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Preface

This book presents an introduction to the principles of the fast Fourier transform
(FFT). It covers FFTs, frequency domain filtering, and applications to video and
audio signal processing.

As fields like communications, speech and image processing, and related areas
are rapidly developing, the FFT as one of the essential parts in digital signal
processing has been widely used. Thus there is a pressing need from instructors
and students for a book dealing with the latest FFT topics.

This book provides a thorough and detailed explanation of important or up-to-
date FFTs. It also has adopted modern approaches like MATLAB examples and
projects for better understanding of diverse FFTs.

Fast Fourier transform (FFT) is an efficient implementation of the discrete Fourier
transform (DFT). Of all the discrete transforms, DFT is most widely used in digital
signal processing. The DFT maps a sequence either in the time domain or in the
spatial domain into the frequency domain. The development of the DFT originally by
Cooley and Tukey [A1] followed by various enhancements/modifications by other
researchers has provided the incentive and the impetus for its rapid and widespread
utilization in a number of diverse disciplines. Independent of the Cooley-Tukey
approach, several algorithms such as prime factor, split radix, vector radix, split
vector radix, Winograd Fourier transform, and integer FFT have been developed. The
emphasis of this book is on various FFTs such as the decimation-in-time FFT,
decimation-in-frequency FFT algorithms, integer FFT, prime factor DFT, etc.

In some applications such as dual-tone multi-frequency detection and certain
pattern recognition, their spectra are skewed to some regions that are not uniformly
distributed. With this basic concept we briefly introduce the nonuniform DFT
(NDFT), dealing with arbitrarily spaced samples in the Z-plane, while the DFT
deals with equally spaced samples on the unit circle with the center at the origin in
the Z-plane.

A number of companies provide software for implementing FFT and related
basic applications such as convolution/correlation, filtering, spectral analysis, etc.
on various platforms. Also general-purpose DSP chips can be programmed to
implement the FFT and other discrete transforms.
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This book is designed for senior undergraduate and graduate students, faculty,
engineers, and scientists in the field, and self-learners to understand FFTs and
directly apply them to their fields, efficiently. It is designed to be both a text and
a reference. Thus examples, projects and problems all tied with MATLAB, are
provided for grasping the concepts concretely. It also includes references to books
and review papers and lists of applications, hardware/software, and useful websites.
By including many figures, tables, bock diagrams and graphs, this book helps the
reader understand the concepts of fast algorithms readily and intuitively. It provides
new MATLAB functions and MATLAB source codes.

The material in this book is presented without assuming any prior knowledge of
FFT. This book is for any professional who wants to have a basic understanding of
the latest developments in and applications of FFT. It provides a good reference for
any engineer planning to work in this field, either in basic implementation or in
research and development.

D.N. Kim acknowledges the support by the National Information Technology (IT)
Industry Promotion Agency (NIPA) and the Ministry of Knowledge Economy,
Republic of Korea, under the IT Scholarship Program.

Organization of the Book

Chapter 1 introduces various applications of the discrete Fourier transform. Chapter 2
is devoted to introductory material on the properties of the DFT for the equally
spaced samples. Chapter 3 presents fast algorithms to be mainly categorized as
decimation-in-time (DIT) or decimation-in-frequency (DIF) approaches. Based on
these, it introduces fast algorithms like split-radix, Winograd algorithm and others.
Chapter 4 is devoted to integer FFT which approximates the discrete Fourier
transform. One-dimensional DFT is extended to the two-dimensional signal and
then to the multi-dimensional signal in Chapter 5. Applications to filtering are
presented in this chapter. Variance distribution in the DFT domain is covered. It
also introduces how we can diagonalize a circulant matrix using the DFT matrix.
Fast algorithms for the 2-D DFT are covered in Chapter 6. Chapter 7 is devoted to
introductory material on the properties of nonuniform DFT (NDFT) for the none-
qually spaced samples. Numerous applications of the FFT are presented in Chapter 8.
Appendix A covers performance comparison of discrete transforms. Appendix B
covers spectral distance measures of image quality. Appendix C covers Integer
DCTs. DCTs and DSTs are derived in Appendix D (DCT — discrete cosine
transform, DST — discrete sine transform). Kronecker products and separability
are briefly covered in Appendix E. Appendix F describes mathematical relations.
Appendices G and H include MATLAB basics and M files. The bibliography
contains lists of references to books and review papers, software/hardware, and
websites. Numerous problems and projects are listed at the end of each chapter.

Arlington, TX K.R. Rao
August 2010
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Chapter 1
Introduction

Fast Fourier transform (FFT) [Al, LA23] is an efficient implementation of the
discrete Fourier transform (DFT) [A42]. Of all the discrete transforms, DFT is most
widely used in digital signal processing. The DFT maps a sequence x(n) into the
frequency domain. Many of its properties are similar to those of the Fourier
transform of an analog signal. The development of the DFT originally by Cooley
and Tukey [Al] followed by various enhancements/modifications by other
researchers (some of them tailored to specific software/hardware) has provided
the incentive and the impetus for its rapid and widespread utilization in a number of
diverse disciplines. Independent of the Cooley—Tukey approach, several algorithms
such as prime factor [B29, A42], split radix [SR1, O9, A12, A42], vector radix
[A16, B41], split vector radix [DS1, SR2, SR3] and Winograd Fourier transform
algorithm (WFTA) [A35, A36, A37] have been developed. A number of companies
provide software for implementing FFT and related basic applications such as
convolution/correlation, filtering, spectral analysis etc. on various platforms. Also
general purpose DSP chips can be programmed to implement the FFT and other
discrete transforms.

Chapter 2 defines the DFT and its inverse (IDFT) and describes their properties.
This is followed by development of the fast algorithms which are basically identical
for both DFT/IDFT. DFT is complex, orthogonal and separable. Because of the
separable property, extension from 1-D (one-dimensional) DFT/IDFT to multi-D
(multi-dimensional) DFT/IDFT is simple and straight forward. By applying series
of 1-D DFTs/IDFTs, multi-D DFTs/IDFTs can be executed. Their actual imple-
mentation of course is via the fast algorithms as these result in reduced memory,
reduced computational complexity and reduced roundoff/truncation errors due to
finite word length (bit size) arithmetic. The computational complexity can be
further reduced when data sequences are real. Additional advantages of the fast
algorithms are: they are recursive (multiple size DFTs/IDFTs can be implemented
by the same algorithm), and modular. Also different algorithms can be combined in
a flexible manner to yield an optimal approach. Specific algorithms for implement-
ing 2-D DFTs/IDFTs directly (bypassing the 1-D approach) have also been

K.R. Rao et al., Fast Fourier Transform: Algorithms and Applications, 1
Signals and Communication Technology,
DOI 10.1007/978-1-4020-6629-0_1, © Springer Science+Business Media B.V. 2010
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developed [A42]. References reflecting the plethora of algorithms and applications
are provided at the end of the book.

1.1 Applications of Discrete Fourier Transform

The applications of DFT are extensive. Algorithmic evolution of FFT/IFFT
(software/hardware) has accelerated these applications. Some of these are listed
below:

e Array antenna analysis

e Autocorrelation and cross correlation

e Bandwidth compression

¢ Channel separation and combination

e Chirp z transform

¢ Convolution

e Decomposition of convolved signals

¢ EKG and EEG signal processing

e Filter banks

e Filter simulation

¢ Forensic science

¢ Fourier spectroscopy

e Fractal image coding

¢ FSK demodulation

¢ Generalized spectrum and homomorphic filtering

e Ghost cancellation

¢ Image quality measures

e Image registration

¢ Interpolation and decimation

e Linear estimation

e LMS adaptive filters

e MDCT/MDST via FFT (Dolby AC-3 [audio coder, 5.1 channel surround sound],
DVD, MPEG-2 AAC [Advanced Audio Coder], MPEG-4 Audio [> 64 Kbps])

e Magnetic resonance imaging

e Motion estimation

e Multichannel carrier modulation

e Multiple frequency detection

e Multiple time series analysis and filtering

¢ Noise filtering

e Numerical solution of differential equations

e OFDM modulation

e Optical signal processing

e Pattern recognition

¢ Phase correlation based motion estimation



1.1 Applications of Discrete Fourier Transform

¢ POC (phase only correlation) in medical imaging
¢ Power spectrum analysis

e PSK classification

¢ Psychoacoustic model for audio coding
e Radar signal processing

¢ Signal representation and discrimination
e Sonar signal processing

e Spectral estimation

e Speech encryption

e Speech signal processing

¢ Speech spectrograms

e Spread spectrum

e Surface texture analysis

¢ Video/image compression

e Watermarking

e Wiener filtering (image denoising)

e 2-D and 3-D image rotation



Chapter 2
Discrete Fourier Transform

2.1 Definitions

The DFT and IDFT can be defined as follows.

2.1.1 DFT
N-1
XF(k) = > x(m)Wk k=0,1,...,N —1, N DFT coefficients (2.1a)
n=0
)
Wy = exp (JTE)
)
Wi = exp K 5\}7[) kn]
where x(n), n =0, 1, ...,N — 1 is a uniformly sampled sequence, T is sampling

interval. Wy = exp(—j2n/N) is the N-th root of unity, and XF(k),

k=0,1,...,N — 1 is the k-th DFT coefficient. j = v/ —1.

2.1.2 IDFT
=
x(n) = v XF(yWy*, n=0,1,...,N—1, N data samples
=0
(W]’f,”)* = Wy = exp[(j2n/N)kn] e = cos 0 £ jsin

K.R. Rao et al., Fast Fourier Transform: Algorithms and Applications,
Signals and Communication Technology,
DOI 10.1007/978-1-4020-6629-0_2, © Springer Science+Business Media B.V. 2010

(2.1b)
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Superscript * indicates complex conjugate operation. The DFT pair can be sym-
bolically represented as:

x(n) < XF (k) (2.2)

The normalization factor 1/N in (2.1b) can be equally distributed between DFT
and IDFT (this is called unitary DFT) or it can be moved to the forward DFT i.e.,

2.1.3 Unitary DFT (Normalized)

N—1

Forward XF(k)=—=) x(n)W& k=0,1,..., N—1 (2.32)

\/Nn:() N
Inverse  x(n) : NilXF(k)W"‘” 0,1 N-1 (2.3b)

\ x(n) =—= , n=0,1,..., N— .
VN = !
Alternatively,
1 —j2mk

Forward XF(k) = — x(n)exp( Jon ”) k=01,....N—1 (24a)

N = N

N-1 .
2ntkn
Inverse x(n) = XF (k) ex (J ), n=0,1,..., N—1 (2.4b)
=3 X Wew("

While the DFT/IDFT as defined in (2.1), (2.3) and (2.4) is equally valid, for the sake
of consistency, we will henceforth adopt (2.1). Hence

2k 2tk
DFT XF(k) = x(n) |cos T nfjsin L
N N

], k=0,1,...,N—1 (2.5

12 21k
IDFT () = >_X"(k) [cos T;anrjsm— , n=0,1,....N—1 (2.5b)

_ 2nkn}
=0
Both x(n) and XF (k) are N-point sequences or length N sequences.
x(n) = [x(0), x(1),..., x(N=1)]"  N-point data vector, and
(Nx1)
x"(k) = [x5(0), X*(1),...,X*(N = 1)]"  N-point DFT vector.
(Nx1)

)
Wy = exp (JTTC) N-th root of unity
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Fig. 2.1 The eight roots of
unity distributed uniformly
along the unit circle with the
center at the origin in the
z-plane

k __ kmod N
WN - WN

kmod N = k modulo N = Remainder of (%) For example 23 mod 5 = 3,
% =4+ % Superscript T implies transpose.

],2];01 W& = 0. All the N roots are distributed uniformly on the unit circle with the
center at the origin. The sum of all the N roots of unity is zero. For example

7 N—1
> WE = 0 (Fig. 2.1). In general, > WP = N&(p) where p is an integer.
k=0 =0

The relationship between the Z-transform and DFT can be established as
follows.

2.2 The Z-Transform

X(z), the Z-transform of x(n) is defined as

N—1

X(z) =) x(n)z" (2.6a)

n=»

f 1 1
w) ,orT = ]7, sampling interval in seconds.

1
fs= T= sampling rate, <

sec s
oy _ N —j2nfn
X(e®) = Zx(n) exp|—— (2.6b)
n=0 $

is X(z) evaluated on the unit circle with center at the origin in the z-plane.
By choosing equally distributed points on this unit circle (2.6b) can be
expressed as

N-] _jomk
XF(k) = Zx(n)exp[ JA;E ”} k=0,1,...,N—1 2.7)
n=0

where k = Nf /f.
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The Z-transform of x(n) evaluated on the unit circle with center at the origin in
the z-plane at equally distributed points, is the DFT of x(n) (Fig. 2.3).

XF(k), k=0,1,...,N — 1 represents the DFT of {x(n)} at frequency
f =kfs/N. It should be noted that because of the frequency folding, the highest
frequency representation of x(n) is at X*(§) ie., at f = f;/2. For example, let
N =100,T =1 ps. Then f; = 1 MHz and the resolution in the frequency domain
fo is 10* Hz. The highest frequency content is 0.5 MHz. These are illustrated below:
(Figs. 2.2 through 2.4)

The resolution in the frequency domain is

fo=—m=r =" (2.8)

Tr = NT is the record length. For a given N, one can observe the inverse relation-
ship between the resolution in time T and resolution in frequency fy. Note that x(n)
can be a uniformly sampled sequence in space also in which case T is in meters and
fs = % = # of samples/meter.

The periodicity of the DFT can be observed from Fig. 2.3. As we trace X" (k) at
equally distributed points around the unit circle with center at the origin in the
z-plane, the DFT repeats itself every time we go over the unit circle. Hence

XM (k) = X"k +1N) (2.92)
where [ is an integer. The DFT assumes that x(n) is also periodic with period N i.e.,
x(n) =x(n+1N) (2.9b)

For a practical example of Fig. 2.4, if a signal x; (n) is given as Fig. 2.5a, then its
magnitude spectrum is Fig. 2.5b.

o) XCS)
X(f)=Fx(0] ! !
=|X(NI£6(f) 0 ~0.5 MHz|0 0.5 MHZ
Odd function Even function
O-=f)=-0(f)
o) X
[DFT{x(n)}]= X (k) T S~ >/ Y P ’
Frequency folding 0‘ L 0’ b de -
12 0.5 MHz

Fig. 2.2 Effect of frequency folding at f; /2
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a .
S JjIm# eloT = pi2nf /1,
nit circle
with center j /fs/4 )
atz =0 N /e/“’r z-plane
fs/z\ freqyency de, =0, f
-1 0 I Re
Decreasing
347 |7
b
jIm#%
fi=UT |
T =1 psec j /fs/4 Z-plane
= Resolution in Time, sec
fi=1T=10Hz b\O\{fsm
N =100 . /N
. /2
fo=UNT KN SN Re
=10* Hz -1 0 1 '\d :
—fIN ¢ Js
= Resolution in Frequency, Hz .
. -
Jo=//N 3f,/4

{X0, X1, X2, X3, X45..., Xog, X9}
F F F F F
{XO» Xl’ X25 5 e XSO’ e X99}
Unique

Frequency points along the unit circle
with the center at the origin in the z-plane

Fig. 2.3 aDFT of x(n) is the Z-transform at N equally distributed points on the unit circle with the
center at the origin in the z-plane. b specific example for 7 = 1 pus and N = 100

2 2
xi(n) = sin<TTn> - sin<28n>, n=0,1,....N—1, N =100

Ty =20xT =20pus Record length, TR =N x T = 100 ps
fs=1/T =1 MHz, f _f—‘S—LMHZ fi = 5f —iMHZ
T OTN T 100 T T T 00

fs 1
—=50fy = -MH
p =300 =5 MHz
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N =100, T = 1psec = Resolution in time domain, f;=1 MHz

il vl -
x0) x(1) x(2) X(98) x(99)

(N-point DFT)

2x10* Hz de
de 104 Hz / 0.5 MHz 98 99 100
F | | | | | | | |
Xk — | | I —
k —» 0 1 2 3 N/2 N-2N-1 N
_ 2x104 104 0
—’l Jo |<— Hz Hz Hz
0 Jfo 2fo 3N fs12 Js
A =fo= L. _ 1 . 10* Hz = Resolution in frequency domain
N NT 100 x 1076

Increasing Decreasing
frequency frequency
de 152 de

Fig. 2.4 Highest frequency representation of x(n) is at X¥(N/2) i.e., at f = f,/2

The DFT/IDFT expressed in summation form in (2.1) can be expressed in
vector-matrix form as

X (K)] = [F]x(n)] (2.10a)

where [F] is the (N x N) DFT matrix described in (2.11).

Columns Rows
n—-012 - n--- N—1 k
l
[ X5(0) [ x(0) ] 0
XF(1) x(1) 1
: _ Wik : :
XF (k) | (mk=0,1,...,N—1) x(n) k
XF(V - 1) | -1 -1

(Nx1) (N xN) (N x1)
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a

05}

xi(m) 0

-0.5F

11

D

L (G 1 e 1 LG ) 1 9)

50

20 \ 30 40 50 60
T, =207, {x,(0), ..., x,(19)}

Sequence

70 80 90 100 7

40 |
30}
|XF(k)|
20 F

10

J1=5/

O 1
0.5 10

/'

1
20 30 40 50 60 70 80 90 95 100 k

/

fi2

Magnitude spectrum

Fig. 2.5 Highest frequency representation of x; (n) is at X¥ (N /2) i.e.,atf =f,/2 and notat f = f;
because of frequency folding (Fig. 2.2)

(Nx1)

IDFT  [x(n)] =  [F] (X" (1) (2.100)
Columns Rows
k—-012 -k --- N—1 n
l
[ XF(0) ] 0
XF(1) 1
_ 1 Wi :
“N|(mk=0,1,....N—1) XF (k) n
-1 -
(N x N) (N x 1)
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The (N x N) DFT matrix [F] is:

Columns 0 1 2 - n - (N=1) Rows
- |
(wy Wy, wy .. Wy T 0
wo o owho ow:o . Wi 1
. 2
Wy oWE o W e Wy
G
(N >< N) . . . .
Wy oWy wE o wy Y k
w0 w2 WD |y
DFT Matrix
Q.11)
Note that

<\/IN [F]*> <\/IN [F]> = [Iy] = (N x N) unit matrix.

Each row of [F] is a basis vector (BV). The elements of [F] in row / and column k are
Wk 1 k=0, 1,...,N— 1. As Wy = exp(—j2n/N) is the Nth root of unity, of the
N? elements in [F], only N elements are unique, i.e., W,]V = Wf\,m"dN , where [ mod N
implies remainder of / divided by N. For example, 5 mod 8 is 5, 10 mod 5 is 0, and
11 mod 8 is 3. Mod is the abbreviation for modulo. The following observations can
be made about the DFT matrix:

1. [F] is symmetric, [F] = [F]".
2. [F] is unitary, [F][F]" = N|ly], where [Iy] is an unit matrix of size (N x N).
1 l 0
[F] ™' = L[F", [FIIF]"" = [Iy] = unitmatrix = . (2.12)
) K
1

For example the (8 x 8) DFT matrix can be simplified as (here W = Wy =
exp(—j2m/8))
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Columns 0 1 2 3 4 5 6 7 Rows
— !

1 1 1 1 1 1 1 1 0

1w oW oW -1 W W W3 1

1 w2 -1 w2 1 wr o -1 —W? 2

1 W -wr w1 —-W Wr —W 3

1 -1 1 -1 1 -1 1 -1 4

1 -w w2 w3 -1 W W2 w3 5

1 -w> -1 W 1 —-Ww* -1 W? 6

o -w w2 W -1 W W2 W |7

(2.13)

N2 N/4 . Nt
Observe that W'~ = —1 and W'~ = —j. Also > Wy =0 =sum of all the

k=0
N distinct roots of unity. These roots are uniformly distributed on the unit circle
with center at the origin in the z-plane (Fig. 2.3).

2.3 Properties of the DFT

From the definition of the DFT, several properties can be developed.

1. Linearity: Given x;(n) < X (k) and x,(n) < X5 (k) then
laix1(n) + axx2(n)] < [a1 X} (k) + a2 X5 (k)] (2.14)

where a; and a, are constants.

2. Complex conjugate theorem: For an N-point DFT, when x(n) is a real sequence,

N (N N
F — = F _ = —
X (2+k) X (2 k), k=0,1,....5 (2.15)

This implies that both X¥(0) and XF(N/2) are real. By expressing XT (k) in polar
form as XF(k) = |XF (k)| exp[j®(k)], it is evident that |XT (k)| versus k is an even
function and © (k) versus £ is an odd function around N/2 in the frequency domain
(Fig. 2.4). |XF (k)| and © (k) are called the magnitude spectrum and phase spectrum
respectively. Of the N DFT coefficients only (N/2) + 1 coefficients are indepen-
dent. |XF(k)[*,k=0,1,...,N — 1 is the power spectrum. This is an even function
around N/2 in the frequency domain (Fig. 2.6).

(When x(n) is real)
Real Real

e '

XF©) XF(1) XF@) - XF(5-1) xF(T) xF(5+1) - XF@-2) - XFN-1)

\N\N—

Conjugate pair
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|XF ()|
Magnitude spectrum (discrete)

de —ﬂf@%—

O (k)
Phase spectrum (discrete)

——
)
w
- =

v

S
_T_
o=+

=

S

=

-

4———-%

1
fs=Nfo =7 >
= resolution in frequency domain

. 1
Jo =x7

Fig. 2.6 Magnitude and phase spectra when x(n) is a real sequence

XFG;+k):=§;xmﬁv““"

N—1 *ON-1 Yk )
Zx >n] = x(n)W]g,E 9 :XF<%V+k)

n=0 n=0
21 N . *
since WN/ = exp< ;\7 5) =e /" =—1, (W&k”) = Wi
N—1 1 N=1
XF(0) = 3 x(n), dc coefficient N 3" x(n) : Mean of x(n)
n=0 n=0

(5) - ol -y

n=0

Figure 2.7 illustrates the even and odd function properties of XF (k) at k = N/2,
when x(n) is real.
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Real data sequence (N = 32)

The plot of x(n) versus n

0.6 e
04t -
—~ 02} T i
=
=
O\AAAAAAI\/\AAAAI\QQ I\?f\ o TQ,
toocoocossoco0ilrs vl T 9
-0.2 _
-04 1 1 1 1 1 1
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The magnitude spectra of XT(k) (DFT)
") 60 ' ' ' 'oo o0
1.5¢ o o] o o (o] @
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=
s 5
el
0.5F B
1
1
0 TQAAQQ?‘PQanT
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The phase spectra of XF(k) (DFT)
- . . —5 . . —
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o]
2 - -
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= i '
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Odd Function at N = 16

Fig. 2.7 Even and odd function properties of X (k) at k = N/2, when x(n) is real
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3. Parseval’s theorem

This property is valid for all unitary transforms.
coy 1 F F'
x(n)' (n) = > XF()XT (k) (2.16a)

Energy of the sequence {x(n)} is preserved in the DFT domain.
Proof:

(2.16b)

4. Circular shift
Given: x(n) < XF(k), then

x(n+h) < XF(k) Wy (2.17)

x(n + h) is shifted circularly to the left by 4 sampling intervals in the time domain
i'e'7 {er-h} is (-xhaxl’H-la Xp42y <+ o3 XN=1, X0, X1y - .- axh—l)'

Proof:

DFT [x(n+ h)] = > x(n+h) Wy, let m=n+h

(2.18)

N+h—1
since Y, x(m) Wik =XF(k), k=0,1,...,N— 1.
m=h
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As ’WA’,”"’ = 1, the DFT of a circularly shifted sequence and the DFT of the original
sequence are related only by phase. Magnitude spectrum and hence power spectrum
are invariant to the circular shift of a sequence.

5. DFT of [x( )eXp (JerhnH

j2mhn " )y = F
DFT [x(n) exp( N )} = (x(m)WyM Wy = Zx "= X"k —h)
(2.19)

Since X (k) = SN x(n) Wh, k= 0,1,..., N — 1, XF(k — h) is X¥ (k) circularly
shifted by / sampling intervals in the frequency domain. For the special case
when h =N /2

DFT [x(n) exp (J%” %vn>] =DFT[(—1)"x(n)],  e%™ = (-1)"

N-1 F
= DFT {x(0), — x(1), x(2), —x(3),x(4),...,(-=1)" x(N - 1)} =X"(k - %)
(2.20)
Here {x(0),x(1),x(2),x(3),...,x(N — 1)} is the original N-point sequence.
In the discrete frequency spectrum, the dc component is now shifted to its

midpoint (Fig. 2.8). To the left and right sides of the midpoint, frequency increases
(consider these as positive and negative frequencies).

6. DFT of a permuted sequence [B1]

{x(pn)} & {XF(qk)} 0<pg<N-1 2.21)

Let the sequence x(n) be permuted, with n replaced by pn modulo N, where
0 <p <N — 1 and p is an integer relatively prime to N. Then the DFT of x(pn) is
given by

N—1
AR(k) = x(pm)W™ (2.22)
n=0
Increasing d.c Increasing

frequency ~<«——>  frequency
| | | (! | | |
I I I i I I I 1

|
[
XF(%/)XI“(ZH) XF(N=1) XF (0) XF (1) XF(——l)

12 L=t {6 f= hewr

Fig. 2.8 DFT of [(—1)"x(n)]. The dc coefficient is at the center with increasing frequencies to its
left and right
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When a and b have no common factors other than 1, they are said to be relatively
prime and denoted as (a,b) = 1. Since (p, N) = 1, we can find an integer ¢ such
that 0 < ¢ <N — 1 and gp = (1 modulo N).' Equation (2.22) is not changed if 7 is
replaced by gn modulo N. We then have

N—1

AT (k) = ZX(PCI")W”""
=0

x(aNn + n)W"*  since gp = (1 modulo N), orgp = aN + 1

3
Il

0
—1

2

x(n)W"eh) = XF(gk) asx(n) is periodic from (2.9b)
0

n

(2.23)

where « is an integer.
Example 2.1 ForN=8,p
p="7.Forp=3,pn={0,3,
Forp=5,pn=1{0,5,2,7,

is {3,5,7}.q=3forp=3.q=5forp=5.q="7 for
6,1,4,7,2,5}.Sincep = g = 3, pn = gk whenn =k.
4,1,6,3}.Forp=7,pn=1{0,7,6,5,4,3,2,1}.

Example 2.2 Let N =8andp =3. Theng = 3. Letx(n) = {0, 1,2,3,4,5,6,7}
and let

AF(K) :XF(qk) = {XF(O)7XF(3)>XF(6)aXF(1)7XF(4)aXF(7)7XF(2)’XF(5)}
Then

a(n) = N-point IDFT of [AF (k)]
={0,3,6,1,4,7,2,5} = x(pn)

2.4 Convolution Theorem

Circular convolution of two periodic sequences in time/spatial domain is equivalent
to multiplication in the DFT domain. Let x(n) and y(n) be two real periodic
sequences with period N. Their circular convolution is given by

0
= x(n) * y(n) (2.24a)

ISee problem 2.21(a).
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In the DFT domain this is equivalent to

®) =

F
con

where x(n) < XF(k), y(n) & YF(k), and zeon(m)

Proof: DFT of z.o,(m) is

=

—1

=z

1

3

Il

S

Z| =
= 3
Il

=

[=]

b

" (k) YT (k)

Zl= ==

IDFT

—
—_

N X" (k) XF(k)} =

X" (k) YF (k)
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(2.24b)

o ZF

con

(k).

x(n)y(m —n) W,'\,"k

N-1
x(n) Wik Z y(m — n) W,E,min)k
m=0

Zcon (m)

To obtain a noncircular or aperiodic convolution using the DFT, the two
sequences x(n) and y(n) have to be extended by adding zeros. Even though this
results in a circular convolution, for one period it is the same as the noncircular
convolution (Fig. 2.9). This technique can be illustrated as follows:

Sequence of length M N2M+L -1
n=0,1,...,M-1 Xgp X1 s Xy 0,050
x(n) N ﬁ}dferos Length N A-point X
R _
DFT
Xo» Xp» s Xpg_ 1 at the end X, (1)
FFT
Multiplication of
corresponding DFT ———»
Sequence of length L coefficients
n=0,1, .., L-1
y(m) Add Length N o
N - L zeros NDF":?m

Yoo Vo o Vi1 at the end yi(n) V(5]

Yoo Vis = Yi-1» 0,0,..,0 FFT
N>2M+L -1
IFFT
NS)FOTi”‘ ‘ Multiply by I/N |«
Aperiodic convolution LXF(k) YFk)
of x(n) and y(n) N e ¢

Fig. 2.9 Aperiodic convolution using the DFT/IDFT. x.(n) and y.(n) are extended sequences
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Given: {x(n)} = {xo, x1, ..., xy—1}, an M-point sequence and {y(n)} =
{»0, ¥1,--.,y1-1}, an L-point sequence, obtain their circular convolution.

1. Extend x(n) by adding N — M zeros at the end ie., {x.(n)}=
{x0, X15...,%4-1,0,0,...,0}, where N >M + L — 1.

2. Extend y(n) by adding N — L zeros at the end ie., {y.(n)}=

{yOv Yiy--- 7yL7170707" . 70}

Apply N-point DFT to {x.(n)} to get {X5(k)}, k=0,1,..,N— 1.

Carry out step 3 on {yc(n)} to get {YF(k)}, k=0,1,...,N—1.

Multiply 3 XF (k) and YE (k) to get % XL (k)YE(k), k=0,1,...,N—1.

Apply N-point IDFT to {+XE (k) YE(k)} to get zeon(m), m=0, 1, ..., N —1,

which is the aperiodic convolution of {x(n)} and {y(n)}.

A

Needless to say all the DFTs/IDFTs are implemented via the fast algorithms (see
Chapter 3). Note that {X(k)} and {Y!(k)} are N-point DFTs of the extended
sequences {x.(n)} and {y.(n)} respectively.
Example 2.3  Periodic and Nonperiodic (Fig. 2.10)

Discrete convolution of two sequences {x(n)} and {y(n)}.

1 N=1
Zcon(m) = Z X(”)y(m_n)

n=0
x(n) n=0,1,....M—1
y(n) n=0,1,...,L—1 (whereN=L+M—1)
Zeon (M) m=0,1,...,N—1

This is illustrated with a sample example as follows:
Example 2.4
Let x(n) be {1, 1, 1,1} n=0,1,2,3 i.e., L = 4. Convolve x(n) with itself.

{x(m)} —>

x(0) x(1) x(2) x(3)
1 1 1 1

<« {x(-n)} Zeon(m) = 1Nn§0 x(n) x(m—n)

*(3) x(2) x(1) x(0)

7
feon ) = 2 () x(-n)
=1/8
1. Keep{x(n)} as it is.

2. Reflect {y(n)} around O to get {y(—n)}.
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a
[x1(?) * x,(¢)] = Nonperiodic Convolution
xy (1) X5(1) =% x(1) Xt — 1) d
A A
4y
4
0 zl > 9 R | nit,
b
Periodic Extension:
x1p(?)
A
A
> ¢
0 1 T T+t

x1p(?) is x;(¢) repeated periodically with a period 7 where 7>t + t,.
Similarly x,p(?).

Xop(0)

A

%o

0 1 T T+t

[x1p (1) * Xop(1)]

This is same as x;(?) * x,(¢) for T'> (t}+ t,).

ol t+1t T T+t +1,

Fig. 2.10 Nonperiodic convolution a of x; (r) and x,(¢) is same as periodic convolution. b of xp(¢)
and xp(¢) over one period
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Multiply x(n) and y(—n) and add.

Shift {y(—n)} to the right by one sampling interval. Multiply x(n) and y(1 — n)
and add.

Shift {y(—n)} by two sampling intervals. Multiply and add.

Shift {y(—n)} by three sampling intervals. Multiply and add, and so on.

x(0) x(1) x(2) x(3)

{x(m)} —

x(3) x(2) x(1) x(0)

‘ ‘4—{)6(1—”)}

7
Zeon(D) = 2, X0 x(1 1)
=2/8

x(0) x(1) x(2) x(3)

{x(m)} —

«— {x(2-n)}

*(3) ¥(2) x(1) x(0)

112
4 = — R 2-
con(3) 3 ngo x(n) x(2—n)
=3/8

x(0) x(1) x(2) x(3)

‘ +— {x@-n)}

{x(m)} —

x(3) x(2) x(1) x(0)

7
Zeon(3) = %,Eo x(n) x(3—n)

=4/8
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x(0) x(1) x(2) x(3)

{x(m)} ——> ‘

+«— {x(@4-n)}

x(3) x(2) x(1) x(0)

7
Zeon(®) = % nX::O x(n) x(4—n)
=3/8

x(0) x(1) x(2) x(3)

‘ ‘ ‘ ‘4—{x(5—n)}

{x()} ——

x(3) x(2) x(1) x(0)

7
Zeon() = %}EO x(n) x(5—n)
=2/8

X(0) x(1) x(2) x(3)

{x(n)} —>

=
x(3) x(2) x(1) x(0)
Zeon(0) = %;Z: Ox(n) x(6—n)

x(0) x(1) x(2) x(3)

{x(m)}y —

«— {x(7-m}

x(3) x(2) x(1) x(0)

Zeon(7) = % néox(n) x(7-n)=0

Zeon(m)=0,  m=7 and m<(-1)

23
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8

~

Zeon(M)} — - L
| | | 1 | | m

0 1 2 3 4 5 6

Convolution of a uniform sequence with itself yields a triangular sequence. This is
an aperiodic or noncircular convolution. To obtain this through the DFT/IDFT,
extend both {x(n)},n=0,1,...,L —1and {y(n)},n=0,1,...,M — 1 by adding
zeros at the end such that N > (L + M — 1) (Fig. 2.9).

2.4.1 Multiplication Theorem

Multiplication of two periodic sequences in time/spatial domain is equivalent
to circular convolution in the DFT domain (see Problem 2.16).

2.5 Correlation Theorem

Similar to the convolution theorem, an analogous theorem exists for the correlation
(Fig. 2.11). Circular correlation of two real periodic sequences x(n) and y(n) is
given by

1 M=l
Zeor(M) = N xX*(n)y(m+n)  when x(n) is complex
n=0 (2.252)
| M=l
=— x(n)y(m—+n) m=0,1,....N—1
N n=0

as x(n) is usually real. This is the same process as in discrete convolution except
{y(n)} is not reflected. All other properties hold. In the DFT domain this is
equivalent to

ZF (k) = IlVXF* (k)YF(k). Note ZF (k) ;A%VXF(k)YF* (k) (2.25b)

cor cor
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X 12300 113 0 0
ym —n) y(m +n)

m=0 [0 03 9 L2300 m=0

m=1 21 3 23 T om=1

m=2 321 3 12 m=2

m=3 321 123 -m=3=3+N=22
m=4 3201 123 m=4=4:N=-1

Zeon(™) 1 4 10 12 9 1253 Zeor (M)
x=[113]

371253 = xcorr (y, x)
wrapped around

Zeon(m) = %Ng(}c(n)y(m —n) Zeor(m) = %Ng(}c(n)y(m +n)

m=0,1,.. N-1

Zon(k) :% XF(o) YF(k) Zor(k) :% XF () YF)
Aperiodic convolution Aperiodic correlation
by using circular convolution by using circular correlation
from multiplication in DFT from multiplication in DFT

Fig. 2.11 Relationship between convolution and correlation theorems

Proof.
N—1 1 N—1
DET of Zeor(m) is — N " x(n)y(m + n) | Wik
m=0 N n=0
1 N—1 N—1
=5 DWWy Y ym ) W et mtn =1
n=0 m=0
1 N—1 N—1+n
=52 MWy Y Ty wy
n=0 I=n
1 *
= ]VXF (k)YF(k) Here Zcor(m) a4 Zfor(k)

As in the case of the convolution, to obtain a noncircular (aperiodic) correlation
through the DFT/IDFT, both {x(n)} and {y(n)} must be extended by adding zeros
at the end such that N > M + L — 1, where M and L are lengths of the sequences
{x(n)} and {y(n)} respectively. Even though this results in a circular correlation,
for one period it is the same as the noncircular correlation.

By taking complex conjugation of X¥ (k) in Fig. 2.9, the same block diagram can
be used to obtain an aperiodic correlation.

IDFT [}VXF* (k)YF(k)] = Zeor(m) (2.26)
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This technique can be illustrated as follows.

Given:  {x(n)} = {x0,x1, ..., xy—1}, an  M-point sequence  and
{y(m)} = {»o, y1, - --,yL-1}, an L-point sequence, obtain their circular correlation.
1. Extend x(n) by adding N — M zeros at the end i.e., {x.(n)} = {xo, x1,

ey Xy-1,0,0,...,0}, where N > M + L — 1.

2. Extend y(n) by adding N — L zeros at the end ie., {y.(n)} = {yo, y1,

. ,nyl,0,0, ce ,0}
Apply N-point DFT to {x(n)} to get {XF(k)},k=0,1,..,N—1.

Carry out step 3 on {ye(n)} to get {YF(k)},k=0,1,...,N— 1.

. Multiply £ X¥" (k) and YF (k) to get 1 XF (k) YF(k), k=0,1,..., N — 1.

. Apply N-point IDFT to {]l\,XS (k) YE(K)} to get zeoe(m), m =0, 1, ..., N —1
which is the aperiodic correlation of {x(n)} and {y(n)}.

o v AW

7. Since zeor(m) for 0 < m < N — 1 are the values of correlation at different lags,
with positive and negative lags stored in a wrap-around order, we can get z(m) as
follows. If M > Land N =M+ L — 1

z(m) = zeor(m), 0<m<L-1

Z(m _N) = Zcor(m), M<m<N-1 2.27)

Example 2.5
Given: {x(n)} ={1,2,3,1}, an M-point sequence and {y(n)} = {1,1,3}, an
L-point sequence, obtain their aperiodic correlation.

x(n) 3
2
1 ‘ 1
0 3 05 on
(M-1) (N-1)
Ye(n) 3
]
0 2 5 n
(K-1)  (N-1)
Nz o (m) 12
7 8
3 4
[ 1]
|
O 5 m
(N-1)
Nz(m) 12
8 7
4 3
i |
|
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1. Extend x(n) by adding N — M zeros at the end i.e., {x.(n)} = {1,2,3,1,0,0},

where N =L+ M — 1.

Extend y(n) by adding N — L zeros at the end i.e., {y.(n)} = {1,1,3,0,0,0}.

Apply N-point DFT to {x(n)} to get {XE(k)},k=0,1,..,N — 1.

Carry out step (3) on {y.(n)} to get {YF(k)}, k=0,1,..,N—1.

Multiply Xt (k) and Y (k) to get X (k)Y (k),k=0,1,...,N — 1.

Apply N-point IDFT to {X& (k)YF(k)} to get N{zcor(m)} = {12, 7,3,1,4,8}

which is the aperiodic correlation of {x(n)} and {y(n)}.

7. Since zeor(m) for 0 < m < 6 are the values of correlation in a wrap-around
order, we can get N {z(m)} = {1, 4,8,12,7,3} for —2 < m < 3 according
to (2.27).

Example 2.6: Implement Example 2.5 by MATLAB.

ARl e

x=[1231];

y=1113];

xe=[123100]; % (1)
ye=[113000]; % (2)

Z = conj (fft (x_e) ) .* fft (y_e) ; % (5)

z = ifft (Z) % (6)[1273148]

If we wrap around the above data, we get the same with the result of the following
aperiodic correlation.

xcorr(y, x) % (148127 3]

2.6 Overlap-Add and Overlap-Save Methods

Circular convolution of two sequences in time/spatial domain is equivalent to
multiplication in the DFT domain. To obtain an aperiodic convolution using the
DFT, the two sequences have to be extended by adding zeros as described in
Section 2.3.

2.6.1 The Overlap-Add Method

When an input sequence of infinite duration x(n) is convolved with the finite-length
impulse response of a filter y(n), the sequence to be filtered is segmented into
sections x,(n) and the filtered sections z,(m) are fitted together in an appropriate
way. Let the rth section of an input sequence be x,(n), an impulse response be
y(n) = {4,1,1}, and the rth section of the filtered sequence be z,(m). The procedure
to get the filtered sequence z(m) is illustrated with an example in Fig. 2.12.



28 2 Discrete Fourier Transform

0 1 N5 on
(n)
o REDEEEE -

<G o] ]

1Y
=

ENEETE
y[(=n+1))] [12]| 14
]

y(=n+2)) [1/4

l(n+3)]
En+4)d

s ORI

xln) LI e 1 o]
Y [((_ "))5]

()] Zlmm
Zz(m)

x3(n) III IZI
| DR

| e
23(m)

X o3

Zz(m)

24 (m) 5| i
+> -

; FOEREEEEE -

Fig. 2.12 Aperiodic convolution using the overlap-add method. a The sequence x(n) to be
convolved with the sequence y(n). b The aperiodic convolution of x(n) and y(n). ¢ Aperiodic
convolution using the DFT/IDFT. Figure 2.13 shows how to use the DFT/IDFT for this example.
N=L+M—-1=5L=M=3

BE
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{1,2,3,0,0} DFT
%-» IDFT > {0.25, 1, 2, 0.75}
{1,2, 1,0, 0}

DFT

(4.5, 6,0,0) DFT
<%>—> IDFT |— (1, 3.25, 5, 425, 1.5}

DFT

{1,2,1,0, 0} ’

Fig. 2.13 Obtaining aperiodic convolution from circular convolution using the overlap-add
method. N =L+ M — 1, L =M = 3. Note that the DFTs and IDFTs are implemented via fast
algorithms (see Chapter 3)

The filtering of each segment can then be implemented using the DFT/IDFT as
shown in Fig. 2.13.

Discrete convolution of two sequences {x,(n)} and {y(n)} can be computed as
follows:

—1

= x(n)y[((m—n))y]

n

=0
n=0,1,....L—1 (2.28)
n=0,1,....M—1 (whereN=L+M—1)
zz(m) m=0,1,...,N—1

z.(m

=
2
~
S

— ~—

In (2.28) the second sequence y|((m — n))y] is circularly time reversed and circu-
larly shifted with respect to the first sequence x.(n). The sequence y[((n))y] is
shifted modulo N. The sequences x,(n) have L nonzero points and (M — 1) zeros to
have a length of (L + M — 1) points. Since the beginning of each input section is
separated from the next by L points and each filtered section has length
(L + M — 1), the filtered sections will overlap by (M — 1) points, and the overlap
samples must be added (Fig. 2.12). So this procedure is referred to as the overlap-
add method. This method can be done in MATLAB by using the command z =
FFTFILT (y, x).

An alternative fast convolution procedure, called the overlap-save method,
corresponds to carrying out an L-point circular convolution of an M-point impulse
response y(n) with an L-point segment x,(n) and identifying the part of circular
convolution that corresponds to an aperiodic convolution. After the first (M — 1)
points of each output segment are discarded, the consecutive output segments are
combined to form the output (Fig. 2.14). Each consecutive input section consists
of (L —M + 1) new points and (M — 1) points so that the input sections overlap
(see [G2)).



30

y[(=

2 Discrete Fourier Transform

i } t t M } } t
0 OEEEEEEEE

o PRI RIEIETE]

<0 [2] [ EE
yl(m) ] 4] [v4][12]

)
(n+0),] [12] [14]
yl((-n+2)) [14] [12][14]

:

[

(S [ =
[(=n+4)] 73] (2] 1]
am) [2] Al [ ][2]

X 2(’1)
| DS

| =]
-0 FEEHER

X 3(”)
)

(enea))

) FEEEE
N [/
- Y]

24 (m) [ ]
() (M [ ]

PR IE I ]

+

Fig. 2.14 Aperiodic convolution using the overlap-save method. a The sequence x(n) to be
convolved with the sequence y(n). b The aperiodic convolution of x(n) and y(n). ¢ Aperiodic
convolution using the DFT/IDFT. L =5, M =3
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2.7 Zero Padding in the Data Domain

To obtain the nonperiodic convolution/correlation of two (one of length L and
another of length M) sequences using the DFT/IDFT approach, we have seen, the
two sequences must be extended by adding zeros at the end such that their lengths
are N > L+ M — 1 (Fig. 2.9). It is appropriate to query the effects of zero padding
in the frequency (DFT) domain. Let {x(n)} = {x0,x1,...,Xy—1}, an M-point
sequence be extended by adding M — N zeros at the end of {x(n)}. The extended
sequence is {x.(n)} = {x0,x1, ...,x1-1,0, ...,0}, where

Xe(n)=0, M<n<N-1

The DFT of {x.(n)} is

N—1
XE(k) = xe(mWyt, k=0,1,...,N—1 (2.29a)
n=0
M—1
=) x(nywi (2.29b)
n=0

Note that the subscript e in X% (k) stands for the DFT of the extended sequence
{xc(n)}. The DFT of {x(n)} is

<

—1
XF(k) =) x(mWik, k=0,1,...,M—1 (2.30)
0

3
I

Inspection of (2.29) and (2.30) shows that adding zeros to {x(n)} at the end results
in interpolation in the frequency domain.

Indeed when N = PM where P is an integer X! (k) is an interpolated version
X¥(k) by the factor P. Also from (2.29b) and (2.30), XL (kP) = XF (k) i.e.,

Mi:l x(n) exp (#) B MZ:I x{n) exp (ﬂij[mk)

n=0 n=0

The process of adding zeros at the end of a data sequence {x(n)} is called zero
padding and is useful in a detailed representation in the frequency domain. No
additional insight in the data domain is gained as IDFT of (2.29b) and (2.30) yields
{x(n)} and {x.(n)} respectively. Zero padding in the frequency domain (care must
be taken in adding zeros to X (k) because of the conjugate symmetry property
Eq. [2.15]) is however not useful.

Example 2.7 1f N =8 and M = 4, then P = 2. Let

{x(n)} ={1,2,3,4}



32 2 Discrete Fourier Transform

a
4 . T  J
x(n) 2 I R
0T T n
b 0 1 2 3
4 : T T T T
xe(n) 2f I R
OT T & & | 4 o n
c 0 1 2 3 4 5 6 7
10@
XF(k)‘ 5 T T
?
d OO 1 2 3 k
10@
bl Ty oy T
00 1 2 3 4 5 6 7 K

Fig. 2.15 Magnitude spectra of a a sequence and b the extended sequence are ¢ and d respectively

then
{xF(k)} = {10, -2 +j2,-2,-2 — 2}
{Xe(l’l)} = {1727374a0505050}

(XF(k)} = {10, -0.414 — j7.243, -2 + j2,2.414 — j1.243, -2,
2.414 +j1.243, -2 — j2, —0.414 + j7.243}

See Fig. 2.15. For a detailed representation of frequency response, zeros are added
to input data (Fig. 2.16).

2.8 Computation of DFTs of Two Real Sequences Using
One Complex FFT

Given two real sequences x(n) and y(n), 0 <n <N — 1, their DFTs can be
computed using one complex FFT. Details are as follows:
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Main lobe for the first row Main lobe for the third row
/ of the DFT matrix / / Main lobe for the second row

Magnitude response (dB)

-50

—-60
0

b 21

Fig. 2.16 Zeros are added at the end of each eight-point basis vector (BV) of the DFT for
frequency response of size 1,024

Form a complex sequence

p(n) =x(n) +jy(n), n=0,1,...,N—1 (2.31)
N-point DFT of p(n) is

N—1
Pik) =) pmWi, k=0,1,...,N—1
n=0
N—1 N—1
=Y X)W+ y(mWit
n=0 n=0
= X" (k) +jY" (k) (2.32)

Then P¥ (N —k) =X* (N —k) —j¥* (N —k)

(2.33)
= XF(k) — Y (K)
as x(n) and y(n) are real sequences. Hence
XF(k) = % [PF(k) +PF(N — k)] (2.34a)
YF(k) = % { F(N — k) — PP(k)] (2.34b)

Here we used the property that when x(n) is real

XF (N — &) = X5 (k) (2.35)
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Proof:

=z

~1 {x(n)W](VN_k)nr _ _0 [x(n)Wzgk”]*

n=!

XF (N —k)

=

=
- o

x(m)Wk = X (k), since WA" =1

f=]

n=|

2.9 A Circulant Matrix Is Diagonalized by the DFT Matrix
2.9.1 Toeplitz Matrix

Toeplitz matrix is a square matrix. On any NW to SE diagonal column the elements
are the same.
Example:

NW NE

a; dg d4s 4 e.g., c=[1567]; firstcolumn, N =4
SW SE r=[1234]; first row
Toepli
(4 x4) Toeplitz matrix oeplitz (¢, 1)

2.9.2 Circulant Matrix

A circulant matrix (CM) is such that each row is a circular shift of the previous row.
A CM can be classified as left CM or right CM depending on the circular shift is to
the right or left respectively. In our development we will consider only the right
circular shift.

NwW NE
[ ho b hy - hy-p ]
thl /’lo h1 T thz
[H] = | v hv—t ho -+ hn_3 (2.36)
| hy hs - hy |

SW SE
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[H],,, = ["(m—n)moan] element of [H] in row m and column n,0 < m,n <N — 1.
e.g.,c=[021]; first column, N = 3

r=[012]; first row
Toeplitz (c, r)

2.9.3 A Circulant Matrix Is Diagonalized by the DFT Matrix

Let [H] be an (N x N) circulant matrix defined in (2.36) [B6, J13]. Define ¢, as the
basis vectors of the DFT matrix W], n, k =0,1,...,N — 1

I ~(N=DkT
(bk = (17WNk7WN2kv""WN( ) )

(Nx1)

Wy = exp (%zn) (2.37)

kth basis vector, k=0,1,...,N—1

Note that the basis vectors ¢, are columns of [Wl’\‘,"] : (see Problem 2.24(b)).
Define

i [W¥m], (N x N) DFT matrix
[H]¢k] Z hm nWN ’ (N xN)
(2.38)
nk=0,1,..,N-1
mk=0,1,..,N-1

This is the mth row of [H] post multiplied by ;. Thus it is a scalar.
Let m — n = [, then

m—N+1

[H b, = > mwy
I=m

m—N+1
=wy > h,W}f,’) (2.39)

I=m

—1 m
[H]dyl,, = W&“"( > oWy + Zthzkv[>
I=—N+m+1 =0
—1 N—1 N—1
- WNkm< ST WY Wy = > h;Wﬁ,’)
[=—N+m+1 =0 l=m+1

= Wy (I + 11 — III)

N—1
= Wyl I_ZO W, since [ =1 (2.40)
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Proof. Inlletp=I1+N,l=p—N
N-1 N-1
=3 by = 37wyt (2.41)
p=m+1 p=m+1
since h,_y = h, and Wyt = 1.

N—1
[[H](bk]m:th_nW&k”’ mk=0,1,... N—1.
n=0

N—1
=Wy mwy,
=0
= &by (m) M (2.42)

where A = SV WX k=0,1,...,N — 1,is the kth eigenvalue of [H].
This is the N-point DFT of the first row of [H].

H &, = & &, k=01,....N—1
(NxN)(Nx1) (Ix1)(Nx1) (2.43)

The N column vectors are combined to from

[H](dg, by, -..) = (hotbg, iy, ...) = (b, by, ...) diag ho, A, ...)

} (2.44)
[H][(D} = [(D] dlag (7\.0, }\.1,. vy 7\.1\/_1)
Pre multiply both sides of (2.44) by [®] .
_ ...
(@] [H][@] =y (O [H][@]
1 nk nk]*
-N [WNk] [H] [WNk]
= dlag (7»0, 7&1, ce ,7&]\/,1) (245)
where
[(I)] = (¢07 (bl?"'a(bk 7"‘7¢N71) = [er\l/k}*
(NxN) (Nx1) (Nx1) (Nx1) (Nx1)
T
&, = (1,W1§",W,§2’<,...,W,QU\H)/‘) C k=0,1,...N—1
BT G . . .
@] = N [@]", [®] is a unitary matrix
[H} = [(I)] diag(kOa 7\'17 e 7>\'N71)[(I)]71 (246)

@ = (dbf, b, ... by )= W] (N x N)DFT matrix
(NxN) (Nx1) (Nx1) (Nx1)
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Equation (2.45) shows that the basis vectors of the DFT are eigenvectors of a
circular matrix. Equation (2.45) is similar to the 2-D DFT of [H] (see Eg. [5.6a])
except a complex conjugate operation is applied to the second DFT matrix in (2.45).

2.10 Summary

This chapter has defined the discrete Fourier transform (DFT) and several of its
properties. Fast algorithms for efficient computation of the DFT, called fast Fourier
transform (FFT), are addressed in the next chapter. These algorithms have been
instrumental in ever increasing applications in diverse disciplines. They cover the
gamut from radix-2/3/4 DIT, DIF, DIT/DIF to mixed radix, split-radix and prime
factor algorithms.

2.11 Problems

Given x(n) < XF(k) and y(n) < YF(k). Here both are N point DFTs.

2.1 Show that the DFT is a unitary transform i.e.,

where [W] is the (N x N) DFT matrix.

2.2 Let x(n) be real. N = 2". Then show that XF (¥ — k) = X¥ (Y +4k), k=0, 1,
., N/2. What is the implication of this?

2.3 Show that S-V=! x(n)y*(n) :le N XE()YF (k).

2.4 Show that S0 x2(n) = S0, [XF(k )\ . There may be a constant. Energy is
preserved under a unitary transformation.

2.5 Show that (—1)"x(n) < XF(k —5).

2.6 Let N = 4. Explain fftshift(fft(fftshift(x))) in terms of the DFT coefficients
XF (k) or fft(x).

2.7 Show that SV w—on = f Vo r=k

0, r#kry

21k
2.8 Modulation/Frequency Shifting Show that [x(n) exp ! 1;\]0” & XF(k — ko).
XF(k — ko) is XF(k) shifted circularly to the right by ko along k (frequency
domain).
—j2mkng

2.9 Circular Shift Show that x(n —ng) < XF(k)ex
implication of this? (

>. What is the

2.10 Circular Shift Show that 8(n + ng) < exp no) with N = 4 and ng = 2.
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Here Kronecker delta function 8(n) = 1 for n = 0 and d(n) = 0 for n # 0.

2.11 Time Scaling Show that x(an) & 1XF <k>, ‘a’ is a constant. What is the
implication of this? a

2.12 Show that X (k) = XF (—k), when x(n) is real.

2.13 Show that x*(n) o XF (—k).

2.14 Time Reversal In two different ways show that x(—n) < XF(—k).
(a) Use the DFT permutation property of (2.21) and (N,N — 1) = 1 for any

integer N.

(b) Use the definition of the DFT pair in (2.1).

Use the definition of the DFT pair in (2.1) for Problems 2.15—-2.17.

2.15 The discrete convolution of two sequences x1(n) and x,(n) is defined as

N-1
le(m) xn—m), n=0,1,....N—1

m=0

y(n) =

Both x;(n) and x(n) are N-point sequences. Show that
1
Y (k) = N X} (k)X5(k), (k=0,1,...,N—1). YF(k),X (k) and X5 (k) are
the N-point DFTs of y(n), x1(n) and x,(n), respectively.
2.16 The circular convolution of X! (k) and X5 (k) is defined as

ZXF XE(k—m), k=0,1,...,N—1

Show that y(n) = %xi(n)x2(n), n =0, 1,...,N — 1. Y¥(k), X} (k) and X5 (k)
are the N-point DFTs of y(n), x;(n) and x,(n), respectively.

2.17 The discrete correlation of x;(n) and x,(n) is defined as
1 N=1
z(n) =N S xim)xp(n+m), n=0,1,...,N—1

m=0

Show that ZF (k) :%Xf* (k)X5(k), k=0,1,...,N — 1, where ZF (k) is the

DFT of z(n).
2.18 Given
1 2 -1 -2 X0
_ _ 2 1 2 —1 X1
b=[Alx= 1 9 ) X P2.1)
-2 -1 2 1 X3

Leta = (1,—2,—1,2)". To compute (P2.1), we use four-point FFTs as
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IFFT[ FFT[Q] x FFT [1]] (P2.2)

where x denotes the element-by-element multiplication of the two vectors.
Is this statement true? Explain your answer.

2.19 Using the unitary 1D-DFT, prove the following theorems:
(a) Convolution theorem
(b) Multiplication theorem
(c) Correlation theorem
2.20 Derive (2.25b) from the DFT of (2.25a).
2.21 Regarding the DFT of a permuted sequence
(a) When (p,N) = 1, we can find an integer ¢ such that 0 < ¢ <N — 1 and
gp = (1moduloN). If (p,N)# 1, we cannot find such an integer q.
Explain the latter with examples.
(b) Repeat Example 2.1 for N = 9.
(c) Check the DFTs of permuted sequences for N = 8 and N = 9 using
MATLAB.
(d) Repeat Example 2.1 for N = 16.
2.22 Let [A] = diag (Ao, A1, ..., Ay—1). Derive (2.45) from (2.43).
2.23 Given the circulant matrix

[H] =

O W A=
W =N
A=W
—_ N W A

show that the diagonal elements of the DFT of [H] equal the eigenvalues of the
matrix by MATLAB.

2.24 An orthonormal basis (ONB) for the DFT
(a) By using the relation:

B i”iﬂmxﬁmxh or [Alx=ayx0 +ar (P2.3)

where [A] = (ay,q,), show that

alxay+a'xa, = [A][A] x (P2.4)

(b) If vector g, represents a column of the normalized inverse DFT matrix,
then it is called a basis vector for the DFT.

(%(W)*) = (ap,ay, ... ay_,) (P2.5)
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Retain 409 .
x(n) XF(k) Largest XF(k) ) X(n)
e e A e P
N = 2,048 DFT coefficients.
Set the rest to zero
Fig. P2.1 Reconstruct £(n) from truncated DFT
where [F] is a DFT matrix. DFT coefficient can be expressed as
X,f:<c_1k,§>:(g7];)*£ k=0,1,....N—1 (P2.6)
Show that
=Y Moy =Y e = (o (7)) (S5 ) @2
k=0 k=0 VN N

where X,If is a scalar and DFT coefficient.

2.12 Projects

2.1 Access dog ECG data from the Signal Processing Information Base (SPIB) at
URL  http://spib.rice.edu/spib/data/signals/medical/dog_heart.html (N =
2,048). Sketch this x(n) versus n. Take DFT of this data and sketch XF(k)
versus k (both magnitude and phase spectra). Retain 409 DFT coefficients
(Largest in magnitude) and set the remaining 1,639 DFT coefficients to zeros
(truncated DFT). Reconstruct %(n) from this truncated DFT (Fig. P2.1).

(1) Sketch x(n) versus n.

(2) Compute MSE = 51 3725 |x(n) — 2(n)[*.

(3) Compute DFT of [(—1)"x(n)] and sketch the magnitude and phase spectra.

(4) Summarize your conclusions (DFT properties etc.). See Chapter 2 in
[B23].

2.2 Let

x(n) ={12,3,4,3,2,1}

y(n) = {—0.0001,0.0007, —0.0004, —0.0049, 0.0087, 0.0140,
—0.0441, —0.0174,0.1287, 0.0005, —0.2840,
— 0.0158,0.5854,0.6756,0.3129,0.0544}

(1) Compute directly the discrete convolution of the two sequences. Sketch
the results.

(2) Use DFT/FFT approach (Fig. 2.9). Show that both give the same results.



Chapter 3
Fast Algorithms

Direct computation of an N-point DFT requires nearly O(N?) complex arithmetic
operations. An arithmetic operation implies a multiplication and an addition.
However, this complexity can be significantly reduced by developing efficient
algorithms. The key to this reduction in computational complexity is that in an
(N x N) DFT matrix (see (2.11) and (2.13)) of the N* elements, only N elements are
distinct. These algorithms are denoted as FFT (fast Fourier transform) algorithms
[A1]. Several techniques are developed for the FFT. We will initially develop the
decimation-in-time (DIT) and decimation-in-frequency (DIF) FFT algorithms. The
detailed development will be based on radix-2. This will then be extended to other
radices such as radix-3, radix-4, etc. The reader can then foresee that innumerable
combinations of fast algorithms exist for the FFT, i.e., mixed-radix, split-radix,
DIT, DIF, DIT/DIF, vector radix, vector-split-radix, etc.

Also FFT can be implemented via other discrete transforms such as discrete
Hartley (DHT) [I-28, I-31, 1-32], Walsh-Hadamard (WHT) [B6, T5, T8], etc.
Other variations such as FFT of two real sequences via FFT of a single complex
sequence are described. In the literature, terms such as complex FFT and real FFT
are mentioned. DFT/IDFT as well as FFT/IFFT are inherently complex. Complex
FFT means the input sequence x(n) is complex. Real FFT signifies that x(n) is
real. The fast algorithms provide a conduit for implementing transforms such
as modified DCT (MDCT), modified DST (MDST) and affine transformations
[D1, D2].

Advantages

In general the fast algorithms reduce the computational complexity of an N-point
DFT to about Nlog,N complex arithmetic operations. Additional advantages are
reduced storage requirements and reduced computational error due to finite bit
length arithmetic (multiplication/division, and addition/subtraction, to be practical,
are implemented with finite word lengths). Needless to say, the fast algorithms have
contributed to the DFT implementation by DSP chips [DS1, DS2, DS3, DS4, DS5,
DS6, DS7, DSS, DS9, DS10, DS11, DS12]. Also ASIC VLSI chips [V1, V2, V3,
V4, V5, V6, V7, V8, V9, V10, V11, V12, V13, V14, V15, V16, V17, V18, V19,

K.R. Rao et al., Fast Fourier Transform: Algorithms and Applications, 41
Signals and Communication Technology,
DOI 10.1007/978-1-4020-6629-0_3, © Springer Science+Business Media B.V. 2010
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V20, V21, V22, V23, V24, V25, V26, V27, V28, V29, V30, V31, V32, V33, V34,
V35,V36,V37,V38,V39,V40,L1,L2,L3,L4,L5,L6,L7,L8, L9, L10, O9] have
been designed and fabricated that can perform 1-D or 2-D DFTs (also IDFTs) at
very high speeds. These chips are versatile in the sense that several length DFTs can
be implemented by the same chips. We will describe in detail radix-2 DIT and DIF
FFT algorithms [A42].

3.1 Radix-2 DIT-FFT Algorithm

This algorithm is based on decomposing an N-point sequence (assume N = 2/,
| = integer) into two N /2-point sequences (one of even samples and another of
odd samples) and obtaining the N-point DFT in terms of the DFTs of these two
sequences. This operation by itself results in some savings of the arithmetic opera-
tions. Further savings can be achieved by decomposing each of the two N/2-point
sequences into two N/4-point sequences (one of even samples and another of
odd samples) and obtaining the N/2-point DFTs in terms of the corresponding
two N /4-point DFTs. This process is repeated till two-point sequences are obtained.

X
{anxla x2: X3, X4, cery xN—Zﬂ xN—l}
{x0, X2, Xy, ooy Xyo} 1X15 X3, X5 o0y Xy}
Even samples Odd samples
Gf H
Length N DFT
N-1
XFk) =) x(mWi k=0,1,....,N—1
n=0
= Zx(n) Wik + Zx(n) Wik
integer reger
(N/2)-1 (N/2)-1
= 2 AWt 3 s nwy
r=0 r=0
(N/2)-1 (N/2)—1

= 3w W)+ wh Y e (W) (3.12)

r=0 r=0
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Note that

—j2(2 —j2
W,%,exp[ jl\(f n)] exp( J n> :WN/2

N/2
(N/2)-1 (N/2)—1 (3.1b)
XUy = > x@r) Wi, +Wh > x(2r+ )Wy, '
r=0 r=0

=G (k) + WyH (), k=0,1,...,5~1

Here X (k) the N-point DFT of x(n) is expressed in terms of N/2-point DFTs,
GY(k) and HF(k), which are DFTs of even samples and odd samples of x(n)
respectively.

XF(k): periodic with period N, X (k) = XF(k + N).
G"(k), HF(k): periodic with period §, GF(k) = GF(k+%) and HF(k) =
HY (k+15).
X (k) = G"(k) + WyH (k), k=0,1,....5—1 (3.2a)
XF(k+N/2) = GE(k) + W™ 2HF (k)

—j2n N
Wx/z = exp( Jon —) = exp(—jn) = —1

N 2

+N/2

Since Wy ™/? = exp[HZ% (k +%)] = WEWy/* = ~W§, it follows that

XF(k+%) =G (k) —-WyH (k), k=0,1, ....¥—1 (3.2b)

Equation (3.2) is shown below as a butterfly (Fig. 3.1).

For each k, Fig. 3.1a requires two multiplies and two adds whereas Fig. 3.1b
requires one multiply and two adds. Repeat this process iteratively till two-point
DFTs are obtained, i.e., G* (k) the N/2-point DFT of {xo,x2,Xs,...,Xy—2} can be
implemented using two N /4-point DFTs. Similarly for HF (k).

GF(k) and HF(k), each requires (N/2)* complex adds and (N/2)* complex
multiplies. XT(k) N-point DFT requires N2 complex adds and multiplies.

a b
G (k) X¥(k) G (k) XF(k)
146 —
HE (k) XF(k + %) HE (k) XF(k +%)
-wk wk -1

Fig. 3.1 Butterfly to compute (3.2)
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Let N = 16. Direct computation of a 16-point DFT requires N> = 256 adds and
multiplies. Through G¥(k) and HY(k), it requires only 128 + 16 = 144 adds and
multiplies, resulting in saving of 112 adds and multiplies. Additional savings can be
achieved by decomposing the eight-point DFTs into two four-point DFTs and
finally into four two-point DFTs. G¥(k) and HF (k) are eight-point DFTs. Each
requires 64 adds and multiplies. The algorithm based on this technique is called

radix-2 DIT-FFT.

N-point DFT, fy = (1/NT) resolution in frequency domain

X0, X1, Xp, X3, X45 -y Xyo2o Xy} Sampling interval =

(Resolution in freq. domain = 1/NT

Even samples Odd samples
{Xg» X35 X4y ..oy Xy} (N/2-point DFT) {X], X35 X5y ooy Xy 1)
Sampling interval = 2T

Resolution in freq. domain = ——
(Resolution in freq "= Nyen T NT

1X05 X45 Xgs s Xy_a{ X2, Xg» X105 oes Xy_o} {X1, X5, Xy ooy Xy 3H{X5, X7, X1, ooy

N/4-point DFT  Sampling interval = 47
1
1
1
1

=/fo)

Lo . 1
(Resolution in frequency domain =

¥N/&HT NT

Xo XN/2
2-point DFT
Sampling interval = (N/2)T
-
Resolution in frequency domain = =
( aueney 2N/2)T NT =h)

=/o)

_fo)

Xn-1}

To obtain the N-point DFT we have to go back starting with two-point DFTs.
At each stage of going back the sampling interval is decimated by a factor of 2.

Hence the name decimation in time (DIT). The frequency resolution, fy
stays the same.
The radix-2 DIT-FFT algorithm is illustrated below for N = 8.
7
Forward X" (k) = > " x(m)W§", k=0,1,...,7
n=0

1 J
Inverse x(n) = 3 ZXF(k) Wk n=0,1,...,7
=0

however,
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XF(k) = {x0, X1, X3, X3, Xy, X5, Xg, X7}

Level 3

Level 2

Level 1

HF(k)is DFT of {x, X3, X5, X7}

GV (k) = {x0. X2, X4 X}

—

AR (k) = {x0, x4} {x2, Xg}+—BF(k) CF(k)—{xy, x5}
X0 X4 X7 X6

GY(k)is DFT of {xg, X5, X4, Xg}

{x15 X3, X5, X7} <—HE (k)

-

{x3, X7} < DF(k)

ale

X1 X5 X3 X7

AF(k) is DFT of {xg, x4}
BF(k) is DFT of {x,, x;}
CF(k) is DFT of {x,, x5}
DF(k) is DFT of {x3, x;}

XF(k) = [G"(k)] + [WgH" (k)] k=0,1,2,3
X' (k+4) =[G (k)] — [WgH" (k)]

G"(k) = [A"(0)] + [WiB" (k)] k=0,1
G"(k+2) = [AT(k)] — [WiB" (k)]

HE (k) = [CF(0)] + WiD" ()] k=0,1
H(k+2) = [C"(k)] — [WiD" (k)]

AFO)| 1 1] (x B'O)| [1 1](x x BY(0)
AR [ -] | BTy [ -l o B
o] [1 1] cFoy] 1 1][x -

CFy| |1 -1 |\xs cFMy | 1 -1\

G¥(0) = 4¥(0) + BF(0)
G"(2)=4%(0) - B*(0)
HF(0) = CY(0) + DF(0)
HE(2) = CY(0) - D¥(0)

GF(1) = AF(1) + w,BF(1) A"() X GF(1)

GF(3)= A" - WB" (1) gF()) G"3)
w, -1

HY(1)= CF(1) + w,DF(1)

H¥(3) = CF(1) - w,DF(1)

In matrix form

Eal=l Al wls]
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Based on the radix-2 DIT/FFT for N =8, the (8 x 8) DFT matrix shown in
(2.13) with the columns rearranged in bit reversed order is as follows:

Columns — 0 4 2 6 1 5 3 7 Rows |
rxF0)7 11 1 1 1 1 1 1 77x0)70
XF(1) 1 -1 wr w2 W W W WP x@4) |1
XF(2) 11 -1 -1 w2 owr w2 W | x(2) |2
XF(3) 1 -1 w2 w2 W W W W | [x(6)]3
XF@a)y| |1 o1 1 I -1 -1 -1 =1 ||x(1)]4
XF(5) 1 -1 w2 W W W W WP | [ x(5) |5
XF(6) 11 -1 -1 —w* —w? wr W ||x(3)]|6
LxFn) Lt -1 -w2ow?2 w3 oW W W x(7)] 7
(Here W = Wg and W§ = W™ 8)
(3.3)

Sparse matrix factors (SMF) of this matrix are

[[14] [14]
[la]  —[l4]

(o (o) G =)

X (diag :[13}, W3, [13], W§D

X<diag:(i 11>’<1 11)’(1 11>’(i 11>D

The DIT FFT flowgraph based on this decomposition is shown in Figs. 3.2 and 3.3.

3.1.1 Sparse Matrix Factors for the IFFT N = 8

Transform sequence in natural order.
Data sequence in BRO.

(el (0 5)G5)-G 2GS
X (diag _[13], Wg?, 1], WS‘Z} )

<ame] () (i Si)])

x (diag:[14],Wg,W81,W82,W83]> [[14] i ]

Ua]  —[14]
Draw the flowgraph based on these SMF.
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(1] , o
w
8 Wé i
10} Wy 3
Wy
Datain  Level 1 Level 2 * Level 3 XF(k
: 1 )
A%(0) G(0)

% ><
Xq

N
=

S\ [

o

sy oz
G
5 13 1%
= R SSN
§§< 0
S 3
T 5= 2
W i (98]

(o)}

2 _ 3 _ 7
1 W 1 Wy 1
11 / ] [Ia]\ﬁ o (] (5] \_7
o S | R ) el 2 [m m}
-_1:151_ T 0 (7] W 0 E[Iz] () [1,] -[1,]
o -1 8 ] -[n)]
11
L 1_1_

Fig. 3.2 FFT flowgraph for N = 8 (radix-2 DIT-FFT) is drawn based on SMF, Wy = exp(—j2m/8)

3.2 Fast Algorithms by Sparse Matrix Factorization

By rearranging the rows of [W,’\‘,"] in bit reversed order (BRO) (Table 3.1), it can be
factored into log,N sparse matrices i.e., [Wp'| soo = [A1][A2] - - - [Aog,v]. where N
is an integer power of 2. (No proof of the sparse matrix factorization is given.)
This is illustrated for N = 8.

XERO = [Wltsz] BROZXNO 34
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B.R.O. = N.O. =
Bit Reversed Order Natural Order
Data vector Transform vector
x() X0
4%(0) G"(0)
0 > > > > > > 0
>< AF(1) GF(1)
4 = = > > = = 1
-1
BF(0) G2
2 > > > > > > 2
>< "

o » >
-1 wy=wi -1 wi -1
2-point DFTs 4-point DFTs

Fig. 3.3 FFT flowgraph for N = 8 (radix-2 DIT-FFT) (# of adds = 24, # of multiplies = 5),
Wy = exp(—j2m/8)

Table 3.1 An example of bit reversed order for N = 8

Natural order Binary Bit reverse Bit reversed order
0 000 000 0
l=——_]_ 001 100 I >4
2 T~ | - 2
3 e 3 St I V) S| 6
4--- 100 001 T
5 101 101 5
6 110 011 3
7 111 111 7
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Since the DFT matrix [W3] is symmetric, it follows that

T
XEO = ([er\llk]BRO) XBRO

(3.5)

where [Wi¥] and [Wik]gro are defined in (3.6) and (3.7) for N = 8. xyo and xgge
are data vectors in natural and bit reversed orders, and X5, and X5, are the DFT
vectors in natural and bit reversed orders.

DFT:
Eight-point DFT
7 -
XF(k):Zx(n)exp{ nk|, k=0,1,...,7
n=0 J
IDFT:
1< 2n ]
x(n) = 3 ;XF(k) exp {?kn_ , n=0,1,...,7

Eight roots of unity are equally distributed 450 apart on the unit circle.

W§ = exp(—2nm/8),m =0,1,..

Transform vector

Xfk)y n=0 1
rxfo)7 11
XF(1) 1w
XF(2) 1 w2
Xy |row?
XFa)y | |1 -1
XF(5) 1 -w
XF(6) 1 —w?
LxFn) Lt —w?

., 7 are the eight roots of unity (Fig. 3.4).

(8 x 8) DFT matrix Data vector

2 3 4 5 6 7 x(n)
1 1 1 1 1 1 7 7x(0)7
w2oowr -1 W W2 WP | x(1)
-1 -W2 1 w2 -1 W2 [ x(2)
w2 w1 WP W2 W || x(3)
1 o . 1 —1 || x(4)
w2 w1 W W W | | x(5)
-1 wr 1 w2 -1 W2 | |x(6)
-w2 W -1 W w2 W | x(7) ]

(Here W = Wy and Wy = W{™!¥)

Symmetric Matrix

Fig. 3.4 DFT of x(n) is the
Z-transform at eight equally
distributed points on the

unit circle with center at

the origin in the z-plane.

