Algorithms for
VLSI Design Automation
Sabih H. Gerez
(lniversity of Twente, Department of Electrical Engineering,
The Netherlands

JOHN WILEY & SONS

Chichester

New

York Weinheim Brisbane Singapore

Toronto

Copyright

@

tSW by John Witey & Sons Ltd,
Baffins Lane, Chichester.
Wesr Sussex

pOl9 lUD.

England

Nariutcrl

01243 7i9i7i
lntentational (+44) tZ43 779j71
e-mail (for orders and customer service enquiries): cs_books@wiley.co.uk
Visit our Home Page On htrp://www.wiley.co.uk
http://wwlJ.wiley.com
Reprinted June 2000

All rights reserved. No part of this publication may be reproduced, stored in a
retrieval system, or transmitted, in any form or by any means, electronic, mechanical,
photocopying, recording, scanning or otherwise, except under the terms of the Copyright,
Designs and Patents Act 1988 or under the terms of a licence issued by the Copyright
Licensing Agency, 90 Tottenham Court Road, London, WIP 9HE, UK, without the
permission in writing of the publisher.
Orher Wilet Elintriol Offite.t

& Sons, Inc., 605 Third Avenue,
New Vrrk, NY l0l-5U-0012. USA

John Wiley

Wiley-VCH Verlag GmbH, Pappelallee 3,
D -69 469 Weinheim. Germany

Jacaranda Wiley

Ltd, 33 Park Road, Milton,

Queensland 4064, Australia

& Sons (Asia) Pte Ltd, 2 Clementi Loop #02-01.
Jin Xing Distripark, Singapore I29 809
John Wiley

John Wiley & Sons (Canada) Ltd,22 Worcesrer Road.
Rexdale, Ontario M9W lLl. Canada

Library of Congress Cataloging-itt-Publicatio n Data
Gerez. Sabih H.

Algorithms for VLSI desrgn Autornation

/

Sabih H.

Cerez

Drafi

.ed.

p.

cm.

Includes bibliographical rel'erences and index.
ISBN 0-471-98489-2
l. Integrated Circuits -Very large scale integration - Design and
construction - Data processing. 2. Computer-aided design.

3. Algorithms. I. Title.
TK7874.75.G47 t998
621.39'5

-

dc2l

98-39574
CIP

British Library Cataloguing in Publication Data

A

catalogue record

rsBN 0 471 98489

fbr this book is available fiom the British Library.
2

Produced from PostScript files supplied by the author.
Printed and bound in Great Britain by Bookcrafr (Bath) Ltd.
This book is printed on acid-free paper responsibly manufactured from sustainable
forestry, in which at least two trees are planted fbr each one used in paper production.

Contents
I

Preliminaries
Introduction to Design

Methodologies

3

1.1 The VLSI Design Problem
1.2 The Design Domains
1.3 Design Actions
1.4 Design Methods and Technologies
1.5 Bibliographic Notes .
A Quick Tour of VLSI Design Automation

3
5

7
8

9

Tools

2.1 Algorithmic and System Design
2.2 Structural and Logic Design
2.3 Transistor-level Design
2.4 Layout Design
2.5 Verification Methods
2.6 Design Management Tools
2.7 Bibliographic Notes .

Algorithmic Graph Theory and Computational

4

11
11

13
15
15

l7
18
19

Complexity

2l

3.1 Terminology
3.2 Data Structures for the Representation of Graphs
3.3 Computational Complexity
3.4 Examples of Graph Algorithms
3.4.1 Depth-first Search
3.4.2 Breadth-first Search
3.4.3 Dijkstra's Shortest-path Algorithm
3.4.4 Prim's Algorithm for Minimum Spanning Trees .
Notes .
Bibliographic
3.5
3.6 Exercises

22
24
26
29
30
32

Tiactable and Intractable Problems

4t

34
37
39

40

Contents

4.1
4.2
4.3
4.4
4.5
4.6
4.7

CombinatorialOptimizationProblems
DecisionProblems
ComplexityClasses
NP-completeness and NP-hardness
Consequences
Bibliographic Notes
Exercises

. . . . . . 4l
......
43
......
45
46
49
50

......

General-purpose Methods for Combinatorial Optimization
The Unit-size Placement Problem
Backtracking and Branch-and-bound
5.2.1 Backtracking
5.2.2 Branch-and-bound
5.3 Dynamic Programming
5.4 Integer Linear Programming

5.1
5.2

5.4.1
5.4.2

LinearProgramming
Integer Linear Programming

5.5 Local Search
5.6 SimulatedAnnealing
5.7 Tabu Search
5.8 Genetic Algorithms
5.9 A Few Final Remarks
5. l0 Bibliographic Notes

II
6

51

53

54
55

56
59
62
65
65
67
69

1l
IJ
on General-purpose Methods

Selected Design Problems and Algorithms

15
78
79

81

Layout Compaction

83

6.1 Design Rules
6.2 Symbolic Layout
6.3 ProblemFormulation
6.3.1 Applications of Compaction
6.3.2 lnformal ProblemFormulation
6.3.3 Graph-theoreticalFormulation
6.3.4 Maximum-distanceConstraints
6.4 Algorithms forConstraint-graphCompaction
6.4.1 A Longest-path Algorithm for DAGs
6.4.2 The Longest Path in Graphs with Cycles
6.4.3 The Liao-Wong Algorithm
6.4.4 The Bellman-Ford Algorithm
6.4.5 Discussion: Shortest Paths, Longest Paths and Time Com-

83
85

plexity

6.5
6.6

90

9l
9l
92
93
95

96

Other Issues

Bibliographic Notes

86
86
86
87

.

97
99

Contents

vii

......

6.1 Exercises

7

Placement and Partitioning

7.1
1.2
1 .3
7.4

101

Circuit Representation

102

Estimation
Types of Placement Problem
Placement Algorithms
1.4.1 Constructive Placement
7.4.2 Iterative Improvement
7.5 Partitioning
7.5.I The Kernighan-Lin Partitioning Algorithm
7.6 BibliographicNotes
7.7 Exercises

8

Wire-length

105

106
108
108
109

ll2
ll2

. . . . . . 117
..,...118

il9
Floorplanning
l2l
8.1 FloorplanningConcepts
121
8.1.1 Terminology and Floorplan Representation
8.1.2 Optimization Problems in Floorplanning
124
125
8.2 Shape Functions and Floorplan Sizing
......130
8.3 BibliographicNotes
......131
8.4 Exercises

9 Routing
9.1 Types of Local Routing Problems
9.2 Area Routing
9.3 Channel Routing
9.3.1 Channel Routing Models
9.3.2 The Vertical Constraint Graph
9.3.3
9.3.4

9.4
9.5

Horizontal Constraints and the Left-edge
Channel Routing Algorithms
Introduction to Global Routing

133
133
134
138

139
140

Algorithm

143
146
150

......151
9.4.1 Standard-celllayout
Layout
9.4.2 Building-block
and Channel Ordering

153

Algorithms for Global Routing
9.5.1 Problem Definition and Discussion

154

9.5.2
9.5.3

157

155

Efficient Rectilinear Steiner-tree Construction
Local Transformations for Global Routing

9.6 BibliographicNotes
9.7 Exercises
10

99

Simulation

161

10.1 GeneralRemarksonVlSlSimulation
10.2 Gate-level Modeling and Simulation

10.2.1 Signal

163

......163
......166

Modeling

......

167

169
l7O

viii

Contents

10.2.2 GateModeling
10.2.3 Delay Modeling
10.2.4 Connectivity Modeling
10.2.5 Compiler-driven Simulation

10.2.6 Event-driven Simulation
10.3 Switch-level Modeling and Simulation

lll
171

li2
173
176

.

180

10.3.1 Connectivity and Signal Modeling
10.3.2 Simulation Mechanisms

l8l
183

l0.4BibliographicNotes
Exercises

......191

10.5

11 Logic Synthesis and Verification
1 I .l Introduction to Combinational Logic Synthesis
I l.l.l Basic Issues and Terminology
ll.l.2 A Practical Example
I 1.2 Binary-decision Diagrams
I 1.2.1 ROBDD Principles
11.2.2 ROBDD Implementation and Construction
I 1.2.3 ROBDD Manipulation
11.2.4 Yariable Ordering
11.2.5 Applications to Verification
I1.2.6 Applications to Combinatorial Optimization
I 1.3 Two-level Logic Synthesis
11.3.1 Problem Definition and Analysis
11.3.2 A Heuristic Based on ROBDDs
I 1.4 Bibliographic Notes

192
195

195
195

199

201

20r
206
208
215
217

219

.

222
222
225

230

I 1.5 Exercises

12 High-level

l2.l

232

Synthesis

235

Hardware Models for HighJevel Synthesis
235
12. l 1 Hardware for Computations, Data Storage, and Interconn ection236
12.1.2 Data, Control, and Clocks
238
12.2 lntemal Representation of the Input Algorithm .
239

12.2.1 Simple Data Flow
12.2.2 Conditional Data Flow
12.2.3 lterative Data Flow
12.2.4 Data-flow Graph Representation

239
241
243

245

12.3 Allocation, Assignment and Scheduling

12.3.1 GoalsandTerminology. .
12.3.2 A Detailed Example
12.3.3 Optimizationlssues.

12.4 Some Scheduling Algorithms

12.4.1 ASAP Scheduling
12.4.2 Mobllity-based Scheduling

247
247

248

......

251

253
253
254

Contents

12.4.3 Force-directed Scheduling
12.4.4 LrstScheduling
12.5 Some Aspects of the Assignment

12.5.1
12.5.2
12.5.3
12.5.4

III

Formulation

Assignment by Interval and Circular-arc Graph Coloring
Assignment by Clique Partitioning .

.

A.l

A.2
A.3

A

CMOS

264
265

266

275

Technology

Design
Issues

277

The MOS Transistor and CMOS Logic
Transistor Layout in CMOS and Related

278

Bibliographic

285

Notes

Notation
Declarations
82 C-language Constructs
B.3 Pseudo-code Constructs
8.4 Bibliographic Notes
Appendix C List of Acronyms
References
Index
Appendix

B.1

262

.

271
273

Appendices

Appendix

259
261
261

Problem

Optimization Issues .
Graph Theoretical Problem

12.6 High-level Transformations
12.7 Bibliographic Notes
12.8 Exercises

256

B

About the Pseudo-code

Data Structures and

282

287
288

289
292

294
295
297
315

Preface
Algorithms for VLSI Design Automation intends to show current and future users
of VLSI CAD tools what is going on inside these tools. This should lead to insight
into what tasks can or cannot typically be performed by such tools, and why some
problems can only be approximately solved after long computation times while
others are exactly solved in a short time. A secondary goal is to provide a first
introduction to those students that want to specialize in the development of the tools
themselves.
The book is targeted firstly at students of electrical engineering. It assumes only an
elementary knowledge of programmrng and some familiarity with digital IC design.
However, the necessary knowledge of IC design is quite minimal and students of
computer science or applied mathematics should be perfectly able to follow the text
after reading Appendix A that explains the very basics of CMOS technology. The

book is also interesting for computer scientists and applied mathematicians as it
shows the many applications of combinatorial optimization within the field of VLSI
design automation.

After studying this book, the students should be sufficienrly familiar with the
notions and terminology of the field and be able to understand more specialized
books and articles on their own. It is recommended that the study of the book
is supplemented with programming exercises such that the student will not only
understand typical CAD algorithms but be able to implement them efficiently as
well.
The book consists of two groups ofchapters and a group of appendices. The first
group of chapters consists of introductions to "VLSI design" and "CAD tools", followed by introductions to the mathematical topics of "algorithmic graph theory",
"computational complexity", "intractability" and "general methods for combinatorial optimization". The mathematical intoductions have been included because many
students of electrical engineering may not be familiar with them.
The second group of chapters presents a selection of CAD problems and algorithms to solve them. Although attention is paid to simulation, logic synthesis, highlevel synthesis, and several aspects oflayout design, the wide range ofVLSI design
automation tools is only partially covered by these chapters. The reason for this is
that I consider it more important to achieve some depth in a limited number of topics
rather than to have a shallow coverage of many topics. Besides, a more complete but
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superficial presentation of all tools is given in Chapter 2 entitled 'A Quick Tour of
VLSI Design Automation Tools". Anotherreason fornot attempting to cover a wide
range of tools and algorithms is that the focus of research in the field continuously
moves to new topics. The reader will have to consult the most recent literature in order to learn about them. I believe that the material presented in this book sufficiently
prepares tie reader for the study of other texts dealing with VLSI design auromation,
whether they are provided by the teacher as additional material or collected by the
reader. Many pointers for firther reading can be found in the 'tsibliographic Notes"
sections at the end of each chapter. These sections list review texts, texts that present
example implementations, and texts that have served as a source of information for
me.

Apart from the the first appendix on the basics of CMOS technology mentioned
earlier, there is an appendix that presents the language that is used in the book for the
specification of algorithms in pseudo-code. The language is based on C with some
extensions to write compact pseudo-code. The last appendix lists all acronyms used
in this book.
Algorithms are the central theme of this book and the book presenrs many of them.
Most of the algorithms are illustrated by means of small examples to make it easier
to understand them. The choice to include some of them was a natura] one because
their relevance to the field is undisputed. In other cases, I have made a choice irmong
the many alternative algorithms that solve the same problem. This was a subjective
choice based on issues like complexity, elegance, relation with other algorithms in
the text, etc. In all cases, the reader should realize that there is still a large gap
between the algorithms as presented in this book and actual implementations inside
tools due to many practical details that have been left out of consideration. The
algorithms in this book should not be considered recipes that can directly be apptied.
The goal of the book is rather to train the student in tlinking about algorithms related
to the field.
A WWW page is available containing additional information related to the book
(additional exercises, useful links, supplementary material for teachers, erc.). It can
be found at:

ht.tp: /,/utelnt . e1. utwente. n]-/lLnks / gerez/cadvlsi/book. html
This page (and furure versions possibly located elsewhere) can also be reached from
the publisher's site:

http

:

/ /www.wi,Ley. com/coll ege / eLec/ gerez984892

/

Acknowledgments
This book has evolved from the lecture notes of the course that I teach at f\ilente
University. Throughout the years, colleagues and students have detected mistakes
and suggested modifications to the text. Although some of their remarks may have

Contents

xlll

referred to parts of the text that have not made it into this last version, I would like
to thank all those that were willing to give me feedback.
Three persons have carefully read large parts of the almost final manuscript. I am
very grateful to Jaap Hofstede (University of Twente, Department of Computer Science), Marc Heijligers (Philips Research) and Nick van der Meijs (Delft University
of Technology) for their valuable comments.
The following figures were published earlier in [GeOS] and are reprinted here with
kind permission of Kluwer Academic Publishers: 9.12, 12.13,12.15, 12.16,12.30,
and 12.35. Figures 10.11 and 10. 15 originate from [BryS7a] and are reprinted here
with kind permission of the IEEE.
Of course, the publication of this book would not have been possible without the
support of the staff of John Wiley and Sors. I would like to thank Simon Plumtree,
Robert Hambrook, and their colleagues for their readiness to answer all my questions
and their flexible interpretation of deadlines.
It is common that authors apologize to their families for not having been available
often during the writing of their book. Given the fact that my partner Sonia Heemstra
is as heavily loaded as myself with a full-time job, asking for sacrifices from her
side was hardly possible. It is important to me that Sonia and our two children
continually provide me with inspiration for enjoying my private and professional
life and that they have motivated me in this way to undertake the task of writing a
book. I would finally like to thank my parents for encouraging me to study and work
hard throughout all my life.
Sabih H. Gerez (s

.

h. gerez@el . utwente. n1)
Enschede, SePtember 9, 1998

Part

I

Preliminaries

1

Introduction to Design
Methodologies
This text deals with the algorithms that are used inside VLSI design automation tools,
also called computer-aided design (CAD) tools. It does not make sense to discuss
internals of VLSI design automation tools without having a clear idea of how these
tools are used. For this reason, a brief review of VLSI design methodologies is given
in this first chapter. The term "design methodology" refers to the approach followed
to solve the VLSI design problem. The discussion in this chapter is rather abstract.
A review of VLSI design automation with concrete references to the subproblems to
be solved and the tools used follows in Chapter 2. A minimal knowledge of CMOS
technology is necessary to understand this chapter and most of the other chapters in

this text. Appendix A supplies this knowledge for those that are unfamiliar with the
topic.

This chapter is organized as follows. First, the different entities to be optimized
during VLSI design are discussed. Then some attention is paid to the three VLSI
design domains and the design actions. The chapter concludes with a short discussion
of design methods and technologies.

1.1

The VLSI Design Problem

As is probably known to the reader, the abbreviation VLSI stands for Very l,arge
Scale Integration, which refers to those integrated circuits that contain more than
10s transistors (in current-day technologies, circuits of 107 transistors can already be
produced). The circuits designed may be general-purpose integrated circuits such as
microprocessors, digital signal processors, and memories. They are characterized
by a wide range of applications in which they can be used. They may also be
application-specific integrated circuits (ASICs) which are designed for a narrow
range of applications (or even a single one).
Designing such a circuit is a difficult task. A first requirement is, of course, that a
given specification is realized. Besides this, there are different entities that one would
like to optimize. These entities can often not be optimized simultaneously (one can
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only improve one entity at the expense of one or more others). The most important
entities are:
Area. Minimization of the chip area is not only important because less silicon is
used but also because the yield is in general increased. Not all circuits that are
manufactured function properly: the yield is the percentage of correct circuits.
Causes offailure, like crystal defects, defects in the masks, defects due to contact
with dust particles, etc. are less likely to affect a chip when its area is smaller.
Speed. The faster a circuit performs its intended computation, the more attractive

it may be to make use of it. Increasing the operation speed will normally require
a larger area (one may e.g. duplicate the hardware in order to parallelize the
computation). The design process should, therefore, always carefully consider
the trade-off between speed and area. Often, the operation speed is part of the
specification and the area should be minimized without violating this specification.
Speed is then a design constraint rather than an entity to optimize.
Power dissipation. When a chip dissipates too much poweq it will either become
too hot and cease working or will need extra (expensive) cooling. Besides, there is
a special category of applications, viz. portable equipment powered by batteries,
for which a low power consumption is of primary importance. Here again there are
trade-offs: designing for low power may e.g. lead to an increase in the chip area.

Design time. The design of an integrated circuit is almost never a goal on its
own; it is an economical activity. So, a chip satisfying the specifications should be
available as soon as possible. The design costs are an important factor, especially
when only a small number of chips need to be manufactured. Of course, good CAD
tools help to shorten the design time considerably as does the use of semicustom
design (see Section 1.4).
Testabiliry. As a significant percentage of the chips fabricated is expected to be
defective, all of them have to be tested before being used in a product. It is
important that a chip is easily testable as testing equipment is expensive. This
asks for the minimization of the tirne spent to test a single chip. Often, increasing
the testability of a chip implies an increase in its area.
One can combine all these entities into a single cost function, the VLSI cost funcat one go while at the same time
optimizing the cost function. The complexity is simply too high. Two main concepts
that are helpful to deal with this complexity arc hierarchy and abstraction.Hierarchy
shows the structure of a design at different levels of description. Abstraction hides
the lower level details. The use of abstraction makes it possible to reason about a
limited number of interacting parts at each level in the hierarchy. Each part is itself
composed of interacting subparts at a lower level of abstraction. This decomposition continues until the basic building blocks (e.g. transistors) of a VLSI circuit are
reached. Figure I . I illustrates the concepts of hierarchy and abstraction. Figure I . I (a)

tion.lt is impossible to try to design a VLSI circuit
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1.1 A stylized view of a design (a), its decomposition tree (b), a view of the design
decomposition of entity A at Abstraction Levels 1 and 2 (c), of entity C at Levels 2 and 3 (d)
and the whole design without a hierarchical organization (e).
Figure

shows a design and the way its parts have been partitioned hierarchically. A hierarchical design can be visualized by a decomposition tree as is shown in Figure 1. I (b).
Figure I .1(c) shows the entire design as it is seen when leaving out the details below
Abstraction Level 2. Similarly, Figure 1.1(d) shows parl C of the design as seen at
Levels 2 and 3. The situation without a hierarchical organization is pictured in Figure l.l(e) where the ten primitive entities are seen as direct parts of the top-level
entity. If there are in the order of a million primitives instead of ten, as is the case for
a VLSI circuit, the situation without hierarchy clearly becomes unmanageable.

1.2

The Design Domains

single hierarchy is not sufficient to properly describe the VLSI design process.
There is a general consensus to distinguish three design domains, each with its own

A

hierarchy. These domains are:

o

The behavioral domain In this domain, a part

of the design (or the whole) is

seen as a black box; the relations between outputs and inputs are given without a
reference to the implementation of these relations. A behavioral description at the
transistor level is e.g. an equation giving the channel current as a function of the
voltages at source, drain and gate or the description of a transistor as ideal switch.
At a higher level, a design unit with the the complexity of several transistors can
easily be described by means of expressions in Boolean algebra or by means

Algorithms for VLSI Design Automation
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Figure

1.2

The visualization of the three design domains in Gajski's Y-chart.

of truth tables. Going up in abstraction level, one reaches the register-transfer
level, where a circuit is seen as sequential logic consisting of memory elements
(registers) and functions that compute the next state given the current memory
state. The highest behavioral descriptions are algorithms that may not even refer
to the hardware that will realize the computation described.

o

The structural domain. Here, a circuit is seen as the composition of subcircuits. A
description in this domain gives information on the subcircuits used and the way
they are interconnected. Each ofthe subcircuits has a description in the behavioral
domain or a description in the structural domain itself (or both). A schematic
showing how transistors should be interconnected to form a NAND gate is an
example of a structural description, as is the schematic showing how this NAND
gate can be combined with other logic gates to form some arithmetic circuit.

o

The physical (or layout) domain. A VLSI circuit always has to be realized on a
chip which is essentially two-dimensional. The physical domain gives information
on how the subparts that can be seen in the structural domain, are located on the
two-dimensional plane. For example, a cell that may represent the layout of a
logic gate will consist of mask patterns that form the transistors of this gate and

the interconnections within the gate.

The three domains and their hierarchies can be visualized on a so-called Y-chart
as depicted in Figure l.2.Each axis represents a design domain and the level of
abstraction decreases from the outside to the center. It was introduced by Gajski in
1983 and has been widely used since then.

Apart from showing the three design domains in one picture, the Y-chart is a
powerful tool to illustrate different design methodologies. An example is shown in

1.
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1.3 A design methodology based on top-down structural decomposition and bottomup layout reconstruction illustrated by means ofthe Y-chart.
Figure

Figure 1.3. The path drawn in the Y-chart illustrates a top-down design methodology
where parts with known behavior are decomposed into smaller blocks with simpler
behavior and an interconnection structure. This corresponds with a transition from
the behavioral to the structural domain. Each subpart can again be thought to be
located on the behavioral axis and is decomposed in its own turn. This process
continues until a sufficiently low level of abstraction is reached. The layout has not
been considered in this process. Once the circuit has been fully specified down to the
lowest structural level, the layout is specified in a bottom-up fashion: transistors are
grouped to form cells, cells are grouped to form modules, etc.
Of course, many other design methodologies exist. It is, for example, possible
to design in a fully top-down manner, where the layout is determined immediately
after structural decomposition. This corresponds with an inward spiral on the Ychart. The method will be discussed in more detail in Chapter 8 when dealing with

floorplanning.

1.3

Design Actions

The actions involved to design a VLSI circuit can be grouped in different categories
according to their types. These categories will be shortly reviewed in this section as
different types of activities require different types of CAD tools.
Some of the design actions can clearly be visualized as a transition in the Y-chart
either within a single domain or from one domain to another. These are synthesis
steps; they add detail to the current state of the design. Synthesis steps may be
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performed fully automatically by some synthesis tool or manually by the designer
(there may exist interactive tools that support the designer in taking some design
decisions and capturing their results).
Ideally, a synthesis step is correct by constuction, which means that the transformation required to obtain the new description from the old one has the property
that it preserves the behavior of the subcircuit involved. When synthesis steps do not
lead to a result that is correct by construction, there is a necessity to use verification
tools. Steps that were performed fully automatically can often be trusted to be correct. However, as human skills and creativity cannot always simply be replaced by
computer programs, human intervention is necessary in several stages of the design
process. On the other hand, a weak point of humans is that they make mistakes from
time to time. Most of these mistakes can be detected by computer programs. In some
cases, even a fully-automatic synthesis step should be verified, especially when the
synthesis tool itself is very complex and is likely to be imperfect.
Another category of tools consists of analysis tools. They provide data on the
quality of the design (e.g. how fast is the circuit? how large is its area?) and hints
on how to optimize the design (e.g. which part determines the maximal speed and
should receive more attention by the designer?).
Yet another important category of tools is the group of optimization tools. These
improve the quality of a design without necessarily making a transition to another
level of abstraction or design domain. For example, a logic optimization tool can
replace a set of Boolean expressions by an equivalent set which is cheaper to
realize.It should be noted that most synthesis tools need to perform some type of
optimization in order to be interesting and useful.
Apart from these tools, there are tools that do not directly contribute to the design
itself, but support the other tools: the so-called design management tools. They take
care of design data storage, tool communication, the invocation of tools in the right
order, etc.

1.4

Design Methods and Technologies

As has already been mentioned, the design of VLSI circuits is a complex process.
The more degrees of freedom there are, the bigger the search space for the optimal
design. In full-custom design there is maximal freedom: the designer has the ability
to determine the shape of every mask layer for the production of the chip.
Although it may make inaccessible the parts of the search space which contain
optimal designs, limiting the freedom of the designer has the advantage of a smaller
search space and, therefore, a shorter design time. Design methods with limited
freedom are referred to by the terrn semicustom. As explained below, semicustom
design implies the use of gate arrays, standard cells, parctmeterizable modules or a
combination of the three.
Many manufacturers of integrated circuits make available chips that have all their
transistors preplaced in regular patterns. The designer only needs to specify the
wiring patterns (in one or more layers of metal) to interconnect these transistors.
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Circuits of this type are called gate arrays. The older types have groups of transistors
separated by wiring channels. More modern versions do not have wiring channels:
wiring is done on top of the transistors, sometimes at the expense of a lower transistor
utilization. This type of gate array is called a sea of gates. Gate arrays allow the
manufacturer to prefabricate chips without metallization in large quantities. As only
the metal patterns are customer specific, both the price and the turn-around time can
be less than in full-custom fabrication.
One can say that gate arrays as described above are mask programmable: by
choosing the right mask patterns for the realization of the connections, one fixes the
functionality of the circuit. There also exist so-calledfield-programmable gate arrays
(FPGAs). These are chips that have been fully fabricated, but whose interconnections
can temporarily or permanently be configured by applying electrical signals on some
inputs. So, as opposed to mask-programmable gate arrays, they can be programmable
in the field, after they have left the factory.
Besides preplacing transistors, a faster design time can be achieved by combining
elementary circuits, so-called standard cells, (e.9. simple logic gates, flip-flops,
etc.) that have been predesigned and have been made available to the designer in
a library.In such a case, one can build a complete design from cells, which saves the
cumbersome low-level design steps. Working with standard cells is also considered
semicustom design. It can be done both when the fabrication is to be full custom or
when the realization will be on a gate array.
Another way of increasing the design productivity is the use of module generators.
These generators exist for those subcircuits in a design that have a regular structure,
such as adders, multipliers, and memories. Such a subcircuit is called a module.
Due to the regularity of the structure, the module can be described by one or two
parameters like the number of bits of an adder or the word length and number of
words in a memory. These parameters are sufficient for the module generator to
build the desired module from a set of elementary circuits. These elementary circuits
could have been designed in a full-custom fashion, or they could be composed from
standard cells (it may even be likely that the elementary circuit may be available as
a single cell in a standard cell library).
The term technology (sometimes fabrication technology) refers to the semiconductor process used to produce a circuit. It can refer to the type of semiconductor (Si
or GaAs), to the type of transistors (e.g. CMOS, nMOS, bipolar) or to the details of
a certain transistor technology (e.g. 1 micron CMOS of manufacturer X).
Clearly the design method and the technology that are chosen, can have consequences for the CAD tools to be used. They even create the necessity for specific
tools (e.g. a cell generator for sea-of-gates). An overview of the most common CAD
tools is given in the next chapter.

1.5

BibliographicNotes

VLSI design is the topic of many books including [Wes93], [Wol94b] and [Rab96].
comprehensive book on both VLSI design and modern CAD tools is [Smi97].
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Recently designing for low power has received quite some attention; the interested
reader can consult the books [Cha95a], [Mac96], [Rab95], [Neb97] and [Ben98] or
the review paper [Ped96] for more information on this topic.
Two interesting publications on the notions of hierarchy and abstraction in the
context of VLSI design are [Tri81] and [S6q83]. The original paper in which Gajski
proposed to visualize the three design domains by means of the Y-chart is [Gaj83].
The paper also illustrates how different design methodologies can be expressed as
paths in the Y-chart. Similar ideas can be found in later publications by Gajski like
lGaj88bl) as well as publications by other authors (see e.g. [Wal85]).

)
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A Quick Tour of VLSI Design
Automation Tools

1, designing an integrated circuit is a sequence of many
actions most of which can be done by computer tools. It is the goal of this chapter to
briefly mention the most relevant tools. Only a few of these tools will receive detailed
attention later on in this text. For those tools, a pointer to the appropriate chapter will

As mentioned in Chapter

be provided. For most of the other tools, references to relevant sources are given in
the Bibliographic Notes at the end of the chapter.
In order to keep their discussion in this chapter somewhat structured, the tools have
been grouped according to the keywords "algorithmic and system design", "structural and logic design", "transistor-level design", "layout design", "verification" and
"design management". The first four groups more or less completely cover the Ychart (see Section 1.2) as is shown in Figure 2.1. "Verification" is action that occurs
almost anywhere in the Y-chart, whereas "design management" does not deal directly with a specific design and cannot be shown on the Y-chart. The tools are not
necessarily discussed in the order that they should be invoked during a design.

2.1

Algorithmic and System Design

At the earliest stage of the design, there is a necessity to experiment with specifications, to try to formalize them, etc. The designer is mainly concemed with the initial
algorithm to be implemented in hardware and works with a purely behavioral description of it. Some designers use general-purpose programming languages like C
or Pascal at this stage. However, it becomes more and more popular to use so-called
hardware description languages (HDLs). Being specially created for this goal, they
allow for a more natural description of hardware. For example, the statements of a
program written in a general-purpose programming language are supposed to be executed sequentially whereas the semantics of HDLs imply parallel execution. Many
HDLs have been designed in the past, both as part of commercial tools and for research purposes. Currently, the languages VHDL and Verilog are the most widely
used.
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2.1

The location in the Y-chart ofthe tool groups as discussed in this chapter.

A formal description of hardware by means of an HDL already helps to make
an unambiguous specification as opposed to a specification in a natural language
like English. However, an HDL becomes more interesting when a simulator is available for it. Simulation helps in the detection of errors in the specification and allows
the comparison of the highest-level description with more detailed versions of the
designs that are created during the design process. A second application of formal
description is the possibility of automatic synthesis: a "synthesizer" reads the description and generates an equivalent description of the design at a much lower level.
Such a low-level description may e.g. consist of a set of interconnected standard
cells. The degree of abstraction at which the input to the synthesis tool is given determines the power of the tool: the higher this level, the less the number of design
steps to be performed by the human designer. The synthesis from the algorithmic behavioral level to structural descriptions consisting of arithmetic hardware elements,
memories and wiring is called high-level synthesis and is discussed in Chapter 12.
Yet another application of formal descriptions is infonnal verification, a topic that
is shortly discussed in Section 2.5.
The term silicon compiler came already into existence in the early days of vLSI
design when cAD tools were relatively primitive compared to what they are now.
The goal was to construct a tool similar to a compiler for software by reasoning that
mapping a computation to the instruction set of a general-purpose computer was not
very different from mapping the computation to hardware. A similar program to the
one that served as the input for a software compiler could be used as the input for the
"silicon compiler" which would produce the mask patterns for a chip. This ideal is
being approximated more and more by the synthesis tools mentioned above.
A formal specification does not always need to be in a textual form by means
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of a hardware description language. Tools exist to capture part of the specification
in a graphical way, e.g. in the case that structural information is available. Another
situation in which graphical entry may be preferable above text is for the specification
of finite state machines (FSMs). Especially hierarchical FSMs in which some states
may be hierarchical FSMs themselves, are useful for the specification of so-called
control-dominated applications.The tools generally have the possibility to convert
the graphical information into a textual equivalent expressed in a language like
VHDL that can be accepted as input by a synthesis tool.
Design starting from a system specification will normally not result in a single
ASIC. It is much more realistic that the final design for a complex system will consist
of several chips, some of which are programmable. In such a case, the design process
involves decisions on which part of the specification will be realized in hardware
and which in software. Such a design process is called hardware-software co-design.
One of the main tasks in this process is the partitioning of the initial specification
in software and hardware parts. This task is very difficult to automate, but tools
exist that support the designer, e.g. by providing information on the frequency at
which each part of the specification is executed. Clearly, the parts with the highest
frequencies are the most likely to be realized in hardware. The result of co-design
is a pair of descriptions: one of the hardware (e.g. in VHDL) that will contain
programmable parts, and the other of the software (e.g. in C). Mapping the highlevel descriptions of the software to the low-level instructions of the programmable
hardware is a CAD problem of its own and is called code generation. One possibility
for the verification of the correctness of the result of co-design is simulation. Because
the simulator should be able to cope simultaneously with descriptions of hardware
and software, this process is called hardware-software co-simulation.

2.2

Structural and Logic Design

In many situations, it is not possible to provide a high-level description of a circuit
and leave the rest of the design to synthesis tools: the tools might not be able to cope
with the desired behavior or may produce results whose quality is unacceptable.
In such a case, the designer can use a schematic editor ptogram. This CAD tool
allows the interactive specification of the blocks composing a circuit and their
interconnections by means of a graphics computer screen, mouse, menus etc. Often,
the schematics constructed in this way are hierarchical: a block at one level is an
interconnection of blocks one level lower. The blocks at the lowest level are normally
elementary logic gates (e.g. a 3-input NAND or a D-flipflop), although more abstract
(e.g. an adder) or more detailed (e.g. a transistor) blocks could form the lowest level
well.
Once the circuit schematics have been captured by an editor, it is a common
practice to verify the circuit by means of simulation Simulation may even be the
only reason why the circuit schematics were drawn on the computer (documentation
may be another reason). Simulation is performed to detect errors in the design and
increase the confidence in the correct functioning ofthe circuit. Chapter 10 discusses
as
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the most important techniques that are used in a simulator. A topic closely related to
simulation isfault simulation: one checks whether a setof test vectors or test patterns
(input signals used for testing) will be able to detect faults caused by imperfections
of the fabrication process. Going one step further, one could let the computer search
for the best set of test vectors by using a tool for automatic test-pattern generation
(ATPG).
Logic synthesis is concerned with the generation and optimization of a circuit at
the level of Boolean gates. In this field, three different types of problems can roughly
be distinguished:

1. Synthesis of two-level combinational logic. As the reader should know, any
Boolean function can be written as a two-level expression, e.g. as a sum of
products or a product of sums. These forms can e.g. directly be implemented as
programmable logic arrays (PLAs), a specific regular arrangement of transistors.
It is, therefore, important to minimize two-level expressions.

2. synthesis of multilevel combinational logic. Some parts of integrated circuits
consist of so-called random logic. This is the circuitry that does not have the
regular structure that can be found in e.g. adders, multipliers, etc. Random logic
is often built of standard cells, which means that the implementation does not
restrict the depth of the logic (the maximal number of gates between an input and
an output). Using more than two levels normally decreases the area but increases
the propagation delay. The goal is often to minimize the area while satisfying
delay constraints.

3.

Synthesis of sequential /oglc. Opposite to combinational logic, sequential logic
has a state which is normally stored in memory elements such as flip-flops. One
ofthe main problem here is to find a state encoding such that the logic necessary
to compute the state transitions is minimized.

In general a large library of distinct logic gates are available for the realization
of digital circuitry. Logic synthesis algorithms normally do not deal with the library
directly in order to be as independent as possible of the available technologies and
libraries. An abstract circuit representation is, therefore, used instead during the
initial stages of the synthesis process. Once that the circuit is estimated to satisfy the
optimization constraints, it is converted into a circuit composed of actually available
library cells by a technology mapping tool. chapter 11 deals with the synthesis of
combinational logic, concentrating mainly on two-level synthesis.
In Section 1.1 it was mentioned that the speed of the circuit to be designed is
either an entity to be optimized or a constraint that should be satisfied. In both cases,
the designer should be informed about the maximum delay paths in the circuit: the
shorter these delays, the faster the operation of the circuit. one possibility of finding
out about these delays is by means of simulation, using methods that model the
delays with sufficient accuracy. Another, more efficient, possibility is the use of
timing analysis tools. These are tools that are able to compute delays through the
circuit without performing any simulation.
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T[ansistor-level Design

gates are composed of transistors. Designing at the transistor level requires
its own design tools, most of which are simulation tools. Depending on the accuracy required, transistors can be simulated at different levels. At the switch level,

Logic

transistors are modeled as ideal bidirectional switches and the signals are essentially
digital, although the model is often augmented to deal with different signal strengths,
capacitances of nodes, etc. (see Chapter l0). At lhe timing level, analog signals are
considered, but the transistors have simple models (e.g. piecewise linear functions).
At the circuit level, more accurate models of the transistors are used which often
involve nonlinear differential equations for the currents and voltages. The equations

are then solved by numerical integration. The more accurate the model, the more
computer time is necessary for simulation and, therefore, the lower the maximum
size of the circuit that can be simulated in reasonable time.
The fact that an integrated circuit will be realized in a mainly two-dimensional
physical medium has implications for design decisions at many levels. This is
certainly true for the transistor level. The exact values of (parasitic) capacitances
and resistors depend on the shapes of the pattems in the different layers of material.
Therefore, it is the custom to extract the circuit from the layout data, i.e. to construct
the network of transistors, resistors and capacitances taking the mask patterns as
inputs (see also Section 2.4). The extracted circuit can then be simulated at the
circuit or switch level especially to find out how parasitic capacitances and resistors
affect the circuit behavior. Circuit extraction is especially important when performing
full-custom design. In the case of standard cells (semicustom design), the so-called
characterization of the cells, i.e. the determination of their timing behavior is done
once by the library developer rather than by the designer who makes use of the
library.

2.4

Layout Design

Design actions related to layout are very diverse and there are, therefore, many
different layout tools. The most important ones will be discussed in this section.
Suppose that one has the layout of the subblocks of a design available, together
with the list of interconnections to be made. From an abstract point of view, these
subblocks ure rectangles (or polygons) with terminals at their periphery to which
wires can be connected. The problem is to compose the layout of the entire integrated
circuit. It is often solved in two stages. First, a position in the plane is assigned to
each subblock, trying to minimize the area to be occupied by interconnections. This
is called the placemenr problem and is discussed in Chapter 7. The next step is to
generate the wiring patterns that realize the correct interconnections between these
blocks. This is called the routing problem and is discussed in Chapter 9. The goal of
placement and routing is to generate the minimal chip area, while possibly satisfying
some constraints. Constraints may e.g. be derived from timing requirements. As the
length of a wire affects the propagation time of a signal along the wire, it may be
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important to keep specific wires short in order to guarantee an overall execution
speed of the circuit. Layout design with timing constraints is called timing-driven
layout.
The partitioning problem concerns the grouping of the subblocks in a structural
description such that those subblocks that are tightly connected are put in the same
group while the number of connections from one group to the other is kept low. This
problem is not strictly a layout problem. It is e.g. encountered when some design is
too large to fit in a single integrated circuit and has to be distributed among several
chips. Partitioning can also help to solve the placement problem as is discussed in
Chapter 7.

The simultaneous development of structure and layout is called floorplanning.
design methodology, when making a transition of a behavioral
description to a structure, one also fixes the relative positions of the subblocks.
Through floorplanning, layout information becomes available at early stages of the
design. It gives early feedback on e.g. long wires in the layout and may lead to
a reconsideration of the decisions on structural decomposition. The floorplanning

In a top-down

problem is closely related to the placement problem with the difference that detailed
layout information is available in placement whereas floorplanning has mainly to
deal with estimations. Floorplanning is discussed in Chapter 8.
A cell compiler generates the layout for a network of transistors (consisting of, say,
at most 100 transistors). One could follow a placement and routing approach in this
case. However, such a two-stage method does not work very well here. As a transistor
occupies the same area as a short wire segment, it is very difficult to estimate the
area necessary for wiring at the placement stage. Most cell compilers therefore
do not exploit the full freedom of being able to place and interconnect transistors
arbitrarily. They target regular arrangements of transistors, such as linear or matrix
orderings, and use speciflc optimization techniques suitable for the particular regular
arrangement.

