23 left allows to obtain
the apparent contour of a tubular neighbourhood from which we can compute the
fundamental group of the outside and the Alexander polynomial:

$ contour fg --out conway
Finitely presented group with 4 generators
<a,b,c,d; abAdaBAcabACabADaBAC, abADbDBAB, abAcaBACabADDBJADbdaBAC>|

$ contour alexander --out conway
Computing Alexander ideal for d = 1:
Alexander polynomial (up to t -> 1/t):
+1;

We conclude this section with the examples displayed in Figs. 10.21 and 10.22,
four different collections of rings. The first two examples display a set of two rings,
unlinked (left) and linked (middle). Here is the fundamental group of their outside.

$ contour fg --out two rings
Free group of rank 2
<a,b; >

9The “Kinoshita-Terasaka” knot has the same property. Indeed the Conway and the Kinoshita-
Terasaka knots form a “mutant” pair, they are non-equivalent knots with the same Alexander and
Jones polynomials.
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Fig. 10.21 Apparent contours of collections of rings. Left: two unlinked rings, middle: two linked
rings, right: the “Whitehead link”, two interlaced tori that have vanishing linking number

Fig. 10.22 Apparent contour of the “Borromean rings”, three interlaced tori that unlink com-
pletely when we remove any one of them

$ contour fg --out linked rings
Finitely presented group with 2 generators
<a,b; abAB>

Since abAB is the commutator between the two generators the second presenta-
tion is readily recognized as the abelian group Z x Z, that