W§ = exp(—j2nm/8),
m=0,1,...,7 are the eight
roots of unity. All the eight
roots are distributed 45° apart
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By rearranging the rows of the DFT matrix in bit reversed order (BRO) (Table 3.1),
the eight-point DFT can be expressed as

5 xs?z
XF(4 x

e IR
XF( 1) = | rearranged in XE 4;
XF g 5% bit reversed ;C (5)
X(3) order (BRO) (6)
LX(7) Lx(7) |

Note that the basic DFT is invariant provided XF (k) is also rearranged in BRO.
[Wi]5ro is the 8 x 8 DFT matrix with rows rearranged in bit reversed order (BRO).
In this matrix W = Wg.

Row

oft 1 11 I 1 1]

4 -1 11 -1 31 -1 1 -l

ol w2 -1 —wri1 oW -1 -
T L I I Y e W (37)
RO wowr ot =l - = =

s\v -wow?r =Wt -1 W -w W

3sfeowr W oW =1 =W W =W

N - —w? —w -1 W W W

Observation: [Wg] .- o

Note that (1) the top two (4 x 4) submatrices in (3.7) are the same, whereas (2)
the bottom two (4 x 4) submatrices are negatives of each other. The row bit
reversed (8 x 8) DFT matrix has the following sparse matrix factors (SMF). (No
proof is given.)

[Wy']

BRO — [A1][A2][As] (3.8a)

[ w1 w2 1w 1w
[Al] = dlag ) 9 )
o-wd )\ w2 e —w P\ —ws

Il
o
ey
oo

1)}

—~
=
=
=
=2
—

(3.8b)
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4] = diagK[b] Wit ) (Uﬂ Wik )1 = diag([d], [v])) (3.80)

L] WYL L] —Wglh)

(] (1]
[As]—[[m —[14}] (3.8d)
1000
where [I4] = {8 (1) (1) 8]
00 0 1
_ a0 ] [ | _ [l 4]
[Az”f‘*]‘{o [b]H[m —mﬂ—[[bl —[b]
o] 0 0 0
0O Bl 0 O a a
0 0 0 [3]
[ [of o [0
_ | [Bz} [B] [E] W
v Wiyl —[v] Wily]
L8] —Wgl8] —[8] wi[d]
Notation
ai , 0
diag(ayy,ax, ..., ay) = diagonal matrix = 2
0
X ()] o = (A4 ()] = A4 [ )|
= M) [x@ ()]
=[] (3.9)
where

] = Walatol, [52 0] = O] ana [$900] = 4 s P )]
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RGN RAR

[4]= A o . . (0,2,1,3)is BRO of (0, 1,2, 3)

1o w 0
[[Iz]l WS[IZ]}_ 01 0w
[L]i-weln]) {1 0 -m: o
01 0 -w

1 00 0,1 0 0 07Jx0]
01 00i0 1 0 0]x()

00 1 oi 00 1 0]|x2
000110 0 0 1]x3
[4,][x(n)]= —1——0——0——0—i—_—1——6——0———0— ;2-4% =[£(I)(n)]
01 00/0 -1 0 0]x(5
00100 0 -1 0]|x(6)
000110 0 0 —1]x7]

The sparse matrix factorization of [Wi¥]zre as described in (3.8) is the key for the
eight-point FFT. The flowgraph for eight-point FFT based on SMF is shown in
Fig. 3.5. The number of multiplies can be reduced by a factor of 2 by using the
butterfly described in Fig. 3.1. The FFT for N = 8 requires 24 adds and five multi-
plies. The DFT matrix whose rows are rearranged in BRO is no longer symmetric as
can be observed from (3.7) for N = 8. The same flowgraph (Fig. 3.5) described for
FFT (N = 8) can be used for IFFT by making the following changes:
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Data vector Iteration Transform vector
NO BRO
x() XFO)

0
4
2
6
1
5
6 > > > > > 3
-1 _ W2
w? .
7 > > > > > > 7
-1 — W2 _ W3
[45] [4,] (4]

[XF(0)]pro = [41] [45] [43] [x(n)]

Fig. 3.5 Flow graph for eight-point FFT based on sparse matrix factors [A;][A;][A3]. Here
W =W, = exp(—j2n/8) (NO = Natural order, BRO = Bit reversed order)

1. Reverse the direction of all arrows i.e. left by right, right by left, bottom by top
and top by bottom.

Transform vector [}_(F (k)] sro Will be the input (on the right) in BRO.

Data vector [x(n)] will be the output (on the left) in natural order.

Replace all multiplies by their conjugates i.e., W™ by W=,

Add the scale factor 1/8.

The SMF representation of IFFT for N = 8 is

ke

)] = g (451 (A1) (A1) X7 e (3.10)
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It is straight forward to draw the flowgraph based on (3.10).

The sparse matrix factors for (16 x 16) DFT matrix with rows rearranged in bit
reversed order are shown below. i.e.,

X" (k)]gro = [B1][B2][B3][Ba][x(n)] (3.11a)

Here W = Wy = exp(—j2n/16) and W32 = Wy.

0 _
1 -1
T
Ll__-_Vl’i:r _____
RN 0
Ll__:’i’i'T _____
o
[8,]= '_1__-_Vl’_:Tl___Wjl
L =W
o T e
L=t
T
-
“““ T
i b1
(][] | 1
[1,] -[5]i
_______ IARZERE ¢
|[[2] _WA[Iz]:
i HARGEAR
:[12] _WZ[Iz]:
c T HANGA
L |[12] _Wﬁ[lz]
[ARAN
ppfllalely 0
' o 1Ll L]
L :[[4] _W4[14]
[l L]
B\ -[zs]]

The flowgraph for FFT N = 16 based on (3.11a) can be easily developed. The
IFFT for N = 16 corresponding to (3.10) is

)] = 1 BB [BT B X ()] (3.11b)
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The computational complexity for the DFT is compared with the FFT in tabular
(Table 3.2) and graphical (Fig. 3.6) formats.

Radix-2 and radix-4 FFT algorithms with both input and output in natural order
also have been developed [LA10, LA11].

Table 3.2 Numbers of multiplies and adds for the radix-2 DIT-FFT compared with
brute force DFT!

Data size Brute force Radix-2 DIT-FFT

N Number of Number Number of Number
multiplies of adds multiplies of adds

8 64 56 12 24

16 256 240 32 64

32 1,024 992 80 160

64 4,096 4,032 192 384

'These are based on O(N?) for brute force and O(Nlog,N) for radix-2 DIT-FFT. For
the later # of multiplies are reduced much more (see Fig. 3.3)

1,000

800 |- 1

600 - b

400 - 1

Number of multiplies

200 1

Data size N —»

1,000

800 - J

600 | E

400 ]

Number of adds

200 [ 1

Data size N —

Fig. 3.6 Numbers of multiplies and adds for DFT via the brute force (solid line) and via the
radix-2 DIT-FFT (dashed line)
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3.3 Radix-2 DIF-FFT

Similar to radix-2 DIT-FFT (Section 3.1) radix-2 DIF-FFT can be developed as
follows:

N—1
X"(k)=> _x(m)Wp, k=0,1,...,N—1, N-point DFT (2.1a)
n=0

Here N is an integer power of two.

(N/2)-1 N-1
X'y = > x(mWi+ > x(m) Wik =1+11 (3.12)
n=0 n=N/2

The second summation changes to (let n = m + N/2)

(v/2)-1 (N/2)-1 ,
S+ WL =S (o W
m=0 n=0

Hence (3.12) becomes

(N/2)-1 (N/2)-1
Xy = 3 Wi+ w PN Y)Wk k=0,1,... N1
n=0 n=0
(N/2)-1
X'k = Y [x(n)+(—1)kx(n+§)]w,'¢", k=0,1,....N—1
n=0

(3.13)

Since W,Z\\,// > = _1. For k = even integer = 2r, and for k = odd integer = 2r + 1,
(3.13) reduces to

(N/2)—1
xF@2ry= " [x(n) +x(n+5)] Wy (3.14a)
n=0
(N/2)—1
X2r+1)= > [x(n) —x(n+¥)]wy wr (3.14b)
n=0

Since W3 = exp (—7j21$2"") = exp(flf;,z/”z"") =Wy

(N/2)-1

X = 3 [x(m) + (0 +9)] WY
n=0
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Fig. 3.7 Butterfly to x(n) LN
compute (3.15) for [X(n) * X(n 2 )]
n=0,1, ...,%71
WV[
ey LN [ o ]
Xm(p) xm+1(p)
%
Xm(q) Xpe1(q)

XF(2r) is N/2-point DFT of [x(n) +x(n+%)], r.n=0,1,...,8—1 (3.152)
Similarly

X"(2r +1) is N/2-point DFT of [x(n) —x(n+%)| Wy, rn=0,1,....5—1
(3.15b)

Flowgraph for the expressions within the square brackets of (3.15) is shown in
Fig. 3.7.

The N-point DFT can be executed from the two N/2-point DFTs as described
in (3.15). This results in reduction of computational complexity as in the case of
DIT-FFT algorithm. Further savings can be achieved by successively repeating this
decomposition (i.e. first half of the samples and second half of the samples).
The DIF-FFT algorithm is illustrated for N = 8.

3.3.1 DIF-FFT N=8

DFT

IDFT
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For N = 8, (3.15) becomes

3

X2y =>" [x(n) +x<n +Z>} W or=0,1,2,3 (3.16a)

n=0
3

N .
XF2r+1) = Z {x(n) x(n +2>] Wewy, r=0,1,2,3 (3.16b)
n=0

Equation (3.16) can be explicitly described as follows:

X¥(2r), r =0,1,2,3 is a four-point DFT of
{x(0) +x(4),x(1) +x(5), x(2) +x(6), x(3) +x(7)}.

XF(0) = [x(0) + x(4)] + [x(1) +x(5)] + [x(2) +x(6)] + [x(3) + x(7)]

XF(2) = [x(0) + x(4)] + [x(1) +x(5)] W} + [x(2) + x(6)]W3 + [x(3) + x(7)]W;
X(4) = [x(0) +x(4)] + [x(1) + x(S)WZ + [x(2) +x(6)] Wy + [x(3) + x(T)] Wg
X" (6) = [x(0) +x(4)] + [x(1) +x(5)] W3 + [x(2) +x(6)] W§ + [x(3) + x(7)] Wy

Each of the four-point DFTs in (3.16) can be implemented by using two two-
point DFTs. Hence the eight-point DIF-FFT is obtained in three stages i.e., I stage:
two-point DFTs (Fig. 3.8), Il stage: four-point DFTs (Fig. 3.9), Il stage: eight-point
DFT (Fig. 3.10). Compare this flowgraph with that shown in Fig. 3.5. These two
have the same structure but for some minor changes in the multipliers. Figures 3.3,
3.5 and 3.10 exemplify the versatility of the various radix-2 FFT algorithms. At each
stage the decomposition can be DIT based or DIF based. This leads to DIT/DIF
radix-2 FFTs (same for IFFTs). The SMF representation of Fig. 3.10 is

[XF(0)] gro = [A1] [A2] [As] [As] [As] [x(m)] (3.17)
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Data sequence Transform sequence
F
x(1) o f:\><><f:\ DFT |0 xFu
| = O yF
xQ2) A wy %[-point i)
x(3) DFT ——o0 xF(6)
-1 WI\ZI

zo

O O F
RN S 7  T
x(5) Q O DFT  |—=———0 xF(5)
L/ XK C
F,
NYARNEZA N v
x(7) DFT ——0 xF(7)

-1 -1 WJ\2/

S}

Fig. 3.8 Flow graph of decimation-in frequency decomposition of an eight-point DFT into
two-point DFT computations. Wy = Wg

Data sequence DFT sequence
x(0) E\ / ——0 x%(0)
x(1) %V-poin . ——O0 x4
x(3) O xF(6)

4 ——0O YF
x(4) o XF(1)
*G) ! N oint T oXe)

Wy 5P
x(6) 5 DFT ——0 x¥(3)
/ -1 \ WN
x(7) ; ——0 x¥(7)

Fig. 3.9 Flow graph of decimation-in frequency decomposition of an N-point DFT into two
N /2-point DFT computations (N = 8) (Wy = Ws)

where
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Data sequence Transform sequence

Al A ][4y [4)] .
>< o XF(0)
0 XF(4)
- 0 xF()
Wy ><
0 XF(6)
WA= a
O O F,
STANT XL el
x(6 Q O o XF@3
Y()C/_I\W]%AWAO’X ;
x(7) o x¥(7)
—1 W]é/

-1 w3 -1 wy

x(0)

x(1)

gg/o/’
: 3

x(2)

N
%S

x(3)

Fig. 3.10 Flow graph of complete decimation-in frequency decomposition of an eight-point DFT
computation. Wy = Wy

diag(1,1, 1, W3, 1,1,1,W3) = [A,]

el (i ) (i )]~
diag(1,1,1,1,1,Wg, W3, W3) = [A4]

[[14] [14]]] — [A]

la]  —[ls

By implementing the same changes in Fig. 3.10 as outlined for Fig. 3.5 (see just
before (3.10)), eight-point DIF/IFFT can be obtained.

Radix-2 DIF-FFT algorithm can be summarized as follows (to simplify the
notation, replace X¥ (k) by Xt and x(n) by x,):

1
— = N-point DFT (N = 2" T
NT Jo pot ( ) |

(X0, X1, X9, X3, X4y X5, Xg, X7, Xg, s XN_4y XN_35 XN_25 XN_1)

2

Ny
X —-x 2
’(ﬁ—l N—I)WN
2

1 2
Xo =Xy (xl - XNH)WN’ (xz Xy ) Wy,
7 7 772

=2 —hOi
(N/2)T /o Two N/2 point DFTs
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An N-point sequence is broken down into two N/2-point sequences as shown
above. The N-point DFT is obtained from these N/2-point DFTs. Call these two
N /2-point sequences as

. N
()’0,)’1»)’27)’37~~-7y%71)a yi:xi+x%+ia l:0717"'75_1

and

N

i .
<20,21,22,23,...,z%71), z; = (x,- —X%H)WN, i=0, 1,...,5—1

Break down each of these two sequences into two N /4-point sequences as follows.

(J’o:}’p)’za V3o s My B’yN za}]'\, 1)
S5 d2 4-

(yo+yN,y1+yN s Yy o
& EN T2 ooy (yl—yN )Wj,(yz—);v )Wj
| K 37 2 A
Ly, N/4-point DFT! : Ny
— =4 -poin S _ ==
(N/&)T | (YLI J)LI)WQ
3 2 2
Similarly for (20,21,22,23,...,Z(N/z)_l). Repeat this process till two-point

sequences are obtained.

3.3.2 In-Place Computations

Figure 3.7 shows the butterfly, a basic building block for DIF FFTs. Only the data in
locations p and g of the mth array are involved in computing two output data in p
and g of the (m -+ 1)th array. Thus only one array of N registers is necessary to
implement the DFT computation if x,,1(p) and x,1(g) are stored in the same
registers as x,,(p) and x,,(¢), respectively. This in-place computation results only if
input and output nodes for each butterfly computation are horizontally adjacent.
However, the in-place computation causes the transform sequence in bit reversed
order for the DIF FFT as shown in Fig. 3.10 [A42].

3.4 Radix-3 DIT FFT

So far we have developed radix-2 DIT, DIF, and DIT/DIF algorithms. When the
data sequence is of length N = 3/, [ an integer, radix-3 DIT FFT can be developed
as follows:



62 3 Fast Algorithms

Express (2.1a) as:

(N/3)-1 (V/3)-1 (V/3)-1
,~ 3r+1)k 3r+2)k
X; = Z x5, Wk 4 Z x3r+1W,(V AR Z X3r+2W/(v 2
r=0 r=0 r=0
” —j2n —j2n &
Wik = exp( N 3rk> = exp (N—/3 rk> = WN%
(V/3)-1 (N/3)-1 (V/3)-1
XE = Z X3;~W1’;;{/3 + WII:/ Z X3r+1W1’$/3 + W[%/k Z X3,~+2W1’f/3
r=0 r=0 r=0
X; = A} + WyB} + Wi'Ch (3.18a)

where AY| BY, and CT are N/3-point DFTs. These are DFTs of (xg, X3, Xq, - - - , XN—3 )5
(x1,X4,X7,...,xy_2) and (x2,xs5,Xg,...,xy_1) respectively. Hence they are peri-
odic with period N/3, resulting in

k+N/3)

2(k+N/3
Xags = A+ Bt

Ci
:Af+e’j2“/3W,]f,B£+67j4n/3W1%/kcllj (3.18b)

k+2N/3 2(k+2N/3
XII:+2N/3 = A7+ Wzs )BE + WN( )C]k:

= Af + e FPWRBY + e PRWHCT (3.18¢)

W%B = exp(_ﬁrE ¥) =exp(—j2n/3) and W;\‘,N/3 = W,Q,'Wx/’% = Wf\\,%

Equation (3.18) is valid for k =0, 1, ..., %f 1. This process is repeated till the
original sequence is split into sequences each of length 3. In matrix form (3.18) can

be expressed as:

FX,E Lol 1 AF
Xews | = |1 e3 e B| L WhBE |, k=0,1,....5—1
X£+2N/3 1 €7j4n/3 e*j2n/3 W]%]kcg

Equation (3.18) is shown in flowgraph format in Fig. 3.11. Split the sequence
{x(n)} into three sequences as follows:

(XO,X3,XG,...,XN_3), (xl,x4,x7,...,xN_2), (x2’x55x85"'7x1\/—1)
—>[37je— —37fe— —[37fe— each of length N/3

Frequency resolution of X} is fy =

NT®

. . 1 1

Frequency resolution of AY, B and CF is ==
quency ke Pk kS INJ33T T NT

Jo.
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Fig. 3.11 Flowgraph format AF X:
o S
F
WABY /3 X o
o F4/3 o /A3
2k ~F F
Wy G —j2m/3 Xy
o213
- N_
k=0,1, ..., 3 1

Frequency resolution is invariant. Time resolution goes from 37 to T. Hence this
is called decimation in time (DIT). Split each of these sequences into three
sequences each of length N/9 and so on till three-point sequences are obtained.
This is radix-3 DIT-FFT. As in the case of radix-2 DIT-FFT, the N-point DFT
(N = 3') is implemented bottoms up starting with 3-point DFTs. All the advantages
outlined for radix-2 are equally valid for radix-3.

3.5 Radix-3 DIF-FFT

Similar to radix-3 DIT-FFT, when N = 3/, [ an integer, a radix-3 DIF-FFT algo-
rithm can be developed.

DFT
N—1
Xp =Y _xWi  k=0,1,...,N—1 (3.19a)
n=0
IDFT
1 N—1
xn:NZX,fW,Q"k n=0,1,...,.N—1 (3.19b)
k=0
DFT
(N/3)-1 (2N/3)-1 N-1
Xp= > Wi+ D aWiE+ > uwy (3.20)
n=0 n=N/3 n=2N/3

=1+ II + III (these respectively represent the corresponding summation terms).



64 3 Fast Algorithms

Let n = m + N/3 in summation /I and let n = m + (2N /3) in summation /I1.
Then

(2N/3 (N/3)— (N/3)-1
N 3 %
Z XnWNk— Z xm+N/%W](\/m+N/ * = N/ Z xm+N/3WN
n=N/3 m=0
(3.21a)
N-1 (N/3)- (N/3)
I — Z x”WIr\zlk _ Z a3 W (m+2N/3)k 2N/3 Z m+2N/3W1'\7k
n=2N/3 m=0
(3.21b)
where
W exp —j2n N N, _jonk/3
N
W(2N/3)k exp —;;]2% 2k> —jank/3
Hence (3.20) becomes
(N/3)-1 . )
X]l: _ Z [xn _’_e—ertl(/3anrN/3 +e—j4nk/3xn+2N/3] W[’z/k (3.22)
n=0

In 3.22), let k=3m, k=3m+ 1, and k =3m+2 for m=0,1,...,(N/3) -1
respectively.
This results in

(N/3)-1
X3 = Z [ + Xn vz + Xagon 3] Wi (3.23a)
n=0

This is a N /3-point DFT of (x, + X, /3 4+ Xp4on/3),n = 0,1,...,(N/3) — 1

(N/3)—1
M= Do (0t (s () s WE W 323b)
n=0

This is a N /3-point DFT of [x, + (€73 )x,n/3 + (¢4 ) x,on /3] Wi
Similarly,

(N/3)-1
X = > v+ (€ )xnnss + (e xpans WY WA, (3.23¢)
n=0

This is a N /3-point DFT of [x, + (¢ *™/3)x,n/3 + (e72/3)x,0n /3] Wi
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Radix-3 DIF-FFT is developed based on three N/3-point DFTs.

Each N/3-point DFT is obtained based on a linear combination of N/3-
point data sequences. Repeat this decomposition till a three-point sequence is
obtained.

The three N /3-point data sequences (see (3.23)) are as follows:

11 1 X,
W[r\l] ( 1 efj2n/3 efj4rc/3) XniN/3

W (1 e 3 o723 | | xujongs

, n=0,1,....¥ -1 (324

Equation (3.24) can be expressed in flowgraph format in Fig. 3.12. Equation (3.23)

represents radix-3  DIT-FFT algorithm. For example, Xgm, m=
0,1,...,(N/3) — 1 is a N/3-point DFT of (x,, + Xnin/3 ern+21v/3)- The original
N samples x,,n =0,1,...,N — 1 are regrouped into N /3 samples as follows:

{(Xo + Xn/3 +X2N/3), (Xl +X(v/3)+1 +X<2N/3)+1), cees (X(N/3)71 + X(nN/3)-1 JFfol)}

The resolution in time of these N/3 samples is 7. However, the resolution in
frequency of N /3-point DFT is

13
(N/3)T ~ NT

3fo

For N-point DFT, resolution in frequency is 1/NT = f;.

Going from N/3-point to N-point DFT implies that frequency resolution is
decimated by a factor of 3, i.e. from 3f; to fy where as resolution in time remains
invariant. Hence this is called DIF-FFT. Needless to say that radix-3 DIT/DIF
FFTs can also be developed by appropriate decomposition at each stage. Flow-
graph for radix-3 DIF-FFT for N =9 is shown in Fig. 3.13. All the advantages
listed for radix-2 DIT-FFT and radix-2 DIF-FFT are equally valid for radix-3 FFT
algorithms.

X,

X

n+N/3 3 W
o3 o4m/3 N

Fig. 3.12 Flowgraph format Xp42N/3

for (3.24) o2m/3 Wizn
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X X/f

n

SEXL A, 3

6
N
WN

4 1
OB S
4 N N 4

6
Wy Wy W

5 X 7
oy

6 1 2
, L7 X3

/ \'K\k wi o w
o A )
8 W; N 8
N

Wy Wy

Fig. 3.13 Radix-3 DIF-FFT flowgraph for N = 9. Here Wy = W,y

3.6 FFT for N a Composite Number

When N is a composite number, mixed-radix DIT, DIF and DIT/DIF FFTs can be
developed. Let

N=pip2---py=pi1q1, q =p2p3---Py=pP292, 42 =Dp3P4"" Py

The process can be described for N = 12.
Example: N = 12,p; =3, q; =4

N=12=3x4=3x2x2, N=piq:
The decomposition of 12-point sequence for DIT-FFT is:

(>0, X1, X9, X3, Xy, X5, Xg, X7, Xg, Xg, X[g, X1)

(X0, X3, X, Xg), (X1, X4y X7, X10)s (X2, X5, Xg, X11)  radix-3

(X0, Xg), (X3, Xg), (X1, X7), (X4, X10), (X2, Xg), (X5, X11)  radix-2

This is radix-3/radix-2 DIT-FFT approach. The detailed algorithm is straight
forward based on radix-2 and radix-3 algorithms developed earlier.



3.7 Radix-4 DIT-FFT [V14] 67

For the DIF-FFT the decomposition is as follows:

(xo,xl,xz,x3,x4,x5,x6,x7,x8,x9,x10,xn)
(xo,xl,xz,x3) (x4’x57x6’x7) (xs,xg,xm,x”) radix-3
(xoaxl) (xz,x3) (x4,x5) (x(,,x7) (xx’xo) (XIO’XII) radix-2

This is radix-3 / radix-2 DIF-FFT approach. By appropriate decomposition at each
stage, radix-3 / radix-2 DIT/DIF algorithms can be developed.

3.7 Radix-4 DIT-FFT [V14]

When the data sequence is of length N =4", n an integer, radix-4 FFT can
be developed based on both DIT and DIF. As before the N-point DFT of
Xp,n=0,1,...,N — 1 can be expressed as

: -2
=S i, WNeXp< ;V”> k=0,1,...,N—1  (3.25a)
n=0
Similarly the IDFT is
—1
=Y Xiwy™, n=0,1,...,N—1 (3.25b)

Equation (3.25a) can be expressed as

N/4—1 N/4—1 N/4—1 N/4—1
Xi= Z x4 Wi + Z xa Wy 4 Z xani2 Wy 4 Z xansa Wy
(3.26a)
N/4—1 N/4—1 N/4—1
X; = ( Z x4nWﬁ"k> + W,@( Z X4n+1Wf\‘/"k> + Wk < Z X4n+2W§/"k>
n=0 n=0 n=0
N/4—1
+ Wyt < Z X4n+3Wf\1/"k>
n=0
(3.26b)
This can be expressed as
XF = A - wWiBE + WECF - WIDE, k=0,1,...,N—1 (3.27a)

where AF, BY, CF, and D}, are N /4-point DFTs. Therefore they are periodic with
period N /4. Hence

N 2(k+Y 3(k+Y
X} = A] + Wy B + Wil er w9 pr

= A} — jWNB; — WRCp + W'Dy, k=0,1,...,

(3.27b)

&=
\
—_
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Similarly
Xin =Ap —WyB{ + W{'C, —WR'Dy, k=0,1,....%—1 (3.27¢)
Xio = A} +JWyBy — WY CL =Wy Dy, k=0,1,....5 -1 (3.27d)

Equation (3.27) can be expressed in matrix form as

Xi S T AF
XN/ 1 —j -1 j || wksF
NOk k=0,1,....N 1 (3.8
F ) ) Ly )
X ana Ly -1 =] [WyD;

This is also shown in flowgraph format in Fig. 3.14. This requires three multiplies
and 12 adds.

The breakdown of the original N-point sequence (sampling interval is 7) into
four N /4-point sequences (this is an iterative process) is shown below:
{X0, %1, X2, X3, X4, X5, + ., XN—3,XN—2, XN 1}
F F F F
Ay B Cy Dy,
{.XO,X4,X8,.X12, .. } {Xl ,X5,X9,X13, .. } {-x27'x67-x10ax147 .. } {x3a-x77-xllax157 .. }
Four N/4 - point DFTs, (N =4")

{xan}, Lanir}, {ansnts {xangs}, n=0,1,....5 -1
AL
{X0, X4, X8, X12,X16,%20, %24, X28, X32, X36, X40, Xd4, X48, X52, X56 - - - }
4T}
Ey Fy Gy HJ

{x0,%16, %32, Xas, - . . } {X4,%20, %36, X52, - . . } {5, X24, %40, %56, - .. } {12, X28, Y44, %60, - - .}
—|16T |+—

AF is N /4-point DFT. E}, FY, GF, and H}, are N /16-point DFTs. Obtain A} from Ef,
FF,GF, and HE . Repeat this process for the remaining N /4-point DFTs to obtain B,
CF, and Df. This is similar to radix-3 DIT-FFT (see Section 3.4).

AL bl
F \\>\ E ; Z F
By T =) . Xicr nra
wh I
Jj J
F - F
C l Xiani2
Wik -1 ~1
F F
Dy, . Xivania
W]%,k )

Fig. 3.14 N-point DFT X} from four N /4-point DFTs
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Radix-4 DIT-DFT can be illustrated for N = 64.
X

{x0’x1’x2’x3’x4’x5’x6’x7’x8’x97x10’x11’x12""’x55’x56’x57’x58’x59’x60’x61x62>x63}

I Stage l
| 4r |51 et ;|

{xo,x4,x8,xlz,...,xﬁo}{xl,xs,x(),xls,...,xm}{xz,xﬁ,xlo,xm,...,xﬁz}{xs,x7,x”,x15,...,x63}

IT Stage
A, EkF Ey
{xmxwxsaxlz’---fxao} {x03x163x329x48}9 {xwxzoax}saxsz}
Gy Hy
{Xg,x24,x40,x56}, {xlz’xzsaxu’xoo}
B IF Jf
{xl’xS’x9’xl3""’x61} {xl,xl7,x33,x49}, {x5,x21,x37,x53}
K; L,
{x91x251x41=x57}a {x137'x29’x45’x61}
cr M; A
{xzaxowxloaxlm"'rxoz} {xzvxlz;?xmrxso}r {xorxzzaxssvxﬂ}
o; B
{x107‘x26’x427‘x58}7 {x14’x307‘x46’x62}
D/ o R[
{x3,x7,x11,x15,...,x63} {x3,x19,x35,x51}, {x7,x23,x39,x55}
S; It
{xll,x27,x43,x59}, {x15’x31’x47’x63}
(N=64) X7
|
| | | |
(N=16) Af B cl D/

(V=4)  Ef FG{ H{ I} J{ K[ L M{ N OJBRQ R STT

EY, FE, ..., T} are four-point DFTs. Hence no further reduction.
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N-point DFT (N = 4™, m = integer)
{XO7X1,X2,X37X4,X57 cen 7XN737XN727XN71}
—>|T|<—

fo= 1# = resolution in the frequency domain

{x07x4axgax125~~~} {xl,x5,x9,xl3,...} {xzvxmxmvxw-“} {x37x7,x11,x15,...}

—>| 4T|<— —>|4T|<— —>| 4T|<— —>| 4T|<—
1 1
Resolution in the frequency domain = — = — = f.
duency AT~ NT fo

In going backward to get the N-point DFT, frequency resolution is same but time
resolution is decimated by a factor of 4 at each stage. Hence this is DIT-FFT.
Four-point DFT can be described as follows:

3
Xp=> Wy k=023 (3.29)
n=0

Wy = e—j2n/4 = efjn/2 = _j7 Wé(t) = 17 WZ = _17 Wi :]

Row
1 1 1 1 0
mk=01,23 [wi= | 7 L]
1 -1 1 -1 2
1 j -1 —j 3
(4 x 4) DFT matrix

Rearrange the rows in bit reversed order

VA

The flowgraph for four-point DFT is shown in Fig. 3.15.
Example: Radix-4 DIT-FFT for N = 16

Xt

{x0, X1, X, X3, X4, X5, Xg, X7, Xg, Xg, X105 X1, X125 X135 X145 X|5}

F F F F
| Ag |Bk |Ck Dy |
{x0, X4, xg, X12} {x1, x5, X9, X3} {x2, X6, X100 X147 {x3, X7, X1, X5}
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Fig. 3.15 Four-point DIT- x X]F

FFT flowgraph

These are four-point DFTs.

3 3 3
Xp = xa Wik + Wi (Z X4,,+1W2'k> +wH (Z x4,,+2WZk>
n=0 n=0 n=0

X (3.30a)
+ Wit <Z x4n+3W§k>
n=0
XF = Af + WEBE + WHCE +W3kDE, k=0,1,2,3 (3.30b)

In matrix form (3.30) can be expressed as

F F
= N
ke L= =1 j || WieBk
Pl = , k=0,1,2,3 (3.31)
M| T ot S e
X 7ot S wior
where
3
Ap =) xWi, k=0,1,2,3
n=0
F
Ag 1 1. 1 1 X0 (3.32)
Af |1 = -1 ] X4
A5 1 =1 1 —=1]|=x
A% 1 =1 —j]lxe

This is represented in flowgraph format (Fig. 3.16). Similarly Bf, CI' and Df are
four—point DFTs of {xl,x5,x9,x13}, {Xg,x6,X10,X14} and {X3,X7,X117X15} respec-
tively (see Fig. 3.17).
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Fig. 3.16 Flowgraph for Input data Transform data
four-point DFT of

{x0, X4, %8, x12}

XO A(I):

N o
F
X4 ——— 4
! 4-point DFT L
Xy ——— — A4}
Xg ———— —— 4%
X ———— B
Xg— ) S
4-point DFT ]1:
X ————— —— B!
iy S
Xy C(l;
X¢ CF
: 1
X10 4-point DFT Cg
Xpg— | I, C§
X3 D(l):
X7 DF
: 1
X 4-point DFT D;
Xis DY
F F
Ay X(i:
) X!
4-point DFT
a—rd P X
Dg X1
Af xf
By . b
Lw 4-point DFT %
C X
12 9
DF 16 YE
W, 3 13

Fig. 3.17 16-point radix-4 DIT-FFT
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3.8 Radix-4 DIF-FFT

Similar to radix-4 DIT-FFT, when N = 4", a radix-4 DIF-FFT can be developed.

N—1
=Y Wy, k=0,1,...,N-1

n=0

W) - w B (3.33)
=) x,Wik+ anW,’\’,k + anWX,k + Zx,,W,'\’,k

n=0 n:% n:% n=3

=1+ 11 + Il + IV represent respectively the four summation terms.
Letn=m+5inll,n=m+%inlll,n=m+3¥inlv.
Then 11, 111, and IV become

Bz

—1

an Wik = mew WN — Wi Z s W= (=)D x, Wit (3.34a)

n=0 n=0
-1 v, 0 i1
an Wit = Zw W WY W = (1Y
m=0 n=0 n=0
(3.34b)
Similarly
_ y-1
D Wit = ()Y x e Wi (3.34¢)
n=0
Substitute (3.34) in (3.33) to get
41
XF = [xn + (=) %+ (=D + ( j)"xH}TN] Wk (3.35)
n=0
Let k = 4min (3.35), (m = 0,1,...,% — 1). Then
Y1
Xo, = 3 [+ Gy gy 2 | W (3.360)

n=0

This is a N /4-point DFT of {x,, + X + Xy X, J%} .
Let k = 4m + 1 in (3.35).
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3N1

4m+1 Z Wn4m+1 +Z nW n(4m+1) +Z W n(4m-+1) +Z nW n(4m+1)

ﬂ_

=V+V[+VI[—|-VII[

(3.36b)
V, VI, VII, and VIII represent respectively the four summation terms.
Let n :m—i—% in VI, n :m—i—% in VII, n :m—i—% in VIII.
Then (3.36b) becomes
-1
Xr = D0 ([0 = sy = iy + | W3 W (3.36¢)
n=0
This is again a N /4-point DFT of ([xn = Xy = Xy X, +%} WX’,)
Let k = 4m + 2 in (3.35). As before
-
XE = z; ([n = sy 2y = | W3 W (3.36d)
n=I\
This is a N /4-point DFT of ( [x, =, + %, — %, W3").
Let k = 4m + 3 in (3.35). As before
-1
X§m+3 = ([x,, +jxn+% Xy _jxn+%} W}%/n) i (3.36¢)
n=0

This is a N /4-point DFT of ([xn + X = Xy — X, +%} Wf,”).

In conclusion, a radix-4 N-point DIF-FFT is developed based on four N /4-point
DFTs. Each N/4-point DFT is obtained based on a linear combination of the
original N-point data sequence. The N-point DFT

N—1
=> Wi, k=01,....N—1

n=0
is decomposed into
Ny
Xt = [x,, Xyt + Xy x,H%} Wy (3.37a)
n=0
Ny
X =3 ([x X~ Xy jx,H%} W;;)Wg"’ (3.37b)
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x(n) XF(4m)
xX(n +p) ><>< > W?v” XF(dm +2)
x(n +%) > > XE@dm +1)
-1 W(']
3N > > > >
x(n + =) > > > o XF(dm +3)
fé

Fig. 3.18 Butterfly to compute (3.37) form, n =0,1, ... ,% — 1 where N =4

XE = ([x — XXy — xH%} W?v") Wy (3.37¢)
n=0
¥
F . . 3
Hamis = ;( o g = Xy = WA )W (337d)

_ N
m=0,1,..., %1

All these are N /4-point DFTs (Fig. 3.18).
The four N/4-point data sequences are formed as follows:

1 1 1 1 X,

Wy (1 = -1 D) || s
w2 (1 =1 1 1) | %np
WZ%IH ( 1 ] -1 71) Xnt3N /4

n=0,1,...,5—1 (3.38)

The N-point DFT is obtained from four N/4-point DFTs. Each of the N/4-point
data sequences is formed as described above. This process is repeated till (at the
end) four-point data sequences are obtained (Figs. 3.19 and 3.20). Radix-4 DIT-
DIF-FFT can be obtained by mixing DIT-DIF algorithms at any stage (or even in
each stage). Similar to this, radix-6 and radix-8 DIT-FFT, DIF-FFT and DIT-DIF-
FFT algorithms can be developed.

A high speed FFT processor for OFDM systems has been developed based on
radix-4 DIF FFT. The processor can operate at 42 MHz and implement a 256-point
complex FFT in 6 ps [O8].

3.9 Split-Radix FFT Algorithm

We have developed radix-2 and radix-4 DIT and DIF algorithms. Combination of
these two algorithms results in what is called a split-radix FFT (SRFFT) algorithm
[SR1, A42], which has a number of advantages including the lowest number of
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Data sequence

3 Fast Algorithms

Transform sequence

x(0) 7 70 . — XF(0)
4-point |
x(;) N // @ piF [ N®
NN/ N/ dw| BT T
x 5 — x¥(12)
AF(12)
=
x(5) P AN dpoint Ly
X6 AL/ SN Ao DI L g,
AN FFT
x(7) WXXW/ - WA(; Akiijz — XF(14)
oy LA AW apoine | e
o TR DT I
wny LN SO Aol FET
x(11) - — XF(13)
Wy 45(13)
Y/ R — o
x(13) / / / \\\ / M Wy A 4point | YF(11
[\ T N\ 47| DIF an
SV 5 NG| FFT [ X0
x(13) 5 e Xy

Fig. 3.19 Flowgraph of 16-point DIF FFT is developed from (3.37). See Fig. 3.18 for the
flowgraph of four-point DIF FFT (see also [A42])

Data sequence

Transform sequence

x(0) — _

w—] o

x(8) FFT
x(12) —

x(1) — _

x(5) 4-Ig(1)11:nt

x(©) FFT
x(13) —

x(2) — _

x(6) 4-Ig(1)11:nt
x(10) — FET
x(14) —

x(3) — )

—]
) e
x(15) —

Fig. 3.20 Flowgraph of 16-point DIF FFT. Only one of four butterflies is shown to minimize

confusion

pooint | XO
-poin F
DIF X F(S)
FFT [ X ¥
— XxF(12)
4001 — X7
-point F
DIF XF(IO)
FFT [ X (©
—— XxF(14)
4001 — XF()
-point F
DIF X F(g)
FFT [ X0
—— XF(13)
tvoint | XF3)
-poin - F
DIF XF(ll)
FFT [ X (D
— xFs)
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multiplies/adds among the 2™ algorithms. The algorithm is based on observation
that at each stage a radix-4 is better for the odd DFT coefficients and a radix-2 is
better for the even DFT coefficients. The algorithm is described as follows:

The N-point DFT for N = 2" can be decomposed into

X (2k),k=0,1,....5—1, X"(4k+1) and X"(4k+3),k=0,1,....5 -1, ie,

v/2)-1 N-1
XP2k) = > W+ > x(n) W
n=0 n=N/2

(3.39)

By changing the variable in the second summation fromntomasn = m + %, (3.39)
can be expressed as

(N/2)—1
XT2k)y = D" [x(n)+x(n+5)] Wity k=0,1,....5-1  (3.40a)
n=0

This is a N/2-point DIF-FFT. Similarly based on the radix-4 DIF-FFT,

(N/4)—1
Xkt 1) = > ([en) —jx(n+5) —x(n+5) +sx(n + )| WR) Wi,
n=0
(3.40b)
and
(N/4)—1
Xk +3) = D () sl +8) —x(n+8) — o+ )W W,
n=0
kzO,l,...,%’—l
(3.40c)

These two are radix-4 N/4-point DIF-FFTs. By successive use of these decom-
positions at each step, the N-point DFT can be obtained. The computational
complexity of this split-radix algorithm is lower than either radix-2 or radix-4
algorithms [SR1].

Yeh and Jen [O9] have developed a SRFFT pipeline architecture for imple-
menting the SRFFT algorithm. It is also suitable for VLSI implementation. The
objective is to design high performance (high speed) and low power FFTs for
applications in OFDM which is adopted by the European digital radio/audio
broadcasting (DVB-T/DAB) standards. Other applications of OFDM include
wireless local area networks (WLANs), HYPERLAN/2 systems, fourth-genera-
tion cellular phone and new WLAN systems. Details on the pipeline architecture
design for implementing the SRFFT are described in [O9] along with the refer-
ences cited at the end.
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A new technique called decomposition partial transmit sequence (D-PTS) which
reduces the multiplicative complexity while reducing the peak-to-average power
ratio (PAPR) of an OFDM signal is developed in [O19]. To generate the PTS,
multiple transforms are computed within the FFT. Details of the low complexity
IFFT based PAPR reduction are described in [O19].

3.10 Fast Fourier and BIFORE Transforms by Matrix
Partitioning

Matrix factoring techniques have been developed for implementing the fast Fourier
and fast BIFORE transforms (FFT, FBT). Matrix partitioning methods can be
similarly used for developing FFT and FBT algorithms. Several versions [T1, T2,
T3, T4, TS, T6, T8] of the matrix factoring methods for computing the FFT and
FBT have been developed. The intent, here, is to develop matrix partitioning
techniques, which illustrate the computational savings, in evaluating the Fourier
and BIFORE (BInary FOurier REpresentation) coefficients.

3.10.1 Matrix Partitioning

BIFORE or Hadamard transform [T6, T7] (BT or HT) of an N-periodic sequence,
x(n) = {x(0),x(1),...,x(N — 1)}", where x(n) and superscript T denote column
vector and transpose respectively, is defined as

B (k) = = [H(g)] x(n) (3.41)

By (k) fork =0,1, ...,N — 1 are the BIFORE coefficients, g = log,N, and [H(g)]
is an (N x N) Hadamard matrix [B6, p. 156] which can be successively generated
as follows:

(3.42)

The matrix partitioning method can be best illustrated with an example. Con-
sider N = 8. Using (3.41) and (3.42), B .(k), [H(g)], and x(n) are partitioned as
follows:
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(3.43)
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The structure of (3.43) suggests repeated application of matrix partitioning to obtain

the following set of equations:
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B(0) = g 1a0) + ()} = (0), B,(1) = {1(0) ~ w(D)} = gxa()
B.(2) = ¢ [n() +003)} = g62), B)=¢{n) ~u)} =gu0)
B.4) = [n) +0(5)} = gu4), Bi(5) = ¢ (uld) ~u(5)} = gu(5)

B(6) = ¢ [2(6) + (7)) = gx3(6), Bu(7) = ¢ {(6) ~u(T)} = gxs(7)

(3.47)

The above sequence of computations is schematically shown in Fig. 3.21. Apart
from the 1/8 constant multiplier, the total number of arithmetic operations (real
additions and subtractions) required for computing the BT is 8 x 3 = 24, or in
general, Nlog,N, compared to N2 operations as implied by (3.41).

3.10.2 DFT Algorithm

Matrix partitioning can also be extended to DFT. As is well known [T2], the DFT
of x(k) is

N-1
XF(k):Zx(n) Wik k=0,1,...,N—1 (2.1a)
n=0
where Wy = e /N and j=+/—1. Using the properties, WN*" =W’ and
WJ(VN/ 24 _ _ W DFT for N = 8 can be expressed as (here W = Wg)

[XF(0)] EJ1 1 1 111 1 17 [*0)
Xl ot w wr w -1 —w w2 —w3||x(])
XF(2) E[1 W2 -1 -w* 1 W -1 -w?||x(2)
XF3)| ot w w2 W -1 -W W2 W ||x(3)
Xf4)| E|1 -1 1 -1 1 -1 1 —1 || x(4)
XF(5) o1 -wW w* W -1 W -—W W ||x5)
X¥(6) Efl -w2 -1 W 1 W -1 W ||ye)
X" ] oLt —wEo-wrowE L wE W W ) |
(3.48)

Here E means even vector and O means odd vector at the midpoint. This, however,
holds no advantage regarding computational savings. The trick is to rearrange
(3.48), based on the bit reversal of {XF(k)}, i..,
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N A N A |
o Y Y e e
viol (bl S
B I R IS | S
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(3.49)

Observe the similarities in the symmetry structure and partitioning of the square
matrices in (3.43) and (3.49). The difference is in the “weighting factors”, + 1
and + W3 in FFT, whereas =+ 1 only in FBT. Repetition of the process
indicated by (3.44) through (3.47) on (3.49) results in a corresponding flow
graph for FFT (Fig. 3.21). The total number of arithmetic operations for DFT
computation, which, however, involves complex multiplications and additions,

is Nlog,N.

Analogous to factoring of transform matrices, matrix partitioning also can yield
computational savings in evaluating BT and DFT. These techniques, both factoring
and partitioning, can be extended to other transforms [T4] (Table 3.3).

The sparse matrix factors based on Fig. 3.21 are as follows:

Input data Transform data
x1(0) x5(0) x3(0)
x(0) B, (0)
xi(1)
0 ><><c2<n MR 5
@) S\ x3(2) B2
x1(2) -1 %
- ><>O<>< 20 u®) @ 60 50
X4) R x1(4) X(4) x3(4) B,4)
><><\ ©) //2 ><
X1
5 > > B.(5
x(5) ) A x5 a3 ¥0) ®)
x(© L L B,(6)
-1 x1(6) a A
x(7) > > > B,.(7)
-1 () a X7 6 xy(7)

Fig. 3.21 Flow graph for fast implementation of BT, CBT and DFT, N = 8. For the DFT the

output is in bit reversed order (BRO) (see Table 3.3)
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Table 3.3 Valuesofa;,ay, ...
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,a¢ shown in Fig. 3.21. Here W = Wy

Multiplier BT = [Gy(3)] CBT = [G,(3)] DFT
aj -1 _] .]
a 1 —J —J
as 1 1 VVI
a -1 -1 w2
as 1 1 VV3
as -1 -1 w*
CBT = complex BIFORE transform
3.10.3 BT (BIFORE Transform)
11
Lol 0 L] el -
: : [1,] =I1,] L]l
S S ol 2l o Uy
G, (3)]= 1 1 o EFZ} [Ez]] [[[4] [14]} (3.50)
L1 =1} ] -l
0 ‘1""1‘{‘1"'1‘
tro—1]
3.10.4 CBT (Complex BIFORE Transform)
1 1
_1___—_1__'_1__._.}-: 0 Y o
i E [Ig]__T_[{g]i _____________ 14 [4
e I [ A A i il e
10} I__l_____l_é._l___l__ :[Iz] j[lz]
L :l _],
3.10.5 DFT (Sparse Matrix Factorization)
Note that here W = Wjg.
(8 x 8) DFT matrix with rows rearranged in bit reversed order (BRO)
11
1 -1
"""" I L (1A R AR o
B S N o) =lnli 7 [14 I, }
- i T A [TARTA |
wrs ]l
0 - AN
R
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3.11 The Winograd Fourier Transform Algorithm [V26]

Relative to the fast Fourier transform (FFT), Winograd Fourier transform algorithm
(WFTA) significantly reduces the number of multiplications; it does not increase
the number of additions in many cases.

Winograd originally developed a fast algorithm now called WFTA. WFTA can
be best explained by some examples.

3.11.1 Five-Point DFT (Fig. 3.22)

u=-2m/5 j=v-1
si=x(1)+x(4) s2=x(1)—x(4) s3=x3)+x(2) s4=2x(3)—x(2)

ss =x(1) +x(3) s6=x(1) —x(3) s7=s52+s4 sg = 85 + x(0)

ap =1 a; = (cosu+cos2u)/2 —1 a; = (cosu — cos2u)/2
az = j(sinu +sin2u)/2 a4 = jsin2u as = j(sinu — sin 2u)
my = ao - Sg my = ai - s my =ay - Se ms=as-s

ms=ay - s7 ms = as - S4

Sog =mo+my  Sjo=2589+my S =S9g—nMp Sip=m3—my
S13 =My +ms  S14=S510+S12 S15 =510 —S12  S16 = S11 T 513
S17 = S11 — 513

XF(O) = my XF(I) = S14 XF(2) = S16 XF(3) = 517 XF(4) = 515

(3.53)
S

x(0) "50 gl XF(0)
Y S

X S N ; mélg 10 XF(I)
S day ny N

x(3) : > > > XE2)

3 -1 -1
X 2w XX
x(4) RS D ] 51 ] Xt @)
x(2) :] Sy a:5 ms S13 —=1 X0

Fig. 3.22 Flow graph of a five-point DFT computed by the WFTA
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3.11.2 Seven-Point DFT (Fig. 3.23)

u=-2n/7

s1 = x(1) + x(6)
55 =x(2) +x(5)

s9 = s + x(0)
S13 =82 + 84

$17 = S6 — 52

= V=1

52 = x(1) — x(6)
s6 = x(2) — x(5)

S10 =81 — 83

S14 = 8$13 + S6

53 = x(4) + x(3)

§7=951+353

S11 =83 — S5

N

15 =82 — 84

3 Fast Algorithms

sq = x(4) — x(3)
sg = 87 + S5
S12 =85 — 81

S16 = S4 — Se

ap =1 a; = (cosu+ cos2u +cos3u)/3 — 1 a; = (2cosu — cos2u — cos3u)/3

az = (cosu — 2cos2u + cos 3u)/3

as = j(sinu + sin2u — sin3u)/3

a7 = j(sinu — 2 sin 2u — sin 3u) /3

ngoy = dap -+ S9
my = dyg - S12
mg = as - 17
S18 = mo +m
§20 = S21 — My
S26 = 25 + My
830 = 29 + Mg

§34 = 8220 — 828

nmp = dap - Sg
ms = ds - Si4

S19 = S18 + 1y
8§23 = S18 — M3
$27 = M5 — Mg
8§31 = S20 + S26

8§35 = S24 + 830

as = (cosu + cos2u — 2 cos3u)/3

a¢ = j(2sinu — sin 2u + sin3u) /3
ag = j(sinu + sin 2u + 2 sin3u) /3

ny = daz - 810
Me = dg * S15

§20 = S19 + 113
824 = S23 + My
S28 = Sp7 — mg
8§32 = S20 — S26

$36 = $24 — 830

m3 = as - S
m7 = ag - Si6

§$21 = S18 — My
S25 = ms + Mg
$29 = ms — niy

8§33 = S22 + 828

XF(O) = my XF(I) = 531 XF(Z) = 533 XF(3) = 836
XF(4) = 535 XF<5) = S34 XF(6) = 8532
(3.54)
X(0) . XF()
53 ] < a, ny S22

X(4) =) Slzlo 0y g 7XS21/'1/ XF(Z)

S11 = $24 F
XXX i XXX
- me - > X
x(3 1 15 6 < F
v -1 \v%s” ag mg _1X327/_?/328 -1 XT)
X(5) : 516 F
. -1 -1 a; My -1 529 530 1 X3

Fig. 3.23 Flow graph of a seven-point DFT computed by the WFTA
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3.11.3 Nine-Point DFT (Fig. 3.24)

j= VT
s2 = x(1) — x(8)
s6 = x(3) — x(6)
S10 = S9 + 87

=513 + S8

u=-2n/9
s =x(1) +x(8)
s5s = x(3) + x(6)

Sg = §1 + 83

s3 =x(7) +x(2)
s7 = x(4) + x(5)

S11 = 810 + S5

54 =x(7) — x(2)
sg = x(4) — x(5)
S12 = 811 +X(O)

S13 =82 + 84 S14 Si5 = S1 — 83 S16 = S3 — 87

S17 =87 — 81 S18 = 82 — 84 §19 = §4 — 88 8§20 = 8§ — 52

ap =1 alz—% a, =jsin3u a3 =-cos3u—1 a4 =jsin3u
as = (2cosu — cos2u — cos4u)/3 ag = (cosu + cos2u — 2cos4u)/3
a7 = (cosu — 2cos2u + cosdu)/3 ag = j(2sinu + sin2u — sin4u)/3

ag = j(sinu — sin2u — 2sindu)/3  ajo = j(sinu + 2 sin2u + sin4u) /3

moy = dop - S12
nmy = ds - Se

mg = dag - Si8

my =daip - s10
ms = das - 815

mg = dg - S19

nyp =daz - Si4
me = dg - S16

mio = aio -+ 520

m3 = das - Ss
mg; =ag - S17

Spp =myp+myp Sy =S +m

26 = Mgy + N3

$23 = S0 + My S24 = S23 +mp

825 = §23 — My S27 = S26 1 821 S28 = §27 + Ms

S29 = S28 + Mg S30 = S27 — Mg S31 = S30 1+ M7 8§32 = S27 — M5

§33 =S3 — M7 S34 = Mg+ Mg S35 = §34 + My 836 = My — Mo

8§37 = 8§36 T M0 S33 =My — Mg S39 = §383 — Mo $40 = $29 + $35

S41 = $29 — 835 S42 = S31 + 537 S43 = S31 — §37 S44 = S33 + S39
S45 = $33 — $39

F F F
X (O) = my X (1) = S40 X (2) = 43

XF(S) = 845 XF(6) = 8§25 XF(7) = S42

XF(S) = 524 XF(4) = S44
XF(8) = $41
(3.55)

Winograd DFT is computationally more efficient than the radix-3 DIF FFT
(Table 3.4).

3.11.4 DFT Algorithms for Real-Valued Input Data

There has been significant literature discussing efficient algorithms for real valued
FFTs [B29, A38]. Basically, the algorithms fall into two categories: prime factor
algorithms (PFA) and common factor algorithms (CFA). PFAs are used when the
transform length N can be decomposed into two or more relatively prime factors.
An example of PFA is the Winograd Fourier transform algorithm (WFTA)
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S -
x(0) 1l D XF(0)
s s S8 §
x(3) 5 voal N 28529 XF(1)
59 S9 21
ANV R, GO\V/ A
S ads m 8§39
x(7) \><></3 —1_ o s s 132 533 XF(4)
§7 S17 ay my SW
XK T
as, m S
S S S a,» m
X(8) - 2 13 14 2 2 Al XF(6)
s ag m s
> o A /NN
X(Z) 1 _ 318 /L o $39 -1 X (5)
X(5) 20 L Yo
. 1 sg o —1 S19 ag My 153 S35 -1 )]

Fig. 3.24 Flow graph of a nine-point DFT computed by the WFTA

Table 3.4 Performance of WFTAs

DFT size N WFTA Radix-3 DIF FFT
Number of Number of Number of Number of
real multiplies  real adds real multiplies  real adds

5 5 17 - -

7 8 36 - -

9 10 45 64 74

(Section 3.11). See [T1] for an application. CFAs are used when the factors are not
relatively prime. Examples of CFA are the traditional Cooley-Tukey FFT algo-
rithms and the split radix algorithms. Both PFAs and CFAs are based on permuting
the input data into a two dimensional matrix so that the corresponding two-
dimensional DFT is a separable transform with minimum number of twiddle
factors. Especially for PFAs, the row and column DFTs are independent and are
not related by any twiddle factors.

In our case, the length 15 can be decomposed into five and three, which are
mutually prime. Hence, PFAs are applicable in our case. Two PFA algorithms are
available: the PFA algorithms developed by Burrus et al. [B29] and the WFTA. The
WFTA algorithm uses Winograd short-N DFT modules for prime lengths N as
building blocks. WFTA algorithms typically minimize the number of multiplica-
tions (by using a nesting procedure) at the expense of a slight increase in additions
[B1, B29]. However, for short lengths (including 15), the WFTA algorithm uses
less number of multiplications and the same number of additions as PFA. Hence,
we will be using the WFTA algorithm for our 15-point FFT. Our survey of the
existing literature shows that the 15-point real WFTA is the least complex among
the available algorithms [B1, B29].
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3.11.5 Winograd Short-N DFT Modules

Winograd short-N DFT modules are the building blocks for constructing the
WEFTA for longer lengths. The short-N modules are defined for prime lengths.
Specifically, we need three-point and five-point DFT modules for the 15-point
transform.

The Winograd DFT modules are based on a fast cyclic convolution algorithm for
prime lengths using the theoretically minimum number of multiplications [B1, B29,
A36]. This optimum convolution algorithm can be mapped to DFT using Rader’s
technique [B29] to give very efficient DFT modules for prime lengths.

In mathematical terms, Winograd’s algorithm achieves a canonical decomposi-
tion of the DFT matrix as shown below. Using the matrix notation in [A35]

[Dn] = [SV][CN][TN] (3.56)
where
[Dy] (= [F]) is the N x N DFT matrix,
[Sn] is an N x J matrix having 0, 1, —1 only as elements,
[Cw] is a J x J diagonal matrix,
[Ty] is aJ x N matrix having 0, 1, —1 only as elements.

That is, [Sy] and [Ty] are just addition matrices and [Cy] is the multiplier matrix.
Moreover, the elements of [Cy] matrix are either purely real or purely imaginary, so
for real input data, we will have just one real multiplication for each element of
[Cy]. Hence, the number of multiplications will be J. Winograd algorithm is
powerful because, for small and prime N (such as 3, 5, 7, 11), J is very close
to N. That is, we need only about N multiplications instead of N> multiplications
required in brute force approach. For example, for N = 3, [S3], [C3] and [T3] can be
derived from [A37] as follows.

100 11 1
[S3s)= |1 1 1 | [C3]=diag[l,cos(Z),—1,—jsin(ZF)] [T3]=]0 1 1
11 -1 01 -1

(3.57)

Note that the [Sy] and [Ty] matrices can be factorized into sparse matrices to
minimize the number of additions. For example [S3] and [T3] in (3.57) can be
factorized as

10 071 00 11 011 0 o0
=10 1 1 ||1 1 o] [[]=1]0 1 offl0o 1 1| (358
01 —1||0 0 1 00 1][0 1 -1
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For N = 4, [S4], [C4] and [T4] can be derived from [A37] as follows.

T
SO = = OO0 O =

O = O O O = O O

0 O
1 1
0 O
1 -1
I 0
-1 0
0 0
0 1

O O = =

el sn( )

0 1 0 P11 1] 89
0 -1 0 1 -1 1 -1
1 0o 1] |1 0o =1 0
10 -1 0 1 0 -1

For N = 5, [Ss], [Cs] and [Ts] can be derived from (3.53) and Fig. 3.22 as follows.

1000 0 100 0 0][10 O 00][L OO0 O O
060100 Of(O1 0 I OffO1 1 O0O|f1 10 0 O
[Ss]=10 0 1 0 1 o001 0 0|01 -1 00j(0OO01 0 O
0010 -1,j010 -10;{00 0 10]]001 —-10
0001 O 000 O 1/]]00 0 O01]J[00O0 1 1
) cos(u) +cos(2u) cos(u) — cos(2u)
Cs| = diag|1, M TEORS o  SORI) T EALA
[ 5] 1ag | L, 2 ) 2 )
o . . o . —2rn
J(sinu +sin2u), jsin(2u), j(sinu — sin2u) =—
11 0 0 0 0771 0 O O O]
1 0 0 0 O
0100 O0O0(0OT1 1 0O
01 0 0 1
001 00O0O0|[0O1 -1 00O
[T5] = 00 1 1 0
0001 O0O0[|0O0 O 01
00 -1 1 O
000 O0T1O0({0O0 O 11
01 0 0 -1
L0 0000 IJLO O 0 1 0]
(3.60)

3.11.6 Prime Factor Map Indexing

The idea behind mapping a one-dimensional array into a two-dimensional array is
to divide the bigger problem into several smaller problems and solve each of the
smaller problems effectively [B29]. The mappings are based on modulo integer
arithmetic to exploit the periodicity property of the complex exponentials in DFT.
Let N = N;N,. Let N; and N, be co-prime. Let n, ny, ny, k, ki, k, be the
corresponding index variables in time and frequency domains. The mappings
from n,, n,, ky, k» to n and k can be defined as follows.
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n= <K1n1 +K2H2>N n=0,1,....,Ny—1 np,=0,1,...,Ny— 1
k= <K3k1 +K4k2>N kk=0,1,....,Ni—1 k=0,1,...,Ny—1 (3.61)
nk=0,1,...,N—1
where (-), represents modulo-N operation.
There always exist integers K, K>, K3 and K, such that the above mapping is
unique (i.e., all values of n and k between 0 and N — 1 can be generated by using

all combinations of ny, n,, and k;, k). The mapping is called a prime factor map
(PFM) if

Ky =aN, and K, = bN,

(3.62)
K3 = CNZ and K4 = le

A solution that satisfies the PFM and also decouples the row and column DFTs is

K1 :Nz and Kz :Nl

3.63
:N2<N£1>N1 and K4 =N1<N;1> ( )

N

where (N1'1) v, 18 defined as the smallest natural number that satisfies (N7'Ny) N, =L
For our case N, = 3 and N, = 5.

<N1_'>N2:2 since Ny x 2 =1x N, + 1
<N2">N1:2 since Ny x 2 =3 x N| + 1

Thus K3 = N2(N; '), = 10 and Ky = Ni(N; '), = 6.

For another example, let Ny = 3 and N, = 4.

(NT')y, =3 since Ny x3=2xNy+1
(Ny')y, =1 since Ny x 1=1xN; +1

Thus K53 = N2<N2‘1>Nl =4and K, = N, <N1‘1>N2 = 9. The DFT then becomes

Ni—1 N,—1
XF(ky y) = Z Z &(ny, ny) Wik wik (3.64)
nl—O Ny =|

where

x(n1,m) = x((Kiny + Kana)y)

R (3.65)
X (ki ko) = XF((Kski + Kaka)y)

That is, the DFT is first applied along the columns and then along the rows.
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An alternative indexing method. In case N = Ny X N, where N; and N, are
relatively prime, then a group zy is isomorphic to a group zy, X zy, (zinz, repre-
sents integers or Zahlen in German). The DFT matrix can be partitioned into
blocks of N, x N, cyclic matrices, and such that the blocks form an N; x N; cyclic
matrix [A36].

For example, since 15 = 3 x 5 we have the isomorphism

0—0x(1,1)=(0,0) l=1x D=1 2-2x(1,1)=(2,2)
33 x(1,1)=(0,3) d—ax (1, 1) =(1,4 5—=5x(1,1)=(2,0)
6—6x(1,1)=(0,1) T=7x1,1)=(1,2) 8—8x(l,1)=(2,3)
99 x(1,1)=(0,4) 10— 10 x (1, ) = (1, 0) H—11x(,1)=@21)
1212 x (1, 1) = (0, 2) 13— 13x (1, 1) =(1,3) 14— 14x (1, 1) =24

Put this in lexicographical order to get the rearrangement: 0, 6, 12,3, 9, 10, 1, 7, 13,
4,5, 11, 2, 8, 14. Here (1,1) is a generator of group zy, X zy,.

4-dx (1, 1)=@x1,4x1)=(@mod3,4mod5) = (1, 4)
6—6x(1,1)=(@6x1,6x1)=(6mod3,6mod5) = (0, 1)

Matrix Interpretation. If we fix a value for n; and vary the values for n, from 0 to
N; — 1 in the above mapping and do this for all values of n; from 0 to N; — 1, we
obtain a permuted sequence of values of n from 0 to N — 1. Let [P;] be the input
permutation matrix describing these steps. Similarly, we define [P,] to be the output
permutation matrix. Then it can be shown that [A35]

[Po] X" = ([Dy,] @ [D,])[Pi] x (see Fig.3.25) (3.66)
where ® denotes Kronecker product (see Appendix E). That is, a two-dimensional
N; x N DFT can be viewed as a Kronecker product of the row and column DFT
matrices [Dy,] and [Dy,]. This matrix representation and the corresponding permu-

tation matrices for N = 15 are illustrated in the MATLAB code of Appendix H.1
(Fig. 3.25).

3.11.7 Winograd Fourier Transform Algorithm (WFTA)

WFTA takes forward the matrix interpretation of the PFA given above. If we have
short-N DFT modules for lengths N, and N,, then

[DNI] ® [DNZ] = ([SNI][CNI][TNI]) ® ([SNz}[CNz][TNz]) (3.67)

Using the properties of Kronecker products, it can be shown that [A35, A36]

[Dn,] @ [Dw,] = ([Sw] @ [Sv. ) ([Cv ] © [Ch, ([T ] @ [Tiv,])

= [Sn][CN][TN] (3.68)
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x [P] . [Dy]®[Dy,]  [P]= P! .KF
X((Kyny + Kom)y) XF((Ksky + Kaka)y)
X(ny, ny) XF(ky, k)
x(0) — (0, 0)—> —— (0, 0) — XF(0)
x(3) — (0, )—| — (0, ) — XF(6)
x(6) — (0, 2)— —— (0,2) — xF(12)
x(9) — (0, 3)— — (0, 3) — XxF(3)
x(12) — (0, H— — (0, 4 — x%(9)
*(5) — (1, 0)— — (1, 0) — XT(10)
x(®8) — (1, )—> T rlr— (1, 1) — x¥(1)
(1) —— (1, 2)——! SNE[SN‘ CN‘X?:}TN‘(TNZZN) ] L (1,2) — XF(7)
x(14) — (1, 35— (3.73) s (1,3) — xF(13)
x2) — (1, H— — (4 — xF4)
x(10) —— (2, 0)— — (2, 0) — XxF(5)
x(13) — (2, h)— —— (2, ) — xF{1
x(1) — (2, 2)— — (2,2) — xF(2)
x(4) — (2, 3)— — (2, 3) — XxF(®)
x(7) — 2, 4)— — (2,4 — xFag)

Fig. 3.25 Permutations of input and output sequences in the WFTA for N = 3 x 5. The symbol o
denotes element-by-element product of two matrices of the same size

This last step in (3.68) is called the nesting procedure in WFTA [A35]. Because the
multiplications are nested, this algorithm generally yields the lowest multiplication
count. The above equations can be further simplified as follows. Suppose

~ ~ ~ ~ [N ~ ~ [N N ~ T
I=[plx= (xo'xlr '":xNz—l'ExNzrxNz+1' ---'XZNZ—IIEXZNz'x2N2+1r s XN Ny —1 ) (3-69)

Define
Xo X KRR VA
XNZ -xN2+1 e szzfl
[2n] = : : . : (3.70)
X(N =Ny X(Ny=1)Np+1 " XNiNp—1

Similarly, define [Zy] for the output coefficients. [P;] and [P,] are defined in (3.66).

oF
The matrices [zy] and [Zy] map into vectors £ and X by row ordering (see Appendix
E.3). Then it can be shown that [A35, A37]

(7] ® [T x = (Tl (T]En])") 371

([Tw,]®[Tn,))x = [Tw,][z8][Tn,])" - (The right-hand side is same as (E.11)) (3.72)
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23] = [81] (18w [Coae]” o [ (Tiza)") (373)

One transposition operation has canceled out another in (3.73). [Cn,xn,] 18
defined as

T r T
(Iew] @ [Cx:)x = (Ewl(Cnln])) = [Cn]lan][C]

(3.74)
= [Cn,][zn][CN,] = [Chy v, ] © [2n] see (F.12)
where [Cy,] and [Cy,] are diagonal matrices, and
Cn,xn,(n,m) = Cy, (n,n)Cn,(m,m) n=0,1,..., My, —1 (My, =3)
(3.75)
m:O,l,...,MN2—1 (MN2:6)
([Cx]lzw]lCn)) = [Cw][n]" [Crv] = [Crvixnva] © [zv]” = [Crv ] 0[] (3.76)

My, and My, are the lengths of the diagonals (i.e., the number of multiplications) of
[Cn,] and [Cy,] respectively. The symbol o denotes element-by-element product of
two matrices of the same size. The superscript T denotes matrix transpose.

Applications. To develop five-point discrete cosine transform (DCT), we can
simply use Winograd’s five-point DFT module combined with Heideman’s
mapping [A40, A41].

3.12 Sparse Factorization of the DFT Matrix

3.12.1 Sparse Factorization of the DFT Matrix Using Complex
Rotations

Property. Given an N x N DFT matrix [F], we can find the sparse factorization of
the matrix using only row permutations and complex rotations.

3.12.1.1 Preliminary

Since rotations are being considered, and a matrix can be reduced to upper triangular
form (triangularization) by applying a sequence of complex rotations to the matrix,
each involving four elements of the matrix, we need to consider rotations of 2 x 2
matrices only. (In an upper triangular matrix all the elements below the diagonal are
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zero.) In addition, the elements of the DFT matrix are complex so that the Givens
rotations [B27] must also be complex. We, therefore, first prove that a sequence of
complex Givens rotations will result in an orthogonal matrix (not a unitary matrix!).

Proof.  Consider the 2 X 2 matrix given by:

K] { cosy  sin y} 3.77)
—siny cosy

where 7y is complex.
For [R] to be orthogonal, [R]" [R] = [/]. Note that [R] is not required to be unitary,
only orthogonal. Thus we have:

cos —sin cos sin
[R]T[R] B [ sin ;/ cos yy} {— sinyy cos Zf}
3.78
- {coszv—i-sinzy 0 ] B [1 0} (3.78)
B 0 cos? y + sin®y 1o 1

For (3.78) to be true, we need the identity
cos’y +sin’y =1 for complex y

This is easily shown as follows. Let ¥ = o + j where o and 3 are real. Using the
compound angle formulae for the sine and cosine functions, we can easily show:

cos?y + sin’y = (coszoc + sinzoc)coshzﬁ — (cos’a + sin)sinh®B =1 (3.79)

where cosh B and sinh [ are defined as

cos(j0) = cosh 6 sin(j0) = jsinh 6 (3.80)
cosh® = (¢’ +¢7%)/2 sinh = (¢ —e7?)/2 (3.81)
cosh?0 — sinh?0 = 1 (3.82)

Thus the complex Givens rotation [R] is orthogonal.

3.12.1.2 Analysis

cosy siny apy  apn

—siny cosYy a;  an
matrices are complex. We require a rotation matrix to null such that ([R][A]),, = 0.
This leads to the following equation:

Let [R] = { } , and let [A] = [ ] , where the elements of the

ap sin y —azycosy =0 (3.83)



94 3 Fast Algorithms

giving tan y = ay;/ay; provided a;; # 0.

1. Ifa11 = O, Y = TC/2.
2. If a;; # 0, we have to solve for the complex angle y in the equation:

tan y = a1 /a1 = z3

Let u = e/?, so that we can express the sine and cosine functions as:

(utut)

N =

1
sin y:?(u—u’l) and cosy=
J

These give the equation:

) lu—u!
an y = —
i Ju+u!

(3.84)

Equation (3.84) can be solved using complex analysis. The solution for u is

2_1+j22
u = -
1 —jz3

ifz3 # —j
1. If z3 # —j, let u?> = z4 = re/®. It is then seen that there are two solutions:

up = re’®? and  uy = fre/ 2 = _y,

The solution for u is unique if we constrain the argument of the complex number to
be inside (0, ). Let this u be pe/® and recall that u = e/Y. Thus we have

y=0—jInp
2. If z3 = —j, we simply perform a row permutation on the 2 X 2 matrix, thus
interchanging the positions of a;; and a;. The resulting z3 will be equal to j.

We have thus shown that there exist complex rotations that can reduce (triangu-
larize) an N x N DFT matrix to upper triangular form, when row permutations are
allowed.

3.12.2 Sparse Factorization of the DFT Matrix Using Unitary
Matrices

In the previous summary titled “sparse factorization of the DFT matrix using
complex rotations,” we have examined that the DFT matrix can be reduced to
upper triangular form (triangularization) using complex Givens rotations and row
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permutations. It was indeed shown that an orthogonal matrix exists that will reduce
the DFT matrix to upper triangular form. The previous summary examines the case
of 2 x 2 matrices, which are sufficient. The equation is

[F] = [O]IR] (3.85)

where [Q] is the transpose of a sequence of complex rotations given by

0] = ([04][Qnr] -+ [01])]

in which [Q,,][0]" = [I] showing the orthogonality of each of the complex rotations.

The reduced matrix [R] is upper triangular. Since it is known that [F] is a unitary
matrix, the fact that [Q] is orthogonal implies no particular symmetry for the upper
triangular matrix [R]. However, it is easy to see that it cannot be orthogonal
otherwise it would make [F] orthogonal as well. Since [R] is not orthogonal, it
can be seen it cannot be factorized into a sequence of complex rotations, each of
which is orthogonal.

The above observation prompts the question which is the subject of this sum-
mary. The question is, can the orthogonality condition of the complex rotation be
generalized to a unitary condition so that the DFT matrix is factored into a sequence
of unitary matrices, each of which may imply a complex rotation of some kind?

To examine this question, we consider first the well-known QR decomposition
[B27] of the DFT matrix.

3.12.2.1 The QR decomposition of the DFT matrix [F]

It is known that for a unitary matrix [F], its [Q] and [R] factors are respectively
unitary and diagonal. Thus [F] = [Q][R] such that [F]*' [F] = [I] and [0]*"[0Q] = [I]
where * denotes conjugate, T denotes transpose, and the matrix [R] is diagonal. We
show this for the 2 x 2 case. Suppose that [R] is the upper triangular matrix from the
factorization of the unitary matrix [F] into [Q][R] where [Q] is also a unitary matrix.
Let

_ | 811 812
R] = |: 0 g22:| (3.86)

where the elements are complex.
Since [R]*"[R] = [I], we have the following equations for the elements of [R]:

R [R] = [g’h 0 Hg(1)1 812} — 1 (3.87)

g &n 2%

where the superscript * denotes the complex conjugate. From (3.87), we get

ghgu=1 gg2=0 and g},g12+g58n =1 (3.88)



96 3 Fast Algorithms

Express g1 and g1 in terms of their real and imaginary parts as g;; = x; + jy; and
g12 = X3 +jy,2. Then we have the equations for the components for g,:

811812 = (X1 —jy1)(x2 +jy2) =0
Hence

x1x2+y1y2=0 and xixp +y1y2 =0

Noting that the determinant of the coefficient matrix [R] of (3.85) is the square
amplitude of g1, which is one, there is only the trivial solution for x, and y,,
meaning that g, is zero. Thus the matrix [R] is diagonal.

3.12.2.2 The unitary matrices in the form of rotations of some kind

Let us first examine the complex “rotation” matrix of the form:

| cosy siny
la] = {—sin*y cos*y}

From this definition of the rotation matrix, we can examine the elements of the
product [¢]"[q].