A problem somewhat related to cell compilation is module generation. A module
is normally understood to be a hardware block, the layout of which can be composed
by an arrangement of cells from a small subset. These elementary cells are sometimes

called microcells. They have a complexity of around l0 transistors. Examples of
microcells are a full adder or single-bit memory cell. Given some parameters (e.g. the
number of bits for an adder or the word length and number of words in a memory),
the module generator puts the right cells at the right place and composes a module in
this way.

when designing full-custom chips, the designer should have the possibility to
modify the layout at the level of mask patterns. The computer tool that supports
this action is called alayout editonThis tool is essential and any setof tools meant
for full-custom design includes it. Its basic function is to allow the insertion, deletion
and modification of patterns in specific layers. Most layout editors have additional
functions, like the possibility of designing hierarchically and duplicating subcells,
which speed up the tedious work of operating at the mask level.
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Working at the mask level gives the freedom of manipulating the layout at the
lowest level, but the increased freedom is as well a source of errors. In a correct
design, the mask pattems should obey some rules, e.g. on minimal distances and the
minimal widths, called design rules (see Chapter 6). Tools that analyze a layout to
detect violations of these rules are called design-rule checkers. A somewhat related
tool that also takes the mask patterns as its input is the circuit exffactor.It constructs a
circuit of transistors, resistors and capacitances that can be simulated by the methods
mentioned in Section 2.3. Both design-rule checking and circuit extraction lean on
knowledge from the field called "computational geometry".
One serious disadvantage of full-custom design is that the layout has to be
redesigned when the technology changes. Even when the change only involves the
minimum feature size (e.g. from a I micron process to a 0.5 micron process), often
the designs cannot be ported to the new technology by simply scaling dimensions' As
a remedy to this problem and to speed up the design time in general, symbolic layout
has been proposed. In symbolic layout widths and distances of mask patterns are
irrelevant. What matters is the positions of the patterns relative to each other, the socalled topolo,gy of the design. Symbolic layout can only be used in combination with
a compactor. This is a tool that takes the symbolic description, assigns widths to all
patterns and spaces the patterns such that all design rules are satisfied. Compaction
is the topic of Chapter 6.

2.5

VerificationMethods

There are three ways of checking the correctness of an integrated circuit without
actually fabricating it:

l.

Prototyping, i.e. building the system to be designed from discrete components
rather than one or a few integrated circuits. A form of prototyping called breadboarding used to be a common practice in the early days of integrated circuit design, but is out of use nowadays, both because of the huge number of components
that would be needed and the fact that the behavior ofdevices on a chip is totally
different from that of discrete components when it comes to delays, parasitics, etc.
However, prototyping using programmable devices such as field-programmable
gate arrays (see Section 1.4) is quite popular as a means to investigate the algorithms that a system should realize. This type of prototyping is called rapid system
prototyping and is especially used in audio and video processing. The prototype is
supposed to show the effects of algorithms in real time, meaning that the compu-

tations should be as fast as in the final design. The advantage of prototyping over
simulation (see below) is that simulation will in general not operate in real time.
A prerequisite for rapid system prototyping is the availability of a compiler that
can "rapidly" map some algorithm on the programmable prototype'

2. Simulation, i.e. making a computer model of all relevant aspects of the circuit,
executing the model for a set of input signals, and observing the output signals.
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Simulation has the disadvantage that it is impossible to have an exhaustive test
of a circuit of reasonable size, as the set of all possible input signals and internal
states grows too large. One has to be satisfied with a subset that gives sufficient
confidence in the correctness ofthe circuit. So, simulation that does not check all
possible input pattems and internal states always includes the risk of overlooking
some errors.

3. Formalverification,i.e.theuseofmathematicalmethodstoprovethatacircuitis
correct. In mathematics it is possible to reason about sets with a large number of
elements or even infinite sets without enumerating all elements of the set. So, a
mathematical proof, as opposed to simulation, gives certainty on the correctness
of the circuit. The problem is that performing these proofs by hand is too time
consuming. Therefore, the attention is focused on those techniques that can be
performed by computers.

Formal verification methods consider different aspects of vLSI design. The most
common problem is to check the equivalence of two descriptions of a circuit,
especially a behavioral description and its structural decomposition (see Figure 1.3).
In this context the behavioral description is called the specification andthe structural
one its implementation. The formal descriptions of specification and implementation
are presented to the verifier that manipulates these descriptions and tries to prove that
they are equivalent. An introduction to a technique that can be used for this purpose
is presented in Chapter I 1.

Another problem is to prove the internal consistency of some formal specification, e.g. to check that all possible conditions are covered in the case ofa conditional
computation. Yet another issue related to formal verification is correctness by construction. one can see the design process as the subsequent application of small
transformations on an initial design. Each transformation adds some detail to an intermediate design until the final design has been obtained. If one can prove that all
transformations that one intends to use preserve the behavior of the system, one can
conclude that final design is "correct by construction" (assuming that the initial specifications were correct).

2.6 Design Management Tools
As was mentioned in chapter 1, there are tools that are not directly related to the
progress of the design itself, but are indispensable in a cAD system. First of all, CAD
tools consume and produce design data in different design domains and at different
levels

of abstraction. These data have to be stored in

databases. The quantity

of

data for a vLSI chip can be enormous and appropri ate data management techniques
have to be used to store and retrieve them efficiently. Besides, design is an iterative
activity: a designer might modify a design description in several steps and sometimes
discard some modifications if they do not satisfy. Version management allows for the

possibility of undoing some design decisions and proceeding with the design from
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some earlier situation without having to copy the entire design description for each
design decision taken. Yet another aspect of design management is to maintain a
consistent description of the design while multiple designers work on different parts

of the design.
One of the earliest tool integration problems originated from the different data
formats used by distinct tools e.g. due to the fact that the tools were supplied by
different vendors. Using the tools in combination asked for data conversion tools
such that the tools could use each other's data. In order to keep the number of
conversion problems low, efforts have been spent in defining single interchange
formats that all tools could read and write. A famous standard format is EDIF
(Electronic Design Interchange Format).
Data conversion only solves the tool integration problem when the tools that make
use of the same data, are invoked sequentially. It is, however, desirable that design
data can be shared by tools that are running simultaneously. One would e.g. like
to edit a circuit with a schematic editor, simulate it with a tool of another vendor,
go back to the schematics, simulate again, without having to bother about data
conversion. This is possible if a framework is used. One of its features is a uniform
interface to access design data from a database. Then all tools can exchange data by
making use of standardized procedure calls to read from and write to the common
database provided by the framework. A framework can also provide for uniform
user interfaces using a similar mechanism of standardized procedure calls. The ideal
is that a user can buy any tool from any vendor and plug it into the framework to
create a personal tool set rather than having to make a choice for one vendor and
accept all its tools.
Yet another feature of a frameworkis methodology management. This refers to the
possibility to guide the user through the design flow by indicating the order in which
some tools should be invoked, e.g. by making sure that some verification program is
called after the invocation of a synthesis tool.

2.7

BibliographicNotes

The reader who is interested in alternative presentations of the suite of CAD tools,
the way they can be used, as well as the evolution of the tools throughout the years,
can consult the review papers [New8l], [Car86], [New86], [Row91] and [Keu97].
Extensive information on modern CAD tools can also be found in [Smi97].
Many books on VHDL exist including [Lip89] and [Nav93]. Synthesis from
VHDL is covered in [Bha96], [Cha97], and [Nay97]. Verilog is explained in [Tho9l]
and [Gol96]. Examples of graphics tools forhigh-level specifications are presented in
lHar9Oal and [Ama94]. Silicon compilation is the topic of [Gaj88b] and [Dut90]. An
interesting paper that considers the evolution of the ideas for building a commercial
silicon compiler over a period of ten years is [Joh89].
Hardware-software co-design has received quite some attention in recent years
leading to several books on the topic including [Gup95], [DM96], [Bal97], [BeO7]
and [Sta98]. A review paper on the topic is [Wol94c]. Different issues related to code
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generation are discussed in [MaOS]. Two monographs on this topic are [Leu97] and

lLie98l.
The reader interested in knowing more on fault simulation and ATPG is referred
to [Abr90] and [Zob93] among the many sources available on these topics.
A nice book on specification and verification is [Mil94]. More on formal verification can be found in the review sources [Yoe90] and [Gup92]. A discussion on
formal methods from a practical point of view is given in [Keu96].
A review of cell compilers is given in [Gaj88a]. Examples of module generators
are described in [Chu84], [May86] and [Smi88]. A famous example of a "layout
editor" is Magic [Ous85].
General review papers on design-rule checking and circuit extraction are [Yos86]
and [Szy88]. A review that emphasizes computational geometry is [Asa86]. Magic's
circuit extractor is described in [Sco86]. A complete layout system including editing,
design rule checking, extraction, compaction and cell compilation is the topic of

lHil89l.
More information on frameworks can be found in the review paper [Har9Ob] and
the books [BaO2) and [Wol94a]. A paper on EDIF is [Kah92a].

3

Algorithmic Graph Theory and
Computational Complexity
A graph is a mathematical structure that describes a set of objects and the connections between them. The use of graphs may facilitate the mathematical formulation,
analysis, and solution of a problem. A road map can, for example, be represented
by a graph: points in a plane represent cities and line segments between these points
show those cities connected by a direct road. Graphs are often encountered in the
field of design automation for integrated circuits, both when dealing with entities
that naturally look like a network (e.g. a circuit of transistors) as well as in more
abstract cases (e.g. precedence relations in the computations of some algorithm, see
Chapter 12).
to pure graph theory, emphasizes the design
graphs,
instead
of concentrating on mathematical propof algorithms that operate on
properties. The distinction between
graphs
those
and theorems expressing
erties of
graph theory certainly benefits
however,
and
algorithmic
the two is not very sharp,
graph
pure
theory.
from results in

Algorithmic graph theory, as opposed

Computational complexity refers to the time and memory required by a certain
algorithm as function of the size of the algorithm's input. The concept applies to
algorithms in general and is not restricted to graph algorithms.
The theory that is presented in this chapter consists of the minimum knowledge
that will be of help to understand the applications of graph theory to specific
problems in the field of design automation for VLSI. After studying this chapteq
the reader is supposed to be able to understand the description of graph algorithms,
analyze their computational complexity, slightly modify them, and write simple
programs that implement graph algorithms (if already sufficiently experienced in
programming). The chapter starts with the terminology of graph theory, followed
by a discussion of elementary data structures for the representation of graphs. An
introduction to the theory of computational complexity follows next. The chapter
concludes with a small selection of graph algorithms.
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An example of a graph.

Terminology

A graph is characterized by two setsi ayertex set V and an edge set E. It is customary
to denote a graph by G(V, E), where G refers to the graph itself. Not everybody uses
the same terms when discussing graphs: a vertex is also called a node and an edge is
called an arc or a branch.
The sets V and E fully characteize a graph. Figure 3.1 shows a graph where
V : lut,u2,u3,u4,u5,u6l and E : {et,ez,4,e4,e5}. The two vertices that are
joined by an edge are called the edge's endpoints. An edge can be identif,ed by its
two endpoints u, u € V, in which case the notation (u, u) is used. In the example
of Figure 3.1, e1 - @t,uz), e2 : (u1, u3), etc. When e : (u,u), it is said that e
is incident with u (and also with u). The vertices u and u such that (u, u) e E, are
called adjacent.

When one removes vertices and/or edges from a given graph G, one gets a
subgraph of G. In this process, the following rule should be obeyed: removing a
vertex implies the removal of all edges connected to it. More formally: given a
graph G(V, E), a subgraph induced by a set V, C V is the graph G,(%, E,), with
E.,: {(u;, u;)lui e V, nui € % A (ui,uj) e E}.
A graph K(Vp, Ep) for which the edge (ui, u1) e Ep for every pair of vertices
Di, u j e Vp is called a complete graph. A subgraph that is complete, and that is not
contained in a larger complete subgraph, is called a clique. The graph of Figure 3. I
has three cliques identified by the vertex sets {u1 , uz, uz}, {ut, uql and {u5, u6}. Some
authors call any complete subgraph a clique and one that is not contained in a larger
one a maxi.mal clique.

The degree of a vertex is equal to the number of edges incident with it. An edge

(u,u),i.e. one starting and finishing at the same vertex, is called a selfloop.Two
edges of the form e1 : (u t, uz) and ey : @ t, uz), i.e. having the same endpoints, are
called parallel edges. A graph without selfloops or parallel edges is called a simple
graph. In most contexts, only simple graphs are discussed and therefore the term
graph is used instead of simple graph. A graph without selfloops but with parallel
edges is called a multigraph.

If the vertex
edges

set V of a graph is the union of two disjoint sets V1 and V2 and all
ofthis graph exclusively connect a vertex from V1 with a vertex V2,the graph

is called bipartite. Such a graph is often denoted by G(V1 ,Vz, E). An example is
given in Figure 3.2, where the two types of vertices have been colored black and
white respectively.
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vc-r
vz.3

Figure

3.2

An example of a bipartite graph.

vl
Figure

3.3 An example of a directed graph.

A graph that can be drawn on a two-dimensional plane without any of its edges
intersecting is called planar. Otherwise, the graph is called nonplanar
A sequence of alternating vertices and edges, starting and flnishing with a vertex,
such that an edge e : (u, u) is preceded by u and followed by u in the sequence (or
viceversa),iscalledapath. InFigure -l.lu1,e1,Dz,e3,u3isanexampleof apath.
The length

of a path equals the number of edges it

contains. Note that a path can

have a length of zero. A path, of which the first and last vertices are the same and the
length is larger than zero, is called a cycle (sometimes also: loop or circuit). A path

or a cycle not containing two or more occurrences of the same vertex is a simple path
or cycle (except, of course, for the first and last vertices of a cycle). The adjective
'simple' is often omitted when all paths and cycles in some context are known to be
simple.
Two vertices u and u are called connected if there is a path starting at u and

finishing at u. In Figure 3.1 u1 and u4 are connected but ur and u5 are not. If all
pairs of vertices in a graph are connected, the graph is called a connected graph.
Otherwise, the graph is disconnected. The graph of Figure 3.1 is disconnected.
It consists of two connected components: a connected component is a subgraph
induced by a maximal subset of the vertex set, such that all pairs in the set are
connected (a "maximal subset" is the largest possible subset obeying some property).
Sometimes a direction is associated with the edges in a graph. Such a graph is
called a directed graph or digraph. An example of a directed graph is shown in
Figure 3.3. A graph whose edges do not have directions is consequently called an
undirected graplr. The terminology and notation presented above have to be extended
for directed graphs. In the notation for an edge e - (u, u), u and u cannot be freely
interchanged anymore. The edge e is directed from u to u. It is said that e is incident
from u and incident to u. The in-degree of a vertex is equal to the number of edges
incident to it; the out-degree of an edge is equal to the number of edges incident from

24

Algorithms for VLSI Design Automation

rt.

A path for a directed graph is defined in the same way as for an undirected graph:
in the sequence of alternating vertices and edges, an edge does not need to be directed
from the vertex preceding it to the vertex following it. However, if all the edges
are directed in this way, the path is called a directed path. ln the directed graph
of Figure 3.3,u2,et,ut,es, u5 is anexample of apath andu2,e2,u3,ej, u4 is an
example of a directed path. In an analogous way, the terms cycle and directed cycle
can be defined. In the graph of Figure 3.3, u2,et,ut,es,Ds,e6, u2 is an example
of a cycle and u2, ez, D31 e3, u4, e4, u5, e6, u2 is an example of a directed cycle. In
many discussions related to directed graphs, often only directed paths and directed
cycles are relevant and the adjective 'directed' is often omitted when no confusion is
possible.
Two vertices u and u in a directed graph are called strongly connected if there
is both a directed path from u to u and a directed path from u to u. The property
of being 'strongly connected' partitions the directed graph into strongly connected
components. In each such component, all possible pairs of vertices are strongly

connected and no other vertex can be added to it that is strongly connected to
all those already in the component. In the example of Figure 3.3, there are two
strongly connected components: {ur } and luz, uz, uq, us}. If there is a path between
two vertices u and u, the vertices are called weakly connected. The property of
being 'weakly connected' analogously partitions the graph into weakly connected
components.In Figure 3.3, there is only one weakly connected component consisting
of the entire graph.
Depending on the problem that one wants to solve by means of graphs, a graph
can be extended to carry more information. One of the most common extensions is
to assign weights to the edges of a graph. For example, if a graph is used to represent
a road map with the vertices representing cities and edges representing the roads
between cities, an edge weight might represent the distance between the two cities
connected by a road. A graph of this type is called an edge-weighted graph. In some
applications, it might be necessary to associate a weight with a vertex; such a graph
is called a vertex-weighted graph.
The terminology mentioned in this section is just a basic set of terms. More graph
theoretical terms will be introduced in other chapters, in the context of specific
problems from the field of VLSI design automation.

3.2

Data Structures for the Representation of Graphs

If one wants to implement graph algorithms, one of the first issues to be settled is how
to represent the graph in a computer. In other words, one should choose a suitable
data structure for graphs. There is no optimal data structure that should be used in
all algorithms. Different algorithms have different requirements.
One of the most straightforward ways to represent graphs is by means of an
adjacency matrix. If the graph G(V,E) has r vertices, an r? x ,4 matrix A is used.
Aij : I if (ui,ui) e E, and Aij :0 if (u;, u;) I E. As the edges do not have
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Iriitil]
(a)
Figure

3.4

Figure

00000
10100
00010
00001
r 1000
(b)

The adjacency matrices for the graphs ofFigure

3.5

3'l

(a) and Figure 3.3 (b).

The the adjacency list representation of the graph given in Figure 3.3.

directions in undirected graphs, the adjacency matrices of such graphs are symmetric.
This data structure is illustrated in Figure 3.4, where the adjacency matrices for the
graphs ofFigures 3.1 and 3.3 are given.
When using the adjacency matrix, testing whether two given vertices are connected or not can be performed in constant time, i.e. the time to perform the test
does not depend on the size ofthe graph. However, finding all vertices connected to
a given vertex requires inspection of a complete row and a complete column of the
matrix. This is not very efficient when most of the entries in the matrix are equal to
zeto.
The adjacency /is, representation is a better choice in such a case. It consists of an
array that has as many elements as the number of vertices in the graph. So, an array
element identified by an index i corresponds with the vertex u;. Each array element
points to a linked list that contains the indices of all vertices to which the vertex
corresponding to the element is connected. Figure 3.5 illustrates the adjacency list
representation for the graph of Figure 3.3.

26

Algorithms for VLSI Design Automation
struct vertex

{

int vertex-index;
struct edge *outgoing-edges;
];
struct edge

{

int edge-index;
struct vertex *from, *to;
struct edge *next;
);

Figure

3.6

The data structure for a graph representation with explicit vertex and edge

structures.

If an algorithm operates on edges rather than vertices and needs to efficiently
identify the vertices that an edge connects, a data structure that is built from explicit
structures (records in the Pascal jargon), can be used for both vertices and edges.
The description in c of this data structure is given in Figure 3.6. It is assumed that
edges as well as vertices are identified by an integer number. This number can also
be the index in an array pointing to all vertices or all edges. It is supposed that the
graph is directed and that it is only required to traverse the graph according to the
edge directions. Each vertex points to the list of edges incident from it by means of
the member (fleld in Pascal) outgoing-edges in the vertex structure and the
member next in the edge structure. Each edge points to the two vertices that it
connects by means of the members to and f rom. This data structure is illustrated
in Figure 3.7 for a small directed graph.
The choice of a suitable data structure in the implementation of a graph algorithm
can be very important and may directly affect the computational effort necessary to
solve some problem. This section has presented the most common data structues for
graphs. Given the characteristics of the algorithm to be implemented, one should

carefully consider which of the data structures is most appropriate and how these
basic data structures should be modified and extended to satisfy the requirements of
the algorithm.

3.3

Computational Complexity

A main concern for the design of an algorithm is how the algorithm will

perform.

How fast will it run when implemented on a computer? How much of the computer's
memory will it claim? The theory of computational complexity tries to answer
these questions without having to deal with specific hardware and also without
providing absolute values in seconds and bytes. Instead, the behavior ofan algorithm
is characterized by mathematical functions of the algorithm's "input size".
The input size or problem size of an algorithm is related to the number of symbols
necessary to describe the input. Suppose that a sorting algorithm has to sort a list of
z words, each consisting of at most l0 letters, then the input size is bounded by l0n.
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vertex

vertex_index
ouLqoing-edges

edge_i.ndex
from

to
next

(a)

vj
(b)

3.7 The visualization of the vert ex and edgre structures (a), a small directed graph
(b) and its representation with a data structure built from those structures (c).

Figure

Constant factors are not relevant in this context (one wants to avoid technical details
such as e.g. the number of bits to code a letter; using the ASCII code that uses 8 bits
for each letter, one might as well claim that the input size of the problem is bounded
by 80n). Therefore, constants are eliminated: in the sorting problem the input size is
then defined to be n.
A few more examples: an algorithm that takes as input a single natural number /,
of arbitrary size, has an input size of log ,?, as the number of symbols in a reasonable
encoding grows logarithmically with n (a reasonable encoding is e.g. binary or
decimal notation; an unreasonable encoding is e.g. unary notation, that uses n bits to
encode number n). The input size of a graph algorithm operating on a graph G(V , E)
is characterized by two parameters: the size of the vertex set I y I and the size of the
edge set

lEl.

Two types of computational complexity are distinguished: time complexlry, which
is a measure for the time necessary to accomplish a computation, and space complexiry which is a measure for the amount of memory required for a computation. Space
complexity is often given less importance than time complexity (although an algorithm that is using more memory than what is available will not run at all). Because
most of the statements made on time complexity in the rest of this text hold as well
for space complexity, space complexity will not receive any special attention. In the
rest of this text, sometimes "time complexity" will simply be called "complexity".
Before defining the time complexity of an algorithm, it is necessary to introduce
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the notion of the order of a function. Given two functions / and g that map a natural
numberr? to some positive value, it is said that f (n) : O(S@D (pronounced as
" f (n) is big O of g(n)" or as " (n) is of order at mosr g(n)',) if rwo consranrs n0
f
and K can be found, such that the following proposition is true:

Yn>ns:f(n)<K.S@)
Note that the equals sign in

/(n )

:

O(S@D actually indicates set membership, viz.

of the set all functions that are O(s@D. The notation is maintained forhistorical
reasons. Examples:

!12 :
o.o2n2*l2in+6zz :
3nlogn * n :
5n3
5n3
5n3

:

:
:

O(nz)

O(r2)
O(nlogn)
O(I"3)
O(n4)
O(n3 + n2)

Although the last three equalities are correct, they are not used to describe computational complexity. one chooses the order expression to be as simple and as sharp as
possible.

The big-o notation describes the upper bound of a function. If one wants to
describe a lower bound, the big-omegd notation is used: f (n) : s2(g(n)) (pro-

"f (n) is big Omega g(n)" ot "f (n) is of order ar leasr
if
: O(f (n)). The fact that two functions have the same rate of growthS(n)")
is indicatedby thebig-Theta notation: f (n): O(S(,?)) (pronunciation:"f (n) isbigTheta
g(n)" or"f (n) is of orderexactly S@)")tf f (n): O(S@D andg(n) : O(f (n)).
nunciation:

g(n)

For most algorithms, and especially those that are discussed in this text, the big-o
notation is sufficient for the description of their computational complexities.
The duration of a computation is expressed in elementary computational steps.
This is a simple computation that does not depend on the input size, e.g. the addition,
multiplication or comparison of two 32 bit integers, or the access of a record when a
pointer to it is available.
The time complexity of a computation is a function that gives the number of
elementary computational steps executed for inputs of a specific size. Normally, it
is not only the size of the input that determines the number of computational steps:
conditional constructs in the algorithm are the reason that the time required by the
algorithm is different for different inputs of the same size. Therefore one works with
the worst-case time complexity, assuming that the condition that requires the largest
number of computational steps will be true for an input of a given size.
Apart from the worst-case time complexity, there are other time complexity
measures. For example, the average-case time complexity is the expected value of
the computation time for a given distribution of the distinct inputs of the algorithm.
Actually, average-case time complexity has a higher practical value than worst-case
time complexity. Its analysis is, however, more complex. For this reason, discussions
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on time complexity in the rest of this book will be limited to worst-case time
complexity.
Only the order of an algorithm's time complexity is normally relevant. One e.g.
says that an algorithm operates in O(n2) time. Depending on the magnitude of the
input size, a number of different criteria can be used for qualifying an algorithm:

l.

Polynomial vs. exponential order. As an exponential function grows faster than
any polynomial and the exponents of a polynomial tend to be small, an algorithm with a polynomial time complexity is to be preferred over an exponential
algorithm. Actually, this distinction corresponds to the one between tractable and
intractable problems that is the topic of Chapter 4.
Suppose that the input size of an algorithm is determined by the number of transistors in a circuit and that the algorithm has to be applied to VLSI circuit containing some 106 transistors. Then, running an algorithm
with a linear time complexity is feasible on a computer with a realistic speed, but
an algorithm with quadratic time complexity is not. Between these categories are

2. Linear vs. quadratic order.

the functions with complexities O(niogn ), O(nloglogn), O(nlogz n), etc. As
logarithmic functions grow very slowly, algorithms with this type of time complexities are also acceptable in the above context.

3. Sublinear order. When the input of an algorithm is structured in some way, an
algorithm might find the solution to some problem without processing all input
elements separately. For example, finding an element when the input is already
sorted and is available in an array can be done by "binary search" and requires
O(logn) time. An extreme case is when an algorithm's computation is completely
independent of the input size: one says that the algorithm operates in constant time
and its complexity is written as O(l).

A final issue to be mentioned is how to compute an algorithm's time complexity.
This can be done in different ways. Direct analysis can lead to an upper bound to
the number of computational steps, or the time complexity of the whole can be
derived from the complexities of its parts. For example, the time complexity of a loop
construct is the time complexity of the loop's body multiplied by the number of times
the loop is executed (or an upper bound for this number) and the time complexity of
an "if statement" is the sum of the time complexities of its "then" and "else" parts.
The rule for multiplication of fi : O(sr) arrd f2 : 0(g) is: fl x fz : O(gt x g).

And for addition of fi : O(g) and fz: OG): fi 1- fz: OGt * gz), followed
by a simplification if either of 91 or 92 is of a lower order than the other.

3.4

Examples of Graph Algorithms

In this section a number of relatively simple graph algorithms are discussed. The
goal of their presentation is twofold: to become acquainted with graph algorithms as
such and to apply the theory of computational complexity given above.
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/* Given is the graph G(V, E) *l
struct vertex

{

int mark;
);

dfs(struct vertex u)
{

u.mark <- 0;
"process u";

for each (u,u) e E
"process (u,u)";

{

if (u.mark)
dfs(a);
)

]

main

o

{

foreachueV
u.mark +- l;
foreachueV
if (u.mark)
dfs(u);
)

Figure

3.4.1

3.8

A pseudo-code description of the depth-firsr

search

algorithm df s.

Depth-first Search

In many graph algorithms, one needs to traverse the graph in one way or the other
and "do something" with the nodes and/or edges that one encounters during the
traversal. one systematic way of doing this is by means of depth-first search. Another
systematic way is by means of breadth-first search as is discussed in Section 3.4.2.
Depending on the application, both search methods may be equivalent or only one
of them may be appropriate. what is actually being done at each vertex and./or
edge visited is not specified here. In this respect, the descriptions contain "generic
actions" to be filled by the applications. The description in pseudo-code of a version
of depth-first search for directed graphs is given in Figure 3.8, where the function
that performs the depth-first search is called df s.
The goal is to visit all vertices only once. This is achieved by introducing a member
mark in the vert ex structure. This member is initialized with the value I and given
the value 0 when the vertex is visited. As the value is never restored to I and only
the vertices whose mark members have value I are visited, it is guaranteed that
each vertex is visited at most once. Note that an actual implementation does not
necessarily need to use a struct. vertex data structure. What the presentation
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Figure

3.9

A directed graph (a) and its adjacency-list representation (b)

dfs(ur )
-->

et

:

@t, uZ)

dfs(u2)
--+ e3

:

@2, u+)

dfs(u+)

--> e5

:

(uZ, uS)

dfs(us)

-->
e2

Figure

3.10

:

e4: (u+, u:)

dfs(ur)

(u1,4)

The different steps of the depth-first search algorithm applied to the graph of

Figure 3.9(a).

in Figure 3.8 tries to convey is that somehow a "mark" attribute for a vertex should
be provided in the data structures used (a convenient alternative would be to use an
array to hold the mark information).
The function df s is a recursive function that takes a vertex as its argument. It
"processes" the vertex (the generic vertex action) and then inspects all its outgoing
edges one by one. After "processing the edge" (the generic edge action), the vertex to
which this edge is incident is used for a recursive call of df s, unless the vertex had

already been visited. In the main program, the function is applied to each vertex of
the graph to account for the fact that not all vertices may be reachable from a single
vertex.
An adjacencyJist representation is appropriate in this situation as it gives direct
access to the outgoing edges ofeach vertex. Using this data structure, the analysis of
the time complexity of depth-first search is rather simple. It was already mentioned
that each vertex is visited exactly once. Since the outgoing edges of a vertex are
only visited when the vertex itself is visited, all edges are also visited exactly once
(an edge is an outgoing edge of one vertex only). Assuming that the generic vertex
and edge actions have a constant time complexity, this leads to a time complexity of
O(n + lEl) for depth-first search, where n : lVl.

depth-firsr search is illustrated using the graph of Figure 3.9(a)
represented by means of its adjacency list shown in Figure 3.9(b). Figure 3.10 shows
the evolution ofthe algorithm applied to the graph. In the figure, the recursion depth
increases from left to right. The edges processed as a result of a call to dfs at a
specific recursion depth are shown in the same column as the function call (preceded

The idea

of
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by an arrow). Time increases from left to right and from top to bottom. From the
figure, it can be concluded that the vertices are visited in the order ut, u2, u4, u3 and
u5 while the edges are visited in the order et, e3, e4, es and, e2. Because all vertices
are reachable from u1, the first vertex for which df s is called, there is only a single
call to df s at the lowest level of recursion.
The last remark directly indicates a straightforward application of depth-first
search: the identification of vertices reachable from a specific vertex us e v for
a graph G (v , E).If the main program of Figure 3.8 is modified such that it consists
of a single call of d f s with argument u, after setting all mark attributes to I , exactly
those vertices that are reachable from u, will be marked 0 after termination of the
function call.

3.4.2

Breadth-first Search

As was mentioned in Section 3.4.1, breadth-first search is an alternative to depth-first
search for systematically visiting all vertices ofa graph. In this section abreadth-first
search algorithm will be presented for a situation similar to the one in Section 3.4.1,
viz. for directed graphs represented by an adjacency list. A pseudo-code description
is provided in Figure 3.11, where the function that performs the actual breadth-first
search is called b f s.
The central element in the description is the FIF) queue (first-in first-out queue)
Q. objects can be added and removed from such a queue in such a way that the
order in which objects are removed is identical to the order in which the objects were
originally added. The exact implementation is not very relevant here (see Section 3.5
for pointers to the literature). It is sufficient to know that the call shi f t_in (q, o )
adds an object o to the queue q, that shi f t-out (q ) removes the oldest object from
the queue q and that the empty queue is denoted by ( ) in pseudo-code. Besides, one
should know that adding and removing objects from a FIFo queue can be done in
constant time.

The main difference with depth-first search is that calling the df s function
recursively with a new vertex adjacent to the current vertex has been replaced by
the addition of the new vertex to the FIFO queue. This results in the fact that the
two methods visit the vertices and edges in a different order, although all vertices
and edges are eventually visited by both methods. Using a similar reasoning as in
Section 3.4'

I

based on the

mark

attribute of a vertex and the same assumptions for

the complexity of the generic actions, it is easy to prove that the algorithm visits
all vertices and all edges of a graph exactly once leading to a time complexity of
o(n r lEl). Actually, changing the behavior of the queue from FIFo to LIFO (last

in first out) changes the breadth-first algorithm into the depth-first algorithm (see
Exercise 3.2).
The application of bf s ro the graph of Figure 3.9(a) is illustrated in Figure 3.12.
Each line of the figure corresponds to one iteration of the do loop in the pseudo-code
description. For each iteration, the contents of the FIFO queue (the leftmost object
is the oldest), the vertex processed and the edges processed are given. Note that the
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/* Given

G(V, E)

is the graph

struct vertex

*l

{

int mark;
);

bfs(struct vertex u)
t

struct fifo *P;
struct vertex u, rl;
Q <-O;

shiftin(O,

u);

do { ur <- shift-out(O);
"process

u";

for each (w, u) e E
"process (w ,

if (u.mark)

{

u)";

{

a.mark <- 0;

shiftjn(O, a);
)

)

) while (O

+

O)

)

main

0

{

foreachueV
u.mark <- l;
foreachueV
if (u.mark) {
u.mark <- 0;

bfs(u);
)
)

Figure

3.11

A pseudo-code description of the breadth-first

o

w

edges processed

(ur)

Ul

e1

(uz, ul)

u2

e3:

(q'

U3

ua, u5)

(u+, us)
(us)

u4

:

(v1, u2), e2
(u2, u4), e5

-

search

algorithm bf s.

(ur, u:)

(uz,us)

e4: (u4,4)

U5

Figure 3.12 The different steps of the breadth-first search algorithm applied to the graph of
Figure 3.9(a).
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edges processed determine the vertices added to the queue. From the figure it can be
concluded that the vertices are visited in the order ut, uz, u3, u4, u5 while the edges
are visited in the order et, e2, e3, e5 and e4.

In Section 3.4.1 it was mentioned that depth-first search could be used to find all
vertices connected to a specific vertex us e v of a graph G(v,E). Breadth-first
search could be used for the same purpose. However, breadth-first search has an
additional property. First all vertices adjacent to us are visited. These are the vertices
connected to u, with a path of length 1. The vertices visited next are reachable
from u, through a path of length2, etc. It is therefore not difficult to see that the
vertices are visited in the order of their shortest pathfrom ur. Breadth-first search
can indeed be turned into a shortest-path algorithm by adding some bookkeeping
statements and substituting appropriate code for the generic vertex and edge actions
(see Exercise 3.3).
The shortest-path problem becomes more complex, however, if the length of the
path between two vertices is not simply the number of edges in the path. This is the
case in edge-weighted graphs, where the length of a path is defined as the sum of
the edge weights of the edges in the path. Such a graph could e.g. model a group of
cities and the distances between these cities (the graph can be constructed by taking a
vertex for each city, an edge for each pair ofcities that have a direct connection, and
edge weights corresponding to the distance between adjacent cities). This version of
the shortest-path problem is the topic of the next section.

3.4.3 Dijkstra's Shortest-path Algorithm
Suppose that a weighted directed graph G(v,E) is given with rhe edge weights
w(e), w(e) > 0, for each edge e e E. The problem addressed in this section is
finding the shortest path from a source vertex u" e v to a target vertex u, € y.
The solution discussed is an algorithm proposed by Dijkstra in 1959 and nowadays
known as "Dijkstra's shortest-path algorithm',.

How should one solve the shortest-path problem for an edge-weighted directed
graph? It looks a good idea to start at vertex u., and visit its adjacent vertices as
both depth-first and breadth-first search do. The problem is, of course, that a single
edge is not always the shortest connection between two adjacent vertices. There may
exist a path (or multiple paths) between two vertices going through several edges
of which the total weight is lower than the weight of the edge connecting the two
vertices directly. A straightforward way is to enumerate all possible paths between
u, and u1 and then select the shortest one. This is not very efficient. It is for example
possible to construct graphs whose sizes grow linearly with some parameter k, while
the number of paths grows exponentially. An example of a family of graphs with this
property is shown in Figure 3.13: it has 2k * 2 vertices (ft pairs of vertices together
with u, and uv) and 4k edges, while the number of possible paths from u, to u, is 2k
(at each ofthe first ft vertical positions one can choose between two edges to proceed
to the right).
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repeatedk-3times
Figure

3.13 A family of graphs

with an exponentially growing number of paths from u, to

Ut.

It

turns out that there are more clever ways of computing the shortest path

than merely enumerating all paths. This is e.g. the case

for Dijkstra's shortest-path

algorithm. As it will be shown later, its time complexity is a polynomial function
of n (the numberof vertices) and lEl in spite of the fact that the number of paths
may grow exponentially with n and lE l. This is due to the fact that many nonoptimal
paths are directly eliminated while the algorithm proceeds.
A description of the algorithm in pseudo-code is given in Figure 3.14. This
algorithm actually only computes the length of the shortest path (the computation
of the shortest path itself is left as an exercise to the reader, see Exercise 3.4). In
its main loop, the vertices of the set V are transferred one by one to a set I. The
vertex that is selected for transfer, has the property that the shortest-path length to it
is known at that moment (i.e. it will not change in the next iterations). Therefore, if
the vertex to be transferred corresponds to ur, the algorithm can stop.
The crucial element of the algorithm is to select the vertices in the correct order.
This ordering results from the minimal value for the vertex attribute distance
(similar to the descriptions of depth-flrst and breadth-first search, the use of struct
vertex with member distance in the pseudo-code does not necessarily imply
an implementation with vertex structures). In the first iteration, the distance
attribute of a vertex u €. V is equal to the edge weight tr.,((u,, u)) for all edges
incident from ur. Clearly, if the vertex with minimal dist.ance value is selected,
say vertex u, therecannot be a shorter path from us to u than the one through the
single edge (ur, u) (all edge weights are positive, so any path from u, to a via
an intermediate vertex is longer). Directly after the transfer of a from V to I, the
distance attributes of the vertices at the endpoints of the edges incident from a
are updated in the case that a path via z is shorter than the direct connection from ur.
Continuing this reasoning leads to the conclusion that the algorithm indeed computes
shortest paths (see also Exercise 3.5). In general, it can be remarked that the value
of the di stance attribute of some vertex in V is equal to the length of the shortest
path starting in u, and passing only through the vertices in 7.
To illustrate its effects, Dijkstra's shortest-path algorithm has been applied on
a small graph shown in Figure 3.15. The growth of the set 7 and the subsequent
values of the distance attributes of the vertices in the graph have been listed in
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struct vertex

int

{

distance;

);
dijkstra(set of struct vertex y, struct vertex ur, struct vertex u/)
{

set of struct vertex

struct vertex a,

7;

u;

V<-V\{u,};

r

<--

{ur};

ur.distance <- 0;

foreachu e V
if ((ur, r) e E)
a.distance <- u((u", z))

<- +oo;
while (u; ( I) {
u <- "u e V, such that Vu e V : t.distance < u.distance";
else u.distance

T <-TO{u};

V <-V\lul;
for each u "such that (u, u) e E and u e V"
if (u.distance > w((u, u)) *l.distance)
u.distance

<- w((u,

u))

*

a.distance;

)
)

Figure

3.14 A pseudo-code

description of Dijkstra's shortesrpath algorithm.
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Figure

3.15 A small edge-weighted

directed graph.

Figure 3.16. An underlined distance value indicates that the associated vertex is
transferred from v to T at that moment. From the figure it can be seen that the
ut : uz is reached after 5 iterations and that continuing for one iteration more
computes the lengths of the shortest paths for all vertices in the graph.
The time complexity of Dijkstra's algorithm depends on the exact type of data
structures used. In a straightforward implementation, selecting the next element to
be included in set Z (the first statement in the whi 1e loop of Figure 3.14) requires
O(n) time, where n : lVl, because all vertices in Y have to be inspected in order to
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3.16 The evolution of the di s t anc e attributes in Dijkstra's algorithm when applied
ul and ut u2.
to the graph of Figure 3. 15; us
Figure

:

:

find the one with minimal distance attribute. As the loop is executed (2(n) times,
this results in a contribution to the overall time complexity of O(n2). The body of the
"for each" loop inside the while loop is executed lE I times in total, as all edges are
visited exactly once, viz. after the vertex from which they are incident is added to set
7. This gives a contribution of O(lED to the overall time complexity, assuming that
the edges incident from a node are directly accessible (e.g. because of an adjacency
list representation). In a simple graph there are at most n2 edges and therefore the
worst-iase time complexity of O(nz * lEl) can be simplified to O(n2).

3.4.4

Prim's Algorithmfor Minimum Spanning

Trees

A tree is a connected graph without cycles. A spanning tree of a connected graph
G(V,E) is a subgraph of G that is a tree and contains all vertices of V' So, one
gets a spanning tree by removing edges from E until all cycles in the graph have
disappeared while all vertices remain connected. Unless the graph is already a tree,

a graph has several spanning trees, all of which have the same number of edges
(equal to the number of vertices minus one). In the case of edge-weighted undirected
graphs, it is often interesting to find the spanning tree with the least total edge
weight, also called the tree length. This problem is the minimum spanning tree
problem. The problem is e.g. encountered when one has a set of cities and wants
to build a railroad system of minimal total length that connects all cities by means of

pairwise connections, or in layout design for integrated circuits, when it is necessary
to connect a set of terminals with the minimal total wire lengthl. In this section an
algorithm originally published by Prim in 1957 will be presented.
The description of the algorithm in pseudo-code is given in Figure 3.17. The
algorithm starts with an arbitrary vertex which is considered the initial tree (all the
vertices are part of the spanning tree!). In the main loop, edges are added to the tree
one by one (adding an edge automatically adds a new vertex as well) until the tree
has become a spanning tree and contains all the vertices. Both the partial tree that is

I

Actually, one often needs to find the minimal Steiner tree: this type of tree and a way to find an
approximate solution are discussed in Section 4.5, where also its relation to the spanning tree is explained.
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struct vertex {

int distance;
struct edge *via_edge;
);

struct edge {
);

prim(set of struct vertex Y)
{

set of
set of

struct edge F;
struct verte\ W i

struct vertex u;
u <-"any vertex from V";

V<-V\{a};
w <- {ul;
F <-A;
foreachu e V
if ((a, u) e E)

{

<- u((u, u));
u.via_edge <- (u,u);
u.distance
]
else u.distance

<- +oo;

white(V * O) {
u <- "u e V, such that Vu € V : u.distance < u.distance";
W

<-WU{u};

V+-V\{rz};
F<-FU{z.via_edge};
foreach u "such that(u,u) e E"

"

l'.i:ilil:": :[t',:]l],'
u.via-edge <- (u,u);

)
)
)

Figure

3.L7

The pseudo-code description of Prim's minimum spanning tree algorithm.

being constructed as well as the final spanning tree are graphs. Their vertex and edge
sets are represented by the variables I4u and F respectively.
Here again, the data structures used are left vague intentionally. Even the use of
separate records for vertices and edges is not necessarily required. They are only
mentioned in order to be able to deal with abstract sets of vertices and edges. Besides,
it is assumed that a vertex has the attributes distance and via-edge. The first
one is used to register the shortest distance from a vertex not yet in the tree to a vertex
already selected. The second one represents the edge through which this shortest
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Figure

3.18

A small edge-weighted undirected graph (a) and its minimum spanning tree (b).
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The evolution of Prim's algorithm when applied to the graph of Figure 3.18.

connection is made. In each iteration, the vertex with the minimal distance value
is added to the tree together with the edge of its via-edge attribute. Then the values
of the distance and via-edge attributes are updated forthe vertices not yet in
the tree.

Figure 3.18(a) shows an example of a graph the minimal spanning tree of which
should be determined. The result found by Prim's algorithm is depicted in Figure 3.18(b). Figure 3.19 shows the steps leading to this result. For each iteration,
the figure shows the vertex u selected for inclusion in the set I7 and the values ofthe
distance and via-edge attributes for the vertices not yet in W.
In a straightforward implementation, Prim's algorithm will require O1n21 time,if
n is the number of vertices. The main whi le loop is executed n times and within the
loop finding the vertex with lowest d j- stance value requires (?(z) time. This worstcase time complexity can be improved by using more sophisticated data structures
(see Section 3.5).

3.5

BibliographicNotes

Several books entirely dedicated to algorithmic graph theory are available. Examples
are: [Gib85] and [McH90]. Many books that deal with algorithms in general pay

attention to graph theory in one or more chapters. Examples are: [Sed88] (this
book uses Pascal as the language to describe algorithms; a version of the same
book that uses C also exists tsedg0l), [cor90] and [Mool]. In these last books
one can also find more details about the implementation of a FIFO queue necessary
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for the implementation of breadth-first search. A discussion on the order notation.
its standardization and its history can be found in [Knu76]. Dijkstra's shortest-path
algorithm can be found in almost any book that is entirely or partially dedicated to
algorithmic graph theory. The original publicarion is tDij5gl.It is possible to improve
the worst-case time complexity of Dijkstra's algorithm from o(nz) to o(nlog n *
lEl) by using more sophisticated data structures [Cor90]. Prim's algorithm for the
minimum spanning tree is described in most of the books mentioned above. The
original publication is [Pri57]. A discussion on how to improve the worst-case
time complexity with respect to the description in Figure 3.17 can e.g. be found
in [MoO1].

3.6

Exercises

3.1 Consider the graph data structure with "explicit edge and vertex representation"
as shown in Figure 3.7. This data structure gives direct access to the outgoing
edges of each vertex. Suppose that an algorithm also needs direct access to
the incoming edges of a vertex. How should the data structure be modified to
provide this direct access? Draw the representation ofthe graph ofFigure 3.7(a)
using this new data structure. How should the data structure be modified for the
representation of undirected graphs? Draw the representation of the graph of
Figure 3.1 using the modified data structure.

3.2

in the pseudo-code ofFigure 3.11 is replaced by
a queue with LIFo (last in first out) behavior. Show that the algorithm now
more or less behaves as depth-first search by applying the modified algorithm
to the graph of Figure 3.9.
Suppose that the FIFO queue

3.3 Consider the shortest-path problem for directed graphs in which the length of
a path is the number of edges in the path. It can be solved by the breadth-first
search method described in Figure 3.11. what actions should be performed by
the functions that "process" a vertex and an edge in order to actually compute
the shortest path from any start vertex us to all other vertices in the graph?

3.4 Indicate how the description of Dijkstra's algorithm in Figure 3.14 should be
modified when one wants to find the shortest path itself instead of merely the
length of the shortest path. Pay special attention to the data structure for the
representation of the path.

3.5 Prove that the algorithm given in Figure 3.14 correctly computes the length of
the shortest path between u, and u1. Hint: use induction on the size of set

3.6

Prove the correctness

ofthe algorithm given in Figure

3.17.

r.

4

Tractable and Intractable
Problems
In Chapter 3 the notion of computational complexity has been introduced. It was
mentioned there that the distinction between problems that can be solved in polynomial time and those that need exponential time is a crucial one. As the exponent k in
the time complexity O(nk) of most algorithms normally is rather low (say, 1,2, or
3), it is often feasible to apply the algorithm to problems of nontrivial size. A problem that can be solved in polynomial time is, therefore, called tractable. It is called
intractable otherwise. A key notion in this context is the class of NP-complete problems, which contains those problems which are "likely to be intractable". This chapter provides some background information on this topic, especially because many
NP-complete problems occur in the field of CAD for VLSI. Often, for tractable problems, it is feasible to use exact algorithms that find the optimal solution, whereas for
intractable problems, one should be satisfied with algorithms that do not guarantee
an optimal solution.

In this chapter, the definitions of a combinatorial optimization problem and its
decision version are given first. These definitions are then used for the introduction
of the notion of NP-completeness, which is the main topic of this chapter. At the
end of the chapter the consequences of the theory for the design of CAD tools are
discussed.

The presentation in this chapter is kept rather informal. The goal is that the
reader becomes awilre that some problems in VLSI design automation are inherently
difficult. When this is understood, one can better appreciate the performance of an

algorithm meant to solve such a problem (both its execution speed and solution
quality).

4.1

Combinatorial Optimization Problems

a problem, and its instances. The term problem
refers to a general class, e.g. the "shortest-path problem". The term instance refers to
a specific case of a problem, e.g. "the shortest-path problem between vertex us and
vertex u1 in a given graph G".

It is important to distinguish between
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Instances of optimizatiorz problems can be characterizedby a finite set of variables;
the correct choice for the values of these variables specifies the optimal solution. If
the variables range over real numbers, the problem is called a continuous optimization problem. If the variables are discrete, i.e. they only can assume a finite number
of distinct values, the problem is called a combinatorial optimization problem (also:
discrete optimization problem). Most of the problems encountered in CAD for VLSI
are combinatorial.

An example of a simple combinatorial optimization problem is the satisfiability
problem. The input for this problem is a Boolean expression in the "product of sums"
formas in the following example: (xt I xz * xz + xD . (n+ rs) . @ + x4* xJ.
The problem is to assign Boolean values to the variables x; in such a way that the
whole expression becomes true. If this is possible, one says that the expression can
be satisfied. Clearly, each of the variables xi can only assume two values, making the
problem a combinatorial optimization problem.

Another example is the shortest-path problem of the type solved by Dijkstra's
algorithm (see Section 3.4.3). A graph G(V, E), with given source and target vertices
us,Dt € V, defines an instance of the problem. One could associate Boolean
variablesb; witheachedge ei e E,suchthatb; : l meansthattheedgeis"selected"
and b; : 0 means that it is not. Then solving the shortest-path problem for this graph
can be seen as assigning Boolean values to the variables b;, such that the selected set
of edges forms the shortest path.
Generally, a combinatorial optimization problem is defined as the set of all the
instances of the problem, each instance 1 being defined as a pair (F, c). F is called
the set of feasible solutions (or the search space), while c is a function assigning a
cost to each element of F. Thus c '. F --+ R, where R is the set of real numbers
(for some type of problem, the cost only has integer values). One could say that each
distinct set of values for the variables mentioned above defines one feasible solution.

Solving a particular instance of a problem consists of finding a feasible solution
f e F with minimal cost, i.e. an / such that Vy e F : c(f) < c(y). Note: it is
assumed in this section that the solution with minimal cost has to be found. If one is
looking for the solution with maximal cost, the definitions and reasonings should be
modified accordingly.

In the case of the satisfiability problem, for each instance, any assignment of
Boolean values to the variables defines a feasible solution. So, all 2N assignments
for a problem with N variables define the set F of feasible solutions. Because the
expression is either satisfied or not satisfied, the cost function c could be defined as
having value 0 for those assignments that satisfy the expression and value 1 for the
other ones.

For an instance of the shortest-path problem, each set of values for the Boolean
variables b; defines a subset ofthe edge set E. So, the set F consists ofall subsets of
E. A suitable definition of the cost function c is to assign the value *oo to all subsets
that do not form a path from u, to u1 and to assign the path length to those subsets
that represent such a path.
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4.1

An instance of the Euclidean TSP (a), a nonoptimal (b) and an optimal solution

(c).

Another example of a famous combinatorial optimization problem isthe traveling
salesmanproblem (TSP). As the name says, the problem involves finding the shortest
tour for a salesman who needs to visit a number of cities and then to retum to the
first city. In its Euclidedl, version, the cities are located in Euclidean space (most of
the time this space has two dimensions) and a distance matrix gives the distances
between all pairs of cities. Obviously, any permutation of the cities defines a feasible
solution and the cost of the feasible solution is the length of the cycle represented
by the solution. Figure 4. 1(a) shows an example of the Euclidean TSP problem with
cities cr, c2, . . . cs.If the coordinates of a city ci are given by (xi, yixhe distance

(xi - x1)2 * (y; - yj)2. The
between two cities ci and c j is simply given by
Figures 4.1(b) and (c) show a nonoptimal and an optimal solution for the problem of
Figure 4.1(a).
Another, more general, version ofTSP is based on graphs: the cities can be thought
as vertices of a graph and the distances are the weights of the edges. The goal is to
find a simple cycle through all vertices, the tour length of which is minimal (the
sum of the edge weights for the edges in the tour). Note that a graph version can
be constructed for any instance of Euclidean TSP, but that the reverse is not true in
general. It is also not true that any permutation of the vertices deflnes a tour due to the
possible absence of an edge between two neighboring vertices in the permutation. A
iost function should assign the value +oo to these illegal tours while it should assign
the sum of the edge weights to the legal tours. Figure 4.2(a) shows an edge-weighted
graph for which the TSP should be solved and Figure 4.2(b) at optimal tour in this
graph.

4.2 Decision

Problems

As was stated above, given an instance of a combinatorial optimization problem, the
goal is to find the feasible solution with minimal cost. One could also have a more
modest goal, viz. to only find the cost of the optimal solution without necessarily
knowing the solution itself. As opposed to the optimization version of the problem,
the problem that one gets then is called the evaluation version of the problem.
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(a)

Figure

4.2

(b)

An instance of the graph version of rSp (a) and an oprimal solution (b).

Example: the optimization version of the shortest-path problem in graphs requires
that the edges forming the shortest path are identified, whereas the evaluation version
merely asks for the length of the shortest path.
For mathematical reasons, the theory of Np-completeness only deals with socalled decision problems. These are problems that only have two possible answers:
"yes" or "no"' This is not a serious restriction, as far as combinatorial optimization
problems are concerned. Each optimization problem has a decision version as well.
In the case of a minimization problem, instead of asking the question .,what is the
minimal solution?", one could ask "Is there a solution with cost less than or equal to
k?".

It should be remarked that the decision version of a problem is not harder than
the optimization version. Suppose that one could solve the optimization version in
polynomial time, then the decision version can also be solved in polynomial time:
once the minimal solution is known, it is known as well whether its cost is less
than or equal to t. The opposite is not true: if there is an algorithm that is able to
decide in polynomial time whether there is a solution with cost less than or equal
to ft, it is not always obvious how to get the solution itself in polynomial time.
Therefore, the computational complexity of the decision version of a problem gives a
lower bound for the computational complexity of the optimization version. Note: the
time complexity of the evaluation version of a combinatorial optimization problem is
located in between the time complexities of the decision and optimization versions.
More formally, the decision version of a combinatorial problem fI can be defined
as the set Dn of its instances (F , c, k). Note that each instance is now characterized
by an extra parameter k; k is the parameter in the question "Is there a solution
with cost less than or equal to k?". An interesting subset of instances is formed by
those instances for which the answer to the question is "yes". This set is called yn

(yr c Dr).

A task associated with a decision problem is solution checking. It is the problem
of verifying whether c(f ) < ft, given an f e F. Solution checking actually only
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involves the computation of the cost function, given a feasible solution. For most
problems it can be done in polynomial time.

4.3

Complexity Classes

For the purpose of reasoning about the degree of difficulty of decision problems, it is
useful to group problems with the same degree in one complexity class. The class of
decision problems for which an algorithm is known that operates in polynomial time
is called P (which is an abbreviation of "polynomial").
Before introducing another class called NP, it is necessary to give an informal

definition of a nondeterministic computer. This is not a computer that can be
built from physical components, but only a conceptual tool used in the theory of
computational complexity. For a common (deterministic) computer it always is clear
how a computation continues at a certain point in the computation. This is also
reflected in the programming languages used for them. In languages like Pascal or
C, there is e.g. a sequence of statements separated by semicolons that are executed
one after the other. A nondeterministic computer allows for the speciflcation of
multiple computations at a certain point in a program: the computer will make a
nondeterminislic choice on which of them to perform. This is not just a random
choice, but a choice that will lead to the desired answer. Another way of looking at
such a machine is to say that the machine splits itself into as many copies as there are
choices, evaluates all choices in parallel, and then merges back to one machine. In
the context of decision versions of computational optimization problems, one can
say that a nondeterrninistic computer is able to guess the right feasible solution
in constant time and then verify that the decision for this solution is "yes" by the
deterministic application of the solution checking computation.
The complexity class NP (an abbreviation of "nondeterministic polynomial") consists of those problems that can be solved in polynomial time on a nondeterministic
computer. Any decision problem for which solution checking can be done in polynomial time is in NP.
Because all algorithms with a polynomial time complexity on a deterministic
computer will certainly execute in polynomial time on a nondeterministic one, the
class P is a subset of the class NP. In the field of complexity theory many more
classes of decision problems are distinguished, apart from P and NP. They are
outside the scope of this text. As far as this text is concerned, the universe of decision
problems can be pictured as in Figure 4.3.The class NPC, of NP-complele problems
is very important and will be discussed in detail in the next section. In this section
it will also become clear that it is not completely certain that the universe has the
structure shown.

Note: the reader should realize that there are decision problems for which no
algorithm at all exists, regardless of its complexity. A well-known example is the
halting problem, where the problem is to find an algorithm that accepts a computer
program as its input and has to decide whether or not this program will stop after a
finite computation time. Such a problem is called undecidable.
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4.3

A simple classification of all decision problems as it is likely to be.

NP-completenessandNP-hardness

Within NP one can distinguish a special class NPC formed by the Np-complete
problems. It is very likely that there are no problems that are both in p and NpC,
although nobody has been able to prove this fact so far. If some problem with this
property would be found, by definition NP : P would hold, instead of the strong
belief NP I P. This is a consequence of the special properties required for the
membership of the class NPC, as will be explained below.
The class NPC is characterized by the fact that all decision problems contained
in it are polynomially reducible to each other. Informally stated, this means that an
instance of any NP-complete problem can be expressed as an instance of any other
NP-complete problem using transformations that have a polynomial time complexity.
Then, if an algorithm can be found that solves some problem in NPC in polynomial
time, all problems in NPC would be solved in polynomial time. The consequence
would be that all NP-complete problems would become elements of complexity class
P. Stated more formally, a problem fI I is polynomially reducible to a problem I-12,
if a polynomial-time transformation / exists that transforms any instance I e Ds,
into an instance f (l) e Dn, in a polynomial number of steps. Besides, / should
have the following property:

IeYn,+f(I)eYs,
If such a transformation can be found, it means that r1 can be solved in polynomial
time if a polynomial-time algorithm exists for fl2. This idea has been illustrated in
Figure 4.4.
Proving that

a

certain problem

II is NP-complete

consists of two steps:

lI is in NP, i.e. that it can be solved in polynomial time on a
nondeterministic machine. It amounts to showing that solution checking can be
done in polynomial time on a deterministic machine, which is trivial in most cases.

1. Showing that

2. Showing that

some problem that is already known to be NP-complete can
polynomially reduced to II.

be

To illustrate the procedure followed in proving NP-completeness, it will be proven
that the graphversion of rSP (the traveling salesman problem, see section 4. l) is
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The reduction

ofa problem II1 to a problem [12'

NP-complere , giventhe fact that the problem HAMILTONIAN CYCLE1 is known to
be NP-complete. This last problem asks whether a given undirected graph G(V, E)
contains a so-called Hamiltonian cycle, i.e. a simple cycle that goes through all
vertices of V. TRAVELING SALESMAN, the decision version of TSP amounts to
answering the question of whether there is a tour (simple cycle) through all vertices,

the length of which is less than or equal to k. Showing that the problem is in NP is
trivial: for any sequence of vertices, it can be checked in polynomial time whether
the sequence corresponds to a cycle in the graph going through all vertices and that
the sum of all edge weights of the edges in the cycle is less than k. The second part of
the proof consists of a reduction from HAMILTONIAN CYCLE. Given an instance
of HAMILTONIAN CYCLE with graph G(v, E), use the same graph and assign a
weight of I to all edges. So, in this case, the transformation / just adds unity edge
weights to the graph. It is clearly a polynomial-time transformation. If the number
of vertices is n, the question to be answered is now whether there is a simple cycle
of length n going through all vertices. Obviously, there is a tour of length n in the
instance of TRAVELING SALESMAN if and only if there is a Hamiltonian cycle
in the graph G(V, E). This completes the NP-completeness proof of TRAVELING

SALESMAN. The consequence is that if a polynomial-time algorithm could be
found to solve the graph version of TSP, there would also exist a polynomial-time
algorithm for HAMILTONIAN CYCLE and indeed for any problem member of
NPC.
The proof above was almost trivial to find as the two problems were similar in
nature. Often, the reduction of a problem to another is far more complex.
Proving NP-completeness using reduction only works when there is a first problem
that can be proved to be NP-complete in another way. Such a problem is the
I Following

the convention used in [Gar79], the names of decision problems are given in capitals.
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SATISFIABILITY problem, already mentioned in Section 4.1 . Cook's theorem
proves that SATISFIABILITY is NP-complete. This amounts to showing that any

problem in NP is polynomially reducible to SATISFIABILITY. Such a general

statement clearly requires a sophisticated proof using mathematical notions that are
beyond the scope of this text. Therefore, only its "spirit,' presented here.

It starts with a mathematical model of a nondeterministic computer and the programs that it can run (this model includes e.g. the instructions that the computer can
execute). This model is based on a Turing machine, a computer with a sequentially
accessible memory (a "tape") and a very simple instruction set. The set only includes
instructions for writing a symbol (from a finite set) to the memory location pointed
at by the memory pointer and move the pointer one position up or down. Besides, a
finite number of "internal states" should be provided for a specific Turing machine.
A "program" then consists of a set of conditional statements that map a combination
of a symbol at the current memory location and an intemal state to a new symbol to
be written, a new internal state and a pointer movement. The input to the algorithm
to be executed on a Turing machine is the initial state of the memory. The machine
stops when it enters one of the special intemal states labeled by "yes" and "no" (corresponding to the answers to a decision problem). In spite of its simplicity, the Turing
machine is able to perform any computation that any other computer can perform if
one can tolerate an increase in the time complexity by a factor that is a polynomial of
the input size (this can indeed be tolerated in the theory of Np-completeness). Many
versions of the Turing machine exist, including the nondeterministic one that is used
in the proof of Cook's theorem.
The sequence of state transitions that a Turing machine performs can be expressed
as a product-of-sums type Boolean expression. Stated more strongly, any computa-

tion that can be performed by a nondeterministic Turing machine has an equivalent
product-of-sums type Boolean expression that is satisfiable if and only if the computation finishes in the special intemal state "yes". This means that any problem in Np
can be polynomially reduced to SATISFIABILITY. So, cook,s theorem establishes
that any problem in NP could be solved in polynomial time if SATISFIABILITY
could be solved in polynomial time, or equivalently, that SATISFIABILITy is Npcomplete.

P

An open question in computer science is whether or not the complexity classes
and NPC are disjoint. Nobody has been able to find a polynomial-time algorithm

that solves any of the NP-complete problems.

it

If

such an algorithm could be found,

would provide a polynomial solution to all Np-complete problems including
SATISFIABILITY. Because all problems in Np can be polynomially reduced to
SATISFIABILITY by cook's theorem, all problems in Np would be solvable in
polynomial time, proving that P = NP. on the other hand, nobody has been able
to prove that an NP-complete problem is not an element of p. The theory of Npcompleteness only supports the statement that it is very unlikely that p
= Np and

that NP-complete problems are probably inherently more difficult than problems in
P.
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The qualification NP-hard is often encountered when discussing the computaIt refers to problems that are at least as hard as
NP-complete problems. It might be the case that it cannot be proved that a problem
is in NB but that an NP-complete problem can be reduced to it. The term NP-hard
is also used for the optimization versions of combinatorial problems for which the

tional complexity of a problem.

decision version is known to be NP-complete. As mentioned earlier, the optimization
version ofa combinatorial problem is at least as difficult as the decision version.

4.5

Consequences

An important lesson from the previous theory is that one should not have

the naive

attitude of wanting to solve a problem optimally without checking the complexity
class to which that problem belongs.
Even when two problems seem to be similar, one of them can have a polynomialtime algorithm that solves it, while the other is NP-complete or NP-hard. For example
the shortest-path problem in graphs can be solved in polynomial time (with e.g.
Dijkstra's algorithm mentioned in Section 3.4.3), whereas the longest-path ptoblem
that has the goal of finding the longest simple path between two points in a graph, is
NP-hard (see Exercise 4.1; see as well Section 6.4.5 for a more detailed discussion).
The existence of NP-complete problems justifies the use and design of algorithms

that do not guarantee an optimal solution. Such algorithms can be classified into
two groups: approximation algorithms and heuristics. On the other hand, one should

not forget that the differences between complexity classes become more relevant for
large input sizes. If the inputs for an NP-complete problem to be solved are known to
be relatively small, one should certainly consider to solve the problem exactly (using
an algorithm with an exponential worst-case time complexity).
Approximation algorithms guarantee a solution with a cost that is within some
margin of the optimum. Consider as an example two related problems MINIMUM
RECTILINEAR SPANNING TREE ANd MINIMUM RECTILINEAR STEINER
TREE. In both cases a set of points in a plane is given. The points have to be interconnected by a tree of shortest length, with the restriction that the interconnections
should consist of horizontal and vertical line segments only (these are called rectilinear segments). A tree in this context can best be understood by thinking of the
points as vertices of a complete planar graph. If a point p; has coordinates (.ri , )l ),
the distance between two points p; and P; is given by lri - xi I * lfi - ); l, as only
rectilinear segments are allowed for the interconnection. Distances defined in this
way are the edge weights of the graph. The tree length is then the sum of the edge
weights for the edges included in the tree. The two problems arise e.g. in VLSI routing. In the case of the spanning tree, no new points can be added to the original set;
in the case of a Steiner tree, additional points, so-called Steiner points' can be added
to reduce the length of the tree (see Figure 4.5).
MINIMUM RECTILINEAR SPANNING TREE is a special case of the general
spanning tree problem for graphs and can be solved in polynomial time by Prim's
algorithm (see Section 3.4.4). On the other hand, MINIMUM RECTILINEAR
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' .+
Fr#1
(b)

H-l-fi-fi
(c)

a.5 A set of points on a grid (a), their minimal rectilinear spanning tree (b), and one
of their minimal rectilinear steiner trees (c) (crosses indicate steiner points).
Fisyrg

STEINER TREE is NP-complete. However, if one takes the minimal rectilinear
spanning tree as an approximation for the minimal rectilinear Steiner tree, the
resulting tree is at most 1.5 times longer than the optimal one2 (check that this is
true in Figure 4.5).
Heuristics are algorithms that are constructed based on "rules-of-thumb", ideas
that seem to be helpful for some typical instances, although nothing can be said in
advance on the general quality of the result. Even when it might be unsatisfactory,
for most NP-complete or NP-hard problems in cAD for vLSI, heuristics seem to be
the only way to solve problems. They are acceptable if they perform well for most
typical problem instances.

4.6

BibliographicNotes

Readers that want to study the topic of NP-completeness and related notions in all
detail are referred to [Gar79], which is the standard rext on the topic. A similar level
of detail and depth can be found in the more recent text lpap94l. These two sources
each include a detailed discussion of ruring machines and a proof of Cook,s theorem.
The topic also receives a more or less formal treatment in many books with a (much)
wider scope; examples are: [Baa78], [Hor78], [pap82], twil86l, and [CoOO]. The
chapters on computational complexity (including Np-completeness) in
[Harg7] are

informal and easy to read.
The formulation of a combinatorial optimization problem as the set of its instances, each instance being defined as a pair of feasible solutions and a cost function,
is based on the formulation in tPap82l. The evaluation version of a combinatorial optimization problem is not so often mentioned in textbooks; a book that mentions it is
IPap82].

Many texts on theoretical computer science discuss the existence of undecidable
problems of which the halting problem is an important one. The topic is e.g.
2 Using other
algorithms, one can obtain even tighter approximations
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[Pap94]. An informal and entertaining treatment can be found in

[Har87].

A comprehensive text that is completely dedicated to Steiner trees is [Hwa92]; it
includes several chapters on the rectilinear Steiner tree. The proof that MINIMUM
RECTILINEAR STEINER TREE is NP-complete is given in lGat77l. The result that
the length of the minimum rectilinear spanning tree is at most 1.5 times the length of
the minimum rectilinear Steiner tree is from [Hwa76]. More references to literature
on Steiner trees are given in the Bibliographic Notes section at the end of Chapter 9.
A book that considers VLSI design from the point of view of computational
complexity is [Ull84].

4.7

Exercises

4.1 Show the NP-completeness of the LONGEST PATH problem using areduction
from HAMILTONIAN CYCLE. The LONGEST PATH problem asks whether
there exists a path with a length larger than k from a source to a target vertex in
graph with positive edge weights (the same type of graph for which Dijkstra's
algorithm discussed in Section 3.4.3 computes the shortest path). Hint: consider
the longest path from a vertex to itself. Explain now why Dijkstra's algorithm
cannot be adopted to compute longest paths by systematically replacing "<"
by "=", etc. in the algorithm.
a

5

General-purpose Methods for
C omb inato ri al O p tim ization
In VLSI design automation one encounters many combinatorial optimization problems. Most of them are intractable in the sense of Chapter 4. For others, polynomial
solutions are known. In Chapter 4, it was mentioned that the algorithm designer has
three possibilities when confronted with an intractable problem.

The first option is to try to solve the problem exactly if the problem size is
sufflciently small using an algorithm that has an exponential (or even a higher
order) time complexity in the worst case. This can be done in many different ways,
all of which have the same theoretical worst-case time complexity, although some
are clearly preferable in practice. The simplest way to look for an exact solution
is exhaustive search: it simply visits all points in the search space in some order
and retains the best solution visited. Other methods only visit part of the search
space, albeit the number of points visited may grow exponentially (or worse) with
the problem size. The first sections of this chapter are dedicated to methods in
this category, viz. backtracking with branch-and-bound, dynamic programming and
integer-linear programming. (Note that the term programming does not refer here
to the act of writing code in order to implement a computation on a computer,
but to the mathematical formulation of the problem.) One can call these methods
"general purpose" in the sense that they are applicable to almost any combinatorial
optimization problem as opposed to the "special purpose" methods that only work
for specific problems.
Approximation algorithms and heuristics are the other two options to tackle intractable problems. General-purpose approximation algorithms do not exist: guarantees in finding a solution, the cost of which is within a certain margin of the optimal cost, can only be given by involving problem-specific issues in the analysis
of the algorithm. The second part of this chapter consists of sections dealing with
general-purpose heuristics that do not guarantee an optimal solution: local search,
tabu search, simulated annealing (under theoretical conditions that are impossible to
satisfy in practice, this method flnds an exact solution), and genetic algorithms.
It is remarkable that some general-purpose methods for combinatorial optimization find their inspiration in other domains than mathematics and computer science.
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Simulated annealing was inspired by physics, whereas evolution theory was a source
of inspiration for genetic algorithms.
The goal of this chapter is to provide some additional background for the discussion of the combinatorial optimization problems that are found in different places
in vLSI design automation as explained in various chapters of this text. Specialpurpose algorithms are described in the appropriate chapters, but algorithms that are
applicable in more than one place can better be presented centrally. No attempt has
been made to achieve completeness for general-purpose methods and the selection is
mainly based on the occurrence of the methods in cAD for vLSI. The methods are
presented rather informally, sometimes at the expense of mathematical precision.
The very first issue discussed in this chapter is, however, not an optimization
method but a simplified CAD problem that has been called the unit-size placement
problem.It can be tackled by most of the general-purpose methods to be introduced.
By defining the problem at this stage, it will be possible to use it for the illustration
of the different methods besides more mathematical problems such as TSp.

5.1

The Unit-size Placement Problem

An instance of the placement problem is defined by a set of cells and a description
of how these cells should be interconnected. Cells are small subcircuits the internal
layout of which is known. The interconnections to be made are specified by nets. A
net can be seen as a set of cells that share the same electrical signal. The goal of
placement is to assign a location to each cell such that the total chip area occupied
is minimized. As the number of cells is not modified by placement, minimizing the
area amounts to avoiding empty space and keeping the wires that will realize the
interconnections as short as possible.
In this section, only a "toy version" of the placement problem is defined. More
realistic versions of the problem are presented in Chapter 7. The toy problem will
be called unit-size placement for the simple reason that all cells in the circuit are
supposed to have a layout with dimensions I x I (measured in some abstract length
unit). Furthermore it can be assumed that the only positions on which a cell can
be put on the chip are the grid points of a grid created by horizontal and vertical
lines with unit-length separation. A nice property of unit-size placement is that the
assignment of distinct coordinate pairs to each cell guarantees that the layouts of
the cells will not overlap. If the range of coordinates available in two dimensions is
flxed in advance, the only contribution to the cost function will come from the area
occupied by wiring.
Figure 5.1(a) shows the specification of a circuit description consisting of 7 cell
instances A to F, and 8 nets n1 to ns. For each net, the specification gives the cells
to which the net is connected. Such a description is called a netlist. A possible
placement of this circuit on a unit-size grid is given in Figure 5. I (b).
The best way to evaluate the quality of a solution for unit-size placement is to route
all nets and measure the extra area necessary for wiring. In the unit-size placement
model, as much area as required can be created by pulling apart adjacent rows or
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n, : A,B,F,G
n, : B,E
nr: D,E
nr: A,C,D
nr: C,D,F
nu: C,E,F,G

n, : D,F
n, : F.G
(a)

(c)

(d)

5.1 An example netlist for the unit-size placement problem (a), a possible placement
solution (b), the routing for this placement (c), and the routing for a placement of worse quality
(d).

Figure

columns. This is shown in Figure 5.1(c) for the placement of Figure 5.1(b). The
solution presented is just a sketch. For a real solution, one needs to know to which
specific port of a cell's layout a net should connect. A bad placement will have longer
connections which normally will lead to more routing tracks between the cells and
therefore to a larger chip area. This is illustrated in Figure 5.1(d).
Most versions of the routing problem are intractable and even heuristics require a
considerable amount of computation time. Therefore, solving the routing problem is
an expensive way to evaluate the quality of a placement. This is especially the case
if many tentative placements have to be evaluated in an algorithm that tries to find
a good one. An alternative used in most placement algorithms is to only estimate
the wiring area. The first approximation made is to estimate the total wire length
instead of wiring area. At this stage, it is sufficient to know that techniques for wire
length estimation exist that require the position of all cells and the netlist as their
only inputs. They will be discussed in detail in Section 7.2.

5.2

Backtracking and Branch-and'bound

This section presents two techniques for finding the optimal solution of a combinatorial optimization problem that are quite similar: backtracking and branch-and-bound.
Actually, branch-and-bound is a refinement of backtracking. Before explaining these
techniques some general remarks have to be made.
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In chapter 4, an instance 1 of a combinatorial optimization problem was deflned
a pair (F, c), with F the "set of feasible solutions" (also called the "search space"
or "solution space") and c a cost function assigning a real number to each element
in F. Suppose that each feasible solution can be characteized,by an n-dimensional
vectorf : lfifz...frfr and each fi 0 < i < n) can assume a finite number
of values, called the explicit constraints of f,. Besides, the values assigned to the
different components of f may sometimes not be chosen independently. In such a
case one speaks of implicit constraints. Consider e.g. a combinatorial optimization
problem related to some graph G(v, E) in which a path with some properties is
looked for. one can then associate a variable l. with each edge e; e E, whose value
is either I to indicate that the corresponding edge is part ofthe path or 0 to indicate
the opposite. The explicit consrraints then srate that fi e {0, 1} for all j. The implicit
by

constraints say that the edges selected by the variables should form a path.

Note: the specification of a solution by means of a fixed-length vector is not
always the most appropriate choice for a combinatorial optimization problem. In
the example above, a more natural representation of a path is given by a sequence of
vertices and edges with a variable length (cf. the definition of a path in Section 3.1).
However, the notions presented here do not change essentially if a variable-length
encoding of the solution is chosen instead of a fixed-length one.
Assuming the fixed-length vector representation of a solution, one defines a partial
solution by leaving one or more elements of the vector unspecified. one might as well
say that a partial solution corresponds to a subspace of the solution space. A partial
solution will be denoted by f.

5.2.1

Backtracking

The principle of using backtracking for an exhaustive search of the solution space
is to start with an initial partial solution in which as many variables as possible are
left unspecified, and then to systematically assign values to the unspecified variables
until either a single point in the search space is identified or an implicit constraint
makes it impossible to process more unspecified variables. In the first case, the
cost of the feasible solution found can be computed. In both cases, the algorithm
continues by going back to a partial solution generated earlier and then assigning a
next value to an unspecified variable (hence the name "backtracking"). The pseudocode of such a backtracking algorithm is given in Figure 5.2. It is assumed that all
variables I have type solution-element. The partial solutions are generated in
such a way that the variables f. are specified for I < i < k and are unspecified
for i > ft. Partial solutions having this structure will be denoted by i{t). Note
that l') corresponds to a fully-specified solution (a member of the set of feasible
solutions). The global array va1 corresponds to the vector i(k). The value of j, is
stored in va1[ft - l]. So, the values of array elements with index greater than or
equal to k are meaningless and should not be inspected. The procedure cost(va1)
is supposed to compute the cost of a feasible solution using the cost function c. It
is obviously only called when ft : n, i.e. when a solution is fully specified. The

5. General-purpose Methods for Combinatorial Optimization

fffl:,::::-i"T:nt

var rn

r, besr-sorution

57

rn r ;

backtrack(int k)
{

float new-cost;

if(k:n){
new-cost := cost(val);
if (new-cost < best-cost) {
best-cost := new-cost;
best-solution := copy(val)

;

)

]
else

for each (el e allowed(val, k))
val[k] := el;
backtrack(k

+

{

1);

)

]

main 0
{

best-cost := oo;
backtrack(0);
report(best-solution)

;

)

Figure

5.2

The pseudo-code of an algorithm for an exhaustive search by means of back-

tracking.

procedure allowed(val, t) returns a set olvalues allowed by the explicit and
implicit constraints for the variable f*+t given l{ft). The best solution found is stored
in the global array best-solution and it is reported at the end of the search
process.

Consider the graph yersion of the traveling salesman problem (TSP) introduced
in Chapter 4, in which the number of vertices in a graph G(V, E) equals n - 1.
A solution can be specified by a sequence of /, vertices such that an edge between
subsequent vertices exists, the first vertex in the sequence equals the last one and the
first n - 1 vertices are distinct. The sequence can be characterized by n variables fi
(l < i < n), one for each position in the sequence. The value of fr is the vertex at
position j in the sequence. Because any vertex u € y in the cycle can be taken as the
first and last element ofthe sequence, one can select any ofthe vertices in the graph
and state that i and fn can only have value u. These are the explicit constraints

for

fi

and

vertices

fr.

The explicit constraints for the other variables are the remaining

of V (V \ {u}). The implicit

constraints are that any sequence specified by
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Figure

5.3

An example traveling

salesman problem instance.

the variables should form a pathl. Figure 5.3 shows an example problem instance.
The six vertices have been labeledA to F. The cost oftraveling between two adjacent
vertices is given by a weight along the edge connecting the two vertices. It will be
assumed that
ser {8, C, D,

fi :

f7

:

A and that

the other variables take any of the values

in the

E, F}.

consider as an other example the unit-size placement problem defined in Section 5.1. Ifthere are z cells to be placed, a solution can be described by 2n vaiables
fi to fzn, where f2i_1 corresponds to the x-coordinate of cell i and fl to its ycoordinate (l < i < n). The explicit constraints say that values should be chosen in
the available range of coordinates (x or y). The implicit constraints disallow that two
cells are assigned the same coordinate pair.
The subsequent generations of (partial) solutions by the backtracking algorithm
can be visualizedby nodes in a tree, called the searchtree2.The search tree for the
example of Figure 5.3 is shown in Figure 5.4. A tree is a directed graph here. It is
normally drawn in such a way that all edges have an implicit direction from top to
bottom. The single node at the highest level, Level l, is called the root of the tree.
The nodes incident from the node (connected to it at the next lower level) are called
its children. Every level of the tree corresponds to a variable. The children at level
k * I of a node at level k correspond to the partial solutions obtained by specifying a
value for ,fr+r. So, a node at level k represents a partial solution I{k). Nodes without
children are called leaf nodes. Note that each node except for the root has exactly one
incoming edge. The other endpoint of this edge is called the-n ode's parent. Removing
this incoming edge for a node flk) gives a subtree having i{k) as its root. Each path
in the tree starting at the root and ending in a leafnode corresponds to either a fully
I One could say that a variable that can only
assume a single value is not a real variable and claim that a
feasible solution could be described with n 2 instead of n variables. However, the description chosen
here makes it e.g. easier to exclude by means of implicit constraints a path that contains all vertices but
does not form a cycle.
2 In order
not to get confused with the vertices of e.g. the graph of the TSP example, the vertices of the
search tree will be called nodes in this section.

5. General-purpose Methods for Combinatorial Optimization

59

Jt J) Jl -

J5 -

Figure

5.4

The search tree obtained by the exhaustive search backtracking algorithm for the

example of Figure 5.3.

specified solution of which the cost can be computed (indicated with the cost value
in the figure) or to a state in the backtracking procedure from which no new (partial)
solution can be generated due to the fact that no legal assignment to the next variable
is possible (indicated with an 'x' in the figure). Note that each tour is found twice,
the second of each pair of equivalent solutions being the reverse of the first (this can
be avoided by an extra implicit constraint, e.g. putting that City B should always
precede City C in each solution; such a constraint will reduce the search space and,
therefore, speed up the search). Obviously, the optimal tour visits the vertices in the
order A, E, D, C, B, F, and A (or in the reverse order) and has a total length of 20.

5.2.2

Branch-and-bound

it is not necessary to visit all (partial) solutions that the backtracking
procedure generates. Let O1i{t); denote the set of fully-specified_s.olutions in the
subtree with root i{k). Information about a certain partial solution flt). I < k < n,

Normally,

at a certain level can indicate that any fully-spicified solution i{') € D(i(k))
derived from it can never be the optimal solution. This conclusion is based on the
estimation of the lower bound of the cost of all solutions in O1t{k);. The function
that estimates this cost lower bound will be denoted by d. If inspection of f,e) can
guarantee that all of the solutions in O1i{k); have a higher cost than some solution
already found earlier during the backtracking, none of the children of flft) .need any
furthei investigation. One says that the node in the tree corresponding to i(tl can be
killed.The modification of the backtracking algorithm that provides in killing partial
solutions is called branch-and-bound. One also says that one carr prune the search
tree by removing the subtree having f,k) as its root.
The pseudo-code describing the branch-and-bound version of backtracking is
presented in Figure 5.5. The main recursive procedure is called b-andlc. It is quite
similar to the procedure backtrack of Figure 5.2 with the difference that the
procedure lower-bound-cost is called to get a lower bound of the partial solution
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float best_cost;
solution-element val[n], best_solution[n]

;

b-and-b(int k)
t

float new-cost;

if(k:n){
new_cost := cost(val)i
if (new_cost < best_cost) {
best_cost := new_cost;

best_solution := copy(val)

;

)
)

else

if

(lower-bound_cost(val,k) > best_cost)
action, node is killed. */

/* No
else

for each (el < allowed(val, ft))

{

val[&] := el;
b_and_b(ft

*

1);

)
)

main

0

{

best_cost := oo;

b_and-b(0);
report(best-solution)

;

)

Figure

5.5

The pseudo-code ofthe branch-and-bound algorithm.

based on the function d. A next level ofrecursion is entered only
search tree cannot be killed.

if

the node in the

An important issue is how to define 6 such that it is useful. It is quite natural to
compose it out of two terms:

Z((k)):

!1i{k); + fi17*t1

1v[ere g(i{tl) is a function that is computed given the specified variables of f,k) and
A1i<rl) is a term that is based on the u_nipecified variaUtes of i(fr). Thking the rraveling
salesman problem as an.example. g(i{t)) can give the length of the path fixed by thi
specified variables and fr1i{*); can give a lower bound onlhe.emaining tour length.
One possibility is to define ft 1i'it); : 0 for all parrial solurions. This certainly sarisfies
the requirement that all final solutions in the set D1i<xll have a cost higher than the
estimated one. However, this definition does not help much to reduce the search
space. A more effective possibility is to use the length of the minimum spanning tree
(see Section 3.4.4) as a lower bound. Given a sequence of vertices that represents
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Figure 5.6

z1

20

The search tree for the TSP example of Figure 5.3 when branch-and-bound is

used.

a partial solution, one knows that the fully-specified solution derived from it will
somehow connect the vertices not yet in the sequence with the first and last vertex.
Call the set consisting ofthe vertices not in the sequence augmented by the first and
last one of the sequence the remainlng vertices. A path that connects all remaining
vertices and that starts at the last one already in the sequence and finishes at the first
vertex already in the sequence, will turn the partial solution into a fully-specified one.
Note that such a path is a spanning tree in the subgraph induced by the remaining
vertices. So, the length of the minimum spanning tree in this subgraph is a lower
bound on the length of the required path.
The branch-and-bound search tree for the TSP example of Figure 5.3 that is
obtained using a function fr1i{k); Uased on the minimal spanning tree, is shown in
Figure 5.6. In the figure, alabel'a * b' means that the node is killed due to the fact
that the sum exceeds the cost of the best known solution up to that moment. The
term a is rhe value of f 1i{t); and D is the value of fr 1i<t);. A label 'X' means that the
subgraph induced by the remaining nodes is not connected and that a spanning tree
does not exist. Clearly, as a consequence, a solution to TSP cannot be found in the
subtree of that node. Note that the number of nodes in the search tree is 72 for the
exhaustive search versionand2T for the branch-and-bound version.