(la]"la]) = cos ycos™y +siny sin"y
([CI]*T[CI]) |, = c0s ycosy —sin ysin'y =0
(1a07ta)), = (la1a)) , and (1a"la)), = (lal"Ta)

If the matrix [g] is scaled by the square root of the value ([g]""[g]),,, the

resulting matrix will be a unitary matrix. Thus we now define the unitary rotation
matrix as

21 12 11 22

1 | cosy siny
o) = Vi {—sin*y cos*y} (3-89)

where
k = cos ycos*y + sin ¥ sin*y = cosh?B + sinh?p

Suppose this matrix [Q] is applied to a 2 x 2 unitary matrix given by

GE

az an
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Then v satisfies the following equation:

1
([OlIF]),; =0, or ﬁ(—ausin*y + azicos™y) =0 (3.90)

Hence we see that the development for the solution of the complex angle is the same
as before (see (3.83)). The only difference is that now the complex conjugate
appears in the equation.

We have shown in this summary that it is possible to completely factoran N x N
DFT matrix into unitary “rotation” matrices, and a diagonal matrix. The unitary
matrix is made up of elements in the 2 X 2 matrix defined by

0] = 1 T cosy siny
—sin*y  cos*
NG Y Y

where k = cos ycos™y + sin y sin*y.
Example 3.1 For N =2

[t [-1 1 1 -1 00
[F]—\/:l wt w2 [O]=4/z|-1 W' W2| [Rl=]|0 1 0
1 w2 owt -1 w2 owt 0 0 1

Here the MaTLAB function QR is used.

3.13 Unified Discrete Fourier—-Hartley Transform

Oraintara [I-29] has developed the theory and structure of the unified discrete
Fourier—Hartley transforms (UDFHT). He has shown that with simple modifi-
cations, UDFHT can be used to implement DFT, DHT (discrete Hartley transform
[1-28, I-31]), DCT and DST (discrete sine transform [B23]) of types I-IV
(Table 3.5). He has thus unified all these transforms and has derived efficient
algorithms by utilizing the FFT techniques. An added advantage is that the FFT
based hardware/software can be utilized with pre/post processing steps to imple-
ment the family of DCTs, DHTs and DSTs. The basis functions of this family of
discrete transforms are listed in Table 3.5.
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The UDFHT is defined as an (N x N) matrix [T] whose (k,n) elements are
given by

Tin = W { Ae—2m(krko) () /N Be./2n<k+ko><n+no>//v}

= Wk { (A + B) cos[2E(k + ko) (n + ng)| — j(A — B) sin[2E(k + ko) (n + no)] }
3.91)

where A and B are constants and p, and A, are normalization factors so that the basis
functions of [T] have the same norm, V/N.
The UDFHT is orthogonal if any one of the following is true:

1. AB=0, or

2. no=p/2,kg=¢q/2 and ¢, — by = (2r—1)n/2, or
3. no=0orl/2,ko=(2q—1)/4, and ¢, — by =rm,or
4. ko=0orl/2,ng=02p—1)/4, and ¢, — bz =rm,

(3.92)

where p, g, r are some integers, and ¢, and ¢y are the phases of A and B,
respectively.

Table 3.6 lists the values of A, B, ko and ny for DFT/DHT of types I-IV.

As stated earlier the family of DCTs/DSTs (types I-IV) can also be implemented
via UDFHT. However, besides the choice of A, B, ky and ny (Table 3.7), this
implementation requires permuting data or transform sequence with possible sign
changes.

Table 3.6 DFT and DHT of types I-IV via UDFHT. [I-29] © 2002 IEEE

A B k() no
DFT-I 1 0 0 0
DFT-II 1 0 0 1/2
DFT-II 1 0 12 0
DFT-IV 1 0 12 12
DHT-I (1+4)/2 (1-j)/2 0 0
DHT-II (1+))/2 (1-j)/2 0 12
DHT-III (1+4)/2 (1-5)/2 12 0
DHT-IV (1+))/2 (1-/)/2 12 12

Table 3.7 DCT and DST of types II-1V via UDFHT. [I-29] © 2002 IEEE

A B k() o
DCT-II 172 172 0 1/4
DCT-1II 1/2 1/2 1/4 0
DCT-1V 172 172 1/4 12
DST-II jr —j2 0 1/4
DST-1II Jji2 —jl2 1/4 0

DST-IV ji2 —ir2 1/4 12
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For example, using Table 3.7 for DCT-III, leads to

2m 1 1
Tin = Ay, COS {N (k—|—4)n] =\, cos {N <2k+2> } (3.93)

For 0 < k < N/2,

Tin=Chy,, and Ty 140 =Chy, (3.94)

Let [P;] be an (N x N) permutation matrix

100 00 0 0
00 0 00 0 (=1

P[0 1 0 00 0 0 (3.95)
000 00 (1)) o0

Then it is easy to show that [C'!!] = [Py][T] where [C™] is the (N x N) DCT matrix
of type III. Similarly from Table 3.7 [C'V] = [P,][T] where [C"] is the (N x N)
DCT matrix of type IV. Generalizing, the family of DCTs and DSTs can be
implemented via UDFHT as follows:

[ =111 Po]", (€M = [Po]IT],  [CV] = [PA]IT]

11 Trp 1T 11 v (3.96)
ST =1[T1[P\]", (ST =[P][T], [S™] = [Po][T]

It is shown here that UDHFT can be used to obtain DCT-III (see (3.91),
(3.93)—(3.96) and Table 3.7).

N-1
k) =" hncos[E(2k +1)n] < C"(k Zx cos[Z(k+3)n] | (3.97)
n=0

1/VN p=0
V2/N p#0

Proof. From (3.97) for N =8,

where%p:{ and k=0,1,...,N—1.

7(0) = C"(0), T(1) = C"™(2), T(2) = C"™(4) and T(3) = C"™(6)  (3.98)
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Thus the first equation in (3.94) is true. To show that the second equation in (3.94) is
true, let k = N — 1 — m and put it in (3.97) to obtain

T(N—1—m) Zx cos[ <2N 2m — 2+1)} (3.992)

Index m in (3.99a) can be changed to k, and cos(2n — a) = cos(a). Thus

N—1—k Zxcos[ <2k—|—1)+;>n}

(3.99b)
=Cc"(2k+ 1) 0<k<N/2
Equations (3.98) and (3.99) can be expressed in matrix form as
- AL T _ _
Cm(o) 100000 0 0][T0
¢ (1 00000O0GO0GO 1]]T)
Cc7(2) 0100000 O0||TQ)
c"3)l oo 0000 1 0[[T3 (3.100)
CHI(4) 1001 0 0 0 0 Of|T®) ’
CIII(S) 000001 0 0]|T(®5)
@ 10000100 0|20
L C(7) | L 1 1LT(7) ]

The property in (3.97) can be illustrated in a pictorial fashion referring to
Fig. D.1b. Symmetrically extend C™(k), whose basis function is cos[%(k 4 3)n]
and then decimate the resulting sequence to obtain T'(k), whose basis function is
cos [Z(2k +1)n]. Then C™(N) is replaced by C™ (N + 1) as C"™(N) = C"™(N + 1)
and other coefficients are obtained similarly. This property for C'(k), S'(k), C(k)
(Fig. D.1c), and S" (k) will be used in Appendix D.3, where C'(k) is a coefficient of
DCT type-I and so on.

3.13.1 Fast Structure for UDFHT

The UDFHT can be calculated from the DFT algorithms. Consider only ny = p/2
where p is an integer. Fast structures for DCT-II and DST-II can be obtained from
the transposes of DCT-III and DST-III, respectively. Let

i=(—n—2np)moduloN, ie. A=s,N—n—2n (3.101)

and s, is an integer such that 0 < 7 < N — 1. Notice that s; = s, where n = s; N—
n—2ng.
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=3, { AeRlktho)(ntno) 4 BefN—"(k+ko><n+no>]x(n)

~3(k+ko ) (n+ng )

= Ay Ax(n) + Ly Be™™ % x(i)] e

N—-1
= Wkt N " 1, Ax(n) + Ay BW 0%V x (i) | whor whn (3.102)

3
Il
o

The UDFHT can be expressed in vector-matrix form as
X=[Tx

where X is the N-point transform vector, x is the N-point data vector and [T] is the
(N x N) UDFHT matrix.

The UDFHT can be implemented via DFT-I with pre and post processing as
shown in Fig. 3.26 for N =8 and ny = 2. Note from (3.101) 7i=1 x N—n—
2 x ny = 4 and thus sp = 1, for n = 0. From Fig. 3.26, it is clear that, if Mult(V)
is the number of (complex) multiplications used in the operation of N-point
FFT, the total number of multiplications used in the UDFHT is approximately

9]
«0) - AlA : wo Whoko X(0)
SO S WEE™
x(2) — \;\\f/_y\f/’_{_ o | wCom XQ)
) ///}1/5\\\\ Wk W Gkomg )
@ A \\ WAk 8-point FFT W @+komg )
Sk
e WERN xs)
~ Wk W ©+komg
x(6) st X(6)
o ToaAS Wk W (ko X

A+BWNky 44 BW ~2Nko

BWNkoyA  BW 2Nk
A+BW N || 44BNk

Fig. 3.26 Fast structure for non-normalized UDFHT for N = 8, ng = 2, A = 1/|A|* + |B|* and
W = e2%/N_[1-29] © 2002 IEEE
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Mult(N) + 4N where the 4N extra multiplications are from the butterflies in [Q] and
the pre- and post-multiplications (W*", Wk+k)m) of the FFT block.

The orthogonality of the UDFHT can also be seen in Fig. 3.26. Since pre- and
post-multiplying of the FFT block are orthogonal operations and the FFT itself is an
orthogonal matrix, the entire UDFHT is orthogonal if and only if the pre-processing
[O] whose (k, n) element is given by

AJA if k=nand k # i
BWsikoN /A if k#nand k=n
O =\ (A4 BW k) /44 BW Y| itk —n =
0 otherwise (3.103)

where A = /|A|* + |B|* and i = s, N — n — 2 ny, is orthogonal, which implies that
AB=0 or cos(2ms,ko — by + dg) =0 (3.104)

Using (3.91), (3.97)—(3.103) and Table 3.7, the flowgraph for eight-point
DCT-III via FFT is shown in Fig. 3.27. Here A =B = 1/2, ko = 1 /4 and ny = 0.
Thus from (3.101) i=1xN—n—2xny=7 for n=1. Here the (N x N)
DCT-III matrix [C™] = [Py][T], and [T] is defined by (3.102). Note that the input
and output of the FFT block are to be in natural order. Note that the postprocessor
implements [Py] defined by (3.100).

Oraintara [I-29] has generalized UDFHT called GDFHT by considering A and B
to be variables as a function of n. From this, he has developed fast structures for
MLT (modulated lapped transforms) followed by a flowgraph for efficient imple-
mentation of MDCT (modified DCT) via 12-point FFT.

Potipantong et al. [I-30] have proposed a novel architecture for a 256-point
UDFHT using the existing FFT IP-core combined with pre and post processing

(7] LY

x(0)——22 — X(0)
W

x(1) e X(1)

" / JRN2 e

x(2) / y— X2)
J /&

x(3) e X3)

(Hj)Wﬂﬁ W 8-point FFT

x4 X4
AN N
x(5) X(5)

12 \\ JN2 w32

1Nz \ JNZ WH

x(6) X(6)

x(7) X(7)

Fig. 3.27 An example of an eight-point DCT-III via FFT. Here W = ¢ /2%/8_ [1-29] © 2002 IEEE
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operations. This architecture can be used to implement the family of discrete
transforms DFT/DHT/DCT/DST, and is based on Xilinx Virtex-II Pro FPGA.
The 256-point UDFHT can be implemented in 9.25 ps at 100 MHz operating
clock frequency.

Wahid et al. [LA4] have proposed a hybrid architecture to compute three eight-
point transforms — the DCT, DFT and discrete wavelet transform (DCT-DFT-
DWT) to be implemented on a single Altera FPGA with a maximum operational
frequency of 118 MHz. The transformation matrices are first decomposed into
multiple sub-matrices; the common structures of the sub-matrices are then identi-
fied and shared among them.

The prime length DFT can be computed by first changing it into convolution.
Then the convolution is computed by using FFTs. The Bluestein’s FFT algorithm
[A2, TP3] and the Rader prime algorithm [A34] are two different ways of trans-
forming a DFT into a convolution.

3.14 Bluestein’s FFT Algorithm

The Bluestein’s FFT algorithm [A2, IP3], also called the chirp z-transform algo-
rithm, is applicable for computing prime length DFT in O(Nlog,N) operations. The
algorithm is as follows: (42) /2

Multiply and divide DFT by W

N—1
XM(k) =Y x(mWy k=0,1,...,N—1 (2.1a)
n=0

to obtain

XF(k) — = Wkl‘l WA_](k2+n2)/2 W(k2+n2)/2

N
n=0
2 1, N—1 —(hen)? 2
:Wg/zz (k )/Z(X(H)WN/2> (16,2kn:k2+n2—(k—l’l)2)
n=0

(3.105)

"2 7’,’2
Wherei(n):x(n)WN/z, n=0,1,...,N—1and w(n) =W, /2, n=-N-+1,
n=-N+2,..., —1,0,1,2,...,N — 1 (see Fig. 3.28).
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Fig. 3.28 DFT computation 212
using Bluestein’s algorithm. (D n X(n) * Wy
The block in the middle is ’ X XF (k)
implemented using one FFT

d IFFT 2 2
and one Wi s

ln T n

N-1 N-1

a general periodic sequence the periodic sequence of
w(n) = W2 in (3.105)

Fig. 3.29 Periodic sequences with period N even where N = 6

For N even, a convolution in (3.105) can be regarded as an N-point circular

convolution of complex sequences since W ) /2 ,;nz/z (Fig. 3.29b). Cir-
cular convolution of two periodic sequences in timel/spatial domain is equivalent
to multiplication in the DFT domain (see (2.24)). Similarly, the convolution
in (3.105) can be computed with a pair of FFTs when the DFT of w(n) is
pre-computed.

n+N /2 7112/2 . .

For N odd, however W =-Wy , so that the convolution in (3.105)
corresponds to a c1rcu1ar convolution of size 2N where {x(n)} is extended by
adding N zeros at the end. Thus the N output samples of even index are the DFT
of the input sequence since adding zeros to {x(n)} at the end results in interpolation
in the frequency domain (see Section 2.7).

For N even, a circular convolution in (3.105) can be best explained by examples
for N =4 and 6 as

XF(0) /WE,

F( )/ ZV XF(0) 1 a -1 a £(0)
X (1)/W2N _ XF(1)/a = a 1 a -1 x(1)
XF(2) /W, —X7(2) B R A

. kz X"(3)/a a -1 a 1) \z03)
XF(3) /wh,
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XF(0) 1 b —jb j —jb b\ [#0)
XF(1)/b b1 b —jb = || )
Xy | | =p b1 b —jb #(2)
DGO Il R S G S EEV B
JXF(4)/b b j —jp b 1 b ||z
XE(5)/b b —jb j —jb b 1 £(5)
where @ and b are exp(jn/N) with N = 4 and 6 respectively.
Similarly, let
N-1
x(mWy* k=0,1,...,N—1 (3.107)
n=0
k2 2 k+n 2 n2 2
(3.108)

ZW;/ZZW(/C—FI’I)X(U) k=0,1,...,N—1 (N even)

Then vector [YF(k)] is [XF(k)]" = [XF(0),X"(N — 1),X"(N —2),...,XF(2),
XF(1)]", where XF (k) is defined in (2.1a) and (3.105). Equation (3.107) corresponds
to the IDFT (2.1b), after including the factor 1/N.

3.15 Rader Prime Algorithm [A34]

An integer modulo N is indicated as
((n)) = nmodulo N (3.109)

If N is an integer there is a number g, such that there is a one-on-one mapping of the
integersn = 1,2,...,N — 1 to the integers m = 1,2,...,N — 1, defined as

m = ((¢") (3.110)

For example, let N = 7, and g = 3. The mapping of n onto m is:

n 1 2 3 4 5 6
m 3 2 6 4 5 1

g is called a primitive root of N. X¥(0) is directly computed as

N—1
x(n) (3.111)
n=0
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x(0) is not to be multiplied and is added last into the summation.

N-1
X¥(0) — x(0) = ;x(n) exp<—j27;\7k> k=1,2,...,N—1 (3.112)

The terms in the summation are permuted, and the order of the equations are
changed via transformations.

n—((g") k—((g") (3.113)
Note ((g"™")) = ((¢%)) and ((g")) = ((g")).

=

—2

XF((¢4)) — x(0) = x((g”))exp(—j%c ((g"+k))) k=12, N—1

n

I
=

(3.114)

Equation (3.114) is the circular correlation of the sequence {x((g"))} and the
sequence {exp|—j(2n/N)((¢"™))]}. Since N is prime, N — 1 is composite. Circu-
lar correlation functions can be computed by using DFTs.

X" ((g)) — x(0) = IDFT {DFT[x((g"))] o DFT [exp (%2“ ((g"))ﬂ } (3.115)
kon=12,... N—1

where o denotes the element-by-element multiplication of the two sequences. DFT
and IDFT are implemented by FFT and IFFT. See the MATLAB code below.

N=1,
a=[0123456]; % Input to be permuted
p_a = [a2) a(6) a(5) a(7) a(3) a(4)] ; % 154623 =((gN—n)

n=1[326451];
b = exp(—j=2«pi=n/N)

¢ = ifft(fft(p_a).+fft(b)) + a(1); % Convolution
out=[sum(a) c(6) c(2) c(1) c(4) c(5) ¢(3)] % Output comes after a permutation
fft(a) % This should be equal to the output.

3.16 Summary

Followed by the definitions and properties of the DFT (Chapter 2), this chapter has
covered the gamut of the fast algorithms. Radix-2, 3, 4, mixed-radix, split-radix,
DIT and DIF FFTs are developed. For an application of radix-8 FFT, the reader is
referred to [O18, O5] (see also Fig. 8.21). Other fast algorithms such as WFTA,
prime factor FFT, UDFHT, etc. are also described in detail.

The overall objective of these algorithms is significant reduction in computa-
tional complexity, roundoff/truncation errors and memory requirements. Needless
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to say all these algorithms are equally applicable to IDFT. The various radices
(radix 2, 3, 4, etc.) have specific advantages over particular platforms, architectures,
etc., e.g. radix-16 FFT [V2]. Thus a designer can choose among these algorithms,
one that best meets the specific requirements of an application customized by a
DSP, microprocessor or VLSI chip.

The following chapter extends the FFT to the integer FFT. The integer
FFT (Chapter 4), although recently developed, has gained prominence in terms of
applications.

3.17 Problems

3.1 By rearranging the DFT matrix rows in bit reversed order, it can be factored
into sparse matrices leading to a fast and efficient algorithm. This is illustrated
for N = 8 in (3.3). (i.e., both sparse matrix factors and the flowgraph)

(a) Extend this to IDFT (N = 8).
(b) Extend this to DFT (N = 16).
(c) Extend this to IDFT (N = 16).

Draw the flowgraphs. Indicate the numbers of multiplies and adds required for
the above. Obtain the sparse matrix factors, from the flowgraphs.

3.2 The 2D-DFT can be implemented by row/column 1D-DFT technique (see
Chapter 5). Using the FFT approach of Problem 3.1, indicate the numbers of
multiplications and additions required for
(a) (8 x 8) 2D-DFT
(b) (8 x 8) 2D-IDFT
(c) (16 x 16) 2D-DFT
(d) (16 x 16) 2D-IDFT

3.3 See Fig. 3.4. The sparse matrix factors (SMF) and the DFT matrix whose rows
are rearranged in bit reversed order (BRO) for N = § are given in Section 3.2 i.e.,

[DFT] Rows rearranged in BRO = [A][A;][A3]

Note that this matrix is not symmetric. Show that this relationship is correct i.e.,
carry out the matrix multiplication [A;][A;][A3]. What are the SMF for the
inverse DFT for N = 8? Specifically obtain the SMF for [(DFT) rows rearranged
in BRO] ™. Unitary property of a matrix is invariant to the rearrangement of its
rows or columns.

3.4 Repeat Problem 3.3 for (N = 16). See the SMF shown in (3.7).

3.5 Based on the flowgraphs for DFT N = 8 and 16 and from the results of
Problems 3.3 and 3.4, draw the flowgraphs for the IDFT, N = 8 and 16.

3.6 Write down the SMF of the DFT matrix (rows rearranged in BRO) for N = 32
based on the SMF for N = 8 and 16. What are the corresponding SMF for
the IDFT?
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3.7

3.8
3.9
3.10
3.11
3.12

3.13

Develop a radix-3 DIF-FFT algorithm for N = 27. Draw the flowgraph and

write down the SMF. What are the numbers of multiplies and adds required

for implementing this algorithm.

Repeat Problem 3.7 for radix-3 DIT-FFT.

Repeat Problem 3.7 for N = 9.

Repeat Problems 3.7 and 3.8 for radix-4 for (N = 16).

Develop a radix-4 DIT-FFT algorithm for N = 64. Draw the flowgraph.

Using (3.33), develop a radix-4 DIF-FFT algorithm for N = 64. Draw the

flowgraph. Nl | v

Use XF(k) = zox(n)wgf, k=0,1,...,N—landx(n) = v > XF(kywy,

0,1,...,N—1 as the DFT and IDFT denoted by x(n) (:k;%l:(k). (Here

Wy = exp(—j2n/N), and j = v/—1.) x(n) is the data sequence and X" (k) is

the transform sequence. Develop the following fast algorithms for N = 16:

(a) Radix-2 DIT-FFT

(b) Radix-2 DIF-FFT

(c) Radix-2 DIT/DIF-FFT

(d) Radix-2 DIF/DIT-FFT

(e) Radix-4 DIT-FFT

(f) Radix-4 DIF-FFT

(g) Split-radix DIT-FFT (see [SR1])

(h) Split-radix DIF-FFT (see [SR1])

(i) Draw the flow graphs for all the algorithms part (a) thru part (h).

(j) Compare the computational complexity of all these algorithms (number of
adds and number of multiplies).

(k) Write down the sparse matrix factors based on part (i).

(1) Check for in-place property for all these algorithms.

(m) Are all these algorithms valid both for DFT and IDFT? What modifica-

tions, if any, are required for the IDFT?
(n) Why are the DIT and DIF so called?

See [SR1] for Problems 3.14 and 3.15.

3.14

3.15

3.16

The split-radix algorithm for DIF-FFT is developed and is described by

(3.40). This is a combination of radix-2 and radix-4 algorithms.

(a) Starting with the DFT definition, derive (3.40).

(b) Show the flowgraph for N = 16.

(c) Obtain sparse matrix factors.

(d) Derive inverse transform and repeat part (b) and part (c).

(e) Compare multiplies/adds with radix-2 and radix-4 algorithms.

(f) Derive a corresponding split-radix algorithm for DIT-FFT for N = 16.

Start with the definition of DCT (k, N, x), (10) in [SR1]. Derive all the steps in

detail leading to (22) in [SR1] from (10) in [SR-1].

(a) Derive a split-radix FFT for N = 8. The lifting scheme version of its
flowgraph is shown in Fig. 4.4.

(b) Obtain sparse matrix factors from the flowgraph (Fig. 4.4).
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(c) Derive inverse transform for N = 8 and draw the flowgraph.

3.17 Implement eight-point DCT-III via FFT (see Fig. 3.27) and DCT-III sepa-
rately, using MaTLAB. Show their transform coefficients are the same for an
eight-point input sequence.

3.18 Show that (3.82) and then (3.79) are true.

3.19 Show similar equations with (3.106) for N =3 and N = 5.

(Section 3.11: 3.20—3.21)

3.20 Find permutation matrices for the input and output sequences for the Wino-
grad Fourier transform algorithm (WFTA) of the following sizes.

@N=2x3 B)N=3x4 ()N=3x7 (d)N=4x5 e N=5x7

3.21 Repeat Problem 3.20 using isomorphism with a generator of (1,1).
(Section 3.13 UDFHT)

3.22 Show that similar to the proof of DCT-III shown in (3.97) thru (3.100),
UDFHT can be used to obtain the following.

(a) DCT-1I (b) DCT-IV (c) DST-II (d) DST-III (e) DST-IV
(Section 3.15: 3.23-3.24)
3.23 For the Rader prime algorithm [A34], create mapping tables.

(@N=5andg=2 BbB)N=11land g =2 (c)N=13and g =2

3.24 Implement the Rader prime algorithm in MATLAB with the numbers given in
Problem 3.23.

3.25 In [T8], Agaian and Caglayan have developed recursive fast orthogonal
mapping algorithms based FFTs. Develop similar algorithms and flow graphs
as follows:

(a) Walsh-Hadamard transform based FFT for N = 16 (see Fig. 1 in [T8]).

(b) Haar transform based FFT for N = 8.

(c) Combination of Walsh-Hadamard and Haar transforms based FFT for
N = 8 (see Fig. 2 in [T8]).

(d) Lowest arithmetic complexity FFT algorithm for N = 8 (see Fig. 3 in [T8]).

3.18 Projects

3.1 Modify the code in Appendix H.1 to implement the Winograd Fourier trans-
form algorithm (WFTA) with N = 3 x 4.



Chapter 4
Integer Fast Fourier Transform

4.1 Introduction

Since the floating-point operation is very expensive, numbers are quantized to a
fixed number of bits. The number of bits at each internal node in the implementation
of FFT is fixed to a certain number of bits. Denote this number as N,,. The most
significant bits (MSBs) of the result after each operation is kept up to N,, bits, and
the tail is truncated. Thus this conventional fixed-point arithmetic affects the
invertibility of the DFT because DFT coefficients are quantized.

Integer fast Fourier transform (IntFFT) is an integer approximation of the DFT
[I-6]. The transform can be implemented by using only bit shifts and additions but
no multiplications. Unlike the fixed-point FFT (FxpFFT), IntFFT is power adapt-
able and reversible. IntFFT has the same accuracy as the FxpFFT when the
transform coefficients are quantized to a certain number of bits. Complexity of
IntFFT is much lower than that of FxpFFT, as the former requires only integer
arithmetic.

Since the DFT has the orthogonality property, the DFT is invertible. The
inverse is just the complex conjugate transpose. Fixed-point arithmetic is often
used to implement the DFT in hardware. Direct quantization of the coefficients
affects the invertibility of the transform. The IntFFT guarantees the invertibility/
perfect-reconstruction property of the DFT while the coefficients can be quan-
tized to finite-length binary numbers.

Lifting factorization can replace the 2 x 2 orthogonal matrices appearing in fast
structures to compute the DFT of input with length of N = 2" for n an integer such
as split-radix, radix-2 and radix-4. The resulting transforms or IntFFTs are invert-
ible, even though the lifting coefficients are quantized and power-adaptable, that is,
different quantization step sizes can be used to quantize the lifting coefficients.

K.R. Rao et al., Fast Fourier Transform: Algorithms and Applications, 111
Signals and Communication Technology,
DOI 10.1007/978-1-4020-6629-0_4, © Springer Science+Business Media B.V. 2010
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4.2 The Lifting Scheme

The lifting scheme is used to construct wavelets and perfect reconstruction (PR)
filter banks [I-1, I-4, I-6]. Biorthogonal filter banks having integer coefficients can
be easily implemented and can be used as integer-to-integer transform.

The two-channel system in Fig. 4.1 shows the lifting scheme. The first branch is
operated by A and called dual lifting whereas the second branch is operated by A;
and is called lifting. We can see that the system is PR for any choices of Ayp and A;.
It should be noted that Ay and A; can be nonlinear operations like rounding or
flooring operations, etc. Flooring a value means rounding it to the nearest integer
less than or equal to the value.

4.3 Algorithms

Integer fast Fourier transform algorithm approximates the twiddle factor multipli-

cation [I-6, I-7]. Let x = x; + jx; be a complex number. The multiplication of x with

j2ntk

a twiddle factor Wy* = exp (’T) = ¢/ =cos0+sin0, is the complex number,

y= W,Qkx and can be represented as

=iy | ] = el ] @.1)

sin® cos© X; ;

where

[Ro] =

{cose —sinG] 4.2)

sin 0 cos 0

The main difficulty in constructing a multiplier-less or integer transform by using
the sum-of-powers-of-two (SOPOT) representation of [Ry] is that once the entries of
[Ro] are rounded to the SOPOT numbers, the entries of its inverse cannot be
represented by the SOPOTs (IntFFT covered in the first half of this chapter

=23 =383 2.3 Xy =|2.3

X0 l +T6 Yo _Té i X0 .
Ay | A, | | A | Ay

x =37 +i25.7 i y =57 i BE x =37

Fig. 4.1 Lifting scheme guarantees perfect reconstruction for any choices of A and A;. Perfect
reconstruction means the final output equals to the input. Here Ay and A, are rounding operators.
[I-6] © 2002 IEEE
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resolves this difficulty). In other words, if cos 6 and sin 0 in (4.1) are quantized and
represented as o and B in terms of SOPOT coefficients, then an approximation of
[Ro] and its inverse can be represented as

[Ro] = {; :ﬂ (43)
[~9]1:ﬁ[_°‘3 5] (44)

As o and B are SOPOT coefficients, the term /o2 + B> cannot in general be
represented as SOPOT coefficient. The basic idea of the integer or multiplier-less
transform is to decompose [Ry] into three lifting steps.

If det([A]) =1 and ¢ # 0 [1-4],

T B O | A

From (4.5), [Ro] is decomposed as

[1 cosb—1 1 0][1 cos®—1
[RG] = sin 0 |: . :| sin O = [Rl][Rz][Rg]
0 1 sin@ 1] |0 1
i 0 0
_ g 1 0 _ J

1! tan <2> [ L J 1 tan <2) 4.6)

0 1 st 0 1
[Ro] ™" = [Ra) ™' [Ra) ' [RY])™

[{ _cosB—1 1 07[1 _cos®—1 4.7)

= sin 0 ) sin 0
0 1 —sin® 1]]0 1

The coefficients in the factorization of (4.6) can be quantized to SOPOT coeffi-
cients to form

ri~si=[y %] a Vo %] 48)

where oy and 3y are respectively SOPOT approximations to (cos 8 — 1)/sin 0 and
sin 0 having the form

t
=Y 2™ (4.9)
k=1



114 4 Integer Fast Fourier Transform

where a; € {—1,1}, by € {—r,...,—1,0,1,...,r}, r is the range of the coeffi-
cients and ¢ is the number of terms used in each coefficient. The variable ¢ is usually
limited so that the twiddle factor multiplication can be implemented with limited
number of addition and shift operations. The integer FFT converges to the DFT
when ¢ increases.

The lifting structure has two advantages over the butterfly structure. First, the
number of real multiplications is reduced from four to three, although the number of
additions is increased from two to three (see Figs. 4.2 and 4.3). Second, the structure
allows for quantization of the lifting coefficients and the quantization does not
affect the PR property. To be specific, instead of quantizing the elements of [Rg] in
(4.2) directly, the lifting coefficients, s and (s — 1)/c are quantized and therefore,
the inversion also consists of three lifting steps with the same lifting coefficients but
with opposite signs.

Example 4.1 In case of the twiddle factor, Wy, 6 = —n/4, (cos6 — 1)/sinf =
V2 —1and sin® = —1 / /2. If we round these numbers respectively to the right-
hand one digit of the decimal point, then og = 0.4 and By = 0.7.

. a=cH+js o
X=X *jXi —>——y=ax — Xx

l—c— is
. a_ J
Y=yt D x=,y =

Fig. 4.2 Butterfly structure for implementing a complex multiplication above and its inverse
below where s = sin 0 and ¢ = cos 0. [I-6] © 2002 IEEE

Re( -) T T
a=c+js — c—1 c—1
X —>—)=ax — X T S T — )
+ /
Im( -)
é:L—jS Re(-) - -
) c—1 c—1
Yy —>—Xx==Xx — el A Y X
a s s j
Im( -) -

Fig. 4.3 Lifting structure for implementing a complex multiplication above and its inverse below
where s = sin 0 and ¢ = cos 0. [I-6] © 2002 IEEE
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1 04]] 1 0][1 04 072 0.688
1So] = {0 1“0.7 1”0 1}_ {0.7 0.72} (4-102)
[t —04][ 1 0][1 —04] [072 —0.688
[So] _[0 1 H0.7 1”0 1 }_{0.7 0.72} (4-100)

The lifting scheme defined in (4.8) and (4.10) works for any numbers (real and
complex) of g and Pg. [Se] is no more orthogonal ([Se] " # [Ss]” ), but developing
its inverse transform is as easy as for the case of the orthogonal transform as the
entries of [Sp] and [S] ' are the same with different signs except 1s on the diagonal
(Figs. 4.2 and 4.3), while both schemes guarantee perfect inverse or perfect
reconstruction as [Sg] ' [Se] = [I] (biorthogonal) and [Re]"[Re] = [I] (orthogonal,
see [4.2]), respectively.

In summary, in implementing a complex number multiplication, a twiddle factor
in matrix form has a butterfly structure and if we round the coefficients, its inverse is
computationally complex, but if we decompose the twiddle factor into a lifting
structure, the twiddle factor has a perfect inverse even if we round the coefficients.
Once the coefficients are rounded in the lifting structure, the twiddle factor may
have either a lifting or butterfly structures for perfect inverse but the lifting structure
has one less multiplication.

An eight-point integer FFT based on the split-radix structure is developed in
[I-6]. Figure 4.4 shows the lattice structure of the integer FFT, where the twiddle
factors W and W3 are implemented using the factorization. Another integer FFT
based on the radix-2 decimation-in-frequency is covered in [[-7]. At the expense of
precision, we can develop computationally effective integer FFT algorithms.

When an angle is in I and IV quadrants, (4.6) is used. If 8 € (—n, —1t/2)U
(n/2,m), then |(cos® — 1)/sin 6| > 1 as cos 6 < O for I and III quadrants. Thus the
absolute values of the lifting coefficients need to be controlled to be less than or
equal to one by replacing Ry by — [Ror] as follows:

Rl = o ==| o)
LEL ]

When an angle is in I and II quadrants, we can have another choice of lifting
factorization as follows:

IRo] = cos® —sinb B 0 17[sin® —cosO6][1 O
o= sin®0 cos® | |1 0]|cos® sin0 0 -1

:[? (1)} Ll) (S_ll)/CHi ?Hé (s—ll)/c} Ll) _01] b
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Data sequence

Transform sequence

x(0) c\
x(1) c\
x(2)

NN
o

XF4
1 “)

b}
b}

X¥(6)
J

XG)W
x(4)

=0 X1
|
: »r;x X¥()

X(S)c/_ / \
x(6) (/ - \
x(7)

X

Fig. 4.4 Lattice structure of eight-point integer FFT using split-radix structure (see also [I-9]). For
example, the twiddle factors are quantized/rounded off in order to be represented as 16-bit
numbers (N, bits). Multiplication results are again uniformly quantized to N, bits. N,, the number
of bits required to represent internal nodes is determined only by FFT of size N and N;, the number

of bits required to represent input signal. [I-6] © 2002 IEEE

Table 4.1 For each value of 0, only two out of four possible lifting factorizations have all their

lifting coefficients falling between —1 and 1. [I-6] © 2002 IEEE

Quadrant Range of 6 Lifting factorization
I 0, m/2) (4.6) and (4.13)

I (m/2, m) (4.11) and (4.13)

1 (—m, —m/2) (4.11) and (4.15)
v (—m/2,0) (4.6) and (4.15)

However, if 6 € (—m,0), then sin6<0 for III and IV quadrants and
(sin® — 1)/cos 0 will be greater than one. Thus [Rg] should be replaced by

— [Ro+x] as follows (Table 4.1):

[Re][—cose sin 0 ][0 1}{:222

e

—sin® —cosH 1 0

cos@}{l 0
—sin0| [0 -1

Cl S

|

(4.13)

For example, suppose we are given the twiddle factor, W3 = e/*/%. Then
0 = —3n/4. Then we have the two options, (4.11) and (4.13). We select (4.11).

Then
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1/vV2 —-1/V2
V2 12

11—\@[1 0]11—ﬁ
0o 1 1/v2 1]lo 1

[Ro] = —[Ron] =

(4.14)

Substitute (4.14) in (4.1) to obtain a lifting structure for a multiplication of a
complex number and the twiddle factor W3. Figure 4.4 shows lifting/lattice struc-
ture of eight-point integer FFT using split-radix structure, where the two twiddle
factors Wi and W3 (= —Wy}) are implemented using lifting scheme. Inverse integer
FFT is as usual the conjugate of the integer FFT whose block diagram is shown in
Fig. 4.4.

4.3.1 Fixed-Point Arithmetic Implementation

One of the factors that primarily affects the cost of the DSP implementation is the
resolution of the internal nodes (the size of the registers at each stage). In practice, it
is impossible to retain infinite resolution of the signal samples and the transform
coefficients. Since the floating-point operation is very expensive, these numbers are
often quantized to a fixed number of bits. Two’s-complement arithmetic for fixed-
point representation of numbers is a system in which negative numbers are repre-
sented by the two’s complement of the absolute value; this system represents signed
integers on hardware, DSP and computers (Table 4.2).

Each addition can increase the number of bits by one, whereas each multiplica-
tion can increase the number of bits by 2x bits for the multiplication of two n-bit
numbers. The nodes in latter stages require more bits than those in earlier stages to
store the output after each arithmetic operation without overflows. As a result, the
number of bits required to store the results grows cumulatively as the number of
stages increases. In general, the number of bits at each internal node is fixed to a
certain number of bits. The most significant bit (MSB) of the result after each
operation will be kept up to a certain number of bits for each internal node, and the
tail will be truncated. However, this conventional fixed-point arithmetic affects the

Table 4.2 Four-bit two’s-

: . Two’s complement Decimal
complement integer. Four bits 0 11 7
can represent values in the
range of —8 to 7 0 110 6
0 001 1
0 000 0
1 111 -1
1 001 -7
1 000 -8

The sign of a number (given in the first column)
is encoded in the most significant bit (MSB)
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invertibility of the transform because the DFT coefficients are quantized. Lifting
scheme is a way to quantize the DFT coefficients that preserves the invertibility
property [I-6].

The integer FFT and fixed-point FFT are compared in noise reduction applica-
tion (Table 4.3). At low power, i.e., the coefficients are quantized to low resolution,
the IntFFT yields significantly better results than the FxpFFT, and they yield similar
results at high power [1-6].

While for two and higher dimensions, the row-column method, the vector-radix
FFT and the polynomial transform FFT algorithms are commonly used fast algo-
rithms for computing multidimensional discrete Fourier transform (M-D DFT).
The application of the integer approach to the polynomial transform FFT for the
(N x N) two-dimensional integer FFT is described in [I-34] using radix-2. The
proposed method can be readily generalized to the split vector-radix and row-
column algorithms.

The radix-2? algorithm is characterized by the property that it has the same
complex multiplication computational complexity as the radix-4 FFT algorithm,
but still retains the same butterfly (BF) structures as the radix-2 FFT algorithm
(Table 4.4). The multiplicative operations are in a more regular arrangement as the
non-trivial multiplications appear after every two BF stages. This spatial regularity
provides a great advantage in hardware implementation if pipeline behavior is taken
into consideration.

In the widely used OFDM systems [O2], the inverse DFT and DFT pair are used
to modulate and demodulate the data constellation on the sub-carriers. The input to
the IDFT at the transmitter side is a set of digitally modulated signals. Assuming the
64-QAM scheme is adopted, then the input levels are £1, £3, £5, and £7, which

Table 4.3 Computational complexities (the numbers of real multiplies and real adds) of the
split-radix FFT and its integer versions (FxpFFT and IntFFT) when the coefficients are quantized/
rounded off to N. = 10 bits at each stage. [I-6] ©©) 2002 IEEE

N Split-radix FFT FxpFFT IntFFT

Multiplies Adds Adds Shifts Adds Shifts
16 20 148 262 144 202 84
32 68 388 746 448 559 261
64 196 964 1,910 1,184 1,420 694
128 516 2,308 4,674 2,968 3,448 1,742
256 1,284 5,380 10,990 7,064 8,086 4,160
512 3,076 12,292 25,346 16,472 18,594 9,720
1024 7,172 27,652 57,398 37,600 41,997 22,199
Table 44 Numberof Radix-2 Radix-2? Split-radix
nontrivial complex multiplies.

L 16 10 8 8
A set of complex multiply is
three real multiplies. [I-33] 64 98 76 72
i 256 642 492 456

© 2006 IEEE 1,024 3,586 2,732 2,504
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can be represented by a six-bit vector. The output of the IDFT consists of the time-
domain samples to be transmitted over the real channel. Accordingly, at the
receiver side, the DFT is performed.

The input sequence uses 12 bits for both real and imaginary parts. The internal
word length and the word length for the lifting coefficients and twiddle factors are
set to 12 bits.

Based on the IntFFT, a VLSI feasible radix-2> FFT architecture is proposed and
verified by Chang and Nguyen [I-33]. The most important feature of the IntFFT is
that it guarantees the invertibility as well as provides accuracy comparable with the
conventional FxpFFT. The required number of real multipliers is also reduced
because the lifting scheme (LS) uses one fewer multiplier than general complex
multipliers. Compared to FxpFFT designs, the system simulations prove that
IntFFT-based architecture can also be adopted by OFDM systems [O2] and yield
comparative bit error rate (BER) performance, even if the noisy channel is present.

4.4 Integer Discrete Fourier Transform

Integer Fourier transform approximates the DFT for the fixed-point multiplications
[I-5]. The fixed-point multiplications can be implemented by the addition and
binary shifting operations. For example
Txa=a<<24+a<<l+a
where a is an integer and << is a binary left-shift operator.
Two types of integer transforms are presented in this section. Forward and

inverse transform matrices can be the same and different. They are referred to as
near-complete and complete integer DFTs.

4.4.1 Near-Complete Integer DFT

Let [F] be the DFT matrix, and let [F;] be an integer DFT. Then for integer DFT to
be orthogonal and, hence, be reversible, it is required that

F )" = [FIF])T = diag(ro, r1,...,r7) = [C] (4.15)

where [F;]" denotes the transpose of [F;]* and r; = 2", where m is an integer. Thus it
follows that

€I RIIF]" = 11 (4.16)
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To approximate the DFT, integer DFT [F;] keeps all the signs of entries of [F] as
follows.

(1 1 1 1 1 1 1 1
ap ay—jay —jay —ay—jay —ay —ar+jay jai  a+jay
I j 1 - -l j
IF] = by —=by—jby jby  by—jby —by ba+jby —jbi —ba+jbs
! 1 -1 1 -1 1 —1 1 —1
by —by+jby —jby by+jby —by by—jby jby —by—jb;
1 j 1 —j 1 j -1 j
lar ay+jay  jay —ay+jay —ay —ay—jay —jay  ay—jay |

4.17)

In order for (4.15) to be satisfied, the complex inner products of the following row
pairs of [F;] should be zero. When Row 2 represents the second row

(Row 2, Row 6) =0 (Row 4, Row 8) =0 (4.18)

Here a complex inner product is defined by

(z,w) =w'z
for complex vectors z and w. The vector w'! is the transpose of w*. From (4.18)
a\by =2ab, = ay >a, by > by 4.19)
From (4.15)

r0:r2:r4:r6:N
ry=r;=(N/2) al +N d’
ry=rs = (N/2) b>+N b3

Some possible choices of the parameters of eight-point integer DFT are listed in
Table 4.5.

Table 4.5 Some sets of

parameter values of eight-
point integer DFT. [I-5] © by
2000 IEEE by

0 17 99 500
12 70 353
24 140 706
17 99 500

S
—_— =N
W AN W
N W WA
AN W W
FENNV, I, e ]
N33 =
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[F;] Only row vectors are orthogonal.

4

Thus [Fi][Fi]"” = diagonal matrix; [F;][Fi]" # diagonal matrix
4
[Fi][Fi]" = diagonal matrix; [F;)"[F;] = diagonal matrix
where [F;] is[F;] normalized by the first column as defined in (4.34).
4
(7] = (€)' [F] (4.20)
where [C] is defined in (4.15). Then [F;] ' = [Fi]”, i.e., [Fi] is unitary.

4.4.2 Complete Integer DFT

Let [F] be the DFT matrix, and let [F;]" the transpose of (4.17) and [IF]* be the
forward and inverse integer DFTs.

(1 1 1 1 1 1 1 1
ay  ag—jay —jaz —as—jay —az —as+jas  jay  as+jag
1 _j 1 j 1 i j
lIF] = by —by—jby jbs  by—jbs —b3y by+jbs —jbs —by+ by
1 —1 1 —1 1 —1 1 —1
by —by+jby —jbs by+jbs  —b3y by—jby  jb3 —by—jby
1 j - - 1 j 1
La3  as+jas  jas  —as+jas —az —as—jas —jaz  as —jas |

4.21)
Then for integer DFT to be orthogonal and, hence, be reversible, it is required that
[IF)"[F ] = diag(ro, 1, ..., r7) = [D] = diagonal matrix (4.22)

where r; = 2" and m is an integer. Since [D] is a diagonal matrix, it follows that
D) FY () =11 (4.23)

From the constraint of (4.22), the complex inner products of the following pairs
should be zero.

(Row 2 of [F;],Row 6 of [IF]) = (Row 8 of [F;], Row 4 of [[F]) =0
(Row 4 of [F;],Row 8 of [IF]) = (Row 6 of [Fi],Row 2 of [IF]) =0
dlb3 = 2a2b4 Clgbl = 2d4b2 (424)
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Since the inner product of the corresponding rows of [F;] and [IF] should be the
power of two from the constraint of (4.22),

ajay +2aas =25 bibsy + 2byby = 2" (4.25)
ay>ay by >by az>as bz >by (4.26)

From (4.24), we set
bz =2a, by = ay az = 2b; a; = by 4.27)

Then (4.25) becomes

2ayby + azby) =25 2(biay 4 c2ay) = 2" (4.28)

1. Choose a; and a; such that they are integers and

2a0 2 ay 2 ap

2. Choose b; and b, such that they are integers and
2by > by > by ayby + arhy =2"

where 7 is an integer.

3. Set as, a4, b3, by as
b3 = 2h+1a2 b4 = 2”a1 as = 2h+1b2 ag = 211b1

where # is an integer.

Substitute (4.17) and (4.21) into (4.22).
rto=1y=14=1r¢=N
ri=r; = (N/2)aias + Nasay
r3 =15 = (N/2)b1bs + Nbyby

Some possible choices of the parameters of eight-point integer DFT are listed in
Table 4.6. The eight-point integer DFT retains some properties of the regular DFT.
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Table 4.6 Some sets of a 2 7 3 4 4 5 10
parameter values of eight- @ 1 5 2 3 3 4 7
point integer DFT. [1-5] bl 2 13 17 12 44 17 18
© 2000 IEEE b, 1 9 10 7 31 12 13
as 1 18 34 7 31 24 13
ay 1 13 10 6 22 17 9
bs 1 10 4 3 3 8 7
by 1 7 3 2 2 5 5
4.4.3 Energy Conservation
Only the rows of [F;] are orthogonal and the columns are not.
H
[Fi][IF]” = [D] (4.29)

where [D] defined in (4.22) is diagonal and its entries are integers.
LetX = [Fi]'xand Y = (D] '[IF ])T)_). Then the energy conservation property is

as follows.

Proof.

4.4.4 Circular Shift
Let
X' (k) = intDFT [x(n)]

where x(n + h) is defined in (2.17). Then

Yi(k) = X'(k)Wy"™  when both kand / are odd

Yi(k) = X'(k)Wy"™  otherwise

Y'(k) = intDFT [x(n + h)]

(4.30)

4.31)

(4.32)

(4.33a)

(4.33b)
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a 6 b s
5 3
4 4
x(m) 4 x(n) 3
1 1
[ . of.
s 1 2 3 4 [ & T o 1 2 3 4 5 6 7
Index n Index n

c d
10
8
6l
Real part
XF(k) Xk 4 ,
ol / Imaginary part |
0
) \/
“o 1 2 3 4 5 6 7
Index k Index &
e f
10
Bf
6
XF(k) 1 xXFk) *
2
0
2+
4o 1 2 3 4 5 6 7
Index k Index k&

Fig. 4.5 The regular and integer DFTs of input signals are represented by dashed and solid lines.
a, b Input signals, x,, x,. ¢, d Near-complete integer DFTs of x|, x,. e, f Complete integer DFTs of
X1, X5. [I-5] © 2000 IEEE

Example 4.2 Figure 4.5 shows the near-complete and complete integer DFTs of
two random input vectors x; and x,.

X = (23 374757475,2,3)T
x, = (2.8, 43—j0.6, 374,09, 3.1—,0.6,
46, 3.1+j0.6, 370—;09, 43+;0.6)"
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A parameter set is chosen for the near-complete integer DFT:
{a1 =2, a0=1, by =1,b, =1}
A parameter set is chosen for the complete integer DFT:
{a1 =7, a =5, by =13,b, =9, a3 =18, ay = 13, b3 = 10, by =7}

Entries Fi(k,n) of [Fi] are normalized by the first column Fj(k,0) as

Fi(k,n) = Fi(k,n)/Fi(k,0)  k,n=0,1,. N—1 (4.34)

Integer DFT vector is computed for both the near-complete and complete integer
DFTs as follows.

XTI = [F) T (4.35)

[Fi]" can be normalized differently using [IF][F;]" = [D] of (4.29) to get the

normalized integer DFT [F;)” as
~ -1
7] = (101"?) IR (4.36)

where diagonal matrix [D] is defined in (4.22). Similarly

IF) = ([D]l/z)*1 lIF] 4.37)

Then [ = [IF]", i.e., [Fi] and [IF] are biorthogonal.

4.5 Summary

This chapter has developed the integer FFT (IntFFT) based on the lifting scheme.
Its advantages are enumerated. A specific algorithm (eight-point IntFFT) using
split-radix structure is developed. Extension of the 1-D DFT to the multi-D DFT
(specifically 2-D DFT) is the focus of the next chapter. Besides the definitions and
properties, filtering of 2-D signals such as images and variance distribution in the
DFT domain are some relevant topics.
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4.6 Problems

4.1 If det[A] = 1 and b # 0,

S P g PR [ T

Assume ¢ # 0. Derive (4.5) from (P4.1).

4.2 Develop a flow-graph for implementing eight-point inverse integer FFT using
split-radix structure (see Fig. 4.4).

4.3 Repeat Problem 4.2 for N = 16 for forward and inverse integer FFTs.

4.4 List five other parameter sets for the integer DFT than those in Table 4.5. What
equation do you need?

4.7 Projects

4.1 Repeat the simulation described in Example 4.2 about integer DFTs and obtain
the results shown in Fig. 4.5.



Chapter 5
Two-Dimensional Discrete Fourier Transform

5.1 Definitions

Two-dimensional DFT has applications in image/video processing. The extension
from 1-D to 2-D for the DFT is straightforward. The 2-D DFT and its inverse can be
defined as

Ni—1N>—1
Xk ko) = >0 " x(m,m)WhMWREE 2D (Ny x Ny) DFT
n1=0 n,=0 (5.1a)

(Rectangular Array)
k1 :O,l,...,Nl—l and kQZO,l,...,Nz—l

1 Ni—1 N,—1
A > XF(ky ko) Wy W 2D (Ny x N) IDFT
Y2 4720 k=0

n=01,....Ny—1 and n, =0,1,...,Ny, — 1

x(ny,np) =

(5.1b)

where Wy, = exp(—j2n/N;) and Wy, = exp(—j2n/N,).

x(ny,ny) is the uniformly sampled sequence in the 2-D discrete spatial domain
(note that the sampling intervals along horizontal and vertical coordinates in the
spatial domain need not be the same), and XF (k1,k,) is the DFT coefficient in the
2-D discrete frequency domain. The normalization factor N1 N, can be, as in the 1-D
case, distributed equally between the forward and inverse DFTs or moved entirely
to the forward DFT. A unitary 2-D DFT and its inverse can be defined as

. 1 Ni—1 N,—1 L L
Xk, k) = ——= x(ny, no )Wt Wizt
ki k) = U8 120 ;) O 2 ) Wi Wi (5.22)

k1:0,1,...7N1—1 and k2:0,1,...,N2—1

K.R. Rao et al., Fast Fourier Transform: Algorithms and Applications, 127
Signals and Communication Technology,
DOI 10.1007/978-1-4020-6629-0_5, © Springer Science+Business Media B.V. 2010
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1 Ni—1 N—1
XF(k k Womkiyy—nk
VNIV, ,Z;; kz;:) (. o W™ Wi, (5.2b)

n=01....Ny—1 and n,=0,1,...,N, — 1

x(ny,m) =

While N; and N; can be of any dimension, for purposes of simplicity we will
assume N; = N, = N. All the concepts, theorems, properties, algorithms, etc., that
are to be developed for Ny = N, are equally valid for N; # N,. Hence the 2-D DFT
pair described in (5.1) can be simplified as

N—1 N-1
XF(ki ko) = Z xX(ny, )W) gk = 0,1, N =1 (5.3a)
n;=0 ny=0
1 N—1 N-1
x(n,m) == XF (ke k) Wy, M)y ny = 0,1, N =1 (5.3b)
N k1=0 k=0

Denote this pair as x(n,ny) < X' (ki, k).
The separable property of 2-D DFT can be illustrated by rewriting (5.3a) as

N-1 /N-1
XF (ki ky) = x(ny, m) Wik | wike
CHSES o] D SRURAIER IF aa

=0 \n =0

kikp=0,1,..., N—1

and

x(ny,ny) = Z( ZX (k1, k2 nlh)W_nm (5.4b)

nl,nZ:O,l,...,N—l

Equation (5.4a) can be recognized as 1-D DFT of the 2-D sequence x(ny, n,) along
columns followed by 1-D DFT of the semitransformed sequence along rows.
Similarly, (5.4b) is 1-D IDFT of XF (k;, k») along columns followed by 1-D IDFT
along rows. The column-row operations of the 1-D DFT and 1-D IDFT can be
interchanged, by rearranging (5.4) as

N—1 /N

X (ky, ko) = Z(Z
y

kiky=01,... N—1

nl;nZ ank') Wnlkl
(5.52)
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1 = 1 = F —nak; —nik
o) 5 (3 S

ki=0 k=0
nl,n2:0,1, ...,N—l

This is shown in Fig. 5.1.

An (N x N) 2-D DFT can be therefore implemented by 2N 1-D DFTs each of
length N. For efficient implementation of 2-D DFT, the FFT algorithms developed
in Chapter 3 for the 1-D case can be utilized. Assuming N is an integer power of
two, as radix-2 1-D FFT (Chapter 3) requires N log,N complex adds and %logzN
complex multiplies, a radix-2 (N x N) 2-D FFT requires 2N’log,N complex adds
and Nlog,N complex multiplies. It is obvious that all these properties are equally
valid for the 2-D IDFT.

The 2-D DFT/IDFT described in (5.3) can be represented in matrix form as
(separable property):

[XT (k1 k2)] =[F][x(n1, n2)][F]

(5.6a)
(N x N) (N xN)
and
1 " *
(1, m)] = S5 [F" [XT (K1, Ko )] [F) (5.6b)
(N x N) (N xN)
—
—
X —|_ . — [2-D DFT of x(n;, ny)]
: = X"k, ko)
-

N 1-D DFTs followed N 1-D DFTs
each of length N by each of length N

along columns along rows
—
 —
cosce _|_ : — [2-D IDFT of X¥(k,, k)]
. =x(ny, ny)

N 1-D DFTs followed N 1-D IDFTs
each of length N by each of length N
along columns along rows

Fig. 5.1 Separable properties of 2-D DFT and 2-D IDFT
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where
x(0,0) X(0,1) - x(O,N—1)
[zc](\fn; f;vz))] = X(l; 0) X(l; 1) x(l,l\zf -1 572
x(N-1,00 x(N—1,1) --- x(N—1,N—1)
and
X%(0,0) XF(0,1) XF(O,N — 1)
XF(N-1,0) XF(N—1,1) XFIN-1,N-1)
Substitute (5.6a) in (5.6b) to get,
%[F} [Fllx(n1, m)][FI[F]" = [x(n1, m)]
Note that [F]*[F] = N[Iy]. ([F] = [F]"
It can be shown easily that (5.6) can be equivalently represented as
P_EN(zklx, klz)ﬂm = (Fl® [F])[E_clszl;ni;]m (5.83)
and
2o = 05 (F1" @ 7)) (K, )] 550
(N* x 1) (N> x 1)
where

[x(n1,m)] o = [x(0,0), x(0,1), ..., x(0,N — 1), x(1,0), x(1,1), ..., x(1,N —1),
x(N—=1,1..., x(N=1,0),), ..., x(N—1, N=1)]" is a (N2 x 1) column vector.
This is obtained by reordering each row of (5.7a) as a column of N elements. This
rearrangement is called lexicographic ordering (LO). By lexicographic ordering of
[XF(ki, k)], [X"(ki,k2)],, is obtained.

The symbol ® denotes Kronecker product (also called matrix product or direct
product) defined as (see Appendix E)
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ay  dp - dai byt by -+ by
ay  axn - ay ay axn - by
[A]® [B] = ®
Am1 Am2 - dmn bpr by -+ byy
(m x n) (P xq)
5.9
all[B] 012[3} aln[B]
any [B] ann [B] e 23 [B]
= = [
' ' o (mp x nq)
am [B] am [B] o Apn [B]
(mp x nq)

Note that in general [A] ® [B] # [B] ® [A].

5.2 Properties

The various properties that have been developed for the 1-D DFT are equally valid
for 2-D DFT.

5.2.1 Periodicity

Both x(n,ny) and XF(kj, k) are periodic along both dimensions with period
N i.e.,

x(ny +N,ny) = x(ny,np +N) = x(n +N,ny + N) = x(m,n2) (5.10a)

XM (ki + N, ky) = X" (k1,ky + N) = X" (ky + N, ky + N) = X (k1, k2) ~ (5.10b)

5.2.2 Conjugate Symmetry

When x(ny, ny) is real:

X¥thth)=XEF0YFk)], hik=01..,%-—1 (5lla
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and

X (ky, ky) = XF(N —ky,N — ko))", ki, ky =0,1,...,N—1 (5.11b)
This implies of the N2> DFT coefficients only the DFT coefficients in the cross

hatched region are unique (Fig. 5.2a). Specific conjugate pairs of DFT coefficients
for real data are shown in Fig. 5.2b for M = N = 8.

a

2-D DFT domain with N even

b
0 1 2 3 4 3 2 1
5 6 7 |8 9 (33| 32| 31
10 | 11 (12 [ 13 | 14 | 30 | 29 | 28
15|16 |17 [ 18 | 19 | 27 | 26 | 25
20 |21 |22 | 23 |24 | 23 | 22 | 21
Fig. 5.2 a When x(n,n,) is
real, the DFT coefficients in 15 |25 |26 |27 |19 | 18 | 17 | 16
the cross hatched region are
unique. The numbers of those 10 | 28 | 29 |30 |14 | 13 | 12 | 11
coefficients are (N?/2) + 2
for N = even, and 5 |31 |32|33]| 9 8 7 6
(N?+1)/2 for N = odd.
b Conjugate symmetry of
DFT coefficients for real 0 |: Real value
image data, where M and N
are even numbers 3 & | 8 |: Conjugate pair
(M =N=238)
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5.2.3 Circular Shift in Time/Spatial Domain (Periodic Shift)

x(n,m) o X'k, k)

x(my —my,ny —my) & X (ky, k) Whm R (5.12)

where x(ny — my, ny — my) is circular shift of x(ny, ny) by m; samples along n; and
my samples along n,. Since |W,’§,‘”"+k2"’2| = 1, the amplitude and power spectra of
x(ny, ny) are invariant to its circular shift.

5.2.4 Circular Shift in Frequency Domain (Periodic Shift)

X(fl],nz)ng(nlulJrnZM) = XF(kl — M],kz — uz) (5.13a)

where X (ky — uy, ky — uo) is circular shift of X¥(ky, k,) by u; samples along k; and

u, samples along k». A special case of this circular shift is of interest when
N

Uy = Uy = 5

Then
x(n,m)(—1)""" < XF(ky — ¥,k — %) for N = an even integer  (5.13b)

as Wy/> = —1 and Wy, "IN = exp[H2 (n) + np) Y] = emmin) = (—1)"t,
The dc coefficient X (0, 0) top left corner in Fig. 5.3a is now shifted to the center
of the 2-D frequency plane (Fig. 5.3b). (For the same reason, x(n; —5,m, — %) <

(=) XF (k) ky) for N even.)

m—0 1 % N-1  k—0 1 3 N-1
n ky
0 0
1 1
% x(ny, ny) % XF(kla k»)
N-1 N-1
2-D data array 2-D DFT array

x(ni,m) < XF(ki,ky)
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a
Jfs1 = 1/T) = Sampling rate (vertically)
Jfs=1/T, = Sampling rate (horizontally)
' Increasing 1 Decreasing
v frequency ' frequency
k2 :—» —
v 2 ! Jo2
ky dc | | .
Seeepo--de . .
. /': Jor=VNT\=fy/N
Jor— Jal
Increasing 2./o1 — 2 E Joo=1VNTy=fo/ N
frequency I
St ,

Decreasing 272
frequency
Joi
X(ny, ny) < XF(ky, ky)
Increasing | Increasing
frequency \ frequency

2 /02 Jo2 ? Jo2 2/02

%fm B (N—g)fm

| Increasing
: — 2for frequency
| —  Joi
"""""" AT R DR
dé E ’ — Jo
\ | Increasing
X 2for frequency
: (3-Dfon

(k15> ky =)
Fig. 5.3 The 2-D DFT of a x(n;, 1) and b x(n;,np)(—1)" "
Assuming the sampling intervals along n; and n, are Ty and T,, ( fs; = 1/T; and

fsxo = 1/T, are the corresponding sampling rates, # of samples/meter) the frequency
resolutions along k| and k, are fy; = NLTI and fp, = NLTZ respectively.
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5.2.5 Skew Property

x(ny —mny,m) & XF(kl,kl—i—mkz) (5.14)

A skew of m in one dimension of an image is equivalent to skew of the spectrum of
that image by (—m) in the other dimension [IP26]. For example let m be 1.

(f= =~ F ) e i )
4 5 6.0 21 -4-j7 T  —4+)7,
! ! . ! , P
[ = 12 310 & [xF-= 15 -j6 —4—]3:5—]2 -Jj7 !
0000 9 -j3 3 j3
W 0 0 0) US+j6  —j7 542 —-4+,3
S A r P
4~0 0 0 21 —4=f" 1 -4+
" \\\ _ _./’/’_, . A%
0= 5 9 0 & [YF]= 4//]} S5-j2 ]/7,, 15-j6
082 6: 0 4-73 Jj3 .79 -3
\0 0.3 O 4 +j3 15+j6 —j7 5+;,2

Note that zeros are padded in the spatial domain, and DFT coefficients in each
row of [YF] are circularly shifted. The proof of this property is shown in
Appendix F.2.

5.2.6 Rotation Property

Rotating the image by an angle 0 in the spatial domain causes its 2D-DFT to be
rotated by the same angle in the frequency domain [ES5].

x(nycos®—nysin®, nysin®+nycos0) < XF(kjcos®—k,sin6, k; sin® + k, cos 0)
(5.15)

where an N x N square grid on which the image x(ny, n,) is rotated by the angle 6 in
the counterclockwise direction.

Note that the grid is rotated so the new grid points may not be defined. The value
of the image at the nearest valid grid point can be estimated by interpolation (see
Section 8.4).

5.2.7 Parseval’s Theorem

This is the energy conservation property of any unitary transform i.e., energy is
preserved under orthogonal transformation. This states that
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N—1 N—1 ) N—1 N—1
Pe(ny, ma)|” = [x(n1, n2)]x* (n1, n2)
n;=0n,=0 n;=0n,=0
N—1 N—-1 N—1 N—
B ]7 ZZ (k1 k2 )W, "'k'szZ)]X*(”l,nz)
111:0717:0 : :
A e N—1 N— *
DI IUHEI) up BT
k1=0 k=0 11=0 1,—0
1 N—1 N—1
*
= X (ki ko) [XF (k1 o)
k1=0 k=0
] N=in-l 5
=37 X" (ky, ko) | (5.16)
k1=0 k=0

5.2.8 Convolution Theorem

Circular convolution of two periodic sequences in time/spatial domain is equivalent
to multiplication in the 2-D DFT domain. Let x(n,n,) and y(n;,ny) be two real
periodic sequences with period N along n; and n,. Their circular convolution is
given by

1 N—

N—
1

Zeon (M1, m2) ——25 E x(ni,ma)y(my — ny,my — ny)
n:

2 (5.17a)
(n17n2) *)’(”17”2)
mi,mp 20,1,...,N—1
In the 2-D DFT domain, this is equivalent to
1
ki, k XE(ky, ko) YE (ko ke
con( 1y 2) Nz[ ( 1 2) ( s 2)] (517b)
ki,kp=0,1,...,N—1
where
x(n1,my) < X (ki k)
y(ni,my) & Y¥ (ki ka)
Zeon(mi1, mp) < Zfon(kl,kz) (5.17¢)

1 SAS m m
Zcon(ml,mz ——4 ZZ kl,kz klak2) —(myky+maky)
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Example 5.1 Circular convolution of two periodic arrays in the spatial domain
(5.17a).

n n
2 x(ny, my) 2 y(ny, ny) > y(=ny, —my)
1[3To 42
n=0[1]2 1|0 0|11
n n T ’ n
m=0 1 12 ]4)

Doubly periodic array x(n;, n,) with
periods (2, 2) i.e., x(ny, ny) = x(n;+2, ny+2)

"2 "2 szcon(mlv m2)
31013(60 1110
1h2]112 (13] 8
T T ny == ny
3/0]3,0
2 _
11212 N7z, (0,0)=1+12=13

The output zeon (11, m7) can also be written as a column-ordered vector equation
(see Example 2.7 in [B6]).

Example 5.2 Multiplication in the 2-D DFT domain (5.17b) and its inverse
transform in MATLAB code are as follows. The input arrays are given in Example
5.1. Note that the matrix representation is a 90° clockwise rotation of the 2-D
Cartesian coordinate representation.

x=[13;20];
y=1[1402];
X = fft2(x); Y = fft2(y); z = ifft2(X.*Y);
% 7 = [13 11;
% 8 10]

To obtain a noncircular (aperiodic) convolution of two sequences by the DFT/
FFT approach, the two sequences have to be extended by adding zeros as in the case
of noncircular convolution via the DFT/FFT for the 1-D signal (Fig. 2.9). This
technique can be illustrated as follows:

As both the DFT and IDFT are periodic, the DFT/FFT approach yields periodic
convolution. However by extending the original sequences by adding sufficient
number of zeros, a non-periodic convolution can be obtained by the DFT/FFT
approach (Fig. 5.4).

Note that X% (ki,k2) and YF(ki,k;) denote the 2-D DFTs of the extended
sequences Xexi (11, 712) and yex (11, 12) respectively.

5.2.9 Correlation Theorem

Similar to the convolution-multiplication theorem (convolution in time/spatial
domain is equivalent to multiplication in the DFT domain or vice versa), an
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Ny=M+L-1
Ny= My+L,-1
— _ Add N~ ( M;-1) zeros F
m B 0.1, ooy Myl along n; and N,— ( M,-1) .| (N xN,) Xe ki, ko)
=01, ..., My-1 > zeros along 1, to obtain q
2-D DFT
X (1, 1y) Xext (11: 1)
(M, x M,)
(NyxN,) Multiplication of 24
corresponding DFT—»@—
coefficients <
— Add N,—- ( L-1

n=0,1, .. L-1 aloggnllan(d ]\1/2_)(2220_51) | weny
=01, ... Ly-1 * zeros along 7, to obtain | 5.0 DFT F

x(ny, my) Yext (11, 19) Yetky, ky)

(LyxL,)

(NxN,)
1
— XFky, k) YE (), K
Aperiodic convolution (NyxN,) N> (. kD Yok, k)
of x (n, n,) and y (ny, ny) 2.D IDFT

Fig. 5.4 2-D aperiodic (noncircular) convolution using the 2-D DFT. Implementation of DFT and
IDFT is by the fast algorithms

analogous relationship exists for the correlation. Analogous to (5.17a), the circular
correlation is given by

x(ny,ny) y(my + ni,my + ny)

HMZ

N—
Zcor(mlamZ = §

(5.18a)
mi,mp 20,1,...,N—1
In the 2-D DFT domain this is equivalent to
1 YF
Cor(kl, ky) = N2 [ (khkz)] (ki1, ko) (5.18b)

where

ZCOr(mla I’I’lz) < Zcor(klka)

To obtain a noncircular (aperiodic) correlation of two sequences by the DFT/
FFT approach, the two sequences have to be padded by adding zeros (similar to
the convolution case). By taking complex conjugation of X (k;,k,) prior to its
multiplication with YF(k, k), Fig. 5.4 can be used to obtain the noncircular
correlation.
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5.2.10 Spatial Domain Differentiation

0"x(ny,ny)

anrln A (jkl)mXF(klakZ) (5193)

5.2.11 Frequency Domain Differentiation

O"XE (ky, k)

5 (5.19b)

(=jm1)"x(n1,mp)

5.2.12 Laplacian

V2X(l’l1,l’l2) = —(k% + k%)XF(kl,kz) (520)

5.2.13 Rectangle

This is an impulse response model for motion blur in an imaging system (see
Figs. 5.5, 5.6a, b). The blurred image y(n;,n;) and impulse response rect(a, b)
are expressed as

0 0

ym) = Y > x(m —mi,ny —my)

my=a—1 my=b—1

k kyb ;
rect(a, b) < ab sinc (ﬁ) sinc (%) ¢ mtkia/M+hkb/N) (5.21)

(0, 0) b-1 N-1

Fig. 5.5 Rectangular
function, rect (a, b) M-1
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a b

Square image magnitude DFT of (a)

c f d xi10* _ :

250 64

200

150 41

100 24

50
04 = 0
400 400 400 00
00 0" 0
2D-DC signal magnitude DFT of (c)
Peak value, dc coefficient is 125 x 500.

e

1
0.8
0.6
0.4
0.2

0 :

400
0 0 0 0
2D-exponential function magnitude DFT of (e)

X(l’ll, ,/,2)26—(111 250)(n,—-250)

Fig. 5.6 Centered 2D-unitary DFT magnitudes

5.3 Two-Dimensional Filtering

By appropriately weighing the 2-D DFT coefficients, a 2-D signal, x(ny, n,) can be
correspondingly filtered in the frequency domain (Fig. 5.7).
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(NxN) (NxN)
XF(ky k) X (ky,ky)
x(ny, ) 2-D Filter 2-D Xm,m)
(NX—N)’ (Nx N) DFT " GFlk,.ky) » (NxN)IDFT m’
(NxN)

Fig. 5.7 2-D filtering in the 2-D DFT (frequency) domain

fs1 = 1/T) = Sampling rate (vertically)
Jfo =1/T, = Sampling rate (horizontally)

1 Increasing 1 Decreasing
! frequency 1 frequency
ky —> —
! st '
! f 2f02 Jo2
kq dc
----r---dc
[ Jo— L
Increasing Hor—
frequency .
: f f
1 fsl 7 T
fs1
S =Nt N ----]75 .
PR
02 NT, N Decreasing :
frequency
Jot

F(ky, ky) = 2-D DET of [x(n, n,)]

Fig. 5.8 The 2-D DFT coefficients in the corresponding zones are retained with the rest set to
zero. LPF: low pass filter, BPF: band pass filter, HPF: high pass filter (zonal filter)

In Fig. 5.7, )?F(kl ka) = XE(ky, ko) GF(ky,ka), where GF (ky, k) is the weighing
function (2-D filter). The lowpass (LPF), bandpass (BPF) and highpass (HPF) filters

are shown in Figs. 5.8 and 5.9. 2D-DFTs of images are shown in Figs. 5.10
and 5.11.
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Fig. 5.9 Zonal filtering Increasing Increasing

for 2-D DFT of frequency frequency
+

[x(m, m) (=1)"7"]. 20 Joo 0 Sor 202

As in Fig. 5.8, the 2-D | |

DFT coefficients in the
corresponding zones
are retained with the rest
set to zero ' .
| oy, Increasing
fot i
requency
— Jo1
— Jfoi
Increasing
— 2for frequency
5.3.1 Inverse Gaussian Filter (IGF)
This filter (Fig. 5.12) is defined as
kK2+k2) /202 _ N
G (k1 ko) = e(p‘ VI kil =0.1,....5 (522
G'(N —ki,N —kp) otherwise

Radial cross sections of the inverse Gaussian filter are shown in Fig. 5.13c. The
DFT domain operation is an element-by-element multiplication.

X (ki k) = GFlk ko) XF (ki ko) ko= 0,1, N—1  (523)

This filter weighs high frequencies heavily and restores images (Fig. 5.14) blurred
by atmospheric turbulence or other phenomenon modeled by Gaussian distribution.

5.3.2 Root Filter

The 2-D DFT coefficients X (k, k;) can be represented by (5.24) i.e., magnitude
and phase. Root filter is described in Fig. 5.15.

X (ki k) = |[XF (ki, ko) | 20 (k1 ko) (5.24)

where ZGF(kl,kz) — /¥ (ki k)
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a

Original (Lena) Phase spectrum

Magnitude spectrum Magnitude spectrum
2-D DFT [x(ny, ny)] 2-D DFT [x(n;, n,)(~1)"" ]
(DC coefficient is in the center)

Fig. 5.10 2-D unitary DFT of a 256 x 256 image, 8 bpp (0-255)

Root filtering enhances (heavily weighs) high frequency coefficients (low mag-
nitudes) compared to low frequency coefficients as in general high frequency
coefficients have lower magnitudes compared to low frequency coefficients
(Table 5.1, Fig. 5.16).

5.3.3 Homomorphic Filtering

If logarithm is applied to the magnitude spectrum of the DFT as

SF(ki,ky) = (In|XF (ki ka)|) e/t &) IXF(ky, k)| >0 (5.252)
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(a) Resolution chart

(b) its magnitude spectrum
(c) binary image

(d) its magnitude spectrum

DFT

Fig. 5.11 2-D unitary DFT of images

Fig. 5.12 Inverse Gaussian XF(ky, ky) ——| GF(ky, ky) ——> XF(ky. k)
filter

then the inverse transform of S¥(ky, k), denoted by s(ny,n2), is called the cepstrum
of the image (Fig. 5.17a). Examples of cepstra are shown in Fig. 5.18. The
homomorphic transform reduces the dynamic range of the image in the transform
domain.