The application of branch-and-bound search to the unit-size placement problem
is more complex. As was mentioned before and will be discussed in more detail in
Section 7 .2,the cost function of this problem computes an estimate of the wire length
on the basis of the positions of the cells. In a partial solution, only a subset of the
cells has a fixed position. This makes it necessary to use more advanced estimation
techniques that give lower bounds for the lengths of the wires connected to cells
without a fixed position.
An essential point is that the function alitk); tfrat computes the lower bound of the
solutions in D1i{t); should, in general, be easier to compute than the mere traversal
of the subtree at flft) in order to have some computational gain. There is some
preservation of the required effort here: more sophisticated functions can estimate
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tighter lower bounds allowing the killing of nodes in an earlier stage, but they will
normally require a higher computational effort themselves.

In this section only a simple version of backtracking (with and without branchand-bound) has been presented. It traverses the search tree in a depth-first fashion
(see also Section 3.4. I ). In depth-first search, one focuses on a single partial solution
of which a child at the next level is generated. Only when a solution has been killed or
has been fully specified, does the algorithm go back to a higher level. The algorithm
only keeps track of a single partial solution at a time.
Alternative ways to explore the search tree become possible if one is prepared to
to store intermediate nodes of the search tree. The principle is to evaluate
all children of a node (the first node to be evaluated is, of course, the root) and store
them in a queue. Then the elements already stored are removed one by one from
the queue while their children are added to it. The partial solutions in the queue can
be processed in different orders: first-in-first-out (FIFO), last-in-flrst-out (LIFo) and
least-cost (LC). Using a FIFO queue will result in breadth-first search, while using
a LIFo queue will amount to depth-first search. LC uses the function 61Fk); to have
an estimated cost of all elements in the queue and then first generates the children
of the partial solution with minimal cost. Depending on the problem and its typical
instances, using any of the search strategies just mentioned may lead to significant
improvements in the time necessary to obtain an optimal solution.
use queues

More variations are possible. Instead of having the static search tree discussed
above, in which partial solutions are generated by assigning values to the
fr in order
of increasing index i, one can have dynamic search trees, both for depth-first and
breadth-first search. In a dynamic search tree, those parameters are assigned a value
first that will either lead to a fast detection of a solution or an early killing of a large
subtree.

5.3

Dynamic Programming

Dynamic programming is a technique that systematically constructs the optimal
solution of some problem insrance by defining the optimal solution in terms of
optimal solutions of smaller size instances. Suppose that some problem instance
can be characterized by some "complexity parameter" p (this parameter is not
necessarily the input size). Dynamic programming can be applied to such a problem

if

there is a rule to construct the optimal solution for p
- ft from the optimal
solutions of instances for which p < k. Given such a rule and the fact that the
lowest complexity problem instances (those instances for which, say, p
- 0 or
p : l) are easy to obtain, the optimal solutions for instances with any complexity
can be constructed. The fact that an optimal solution for a specific complexity can
be constructed from the optimal lower complexity problems only, is essential for
dynamic programming. In this way, many parts of the search space can be discarded
without visiting them. This idea is called the principle of optimality.
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The explanation just given may be a little abstract. It will, therefore, be illustrated
by applying dynamic programming to two example problems. The first problem is
the shortest-path problem as solved by Dijkstra's algorithm and the second is TSP.
Following its presentation in Section 3.4.3, the goal in the shortest-path problem
is to find the shortest path from a source vertex u{ € y to a destination vertex u1 € V
in a directed graph G(V, E) where the distance between two vertices u,u e V is
given by the edge weight ur((u, u)). Actually, no new shortest-path algorithm will be
presented here, but Dijkstra's algorithm will be "reinterpreted" as an application of
dynamic programming. The variable names used refer to those in the pseudo-code

ofFigure 3.14.
An instance of the shortest-path problem is extended with

.lf p

:

a parameter

p for

the

ft, the optimization goal becomes: find the
purpose of dynamic programming
shortest path from u.,' to all other vertices in the graph considering paths that only pass
through the first ft closest vertices to us. Once the problem has been formulated in this
way, Dijkstra's algorithm becomes an almost obvious solution to the shortest-path
problem. The optimal solution for the instance with p : 0 is found in a trivial way
by assigning the edge weight tr((u,, a)) to the distance attribute of all vertices
u € V . Suppose that the optimal solution fot p - ft is known and that the /< closest
vertices to u, have been identified and transferred from V to T. Then, solving the
problem for p - ft * I is simple: transfer the vertex u in V having the lowest value
for its distance attribute from V to T and update the value of the distance
attributes for those vertices remaining in V. A crucial observation is, of course, that
the shortest path length from u, to a has now been found. By the assumption, it is
known that the distance attribute of u gives the length of the shortest path that
passes through any of the vertices in 7. Suppose now that the actual shortest path to
u also passes through some vertex w € V; then the shortest path length of z would
at least equal l.,.distance * 1.r((ro, z)). This leads to a contradiction, however,
because all edge weights are positive and ru.distance > u.distance (otherwise
ru would have been selected instead of u). Note that the reasoning just presented is a
correctness proof of the algorithm (see also Exercise 3.5).
There is a single optimal solution for each value of p in the dynamic programming
interpretation of Dijkstra's algorithm. One only needs to keep the optimal solution
for p - k forthecomputationof the optimumforp : k* LThissolutioniskept
in the distance attributes of the vertices. In general, many optimal solutions for
p : k have to be stored such that they can be consulted when constructing solutions
for the instances with p - k + l. Said more precisely, additional parameters may be
necessary to distinguish multiple instances of the problem for the same value of p.
This is the case in the dynamic programming approach to the graph version of the
traveling salesman problem discussed below.
As was the case in Section 5.2, the graph considered is an undirected graph
y
G(V, E),with edge weights w((u, u)) for an edge (u, u) e E. Some vertex us €
visits
all
(as
tour
optimal
any
should be chosen as the starting point of the tour
vertices, the actual choice for u, is irrelevant). The introduction of a parameter p in
TSP creates a set of problem instances derived from the original instance. lf p : 11,
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the goal becomes to find the shortest paths to any u € v (u * ur) starting from u,
that go through exactly ft intermediate vertices.
In the following, c(s, u) will denote the shortest path length from u, to u exacrly
passing through the intermediate vertices given by the set S. The shortest tour length

for the original instance of TSP is then given by C(y \ {ur}, u.,). The rule for
constructing solutions with p : k * I : lSl from solutions with p : ft is.
C(S, u)

:

mr3 [C(S

\ {ml, m) *

w((m, u))]

(s.l)

clearly, for each value of k, c(.s, u) has to be computed for all possible s and all
possible u. The construction of the solution starts with the values C(0, u) which
equals the weight u((ur, u)) when (u", u) e E, and. oo otherwise.
In the process of arriving at the final solution almost all subsets of v have to
be considered (several times). This leads to a time complexity that is at least an
exponential function of the number of vertices (a set with n elements has 2, subsets).
This is not surprising given the NP-completeness of rSp. However, the dynamic
programming approach may still be interesting because it does not visit all points in
the search space due to the elimination of all suboptimal solutions of size k when
computing the solutions for size k + l. It is comparable to the branch-and-bound
approach in this sense, which also had an exponential worst-case time complexity in
spite of the fact that it eliminates many parts of the search space.
This dynamic programming approach for TSp will now be illustrated for the
example graph of Figure 5.3 where the choice us : A has been made. First the
values for lSl : 0 have to be computed:

c(a,B):e

a
C(4, D): x
c(4, E) :3
c(4, F): s
C(A,C):

The next step is to compute all possible values for lSl : I applying the construction
rule given in Equation (5.1). Below a selection of the 20 values to be computed is
given (5 values for S and 4 for u not contained in S, when computing C(S, u)):

c({Bl,C):

C({Bl, F) :
c({F}, B) :

c(a, B) +w((8, C)):9 *5: 14
C@, B) + u((8, F)) :9 * 4:13
C(A, F) * w((F, B)) : 5 t 4:9

There are 30 values to be computed

C(lB, F|,C)

:

for lSl

min tC({B}, F)

:2.

One of them is computed below:

+ u((F, C)), C({Fl, B) + w((8, C))l

:min[13+8,9+5):t+
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This result indicates that the shortest path from A to C that passes through B
and F has a length of 14 (by keeping track of the choices that led to this mini-

mum, one could also report that the shortest path goes first to F and then to B).
By continuing this process for ever larger sizes of lSl, one eventually computes
C({8,C, D, E, F}, A) and obtains the solution of the example TSP instance.
The application of dynamic programming for the other example problem considered in this chapter, viz. unit-size placement, is not so obvious. It is not clearhow the
optimal placement of k * I cells should be defined in terms the optimal solutions of
all subproblems with k cells in such a way that parts of the search space are eliminated. An application of dynamic programming to a problem that occurs in a channel
routing algorithm is presented in Section 9.3.4.

5.4

Integer Linear Programming

Integer linear programming (ILP) is a specific way of casting a combinatorial
optimization problem in a mathematical format. More precisely, many combinatorial
optimization problems can relatively easily be reduced to ILP. This does not help
from the point of view of computational complexity as ILP is NP-complete itself.
However, ILP formulations for problems from the field of VLSI design automation
are often encountered due to the existence of "ILP solvers". ILP solvers are software
packages that accept any instance of ILP as their input and generate an exact solution
for the instance. As a consequence of the structure of an ILP formulation, the solver
does not need any knowledge of the problem. The only effort to be made is to find the
right reduction to correctly translate all features of the problem into the ILP format.
This section actually only deals with the format and the translation process. The
techniques used inside an ILP solver are not explained. It will seldom be necessary to
implement an ILP solver because powerful solvers are available both commercially
and in the public domain.

There are several reasons why ILP is useful in CAD for VLSI. First, the input
of the problems involved may be small enough for an ILP solver to find a
solution in reasonable time. One then has an easy way of obtaining exact solutions,
compared to techniques such as branch-and-bound (by the way, an ILP solver may
use branch-and-bound itself). It may also be that one needs the exact solutions of
some benchmark circuits in order to judge the merits of some problem-specific
heuristics. Excessive run times may be acceptable in such a case. Finally, an ILP
formulation may be a source of inspiration for the development of problem-specific
sizes

heuristics.

5.4.1 Linear Programming
Integer linear programming is a special variant of linear programming (LP) and
a basic understanding of LP is necessary in order to understand ILP. LP will be
introduced by means of an example. Suppose that a factory produces two different
food products P1 and P2 that are composed of the same two ingredients 11 and 12 in
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differentproportions.

P1 ismadeof all unitsof 11 ando2l unitsof 12.Similarly, p2
is made of a 12 units of 11 and a22 units of 12. The factory sells one unit of p1 for price
cr and one unit of P2 for c2. The goal is to maximize the daily sales, given that the

company can receive at most bt units of 11 and b2 units of 12 per day. The demand
is such that all production will be sold. The unknowns in this problem are rl and x2,
the quantities of P1 and respectively P2 to be produced daily. Stated mathematically,
the goal is to maximize:

ctxt

*

czx2

while satisfying the constraints:

anxl + at2x2 <b1
aTxt * azzxz <b2
xl >0
x2 >0
Such a formulation is called a linear program. rn general a linear program can be
formulated in terms of a vector x of variables, a cost vector c and a matrix A and
a vector b that determine the constraints (A is not necessarily square!). The goal is
either to maximize or minimize:

cr*
while satisfying:

Ax<b

x>0
Note that the expressions for the cost and constraints are linear in x. The problem
can be changed from a minimization problem to a maximization problem by simply
multiplying c by - l. Similarly, one can convert a constraint containing a "less than or
equal" sign to one containing containing a "greater than or equal" sign by multiplying
by - 1 the appropriate elements in A and b. The formulation just given is called the
canonical forrn of LP. Although all variables are apparently restricted to be positive,
this restriction can easily be overcome by replacing a variable x;, that may assume
negative values, by the differelce xj
- x7, of two new variables xi andxk that are
both restricted to be positive.
Aparl from the canonical form, LP also has a standard form in which the constraints look like:

Ax: b
x>0
Here, the constraints to be satisfied are expressed as equations rather than inequalities. Inequalities can be converted to equations by adding to or subtracting from each
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equation a new variable, a so-called s/ack variable. For example, attxt * atzxz < bt
becomes alxt I anxz+ x3 : b1 . Conversely, an equation can be replaced by a pair

of inequalities when going from the standard form to the canonical form. C)ne can
for example replace alxt * at2x2 : b1 by the two inequalities a1tx1 * anxz < bl
and a;1x1 I atzxz > bl.
So-called "LP solvers" are available to solve LP problems. It is outside the scope
of this text to present the algorithms used in LP solvers, but some interesting remarks
can be made about them. It is possible to solve LP problems by a polynomial-time
algorithm called the ellipsoid algorithm. This algorithm is, however, outperformed
in practice by the simplex algorithm which has an exponential worst-case time
complexity. LP is therefore one of the few problems for which an exponential
algorithm is often preferable above a polynomial one. This illustrates the importance
of average-case time complexity in practice.

5.4.2

Integer Linear Programming

ILP is a variant of LP in which the variables

it

are restricted to be integers. Although

seems to be a minor modification, this restriction makes ILP NP-complete. The

techniques used for flnding solutions of LP are in general not suitable for ILP. It
does, for example, not help to treat an instance of ILP as an instance of LP and then
to round the results: the solution obtained may not be the optimal one or even a
feasible one. Therefore, other techniques that more explicitly deal with the integer
values of the variables should be used. As was mentioned before, however, solution
techniques will not be discussed here.
In many situations, the integer variables are restricted further to assume either
of the values zefo or one. This variant of ILP is called Zero-one integer linear
programming. A way to obtain a zero-one ILP formulation for the TSP in graphs
is presented below.
Consider a graph G(V,

E) where the edge set E contains k edges: E :
foreach edgee; e E.
ThelLPformulationrequiresavariable-r;
{et,ez,...,ekl.
The variable x, can either have the value 1, which means that the corresponding edge
e; has been selected as part of the solution, or the value 0 meaning that e; is not part
of the solution. Given the fact that the weight of an edge e; is denoted by u.'(ei), the
cost function can be written as:
k

lw@)xi
i:l

(s.2)

In addition, the following restriction applies:
(s.3)

,, that correspond to edges in the optimal tour
enforce that the edges selected actually form
should
constraints
value
1.
The
have a
In the optimal solution, only those
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l't
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v2

€tz

(a)

(b)

Figure 5.7 A graph to illustrate the ILP formulation of TSP (a) and an illegal solution
consisting of two tours (b ).
a tour that visits all the vertices. A necessary (but not sufficient) condition to achieve
this is that exactly two edges of those incident to a vertex are selected. In the example
of Figure 5.7(a), this means that the following constraints should be satisfied:
Ut

xt*xz*x:+x4:2

u3

xt *xs *xo + h:2
xz* xs +-r8 + x9:2

U4

x4+u-Fxrofxl:2

u5

x3+18*xro*xrz:2

u6

x6+xg*xrr*xtz:2

uz

(s.4)

These constraints are, however, not enough to enforce a tour as they do not exclude

that ILP finds a solution that consists of multiple disjoint tours. An example of
such an illegal solution that satisfies the constraints is shown in Figure 5.7(b). More
constraints are necessary to avoid these illegal solutions. These additional constraints
can be obtained by looking at bipartitions of the vertex set: some subset v1 C v and

its complement v2 - v \ vr. A tour that visits all vertices in the graph should pass
through at least two of the edges that connect a vertex in v1 with a vertex v2. rf e.g.
the subset {ut, uz, u3} is considered in the graph ofFigure 5.7, it can be stated that a
tour should pass through at least two of the vertices e3, e4, e6, ej, eg and e9. Such a
condition prevents the occurrence of the illegal solution shown in Figure 5.7(b).
So, an additional set of constraints should be generated systematically to prevent
solutions containing multiple tours based on the subsets of the vertex set. A number

of observations can be made in this respect:

o All relevant
solutions.

subsets Vt should be taken into consideration in order to prevent illegal
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V1 and V2 should contain at least three vertices (no multiple tours are
otherwise possible). Also, all vertices in any subgraph induced by either V1 or
V2 should have at least a degree two. Otherwise, no multiple subtours covering all
vertices are possible and it is therefore not necessary to have extra constraints to
avoid them.

o Both

Taking these observations into account leads to the following relevant partitions and
corresponding constraints for the graph of Figure 5.7 :

{ut, uz, ut} * {u+, us, uo} '. 4l x4 * xo *,rz t xs * xe > 2
{ur, u:, us} *{uz, u1,u6l .xtlx+ +x5 +xq-|xto * xn>
lu.t

,uz,

u+)

2

(5.5)

*{u:, us,uolixz+n *xs*xo*xro *xtt>2

In summary, Equations (5.2) tfuough (5.5) define the ILP formulation of TSP for the
graph of Figure 5.7. The formulation given is neither in the canonical form nor in
the standard form, but it can easily be converted to any of the two forms using the
"tricks" mentioned in Section 5.4.1.
An interesting issue is the size of the ILP formulation with respect to the size of
the problem instance. In the example above, the number of variables is equal to the
number of edges. The number of constraints of the type presented in Equation (5.4)
is equal to the number of vertices. The number of constraints of the type given in

Equation (5.5), however, can grow exponentially as the number of subsets of V
equals Zlvl.tf additional reol-valued variables are allowed in the formulation, an
alternative set of constraints can be constructed whose size is a polynomial function

of the number of verlices. Such a formulation will not be presented here (see the
Bibliographic Notes at the end of the chapter for pointers to the literature). Linear
programming that contains both integer as well as real variables is called mixed
int e ger line ar p ro

g

rammin g.

ILP can be used for a large range of combinatorial optimization problems. An
important reason why ILP cannot directly be used is a nonlinear cost function. The
unit-size placement problem is an example of such a problem. Its cost function is
an estimation of the wire length and there is no obvious way to relate e.g. cell
locations to wire lengths using linear operators (the estimation methods mentioned in
Section 7.2:ur,e operations like squaring, minimum, maximum and absolute value).

5.5

Local Search

Local search is a general-purpose optimization method that works with fullyspecified solutions f e F of a problem instance (F, c). It makes use of the notion
of a neighborhood N(f) of a feasible solution /, which consists of a subset of F
that is "close" to / in some sense. More formally, a neighborhood is a function that
assigns a number of feasible solutions to each feasible solution: N : F -+ 2F .Here,
2r denotes the power set of F,the set of all its subsets. Any g e N(/) is called a
neighbor of / (with respect to the neighborhood N).
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local-search0
{

struct feasible-solution

/;

set of struct feasible-solution G;

/ +

initial_solution();

do{

G

*-

lsle € N("f ), c(s) < c(/));

fiG +A)
f <- "any element of G";

) while (G + fi);
"report /";
)

Figure

5.8

The pseudo-code description of local search.

Consider for example the unit-size placement problem in which each cell has to be
with the goal of minimizing the estimated wire length. The
neighborhood of a feasible solution / could consist of those solutions in F that can
be obtained from / by exchanging the coordinates of two cells. Supposing that the
instance has n cells, each feasible solution has a neighborhood of 4!! elements,
while the size of the complete search space is in the order of r!. More complex
neighborhoods could be obtained by selecting three or more cells and interchanging
assigned two coordiuates

their coordinates. In an extreme case, a neighborhood involving all n cells could
be defined, which means that the neighborhood of each feasible solution f e F
consists of the complete search space F. In such a case, as will become clear later,
local search becomes equivalent to exhaustive search.
The principle of local search is to subsequently visit a number of feasible solutions in the search space, each solution being in the neighborhood of the previous
one. Such a transition from one solution to the next is called a move or a local transformation. One starts with a feasible solution / and then moves to some g € N(,f ),
such that c(g) < c(/). This is repeated until some feasible solution is found that
is cheaper than all its neighbors. The pseudo-code presenting this process is given
in Figure 5.8. It is assumed that feasible solutions can be represented by the data
structure f ea s ib1 e-s o lut. i on. The function i ni t r a 1 -s o lut i on has the task
to generate a feasible solution. This could be done randomly or by some problemspecific heuristic. The moves that transform the initial solution into the flnal one are
executed in the body of the do loop. In a practical implementation, it is not always
necessary to generate the complete set G of all cheaper neighbors of /, unless one
is specifically interested in selecting the cheapest one as the next value of /. A strategy that moves to the first cheaper neighbor encountered is calledfrsr improvement
and the one moving to the cheapest one in G is called steepest descent. The latter
strategy clearly requires a larger computational effort than the former one. It may
still be interesting because of the belief that the final solution will be reached after
fewer iteration steps or that a better quality solution will be found. Neither of these
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is guaranteed, though.
The effectiveness of local search depends on the "shape" of the cost function c.

the function has a single minimum, it will be found sooner or later. However,
most of the interesting combinatorial optimization problems have cost functions
with many minima, most of which are local, while only one (or a few) are global.
So, local search has the property that it can get stuck in a local minimum. This

If

disadvantage cannot be fully avoided unless the extreme neighborhoods that coincide
with the whole search space are considered. In general, the larger the neighborhoods
considered, the larger is the part of the search space explored and the higher is the
chance of finding a solution with good quality. However, the investigation of larger
neighborhoods also requires a larger computational effort.
One can generalize local search in several ways. One possibility is to repeat the
search a number of times with different initial solutions. In this way, it becomes more
likely that larger parts of the search space will be explored and multiple minima will
be encountered. Another possibility is to adapt the size of the neighborhood during
local search based on properties of the feasible solution that one is visiting.
In order to circumvent the main disadvantage of local search, viz. the fact that it
will get stuck in a local minimum, one should be able to move to a solution with
a higher cost, by means of so-called uphill moves. However, this should be done in
a way that still guarantees convergence to some solution. The methods simulated
annealing and tabu search, to be discussed in the next sections, are examples of
methods operating in this way.

5.6

SimulatedAnnealing

Simulated annealing (sometimes also called statistical cooling) performs a computation that is analogous to a physical process. In the process concerned, a material is
first heated up to a temperature that allows all its molecules to move freely around
(the material becomes liquid), and is then cooled down very slowly. The freedom
of movement for the molecules decreases gradually until all the molecules take a
fixed position. At the end of the process, the total energy of the material is minimal provided that the cooling is very slow. The idea of applying this analogy to
combinatorial optimization was first published by Kirkpatrick et al. in an article that
included applications from VLSI design automation (placement and global routing)
as examples.

The analogy with the physical model has the following points of correspondence
with a combinatorial optimization problem:

o The energy corresponds

to the cost function.

o The movement of the molecules

corresponds to a sequence of moves in the set of

feasible solutions.

o

The temperature colresponds to a control parameter
tance probability for a move from / € F to I €

I

which controls the accep-

N("f). A good move, i'e.

a
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int accept(struct feasible-solution

/,

g)

t

float Ac;

Ac+c(g) -c(f);

if (Ac < 0)
return 1;
else return @# rrandom(l));
)

simulated-annealing0
{

/,

g;

element

of

struct feasible_solution

floatT:

/

<- initial_solution0;

do{

do{
g <- "some

N(/)";

if (accept(/, g))

f*g
while ( !thermal_equilibrium0)

I

;

<- new_temperature(7.);
while (!stop0);
"report

f";

)

Figure
move for which

5.9

A pseudo-code description of simulated annealing.

c(g) a c(f), is always

accepted irrespective of the value of

r.

A bad move, for which c(g) > c(/), is accepred with a probablliry e#, where
Ac : c(g) - c(f). So, for high values of Z nearly all bad moves are accepted,
while hardly any bad move is accepted when 7 is low. (The Boltzmann distribution
in statistical mechanics states that the number of molecules N1 with energy level
e1

divided by the number of molecules N6 with energy level e6 equals ,#, where
: e I - eo, k is the Boltzmann constant and I is the absolute temperature.)

Ae

The algorithm itself consists of an outer loop in which the temperature is gradually
lowered and an inner loop in which the configuration is randomly perturbed by moves
that are either accepted or rejected. The inner loop should be executed a number of
times large enough to reach "thermal equilibrium" before going back to the outer
loop. This is shown in the pseudo-code description given in Figure 5.9. The strategy
for accepting or rejecting a move is represented by the function accepL, in which
the function random(k) generates a real-valued random number between 0 and t
with a uniform distribution. (check that the code of accept correctly implements
the acceptance strategy described above.) The function thermal-equilibrium
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should only return a value unequal to zero if the inner loop has been executed a
"sufficient" number of times. This number is normally a function of the problem
instance size. The function new-temperature computes a new, lower, value for
the temperature to be used for the next execution of the inner loop. In practice, this
is often implemented by a multiplication of I by a constant between 0 and l. The
function stop, finally, decides about the termination of the search. One possibility
is to stop when none of the moves in the inner loop has been accepted. Note that
simulated annealing may visit an optimal solution and then move away from it. It is
therefore wise to record the best solution in a separate variable and repolt its value
at the end of the search instead of the final value of /.
The combination of the functions thermal-equi l ibrium, new-temperaand stop realizes a strategy for simulated annealing, which is called the
cooling schedule.Theoretical analysis shows that the cooling schedule can be chosen
in such a way that the probability of finding the global minimum becomes equal to
one. However, these schedules imply an infinite number of moves before stopping.
In practice, one is interested in finding a solution as fast as possible and uses cooling
schedules that cannot guarantee an optimal solution.

ture

Simulated annealing has been applied with varying success to almost any combinatorial optimization problem in VLSI design automation. Especially in the case of
the placement problem (see Chapter 7), it has proved itself as one of the best methods,
if not the overall best one. On the other hand, when good tailor-made heuristics are
available, they are often preferable to simulated annealing: they obtain better quality
results in a fraction of the time needed for simulated annealing. An adapted version
of the Kernighan-Lin algorithm for graph partitioning (see Section 7 .5.1), for example, clearly outperforms simulated annealing when applied to circuit partitioning (a
problem that is somewhat more complex than graph partitioning).

5.7

Tabu Search

Simulated annealing allows many uphill moves at the beginning of the search
and gradually decreases their frequency. In this way, a convergence mechanism is
imposed to the search. Tlte tabu search method, on the other hand, does not directly
restrict uphill moves throughout the search process. Given a neighborhood subset
G c N(f) of a feasible solution /, the principle of tabu search is to move to
the cheapest element g < G even when c(g) > c(f).In order to avoid a circular
search pattern, a so-called tabu list containing the t last visited feasible solutions is
maintained. Transitions to these solutions are prohibited (they are taboo, hence the
name of the method). This only helps, of course, to avoid cycles of length < t'

A pseudo-code description of tabu search is given in Figure 5.10. In the description, the tabu list is represented by the FIFO (first-in first-out) queue Q oflength t.
The variable b is used to store the best solution encountered in the search process.
The function stop decides when to terminate the search, e.g. when no improvement
on the best solution is found in the last n iterations.
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tabu-search0
{

struct feasible-solution

f,

g, b;

ofstruct feasible-solution G;
"t-element FIFO queue of" feasible-solution e;

set

Q <- "empty";
b <- initial-solution0;
/ <- initial-solution0;

do{
G <- "some

fiG +a){
g <-

subset

of

N(/)

"cheapest element

such rhat

Vs € Q, s

/

G,,;

of G";

"shift g into Q";

.f *g;

if (c(/) < c(b))

b-f,

)

i

I

while (G
0 or stop0);
"report b";
)

Figure

5.10

A pseudo-code description of tabu search.

consider as an example an instance of the unit-size placement problem, where
10 000 cells have to be placed on

grid points identified by 100 x-coordinates and 100
y-coordinates. Suppose that a move selects two cells and exchanges their places. For
such a problem, the quantity of data to be stored for each solution kept in the tabu list
is quite high: the l0 000 coordinate pairs that define a feasible solution. The data to
be stored can be drastically reduced by e.g. only storing the two cells that have been
moved to arrive at the solution, which implies that these two cells will not be moved
during the next k iterations. The price for the storage reduction is a reduction of the
search space: many feasible solutions that would not given rise to a circular search
pattern will also remain out of consideration as long as the cells are kept in the taboo
list.

The tabu search method described above is the most elementary form of the
many variations possible. Actually, tabu search should be seen as a large family of
optimization methods offering (and sometimes requiring) extensive adaptation to the
combinatorial optimization problem at hand. An unsatisfactory aspect of tabu search
is that no theoretical analysis exists to guide the choice for the parameter k (the tabu
list size) and the stopping criterion: they should be determined empirically.
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Genetic Algorithms

In this section a simple version of search by genetic algorithms is presented. Many
variations on this version are possible and some of them will be mentioned at the end
ofthis section.
As in local search and its related methods, a genetic algorithm also works with

included in the set of feasible solutions F. However,
instead of repetitively transforming a single culrent solution into a next one by the
application of a move, the algorithm simultaneously keeps track of a set P of feasible
solutions, calledthe population. In an iterative search process, the current population
p(k) is replaced by the next one P(k+l) using a procedure that is characteristic for
genetic algorithms.
In order to generate a feasible solution f(k+l) € P(k+l), two feasible solutions
,f(k) und g(k),1alted the parents of the child f(k+t), are first selected from P(k).
/(k+l) is generated in such a way that it inherits parts of its "properties" from one
parent and the other part from the second parent by the application of an operation
called crossoyer. First ofall, this operation assumes that all feasible solutions f e F
canbe encodedby a fixed length vectorf: [,fr fz...fnlr : / as was the case
for the backtracking algorithm discussed in Section 5.2. In their basic form, genetic
algorithms use bit strings to represent feasible solutions. This not only implies that
the number of vector elements n is fixed, but that the number of bits to represent the
value of each element fi 0 < i < n) is fixed as well. The string of bits that specifies
a feasible solution in this way, is called a chromosome. Consider an instance of the
unit-size placement problem with 100 cells and a 10 x l0 grid. As 4 bits are necessary
to represent one coordinate value (each value is an integer between I and l0) and 200
coordinates (100 coordinate pairs) specify a feasible solution, the chromosomes of
this problem instance have a length of 800 bits.
It is important to be aware of the distinction between a feasible solution (in
biological terms, the phenotype) and its encoding as a chromosome (its genotype).
In the rest of this section, however, an f e F that is formally the phenotype, is
sometimes used to denote the genotype as well in order to avoid the introduction of
a more complex notation.
Given two chromosomes, a crossover operator will use some of the bits of the first
parents and some of the second parent to create a new bit string representing the
child. A simple crossover operator works as follows:

fully specified solutions

o

/

Generate a random number
problem instance.

o Copy the bits I through r

r

between

I and the length / of the bit strings

for the

- I from the first parent and the bits r through / from

the second parent into the bit string for the child. Sometimes, it is customary to
generate a second child using the same r, now reversing the roles of both parents
when copying the bits.
(k+1) and g(k+l) from a pair of parents
/(ft)
The generation of a pair of children f
and g(k) is illustrated in Figure 5.11. The example also illustrates a complication
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First parent:
(y'0))

0l0l

I

First child:
U\k+

Second parent:

k(r))

10000

t))

Second child:

(g(k*,)

10000

Figure 5.11 The generation of a pair of children by crossover.
that arises in genetic algorithms due to the encoding of the solution as a bit string.
Suppose that the bit strings of the example represent the coordinates of the placement
problem on a l0 x 10 grid mentioned earlier, now with only a single cell to place
(an artificial problem). The bit string for a feasible solution is then obtained by
concatenating the two 4-bit values of the coordinates of the cell. So, 7(t) i, u
placement on position (5,9) and g(t) one on position (8,6). The children generated
by crossover represent placements at respectively (5, la) and (8, l). Clearly, a
placement at (5, 14) is illegal: it does not represent a feasible solution as coordinate
values cannot exceed 10.
One solution to this complication is to use strings that consist of more sophisticated data structures than single bits. A chromosome could then be represented as a
vector of e.g. integers or characters. In this way, the complication mentioned in the
previous paragraph cannot occur. The combination of the chromosome representation and the crossover operator for generating new feasible solutions, leads, however,
to more complications. Consider e.g. the traveling salesman problem for which each
of the feasible solutions can be represented by a perrnutation of the cities (at least in
those versions of the problem where there is a direct connection between each pair
of cities, such as in the Euclidean version). Two example chromosomes for a sixcity problem instance with cities c1 through c6 could then look hke "clcac6csczc4"
and "c4c2c1c5cac6" .In such a situation, the application of the crossover operator as
described for binary strings is very likely to produce solutions that are not feasible.
Performing crossover on the two chromosomes just mentioned by cutting them after
the second city would lead to the illegal solution"clcaclc5cac6', (or ,,c4c2c6c5c2c4,,)
that is not a permutation of all cities in the problem instance.

This behavior can be avoided by using special-purpose crossover operators tailored for chromosomes that represent permutations. One such operator is calledorder
crossover. This operator copies the elements of the first parent chromosome until the
point of the cut into the child chromosome. The remaining part of the child is composed of the elements missing in the permutation in the order in which they appear
in the second parent chromosome. consider again the chromosomes "cpac6c5c2c4"
and"c4c2c1csc3c6" cut after the second city. Then the application of order crossover
would lead to the child "crcac4c2csc6" (reversing the roles of the first and second
parents would lead to: "c4c2c1cac6c5').
The aspects

of

genetic algorithms that have been introduced until now do not
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genetic0
{

int

pop-size;
set of struct chromosome pop, newpop;

struct chromosome parentl, parent2, child;
pop <- 0;

for (i <- l;

i < PoP-size; i <- i *

1)

pop <- pop U {"chromosome ofrandom feasible solution"};

do{
newpop

<- 0;

for (i <- l;

i < poP-size; i <- I *

1)

{

parentl <- select(PoP);
parent2

<-

select(PoP);

child <- crossover(parentl, parent2);
newpop <- newpop U {child};
)

pop <-- newpop;
) while (!stopO);
"rePort best solution";
)

Figure

5.12

The pseudo-code description of a genetic algorithm.

lead to any optimization. One needs to favor good solutions above bad solutions
in some way. This is done by giving a stronger preference to parents with a lower
cost when selecting pairs of parents to be submitted to the crossover operator. So,
the better the cost of some feasible solution, the higher the chances that it will be
selected for reproduction. Children generated in this way combine "good" features
of their parents and lead to improved solutions. The reverse, children that mainly
inherit "bad" features of their parents, can also happen. Those children are, however,
unlikely to survive the transition to the next generation.
The pseudo-code description of search by genetic algorithms presented in Figure 5.12 summarizes the concepts introduced above and gives some more details as
well. Note that the description in the figure deals with chromosomes that are manipulated, not the feasible solutions themselves. In the main loop of the code, two parents
at a time are selected and used to generate one new child in the new population.
The function select is responsible for the selection of feasible solutions from the
current population favoring those that have a better cost. The function cros sover
actually generates a new child from two parent chromosomes. The function stop
decides when to terminate the search, e.g. when there has been no improvement on
the best solution in the population during the last m iterations, where m is a parameter
of the algorithm.
A final main feature of genetic algorithms is mutation. This is a phenomenon also
encountered in nature, viz. that elrors can be made during the copying of a chromosome from a parent to the child (this happens inside the procedure crossover in
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the version described here). Mutation helps to avoid getting stuck in a local minimum.

Many variations are possible to the scheme presented above. Examples are:

o one can work with more sophisticated crossover operators, e.g.

operators that

make multiple cuts in a chromosome.

o one can copy

some members of the population entirely
instead of generating new children from them.

to the new generation

o Instead of distinguishing between the populatiort p(r) un6 p(ft+l), one could
directly add a new child to the population and simultaneously remove some
"weak" member of the population. This allows for the coexistence of different
generations as is often the case in nature.

5.9 A Few Final Remarks on General-purpose

Methods

Quite a variety of general-purpose methods for combinatorial optimization has been
presented in this chapter. Even more methods exist, such as neural networks and
simulated evolution, to name just two methods that have sometimes successfully
been applied to problems in VLSI design automation. Yet another method, based

on the sailsrtability problem, is discussed in Chapter 11 in the context of Boolean
function manipulation.
The advantage of using a general-purpose method for some problem is crearly
in the reduction in algorithm design time as compared to development time for
a special-purpose method. Sometimes, a general-purpose method directly leads to
a powerful solution method that cannot be outperformed by any special-purpose
method. This is e.g. the case for placement by simulated annealing. It may, however,
be that the general-purpose method gives unsatisfactory results. This is often due
to the loss of problem-specific knowledge that occurs when trying to reformulate
a specific problem in terms of the general-purpose method. Genetic algorithms, for
example, require a feasible solution to be represented by a chromosome which is a
linear data structure, whereas a more complex data structure may be a more natural
representation of the solution. or, it may not always be easy to find "moves" for local
search that do not create illegal solutions, due to the complexity of the representation
on which the moves have to operate.
Sometimes good results can be obtained by a hybrid algorithm that has both
general-purpose and problem-specific parts. one may e.g. have a problem-specific
heuristic that can be controlled by means of some parameters (different solutions
for a problem instance will be generated for different parameter values) and that
has a low time complexity. Such a heuristic should have the property that any
interesting part ofthe search space, and especially the part that contains the optimal
solution, can be reached by the correct choice of the parameter values. Besides, the
parameter values themselves should be simple data structures, such as integers or the
permutations of a finite set. A general-purpose method can then be used to find those
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parameter values that will lead to a good solution by repetitively calling the heuristic
with different values. What has been achieved is that the heuristic has replaced the
complex data structures required to adequately represent a feasible solution, by a
simple data structure suitable for a successful application of the general-purpose
method. One can also say that the heuristic has become a sophisticated cost function
that calculates the cost of a feasible solution represented by the parameters.
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tion given in [Go189]. other books on rhe topic are [Dav91] and [Mic92a]. Generic
algorithms have been applied to various combinatorial optimization problems aris-

ing in vLSI design automation. Interesting results have e.g. been reported for the
standard-cell placement problem [coh87, Sha90]. The results obtained are comparable in quality to simulated annealing [Sec85], but at the expense of longer run times.
It is remarkable, though, that the number of feasible solutions considered by the genetic algorithm reported in [Sha90] is l0 to 50 times less than in simulated annealing
(so the computational effort per feasible solution is relatively high).
More information on the use of neural networks for combinatorial optimization
can be found in [Hop86], [Ram88], [Bou90], and [phi95]. Examples of the application of simulated evolution to vLSI design automation are presented in [K1ig9]
and [Lin89]. The application of hybrid genetic algorithms to high-level synthesis has
been reported in [Hei95] and [Hei96]. They have later been extended for mubiprocessor scheduling in lBon97).
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II

Selected Design Problems and

Algorithms

6

Layout Compaction
As mentioned in Chapter l, one of the goals in VLSI design is to minimize the area
of the final circuit. Design decisions at all levels of abstraction have a consequence
for the area of the final circuit. At the lowest level, the level of the mask patterns for
the fabrication of the circuit, a final optimization can be applied to remove redundant
space. This optimization is called layout compaction.

The main topic of this chapter is the so-called constraintgraph compaction
method. Before introducing it, some attention is paid to the notions of design
rules and symbolic layout. Then, the compaction problem is formulated in graphtheoretical terms for the purpose of constraint-graph compaction and algorithms to
solve the problem are presented. The chapter concludes with a short presentation of
related topics that cannot be covered in depth.

6.1

Design Rules

The mask patterns that are used for the fabrication of an integrated circuit have to
obey certain restrictions on their shapes and sizes. These restrictions are called the
design rules. Sticking to the design rules decreases the probability that the fabricated
circuit will not work due to shortcircuits, disconnections in wires, parasitics, etc.
The shape of the pattems is often restricted to rectilinear polygons, i.e' polygons
that are made of horizontal and vertical segments only (see Figure 6.1(a)). Some
technologies also allow 45-degree segments in polygons, segments that are parallel

Figure

6.1

A rectilinear polygon (a) and one with 45-degree segments (b).
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6.2 Minimum-distance design rules on a lambda grid: minimum width (a), minimum
separation (b, c and d) and minimum overlap (e).

Figure

to the lines ! : x or.y - -,x on an x-y plane (see Figure 6.1(b)). In the
rest of this text, for reasons of simplicity, the mask patterns will be assumed to
consist of rectangles only (a rectilinear polygon can be decomposed into a set of
rectangles). There are design rules for layout elements located in the same fabrication
layer and rules for elements in different layers. If patterns in two specific layers
are constrained by one or more design rules, the layers are said to interact. For
example, polysilicon and diffusion are interacting layers as their overlapping creates
a transistor, whereas polysilicon and metal form noninteracting layers (if one ignores
parasitic capacitances). Design rules can be quite complex. However, most of them
can be expressed as minimum-distance rules.