Homomorphic filtering is a useful method to restore images in the presence of
multiplicative noise. Figure 5.19 describes the process. The input image is modeled
as the product of a noise-free image r(ny,n;) and illumination interference array
l (i’l] s 712).

x(ny, m) = r(ny,m) l(ny,ny) (5.25b)

Apply the logarithm to (5.25b) to obtain the additive noise observation model

In{x(ny,n2)} = In{r(ny,np)} + n{l(ny,n2)} (5.25¢)

The 2-D DFT domain zonal mask is now applied to reduce the logarithm of the
interference component. Zonal masking is followed by exponentiation. An example
of the enhancement process is shown in Fig. 5.20. In this example, the illumination
field /(n,ny) increases from left to right from a value of 0.05 to 2. As a smooth
cutoff filter, a Butterworth high-pass filter specified in (P8.16) is used instead of the
zonal high-pass filter. In addition, the scheme shown in Fig. 4.61 of [IP19] is used to
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a
(0, 0)

_>k2

o

PR
0.

IGF filter frequency response IGF filter displayed as an image
with 62=2 x 832 in 2D-DFT domain with 62=2 x 2007
(DC coefficient is in the center) (DC coefficient is in the center)

G (kyky)
14+

62 =802 + 802

o =832+ 832

8 o2 =867 + 862

6

4

5 256 or m

0 ! ! ! ! ! ky when k,=0
0 50 100 150 200 250

Radial cross sections of the IGF for various values of o2

Fig. 5.13 Inverse Gaussian filter (IGF) with Ny = N, = N =512

pass low frequencies instead of stopping. Thus this filter is similar to a high-
frequency emphasis filter.

The illumination component of an image varies slowly whereas the reflectance
component varies abruptly at the junctions of objects. Thus the low frequencies of
the 2-D DFT of the logarithm of an image are associated with illumination, and the
high frequencies are associated with reflectance (see [IP18, B42] for similar
examples).
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Original

Enhanced with
o2 = ki + ki, k=k,=83

Fig. 5.14 Inverse Gaussian filtering on the “Lena” image of size (512 x 512).

Fig. 5.15 Root filter. Here o Input |

F,
is between 0 and 1 X (ky, k)

Root
filter

Output

| X (ky ky) | £ 0F (e Ky)

Table 5.1 Root filtering
enhances high frequency

coefficients

a=1/2
Before filtering ~ After filtering
|Low frequency coefficient| 100 10
[High frequency coefficient| 10 3.162

5.3.4 Range Compression

The dynamic range of a 2D-DFT of an image is so large that only a few
coefficients are visible. The dynamic range can be compressed via the logarithmic

transformation

VE(ki, k2) = clogyo(1 + [X"(ki, k2)]) (5.26)

where c is a scaling constant (Fig. 5.21). In practice a positive constant is added
to the magnitude spectrum to prevent the logarithm from going to negative

infinity.
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Original a = 0 (phase only)

a=0.5 a=20.7
Fig. 5.16 Root filtering
Image Cepstrum
x(ny, ny) Xk, ky) - SF(k,, ko) s(ny, ny)
> 1 1 4 ) (X ks, K)o g (57 )T

Homomorphic transform H

SF(ky. ky) F
S Ly g ) e (57 ke O g ey gy [

Inverse homomorphic transform, !

Zonal
mask

Homomorphic filtering

Fig. 5.17 Cepstrum and homomorphic filtering. Note that homomorphic filtering can be in any
transform domain such as DCT and Hadamard transform (Fig. 5.18)
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Original

DCT Hadamard transform
Fig. 5.18 Cepstra
)?F(kl’ kZ)
Image
x(nl,gnz) ——| In[x(ny,1,)] »{[4] (n[x]) [4]7 J HF ey, hey)
Restored X(ny, ny)
AImage — exp[¥(ny, ny)] (AT ([XF(ky, k)] o [HF (Ky, k)] (ATT) !
X(ny, ny)

Fig. 5.19 Homomorphic filtering for image enhancement. O represents the element-by-element
product of two matrices

5.3.5 Gaussian Lowpass Filter

A Gaussian lowpass filter for an N x N image has the frequency response

HF<k1 k2) — {e_(k%"'k%)/zcz, k],kz :0,1,...,% (527)
' HY(N — ki,N — k), otherwise
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Original image Image with illumination interference

vl

Image restored by homomorphic
filtering

Fig. 5.20 Homomorphic filtering of an image with illumination interference

|XF (k-5 o |VF (i NN

2 ’ 7
Fig. 5.21 Range compression of the DFT of Lena image (see Fig. 5.10). All the magnitude
spectrum images in this book are range compressed



150 5 Two-Dimensional Discrete Fourier Transform

a b
HF(kl—%/, k2—%’)
t (0, 0)

—bkz

|

ky
Gaussian LPF frequency response Gaussian LPF filter displayed as
an image in 2D-DFT domain

HF(kh k2)
1.0

0.667 H

: : ~— ky when ky =0
0 50 100 150 200 250

Radial cross sections of Gaussian
LPF for various values of ¢

Fig. 5.22 Gaussian low pass filter with N = 500

where \/k? + k3 is the distance from point (k;, &) to the center of the filter (see
Fig. 5.8), and o is the cutoff parameter. When /k7 + k3 = o, the filter falls to
0.667 of its maximum value of one (see Fig. 5.22c). Note that Fig. 5.22a and b
correspond to Fig. 5.9.

5.4 Inverse and Wiener Filtering

Inverse filter restores a blurred image perfectly from the output of a noiseless
linear system. However, in the presence of additive white noise, it does not work
well. The ratio of spectrum NY/HY affects on the image restoration [B43].
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NFE(ky, ko)
UF(ky, ky) ——| HF (k. ky) /Jﬁ > VF(ky, ky)
b Degraded D b
Imaging Image
System/Device

1 Restored

VF(k, ky) —> —HF(kl,k2) 2D-IDFT — Image
i(ny, ny)

Fig. 5.23 Inverse filtering
Suppose we have the following system as shown in Fig. 5.23 in the frequency
domain.

VE(ky, ko) = U (ky, ko )H (ky, ko) + N (ki ko) (5.28)

where UF (ky,ky) is the 2D-DFT of an input image u(n,n,), NF(ki,k;) is an
additive noise, and H" (k;, k) is a degradation function. The 2D-IDFT of V¥ (ki k;)

is the blurred image and is the input to the inverse filter, m When
|HE (k1, k)| < €, Z:EZZ; becomes very large (see Fig. 5.24c). Hence use the
pseudo inverse filter defined as
) L w20
H™ (ki k2) = < HF(ky,ky)’ (5.29)
0, |HF| =0

H~™(k1,ky) is set to zero whenever |[HF| is less than a chosen quantity €.

Inverse filtering is the process of recovering the input of a system from its output.
Inverse filter is obtained by dividing the degraded image with the original image in
the 2D-transform domain. If the degradation has zero or very low values, then
NF/HY dominates.

5.4.1 The Wiener Filter

The inverse and pseudo-inverse filters remain sensitive to noise. Noise can be
amplified. Wiener filter can overcome this limitation. Wiener filtering is a method
of restoring images in the presence of blur as well as noise. This restoration filter is
a linear space-invariant filter which make use of the power spectrum of both the
image and the noise to prevent excessive noise amplification as seen in (5.32b).
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Blurred image

Inverse filtered Pseudoinverse filtered

Fig. 5.24 Inverse and pseudoinverse filtered images

Given Efu(ny,ny)] =0 and E[v(ny,ny)] = 0, obtain #(n,n;) an estimate of
original image u(ny,ny) from observed/degraded image v(ni,n;) such that the
mean square error (MSE)

o? = E([u(nl,nz) - ﬁ(nl,nz)]2> (5.30)

is minimized (Fig. 5.25a). Here E(-) denotes the expectation over an ensemble of
images. That is, we obtain the best linear estimate of original image u(n;, ny) which
is of the form

i(ny,ny) = Z Z g(ny —my,ny —mp) v(imy, my) (5.31)
mp, nMy=—00

where the Wiener filter g(n1, ny; my, my) is determined such that the MSE of (5.30)
is minimized.
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a
Observed/
degraded
image
Object / v(ny, ny) Restored
original ——  h(n, ny) - g(n;,my)  —— image
image - 2y, ny)
u(ny, ny) Image Wiener
detector filter
n(ny, ny)
Additive noise
(Round-off errors)
Wiener filter in the spatial domain.
b
VF(kI’ k2) R
UF(ky k) —— H" (k. k) @ GF (ki ky) ——> TF (k). ky)
NE(ky, ky)

Wiener filter in the 2D-DFT domain.

Fig. 5.25 Wiener filtering. For implementation, see Fig. 8.13 in [B6]

Let UF, VF, UF and NF be the 2-D DFTs of u, v, it and additive noise 1 respec-
tively. Let S, and Sy, be the power spectral densities (PSD) of u and 1 respec-
tively. The power spectral density S, of the input image u(n, n,) is defined as

Suu(ki, ko) = |UF k1,k2)|

and S, is the 2D-DFT of the autocorrelation function of u(ny, ny).
For a linear shift invariant (LSI) system with frequency response HF (ki k), the
Fourier Wiener filter is defined as

[HE (k1 k2)] Suu (K1, k2)

o) = (5.32a)
|HF(k17k2)| Suu(kl7k2) +Snn(kl’k2)
[HF (ki ky)]” (5.32b)
HF (k k)| + S

This filter needs to know the power spectra of the object/original image and the
noise and the frequency response (or the 2-D DFT of the point spread function
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[PSF]) of the imaging system. For a typical image restoration problem, those are
known. If the noise variance is not known, it can be estimated from a flat region of
the observed image. In addition, it is possible to estimate S,, in a number of
different ways. The most common of these is to use the power spectrum S,, of the

observed image v(n;,n,), as an estimate of S, [LA16]. The deblurred image is
computed as

ii(n,ny) = 2D IDFT [G" (ky,ko)VF (K1, k)]

The mean square error can be written as (total energy is preserved under unitary
transform)

62 = Zor(0,0) = 2D IDFT of [PSD of the error] at ((n;,7,) = (0,0))

1 N—1
= > Selki, ko) (5.33a)

k1, k=0

where S, the power spectral density of the error, is
Se(ki,ka) = |1 = GFH® [*Su + |G |*Sun (5.33b)
By using (5.32) this can be simplified as

SuuSnn

= (5.33¢)
|HF[*Su + S

[

Wiener filtering of noisy blurred images is shown in Fig. 5.26.

5.4.2 Geometric Mean Filter (GMF)

This is the geometric mean of the pseudoinverse and Wiener filters, i.e.,

[HF (k1 k2)] S (K1 ) o
(kl ) kZ)

Gs(ki,k2) = (H™ (ki,k2))*
[HF (k1 k2) [* Sy (k1 k2) + S

0<s<1 (5.34)
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Blurred with increased noise

Fig. 5.26 Wiener filtering of noisy blurred images

For s = 1, the GMF is described as

G 2(ki,k2)

1/2
Suu(kl 7k2)
[HF (k1 k2) | S (k1 ko) + S (ki1 K2 )
(5.35)

= |HF (ky ko) H (K1, k)| " exp(—j 0) <

where 0y (ki,ky) is the phase spectrum of HY(ki, k,). Equation (5.35) is the
true meaning of the geometric mean (see Appendix A.1) (Fig. 5.27). For s = 0,
the GMF becomes the Wiener filter; for s = 1, the GMF becomes the inverse
filter.
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Wiener filtered Geometric mean filtered with s =

Fig. 5.27 Geometric mean filtering

5.5 Three-Dimensional DFT

Similar to 2-D DFT (see (5.1)), a 3-D DFT pair can be defined as follows [DS10]:

5.5.1 3-D DFT

Ni—1N,—1N3—1

F k k k
XF (ki ko, k) = Z:O 22:0 ’;ﬂ”h’”’ n3) Wi, Wy Wi, (5.36a)

k=01,...N—1 i=123

where Wy, = exp(—j2n/N;),i = 1,2,3.
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5.5.2 3-D IDFT

Ni—1N,—1N3—1

XNy, Ny, n X k7k’k W n1k|W n2k2W7n3k3
s = S e

l’l,‘:O,l,...,Nl‘—l, l:1,2,3

5.5.3 3D Coordinates

Horizontal, vertical and temporal (time).
Assume for simplicity Ny = N, = N3 = N. Then the 3-D DFT pair can be
simplified as follows.

5.54 3-D DFT

3

N-1 > niki
XUk ko ks) = Y x(ni,ng,na) Wy (5.37a)
nl,nz,n3:0
ki=0,1,....N—1, i=12,3
N-1 N—1 N=1 N—I
where the notation > implies >, > > .
ny,n,n3=0 n1=0 n,=0 n3=0
5.5.5 3-D IDFT
3
| N = niki
x(ny, na, n3) = Z XF(ky ke, k3 )Wy ! (5.37b)

ki k2 3 =0
n=01,....N—1, i=1,2,3
The 3-D DFT pair can be symbolically represented as

X(I’ll,l’lz,l’l3) = XF(k17k27k3) (5.38)
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All the properties, concepts, theorems, etc., developed for 1-D and 2-D DFTs
can be extended to 3-D DFT in a simple and straight forward fashion. 3-D DFT has
been applied to watermarking [E4, E8].

The 2-D and 3-D DFTs can be extended to the more general case. For example,
an L-D DFT and L-D IDFT can be expressed as

Ni—1N>—1 Np—1

X (ki ko, . k) = Z Z E Z x(ny,na, . .. ,nL)WI’Z;l"IWIV\’IZZ"Z . WX,LL’CL

n=0 ny=0 n,=0
ki=01,... .Ni—1, i=1,2,....L
(5.392)
1 Ni—1IN,—1 Np—1
= XF k 7k 7'”,k W—’Ylklw—nzkz___W—HLkL
NINZ"'NLkl:OkZ:O prert ( 1,/2 L) N, N> Ny

n=0,1,...,Nj—1, i=1.2,....L

x(ny,ny,....np)

(5.39b)
As before, when Ny = N, = --- = Np = N, the L-D DFT pair can be simplified
as
L
N—1 Zniki
X (ki kay ooy ky) = Z Ox(nl,nz, e n )Wy (5.40a)
ny,ny,...,np=
k=01,....N—1, i=12,...,L
>
1 N-1 2 nik;
x(ny,ng, ..., n) = NL k kz:k OXF(kl,kz, ek )Wy (5.40b)
15K2 5000 KL=

n=0,1,....,N—1, i=1,2,...,L

All the properties, concepts, theorems, etc., that are valid for the 1-D, 2-D, and
3-D DFTs, needless to say, are equally applicable to the L-D DFT.

5.6 Variance Distribution in the 1-D DFT Domain

x = [x(0),x(1),...,x(N—1)]" is a real random vector where x(0),x(1),
..,X(N — 1) are the N random variables. Assume x is real. Covariance matrix of
xis [Z].

=] =E[(x -5 - )] (5.41a)
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where X = E(x) = mean of x.

Xo — Xo
S =F Xy — X _ _ _
(N[X]N) , (X — Ko, X1 — X1, ..\ Xy_1 —Xn_1) (5.41b)
XN—1 — XN-1

The covariance matrix in the data domain is

2 2 2 2
Soo So1 G2 o Op,N—1
2 2 2 2
S0 Sh SEP) o Ol Na
2 2 2 2
[Z]=1| ©2 O21 O»n 7 On-1 (5.41c)
2 2 2 2
On-1,0 ON-11 On-12 " ON-1,N-1

In [X], the diagonal elements are variances and off diagonal elements are
covariances.

El(g—%)(a—x)] =05 (1#k)
= covariance between x; and x;

E[(x —x)(x—x)] = (Sfj = variance of x;

The covariance matrix in the DFT domain is

o, el -2 ]

(NxN)
= E{[F} (x —X)([F](x — @)*T} (5.42a)
= [FE[@ - D)D" IF’
= [F] [Z] [F]

(NxN) (NxN) (NxN)

~2 ~2 ~2 ~2

S0 Go1 S o Og,N-1
=2 =2 =2 =2
S1o (S SEP) E S I VA |
~2 ~2 ~2 ~2
=" =| S 021 02 0 Oyn- (5.42b)
(NxN)
-2 -2 -2 )
On-1,0 ON-1,1 On-12 " OnN_-1,N-1

In [Z]F, the diagonal elements are variances, and the off diagonal elements are
covariances in the DFT domain.
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5.7 Sum of Variances Under Unitary Transformation
Is Invariant

T . . .
where x = (xo,x1,%2,...,Xy—1)  is a random vector and [A] is an unitary
transform.

[N—1 N-1 N-1

E[()_C*)T)_(} :E[KT_] =F Zx,z] = ZE[)C,Z] = ZG?I-
| i=0 i=0 i=0

= Sum of variances in data domain

E[(@)"s] = B[ (4 [4)X] = E|(x")'x]

=E> X

= Sum of variances in unitary transform domain

where X = (Xo,X1,Xa, . .. ,XN,I)T is the transform coefficient vector.

5.8 Variance Distribution in the 2-D DFT Domain

For a 2-D (N x N) data array, [x] can be described as

X00 Xo01 X02 te X0,N—1
X10 X11 X12 te X1,N—1
[x] = X20 X21 X22 T X2N-1 (5.43)
XN-1,0 XN-1,1 XN-1,2 *°* XN—-1,N-1

This has N* covariances of which N? are variances. Evaluation of the N? variances
can be simplified by assuming independent row and column statistics.

Assume row and column statistics of the 2-D data are independent of each other.
This assumption simplifies the computation of the N? variances both in the data and
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transform domains. Let the variances of elements of any row be (each row has the
same statistics) (G3r, O1r> OoRs - - - » O 1 y_1r) in the data domain. Similarly
each column has the same statistics (not necessarily the same statistics of any row).

: 2 2 2 2
Let the variances of elements of any column be (Ggyc, G7 i) Ooac - - - » GN717N717C)
in the data domain. Then the variances of [x] are
_ 5 -
Soor
2
OT1R
o3 2 2 2 2
22R (Gooc’ O11c) Oncs -+ -1 On—1, N—LC)
2
ON-1,N-1,R ]
(Nx1) (1 xN)
i 2 2 2 2 2 2 ]
(GOORGOOC) (GOORGIIC) T (GOORGN—L N—l,C)
2 2 2 2 2 2
(GIIRGOOC) (GIIRGHC) (GllRGN—l,N—LC)
2 2 2 2 2 2
i (GN—I,Nfl,RGOOC) (GN—I‘Nfl,R011C> s (GNfl,N—l,RGN—l,Nfl,C) ]
(N xN)
(5.44)

Let the 2-D DFT of [x] be [XF]. (Assume as before [x] has independent row
and column statistics.)

(XF(k1, ka) | = [F][x(n1, m0)][F]

Xgo Xgl ng T Xg, N—1
X" (ki,ky)] = XE, Xt X5 XE
(N x N)
[ XNoro Xhvoin Xheiz o Xhonwer
Let the variances of any row of [X] be (GOOR, G 1R» OaaRs - - s Oh_ | N \.r)- Simi-
larly let the variances of any column of [X'] be (&3¢, 67,c» G%zc, ey OR LN-1.C)-

Then the variances of [XF] are
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_ 5 -
Soor
~2
SFPI
G%ZR 62 62 62 62
00C> C11¢:922¢5 -+ H» ON—1,N-1,C
=2
L \ON-1,N-1,R ]
(Nx1) (I xN)
i ~2 =2 ~2 =2 ~2 =2 T
(GOORGOOC) <GOOR011C> I (GOORGN—LN—I,C)
) ) )
(G]IRGOOC) (GIIRGIIC) (GIIRGN—I,N—I,C)
~2 =2 =2 =2 =2 )
_(GN—I.N—LRGOOC> (GN—I,N—LRGIIC) (GN—I,N—I,RGN—LN—I,C)_

(N xN)
(5.46)

Efficient data compression can be achieved by adopting a bit allocation based on the
variances of the transform coefficients. This concept is described here in detail for
the DFT. It is, of course, valid for any orthogonal transform.

5.9 Quantization of Transform Coefficients can be Based
on Their Variances

If the average number of bits per transform coefficient used by the 1-D
transform coding system is B and the number of bits used by the kth coefficient
is By, then

| Nl
B = N ZBk = Given average bit rate < Constraint 547
k=0

where N is the number of transform coefficients. The reconstruction error variance
6123A for the kth coefficient is related to the kth quantizer input variance 6,% by [D37,
p- 28, B6, p. 103]

65, = u2 Sy (5.48)
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where oy, is a factor that depends on the input distribution and the quantizer. The
. . ~2 N—1 ~2 - .
total reconstruction error variance Gz = » ,_, Op, 1s given by

e < To be minimized (5.49)

The bit allocation problem is to find By that minimize the distortion (5.49)
subject to the constraint (5.47). Assume oy in (5.49) is a constant o for all &.
Then

N—1
Sp=o0) 2706 (5.50)

The constraint (5.47) can be rewritten as

1 N—1
[B —— Zskl =0 (5.51)
N k=0

Then we can set up the optimization problem in terms of Lagrange multiplier A
[IP32, IP33, 1P34]. Hence the function J to be minimized with the constraint
embedded is

NZ B2 [B L NZ ] (5.52)

k=0 k=0

where B,k =0,1,...,N — 1 are the variables. Hence set the derivative of J with
respect to B; equal to zero and solve for B;. Here index k is changed to / to avoid any
confusion in following equations.

9
a—B](J)—O [-0,1,....N—1 (5.53)
9 —2B, &_
ocaB[ (672 )+N70 (5.54)
o [1\*Z
~2— -~ ~_
oG] 9B, (2> +N 0 (5.55)
Note that
9 —2\B: —2\B: -2
— (273" =(27)"In(27?) (In = log,) (5.56)
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from the derivative of the exponential function (see Appendix F for a proof)

d
E(a“) =d"Ina (5.57)

where a = 272 for (5.56).
N*2r1 1 A
&2 — — —_— =
oG] (2) {ln<2)]2+N 0 (5.58)

(2067)(In2)27* % = % (5.59)

or

Apply the base-2 logarithm function to both sides in (5.59).

log,[(20:67)(In2)] — 2 B; = log, (]%) (5.60)

1 ~ 1 A
B, = log (2067 In2) — 5 log, (ﬁ) (5.61)

Since the average bit rate B = N k 0 ' By

1 = N 1 A
B=55 ; log, (2057 In2) — 5 log, <N) (5.62)
Hence
7\1 N
log, <N> = Xglogz 2057 In2) — 2B (5.63)
=2 H (205 ln2 (5.64)

Substitute (5.64) in (5.61).

1 1 N—1
B = 5 log, (2967 In2) — S log, lz‘” [ (2467 1n2)" N] (5.65)
k=0
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1 N-1
= 510g2 (20(0, ln2 Z log, 20(0, In 2) (5.66)

~2

1 c
B; = ~log, [’
N—1 (~2\1/N
2 k=0 (G%)

+B (5.67)

As index k is a local variable, k can be changed to m. Then index / can be switched
back to k.

1
By =B+ E1og2c~s§

. =2
W%logzcm] k=0,1,....N—1 (5.68)

The last term in (5.68) is a constant independent of k. This implies that the number
of bits By assigned to the kth transform coefficient is proportional to the logarithm
of its variance. Note that B, is rounded to the nearest integer while maintaing (5.47).

Similar to (5.68) the bit allocation for the 2-D transform coefficients can be
expressed by (5.69) (see Fig. 5.28).

B =# of bits allocated to transform coefficient
vfﬁ_/'ai7j:071,...,N— 1

1 N—1N-1
Bij=B+3log, &, —2 log,67, (5.69)
k=0 =0
| NN
N2 By = Average bit rate < Constraint (5.70)
k=0 =0

~2
B; ; ~ log, G; j

B; ; is proportional to the logarithm of the variance of transform coefficient v; ;.

# of quantization levels = 25i

(2] = (A7) (WAL, (4 = (A7)

N
Original . ~
image 2-/]3 T » Quantizer 2-DIT
[U] 14! (W]
N NxN NxN
(WV>xN) (NxN) (TX )Bit allocation (VxN)
[V] = [4][U][4] matrix (BAM)
(NxN) (NxN) (NxN)
Reconstructed
image (7]
(NxN)

Fig. 5.28 Bit allocation is based on the variances of the two-dimensional transform coefficients.
(Separable transform) Transform is implemented on a (N x N) block-by-block basis
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Fig. 5.29 Bit assignment
map in the 2D-DFT domain
based on variance distribution
of the transform coefficients
(average bit rate is 1 bit per
transform coefficient, or

B =11in (5.70), and

p = 0.95). Only the
magnitudes of coefficients are
coded. p is the adjacent
correlation coefficient. The
2D (N x N) data domain
samples are governed by I
order Markov process (see
(5.75))

Fig. 5.30 Bit assignment
map in the 2D-DFT. The dc
coefficient top left corner in
Fig. 5.7 is now shifted to the
center of the 2-D frequency
plane. Figure 5.28
corresponds to Fig. 5.7 and
this figure (Fig. 5.30)
corresponds to Fig. 5.9 (use
fftshift)

o
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If some transform coefficients have very low variances, then they can be replaced
by zeros. An example of bit allocation for 2-D (16 x 16) DFT coefficients is shown

in Figs. 5.29 and 5.30.

5.10 Maximum Variance Zonal Sampling (MVZS)

The covariance matrices in transform (orthogonal) domain [i] and in the data

domain [X] are related by

(5.71)
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Assume [A] is real and unitary (normalized) [A]” = [A] .

- T
X = (X0, X1 -+, XN_1)
o~ ~2 ~2 7
Soo Go1 o Opgn-t
~2 ~2 ~2
i 52, &2, e Sy (5.72)
=] =
~2 ~2 ~2
| Ov-1,0 ON-1,1 " ON-1,N-1 |

In any orthogonal transform domain, the variances of a 2-D data can be obtained
based on independence of row and column statistics (similar to the DFT) case. For
the 1-D data, the variance distribution in the transform domain for I order Markov
process is shown in Table 5.2 and Fig. 5.33. Sum of the variances along any
column is the same (energy invariance). The normalized basis restriction error is
defined as

y—L m=0,1,...,.N—1 (5.73)

where 6%,( are rearranged in nonincreasing order (see Fig. 5.34). Here the covari-
ance function of a first order stationary Markov sequence x(n) is given as

r(n) = pl! Ip| <1 Vn (5.74)
This is often used as the covariance model of a scan line of images. For an (N x 1)
vector x, its covariance matrix is {r(m — n)},m,n=0,1,... N — 1, that is
B p P pV-117
pLop
R] = he p 1 p? (5.75)
: - p
Lo pPPop 1]

Thus [R] is used instead of [Z] in (5.71) to get the variance distribution in the
transform domain for the I order Markov process (see Table 5.2 and Fig. 5.33).

In MVZS, transform coefficients with large variances can be selected for quan-
tization and coding with remainder (those with small variances) set to zero. The
bitstream representing these coefficients is transmitted to the receiver and inverse
operations i.e., decoding, inverse quantization, inverse transform etc., lead to
reconstruction of the signal or image (Fig. 5.31).
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Table 5.2 Variances &7, of transform coefficients of a stationary Markov sequence with p = 0.9
and N = 16. For basic definitions of these transforms please refer to [B6]

Transform KLT DCT- DST- Unitary Hadamard Haar Slant
k 11 1 DFT

0 9.927 9.835 9.218 9.835 9.835 9.835 9.835
1 2.949 2.933 2.642 1.834 0.078 2.536 2.854
2 1.128 1.211 1.468 0.519 0.206 0.864 0.105
3 0.568 0.582 0.709 0.250 0.105 0.864 0.063
4 0.341 0.348 0.531 0.155 0.706 0.276 0.347
5 0.229 0.231 0.314 0.113 0.103 0.276 0.146
6 0.167 0.169 0.263 0.091 0.307 0.276 0.104
7 0.129 0.130 0.174 0.081 0.104 0.276 0.063
8 0.104 0.105 0.153 0.078 2.536 0.100 1.196
9 0.088 0.088 0.110 0.081 0.098 0.100 0.464
10 0.076 0.076 0.099 0.091 0.286 0.100 0.105
11 0.068 0.068 0.078 0.113 0.105 0.100 0.063
12 0.062 0.062 0.071 0.155 1.021 0.100 0.342
13 0.057 0.057 0.061 0.250 0.102 0.100 0.146
14 0.055 0.055 0.057 0.519 0.303 0.100 0.104
15 0.053 0.053 0.054 1.834 0.104 0.100 0.063

Encoder
Original Forward
di o transform MVZS — Q || VLC |+
Coded
bit
stream
Reconstructed Inverse
data transform Q : ] VLD —----<
Channel
Decoder

Fig. 5.31 Maximum variance zonal sampling transform coding

5.11 Geometrical Zonal Sampling (GZS)

Replace MVZS by GZS (Figs. 5.32, 5.35 through 5.39) in Fig. 5.31. See Appendix A.7.

5.12 Summary

Definitions and properties of the 2-D DFT analogous to those of the 1-D DFT are
developed. Fast algorithms based on the row-column 1-D approach are outlined.
Various filters for processing of 2-D signals such as images are defined and
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Keep the transform coefficients in this zone and

v

Delete (set to zero) Figs. 5.8 and 59)

Retai;

set the rest to zero (see Figs. 5.35-5.39).
For the DFT the GZS has to be modified (see

2-D transform domain

Fig. 5.32 Geometrical zonal sampling

Variance 57,

100 ¢
10
1
Hadamard
Haar
Slant
0.1k an —
KLT, DCT-1I
001 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ]
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Index k

Fig. 5.33 Distribution of variances of the transform coefficients (in decreasing order) of a
stationary Markov sequence with p =0.9 and N = 16

illustrated with examples. DFT is compared with other orthogonal transforms
based on some standard criteria such as variance distribution, basis restriction
error, etc. Vector-radix 2-D FFT algorithms are the major thrust in the next

chapter.

5.13 Problems

5.1 Appendix F.2 shows a proof by using the change of variables formula. Simi-

larly prove (5.15).
5.2 Derive the expression for Wiener filter (5.32). See pages 276—279 in [B6].
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30

25+

15+

‘]l
MSE %

10+

1 1 1 1 1 1 1 1

| | 1 1
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

O 1

# of transform coefficients retained (1)

Fig. 5.34 Performance of different unitary transforms with respect to basis restriction errors (J,,)
versus the number of basic (m) for a stationary Markov sequence with p = 0.9 and N = 16. See
(5.73)

5.3 From Fig. 5.25b, 2D DFT of error e(ny, n;) between the object (the original
image) and the restored image can be expressed as

U — UF = U"(1 - G'HF) — G"NF

Show that the power spectral density (PSD) of the error can be expressed as
(5.33¢). Use (5.32) for GF(ky, k2).

5.4 Starting from (5.47), derive (5.68). Show all the details.

5.5 Similar to the 1-D case (5.68), the bit allocation for the 2-D transform coeffi-
cients can be expressed by (5.69). Derive (5.69).

5.14 Projects

5.1 (1) Apply 2-D DFT to the image “Lena” (get the image on line from [IP30]
and [IP31]).

(2) Apply zonal masks G¥(k;, k) for low-pass filtering (LPF), band-pass
filtering (BPF), and high-pass filtering (HPF) to the result of the first
step. The function is G (ky, k) zero outside the region of support for the
particular filter (Fig. P5.1).

(3) Apply 2-D IDFT to all results of the second step.
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N-1L
8:1 16:1

N-1

Fig. 5.35 Geometrical zonal filters for 2:1, 4:1, 8:1, and 16:1 sample reduction. White areas are
passbands, whereas dark areas are stopbands. For the DFT these zones have to be modified
(Fig. 5.36)

(4) Calculate MSE between the reconstructed and original images.
(5) Calculate the peak-to-peak signal-to-noise ratios (PSNR) of the recon-
structed images (8 bpp).

The block diagram of this project is shown in Fig. P5.2.
For (N x N) images x(n;,n;) and X(ny, n,), the mean square error is defined as

N—1 N—
O, = Lz Z Z ( x(n1,n2) —)?(m,nz)]z) (P5.1)

When ensembles for X(l’llyl’lz) and %(ny, np) are not available, the average
least square error is used as an estimate of (P5.1). This is for an image of
size (N x N).
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Fig. 5.36 2-D DFT domain geometrical zonal filters for 2:1, 4:1, 8:1, and 16:1 sample reduction.
White areas are passbands, whereas dark areas are stopbands (see Figs. 5.8 and 5.9)

| Nl N
oL, =2 Z Z lx(ny, m) — &(ny, m)[* (P5.2)
n1=0n,=0

The mean square error is expressed in terms of a peak-to-peak signal-to-noise
ratio (PSNR), which is defined in decibels (dB) as

255° v 2 o
PSNR = 1010g10? O, = O, OI Oj (P5.3)

e

where 255 is the range of x(n) for 8 bit PCM.
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Original

8:1 sample reduction 16:1 sample reduction

Fig. 5.37 Basis restriction zonal filtered images in the DCT domain (geometrical zonal sampling —
see Fig. 5.35)

5.2 Root filtering (see Fig. 5.15) is a contrast enhancement approach in the
frequency domain. It takes the o-root of the magnitude part of the transform
coefficient X¥ (k;, k2) while retaining the phase component, or

For 2D-DFT : R™(ki,k2) = |XT(ki, k)| e/ k) 0 <0 < 1 (P5.4)
where the transform coefficient X (k;, k») can be written as
For 2D-DFT :  XF(ky,ky) = |XF(ky, k)| 20 (k1 k2) (5.24)

Procedure

(1) Apply 2D-DFT to the input image of size 256 by 256 (Lena).
(2) Perform the root filtering RF (k;, k) for o = 0.6 and 0.8 on the result of the
first step (see pp. 258-259 in [B6]).
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0.8 T T T T T

Hadamard

<

0.6
0.5
<
0.4

0.3

Normalized MSE %

0.2

0.1

Sample reduction ratio

Fig. 5.38 Performance comparison of different transforms with respect to basis restriction zonal
filtering for 512 x 512 Lena image. The normalized mean square error is defined in (A.8)
(geometrical zonal sampling — see Figs. 5.35 and 5.36)

(3) Show the ratio of energy before and after root filtering and your results
of steps 1 and 2 for both oo = 0.6 and 0.8 (Show the transformed images
(see Fig. 5.21b) and reconstructed images). (Energy: see Examples 5.9 and
5.10, pp. 171-175 in [B6], Fig. P5.3.)

5.3 Inverse Gaussian filter weighs high frequencies heavily. It restores images
blurred by atmospheric turbulence modeled by Gaussian distribution (see
Fig. 5.14). The filter is defined by (5.22). Take Lena image and perform this
filtering.

5.4 The dynamic range of a 2D-DFT of an image is so large that only a few
transform coefficients are visible (see Fig. 5.21a). The dynamic range can be
compressed via the logarithmic transformation (5.26). Take Lena image and
perform the transformation.

5.5 Inverse and Winner Filtering

Inverse filter restores a blurred image perfectly from an output of a noiseless
linear system. However, in the presence of additive white noise, it does not
work well. In this project, how the ratio of spectrum N* /H" affects the
image restoration is demonstrated.
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Unitary DFT Hadamard

Haar Slant

Fig. 5.39 Basis restriction zonal filtering using different transforms with 4:1 sample reduction
(geometrical zonal sampling — see Figs. 5.35 and 5.36)
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a b c
0 30 225 255 0 30 60 195225 255 0 60 195 255
7w T\,
30 30 -8pE BPF
60 60
HPF
195 195
>R AN
255 LLPE LPE| )55 255

Fig. P5.1 Zonal masks in the 2D-DFT domain, Ny = N, = N = 256 for a low-pass filtering, b
band-pass filtering, and ¢ high-pass filtering (see Fig. 5.7). Note that dark areas are passbands
and white areas are stop bands (a) (b) (c)

Input image } : ) Output image
y/ 2-DDFT R Gfl/iteg{ > 225]2 IIZDSF6T
x(ny, 1) (256 x256) (ky, ko) (256 x256) %(ny, 1)
Fig. P5.2 2-D DFT domain filtering
Input 2D Step 1 | Root Step 2 R 2D Step 3
x(ny, 1)) DFT 7| filter "| IDFT £(ny, my)

X (ky, ko) R (ky, ko)
Fig. P5.3 Root filter in the 2D-DFT domain

Given: Suppose we have the following system in the frequency domain
(Fig. P5.4).

(1) VE(ki,ky) = U (ky, k) HE (ky, ky) + N (ki k) (5.28)
where UF(ky, k;) is the 2D-DFT of an input image u(ny,n,), N (k1,k,) is a

white noise with zero mean and unit variance in the 2D-DFT domain, and
HY(ky, k) is a degradation function which is given by

HF (ki k) = exp(—c[(kl)2 + (k)] 5/6> (P5.5)

(2) 2D-IDFT of VF(ky, k,) is the blurred image. ii(n1, ny) is the restored image
and is described in Fig. P5.4.
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Fig. P5.4 Inverse filtering NF(ky, ko)

Degraded

UF(ky, ky) —| HY(ky, k) Lmage
V¥(k, k)

1 Restored
VE(ky, k) - 2D-IDFT ——> image
H(ky, k) u(ny, ny)

3) H—F(kll = is the inverse filter. When |H (k;, k)| <€ Nh.ka) pecomes very

) ? HE (ki k)
large (see Fig. 8.10c, page 277 in [B6]). Hence use the pseudo-inverse filter

defined as

1
) . HF|#£0
H (ki ko) = TGk k) 17
0, IHF| =0

(5.29)

H~(ki,ky) is set to zero whenever |[HF| is less than a chosen quantity €.

Wiener Filter

Original Restored
i L T

u(ny. ny) i(ny, ny)

n(ny, ny)
Additive noise

[HF(kl 5 kZ)}*Suu (klu k2)

For Wiener filter: G¥(ky, k,) = - 5
|:H (kh kZ)] Suu(kl ) kZ) + Snn<k1 s kz)

(5.32)

where S, and Sy,,, are the 2D-DFTs of the autocorrelation functions of u(ny, n,)
and M (n;, ny) respectively.

Procedure

(1) Read an image (any size up to 512 x 512).
(2) Calculate the three different degradation functions HY(ki,k;) by
setting ¢ = 0.0025, 0.001 and 0.00025 in Eq. (P5.5).
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(3) Calculate the Wiener filter GT (k,k,) with H (ky, k) obtained in step 2,
and show the three different blurred images.

(4) Implement the inverse filtering and Wiener filtering for each H™ (k;, k»).

(5) Show the restored images with ratios N¥/HY, where N¥ and HY are
the 2D-DFTs of additive noise m(ni,n;) and h(ny,ny) respectively.

References

(1) Section 8.3, pp 275—284 in [B6]
(2) Digital Image Processing by ‘Gonzalez and Woods’ pp. 258—-264, 11
Edition [IP18] and pp. 351—357, III Edition [IP19] (Prentice-Hall)

Notes

Inverse filtering is the process of recovering the input of a system from its
output. Inverse filter is obtained by dividing the degraded image with the
original image in the 2D-transform domain. If the degradation has zero or
very low values, then N /HF dominates.

The inverse and pseudo-inverse filters remain sensitive to noise. Wiener filter
can overcome this limitation. Wiener filtering is a method of restoring images
in the presence of blur and as well as noise.

5.6 Geometric Mean Filter
(1) For the degraded images given in Project 5.5 (Inverse and Wiener filtering),
apply the geometric mean filter for s = % and show the restored images.

For s = %, the GMF is described by (5.35).

(2) Repeat Part 1) for s = %.
(3) Repeat Part 1) for s = 3.

Comment on the restored images.
(Hint: For s = 0, the GMF becomes the Wiener filter; for s = 1, the GMF
becomes the inverse filter)

References

(1) Section 8.5, p. 291 in [B6]
(2) Gonzalez and Woods’ Book: Section 5.10, p. 270, II Edition [IP18] and p.
361, III Edition [IP19] (Prentice-Hall)

5.7 (a) Circular time/spatial shift property is defined in (5.12). Apply this property
to the Lena image of size 512 x 512. Show circular shift of the image by
m; = 100 samples along n; and my = 50 samples along n, and obtain
Fig. P5.5a.

(b) Similarly, circular frequency shift property is defined in (5.13a). Show this
property using the Lena image. Show circular shift of the magnitude
spectrum of the image by u; = %4— 100 samples along k; and
uy = % + 50 samples along k, Fig. P5.5b, where N = 512.
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Circular shift in spatial domain Circular shift in frequency domain

Fig. P5.5 Circular shift properties

Original image Motion blurred image

Fig. P5.6 Motion blurred 512 x 512 image witha =b=02and C =1

5.8 Images blurred by motion and atmospheric turbulence are restored by inverse
and Wiener filterings. These are encountered in the application of astronomical
imaging.

(a) Motion blur represents the uniform local averaging of neighboring pixels,
and it is a common result of camera panning or fast object motion. It is
shown here for diagonal motion. It can be mathematically modeled as the
degradation function

sin[r(kia +k2b)] _irikiashon)

HY (ki k) =
(ko) =C n(kia + kab) ¢

(P5.62)

= Csinc(kja + kyb)e/™hiatkd) = ginc(0) =1  (P5.6b)
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wherea =b =0.1and C = 1.

Show that original image and image blurred by the degradation function are
same as shown in Fig. P5.6.

Use sinc function in MatLAB. We will recover the original image from this
blurred image in part c).

(b) A degradation function for atmospheric turbulence blur occurring in the
imaging of astronomical objects has the form

2 2
ool <|(u-2) < (3

M =N =480

5/6

P5.7)

(1) This blur is common in land remote sensing and aerial imaging. Simulate the
effects of noise.

(2) Inverse filter is very sensitive to noise. Thus inverse filter is applied only in the
low pass (LP) zone with radii of 40, 70 and 85 as shown in Fig. P5.7. For this
simulation add a white noise to the blurred image as described in Fig. P5.4.

var = 0.001;
noise = imnoise(zeros(size(Image)), ‘gaussian’, 0, var);

A Butterworh low pass function of order 10 is used for the inverse filter with a
radius of 40 to eliminate ringing artifacts in a filtered image [Fig. P5.8(d)]. That
of order 15 is used for the inverse filter with a radius of 100 for a sharp
transition at the radius [Fig. P5.8(e)]. Figure P5.8(e) shows less ringing artifacts
compared to Fig. P5.8(g).

— N=480—»

' dc
— °
0,0)

M, N
5 k=3

480 —

—M

VE k-

Fig. P5.7 A stabilized version of the inverse filter. a Inverse filter applied only in the low pass
zone. b VF (k1 . %, ky — %) 2D-DFT of a blurred image with origin in the center (see Fig. 5.23)
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Inverse filtered

0 LP with a radius of 140

1
0.8
0.6
0.4
0.2
M N
0 k-, =2
‘ 240 101 0 101 239 1 2272
' (dc)
Pseudoinversed A radial cross section of a cylinder

Fig. P5.8 Inverse filter is applied only in the low pass (LP) zone. LP filter with a radius of 100
shows the best results. This filter is an alternative to the pseudo inverse filter as a stabilized version
of the inverse filter. The images are of 480 x 480 pixels

Pseudo inverse filter is set to zero outside of a cylinder whose radial cross
section can be shown in Fig. P5.8(h) for the blurring function (P5.7). Thus a
radius of around 100 can be a good choice for a sharp-transition Butterworth
low pass filter.

(3) Compare inverse and Wiener filters.

See Fig. 5.28 on p. 355 in [IP19].
See Fig. 5.29 on p. 356 in [IP19] (Fig. P5.8).

For a linear shift invariant system with frequency response HF(ki, k), the
Wiener filter is defined as
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[HF(kl ) k2)]*Suu(k1 5 k2)

GF(klakZ) R 2
|HE (k1) k2)|"Suu (k1 s k2) + Sun (ki1 k2)

[HE (ky, ko))

Son (k1,k
T H (ko) P+ ]

(P5.8)

If we do not know the })ower spectral density of the original image, we may
replace the term S“" k‘ k2 in (P5.8) by a constant K and experiment with various
values of K.

F *
H" (ki ky)] (P5.9)

GFlh k) = L kRl
(ki k) HF (ky, ko)) + K

Blurred by using (P5.5) . Pseudoinversed
with ¢ = 0.0025

Wiener filtered using (P5.9) Wiener filtered using (P5.8)
(Here K = 4 x 107%)

Fig. P5.9 Wiener filtering of a blurred image
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pseudoinversed

pseudoinversed (P5.9) (P5.8)

Fig. P5.10 Wiener filtering of noisy blurred images. a Motion blurred with noise of variance 386,
b pseudoinversed, ¢ Wiener filtered using (P5.9), d Wiener filtered using (P5.8), e-h noise of
variance 17.7, i-l noise of variance 1.8 x 1073

Table P5.1 PSNR results

Noise variance (P5.9) (P5.8)
K PSNR (dB) PSNR (dB)
386 0.085 21.78 23.51
17.7 0.035 23.17 25.89
1.8 x 1073 0.002 27.97 30.61

S (k1 ,k2)
Suu (K1,k2)

is a function of (ki, k,) and not a constant [LA20]. From Figs. P5.9c and P5.9d,
we see that the Wiener filter without the power spectral density of the original
image yields a result close to the Wiener filter with that of the original image
(Fig. P5.9).

where K is a constant. This is rather an oversimplification, as the ratio

(c) Restoring motion blurred images. Perform the simulation shown in Fig. P5.10.
Degradation function H (ky, k,) is given by (P5.6). Compute the PSNRs of the
restored images to compare two Wiener filtering methods defined in (P5.8) and
(P5.9) respectively. Show in a tabular form as Table P5.1.
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For less values of K compared to a specific constant (e.g. K in Table P5.1), the
Wiener filter of (P5.9) acts as a high pass filter. Since the blurring process is
usually a low pass filter, the filtered image gets less blur and more noisy. For
greater values of K, the Wiener filter acts as a low pass filter.

5.9 Take a (256 x 256) or (512 x 512) 8-bit/pel image and implement homomor-
phic filtering described in Figs. 5.19 and 5.20.



Chapter 6
Vector-Radix 2D-FFT Algorithms

Similar to radix-2 FFT, a vector-radix 2-D FFT can be developed for multidimen-
sional signals. As is the case for radix-2 FFT, the vector radix algorithms can be
developed based on both DIT and DIF [SR2, DS1, B39]. Also DIT and DIF can be
mixed in the same algorithm. In fact, vector-radix algorithms exist for any radix i.e.,
radix-2, radix-3 [A14], radix-4 etc. As an illustration, vector radix FFT for a 2-D
signal based on both DIT and DIF will be developed. It is then straight forward to
extend this technique to all the other vector radix algorithms. As with all the fast
algorithms, the advantages of vector radix 2-D FFT are reduced computational
complexity, reduced memory (storage) requirements and reduced errors due to
finite bit size arithmetic. Vector radix algorithms are much more amenable to
Vector processors.

6.1 Vector Radix DIT-FFT

The 2-D DFT defined in (5.1) assumes that both x(ni, ny) and XF(ky, k) are
periodic with periods N; and N, along the two dimensions i.e.,

x(ny, m) = x(ny + Ny, ny) = x(ny, np + N2) = x(n; + Ny, ny + N,) (6.1a)

XF(ky, ko) = X (ky + Ny, ky) = XF(ky, ka +Ny) = XF(k; + Ny, ko +N,) (6.1b)

K.R. Rao et al., Fast Fourier Transform: Algorithms and Applications, 185
Signals and Communication Technology,
DOI 10.1007/978-1-4020-6629-0_6, © Springer Science+Business Media B.V. 2010
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6 Vector-Radix 2D-FFT Algorithms
The vector radix-2 2-D DIT-FFT can be symbolically represented as follows

(N, x N,)-DFT Ny =2", Ny=2"
\

NN Ny Nz) (Nl Nz)_ (Nl Nz)
(4 4) -DFT (4 7 -DFT by DFT 7 7 -DFT
(e, ¢) (e, 0) (0, ¢) (0, 0)

where e = even and o = odd

Break this down at each stage until (2 x 2) 2-D DFTs are obtained. Go back-
wards to get the (N x N,) 2-D DFT. (N, and N, are integer powers of 2.)
Assume Ny = N, = N for simplicity.

N—1 N-1 betata)
X (ki k2) x(ny, m)W nl i
nz:: r;) (5.3a)
ky, k2 ,N—1
This can be decomposed as
41 41
(k1 k2) xX(2my, 2my)WEmATEmRL o )
my=0 my=0
Mgy
+ xX(2my, 2my + WA EmEDRl @ o)
my=0 my=0
41 4-1
+ x(2m1 + 17 2m2)W[[\§2m1+1)k1+2m2k2] (O, e)
my=0my=0
4-1 §-1
+ X(Zml + 172”’12 + 1)W1£§2m1+1)k1+(2mz+1)k2] (0’0)
my=0 my=0
(6.2a)
N/2—1N/2—1
klak2 [ Z Z 2mla 2m2 W[[\j’;lzkl +m7k2]]
nyp=

N/2—1N/2—1

Z Z 2m1,2m2 + 1)W[m1 |+mzk2]‘|

+ W

N/2
m=0 mp=
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N/2-1N/2—1
+W§‘ Z Z (2m + 1, 2m2)W][V'712k1+mzkz]]
m =0 my=
N/2—1N/2-1
Wk1+k1 Z Z Zm] +1,2my + 1)W1[Vrr}1zk1+mzk2]‘| (6.2b)

my=|

XF(ky, ko) = Soo(ky, ka) + Sor (ki, ko) W2 + Sio(ky, ko) Wat + Sy (ki k)W
(6.2¢)

Soo(k1,k2),So1(k1,k2),S10(k1, k2), S11(k1, k2) are periodic with period N/2 along
both k; and %, i.e.,

N N N
Sij(ki,ky) =S5 </<1 +§J<2> =S (kl,kz +E) Sij (kl +=,k + 2) i,j=0,1

(6.3)
N/2—1N/2—1
Soo(ki,ky) = Z Z (2my,2ms) W}J}‘f’"?kﬂ (6.42)
ny=
N/2—1N/2-1
Soi (ki ky) = Z > x( 2m1,2m2+1)w[”}1;‘+"72"2] (6.4b)
=0 mz—O
N/2—1N/2-1
Sio(ki,k2) = Z 37 x(@my + 1, 2my) W (6.40)
=0 mz—O
N/2—1N/2—1
Stk k) = > 37 x(@my +1,2my + W
m=0 my=0
kiky =0,1,...,8—1 (6.4d)

The 2-D (N x N) DFT of {x(n1,n2)} given by (5.3a) can be expressed as
Soo(k1, k2) + Sot (ki, ko)Wt + Sio(ki, ko) Wy + Sy (i, ko) Wiyt T

So0, Sot, S10 and Sy are (§ x §) 2-D DFTs. This can be illustrated for Ny = N, = 4.
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X00> X015 X02> X035 X10> X11> X125 X135 X205 X215 X22, X235 X30, X315 X325 X33

Soo Sol Sio Si
X00> X025 X20- X22 X015 X03> X215 X23 X100 X125 X30- X32 X115 X135 X315 X33
(e, ©) (e, 0) (0, ¢) (0, 0)

Using (6.2) and (6.3), the vector radix 2-D DFT can be expressed as follows:

XF(ky, k) 1 1 1 1 foo(kl k)
XF(ky, ky +N/2) 1 =1 1 —1|| WySo(ki,k)
XF(ky +N/2,k2) 11 -1 —1 W S (ki ka)
XF(ky +N/2,k» +N/2) =1 -1 1 WA 81 (ki ko)
kiko=0,1,... 51 (6.5)

2m|k1 . Wnk] 2mzk2 _ mgkz
Wyt = WN/z ;o Wy = WN/z

m —2n —2n m
W,%, = exp (T 2m> = exp (N—/2m> =Wy

The matrix relationship (6.5) can be described in flow graph format (this requires
three multiplies and eight adds) (Fig. 6.1).

This is vector radix (2 x 2) 2-D DIT-DFT. For N; = N, = 2" = N, the decima-
tion procedure is repeated log,N times. Each stage of decimation has N2 / 4 butter-
flies. Each butterfly needs three complex multiplies and eight complex adds. Hence
(N x N) point radix (2 x 2) DIT-DFT requires 3 (¥log,N) complex multiplies and

S(NTzlogzN) complex adds. Brute force requires N* complex multiplies and adds.
When N; = R},N, = R}, (Ry,R,) vector radix DIT-FFT can be developed. This is
similar to the (2 x 2) vector radix DIT-FFT, and is called mixed vector radix FFT.
Various possibilities, such as vector radix DIF-FFT, mixed vector radix DIF-FFT,
and vector radix DIF/DIT FFT can be developed.

Silky, ko)
000 Q O O O XF(k,, ky)
010 XV(key+ N/2, k)
sz
N
100 XF(ky, kyt+ N/2)
Wk
N
F
110 e - = O XF(ky+ N/2, ky+ N/2)

ke ky=0,1, .., N_
1, ]2 > 1

Fig. 6.1 Flowgraph representation of (6.5)
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6.2 Vector Radix DIF-FFT

Similar to vector radix DIT-FFT, a vector radix DIF-FFT can be developed.
Assume as before Ny =N, =2"=N. The 2-D DFT of x(n,n),n,

nm =0,1,...,N — 1 can be expressed as
N—1N-1
XF(kl,kz) = x(nl, I’lz)W;\q/]kl W;\q/zkz
n1=0n,=0
(N/2)—-1 N—1 (N/2)—1 N—1
= + > + [x(n1, m) Wil wieke]
n =0 nm=N/2 ny=0 np=N/2
(N/2)-1(N/2)-1  (N/2)-1 N-1 N-1 (N/2)-1 N-1 N-1
= + + +
n =0 np=0 =0 n=N/2 n=N/2 nm=0 m=N/2n,=N/2
x [x(n,m)Wyr Wk ki =0,1, ... 81

(6.6)
=1+ +1+1V. Here, I, II, IIl, and IV represent the corresponding
four summations.)
In 71, 1], and IV the summation variables are replaced respectively as follows:
np=my+N/2and ny =m; +N/2,and ny = my +N/2 and n, = my + N/2.
Then (6.6) can be simplified as

XF(kth) = Z Z x(nl7n2)W}l;l[1k1+i12k2

(N/2)—1 (N/2)—1

O > Al HW e

n1=0 n=0

+ Z Z x(n1+%,n2)W;’,‘k‘+"2k2(—l)k‘

(N/2)—1 (N/2)—1
DI DI R A1 G Vi

n =0 n,=0

kiks=0,1,....N—1 6.7)
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The 2-D DFT can be considered for four cases as follows:

ky ks

(a) Even integer (2r;) Even integer (2r;)

(b) Odd integer(2ry + 1) Even integer (2r;)

(c) Even integer (2r}) Odd integer (2r, + 1)

(d) Odd integer (2r; + 1) Odd integer (2r, + 1)
r1,1‘2:0717...7%—1

For these four cases (6.7) can be expressed as

(N/2)-1(N/2)-1

X¥(2ry,2r)) = Z Z [x(nl,nz)—i—x(nl,nz—i—%’)

np =0 Vlz:o

+x(n1 + %, nz) + X(l’ll + %, ny + %)] er\l,l/r21+n2’2 (6.8a)

(N/2)—1 (Nj2)—
xF 2r +1,2r,) = Z Z WN nl,n2)+x(n1,n2+%)

—x(m +4 03 I’lz) — x(m + %, ny + %)} V[/]’\l,l/'zﬁrnzr2 (6.8b)

(N/2)~1 (N/2)~1
XF(2r,2rm + 1) = Z Z Wi [x(nl,nz) —x(nl,nz —|—%)

n =0 n2:0

tx(m +5,m) —x(ng +5,m +5)] W]'\',‘/'z‘“wz (6.8¢)

(N/2)-1(N/2)-1
XF2r 4+ 1,24+ 1) = Z Z Wyt [x(ny, na) — x(ny, ny +5)

}’11:() }’LZZO
N N +
—x(m + %, nz) + x(m +3m+ 7)] W,r\ljl/lzl 1 (6.8d)
71,7’2:0,1, ...,%71
X(}’l],nz) O
x(ny, my+8) o
Wi
N
x(n+35,np) O
Wy
x(m+%, n2+1—2V) W,
fla

Fig. 6.2 Flowgraph representation of (6.9)
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x(ny, my)

N
x(ny, nyt>

N
x(n+5, n
(1 2 2) Wz

N N
x(n+5, nyt>5
( 17752 2) -1 -1 VV]\;llJrnz

Fig. 6.3 Simplified flowgraph representation of (6.9)

x(0,0) —— NN —o 1 — x%0,0)
2
x(0,2) —— o < » X%(0,1)
DFT
x(2,0) —— % —a — XF(1,0)
0
x(2,2) — — — Xx%(1,1)
x(0,1) — — Lk — x7(2.0)
Y(O 3) — 272 ® ~ F 21
| DFT e
x(2,1) —— —a T XF(3,0)
23—  Su L — X6
1,0) — N N —o — X%0,2)
272 WNI F(O 3)
x(1,2) —— . XF(0,
DFT 4
WO — —a — x¥(1.2)
10
x(3,2) — —o — x%(1,3)
D=y x [Tk — X'22)
272 F
x(1,3) —— o 4 5 XF(2.3
(13) - (23)
x(3,1) —— —na — XF(3,2)
(33— Su b — XF(3,3)

Fig. 6.4 First stage of decimation of a radix-(2 x 2) FFT. Only one of four butterflies is shown to
minimize confusion. N; = N, = 4. (4 x 4) 2-D DFT
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where

X" (2r1,2ry) is (§ x %)2-D DFT of

[X(}’ll,l’lg) +x(n1,n2 —|—%) —|—x(n1 —1—%, nz) +x(n1 —l—%'7 1y —&-%’)]

X"(2r; +1,2r5) is (§ x ¥) 2-D DFT of

Wit [x(n1,m2) +x(ny,m + ) —x(ny +5,m0) —x(ny +%,n0 +5)]

X (2r,2r, + 1) is (§ x ) 2-D DFT of

4% [x(nl,nz) —x(nl,nz —i—%) —|—x(n1 —i—%, I’lg) —x(m + %, n —i—%)]

X"(2r1 +1,2r, + 1) is (§ x &) 2-D DFT of

2
Wyt [x(ny, ma) — x(n,ma + %) —x(m +5,m) +x(m +5,m +5)]
71,r2=0717~~-7%_1 (6.9)

This set of equations (6.9) can be represented in a flowgraph format (Fig. 6.2). This
flowgraph can be further simplified as given in Fig. 6.3. This requires eight adds
only instead of the 12 adds besides the three multiplies (Wy', W3z, Wy ™).

X¥(0,0)
X¥(0,1)
XF(1,0)
XF(1,1)
XF(2,0)
XF(2,1)
X¥(3,0)
XF(3.1)
XF(0,2)

X¥(0,3)
XF(1,2)
XF(1,3)
X¥(2,2)
XF(2,3)
o— X%(3,2)

o—— XxF(3,3)

Fig. 6.5 Complete (4 x 4)-point radix-(2 x 2) DFT. Only one of the four butterflies in the second
stage is shown
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An (N x N) 2-D DFT i.e., XF(ky, k), k1,ka =0,1,..., N — 1 is split into four
(3 x %) 2-D DFTs, i.e.,

XF(2ry,2r,)
XF(2r1 4+ 1,2r,)
XF(2I'1,27'2 + 1) ’

XF(2r1 + 1,2)‘2 + 1)

. _ N
r,rp=01,...,5 -1

Split each of these into four (§ x %) 2-D DFTs until (2 x 2) 2-D DFTs are obtained
(Figs. 6.4 and 6.5). This is vector radix 2-D DIF FFT. As in the DIT case, several
possibilities exist for the DIF.

6.3 Summary

While radix-x (x = 2, 3, 4, .. .) based algorithms are described in Chapters 3 and 5,
vector-radix 2-D FFT algorithms are the main focus of this chapter. These are
suitable for implementation by vector processors. The following chapter defines
and develops nonuniform DFT (NDFT) including its properties.


http://3
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Chapter 7
Nonuniform DFT

7.1 Introduction

For signals consisting of a number of frequency components, the Fourier transform
(FT) effectively reveals their frequency contents and is generally able to represent
the signals with an acceptable resolution divided by equal bandwidth in the
frequency domain. The discrete Fourier transform (DFT) is an important tool for
digital signal processing, in which the N-point DFT of a length-N sequence is given
by the frequency samples at N-uniformly spaced points [W23]. It has been widely
applied in solving both time-domain and frequency-domain problems, signal anal-
ysis/synthesis, detection/estimation, and data compression [B6].

Over the decades since the development of the DFT processing algorithms, there
has been increasing demand for nonuniform DFT (NDFT) [N26], where data are
sampled at nonuniform points in either the time domain or spectral domain, or both.
Samples are located at N arbitrary but distinct points. It thus can be treated as the
generalized form of DFT, which is a special case of the NDFT.

Although the need for the NDFT has been recognized for a long time, develop-
ment of fast transform algorithms has not been concrete, since the unitary property
is not inherently guaranteed. Since mid-1990s, some fast computation algorithms
have been developed by using the approximation algorithm [N27, N35, N30].

Application fields of the NDFT include efficient spectral analysis, filter design,
antenna pattern synthesis, decoding of dual-tone multi-frequency (DTMF) signals
[N16], synthetic aperture radar (SAR), ground penetrating radar (GPR), antenna
design [N43], magnetic resonance imaging (MRI), and X-ray computerized tomog-
raphy (CT) [N37]. Some of these deal with images with uniform samples to be
nonuniformly transformed into the frequency domain, while others deal with
images with nonuniform samples to be uniformly transformed.

In this chapter, we describe the nonuniform DFT in which samples may be
nonuniformly selected in the time or frequency domain. The main focus will be on
nonuniform sampling in the frequency domain, since many applications are derived
to analyze frequency components at arbitrary points. We define one-dimensional

K.R. Rao et al., Fast Fourier Transform: Algorithms and Applications, 195
Signals and Communication Technology,
DOI 10.1007/978-1-4020-6629-0_7, © Springer Science+Business Media B.V. 2010
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and two-dimensional NDFT in the following sections, explaining those properties
compared to uniform DFT discussed in other chapters. Fast algorithms and inverse
NDFT which are the main obstacles for developing the NDFT are investigated in
this chapter. Finally we discuss some applications and implementations in MATLAB.

7.2 One-Dimensional NDFT

7.2.1 DFT of Uniformly Sampled Sequences

Let us take into consideration the definition of Fourier transform (FT) in the
continuous domain first: Under certain conditions about the function x(¢), the
Fourier transform of this function exists and can be defined as

o0
X(0) = / x(t)e /'dt (7.1)
where ® = 2nf and f is a temporal frequency in hertz. The original signal is
recovered by the inverse Fourier transform (IFT), given by

x(1) ! / ooX(m)e’“”dO) (7.2)

:E .

From the definition of FT, we consider now the discrete Fourier transform. In
this case we have a finite number N of samples of the signal x(¢) taken at regular
intervals of duration T (which can be considered as a sampling interval). Note that
the signal can also be a function in the spatial domain. In practical cases the signal
x(¢) is not of an infinite duration, but its total duration is T = NT and we have a set
{x,} of samples of the signal x(f) taken at regular intervals. We can define
X, = x(t,), where t, = nT forn =0, 1, ...,N — 1 is the sampling coordinate.

In the case of the discrete Fourier transform (DFT), not only we want the signal
to be discrete and not continuous, but we also want the Fourier transform, which is a
function of the temporal frequency, to be defined only at regular points in the
frequency domain. Thus the function X () is not defined for every value of ® but
only for certain values w,,. We want the samples X(®,,) to be regularly spaced as
well, so that all the samples ®,, are multiples of a dominant frequency %, that is to
say @, = ZT“m form =0,1, ...,N — 1. Let us note now that T is equal to the finite
duration of the signal x(¢) from which we want to define its discrete Fourier
transform. Note also that we assume the number of samples in frequency to be
equal to the number of samples in the temporal domain, that is N. This is not a
necessary condition, but it simplifies the notation. The direct extension of (7.1) to
the discrete domain is:

N—
X(wp) =Y x(t,)e7Ont (7.3)

—

3
Il
<]
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Considering that o, is defined at only discrete values 2% mand t, is also defined
at only discrete values nT, it is possible to rewrite (7.3) as

=

N-1 nT) -1 ﬂ.(m%)(m)
Zx th)e = x(t,)e s (7.4)

n=0 n

Il
S

It is now possible to simplify and express the dependence on w,, only in terms of
m and the dependence on #, only in terms of 7. In this way the final definition of the
DFT is:

N-1 on N-1
XF(m) = > x(n) e 'N" =Y x(n) Wim m=0,1,...,N—1 (7.5)
n=0 m=0

where Wy = ¢ /N. The inverse discrete Fourier transform (IDFT) is given as

2 N-1
x(n) = ZXF( ) e N = LS XF(m) Wy n=0,1,...,N—1 (7.6)
m=0 m=0

7.2.2 Definition of the NDFT

Now we want to generalize the definition and the computation of the Fourier
transform from the regular sampling to the irregular sampling domain. In the
general case, the definition of the nonuniform discrete Fourier transform (NDFT)
is the same as the one given by (7.3), taking into consideration that the samples can
be taken at irregular intervals in time (#,) and/or in frequency ().

The NDFT is an extension of the uniform DFT, that is, the latter is a special case
of the former. Here, the uniform DFT is that the Fourier transform of equally spaced
data x(n) is evaluated on an equally spaced grid. Assuming the temporal sampling
locations {t,,n=0,1,...,N — 1} € [0,N) and the frequency sampling locations
{®p,m=0,1,...,N — 1} € [0,N), we have four different types of the generalized
DFT as given below [N19]. The complex sequence x = {x(tg), ...,x(ty_1)} is
convolved with corresponding exponential function to derive its spectrum
X = {X(wo), ...,X(oy_1)}. The indices #, and ®,, are replaced by n and m,
respectively, if the Fourier transform of equally spaced data x(n) is evaluated on
equally spaced grid points.

1. NDFT-1: Nonuniform temporal sampling points and uniform frequency sam-
pling points. Images obtained by MRI belong to this case [N37]. The NDFT-1 is
defined as

N—

X(m ):\/szjo x(tn) exp(22)  m,n=0,1,...,N—1 (1.7)
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2. NDFT-2: Uniform temporal sampling points and nonuniform frequency sam-
pling points. Images obtained by a regular camera belong to this case. The
NDFT-2 is defined as

N-1
_ 1 —j2mny, —
X(o,) =— x(n)exp(%—=) mn=0,1,....N—1 (7.8)
(0Om) \/N nz::o (n) p( )
3. NDFT-3: Nonuniform temporal sampling points and nonuniform frequency
sampling points. Images obtained by irregular sampling device and transformed
into irregular frequency domain belong to this case. The NDFT-3 is defined as

X(o,) = \/_z x(ty) exp () mn=0,1,...,N — 1 (7.9)

4. NDFT-4: Uniform temporal sampling points and uniform frequency sampling
points. The conventional DFT belongs to this case. It is defined in (7.5).

However, in practice, we want to take into consideration a more restricted case. One
is the case where the Fourier transform of non-equally spaced data
x(ty),n=0,1,...,N — 1 is evaluated on an equally spaced grid (NDFT-1). The
extension from non-equally spaced sampling to equally spaced sampling, therefore,
provides an efficient transform tool for the non-equally spaced time samples, such
as medical image analysis [N37]. Arbitrary sampling points in the time domain
should be defined by certain criteria which are very hard to adapt to signal property,
unless having some prior knowledge.

Another possible consideration is that the Fourier transform of equally spaced
data x(n) is evaluated on non-equally spaced grid points ®,,,m =0,1, ...,N — 1
(NDFT-2). This scheme provides more flexibility to get the spectrum at arbitrary
frequencies as in Fig. 7.1. In certain applications such as spectral analysis, it is
preferable to sample the Z-transform X(z) at N non-equally distributed points on the

DFT NDFT
1 - 1 :
> I b
g g
> 0 > 0
© ©
E | E
_1 1 1 _1 1 1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Real Real

Fig. 7.1 Eight frequency points along the unit circle in the z-plane for DFT and NDFT
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unit circle in the z-plane, depending on the frequency spectrum. The more spectra
concentrated in the frequency domain, the more number of samples should be
allocated. Coarse analysis does not cause severe errors for lower magnitude
components.

Implementation of the nonuniform DFT can be done by either direct multiplica-
tion of the NDFT matrix with data matrix or fast multiplication which will be
discussed later in this chapter. Direct multiplication is useful for understanding the
concept of transform. The MATLAB functions for forward and inverse transform of
DFT and NDFT are given for comparison as follows.

function [Xk] =dftld(xn, N)
% Computes Uniform Discrete Fourier Transformby multiplication of
DFTmatrix.

Q
Ee — — e m e m m m e m m — m — — - = - = = =

% xn = N-point 1D input sequence over 0 <=n <= N-1 (row vector)
% Xk = 1D DFT coefficient array over 0 <=k <= N-1

% N= Length of DFT

% Usage: Xk =dftld(xn, N)

oo

n=0:1:N-1; $ Index for input data
k=0:1:N-1; $ Index for DFT coefficients
Wn =exp(-j*2*pi/N); % Twiddle factor

nk =k’*n; $ Createsan N X Nmatrix
DFTmtx = Wn .~ nk; $ DFTmatrix (N X N)

Xk = (DFTmtx * xn.’); % DFT coefficients (column vector)
% xn.' is the non-conjugate transpose of xn and equals to “transpose
(xn)".

function [xn] = idftld (Xk, N)
% Computes Uniform Inverse Discrete Fourier Transform.

= N-point 1D input sequence over 0 <=n <= N-1 (column vector)
k = 1D DFT coefficient array over 0 <=k <= N-1
= Length of DFT
sage: xn = 1idftld(Xk, N)

o0 o0 o°
S = XN

o

0:1:N-1; $ Index for input data

0:1:N-1; $ Index for DFT coefficients

Wn =exp(j*2*pi/N); %$ Twiddle factor

nk =n’*k; $ Creates an N X Nmatrix

IDFTmtx =Wn .” nk; $ IDFTmatrix (N X N), equivalent to (DFTmtx) ’
xn = (IDFTmtx * Xk) .’ / N; % Reconstructed sequence (row vector)
function [Xk] = ndftld(xn, N, fs)

~ B
Il

% Computes NonUniform Discrete Fourier Transform

xn = N-point 1D input sequence over 0 <=n <= N-1 (Uniform)
% Xk = 1D NDFT coefficient array (NonUniform)

fs = nonuniform frequency vector (N-point)
% N= Length of DFT

Usage: Xk =ndftld(xn, N, fs)

(continued)
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n=0:1:N-1; %$ Index for input data

Wn =exp(-j*2*pi/N); % Twiddle factor

nk = fs’ * n; $ Creates an N X Nmatrix

DFTmtx =Wn .” nk; $ DFTmatrix (N X N)

Xk = (DFTmtx * xn.’); $ DFT coefficients (column vector)

function [xn] = indftld(Xk, N, fs)
% Computes 1D NonUniform Inverse Discrete Fourier Transform

% xn = N-point 1D input sequence over 0 <= n <= N-1
% fs = Nonuniform frequency vector (N-point)

% Xk = 1D DFT coefficient array over 0 <= k <= N-1

% N = Length of DFT

% Usage: xn = indftld(Xk, N, fs)

o

o]

=0:1: N-1; % Index for input data

Wn =exp(-j*2*pi/N); % Twiddle factor

nk =fs’ * n; $ Creates an N X Nmatrix

DFTmtx =Wn .” nk; $ DFTmatrix (N X N)

xn = (inv (DFTmtx) * Xk) .’; $ Reconstructed sequence (row vector)

7.2.3 Properties of the NDFT

As defined above, the NDFT of the sequence x(n) is denoted by X(z;) in the
z-domain, while the DFT of the sequence is denoted by XT(k) on the unit
circle (Fig. 2.3b). Thus some of the properties in the DFT are also satisfied in
the NDFT operation.

1. Linearity. Given x;(n) = X1 (zi) and x2(n) Pl X5(z;), then

[a1x1 (l’l) + az)(fz(n)] I:El; [Clle (Zk) + a2X2(Zk)] (7.10)

where a; and a, are constants. Hence the NDFT is a linear operation, as is the
DFT.
If the two signals are different in length, i.e., x; (n) has length Ny and x;(n) has
length N,, then the linearly combined sequence will have a maximum length of
N = max(N,N,). A sequence with less number of samples is padded with a
number of zeros prior to the linear operation to obtain the same length.
2. Complex conjugation. For N-point DFT and NDFT

NDFT
—

x*(n) X*(z5) (7.11)
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where x*(n) is the conjugate of x(n). The NDFT of x*(n) is given by

N-1 N—1 *
ﬂwwm=2)wmﬂ={§}mﬂm"}:XWD (7.12
n=0 n=

where Fy[x"(n)] is NDFT of x"(n). Thus the conjugation of the original sequence
leads to the conjugation of its NDFT, which is evaluated at the conjugated
sample points in the z-domain.