As the minimum feature size that can be realized on a chip is subject to continual
change (from several microns a few years ago to a few tenths of microns nowadays),
distances are often expressed in integer multiples (or small fractions) of a relative
length unit, the ,1", rather than absolute length units. In this way, designers can deal
with simple expressions independent of actual length values. This means that all
mask patterns are drawn along the lines
Figure 6.2.

of a so-called lambda grid as shown

in

The most common types of minimum-distance rules are:

c Minimum width: a pattern in a certain layer cannot be narrower

than a certain

distance (see Figure 6.2(a)).

Minimum separation: two patterns belonging to the same (see Figure 6.2(b)) layer
or to different but interacting layers (see Figure 6.2(c)) cannot be positioned closer
to each other than a certain distance; this is also true when the rectangles are
diagonally separated (see Figure 6.2(d)).

Minimum overlap: a pattern in one layer located on top of a pattern in another
interacting layeq should have a minimal overlap (see Figure 6.2(e)).
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The symbolic layout of a CMOS inverter (a), its geometric layout (b) and

a

legend explaining the layers in the geometric layout (c).

6.2

Symbolic Layout

The existence of design rules makes the design of layout very cumbersome; there are
many design rules and a human designer can overlook one of them very easily when
fixing the position of a certain rectangle. Although special tools, so-called designrule checkers, exist for detecting this type of mistakes, the mistake might not be easy
to correct, requiring one to reposition many other rectangles in the neighborhood of
the wrong one. As a remedy to this problem, it has been proposed not to design the
geometry of the layout directly, but only to fix its topology instead. In this context,
geometry means that the coordinates of the rectangles are absolute (or in multiples
of ),), and topology means that only relations between layout elements, such as "to
the left of" or "below", are known. In the rest of this chapter, a distinction will be
made between geometric or mask layout on one hand, arrd symbolic or topological
layout on the other hand.
The entities of which a symbolic layout consists are, not surprisingly, symbols:
there is a symbol for a transistor, a wire in a specific layeq a contact cut, etc. In a
symbolic layout, the interconnections of these symbols fix the topology of the circuit:
the relative positions of transistors, the shapes of wires, etc. are known. The symbolic
layout of a simple CMOS inverter is given in Figure 6.3(a)'
Symbolic layout can normally be created interactively on a graphics computer
screen, by means of a symbolic layout editor or it can be specified in textual form,
by means of a formal layout language.
The advantages of symbolic layout can only be exploited if tools exist for automatically converting symbolic layout into geometric layout. Such a tool should e.g.
accept some description of Figure 6.3(a) together with a technology file that contains all design rule information for the target technology, and produce the layout of
Figure 6.3(b) (the shading patterns used to identify the different layers are given in
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Figure 6.3(c)). The conversion from symbolic to geometric layout is one of the applications of layout compaction. Some other applications are mentioned in the next
section.

6.3

ProblemFormulation

6.3.1

Applications of Compaction

Layout compaction can be applied in four situations, of which the first two have
already received sorne attention.

o Converting symbolic layout to geometric layout.
o Removing redundant area from geometric layout.
o Adapting geometric layout to a new technology. A new technology

means that the
design rules have changed; as long as the new and old technologies are compatible
(e.g. both are CMOS technologies with the same mask layers), this adaptation can
be done automatically, e.g. by means of so-called mask-to-symbolic extraction.
In such a case geometric layout in the old technology is converted to a symbolic
layout and then the design rules of the new technology are used for the generation
of the new geometric layout.

o Correcting small design rule errors. If there are methods to put layout elements
closer to each other to remove redundant space, it is plausible to assume that
pulling layout elements apart when they are too close to each other can be done
similarly. This is true as long as the layout with design-rule errors is topologically
correct: the relative ordering ofthe rectangle edges in interacting layers should be
the same as in the correct design.

6.3.2 Informal Problem Formulation
As mentioned before, a layout is considered to consist of rectangles. However,
not all rectangles are the same. Basically, the rectangles can be classified into two
groups: rigid rectangles and stretchable rectangles. Rigid rectangles conespond to
transistors and contact cuts whose length and width are fixed (as a consequence
of the technology or the wishes of the designer). when they are moved during a
compaction process, their lengths and widths do not change. Stretchable rectangles
correspond to wires.In principle the width of a wire cannot be modified (a designer
may have reasons to make a wire wider than strictly necessary in order to decrease
its resistance). The length of a wire, however, can be changed by compaction (the
wire connecting two contact cuts, for example, should become shorter if the contact
cuts are moved closer to each other).

Layout is essentially two-dimensional and layout elements can in principle be
moved both horizontally and vertically for the purpose of compaction.when onedimensional compaction tools are used, the layout elements are only moved along
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one direction (either vertically or horizontally). This means that the tool has to be
applied at least twice: once for horizontal and once for vertical compaction. I'rodimensional compaction tools move layout elements in both directions simultaneously. Theoretically, only two-dimensional compaction can achieve an optimal result. However, this type of compaction is NP-complete. On the other hand, onedimensional compaction can be solved optimally in polynomial time as is shown
later on in this chapter. Actually, repeated one-dimensional compaction can be considered a straightforward but valuable heuristic fbr two-dimensional compaction.
This idea is illustrated in Figure 6.4. The layout in the figure consists of nine
squares labeled A to I, each with a size of D" x 2).. These squares are rigid and
are interconnected by wires of the same material. The design rules are such that the
minimum separation between rectangles of the same material is 1/,. Figure 6.4(a)
shows the starting situation with redundant spacing that covers an area of I l)' x I 1)'.
If the layout is first compacted horizontally from right to left and then vertically from
top to bottom, the 8). x 1 1l solution of Figure 6.4(c) is obtained. If the layout is first
cornpacted vertically from top to bottom and then horizontally from right to left, the
1 l]" x 8l solution of Figure 6.4(e) is obtained. The optimal solution that has an area
of 8), x 8.1. is shown in Figure 6.4(0. In order to obtain this solution from the starting
position in one pass, the layout elements must be moved in two dimensions. Note that
the optimal result could be obtained if the solution of Figure 6.4(c) is compacted from
left to right and then once more from top to bottom. More complex examples can
be constructed, however, in which iterated one-dimensional compaction will never

obtain the optimal result of two-dimensional compaction.
As mentioned above, two-dimensional compaction is NP-complete and exact as
heuristic algorithms to solve the problem can be quite complex. Most practical
compaction tools are based on repeated one-dimensional compaction and therefore
algorithms for this case will be presented in the rest of this chapter. For this purpose,
the compaction problem is first formulated in graph-theoretical terms in the next two
sections.

6.3.3

Graph-theoretical Formulation

In one-dimensional,

say

horizontal, compaction a rigid rectangle can be represented

by one x-coordinate (of its center, for example) and a stretchable one by two (one
for each of the endpoints). Figure 6.5 shows some rectangles that are horizontally
stretchable.
For the purpose of the algorithms to be explained, it is assumed that there are n
distinct x-coordinates. They will be indicated as xr, x2, . . . , xn. A minimum-distance
design rule between two rectangle edges can now be expressed as an inequality:

x1

-xi)_d;i

(6.1)

In the example of Figure 6.5, assuming that the minimum width for the layer
concerned is a and the minimum separation is b, the following (and many other)
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Figure 6.4 A layout with redundant space (a); the compaction result after horizontal compaction (b) followed by vertical compaction (c); the result after vertical (d) followed by horizontal compaction (e); the optimally compact result (0.
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The pairs ofvariables associated with horizontally stretchable rectangles.

Figure

6.6

The constraint graph for the example of Figure 6.5.

inequalities are valid:

x2-xt >a

x3-x2 >b
x3-x6 >b

It is now possible to represent all these inequalities in a so-called constraint graph
G(V, E), constructed in the following way:

o The vertex

set V is composed by associating a vertex u, with each variable x; that

occurs in an inequality.

E is composedof edges (ui,u) with weight w((ui,ui))
each inequality xj - xi > dij.

o The

edge set

: dii for

o There is a source vertex u0, located at x : 0.So, there ate n * 1 vertices in total:
u0, ut, . . . , un.All layout elements are assumed to have a positive x-coordinate'
This is incorporated in the graph by edges from the source vertex to those vertices
that do not have any other vertices constraining them at the left.
The constraint graph for the example of Figure 6.5 has been given in Figure 6.6.
A constraint graph derived from only minimum-distance constraints has no cycles
(why?). It is called a directed acyclic graph, often denoted by the abbreviation DAG.

The following observation can be made: the length of the longest path from the
source vertex u0 to a specific vertex u; in a the constraint graph G(V, E) gives
the minimal x-coordinate .r, associated to that vertex. By taking the longest path
to ui, one makes sure that all inequalities in which x, participates are satisfied. So,
computing the lengths of the longest paths to all vertices in the constraint graph
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- rd.
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6.7

d

Maintaining a wire connected to a contact cut gives rise to

a

maximum distance

constraint.

results in a solution for the one-dimensional compaction problem. An algorithm
to compute these longest paths efficiently is given in Section 6.4.1. prior to the
presentation of that algorithm, a more general case of the compaction problem is
formulated in the next section.

6.3.4

Maximum-distance Constraints

Some situations necessitate the limitation of the maximum distance between the
coordinates of layout elements. An example of such a situation is a connectivity
constraint: moving an element too far away with respect to another can break an
electrical connection. An illustration for the case of a wire segment connected to
a contact cut is given in Figure 6.7. The situation in the figure gives rise to two
constraints: xC - xw < d andxyy - x6 < d.
Maximum-distance constraints can in general be written as:

xj-xi <cij
where

c;; >

0. This can also be written as:

xi-xj>-cij
The last inequality has the same form as Inequality (6.1) and can be represented in
the constraint graph by an edge (ri,u) with weight dij :
-rij. The addition of
this type ofedges can create cycles in the constraint graph. In the presence ofcycles,
the solution of the compaction problem still amounts to computing the lengths of the
longest paths. However, the problem is more difficult than finding the longest path in
a DAG as will become clear below.
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longest-Path(G)
{

for(i<-l i<n;i<-i*l)
p;

<-- "in-degree of

?,ni'r'|'*
ui <-

u;";

^,

"any element from Q";

Q - Q\{uil:
for each u7 "such that" (u;, u 1) e E

{

xj <- max(rjr xi * d;i);
Pi<-Pi-l;
if (n; < 0t

['* go 1up;

)

))
main 0
{

for(i <- O:i <n; i <- i *

1)

-ri <- o;
longest-path(G);
)

Figure

6.8

A longesrpath algorithm for DAGs.

6.4 Algorithms for Constraint-graph Compaction
In this section, algorithms for constraintgraph compaction are presented. This type
of compaction amounts to finding the longest path in a directed graph as was
discussed above. First an algorithm for the simpler case of the longest path in a
DAG is given. Then two different algorithms for graphs with cycles are explained.

6.4.1 A l-ongest-path Algorithmfor

DAGs

The longest-path problem for DAGs can be solved efficiently by an algorithm that is
quite similar to breadth-first search (see Section 3.4.2). A description in pseudocode of an algorithm that computes the longest paths from the source vertex u0
of a graph G(V,E) to any other vertex is shown in Figure 6.8' A variable p; is
associated with each vertex ui to keep count of the edges incident to u; that have
already been processed. Because the graph is acyclic, once all incoming edges have
been processed, the longest path to u; is known. Then u; is included in a set Q. It
will be taken out later on to traverse the edges incident from it in order to propagate
the longest-path values to the vertices at their endpoints. The data structure used

to implement Q is left open here. Any data structure that is able to implement
the semantics of a "set" can be used. The two actions to be supported are: to add

92

Algorithms for VLSI Design Automation

v)/ ,/"

Figure

o
"not initialized"
{uo}
{ur }

{uz, usl,

{u:,

us}

{us }

{u+}

Pl

6.9

A directed acyclic graph

Pz

P3

t2l
011
001
000
000
000
000

P4

Ps

xl

x2

x3

x4

x5

2

I

0

0

0

2
2

I
0

I

5

0

0
0

0
0

1

5

I

0

I

5

0
6

I

0
0

I
I

5

0

5

6
6

0

0

1

5

6

0

3

6
6

3
3

7

3

1

3

6.10 The evolution of the variables in the longest-path algorithm for DAGs when
applied to the graph of Figure 6.9.
Figure

a new element and to remove an arbitrary element. Note: the initialization of the
variables x; has been put outside the procedure body as this makes it possible to use
longes t -path as part of another algorithm that will be presented later.
The longest-path algorithm presented has a rime complexity o(ED. This is easy
to see: all edges in the graph are visited exactly once during the execution of the
inner for-each loop.

consider the DAG given in Figure 6.9. The evolution of the variable values
throughout the different iterations of the while loop is given in Figure 6.10. The value
given for the set Q is the value at the beginning of the iteration. The first element
is removed. The remaining elements in the same row are the updated values after
processing this first element.

6.4.2

The Longest Path in Graphs with Cycles

Before presenting algorithms that compute the longest path in graphs with cycles,
some general remarks on this case will be made in this section. Two cases can be
distinguished:

l.

Thegraphonlycontains negative cycles,i.e.thesumof theedgeweightsalong
any cycle is negative.
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count <- 0;

<-i+l)

for(l <-l;i<n;i
-ri <- -oo;
x0

<-- 0;

do { flag <- 0;
longest-path(G; );

for each (ui,
if (.r7 < xi

i) e Eu
* d;1) |
xj<-xi+dij:
u

flag <- 1;
)

count <- count +1;

if

(count

> lE6l &&flag)

error("positive cycle")
)

while (flag);
Figure

2.

6.11

The Liao-Wong compaction algorithm.

The graph contains positive cycles.

The problem for graphs with positive cycles is NP-hard. However, a constraint
graph with positive cycles colresponds to a layout with conflicting constraints (in
which e.g. the minimum distance for two coordinates exceeds the maximum one).
Such a layout is called overconstrained and is impossible to realize. So, the best
to be done in such a case is to detect the existence of positive cycles. They can
be detected in polynomial time. In fact, the two algorithms to be described for the
longest-path problem for graphs with negative cycles can detect the existence of
positive cycles (but not localize them). The two algorithms presented next, the LiaoWong algorithm and the Bellman-Ford algorithm, are not the only algorithms known
for the computation of longest paths in directed graphs. They have been selected
because they have successfully been applied to layout compaction.

6.4.3

The LiaoWong Algorithm

Liao and Wong have proposed an algorithm that partitions the edge set E of the
constraint graph G(V, E) into two sets Ey and E6.The edges in E7 have been
obtained from the minimum-distance inequalities and ate calledforward edges. The
edges in Eb correspond to maximum-distance inequalities and are called backward
edges (they create cycles by going backward).
The pseudo-code for the algorithm is given in Figure 6.1 L The main idea is to start
with Gy(V, Ey) which is acyclic and to which the DAG longest-path algorithm of
Figure 6.8 can be applied. Then the backward edges are considered and modifications
to the minimal x-coordinates are made, followed by a call to the DAG longest-

path algorithm to propagate the effects

of the modifications through the forward
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Figure

6.12 A directed graph with
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6.13 The evolution of rhe distances

84
for the graph of Figure 6.12 as computed by the

Liao-Wong algorithm.

edges. This process (modifications due to backward edges followed by propagation)

is repeated until the values of the minimal x-coordinates stabilize or a maximum
number of iterations equal'to lE6l have been performed. In the last case, a positive
cycle exists. The execution of the algonthm is then terminated by calling the function
error that prints the enor message provided as an argument and then performs a
"long jump" to an appropriate environment in the software.
In order to understand that the algorithm is correct, one should realize that at the
kth iteration of the do loop, the values of the x; represent the longest-paths going
through all forward edges and possibly k backward edges. As a longest-path contains
each edge at most once, the algorithm should terminate after at most lE6 | iterations
in the absence of positive cycles.
As the DAG longest-parh algorithm has a time complexity of oQz
rD and is called
at most E6 times, the Liao-Wong algorithm has a time complexity of O(E6lxiE

This makes the algorithm interesting in

tD.

cases

when the number of backward edges

is relatively small.
An example graph that will be used for the illustration of the algorithm is given in
Figure 6.12. The graph has been obtained from the graph of Figu re 6.9 by adding to it
three backward edges (recognizable by their negative weights). The evolution of the
Liao-wong algorithm applied to this graph is shown in Figure 6.13. The figure shows
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for (l <-- l:i '< n;
.ri <- -Oo;

i

<- i +

1)

x6 +- 0;
count <- 0;
s1 <- {u6};

ii;h",, <n&&sr*a)t
for each u; e

S1

foreach u7 "suchthat" (u;, ui) e E
if (x7 < xi * di1) |
x

j

52

<--

xi + dij;

<-

52 U {uy)

)

51 <- S2i
s2 <- a;
count <- count + 1;
)

if(count >

n)

enor("positive cycle");
Figure

6.14 The Bellman-Ford algorithm'

the values of the found distances after the "forward" and "backward" steps in each
iteration (respectively, the results obtained by the DAG longest-path algorithm and
the update steps). No more changes are found in the third iteration and the algorithm
stops. Note that the result obtained after the first "forward" step is equal to the final
result of Figure 6.9.

6.4.4

The Bellman-Ford

Algorithm

An alternative to the Liao-Wong algorithm isthe Bellman-Ford algorithm. The algorithm does not discriminate between forward and backward edges. It is comparable
to the longesfpath algorithm for DAGs with the difference that several iterations
through the graph zre necessary before the lengths of the longest paths have been
computed.
The pseudo-code for the algorithm is given in Figure 6.14. One way of looking at
the algorithm is to see it as repeated wave front propagation: ,Sl contains the current
wave front and 52 is the one for the next iteration. As in the Liao-Wong algorithm'
if there are more than n iterations, where n is the number of vertices in the graph
G(V, E),it can be concluded that the graph has positive cycles. Informally, this can
be seen as follows: after k iterations, the algorithm has computed the longest-path
values for paths going through k - 1 intermediate vertices. If there are no cycles, the
algorithm should terminate after at most r4 iterations, as the longest path to a vertex
can go thrcugh at most n - I vertices.
The time complexity of the Bellman-Ford algorithm is

0(n x lE l) as each iteration
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6.15 The evolution of the distances for the graph of Figure 6. I 2 as computed by the
Bellman-Ford algorithm.
Figure

visits all edges at most once and there are at most n iterations. If the graph is dense,
i.e. the number of edges is o(n2), this would mean a worst-case time complexity of
o(r3). However, under assumptions that are realistic for compaction, the average
time complexity turns out to be O(nt.s).

The evolution of the Bellman-Ford algorithm when applied to the graph of
Figure 6.12, that was also used for the illustration of the Liao-wong algorithm, is
shown in Figure 6. 15. In each row, the first column gives the contents of the set s1 at
the beginning of the algorithm and the remaining entries of the row show the distance
value after having processed all elements of s1 . Not surprisingly, the final result is
the same as the one obtained by the Liao-Wong algorithm.

6.4.5

Discussion: Shortest Paths, Longest Paths and Time Complexity

Until now different versions of shortest and longest-path problems have been presented in this text. In order to eliminate possible confusion, a short discussion follows here that shows the relationships between the different algorithms presented as
well as the type of graphs on which they operate.
consider first a DAG. The longest-path problem for a DAG can be solved with
the algorithm given in Figure 6.8. If one wants to solve the shortest-path problem in
a DAG, a slightly modified version of the algorithm can be applied by initializing
all path lengths to +oo and taking the minimum instead of the maximum in the
inner loop. one can also apply the longest-path algorithm without modification if it
operates on a "transformed" graph where all weights have been multiplied with
-1.
The multiplication by -l of the longest path lengths found gives the shortest path
lengths.

The situation is more complicated when the graph is cyclic.

If it only contains

negative cycles, the longest-path problem can be solved in polynomial time. Analogously, if the graph only contains positive cycles, the shortest-path problem can be
solved in polynomial time (actually, the original version of the Bellman-Ford algorithm is for shortest paths).

The longest-path problem in graphs with positive cycles and analogously the
shortest-path problem in graphs with negative cycles is Np-hard (see Exercise 4. l).
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Note that Dijkstra's algorithm for shortest paths (see Section 3.4.3) only works when
all edge weights are positive. Therefore, it does not operate correctly if the edge
weights are first multiplied by -l in an attempt to adapt the algorithm for a longestpath computation.

6.5

Other Issues

There follows a short discussion of a number of additional issues that are important
for compaction but that cannot be dealt with in detail in this text:

o Noncritical layout

elements
Consider horizontal, right-to-1eft, one-dimensional compaction using a constraint
graph as in the text above. The width of the layout after compaction is determined
by the vertex u that has the largest longest-path length. The longest path starting at
the source vertex u0 and finishing at u is called the critical path of the layout (there
may be more than a single critical path). In the case of the graph of Figure 6.9 for
example, u4 receives the largest coordinate after compaction and the critical path
consists ofthe vertices u0, u2, ul, u5 and ua. The layout elements corresponding to
these vertices cannot be moved further to the right without making the total width
of the layout larger than strictly necessary. This is, however, not the case with the
layout element corresponding to the remaining vertex u3: it can be moved one
length unit to the right (to position 8) without affecting the minimal width of the
layout. In general, all layout elements not on the critical path have some mobiliry
or freedom. The interval within which a layout element can be moved can easily
be found by performing both a righrto-left and a left-to-right compaction and
taking the longest path lengths fbund as the interval boundaries. Simply assigning
each layout element its leftmost or rightmost possible value does not exploit the
mobility of the noncritical elements. It may be that a subsequent compaction step
in a perpendicular dimension will achieve better results if the layout elements are
assigned a coordinate that is not on the boundary of this interval. Finding the
best position for these noncritical layout elements is a difficult task (an optimal
algorithm would actually solve the two-dimensional compaction problem that is
known to be NP-complete) but some heuristics could always be applied to exploit

mobility.

.

Automatic Jog Insertion

In Section 6.3.2layolt elements were partitioned in rigid and stretchable rectangles. Considering a wire as a rectangle that is merely stretchable in one dimension,
does not exploit all the possible freedom that one has with wires. One such possibility is the insertion of jogs. This is the splitting of a wire in segments such that
these segments can be moved with respect to each other. This situation can lead
to a reduction of the layout width as illustrated in Figure 6.16. Compaction algorithms capable of inserting jogs are quite common. They especially introduce jogs
to reduce the critical-path length.
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I

I

(a )
Figure

Figure

6.16 A simple compacted

6.17 The

redundancy

I

(b )

layout before (a) and after (b) the introduction ofjogs.

of the minimal-distance constraint between rectangles A and

C.

o

Constraint Generation
The algorithms discussed above operate on a constraint graph. However, compaction has to be applied on a layout. Therefore, an efficient algorithm is necessary
[o convert a layout into a constraint graph. In a straightforward algorithm, assuming horizontal compaction, one could inspect all pairs of layout elements and generate a weighted edge between them, if they overlap when projected on the vertical
axis. When the original layout consists of n rectangles, this will result in an algorithm with a time complexity of o(n2). There are two problems with this approach.
First, too many rectangle pairs are inspected in the generation process and second,
the resulting graph is likely to have many redundant edges (remember that the time
complexity of compaction algorithms depends on the number of edges in the constraint graph). An edge (u; , u i) in a graph G (v , E) is called redundant if there also
existedges (ui,ui and (u1, u7), while w((ui,u)) < u((ui, uk)) + w((ur,u)).
This has been illustrated in Figure 6.17,that shows three rectangles A, B, and C located in the same layer. The minimum-distance constraints for the rectangle pairs
(A,B) and (B,C) make the minimum-distance constraint for pair (A,C) redundant.

o Hierarchy
It is important to note that compaction will seldom be applied to the layout of a
complete integrated circuit. As was mentioned in chapter l, the physical domain
can be described hierarchically, such that small groups of transistors form a cell,
groups ofcells form modules, etc. If special attention is paid to cell boundaries, it
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is normally sufficient to apply compaction to cells only.

6.6

Bibliographic Notes

The reader that is interested in knowing more about compaction or in an alternative
presentation can consult textbooks dedicated to physical VLSI design automation
such as [Len90], tShe93l, tSaig5l or [Sar96]. Reviews on the compaction problem

include tCho85l, tMly86l, [Boy88], [Wol88]. [Hil89] presents the results of a
layout generation project that included symbolic layout, a formal layout language
to describe it and compaction methods.

More on design rules can be found in textbooks on CMOS VLSI design such
as [Wes93] but also in [Uye95], which is a more practice-oriented book on CMOS
circuit and layout design. One of the early sources to introduce the symbol .1" for the
minimal feature size was [Mea80].

An example of a symbolic layout editor is described in [Cro88]. More on rnoskto-symbolic extaction can e.g. be found in [Beu90].
A proof that two-dimensional compaction is NP-complete is given in [Sch83b].
The fact that it is an NP-complete problem justifies the use of simulated annealing
as reported in [Mos87]. A interesting compaction method that allows some lateral
movement during one-dimensional compaction is reported in [S6q87].
A one-dimensional compaction method that has some similarities with constraintgraph compaction but has not been discussed here is virtual-grid compaction.ltwas
introduced by Weste [Wes81] and has the property that layout elements placed by
a designer on the same horizontal or vertical "virtual grid" line remain on the same
line during compaction.
The Liao-Wong algorithm is explained in [Lia83]. The application of the BellmanFord algorithm, which is well-known in graph theory (see e.g.lLaw76l, [Cor90] or
tMcHg0l), to rhe compaction problem has been pointed out by Schiele [sch83a]. The
pseudo-code in the text is based on Schiele's version of the algorithm. The average
time complexity result of O(nt's) has also been reported by Schiele.

More on constraint generation can be found in the textbooks and review papers
mentioned above. The best algorithm for the constraint-graph generation problem
has been proposed by Doenhardt and Lengauer [Doe87, Len90]. [t has a time
complexity of O(n log n), while it only generates irredundant constraints.

6.7 Exercises
6.1 Write a recursive procedure for computing the longest-path lengths based
on the algorithm of Figure 6.8 that does not store vertices to be processed
explicitly in a data structure: so, the new procedure should not contain the
variable O.
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6.2 The three algorithms for longest-path computations presented in this chapter
(in Figures 6.8,6.11 and 6.14) all compute longest-path lengths rarher than
longestpaths. How should these algorithms be modified to compute the longest
paths themselves? Do the modifications that you propose affect the time
complexity of the algorithms?

7

Placement and Partitioning
Placement is a very common problem in VLSI design. The input to the problem is
the structural description of a circuit. Such a description consists of a list of design
subentities (hardware subparts) and their interconnection patterns that together specify the complete circuit. At the moment that the placement problem has to be solved,
the layouts of these subentities should be available. The goal of placement is to determine the location of these layouts on the chip such that the total resulting chip area
is minimal, while the layouts of the subentities do not overlap and sufficient space
is left for wiring. The wiring should realize exactly the interconnections specified in
the structural description. The determination of the wiring patterns on chip forms the
routing problem that is discussed in Chapter 9. During placement, it is sufficient to
estimate the area occupied by wiring.

placement problem, viz. the unit-size placement problem,
has already been introduced in Chapter 5. There, some indications were given on
how to solve this problem using general-purpose optimization methods. In this
chapter, two versions of the placement problem that are more realistic than unitsize placement, viz. standard-cell placement and building-block placement, are first
defined. Most of the general-purpose optimization methods can also be used for these
versions of the placement problem. The emphasis in this chapter is on problemspecific solution methods for placement. They can be subdivided in the categories
constructive and iterative placement and are discussed separately.

A "toy" version of

the

Before dealing with the placement problem and possible solutions, however,
attention is paid to the representation of an electric circuit such that a placement
program (and many other design automation tools) can access the circuit easily.
Some possibilities are then explained for the estimation of the wiring area.
The partitioning problem deals with splitting a network into two or more parts

by cutting connections. Although this problem has major importance as a problem
on its own in the field of VLSI design automation, it is treated here together with
placement because solution methods fbr the partitioning problem can be used as a
subroutine for some type of placement algorithms. Only one partitioning algorithm
is presented here in detail, viz. the one proposed by Kernighan and Lin.
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o

Figure

7.1

7.1

The schematics of an RS-latch.

CircuitRepresentation

The structural description of an electric circuit is a central issue in design automation.
It is the input of rools like placement, simulation, etc., while it is the output of e.g.
tools for logic and high-level synthesis. consider the schematics shown in Figure 7.1
that indicate how an RS-latch can be constructed from two NAND gates. In the
schematics, one can distinguish the two NAND gates gr and 92, two input terminals
s and R, two output terminals Q andQ and the wires connecting the gates and the
terminals. Besides, a complete description of the circuit should indicate to which
specific input or output a wire is connected. obviously, a data model of an electric
circuit (the organization of the data structures that represent it) should correctly deal
with all issues mentioned for the example.
The data model proposed here consists of the three structures cell, port and net.
A cell is the basic building block of a circuit. A NAND gate is an example of a cell.
The point at which a connection between a wire and a cell is established is called
a port. So, a cell has one or more ports. The wire that electrically connects two or
more ports is a net. So, a set of ports is associated with each net and a port can only
be part of a single net. These notions can be expressed as data structure definitions
in pseudo-code, as shown in Figure 7.2.

A cell in a circuit is an instance of a master cell. The master contains all
information that all cells of a specific type, e.g. all NAND gates, have in common.
The term instance refers to each occurrence of the cell in the circuit. one property
stored in the master is, of course, the name of the cell: "NAND". Another property
is a list of its inputs and outputs. Still other properties could be related to electrical
properties, such as the switching delay or layout properties, such as width and height.
Note that the information stored in masters originates from a library,either a library
of predesigned cells such as standard cells, or a library of cells designed by the
designer.

For each occurence of a cell in the circuit there is a separate instance. It might
be useful to uniquely identify each cell instance with a name (e.g. for easy communication in a design team). For this reason each ce11 structure has an attribute id.
Finally, each cell instance needs to have access to its ports, identified here by the
sets in-ports and out-ports. The ports have been partitioned into inputs and
outputs. This may not always be relevant, but it surely is the case in e.g. the context
of simulation where the cells have to be processed in the order of signal flow.
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struct cell {
struct cell-rnaster *cell-type; /* Access to cell type, e.g' NAND
gate and other generic properties

char id[ ]; /* A string that uniquely identifies
set of struct port in-ports, out-ports;

*/

the cell, e.E. 8t *l

);

struct port {
*/
struct portinaster *port-type; /* Access to generic port information
char id[ ]; /* Unique identification */
struct cell *parent-cell; /+ To which cell does this port belong? */
*/
struct net *connected-net; /* To which net is this port connected?
);

struct net {
char id[ ]; /* Unique identilication */
*/
set of struct port joined-ports; /* Ports connected by the net
);

Figure

7.2

Data structure definitions

for circuit representation.

What has been said about instances and masters for cells also applies to ports. The
information to be stored in a port master could be the name of the port (e.g. "carryin"), whether the port is an input or an output, etc. The attributes parent-cel1
and connected-net in the port structure identify respectively the cell instance
to which the port instance belongs and the net to which the instance is connected.
The structure net, finally, is quite simple. For each net, it should give access to
the ports to which the net is connected.
Any electric circuit communicates with the external world in one way or the other
through its terminals (see S, R, etc. in Figure 7. I ). These terminals cannot be directly
incorporated in the data model just presented. For a consistent modeling, pseudocells called input cells and output cells are introduced. An input cell has a single
port through which it sends a signal to the circuit and an output cell has a single
port through which it receives a signal from the circuit. In Figure 7.3(a) the RS-latch
of Figure 7.1 is shown once more, now explicitly showing the cells, pseudo-cells
and ports. Input cells are shown using an "arrow" symbol pointing to its port and
output cells using the same symbol, but now pointing away from its port. Dashed
lines show the cell boundaries. Ports are indicated by small squares located on the

cell boundaries.
a graph model of an electric circuit from the
just
graph
will
have three distinct sets of vertices: a cell
presented. The
data model
be
two edge sets: one for edges connecting
set, a port set and a net set. There will
cells with ports and one for edges connecting nets with ports. Note that edges never
connect vertices of the same type and neither do they connect nets with cells. One
could call such a graph a tripartite graph. T\is graph model of the RS-latch circuit

It is quite straightforward to derive
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7.3 The representation of the RS-latch using the cell-port-net data model (a), the
tripartite the graph model (b), the bipartite graph model (c) and the clique model (d).
Figure

is shown in Figure 7.3 (b). In the figure, white circles represent cells, black circles
represenf nets and squares represent ports.

In

some applications, such as the placement problem to be discussed in this
it is not always important to distinguish the ports of a cell. In such a case
all ports can be merged with their associated cell vertices. The result is a bipartite
graph consisting of cell and net vertices and a single edge set that links nets with
cells. The representation of the RS-latch example using this graph model is shown
in Figure 7.3(c). This model is equivalent tothe hypergraphmod,el of a circuit. A
hypergraph consists of vertices and hyperedges, where hyperedges connect two or
more vertices instead of exactly two as is the case in a common graph. clearly, in a
hypergraph model, the vertices represent the cells and the hyperedges the nets.
The model can be simplified even further by omitting the explicit representation
of nets. Only the set of cell vertices remains in the graph. For each set of cells that
are connected to the same net, edges are created between each pair of cells in this
set. So, there is a clique in the graph (see Section 3. I ) for each net in the circuit. The
representation of the RS-latch using this clique model is shown in Figure 7.3(d).
Clearly, the graph models discussed here differ in the accuracy with which they
model an electric circuit. It is up to the designer of CAD software to chose the most
suitable one for the problem at hand.
As was discussed in chapter 1, the notions of hierarchy and abstraction are very
important in vLSI design. The complexity of vLSI circuits can only be mastered
chapter,
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through the use of hierarchy and abstraction. The data model presented here does not
directly support hierarchy, but can easily be modified to do so. A complete circuit
can e.g. be converted into a single cell by assigning the circuit's contents to a new
master. In this process, the input and output pseudo-cells become the ports of the
new cell (see Exercise 7.1). Applying these ideas to the circuit of the Rs-latch would
e.g. result in a new master cell "RS-latch" that can be used as a component in a larger

circuit.

The data model presented in this section is a general one that can be used by
several applications. Each application

will require additional information to be stored

in the model. A simulator e.g. will extend the net data structure to store the value
of the signal carried by the nel Layout information will be added to a ceII data
structure by a placement program, etc. The we of obiect-oriented programming
techniques could be of help here as extending the basic data structures and the
functions operating on them can be done without modifying the basic code itself.

7.2

Wire-length Estimation

As mentioned at the end of Section 5. 1, the estimation of the total wire length is used
to evaluate the quality of placement. A wire-length metric is applied to each net,
resulting in a length estimate per net. The total wire length estimation is then obtained
by summing the individual estimates. The total wiring area (the cost function for the
unit-size placement problem) can then be derived from this length by assuming a
certain wire width and a wire separation distance.

All metrics refer to a cell's coordinates. In the unit-size placement problem, these
are the coordinates of the unit-size grid as shown e.g. in Figure 5.1(b). In more
general placement problems, one will need a finer grid to accurately indicate the
location of a cell. A cell's coordinates can then be the coordinates of its center. Some
common metrics are:

o Half perimeter: This metric computes the smallest rectangle that encloses all
terminals of a net and takes the sum of the width and height of the rectangle
as an estimation of the wire length. The estimation is exact for two- and threeterminal nets and gives a lower bound for the wire length of nets with four or more
terminals.

o Minimum rectilinear spanning/Steiner tree: The fwo types of tree were introduced
in Section 4.5. In both cases, a wiring pattern is computed that interconnects all
terminals of the net. Remember that the spanning tree is relatively easy to compute,
whereas the minimum Steiner tree problem is NP-complete. The minimum Steiner
tree always has a length shorter than or equal to the spanning tree length which
means that the latter is an upper bound for the former. For both types of tree, when
computing the length between two points (xr,yr) and (xz,yz), one can either
use the rectilineor or Manhatton distance defined as l-r1 - xzl * lh - y2l or the
Euclideandistance defined as @.
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squared Euclidean distance: This method is meant for the clique-model representation of an electric circuit (see Section 7.1). As nets are not explicitly present in
this model, the total cost is obtained by summing over the cells rather than over
the nets. The cost of a placement is then defined as:

I -1- -1

;- LI
i:t

j:t

YillGi

-

x1)2

t Oi - yitzl

Herc, n denotes the number of vertices (cells), 147 is the edge weight of the
edge between vertex u; afld ui, and xi, xj, y;, and yj are the x-coordinates
and y-coordinates of the corresponding cells. The factor j jurt
that all
vertex pairs are counted twice, but could obviously be omitted "*pr.rses
without affecting
the optimization result obtained using this metric. Also the fact that the squared
distance instead of the distance itself is used here, dogs not affect the results of
optimization. yiiiszeroif thereisnoedgebetweenthevertices u; andui.Fornets
that are connected to many cells, its value can be made lower to express that not
all pairwise connections in the clique representing the net will be realized during
routing. Also, the fact that the two cells u; and ui are both connected to more than
one net can be translated in a higher value of 4;.

7.3

Tlpes of Placement Problem

The most common placement problems are standard-cell placement and buildingblock placement. They are introduced in this section.
As was mentioned in Section 1.4, standard cells are predesigned small circuits
(e.g. simple logic gates, flip-flops, etc.) for a specific fabrication process that are
stored in a library. For each cell, the library contains behavioral data (e.g. Boolean
equations, delay parameters) that can be used by a simulator, and also layout data
(e.g. size, positions of terminals, etc.) to be used by placernent and routing programs.
The designer combines the standard cells into the desired circuit by interconnecting
them in an appropriate way.
Standard cells obey some restrictions for their layout. Connections that are shared
by all or most cells, like e.g. power and clock connections, cross the cells from left to
right at fixed locations. These connections are sometimes called the logistic signals
as opposed to logic signals. Signals related to the specific I/O ofthe cell have to leave
the cell either at the top or the bottom. This is illustrated in Figure 7 .4. rn a standardcell design, the cells are collected into rows separated by wiring or routing channels.
Within one row, the logistic signals automatically realize continuing connections
due to their fixed positions. It is said that the cells abut horizontally or that they are
connected by horizontal abutment. Figure 7.5 shows a small arrangement of cells
obeying the standard-cell layout style.
In full-custom design where designers have the freedom to give arbitrary (but often
rectangular) shapes to their cells or where macro cells are used that consist of regular
parameterized layout structures, the cells need wiring space all around. The layout
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7.4 Standard cells: logistic signals like power and clock cross the cell at fixed
positions while IiO signals specific to a cell have terminals at the top and bottom.
Figure

7.5 An example of standard cell placement: there are three rows separated by wiring
channels, while the logistic signals connecting to all cells have symbolically been represented
by a thick line.
Figure

style that supports designs with these type of cells is called building-block layout (or
sometimes also general-cell layout). Figure 7.6 shows a stylized representation of a
placement in building-block layout.
Apart from the standard-cell and buitding-block layout styles, a combination of
both is also common. One e.g. uses standard cells for the implementation of the
logic functions of a design together with a large RAM module for the memory' Such
a module occupies far less area than an equivalent memory built of standard cells
only (in a standard-cell implementation of the memory, much more space is occupied

by wiring).
Clearly, the placement problem for standard cells or building blocks is more
complex than the unit-size placement problem discussed in Section 5.1. One obvious
difference is that moves that exchange two cells as encountered in many generalpurpose algorithms (see Chapter 5) are not always possible due to the size difference

t.'
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An example of the placement of cells in the building-block layout style.
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of cells. This is one of the issues discussed in the next section.

7.4

PlacementAlgorithms

Placement algorithms can be grouped into two categories:

o constructive placement: the algorithm is such that once the coordinates of

a cell

have been fixed they are not modified anymore;

o iterative

placement: all cells have already some coordinates and cells are moved
around, their positions are interchanged, etc. in order to get a new (hopefully
better) configuration.

Most placement algorithms contain both approaches: an initial placement is
obtained in a constructive way and attempts are made to increase the quality of the
placement by iterative improvement. Note: this searching strategy does not apply to
placement only, but is applicable to many combinatorial optimization problems.
Below, separate attention is given to the constructive and iterative placement
approaches.

7.4.1

Constructive Placement

There are many ways to perform constructive placement. Two important methods
are based on min-cut partitioning and clustering. Both methods are essentially
partitioning methods which divide the circuit in two or more subcircuits of a given
size while minimizing the number of connections between the subcircuits. More
information on partitioning will be given in Section 7.5.
The basic idea of min-cut placement is to split the circuit into two subcircuits of
more or less equal size while minimizing the number of nets that are connected to
both subcircuits (a net that is connected to both subcircuits is "cut", hence the name
"min-cut"). The two subcircuits obtained will each be placed in separate halves of
the layout (upper and lower halves or left and right halves). Because the number
of nets crossing from one half to another has been minimized, one can assume that
the number of long wires crossing from one half of the chip to the other has been
minimized as well. This type of bipartitioning is recursively applied to the subcircuits
until some criterion is satisfied (e.g. until all subcircuits only contain one cell).
Also, after each bipartitioning stage, the area available for the subcircuit concerned
is bisected and a decision is made on the direction of the bisection (horizontal or
vertical) and on which of the two smaller subcircuits obtained will be assigned to
which half. The idea is illustrated in Figure 7.1 , that shows three stages of min-cut
placement. For each stage, the netlist status is shown at the top and the placement
at the bottom. Note that a clique model is used for the netlist where parallel edges
indicate multiple connections between the cells.
There are two important tasks in min-cut placement: the partitioning of the graph
and the assignment of the partitions to relative layout positions. An algorithm for
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Figure

7.7

The recursive bipartitioning of a circuit leading to a min-cut placement.

partitioning will be presented in Section 7.5.1. The second task can be based on
different heuristics. One such heuristic is to look at the parts of the circuit that already
have a fixed position (either because the placement ofthese parts is already fixed or
because they are connected to the inputs or outputs of the chip that are located at
the chip's periphery). The decision can then be based on keeping the connections to
'7.7: after the
these fixed parts as short as possible. Consider the example of Figure
flrst bipartitioning, there are no fixed parts and the cells A and C are assigned to the
upper half of the layout, while the cells B and D are assigned to the lower half. In
the next stage, due to the lack of fixed cells, A is assigned to the upper right and C
to the upper left (the decision to assign them both to the upper half had already been
taken before). Now, when taking decisions for the cells B and D, one can see that
it is preferable to put B at the lower left rather than the lower right because of its
connections with A.
Min-cut placement is a top-down method: one starts with the whole circuit and
ends with small subcircuits. A bottom-up method for initial placement is clustering.
Here one starts with a single cell and finds one or more cells that share many nets
with it. These cells are all taken together to form a cluster. More cells are added to
the cluster in this way until the cluster contains the whole circuit. As was the case
in the bipartitioning-based approach, each time after a cell has been selected into a
cluster, a decision should be taken on its location. Again, the connectivity of a cell
with those already in the cluster can guide the decision. The idea is illustrated in
Figure 7.8.

7.4.2 lterative Improvement
Iterative improvement is a method that perturbs a given placement by changing the
positions of one or more cells and evaluates the result. If the new cost is less than
the old one, the new placement replaces the old one and the process continues. If the
new situation is worse than the old one, the perturbed situation may or may not be
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Figure 7.8 Placement by clustering (the cells that are already part ofthe cluster are marked
by a cross).

iterative-improvement0
{

s <- initial-confi guration0;
c <- cost(s);
while (!stop0) {
s/ <- perturb(s);
c/ <- cost(s/);

if

(accept(c, c/))

s <- s';
)

)

Figure

7.9

A generic algorithm for iterative improvement.

accepted depending on the exact search method used. A general framework for an
iterative improvement algorithm is given in Figure 7.9.

The behavior of the algorithm depends on the definitions of the functions initial-configuration, cost, st.op, perturb and accept. initial_conf iguration generates an initial placement and cost computes the costs

of a given placement. The function stop decides when the main loop in iterative
improvement should be terminated. This function can be very simple, counting
a fixed number of iterations, or arbitrarily more complex. The Boolean function
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accept (c, c') normally simply implements the test c' < c, which means that
perturbations that decrease the cost function (downhill moves), are always accepted.
An appropriate choice for the functions mentioned can make the algorithm operate
as some of the general-purpose optimization methods discussed in Chapter 5, such
as local search, simulated annealing or tabu search.
The function perturb computes a new feasible solution s'from a given feasible
solution s. This function is easy to implement for the case of unit-size placement
(see Section 5.1), as was indicated in several places in Chapter 5: any exchange of
cells or the displacement of a cell to an empty slot will result in a feasible solution.
Perturbation of a feasible solution for standard cell or building-block placement
is more complex due to the inequality of the cell sizes. Different approaches are
possible:

o

One can allow that cells in a feasible solution overlap and make the overlap part of
the cost function to be minimized. So, the cost function becomes some weighted
sum of the estimated wire length and the overlap cost. This will direct a placement
algorithm towards solutions with little or no overlap. Any overlap that remains can
be eliminated by putling apart the cells in the final layout (at the expense of a larger
overall chip area).

o

One can eliminate overlaps directly after each move by shifting an appropriate part
of the cells in the layout. In general, this is a computation-intensive operation as
the coordinates of many cells in the layout have to be recomputed as well as the
estimated wire lengths of all nets that connect to the displaced cells. It is, however,
feasible for standard cell placement, because overlaps can occur in one dimension
only. This means that at most half of the cells in a row need to be shifted (when
inserting a cell at a position without sufficient space, shift to the side that contains

the smallest number of cells).
sophisticated encoding methods for feasible solutions,
instead of the mere assignment of coordinates to cells. These methods store the
"relative position" of the cells with respect to each other. One could think e.g. of
representations similar to the slicing tree to be discussed in Chapter 8. Applying
transformations on these encodings to find neighboring solutions will always result
in placements without overlap. However, the price paid for feasible solutions that
are free ofoverlap is again a computational one, because the absolute coordinates
of each cell and the net length estimates have to be recomputed after each move.

o One can resort to more

Apart from random perturbations that are characteristic for optimization methods
such as simulated annealing, one could use more domain-specific methods for placement by means of iterative improvement. Force-directed placement is an example of
such a method. It assumes that cells that share nets, feel an attractive "force" from
each other. The goal is to reduce the total force in the network. To achieve this goal
one can compute the "center of gravity" of a cell, the position where the cell feels a
force zero, given the positions of all the cells to which it is connected.
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Consider the "clique representation" of a netlist by means of an edge-weighted
E) as discussed in Section 7.1. The weight of an edge (;, j) e E is
given by yii Qii : 0 when (i, j) 4 E). Then the center of gravity f*f , yf ) of a cell
i is defined as:
graph G(V,

--s L1fi1x1
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So, the center of gravity is found by computing the weighted average of the coordinates of those cells connected to i. An example of a perturbation is then to move
a cell to a legal position close to its center of gravity and if there is another cell at
that position to move that cell to some empty location or to its own center of gravity
(which creates a chain of moves until the last cell in the chain is put in an empty
location).

7.5

Partitioning

The direct motivation for paying attention here to the partitioning problem originates

from min-cut placement. However, partitioning is itself an important problem in
the field of vLSI design automation. It shows up e.g. when a large circuit has to
be implemented with multiple chips and the number of pins on the IC packages
necessary for interchip communication should be minimized.

Many versions of the partitioning problem exist and many algorithms for each
version. A famous algorithm was published by Kernighan and Lin in 1970. It will be
discussed in the next section. The section on Bibliographic Notes at the end of this
chapter provides pointers to other algorithms.

7.5.1

The Kernighan-Lin Partitioning Algorithm

The model assumed by the algorithm is as follows: there is an edge-weighted
undirected graph G(V, E); the graph has 2n verrices(l Vl : 2n); an edge (a, b) e E
has a weight yu6;if (a,b) f E, yab : O. The problem is to find two sets A and B,
subject to AU B : V, A O B: A,andlAl: JBI : n, which minimizes thecut cost
defined as follows:

T

Yab

,b)e A xB

In other words, the goal is to minimize the total weight of the edges cut by the
partitioning of v into the sets A and B. Note that the algorithm assumes that the
clique model has been used for the representation ofnets (see Section 7.1).
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The interchange of subsets in the Kernighan-Lin algorithm'

The first thing to remark is that the problem is NP-complete and that the algorithm
proposed by Kernighan and Lin is a heuristic that turns out to be rather successful.
The principle of the algorithm is to start with an initial partition consisting of the
sets A0 and B0 which, in general, will not have a minimal cut cost. In an iterative
process, subsets of both sets are isolated and interchanged. In iteration number m,
the set isolated from A'-l will be denoted by X- and the set isolated from B--l
will be denoted by Y*. The new sets, An and B* are then obtained as follows:

4m

-

\X*)UY^
(Bm-r \y-)U X*
1trm-t

Bm _

This idea is illustrated in Figure 7.10. The iteration goes on until no improvement in
the cut cost is possible.
An important issue in the algorithm is the construction of the sets Xm and Y* .
Note that for any nonoptimal partition, there are subsets X and Y that will lead to
an optimal partition in one interchange step. The difficulty of the problem arises, of
course, from the fact that these subsets cannot be identified easily. Therefore, the
algorithm makes an attempt to find suitable subsets, interchanges them and then tries
to make a new attempt, until the attempt does not lead to an improvement of the cut
cost. In this context, each exchange of subsets is called a pass. The total number of
passes needed turns out not to be dependent on the problem size n: most examples
reported in the literature do not need more than 4.
The construction of the sets Xn andYm is based on external and internal costs for
vertices in the sets A^-t and B*-I .Theexternal cost E, of a e A*-t is defined as

follows:

Eo: I

yay,aeA^-l

yeBm-l

So, the external cost for vertex a € A^-l is a measure for the pull that the vertex
experiences from the vertices in B--l .In a similar way, the external cost E6 for a
vertexb e B^-l and the internal costs /, and Ib can be defined:

Eb: I

ybx,

Io- I

yax,eeAm-l

be B--'t

xeAtu-l

xeA^-1
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16- I

yoy,beB^-I

yeBm-l

The difference between internal and external costs gives an indication about the
desirability to move the vertex: a positive value shows that the vertex should be better
moved to the opposite set, a negative value shows a preference to keep the vertex in
its current set. The differences for the vertices in both sets are given by the variables
Do and D6:

Da:Ea-Io, ae A^-l
Du:Eb-b, be Bm-l
Now the gain in the cut cost, A, resulting from the interchange of two vertices can
be expressed as:

L,

:

Do

* Dt -2yoa, o e Am-l, b e B^-l

The last term is a correction for a possible edge between a and b, which will continue
to cross the cut after swapping the vertices.

The pseudo-code code of the Kernighan-Lin algorithm is shown in Figure 7.11.
As mentioned earlier, each execution of the outer loop is a new pass. In the main
inner loop, the f or loop with iteration variable i, the subsets to be interchanged are
constructed element by element. In each iteration of this loop, the pair (ai,b) e

A^-t x B*-t

are then

givingthe best improvement for the cut cost is selected. The vertices

"locked", meaning that they cannot be selected once more in the inner loop.

They are candidates to be included in the subsets. Actually, it is pretended that they
have already been interchanged, and the differences between external and internal
costs of the unlocked vertices are therefore updated (check the correctness of the
expressions that update the values of D, and Dy).

It is important to realize that the best cut cost improvement leading to the selection
of a pair (ai, bi) may be negative. Once all vertices have been locked, the pairs are investigated in the order of selection: the actual subsets to be interchanged correspond
to the sequence of pairs (starting with I : 1) giving the best improvement. So, pairs
in the sequence may have negative cost improvements as long as the pairs following
them compensate for it. Such a situation would e.g. occur when the exchange of two
clusters of tightly connected vertices results in an improvement, while the exchange
of individual vertices from each cluster does not improve the cut cost.
The algorithm will be illustrated using the example graph given in Figure 7.12.
The graph consists of the vertices ul to u8. The initial partition consists of the two
sets{u2, u3,u6, u7}and {ut,u+, u5,ug}withcutcost 14asshowninFigure 7.12(a).
The evolution of the algorithm in the first pass is shown in Figure 7.13. Each row in
the figure corresponds to a value of the loop variable i as is shown in the first column.
The values under a column headed by a vertex name u show the subsequent values
of the variable D, (the difference between the external cost E, and the internal cost
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initialize(Ao, 8o);

m<-7;
do{foreachaeAm-l
"compute D4";

foreach b e

B^-l

"comPute D6";

for(i <- l;i < n;i

<--

i*

1) {

"find unlocked vertices ai e A^-l,bi e
Li : Doi * Dbi 2Yr,5, rs maximal";
"lock a; and bi';

3*-t

such that

for each "unlocked" x < Am-l
Dx + Dx *2yxai - 2yrbi'.
for each "unlocked" y € Bm-l

D, <- D, -

2yyo,

*

2Yr6,;

)

"find a k such that

c <_ !f:, a;;
if(G>0){
Xm <- 1a1,...

Df:r

A,

is maximal";

,arl;

Ym <- {b1,... ,br};
am *- 14m-1 \Xm) U Ym;

gm

t-

13m-t \Ym)U xm;

"unlock all vertices in Am and Bm";

m<-m*7
)

)

while (G

Figure

7.11

> 0);

The pseudo-code description of the Kernighan-Lin algorithm.

1r). The variables that are locked at a specific stage ofthe inner loop are underlined
and the value A; corresponding to the selected pair is given in the last column.
Once the inner loop has been traversed, the value k has to be determined such
that the sum ff A; is maximal. In this case, the value of k is 1 and the subsets of
vertices to be exchanged are {uz} and {u+} (note that /< : 3 is optimal as well). This
leads to the new sets Al : {ul, u4, u6, ull and Bl : {ur, u2, u5, ug} as is shown in
Figure 7.12(b). The cut cost has now decreased from 14 to 8.

The evolution of the variables in the second pass is shown in Figure 7.14. The
conclusion of the second iteration is that the maximal gain corresponds to the
value of k :2, which means that the vertex subsets to be exchanged are {uz,utl
and [u5, ua]. The exchange of these subsets leads to A2 : lq,uz,u3, ua] and
82 : lvs, u6, u7, usl which is the optimal solution for the example. The cut cost
now equals 2. Clearly, a third pass will not lead to an improvement and the algorithm
will stop. The final partition is illusmated in Figure 7.12(c). Note that the KernighanLin algorithm will not always find the optimal solution: it is just a powerful heuristic.
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7.12 Different steps in the application of the Kernighan-Lin algorithm: the initial
partition (a), the situation after the first iteration (b) and the final solution (c).
Figure

AU
I
1

2
J

4

Figure

7.13

we7.l2.

D2

u3

BU
u6

U7

ul

U4

-s1

-.,

A;
6

-1
3

,,

2

4

The first pass of the Kernighan-Lin algorithm applied to the graph of Fig-

I

I
2

BI

v3 U4 U6 uj

-s -l
5

3

4

7.14 The

Figure7.l2.

u8

-3

--1

AI

Figure

U5

5 3-1 -1 33-1-3
-5 -1 -t -3
-l

Uz

u5

-l -l -3 -3 -l
-3 -3 J-s3.
-3 -3 -7 -7
1

second pass

Ul

UB

-1

A;
a

8

-10
4

of the Kernighan-Lin algorithm applied to the graph of

7. Placement and Partitioning

117

The time complexity of the algorithm is determined by the inner loop that is
executed n times (remember that the number of executions of the outer loop was
not problem-dependent). Finding the best pair of vertices to be locked next requires
the pairwise comparison of elements each with at most n elements. Therefore, the
number of compariso ns is O(nz) and the total time complexity becomes O(n37. In
practical situations (but not in the worst case) sorting the elements of A'-1 and

B*-t according to their difference values will limit the number of comparisons
to the first few elements of the sorted lists. As sorting can be done in O(nlogn)
time, this would lead to an overall time complexity of O(n2 logn). A better time
complexity can be achieved by the use of more sophisticated data structures and a
modified search strategy (see also the Bibliographic Notes).
Note that the Kernighan-Lin algorithm can be seen as a local search with variable
neighborhood (see Section 5.5): the number of elements exchanged between the sets
A*-t and B'-1 depends on the feasible solution that one is visiting.

7.6

BibliographicNotes

Many of the textbooks that deal with physical design automation, such as [Len90],
[She93], [Sai95] and [Sar96], pay quite some attention to the placement problem. In
addition, general information on the placement problem can be obtained through the
review papers [Got86], [Bra87] and [Pre88].
Electric circuit representation as presented in this chapter is not so often discussed
in the literature, as it is quite straightforward and because different applications have
different requirements. Circuit representations that are e.g. appropriate for placement
or partitioning are paid attention to in [Len90] and [Alp95]. What has been presented
here, is an internal data structure, meant to reside in the computer's memory while
an algorithm is processing it. A related issue is the external representation meant to
be stored on file, usually in a human-readable format, that can be shared by many
applications. Such a format is EDIF (Electronic Design Interchange Format), that
has been standardized by ANSI [Kah92a]. It deals with the notions of cells, ports
and nets and many, many more issues that are relevant for real-world CAD.
The wire-length metrics mentioned in the text and some others are listed in

lshi88l, [Len90] and [Sai95].
The term logistic signal (for power and clock wires) was coined by Spaanenburg
[Spa85]. An example of a min-cut algorithm for placement is given in [Bre77].
Examples of clustering algorithms can be found in [Ake82].
As reported in [Sun95] simulated annealing is probably the best algorithm currently known for placement, especially for standard-cell placement. Already the
first publication on simulated annealing as a general-purpose optimization method
tKir83l presented results applied to the placement problem. Also, the introductory
paper on simulated annealing [Rut89] uses the placement problem as the main illustration of the method. The Timberwolf system [Sec85] is famous for its good results
in standard-cell placement by simulated annealing. The version discussed in [Sun95]
directly eliminates overlaps after each move. A "rectangle packing" method based
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on simulated annealing that is applicable to the building-block placement problem
is reported in [Mur95]; this method uses an "encoding" for feasible solutions that
excludes overlaps.

Apart from simulated annealing, the application of other general-purpose optimization methods to placement has been reported, including genetic algorithms
[Coh87, Sha90] and simulated evolution [Kli89].
More information on the partitioning problem can be found in textbooks dealing
with physical design automation, such as [Len90], [She93], [Sai95] and [Sar96].
Also, a number of review papers are available: [Don88] is rather mathematics
oriented, tAlp95l is a very extended and detailed review, while [Joh96] mainly
concentrates on the new developments in the years 1994-1996.
The original description of the Kernighan-Lin algorithm is given in [Ker70]. The
NP-completeness of the version of partitioning problem as solved by the KemighanLin algorithm is mentioned in [Gar79]. A modified version of the algorithm that deals
with an explicit net representation (the bipartite-graph model) is given in [Sch72].
Algorithms that have the same objectives as the Kernighan-Lin algorithm but a better
time complexity have been reported in [Fid82] and [Kri84]. However, the quality of
the results obtained is often worse than the result of the Kernighan-Lin algorithm due
to the fact that fewer possibilities for the exchange of subsets are investigated. The
use of the method presented in [Dut93], on the other hand, does not affect the search
space of the original Kemighan-Lin algorithm, but significantly improves the time
complexity by using more sophisticated data structures and a better search strategy.

7.7

Exercises

7.1 Indicate how the data model for the representation of electric circuits, as
presented in Section 7.1, can be extended for the description of hierarchically
specified circuits. Which modifications are necessary for the data structure
definitions given in Figure 7 .2?

7.2 Apply the metrics mentioned in

Section 7 .2 to the two placements given in
Figure 5.1. Do they consistently predict that the solution of Figure 5.1(c) is
better than the one of Figure 5. I (d)?

7.3 The Kernighan-Lin algorithm as described in the text partitions the vertex set
of a graph with 2n vertices in two sets of exactly n elements. How can one use
the algorithm for a vertex set with an odd number of elements 2n * I that is
to be partitioned into sets of n and n * I elements? What about a situation in
which the two sets do not need to have the same size but may differ by at most
m elements?

8

Floorplanning
Often in VLSI design layout aspects are dealt with in a bottom-up fashion' The
designer either uses cells from a library or designs his/her cells and subsequently
composes the overall layout of the chip by means of placement and routing. This
often results in poor utilization of the chip area due to large portions of the chip that
are occupied by wiring.
Of course, only a well-conceived design methodology can result in final designs

of high quality. When looking for such a methodology, it was obvious that the
structured design methods developed for software systems (e.g. the hierarchical

partitioning of the software in small procedures) could also be used for systems to
be implemented in hardware. However, hardware design is harder, as a hardware
system has to be embedded in two or three dimensions (a VLSI circuit can be said
to be realized in two dimensions only as a relatively few number of layers constitute
the third dimension). Software has an arbitrary number of dimensions: there are no
limitations in the number of procedures that one procedure can call. The hardware
analog of a procedure call is the exchange of signals between modules. When the
number of interconnections between modules increases, it becomes harder to design
a satisfactory circuit.
These insights have led to the so-calledfloorplan-based design methodology.This
top-down design methodology advocates that layout aspects should be taken into
account in all design stages. When the three design domains of VLSI are considered
(see Section 1.2), a synthesis step from the behavioral domain to the structural
domain should be followed by synthesis step from the structural domain to the
physical domain. Note that at higher levels of abstraction, due to the lack of detailed
information, only the relative positions of the subblocks in the structural description
can be fixed. The illustration of the floorplan-based design methodology on the Ychart is given in Figure 8.1. Taking layout into account in all design stages also
gives early feedback: structural synthesis decisions can immediately be evaluated for
their layout consequences and corrected if necessary. The presence of (approximate)
layout information allows for an estimation of wire lengths. From these lengths,
one can derive performance properties of the design such as timing and power
consumption. They both increase when the wire lengths grow, as a consequence of
the parasitic capacitances between the wires and the substrate.
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The visualization of the floorplan-based design methodology on Gajski's Y-chart.
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It is easy to deal with layout when structural detail at the lowest abstraction is
available: one knows the exact number of transistors in the circuit and the way they
are interconnected. At the moment that this type of structural information is not fully
available, one can estimate the area to be occupied by the various subblocks and,
together with a precise or estimated interconnection pattern, try to allocate distinct
regions of the integrated circuit to the specific subblocks. This process is called
fioorplanning. The idea is illustrated in Figure 8.2, where a hardware structure has
tentatively been mapped on a floorplan. Figure 8.2(a) shows the schematic of some
circuit at the register-transfer level that consists of an ALU (arithmetic logic unit),
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three registers, two multiplexers and a controller (see Section l2.l for an explanation
of the symbols used in the figure). Figure 8.2(b) shows a possible floorplan annotated
with the names of the cells and nets of the schematic. Terminal positions (ports)
are indicated by small squares on a cell boundary. Feedthrough rvires, wires that
cross a cell without the wire necessarily carrying a signal relevant to the cell, are
indicated by lines connecting the terminals. A real-life floorplan will contain more

information than shown in the figure such as the bit width of the wires (control
signals only require a single wire, but data signals may e.g. be l6-bit wide). Note
that functionally equivalent subblocks (registers, multiplexers) have different shapes
and terminal positions. This is one of the main characteristics of floorplan-based
design: one chooses the shape and terminal positions such that they fit best with the
original structure, and assumes that there is a way to design the module satisfying
the chosen shape and terminal positions.
The rest of this chapter is organized in two main parts. First some concepts related
to floorplanning are explained followed by a discussion of "shape functions" and

"floorplan sizing".

8.1 Floorplanning Concepts
8.1. 1 Terminology and Floorplan Representation
The layout of an integrated circuit or, more precisely, its floorplan can be represented
hierarchically: cells are built from other cells, except for those cells that are at the
lowest level of the hierarchy. These lowest-level cells are called leaf cells. Cells that
are made from leaf cells are called composite cells. Composite cells can contain
other composite cells as well, which makes it possible to have an arbitrary number of

levels in the hierarchy. The direct subcells of a composite cell are called its children.
Conversely, every cell, except for the one representing the complete circuit, has a

parent cell.
For the sake of simplicity, both leaf cells and composite cells are assumed to have
rectangular shape. If the children of all composite cells can be obtained by bisecting
the cell horizontally or vertically, the floorplan is called a slicing floorplan. So, in a
slicing floorplan a composite cell is made by combining its children horizontally or
vertically (putting them next to each other from left to right or stacking them on top
of eaqh other). A natural way to represent a slicing floorplan is by means of a slicing
tree. The leaves of this tree correspond to the leaf cells. Other nodes correspond with
horizontal and vertical composition of the children nodes. The floorplan presented in
Figure 8.2 is slicing; its slicing tree is given in Figure 8.3. In the figure a node labeled
with an 'H' was obtained by horizontal composition and a node labeled with a 'V'
by vertical composition. The ordering of a composite node's children is relevant:
a

'from left to right' in horizontal composition and 'from bottom to top' in vertical
composition.
Not all floorplans are slicing. For example, in the so-called wheel or spiral
floorplan presented in Figure 8.4, the children of the given cell cannot be obtained
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Figure

8.3

The slicing tree for the floorplan of Figure 8.2.

Figure

8.4

The "wheel" floorplan.

by bisections. Note that a composite cell needs to be composed of at least five cells
in order not to be slicing. one can derive new composition operators from the wheel
flooqplan and its mirror image and use them in combination with the horizontal and
vertical composition operators in afloorplan tree. A floorplan that can be described
in this way is called afloorplan of order 5 because the operators in the floorplan tree
have at most 5 operands. Figure 8.5(a) gives an example of a floorplan of order 5
while the corresponding floorplan tree is given in Figure 8.5(c). Figure 8.5(b) shows
the locations of the children cells by means of numeric labels that are also used in
the tree of Figure 8.5(c). Clearly, a slicing floorplan can also be called a floorplan
of order 2, because its floorplan tree only consists of the horizontal and vertical
composition operators which have two operands.
Higher order floorplans that require operators with more than 5 operands also
exist. In an extreme situation, a floorplan with n cells will require operators of order
n to describe it and the floorplan tree will have a single parent cell having all leafcells
as its children. However, hierarchical descriptions using floorplan trees are seldom
used for floorplans of order higher than 5. A representation mechanism that can deal
with any floorplan is the polar graph which actually consists of two directed graphs:
the horizontal polar graph and the vertical one. These graphs can be constructed by
identifying the longest possible line segments that separate the cells in the floorplans.
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of order 5 (a), the characterization of the operators used (b) and the

floorplan tree (c).

The horizontal segments are used as vertices in the horizontal polar graph and the
vertical segments as the vertices in the vertical polar graph. Each cell is represented
by an edge in the polar graph. In the horizontal one, there will be an edge directed
from the line segment that is the cell's top boundary to the line segment that is its
bottom boundary. In the vertical one, a similar idea is used where the edge direction
is from the left boundary to the right one. Figure 8.6 gives an example of the polar
graph representation.

When two cells that need to be electrically connected have their terminals in the
right order and separated correctly, the cells can simply be put against each other
without the necessity for a routing channel in between them. Such cells are said to
abut. The creation of a composite cell by means of the abutment of two cells is shown
in Figure 8.7.
Ideally, all composite cells are created by abutment and no routing channels
are used in a floorplan-based design methodology. This requires the existence of
cells, leaf cells that are generated by a cell generation program that is

flexible

able to generate a certain function in a given region with predefined terminal
positions. Besides, flexible cells should be able to accommodatefeedthrougft wires.
Feedthrough wires are a consequence of the absence of routing channels (see
Figure 8.2 for an illustration). On the other hand, floorplan-based design does not
exclude the existence of routing channels. The channels can be taken care of by
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incorporating them in the area estimations for the cells.

8.1.2

Optimization Problems in Floorplanning

There are a number of optimization problems related to floorplanning:

1- Mapping of a structural description to a floorplan (e.g.a slicing tree). In a
true top-down design methodology, floorplanning will probably be performed
manually or interactively as the number of children cells in which a parent cell is
subdivided is relatively small and good decisions can be made based on designer
experience. Another application of floorplanning is, however, the construction of
a floorplan representation that is independent of the hierarchy in the structural
domain. The circuit is then seen as the interconnection of many cells which
have to be assigned a position. Floorplan construction is then just meant for
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taking advantage of the flexible shapes of the leaf cells using floorplan sizing.
The floorplan construction problem has similarities with the placement problem
described in Chapter 7. The difference is that precise layout data that are known

in placement are unknown in floorplanning. Anyhow, techniques known from
placement like min-cut partitioning can also be used in floorplanning. At the same
time, the terminal positions of abutting cells and the feedthrough routing patterns
have to be determined. This problem is related to global routing and is sometimes
caTled abstract routing in this context. These issues will not be discussed any

further in this text.

2. Floorplan sizing. The availability of flexible cells implies the possibility of having
different shapes for the same hardware unit. It is therefore possible to choose a
suitable shape for each leaf cell such that the resulting floorplan is optimal in some
sense (e.g. minimal area). This topic is discussed in the next section.

3.

Generation of flexible cel/s. This task takes as input a cell shape, data on desired
positions of terminals and a netlist of the circuit to be synthesized at some abstraction level (e.g. a netlist of transistors or standard cells) and uses a cel/ compiler
to generate the layout that complies with the input. The problem is especially
complex when the layout has to be composed of individual transistors because of
the many degrees of freedom and the huge search space that is associated with
it. Also, as this style of design amounts to full-custom design, quite some extra

effort has to be spent inthe characterization of the generated cells. Characteization is the process of determining all kind of electrical properties of a cell, such as
parasitic capacitances and propagation delay, that will be necessary for an accurate simulation of the circuit containing the generated cell. Flexibility in a cell's
shape can also be achieved using primitives belonging to a level higher than the
transistor level. An example is a register file of 64 registers that can be laid out in
many different ways, such as 8 x 8, 16 x 4,4 x 16 or I x 64. Another possibility
for cell compilation with higher-level primitives is to generate a macro cell out
of standard cells and take information on cell shape and terminal positions into
account during the layout generation process. The topic of cell compilation will
not be discussed further in this text.

8.2

Shape Functions and Floorplan Sizing

a certain function. When the cell is flexible, one could say that
the realization needs an area A. Whichever shape the cell will have, its height ft
and its width u., have to obey the constraint hw > A. The minimal height given as
a function of the width is called the shape function of the cell. Figure 8.8(a) gives
the shape function of a cell with constant area: h(w) : 4' The shaded area' where
h > +,contains all points (h, w) corresponding to feasible shapes of the cell. It

A cell implements

u)'

is not iealistic to have cells that are very elongated. Due to design rules neither the
height nor the width will asymptotically approach zero. The shape function can be
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Figure 8.9 The shape function ofan inset cell (a); the shape function ofa cell with
set of (ft, ur) pairs (b); a piecewise linear shape function (c).

a

discrete

modified such that the legal shapes have a minimal height and width as is shown in
Figure 8.8(b).
Note: the concept of a function is used here in an informal sense. In order to define
the shape function as a function in the mathematical sense, there should be at most
one /r value for each u.r value. It is left to the reader to refine the figures in this text
and to solve the problems arising when computing the inverse of a shape function.
The shape functions mentioned so far refer to cells where height and width have
continuous values. In reality, due to design rules, the height and width can only
assume discrete values. Let us first consider an extreme case of a discrete-valued
shape function: the inset or rigid cell. An inset cell, a predesigned cell residing in
a library, has the possibility of rotations (only in multiples of 90") and mirrorings
as the only flexibility to be fit in a floorplan (note that such a cell will in general
need routing channels around it). The shape function of a 2 x 4 inset cell is given
in Figure 8.9(a). The figure has two horizontal segments, one corresponding to the
horizontal orientation of the cell and the other to the vertical one. The shape function
of a cell that can have a discrete number of (h,w) pairs is given in Figure g.9(b).
Each horizontal segment corresponds to a different realization of the cell.
The method for floorplan sizing, to be described below, can deal with any piecewise linear shape function. An example of such a function is given in Figure g.9(c).
A piecewise linear function is characterized by a partitioning of its input domain

127

8. Floorplanning

M

t
h

h,(w)

H

hr(w)
h2@)

ffiffi

w __--:)
(a)

(b)

Figure 8.10 The four possible ways of vertical composition for two inset cells (a) and the
shape functions related to this situation (b).

into intervals and a distinct linear behavior in each of these intervals. The points
delimiting the intervals are called the function's break points.
The shape function of a composite cell in a slicing floorplan can be computed from
the shape function of its children cells. First vertical composition is considered, i.e.
the case where a cell c1 is stacked on top of a cell c2. If the shape function of c1 is
indicated by h{w) and the one of czby hz@), then the shape function hr(u) of
the composite cell can be expressed as h3(w) : ht(w) * hz(w)' As only piecewise
linear functions are considered, h3 can efficiently be computed by evaluating h1 arrd
h2 attheir break points.
This idea is illustrated in Figure 8.10 for a small example where both cr arrd c2 arc
inset cells with respective sizes of 4 x 2 and 5 x 3. Clearly, there are four ways to
stack the two cells vertically as shown in Figure 8.10(a); of these, the case labeledby
'I' has the smallest area. The shape functions hr (u.r) of c1 and hz(w) of cz are given
in Figure 8.10(b). hl(w) and hz(w) each have two break points: those of ftr(u)

are located at respectively w : 2 and u, = 4, and those of hz(w) at rl = 3 and
w : 5. The shape function ht@) of the composite cell can easily be constructed
by evaluating ht(w) and hz(w) at these break points. It turns out that only three of
the four break points are retained in hl@) as the composite cell cannot be narrower
than 3. The function values at the three break points of fu(w) in Figure 8.10(b)
correspond to three of the four possible ways to realize a vertical composition shown
in Figure 8.10(a), viz. the cases labeled with 'I', 'II[' and 'IV'. The case labeled
'II' is a so-called redundant floorplan: one does not need to consider this case when
searching for an optimal floorplan size.
In the case of horiZontal composition, the shape function of a composite cell has
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The consequence for the shape of children cells of fixing the shape of the parent

to be computed using a detour via the inverses of the children's shape functions.
The inverse of the composite cell's shape function is the sum of the inverses of its
childrencell's shapefuncrions: h;t@) : htt@)+h;t @).Figure g.ll showsrhe
shape function resulting from the horizontal composition of the two inset cells used
in the example of Figure 8.10.
once the shape function of a composite cell is known, it is possible to choose
a suitable shape for it from its legal shapes. Although one could consider other
optimization goals, the most obvious entity to optimize is the area of the composite
cell. A choice for the shape of the parent cell constrains the shapes of the children
cells. If one chooses for a point on the boundary of the parent's shape f'unction,
the corresponding shapes of the children cells are uniquely determined. It is not so
difficult to prove that the shapes of minimal area are always located on the boundary
of the shape function and they will always be one of the break points if the shape
function is piecewise linear.
Figure 8.12 illustrates how the children's shapes can be obtained from the optimal
parent shape for the vertical composition example given in Figure g.10. The evalu-
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ation of the area at the break points of the shape function h:(u,r) gives u : 5 (and
h:5) as the one with minimal area. Tracing backhow ft:(ur) was obtained from
hr(w) and hz@), one finds that the minimal area is obtained for the orientation of
the inset cells shown as 'I' in Figure 8.lO(a).
The procedure just described for vertical composition can easily be adapted for
horizontal composition, which means that children shapes can be easily derived from
the chosen parent shape for both types of composition. It is now possible to formulate
the

l.

sizing algorithm for slicing floorplans:

Construct the shape function of the top-level composite cell in a bottom-up
fashion starting with the lowest level and combining shape functions while
moving upwards.

2. Choose the optimal shape of

the top-level cell.

3. Propagate the consequences of the choice for
tree until the shapes of all leaf cells are fixed.

the optimal shape down the slicing

The sizing problem for slicing floorplans can be solved in polynomial time by the
algorithm just mentioned. Assume that there are r cells with a piecewise linear shape
function and that the total number of break points in all shape functions is q (q > n).
Assume further that the depth of the slicing tree is d. Then, at each level of the tree the
(?
total number of computations for the computation of the new shape functions is (q )
which gives O(dq) for the time complexity of the complete algorithm, as Step I is

If the tree is balanced, r.e. d = O(logn),
At the other extreme,viz. a totally
O(qlogn).
becomes
time
complexity
the
then
Note that the slicing tree of
becomes
O(qn).
complexity
the
time
tree,
unbalanced
the example in Figure 8.3 is rather unbalanced.
An interesting question to consider is the sizing of floorplans that are not slicing.
The sizing problem is then NP-complete. Suppose that the floorplan has n leaf cells
and that each leaf cell has at most k different shapes. The last assumption is quite
realistic, but more restrictive than the piecewise linear shape functions that may
allow an infinite number of shapes. One possible approach that could be used for
any floorplan, is to the use of a general purpose optimization method such as genetic
algorithms (see Section 5.8). A chromosome can consist of a string with z positions
where each position indicates which of the possible shapes for each leaf cell has
been included in the floorplan. The corresponding area can then be obtained by
computing the height and width of the floorplan, which amounts to the computation
of ttri tongest paths in the vertical and horizontal polar graphs respectively. This can
be done in 0(n) time using the algorithm of Section 6.4.1, because the polar graphs
the dominant part of the sizing algorithm.

have exactly n edges each.

The sizing of a hierarchical floorplan of order 5 can in principle be done in a
similar way as the sizing of slicing floorplans. The only problem is how to find the
shape function of a composite cell using an operator of order 5, given the shape
function of the children cells. A brute force enumeration will lead to ks possibilities,
if each child has ft possible shapes. It turns out that one can obtain all nonredundant
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floorplans using more clever algorithms having a time complexity of o(k2logl<).
The use of such an algorithm in the bottom-up traversal of the floorplan tree with
depth d will result in an algorithm of exponential complexity e(kzd) (disregarding
the logarithmic factor for the sake of simplicity). This is not surprising given the
NP-completeness of the problem.

8.3 Bibliographic Notes
of the textbooks on vLSI physical design automation, such as [Len90],
[She93], [Sai95] and [Sao6], pay some attention ro the floorplanning problem.
The discussion in these books includes algorithms on how to obtain a slicing or
nonslicing floorplan from a structural description, a topic that has been left out of
this chapter. Floorplanning receives considerable attention in the review paper by
Kuh and Ohtsuki [Kuh90] that covers VLSI layout in general.
An interesting article on srructured design for vLSI is tS6q83l. The floorplanbased design methodology has been advocated in many publications including
[Gin84], lZim86) and [Pig9l].
Most

Possible graph representations of floorplans that can be used both for the slicing
nonslicing case, are discussed in detail in [Ott88].

as the

An example of a system that uses a min-cut partitioning technique for floorplanning is [Hea85]. An abstract router to be used for floorplanning is described in
[Hea87]. A system that includes floorplan construction, sizing and routing is presented in [Len93]. A review paper on cell compilation, including the generation of
flexible cells, is [Gaj88a]. The example of the multiple shapes for a register file containing 64 registers originates from [Wim89].
otten and Stockmeyer were the flrst to publish on floorplan sizing. The paper of
Otten [Ott83] considers the sizing of slicing floorplans for cells with piecewise linear
shape functions and shows that the evaluation ofthe shape function at its breakpoints
is sufficient in order to get the minimal area. The article by Stockmeyer [Stog3]
considers slicing floorplans in which all leaf cells are inset cells. It also proves that
the sizing problem for floorplans in general is Np-complete. The analysis of the time
complexity of the sizing algorithm presented in the text can be found in [Len90]. Shi
has shown that the sizing of slicing floorplans can always be performed with a time
complexity of 0(n log n) inespective of the fact whether the slicing tree is balanced
or not and that no faster algorithm can be designed tshig5l (the assumption made is
that each leaf cell is an inset cell).
The idea to use a genetic algorithm for floorplan sizing in a way similar to the
one described in the text is presented in [Reb96]. A special-purpose algorithm is
described in [Pan95]. It has the nice property that it reduces to the Otten/Stockmeyer
algorithm when applied to slicing floorplans. Algorithms that find the nonredundant
shapes in o(kz logk) time when composing with an order 5 operator, are the topic
of [Che93] and [Pan94].
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A floorplan (a) and two altematives for its slicing tree (b,c).

Exercises

8.1 Consider the floorplan of Figure 8.13(a), consisting of four leaf cells: A, B,
C and D. The leaf cells are inset cells that can be rotated and mirrored. Their
dimensions are:

A:2x2
B:lx3
C:Ix4

D:2x4.

Give the shape functions of these cells. Compute the optimal shape of the
circuit, applying the sizing algorithm given in Section 8.2 using the slicing
tree of Figure 8.13(b). Repeat the computation, now using the slicing tree of
Figure 8.13(c). Compare the results.

9

Routing
The routing problem consists of interconnecting the cells that have been assigned
positions as a solution of the placement problem. The specification of a routing
problem will consist of the position of the terminals, the netlist that indicates which
terminals should be interconnected and the area available for routing in each layer.
Routing is normally performed in two stages. The first stage, called global or
loose routing, determines through which wiring channels a connection will run. The
second stage, called local or detailed routing, fixes the precise paths that a wire will
take (its position inside a channel and its layer). In this chapter, the two problems will
be discussed in the reverse order. Already within the class of local routing problems
a multitude of specific problems can be distinguished as will become clear in the
first section of this chapter. Two of these, viz. area routing (by means of Lee's
maze routing algorithm) and channel routing, will then be discussed in more detail.
Area routing techniques can be used by global routing algorithms as well. This
is the reason why the presentation of global routing techniques is postponed until
the second part of this chapter. The discussion on global routing pays considerable
attention to the construction of minimum rectilinear Steiner trees.