3. Real part of sequence. The NDFT of real part of a sequence is the summation of
the halved real and conjugated NDFT components, i.e.,

Re{x(n)} 2T %{X(zk) LX) (7.13)

Since the real part of x(n) is given by x;(n) = 1 {x(n) + x*(n)}, the NDFT can
be obtained by applying the result of linearity and complex conjugation proper-
ties, as

Fx[x(n)] = %{X(zk) +X*(z)} (7.14)

4. Imaginary part of sequence

jimxny 2T LX) - X G} 1.15)

Since the imaginary part of x(n) can be expressed as x;(n) = ,Lz {x(n) —x*(n)},
the NDFT can be obtained by applying the result of linearity and complex
conjugation properties, so that

Fx[jxi(n)] = % {X(z) = X*(z)} (7.16)

5. Shifting in time domain. Given a positive integer qp, consider the arbitrary
spaced discrete-time signal x(n — go)u(n — qo), which is the go-step shifted
version of x(n)u(n). Then

npEr N1t
x(n—qo)u(n—qo) < > x(n—qo)u(n —qo)z" (7.17)
n=0

Since u(n — qo) = 0 for n<qp and u(n — qo) = 1 for n=qy,

NDET N1t
x(n—qo)u(n — qo) ~— > x(n—qo)z” (7.18)

n=qo
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Consider a change of index in the right-side summation in (7.18). Let
m=mn—qo so that n =m+ qo, then m = 0 when n=¢g9p and m=N — 1
when n =N — 1 4 ¢o. Hence

N—1+qo N—1 N—1
x(n—qo)z" =3 x(m)z " = 20N x(m)z" = ;X (z) (7.19)
n=qo m=0 m=0

Thus combining this with (7.18) yields the transform pair:

x(n—qo)uln — qo) 5 ZNX(z) (7.20)

This means that a shift in time domain corresponds to the multiplication of the

NDFT X(z;) by a complex factor, z, ©°
6. Multiplication by al

a'x(n) 5 X<Z—"> (7.21)

For any nonzero real or complex number ay, the NDFT of the multiplied
sequence is given by

- N-1
= > aix(n)z; x(n) (zi/as)”
; ' = (7.22)
= X(zi/as)
7. Time reversal
1
x(—n) 2O x(-) (7.23)
Zk
The NDFT of x(—n) is calculated by
0
Fxx(=n)] = Y x(-n)z" (7.24)
——N+1
Let m = —n. Then
N-1
x(m zk =X(1/z) (7.25)
m=0

Thus time reversal of the sequence results in the inversion of the sample
locations in the z-plane.
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7.2.4 Examples of the NDFT-2

The aim of this chapter is to derive nonuniform sampling of signal in the frequency
domain transformed by DFT, which will be transformed by the NDFT. For example,
a signal in Fig. 7.2 is assumed to be mix of two sinusoidal sequences, i.e., 0.2 and
0.7n. DFT of the signal can be obtained based on the regular sample intervals
(Fig. 7.1). We assume the samples are infinite, i.e., the time duration is infinitely
long, resulting in infinitely short response in the frequency domain.

a
[
o
2
£
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®
°
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£
S
<
C
4 | T T T T T T T T
o 2 il e A A Y Y WU, ,,,,,,,,,,,,,,
° :
2 :
%- 0 .............. -
g :
ot NN N -
4 ] 1 ] ] ] ] ] i ]
0 10 20 30 40 50 60 70 80 90 100
Time index n
d
100 T T T T T T T T
)
] : : : : : : : : :
£ 50f Lo A LR R TR B B ot AP
€ : : : : : : : : :
< z
0 i i i i i i i i
0 0.1 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
o/n

Fig. 7.2 DFT results. a Input sequence with 50 samples. b DFT output of (a). ¢ Input sequence
with 100 samples. d DFT output of (c)
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However, the DFT of the signal with limited number of samples in Fig. 7.2a does
not show proper frequency analysis, resulting in broad range of spectrum near 0.2n
and 0.7w in Fig. 7.2b. Enhanced result is obtained with more number of samples in
Fig. 7.2c but still extra frequency components exist around the two main frequen-
cies. This means that the impulse response of frequency components contained in a
signal is obtained with infinite number of time-domain samples, which are not
feasible in the actual situation. In other words, the signal should not be time-domain
band-limited to get exact properties. Thus we need to introduce a new concept of
nonuniform sample allocation in the frequency domain by densely populating in the
specified frequency range, while having less number of samples in the less impor-
tant range. The NDFT yields optimal approximation of the main spectra.

The sequence of MATLAB commands is as follows.

$Program test_fft.m

k=0:49;

wl=0.2%pi;w2=0.7*pi;

x1 =1.5*cos (wl*k); x2 = 2*cos (w2*k) ;

x =x1+x2;

G=fft(x);

figure

subplot(2,1,1);

plot(k,x); grid; axis([049 -447);

xlabel ('Time Indexn’); ylabel (‘Amplitude’) ;
title(’Input Sequence (50 pts) ') ;
subplot(2,1,2);

plot(2*k/50,abs(G)); grid; axis ([0 1 050])
xlabel (" \rmomega/\rmpi’); ylabel ('Amplitude’) ;
title(’Output Sequence’) ;

k=0:99;
wl=0.2%pi;w2=0.7*pi;
x1 =1.5*cos (wl*k); x2 =2*cos (w2*k) ;

x =x1+x2;
G=fft(x);
figure

subplot(2,1,1);

plot (k,x); grid;

xlabel (’'Time Indexn’); ylabel ('Amplitude’) ;
title(’Input Sequence (100 pts) ') ;
subplot(2,1,2);

plot (k/50,abs (G)); grid; axis ([0 10100])
xlabel (' \rmomega/\rmpi’); ylabel ('Amplitude’) ;
title(’Output Sequence’) ;

To compute the NDFT, we set nonuniform sample intervals based on the two
main frequencies. This can be carried out by either manual adjustment or resam-
pling by centroid as shown in Fig. 7.3 [N44]. Note that the centroid C of a finite set
of points xy, X, ...,x in R” is defined as
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Input

: . . Nonuniform
signal

[¢] FFT _| Oversampling _| Resampling signal

" (Interpolation) "| by centroid

Fig. 7.3 Block diagram for nonuniform resampling by oversampling and centroid concept

Resampling based on interpolation and centroid

Amplitude

o 01 02 03 04 05 06 07 08 09 1

Amplitude

Fig. 7.4 Resampling results based on interpolation and centroid. Dense sampling is given for
higher magnitude of spectrum. Lower figure shows NDFT output using the resampled points

x4 X
o k

c (7.26)

where R” denotes the set of all n x 1 matrices with real entries. In this example, the order
of samples in the NDFT is nonlinearly allocated and concentrated on the main frequen-
cies. This nonlinear resampling can be executed in the DFT domain and represented by:

1. Execute DFT with equispaced samples.

2. Interpolate the sample intervals with a certain ratio (more than two) and reshape
the amplitude spectrum based on the curve fitting, such as the cubic splined
curvature [B6, 296].

3. Resample the interpolated samples to obtain the same number of total samples as
in the equispaced case based on the centroid concept.

4. Perform the NDFT with resampled nonequispaced frequencies.

Resampling in the frequency domain is executed based on interpolation with a ratio of
one-to-ten and centroid to get the number of original samples. The result in Fig. 7.4 shows
optimal energy distribution and resampling to limited number of frequency components.

The following commands perform the NDFT to detect two main frequencies
based on FFT of input signal, oversampling by a factor of ten, resampling by
centroid concept to get 50 samples which are the same as the input, forward NDFT:
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SProgram ndft_cent_run.m
clear ; k=0:49;
wl=0.2%pi; w2=0.7*pi;
x1l =1.5*cos (wl*k) ; x2 = 2*cos (w2*k) ;
x =x1+x2;

%

G=fft(x) ; y=abs(G); %50 samples
$resample_fun(k,G1,0,24,20,20)
xx=0:0.1:49; %491 samples
yy =spline(k,y,xx); yy = abs (yy); %491 samples
% Resampling (downsampling) to nsample
tsum=sum(yy) ; inc=0; nsample=100; snum=length (xx) ;
avstep = tsum/nsample;
for i=1l:nsample % nsample is # of cent_position
tmp=0; step=0;
for j=1+inc:snum
tmp=tmp+yy (3) ;
step=step+1;
if tmp >= avstep
tmpl=tmp-yy(3);
if (avstep-tmpl) <= (tmp-avstep)
cent_position(i)=3j-1;
inc=inc+step-1;
break
else
cent_position(i)=3j;
inc=inc+step;
break
end
end
end
end
cent_position

yyl=zeros (1l, snum) ;
for j=1:nsample-1
vyl (cent_position(j))=yy(cent_position(j));
end
subplot(3,1,1);
stem(2*xx/50,yyl) ;grid; axis ([0 1 0 40])
holdon;
plot (2*xx/50,yy); axis ([0 1 0407)
xlabel (' \rmomega/\rmpi’); ylabel ('Magnitude’) ;
title(’Resampling based on interpolation and centroid’)

Zi=2*cent_position/snum;
zi=7i(1:50);
[H,2Z2] =ndft(x,pi*Zi, 'uc’);

subplot (3,1,2);

plot(Zi,abs(H), 'Marker’,’'o’); grid; axis ([0 1 055])
xlabel (' \rmomega/\rmpi’); ylabel ('Magnitude’) ;
title (’'NDFT output sequence’) ;
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Another example to test the NDFT and INDFT using up/down linear interpo-
lation shows a reasonable approximation (Fig. 7.5) to obtain the forward and
inverse NDFT which will be discussed in Section 7.3. The MATLAB codes are as
follows.

%

e

clf; % clear current figure
% Generate the input sequence
k=0:49;
wl=0.2%pi; w2=0.7*pi;

% Program to test NDFT/INDFT using up/down interpolation

Amplitude Amplitude Amplitude Amplitude Amplitude

Amplitude

(continued)
4 Input sequence
8_-,"-‘T. ..‘.'T'.,‘..?. ..... .‘ "'.".r_
:‘%_ ..... £.| ....... i L.L ...... s Ll"""'i""“"l ........ SO L'."‘L'""
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FFT output sequence
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o/n
NDFT output sequence
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0 PY Q‘ J h . Py r'y [} r'y 'y 1 d iu I 'Y é 'Y
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
o/n
Up interpolated
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Down interpolated
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Fig. 7.5 Forward and inverse NDFT based on up/down interpolation and inverse FFT method
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x1l =1.5*%cos (wl*k); x2 = 2*cos (w2*k) ;

x =x1+x2;

% Calculating the Discrete Fourier Transformof the

% sequence to find the frequencies involved in the signal.
G=fft(x);

% Calculating the NDFT around the frequencies of interest.
Zil=1[0.16:.005:0.25]; zi2=10.35:.05:0.55];

72i3 =1[0.66:.005:0.75]; Zi4 =[0.85:.05:1];
Zi=1[0.050.12110.321i22z1i3zi4];

[H,z2] =ndft(x,pi*zZi, 'uc’);

% Plot the input and output sequences

subplot(4,1,1);

stem(k,x, 'Marker’,’.’); grid; axis ([0 50 -441]);
xlabel ('Time indexn’); ylabel (‘Amplitude’) ;
title(’Input sequence’) ;

subplot(4,1,2);

stem(2*k/50,abs (G), 'Marker’,’.’);grid; axis ([0 1 055])
xlabel (' \rmomega/\rmpi’); ylabel ('Magnitude’) ;
title(’FFT output sequence’) ;

subplot(4,1,3);

stem(zi,abs(H), 'Marker’,’.’);grid; axis ([0 1 055])
xlabel (' \rmomega/\rmpi’); ylabel ('Magnitude’) ;
title (’'NDFT output sequence’) ;

Zinc =[0:0.005:1]; zZdec = [0:0.05:1];

H_int = interpl (Zi, H, Zinc, 'linear’, 'extrap’);
ix=1fft(G);

subplot(4,1,4);stem(Zinc,abs (H_int), 'Marker’,’.’);
axis([01055]);title('Up interpolated’) ;

H_rec = interpl (Zinc, H_int, Zdec, 'linear’, 'extrap’);
figure; subplot (411) ;stem(Zdec,abs (H_rec), 'Marker’,’'.");
axis([01055]);title(’'Down interpolated’) ;
Fi=ifft(H_rec, 50);

subplot(412) ;stem([1:50],real (Fi)*2, 'Marker’,’.");
axis([050-44]); title(’'Reconstructeddata’) ;

7.3 Fast Computation of NDFT

7.3.1 Forward NDFT

Computation of the NDFT can be directly performed by multiplication and sum-
mation. To compute each complex sample of the NDFT, we need N complex
multiplies and (N — 1) complex adds, i.e., 4 N real multiplies and (4 N — 2) real
adds. Therefore, we can say that the computation complexity is approximately
proportional to N? for evaluating N samples. Note that this is the same as that for
directly computing the DFT. While the FFT can be applied by taking into account
the orthogonal basis functions of the DFT, the Cooley and Tukey algorithm [N3]
cannot be used for the NDFT.
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The DFT can be defined as a subset of the Z-transform, since samples in the
frequency domain are located on the unit circle. Now we expand the sample locations
to arbitrary points in the z-plane. Hence, the N-point NDFT is defined as the
frequency samples of the Z-transform at arbitrary N points and expressed in the form

Xna (2n) an (7.27)

where z,, are the complex points of interest that can be irregular spaced.
Equation (7.27) can be rewritten in a matrix form as X = [D] x where the matrix
[D] and the vectors X and x are given as

[ Xnar(20) x[0]

Xnari(z1) x[1]
X= , X= )

| Xnatt (zv—1) x[N —1] 78

1 z5! 252 z(;(N_l) (7.28)
1 Zrl Zr2 . ZI_(N_I)

D] =

1 : : .o

L1zt 52, - ZN(Ai g

Note that computation of the matrix multiplication requires O(N?) operational
complexity.

7.3.1.1 Horner’s Nested Multiplication Method

A recursive algorithm called Horner’s method [N7] can reduce memory size
keeping only two multiplier coefficients. Equation (7.27) can be written as

Xnati (Zm) anzm =7 1>anz’,§*1*”:z,;<N*1>Am (7.29)

N-1
where A, = Y0 2, 2N = xoz V4 zN72 4o oz v
0

n=
It can also be expressed as a nested structure that can be calculated easily by a
recursive algorithm:

Ap = (- (X0Zm + X1)Zm + - )Zm + X1 (7.30)
Example: A, = ((xozm +x1)z4+x2) z+x3 for N =3

The smallest nest output is y; = ygz, + x; with the initial condition yy = xo and
we can express (7.30) by the recursive difference equation as y, = y,_1z, + X,.
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When this algorithm has accumulated N times, we finally get the result A,, = yy_;.
Thus, only two multiplier coefficients (z,, and z,, <N71)) are needed to calculate the
mth NDFT sample, reducing the memory (buffer) size for the input signal. But the
complexity of this method requires a total of 4N real multiplies and (4N — 2) real
adds, which is the same as in the direct method.

Horner’s algorithm can be implemented in MATLAB as follows.

function [Xndft, zm] =ndft (x, z, ‘Horner’) % z(m) =1z,

% Arbitrary points in the z-plane: Using Horner’s method
N= length (x) ;
form=1: N

x_tmp =x(1);

forn=2:N

xX_tmp = xX_tmp * z(m) + x(n);

end

A(m) =x_tmp; % A(m) = A,
end

X=z."(1-N).*A4; Xndft =X; zm = z; % Output

subplot(2,1,1);

stem(angle(zm), abs (X)) ; title(’'Magnitude plot of the NDFT') ;
xlabel ('Frequency \omega’) ; ylabel (‘Magnitude’) ;

axis ([min(angle(Zm)) max(angle(zm)) 0 max (abs(X))1);
subplot(2,1,2);

stem(angle(zm) , unwrap (angle(X))); title(’Phaseplot of the NDFT') ;
xlabel ('Frequency \omega’) ; ylabel ('Phase in radians’) ;
axis([min(angle(zm)) max(angle(zm)) min (unwrap (angle(X)))

max (unwrap (angle(X)))1);

7.3.1.2 Goertzel’s Algorithm

The NDFT of a sequence x, is the Z-transform at N arbitrarily located points in the
z-plane. To reduce computational complexity, the NDFT can be evaluated at points
on the unit circle (i.e., z,, = e/®") with center at the origin in the z-plane where ®,, is
the angular frequency. The Goertzel’s algorithm [N2, M13] using trigonometric
series interpretation, requires only three coefficients, cos ®,,, sin ®,,, and e~ /N=1)on,
for each NDFT sample. Now (7.27) can be written as

N-1 N-1
_ —(N—1 N—-1—
Xndfl(zm) = E Xn Zmn = Zm( ) anzm !
n=0 n=0
N—1
= €7J(N71)mm an ej(Nilin)mm = €7J(N71)mmAm (731)
n=0

N-1
where A,, = 3 x, /N1 gince 7" = 7 (N7 ZN=1on
n=0
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We can further decompose A,, into cosine and sine components as

Ap =Chn+JSnm (7.32)
N-1
where C, = Z Xy co8[(N — 1 —n)o,], and S, = Z X Sin[(N — 1 — n)oy,).
Since each component requires N coefficients, we need to calculate 2N-point
arithmetic. To reduce the complexity, the partial sums are defined as

C) =S x,cos[(N—1-n)w, i=01,....N—1 (7.33a)
n=0

SW =S x,sin[(N—1—n)o,] i=0,1,...,N—1 (7.33b)
n=0

sothat CV=1 = C,,, SV = §,,,if i = N — 1. By analyzing (7.33), we observe that

m
CV = xycos[(N — 1)@,] 4 x1 cos[(N — 2)w,] (7.34)
Consider the trigonometric relations
cos(a+ b) = cosacosb — sinasinb (7.352)
cos(a — b) = cosacosb + sinasinb (7.35b)
Add (7.35a) and (7.35b) to get
cos(a + b) = 2cosacosb — cos(a — b) (7.35¢)

It follows that the cosine function cos[(N — 1)®,,] in (7.34) can be expressed as

cos[(N — 1)®,,] = cos([(N —2) + 1]®p)
= 2¢os[(N — 2)®,|cos®,, — cos[(N — 3)m,]
Then (7.34) can be rewritten as

CV = (2x cos @y, + x1)cos[(N — 2)®,,] — xo cos[(N — 3)w,] (7.36a)
The next partial sum is also expressed as

c? — (2x0 cos @y + x1)cos[(N — 2)®p] + (x2 — xg)cos[(N — 3)®,,] (7.36b)

m

Similarly

CB) = (2g, cosw,, + x2 — x0)cos[(N — 3)w,]
+ (x2 — g2)cos[(N — 4)wy,] (7.36¢)
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The general expression is

cl) =g cos[(N — i)®n,] + hicos[(N —i — DNw,] i=1,2,....,N—1 (7.36d)
where

g1 = Xo, h=x
8i =28i-1C08SWy + him1, hi=xi—gi—1, i=23,...,N—1

The final cosine term is expressed as
Co=CN "V = gn_1 cos @y + Iy (7.37)
Similarly

sin[(N — 1)oy,] = sin([(N — 2) + 1]o,)
= 2sin[(N — 2)®,,|cos @y, — sin[(N — 3) @]

The sine term defined in (7.33b) can be written as
S =g sin[(N — i), + hisin[(N —i — o,] i=1,2,...,N—1
S can be computed by recursively solving for g; as
Sy =S8N = gy | sinw, (7.38)
where g; and 4; are defined in (7.36d). This method reduces the complexity down to
O(N). The total computation is (2N + 4) real multiplies and (4N — 2) real adds. If
the input signal is real, cosine and sine terms (C,, and S,,) are also real. Thus the

total computation reduces to (N + 2) real multiplies and (2N — 1) real adds.
Goertzel’s algorithm can be implemented in MATLAB as follows (see Fig. 7.6).

function [Xndft, z] =ndft(x, omega, ‘Goertzel’)

Q

% Input: x(n),®, % Output : Xndan(zm), Zm
% On the unit circle: Using the Goertzel algorithm
% with trigonometric series interpretation.
N=length(x); j=sqgrt(-1);
form=1:N
h=x(1); g=0;
forn=2:N
h_pre=nh;
h=x(n) -g;
g =2*g*cos (omega (m)) + h_pre;
end
C = g*cos (omega (m)) + h;

(continued)
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S =g*sin(omega(m)) ;
A(m) =C+ j*S; $A(m) = A,
end

X =exp(-j*(N-1) *omega) . *A4; Xndft = X; % Output
z =exp(j*omega) ; %z, = &, z(m) =z,

subplot(2,1,1);

stem(omega, abs (X)) ; title(’'Magnitude plot of the NDFT') ;
xlabel ('Frequency \omega’) ; ylabel (' Magnitude’) ;

axis ([min (omega) max (omega) 0 max(abs(X))]);

subplot(2,1,2);

stem(omega, unwrap (angle(X))); title(’Phase plot of the NDFT') ;
xlabel (’'Frequency \omega’); ylabel ('Phase in radians’) ;

axis ([min (omega) max (omega) min (unwrap (angle (X)))

max (unwrap (angle(X)))1);

i=0,g0=0,hy=xp

Radian / X, 1<isN-1 /
frequency

l l

gi=2g,_1cosm,, +h_1, hy =x;—gi_1

e

Yes

/ Cm = Cr(nNil) = EN-1COS W, + thl /

Fig. 7.6 A flow chart for Goertzel’s algorithm. Only computation of C,, is shown

7.3.2 Inverse NDFT

In general there is no simple inversion formula for NDFT, since we have to derive
an inverse matrix for the nonuniformly spaced frequency samples. Note that simple

operation to determine the signals from a given NDFT vector X means x = [D]fl}j .
The inverse matrix can be found by solving the linear system using Gaussian
elimination [B27]. This involves O(N?) operations.

The inverse NDFT is analogous to the problem of polynomial interpolation
techniques as the original signal vector on a uniform frequency grid is reconstructed
from the nonuniform frequency grid. We deal with the following reconstruction
or recovery problem. Let C denote the set of complex numbers. Given the values
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x;€C(j=0,1,...,N—1) at nonequispaced points p;,j=0,1,...,N—1, the
aim is to reconstruct a trigonometric polynomial x(pj) which is close to the original
sample x; as

x(pj) = zk:Xk exp(jZTtpj) ~y;, ie., [E]X~x (7.39)

where [E] represents the matrix form of inverse Fourier transform.
A standard method is to use the Moore—Penrose pseudoinverse solution [N6]
which solves the general linear least squares problem

Minimize||X||* subject to ||x — [E] X||* = minimum (7.40)

that minimizes the residual (error) norm || - ||*. Of course, computing the pseudoin-
verse problem by the singular value decomposition is very expensive and there is no
practical way at all.

As a more practical way, one can reduce the approximation error r = x — [E] X,
by using the weighted approximation problem

min ||x — [E] X[y (7.41)
where
N1 1/2
2
b= 1 = (Sl st
=

where [W] denotes a diagonal weighting matrix.

7.3.2.1 Lagrange Interpolation Method

The Lagrange interpolation technique is useful to convert the given NDFT coeffi-
cients into the corresponding Z-transform of the sequence [N26]. If this can
be achieved, then the sequence (inverse transformed) can be identified as the
coefficients of the Z-transform. Using the Lagrange polynomial of order N — 1,
Z-transform coefficients can be expressed as

N—1
X(z) = ; LL’”((ZZ)) Xuare[1] (7.42)

where L, (z) = I}, (1 —zz'),m=0,1,...,N — 1. Then, we only need to

i=0,i#m
pick up the coefficients of X(z) to obtain the original sample x,,. It gives reasonable
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results for shorter sequences, say, N < 50, but the interpolation error goes to
infinity, when the sequence gets too large.

Let us illustrate with an example of a sequence of length N = 3. Assume the
frequency points are denoted for simplicity as {z[k]} = {a,b,c} and the NDFT
sample sequence as {Xnaq[k]} = {X[0], X[1], X[2]} . The Z-transform is then given as

h

L() (Z)
Lo(a)

Li(2)
Ly(b)

X(z) = 222 X10] + Xm+28Xm (7.43)

o~

Note that L;(z;) is a constant value at a given data point. Thus we continue to
expand (7.43) as

. 1, X[0] - X[
X(z)=(1—bz")(1 —cz! +(1—az ") (1 —cz!

()= (1= )1 e ) oot (1 —a Y- )

- 1y X[2]

+(1—az (1 —bz!
( )( ) L)
Expanding this into a second order polynomial gives
X[0] X[1]

X(z)=(1=(b+c)z" +bez?) + (1= (c+a)z" +caz?)

LO (Cl
X[2]
Lz(C

) Ly(b)
[

+(1—(a+b):z""+ abz’z)

~

The inverse NDFT x[n] can be identified as the coefficients of this interpolating
polynomial X(z). Recall that {a[n]} = {ag, a1} < A(z) = ap + a;z~". Thus x[n]
can be represented in matrix form as

! 1 1 X[0]/Lo(a)
{x[n]} = | —=(b+¢) —(c+a) —(a+Db) ){[1]/L1 (b) (7.44)
be ca ab X[2]/Ly(c)

which yields three data points. However, this will in general lead to high complex-
ity due to the “all combinations” property of the coefficients and data points.

MATLAB implementation of the inverse NDFT using Lagrange interpolation is
as follows:

function x = indft (Xndft, z)

% Input: Xn(Zm), zm % Output: x(n)
% INDFT using Lagrange interpolation
format long g
N = length (Xndft); L =zeros(1,N);
vec_old = zeros (1,N);
form=1:N

vec_new =1;

(continued)
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temp_vec = [z(1l:m-1) z(m+1:N)];

% Computing the fundamental Lagrange polynomial Lm (Zm)
L(m) =prod(l-temp_vec/z(m)) ;

% Computing the fundamental Lagrange polynomial Lm(Z|Zm)
forn=1: N-1
vec_new = conv (vec_new, [1-temp_vec(n) 1) ;
end
vec_old =vec_old + vec_new * Xndft (m) /L(m) ;
end
x =vec_old;
format

Although the nonuniform sample positions can be determined arbitrarily, the
condition number C of a matrix [A] will greatly increase if any two points get too
close, which is defined by

C([A]) = AN (7.45)

where | - || denotes the matrix norm. We have many different definitions on the
matrix norm. In MATLAB, use the command norm (A, ‘parameter’) and cond
(A, ‘parameter’) to check the results. If the parameter is ‘1°, the maximum

absolute column sum |[|[A]||, is calculated by |[[A]||, = max " a;|. If it is 2°, the
P

i=1
square root of the maximum eigenvalue of ([A]T)* [A] (where ([A]T)* means the
conjugate transpose  of matrix [A]) is calculated by ||[A]]|, =
(maximum eigenvalue of ([A]T)* [A])l/ ® which is often called the matrix norm.
1 1
1 -1
and ||[A]||, = v/2. Condition number is obtained as

For example, given [A] = [ } which is 2 x 2 orthogonal matrix, ||[A]||, =2

C(2) = norm(A, 2) * norm(inv(d), 2)

where * denotes multiply in MATLAB. The matrix norm is greater than one for all
matrices. Since a matrix [A] and its inverse matrix are in counter-part relationship,
the condition number is close to 1, saying [A] is a well-conditioned matrix. A
system is said to be singular if the condition number is infinite, and ill-conditioned
if it is too large, where “too large” means roughly that log C is greater than the
precision of matrix entries, where C denotes the condition number.

Thus a hierarchical sampling scheme is useful to determine the nonuniform
sample locations by introducing interpolation and decimation, as depicted in
Fig. 7.7. More significant regions are densely sampled, while the others are coarsely
sampled.
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Fig. 7.7 Hierarchical Uniform samples
interpolation by a factor of -0 © © Q = o—
two

Nonuniform samples: L1

O O O o

Nonuniform samples: L2

-0
—© o O <

7.4 Two-Dimensional NDFT

As in the one-dimensional case, the two-dimensional NDFT can be calculated on
the actual sample locations in the time domain or in the frequency domain, when the
sampling is nonuniform. It is possible to detect exact frequency properties by
considering frequencies required by the designer. Assuming the nonuniform sam-
pling is done in the frequency domain, the two-dimensional NDFT of a sequence
x(ny,ny) of size Ny x N, is defined as

Ni—1 No—1
X(zieza) = Y Y x(m,m)z" 2y, k=0,1,..,NiN; — 1 (7.46)

np =0 Vl2:0

where (zyx, zox ) represent NN, distinct points in the (z1, z;) space. These points can
be chosen arbitrarily but in such a way that the inverse transform exists.

The 2D sequence is considered as successive one-dimensional sequences, i.e.,
N x N, data sequence is rewritten to obtain NN, points. Corresponding transform
matrix is of size NN, x NiN,. We illustrate this by an example with N; = N, = 2.
Transform is expressed in a matrix form as

X=[D]x (7.47)
where
i(zlo»zzo) x(0,0)
£=xeai | == i
X(z13,223) x(1,1)
and

ok
N
NS
[\
[N}
o
Szl
[N}
=
(3]
(8]
Nl
(3]
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7.4.1 2D Sampling Structure

7.4.1.1 Uniform Rectangular Structure

This structure, as shown in Fig. 7.8a has long been adopted for most of frequency
analysis and processing and the conventional uniform DFT is useful to treat the
samples in this structure. The transform is basically separable.

7.4.1.2 Nonuniform Rectangular Structure

In this case, the sampling points lie at the vertices of a rectangular grid in the (z1, z,)
space, as shown in Fig. 7.8b. The z; and z, coordinates are nonuniformly spaced but
lines (row or column) are parallel to each other. Only the distances among lines are
arbitrarily chosen, so long as they are distinct.

Since all points are defined on a straight line, the transform operation can be
separable and can then be expressed in a simpler matrix form as

T
[X] = [D1][A][D,] (7.48)
where
X(z10,220) X(zi0,221) -+ X(z10,22, N,1)
X(z11,220) X(z11,221) o X(zi, 22, 8,-1)
[X] = ) . : :
X(zin-1,20) X(zin-1,221) -0 X(Ziw-1,22,N,-1)
a b
Zy Zy|o o o
o o o
o o o
o o o
Z] Z]
c d
Fig. 7.8 Frequency sampling Z | o 2| o °
structure in 2D case. ° ° °
a Uniform rectangular. ° o o ° . e
b Nonuniform rectangular. ° o
¢ Nonuniform on parallel ° 2 ° ° %o o
lines. d Arbitrary nonuniform ° °

structure -1
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x(0,0) x(0,1) x(0,N, — 1)
x(1,0) x(1,1) x(1,N, — 1)
x]= : |
X(N]*l,()) X(lel,l) X(lel,szl)
1 Zio Ziy ;()Egli:;_
Dy] = Lz Zle I 'l
_ —(Ni—1)
| Y Z1.%v171 1.N1171
1 720 2 2_0;]:2_1; ]
Dy] = Lz 2272 e
_ _ —(Na—1
L 1 22.}\72—1 ZZ.%VZ—l T Zzﬁ(zvzz—l ) ]

Here [D,] and [D;] are called Vandermonde matrices of size Ny x N; and
Ny x N, respectively. This type of matrix is sometimes called alternant matrix
[N11]. The determinants of Vandermonde matrices have a particularly simple
form as

det[D,] = H (zfil — zfjl)

i), 1>]

Since this structure yields separable transform, the matrix [D] can be expressed
in the Kronecker product form as

[D] = [D1] ® [D3] (7.49)

Applying a property of the Kronecker product ®, the determinant of [D] can be
written as

det[D] =(det[D;]))"* (det[D])""

=11 (ZEI_ZDI)NZ 11 (Zz;l_zz,ql)fvl (7.50)

i), i>] P#4:0>q

Thus the matrix [D] is nonsingular provided [D;] and [D;] are nonsingular, i.e., if the
points zi9,z11, - .- ,21,N,—1 and 2,221, ..., 22 n,—1 are distinct. Then, degrees of
freedom to calculate matrices reduces from the NN, in the two-dimensional NDFT
to N1 + N,. The inverse two-dimensional NDFT to obtain the two-dimensional data
can be computed by solving two separate linear systems of sizes N; and N,
respectively. This takes O (N; + N3) operations, instead of O(N;N3) operations.
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7.4.1.3 Nonuniform on Parallel Lines

The separable operation may not be applied in this structure, since points are
nonuniformly distributed on row directions, as shown in Fig. 7.8c. However, the
two-dimensional NDFT matrix can be expressed as a generalized Kronecker prod-
uct in this case.

[D] = {[D»]} ® [Di] (7.51)
Here, [Dy] is an Ny x N; Vandermonde matrix and {[D,]} is defined as a set of
N (N, x N,) Vandermonde matrices [Dy;],i = 0,1,..., Ny — 1 represented as
[D2o]
[D21]
{[Da]} = : (7.52)
(D2, v, 1]
where
_ _ —(Np—1
1 Zo; o0 e ZzoEiN_ 1;
1 5L 252 S
Dy=1| " R = 0,1, N — 1
_ o T e
1 Zz,}vrl.,i 223\/271‘[ 22,<N2271.,>i
This means
Do) ® d
D2] ®d,
D] = _ (7.53)
Don—1®@dy,

where d; denotes the ith row vector of matrix [D]. The determinant of [D] can then
be written as

Ni—1
det [D] = (det [D1])™ T det [Da] (7.54)
i=0

Therefore, [D] is nonsingular if the matrices [D] and [Dy;] are nonsingular. In this
case the transform is partially separable.

7.4.1.4 Arbitrary Sample Structure

Since the samples are chosen arbitrarily in the frequency domain as shown
in Fig. 7.8d, separable transform is not guaranteed. In this case, the successive
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one-dimensional transform should be applied. All the transform matrices should be
larger than in the separable case, requiring higher complexity.

7.4.2 Example of Two-Dimensional Nonuniform Rectangular
Sampling

The following are the MATLAB codes to implement the two-dimensional NDFT
with nonuniform rectangular sampling defined in Fig. 7.8b.

function [Xk] =ndft2(xn, M, N, £fs1, £s2)
% Computes NonUniform Discrete Fourier Transform

o

xn = N-point 2D input sequence over 0 <= n <= N-1 (Uniform)
Xk = 2D NDFT coefficient array (NonUniform)

fs = nonuniform frequency vector (N-point)

N, M= Length of NDFT

Usage: Xk =ndft2d_r(xn, N, M, fs1, fs2)

o0 o0 d° oP

o

o°

nl=0:1: M-1;

Wn =exp(-j*2*pi/M) ;
nkl = £fsl1’ *nl;
DFTmtx1l = Wn .” nkl;

Index for input data
Twiddle factor
Creates an M X Mmatrix
DFT matrix (M X M)

o°

o0 o0

Index for input data
Wm = exp (-j*2*pi/N) ; Twiddle factor

Nk2 = fs2’ * n2; Creates an N X Nmatrix
DFTmtx2 = Wm .~ nk2; % DFT matrix (N X N)

Xk = DFTmtx1 * xn * DFTmtx2. "’ ;

o0

n2=0:1: N-1;

o°

o°

The example codes to test the two-dimensional NDFT of an image data are:

% 2D NonUniform DFT simulation
x = double (imread (’image64.tif’));
figure, imshow (x, [])

t=0:63;
fs1=[[0:0.5:15] [16:32] [33:2:6311;
fs2 = fsl;

Xf =ndft2(x, 64, 64, f£fs1, £s2);
figure, imshow (abs (Xf), [1)

Xfc=fftshift(Xf);
figure, imshow (abs (Xfc), [])

Xfl = log (l+abs (Xfc));
figure, imshow (Xfl, [])

gnonuniformgridplotting

figure, fsll = decimate(fsl,4); %64 pts -> 16 pts for showing purpose
[X,Y] =meshgrid(fsll); Z = zeros(16) ;

plot3(X, Y, Z, 'k."); axis([064 0 64]) $Two-dim. nonuniform grids
displayed!
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a-c . o o b
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Fig. 7.9 Example of frequency sampling structure. a Uniform rectangular. b Nonuniform rectan-
gular

Fig. 7.10 Result of the two-dimensional NDFT. a Input image. b Obtained with uniform
sampling. ¢ Obtained with nonuniform rectangular sampling

In the simulation, choice of the nonuniform sampling structure is of main
interest. For example, we design the low frequency emphasized structure as
shown in Fig. 7.9b. Samples are densely populated at low frequency, while coarse
at high frequency. The two-dimensional NDFT results are shown in Fig. 7.10,
comparing to the uniform DFT. Central region representing low frequency compo-
nents is expanded in Fig. 7.10b because of more samples in the region.

7.5 Filter Design Using NDFT

7.5.1 Low-Pass Filter Design

Consider the design of a linear-phase low-pass filter (LPF) with odd number of filter
taps N. Then, we assume the impulse response of the filter is real and symmetric,

hn|=h[N—1-n] n=0,1,....N—1 (7.55)
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That is, h[0] = [N — 1], h[1] = h[N — 2], ..., etc. The frequency response of the
filter is represented in the form of discrete-time Fourier transform as
H(¢?) = h[n] e=/*" (7.56)

I
o

n

Since the filter is symmetric, this can be expanded as
(N-1)/2
H(e/u)) _ h(N; 1) 71(1) % + Z (— _ I’l) |:e*.fm(¥fn> + efjm(%Jrn)
-1)/2
N-—1 N —1 1, . ) N
- {h (T) +2 Z h (T - H)E (¢ + e_jum)] e o)
n=1

Thus

(N=1)/2
H(®) rlk] cos wk e 7*N=D/2 = R(@) ¢ /N-1/2 (7.57)
=0

where the magnitude function R(®) is a real, even, periodic function of ®, given
by [N26]

(N-1)/2
R(w)= Y rlk] coswk (7.58)
k=0
and
r[0] = r[(N = 1)/2]
rlk] = 2h[(N — 1)/2 — k] k=1,2,...,(N—=1)/2 (7.59)

Now, we need to define the desired frequency response R(®) in terms of the
passband edge at oy, stopband edge at , and peak ripples 5, and J, in the passband
and stopband, respectively.

Chebyshev filters [B19, B40] have equiripples in the passband (type I) or in
the stopband (type II) as shown in Fig. 7.11 with some acceptable tolerances. In
addition, a transition band is specified between the passband and the stopband to
permit the magnitude to drop off smoothly. The Chebyshev filters can be imple-
mented in MATLAB as follows.

% Chebyshev type I and II filters
% Order of thefilters

N=5;

% Passband edge frequency

(continued)
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Wp=20.5;

% Ripple in the pass-band (dB)
RipplePass =1;

% Ripple in the stop-band (dB)
RippleStop = 20;

w=0:pi/255:pi;

[numer, denom] = chebyl (N, RipplePass, Wp) ;
chebyshevl = abs (fregz (numer, denom, w) ) ;

[numer, denom] = cheby2 (N, RippleStop, Wp) ;
chebyshev2 = abs (freqgz (numer, denom, w) ) ;

subplot(2,1,1);

plot (w, chebyshevl); axis([03.14 -0.051.051);
title(’'Chebyshev type I filter’)
subplot(2,1,2);

plot (w, chebyshev2); axis([03.14 -0.051.05]);
title(’Chebyshev type II filter’)

Chebyshev type I filter
T T

1
0 0.5 1 1.5 2 25 3 =
Radian frequency
Chebyshev type II filter
1 1

0.8
0.6
0.4

0.2

o
T

1
0 0.5 1 1.5 2 2.5 3 n
Radian frequency

Fig. 7.11 The fifth order Chebyshev type I and II filters (magnitude responses)

7.5.1.1 Generation of the Desired Frequency Response

The real-valued amplitude response R(w) is separated into two parts for the
passband R;,(») and stopband R,() as
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Ry(w), 0<ow<o
R(o) = { o), 0sos o (7.60)

where R, (®) and Ry() are defined as [N14]
Ry(0) =1 —8,Tpr(Xp(0)) (7.61)
and
Ry(m) = —8,Ts(X;(m)) (7.62)

with Ty (-) denoting a Chebyshev polynomial of order M as

-1 _
T () = {cos(Mcos (x)), 1<x<1 (7.63)

cosh(Mcosh™! (x)), |x[>1

The Chebyshev polynomial yields equiripple in the frequency range which is less
than or equal to £ 1 and monotone outside the range. The functions X,(®) and
X;(o) are required to map the equiripple intervals of the Chebyshev polynomials
Xp(®) and X (o) to the frequency range 0 < ® < o, in the passband and
o; < o < n in the stopband, respectively. This mapping can be accomplished
by choosing X, (®) and Xs(w) as

Xp(0) = Acos(aw + b) + B

Xs(®) = Ccos(co+d)+D (7.64)

Here we need to obtain the eight parameters a, b, ¢, d, A, B, C, D by imposing
appropriate constraints on the filter response R,(®) and R(®) as follows:

1. Parameter b

Since the response R(®) in (7.60) is even and symmetric with respect to ® = 0, we
have

Ry(®) =Rp(—®) and X,(0) =X,(—0) (7.65)
By substituting (7.65) for X,(®) in (7.64), we obtain
cos(am + b) = cos(—(aw — b)) = cos(aw — b)
Thus b should be =, i.e.,

b=mn (7.66)
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2. Parameter d

To derive other parameters, we put Ry(®) be symmetric with respect to ® = 7.
We have

Ri(®+7n) =Ry(—o+m) and X;(o+m)=X,(—0+ ) (7.67)
By substituting (7.67) for Xs(®) in (7.64), we obtain
cos(co + (cn+d)) = cos(—co + (cm + d))
Then, (cmt + d) should be 7 and

d=mn(l-c) (7.68)

3. Parameter a

At the end of the passband, ® = ), the filter response R,(®) in (7.61) should be
equal to 1 — §, to meet the transient response, i.e.,

R, ((up) =1-39, (7.69)
This implies that from (7.61)
Tp(Xp(wp)) =1 (7.70)

From the definition of T)(-) in (7.63), it follows that X, (®,) = 1. By substituting
this for X, (o) in (7.64), we obtain

Xp(0p) =Acos(aw, +b) +B =1 (7.71)

In (7.71), parameter b is known as in (7.66). By applying the trigonometric rela-
tions, we have

a= icos*1 <B_1) (7.72)

4. Parameter ¢

At the start of the stopband, ® = s, the filter response Rs(®) in (7.61) should be
equal to 9, to meet the transient response, i.e.,

R (o) = & (7.73)



7.5 Filter Design Using NDFT 227
This implies that in (7.62) and (7.63)

Ts(Xs(o5)) =1 and Xs(ws) =1 (7.74)
By substituting this for X;(®) in (7.64), we obtain

Xs(og) = Ccos(cos+d)+D =1 (7.75)

In (7.75), parameter d is known as in (7.68). By applying the trigonometric
relations, we have

c= é)cos_1 <u> (7.76)

5. Parameter B
An extremum of R,(®) in the Chebyshev filter with odd N occurs at © = 0. That is,
Ry(0) =1+, (7.77)
From (7.61)
Tp(X,(0)) = -1 (7.78)
From the definition in (7.63)

cos(M cos ' (X,(0))) = —1
cos 1(X,(0) =m, if M =1
X,(0) = —1

Substituting for XP((D) in (7.64) and using the value of b in (7.68), we obtain

D=C-1 (7.79)

6. Parameter D
An extremum of R(®) in the Chebyshev filter with odd N occurs at ® = 7. That is,

Ry(m) = — 3, (7.80)
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From (7.62)

Ts(Xs(m)) = —1 (7.81)
From the definition in (7.63)

Xs(m) = —1

Substituting for X;(®) in (7.64) and using the value of d in (7.66), we obtain
B=A-1 (7.82)

7. Parameter A
Minimum value of the passband response can be defined by
min(Rp(®)) = — 8 (7.83)

that R,(®) has to be greater than the negative stopband ripple. We apply the
constraint for (7.61) to get T,(Xp(®)) — max, cos(Mcos™'(x)) — max,
cos ! (Xp(w)) — min, X,(®) = Acos(ao + b) + B — max, cos(a® + b) = 1 and
Xp(®) = A + B. We also use the result in (7.82). Then

1—8,Tp(2A — 1) = — 3§,

A (148, (7.84)
=3 (50) +

where T},!(-) denotes an inverse Chebyshev function of order M.

8. Parameter C
Maximum value of the stopband response can be defined by
max(Rs(®)) =1+, (7.85)

that Ri(®) has to be smaller than the highest passband ripple. We apply the
constraint for (7.62) to get

8Ts(C+D)=1+3,

1 149 7.86
e
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7.5.1.2 Location of Nonuniform Frequency Samples

Filters discussed here consist of N filter coefficients in the time domain. One way of
designing the filter is to derive frequency response in the frequency domain and
take N-point inverse transform. The desired frequency response is sampled at N
nonuniformly spaced points on the unit circle in the z-plane [N17]. Then, an inverse
NDFT of these frequency samples gives the filter coefficients. Optimal location of
nonuniform samples is chosen on the extrema in the passband and stopband.

Since the impulse response of the filter is symmetric, the number of independent
filter N; is nearly half the total coefficient number N, which is given by

_N+1

N;
2

(7.87)
We have to locate N; samples in the range 0 < o < 7 in a nonuniform manner.
These samples are taken at the P extrema in the passband and the S extrema in the
stopband. At the P extrema in the passband, amplitude response R, () is given by

Ry(m) =1=£39, (7.88)
or
T (Xp(0)) = %1
and
Xp(w) = cos(/%n), k=1,2,...,Np (7.89)

We substitute (7.89) into (7.64) to obtain the optimal sample locations (D](Cp) in the

passband:

1 cos(X) — B
m,(f)a{cosl [(i‘)] b}, k=1,2,...N, (7.90)

Similarly, the optimal sample locations (o,(:) in the stopband is given as:

s 1 kn -D
m§:>:c{cos1 [COS(SC)} —d}, k=1,2,...N, (7.91)

Thus, P locations in the passband and S locations in the stopband can be defined by
using the parameters in (7.90) and (7.91). The number of extrema P + S equals the
total number of alternations over the range 0 < ® < . It also equals half the total
length N excluding one center coefficient as

N -1

L=P+S§="F— (7.92)
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Thus, we still have to decide one more center location that can be placed either at
the passband edge o, or at the stopband edge ;.

7.5.2 Example of Nonuniform Low-Pass Filter

We design a Chebyshev type I lowpass filter using the above parameters. We
calculate extrema values in the ripples which will be used for obtaining impulse
response of the filter with nonuniform samples in the frequency domain. The filter
specification is given by:

Filter length N = 37, Ripple ratio 8, /8 — 15
Passband edge w, = 0.4, Stopband edge w; = 0.5%

The order of the filter polynomials for the passband and stopband are given by the
number of passband order P and the stopband order S and the total alternations. In
this example, we get L = 18, P = 8 and § = 10 in accordance with the relation-
ships. First, the eight parameters are calculated by considering step 1 through step 8.
Second, the passband function X,(®) illustrated in Fig. 7.12a and the stopband
function X, (o) are calculated. The passband response of Chebyshev filter is shown

a
1.5 T T T T T T T T T
1| _
) Xp(w)
E 0.5F E
£ of :
<
—05F _
_1 1 1 1 1 1 1 1 1 —
0 0.1n 0.2n 0.3t 04n 0.5=n 0.6m 0.7n 0.8n 0.9 n
Radian frequency
b

Passband edge —
0 - -

Filter response
o
(6]

1 1 1 1 1 1 1 1 1
0 01r 02r 03r 04n O05zr 06n 07t 0.8z 009=n T
Radian frequency

Fig. 7.12 Passband function (a) and passband response of the Chebyshev type I filter (b). (P + 1)
extrema will be used to design a filter with nonuniform samples
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in Fig. 7.12b with four maxima and five minima which equals to P 4 1 extrema.
Design of the stopband response, calculation of extrema and inverse transform to
obtain time-domain impulse response are left to the reader. A MATLAB program
for the example is as follows.

% Chebyshev filter design using nonuniform samples
N=237; $Filter length
wp = 0.4*pi; % Passband edge
ws = 0.5*pi; % Stopband edge
k=15; $ Ripple ratio delta_p/delta_s

Nextrema = (N-1) /2; % Number of extrema = P+S
P = (wp/ (wp+ (pi-ws))) *Nextrema; % Passband alternations
S = ((pi-ws)/ (wp+(pi-ws))) *Nextrema; % Stopband alternations

delta_p =sqgrt (k) *107(-0.1162* (ws-wp) * (N-1)-0.65) ;
delta_s =delta_p/k;

% Rpw = Acos (aw+b) +B

b=pi;

$A=0.5(aTp(rip)+1) where rip = (1l+delta_s)/delta_p
rip = (1+delta_s) /delta_p;

temp = cos (acos(rip) /P); % Tp(x) = cos (P acos (x))

A= (temp+l)/2;

B=A-1;

a =acos ((B-1)/A) /wp;

w=[0:0.01:pi];

Xpw = A*cos (a*w+b) +B;

Rpw =1 -delta_p * cos (P*acos (Xpw) ) ;

subplot(2,1,1); plot(w, Xpw, 'LinewWidth’, 1.4); axis([0pi-11.51);
xlabel ({’'Radian Frequency'; "’ (a)’}); ylabel ('Amplitude’) ;

text (2, 0.85, 'Xp(w) ') ;

set (gca, 'XLim’, [0 pi]l, 'XTick’, [0:pi/10:pi]);

set (gca, 'XTickLabel’, {'0’,’0.1p’,’0.2p’,’0.3p’,"'0.4p",'0.5p",’0.6p’",’0.7p",
'0.8p’,’0.9p’, 'p’}, 'FontName’, 'Symbol”’) ;

subplot(2,1,2); plot(w, Rpw, 'LineWidth’, 1.4); axis([0pi-0.21.2]1);
xlabel ({’Radian Frequency'’;’ (b) ’}); ylabel ('Filter Response’) ;

text (2, 0.85, 'Rp(w) ') ;

set (gca, 'XLim’, [0 pi], 'XTick’, [0:pi/10:pil);

set (gca, 'XTickLabel’,{’0’,’0.1p’,’0.2p’,'0.3p’,’0.4p",’0.5p’,’0.6p’",’'0.7p",
‘0.8p’,’0.9p’,'p’}, 'FontName’, 'Symbol’) ;

pass = wp/pi*length(w) ;

Reduced = Rpw (1l:pass) ;

[wmax, imax,wmin, imin] = extrema (Reduced) ;

text (w(imax), Rpw(imax), '*’, 'FontSize’, 20);

text (w(imin), Rpw(imin), '*’, 'FontSize’, 20);

text (0.5, 0.2, 'Passband edge \rightarrow’) ;

function [wmax, imax,wmin, imin] = extrema (x)

EXTREMA Gets the extrema points fromfilter response

[XMAX, IMAX, XMIN, IMIN] = EXTREMA (W) returns maxima, index, minima,
index

XMAX - maxima points

IMAX - indice of the XMAX

XMIN - minima points

IMIN - indice of the XMIN

A0 0P 0P d° d° oP oP

wmax = []; imax = []; wmin = []; imin= [];

% Vector input?
Nt = numel (x) ;
if Nt ~= length (x)
error ('Entry must be a vector.’)
end

(continued)
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% Not-a-Number?
inan = find (isnan(x)) ;
indx = 1:Nt;
if ~isempty (inan)
indx(inan) = [];
x(inan) = [1;
Nt = length (x) ;
end

% Difference between subsequent elements
dx =diff (x);

% Flat peaks? Put themiddle element:

a = find (dx~=0) ; % Indice where x changes
Im=find(diff(a)~=1) + 1; % Indice where a do not changes
d=a(lm) - a(lm-1); % Number of elements in the flat peak
a(lm) =a(lm) - floor(d/2); % Savemiddle elements
a(end+1l) =Nt;

% Peaks?
xa=x(a); %
b= (diff(xa) >0); $1=>positive slopes (minima begin)

% 0 => negative slopes (maxima begin)
xb=diff(b); % -1 =>maxima indice (but one)
% +1 =>minima indice (but one)

imax = find (xb == -1) + 1; $maxima indice
imin =find(xb == +1) + 1; $minima indice
imax = a(imax) ;

imin =a(imin) ;

nmaxi = length (imax) ;

nmini = length (imin) ;

% Maximum or minumim on a flat peak at the ends?
if (nmaxi==0) && (nmini==0)
if x(1) > x(Nt)
wmax =x (1) ;
imax = indx (1) ;
wmin = x (Nt) ;
imin = indx (Nt) ;
elseif x(1) < x(Nt)
wmax = x (Nt) ;
imax = indx (Nt) ;
wmin =x(1) ;
imin = indx (1) ;
end
return
end

% Maximum or minumim at the ends?
if (nmaxi==0)
imax(1:2) = [1Nt];
elseif (nmini==0)
imin(1:2) = [1Nt];
else
if imax (1) < imin (1)
imin(2:nmini+l) = imin;
imin(1l) =1;
else
imax (2 :nmaxi+l) = imax;
imax (1) =1;
end
if imax(end) > imin (end)
imin(end+1) = Nt;
else

(continued)
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imax (end+1) = Nt;
end
end
wmax = x (imax) ;
wmin =x(imin) ;
% Not-a-Number?
if ~isempty (inan)
imax = indx (imax) ;
imin = indx (imin) ;
end

7.6 Summary

This chapter has defined and developed nonuniform DFT (NDFT) including its
properties. Having addressed every aspect of the DFT/FFT, it is only proper to

focus on its applications in the concluding chapter (Chapter 8).

7.7 Problems

7.1 One of the advantages in the NDFT is the possibility of correct frequency
detection residing in the signal, while the transform is in general not orthogo-
nal. Inverse problem should be carefully considered. Rectangular structure is
helpful to solve the problem, but the sample interval must be large enough to
obtain the inverse matrix. Given a sound data input with 256 samples and
sampling rate 8 kbps, derive the smallest sample interval in the nonuniform

inverse transform.

7.2 Write a MATLAB program for the one-dimensional NDFT to compare with
uniform DFT for “Windows XP Shutdown.wav” data. Plot original signal and

transformed results. Refer to source code as:

% One-dimensional NDFT test
x=1:256;

fid = fopen(’Sound.wav’, ‘rb’);
data = fread (fid, 256) ' ;
subplot (311); plot (x, data)

fsd =0 :255;
Xfd =dftld(data, 256);
subplot (312) ; plot(x, abs(Xfd))

fs = (0 : 255)/255;

fs1=1[[0:0.5:40] [41:1:174] [175:2:255]];
Xf =ndftld(data, 256, fsl);

subplot (313); plot(x, abs (Xf))

7.3 Analyze and compare the fast NDFT algorithms: Horner’s nested method [N7]

and Goertzel’s algorithm [N6].
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7.4

7.5

7.6

7.7
7.8

7.9

7 Nonuniform DFT

Fast inverse transform is based on interpolation problem. Analyze and compare
the Lagrange interpolation method [N26, B6] and Newton interpolation
method [N26].

Write a MATLAB program for the two-dimensional NDFT with sampling
structure of nonuniform grid on parallel lines in the column direction.

Derive the nonuniform sampling structure in the two-dimensional image data
by considering human interested important region, say, edge information, in
the spatial domain and its counterpart in the frequency domain.

Design a highpass filter based on nonuniform frequency samples.

Design an image compression algorithm by taking into account the two-
dimensional NDFT that emphasizes important region or components, while
removing less important components.

(a) Derive (7.37) from (7.33a). (b) Derive (7.38) from (7.33b).



Chapter 8
Applications

This chapter focuses on applications of FFT/IFFT in a number of diverse fields. In
view of the extensive nature of their applications they are intentionally described in
a conceptual form. The reader is directed to the references wherein the applications
are described in detail along with the theoretical background, examples, limitations,
etc. The overall objective is to expose the reader to the limitless applications of DFT
in the general areas of signal/image processing.

8.1 Frequency Domain Downsampling

Assume the bandwidth of a signal is known. The sampling rate must be at least
twice the highest frequency content in the signal. The Nyquist rate is two times of
the bandwidth. Aliasing occurs when the bandlimited signal is sampled below the
Nyquist rate!

Sampling a continuous signal below the Nyquist rate aliases energy at frequen-
cies higher than half the sampling rate back into the baseband spectrum or below
half the sampling rate.

This is equally true for decimation of samples. Thus aliasing that will be caused
by downsampling a signal by the ratio of two to one, can be avoided by low-pass
filtering (decimation filtering) the samples first so that the samples keep only less
than half of the bandwidth (Fig. 8.1). To accurately implement decimation, this
behavior should be preserved [F11, G2].

Consider downsampling by a factor of two. An N-point sequence (assume
N = 2!, | = integer) can be decomposed into two N/2-point sequences [one of
even samples x(2n) and another of odd samples x(2n + 1)] (Fig. 8.2).

N—-1
XF(k) =Y x(n)Wik, kkn=0,1,...,N—1 (2.1a)
n=0
K.R. Rao et al., Fast Fourier Transform: Algorithms and Applications, 235

Signals and Communication Technology,
DOI 10.1007/978-1-4020-6629-0_8, © Springer Science+Business Media B.V. 2010
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Fig. 8.1 Decimator: Data/ Downsampler
time domain decimation
Decimation /_\ .
X0 =" Eilger @ > X(@n)

Drop every other Decimated

sample signal
a b
XF(k) Nopoint | ¥@ m x(n)  XFk) Pre. D_point X (In)
»| N-p v . —
IDFT U processing IDFT

HXF(k)+XF(D+k)
+ot XKD +K)), k=0, 1, ., D=1

Fig. 8.2 a Data domain downsampling. b DFT domain downsampling. (| ) represents a down-
sampling by a factor of /. [F11] © 1999 IEEE

N/2-1

== [ )W + x(2n + 1)W(2"“)"]
n=0
N/2—-1

= > [remwil, + e+ Wik W] 8.1)
n=0

where WI%,”" W]’\‘,% Adding two corresponding coefficients from half DFT blocks
results in downsampling in the data domain.

XF (k) + X (k +N/2), k=0,1,...,
N/2—1
= > [ (x@nWihy + x(2n+ DWELWE)

n=0
( (2n)W n(k+N/2) +x(2n+ I)Wn(kJrN/Z)W]/;JrN/Z)}

D2

—1

N/2 N/2
N/2-1
= [x(Zn) T+ X2+ W WE + X@r)W, — x(2n + )W /zwk}
n=0
N/2-1
=2 Z x(2n) W, N/2
n=0
= 2 x N/2-point DFT [x(2n)] (8.2)

where WiV = WZ(Z/ 2 =1 and W,[\\,// R
Thus when N =1 x D where I is an integer, an N-point IDFT followed by
downsampling by the factor / is equivalent to additions of / blocks of D DFT

coefficients and a D-point IDFT.
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Let x(n) be an input sequence and x(nl) be the downsampled sequence by a
factor of /.

1

x(n) = N

N—1
S XFywy™,  n=0,1,...,N-1 (2.1b)
k=0

1-1
> XD + k)| Wy
1=0

I—

Z (ID + k)

=0

N =

=
:BZ

k=0

= D-point IDFT, nk=0,1,...,.D—1 (8.3)

Example 81 Let N = 8 D = 4, I = 2 and a random vector x be
(1,2,3,4,5,6,7, 8)T (see Fig. 8.3). Then the DFT of the vector x is

X(®)

/]

b 21
Analogy between continuous and discrete Fourier transforms

N-point DFT coefficients

X(0) X(1) X(2) X(3) X(4) X"(3) X*(2) X*(1)  Assume x(n)
/7 AN is real
e oe—e—eo—o+— Re
+
|
fo—o—o—o+fo—0—o0—o
/ \ hN .
X(0)+X(4) / [X(1)+X*(3)] IDFT will be real

X(+X'3) Re(X(2)

| (N/2 point IDFT) x

fo—o—o0——o

Fig. 8.3 DFT domain downsampling by a factor of 2:1. If N point IDFT is applied to the
coefficients, zero insertion results. a Analogy between continuous and discrete Fourier transforms

7
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F .
XF =X, + X,
where

‘Xr = (367 —4, -4, -4, -4, -4, -4, _4)T
X, = (0,9.657,4,1.657,0,—1.657, —4, —9.657)"

The DFT vector X' is partitioned into two blocks of four samples. Two samples
from two associated blocks are added up.

X = 214 (X, + %) = (16,4, ~4,—4)" +j(0,4,0, ~4)"
where
1 0001 0O0O0
A=1o 0100010 4
0 001 0O0O01

Thus the data decimated by a factor of two is
x4 = D-point IDFT (X5) = (1,3,5,7)"

However, this is not actually two-to-one decimation. We need to apply a decima-
tion filter to a input x(n). All the samples of the input change. We take every other
sample, or we delete every other sample. Thus the method described in (8.1) — (8.4)
should follow a decimation filter as seen in Fig. 8.1 [D37, p. 220].

8.1.1 Frequency Domain Upsampling (Zero Insertion)

Similarly, upsampling (or zero insertion) in the data domain by a factor of / can be
performed exactly in the frequency domain by repeatedly appending a DFT block
(I — 1) times (Fig. 8.4) [IN5].

For upsampling by a factor of two, let XF(k) be the DFT of x(n),
n=0,1,...,5 — 1. Hence

X*(k+N/2)=X"(k) k=0,1,...,

2|=Z
|
—_

(8.5)
Then

xy(2m) = x(n) = N/2 -point IDFT of [XF(k)] k,m,n=0,1, .. .,% —1 (8.6a)
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a b

g0 D—point X m Xalm) XF (k) Pre- N-point )
— I > . —
IDFT U processing IDFT

XF(e+ N/T)= X (k +2N/I) = -
=XF(k + N-N/I) = XF(k)
k=0,1,., N/I-1

Fig. 8.4 a Data domain upsampling. (1 /) represents upsampling by a factor of /. b DFT domain
upsampling

Fig. 8.5 Interpolator: Data/ Insert a zero between
time domain interpolation adjacent samples
() Interpolation Interpolated
x(n) ——> —> . — .
Filter signal
Upsampler
_ 1) — — N _
xw(@m+1)=x(n+) =0  mn=0,1,...,5-1 (8.6b)

Example 8.2 Let a random vector x be (1,2, 3,4)T and [ = 2. Then D = 4 and
N = 8. The DFT of x is

X=X, +)X;
where

(10, —2,-2,-2)"

X, =
X; =(0,2,0,-2)"

Let the DFT vector X' be extended by repeating it at the end such that its length is
N = D x I. Then the extended DFT sequence is

X\ = A (X, + X))
= (10, —2,-2,-2,10, -2, -2, -2)" +(0,2,0,-2,0,2,0, —2)"
where [A] is defined in (8.4). Thus the data upsampled by a factor of two is

x, = N-point IDFT(X}) = (1,0,2,0,3,0,4,0)"

In case of one-to-two interpolation, put zeros in between samples in an input
x(n) as shown in Example 8.2. Apply an interpolation filter to all of them (Fig. 8.5).
Samples from the input x(n) stay same. Only in-between samples with the value
zero change [D37, p. 220].
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8.2 Fractal Image Compression [FR3, FR6]

Fractal or iterated function system (IFS) image coding [B23, IP34] can be acceler-
ated by using FFTs for fast circular correlation.

The image to be coded is partitioned into a set of image blocks called ranges in
fractal coding parlance. For each range, we search for another part of the image
called a domain that gives a good approximation to the range when appropriately
scaled in order to match the size of the range and transformed by a luminance
transformation that provides for contrast and bright adjustment. The list of para-
meters specifying for each range, the corresponding domain and the affine lumi-
nance transformation together with the partition information is called a fractal code.

The goal in the encoding step is to find for each range a codebook block that
gives the least L*-error (Euclidean norm) when adjusted by an affine transforma-
tion. Thus a computationally expensive least-square optimization is required for
each pair of range and codebook blocks in order to determine the optimal luminance
transformation and the resulting approximation error.

Let an image to be coded be denoted by [I] € RN or a matrix [I] of size
(N x N), where N is a power of 2. The image is partitioned into non-overlapping
range blocks [g,],7 = 0,1,...,N; — 1. Let domain block [h] of size (N/2 x N/2)
denote the downscaled version of the image [], i.e.,

1 2mi+1 2my+1

N
h(mhmZ):Z Z Z I(ny,ny) Oﬁml,mzﬁz

ny=2my ny=2my
Each range block [g,] is then approximated as follows:
(2] = s T-([h]) + o r=0,1,...,N;, — 1 8.7

The parameters s,, 0, are called scaling factor and offset, respectively. T, is an
isometric transformation, which shuffles pixels inside the decimated domain block
[#]. Isometric transformations consist of circular shift and inversion of the domain
block [A]. Thus codebook blocks [¢/], I =0, 1, ..., N. — 1, is generated from [A].
Each range block [g,] is then approximated by an affine transformation of a
codebook block.

8] = s:[ci] + o r=0,1,....,N—1 (3.8)

A range block is compared to all codebook blocks in order to determine the best
codebook block giving the least approximation error.

For a given range, the corresponding canonical codebook consists of all image
blocks in the downscaled version [/] that have the same size and shape as the range.
Note that the range can be of arbitrary shape such as a polygon. Using arbitrary but
fixed scanning procedure, the range and codebook blocks are converted to vectors
which are denoted by R, Q’fm, A Qlfv J21,N/2-1 and call blocks again. The number
of codebook blocks in the canonical codebook for a given range is equal to N? /4
since we allow codebook blocks to wrap around image borders. For simplicity
this method does not consider isometric transformations of the downscaled image
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(rotations by multiple of /2 and reflections). For better readability we simply write
D instead of Qﬁ,]m. The distortion function for the range vector R and a codebook

vector D is a quadratic function of the parameters s, o of the affine luminance
transformation:

dpg(5,0) = | R~ (sD+o1)[3
=(D,D)s* +2(D,1)so+no* —2(R,D)s —2(D,1)o+ (R, R) ~ (8.9)

The constant block with unit intensity at the pixels of interest is converted to a
vector 1. The symbol (,) denotes an inner product on a vector space of dimension 7,
where 7 is the number of pixels in the range block. As R and D are column vectors,
(R,D) = R'D.

Figure 8.6 illustrates the part of the algorithm that computes the array of
(D,1),(D,D) and (D,R) with the FFT-based approach. The products (D, 1) are
obtained by the cross correlation of the downscaled image with a ‘range’ where all
intensities are set to unity (called the range shape matrix). The sum of the squares
(D,D) is computed in the same way using the range shape matrix where all
intensities in the downscaled image are squared before cross correlation.

This method has a strong potential in applications where an adaptive image
partition provides for large irregularly shaped ranges and a fractal code is sought.
The FFT-based approach handles the case of an irregular range shape with ease by
zero padding the pixels that are not in the range. When ranges have different shapes,
the computation of (D, 1) and (D, D) cannot be done as Fig. 8.6 anymore as it is a
uniform partition. This method can speed up a direct approach.

Example 8.3 Two-dimensional circular correlation is denoted as * and is
shown for N = 3.

N—1 N-1
(/’ll *hz)(l’lhnz) = hl(kl,kz)hz((kl — nl) mod N, (kz — I’lz) modN)
k1=0 k=0
(8.10)
_hl(0,0) /’11(0,1) h1(072)_ _h2(070) h2(071) h2(0a2)_
(hy*h3)(0,0) =sumof | i (1,0) h(1,1) h(1,2) | o | ha(1,0) ha(1,1) ha(1,2)
[71(2,0) mi(2,1) hi(2,2) ] [a(2,0) 12(2,1) n(2,2) |
_hl(0,0) hl(o,l) h1(0,2)_ -hZ(O,Q’) h2<030) hZ(Oal)_
(hl*hz)(O,l):sumof hl(l,O) hl(l,l) h1(1,2) 9] h2(1,2) I’lz(l,O) h2(171)
_h1(270) h1(2>1) h1(2,2)_ _h2(2>2) h2(270) h2(271)_
11(0,0) 71(0,1) hi(0,2)] [hi(0,1) hi(0,2) 71(0,0)]
(hl*hz)(072):sumof h1(170) hl(l,l) h1(1,2) o h1(171) h1(1,2) hl(l,O)
_hl(zvo) h1(271> h1(272)_ _h1(2a1> h1(2>2) h1(270)_
[11(0,0) hy(0,1) 7 (0,2)1 [hi(2,0) hi(2,1) hi(2,2)]
(hy%h3)(1,0) =sumof | Ay (1,0) hy(1,1) h(1,2) | o | h1(0,0) hy(0,1) hy(0,2)
| 1(2,0) Ay (2,1) hi(2,2) ] [m(1,0) Ai(1,1) 2i(1,2) ]
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Fig. 8.6 Flow chart of the FFT-based technique for the computation of the arrays of the inner
products (D, D), (D,1), (D,R). The symbol o denotes the Hadamard product of two complex
Fourier coefficient matrices. Here the range block need not be of square shape [FR6] (see also
[FR3]). © 2000 Elsevier

To get an element of resultant matrix, circularly shift elements of the matrix [/;]
horizontally and vertically, and then apply Hadamard product to the two matrices,
and finally add all the elements. Hadamard product represents element-by-element
multiplication of the two matrices.
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0.0 b1 h0.2)]
P(L0) (LD h(12)}
ih.(2,0) m2,1) h22)!

0 —— (hy * hy)(0,0)

1(0,0) h(0.1) 1(0,2) 1(0,0) [h(0,1) 1(0,2)
h(1,0) ML) hy(12) h(L0) [ hy(11) hy(1,2)
(2,00 QD) h(22) h2.0) h21) h(2.2)
m0.0) {h(0.1) § m0.2) | '1{2'(6'6)"iz;('d,'f)"?};(b'i}'.
Ia(10) (L) a(1.2) § ie(1.0) (1.1 hy(1,2)!
7(2,0) | h 2.0 ! hz(z 2§ 72,00 2,1 m(2.2)}

(hy * h3)(0,1)
(hy * hy)(0,2)

Example 8.4 Find 2-D circular correlation of [A;] and [A;]

w33 m-[! ]

1 2 _1_ 2

3 43/ 4

L2t 2

30413 4
(hi %1)(0,0) =5x 14+3x24+1x34+0x4=14
(hi xh2)(0,1) =5x2+3x14+1x44+0x3=17
(h *h)(1,0) =5x343x4+1x1+0x2=28
(hixhy)(1,1) =5 x4+3x34+1x2+0x1=31
14 17

hi] x [hy] = 2-DIDFT ([H,]" o [H>]) =

) x ) CORYSE I

where [H;] = 2-D DFT of [h;] and o is Hadamard product defined in (8.11).
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FFT application (cross correlation via FFT)

ay ap - ay by b - bw
ay  an aon by by boy

[A] o [B] = ol . =1[C] (8.11)
ayi anz -+ ann byt bna -+ baw

where o represents Hadamard product. Corresponding elements of [A] and [B] are
multiplied to yield [C].

8.3 Phase Only Correlation

Correlation between phase-only versions of the two images to be aligned is used for
image registration [IP2].

Let x(ny,n;) be the reference image and y(n,ny) be the translated image of
x(ny,ny) by (my,my). Then

y(ni,m) =x(ny +my,nmy+my) ny,np=0,1,...,N—1

8.12
—(N—=1)<my,m <N-1 ( )

From the Fourier shift property defined in (5.12), the DFT of (8.12) is
YE(ky, ko) = XF (ky k) Wy wry o (8.13)

The cross power spectrum of the phase only images is defined as

XF(ky, ko) YF" (ky, ko)
ZE (ki k) = ’ ’ ki,kp=0,1,.... N—1 8.14
poc( 1 2) |XF(k1,k2)YF*(k1,k2)| 1, k2 s by ) ( )

. (haoky) = k)X (kg W™ W™
poc \"1» 2 |XF(k1,kZ)XF*(k17kZ)leijlm]W[Iilzm2|

 XF(k, k)XT (k1 ko) W W
IXF (ky, ko) XF* (ki ko) |

kymy + kz)’ﬂz)

(8.15)

= )
exp( 2T N
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In the spatial domain this is equivalent to
Zpoc (M1, 12) = 0(ny — my,ny — my) n,n=0,1,..., N—1 (8.16)

Thus an impulse centered on (m;,m,) is obtained with the range 0 < zpo
(n1,n2) <1 (subscript poc stands for phase only correlation). This is shown in a
block diagram format in Fig. 8.7.

Images shifted by (m,, m,) and (m; — N, m, — N) relative to the original image
have peaks at the same place with different peak values as shown in Fig. 8.8h and i.
Thus every point except the origin represents two images shifted in the opposite
directions of each other.

The Fourier phase correlation method is very robust against distortions. Only
a small percentage of the original image is necessary to get good registration
[IP19].

In terms of image matching, the phase correlation method is invariant to
image shift/translation, occlusions and brightness change, and is robust against
noise.

Equation (8.13) suggests a simpler way to isolate the term exp (— j21 W)
ZE (ki k) :)M:ex f'ZnM 8.17)
poc2 K152 = YR ) P\ —/ N :

In the spatial domain this is equivalent to (8.16). However, the simpler method is
less stable than the regular method, since X¥ /YT blows up when Y¥ comes close to
zero whereas for the regular method the numerator and the denominator have the
same magnitude [[P19].

Applications include finger print matching [IP16], waveform matching, iris
recognition using phase based image matching, face recognition, palm print
recognition, and detection of hard-cuts and gradual shot changes for archive
film [IP17].

x(ny, ny)

X (ky,ky)
Image A 2D-DFT

z poc (”1’ nZ)
POC 2D-IDFT —— Ou[pu[

Image B Q—> 2D-DFT 4T

Y¥(ky k)

(g, ny)

Fig. 8.7 Block diagram for implementation of phase only correlation (POC)
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Originl/reference image image shifted upwards  image shifted/translated
and to the left by (50, 50) by (100, 100)
d e

image shifted image shifted

by (140, 140) by (=100, —100)

f g
08 08
o «—0.499 at (50, 50) a
04 04

| <« 0.217 at (100, 100)

0154 044

034
«— 0.330 at (~100, —100)
= «—0.100 at (140, 140)

Fig. 8.8 Origin (0, 0) of the (n;, n,) plane is shifted circularly to the center of the plane for the
phase correlation functions in (f)—(i). Here all the images are of size 240 x 240. Registration
with two images shifted in the opposite directions of each other relative to the original image
gives the same result (h) and (i) in terms of the actual coordinates of the peak at (—100, —100) as
140 — N = 100 with N = 240
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8.4 Image Rotation and Translation Using DFT/FFT

This method is proposed by Cox and Tong [IP10], and is an application of the chirp
z-algorithm (Section 3.14). Given the image x(ny,n,) on an N x N square grid, we
compute x(ny, n,) on a grid rotated by an arbitrary angle 0 in a counter-clockwise
direction and shifted by an arbitrary translation (mp,my).

First compute the 2-D FFT of x(ny, ny), so that

XF(ky, ky) = szl,n2 winkml) gk =0,1,... . N=1  (5.3a)

N
ST Xk ko) Wy "Ry = 0,1, N — 1 (5.3b)

—1
k=0

1 N—-1
Ko =5 >
k=0

where Wy = exp(—j2n/N).
Now compute the image x(n,n;) on the desired output grid.

x(ny cose—ngsine—l-m],nl sin © + n cos 0 + m,)

N—1 N—1
j2n
2 Z ZX kl,kz exp[ (k1m1 +k2m2):| CXp|:N (kll’ll +k2n2) cos 0
=0 kr=
on .
X exp[N (kznl k]l’lz) s 6:| (818)

To compute (8.18), we need to be able to compute the sum

N—1N-1
g(fll , Mo O, B) = Z Z GF(kl R kz) exp(j2n[(k1n1 + kzi’lz)OL + (kgi’ll — klnz)B])
k=0 k,=0
(8.19)
. cos @ sin 0
for arbitrary o and P (here o = N and B = T)’ where
F 1 j2n
G (ki k2) = 2 X (ky, ko) exp [ N (kymy + kymy) (8.20)
The one-dimensional analog of (8.19) is as follows.
N—1
h(n; o) =y~ H" (k) exp(j2mkno) (8.21)
k=0

This can be computed using the chirp-z algorithm, by expanding

2kn = k> + n* — (k — n)? (8.22)
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=

h(n; o) = exp (jnn’or) {HF (k) exp(jnk*a) } exp {—jn(k —n)’a

= .
- o

= exp (jnn’o) A (V(n—k)
=0

=~

= exp (jrcnzoc) HF

(k) + V() } (8.23)
where HF (k) = H¥ (k) exp(jmk*a) and V (k) = exp(—jnk?a). This expansion is a
multiplication, a convolution and another multiplication (Fig. 8.9). The convolution
can be carried out quickly using two FFTs and one IFFT (Fig. 5.4).

Similarly, we can compute (8.19) efficiently. The integer expansion required is

2(kiny + kany) = k2 + 0 — k2 — 12 — (ky — m)? + (ka + ma)’ (8.24a)
2(/(2711 — klnz) = 2/(1/(2 — 27111’12 — 2(/(1 - nl)(kz + I’l2) (824b)
With this (8.19) can be represented as

N-1N-1
g(ni,nyo, B) = Z" (2, ) ZZ{G (ki, ko) Z (ky ko) } Z* (ki — nay o + o)
=0/42=0

(8.25)

where Z(ny,ny) = exp (]Tt[(n% — n%)cx + 2n1n2B]), GF(ky,ky) is defined in (8.20)
and the superscript * denotes complex conjugation. This implies two multiplica-
tions and a convolution, which can be done using three 2-D FFTs (Fig. 8.10).
Matrix {Z(np,n;)} in (8.25) is the transpose of {Z(n, n2)}. Another derivation of
(8.25) is described in Problem 8.6 (Fig. 8.11).

Fig. 8.9 Block diagram for 5F
implementation of the chirp-z HF(k) I-}F(k) HE Gy >V (k) x(n; o)
algorithm represented in

(8.23), which is one-

dimensional analog of (8.19) exp(jnk 2o exp(jnn? o)

[GF(ky, k) Z(ky, k)] * Z*(ky, k)] >
GF(ky, k) g(n ny o, B)

Z(ky, k) Z*(ny, ny)

Fig. 8.10 Image rotation. Convolution can be done using three 2-D FFTs. In magnetic resonance
imaging (MRI), the original data comes in Fourier space [IP10, W30]
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Original image Image rotated by 90 degrees

Image rotated by 270 degrees Image rotated by 180 degrees

Image rotated by 30 degrees Image rotated by 60 degrees

Fig. 8.11 a Original image, b Image rotated by 90°, ¢ Image rotated by 270°, d Image rotated
by 180°, e Image rotated by 30°, f Image rotated by 60°. b—d Images are rotated using the
Cox-Tong method [IP10]. e—f Images are rotated in the spatial domain using the MATLAB command
imrotate (I, —30, ‘bilinear’, ‘crop’)

This method only rotates images by 90°, 180° and 270° (see Fig. 8.11b—d) and
extending this idea to other angles is a possible research topic that can be explored.

8.5 Intraframe Error Concealment [IP28]

In error prone environments such as wireless networks, a macroblock (MB) (16 x 16
size pels in video coding standards such as MPEG-1, 2, 4 and H.26x series [D37,
1P28]) [IP29] can be lost or transmitted erroneously. One approach to address this is
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Fig. 8.12 Intraframe MB error concealment (DFT and IDFT are implemented by FFT and IFFT)

called error concealment where the corrupted MB is replaced with a neighborhood
MB or weighted neighborhood MBs that are not damaged.

An example of intraframe error concealment is shown in Fig. 8.12. Consider the
neighborhood MBs surrounding the (16 x 16) MB to be concealed which is initially
filled with grey level values. This neighborhood amounts to (48 x 48) pels for (3 x 3)
MBs. 2D FFT is then applied to this large area, followed by 2D low pass filtering
that removes the discontinuity due to these inserted pels. This is followed by 2D
IFFT, resulting in a replica of the input pels. The reconstructed pels as a result of
low pass filtering are similar but not exactly the same as input pels. The cutoff
frequency of the LPF influences the extent of dissimilarity. If the cutoff frequency is
smaller, then the error concealed MB is strongly influenced by the surrounding pels
and vice versa. The error affected MB (input) is replaced by the error concealed
MB (output). The surrounding 8 MBs remain the same. The entire process, 2D-FFT,
2D-LPF and 2D-IFFT, is again repeated several times. During each repetition the
cutoff frequency of the LPF is gradually increased. Based on the characteristics of
the surrounding pels the LPF can be made directional thus improving the quality of
error concealment. This repetition is interactive and is halted when the difference
between the pels of the 2 MBs (error affected and error concealed) is less than a
preset threshold.

8.6 Surface Texture Analysis

Various discrete orthogonal transforms such as the DFT, DCT, Walsh, phase-shift-
invariant Walsh, BIFORE (Blnary FOurier REpresentation) and Haar [GS5, G11,
G12, G13, G14, Gl15, Gl6, G17, G18, G19, G20, G21] are compared for their
ability to characterize surface texture data. Both DFT and DCT are recommended
for use in surface texture analysis in view of their rapid rates of convergence and
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also because of their ability to characterize the data and the machining peaks.
Details of this comparison are described in [J3].

8.7 FFT-Based Ear Model

There are two versions for the objective measurements of perceived audio quality:
basic version and advanced version [D46, D53]. The former includes model output
variables (MOVs) that are calculated from the FFT-based ear model (Fig. 8.13). It
uses a total of 11 MOVs for the prediction of the perceived basic audio quality. It
uses a 2,048-point FFT.

The advanced version includes MOVs that are calculated from the filter bank-
based ear model as well as the MOV from the basic version. The spectrally adapted
excitation patterns and the modulation patterns are computed from the filter bank-
based part of the model only. The advanced version uses a total of five MOVs for
the prediction perceived basic audio quality.

8.8 Image Watermarking

Watermarking of digital media for copyright protection and content verification has
been extensively used to avoid/eliminate digital piracy by hiding a secret and
personal message to protect the copyright of a product and to demonstrate its
authenticity (content verification, data integrity and tamper proofing [E8]). The
piracy includes illegal access, intentional tampering and copyright violation. The
watermarked image must also withstand various operations such as filtering, dith-
ering, photocopying, scanning, cropping, scaling, rotation, translation, JPEG com-
pression [[P28], etc. In the watermark embedding scheme DFT phase spectrum [E1,
E2] and magnitude spectrum [E4] have been used for watermark hiding (Fig. 8.14).
Watermark embedding in the DFT magnitude spectrum is robust to elementary
transformations such as rotation, scaling and translation [E4].

In [E2], it is shown that embedding a watermark in the phase spectrum of a
2D-DFT of real sequences such as images is very robust to tampering, and also to
changes in image contrast. Also phase distortions deliberately introduced by an
intruder to impede transmission of the watermark have to be large in order to be
successful, resulting in severe degradation to image quality. Details of the water-
mark embedding scheme in the phase spectrum of the image are described in [E2].
It is shown that the watermarked image has no visible artifacts and the watermark
has survived up to 15:1 compression ratio when the watermarked image is subjected
to JPEG encoder [1P28].

Integrating aspects of the human visual system into watermarking algorithms
can be a research topic. In addition, a detailed study of the effects of image
distortion on a watermark can be undertaken with a view to improving the
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Fig. 8.13 Peripheral ear model and pre-processing of excitation patterns for the FFT-based part of
the model. [D46] © 1998-2001 ITU-R

watermark detection. Novel techniques can be devised to make it possible to detect
a watermark without requiring the original unmarked image [E2].

Ruanaidh and Pun [E4] have developed a method for embedding a watermark in
an invariant domain by combining the DFT with log-polar map, which is robust to
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Original grey scale image of Watermarked image using the
512 x 512 pels FFT with a block size of 8 X 8

A _- [ : i
Absolute difference between the Logarithm of the difference
original and watermarked images between the original

scaled by a factor of 64 and watermarked images

Fig. 8.14 Embedding a watermark in the phase spectrum of a 2D-DFT of images [E2].
a Original grey scale image of 512 x 512 pels. b Watermarked image using the FFT with a
block size of 8 x 8. ¢ Absolute difference between the original and watermarked images scaled by
a factor of 64. d Logarithm of the difference between the original and watermarked images

rotation and scaling. The implementation is a compromise between the conflicting
goals of watermark invisibility and its robustness. A prototype RST (rotation,
scaling and translation) invariant watermarking scheme is shown in Fig. 8.15. As
the log-polar mapping (LPM) and its inverse are lossy processes, an embedding
process that avoids the need to pass the watermarked image through a log polar map
is shown in Fig. 8.16. Only the 2D spread spectrum signal goes through the ILPM
(inverse LPM). The scheme to extract the watermark from the stegoimage (water-
marked image) is shown in Fig. 8.17.

8.9 Audio Watermarking

In [E15] M-band wavelet modulation is combined with code division multiple
access CDMA technique to construct watermark signals (Fig. 8.18). The CDMA
technique replaces the typical spread spectrum (SS) technique to improve both



254

Fig. 8.15 A diagram of a
prototype RST-invariant
watermarking scheme. RST:
Rotation, Scale and
Translation. Amp:
Amplitude. LPM and ILPM
denote a log polar map and its
inverse. [E4] © 1998
Elsevier

Fig. 8.16 A method of
embedding a watermark in an
image which avoids mapping
the original image into the
RST invariant domain. The
terms “cover image” and
“stego image” denote the
original image and
watermarked image,
respectively. [E4] © 1998
Elsevier

Fig. 8.17 A scheme to
extract a watermark from an
image. Amp: Amplitude. [E4]
© 1998 Elsevier
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Fig. 8.18 Watermark embedding diagram. k is the number of CDMA carrier signals per frame.
M = 2* when audio is sampled at 44.1 kHz. PRNG: Pseudorandom number generator. [E15] ©
2002 IEICE

robustness and capacity requirements. In order to satisfy the orthogonality condi-
tion of CDMA carrier signals, the Gram—Schmidt orthogonalization process [B40]
should be employed to modify the generated pseudo noise (PN) sequences u ;. Let b;
€ {+1, —1} denote a bit stream of watermarking information. The application of
CDMA can be formulated as

k
v="> b, (8.26)

where k is the number of CDMA carrier signals per frame, and £ is limited so that
the strength of watermark signal is within the perceptual constraints.

For the requirement of the acceptable quality, Ji et al. [E15] control the
strength of the watermark signal by selecting appropriate masking thresholds.
They use the frequency masking model defined in the MPEG-1 audio psycho-
acoustic model [E14].

8.9.1 Audio Watermarking Using Perceptual Masking

Swanson et al. [E14] have developed a watermarking procedure to embed copyright
protection directly into digital audio exploiting the temporal and frequency percep-
tual maskings which guarantee that the embedded watermark is inaudible and
robust to tampering and to various DSP operations. The audio watermarking system
is described in a block diagram format in Fig. 8.19. The frequency masking model
is based on audio psychoacoustic model 1 for MPEG-1 audio Layer I [D22, D26]. In
Fig. 8.19, S;(k) is the log power spectrum of the ith audio block (16 ms segment of
the audio signal sampled at 32 kHz, N = 16 ms x 32 kHz = 512 samples) weighted
by the Hann window k(n) i.e.,

h(n):@[l—cos(ht]%)} (n=0,1,....,N—1) (8.27)
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Fig. 8.19 Blockdiagram of audio watermarking procedure. [E14] © 1998 Elsevier

The power spectrum of the signal s;(n) is calculated as

1 N—1
Si(k) = 10log g | 1> si(n)h(n
n=0

2

(k=0,1,...,N—1)

—j2nnk
)exp( N )

(8.28)

The steps involved in watermarking on each audio segment with a unique noise-
like sequence shaped by the masking phenomenon are outlined as follows:

For each audio segment s;(n):

1. Compute the power spectrum S;(k) of the audio segment s;(n) (Eq. 8.28).

2. Compute the frequency mask M;
of [E14]).
. Compute the FFT of author sign

(98]

(k) of the power spectrum S;(k) (cf. Section 3.1

ature y;(n) which yields Y;(k).

4. Use the mask M;(k) to weight the noise-like author representation for that audio
block, creating the shaped author signature P;(k) = Y;(k)M; (k).

9,1

Compute the inverse FFT of the
Compute the temporal mask 7;(n

o

shaped noise p;(n) = IFFT [P;(k)].
) of s;(n) (cf. Section 3.2 of [E14]).

7. Use the temporal mask #(n) to further shape the frequency shaped noise,

creating the watermark w;(n) =
8. Create the watermarked block §;

8.10 OFDM

t;(n)pi(n) of that audio segment.
(n) = si(n) + wi(n).

OFDM/COFDM (orthogonal frequency domain multiplexing — coded OFDM) has
been adopted in Europe for terrestrial digital television and HDTV broadcasting
[02]. Although FCC advisory committee for advanced television service (ACATS)
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Fig. 8.20 FFT based OFDM system (P/S: Parallel to serial, S/P: Serial to parallel, D/A: Digital to
analog, A/D: Analog to digital) [O2] © 1995 IEEE

has selected eight-VSB (vestigial sideband) digital modulation for terrestrial HDTV
broadcasting, there is considerable debate over the use of COFDM versus VSB
or QAM (quadrature amplitude modulation) for terrestrial HDTV broadcasting
[02, AP2]. The emphasis here is to describe the application of FFT in the OFDM
(Fig. 8.20).

OFDM reduces the effect of frequency selective fading by reducing the data rate
by splitting the data stream into several parallel blocks and then transmitting these
blocks [O7]. By dividing and modulating the information among multiple carriers,
it causes the signals to be resistant to ghosting and jamming [O11]. Other benefits of
OFDM in wireless communication systems are high bandwidth efficiency, resis-
tance to RF interference and robustness to multipath fading.

8.10.1 Signal Representation of OFDM Using IFFT/FFT

Denote the complex-valued signal points corresponding to the information signals
in the N/2 subchannels as

. . N
d, = a, + jby, n:O,l,...,E—l (8.29)
The symbols @, and l;,, take on values of =1, 3, ... depending on the ngmber of

signal points in the signal constellations (Fig. 8.20). For example, d,and b, can be
selected as {£1,43} for 16 QAM and {£1} for QPSK. The DFT of these
information symbols {dn} is a multicarrier OFDM signal y(¢) defined in (8.34).
Since y(7) must be real, we create N symbols from N /2 information symbols as (see
the complex conjugate theorem in Section 2.3)

do =Re (d()) (8303)
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dy> = Im(do) (8.30b)

d, = d, n=1,2, w%—l (8.30¢)
R N

dy-p=(d,)"  n=12, oyl (8.30d)

The DFT of the complex data sequence d, = a, + jb,, (n=0,1,... . N — 1) is

N—1
XFk)y =) a,w¥k k=0,1,...,N—1
n=0
N—1
= dy exp(—j2nfuty) (8.31)
n=0

where f, = §%, tx = kAt, and At is an arbitrarily chosen symbol duration of d,,.

=

-1
XF(k) = (an + jby) [cos(2nfuti) — jsin(2mfyty)] (8.32)

n

i
o

From the assumption of (8.30) imaginary terms of X¥ (k) cancel out resulting in only
the real part of XF (k) as

Y (k) = Re[XF (k)] NZ::; (@, cos(2nfuty) + b, sin (2T futy)]

k=0,1,...,N—1 (8.33)
LPF output of YF(k) at time intervals Az closely approximates the FDM signal
N-1
E:aﬂmZWM + b, sin(2nfoty)] 0 <1< NAt (8.34)
n=0

Details of the various functional blocks in Fig. 8.20 are described in [O2]. The use
of DFT for modulation and demodulation of multicarrier OFDM systems was
proposed by Weinstein and Ebert [O1].

8.11 FFT Processors for OFDM

In multicarrier modulation, such as orthogonal frequency domain multiplexing
(OFDM) and discrete multitone (DMT), data symbols are transmitted in parallel
on multiple subcarriers. Multicarrier modulation techniques have been selected for
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communication standards, such as high speed transmission over telephone lines
(such as DSL), wireless local area networks (WLAN), asymmetric digital sub-
scriber lines (ADSL), very high speed digital subscriber lines (VDSL), digital audio
broadcasting (DAB), digital video broadcasting (DVB) and powerline communica-
tions (PLC) [A31]. Multicarrier modulation-based transceivers involve real-time
DFT computations (please see references listed in [A31]).

The FFT processor in [A31] uses the radix-4 DIF algorithm and in-place
memory strategy. The processor can operate at 42 MHz and can compute a 256-
point complex FFT in 6 ps.

A higher radix algorithm requires less computational cycles. The radix-2 algo-
rithm requires four times more computational cycles than the radix-4 algorithm.
However, the size of a radix-4 algorithm cannot be 128, 512, 2,048 or 8,192 since
these are not powers of four. To compute FFTs that are not powers of four, the
mixed-radix (MR) algorithm should be used.

The in-place algorithm minimizes the memory size since it stores butterfly
outputs at the same memory locations used by inputs to the same butterfly.

The continuous-flow (CF) MR FFT processor in [A31] features the MR (radix-4/
2) algorithm, an in-place strategy and the memory bank structure. The processor
requires only two N-word memories. The memory is a dominant component in
terms of hardware complexity and power consumption.

When the DFT length N can be decomposed into relatively prime factors, it can
be implemented with Winograd Fourier transform algorithm (WFTA) [A3]. A
systolic array for prime N-length DFT has been proposed and then combined with
WFTA to control the increase in the hardware cost when the transform length is
large [T1]. The performance of the systolic array for DFT is improved in terms of
hardware, I/O cost and throughput.

A novel high performance 8k-point FFT processor architecture for OFDM
utilized in DVB-T receiver (Fig. 8.21) [05, O18] is developed based on radix-
8 FFT algorithm. A novel distributed arithmetic-based non-butterfly multiplierless
radix-8 FFT architecture is used in the 8,192 point FFT processor design. This
involves in four radix-8 and one radix-2 FFT in stages (84 x2=27x2= 8,192)
(Fig. 8.22). The 8,192 point FFT can be implemented in 78 ps. Details on the gate

v

RF Guard OFDM QPSK/ Internal
L e | ADC | Interval || Demodulator | QAM | De-
Module Insertion 2k/8k FFT De-Mapper Interleaver
. External
[ e | f PR L R L pe LR
Decoder Interleaver Decoder Scrambler Stream

Fig. 8.21 DVB-T receiver. R-S: Reed Solomon. QPSK: Quadrature phase-shift keying. [O18]
© 2007 IEEE
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Fig. 8.22 Proposed 8k-point FFT architecture. DA: Distributed arithmetic. LUT: Lookup table.
[O18] © 2007 IEEE

count, clock cycles, technology, speed throughput performance and area efficiency
are described in [O18].

8.12 DF DFT-Based Channel Estimation Method [C16]

The discrete Fourier transform (DFT)-based channel estimation method derived
from the maximum likelihood (ML) criterion is originally proposed for orthogonal
frequency division multiplexing (OFDM) systems with pilot preambles [C15]. In
order to save bandwidth and improve system performance, decision-feedback (DF)
data symbols are usually exploited to track channel variations in subsequent OFDM
data symbols, and this method is called DF DFT-based channel estimation. How-
ever, the working principle of this empirical method has not been explored from the
viewpoint of Newton’s method in previous studies. This paper derives the DF DFT-
based channel estimation via Newton’s method for space-time block code (STBC)/
OFDM systems (Fig. 8.23). In this way, the equivalence between the two methods
is established. Their results indicate that both methods can be implemented through
the same four components: a least-square (LS) estimator, an inverse DFT (IDFT)
matrix, a weighting matrix and a DFT matrix, but with different connections. On the
one hand, the gradient vector in Newton’s method [W29] can be found by calculat-
ing the difference between an estimated channel frequency response and an LS
estimate, followed by the IDFT operation. On the other hand, the inverse of the
Hessian matrix in Newton’s method [B27, W29] is just the weighting matrix
operation in the DF DFT-based method.

8.12.1 DF DFT-Based Channel Estimation Method

As shown in Fig. 8.24b, the block diagram of the DF DFT-based channel estimation
method is composed of an LS estimator, an IDFT matrix, a weighting matrix, and a
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component. [C16] © 2008 IEEE

DFT matrix [C15]. The LS estimator exploits DF data symbols to produce an LS
estimate, which is a noisy estimation of channel frequency response. After taking
the IDFT to transfer the estimate to time domain, this estimate can be improved by
using a weighting matrix which depends on the performance criterion chosen, either
ML or minimum mean square error (MMSE) [C15]. Finally, the enhanced estimate
is transformed back to the frequency domain to obtain a new estimate of the channel
frequency response.

Ku and Huang [C16] developed the equivalence between Newton’s method
(Fig. 8.24a) and the DF DFT-based method for channel estimation in STBC/OFDM
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systems. The results can provide useful insights for the development of new
algorithms.

8.13 The Conjugate-Gradient Fast Fourier Transform
(CG-FFT)

The method of moments (MoM) is one of the effective methods to analyze antennas
[K1, K2, K3, K4, B12].

The conjugate-gradient fast Fourier transform (CG-FFT) is successfully applied
to the analysis of a large-scale periodic dipole array by speeding up the matrix-
vector multiplication in the CG iterative solver for the MoM antenna analysis.
Furthermore, an equivalent sub-array preconditioner is proposed to combine with
the CG-FFT analysis to reduce iterative steps and the whole CPU-time of the
iteration [K3].

The conjugate-gradient method with fast Fourier transform (CG-FFT) is very
effective in dealing with the uniform rectangular array because its computational
complexity can be reduced to O(N log, N) [K1, K4].

In [K4], CG-FMM-FFT is applied to a large-scale finite periodic array antenna
composed of array elements with arbitrary geometry. Furthermore, the perfor-
mance of the sub-array preconditioner is also compared with the near group
preconditioner in the CG-FMM-FFT analysis of a large-scale finite periodic array
antenna.

Fast multipole method-fast Fourier transform (FMM-FFT) together with pre-
conditioners is developed and applied to analyzing large scale periodic antenna
problems.

DFT (implementation via FFT) has been utilized in a multitude of speech coders,
either in implementation of time domain aliasing cancellation (TDAC) [D1, D2]
(via MDCT/MDST) or in developing a psychoacoustic model. Some of these are
briefly reviewed.

8.14 Modified Discrete Cosine Transform (MDCT)

Several versions of the MDCT have been developed in the literature [D1, D2].
The MDCT and modified discrete sine transform (MDST) are employed in
subband/transform coding schemes as the analysis/synthesis filter banks based
on time domain aliasing cancellation (TDAC) [D1]. These are also called as
“TDAC transforms”. Princen, Bradley and Johnson [D1] defined two types of
MDCT for evenly stacked and oddly stacked analysis/synthesis systems [D2,
D20, D47, D49].

The modulated lapped transform (MLT) [D40] is used to implement block
transform coding in video and audio compression (MPEG 1/2 audio and Dolby
AC-3 (Figs. 8.26 and 8.27)). Several versions of the MLT have been developed and
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Table 8.1 Formulae and classification of CMFBs in audio coding standards. [D45] © 1999 AES

Class MCT pair CMFBs in standards
TDAC Nl - MPEG-IV
X = ¥ xncos[y (2n+1+5) (2 + 1) MPEG-II-AAC
,:1,72_1 MPEG layer 3, second level
= Y Xpcos[Z (2n+1+5)(2k+1)] AC-2 long transform
k=0
fork=0,1, ...,%—landn:O,l7 N —1
TDAC N-l B AC-3 short transform 1
variant | Xk = ;Or cos [ (2n + 1)(2k + 1)]
N/2-1
> Xicos[E (2n+1)(2k + 1)]
k=0

fork =0, 1,...,%’—landn:0, 1,..,N—1

N-—1 AC-3 short transform 2
= Z:Ox,, cos[& (2n+ 1+ N)(2k +1)]

N/2—1
Xn= . Xecos[Z(2n+1+N)(2k +1)]
k=0
fork=0,1,...,5—landn=0,1,..,N—1

Polyphase MPEG layers 1, 2
filter nzo xycos[f (n—§)(2k + 1)] MPEG layer 3, first level
bank

N/2—1

Xy =y Xgcos[E(n—%)(2k+1)]
=0
fork:O,l,...,%flandn:O,l,...,Nfl

TDAC: Time domain aliasing cancellation
MCT: Modulated cosine transform

MLT: Modulated lapped transform
CMFB: Cosine modulated filter bank

are called as TDAC, MDCT and cosine modulated filter banks (CMFBs) (see
Table 8.1). MPEG-1 audio layers 1-3 (Table 8.2, Figs. 8.28 and 8.29), MPEG-
2 audio layers 1-4, MPEG-4 audio, MPEG-2 AAC audio’ (Figs. 8.30 and 8.31) and
Dolby AC-3 use the CMFBs to transform an audio sequence from time domain into
subband or transform domain for compression (see [D37]).

The MDCT is the basic processing component in the international audio coding
standards (MPEG series and H.262) [D37] and commercial audio products such as
Sony MiniDisc/ATRAC/ATRAC?2/SDDS digital audio coding systems (ATRAC:
adaptive transform acoustic coding), AT&T Perceptual Audio Coder (PAC) or
Lucent Technologies PAC/Enhanced PAC/Multichannel PAC for high quality
compression (Tables 8.3 and 8.4) [D35].

The objective here is to focus on implementation of various revisions of MDCT
and IMDCT (inverse MDCT) by FFT.

'AAC is used in MPEG-2 Part 7 and MPEG-4 Part 3.
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Table 8.2 MPEG-1 layer specifications

265

Layer I Layer II Layer III
Sampling frequency |32, 44.1, 48 32,44.1, 48 32,44.1, 48
(kHz)
Minimum encoding/ | 19 35 59

decoding delay
(ms)

Filter bank MUSICAM filter MUSICAM filter MUSICAM filter bank
bank (32 bank (32 and MDCT
subbands) subbands)

Bandwidth of filter | 500 500 27.7 (assuming 18-point

bank at 32 kHz MDCT)
sampling rate
(Hz)
Psychoacoustics lor2 lor2 1 or 2 (frequency
model and temporal masking
are used)
Masking threshold | 512 point FFT (coarse | 1,024 point FFT 1,024 point FFT
calculation frequency (finer frequency psychoacoustic model
resolution) resolution) 1; 1,024 and 256 for

model 2

Bit allocation

Block of 12 samples
from each of 32

Block of 36 samples
(three adjacent

Adaptive block size to
accommodate pre echo

subbands 12 sample control
blocks
(=384 input samples) | (=3 x 384 =
1,152)
Quantization Uniform Uniform Nonuniform
Entropy coding No No Yes

Subjective test
performance

Excellent at a stereo
bit rate of 384
kbit/s

Excellent at a stereo
bit rate of 256
kbit/s

An MOS increase of 0.6
over Layer II at a
stereo bit rate of
128 kbit/s

MOS: Mean opinion score

The perceptual-based coder that exploits auditory masking is shown in Fig. 8.25.
The amplitude resolution and hence the bit allocation and bit rate in each critical
band is derived from the signal-to-mask ratio (SMR) versus the frequency. The
SMR is determined for example from a 1,024 point FFT based spectral analysis of
the audio block to be coded. Frequency domain coders with dynamic bit allocation
to subbands or transform coefficients are described in detail in [D33].

The advanced television systems committee (ATSC) DTV standard includes
digital high definition television (HDTV) and standard definition television
(SDTV). The ATSC audio compression standard is the AC-3 (see [D51, D52]).
Go to http://www.atsc.org/standards/to access and download the standards.
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Details of the gain control in Fig. 8.30 are shown in the encoder preprocessing
module (Fig. 8.32). Details of the gain control in Fig. 8.31 are shown in the decoder
postprocessing module (Fig. 8.33). Note that the 256 or 32 MDCT and IMDCT in
Figs. 8.31 and 8.32 are implemented via FFT (Figs. 8.33 and 8.34).

8.15 Oddly Stacked TDAC

Odd stacked TDAC utilizes MDCT defined as [D23]
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N—1
2 1

XMPCT (1) = ;X(H) cos []\T;(n + ng) <k+2>} k=0,1,...,N—1 (8.35)

x(n) is the quantized value of input signal x(¢) at sample 7.

N = sample block length

ny = w is the phase term required for aliasing cancellation.

x(n) = nth sample value

MDCT can be implemented via FFT as follows:
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Table 8.3 Comparison of filter-bank properties. [D38] © 1997 AES
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Feature Layer 1 Layer2 Layer3 AC-2 AC-3  ATRAC? PAC/
MPAC
Filter-bank type PQMF  PQMF  Hybrid PQMF/ MDCT/ MDCT Hybrid QMF/ MDCT
MDCT MDST MDCT

Frequency 750 750 41.66 93.75 93.75 46.87 23.44
resolution
at 48 kHz (Hz)

Time resolution 0.66 0.66 4 1.3 2.66 1.3 2.66
at 48 kHz (ms)

Impulse response 512 512 1,664 512 512 1,024 2,048
(LW)

Impulse response - - 896 128 256 128 256
(SW)

Frame length at 8 24 24 32 32 10.66 23
48 kHz (ms)

“ATRAC is operating at a sampling frequency of 44.1 kHz. For comparison, the frame length and
impulse response figures are given for an ATRAC system working at 48 kHz. (LW: Long window,
SW: Short window)

Table 8.4 Comparison of currently available (as of 1997) audio coding systems (enc/dec:

encoder/decoder, DCC: Digital compact cassette, MD: MiniDisc) [D38] © 1997 AES

Bit rate Quality Complexity Main applications Available
since
MPEG-1 layer 32-448 kb/s  Good quality @ Low enc/dec DCC 1991
1 total 192 kb/s/ch
MPEG-1 layer 32-384 kb/s  Good quality @ Low decoder DAB, CD-1, DVD 1991
2 total 128 kb/s/ch
MPEG-1 layer 32-320 kb/s  Good quality @ Low decoder ISDN, satellite radio 1993
3 total 96 kb/s/ch systems, Internet
audio
Dolby AC-2 128-192 Good quality @ Low enc/dec Point to point, cable 1989
kb/s/ch 128 kb/s/ch
Dolby AC-3 32-640 kb/s  Good quality @ Low decoder Point to multipoint, 1991
384 kb/s/ch HDTYV, cable, DVD
Sony ATRAC ~140 kb/s/ch Low enc/dec MD 1992
AT&T PAC Low decoder
APT-X100 Fixed compression 1:4 Very low Studio use 1989
enc/dec
iTtn
1. Take FFT of [x(n) exp (—%)]
= X(k)
= R(k) +jQ(k) (8.36)

where R(k) and Q(k) are real and imaginary parts of X (k) respectively. Then
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XMPCT (1) = R(k) cos {27;\70 <k + %)} + Q(k) sin FT;”’ <k + 1)} (8.37)

2
Proof:
FFT of [x n exp(—j%)]

N-1 , .

=S s o) (-2
N-1 5

= X x(m)exp[—F* (k +3)]
n=0
N-1 N-1

= > x(n)cos[2 (k+3)] —j 3 x(n)sin[% (k +3)]
n=0 n=0

= R(k) +jO(k) (8.38)
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N N 2
S5 (03] o 1)
(s 3) e e+ 3)])

=Y x(n)cos B\]_n (n + no) (k + %)] (8.39)

n=0

X ()  R(K)cos [21rno <k i %)} + Q(k) sin [275710 (k + l)]

which is (8.35). This is shown in block diagram format in Fig. 8.35.
IMDCT is defined as

1 & 2 1
x(n) = ;XMDCT(/() cos [ﬁ”(n + ng) (k +5>] n=0,1,...,N—1 (8.40)
and can be implemented via IFFT as follows. Let

21tk
#(n) = IFFT [XMDCT(k) exp (J”T”O)] n=0,1,...N—1 (841

x(n) = r(n) cos [n’(nJrno)} — ¢(n) sin [M] (8.42)
N N
where r(n) and g(n) are real and imaginary parts of ¥(n), respectively.

MDCT has been utilized in AC-3, AAC, MPEG-1 layer 3 second level, MPEG-4
audio and HDTV of ATSC [D16, D18, D20, D31, D32, D38, D39, D40, D43, D45,
D47, D48, D49, D50]. Apart from the FFT implementation of the MDCT, various
fast algorithms for efficient implementation of MDCT/MDST and their inverses

—jxn/ N
Multiply by x(m)e™ N-point

e—jnn/N FFT

x(n) —

Multipli’ by R(k)| Real
cos[2n (k+ 3) ny/ N1 Part
XMDCT k X(k)
&) ‘ = R(k) + jO(k)
Multlpl%/ by O(k) | Imaginary
sin 21 (k+ ) mo/ N] Part

Fig. 8.35 Block diagram for implementation of oddly stacked TDAC via FFT
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also have been developed [D45, D48, D49]. An integer version of the MDCT called
IntMDCT has been developed in [D47]. The later preserves most of the attractive
properties of the MDCT. It provides perfect reconstruction, block overlapping,
critical sampling, good frequency selectivity and fast algorithm. Added advantage
is its application in lossless audio coding [D47].

See Fig. 11.15, the corresponding MATLAB simulation, and Fig. 11.18 in [M13]
for waveform coding using the DCT and MDCT.

8.16 Perceptual Transform Audio Coder [D3, D4]

An estimate of the perceptual entropy (PE) of the audio signals is created from the
combinations of several well known noise masking measures. These measures are
combined with a heuristic method of tonality estimation of the short term frequency
masking templates for audio stimuli. The perceptual entropy of each short term
section of the audio stimuli is estimated as the number of bits required to encode the
short term spectrum of the audio signal to the resolution required to inject noise at
the masking template level. Details on perceptual entropy computation are shown in
Fig. 8.36. Windowing and frequency transformation are implemented by a Hanning
window followed by a real-complex FFT of length 2,048, retaining the first 1,024
transform coefficients (dc and the coefficient at f;/2 are counted as one).
Also critical band analysis is used in calculating the masking threshold. From
the FFT the power spectrum is observed as P(w) = [Re*(w) 4+ Im*(w)] where
Re(®) + jIm(w) is the DFT coefficient. By summing the power spectra over various
frequency bands, critical bands are obtained.

Details on suggesting that the PE measurement may well estimate a limit for
transparent bit rate reduction for audio signals presented to the human ear are
described in [D3, D4].
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| ; ; Spectrum iti Spectrum
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Fig. 8.36 Perceptual entropy (PE) calculation. [D4] © 1988 IEEE
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Fig. 8.37 Block diagram of SEPXFM coder (stereo-entropy-coded perceptual transform coder).
[D6] © 1989 IEEE

The entropy-coded perceptual transform coder developed originally for mono-
phonic signals [D3, D4], is extended to stereo signals [D6] (Fig. 8.37). The later
case exploits both the redundancy in the stereo signal and the effects of acoustic
mixing in the listening environment resulting in encoding the stereo signal at a bit
rate much less than twice that for a monophonic signal.

8.17 OCF Coder

Optimum coding in the frequency domain (OCF) coder [D10] uses entropy coding
of the spectral values for increased coding efficiency and flexibility of the coder.
Both low-complexity adaptive transform coding (LC-ATC) and OCF use transform
coding to get high redundancy removal and high adaptation to the perceptual
requirements. Block diagram of the OCF coder is shown in Fig. 8.38. Decoder is
shown in Fig. 8.39. The input signal is windowed and transformed via MDCT
(modified DCT) which is used as a critically sampled filter bank. MDCT is
implemented via the FFT. Inverse transformation (IMDCT) at the OCF-decoder
is implemented via the IFFT.

8.18 NMR Measurement System

Another application of the FFT is in evaluating the audibility of quantization noise
from an objective measurement based on noise-to-mask ratio (NMR) and masking
flag [D10]. They use Hanning-windowed FFTs of 1,024 samples calculated every
512 samples (11.6 ms, sampling rate = 44.1 kHz). Block diagram of the NMR
measurement system is shown in Fig. 8.40.
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of the OCF decoder. [D10]
© 1990 IEEE Demultiplex

l Amplification
Huffman Decoder Coefficients,
l Quantizer Step Size

Inverse Weighting
Inverse Quantization

l

Inverse Transformation
Overlap & Save

8.19 Audio Coder for Mobile Reception

A subband audio coding system working at a sampling rate of 48 kHz and on a
COFDM (coded orthogonal FDM) broadcasting system has been developed by
CCETT [D7]. This system addresses sound program production and bit rate reduc-
tion as well as channel coding and modulation. Block diagrams of the optimized
subband coder and decoder are shown in Fig. 8.41.

The subband coder for a stereophonic program was implemented using DSPs on
Eurocard boards compatible with a VME bus.
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8.20 ASPEC (Adaptive Spectral Perceptual Entropy Coding
of High Quality Music Signals)

As indicated in MUSICAM (masking pattern universal subband integrated coding
and multiplexing) (see Section 8.23), ASPEC [D9, D17] is the other audio coding
which was selected for extensive audio tests by ISO for possible application in
MPEG audio. While MUSICAM (subband algorithm) was selected basically as
MPEG audio, the psychoacoustic model of ASPEC was merged into the MPEG
audio coding standard. ASPEC merges ideas from other high quality sound coding
systems proposed by University of Erlangen/ Fraunhofer Society, AT&T Bell Labs
(two coders), University of Hannover/ Thomson Consumer Electronics, and CNET
[D17]. ASPEC has also met all the system requirements of the ISO proposal package
description. Block diagrams of the single channel encoder (Fig. 8.42) and decoder
(Fig. 8.43) are shown. Filter bank is implemented via the modified discrete cosine
transform (MDCT). MDCT transforms 2n time domain samples to n frequency
domain transform coefficients (downsampling) with a block size of n samples in
time domain. Each sample is a member of two blocks. IMDCT (inverse MDCT)
maps the n transform coefficients into 2z time domain samples. An overlap and add
operation cancels the aliasing terms produced by the downsampling (TDAC).

Quantization and Error Protection,
Digital Audio In Blgck Bl'lffer, Entropy Coding Synchroqlzatlon Bit
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Fig. 8.42 Single-channel ASPEC encoder block diagram. [D17] © 1991 AES
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Fig. 8.43 Single-channel ASPEC decoder block diagram. [D17] © 1991 AES
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MDCT

S
By
|
—_

(8.43)

where x,(k) is the kth sample of block b with x,(k + n) = x4 (k) k= 0,1, ...,
n—1,f(k) (k=0,1,...,2n—1) is the window function and X,(m)(m =

0, 1, ..., n— 1) is the mth transform coefficient. One of the window functions is
2k +1
f(k):sin[w] k=0,1,...,2n—1 (8.44)
n

The IMDCT is

3(p) =£(p) 3 Xo(m) cos - Cp+1+m2m+ 1)
m=0

p=0,1,...,2n—1

(8.45)

and

xp(q) = yp-1(g+n) +y(q) ¢g=0,1,....,n—1 (8.46)

Among the several fast algorithms that have been developed for implementing
MDCT and its inverse, one efficient algorithm uses FFT. The psychoacoustic model
of the human auditory system for calculating the masking thresholds for bit alloca-
tion of the transform coefficients in the subbands is based on the FFT [D7].

8.21 RELP Vocoder (RELP: Residual Excited Linear
Prediction)

Another application of FFT is in the RELP vocoder (Fig. 8.44). Details of this
vocoder are described in [D30].

8.22 Homomorphic Vocoders

Homomorphic signal processing methods, such as homomorphic deconvolution,
can be used both for vocal-tract characterization, as well as, for extraction of
information relating to excitation [D30]. The basic idea in homomorphic vocoders
is that the vocal tract and the excitation log-magnitude spectra can be combined
additively to produce the speech log-magnitude spectrum.
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A speech analysis-synthesis system that uses the cepstrum is shown in Fig. 8.45.
The inverse Fourier transform of the log-magnitude spectrum of speech produces
the cepstrum sequence Ce(n). It can be shown that the (“que-frency”) samples of
the cepstrum that are near the origin are associated with the vocal tract. These
coefficients can be extracted using a cepstral window. The length of the cepstral
window must generally be shorter than the shortest possible pitch period. It can be
also shown that for voiced speech the cepstral sequence has large samples at the
pitch period. Therefore, the fundamental frequency can be estimated from the
cepstrum.

The synthesizer takes the FFT of the cepstrum and the resulting frequency
components are exponentiated. The IFFT of these components gives the impulse
response of the vocal tract which is convolved with the excitation to produce
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synthetic speech. Although the cepstral vocoder did not find many applications at
the time it was proposed, cepstrum-based methods for pitch and vocal-tract estima-
tion found many other speech-processing applications. In addition, in contributions
by Chung and Schafer [D5, D12] it was reported that good-quality speech at 4.8
kbits/s can be produced by combining homomorphic deconvolution with analysis-
by-synthesis excitation modeling [D30].

8.23 MUSICAM (Masking-Pattern Universal Sub-Band
Integrated Coding and Multiplexing)

In response to ISO, 14 companies have submitted proposals for developing a digital
audio coding standard. Because of similarities between these coding proposals, a
clustering into four development groups has been arranged. Finally two coding
algorithms (MUSICAM - subband coder and ASPEC — transform coder, ASPEC is
described in Section 8.20) have been tested extensively in Swedish Broadcasting
Corpn., Stockholm. Based on the 11 performances and corresponding weighting
factors (besides meeting the system requirements of the ISO proposal package
description [D8]) MUSICAM achieved a higher score of nearly 6% over ASPEC
(adaptive spectral entropy coding of high quality music signals) (Table 8.5) [D15].

MPEG audio [D50] resulted from collaboration of the two groups (MUSICAM
and ASPEC) by combining the most efficient components of the two algorithms
into one standard algorithm.

The sub-band coding scheme MUSICAM developed by French, Dutch and
German engineers [D11] is based on properties of the human sound perception, i.
e., temporal and spectral masking effects of the ear (Fig. 8.46).

Filter bank yields subbands of the audio signal (useful for temporal masking
effects). FFT is carried out in parallel to the filtering of the audio signal for the
calculation of the dynamic bit allocation to the subbands. By combining the high
frequency resolution of the FFT and the high time resolution of the scale factors,
human ears masking thresholds can be accurately estimated both in time and
frequency.

8.24 AC-2 Audio Coder

Dolby Labs developed the digital audio coder called Dolby AC-2 at sampling rates
of 32, 44.1 and 48 kHz for both mono and stereo at compression ratios of 5.4:1,
5.6:1 and 6.1:1 respectively for 16 bit PCM [D13, D14, D19, D21, D24].

T‘g?le 8.5 S;"ri;g ‘z.f t Algorithm ASPEC MUSICAM
Eu)ljse; F%elzgo(;};é;lve ests. Subjective tests 3,272 2,942
=~ Objective tests 4,557 5,408

Total 7,829 8,350
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A windowed overlap-add process is used in the analysis/synthesis filter bank and
has been efficiently implemented via the FFT. Encoder/decoder block diagrams are
shown in Figs. 8.47 and 8.48 respectively. As mentioned earlier, TDAC and
subband decomposition (critical bands) are implemented via alternating MDCT/
MDST on overlapping blocks. This is the evenly stacked TDAC.

MDCT/MDST are defined as

c 1 2mk
X (k) == ) x(n)cos|— (n+ ngp) k=0,1,...,N—1 (8.47)
N ~ N
and
1= 21k
XS(k) =~ 3 x(n) sin {i (n—l—no)] k=0,1,...,N—1 (848
N & N
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where ny = (%’—i— 1) / 2. In the TDAC each new N-sample block overlaps the
previous block by 50% of the block length. Critical sampling of the transform filter
bank is achieved as each MDCT or MDST generates only N/2 unique nonzero
transform coefficients.

The IMDCT/IMDST convert these transform coefficients into N aliased time
domain audio samples.

N—1

£C(n) =) x(k) cos[z—(n—&-no)] n=0,1,....N—1 (8.49)
k=0
N—-1

Sn) =Y X3(k) sin[(nJrno)] n=0,1,...,N—1 (8.50)
k=0
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FFT techniques have been applied efficiently in implementing MDCT/MDST
and their inverses. By considering MDCT and MDST as real and imaginary
components of a single complex FFT, a single FFT can be used to implement
both the transforms. These are described in detail in Sections 8.25 and 8.26.

8.25 IMDCT/IMDST Implementation via IFFT

The N aliased time domain samples £€(n) and %3(n) result from IMDCT/IMDST
which are implemented via IFFT as follows:

N-1

Re ZXC(/() exp {ﬂTﬂk (n+ ﬂo)}

(5 om0

which is the real part of the IFFT of [N X€(k) exp (jznk”o)] . Similarly the IMDST is

i (n)

(8.51)

N
the imaginary part of the IFFT of [N X5 (k) exp (’2“%)] , or
.S S J2nkng
X°(n) = Im|( IFFT |NX> (k) exp N (8.52)

where ng = (§ + 1) /2, X€(k). and X5(k) are MDCT and MDST of x(n) respec-
tively (see (8.47) and (8.48)). As [X€(k)exp(5™)] is conjugate symmetric,” the
imaginary part of the IFFT in (8.51) is zero. Similarly as [XS (k) exp (%)] is
conjugate antisymmetric,” the real part of the IFFT in (8.52) is zero. As the two
IFFT outputs in (8.51) and (8.52) are purely real and imaginary respectively, the
two N-point IFFTs can be combined into a single N-point complex output IFFT
which reduces the multiply-add count of computing (8.51) and (8.52) respectively
by a factor of two. This is shown in block diagram format in Fig. 8.49.

Proof: For N =8
X(N—k)=-X() k=12,...5-1 (8.53a)

X(N/2) =0 (8.53b)

The conjugate symmetric sequence for N = 8 is defined as

{(XF(0), XF(D),..., XF(D)} = {X5(0), X"(1), XF(2), X7 (3), X" (@), IX*®)1", X", X"}
3The conjugate antisymmetric sequence for N = 8 is defined as

{(X(0), X"(D),..., X"(D} = {X"(0), X"(1), X"(2), X"3), X"4), —[X"B)]", —[X"@)", —[X"(D]"}
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Fig. 8.49 IMDCT/IMDST implementation via IFFT for N =8, 19 = (Y + 1) /2 and W = ¢ 72*/V
(here W = Wg)

j2mkn N=l
{exp( 0>} = (ladl7d2;d37j7 *déf,*dé,*df) (854)
N k=0

From (8.53) and (8.54)

c J2mkng Nil_ c c C C
[x (k)exp( " )]H_{x O X () X Q) X,

0,X°(3)d;, X°(2)d3, X (1)d; }

where X€(k) is always real. Thus [XC (k) exp (ﬂ“k"“)] is conjugate symmetric.

N
N—1
€(n) =Re > _ [XC(k) exp(j2mkng /N)] Wy*" (8.51a)
k=0

ch(n) = Re [XC(()) +XC(1)dlej2mc/N +XC(2)dzej4nTE/N +XC(3)d3ej6m-[/N
+XC(3)d;‘ej10""/N JrXc(z)d;ejlzmc/N +XC(1)dTejl4nrr/N]
= Re [XC(O) +XC(1)dlej2nﬂ:/N +XC(Z)dzejétnn/N +XC(3)d3ej6nn/N
_’_XC(S)d;e*JGnn/N +XC(2)d;efj4nn/N +XC(1)dTe’ﬂ””/N]
=Re[X(0) + (c1 +¢}) + (24 ¢3) + (3 +¢3)]
(8.56)

where ¢, = XC(k) dy e?™*/N, k = 1,2, ..., % —1 and n is an integer. Sum of the
terms inside the square brackets of (8.56) is real.
Similarly for MDST

X5(0) =0 (8.57a)
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XS(N—k)=X5(k) k=1,2,....5-1 (8.57b)
From (8.57) and (8.54)
jZTl',kI’l() N-
XS (k = = {0,X5(1)d,,X5(2)d», X3(3)d5,
Cwen(ZR0)| = 0x a0 @0 858)
jXS(4)7 _XS (3)d;a _Xs(z)d; _Xs(l)dr}
Thus [X3(k) exp (’2“]‘"“)} is conjugate antisymmetric.
N-1
B(n) =Im Y  [X5(k)exp(j2nkno/N)] Wy (8.59)
k=0
)ZS( ) [ S 1)d1612nn/N + XS( )d2ej4nTr/N + XS (3)d38j6nn/N

(
XS (4) — XS3)dieNOmIN XS (2) g 120N _XS(I)dTeijc/N]
=Im [Xs(l) dye™/N 4 XS(Z)dzej4””/N + x5 (3)d3ej6”“/N
—|—jXS (4) _ (3)d§€7/6nn/N xS (2)d;efj4mt/N _ XS(I)d»feijnn/N]
=Im[(c; —¢}) + (2 — ¢3) + (c3 — &) +jX°(4)]
(8.60)

where ¢; = XS(k)dye”™"/N k=1,2,....¥ — 1 and n is an integer. Sum of the
terms inside the square brackets of (8.60) 1s imaginary.

The complex conjugate theorem is shown in (2.14). Similarly when x(n) is an
imaginary sequence, the N-point DFT is conjugate antisymmetric as

XFY k) =X ¥ —k), k=0,1,..., (8.61)
This implies that both X¥(0) and X¥(N/2) are imaginary. Given x(n) < X' (k) then
x*(n) < X¥"(—k). The DFT symmetry properties are summarized as follows.

Data domain < DFT domain

Real sequence < Conjugate symmetric [see (2.14) and (8.56)]
1 . - " L
3 [x(n) +x*(n)] < 3 [X (k) +X (—k)} from linearity (8.62)
where x(n) is a complex number.

Imaginary sequence < Conjugate antisymmetric [see (8.60) and (8.61)]

Yoy —x)] e % [XF(k) —xF (—k)] (8.63)
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where x(n) is a complex number.
From the duality of the DFT relations
Conjugate symmetric <  Real

%[x(n) _r(N=n)] o % [ 6) + %7 0] (8.64)
eg. (0,1,2,3,2, 1) 9,-4,0,-1,0,—-4)

Conjugate antisymmetric <  Imaginary

1 1 .
Sk —xN-m] e 3 [XF(k) _XF (k)} (8.65)
Thus
Symmetric real < Symmetric real

N N
x(z—i—n) :x(z—n> or  x(n)=x(N—-n) n=0,1, =) (8.66)
eg x=(34,2,1,2,4)
Symmetric imaginary < Symmetric imaginary (8.67)

c.g. (/37J?J2’J4’J2’]) (]13’ _sz J4’J7J4’ _]2)

Symmetric complex < Symmetric complex
(from linear combination of (8.66) and (8.67))

Assume x(0) = x(%) = 0. Then more antisymmetry properties of the DFT and its
inverse are as follows ([IP19], p. 242 and [B23], p. 49).

Antisymmetric real < Antisymmetric imaginary (8.68)

e.g. (0,1,0, -1) 0, —j2,0,/2)

Antisymmetric imaginary < Antisymmetric real (8.69)

e'g' (Oa j7 05 _,]) (05 2’ 0’ _2)

Antisymmetric complex <  Antisymmetric complex (8.70)
(from linear combination of (8.68) and (8.69))

e.g. (0, 1+, 0, — (1+)) 0,2-)2,0, - 2-j2))

Note X(0) = XF (%) = 0 for (8.68)—(8.70).
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8.26 MDCT/MDST Implementation via IFFT

By considering MDCT and MDST as real and imaginary components of a single
complex IFFT, a single IFFT can be used to implement both the transforms. From
the definitions of MDCT/MDST in (8.47) and (8.48), respectively

XC (k) + jX5 (k) _ ! [:Z%lx (cos{ k( +no)] +jsin [2Nik(n+n0)])

1 & j2mk
=5 2 x( ) exp [—N (n—|—no)} 871)
_ WNkng ZX WNkn
n=0

= Wy*" IFFT [x(n)]

where ny = (% + 1)/2. This is shown in block diagram format in Fig. 8.50, for
N =8.

Summarizing, FFT and its inverse have been extensively utilized in implement-
ing MDCT/MDST as filter banks and in developing psychoacoustic models for
audio coders that have been adapted by international standards bodies. Other
applications include RELP vocoder/homomorphic vocoder, OCF coder, perceptual
transform audio coder, NMR measurement, etc.

8.27 Autocorrelation Function and Power Density Spectrum

In this section, we compute the autocorrelation and the power density spectrum of a
sequence of random variables.

W o
X0 XE)+x5(1)
W72n0
x(2) XC2) +jX52)
W73n0
x3) 8-point . XCR3)+/X53)
(4) IFFT ! X5y
7w3n0
xX6) ~XC(3) +jx53)
Fig. 8.50 MDCT/MDST —W 0
implementation via IFFT for x(6) o -XC2) +jX5(2)
N=8ny=(¥+1)/2and - )
W = e /27N EI%Iere l)/V/: Ws) *7) —XE() +jX3(1)
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Fig. 8.51 a The autocorrelation and b the power density spectrum of a sequence of random
variables. Assume f; = 1

1. Generate a discrete-time sequence {x,} of N = 2,000 statistically independent
and identically distributed random variables, which are selected from a uniform
distribution over the interval (—1, 1). The unbiased estimate of the autocorrela-
tion of the sequence {x,} is defined as

1 N—m
Rx(m) = (m) anxn+mm = O, 1, N 71‘4
n=1

1 N
B (]\]—|m|> Z Xn Xn+mI = _17 -2,... ) -M (8.72)

n=|m|
where M = 50. Compute Rx(m) and plot it (see Fig. 8.51a).

2. Determine and plot the power density spectrum of the sequence {x,} by com-
puting the DFT of Rx(m) (Fig. 8.51b), which is defined as

M .
Sx(f) = Sk (k) = (2M + 1)-point DFT [R (m)] = m;M Ry(m) exp {(2 Zimf)]
fi=1 L<f<i —M<km<M (8.73)

DFT is implemented via the FFT.

8.27.1 Filtered White Noise

A white random process x(z) with the power density spectrum Sx(f) =1 for all
fexcites a linear filter with the impulse response (Fig. 8.52)
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Fig. 8.52 Filtered white

(1) ——| h(t) — (0

noise
White Noise Filtered White Noise
—t/4
e t=0
h(t) = ’ . 8.74
Q { 0  otherwise .74

1. Determine and plot the power density spectrum Sy (f) of the filter output.

I R S S A £ Y0 PN |
H(f)_LO (e 4)e ﬂfdt_L o (@t )dz_%ﬂznf (8.75)
1 1
=1, 3 <fs 3
_ oo . N2 1
Sy(f) = Sx(H(IH(f) = Sx(f)IH(f)| “ I oy (8.76)

Thus Sy (f) = 16 for f = 0.

2. By using the inverse FFT on samples of Sy(f), compute and plot the autocorre-
lation function of the filter output y(¢) (see Fig. 8.53).

Approximation errors between the Fourier transform and DFT are shown in
Fig 8.53. However, if we let h(f) = e~/*° for ¢ > 0, the two transforms show similar
results.

8.28 Three-Dimensional Face Recognition

In [LA7] various projection-based features using DFT or DCT are applied on
registered 3D scans of faces for face recognition. Feature extraction techniques
are applied to three different representations of registered faces i.e., 3D point
clouds, 2D depth images and 3D voxel (volume element) (Table 8.6).

Using 3D-RMA face database [LA8], Dutagaci, Sankur and Yemez [LA7] have
conducted the recognition performance of the various schemes (Table 8.7). The
database contains face scans of 106 subjects. Details on training and test data and
number of sessions per person (also suggestions for improving the recognition
performance) are described in [LA7].

New precise measurement method of electric power harmonics based on FFT is
described by Wu and Zhao [LA9].
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Fig. 8.53 Autocorrelation function (without the normalizing factor 1/N) and power density
spectrum. The more slowly R(m) goes down, the sharper Sy(f) gets. Assume f; = 1. a Power

density spectrum Sy (f). b Auto correlation by IDFT of Sy (f). ¢ Power density spectrum by DFT of
(d). d Auto correlation by xcorr (h)

Table 8.6 Representation schemes and features used for 3D face recognition. [LA7] © 2006
SPIE

Representation Features
3D Point Cloud = 2 D DFT (Discrete Fourier Transform)

= [CA (Independent Component Analysis)

= NNMF (Nonnegative Matrix Factorization)
2D Depth Image = Global DFT

= Global DCT

= Block-based DFT (Fusion at feature level)
= Block-based DCT (Fusion at feature level)
= Block-based DFT (Fusion at decision level)
= Block-based DCT (Fusion at decision level)
= JCA (Independent Component Analysis)

= NNMF (Nonnegative Matrix Factorization)

3D Voxel Representation = 3D DFT (Discrete Fourier Transform)
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Table 8.7 Recognition performances and number of features. [LA7] © 2006 SPIE

Representation Features Number of features Recognition
accuracy in %
3D Point Cloud 2D DFT 2 x 400 — 1 = (799) 95.86
ICA 50 99.79
NNMF 50 99.79
2D Depth Image  Global DFT 2x8x8—1=(27) 98.24
Global DCT 11 x 11 = (121) 96.58
Block-based DFT (Fusion 20 x 20 blocks (12 blocks) 98.76
at feature level) 2 x 2 x 2 — 1 for each block (84)
Block-based DCT (Fusion 20 x 20 blocks (12 blocks) 98.24
at feature level) 3 x 3 for each block (108)
Block-based DFT (Fusion 20 x 20 blocks (12 blocks) 98.13
at decision level) 4 x4 — 1 for each block (180)
Block-based DCT (Fusion 20 x 20 blocks (12 blocks) 97.82
at decision level) 6 x 6 for each block (432)
ICA 50 96.79
NNMF 50 94.43
3D Voxel 3D DFT 2x4x4x4—-1=(127) 98.34
Representation

8.29 Two-Dimesional Multirate Processing

In this section, we review the basic concepts of two-dimensional multirate systems
[F28]. For signals that are functions of time, the term “multirate” refers to systems
in which the sampling rate of signals at different points in the system is different.
For two-dimensional signals, we use “multirate” to refer to systems in which the
lattices (to be defined shortly) on which the signals are defined differ, regardless of
the physical significance of the lattice axes.

The integer lattice A is defined to be the set of all integer vectors n = (ny, I’lz)T.
The sampling sublattice Ay generated by the sampling matrix [D] is the set of
integer vectors m such that m = [D]n for some integer vector n. Consider, for
example, the sampling matrix [D] given by

p=a= (2 ) 5.79)

The lattices A and A p), are shown in Fig. 8.55¢. The lattice A is light and dark
circles. The sublattice Ap) is dark circles. In order to properly define a sublattice, a
sampling matrix must be nonsingular with integer-valued entries. There are an
infinite number of sampling matrices which generate a given sublattice. Each of
these can be obtained from any of the others by postmultiplication by an integer
matrix whose determinant is £1. A coset of a sublattice is the set of points obtained
by shifting the entire sublattice by an integer shift vector k. There are exactly
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D = |det([D])| distinct cosets of Ajp), and their union is the integer lattice A. We

refer to the vector k associated with a certain coset as a coset vector.

8.29.1 Upsampling and Interpolation

For the case of upsampling by a factor of D, the upsampled version y(n) of x(n) is

ya) = {x([D]ln), it TmeA (Z;) 5.50)

0, otherwise

Then the DFT of the upsampled signal y(n) is

YF(w) = XF<[D]Tm) w= <°" ) (8.81)

Y(z) = X(Z[D]) 7= (2) (8.82)

The result of upsampling on the Fourier transform of a signal is a reduction of the
size of features (such as passbands) and a skewing of their orientation. As indicated
by the movement of the dark square in Fig. 8.54, one entire period of X' (®), i.e., the
unit frequency cell {® € [—n, nt] x [—=, 7]}, is mapped to the baseband region

X(w)

Striped areas are images caused by
upsampling and need to be filtered out.

Dark square is a unit period. There are exactly D complete images
(D = |det[D]] = 2).

Fig. 8.54 Movement of a unit period in frequency domain to baseband and images for one-to-two
1 -1
1 1
caused by upsampling and need to be filtered out. There are exactly D complete images
(D = |det[D]| = 2)

upsampling with [Dz]T = ( . a Dark square is a unit period. b Striped areas are images
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ratios are 2:1; f—g Downsampling and upsampling ratios are 3:
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{[D]T(o:w € [—m,m] x [—n,n]} (8.83)

For example, if [D] = [D,] then

(NEW) (OLD)

ID]'@ = [D;] w:(i _11> (gz(z(;c)
(NEW) (OLD)
pro-pf  w=(7 ) (15)=(F)

which is centered at the origin. Images of the unit cell are mapped to regions
surrounding the baseband. There are exactly D (D = 2 for our example: the dark
square and the rest are shown in Fig. 8.54b) complete images of one period of
XH(®) in Y (o) [F28].

An upsampler followed by a filter that passes one of the images and stops the
others is called the interpolator.

Mapping of (8.83) for upsampling can be alternatively expressed as follows
[F29]. (Both expressions are useful.) From the inspection of the Fourier relationship
of (8.80), it is seen that the dark square spectral region in Fig. 8.54a:

{-n<o;<n}nN{-n<w,<n} Unit frequency cell (8.84)
is mapped to the dark square (parallelogram shaped) region
{—n<dnho +dyo <t} N{-n<dpo +dpo <1} (8.85)

where

_(dn di
[D]—(a,21 dﬂ) (8.86)

8.29.2 Downsampling and Decimation

The [D]-fold downsampled version y(n) of x(n) is expressed as

ym) = (D) n-= ( ) (887)

ny



8.29 Two-Dimesional Multirate Processing 295
where [D] is called the sampling matrix and is a nonsingular 2 X 2 matrix with
integer entries. It is easy to verify that the downsampling factor is D = |det[D]|.

The reciprocal of D is the sampling density (sampling rate). Then the DFT of the
downsampled signal y(n) is

Y (w) = 1% L:z;XF (([D]T)l(o) - 2nk,)> (8.88)

There are D coset vectors k associated with the cosets of [D}T.

Similar to (8.82), XF(ew — 2nd;), I = 0, D — 1 are mapped to the same region:
{[D}Tm o E passband} (8.89)

Example: For XF(w — 2ndy) = X' (w)

[D'e = [D2] w0 = (i _11> <—On) - <—nn)
ora-ora=(7)(0)-(")

31 i (Figs. 8.56 and 8.57). We first

select a complete set of coset vectors K; associated with A[D]r. Since |det [D}T’ =3,

Consider the sampling matrix [D3] =

there are three distinct cosets. One choice for the k; is

ko = (8) ki = (é) ks = (é) (8.90)

-1
The next step is to determine the aliasing offsets of 21 ([D]T) k;.

a b c
Two edges meet
P as the unit cell is
Ap) o Apy
Y , 2-D periodic.
mal/ / T / i
/
N /
N N n b1
= ® — ® — ®
T / o0 T 0 1 T 0 1
1/
P AN -1 -
’ ’ N
0] ) £}

baseband region

Fig. 8.56 Baseband region P for [D3] = ( 31 i ) and the two aliases of it, AP and AP,. [F28]
© 1991 IEEE
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Fig. 8.57 A set of three coset b
vectors for the sampling matrix
2 1 1
Dy = (5, )= (did). !
When the coset vectors are — 3
used in a polyphase context,
they are referred to as d,
polyphase shift vectors for [D]

n

5

®, [Q)) (0]

A 7 \|
el

— 0 T -7 0 T

®
2n !

—T =Tt —T

Fig. 8.58 Movement of unit period to baseband and images under upsampling for [DZ}T =

( -l ) . ¢ Images (dark areas) are created by upsampling and filtered out

1 1
([Ds]T)f1 = (_11 ;) (8.91)

It is generally true that the frequency regions defined by AP, and AP, are
admissible passbands (Fig. 8.58).

Frequency partition for alias free for two-to-one decimation, the square rotate
clockwise while the area shrinks to half. Dark areas are passbands. We have already
seen the frequency partition in Fig. 5.36a for DFT geometrical zonal filtering.

[Dy) = <_11 }) = ([DZ]T)A: (_11 i) (8.92)

The following fundamental property defines an admissible passband. Let P
denotes the set of frequencies in passband, and AP;, [ = 1, ..., D—1 denote the

-1
sets obtained by shifting P by the aliasing offsets 27 ([D]T) k;:

p= {([D]T)lm:w € [ x {M}}
e.g. ([D]T)ilmz ([D]T)l<2> = (’5)

—1
AP,{m:m+2n([D]T) k;eP} I=1,...D—1 (894

(8.93)
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Then, the intersection of P and any of the AP; must be empty, i.e.,
PNAP, =0 I=1,....D—1 (8.95)

Otherwise, there exists some frequency in the passband that aliases onto another
frequency. Intuitively, if two frequencies that are separated by an aliasing offset are
both in P, the passband is inadmissible because those two frequencies will alias to
the same frequency during downsampling. Regardless of shape, an admissible
passband can be no larger than (1/D)th the size of the unit frequency cell.

Let the symbol & denotes the correspondence between one- and two-
dimensional expressions.

ym) =x([Dlm) < y(n) =x(2n) (8.96)
- 1, ifn € A[D]
sipj(n) = {0, otherwise
sppj(n) = 1 i:] e PN ! (1 + eﬂ;”> (8.97)
D = 2
® 7j2mqu
eipj(®) = epp) <m;> = <§jzmrd;> (8.98)

D] = (di,dz), di = (dﬂ ) d; = (dzz) (8.99)

where d; is the kth column of [D].

= n

spim) =5 [e[Drl (2nk,)} (8.100)

=0

The downsampled signal y(n) of (8.96) can be obtained by a two-step process in
which x(n) is first multiplied by s;p)(n) to form an intermediate signal

w(n) = x(n) s;p(n) (8.101)

and intermediate signal is then downsampled. This two-step process [F28] is an
extension of the one-dimensional case [IP34, p. 441, F30, p. 91].

| b=l “n
W) = > x(n) [e[D]fl (2nk,)}
1=0
Taking z-transforms yields
D—
Z D 27‘Ck1 ] (8102)

1=0
Since w(n) is nonzero only on Ay and equals x(n) there,

=> ymz"=> x([Dln)z " => w([Dn)z " (8.103)

neA neA neA
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Substituting m = [D]n,

Y(z) = Y wim)z 2™ =3 p(n)z P (8.104)

meA neA
1\ —n 1
=N wm)(22) " = w(a”! (8.105)
S () ()
Therefore, from (8.102)
1= a
Y =5 ;X<e[Dr](2nk1)z[D] ) (8.106)
1 R o Ty~ o
Y(z) == > X(e /2Pl 4P (8.107)
(e
YF () :lD71XF<([D*1]T)w—2n([D*1]T)k,) (8.108)
D 1=0 .

Multirate identity (often called noble identity) is a useful tool to analyze multi-
dimensional multirate systems. Its analysis side is illustrated in Fig. 8.59 where
H(w) and [D] are a two-dimensional filter and a 2 x 2 downsampling matrix,
respectively. With multirate identity, the order of a filter and a downsampling
matrix can be interchanged. This is because any system whose z-transform is a
function of z/”! has an impulse response that is nonzero only on A p). The synthesis
one can be inferred similarly [F28, F32].

Definition 8.1 Let the Ith column of the matrix [D] be given by d,. The quantity
z/P! is defined to be a vector whose /th element is given by

z=12% (8.109)

. [z el [ O - o 2 2
Example: Let z = (22> = (em),m—(mz),[m = (dj,dy) = (_1 1).

(D]

Then elements of the vector z!*) are computed as

21 = 2% = e/ = g/Rome) — 2,01 (8.110)
—» H(®) = —H(D"e) —{[D]
H(z) H(z[PT)

Fig. 8.59 Multirate identity. [F32] © 2009 IEEE
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5 =1% = e/ = JRorre) _ 2,1 (8.111)
2_—1
2Pl — (212221 ) (8.112)
)
2 —1
H(ZP) =H( "1 (8.113)
51%)

Notice that z[”! is mapped to a vector as [D] is a matrix, and z% is mapped to a
complex number as d; is a vector.

Definition 8.2 A generalized quincunx sampling matrix is a matrix whose entries
are £1 with determinant two. Typical quincunx sampling matrices are

ei-(4 1) ea=(1 ) (8.114)

Since [Q1] is the most commonly used of theses, we will use it by default unless
specifically mentioned otherwise. Quincunx downsampling results in a down-
sampled rotated representation.

We need to start from upsampling when we figure out a frequency representation
of passband for downsampling (Fig. 8.60).

A resampling matrix is unimodular. A unimodular matrix has only 0, 41 or —1
entries. Its determinant is 1. Its inverse matrix is also unimodular.

[Rl]:<1 1) [R]:<1 1)
m((}) (}) [R]<(}1 1(1)> (8.115)

where [R;],i =1,...,4 are called resampling matrices and diamond-conversion
matrices. Apply each matrix to the diamond-shape passband to obtain the asso-
ciated parallelogram passband (Fig. 8.61).

Upsampling Resampling Resampling Downsampling
- : .
= ;Ho«o) Hyo)t Y@
v
Frequency [0 )@ R]) @ (®]H "0 (o1 'e
domain
Image [Q]'n [R]'n [Rin [OyIn

Fig. 8.60 Downsampling this bandlimited signal stretches its transform to the unit cell defined in
(8.84), with no aliasing
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®3
> o,
[Ry] (R3] [Ry] [Ry]
[Ry]" [R]" [Ry])" [R,]"
[R,]"! (R, (R (Ry]!
RIHT (RIDHT (R (R H™
Fig. 8.61 A diamond-shaped passband and four parallelogram passbands by [R;],i =1,...,4.

Three equivalent relations are listed below each matrix. [F31] © 2004 IEEE

8.30 Fast Uniform Discrete Curvelet Transform (FUDCuT)

As wavelet analysis is very effective at representing objects with isolated point
singularities, ridgelet analysis can be very effective at representing objects with
changes or singularities along lines [F25]. One can loosely view ridgelets as a way
of concatenating one-dimensional wavelets along lines. Hence the motivation for
using ridgelets in image processing tasks is very appealing as singularities are often
joined together along edges or contours in images [F34].

Since in two-dimensional signal, points and lines are related via the Radon
transform [B6] (a point in the Radon transform represents a line in a real-life
image), the wavelet and ridgelet transforms are linked via the Radon transform.
Ridgelets can effectively deal with /inelike phenomena in the two-dimensional case,
where wavelets do not effectively deal with singularities along lines and curves.

8.30.1 The Radon Transform

The continuous Radon transform of a function f(x, y), denoted as R, (¢, 0), is defined
as its line integral along a line inclined at an angle 0 from the y-axis in the spatial
domain (x,y) and at a distance ¢ from the origin [B6, F34]. Mathematically, it is
written as

Ry(t,0) = JJ f(x,¥)0(x cos 0 + ysin 0 — r)dxdy (8.116)
—o<t<oo, 0<0<n
where 4(¢) is the Dirac delta function. In the digital domain this is the addition of all

pixels that lie along a particular line defined by intercept point ¢ and slope 6 and
lying on the (x,y) plane (radon, iradon).
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It is instructive to note that the application of a one-dimensional Fourier
transform to the Radon transform R, (z,0) along ¢ results in the two-dimensional
Fourier transform in polar coordinates. More specifically, let FF(w;, ;) be the two-
dimensional Fourier transform of f(x, y). In polar coordinates we write F’ g(é, 0) =
FF(Ecos 0, &sin0). Then we have

F¥(Ecos 0,&sin ) = 1-D FT[R,(1,0)] = JOO R,(1,0) exp(—jEn)dt  (8.117)

—00

This is the famous projection-slice theorem and is used in image reconstruction
from projection methods [F36, B6]. Similarly, an inverse one-dimensional Fourier
transform of the two-dimensional Fourier of an image yields a Radon transform of
the image. Different from a regular inverse, this inverse one-dimensional Fourier
transform is defined as its line integral along a line inclined at an angle 0 from the
,-axis in the Fourier domain (®;, ®,), where the inverse is applied to a line for
each 0 to obtain the two-dimensional Radon transformed data. The relation will be
used to derive the ridgelet and thus curvelet transforms which come next in this
section (see Fig. 8.62).

8.30.2 The Ridgelet Transform

The ridgelet transform [F36] is precisely the application of a one-dimensional
wavelet transform to the slices of the Radon transform where the angular variable
0 is constant and ¢ is varying. To complete the ridgelet transform, we must take a
one-dimensional wavelet transform along the radial variable in Radon space.

Fig. 8.62 Relations between

the transforms. The Radon
transform is the application of / \
1-D Fourier transform to the
slices of the 2-D Fourier
tran%form .and the rl(.igel.et Radon , (2-D Fourier
transform is the application of . .
domain domain
1-D wavelet transform to the Inverse 1-D FT
slices of the Radon transform.
It is noted that the two-
dimensional Fourier
transform is used to compute
the Radon transform in this
section rather than a direct Ridgelet
computation of the Radon domain
transform. [F36] © IEEE
2003

1-D Fourier transform

One-dimensional
wavelet transform




302 8 Applications
Rl(a,b,0) = J Vo ()R (2,0) dt (8.118)

—00

where one-dimensional wavelets are defined as

Lo ft—b
Vap(t) =a 2\11( P ) (8.119)
where a = 2" represents dilation, b = k2" represents translation and m is a level
index. m and k are integer. The ridgelet transform is optimal to detect lines of a
given size, which is the block size.

The ridgelet transform is precisely the application of a one-dimensional wavelet
transform to the slices of the Radon transform. Thus the finite ridgelet transform
(FRIT) [F33] is the application of the finite Radon transform (FRAT) [F33] to the
entire image followed by the wavelet transform on each row. The inverse FRIT is
the entire operation in reverse. Apply the inverse wavelet transform to the rows, and
then use the inverse FRAT on the entire image (Fig. 8.63).

(N x N)
KN Do
Image 2D-FFT (<323 =
(N x N) = i |2V lines
7\\_ .

Inverse 1D-FFT \
/

ID-WT

Ridgelet| Transform
Radon Transform (2N|x 2N)

(2N x N)

Angle

Frequency

Fig. 8.63 Ridgelet transform flowgraph. Each of the 2N radial lines in the Fourier domain is
processed separately. The one-dimensional inverse FFT is calculated along each radial line
followed by a one-dimensional nonorthogonal wavelet transform. In practice, the one-dimensional
wavelet coefficients are directly computed in the Fourier space. [F35] © IEEE 2002
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8.30.3 The Curvelet Transform

The curvelet transform [LA25] begins with the application of the a trous wavelet
[F33], and then is followed by the repeated application of the ridgelet transform.