9.1

Tlpes of Local Routing Problems

There are many types of local routing problems. They can be characterized by some
"parameters", the most important of which are listed below. Different "settings"
of these parameters define different routing problems that may or may not require
special techniques for solving them. The parameters are:

o The

number of wiring layers. The number of layers available depends on the techand the design style (some layers might already be used for other purposes:
one cannot e.g. route across a cell in diffusion or polysilicon). Traditionally, most
technologies offered only two wiring layers, which is a minimal requirement to
realize crossing connections. Recent developments have led to technologies that
make several more layers available. A contact cut that realizes a connection between two layers is often called a via in the context of routing.

nology
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The orientation of wire segments in a given layer. Reserved-layer models of
routing use either horizontal or vertical segments in one layer, but not both. This
restriction does not always apply. Sometimes
with an orientation that is a multiple of 45o.

o

it is also allowed to use segments

Gridded or gridless routing. In gridded routing, all wire segments run along
lines of an orthogonal grid with uniform spacing between the lines. In gridless
routing, wires of different widths as well as contacts (that normally are wider than
minimum-width wires) are explicitly represented.

o The

presence or absence of obstacles. Sometimes the complete routing area is
available for routing, sometimes part of the area in one or more layers is blocked.

o The positioz

of the terminals. Terminals are sometimes located on the boundary of
the routing area, but might sometimes as well be located anywhere inside the area.

o Terminals with a fixed or floating

position. In some problems the position of the
terminals is fixed, but in other problems the router can move the terminal inside a
restricted area.

o Permutabiliry of terminals. Sometimes

the router is allowed to interchange termi-

nals because they arefunctionally equivalent (e.g. the two inputs of an NAND-gate
are functionally equivalent).

o Electrically equivalent terminals. In some

situations, a group of terminals belong-

ing to the same net may already be connected to each other (e.g. in a layer not
available for routing). Then the router should connect the rest of the net to only
one of the terminals in this group, whichever is the most suitable.
The area routing problem to be discussed in the next section is characterized by
a single wiring layer, a grid, the presence of obstacles, and fixed terminals in all
the routing area. The channel routing problem to be discussed in Section 9.3 can be
characterized by two reserved layers, a grid, no obstacles, a rectangular area, two
rows of fixed terminals on parallel boundaries and floating terminals on the other
boundaries.

9.2

Area Routing

Routing problems in which terminals are allowed anywhere in the area available for
routing are normally classified as area routing problems. In this section, an algorithm
will be presented for a simple version of area routing, namely the version for a single
wiring layer. This algorithm is the "path connection" or "maze routing" algorithm
published by Lee in 1961. It can be considered the first significant contribution to
routing. It is mentioned here because many current-day algorithms for routing still
incorporate this algorithm in some way.
The basic algorithm is meant to realize a connection between two points in a
plane, in an environment that may contain obstacles. One of these points is called the
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9.1 The basic version of Lee's algorithm: the points to be interconnected, S and T,
together with the obstacles (a); the wave propagation from S to T (b); the path found (c); the
situation to be used for new interconnections (d).
Figure

If a path exists, the algorithm
It operates on a grid
going
obstacles.
around
connection,
the
shortest
always flnds
neighboring
vertically
or
horizontally
two
between
distance
that
the
which means
grid points corresponds to the shortest possible wire segment (the grid distance is
normally derived from the design rules for a specific technology). Obstacles are
modeled by grid points through which no wire segments can pass. Figure 9.1(a)
shows an example problem that will be used for illustrating the different aspects of
Lee's algorithm. In the figure, the dots indicate the grid points available for routing
and the crosses the obstacles (e.g. wires resulting from earlier routing). The symbols
"S" and "T" correspond to the source and target terminals respectively. The algorithm
will try to find a connection from the source to the target'
The algorithm consists of three sleps: wave propagation, backtracing, and cleanup. Its description in pseudo-code is given in Figure 9.2. Informally, in the first
step a wave fror?, of points is expanded, starting from the source telrninal S. Points
belonging to the same wave front receive the same integer-valued label, which is
increased by one for subsequent wave fronts. This front goes around the obstacles in
the routing area. The first step finishes when the front hits upon the target terminal
T. This has been illustrated in Figure 9.1(b) that shows the successive wave fronts.
"source" terminal and the other the "target" terminal.
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struct grid-point {

int value;

l*

zero for unused, positive for a label,

-l

for obstacle */

)

Iee(struct grid-point S,T)
{

struct grid-point waveJront, new-waveJront;
struct grid-point neighbor, element, path_element;
set of

int label;

/*

Step 1: wave propagation

*/

new-wave-front +- {S};
label <- 0;

while (T

(

new-waveJront) {

label <- label + 1;
wave-front +- new-waveJront;
new-wave_front <- 0;
for each element € wave-front
for each "neighbor of" element
/* A neighbor is located above, below, at the left or at the right.
if(neighbor.value == 0) {
neighbor.value <- label;
new-wave-front <- new_wave-front U {neighbor} ;

*/

)
)

Step 2: backtracing */
path-element <- T;

/*

for(l <-label; i <

1; i +- i - 1) {
path-element <- "the neighbor ofpath_element such that

neighbor.value: i";
of multiple possibilities use a heuristic to make
path-element.value <- -1

/* In

case

)

/*

Step 3: clean up

a choice.

*/

for each point "on the grid"

if (point.value > 0)
point.value <- 0;

Figure

9.2

The pseudo-code of Lee's path-connection algorithm.

*/
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Because the ith wave front contains all points at distance i from the source, it is
guaranteed that the label that the target receives equals the length of the shortest path
(in this case: 10). The second step consists of determining the shortest path itself by
selecting a sequence of points in the grid with decreasing labels starting from the
target and going back to the source. Note that in this backtracing step, sometimes
the neighbor with label i is not unique: a heuristic should be used to make a choice.
An example of a heuristic is not to change the orientation of the path unnecessarily,
minimizing the number of corners in the solution in this way. A possible path for the
considered example is shown in Figure 9.1(c). Once apath has been found, it will
act as an obstacle for the next connections to be made. In order to be able to run the
algorithm for other pairs of source-target points, the labels of those points that did
not take part in the solution have to be cleaned up. This is done in the third step of the
algorithm. The situation for the example problem after the cleanup phase and after
the conversion ofthe path found into obstacles is shown in Figure 9.1(d). It is easy
to see that the worst-case time complexity of Lee's algorithm operating on an n x n

gridis O(n2). Its space complexity is also O(n2).
Lee's algorithm has been adapted for different purposes, like operating with
multiple layers, using various cost models, working with nets having more than two
terminals, etc. Also many improvements have been made on the efficiency of the
basic algorithm. In the case that there are multiple layers, the algorithm operates on
a three-dimensional grid, where the size of the third dimension equals the number of
layers available. Especially in this three-dimensional version of the algorithm, the use
of a more sophisticated cost function becomes necessary. In the basic algorithm, the
cost of a path is simply the path length: a connection between two neighboring points
contributes a unity cost to the total cost. One can introduce higher than unity costs for
vias, for horizontal wire segments in a layer that is meant for vertical connections,
etc.

When a net has three or more terminals first a path between two terminals should
be found and then ageneralization ofthe algorithm has to be used where a path can
either act as a source or a target for the wave propagation. In this way the terminals
are added one by one to the routing of the net. As opposed to the version for two
terminals, Lee's algorithm does not guarantee the shortest possible path, when more
than two terminals have to be interconnected. Note: in the absence of obstacles,
the shortest-interconnection problem for more than two terminals is equivalent to
the minimum rectilinear Steiner tree problem, which has been mentioned to be NPcomplete in Section 4.5.
As mentioned above, when routing several nets, the paths of the nets which already
have been routed act as obstacles for those still to be routed. Actually, the fact that
nets have to be routed sequentially is the weak point of Lee's algorithm. Routing
the nets in a different order strongly influences the final result. For some problems,
a careful ordering of the nets decides between failure and success. Heuristics have,
for this reason, been proposed to determine an appropriate ordering. However, as
problems are known that cannot be solved by routing in any possible order, the
merit of maze routing (even with ordering heuristics) is limited. On the other hand,
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An instance of the channel routing problem.

it turns out that the principles of maze routing can be used with success within more
sophisticated "iterative improvement" style algorithms where the routing of most
nets is already known and a few nets are rerouted using the unoccupied grid points.

9.3

Channel Routing

Lee's algorithm is good in finding paths in an environment with many obstacles
(when there are only a few paths with minimal length). However, it behaves poorly
when there are few obstacles: it does not have the capability to choose a good path
among the many possible paths. This section deals with such a situation without

initial obstacles.
Channel routing occurs as a natural problem in standard cell and building block
layout styles, but also in the design of printed circuit boards (pCBs). It consists of
routing nets across a rectangular channel, as in Figure 9.3. In the figure, all terminals
belonging to the same net have the same number as is customary in the field of
routing. As opposed to Figure 9.1, the grid points are not shown; the grid distance
is equal to the horizontal separation between the terminals. The nets have fixed
terminals at the top and bottom of the channel and floating terminals at the "open"
sides, at the left and right. A floating terminal is known to enter the channel on the
left or on the right side, but it is up to the router to determine the exact position. In the
example, the nets I and 3 have floating terminals at the left side and the nets 4 and 5
at the right. As a matter of fact, the height of the channel, the separation between top
and bottom, is not fixed either. The main goal of channel routing is the minimization
of the height, while a secondary goal is the minimization of the total wire length and

the number of vias.

A routing problem that has some similarity with channel routing is switchbox
routing. In this problem, fixed terminals can be found on all four sides of the
rectangular routing area. So, opposite to channel routing, the minimization of the
area is not an optimization goal. Switchbox routing is rather a decision problem:
the goal is to find out whether a solution exists. when a solution can be found, a
secondary goal is to minimize the total wire length and the number of vias.
In the rest of this section, first some more attention is paid to the channel routing
models and then the problem is analyzed by means of the so-called vertical and
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Figure

9.4 The solution of the channel routing

problem

of Figure 9.3:

three rows are

necessary.

horizontal constraints. Finally, an algorithm is presented that can solve the channel
routing problem.

9.3.1

Channel Routing Models

Several models can be used for channel routing. The "classical" model is as follows:

o All wires run along orthogonal grid lines with uniform separation'
o There are two wiring layers.
o Horizontal

r

segments are put on one layer and vertical segments on the other one.

For each net, the wiring is realized by a single horizontal segment, with vertical
segments connecting it to all terminals of the net. An exception is made when
cycles in thevertical constraint graph (see later on) occur. In this case the problem
cannot be solved unless at least one net in each cycle is realized with two horizontal
segments.

The solution using the classical model of the example problem presented in
Figure 9.3 is given in Figure 9.4. The vertical wire segments in the first wiring
layer are shown as solid lines while the horizontal segments in the second layer are
shown as dashed lines. Many variations on the classical model are possible. Routers
have been designed for working without a grid. The so-called gridless routing model
allows that each wire has a specific width (e.g. power wires that carry relatively
large currents can be made wider to have less resistance). Other models use e.g.
nonorthogonal grids, where 45o turns are allowed. As technology is progressing,
more layers are becoming available for routing and algorithms are developed that
can deal with more than two layers.
The model for routing where each layer has only wires

in one direction is called
motivated by referring
can
be
model
of
this
The
use
model.
the reserved-layer
between two wire
coupling
capacitive
level:
realization
the
at
to physical effects
segments running one on top of the other can lead to crosstalk. It cannot be denied,
however, that this simple model with a relatively small solution space also simplifies
the task of the designer of routing algorithms. Many modern algorithms work with
a nonreserved layer model that has a larger solution space. The effects of using
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9.5

The solution of the channel routing problem of Figure 9.3 in the nonreserved

layer model: two rows are sufficient.

(a)

Figure

9.6

(b)

When the routing of Net 2 can only have one horizontal segment, the channel
row less is sufficient (b).

needs three rows (a); when doglegging is allowed, one

a nonreserved layer model are illustrated in Figure 9.5 where the solution of the
problem in Figure 9.3 requires only two rows as compared to the three rows in the
classical model. In the figure, the segment of Net 3 that runs on top of a segment of
Net 2 has a slight offset with respect to the grid for the sake of clarity.
The requirement that all nets should be realized by a single horizontal segment,
although again facilitating the task of the algorithm designer, may be too restrictive
for the quality of the solution. The use of doglegs, i.e. of more than one horizontal
segment per net, often offers the possibility of channel height reduction. Figure 9.6
shows an example of a channel routing problem where the introduction of a dogleg
for Net 2 leads to a reduction of the channel height from 3 to 2.

9.3.2

The Vertical Constraint Graph

Consider a pair of terminals located in the same column and entering the channel in
the same layer (see Figure 9.7(a)). It is obvious thar in any solution of the problem,
the endpoint of the segment coming from the top has to finish at a position higher
than the endpoint of the bottom segment (otherwise, there would be a shortcircuit).

This restriction is called a vertical constraint. Each column having two terminals in
the same layer gives rise to a vertical constraint. The constraints are often represented
in a vertical constraint graph (YCG). In this directed graph, the vertices represent
the endpoints of the terminal segments and the directed edges represent the relation
"should be located above" (see Figure 9.7(b)).
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The vertical constraint between the interior endpoints pt and p2 of terminal
to nets I and2 (a) and its representation in the vertical constraint graph
belonging
segments

Figure

9.7

(b).

If nothing else is assumed, the VCG is rather uninteresting: it consists of pairs of
vertices, one pair for each column that has two terminals in the same layer, each pair
connected by a single directed edge from one vertex to the other, and unconnected
vertices for the other columns. However, when the classical model for channel
routing is used (one horizontal segment per net), for each net, all terminal segments
end at the same row. This fact can be incorporated in the VCG by merging all vertices
of the same net into a single vertex. Figure 9.8(a) shows an example problem that will
be used to illustrate this. The vertical constraints considered separately for each of the
columns a to h are shown in Figure 9.8(b). If one merges all vertices associated with
the same net, the constraint graph of Figure 9.8(c) is obtained. This graph imposes a
unique solution to the problem that is shown in Figure 9.8(d).
Up to now two extreme forms of th; VCG have been presented, one of them is
fully merged and the other one is fully separated. Many intermediate forms are also
possible. They all have in common that one vertex corresponds to one row position

for the horizontal segment that interconnects all interior endpoints of the terminal
segments associated with the vertex. The main problem with the fully merged form
is the possible existence of cycles, in which case the corresponding layout cannot be
realized: a segment cannot be at the same time above and below another one. The
problem can be solved by splitting one of the vertices in the cycle into two vertices
(see Figure 9.9 for an example). Doglegging, which can lead to a reduction of the
channel height as was shown in Figure 9.6, also involves splitting vertices in the
VCG.

If the vertical constraints were the only constraints to be satisfied in the search of
solution for channel routing, the problem would be relatively easy. In the absence
of cycles in the VCG, a solution with a single horizontal segment per net would
amount to finding the longest path inthe graph. However, the presence of horizontal
constraints that wilt be introduced below makes the problem considerably more
complicated.
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Figure 9.8 A simple channel routing problem (a), its vcG based on individual columns (b),
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9.3.3 Horizontal Constraints and the Left-edge Algorithm
Ii in the classical model for channel routing, horizontal segments belonging

to

different nets are put on the same row (implying that they will be in the same layer
too), the segments cannot overlap (otherwise there would be a shortcircuit). This
restriction is called a horizontal constraint.
If an instance of the channel routing problem does not have any vertical constraints
(this happens e.g. when on each vertical grid line there is either a terminal at the top
or at the bottom but not at both positions), the so-called left-edge algorithm solves the
problem optimally. It was introduced by Hashimoto and Stevens for printed circuit
board routing.
A net j in a channel routing problem without vertical constraints can be characterized by an interval lxi-,,,-ri.,,.], corresponding to the left-most and right-most
terminal positions of the net. The goal of channel routing is then reduced to assign
a row position in the channel to each interval. No information is lost by the characterization of the net by an interval because it is known that there are no vertical
constraints, and that the terminals of the net can therefore reach the horizontal segment corresponding to this interval irrespective of the row on which it will be located.
An optimal solution combines those nonoverlapping intervals on the same row that
will lead to a minimal number of rows.
The number of intervals that contain a specific x-coordinate x is called the local
density at column position .r and will be denoted by d(x). The maximum local
density in the range of all column positions is called the channel's density arrd is
denoted by d*or:
dmax

:

maxd(x)

Obviously, the density is a lowerbound on the number of necessary rows: all intervals
that contain the same x-coordinate must be put on distinct rows'
The left-edge algorithm always finds a solution with a number of rows equal to the
lower bound. Its pseudo-code is given in Figure 9.10. It is assumed that structures
for the representation of intervals and linked lists of intervals, called interval
respectively, have been declared elsewhere. The code
and list-of-interval
contains some standard "list processing" function calls: f irst(l) gives the first
element of a list /; rest(l) gives the list that remains when the first element is
removed from /; finally, remove(e, /) constructs a list of the elements of I in their

original order leaving out those elements equal to e'
The algorithm operates on the list i-Iist that contains the intervals in order of
increasing left coordinate. The main part of the algorithm consists of two nested
loops. Each execution of the outer loop fills one row of the channel. The filling is
done by the inner loop that scans i-1ist and removes from it the first interval that
fits in the row. The algorithm is an example of a greedy algorithm, i.e. there is no
sophisticated searching involved in the algorithm. The first "candidate" interval is
directly inserted in the solution. Remarkably, the algorithm is always able to find a
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left-edge(struct list-of-intervals i-list)
{

/*

the intervals in i-list are sorted by their left coordinate
set of set of struct interval solution;
set of interval row;

struct interval /;
solution <- 0;
while ("i-list is not empty")
/ <- first(iJist);

*/

{

ilist

<-- rest(iJist);
row <- A:
do { row <- row U {/};
.if <- "first elemenr in i_list nonoverlapping with
ilist <- remove(/,i-list);
) while ("such an / can be found");
solution +- solution U {row};

/',

)

return(solution);
)

Figure

9.10

The lefredge algorithm.

global optimum, as opposed to most greedy algorithms that are likely to generate a
local optimum (see Exercise 9.4).
Consider the instance of a channel routing problem without vertical constraints
given in Figure 9.ll(a). The seven nets can be represented by the following set

of intervals:i1 : [,4f,iz:Il2,l5],h:U,l3l,iq:
[3,8],is : [5, 10],
i6 : [2,6] and i7 : l9,l4l. The problem has a density of 3: r : 3 is for
example contained in the intervals i1, ia and i6 (there are many more columns that
are covered by three intervals). The solution found by the left-edge algorithm is:

{{lr, is, iz},lie,iz},liq, iz}}. The rouring pauem corresponding to this solution

is

shown in Figure 9.1l(b).

The time complexity of the algorithm can easily be expressed in terms of the
number of intervals n and the density of the problem d (the number of rows in
the solution). Sorting the set of intervals by their left coordinate can be done in
O(nlogn). The outer loop will be executed d times and at most n intervals from the
sorted list will be inspected in the inner loop. This leads to a total worst-case time
complexity of o (n log n * dn) . This complexity can be improved if the algorithm is
slightly rewritten (see the Bibliographic Notes at the end of this chapter).
The problem of assigning nonoverlapping intervals to rows can also be described
in graph-theoretical terms. A set of intervals defines a so-called interval graph
G(V, E): for each interval i, there is a vertex u € V and there is an edge (u*,ui
if the corresponding intervals ip and i1 overlap. conversely, a graph is an interval
graph ifit is possible to associate an interval with each vertex such that the intervals
associated with adjacent vertices overlap. one should realize that a graph can be
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9.12 The interval graph constructed from the example problem
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(a) and its coloring that corresponds to the solution (b).

constructed from any set of intervals, but that no set of intervals can be found for any
graph. The set of interval graphs is therefore a strict subset of the set of all possible
undirected graphs. The interval graph corresponding to the example of Figure 9.1 I
is given in Figure 9.12(a).

The problem of finding the minimum number of rows for the channel routing
problem without vertical constraints is equivalent to finding a vertex coloring of the
corresponding interval graph with a minimal number of colors. The vertex coloring
problem for graphs is the problem of assigning a "color" to all vertices of the graph
such that adjacent vertices have different colors and a minimal number of distinct
colors are used. The problem is NP-complete for graphs in general. However, the
existence of the left-edge algorithm clearly shows that the problem can be solved in
polynomial time for the category of interval graphs. The coloring that corresponds
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to the routing solution of Figure 9. I I (b) is given in Figure

9.3.4

g

.12(b).

Channel Routing Algorithms

The channel routing problem is NP-complete. As mentioned above, the problem can
be solved optimally in polynomial time only in the case that there are no vertical
constraints. one has, therefore, to be satisfied with heuristic algorithms in the more
general case with vertical constraints.

In the course of time, many algorithms have been proposed for channel routing.
Each of them has its strong and weak points. Below, one of these algorithms, viz.
the robust channel router as published by Yoeli, will be presented in some detail. It
has been selected here because it performs well in practice and is relatively easy to
understand (there are more algorithms with similar properties).
A description in pseudo-code of the robust channel routing algorithm is given in
Figure 9.13. The main loop of the algorithm iterates as often as there are rows in
the channel (the number of rows is given by the variable height) and removes a
group of nets from the problem description in each iteration. one can also say that
channel routing problems of decreasing size (stored in the variable N) are solved in
subsequent iterations. The selected nets will be located on the same row alternatingly
either on the top or the bottom of the remaining channel (the top row is chosen
when the variable top has a nonzero value). Each iteration consists of two parts:
the assignment of weights to the nets and the selection of a maximal-weight subset
of these nets. These two parts wilt be discussed below in more detail. It may be that
the solution obtained contains vertical constraint violations. The algorithm tries to
eliminate these by maze routing. Also this point will receive more attention later on.
The weight wi of anet I expresses the desirability to assign the net to either the top
or bottom row (depending on the value of the variable t.op). The side (top or bottom)
that is selected in some point of the iteration will be called the "current side". yoeli
has chosen the following rules to compute the weights:

1. For all nets i whose intervals contain the columns of maximal density, add a large
number B to the weights u.r;. This stimulates the decrease of the density of the
channel routing problem in the next iteration.

2. For each net i that has a current-side terminal at the column positions r, add to
nl; the local density d(x) for all x. This encourages the selection of nets with
terminals at the current side.

3. For each column x for which

an assignment of some net i to the current side will
create a vertical constraint violation, subtract Kd(x) from w;; K is a parameter

that should have a value between 5 and 10. This discourages the creation of
vertical constraint violations.
Rules like these are typical "rules of thumb" that are characteristic for heuristics.
It turns out that the performance of the algorithm is relatively insensitive to slight
modifications of these rules, hence the name "robust" router.
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robust-router (struct netlist N)

t
set of int row;

struct solution S;

int totallchannel-width + l], selected-net[channel-width +

1] ;

int top, height, c, r, i;
top <- 1;
height <- density(N);
for(r <- l;r 5 height; r <- r * 1) {
for all "nets i in netlist N"
rri <- compute-weight(N, top);
total[0] <- 0;
for (c +- l; c < channel-width; c <-- c * 1) {
selected-net[c] <- 0;

totallcl <- totallc

if

-

1l;
("some net n has a top terminal at position c")

* totalfxn^,, - 1l) > total[c]) {
total[c] <- wn*totalfxn^,, - 1l);

if(u.rn

selected-net[c] <-

r'r;

)

if

("some net n has a bottom terminal at position

if(uz * totalfxr^,n - 1l) > total[c])
total[c] <- wn !totalfxr^r, - 1l);

c")

{

selected-net[c] <- n;

)
)

row <- 0;
c <- channel-width;
while (c > 0)
if(selected-netlcl)

{

r

<- selected-net[c];
row <- row U {n};
c <_ xn*rn

_ l;

)
else

c<-c-L:'
solution <- solution U {row};
top +- !top;

N +- "N without

the nets selected

in row"

)

"apply maze routing to eliminate possible vertical constraint violations"
)

F'igure

9.13

The pseudo-code of the "robust" channel routing algorithm.
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once all nets have received a weight, the robust routing atgorithm finds the
maximal-weight subset of nets that can be assigned to the same row. obviously,
the nets selected for the subset should not have horizontal constraints. This problem
can be formulated in graph-theoretical terms by constructing the interval graph
implied by the intervals lxi,,,;,,,xi*,,,) associated with the nets i as was discussed
in Section 9.3.3.
For any graph, a set of vertices that does not contain pairs of adjacent vertices is
called an independent set. The problem of finding the maximal-weight subset of the
nets could therefore be formulated as the maximal-weight independent set problem
of the corresponding interval graph. Howeveq the maximal-weight independent set

problem is NP-complete.
Fortunately, it is not necessary to solve the problem for general graphs here. An
efficient algorithm is available for the maximal-weight independent set problem for
interval graphs based on dynamic programming (see also Section 5.3). A characteristic of dynamic programming is the fact that the optimal solution of some problem
instance can efficiently be defined in terms of problem instances of smaller size. In
the case of the problem of obtaining the group of nonoverlapping intervals with maximal total weight, the subinstances can be identified by a single parameter y, with
1 < y < channel-width. To obtain the subinstance with y : c, one should
remove all intervals that extend beyond column position c from the original set of
intervals. Consider e.g. the set of intervals i 1 : tl,4l, i2 : [12,15], i3 : t7, l3l,
ia : 13,81, i5 : [5, 10], i6 : [2,6] and it : [9,14). Then the subinstance for
/ : 0 is empty, which is also true for the subinstances / - l, y : 2 or y : 3. The
subinstances for y - 4 and y - 5 only contain i1, while the subinstance for y : g
contains i1 and i6, and so on.
The costs of the optimal solutions for the subinstances with 7 : c are stored in
the array locations total[c]. A crucial observation is then that the optimal cost for
the subinstance with y : c can be derived from the optimal costs of the subinstances
with 7 < c and the weights of the nets that have their right-most terminals at position
c. There are at most two such nets (one with a terminal at the channel's top and the
other at the bottom). Consider one of these nets identified with the integer n. Net n
may or may not be part of the optimal solution for the subinstance with y : c. It
is part of the optimal solution if total[c
- l] < un -F totallxn,,in - ll. Stated
more informally, n is part of the optimal solution if n's weight added to the optimal
solution for the subinstance that did not include any nets that overlapped with r, is
larger than the optimal solution for the subinstance with 7 : c
- l. In the pseudocode of Figure 9. 13, such a test is performed twice: once for the net with a righrmost
terminal at the top and once at the bottom of column c. If a net is selected for some
c, the net's identification is stored in the array selected_.net.

using the dynamic programming approach just described, it should be obvious that
the arrays total and selected-net can be filled starting with the subinstance
with 7 : I (subinstances with an empty set of nets obviously have an optimal cost
of zero) and moving from left to right in the channel. In order to flnd which nets are
part of the optimal solution, one moves from right to left in the channel and makes
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9.14 An example channel routing problem (a), the result of the robust router after the
dynamic programming part (b) and after the rip-up and reroute part (c).
Figure

selected-let

in the pseudo-code of Figure 9.13.
Obviously, the right-most selected net is in the solution. Then one must skip any
use of the array

as described

overlapping nets by jumping to the left and take again the right-most selected net,
etc.

The selection of maximal-weight subsets of the nets is repeated as often as given

heiqht that is normally equal to the channel's density d.rr.
Although the weights are chosen such that vertical constraint violations should be
avoided, it is not guaranteed that they will not occur. The robust channel routing
algorithm uses a restricted maze routing algorithm to repair these violations by
selectively undoing the assignments of nets to rows and rerouting these nets. Such a
strategy is often called rip up and reroute. This will be illustrated in the example that
follows after the next paragraph.
It may happen that applyin g maze routing in combination with rip up and reroute
still does not succeed in finding a solution. In such a case, the variable height
can be increased by one and a new attempt to solve the problem can be started.
There also exist instances of the channel routing problem, like the one shown in
Figure 9.9, where a solution can only be found by adding an additional column to the
channel. This "outer loop" for height and width adjustment of the channel has not
been included in the pseudo-code ofFigure 9.13.
The rather lengthy description of the robust channel routing algorithm will now
be illustrated by applying it to the problem instance with four nets and five columns
given in Figure 9.14(a). The local densities ate: d(l) : l, d(2) :2,d(3) :2,
d(4) : 3, and d(5) : 2.In the following weight calculations, the two constants in
the heuristics mentioned above will be chosen as: B = 1000 and K : 5. The net
weights in the first iteration (r : 1) are as follows (the contributions of the three

by the variable

heuristic rules are grouped by parentheses):

(0) + (1)
wt:
w2:(1000)+(2)
w3: (1000) + (2+2)
u4: (1000) + (3)

+ (-5x2) :
+ (-5x3) :
+ (0) :
+ (-5x2) :

-9
987
1004

993

150

Algorithms for VLSI Design Automation

This results in the following values for the arrays

total[l] :
total[2] :
Eotal[3] :
totar[4] :

total[5] :

Q

max(O, 0

-

9)

:

0

Q

max(0, 0

+ 987)

max(987, 0

+

:

987

1004, 0 + 993)

:

total

and

selected_net:

selected-netEl :0
selected-net[2] :0
selected-net[3] :0
selected-neL[4):2
1004 sel-ected-net[s] : 3

Clearly, Net 3 is selected as the only net to occupy the top row
In the second iteration, the current side switches to the bottom and Net 3 is left
out of the new netlist N. In this situation, dma, : 2 (d(l) : l, d(2) : 2, d(3) : I ,
d(4) :2, and d(5) : l). This leads to the following ner weighrs:

wt:(1000)+(2) + (0) :too2
w2 : (1000) + (2) + (-5x2) : 992
w4 : (1000) + (l) + (-5x2) : 991
Making use of these, one finds:

Lotal[l]:0
total[2] : max(0,0 + 1002) : 1002
total[3] : 1002
total[4] : max(1002, O + 992): 1002
total[5] : max(1002, lO02 + 991) : 1993

selected-net[] :0
selecred_ner[2] = 1
selecred_ner[3] :0
selected-net[4] : 0
selecred_ner[5] = 4

The conclusion after scanning the array selected-net from right to left is that
Nets 4 and I should be put on the bottom row of the channel.
The third and final iteration is trivial: a single net, Net 2, is left for a single row.
When combining the solutions of the three iterations, one discovers that the solution
is not valid: putting Net 2 in the middle row of the channel would create a vertical
constraint violation. This is shown in Figure 9.14(b). This means that maze routing
in combination with rip up and reroute has to be applied. clearly, Net 4 is preventing
Net 2 from entering the channel and is ripped up. Net 4 can then be rerouted in the
middle row. Now Net 2 can be routed with the maze router which is able to find a
solution with a dogleg, as shown in Figure 9.14(c).

9.4 Introduction

to Global Routing

As was mentioned at the beginning of this chapter, global routing is a design
action that precedes local routing and follows placement. After the termination of
placement, one will know the cell positions and the location of wiring channels
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(a)

(b)

9.15 Rectilinear Steiner trees to determine a global route in standard-cell layout: a
solution with minimal length (a) and one with a minimal number of cell-row crossings (b).

Figure

in between them. Global routing decides about the distribution across the available
routing channels of the interconnections as specified by a netlist. Then, all required
connections can be established by solving the local routing problem in each channel
separately. Of course, global routing should contribute to the overall optimization
goals, the most relevant of which are area minimization and observance of timing
constraints.

In this section some issues that are relevant to global routing will be reviewed in
general terms. In the next section, some techniques that are beneficial to the solution
of global routing for standard-cell layout will be presented in more detail.

9.4.1

Standard-cell

lnyout

One of the most popular layout design methods for VLSI is standard cell layout. As
was explained in Section 7.3, this type of layout is characterized by rows of cells
separated by wiring channels. If all terminals of a net are connected to cells facing
the same channel, the entire net can be routed by local routing only. If, on the other
hand, the terminals of a net are connected to cells on more than two adjacent rows,
the global router should split the net into parts that can be handled each by local

routing.
Obtaining a wiring pattern that roughly (i.e. without performing detailed routing)
interconnects all terminals of a net, amounts to constructing a minimum rectilinear
Steiner tree (see Section 4.5). An example for a five-terminal net is shown in
Figure 9.15(a). To illustrate that the exact positions within a channel are not known,
the terminals have been positioned at the centers ofthe channels.
The rectilinear Steiner tree contains vertical Segments that cross the rows of
standard cells. They can be realized in different ways:

o By simply using a wiring layer that is not used by the standard cells.

o By making use of feedthrough cells; these are cells that are inserted between
functional cells in a row of standard cells with the purpose of realizing vertical
connections. As their insertion causes the cells to shift, the best results are
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achieved by integrating placement and global routing and fixing the feedthroughcell positions in this process.

o By making use of feedthrough

wires that may be available within standard cells.
These are wires that simply cross the cell without making a connection to the
functional circuitry. They are sometimes incorporated in the cell layout with the
purpose of facilitating the routing task.

All three variants will

be called "feedthrough wires" in the following text whenever
differentiation is not relevant.
In the same way that channel routing will be used to flx the exact wiring patterns
in the channels, some kind of detailed routing should be used to fix the exact position
of the vertical segments of the Steiner tree. First of all, it may be necessary to
slightly shift the segments in order to align with feedthrough wire positions. Second,
segments at approximately the same location can be permuted to reduce the densities
in the channels above and below the row that they cross.
If feedthrough resources are scarce, their use can be minimized by building a
Steiner tree for which vertical connections have a higher cost than horizontal ones. In
the example of Figure 9. l5(a), such an approach may lead to the alternative solution
of Figure 9.15(b).
Another reason why a minimal-length Steiner tree may not be the optimal solution
for a single net, is the existence of timing constraints. Connections that are part of a
design's critical path, the path that determines the system's operation speed, receive
special attention in timing-driven (or performance-driven) layout synthesis, both
during placement and routing. Given the fact that longer wires roughly correspond
to larger delays, cells connected to critical nets (nets that are part of the critical path)
will receive a higher priority to be placed close to each other during placement.
It turns out that a more refined delay model than the simple total wire length of
a net is required for the purpose of timing-driven global routing. considering just
the total wire length corresponds to a lumped electrical model composed of one
resistance and one capacitance. In reality, a long wire in an IC behaves more like a
transmission line and more accurate models should be used that partition the wire
into multiple segments, each segment with its own resistance and capacitance. A
widely-used model based on this principle, that shows sufficient accuracy for most
purposes, is the Elmore delay model. It will not be further discussed here.
Assuming that the signal flow in a net is unidirectional starting from a source
terminal and propagating to multiple sink terminals, signal changes will not arrive
simultaneously at all sinks. Under such circumstances, properties of the chosen
delay model will influence the steiner-tree construction algorithms. It may e.g. be
necessary to optimize the length of the connection from the source lo the critical
sinl< (this is a connection that is part of the critical path) rather than the overall tree

length.
Of course, constructing Steiner trees alone is not enough to solve the global routing
problem. As it is the case in local routing, the many nets in the layout interact.

Finding the optimal pattern for one net may prevent another from being laid out
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Figure 9.16 Channel definition and ordering for
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a

building-block layout (a) and the corre-

sponding slicing tree (b).

optimally. In one way or the other, the global router should chose the wiring patterns
that minimize the overall cost function. This issue is discussed in more detail in
Section 9.5.
In standard-cell layout, global routing minimizes the overall area if it minimizes
the sum of all channel widths. It is not feasible to solve the channel routing problem
for all channels for each tentative solution of global routing. Instead, the width of a
channel is often estimated by computing the channel densiry.

9.4.2

Building-block Layout and Channel Ordering

Global routing for building-block layout is somewhat more complex than for
standard-cell layout as a consequence of a higher degree of irregularity of the layout.
One of the issues is the definition of routing channels. Area for routing is reserved
around the cells, but it is not always obvious how this alea can be partitioned into
channels that can be handled by channel routers, and in which order these channels
should be routed. These are respectively lhe channel definition and channel ordering
problems. These problems are quite intricate in general, but almost trivial to solve
if a slicing floorplan (see Section 8.1.1) of the layout is given. Consider e.g. the
floorplan of Figure 8.2(b) and its slicing tree of Figure 8.3. If one assumes that the
layout is composed of building blocks rather than flexible cells, one gets the layout
of Figure 9.16(a). Figure 9.16(b) shows the corresponding slicing tree.

Both the layout and the tree are annotated with a number between parentheses
that indicates a possible colrect order for routing the channels. This order can be
obtained by a depth-first trayersal of the tree. This amounts to going down the tree
starting from the root in a way similar to the depth-first search function discussed in
Section 3.4.1. However, rather than processing a vertex before making the recursive
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calls, the vertex is processed after the calls return. Then, a number one higher than
the highest number used by the subtrees is assigned to the vertex. In Figure 9.16(b),
this number is shown right below the vertex it belongs to, just between the roots of
the subtrees.
The same number can be found in Figure 9. l6(a) between the (composite or leaf)
cells that correspond to the subtrees. The order also defines the channels. In the case
of horizontal composition in the slicing tree, the channels are delimited by the top
and bottom edges of the two cells involved in the composition. In the case of vertical
composition, the left and right edges determine the channel borders. Note that the
cells in Figure 9.16(a) always have matching top/bottom or left/right borders; this is
not true in general, in which case the cell with the most extreme edges determines
the channel size.
All detailed routing for a slicing floorplan can be performed with channel routing
only by processing the channels in the right order. In the example of Figure 9. l6(a),
once Channel (2) has been routed, its floating terminals at its "bottom" side are fixed
by the channel router and become fixed terminals for the top side of Channel (3).
The floating terminals at the left side of channel (3), on their turns, receive a fixed
position after completing the routing of the channel and become fixed terminals for
the right side ofChannel (4), etc. Ifthe floorplan is nonslicing, channel routers alone
cannot complete all local routing. Switchbox routers or so-called three-sided channel
routers are necessary for some parts of the routing (see also Exercise 9.5). A threesided channel is a channel that has floating terminals only on one of the four borders
of the rectangular routing area. It is comparable to a switchbox because the routing
area cannot be stretched by the router if necessary.
once the channels have been defined, global routing can take place. Global routing

for building-block layout is not much different from the variant for standard-cell
layout. However, if no additional wiring layer is available to route on top of the cells,
all connections should run along the wiring channels. This means that rectilinear
Steiner trees should be constructed that are entirely embedded in the routing area.
The structure of the routing area, consisting of channels and the locations where they
meet, can be modeled by a graph (an obvious choice is to use vertices for the meeting
points and edges for the channels). Instead of looking for Steiner trees in the plane,
one then needs to solve the graph version of the Steiner tree problem. In this version
a subset of the vertices of the graph have to be interconnected by a tree using edges of
the graph. vertices of the graph not included in the subset may act as Steiner points.

9.5

Algorithms for Global Routing

This section presents a possible approach for the global routing of standard-cell
layouts. The main ideas are based on the work by Lee and Sechen on sea-of-gates
global routing, although the algorithm for rectilinear Steiner trees originates from
Griffith et al. (see the Bibliographic Notes at the end of this chapter). Sea-of-gates
layout has many similarities with standard-cell layout; the main differences are that
the number of routing tracks in channels is fixed and that vertical routing channels
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9.17 The partitioning of the standard-cell layout area by a grid for the sake of global
routing (a) and a rectilinear Steiner tree embedded in this grid (b).
Figure

can be used instead of feedthrough wires. The ideas are, therefore, presented below
in the context of standard-cell routing.

9.5.1

Problem Definition and Discussion

In order to achieve the appropriate degree of abstraction, the layout is covered by
a grid. The horizontal grid lines are chosen such that they run across the centers of
the cell rows. Vertical grid lines can be chosen such that the horizontal and vertical
resolutions are roughly equal. Note that the exact distance between horizontal lines
is not known in advance and depends on the results of channel routing. This idea
is illustrated in Figure 9.17(a). The grid divides the routing area into elementary
rectangles. The abstraction effected by the use of the grid implies that all terminals
located in such a rectangle will be thought of as having the same coordinates. The
points to be interconnected by rectilinear Steiner trees will then all be considered
to lie at the center of these unit rectangles as is shown in Figure 9.17(b). It is, of
course, the task of local routing to refine the global solution results by assigning
exact positions to all wires.
Suppose that there are m + t horizontal grid lines numbered 0, 1, .' ., rt from top
to bottom and n * l vertical grid tines numbered 0, l, .. ., n from left to right. The

localverticaldensitydr(i,

j)

(1 <

i < m;l < i <n- l;theborderof

thelayoutis

left out of consideration) is then defined as the number of wires crossing the vertical
grid segment located on vertical grid line j between the horizontal lines i - 1 and l.
Analogously, thelocalhorizontaldensitydnQ,i) (1 < i < m-l; I < 7 < n)is
defined as the number of wires crossing the horizontal grid line i between the vertical
grid lines j - I and 7. The density Du(r) (l < i < m) of the channel between grid
lines i - 1 and i is then given by:

Due): Ku\.a,<i,
j:r

il

1s6
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The goal of global routing is to minimize the total channel density given by:

i,.,,,
l:t
subjecttodn!,j) < Mii0 < i < m-1; I

/ <

n),wheretheM;1

are the parameters that give the maximum number =
of feedthroughs that can be
accommodated per horizontal grid segment. All the values M;7 may be equal and
depend on the technology and the properties of the available standard-cell library.
They may also be distinct to reflect the number of feedthrough cells assigned by a
placement tool (as part ofintegrated placement and global routing).
There are many ways to solve the problem as defined above. One could follow a
sequential approach and process the nets one after the other in a similar way as was
explained for local area routing (see Section 9.2). one could e.g. use a variant of
Lee's algorithm that increases the segment weights crossed by a wire before routing
the next segment. Such an approach has the same disadvantages that maze routing
has for local routing (the dependency on net ordering, the wrong choices made when
there are many equivalent solutions, etc.).
One could sequentially construct rectilinear Steiner trees for all nets. This would
require a Steiner tree algorithm that is able to avoid congested areas, e.g. by using
some weighted distance where the weight is derived from the connections that have
already been established. one could, however, construct Steiner trees for all nets
independently, examine the result for congested areas and try to modify the shapes
of those trees that are the cause of overcongestion, or those trees that contribute to
the reduction of the total channel density after reshaping. The algorithms presented
here follow such an approach.
Instead of using the same grid during the complete routing process, one could
start with a very coarse grid, say a 2 x 2 grid, perform global routing on this grid
by assuming that all terminals covered by an elementary rectangle are located at
the rectangle's center, and construct Steiner trees that evenly distribute the wires
crossing the grid segments. one then gets four smaller routing problems that can

be solved recursively following the same approach. The recursion stops when a
sufficient degree of detail has been reached for handing the problem over to a local
router. one can also continue and directly solve the local routing problem in this way.
Such a divide-and-conquer algorithm has the advantage of limited problem size at

each level of recursion. on the other hand, the subproblems to be solved are not
completely independent. The decision on the ordering of wires crossing a boundary
for one subproblem will constrain the search space of the neighboring one. Such a
hierarchical routing approach may be especially attractive when it is combined with
min-cut placement (see Section 7.4.1) and the floorplan-based design methodology
(see Chapter 8).