The a trous subband filtering algorithm is especially well-adapted to the needs of
the digital curvelet transform. The algorithm decomposes an N X N image / as a
superposition of the form

M
I(x,) = ¢(x,y) + Y wn(x,y) (8.120)

m=1

where ¢; is a coarse or smooth version of the original image / and w,, represents the
details of [ at scale 27™. Thus the algorithm outputs M + 1 subband arrays of size
N x N. Scale m = 1 corresponds to the finest scale i.e., high frequencies.

The algorithm is most simply stated as [F35]:

1. Apply the a trous algorithm with M scales to an input image (M subband arrays
of size N x N) (see Fig. 8.64).
2. Set block size By = Bujn (€.g2. Bmin = 16).
3. For subband indexm =1,2,.... M
(a) Partition the subband with a block size B,, and apply the discrete ridgelet
transform to each block
(b) If m modulo 2 = 1 (or m is even), then the block size of the next subband is
Bt = 2B,
(c) Else B,,11 = By-

Example: For an image of size N x N, each subband also has the same size of
N x N. Let the number of fine scales M = 5. Set the size of block B;. For m =1,
divide the subband m = 1 with block size B; and set B, = 2B;. For m = 2,
B3 = Bz. For m = 3, B4 = 282 For m = 4, B5 = B4.

The first generation of curvelet transform was updated in 2003 [F24]. The use of
the ridgelet transform was discarded, thus reducing the amount of redundancy in the
transform and increasing the speed considerably. In this new method called the
second-generation curvelet, an approach of curvelets as tight frames is taken. Using
tight frames, an individual curvelet has a frequency support in a parabolic-wedge
area of the frequency domain as seen in Fig. 8.65a [F37].

The main idea of this construction is to decompose any two-dimensional func-
tion into spaces that are strictly bandpass in frequency domain. The support shapes
of these function spaces are concentric wedges (see Fig. 8.65a). The curvelet
coefficients for each scale-direction wedges are estimated as the inner product of
the given two-dimensional function and the bandlimited curvelet function centered
on a grid that is inversely proportional to the wedge-shape support of the curvelet in
the frequency domain (see Fig. 8.65b). Assume that we have two smooth functions
W and V, satisfying the admissibility condition [F24, F38]
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Image /
(128 x 128)

2D-WT

a trous
Wavelet
Transform

B) =16 x 16

(B, X|B,) =32 x 32
(B3 X Bj) two-dimensional FFT

m=3
(B3 x|B;) = 32 x 32

7 \hh m=4
Inverse 1D-FFT \ AN
Radon Riflgelet
Transfor Trapsform

=
S FE R S ——
3
|
i
<

Frequency

This part is the ridgelet transform and corresponds to Fig. 8.63.

Fig. 8.64 Curvelet transform flowgraph. The figure illustrates the decomposition of the original
image into subbands followed by the spatial partitioning of each subband. The ridgelet transform is
then applied to each block. [F35] © IEEE 2002

Fig. 8.65 Curvelet tiling of space and frequency. a Tiling of the frequency plane (an individual
curvelet has frequency support in a pair of parabolic-wedge areas of the frequency domain) and
b the spatial grid of the curvelet at a given scale m and orientation /. [F24] Copyright © 2006
Society for Industrial and Applied Mathematics. Reprinted with permission all rights reserved
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Z w2(27"r) =1 (8.121)
Y Vie-1)=1 (8.122)
I=—

The frequency window U,,(r, 0) for the curvelet transform is defined with r and
0 polar coordinates in the Fourier domain by

Up(r,0) = 2734 W (2" )y (%) (8.123)

where |m/2] is the integer part of m/2. The support of U, (r,8) is one of the two
dark concentric wedges (or rectangles) in Fig. 8.65a. To obtain real-valued curve-
lets, a symmetric window function ¢,,(r, 0) in the frequency domain is defined as

Pp(r,0) = Upn(r,0) + Up(r,0 + 1) (8.124)

(Recall the complex conjugate theorem of (2.14).) This window is used to define the
curvelet function at the first direction of scale m, ¢,,,(®) = ¢,,(r,0). In the
frequency plane, each curvelet direction is indexed by L = (m,1). At each scale
m, the number of directions is 21"/2) | At scale m, the curvelet direction [ is generated
by rotating the curvelet window function @,(r,0) by a rotation angle
0= (I—1)2r27 "2 with 1 =1,2,...,27"/2,

The coarse scale curvelet function is defined by polar window W(r) as
follows @,(®)W(r). From the definition of W(r) and V(0) functions in (8.121)
and (8.122), it can be shown that the function ¢(®) and scaled version of ¢2 ()
are summed up to one for all ®, where ® = (w1, ®;) is the two-dimensional
frequency variable.

The curvelet transform [F24] has become popular in image processing since it is
proved to be an essentially optimal representation of two variable functions which
are smooth except at discontinuities along a C? curve (a function of the class C? is
twice continuously differentiable), and has been used and performed very well
especially for images with edges in many image processing applications, such as
denoising, deconvolution, astronomical imaging, component separation (see
[F25]). The implementation of its discrete version which is called the fast discrete
curvelet transform (FUDCuT) is based on the FFT.

The fast uniform discrete curvelet transform (FUDCuT) is an invertible multi-
resolution directional transform which is basically a filter bank implementation in
the frequency domain of the continuous curvelet transform. The implementation
processes of the forward transform of FUDCuT are as follows. First, the two-
dimensional data (image) is transformed into the frequency domain via FFT. By
windowing using the curvelet windows, we then obtain the curvelet coefficients in
the frequency domain. Applying IFFT, we obtain the curvelet coefficients in the
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time domain. The inverse transform is simply obtained by reversing these steps.
The transform has one-sided frequency support, which results in the complex-
valued coefficients. An example of the FUDCuT decomposition is shown in
Fig. 8.66, where the Lena image is decomposed into two levels with 6 and twelve
directional subbands.

The implementation processes of the forward and inverse transforms of FUD-
CuT are as follows [F25].

1. The 2-D image x(ny, n) is transformed into the frequency domain via 2-D FFT

XF(ky,ky) = 2-DFFT|[x(n1, ny)]

2. The frequency domain XF(ky, k) is windowed by U, (ki,k2) to obtain the
coefficients of scale m, direction / in the frequency domain

Cr (ki ka) = Upy(ky ko) XF (ki ko)

(m, ™)

L—]
—>k1
M~

|
|
/\

I
|
The Lena image A frequency decomposition of the FUDCuT
Scale = M = 2, direction = L = 12

l«— Six directions —»| Twelve directions —— |

FUDCUuT coefficients of the Lena image

Fig. 8.66 An example of the fast uniform discrete curvelet transform (FUDCuT). The number of
directions increases with frequency. Each bandpass region can have 3 x 2" (scale m = 1, 2)
directions. [F26] © 2009 IEEE
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where the window U, ;(ki, k2) is defined as the product of two windows:

Un(ki, ko) = Wi (ki ko) Vi (ki k)
The window W,,(k;, k) is defined as

Wik, ko) = \/¢31+1(k17k2) — Oy (k1 k)
where
(Dm<k1; k2> = ¢(2_mk1)¢(2_mk2)

The function ¢ (k) is the Meyer window, which is given by

Number ‘3’ means period « has three

sections.
1 if o] <%
= s |w| iC2T n
(k) = cos[Tv(Z - 1)] If < |w| <4 (8.125)
0 otherwise

Number 2’ means a flat line of the window
stretches for two sections from origin and then
a slope stretches for two sections.

Figure 8.67 illustrates the Meyer window. On the other hand, the window
Vimi(ka, k2) is defined as

Vimi(ki, ko) = ¢<2L"7/2Jil_ l)

2

where |m/2] is the integer part of m/2 (e.g. |5/2] = 2).

¢(w) ¢ (2w)
1 1

Fig. 8.67 Meyer window
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3. Form=1,...,Mand/=1,..., L, the curvelet coefficient ¢, ;(n, n2) in scale m,
direction /, in the time domain is obtained by the 2-D inverse FFT (IFFT) of
C; l(k17k2)

¢mi(ny,n3) = 2-D IFFT [Cﬁw(kl,kz)}

The inverse FUDCuTis obtained as follows.

1. For each scale m and direction /, the curvelet coefficient ¢, ;(ny,n,) is trans-
formed into the frequency domain via 2-D FFT.

Cy(ki, k) = 2-DFFT ¢y (n1, 1)

2. For each scale m and direction I, C% (ki k,)is multiplied by the window
m,](k17 kz) to obtain an‘l(kl, kg)

Xy (ki, ko) = Upy(ki, k) Ch, (ki ko)

3. Add X;J(kl,kz) all together i.e.,

X (ki ko) =D > X5 (ki ko)

4. Finally, apply 2-D IFFT to obtain x(ny, n,).

x(ny,ny) = 2-D IFFT[X" (k1 k2) ]
This is true since the windows Uy, (k1 k») are designed such that
M L
Ug (ki k) + ZZU,,” ki ky) =
m=1 /=1

The equivalent of the two-level FUDCUT filter bank is shown in Fig. 8.68.
Function v(x) is an auxiliary window function (or a smooth function) for Meyer
wavelets with the property (Figs. 8.69 and 8.70)
vix)+v(1—x) =1 (8.126)

Symbol d is a degree of the polynomial defining v(x) on [0, 1] (for software see
[F24]).

v(x) =0 for x <0 (8.127)



8.30 Fast Uniform Discrete Curvelet Transform (FUDCuT) 309
a scalem=1,2,.... M
direction /=1, 2, ..., L Curvelet
CF \(ky.ky) coefficients
2, 1K, K
Image Xk, ky)
2-D FFT Uy 1(ky. k) @ 2-D IFFT
X(i’l], n2)

U 1ok k) 2-D IFFT

=)

Uy (k) k)

2-D IFFT

B~

D @

U o(ky, k)

2-D IFFT

JE

T

=
B~
[

Uy(ky.k>) 2-D IFFT

Forward transform

b
Curvelet
coefficients CF \(ky,ky)
2-D FFT @ Uy \(kyky) | X1y Key)

D@

2-D FFT

=

G

Image

x(ny, ny)

2-D FFT ng)(kl,k2)

—»
=
p=

Inverse transform

Fig. 8.68 Fast uniform discrete curvelet transform (FUDCuT). The symbol (l[2 4]) indicates
downsampling or decimation by two in the row direction and four in the column direction, and
the symbol ({[? 4]) indicates upsampling or interpolation by similar rates. [Do] = diag (2/,2/)
= diag(4,4) for the maximum scale J = 2 [F25]

v(x) =x forO<x<landd=0 (8.128)
v(x) = x*(3 — 2x) forO<x<landd=1 (8.129)

v(x) =2 (10 — 15x + 6x%) for0O<x<1landd=2 (8.130)
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v(x)
A
1
7
ey 1
F4
L
Py -
P
& .. -f/
s .
C
0 P 1 1 1 L 1 1 1 > X
0 1
Fig. 8.69 An auxiliary window function for Meyer wavelets
a b
H(w) H(w)
1 1
/
\ |
1 I
\ I
l,'
\_I\ .}.
0 ® 0 - ®
0 31 0 31
Fig. 8.70 a Lowpass and b highpass Meyer windows with L =4, d =3
v(x) = x*(35 — 84x + 70x* — 20x7) forO<x<landd=3 (8.131)
v(x) =1 for x>0 (8.132)

Dyadic points are 1,2~
H=1 l<o< 2L—%J
H(o) =cos[Zv(3% —1)] 2F - %J +l<o<2t+ %J +1 (8.133)
H=0 2L+%LJ+2<@<2L“
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H=0 l<o< 2t-|%

Ho)=sin[Ev(32 —1)] 26— |&|+1<o<2t4+ |2 +1 (8.134)
2 " \2 3 3

H=1 2 - (2t 3] 1) + 1< o< 2t

8.31 Problems

(Section 8.1: 8.1-8.3)

8.1

When XF(k),k =0,1,...,N — 1 is given, derive an equation for a decimation
by a factor of three. Assume that three divides N, i.e. N =3,9,27,...

8.2 Show that upsampling by a factor of two can be performed exactly in the

8.3

frequency domain by appending a DFT block after the same. See (8.6).
Given a random vector x = (1,2, 3, 4)T, show frequency domain interpolation
by a factor of three by using the MATLAB.

8.4 Create a random input sequence, x(n) of length 18. The impulse response of a

low pass filter or antialiasing filter is h(n) = {%, %,i}. Use MATLAB to imple-
ment 2:1 time domain decimation in the frequency domain as part of fast
convolution filtering. Use the overlap-save method with three segments of
length (L+M —1)=8, L=6, M =3. Thus the lengths of forward and

inverse FFTs are eight and four, respectively.

(Section 8.4: 8.5-8.6)

8.5 Derive (8.25) from (8.19).
8.6 The spatial domain is described by the two-point vector (nl,ng)T which is

denoted as n. This leads to compact expressions for the 2-D DFT and its
inverse.

X(k)ZZX(n)exp{%zn%,M} k= (2) n= (Z;) (P8.1a)

n

x(n) = 55 > x (k) eXP{ﬂWn (k, n)} (P8.1b)

k

where (k,n) = k"n denotes an inner product in R?. Lawton’s chirp algorithm
[IP3, IP9] is generalized for a 2-D rotation. We assume in this problem that [A] is
a symmetric matrix. Use the following matrix [A] for parts (a) and (b).

[ —cos® sin@) [—o P
[A]_(sine cos6>_<B oc) (P8-2)



312 8 Applications

(a) Let
Z(n) = exp{%ﬁ (n, [A]n)} = exp (Jﬁn [(n} —n3)o— 2n1n2[3]> (P8.3)

Starting from

x([A]n) = x(—n; cos 0 + ny sin 6, 1y sin O + 1, cos 0)
1 N—=1N-1 o
_ ZZ (k1, ko) exp(N [(—kiny + kany)o + (klnz—i-kgnl)ﬁ})
(P8.4)
show that
= 2(n) Y {(XF(0)Z(K)}Z' (k — n) (P8.5)
k
(b) Let
Z(n) = exp{%t (n, [A]@} (P8.6)
Different from part (a), starting from
XE([Alk) = F( ky cose—i—kgsine ky sin® + &, cos 0)
—1 N=—
Z x(ny,m) exp( E[(—kiny + kanp)ou+ (kyno + kany )B))
n1=0n,=0
(P8.7)
show that
Z {x(n)Z(n)}Z* (k — n) (P8.8)

Use the following matrix [A] for parts (c) and (d).

__(sin® cos® \ (o B
[A]_<cose sin9>_(ﬁ cx) (P8.9)
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(c) Repeat part (a) by letting

Z(n) = exp {]Nn (n, [A]n>} (P8.10)

In other words, start from the following equation to get (P8.5).

x([A]n) = x(ny sin® + ny cos B, ny cos O — n, sin O)
| N=1N- ion
__2 ZZX (k1, k2) eXp(N [(kll’ll kony)o + (k1n2+k2n1)m>
(PS.11)
(d) Repeat part (b) by letting
—jn
2(0) = exp{ 2 (141} (P8.12)

In other words, start from the following equation to get (P8.8).

X ([A)k) = XF (ky sin© 4 k2 cos 0, k; cos O — k; sin 0)
—1 N—I

2 [(kﬂl] kznz)O( + (k]l’lz + k2i’l1)B}>

X I’ll,nz exp< N

n;=0n,=0

(P8.13)

8.7 Derive (8.33) from (8.29).

8.8 Show (8.41) yields (8.42).

8.9 Draw a block diagram similar to that for implementation of oddly stacked TDAC
via FFT (Fig. 8.34) for implementing IMDCT via IFFT (see Problem 8.8).

8.10 Derive the following equations.

(a) (8.62) (b) (8.63) (c) (8.64) (d) (8.65)

8.11 Let a sampling matrix [D3] = {_21 ” (see (8.79)). Similar to Fig. 8.56, to

show the movement of a unit period in frequency domain to baseband and
images, draw the baseband region and images after upsampling. Show details
and results of both mapping methods.

Hint: see [F28].
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8.32 Projects

8.1

8.2

See

8.3

8.4

8.5

8.6

8.7

8.8

8.9

Image registration by Fourier phase correlation method
(a) Repeat the simulation shown in Fig. 8.7. Register an image with itself and
plot the result. Compare those phase correlation functions with ordinary/
standard correlation functions (See Fig. 1 in [[P16]). Use the Lena and Girl
images, and the MATLAB code in Appendix H.2. See [1P20]
(b) Add random noise to the translated images. Register noisy images
(c) Register the original image with nthe following translated, re-worked
images
(1) Noisy, blurred images.
(2) Multiply all the pixel values by a number.
(3) Take the square root of the pixel values.
(d) Repeat the simulation for the simpler method defined in (8.17).
Implement phase based watermarking on an image and show the original and
watermarked images (see Figs. 3 and 4 in [E2]). Show also an image similar to
Fig. 5 in [E2]. Implement JPEG encoder [IP27] on the watermarked image and
show that it survives up to 15:1 compression ratio (CR).

[E4] for Projects 8.3-8.7.

Implement and display the 512 x 512 Lena image (watermarked) using the

Fourier-Mellin transform (see Fig. 9 in [E4]). Watermark is “The watermark”,

in ASCII code.

Rotate the image (Fig. 9 in [E4]) by 43°, scale by 75% and compress the image

(JPEG [IP27, IP28], quality factor 50%) and display the image (Fig. 10 in

[E4]). The quality factor is explained in Appendix B.

Recover the watermark using the scheme described in (Fig. 8.16) Fig. 8 in [E4].

Obtain and display the log polar map of the Lena image similar to Fig. 11 in

[E4].

Obtain and display the reconstructed Lena image by applying inverse log-polar

map to the result of Problem 8.6 (similar to Fig. 12 in [E4]).

The authors of [E14] indicate that they are updating the frequency masking

model to the psychoacoustic model specified in MPEG-1 audio Layer III [D22,

D26]. Embed the watermarking using this model (i.e., replace frequency

masking based on MPEG-1 audio Layer I — see Fig. 8.28) and implement the

watermarking process (see Fig. 8.19). Simulate and test this system. See

Figs. 7-13 in [E14].

Image Rotation

(a) Rotate the Lena image by 60° in the spatial domain. Use the MATLAB
command imrotate [IP19].

(b) Reduce the Lena image to the size of 64 x 64 to reduce the computation
time. Implement (8.25) as it is and then rotate the Lena image by 90°, 180°
and 270°. (see Example 5.1)
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See

8.10
8.11

8.12

(c) Implement (8.25) by using the chirp-z algorithm instead of the convolution
computation. Rotate the 512 x 512 Lena image by 90°, 180° and 270°
[IP10]. Compare calculation/elapsed times of (b) and (c). Use tic and toc.

(d) Given the DFT of an image, rotate the 512 x 512 Lena image by 180° in
the DFT domain by using the DFT permutation property (see Example
2.1). Flip the image along left/right and along up/down directions respec-
tively using the same method. (use the commands fliplr and flipud)

(e) Image rotation by 270° in the spatial domain can be accomplished in the
DFT domain:

I = imread ( ’lena.jpg ’), A = fftshift ( fft2 (I) ); B = transpose (A);
C = fftshift (B); D = ifft2 (C); imshow (real (D), [ ])

Section 8.27 for Projects 8.10 and 8.11.

Implement the steps shown in Fig. 8.51.

Implement the steps shown in Fig. 8.53.

(a) Use N =301 frequency samples to plot the power density spectrum of
Sy(f) defined in (8.76).

(b) Use the inverse FFT on Sy(f), to plot the auto correlation function of the
filter output y(z).

(c) Use M = 151 time samples to implement the decreasing exponential
function defined in (8.74).

(d) Compute the auto correlation function R(m), m =0, 1, ..., 2M — 1 of
(8.74). (M = 151) (see Examples 2.5 and 2.6).

(e) Use the FFT on R(m) to plot Sy (k).

(f) As an alternative to step (e), compute |H(k)|* where H(k) = DFT[h(n)],
0 <k, n <300.

In [LAI12] Raicevi¢ and Popovi¢ (please access the paper) apply adaptive

directional filtering in the frequency domain for fingerprint image enhancement

and as well denoising. Block diagram for the fingerprint enhancement is shown

in Fig. 4. Note that this is an application of FFT. Figures 6 and 7 show

directional filtered images and enhanced image respectively. Apply this algo-

rithm to smudges and corrupted fingerprints (see Fig. 1) and obtain the

enhanced images (similar to Fig. 7). Filtered images for directions (a) 22.5°

and (b) 90° are shown in Fig. 6. Obtain filtered images for other directions

besides 22.5° and 90°. Write a detailed project report based on your simulations.

Review of the references listed at the end of this paper will be very helpful.

8.32.1 Directional Bandpass Filters [LA15]

Using polar coordinates (p,d), express the filter as a separable function

Hg(p,d)) :Hfadlal(p)Hzfngle(d)) (P814)
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in order to allow independent manipulation of its directional and radial frequency
responses.

Any good classical one-dimensional bandpass filter would be adequate for
HF ... (p); the Butterworth filter is chosen because its implementation is simpler
than the Chebyshev or elliptic filter, especially if it is desired to vary the filter
order n. This filter is defined as

1
BPF, LPF  HY, . (p) = ———, p=\/B+K  (P8.15)

1
HPF  H'(p)=————, p=\k+4 (P8.16)
./1+(M)
p

where py,, and p, are desired bandwidth and center frequency respectively. The
integer variable n is the order of the filter. A value of n = 2 works well for this
project. The higher the order is, the more complex its implementation becomes. The
3-dB bandwidth of this filter is W, — W = 2py,,, where W; and W, are cutoff
frequencies at which the square magnitude ]Hfadia] (p) ]2 of the frequency response is
1/2 of its maximum value (10log,,1/2 = —3 dB). For p, = 0, this filter (P8.15)
becomes a lowpass filter with bandwidth p,,,. High-frequency noise effects can be
reduced by Fourier domain filtering with a zonal lowpass filter. The sharp cutoff
characteristic of the zonal lowpass filter (Figs. 5.9 and 5.36) leads to ringing
artifacts in a filtered image. This deleterious effect can be eliminated by the use
of a smooth cutoff filter, such as the Butterworth lowpass filter [B41].

In designing angle(d)), one cannot be guided by analogy to one-dimensional
filters because there is no meaningful concept of orientation. Thus the following
function is used.

T (d) - d)c) :
HE o (¢) = { [5 o, } i1 = el < o (P8.17)
0 otherwise

where two times of ¢y, is the angular bandwidth of the filter, i.e. the range of angles
HE (d) ‘ >1/2, and ¢, is its orientation, i.e. the angle at which ‘HF

angle angle

for which

is maximum.

If (2¢y,,) = n/8, we can define K = 8 directional filters with equally spaced
orientation ¢, = kn/8, k = 0,1, ...,K — 1. These filters sum to unity everywhere;
therefore they separate an image into K directional components which sum to the
original image.



Appendix A
Performance Comparison of Various Discrete
Transforms

This will not include the fast algorithms, separability, recursivity, orthogonality and
fast algorithms (complexity of implementation). These topics are described else-
where in detail (see Chapter 3). The focus is on their various properties. We will
consider the random vector x is generated by I-order Markov process. When

x = (x0,x1,... ,xN,l)T, (x0,x1,...,xy—1 are the N random variables) correlation
matrix [R,,] is generated by the I-order Markov process,
R = [pvfk‘] , p = adjacent correlation coefficient
(NxN) (NXN)
jk=0,1,...,N—1 (A1)

The covariance matrix [X] in the data domain is mapped into the transform domain
as [X] is .
] = poT] [z ([DOT]T) (A2)
- ==

(NXN) (NXN) (NXN) (NXN)

DOT stands for discrete orthogonal transform. Superscripts T and * denote trans-
pose and complex conjugate respectively.

When DOT is KLT, [i] is a diagonal matrix as all the transform coefficients in
the KLT domain are uncorrelated. For all the other DOTs, residual correlation
(correlation left undone in the DOT domain) is defined as [G6, G10]

N—1
:]%<||z|2—2|2,m|2> = (ZZEM —Z|Znn > (A3)
n=0

m=0 n
—~1N-1
where ||Z|]* is the Hilbert—Schmidt norm defined as ||Z||* = ZZ S ]
m 0 n=

Note that N is the size of discrete signal. Z,, is the element of [X] in row m and
columnn (m,n=0,1,...,N=1).

317
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For a 2D-random signal such as an image assuming that row and column
statistics are independent of each other, the variances of the (N x N) samples can
be easily obtained. This concept is extended for computing the variances of the
(N x N) transform coefficients.

A.1 Transform Coding Gain

[X] = Correlation or covariance matrix in data domain (see Section 5.6)
(NxN)
[£] = [A] [T (A")" (Note that ([A]")" = [A]™" for unitary transforms)
(NxN) (NxN) (NxN) (NxN)
= Correlation or covariance matrix in transform domain

The transform coding gain, Grc is defined as

—1
Y
G.. = Ni% _ Arithmetic Mean
TC Nol N ~ Geometric Mean
~2
k=0
where 6%,( is the variance of the kth transform coefficient (k =0,1,...,N — 1). As

the sum of the variances in any orthogonal transform domain is invariant (total
energy is preserved), Gpc can be maximized by minimizing the geometric mean
[B23]. The lower bound on the gain is 1 (as seen in Fig. A.1), which is attained only
if all the variances are equal.

16-point regular DCT

:4— Proposed integer
DCTs for H.264 and
AVS in [LA14]

—— Ma’s integer DCT
— Wien-Kuo’s integer DCT

Coding gain Gt¢

1 i i i i i i
0.55 0.6 065 0.7 075 08 0.85 0.9 095
Correlation coefficient p

Fig. A.1 Comparing coding gain of orthogonal transforms [LA14] © 2009 IEEE
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A.2 Variance Distribution in the Transform Domain

It is desirable to have few transform coefficients with large variances (this implies
the remaining coefficients will have small variances, as the sum of the variances is
invariant). This variance distribution can be described graphically or in a tabular
form for N =8, 16,32, ... and p = 0.9, 0.95, .. ., etc.

The compaction of the energy in few transform coefficients can be represented
by the normalized basis restriction error [B6] defined as

Tulp) =" m=0,1,...,.N—1 Eq.(5.179) in [B6] (5.72)

where G7, have been arranged in decreasing order. See Table 5.2 and Fig. 5.33
about variance distribution of transform coefficients (See also Table 5.2 and
Fig. 5.18 in [B6]).

A.3 Normalized MSE (see Figs. 5.35—5.39 and see also
Figs. 5.21—-5.23 in [B6])

X el

k, le stopband

I N-1 N
>3 vl
(=
Js = Energy in stopband/total energy, v, (k,/=0,1, ..., N — 1) are the trans-

form coefficients of an (N x N) image.

A.4 Rate versus Distortion (Rate-Distortion) [B6]

The rate distortion function Rp is the minimum average rate (bits/sample) for
coding a signal at a specified distortion D (mean square error) [B6].

Let xo,x1,...,xy—; be Gaussian random variables encoded independently and
Xo, X1,-...,Xy—1 be their reproduced values. X; and )fk k=0,1,...,N — 1 are the
corresponding transform coefficients. Then the average mean square distortion is
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=

-y S -ar] -4 Erfoes

3
Il
S
~
Il
=}

For a fixed average distortion D, the rate distortion function R is

Zmax( 710g2 6) Eq. (2.118)in [B6]

where threshold 0 is determined by solving

=

1
N %

D(0) = min(0, &3), Irlldi(n{éik} <6< “}5{”‘{6%/(} Eq. (2.119) in [B6]

i
=}

Select a value for
0
D (9) = RD(G)
to get a point in the plot of R, versus D.

Develop Rp versus D for various discrete transforms based on I-order Markov
process given N and p adjacent correlation coefficient. Plot Rp vs. D, for N = 8§, 16,
32,...and p=0.9,0.95, ...

For I-order Markov process (Eq. 2.68 in [B6]):

S =op=p""  jk=01....N-1
maximum achievable coding gain is

(1/N)tr[X] o\ —(1=1/N
" @ez) N (1=pt)

where tr = trace of the matrix, det = determinant of the matrix (see Appendix C
in [B9]).

A.5 Residual Correlation [G1]

While the KLT completely decorrelates a random vector [B6], other discrete
transforms fall short of this. An indication of the extent of decorrelation can be
gauged by the correlation left undone by the discrete transform. This can be
measured by the absolute sum of the cross covariance in the transform domain i.e.,
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. 1 .
Data domain <> Transform domain

Set off diagonal
elements to zero

|52 (A4)

for N =8, 16, 32, ... as a function of p (Fig. A.2).

Given [£] = (4] [2] [A]" (A.5)
(NxN) (NxN) (NxN) (NxN)

obtain [i} :[A]T* [ikk] [A] (A6)
(NxN)  (NxN) (NxN) (NxN)

where [ikk] is a diagonal matrix whose diagonal elements are the same as those of
2], ie.,

Su] = diag(ago, &, 6§N,1)<N,1>)

It should be recognized that the conjugate appears in (A.5) that is derived in (5.42a),
whereas the 2-D discrete transform of [Z] is [A][Z][A]" defined in (5.6a) and has no
conjugate. Thus (A.5) can be regarded as a separable two-dimensional unitary
transform of [X] for purposes of computation. Plot residual correlation versus p
for DCT, DFT, KLT and ST [B23].

Fractional correlation (correlation left undone by a transform — for KLT this is
zero, as KLT diagonalizes a covariance or correlation matrix) is defined as

I=] - [=])°

=]~ 117

2
where [Iy] is an (N x N) unit matrix and ||[A]||* = Zf’: D ‘[A] jk‘ . Note that

the measures (A.3), (A4) and (A.7) are zeros respectively for the KLT
as [Z] = [Zkk]-

(A7)
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xrn X+ N Inverse : i
Corrupted —| Transform X) transform [ Fl}tered
signal T sto signal

(6]

Filter matrix

n Additive noise

Fig. A.3 Scalar Wiener filtering

Identity Hadamard

DST of type 1 DCT of type 2 Karhunen—Loéve

Fig. A.4 Magnitude displays of Wiener filter matrices [G] for a vector length of 16 elements
(N = 16). Dark pixels represent zero values, light pixels represent one values, and gray pixels
represent values in between. Signal-to-noise ratio is 0.3 and p = 0.9. Dynamic ranges of
the Wiener filter magnitudes in the figure are compressed via the logarithmic transformation
defined in (5.26)

A.6 Scalar Wiener Filtering

Filter matrix [G] is optimized for a specific transform, such that the noise can be
filtered (Fig. A.3) [G5]. Evaluate MSE = E(||x — &||*) for the discrete transforms
(appearing in Fig. A.4, plus Haar and slant transforms defined in [B6]) for N = 4, 8,
16, 32, and p = 0.9 and 0.95.
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Plot magnitude displays of various discrete transforms referring to Fig. A.4.
Comparing the filter planes, the filter characteristic changes drastically for differ-
ent unitary transforms. For the KLT the filtering operation is a scalar multiplica-
tion, while for the identity transform most elements of the filter matrix are of
relatively large magnitude. The DFT filter matrix contains large magnitude terms
along the diagonal and terms of decreasing magnitude away from the diagonal
[LA13].

A.7 Geometrical Zonal Sampling (GZS)

Geometrical zonal filter can be 2:1, 4:1, 8:1, or 16:1 (sample reduction) (Fig. A.5).
See Fig. A.6 for 2:1 and 4:1 sample reduction in the 2D-DCT domain.

Note that for 2D-DFT, the low frequency zones need to be appropriately
identified (see Figs. 5.8 and 5.9).

The reconstructed images for various sample reductions can be obtained and a
plot of the normalized MSE vs. various sample reduction ratios for all the DOTs can
be implemented.

S oo Sonco E(|x(m,n) — i(m, n)|*)

Normalized MSE = N-TT 1 5 (A.8)
2 om0 2n—o E(lx(m,n)[")
Original Image Retain only Reconstructed
(N x N) D a fraction of the low 2-D Image
— por frequency transform Inverse ——>
[x] coefficients with the DOT [x]
(N x N) rest set to zero (N xN)
Fig. A.5 Geometrical zonal sampling (DOT: Discrete orthogonal transform)
(Passband) (Passband)
Retain Retain
(Stopband) (Stopband)
Set to zero Set to zero
Fig. A.6 Sample reduction
in the 2D-DCT domain 2:1 Sample reduction 4:1 Sample reduction
Original Reconstructed
Image 2-D Image
—{ 2P L imvzs n VLC - VLD E Inverse — .
(] boT DOT [x]
(N xN) (N x N)

Fig. A.7 Maximum variance zonal sampling
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A.8 Maximum Variance Zonal Sampling (MVZS)

In MVZS, transform coefficients with large variances can be selected for quantiza-
tion and coding with the remainder (transform coefficients with small variances) set
to zero. At the receiver side inverse operations are carried out resulting in the
reconstructed signal or image (Fig. A.7).



Appendix B
Spectral Distance Measures of Image Quality

The following material is based on [[P36]. The same notation as in [IP36] is used in
this appendix. This appendix discusses various image quality measures using the
distortion metrics evaluated in 2D-DFT domain. This exemplifies another applica-
tion of 2D-DFT. 2D-DFT can be used as a measure of image quality in terms of the
reconstructed image [IP36].

Ci(ny,ny)«— (ny,ny)th pel of the kth band of C(n;,n,),
k=1,2,...,K,# of bands = K
or kth spectral component at location (ny, n,).
Each band is of size (N x N).

e.g., Color images in (RGB), or YIQ or Y Cr Cg

R(I’l] s flz)
C(ny,np) = | G(ny,m) |, (m1,nz)th multispectral (with K = 3 bands) pel vector
M B(ni,m)

(3x1)

C  Multispectral image
Cy kth band of multispectral image C

Cmnons) = g (n1,n2) processed or reconstructed multispectral image
clinm,nm) = A(”l ) 12) at location (n,n)
(3x1) B(n17n2)

€ =Cr — C‘k, error over all the pels in the kth band of C

N=1 N-1
Power in kth band o7 = Y > Ci(ny,m)

n1=0n,=0

325
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Cy (m,m), C, C (ny, ny) refer to processed or reconstructed (distorted) images.

Original Image processing Reconstructed
mage —— i e.g., Codec ——— image
C(ny, ny) (encoder/decoder) Q(”l» 1)

N—1N-1
Note that Z > o= Z

=0n,=0 ny, np=0

Sum of the errors in all K bands at pel (ny,n;)

[Culm, m) — Calm, na)]?

M~

|C(n1,n2) — C(ny,m)||* =
=

(Square of the error in the kth band of pel (n,n;))
(K=#ofbands, k=1,2,...,K)

, NN ) 5 T v —
€& = Zo Zo [Ci(n1,n2) — Ci(ny,mo)]
ni=uUny=

N| (NxN)
l image
Define
—j2n .
Wy =exp N )= Nth root of unity
N—1
Ti(ki k) = Y Crlnm,m)Wy Wit k=1,2, ... K (ki,ky=0,1,...,N—1)
ny,np=0
= 2D-DFT of Ci(ny,ny)
A N71 A~
rk(kl,kz) = ch(l’ll,l’lQ)W[’:,]le;\qlzkz, k = 1,27 e ,K (k],k2 = 07 1, e 7]\7 — l)
ny,ny=0

2D-DFT of Cy(n1,n,)

Phase spectra

d(ky, k) = arctan[[(ky, k2)], (ki ky) = arctan [f“(kl,kz)}
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Magnitude spectra

M(ki ko) = U (ki ko)l M(ki ko) = [T(ki k)|
Given: a + jb

Spectral magnitude distortion Magnitude

1 = . 2 M=+a*+b=la+jb
S= > Mk k) = M(ki ko) ja 7|

ki, k=0
Spectral phase distortion Phase
1 N . b
-1

S1=— )¢mm—(h@ﬂ ¢=tan! (7

N2 St a

Weighted spectral distortion

< Z )¢ ki k) = bk, ko) )

ki, ky=

+(1 k)( Z |M(k1,kz>M(kl,kz)\2>]

ki, k2=0

)\ is chosen to match commensurate weights to the phase and magnitude terms. 0 <
A < 1. Note that for A = 1, S2 reduces to S1 while for A = 0, S2 reduces to S.
Let 2D-DFT of /th block of kth band image C'(n;,n,) be

Each of size (bxb)
T[]+ ]+

kl,kz Z C I’ll,nz W""“W’”kz

ny,np=0

21
W;,—exp< Jb )

T (ki k) = [T (ky, k)[40 )
= mi(kl , kz)e/‘i)i(kl-,kz)

ki,kp=0,1,....N—1 [=1,2,...,L

)
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L is number of (b X b) size overlapping or non-overlapping blocks.

K 1/y
h=x 3 (5 sl - s

k=1 ki, ky=0

K — R . 1/y
EZ( S [16h00 k]~ [0 )

k= ki, k=0

T =0T+ (=0T,

A is the relative weighting factor of the magnitude and phase spectra.
Various rank order operations of the block spectral difference Jy; and/or J can
be useful. Let J(U, J@ . J® be the rank ordered block distortions such that,

JO = max (D).

Consider rank order averages:

1
Median block distortion 3 [JL/ 2 g 2)“} when L is an even number
Maximum block distortion J
(&
A block distorti — J0
verage block distortion I (; )

The median of the block distortions is the most effective average of rank ordered
block spectral distortion.
S3 = medlanJ,’ﬂ

§4 = medianJ¢
I

S5 = me(liian J'

(use v = 2), block sizes of (32 x 32) and (64 x 64) yield better results than lower
or higher range.

Project B

This project is related to JPEG baseline system at 0.25, 0.5, 0.75 and 1 bpp. Please
refer to Appendix B and [IP36]. JPEG software is on the web in [[P22].

JPEG )
C (ny, ny) — Encoder/ C(ny, ny)
Decoder

(0.25, 0.5, 0.75)
and 1 bpp
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Fig. B.1 The DFTs of the Original image D
original and reconstructed C(ny, 1) D_FT L(ky, ko)
images
Reconstructed image 2-D .
C(ny,ny) DFT T(ky, ky)

(Here k= 1 for monochrome image)

The objective of this project is how to correlate MSE, SNR, peak-to-peak SNR
in dB with spectral distance measures described in [[P36] for Lena image for the
above bit rates (Fig. B.1).

Compute spectral magnitude distortion S, spectral phase distortion S1, weighted
spectral distortion S2, and median block distortion S5. Referring to Fig. B.2 and
Table B.1, plot (also show in tabular form):

(a) Bitrate vs. S

(b) Bit rate vs. S1

(c) Bit rate vs. S2 (use A = 0.5)

(d) Bit rate vs. S5 (use A = 0.5 and block size b = 32)

What conclusions can you draw from these plots (tables)?
For JPEG, bit rate can be controlled by the quality factor [IP28]. Quantized DCT
coefficients Sq(u,v) are defined as

e

Sq(u,v) = Nearest integer of {

where S(u,v) is the DCT coefficient, Q(u, v) is the quantization matrix element and
(u, v) indexes the DCT frequency. Inverse quantization removes the normalized factor.

S(u,v) = Sq(u,v) O(u,v)

where S(u, v) is a dequantized DCT coefficient to be fed into the 2D (8 x 8) IDCT
operation.

A quality factor g_JPEG, an integer in a range of 1-100, is used to control
the elements of quantization matrix, Q(u,v) [IP27], [IP28] and thus the quality
factor can adjust the bit rate. Q(u,v) is multiplied by the compression factor o,
defined as

50
* = 4_IPEG
2 x ¢_JPEG
100

1 < ¢_JPEG <50

o=2- 50 < ¢_JPEG < 99
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a b
22
20
80
18
© 16
g 1
2 12
10
20 8
[
1053 o4 06 06 07 08 05 1 403 04 o8 06 07 08 09 1
bpp bpp
MSE Spectral magnitude distortion S
d
14]
12
10
3
8
6
s 4
03 04 05 06 07 08 09 1 03 04 06 06 07 08 09
bpp bpp
e Spectral phase distortion S1 f Weighted spectral distortion S2
1
4
1"
10 42
0 74
=
B g x e
4
o
7 3
6 38
s 7
03 04 06 06 07 08 09 03 04 06 06 07 08 09 1
bpp bpp
Median block spectral distortion S5 PSNR

Fig. B.2 Distortion versus bits per pixel for Lena image
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Table B.1 Various measures of JPEG [IP27] [IP28] reconstructed images

Image  bpp Quality CR  MSE S S1 S2 S5 PSNR (dB)
factor

Lenal0 0.25 10 32:1 59.481 22958 5436 14.197 12.144 36.442

Lena34 05 34 16:1 22.601 8.881 4693 6787  6.027  40.644

Lena6l 0.75 61 32:3 14.678 5738 4199 4968  4.823  42.519

Lena75 1 75 8:1 10972 4348 3835 4.092 4.271 43.783

subject to the condition that the minimum value of the modified quantization matrix
elements, o Q(u, v), is 1. For g_JPEG = 100, all the elements of a.Q(u,v) are set to
1. For example o= 1 for ¢_JPEG = 50, a=2 for ¢_JPEG = 25 and o = 1/2 for
q-JPEG = 175.
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Integer Discrete Cosine Transform (INTDCT)

Several versions of the integer DCT have been developed. The objective is to
implement the INTDCT with integer additions and integer multiplications (bit
adds and shifts) and also implement the inverse INTDCT similarly. This also
ensures that there is no mismatch nor error accumulation that is inherent in going
through DCT and IDCT in the hybrid MC transform DPCM loop standardized in
H.261, MPEG-1, MPEG-2, MPEG-4 visual [D37], AVS China [I-21] and WMV-9
[I-23]. As an example several (8 x 8) INTDCTs are listed below.

1. Cham [I-13]

2. H.264 [1-22, LA19]
3. WMV-9 [1-23]

4. AVS-China [I-21]

For the theory behind developing the INTDCTs the reader is referred to [1-13].

C.1 Integer DCT Via Lifting [B2§]

The DCT and its inverse are defined as

XN () = |2 elk) N x(n) cos [@] k=01, ...

n=0
x(n) = /% Nil e(k)X"(k) cos [nk(f\ji)} n=0,1,
k=0

_J1/N2 when k = 0
e(k)_{l when k # 0

(C.1a)

(C.1b)

333
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In the same way as with Integer FFT (see Chapter 4), Integer DCT can be
developed. To construct Integer DCT, the DCT kernel is decomposed into Givens
rotations via Walsh-Hadamard transform [I-15].

=[50 ] o =[50 ) gy

sin® cos© —sin0® cos0
(C.2)
Then a Givens rotation can be lifted as follows.
s 0— 0—
Ry |1 [ ! 0} 1 sl
0 1 sin6 1]]0 1
(C.3)

1 C0§971 1 0 1 0051671
< [R -1 _ sin sin
ol [o 1 Hsme 1} [o I

Once a butterfly structure of (C.2) changes into a lattice structure of (C.3), non-
linear quantizing operation Q such as “flooring” or “rounding” can be included in
the lifting steps to construct integer DCT.

ra=[o 3]s o i) = wr=lo VLS Al

(C.4)

where a, b and ¢ are any real numbers. Note that the quantization of the lifting
coefficients in the forward structure is cancelled out in the inverse structure. Thus
the lattice structure is reversible or invertible. Also, the lattice structure of (C.4) has
the property:

R,] = [;l ;] & [R] = {_"'f _de] (C.5)

C.1.1 Decomposition of DCT Via Walsh-Hadamard Transform

The Walsh—Hadamard transform (WHT) can be used to develop Integer DCT [I-15].
The WHT requires only additions (subtractions) as all of its elements are +1. The
eight-point Walsh-ordered WHT matrix is given by

1 1 1 1 1 1 1
1 1 1 -1 -1 -1 -1
1 -1 -1 -1 -1 1 1
1 -1 -1 1 I -1 -1
-1 -1 1 I -1 -1 1
-1 -1 1 -1 1 1 -1
-1 1 -1 -1 1 -1 1
-1 1 -1 1 -1 1 -1

(C.6)

E
I
— = = e = = e
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A bit-reversal matrix [B] is one which rearranges the input sequence into the bit-

reversal order. Let X = {x(0), x(1), x(2), x(3), x(4), x(5), x(6), x(7) 17, then the product
[B]X = {x(0), x(4), x(2),x(6), x(1),x(5),x(3), x(7)}"

has its entries in bit-reversed order.

The DCT of input sequence x is X = [C!] x, where [C"] is the type-2 DCT kernel
(see (C.1a)). Now let us normalize [H,] such that [I-?W} =+/1/N[H] is an
orthonormal matrix. Hence [H L= [ﬁ J%. Then one can prove that

Xpro = [BIX = v/1/N [Tsrol[B][Hw] x

where [Tgro] = [B](X[Hy])[B]" is block-diagonal. In terms of the conversion
matrix [Tgro], the DCT can be decomposed as

X = [B]" Xgro = [B]' [Tsro)[B][H] x (C.7)

For eight-point input sequence, [Tgro] is given explicitly by

1 0 o
0 1 o
o 0.924 0.383
T ] —0.383 0.924
[Tero] = 0.906 —0.075 0375 0.180
o 0213  0.768 —0.513 0.318
—0.318 0.513  0.768 0.213
I —0.180 —0.375 —0.075 0.906 | |
(C.8)
(1 0
0 1 0
— C.9
[U-sss] (€9
L 0 [U4]

0.981 0 0 0.195

wi=ta| o wad o |[Vg 0 ]E0 €0

—0.195 0 0 0.981

where

[U ]_ 0.832  0.557
316 7 0557 0.832

SO o~
O = O O
(=N o)
- o O O

(U] = 0.981 0.195 (U ] = 0.924 0.383
©/16] = 1 _0.195 0.981 /81 = | 0383 0.924
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aO[U-n/s] [U_z/16] 0 b O[Usn/s] ~ [Urz/16] 0

| S/ /[U31c/l()]1 | 4 /[Usn/m]l

ANV -G RVANA @&-@

3 /\\ \ 3 3 /\\ -1 \ 3
[U_nss] [Uszssl

(C.11) (C.12)

Fig. C.1 Flowgraphs of [U,]. [I-17] © 2000 IEEE

Flowgraph of [Uy4] is shown in Fig. C.1. When we draw the flowgraph of (C.10), the
bit-reversed ordering matrices [B,4] can be absorbed. Thus [U_3,/6] is changed to
[Usn/16)- Figure C.1a can be represented in matrix form as

0.981 0 0 0.19

0 0
[Ud] = 0 [Usn/16) 0

-0.195 0 0 0981

0.924 0 0.383 0

0 0924 0 0383
10383 0 0924 0 (C.11)

0 —0.383 0 0.924

Equation (C.11) can be factored as

r0.195 0 0  —0.981 0 0 0 1
0 0 0 1 0 0
[Us] = 0 [Usn/m] 0 0 0 1 0
10981 0 0  0.195 -1 0 0 0
[0 0 1 07038 0 —0924 0
0 0 0 1 0 0.383 0 —0.924
-1 0 0 0| ]0924 0 0.383 0
0 -1 00 0 0924 0 0.383
0195 00 —-09817[0 —1 0 07038 0 —-0924 0
|l o U] 0 0 0 0 1 0 0383 0 —0.924
) 3n/16 0 —1 0 0 0/]0924 0 0.383 0
0981 00  0.195 0 0 —10 0 0924 0 0.383

(C.12)

0.832 —-0.557 T
I:U3T[/16} = |:0557 0.832 :| = [U—3T(/|6:| See (CZ)
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+ +

B2

|>>bl| [>> n2] |>>bl|

A p1) + A(p1)

Fig. C.2 The three integer lifting steps approximately implementing a Givens rotation angle. o,
and P, are the at-most-b-bit lifting multipliers used, which are tabulated in Table C.1. [I-17]
© 2000 IEEE

Unne] = 0.195 —0.981 Uss] = 0.383 —0.924
/16 = 10.981  0.195 /81 = 10.924 0383

The signal flowgraph of (C.12) is shown in Fig. C.1b. From the WHT decomposi-
tion of DCT-II, one may then apply integer lifting to obtain an integer-to integer
mapping which is reversible and mimics the behavior of the floating-point DCT.

C.1.2 Implementation of Integer DCT

Since Givens rotations can be lifted as shown in (C.2) through (C.4), butterflies
in (C.9) can be changed into lattice structures. Then floating-point multipliers
B in lattice structures are quantized to take the form Bo = + BQ/2h so that they
can be implemented only with shifts and adds where 1/2” denotes right shifts by
b bits.

Figure C.2 shows three integer lifting steps approximately implementing a
Givens rotation. Two integer multipliers o, and B, are right shifted by b bits.
Table C.1 lists oy, and B, for four Givens rotation angles with the number of bits
used to represent an integer multiplier b =1, 2, .. ., 8. Simulations show b = 8 has
comparable performance to the floating-point DCT even when all the internal nodes
are limited to 16 bits [I-15]. A general-purpose eight-point IntDCT which requires
45 adds and 18 shifts is shown in Fig. C.3.

C.2 Integer DCT by the Principle of Dyadic Symmetry [I-13]

Another integer DCT can be developed by replacing transform kernel components
of the order-eight DCT by a new set of numbers. For the order-eight DCT, many
transforms of this kind can be obtained. Boundary conditions are applied to ensure
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Table C.1 The multipliers o, and B, for b = 1, 2, ..., 8 and various rotation angles [I-17]
© 2000 IEEE
Angle —m/8
b bits 1 2 3 4 5 6 7 9
oy, 0 0 1 3 6 12 25 50
By 0 -1 -3 —6 —12 —24 —48 —97
Angle 3m/8
b bits 1 2 3 4 5 6 7 9
o —1 -2 -5 -10 —21 —42 -85 —171
By 1 3 7 14 29 59 118 236
Angle 7t/16
b bits 1 2 3 4 5 6 7 9
o —1 -3 —6 —13 —26 —-52 —105 —210
By 1 3 7 15 31 62 125 251
Angle 31/16
b bits 1 2 3 4 5 6 7 9
op 0 1 2 4 9 19 38 77
By -1 -2 —4 -8 —-17 -35 -71 —142
— —>_ _—>
—| — — —
—> — [0l —
-1
- : |
x _’[ W]_’ [B] [U3ﬂ/8] [U711/16] [B] . X
| L) == [Usn/s] =g= [Usr/16] L,
- -5 E= == - -
— —>| 1 5‘ r Elj EIE‘ i 1 **1 —>
A5 4-5
— ) ) 2 L

Fig. C.3 The flowgraph of an example of the low-cost, multiplierless integer DCT. [U _n/8] is an
integer approximation of [U_yg] and is chosen from Table C.1. [I-17] © 2000 IEEE

that the new transforms contain only integers, while they still approximate the DCT.
As the magnitude of these integers can be very small, the transforms can be simple
to implement.

C.2.1 Generation of the Order-Eight Integer DCT

Let the matrix [TR] represents the kernel of the eight-point DCT. The following
describes the steps to convert the order-eight DCT into integer DCT kernels.
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If the basis vectors J ,,, m =0, 1, ..., 7 of [TR] are scaled by [K], all the basis
vectors can be expressed as the variables of a, b, ¢, d, e, f and g as follows.

g 8 8 8 g 8 8
a b c d —-d —c —-b -—a
e f —f —e —e —f f e
b —d —a —c c a d —b
[TR] = [K]
§ 8§ —8§ 8 § —8 —8 8 (C.13)
c a d b b d a c
f —e e —f —f e —e
ld —¢ b —a a -b ¢ —dlJ

= (Kodos kil 1, Kol Kads, el ksl s, kol k)" = K1)

where [K] = diag(ko, ki, ... , k7) and Ik, J ,II> = 1 form =0, 1, ..., 7.
From Table C.2, the only condition to make the transform [TR] be orthogonal is

ab = ac + bd + cd (C.14)

As there are four variables in (C.14), there are an infinite number of solutions. Thus
an infinite number of new orthogonal transforms can be generated.

If we choose k,,, m = 1, 3, 5, 7 such that d is unity, then a = 5.027, b = 4.2620
and ¢ = 2.8478. If we choose k,,, m = 2, 6 such that f is unity, then e = 2.4142.
From these numbers we can set up boundary conditions as follows expecting that
the new transform approximates the DCT and has as good performance as the DCT.

a>b>c>dande > f (C.15)

Furthermore to eliminate truncation error due to operations of irrational numbers
the following condition has to be satisfied.

a, b, c, d, eand f are integers. (C.16)

Table C.2 Conditions under which basis row vectors are orthogonal

Jy J> I3 Ja Js Jo I7
Jo 1 1 1 1 1 1 1
Ji 1 2 1 2 1 1
Jo 1 1 1 1 1
I3 1 1 1 2
Jy 1 1 1
Is 1 2
Jo 1

1. Orthogonal as their inner product equals zero
2. Orthogonal if ab = ac + bd + cd
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Data vector Transform vector
x(0) X(0)

A

x(1) > — X(4)
PRI 5 S ——
x(3) X > — X(6)

2 %(6)
@ =r 7 qn X0
x(5) //// l\vﬂ<>:q<>§éa o5 YO
O >qq ;\ik@ e
(1) b - — X(7)

k(7)
Fig. C.4 Fast algorithm for eight-point forward integer DCT where p = (b + ¢)/2a and
q = (a — d)f2c [I-13]

Ay ASW

Transforms that satisfy the conditions of (C.14), (C.15) and (C.16) are referred to as
eight-point integer DCTs. Once the variables of [/] are fixed, we can get the scaling
factors that make the new transform orthonormal. From (C.13) we can get

ko = kg = 1/(2f2g) (C.172)
=k =k =k =1/(V2Va@ + b2+ + ) (C.17b)
b=k = 1/(2V/ +77) (C.17¢)

A fast algorithm for this eight-point integer DCT is shown in Fig. C.4.

C.2.2 Integer DCTs in Video Coding Standards

H.264

The integer DCT is developed for the Fidelity Range Extension (FRExt) of the
H.264 /| MPEG-4 Advanced Video Coding (AVC) standard [I-22]. We refer to the
eight-point integer DCT with g = 8,a =12, b =10,c =6,d=3,¢e =8,f=4
as DCT(8, 12, 10, 6, 3, 8, 4). Substitute these variables in (C.13) and compute the
scaling factors that makes [TR][TR]T = [I] where [I] is the identity matrix. Then
the scaling factors are as follows.

ki=——y k=—— (C.18)
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Once [TRI[TR]" = [I], then [TR]"[TR] = [I]. Thus [TRys] = [Knsl[/ns] is an

orthogonal matrix/transform where

1 IR 1
Kis] = dia e C.19
[Kis] g(16\/§ 17v2°8V5 17v/2 1612 17V2 ' 8V/5 17\f2> (19
8 8 8 8 8 8 8 8]
2 10 6 3 -3 —6 —10 —12
§ 4 —4 -8 -8 -4 4 8
0 -3 —12 -6 6 12 3 —I0
hsl=1g 5 g 8 8§ -8 -8 38 (C20)
6 —12 3 10 -10 -3 12 -6
4 -8 8 -4 -4 8 -8 4
'3 6 10 -12 12 -10 6 -3 |

WMYV-9

DCT(12, 16, 15, 9, 4, 16, 6) is developed for Microsoft® Windows Media Video 9
(WMV-9, SMPTE 421M VC-1) [I-23]. The transform’s design lets decoders imple-
ment the transform with operations on 16-bit registers. Its scaling factors are as
follows.

1 1 1
ko=——, ki=—, k Cc.21
0 YW, 1=3 24\/ﬁ ( )
11 1 11 1 1
Kys| = dia — , — — Cc.22
(K] g(24\/§ 347473, 24v/2 34 4T3 34> (€22)
M2 12 12 12 12 12 12 12
6 15 9 4 -4 -9 —15 —16
6 6 -6 —-16 —-16 -6 6 16
15 -4 —-16 -9 9 16 4 —15
us] = 12 —-12 —-12 12 12 —-12 —-12 12 (C.23)
9 —16 4 15 —15 -4 16 -9
6 —-16 16 -6 -6 16 —16 6
|4 —9 15 —16 16 —-15 9 —4 |

[Tws] [Jw,g]T = diag (1152,1156,1168,1156,1152,1156,1168,1156)  (C.24)

-1 1 1 1 1 1 1 1 1
(1) " = aing(

Jwg|(C.25
1152711561168 1156 1152° 1156’ 1168’1156>[ W’S]( )

_______ ) [Jws] (C26)
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Thus % [J W7g] " is used for the VC1 decoder as the inverse transform (Annex A in
[LA22]).

AVS China

DCT(8, 10,9, 6,2, 10, 4) is developed for the Chinese next-generation Audio Video
coding Standard (AVS 1.0) [I-21]. Its scaling factors are as follows.

1 1 1 1 1

ko= —— k— ey — c27
0T 512 16v2 T Vaa2' "t Jaed  4y29 €27

1 1 1 1 1 1 1 1
Kc = dia, R R , , , , ,
[ g(léﬁ V442 44/29° /4427 16V/2 /442 4\/29 \/m)

(C.28)
[ 8 8 8 8 8 8 8 8 ]
10 9 6 2 -2 -6 -9 -10
10 4 -4 —-10 -10 —4 4 10
[Jc,s] _ -2 =10 -6 6 10 2 -9 (C.29)

-8 -8 8 8§ -8 -8 8
-10 2 9 -9 -2 10 -6
-10 10 -4 -4 10 —-10 4
—6 9 —-10 10 -9 6 -2

N B~ N0 O

Note that eight-point integer DCT used in AVS China is actually the transpose of
the matrix [J. s]. DCT kernel of four-point integer DCT for H.264 [I-22] is denoted
as [Jp4l:

1 1 1 1

2 1 -1 =2
1
1

[Tha] = (C.30)

-1 -1 1
-2 2 -1

We want to represent [Jh,4]7l in terms of [J}, 4]. The rows of a transform matrix are
often referred to as the basis vectors for the transform because they form an
orthonormal basis set. As only rows of [J;, 4] are orthogonal

[na] [Jna]” = diag(4,10,4,10) (C.31)

. ™\ !
4] = diag(4,10,4,10) ([/ns]") (C32)

1= el ([a]") toao) e €

_ T
= [nd] dlag(4 10°4710
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Distribute the two fractions of each element of the diagonal matrix properly to the
forward and inverse transforms respectively.

0= )" (") = (] dlag(zlt o 110) &

. 1 1 T 1111
:{dlag(l,§,1,§> [Jh4]} dlag<4 50 5> [J ]

i . 1111
= {J}TX} diag (Z»gaza§> [h4] (C.34)

where [/} ‘“V] denotes the inverse transform for H.264 [LA2] and is defined as

11112

inv| _ T .. l l . 1 1/2 —1 —1
|:Jh,4] - [Jh,4] dlag<1>27 172> — 11 _1/2 -1 1 (C35)

1 -1 1 —1)2

Using (C.34), (C.35) and Appendix F.4, this can be extended to get the integer DCT
coefficients [X] of 2-D input data [x].

0= [(44) (aba)] o (amm) o

where o denotes element-by-element multiplication of the two matrices. The 2-D
4 x 4 transform is computed in a separable way as a 1-D transform is applied to row
vectors of an input matrix/block and then to column vectors. The 2-D inverse
transform is computed similarly.

= {[(03) (33

Equation (C.34) can be also factored to get orthogonal matrices for the encoder
(C.38a) and decoder (C.38b) as [LA19]

1= Ui (5 NEERE 3) dine(5 o3 s Vi
{d1g<2 NiToE] \/_> JM}dlagG ! é\/_)[m] (C.38a)

e (121 P\ (.. (1 1 2
= [JhA]dlag(E, \/E’E’ 5) {[.11114]d]ag(E = \/§>} (C.38b)

T

° [XJ} Una] = [a] X1 [AS] (€3D)

mﬁ\
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DCT kernel [J, 4] of four-point integer DCT for WMV-9 has the form:

17 17 17 17
22 10 —-10 =22

Pval =177 Z17 Z17 17 (€.39)
10 —22 22 —10
[Fua]diag (1 1156 1 1168 1 1156 1 1168> [l
= (5 35533 207 3 799 3 7)o
=%[Jw,4]Tdiag<22—9,2;%,%9,2;i2> Uwa] =11 (C.40)

Thus ;—Z[JwA]T is used for the VC1 decoder as the inverse transform (Annex A in
[LA22]). DCT kernel [J.. 4] of four-point integer DCTs for AVS China has the form:

2 2 2 2
301 -1 -3

Veal = |5 5 5 5 (C.41)
1 =3 3 -1

Property C.1. Let an N x N matrix [A] be nonsingular or invertible. Let
det [A] = a. Divide the m rows of [A] by the m (< N) constants ag, di, - . ., Gp_1
which satisfies [I-18]

m—1
H ar = a = det [A] (C.42)
k=0

and denote it as [B]. Then det [B] = 1. det [J,g] = 1/ (det [K}g])

2 3}.Thendet[A]:7,Thus[B]:[2/7 3/7].

For example, let [A] = [ | s 1 5
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Property C.2. For an orthogonal matrix [TR], det [TR] = 1.

From those two properties, det [J;, g] = 1/(det [K}, g]) where [K}, ] and [Jy, g] are
defined in (C.19) and (C.20).

C.2.3 Performance of Eight-Point Integer DCTs

Dong et al. [LA14] have developed two types of order-16 integer DCTs and then
integrated them into the Chinese audio and video coding standard (AVS China)
enhanced profile (EP) [LA18] and the H.264 high profile (HP) [I-22], respec-
tively, and used them adaptively as an alternative to the order-eight integer DCT
according to local activities. The fidelity range extensions (FRExt) as the first
amendment to the initial H.264 standard includes a suite of four high profiles.
Simulation results show that order-16 integer DCTs provide significant perfor-
mance improvement for both AVS Enhanced Profile and H.264 High Profile, which

means they can be efficient coding tools especially for HD video coding (Fig. A.1)
[LA14].

N

e}

Variance

Index (k)

Fig. C.5 Variance distribution of the transform coefficients of a stationary Markov sequence with
p =0.9 and N = 8 (see Table C.3). * denotes KL T and DCT". O denotes Cham’s Int DCT, H.264,

AVC, FRExt, WMV-9 and AVS. + denotes Chen-Oraintara-Nguyen’s integer DCT C1 and
C4 [1-20]
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Table C.3 Variances 67 of transform coefficients of a stationary Markov sequence with p = 0.9
and N =8

Transform
l k KLT pcT! Int DCT H.264 WMV-9 AVS Cl1 C4
0 6.203 6.186 6.186 6.186 6.186 6.186 6.186 6.186
1 1.007 1.006 1.007 1.001 1.005 1.007 1.084 1.100
2 0.330 0.346 0.345 0.345 0.346 0.346 0.330 0.305
3 0.165 0.166 0.165 0.167 0.165 0.165 0.164 0.155
4 0.104 0.105 0.105 0.105 0.105 0.105 0.105 0.105
5 0.076 0.076 0.076 0.077 0.076 0.076 0.089 0.089
6 0.062 0.062 0.063 0.063 0.062 0.062 0.065 0.072
7 0.055 0.055 0.055 0.057 0.057 0.055 0.047 0.060
301
25
20 +
R
S uw 15
=
10 -
5 L
O 1 1 1 1 1 1 -
0 1 2 3 4 5 6 7 8

# of transform coefficients retained (1m1)

Fig. C.6 Performance of different transforms with respect to basis restriction errors (/,,) versus
the number of basis (1) for a stationary Markov sequence with p = 0.9 and N = 8 (see Table C.4).
* denotes KLT and DCT", Cham’s Int DCT, H.264 AVC FRExt, WMV-9 and AVS. + denotes
Chen-Oraintara-Nguyen’s integer DCT C1 and C4 [1-20]

Problems

C.1 Develop scaling factors similar to (C.36) and (C.37) for the four-point integer
DCT kernels defined in (C.39) and (C.41).

C.2 Compute det [K,g] and det [J,g] defined in (C.19) and (C.20) to verify
Property C.2.
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Table C.4 Performance of different transforms with respect to basis restriction errors (/,,) versus
the number of basis (m) for a stationary Markov sequence with p = 0.9 and N = 8. Int DCT [I-13],
H.264 [1-22], WMV-9 [I-23], AVS [I-21], C1 and C4 [I-20]

Transfoom KLT DCTY  IntDCT H264 WMV-9 AVS Cl Cc4
1 m

0 100 100 100 100 100 100 100 100
1 225 227 22.7 22.7 22.7 227 233 234
2 9.9 10.1 10.1 10.2 10.1 101 99 9.7
3 5.8 5.8 5.8 5.9 5.8 5.8 5.8 5.9
4 3.7 3.7 3.7 3.8 3.7 3.7 3.8 4.0
5 2.4 2.4 2.4 25 2.4 2.4 25 2.7
6 1.5 1.5 1.5 15 1.5 1.5 1.4 1.6
7 0.7 0.7 0.7 0.7 0.7 0.7 0.6 0.7
Projects

C.1 Compare the performance of the (8 x8) DCTs:

(D) (8x8) DCT" defined in (C.1a)

D) (8x8) Integer DCT adopted in H.264 (defined in (C.19) and (C.20))

(III) (8x8) Integer DCT adopted in WMV-9 (VC-1) of Microsoft (defined in
(C.22) and (C.23))

(IV) (8x8) Integer DCT adopted in AVS China (defined in (C.25) and (C.26))

Repeat the following problems for (I), (II), (III) and (IV).

(a) Variance distribution for I order Markov process, p = 0.9 (Plot and
Tabulate). See Fig. C.5 and Table C.3.

(b) Normalized basis restriction error vs. number of basis function (Plot and
Tabulate). See Fig. C.6 and Table C.4.

(c) Obtain transform coding gains.

(d) Plot fractional correlation (0 < p < 1) defined in (A.7).
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DCT and DST

D.1 Kernels for DCT and DST [I-10]

Kernels for DCT and DST (types I-1V) are listed below [B23].
DCT of types I-1V

2 Tkn
[C}V+1]kn:\/];€k€ncos|:7:| k,n:O,l,...,N

1
[kan:\/]%fikcos[m{(’;v—Jrz)} k,n=0,1,...,N—1

1
[Cgl]kn—\/?vencos[W] kon=0,1,....N—1

1 1
), = Zeos DD v

N

The matrices [C},, ;] and [CY'] are symmetric, and [C}] is the inverse of [C}] and
vice versa.

T

] =[] = ] € = e = e
(V)" = [eV]" = [ ] = [ = ]
DST of types I-1V
N %Sin[%kn} kn=1,2,....,N—1
2 n(n-1
[S}Hkﬂ:\/lgekﬂ [ (N 2)] k,n=1,2,...,N
1
B A L5,
2 e+ (n+d)
H/V],m\[Nm { 2 2] kon=01,... N—1

349
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R o s
54" = (81" = s CAREISICY
CI=vIsIPl =PI =PI o

where [J] is the reverse identity matrix and [D] is diagonal with [D],, = (=D,
k=0,1,...,N —1(p. 76 in [B28]).

Kernels for DCT and DST (types V—VIII) are listed below.
DCT of types V—VIII

[ 2N_1€k€"c°s[212vnlin1] kon=0,1,... N—1
[Cz\vn} n = 2]5_ lekl” cos {2n2/;\gn_+l%)} kn=0,1,...,N—1
(), = 2]57 -, cos [2“2(Nk+51)”} kn=01,... N—1

ey, zi_lcos{zn(k;\/%)_'f%)} kon=01,... N—2
[N = [eN]" = [eN] [N = [eN]" = [eN"]
[N =[] = [V [eN™] 7 = [eN™]" = [eN™]

DST of types V—VIII

v 2 . [ 2mkn B B
[SNfl]kni 2N—1 Sll’l_2N_1:| k7n*1727"';N 1
2 - Rrk(n—1
[Sx,il]kn:msm 2]\5_12)} kkn=1,2,...,N—1
2 - rlk—4)n
[Sl\\//lll]kn: 2N_]Sll'l 25\]721) :| kan:172a'--7N_1
1 1
[sym), = \/gvz‘t‘llkl" sin [2” (k;VZ)_('ll + 2)} kon=0,1,... N—1
[S}V/,J_] = [Sz\\]lfl]T = [S,‘\’,fl] [le—l]_l = [lel]T = [lell]

SV = ) = I S = T = (]
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where

L whenp=0orN
ep:{] when p #£ 0 and N
l—{l whenp =N —1
"l when p AN — 1

The DCTs and DSTs are related with the M-point generalized DFT (GDFT). Let
N be a positive integer. For types I-1V, M = 2N; for types V-IIIV, M = 2N — 1.
Thus M is even for types [-1V (even length GDFT) and M is odd for types V—VIII
(odd length GDFT).

MATLAB code for the GDFT and all 16 discrete trigonometric transforms,
DCTs and DSTs of types I—VIII, in both orthogonal and non-orthogonal forms is
provided in [LA3]. To compute the GDFT, FFT is used in gdft.m of [LA3] as
follows.

[N
[Gup] =X X)W e~ 01, N— 1
N n=0
1 & (k4-a)b+kn-+ 1 (k+a)b &
=— ) x(n)Wy e — e x(n)Wen] whe
\/N =0 N \/]V N n=0 [ N} N
1 a
\/_W(H) FFT [x(n)W'] (D.2)
a =0, b = 0: normal DFT
a =14, b=0: odd frequency DFT
a=20,b= % odd time DFT
a =1, b =3 odd-time odd-frequency DFT

D.2 Derivation of Unitary DCTs and DSTs

In this section, unitary discrete trigonometric transforms (DTT) are derived in
three steps.

1. Choose the same/corresponding type of DTTs for a special form of the
generalized DFT (GDFT) as shown in Table III of [I-12].

2. Apply symmetrically extended input to the GDFT to get the DTT (see Table III
and Fig. 2 in [I-12]).

3. Make the DTT orthogonal.

This derivation will give us insight into new DTT properties. The same notation as
in [I-12] is used in this section.
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DCT-II
Let X be the type-2 DCT of an input vector x of size (N x 1).
X = [Go1/2) [Ensns] x = [Cae] x (D.3)
2nk(n + mk(n+1
[GOJ/Z] = eXP( #) = exp (—j %) (D.4)

For example, let DCT size N = 4. M is the size of GDFT input sequence.

Le{N-1,N,N+1}
(LxM)= (N x2N)
0m(0+1/2) on(1+1/2) 0n(6+1/2) 0n(7+1/2)
e/ N e’/ N N e’/ N
m(04+1/2) n(1+1/2) m(6+1/2) m(7+1/2)
e /TN e /7N ... ¢ /TN e /7N
[G011/2] [Ensus] = 21(041/2) 2n(141/2) 2n(6+1/2) 2n(7+1/2) [Ensts]
e /TN e /TN oo N e/ N

3n(0+1/2) 3n(1+1/2) 3n(6+1/2) 3n(7+1/2)
e N e’ N e N e’ N

(D.5)

(M=2N) (V)

0m(0+1/2) On(1+1/2) on(1+1/2)  0m(1/2)
e T N e/ e ol J
n(0+1/2) n(14+1/2) m(14+1/2) n(1/2)
e’ N e’ N ... ¢/ N e/ N
2m(0+1/2)  2n(14+1/2) 2m(1+1/2)  2n(1/2) 1
e/ N e’ N eoed N el N

3n(0+1/2) 3n(1+1/2) 3n(14+1/2)  3n(1/2) 1
: e I—™N

=
[N
=
Q
=
—_

—

(D.6)

on( 2+1/2 on( 3+1/2

Cos

) cos () cos( ) ()
1n(o+1/2)) COS(In(l;l/Z)) Cos(ln 2+1/2 ) Cos(ln 3+1/2 ) o)

) cos(2) cos(PE2) con ()

) cos () cos( )

2n( 2+1/2 cos [ 2 3+1/2

3n( 2+1/2 ) (3rr 3+1/2

COS

4)} — 2lcos] = [Cx]  (biorthogonal)
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Make this matrix self-orthogonal.

—2[cos]” [eﬂ)Z[COS] =[], €] = diag (%, 1,1, 1)
—2[cos]" [e,%]) [cos] = [1]
VI ) (VENaeos) =1, fe] = diag( . 1.1.1)

( 7
(\/2/N[ek][cos}>T(\/2/N[Ek][cos]) — 1]

[Cug)" [Cug) = 1] (self-orthogonal) (D.3)
(C2] = V2N [e] " [Cre] e = diag(v2,1,1,1) (D)
DCT-I

Let X be the type-1 DCT of an input vector x of size (N + 1) x 1.

X = [Goo [Ewsws]x = [C1e] x (D.10)
2mkn Tkn
[GO,O} i — CXP <']2N = €Xp *JW (D.11)
For example, let N = 4.
M@ e T e T e e e e e
e N e/,v e/ N @j e/ N el N e N ej N
P e G AL
_i21(0) _ 2@ _.2n(6) (D)
e e’ el e 'V | [Ewswsl
e e o VS SR
e S e R
(LxM) L=N+1,M=2N

(D.12)
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(M =2N) (N+1)
1 _
o 0n(0 on(1 on(1) 7
R Lt I
0 1 (1
y T
. 21(0) 2n(1) 2n(1) 1 (D.13)
= |e™ N ¢ N 1
3n(0) 3n(1) 3n(1)
e/ N e/ N ¢ N 1
4n(0 4n(1l An(1
_e_f1\</> e_fi\(/) e’i\(/>_ | !
[ cos (075\(,0)) 2 cos (075\3] )) 2 cos (O”A(,z)) 2 cos (075\(,”) cos (075\(,4)) ]
cos(l';\(lo)) ZCOS(“;(,U) 2cos(17;\(/2>) 2005(1’;\(,3>) cos(l';\(,4))
= | cos (273\(,0)) 2 cos (2%1)) 2cos (2“1\(/2>) 2 cos (273\(,3)) cos (273\(,4))
cos (%r;\(/o)) 2cos (37;(]1)) 2 cos (37;\(,2>) 2 cos (375\(,3)) cos (375\(,4))
| cos (475\(,0)) 2 cos (4T;\(]l>) 2 cos (47;\(/2>) 2 cos (475\(,3)) cos (4’;(,4)) ]
(D.14)
Tkn oy 2 . (1 1
=2 [cos (W)] en] [er] = diag (E’ 1,1, 1,5) (D.15)
= [Cie] (biorthogonal)
Make this matrix self-orthogonal.
1
(sl )i =11
1 ntkn 2 Ttkn 2
3 (2o ()| 1) (e () 1)
1 _ _
= (V2Nle) " [Celle] ) (V2NTe) ™ [Cielle] )
— o] [CulClled = [ [e]—dia(l L1 1)
— [&n 1E 1IE|[Cn] — ) n] — g \/27 ) 4y a\/z (D16)
[C[E] [CIE] ES [C[E]T[CIE] ES [1] (self-orthogonal)

DCT-III
Let X be the type-3 DCT of an input vector x of size (N x 1).

X = (G120 [Ewswal x = [Csc] x (D.17)
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2Tt(k—|- ) Tc(k—l-%)n
(G120),, exp( T) = exp (—] N (D.18)
_.(1/2)n(0) _(/2)n1) _/2)n(7)
e’ N e’ N el N
(141/2)n(0) (141/2)n(1) (141/2)n(7)
e N e/ N e/ N
[GI/Z,O] [Ewswa] = H2m(0)+2)m(D) L 2+1/2)m(7) [Ewswal
e J N e J N e J N
_(3+1/2)n(0) (3+1/2)n(1) (3+1/2)n(7)
e N e’ N e N
(D.19)
(1/2) ) . (1/2)
Note exp( —j T ) exp (—j ﬁ) = exp (] ﬁ) = —exp (] n) N =4,
JU20) <1_/z'>n(1> T ,jo;z)n(u) 1
N 1
(I+I/2)n(0) (1+|/z)«(1) 7j(l+l/%)n(l) 1
N 1
(z+/z)n(o) B (2+]/2)n( 7j(z+l/+’)u(l) 0
-1
(3+1/2)1(n) (M/z)x 1) 7j(3+1/§')n(l) 1
-1
(D.20)
cos (1/213/1:(0) 2 cos (1/21\)/n(1> 2 cos ((1/2[3;1(2) 2 cos (1/2[2,ﬂ(3)
cos ((1+1§V2)11(0)) 2 cos ((1+1§v2)n(1)) 2 cos ((1+1/[\%)n(2)) 2 cos <(1+1/]5)n(3))
- cos ((2+1§V2)n(0)) 2 cos ((2+1§V2)n(1)) 2 cos ((2+1/[3)n(2)) 2005((2“/[5)1:(3))
cos ((3+1/]§)1‘:(0)) 2 cos ((3+1/]5)r[(1)) 2 cos (<3+1/Nz)n(2)) 2 cos ((3+1/]5)n(3))
(D.21)
n(k+3)n
=2 2 2 D.22
(5 ®2)
= [C3e] (biorthogonal)
Note that [Ewsws] in (D.18) comes from Fig. D.1c.
For the next section, DSTs are defined as
. [(mkn
[Stel, = 2|sin ~ kkn=1,2,...,N—1 (D.23)
nk 1
[S2c],,, = 2 |[sin (n+3) k=1,2,....N
N (D.24)
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b c d
Ci's Cre Cyls Cye Cyls G Cie', Cye
WSWS HSHS WSWA HSHA
(N+1) (N) (V) (V)
[l Il n
t ot trt t t
0 NM-1 0 NM-1 0 0
f g h
Slgl’ Sle S2g15 SSe SS:* SZe S4g1’ S4e
WAWA HAHA WAWS HAHS
(N-1) (N) (N) (N)

Fig. D.1 Symmetries of SPSs (symmetric periodic sequences: Cz’el, C;e') and DTTs (Cae, C3e)
with N = 4. The representative samples for each SPS are marked by open circles. N can be even
and odd. See (3.97) for an application. [I-12] © 1994 IEEE

However, derivation of a DCT from a different type of GDFT is more laborious
while both ways are very useful. For example, derivation of DCT-II from the
ordinary DFT (GDFT with a = 0 and b = 0) is shown in [LAS, p. 49] (see
also [B19]).

Different from symmetrically extended input for the DCTs of types 1 and 2,
asymmetrically extended input (minus signs in [Ewswa]) for the DCTs of types 3

1 n
and 4 is caused by the frequency index shifted by 1 [i.e. (k +1) in exp <— j 27[(5;2) )

for the DCT of type 3]. The whole-sample symmetric extension from the represen-
tative samples (N = 4) of an input sequence takes a diagonal matrix [eﬂ for DCTs.
Equations (D.15) and (D.22) for the DCT-I (Fig. D.1a) and DCT-III (Fig. D.1c) are
examples.

Let HSHS represent a periodic sequence with half-sample symmetry at the left
point of symmetry (LPOS) of the representative samples (N = 4) of the sequence
and half-sample symmetry at the right point of symmetry (RPOS). Then an input
sequence of DCT-II is implicitly HSHS as shown in Fig. D.1b. DCT-II coefficients
are implicitly WSWA as shown in Fig. D.lc.

WSWA represents a periodic sequence with whole-sample symmetry at the left
point of symmetry (LPOS) of the representative samples (N = 4) of the sequence
and whole-sample asymmetry at the right point of symmetry (RPOS).
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Derivation of DCT-II from DFT
Let vector e = { ex ]n_O ex Jn—l ex JTE(N7_1) ' and matrix

Then
)] ol )] o
From (D.5)
(Go,1/2] [Ensns] = [CXP (2];]{)} [Goo] [Ensns] (D.26))
= [eno () |irtEuses) = (e 27

where [F] is the DFT matrix and [H] = ([Iyxn], [Onxn]). The DFT of a symmetric
input is

Ttk Tk .

[H][F][Ensus] = [exp( L ) | [Cae] = V2N [exp (L ) |[e] '[Cus]  (D28)
2N 2N

where [Cy] represents unnormalized type-2 DCT and is defined in (D.9). The

normalized DCT [Cyg] of type 2 can be expressed in terms of the DFT matrix as

—jmk

[Cug] = L [€x] {GXP< N

S )] (H][F] Ensis) (D.29)

See [LAS, B19] for similar derivations. This can be extended to the two dimen-
sional case as [X“"] = [Cyg][x][Cue]" where [X°1] is the DCT coefficient matrix of
an input matrix [x]. First make copies of an input image

[eanxan] = [Ensns][¥][Easns]” (D.30)

[x] = % ] {exp (;’;kﬂ [H][F][xansan] [F] [H]" {GXp <_21;\;k>] [ex] (D.31)
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(2N X 2N)
i ( Take only
the top-left ! N X N
(2N x 2N) quarter ' (NXN) . (N )
- re ' [ 2D
'—» DFT ——>ile” (e I—>{ L [€€" = inverse —»
. [DCT-I1
(2N x 2N)
Fig. D.2 Implementation of 2-D DCT-II via 2-D DFT
By using the property in Appendix F.4, (D.31) becomes
1
1] = €T o [er(e)] o (PN iF) 1H]") (D.32)
where vectore = (1 V2,11, I)Tis of size (N x 1) and o represents element-

by-element multiplication of the two matrices. For an image of size (N x N) with
N=4

12 1/vV2 1/vV2 1/V2
e€e’] = %g 1 i i (D.33)
1/vV2 1 1 1

An implementation of (D.32) is shown in Fig. D.2 [LA17].

Now we are given the (N x N) DCT coefficient matrix [X“"'] of an image of size
(N x N), and we want a (2N x 2N) DFT coefficient matrix [X¥] with which we
could compute the DCT coefficient matrix [X1].

[xavx2n] = [Ensns][x] [EHSHS]T (D.34)

(X] = [Flxamsan][F]" (D.35)

[XF] = [eeT] o ([EWSWA][Cze][x] [CZe]T[EWSWA]T) (D.36)

[X7] = 2N[ee'] o [e€”] o ([Ewswal[Cue] [ [Cue] [Ewswal”)  (D37)

p z(\/i,l,1,...,1)T (2N x 1)

O LN ()

where [Ewswa] is defined in (D.19) and corresponds to Fig. D.lc.
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k=0,24,..2N-1

n=0,1,.., N-1 lSet a new set of indices.
0>(N-1] [0—>(N-1)] [0—>(2N-1)] 0N (s
E((;;( ’ DCT-II Cye(k) | Asymmetric [0->(V-1). ] [0->N] DCT-I [0->N]
- Extension U Cr (k)| x i
-1
- [, 1(NAD), o]
DST-IT ]saymme:mc /1—2\
xtension U x
0—>(N [1>(N-1 I>(N-1
v — /[\ (NA) (N=D]_[I5(V-1]
»(n) DST-II Coymretic |2 x DST-I —
Xtension
1-N)] [o, I>(2N-1), o] [* 1 (N_\\)’ d
Symmetric O x
DST-II H 2
[15N] Sse(k) Extension l S,e(2K)

mn k=0,1, .. N-1

Zeon(M) = x(n) * y(n) = IFFT [X¥(k) x Y (k)] See (2.23)
| | Set a new set of indices.

[0—2N]
[1>N] [0—->N] m Symmetric
Zeon(M) = Zgy (M+1) — ¥ l 2 Extensi
— L, ﬁ Cle(2k)U xtension Cle(k)
A
Element-by-element
multiplication of [o, I>(NAD), [e, I>(2N-1)]

the two vectors A -
symmetric

Extension S,e(k)

Fig. D.3 Circular convolution can be computed only using unnormalized DCTs and DSTs instead
of the FFTs. (]2) represents (2:1) decimation. * represents circular convolution. There is one
sample delay in the resultant sequence zeon(m) = zge(m + 1), m=0,1,... ,N —1.[0 — (N—1), ]
represents a single zero is padded after N DCT/DST coefficients. The circle ® represents the place
always takes zero as a value. Other than this proposed method we usually overlook its existence, as
it has no meaning in computation. The square = represents an appended zero

D.3 Circular Convolution Using DCTs and DSTs Instead
of FFTs

Circular convolution of two periodic sequences in time/spatial domain is equivalent
to multiplication in the DFT domain. That is also known as the convolution
multiplication property of the DFT (see Section 2.4).

For discrete cosine transforms (DCTs) and discrete sine transforms (DSTs),
called discrete trigonometric transforms (DTTs), such a nice property is developed
by Reju et al. [LA6]. Since fast algorithms are available for the computation of
discrete sine and cosine transforms, the proposed method is an alternative to the
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DFT method for filtering applications (Fig. D.3). The MATLAB code for this method
described in [LA6] is available at http://www.ntu.edu.sg/eee/home/esnkoh/.

Cie(k), Cae(k), Sie(k), and Sae (k) are defined in (D.15), (D.9), (D.23) and (D.24)
respectively.

D.4 Circular Shifting Property of the DCT

Since the N-point DCT can be derived from the 2N-point DFT [LAS5], each
basis function for which & is odd does not complete its period within N-sample
length (e.g. half period for £k = 1, one and half period for £k = 3, ... See
Fig. 5.1 in [B6]). For example, the lowest nonzero frequency element for
which k =1 is

1
C*(k,n) = 2cos <nk(']1\77+2)> (D. 38)

and its period is 2N. The circular left shift of a sequence (advanced) by an integer
sample d (d can be extended to a noninteger value with the same Eq. D.39)
can be handled as if the basis functions were shifted reversely by d while the
sequence itself is fixed to the original position. Under these considerations, the
shifting property between the spatial-domain original data and the frequency-
domain shifted data is developed by Rhee and Kang [LA17]. This can be
expressed as

C2(k) =2 c(mk)x(n)cosr . k=0,1,....N—1 (D.39)

where

(=1)* k=odd,d>0 and 0<n<d, or
c(n k) = k=odd,d< -1 and N+d < n<N
1 Otherwise.

For example, {x(n)} = {1,2,3,4} is given, inverse DCT of {C%(k)} equals
to x(n) = {2,3,4,1} for d = 1. The property shows the relations between the
original signal in the spatial domain and the frequency-domain representation
of the (up to subsample/subpixel) shifted signal. For the unitary DCT, (D.39)
becomes

2 = k(n+i—d
CEE(k):\/I%ekE c(n,k)x(n)cos[%], k=0,1,...N—1 (D.40)
n=0
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where
(-1)" k=odd,d>0 and 0<n<d, or
c(n,k) = k=odd,d<—1 and N+d < n<N
1 otherwise,
o _J1NV2 k=0

k 1 otherwise.
Problems
D.1 Prove [CY] = [D][SV][/] shown in (D.1).

D.2 Similar to (D.3) through (D.8), derive the unitary DCT-III and
DCT-IV  from their corresponding forms of the GDFT. Hint:
exp (/M2 = exp(—j137) =exp(i(1 — g)m) = —exp U512,
N =4,

D.3 (a) See (D.5) through (D.7). Solve this problem for N = 8 and N = 9
respectively. Show how you can get the results.

Repeat part (a) for the following.
(b) DCT-I

(c) DST-I

(d) DST-I

D.4 DCT-II coefficients Cpe(k), k=0, 1,... ,N — 1, are given. Then how can we
get Coe(2k), k =0,1,...,N — 1 from the DCT-II coefficients Cz. (k). Repre-
sent Cp.(2k), k =0,1,...,N — 1 in terms of DCT-II coefficients Cs (k). For
example

{C2(2k)} = {C2(0),C2(2),...}, k=0,1,...,N—1

Projects

D.1 Run the MATLAB code in [LA3]. Show test results.

D.2 Run the MaTLAB code for the circular convolution using DCTs and DSTs

[LAG6] that is available in http://www.ntu.edu.sg/eee/home/esnkoh/. Plot the

following with N = 8 and N = 9.

(@) Cre(k),S1e(k), Cae(k), Sae(k), C1e(2k), S1c(2Kk), Cae(2Kk), S2e (2k)

(b) Outputs of both methods for fast circular convolution: the DFT and DTT
methods.
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D.3 (a) Implement 2-D DCT-II using 2-D DFT as shown in Fig. D.2 by using
MATLAB.
(b) Compute the (N x N) DCT coefficient matrix [X“1'] of an image of size
(N x N). Compute a (2N x 2N) DFT coefficient matrix [XF] with which
we could compute the DCT coefficient matrix [X“1].



Appendix E
Kronecker Products and Separability

E.1 Kronecker Products

Definition E.1. Let [A] be a (p X ¢) matrix and [B] a (k x ) matrix. The left and
right Kronecker products (also called matrix product or direct product) of [A] and
[B] are the (pk x gl) matrices [B6]:

[A]boo [A]bo] A [A]b()’ 1—1
[A]b1o Albyr -+ [Albrm
[A]®y [B] = : : : : (E.1a)
Albi—1o [Albk—in - [Albk—1,i-1 |
(1()0[3] am[B] aoﬂq,I[B} 1
Cllo[B] an[B] Cl17q,1[B}
[A]®g[B] = : : : : (E.1b)
ap-10[B] ap-11[B] - ap-1,4-1[B] ]
Example E.1  Let
1 1 1 2
[A] = L _1] and [B] = {3 4}
then
1 1 2 2 1 2 1 2
1 -1 2 =2 3 4 3 4
AlolBl =13 3 4 4| ad MeBl=17 5 5
3 -3 4 —4 3 4 -3 4

Note that the left Kronecker product is denoted as [A]®,,[B] and the right Kronecker
product is denoted as [A]Qg[B]. As [A]®g[B] = [B]|®L[A], we only use the right
Kronecker product in this book and MATLAB (kxr on).

363
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Property E.1. If [A] is (m x m) and [B] is (n x n), then
det([A] ® [B]) = (det[A])" (det[B])" (E2)

For example
1
[A]=]0
0

(det[A])"(det[B])" = 172° =8 # (det[A])"(det[B])" = 172> =4

0 0

1 0
1 0|, B = . det(JA] @ [B]) = 8
! 1] =g 3] ataiele)

Property E.2. If [A] and [B] are orthogonal, then [A] ® [B] is orthogonal ([A]T =
[A] ' and [B]Y = [B]fl). This is proved with the aid of following relations.

(1] [B)) ([A]  [B]) = ([A]" ® [B]")([A] ® [B])

(E.3)
= ([A]"[A]) @ (1B [B]) = [1,) @ [1,] = [I,,;].
E.2 Generalized Kronecker Product
Definition E.2. Given a set of N (m x r) matrices [A;],i =0, 1,... ,N — 1 denoted

by {[A]}y, and a (N x [) matrix [B], we define the (mN x rl) matrix ({[A]}y ® [B])
as [NO9]

[Ao] ® by,
[Al] ® Ql

{A}y® (Bl = (E4)

[Av-1] ® by,

where b; denotes the ith row vector of [B]. If each matrix [A;] is identical, then it
reduces to the usual Kronecker product.

Example E.2  Let
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then the generalized Kronecker product yields

[1 1} 1111
®[1 1]

1 -1 1 -1 1 -1

(Wb = S

[1 j]®[1 —1] 1 j -1 —j

which is recognized as a (4 x 4) DFT matrix with the rows arranged in bit-reversed
order.

E.3 Separable Transformation

Consider the 2-D transformation on an (M x N) image [x]

(M x N) (M x N)
Xl = A W
(M x M) (N X N)
or
M]Nla n)b(l,n), 0<k<M-1, 0<I<N-—1 (E5)
m=0 n=0

This relationship is called separable transform for the 2-D data, where [A] operates
on the columns of [x], and [B] operates on the rows of the result. If X, and x,, denote
the kth and mth row vectors of [X] and [x], respectively, then the row operation
becomes [B6]

M-1 M—1
Xi =) alkm)Blx,] =) (Al®B]),,x, 0<k<M-1 (E6)
m=0 m=0
where [A] ® [B], , is the (k, m)th block of [A] ® [B], 0 < k,m <M — 1. Thus if [x]

k,m
and [X] are row-ordered into vectors x and X, then the separable transformation of

(E.5) maps into a Kronecker product operation on a vector as

X = ([A]®[B)) X (E.7)

(MN x 1) (MN x MN) (MN x 1)

where
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X3 x?
X7 xf
X=| = and x=| ° E.8
X=| yr o= | (E.8)
Xy X oy
Theorem E.1.  Given a 2-D (M x N) image [x], its 1-D transformation
(MN x MN)
X = [A x (E9)
(MN x 1) (MN x 1)
can be a separable transform if
[A] = [A1] ® [A2] (E.10)
and the 2-D transformation is described by
(M x N) (M x N)
X o= W W A (E-11)
(M x M) (N X N)

If [A;] and [A,] are (N x N) matrices, and [A] is (N? x N?) matrix, then the
number of operations reduces from O(N*) to O(2N3). Recall that (N x N) matrix
multiplication with (N x N) data requires O(N ?).



Appendix F
Mathematical Relations

F.1
From Euler’s formula/identity
2cos0 = e ¢
j2sin® = — ¢
Compound Angle formulae

cos(a £ b) = cosacosb Fsinasinb

sin(a + b) = sinacosb F cosasinb
Product identities
2cosacosb = cos(a — b) + cos(a + b)
2sinasinb = cos(a — b) — cos(a + b)
2sinacosb = sin(a — b) + sin(a + b)

Hyperbolic Function
cos(j0) = cosh 0

sin(j0) = jsinh 0

2coshf = e +¢7° From (F.1) and (F.38)

2sinh® = ¢’ — ¢

cosh? — sinh?0 = 1

(F.1)

(F.2)

(F.3)

(F.4)

(F.5)
(F.6)

(F.7)

(F.8)

(F.9)

(F.10)

(F.11)

(F.12)

367
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F.2 1f f(x,y) & F(u,v), then f(x — 6y,y) < F(u,v + cu), where < denotes a
2-D Fourier transform pair (see Section 5.2) [IP26].
Proof.
FLf(x—oy,y)] = ” fx = oy, y)e P dxdy

—00

where ¥ denotes Fourier transform. Change variables as s =x — oy and ¢t = y.
Substitute ¢ (s, ) = s + ot for x and (s, ) = ¢ for y.

o0

, 1
F— o) = || fls.nerrerom) % agay
= F(u,v + ou)
since I o =1
o 1| ~

Corollary F.1. If f(x,y) has the Fourier transform F(u,v), then the inverse
Fourier transform of F(u,v + ou) is f(x — oy, y).

d
F.3 d—a" =d"lna
Proof. u
d d uw o d d
Eau _ E (elna) _ %e(lna)u _ e(lna)uiu (lna)u

= (e(lna)”) (Ina) = a"Ina
F.4 Letaand b be vectors, and o represent Hadamard product. Then
diag(a)[C]diag(b) = (ab") o [C] (F.13)

For example let @ = (2,1)", b= (1,2)" and [C] = [ ; ﬂ (see (3.74), (C.36),
(C.37) and (D.32)).

diag(a)[C]diag(b) = [(2) (1)] [; (2)} [(1) g} - B ‘8)]

<abr)o[c]:(f><1,z>o[; 3H§ 3H§ 5H§ g}

Problem

F.1 Prove Corollary F.1.



Appendix G
Basics of MATLAB

This appendix describes basics of MATLAB. It also provides various websites and
references related to MATLAB.
»A=1[1 2;3 4]

it

» max(A) = [3 4]
» min(A) = [1 2]

» (A, 1,4)=[1324] Returns the 1-by-4 matrix whose elements are taken
columnwise from [A]

» A =[251],[B,I] =sort(A) Sorts in ascending order. Returns an index matrix /

» A = eye(3, 4); An identity matrix of size (3 x 4)

» A = ones(2); B = zeros(2); (2 x 2) matrices of ones and zeros respectively

» eye (4) + eye (4) and 1 + eye(4) are different.

» sum(A) =  For matrix A, sum(A) is a row vector with the sum over each column
[4 6]
» mean(A) For matrices, mean(A) is a row vector containing the mean value of

each column
» A=1[1:3] Equalsto A =12 3]

» diag(A) If input is an vector, it makes a diagonal matrix. If input is a matrix,
it displays the main diagonal elements of [A]
»AxB Matrix multiply
»A.*xB Element-by-element multiplication of the two matrices
» inv Matrix inverse
» fliplr Flip a matrix in left/right direction
» flipud Flip a matrix in up/down direction
» rot90 Rotate a matrix by 90° in a counter-clockwise direction
(continued)
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» flipdim Flip a matrix along specified dimension
» sin(A) The sine of the elements of A
» asin(A) The arcsine of the elements of A

» cosh(A) Hyperbolic cosine. Equals to cos(j * A)

o Commands for managing a session

» help topic Gives help on the specified “topic”
» lookfor Search all M-files for keyword
» clear Clear variables and functions from memory

» clear all, close all

Press the up arrow key T to recall the most recent command line.
Press the keys ‘/1’ sequentially to recall the most recent command line starting
with ‘A’

» p =‘C\mycode’ ; path(path, p) Appends a new directory to the current path
» path(path, ‘C:\mycode”)

o Operators and special characters

»A’ Complex conjugate transpose or ctranspose(A) where A is a
matrix. When A is real, A’ is equal to transpose(A)

» A’ Transpose or transpose(A)

» ... Return is ; and . .. means continued line

A command can be more than a line as follows
» A =[123... This is the same with the command A = [12 3 4 5]
4 5]

o Special variables and constants

» pi The number © = 3.1415926---
» 1, ] The imaginary unit. i = j = v/—1
» inf Infinity
» ans Most recent answer
o File
»A=1[1.12.1] Let us save data into a text file
» save my.dat A
—ascii
» load my.dat The data from the file “my.dat” will be load ed into the
variable “my”
my = [1.12.1]
» save my For another application save workspace variables to the file

“my.mat”
» load my.dat Load workspace variables from the file “my.dat”
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o Low-level file I/O function

»n = 0:1:1; y = [n; sin(n)]

» fid = fopen(‘sin.dat’, ‘w’)

» fprintf(fid, ‘%3.2f %3.4f\n’, y)
» fclose(fid)

Creates a text file containing a short table of the sine function:

0.00 0.0000
0.10 0.0998
1.00 0.8415

» fprintf(‘%3.2f %3.4f\n’)y);  Produces the table in the command window.

Type in ‘help fprintf’ in the command window for more details. See also
‘sprintf’.
o Relational and logical operators/functions
»A<B,A==B,A>=B, A<=B

If a condition is true, ans is one; otherwise, ans is zero.
»A=[-1,3,0,5;,-2,0,0,9]

» [m, n] = find(A)  Returns the row and column indices of the nonzero entries
in the matrix A.

(m,n) =(1,1),(2,1),(1,2),(1,4),(2,4)

o FOR loop

» forn=1:4 n, end
» A =[1:3:10] A=[1 4 7 10]

o Conditional statements

if ((attendance > = 0.90) & (grad_average >= 60))
pass = 1;

else
fail = 1;

end;

o DFT/FFT functions

» dftmtx(N) DFT matrix of size (N x N)
Its inverse is conj(dftmtx(N))/ N
» fft, ifft 1-D FFT and its inverse
» fft2, ifft2 2-D FFT and its inverse
» fftshift Shift the dc coefficient to the center of the 2-D frequency

plane. See Fig. 5.3(b). It also works for a vector

(continued)
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» conv(A, B) Aperiodic convolution of the two vectors. Use conv2 for two
matrices and convn for any dimensional input data
» A =[1:3], N =2, N determines the number of resultant rows for a row vector, A
» convmtx(A, N)
1 2 3 0
0 1 2 3

» xcorr(A, B) Cross-correlation function. Use xcorr2 for matrices A and B

» prod, prodsum, sum, cumsum, diff, gradient

» fft, fft2, fftn Not normalized

» dct, idct 1-D normalized type-2 DCT

» dct2, idct2 2-D normalized type-2 DCT

» detmtx(N) The (N x N) DCT matrix

» dst, idst 1-D type-1 DST. It is not normalized

Assume that input is a vector. Normalized DST is

» N = length(input); dst(input) * sqrt(2/(N + 1));
In summary, dct and dct2 are normalized, whereas dst, fft and fft2 are not
normalized.

» hadamard(N) Hadamard matrix of order N, that is, a matrix H with
elements 1 or —1 such that H' x H = N * eye(N)

» sinc Note sinc(0) = 1 by the definition

» chirp Swept-frequency cosine generator

0 User-defined function

function [MSE, PSNR] = mse(Input, Estimate)

% Compute MSE and PSNR (in dB) between an image and its estimate
Error = Input — Estimate;

MSE = mean (abs(Error(:)*2);

PSNR = 10 * log,((25572/ MSE);

This function will be saved as the M-file “mse.m”. Thus the function name becomes
its file name. The function is called as follows.

» a = mse(A, B) To get MSE only
» [a, b] = mse(A, B) To get both MSE and PSNR

» A = ‘A text herein will be displayed.’
» disp(A) If A is a string, the text is displayed

o Block processing

» fun = inline('sum (x(%)");
» B = blkproc(A, [2 2], fun);
»A=1[123]

» Ty = toeplitz(A) Symmetric (or Hermitian) Toeplitz matrix
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1 2 3
»To=12 1 2
3 21
» T = toeplitz Non-symmetric Toeplitz matrix. C is the first column and
(R, O) R is the first row. See also hankel
» kron(A, B) Kronecker tensor product of A and B

o Image handling functions

MaTLAB includes images: cameraman.tif, ic.tif, and more in the directory
“imdemos”.
» I = imread(‘ic.tif");
» J = imrotate(I, —3, 'bilinear’, 'crop");
» imshow(I); figure, imshow(J); title(‘Rotated image with \theta = — 3°)
To have a capital Greek in a figure title or plot label, use “\Theta”.
» angle =-3
» imshow (I); figure, imshow (J);
» title ([‘Rotated image with \theta=", num2str (angle)]
Argument for title can be a vector enclosed by ‘[’ and ‘]’.
See image, axis off, axis image.
See also imcrop, imresize, imtransform, tformarray, zoom.
figure, by itself, creates a new figure window. If figure command is missed, only
one figure window is created.

» I = checkerboard(NP, M, N)  where NP is the number of pixels on the side of
each square, M is half time of the number of
rows of squares, and N is half time of the
number of columns of squares

» imopen, imclose Morphological opening / closing on a grayscale
or binary image
» phantom(. .. , N) Generate an (N x N) head phantom image that

can be used to test the numerical accuracy of
radon and iradon or other reconstruction

algorithms
o Plotting graphs
» plot (X, y) Plots vector y versus vector x
» bar (x, y, width) Bar graph. Values of width > 1, produce overlapped
bars
» scatter(x, y) Displays circles at the locations specified by the

vectors X and y

See also stem, stairs, and semilogy.

» N = hist (y, 20) Histogram. This command bins the elements of y into
20 equally spaced containers and returns the
number of elements in each container

(continued)
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» hold on Holds the current plot and all axis properties so that
subsequent graphs add to the existing graph

» hold off Returns to the default mode

» axis ([1 20 0 50]) Sets scaling for the x-axis (1, ..., 20) and y-axis
(1, ..., 50) on the current plot

» C = xcorr (A, B) Aperiodic cross-correlation function estimates

» [C,Lags] = xcorr (A, B) Returns a vector Lags of lag indices

o Eigen vectors and eigen values

» [V, D] = eig(X) produces a diagonal matrix D of eigenvalues and a full matrix V
whose columns are the corresponding eigenvectors so that

X*xV=V=xD
o Filter
H(z) = —————  The transfer function of a lowpass filter
1—0.9z"!
a(1)y(n) +a(2)y(n — 1) = b(1)x(n)
y(n) = —a(2)y(n = 1) + b(1)x(n)
=09y(n—1)+x(n) ={1,2.9,5.61,9.049}

»x=[1 2 3 4] Input sequence
»A =[1-0.9] Lowpass filter parameters
»B=1
» y = filter(B, A, x) {1, 2.9, 5.61, 9.049}: Filtered sequence

eg LetH(z) =144z

»x=1[1234] Input sequence
»A=1 Lowpass filter parameters
— 1 1
=15 3]
1357
» y = filter(B, A, x) y = {5 35 E} Output sequence

o Wavelet filters

» [LD, HD, LR, HR] = wfilters(‘w_name’)

This computes four filters associated with the orthogonal or biorthogonal wave-
let named in the string ‘w_name’.

LD and HD are the decomposition low and high pass filters.

LR and HR are the reconstruction low and high pass filters.

o Wavelet transform
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» dwt Single-level discrete 1-D wavelet transform
» idw Inverse dwt
» dwt2 Single-level discrete 2-D wavelet transform
» idwt2 Inverse dwt2
» Syms X z Creates the symbolic variable with name x and z
» simplify (1/(z+ 1) + 1/z2) Symbolic simplification for g +-
z z

ans = (2xz+1)/(z+1)/z
» pretty(ans)
2z+1

(z+ 1)z

G.1 List of MATLAB Related Websites

G.1.1 MarraB Tutorial

http://www.cyclismo.org/tutorial/matlab/
http://www.stanford.edu/~wfsharpe/mia/mat/mia_mat3.htm
http://www.contracosta.cc.ca.us/math/Imatlab.htm
http://www.cs.berkeley.edu/titan/sww/software/matlab/
http://www.cs.berkeley.edu/titan/sww/software/matlab/techdoc/ref/func_by_.html

G.1.2 MarraB Commands and Functions

http://www.hkn.umn.edu/resources/files/matlab/MatlabCommands.pdf
http://www.owlnet.rice.edu/~elec241/ITMatlab.pdf Introduction to MATLAB

G.1.3 MarLaB Summary and Tutorial

http://www.math.ufl.edu/help/matlab-tutorial/matlab-tutorial.html

G.1.4 A MArrLaB Primer

http://www4.ncsu.edu/unity/users/p/pfackler/www/MPRIMER .htm
http://www.glue.umd.edu/~nsw/ench250/primer.htm


http://www.cyclismo.org/tutorial/matlab/
http://www.stanford.edu/&sim;wfsharpe/mia/mat/mia_mat3.htm
http://www.stanford.edu/&sim;wfsharpe/mia/mat/mia_mat3.htm
http://www.contracosta.cc.ca.us/math/lmatlab.htm
http://www.cs.berkeley.edu/titan/sww/software/matlab/
http://www.cs.berkeley.edu/titan/sww/software/matlab/techdoc/ref/func_by_.html
http://www.hkn.umn.edu/resources/files/matlab/MatlabCommands.pdf
http://www.owlnet.rice.edu/&sim;elec241/ITMatlab.pdf
http://www.owlnet.rice.edu/&sim;elec241/ITMatlab.pdf
http://www.math.ufl.edu/help/matlab-tutorial/matlab-tutorial.html
http://www4.ncsu.edu/unity/users/p/pfackler/www/MPRIMER.htm
http://www.glue.umd.edu/&sim;nsw/ench250/primer.htm
http://www.glue.umd.edu/&sim;nsw/ench250/primer.htm
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G.1.5 Marras FAQ

http://matlabwiki.mathworks.com/MATLAB_FAQ

G.2

M1
M2
M3
M4
M5
M6
M7
M8
M9

M10

Mil1

Mi12

M13

M14
M15
Ml6

M17

List of MATLAB Related Books

S.D. Stearns, Digital Signal Processing with Examples in MATLAB® (CRC
Press, Boca Raton, FL, 2003)

D.G. Dufty, Advanced Engineering Mathematics with MATLAB (CRC Press,
Boca Raton, FL, 2003)

R.E. White, Elements of Matrix Modeling and Computing with MATLAB
(CRC Press, Boca Raton, FL, 2006)

A.D. Poularikis, Z.M. Ramadan, Adaptive filtering with MATLAB (CRC
Press, Boca Raton, FL, 2006)

E.W. Kamen, B.S. Heck, Fundamentals of Signals and Systems using Web
and MATLAB (Prentice Hall, Upper Saddle River, NJ, 2007)

MATLAB and SIMULINK Student Version. (Release 2007 — CD-ROM),
Mathworks. (MATLAB 7.4 and Simulink 6.6)

A.H. Register, A Guide to MATLAB® Object-Oriented Programming (CRC
Press, Boca Raton, FL, 2007)

M. Weeks, Digital Signal Processing Using MATLAB and Wavelets (Infinity
Science Press LLC, Hingham, MA, 2007)

A.D. Poularikis, Signals and Systems Primer with MATALAB (CRC Press,
Boca Raton, FL, 2007)

B. Hahn and D. Valentine, Essential MATLAB for Engineers & Scientists. 111
Edition, Oxford, UK: Elsevier, 2008.

S.J. Chapman, MATLAB® Programming for Engineers. IV Edition, Cengage
Learning, Engineering, 1120 Birchmount Rd, Toronto, ON, MIK 5G4,
Canada, 2008.

Amos Gilat, MATLAB®: An Introduction with Applications. 1II Edition,
Hoboken, NJ: Wiley, 2008.

Li Tan, Digital signal processing: Fundamentals and Applications. Burling-
ton, MA: Academic Press (Elsevier), 2008. (This has MATLAB exercises/
programs.)

M. Kalechman, Practical MATLAB® Basics for Engineers (CRC Press, Boca
Raton, FL, 2008)

M. Kalechman, Practical MATLAB® Applications For Engineers (CRC
Press, Boca Raton, FL, 2008)

J. Musto, W.E. Howard, R.R. Williams, Engineering Computation: An Intro-
duction Using MATLAB and Excel (McGraw Hill, New York, NY, 2008)
T.S. El Ali, M.A. Karim, Continuous Signals and Systems with MATLAB
(CRC Press, Boca Raton, FL, 2008)


http://matlabwiki.mathworks.com/MATLAB_FAQ
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MI18

MI19

M20

M21

M22

M23

M24

M25

M26

M27

M28
M29

A. Siciliano, Data Analysis and Visualization (World Scientific Publishing
Co. Inc., Hackensack, NJ, 2008)

B. Hahn and D. Valentine, Essential MATLAB for Engineers and Scientists.
Elsevier, 2008

W.L. Martinez, Computational Statistics Handbook with MATLAB, 11 Edition
(CRC Press, Boca Raton, FL, 2008)

A.D. Poularikis, Discrete Random Signal Processing and Filtering Primer
with MATLAB (CRC Press, Boca Raton, FL, 2009)

O. Demirkaya, M.H. Asyali and P.K. Sahoo, Image Processing with MATALB
(CRC Press, Boca Raton, FL, 2009) (MATLAB codes/functions/algorithms)
M.N.O. Sadiku, Numerical Techniques in Electromagnetics with MATLAB
(CRC Press, Boca Raton, FL, 2009)

S. Attaway, MATLAB: A Practical Introduction to Programming and Prob-
lem Solving (Elsevier, Burlington, MA, 2009)

M. Corinthios, Signals, Systems, Transforms and Digital Signal Processing
with MATLAB (CRC Press, Boca Raton, FL, 2009)

A.M. Grigoryan, M.M. Grigoryan, Brief Notes in Advanced DSP, Fourier
Analysis with MATLAB (CRC Press, Boca Raton, FL, 2009)

MATLAB Educational Sites are listed on the website below. http://faculty.
ksu.edu.sa/hedjar/Documents/MATLAB_Educational_Sites.htm

T.A. Driscoll, Learning MATLAB (SIAM, Philadelphia, PA, 2009)

C.F.V. Loan, K.-Y.D. Fan, Insight through Computing: A MATLAB Intro-
duction to Computational Science and Engineering (SIAM, Philadelphia, PA,
2009)


http://faculty.ksu.edu.sa/hedjar/Documents/MATLAB_Educational_Sites.htm
http://faculty.ksu.edu.sa/hedjar/Documents/MATLAB_Educational_Sites.htm

Appendix H

H.1 MATLAB Code for 15-Point WFTA [A39]

function [ | = fft_15()
P_inp = zeros(15,15);
P_out = zeros(15,15);

% Prime factor map (PFM) indexing for input and output sequences with N =3 x 5.
% 3 x 5 means we first apply five-point transforms and then three-point transforms.
% This will result in 67 real additions. If we use 5 x 3, we get 73 real additions.
% Multiplications will be the same in either case. Hence we use the factorization
3 x 5.

% The frequency index map is called the Chinese Remainder Theorem (CRT) [B29].

k=1;
fornl =0:2 % Symbol * means matrix multiply in MATLAB.
forn2=0:4

inp_idx_map(k) = mod(5«nl + 3xn2,15);
out_idx_map(k) = mod(10+nl + 6%n2,15);
k = k+1;
end
end

inp_idx_map = inp_idx_map + 1;
out_idx_map = out_idx_map + 1;
% Form the permutation matrices of input and output.

fork = 1:15
P_inp(k, inp_idx_map(k)) = 1;
P_out(k, out_idx_map(k)) = 1;
end

% Verify that the permuted transform matrix is equal to Kronecker product of prime
% factor transform matrices. P_inp # inv(P_inp), P_out = inv(P_out).
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P_out * fft(eye(15)) * inv(P_inp) — kron(fft(eye(3)), fft(eye(5)));

% Define post addition matrix for transform size 3. Refer to Winograd short-N DFT
% algorithms for the derivation of these matrices.

0 0
S3 = 1 1 |;
I -1

% Multiplication matrix for length 3.

C3 = diag([l cos(—2x*pi/3)—1 ixsin(—2x%pi/3)]); % diag[l, cos(—2m/3)—1,
Jjsin(—2m/3)]

% Pre additions matrix for length 3.

1
T3 =01 1 |;
0 -1

% Post additions matrix for length 5.

10 0 0 0 0
11 1 1 -1 0

Ss=|11 -1 0 1 1 |;
11 -1 0 -1 -1
11 1 -1 1 0

% Multiplication matrix for length 5.

u = —2xpi/5;
C5 = diag([1 (cos(u)+cos(2xu))/2—1 (cos(u) —cos(2xu))/2 ...
ix(sin(u)+sin(2*u)) ixsin(2*u) ix(sin(u) —sin(2x*u))]);

% Pre additions matrix for length 5.

1 1 1 1 1
01 1 1 1
01 -1 -1 1
= 01 0 0 -1\
o1 -1 1 -1
00 -1 1 0

% Verify (3.67) and (3.68).
kron(S3, S5)xkron(C3, C5)xkron(T3, TS) — kron(fft(eye(3)), fft(eye(5)))
% Form matrix [Cs,] defined in (3.75).



H.1 MATLAB Code for 15-Point WFTA [A39]

[r_C3,temp] = size(C3);
[r_C5,temp] = size(CS);

forj=1:1r_C5
forq=1:1r_C3
CGj. @) = (C5(. j) * C3(q. q));
end
end

% Verify (3.73).

fft_15 = zeros(15,15);
forvec=1:15 % Test for each basis vector
clear z15; clear x; clear y;
x = zeros(15, 1);
x(vec) = 1;
% Apply the input permutation.
x = P_inp * x;
% Form matrix [z;5] defined in (3.70).
q=1
forj=1:3
fork=1:5
z15(j, k) = x(q);
q=q+l;
end
end

215 = S3 * (S5 * (C .+ (TS5 * (T3 * z15).))).);
% Form the output vector. Output is scrambled.

y = zeros(15, 1);
q=1
forj=1:3
fork=1:5
y(@) = z15(j, k);
q=q+l;
end
end

% Apply inverse output permutation to get the unscrambled output.

y = inv(P_out) * y;
fft_15(1 : end, vec) =y;
end
fft_15 — fft(eye(15))
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H.2 MATLAB Code for Phase Only Correlation (POC)
(see Section 8.3)

path(path, 'c:\ code")

f = imread('lena.jpg"); % imshow(f, [ ]);

[M, N] = size(f); % We use the Lena image of size 512 x 512.

imA = f(111:350, 111:350);  figure(1), imshow(imA); % 240 x 240

% imA = £(1:240, 1:240); figure(1), imshow(imA);

S =150; % Control shift amount, direction with sign + and —.
% 50, 100, 140, —100, 221 (Maximum)

imB = f(111+S:350+S, 111+S:350+S);  figure(2), imshow(imB);

% imB = f( 1+S:240+S, 1+S:240+S); figure(2), imshow(imB);

Fa = fft2(imA); Fb = fft2(imB);

Z = Fa .x conj(Fb) ./ abs( Fa .x conj(Fb) ); % Eq. (8.14)

% 7 =Fa. Fb; % Simpler method, Eq. (8.17)

z = ifft2(Z);

max_z = max(max(z))

[m1, m2] = find(z == max_z); ml=ml—1, m2=m2—1
% As MATLAB indexes start from (1, 1) instead of
(0, 0)

zz = fftshift(abs(z)); % figure(4), imshow(log(zz + 0.0001), [ 1);

figure(3), mesh(zz(1:2:240, 1:2:240)), colormap([0.6, 0.8, 0.2])
axis([1 120 1 1200 1])

view(—37.5, 16)

xlabel('n_1"); ylabel('n_2"); zlabel(‘'z_{poc}(n_1, n_2)");
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“Image processing toolbox” (2-D transforms) MATLAB, The MathWorks, Inc. 3 Apple Hill
Drive, Natick, MA 01760, E-mail: info@mathworks.com, Fax: 508-653-6284. Signal
processing toolbox (FFT, DCT, Hilbert, Filter design), http://www.mathworks.com/, FTP
server ftp://ftp.mathworks.com
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rectangular & triangular taper. DH Systems Inc. 1940 Cotner Ave., Los Angeles, CA 90025.
Phone: 800-747-4755, Fax: 310-478-4770

Windows DLL version of the prime factor FFT sub-routine library, Alligator Technologies,
17150 Newhope Street # 114, P.O. Box 9706, Fountain Valley, CA 92728-9706, Phone:
714-850-9984, Fax: 714-850-9987

SIGLAB Software, FFT, correlation etc., Monarch, DSP software, The Athena Group, Inc.
3424 NW 31% Street, Gainesville, FL 32605, Phone: 904-371-2567, Fax: 904-373-5182
Signal ++ DSP Library (C++), Several transforms including CZT, wavelet, cosine, sine,
Hilbert, FFT and various DSP operations. Sigsoft, 15856 Lofty Trail Drive, San Diego, CA
92127, Phone: 619-673-0745

DSP works-real time windows-based signal processing software. FFT, Convolution, Filtering,
etc. (includes multirate digital filters, QMF bank). Complete bundled hardware and software
packages, DSP operations. Momentum Data Systems Inc. 1520 Nutmeg Place #108, Costa
Mesa, CA 92626, Phone: 714-557-6884, Fax: 714-557-6969, http://www.mds.com
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Version 1.1 ProtoSim, PC based software, FFT, Bode plots, convolution, filtering etc.
Systems Engineering Associates Inc. Box 3417, RR#3, Montpelier, VT 05602, Phone:
802-223-6194, Fax: 802-223-6195

Sig XTM, A general purpose signal processing package, Technisoft, P.O. Box 2525,
Livermore, CA 94551, Phone: 510-443-7213, Fax: 510-743-1145

Standard filter design software, DGS Associates, Inc. Phone: 415-325-4373, Fax:
415-325-7278

DT VEE and VB-EZ for windows. Software for Microsoft windows. Filters, FFTs, etc.,
Data Translation, 100 Locke Drive, Marlboro, MA 01752-1192, Phone: 508-481-3700 or
800-525-8528

Mathematica (includes FFT, Bessel functions), Wolfram Research, Inc., Phone:
800-441-MATH, 217-398-0700, Fax: 217-398-0747, E-mail: info@wri.com

Mathematica 5.2, Wolfram Research, Inc. Website: http://www.wolfram.com, E-mail:
info@wolfram.com, Phone: 217-398-0700, Book: S. Wolfram, The mathematica book.
4th ed. New York: Cambridge Univ. Press, Website: http://www.cup.org

Mathcad 5.0, Mathsoft Inc. P.O. Box 1018, Cambridge, MA 02142-1519, Ph:
800-967-5075, Phone: 217-398-0700, Fax: 217-398-0747

Matrix-based interactive language: Signal Processing FFTs, O-Matrix, objective numerical
analysis, Harmonic Software Inc. Phone: 206-367-8742, Fax: 206-367-1067

FFT, Hilbert transform, ACOLADE, Enhanced software for communication system, CAE,
Amber Technologies, Inc. 47 Junction Square Dr., Concord, MA 01742-9879, Phone: 508-
369-0515, Fax: 508-371-9642

High-order Spectral Analysis (ISA-PC32) Software. Integral Signal Processing, Inc.,
P.O. Box 27661, Austin, TX 78755-2661, Phone: 512-346-1451, Fax: 512-346-8290
Origin 7.5, 8, voice spectrum, statistics, FFT, IFFT, 2D FFT, 2D IFFT, power spectrum,
phase unwrap, data windowing, Software by OriginLab Corp. One Roundhouse Plaza,
Northampton, MA 01060, Phone: 413-586-2013, Fax: 413-585-0126. http://www.origi-
nlab.com

Visilog, Image Processing & Analysis Software: FFTs and various processing operations,
Noesis, 6800 Cote de Liesse, Suite 200, St. Laurent, Quebec, H4T2A7, Canada, Phone:
514-345-1400, Fax: 514-345-1575, E-mail: noesis@cam.org

Stanford Graphics 3.0, Visual Numerics, 9990 Richmand Avenue, Suite 400, Houston, TX
77042, Phone: 713-954-6424, Fax: 713-781-9260

V for Windows, Digital Optics Ltd., Box 35-715, Browns Bay, Optics Ltd., Auckland 10,
New Zealand, Phone: (65+9) 478-5779, (65+9) 479-4750, E-mail: 100237.423@Compu-
serve.com

DADIiSP Worksheet (software package) (DADIiSP 6.0), DSP Development Corp., 3 Bridge
Street, Newton, MA 02458, Phone: 800-424-3131, Fax: 617-969-0446, student edition on
the web, Website: http://www.dadisp.com

FFT Software/Hardware: Commercial Chips
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Adaptive spectral entropy coding (ASPEC),
279-280, 282
Admissibility condition, 305
Advanced television systems committee
(ATSC), 268, 274
Aerial imaging, 182
Affine transformation, 43, 242
Algorithms. See also Fast Fourier transform
Goertzel’s, 212-215
Horner’s, 211-212
rader prime, 106, 108—-109
radix FFT (see radix)
Aliasing cancellation, 264, 268
Alternant matrix, 221
Analysis-by-synthesis excitation
modeling, 282
Antenna
analysis, 2, 264
pattern synthesis, 197
Aperiodic
convolution, 19, 20, 25, 27-30, 139, 370
correlation, 25-27, 140
Approximation error, 216, 242, 291
Arithmetic mean, 320

ASPEC. See Adaptive spectral entropy coding

Astronomical imaging, 181, 182, 307
Atmospheric turbulence, 144, 176, 181, 182
ATRAC audio compression, 266, 271
a trous
subband filtering algorithm, 305
wavelet, 305

ATSC. See Advanced television systems
committee
Audio
broadcasting, 79, 261, 277
codec, coders, compression
AAC, 2, 266, 274
AC-2, 266, 271, 282-285
AC-3, 2, 264-266, 268, 271, 274
ASPEC, 279-280, 282
ATRAC, 266, 271
frequency domain, 8, 268, 276
lossless, 275
MPEG-4, 2, 266, 274
MPEG-1 Layer I, III, 266, 274
MUSICAM, 279, 282, 283
NBC,
OCEF, 276, 277, 289
PAC/MPAC, 266, 271
perceptual transform, 32, 65, 266,
275-276, 289
SEPXFM, 276
psychoacoustic model, 3, 257, 273,
289, 316
stimulus, 275
watermarking, 255-258
Auditory masking, 266
Autocorrelation, 2, 155, 179, 289-292
AVS China, 333, 342-345

B
Bandwidth, 2, 197, 237, 259, 262, 267, 318
Bark spectrum, 275. See also critical band
Basis
functions of DCTs, 99, 359
orthonormal (ONB), 40, 342
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Basis (cont.)
restriction
error, 169, 171, 172, 175-177, 321,
346, 347
zonal filtering, 176, 177
vector (BV), 12, 33, 40, 339, 342, 378
Best linear estimate, 154
BIFORE transform, 80-84
complex (CBT), 83, 84
Binary shifting operation, 121
Biorthogonal, 114, 117, 127, 351, 353, 354
Bit
allocation matrix (BAM), 167
error rate (BER), 121
reversed order (BRO), 48-52, 54, 55, 63,
72, 83, 84, 335, 336, 364
Block distortion, 329, 330
Bluestein’s FFT, 106—-108
Boundary conditions, 337, 339
Brute force DFT, 57, 89, 190
Butterfly, 45, 54, 59, 63,77, 116, 117, 120, 190,
261, 334

C
Cartesian coordinate representation, 139
CDMA. See Code division multiple access
Centroid, 206-208
Cepstrum, 146, 149, 281, 282
CFA. See Common factor algorithm
Channel estimation, 262264
Chebyshev
filter, 225, 229, 232
polynomial, 226, 227
Chinese remainder theorem (CRT), 376
Chirp z-algorithm, 106, 249, 250, 317
Circulant matrix, 34-37, 40
Circular
convolution, 18-20, 24, 27, 29, 39, 107,
138-140, 358-359
correlation, 24-26, 109, 140, 242, 243, 245
shift, 16, 17, 35, 125-127, 135-136, 181,
242, 359-360
CMEB. See Cosine modulated filter bank
Codebook block, 242, 243
Code division multiple access (CDMA),
255,257
Coded orthogonal frequency domain
multiplexing (COFDM), 258,
259,277
Coding gain, 320, 322
Common factor algorithm (CFA), 87, 88
Complex
angle, 96, 99

Index

arithmetic operations, 43
BIFORE transform, 83, 84
conjugate theorem, 13, 259, 287, 307
FFT, 32-34, 43, 77, 261, 275, 285
Givens rotation, 95, 97
inner product, 122—-124, 244
Compression
fractal image, 242-246
pulse,
range, 148-151
ratio, 253, 282, 332
Condition number, 218
Conjugate
gradient fast Fourier transform, 264
symmetry property, 31
Constellation, 120, 259
Continuous flow, 261
Convolution
aperiodic, 19, 20, 27-30, 139, 370
circular, 18-20, 24, 27, 29, 39, 107, 138,
139, 358-359
discrete, 20, 24, 29
nonperiodic, 21, 31
periodic, 21, 139
Cooley-Tukey FFT algorithms, 88
Correlation
aperiodic, 25-27, 140
circular, 24-26, 109, 140, 242, 243, 245
coefficient, 168, 319, 322
fractional, 323
matrix, 319, 323
phase correlation based motion
estimation, 2
phase only (POC), 3, 246248, 379
residual, 319, 322-323
theorem, 24-27, 139-140
Coset, 293, 294, 297, 298
Cosine modulated filter bank (CMFB), 266
Covariance matrix, 160, 161, 169, 319, 320
Cover image, 256
Critical
bands, 275, 283
sampling, 275, 284
Cross
correlation via FFT, 246
power spectrum, 246
CRT. See Chinese remainder theorem
Curve fitting, 207
Curvelet transform, 303, 305-313

D
2D
dc signal, 142
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DFT
aperiodic convolution, 139, 140
circular shift
in frequency domain, 135-136
in time/spatial domain, 135
convolution theorem, 138—139
correlation theorem, 139—-140
frequency domain differentiation, 141
Laplacian, 141
Parseval’s theorem, 137-138
rotation property, 137
separable property, 130, 131
skew property, 137
spatial domain differentiation, 141
exponential function, 166, 199
filtering, 142—-152
NDFT, 197-235
sampling structure, nonuniform, 220-223
3D
coordinates, 159
DFT, 159
face recognition, 291-293
RMA face database, 291
Data
compression, 164, 197
constellation, 120
dc component, 17
Decimation
2D, 300

in frequency (DIF), 37, 43, 58-63, 65-69,

75-79, 87, 88, 109, 117, 187,
190-195, 261
in time (DIT), 37, 43-50, 57-60, 6365,

67-75, 77, 109, 187-191, 195

Decision-feedback (DF), 262-264

Decomposition partial transmit sequence
(D-PTS), 80

Decorrelation, 322

Degradation function, 153, 178, 179, 182, 186

Degrees of freedom, 221

DFT. See Discrete Fourier transform

Diagonal matrix, 53, 89, 99, 123, 127, 319,
323, 343, 355, 368, 372

Digital high definition television (HDTV), 258,

259, 268, 271, 274
Dirac delta function, 302
Directional bandpass filter, 317-318
Direct product. See Kronecker product
Discrete
cosine transform (DCT)

basis function, 99-101, 359

circular shift property, 359-360

integer, 333-347
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kernel, 334, 335, 337, 338, 342, 344,
348-350
5-point, 94
unnormalized, 358
Fourier transform (see DFT)
Hartley transform (DHT), 43, 99-101, 106
multitone (DMT), 260
orthogonal transform (DOT), 252,
319, 325
sine transform (DST), 99-102, 106, 170,
324, 348-361
trigonometric transform (DTT), 350,
355, 358
wavelet transform (DWT), 106, 373
Discrete Fourier transform (DFT)
basis vector, 12, 33, 40
circular shift, 16-17, 35, 125-127
complex conjugate theorem, 13, 287
conjugate symmetry property, 31
convolution theorem, 18-24
correlation theorem, 24-27, 39
domain
covariance matrix, 160, 161
variance distribution, 127, 160—164,
168, 171
generalized (GDFT), 197, 199, 350
linearity, 13, 202, 287
matrix, 10, 12, 34-37, 40,43, 48,51, 52, 54,
56, 84, 89, 92, 94-99, 121, 123, 201,
262, 263, 356, 364, 370
QR decomposition, 97
multiplication theorem, 24, 39, 139
nonuniform (NDFT), 197-235
normalized, 6-7, 40, 123, 127
Parseval’s theorem, 16
periodic shift, 135-136
permuted sequence, 17
phase spectrum, 13, 253, 255
prime length, 88, 89, 106
sparse matrix factorization, 49-57, 83, 84
time reversal, 38, 204
time scaling, 38
unitary, 6-7
zero padding in the data domain, 31-32
Distributed arithmetic, 261, 262
Downsampling, 237-241, 279, 295-302, 311
2D, 300
DSP chips, 1, 43
Dual
lifting, 114
tone multi-frequency (DTMF), 197
Dyadic symmetry, 337-347
Dynamic range, 146, 148, 176, 324
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E
Ear model, 253, 254
ECG, 40
Eigen
value, 36, 40, 218, 372
vector, 35, 36, 372
Electric power harmonics, 291
Elementary transformations, 253
Elliptic filter, 318
Energy
conservation, 125, 137
invariance, 169
in stopband, 321
Entropy coded perceptual transform coder, 276
Equiripple, 225-227
Euclidean norm, 242
Evenly stacked TDAC, 264, 283
Excitation patterns, 253, 254

F
Face recognition, 247, 291-293
Fast Fourier transform (FFT)
based ear model, 253
BIFORE algorithms, 80
Bluestein’s, 106—-108
composite number, 68—69
Cooley-Tukey algorithms, 1, 88
fast multipole method (FMM-FFT), 264
fixed-point, 113, 120
integer, 110, 116-120, 127, 128, 334
processor, 77, 260-262
Rader prime algorithm, 106, 108—-109
Winograd Fourier transform algorithm
(WFTA), 85, 88, 109
Fast uniform discrete curvelet transform
(FUDCuT), 302-313
FDM. See Frequency domain multiplexing
Fidelity range extension (FREXxt), 340,
345, 346
Filter
bandwidth, 237, 267, 318
Butterworth, 146, 184, 318
Chebyshev, 225, 229, 231, 232, 318
decimation, 237, 240
directional bandpass, 317-318
elliptic, 318
Gaussian lowpass, 150-152
geometric mean, 156-158, 180
homomorphic, 2, 145-151, 186
interpolation, 241
inverse, 152-160, 176, 178-180, 182, 183
inverse Gaussian, 144, 146-148, 176
pseudo inverse, 153, 178, 180, 183
root, 144-145, 148, 149, 175, 176, 179

Index

Scalar Wiener, 323-324
Wiener, 3, 152-160, 179-181, 184186
zonal, 143, 144, 173-177, 179, 298, 325
Filter-bank
biorthogonal, 114
cosine modulated (CMFB), 266
polyphase, 266
properties, 271
Filter matrix, 323, 324
Fingerprint image
enhancement, 317
matching, 247
Fixed-point FFT, 113, 120
Floating-point multipliers, 337
Fourier
Hartley transform, 99-106
Mellin transform, 316
transform, 197-200, 216, 281, 291, 294,
303, 367
Wiener filter, 155
Fractal
code, 242, 243
image compression, 242-246
Fractional correlation, 323, 347
Frequency
domain
coders, 268
downsampling, 237-241
filtering, 318
upsampling, 240-241
folding, 8, 11
masking, 257, 275, 316
percetual masking, 257
plane, 135, 168, 306, 307, 370
response of a filter, 150, 155, 184, 224
Frequency domain multiplexing (FDM),
260, 277
FREXxt. See Fidelity range extension
FUDCUT. See Fast uniform discrete curvelet
transform
Function
autocorrelation, 155, 179, 289-292
2D-exponential, 142
hyperbolic, 366
rate distortion, 321-322
rectangular, 141
separable, 317
sinc, 371
Fundamental frequency, 281

G

Gaussian
distribution, 144, 176
elimination, 215
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lowpass filter, 150-152
random variable, 321
GDFHT, 105
Generalized DFT (GDFT), 199, 350, 351,
355, 360
Generator of a group, 92
Geometrical zonal sampling (GZS), 170, 171,
175-177, 325
Geometric mean
filter, 156-158, 180
Ghost cancellation, 2
Givens rotation, 95, 97, 334, 337
Goertzel’s algorithm, 212-215
Group, 92, 264, 282

H
H.264, 320, 333, 340-343, 345-347
Haar transform, 112
Hadamard
product, 244-246, 367
transform, 80, 149, 150
Hann window, 257
Hartley transform, 99-106
HDTYV. See Digital high definition television
HDTYV broadcasting, 258, 259
Heideman’s mapping, 94
Hessian matrix, 262
Hilbert—Schmidt norm, 319
Homomorphic
filtering, 2, 145-151, 186
vocoder, speech system, 280-281
Horner’s algorithm, 212
Human auditory system, 280
Hyperbolic function, 366

I
IFFT, 2, 39, 43, 48-49, 54-56, 60, 62, 80, 107,
109, 237, 250, 252, 258-260, 274,
276, 281, 285-289, 307, 310
IFS. See Iterated function system
I1l-conditioned, 218
Illumination interference, 146, 151
Image
binary, 146, 372
enhancement, 150, 317
matching, 247
multispectral, 326
quality measure, 2, 326
rotation, 3, 249-251, 316, 317
square, 142
watermarking, 253-255, 316
IMDCT/IMDST implementation via IFFT,
285-288
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Impulse response, 27, 29, 141, 206, 223,
230-232, 271, 281, 290, 300, 313
Inner product, 122-124, 243, 244, 305,
313, 339
In-place computations, 63
Integer
DCT, 320, 333-347
DFT, 121-128
FFT, 110, 116-120, 127, 128, 334
lattice, 293, 294
MDCT, 286
Integer-to integer
mapping, 337
transformation, 114
Interpolation
error, 217
Lagrange, 216-219
MDCT,
using FFT,
Intraframe error concealment, 251-252
Inverse
filtering, 153, 179, 180
Gaussian filter, 144, 147, 148, 176
Invertibility, 113, 120
Iris recognition, 247
Isometric transformation, 242
Isomorphism, 92, 112
Iterated function system (IFS), 242

J
Jamming, 259
JPEG, 253, 316, 329, 330, 332

K

KLT, 170, 319, 322-324, 345-347

Kronecker product, 92, 132, 221, 222,
362-365, 376

L
Lagrange
interpolation, 216-219
multiplier, 165
Laplacian, 141
Lattice, 293
structure, 117-119, 334, 337
Least-square (LS) estimator, 262
Least-square optimization, 242
L? error, 242
Lexicographic ordering, 132
Lifting
multipliers, 337
scheme, 111, 114, 117, 119-121, 127
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Linear
phase, 223
shift invariant (LSI) system, 155
Linearity, 13, 202, 203, 287
Line integral, 302, 303
Log
magnitude spectrum of speech, 280, 281
polar map (LPM), 254-256, 316
Lookup table, 262
Lossless audio coding, 275

M
Magnetic resonance imaging (MRI), 2, 197,
199, 250
Magnitude spectrum, 8, 11, 13, 17, 145, 148,
151, 181, 253
Markov
process, 168, 169, 319, 322, 347
sequence, 169-172, 345-347
Masking-pattern universal sub-band integrated
coding and multiplexing
(MUSICAM), 267, 279, 282, 283
MATLAB
basics, 368—373
books, 374-375
websites, 373-374
Matrix
alternant, 221
bit allocation (BAM), 167
circulant (CM), 34-37
complex rotation, 94-96
correlation, 319, 323
covariance, 160, 161, 169, 319, 320
DFT, 10, 12, 33-38, 40, 43, 48, 51, 52, 54,
56, 72, 84, 89, 92, 94-99, 110, 121,
123, 262, 263, 356, 364, 370
diagonal, 53, 89, 99, 123, 127, 319, 323,
343, 355, 368, 372
norm, 218
orthogonal, 95, 97, 105, 218, 341, 345
partitioning, 80-84
permutation, 92, 102
product (see Kronecker product)
quantization, 330, 332
range shape, 243, 244
rotation, 95, 98
sampling, 293, 296, 297, 300, 301, 315
sparse, 48-57, 83, 84, 110-112
symmetric, 52-57, 313
Toeplitz, 34-35, 371
unit, 12, 323
unitary, 37, 95, 97-99
upper triangular, 94, 97

Index

Vandermonde, 222
Wiener filter, 324
Maximum
likelihood (ML), 262
variance zonal sampling (MVZS),
168-170, 325
Modified discrete cosine transform (MDCT)
43, 105, 264-268, 274-276, 279,
280, 283-285, 289
via FFT, 265, 270
Modified discrete sine transform (MDST), 43,
264, 271, 274, 283-286, 289
Mean
arithmetic, 320
geometric, 156, 157, 320
opinion score (MOS), 267
square error (MSE)
normalized, 176, 321, 325
Median block distortion, 329, 330
Method of moments (MoM), 264
Meyer window, 309, 312
Minimum mean square error (MMSE), 263
Mixed-radix FFT, 43, 68, 109, 261
Model output variables (MOVs), 253
Modulated
cosine transform (MCT), 266
lapped transform (MLT), 105, 264, 266
MoM. See Method of moments
Monophonic signal, 276
Moore—Penrose pseudoinverse solution, 216
Most significant bit (MSB), 113, 119
Motion blur, 141, 181-182
MPAC audio compression, 271
MPEG-1
audio
layer specifications, 267
psychoacoustic model, 257, 267, 269,
279, 316
MPEG-2 AAC, 2, 266, 269, 270, 272
MPEG-4 audio coding, 2, 266, 274
MRI. See Magnetic resonance imaging
MSB. See Most significant bit
M/S tool, 269
Multicarrier modulation, 260, 261
Multipath fading, 259
Multiplication theorem, 24, 39, 139-140
Multiplicative noise, 146
Multirate
identity, 300
Multispectral image, 326
MUSICAM. See Masking-pattern universal
sub-band integrated coding and
multiplexing
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N
Natural
number, 91
order (NO), 48, 50, 51, 55, 57, 105
NBC audio compression,
Near-complete integer DFT, 121-123, 127
Nesting procedure in WFTA, 93
Newton’s method, 262, 263
Noise-to-mask ratio (NMR)
measurement system, 276278
Noncircular convolution, 19, 24, 139, 140
Nonperiodic convolution, 21, 31
Nonsingular matrix, 221, 222, 293, 296, 344
Nonuniform
DFT (NDFT)
forward, 201, 207, 209-215
inverse, 198, 201, 209, 215-219,
221, 230
LPF, 223
sample allocation, 206
Norm
Euclidean, 242
Hilbert—Schmidt, 319
matrix, 101, 216, 218
Normalized
basis restriction error, 169, 321
MSE, 321, 325
Nyquist rate, 237

(0]
OCF coder, 276, 277, 289
Oddly stacked TDAC, 268-275, 315
Optimal energy distribution, 207
Orthogonal
basis function of the DFT, 100, 101, 210
matrix, 95, 97, 105, 121, 218, 341-343,
345, 352, 353
Orthogonal frequency domain multiplexing
(OFDM), 2, 77, 79, 80, 120, 121,
258-264, 402
Orthogonality condition, 97, 257
Orthonormal basis (ONB), 40, 342
Overlap-add method, 27-30
Overlap-save method, 27-30, 313

P

PAC audio compression, 266, 271

Parseval’s theorem, 16, 137-138

Partial sums, 213

Peak-to-average power ratio (PAPR), 80

Peak-to-peak signal-to-noise ratio (PSNR),
173, 174, 185, 186, 331, 332, 371
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Perceptual
based coders, 265, 266
entropy, 273, 275, 276, 279-280
masking, 257-258, 266
transform audio codec, 275-276, 289
Perfect reconstruction (PR) filter bank, 114
Periodic
convolution, 18, 21, 24, 138, 139, 358
sequence, 18, 24, 80, 107, 138, 355, 358
symmetric, 355
shift, 135-136
Periodicity, 8, 90, 133
Peripheral ear model, 254
Permutation matrix, 92, 102
Permuted sequence, 17, 39, 92
Phase
correlation based motion estimation, 2
only, 149, 246
correlation (POC), 3, 246248, 316, 379
image, 246, 247
spectrum, 13-15, 41, 145, 157, 253, 255,
327, 329
Pitch period, 281
Point spread function (PSF), 155-156
Polar coordinates, 303, 307, 317
Polyphase filter bank, 266
Power
adaptable, 113
density spectrum, 289-292, 317
spectral density, 155, 156, 172, 185, 186
Prime
factor, 1, 88, 90-92, 109, 261, 376
algorithm (PFA), 37, 87, 88, 106,
108-109, 112
map indexing, 90-92, 376
length, 88, 89, 106, 261
DFT, 89, 106, 261
relatively, 17, 18, 87, 88, 92, 261
Primitive root, 108
Projection-slice theorem, 303
Pseudo
inverse, 153, 154, 156, 178, 180, 183,
185, 216
Moore—Penrose, 216
filter, 153, 154, 178, 180, 183
noise (PN) sequence, 257
random number generator (PRNG), 257
PSF. See Point spread function
PSNR. See Peak-to-peak signal-to-noise ratio
Psychoacoustic model, 3, 257, 264, 267, 269,
273, 279, 280, 289, 316
Pulse compression,
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Q

OR decomposition, 97

Quadrature amplitude modulation (QAM), 259

Quality factor, 316, 330

Quantization, 113, 116, 164-169, 267, 276,
330, 332, 334

matrix, 330, 332
Que-frency samples, 281
Quincunx sampling matrix, 301

R
Rader prime algorithm, 106, 108-109, 112
Radix FFT algorithm
composite number, 68
mixed-radix (MR), 43, 68, 109, 261
radix-2
DIF, 37, 44, 58-63, 67, 69, 109, 111
DIT, 37, 44-50, 57, 65, 67-69, 109, 111
radix-2%, 120
radix-3
DIF, 37, 65-69, 87, 88, 111
DIT, 37, 63-65, 69, 70, 111
radix-4
DIF, 37, 75-77, 79, 111, 261
DIT, 37, 69-74, 111
radix-8, 77, 109, 261
radix-16, 110
split-radix algorithm (SRFFT), 77-80, 111
vector-radix 2D-FFT
DIF, 191-195
DIT, 187-190
Radon transform, 302-304
Range
compression, 148-151
shape matrix, 243
Rank order operation, 329
Rate distortion function, 321-322

Real
sequence, 1, 13, 14, 32-34, 43, 203,
253,287
valued

curvelet function, 307
input data, 87-88
Reconstructed image, 176, 325, 326, 330, 332
Reconstruction error variance, 164, 165
Rectangular function, 141
Recursive algorithm, 211
Relatively prime, 17, 18, 87, 88, 92, 261
RELP vocoder, 280, 281, 289
Resampling, 207, 301
Residual correlation, 319, 322-323
Resolution
chart, 146
in frequency domain, 8, 72, 197
in time domain, 8

Index

Ridgelet transform, 302-306
Ringing artifacts, 183, 318
RMA face database, 291
Root filter, 144—-145
Rotation
matrix, 94-96, 98, 99
scaling and translation (RST), 253,
255, 256
Roundoff errors, 1, 109

S
Sample reduction, 173, 174, 177

ratio, 325
Sampling

matrix, 293, 296298, 315

rate, 7, 136, 235, 237, 267, 276, 277, 282,

293, 297

sublattice, 293
Scalar Wiener filter, 323-324
Separable

function, 317

property, separability, 1, 130, 131

transform, 88, 167, 220-222, 364-365
Signal-to-mask ratio (SMR), 268
Singular

value decomposition, 216
Skew property, 137
Slant transform, 323
SOPOT. See Sum-of-powers-of-two
Space-time block code (STBC), 262, 263
Sparse matrix factorization, 49-57, 84
Spectral distance measure, 326-332
Spectrum, 2, 17, 137, 152, 176, 199-201, 206,

207, 237, 275, 289-292, 317

Speech log-magnitude spectrum, 280
Split-radix FFT, 77-80, 111, 120
Spread spectrum (SS), 3, 255
STBC. See Space-time block code
Stego image, 255, 256
Stereo signals, 276
Sum-of-powers-of-two (SOPOT), 114, 115
Surface texture

analysis, 3, 252-253

data, 252
Symmetric

matrix, 51-57, 313, 348

periodic sequence (SPS), 355

T
Throughput, 261, 262
Time domain aliasing cancellation (TDAC)
evenly stacked, 264, 283
oddly stacked, 264, 268-275, 315
Toeplitz matrix, 34-35, 371
Tonality estimation, 275
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Transform
BIFORE, 80-84, 252
coding gain, 320, 322, 347
complex BIFORE, 84
curvelet, 302-313
DCT, DST, 43, 94, 99, 105, 106, 149, 252,
276, 291, 323, 324, 333-337, 339,
341-347, 350, 358
discrete Hartley (DHT), 43, 99
Fourier-Mellin, 316
Haar, 112, 169, 252, 323
Hadamard, 43, 80, 112, 149, 170, 244,
334-337, 367
Hartley (see DHT)
IMDCT, 266, 276, 279, 280, 284
IMDST, 284
integer
DCT, 101, 103, 275, 333-347, 359
MDCT, 275
KLT, 170, 319, 322-324, 345-347
MDCT, 2, 43, 105, 264-268, 276, 279, 280,
284, 285, 289
MDST, 2, 43, 264, 271, 283-286, 289
modulated lapped (MLT), 105, 264
phase shift invariant Walsh, 252
Radon, 302-304
ridgelet, 302-306
slant, 170, 323
unified discrete Fourier-Hartley (UDFHT),
99-106
Walsh
Hadamard (WHT), 43, 80, 112, 149,
170, 334-337
Winograd Fourier (WFTA), 1, 85-94, 112,
261, 376
Transition band, 225
Triangularization, 94, 97
Trigonometric polynomial, 216
Truncation errors, 1, 103, 339
Two’s-complement arithmetic, 119

U
Unified discrete Fourier-Hartley transform
(UDFHT), 99-106, 109
Uniform frequency grid, 215
Unimodular matrix, 301
Unit
circle, 7-9, 13, 51, 200-202, 211, 212, 230
frequency cell, 294, 296, 299
Unitary
DFT, 6-7, 142, 145, 146, 324
DTT, 350
matrix, 37, 95, 97-99
transform, 16, 38, 137, 162, 172, 320,
323,324
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Unnormalized DCTs and DSTs, 358
Upper triangular matrix, 94, 97

A\
Vandermonde matrix, 222
Variance distribution
in the 1-D DFT domain, 160-161
in the 2-D DFT domain, 162—-164
Variance distribution
Vector-radix, 120, 171, 187-195
Very high speed digital subscriber lines
(VDSL), 261
Video coding standards, 251, 340-345
VLSI chips, 43
Vocal-tract characterization, 280
Vocoder
homomorphic, 280-282, 289
RELP, 280, 281, 289
Voxel, 291-293

W
Walsh-Hadamard transform (WHT)
decomposition of DCT-II, 377
Watermarking
audio, 255-258, 316
image, 253-255, 316
Wavelet
modulation, 255
transform, 106, 114, 302-305, 373
WHT. See Walsh-Hadamard transform
Wiener filter, 3, 152-160, 171, 179-181,
184-186, 323-324
matrix, 323, 324
scalar, 323-324
Windows Media Video 9 (WMV-9), 333,
341-342, 344-347
Winograd Fourier transform algorithm
(WFTA), 1, 85-89,92-94, 112, 261,
376-378
Wireless local area networks (WLAN),
79, 261

y/
Zero
insertion, 239-241
padding
in the data domain, 31-32
Zonal
filter, 143, 144, 146, 172-179, 298,
318, 325
masking, 146
Z-transform, 7-13, 51, 106, 200, 211, 212, 216,
217, 300
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