Below, an algorithm tbr the construction of Steiner trees is presented that can
operate in the (nonhierarchical) grid for the global-routing of standard cells as
presented above. The algorithm constructs a Steiner tree based on a rectilinear
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9.18 The interconnection of three points based on the minimal spanning tree (a), the
introduction of a Steiner point after flipping and merging (b), and the final Steiner tree (c)'
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distance metric. Timing issues that may influence the tree shape are not taken into

consideration. The trees are independently constructed for each net. The interaction
of nets is discussed later on.

9.5.2

Efficient Rectilinear Steiner-tree Construction

The input of the rectilinear Steiner-tree problem is a set ofn points P located in the
two-dimensional plane: P : {pt, pz, . .. , p"l.The rectilinear distance between a
pair of points pi : (xi,y;) and p i : Q 1,)y) is equal to lx; - x 1l * lli - yi l. The
goal of the problem is to find a minimal-length tree that interconnects all points in
P and makes use of new points in the plane not included in P if these new points
contribute to the tree-length reduction. The set of new points will be denoted by S.
It was already mentioned in Section 4.5 that the rectilinear Steiner tree problem is
NP-complete, but that the optimal tree can be approximated by a spanning tree that
can e.g. be computed in polynomial time by Prim's algorithm. It is known that the
length of the tree approximated in such a way is at most a factor of ] longer than the
minimum Steiner tree. This fact has inspired many researchers to design heuristics
that improve a given minimum spanning tree. One can e.g. exploit the two possible
L-shaped connections between two points that are not located on the same horizontal
or vertical line and choose for those shapes that allow the merging of wire segments.
Consider e.g. the situation shown in Figure 9.18(a)l that shows a spanning tree for
the three points p1, p2 and p3. "Flipping" the L-shaped connection between pt and
p2 leads to the merging with the L-shaped connection between p2 and p3 and the
creation of Steiner point s1 as is shown in Figure 9.18(b). A similar "flipping" of
the newly created connection between sl and p3 creates a second Steiner point s2
as shown in Figure 9.1 8(c). In the new situation, s 1 is no longer a Steiner point: the
connections (pr, sr) and (s1, s2) can be replaced by the direct connection (h, sz)

I

For the discussion of rectilinear Steiner trees it is more convenient to draw the net terminals on the
crossings of the grid lines rather than at the centers of the elementary grid rectangles as was done in the
problem definition; clearly, this does not affect the validity of the presented theory.
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(set of struct vertex, set of struct edge) steiner(set of struct vertex P)
{

I;

set of struct vertex
set of struct ed,ge E,
int gain;

F;

E <- prim(P);

(I,

F, gain) <-- l-steiner(P, E);
while (gain > 0) {

P <_T;

E<-F;
(T, F, gain) <- l-steiner(P, E);
)

return (P, E);
)

Figure

9.19

The iterated l-Steiner heuristic for Steiner-tree construction.

without affecting the tree length. Stated more generally, s1 is no longer a Steiner
point because its degree is two (it has two incident edges). This phenomenon of a
point acting only temporarily as a Steiner point also occurs in the algorithm explained
below.
The algorithm to be presented here also makes use of a spanning-tree construction
algorithm, but does this in a different way than the heuristic approach sketched above.

It is guaranteed that the tree

lengths of the solutions produced by it are strictly
times
the
optimal
length. This means that the algorithm outperforms
I
a spanning-tree algorithm in solution quality for all cases when a spanning-tree
algorithm would have worst-case performance.
In order to explain the algorithm, first the I -Steiner tree problem should be defined.
This is the problem of finding a spanning tree in the set of points P U {s} where
the point s is chosen such that the length of the resulting spanning tree is minimal.
One may say that this is a version of the general minimal Steiner-tree problem with
the restriction lsl : l. As will be explained below, efficient algorithms exist to
find such a point s. The actual Steiner-tree heuristic amounts to repetitively solving
the l-Steiner problem. The pseudo-code of this procedure is shown in Figure 9.19.
The algorithm makes use of graph-theoretical data structures: a point is represented
by a verl-ex and a connection between two points by an edge. Apart from
the information required for graph-theoretical computations, the structure vertex
should, of course, contain information on the coordinates of its location for the
purpose of distance computation.
The function prim computes the minimal spanning tree using Prim's algorithm
(see Section 3.4.4) and is supposed to return the edge set that represents the tree. The
function L-steiner takes the vertex and edge sets of a spanning tree as input and
returns three values corresponding to the vertex and edge sets of the constructed 1Steiner tree, and the decrease in tree-length that was the result of adding one Steiner
less than
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9.20 A set of points P for which the Steiner-tree

should be constructed (a) and its

Hanan points (b).

point. If no Steiner point could be found that improves the existing tree length, the
third value is zero. This situation indicates to the calling environment that its main
loop can terminate.
The principle for solving the l-Steiner problem is quite simple: all candidate
points s are visited and the spanning tree for the points in P U {s} is computed
each time. The point that leads to the cheapest tree is then selected. Two issues are
important here. The first is to identify the set of candidate points and the second is
to find a method for the spanning-tree construction that is more efficient than calling
the function prim each time a new .s is considered in the set P U {s}.
The first issue was settled by Hanan in 1966. He proved that an optimal rectilinear
Steiner tree can always be embedded in the grid composed of only those grid lines
that carry points of the set P. So, all grid lines on which no point of P is located can
be left out of consideration. The candidate points are commonly called Hanan points.
Figure 9.20(a) shows an example set of points P (the same set as in Figure 4.5(a))
and Figure 9.20(b) the Hanan points associated with the problem instance (white
circles).

The best-known solution for the second issue was proposed by Griffith et al. It
involves the incremental computation in linear time of the minimum spanning tree
for the set P U {s} given the minimum spanning tree for the set P. This is done by
the function spanninq-update in the pseudo-code of the function 1-steiner
shown in Figure 9.2l.The code of the function spanning-update itself is shown

inFigtxe 9.22.
The linear-time update algorithm is based on the following principles that are
presented without proof. Restricting all points in a spanning tree to have at most
degree four does not prevent the tree from having minimal length. The four points
to which point s may be connected are the closest ones in each of the four regions
obtained by partitioning the plane by two lines crossing s at angles of *45 and -45
degrees. In the pseudo-code, these four regions are called north, east, south
and west, while the closest point to s from a point set V (excluding s itselfl in a
region

r is computed by the function closest-point.
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(set of struct vertex, set of struct edge, int)
l-steiner(set of struct vertex V, set of struct edge ,E)
{

set of
set of

struct vertex W;
struct edge F;

struct vertex maxpoint;

int gain, maxgain;

'

maxgain <- 0;
for each s e "Hanan points of

y"

{

(W, F, gain) <- spanning_update(V, E, s);

'Hffi;.T;ffll'
maxpoint <- s;
)

)

if

(maxgain

> 0) {

(W, F', gain) <- spanning_update(Y, E, s);

retun (I{, F,
)
else

maxgain);

returrr (V , E,0)l

)

Figure

9.21

The pseudo-code of the l-Steiner algorithm.

(set of struct vertex, set of struct edge, int)
spanning-update(set of struct vertex V, set of

struct

edge E ,

struct vertex r)

{

int delta;
struct vertex u, u, u;
delta <- 0;

V<-VU{s};
foreach d < {north, east, south, west} {
a <- closest_point(V, s, d);
delta +- delta - distance(s, z);
E <- E U {(s, a)};
if (cycle(V, E)) {
(u, w) <- largest_cycle_segment(V, E);
E <- E \ {(u, u)h
delta <- delta + distance(u, w\;

l
)

return (V, E, delta);

l
Figure

9.22

added to the

The function that incrementally computes a spanning tree when a new point is

original point

set.
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The different steps in the incremental computation of a spanning tree.

Figure 9.23 illustrates the functions 1-steiner and spanning-update. The
initial spanning tree for the point set P is shown in Figure 9.23(a). The connections
between the points are shown as arcs rather than rectilinear segments to emphasize
that no decision has been taken on the actual path that the connection follows (such
as either of the L-shaped patterns). The length of the connection is shown by the
label next to the arc. Figure 9.23(b) shows the new point s for which the spanning
tree P U {s} should be computed incrementally and the two lines that divide the area
into four regions. Following the pseudo-code of Figure 9.22 the closest point to s in
the north, east, south and west regions arc p3, p4, p5 and p1 respectively.
The spanning tree for P U {s} is constructed by connecting the points with the
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four points in each region. If the connection gives rise to a cycle (this condition
is checked by the function cycle in the pseudo-code), the cycle should be identified and its largest segment removed. The identification is done by the function
larges t-cyc1e-segment. By definition of a tree, a cycle will be created for all
connections except the first one. Figures 9.23(c)-(1) show how the algorithm progresses. In all figures, straight line segments are used whenever a connection between points on the same grid line is made (they are guaranteed to have the unique
shortest pattern) and arcs otherwise. The value of the variable del ta that indicates
how much shorter the tree has become is shown in an ellipse at the upper left side
(the function distance obviously computes the rectilinear distance between two
points).

It is not difficult to see that the function spanning-update operates in linear
time. Finding the four closest points can simply be done by visiting all points and
saving the closest ones in each direction. The same is true for cycle detection (use
depth-first search and signal detection of a cycle when coming back to a vertex that
was visited earlier) and the identification of the longest segment in a cycle (keep
track from where you arrive during depth-first search in order to trace the cycle).
Given the fact that the number of Hanan points is O(nz), the worst-time complexity
of the function 1-steiner becomes O(n3).
Because the function 1-steiner will be called at most o(n\ times, the time
complexity of the main function steiner can be stated to be O(ns). This is,
however, a very pessimistic estimation because it is known from the theory that a
point set with n points has at most n - 2 Steiner points (this result follows from the
fact that a Steiner point has at least degree three while the number of edges in the tree
is bounded by the fact that a tree cannot have cycles by definition). on the other hand,
points that have been selected as Steiner points may later become obsolete as was the
case in Figure 9.18. A significant speedup can be obtained for large point sets using
a batched version of the function steiner. This version takes advantage of the
fact that the function 1-steiner visits all candidate Hanan points and constructs
a spanning tree for each point. It accepts a batch of incremental updates rather than
a single one. This is allowed if the incremental updates are independent. Practical
experiments show that the number of calls of 1-s teiner is a small constant (with
an average value of about 2 for n : 40) that hardly grows with the problem size
which justifies the claim that the overall average time complexity for constructing
Steiner trees in this way is O(n3).
coming back to the example problem of Figure 9.20(a), it turns out that point s in
Figtre 9.23 is actually the optimal solution of the l-steiner tree problem (exercise:
check this). In a second iteration, a second Steiner point can be found, after which
no further improvement is possible. The final solution, which is optimal, is shown in
Figure9.24. The solution differs from the one of Figure 4.5(b) that is also an optimal
solution for the same problem instance. In fact, it happens very often that a minimum
rectilinear Steiner tree problem instance has many distinct optimal solutions. It may
also happen that solutions exist with Steiner points that are not Hanan points. The
next section shows how these facts can be exploited.
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9.24 The solution found by the iterated l-Steiner heuristic for the problem instance
of Figure 9.20.
Figure

9.5.3 Local

Transformations

for Global Routing

Once Steiner trees for all nets have been generated independently, congested areas
in the grid introduced in Section 9.5.1 can be identified. The trees of the nets contributing to the congestion can be reshaped by applying local transformations. Examples of such transformations are shown in Figure 9.25. Figure 9.25(a) shows the
flip of an L-shaped connection discussed earlier. The more refined transformation of
Figure 9.25(b) allows any Z-shaped connection between two points that are not on
the same grid line. The transformation of Figure 9.25(c) replaces straight-line connections by U-shaped connections. Clearly, such a transformation increases the tree
length but may decrease the global cost function because it reduces congestion. Figure 9.25(d) finally shows a much more sophisticated "segment shift" transformation

which cannot be reversed with a single segment shift.
Algorithms for global routing may choose to use any of the types of transformation
just mentioned. These transformations may be controlled by a general purpose
optimization strategy such as local search or simulated annealing.
If the chosen optimization strategy fails to find a solution, rnaze routing may be
used as a last resort. The nets crossing overcongested grid segments are then ripped
up and rerouted using an appropriate variant of Lee's algorithm.

9.6

Bibliographic Notes

The rextbooks [Len90], tShe93l, [Sai95] and [Sar96l. that deal with physical design
automation in general, pay quite some attention to both global and local routing. A
book that is dedicated to to multilayer routing is [She95].

The original publication of Lee on the path connection algorithm is [Lee61].
Overviews of work that elaborate further on this algorithm concerning generalizations and techniques to make it more efficient can be found in [Ake72], [Rub74] and
toht86l. The importance of Lee's algorithm for routing can also be seen from the
fact that special hardware has been constructed to implement it (see e.g. [Hon83]
and [Suz86]).
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Local transformations for Steiner trees.

An example of a problem that cannot be solved by Lee's algorithm irrespective
of the net ordering is given in [oht86]. Examples of "iterative improvement" style
algorithms that make use the Lee's algorithm as a subroutine are described in tShi87l
and [Lin89].
There exist review papers on channel routing by Burstein [Bur86] and on switchbox routing by Marek-Sadowska [MS92]. A famous early paper on channel routing
for printed circuit board layout is [Has71]. one of the pioneering papers on channel routing that makes use of the "classical model" described in Section 9.3.1 is
[Ker73]; it proposes a branch-and-bound style algorithm. An example of a gridless
channel router is described in [che86] and an example of a router using 45' segments in [Enb87]. Examples of channel routers that can deal with more than two
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wiring layers are presented in [Bra88l and [Con88]. Examples of algorithms that
use the nonreserved-layer model are [Joo86] and [Shi87]. The use of "doglegs" was
introduced by Deutsch [Deu76].
The lefredge algorithm was originally presented in [Has71]. The paper also
contains a proof that the algorithm always finds an optimal solution (with a number of
rows equal to the density). The NP-completeness of graph vertex coloring for general
graphs is mentioned in [Gar79]. The time complexity of the lefredge algorithm can
be improved by sorting both endpoints ofall intervals in increasing order and putting
them in a list. The assignment to rows of the intervals can then be accomplished
in a single scan of this list [Gup79]. The sorting step determines the overall time
complexity in such a case, which means that the time complexity becomes O (n log n)
or even @(n) if radix sort (see e.g. [Aho74] or [Sed88]) is used.

The NP-completeness of channel routing is proved in [Szy85]. An example of
an algorithm that uses a combination of the left-edge algorithm and maze routing
is described in [Ree85]. A description of Yoeli's "robust router" can be found in
[Yoe9l]. The NP-completeness of the maximal-weight independent set problem
follows from the NP-completeness of the maximal independent set problem which
is mentioned in [Gar79]. The latter is a special case of the first in which all vertex
weights are equal to one.
A review paper on global routing is [Kuh86]. It was mentioned in the text that
a local reordering of feedthrough wires can affect the densities in neighboring
channels. Optimization algorithms for this problem are discussed in [Che97].
A key paper on algorithms for rectilinear Steiner trees in the context of timingdriven layout is [Boe95]. It gives a justification of the Elmore delay model based
on appropriate experiments and then presents Steiner-tree heuristics that directly
optimize the tree cost for the Elmore delay. Some other sources for timing-driven
layout are [Kuh91], [Sap93] and [Kah95].
A detailed study of the channel definition and ordering problem can be found in
ICai89].
The two papers that are the basis for Section 9.5 are [Lee9lb] (for the problem
formulation and the local transformations) and [Gri94] (for the Steiner-tree construc-

tion).
The hierarchical routing approach was originally proposed by Burstein for local
routing [Bur83b, Bur83c] and for simultaneous placement and routing [Bur83a].
Generalizations of these ideas have been elaborated in [Hac89].
At the end of Chapter 4 a number of references on rectilinear Steiner trees were
already provided. Hanan's paper in which he shows that the Steiner points in a
minimum rectilinear Steiner tree always can be chosen to have a coordinate in
common with the original point set, is [Han66]. The result that a minimum Steiner
tree (not only a rectilinear one) for a set ofn points has at most r - 2 Steiner points
is proved in [Gil68].
Recently, new approximation algorithms have been proposed that guarantee a
solution that has a tree length which is at most f times longer than the optimal one.
One can consult [Fiis97] and its reference list for more information on this topic.
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As mentioned in the main text of this chapter, many algorithms have been published for the transformation of a rectilinear spanning tree into a rectilinear Steiner
tree. Polynomial-time algorithms that find the optimal Steiner tree under the restriction that a spanning tree has been taken as a starting point are presented in [Ho90].
The idea to construct a rectilinear Steiner tree based on a heuristic that repetitively
solves the l-Steiner problem is presented in [Kah92b]. This paper also proves that
the heuristic deviates at most by a factor of from the optimum length for all cases
{
that a spanning-tree would be exactly J times longer. The contribution of tcrig4l
is the improvement in the time complexity for the I -Steiner problem leading to
the algorithm that has been presented in the text. It contains the proofs of many
statements made in this text without proof.
The local transformations for global routing mentioned in [Lee91b] are quite
similar to those proposed in [Ger89] for local routing.

9.7

Exercises

9.1 It was mentioned in Section 9.2that Lee's algorithm can be generalized for
nets with more than two terminals. Indicate how the code of Figure 9.2 should
be modified for this goal. Invent an example problem with three terminals for
which the solution found by the modified Lee algorithm is suboptimal.

9.2 Lee's algorithm and Dijkstra's algorithm discussed in Section 3.4.3 both compute shortest paths. Show how Lee's algorithm can be interpreted to be a version of Dijkstra's algorithm.

9.3 Consider the following intervals:

tl,3l,

t4,81, 12,51,

tl},l2l, tll,l2),

U,91,

[7,1 I ], and [3,8]. What is the density of this ser of intervals? Use the left-edge
algorithm (see Figure 9.10) to group these intervals in rows, such that intervals

on the same row do not overlap. Draw also the interval graph corresponding to
this set of intervals and give the vertex coloring of this graph corresponding to
the solution obtained by the left-edge algorithm.

9.4 Show that the lefredge algorithm (see Figure 9.10) produces

a solution wirh a

number of rows exactly equal to the density of the problem. Hint: show that in
each iteration of the whi 1e loop the density of the subproblem formed by the
intervals remaining in the list i_1 rst decreases by one.

9.5 Consider

a building-block layout with a "wheel" floorplan (see Figure 8.4) and
with routing regions around each cell. Partition the routing region in such a
way that the area to be routed by conventional channel routers is maximized

and identify the areas that should be handled by a switchbox and/or three-sided-

channel router.

10

Simulation
Simulation of VLSI circuits and systems is a very broad topic and complete books
could be written to discuss all the different aspects involved. As the goal of this book
is to cover a wide range of VLSI design automation tools, the treatment of the topic
has to be limited to a few aspects. Therefore, after a general introduction, attention
is paid to gate-level and switch-level simulation only.
Obviously, simulation is used for the purpose of design verification (see Chapters I
and 2). As it is extremely costly to repair design errors after the fabrication of
an integrated circuit, one needs to have sufficient confidence that all design errors
have been eliminated before delivering the design to the foundry. As mentioned in
Section 2.5, there are mainly two ways to verify a design: by simulation and by
formal veriflcation. The first possibility is the topic of this chapter.

10.1

General Remarks on VLSI Simulation

Simulation involves the construction of a computer model of the hardware that is
being designed and executing the model to atalyze its behavior. This should be
done at the correct level of abstraction (see Chapter 1). On one hand, all issues
relevant to the abstraction level in question should be part of the model in order
for the simulation to be valuable. On the other hand, all issues that are not part of
the abstraction level should be left out such that the computation time required for
simulation remains reasonable.
In VLSI, a signal always belongs to the electrical domain by the nature of the
realization medium. What differs, depending on the level of abstraction, is the
interpretation of the signal. If all values in the continuous range of voltages are
relevant, one considers the signal to belong to the analog domain. If the range of
voltages is partitioned into discrete ranges, one operates in the digital domain.
The most important abstraction levels for which specific simulation tools have
been developed are listed below, starting from the lowest level:
semiconductor device (e.g. a
MOS transistor) of which a detailed model is used in order to follow aspects like
the evolution in time of charge distributions in three dimensions as a function of

o Device-level simulation generally involves a single
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material parameters. simulator techniques based on e.g. finite-element methods
are used for this purpose. This abstraction level belongs to the domain of the
technologists and a VLSI design engineer does not need to deal with simulations
at this level.

o Circuit-level simulation

deals with small groups of transistors modeled in the
analog domain: the circuit is seen as an interconnection of resistors, capacitors
and (controlled) voltage and current sources. The variables computed are currents
and voltages. The computations involved are based on numerical methods.

o

Timing-level and macro-level simulation also deal with signals in the analog
domain. However, the models have been simplified in order to be able to deal
with larger circuits at the expense of some loss in accuracy. Simplification can e.g.
be achieved by replacing nonlinear characteristics of devices by piecewise-linear
equations. Another possibility is to represent the behavior of a group of devices by
a functional equivalent, also called a macro. A macro gives the relations between
input and output variables without the individual descriptions of the constituent
devices necessarily being distinguished in the functional description.

o Switch-level simulation

models MoS transistors as switches that pass signals
which are more or less digital in nature: the values of the signals are discrete, but

the model includes features that can be associated to analog notions as resistance
and capacitance. This topic is covered in more detail in Section 10.3.

o

Gate-level or logic-level simulation distinguishes itself from the switch level in
the fact that signal flow is unidirectional (from the input to the output of a gate,
such as a NAND or XoR gate), whereas the signal flow at the switch level is
bidirectional. Also, instead of transistors, a complete gate is now the basic element
of which circuits are composed. A more detailed discussion of the topic follows in
Section 10.2.

c

Register-transfer-level (RTL) simulalion is used in synchronous circuits where all
registers are controlled by a system clock signal. one can say that the registers
store the state of the system, while combinational /ogic computes the next state
and the output based on the current state and the input. At this level, one is mainly
interested in state transitions and the precise timing of intermediate signals in the
computation of the next state is disregarded.

o System-level simulation

deals with hardware described in terms of primitives
that do not necessarily correspond with hardware building blocks. An example
of a popular hardware description language that can be used for system-level
simulation is vHDL. when used in the initial stages of a design, it can describe
the behavior of a circuit as a "process" or as a set of communicating processes.
Note, by the way, that vHDL is a language that can be used for description and
simulation from the system level down to the gate level.

As indicated above, descriptions of hardware can cross several abstraction levels.
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Simulators that operate on more than one level are quite desirable, as they allow
the designer to simultaneously simulate low-level descriptions of critical parts of a
design with higher-level descriptions of the less critical parts or parts whose descriptions are not yet available in detail. Simulators that handle different abstraction levels, especially in the analog and digital domains, are called mixed-level simulators.
If the simulator uses different mechanisms for the different levels (e.g. a time-driven
numerical integration technique and the event-driven technique to be discussed later)
it is called a mired-mode simulator.
Another issue that is becoming more and more popular for the design of digital
systems is hardware-software co-simulation The solution for a considerable number
of digital design problems contains programmable hardware. It may e.g. tum out that
a set of dedicated processors is the best solution for some problem. In such a case, it is
desirable to compare a systemlevel description, in which no decisions on hardware
and software partitioning have yet been made, with a combined description of the
network of processors and the programs run by them.
The software modules that generally constitute a simulator consist of the following:

o The simulator kernel. This is the part that performs the actual simulation (it
computes how signals propagate through a circuit).

o

The processing of the input description. A circuit to be simulated has to be
specified in some way. This can be done textually by means of some hardware
description language or the simulator can accept a description provided by some
schematic entry tool (see Chapter 2). Normally, a simulator has an internal format
that is well-suited to be processed by the simulator kernel. The external description
should be translated to the internal description as a preparatory step for simulation.

c

The processing of the stimuli. The circuit or system that has to be simulated will
generally require input signals from the "outside world". These are called .stimuli
and describe the subsequent values that inputs have throughout the simulation pe-

riod. Simulators normally allow the specification of the stimuli either interactively
or by means of a special language.

c

The presentation of the results. Running a simulator results in the computation of
changes in signal values during the simulation period. There are many ways to
present them to the user: tables of time-value pairs, value-time plots or various
types of animation.

The rest of this chapter will mainly deal with the simulator kernel, as it is the most
essential part of a simulator.

10.2

Gate-level Modeling and Simulation

This section discusses a number of important issues related to gate-level simulation.
Attention is paid to signal modeling (the correspondence between voltage and current
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values in the real circuit and the discrete signals in the model), gate modeling (the
representation of a gate's behavior), delay modeling (the various types of delays
encountered at the gate level), the connectivity modeling (the representation of the
interconnections between the gates) and the simulation mechanisms.

10.2.1 Signal Modeling
Digital circuits are designed to process binary or Boolean signals to be denoted here

by ' 0' and ' 1 ' . On the other hand, the realization of the circuit carries voltages
and currents with continuous values that often have "high" or "low" levels, but
sometimes have values in between these levels, notably when a transition occurs.
For this reason, in some simulators one or more values are used to represent signals
in transition. A signal that is neither , 0 , or , 1 ,, because the signal is undergoing a
transition from one of these values to the other could be modeled with the value
'X' , representing the unknown value. Another issue that is important in digital
simulation is the detection of an uninitialized memory. often a value ,u, is used
for this purpose. So, the memory bits receive the value 'u' when the simulation
starts. Improperly designed hardware will lead to the propagation of , u, through
the combinational logic. Still another point is the strength of a signal, reflecting the
fact that a signal can become weaker after passing through a transistor. A signal can
become weaker due to a transistor's resistance. The result can be that more time
is needed for a transition, because a parasitic capacitance is charged with a weaker
current. In Section 10.3 the signal strengtft is presented as a different attribute than
the signal level (high, low, unknown, etc.) and a pair of these attributes forms the
signal value. In some simulators, however, the combination of the strength and level
is expressed as a single value.

clearly, the modeling requirements impose signals to have multiple values, a
different set of values depending on what one wants to model. Simulators offering
up to 99 values have been reported. More sophisticated simulators, like simulators
for vHDL, allow the user to define his or her own data types, which means that, in
principle, he or she can work with the signal values that are most appropriate for the
circuit being designed.
The more values are used for a signal, the more complex becomes the modeling

of a gate's behavior. obviously, the gate model should specify the output value for
each possible combination of input values. If the gate has k input signals, with each
signal having one of N values, the output for Nk combinations should be specified.
The logic involved in dealing with a circuit modeled using multiple-valued discrete
signals is called multiple-valued logic. It has operators that map a set of multiplevalued signals to another set of multiple-valued signals. These operators can be used
to model the behavior of a gate as explained in the next section.

't71

10. Simulation

in-l

in-2

'o' '0
tL
'o'
,0, 'x
,l-',
,L'
,\',

'x'
'x'
,X'
Table

10.2.2

',O

'l
',X

'0

out

7'

t'

L,

L'
0'

x'

L'

'1-

x'

'X

X'

10.1 A truth-table modeling of the behavior of a two-input NAND

gate.

Gate Modeling

Given the fact that a simulator is supposed to compute the propagation and change
of signals in a circuit of interconnected gates, it should be able to model the behavior

of

a single gate

in the first place.

The model should be such that signal values at the gate's outputs are efficiently
computed as a function ofthe gate's inputs. There are several possibilities:

oA

truth table representation. The table has a row for each combination of input
values, as is illustrated in Thble 10. I for the case of a two-input NAND gate,
assuming that signals have one of the three values ' 0' , ' 1' or 'x' , where 'X'
means an unknown signal value.

oA

subroutine representation. An efficient evaluation is obtained in the case that
signals have only binary values by using the hardware instructions of the computer
on which the simulation is running (most instruction sets have single instructions
for many operations performed by Boolean gates). In the case of multiple-valued
logic, similar techniques can be employed, using an appropriate combination of
machine instructions.

10.2.3 Delay Modeling
The passage of time is an essential part of a simulation. At the gate level, time is
modeled in a discrete way and all delays in the circuit are expressed as an integer
multiple of some time unit.
The output of any physical gate will take some time to switch after the moment
that an input has switched. The delays involved can affect the correct functioning of
the circuit, especially when the circuit has asynchronous parts. Therefore, an accurate
modeling of the delays is important. The most important models are listed here:

o

a fixed delay with the gate's
output after this fixed delay.
is
seen
at
the
output. So any effect of switching inputs
The propagation delay

model.'fhis model associates
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Figure 10.1 A 2-input NAND gate and its switching input signals (a); the corresponding
output signal in the propagation delay model (b); rhe corresponding output signal in the
rise/fall delay model (c).
Special cases ofthe model occur when the delay is equal to zero or one, resulting in
the zero-delay model and the unit-delay model respectively. Figure 10. 1(a) shows
a 2-input NAND gate and its switching input signals; the corresponding output
assuming a propagation delay of 2 time units is shown in Figure 10.1(b). A more
refined model replaces the constant delay by a delay that depends on the number r?
of gates that an output drives (one also says: "the outplt'sfanorr, equals n"). The
delay can be expressed as d + nb, where a is a constant delay and D is a delay
associated with the parasitic capacitance of the next gate's input and the wiring
leading to it. Another refinement consists of introducing distinct delays between
each input-output pair of a gate.
The rise/fall delay model. In this model, different delays are used when an output
signal rises and when it falls. The refinements mentioned for the propagation delay
model can also be used here. Figure 10. 1(c), shows the signal behavior of the
output of the 2-input NAND gate when the delay for a falling signal is 3 time units
and the delay for a rising signal is 2 time units.
The inertial delay model. Inertial delay models the property observed in physical
circuits that an input pulse (negative or positive) should have a minimal width
in order to have any effect at the output. This can be explained by the fact that
capacitances in a gate have to be charged before the gate's outputs can switch.
If no sufficient energy is provided by the input pulse, no switching takes place.
Inertial delay can be combined with both the propagation and the rise/fall delay
models.

10.2.4

Connectivity Modeling

In order to compute the propagation of signals through the gates in the circuit,
simulator should have a suitable data structure to represent the connectivity

the

of all
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Figure 10.2 The core of

a synchronous

circuit'

gates in the network. Data structures for the representation of a circuit have already
been discussed in Section 7.1. They can easily be extended for the incorporation of
attributes typically required for simulation, such as the current signal value of a net,
delays in a gate, etc.

10.2.5

Compiler-driven Simulation

In the previous section, different modeling issues related to gateJevel simulation
were discussed. Some of these, and especially the delay models, have direct consequences for the simulation mechanism, the method by which the evolution of the
signals in the circuit are computed by the simulator kernel. Two basic mechanisms to
simulate a circuit at the the gate level, viz. the compiler-driven and the event-driven
methods, will be discussed in this and the next sections respectively.
The most obvious situation in which compiler-driven simulation is the best choice

occurs in the context of synchronous circuits. The core of such a circuit consists of
registers that store the state of the system and combinational logic that computes
the next state as is shown in Figure 10.2. If one simply wants to verify that the
patterns generated by the combinational logic are colrect without caring about the
delays occurring in the combinational part, one can neglect the delays in the gates
and set them to zero. This results in the Zero-delay model that was mentioned in
Section 10.2.3. An efficient way to compute the signal propagation is to generate
machine code that reflects the behavior of the combinational logic and then execute

it.

A simple example circuit that could constitute the combinational part of a synchronous circuit is given in Figure 10.3. It will be used to illustrate the concepts of
compiler-driven simulation. The circuit consists of the flve inputs A to E and one output F. The inputs provide the signals to the five nets n1 to n5. These signals determine
the signals generated in the other nets n6 to n9 ofthe circuit.
The flrst step in code generation is leveling, which is the process of determining
the order in which the signals carried by a net will be computed. Obviously, one
should only compute the output of a gate in the circuit if its inputs are known.
Using a method that is essentially the same as the longest-path algorithm discussed
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A
B
C

D
E

Figure 10.3 A simple circuit composed of logic

n1
n2
n3
n4
n5

gates.

<-A;
<- B;
<- c;

<- D;
<- Ei

n6 <- OR(ny n);
17 <- AND(n4, r5);
ng <- AND(n6, n3);
ng <- OR(n7, ng);
F <- n9;
Figure

in Section

10.4

Code for the zero-delay simulation of the circuit of Figure 10.3.

6.4.1 , one assigns level 0 to all nets connected to inputs. The net connected
to an output of a gate receives a level one higher than the maximum level of the gate's
input nets. In the case of the example of Figure 10.3, nl to ,xs have Level 0, n6 and
n7 have Level l, n s has Level2, and n9 has Level 3. The level number is then used
as a sorting criterion for code generation (lowest level first) as shown in Figure 10.4.
Although the code is presented here as "high-level" pseudo-code, the idea is that
this code will be translated to machine instructions. Depending on the instruction
format of the target machine and on the type of signal carried by the nets (Boolean or
multiple-valued) each line of pseudo-code will require a single or a few instructions.
The symbols oR and AND represent the logic operation in the chosen value system.
Note that they should not be interpreted as function calls but rather as macro calls
(they are supposed to be replaced by inline code). Functions calls are expensive
in terms of the number of machine instructions required and should be avoided in
compiler-driven simulation. The first five lines of code seem to be redundant: they
have, however, been included to indicate that the input values are retrieved through
the interface of the simulator kernel with the "stimuli processing module". In the
same way, the last line refers to the interface with the result presentation module.
A model that is slightly more realistic than the zero-delay model is the unit-delay
model in which signals take one unit of time to propagate from the inputs to the
outputs of any gate. In this way, the evolution in time of signal values can be followed. This is especially important for the detection of glitches, temporary changes
in circuit outputs resulting from different delay paths. Figure 10.5 shows some signal
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in the circuit of Figure 10.3 when using

unirdelay simulation.

patterns for the unit-delay simulation in the example circuit of Figure 10.3. At the
inputs, the signals on nets n1 and n4 change simultaneously at time / : 0. As a result
n9 firstfalls from' 1' to' O' att : 2 andthen rises againto' L' attime / : 3. If
the zero-delay model had been used, n9 would have always remained at ' 1' .
It is possible to generate code intended for compiled execution for the unit-delay
model as well. In the most straightforward approach, this can be done by introducing
separate variables for the signals carried by a net for each time instant that the
simulation covers. For the example circuit of Figure 10.3, this would mean that
variables ni,y have to be used in the code instead of variables ni, with i ranging
over all net numbers and t ranging over the time instants. The aspect of unit-delay
is then expressed in statements that compute a gate's output at time t in terms of the
gate's inputs at time r - l, like ir."n6,2 <- OR(r1,1, nz,t)".
The above approach is, of course, naive in the sense that much more memory than
necessary is used as the code never refers from a time / to an instant earlier than t - 1.
So, a better solution would be to only reserve storage space for the signal values at
times t and , - 1, for example by having two arrays, each with as many locations as
there are nets in the circuit. This is illustrated in Figure 10.6, where the two arrays
have been called new and old. The code has been embedded in a loop to be able
to show that after each iteration the contents of new are copied to old (in practice
it is more efficient just to interchange the pointers to the memory locations reserved
for the two arrays). Similarly to the code presented in Figure 10.4, the code contains
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for (r <- tstarrl

new[] <- A;
new[2]
new[3]
new[4]
new[5]
new[6]
new[7]

t < trnTl t <- f *

1)

{

<- B;
<- C;
<- D;
<- E;
<- OR(oldlll, old[2]);
<--

AND(oldlal, old[5]);

new[S] <- AND(old[6], old[3]);

new[9] <- OR(old[7j, old[8]);
F <- new[9];
old <- new;
)

Figure 10.6 Pseudo-code meant for the compiler-driven simulation of the circuit of Figure 10.3 using the unit-delay model.

statements for the interface
modules of the simulator.

with the stimuli processing and the result presentation

Clearly, the conceptjust presented can be generalized to delay models where each
delay is a small multiple of unity by using arrays that store signal values at t
-2, t -3,
etc. The number of arrays required is equal to one plus the maximum delay present in
the circuit. The fact that the signals involved can be represented with either a single
bit when the Boolean signal model is used, or a few bits in the case of multiplevalued signals, can be exploited by using the same memory word to store a signal's
value at time r, t - l, etc. The assignment of new to old can then be realized by a

"bit shift" instruction.

10.2.6 Event-driven Simulation
The event-driven method is motivated by the fact that normally very few gates are
switching simultaneously and that computing signal propagation through all gates in
the network over and over again at each time instant, as in compiler-driven simulation, amounts to many unnecessary calculations. It seems to be more economical to
only recompute those signals that are actually changing. A signal change is called
an event which explains the name "event-driven simulation". However, the economy
argument is not completely valid as the computational overhead related to keeping
track ofall events and propagating signals in the correct order can become quite high,
sometimes as high as 100 times the time that compiler-driven simulation needs for
a single signal propagation. The main reason why event-driven simulation is very
popular is that different delay models can be incorporated in the simulator relatively
easily.
The central data structure for event-driven simulation is the event queue or event
/isr. A pseudo-code description of this data structure and its associated functions are
given in Figure 10.7. The first structure described is event. An event should have at
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struct event

{

int time;
struct net *node;

struct

signal-value value;

);

struct event-queue

{

);

struct event-queue *new-queueQ;
{

"create an empty event queue";
)

struct event *first-event(struct event-queue *queue)
{

"remove the earliest event from

an event

queue and retum it";

)

insert-event(struct event-queue *queue, struct event *new-event)
t

"add a given event to an event queue";
)

Figure

10.7

The data structures and functions associated with an event queue.

l
1
-1

least three attributes: the time at which the event is supposed to happen, the circuit net
that will change value at that time and the new value that this net will assume then.
The event-queue has to store events in one way or the other while optimizing the
following actions:

o returning

the earliest of the events still to be processed and removing it from the

queue,

o

adding a new event at an arbitrary time in the queue.

data structure and the functions new-queue,
f irst-event and insert-event. form an abstract data type. This means that
the actual implementation of an event queue is not very relevant as long as the three
functions are available to the user of the data type.
A commonly made assumption is that there exists a minimum unit of time At
and that all delays occurring in the circuit can be expressed as an integer multiple
kLt of Ar. In addition, most of these multiples are assumed to be small integers.
Under these conditions, an array indexed by the time seems to provide an efficient
implementation. The array should be organized in such a way that each entry contains

One can say that the

l

event-queue
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The anay implementation of the event queue.

a linked list of events that occur simultaneously at the time instant corresponding to
the index. This idea is illustrated in Figure 10.8. This data structure can both return
the earliest event and add new events in constant time (independently of the number

ofevents already stored). Ofcourse, the solution given has one huge disadvantage: it
requires that the array is as big as the number of time steps that the simulation should
take.

This disadvantage can be overcome by reusing the array locations that would
otherwise remain unused once the current time had become larger than their indices.
This can be accomplished by using an index r mod L instead of /, where L is the
total number of array locations available. The fact that the modulo operator is used
in addressing the array can be visualized by a cyclic arrangement of the subsequent
array locations as shown in Figure 10.9. Such a data structure is called a time wheel.
Unfortunately, a time wheel has a disadvantage as well: because of the fixed number
of locations L, events that have to be inserted at more than L positions away from
the current time cannot be stored in the time wheel. These events have to be stored
in an overflow /isr. From time to time (at least each time that the current time has
increased by I) the events in the overflow list have to be inspected and moved to
the appropriate entry in the time wheel. More sophisticated solutions are possible:
e.g. by organizing the overflow list as a time wheel itself. In such a case, this second
time wheel has a resolution of LAt instead of At. Each time that all I locations of
the first time wheel have been processed, all events stored at a single location of the
second wheel can be moved to the first time wheel. of course, the second time wheel
will now need an overflow list.
The assumptions that made a time-wheel implementation efficient do not always
hold. Then, so-called priority queues can be considered instead of the time wheel for
the realization ofthe event queue. A priority queue can deal with events spanning any
time scale (which means that time instances are not limited to small integer multiples
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Figure 10.9 The time-wheel implementation of the event queue.

event-driven-simulation 0
{

struct event-queue *Q;
Q <- new-queue0;
"insert stimuli in Q";
"initialize: all network nodes connected to a memory to
all other nodes to

'U'

and

'x "';

for (r <- tstarti t < tor,l') I
current-event <- first-event( 0);

/+

curTenl-event->time;

"process

time,

*

current-event

and add new events to

Q at

appropriate delay";

)
)

Figure 10.10 Pseudo-code of the event-driven simulation function.

of A/). Removing and adding events costs, howevet O(logn) time, where n is the
number of events present in the event queue, while they cost (?( 1) time for the time
wheel (see the Bibliographic Notes at the end of this chapter for more information
on priority queues).

The event queue is only one part of event-driven simulation. The other part is
the simulation algorithm itself that adds and retrieves events from the queue. The
pseudo-code of such an algorithm is given in in Figure 10.10. First, all events
derived from the stimuli are added to the event queue. This statement is included
in the pseudo-code just to indicate that stimuli give rise to events. In a practical
implementation it is probably more efficient to create these events gradually in the
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main loop rather than processing all of them before entering the main loop. The
simulation in the main loop starts at a time ts1ay1 &trd continues until a lime t"n1
performing a simulation in a time interval provided by the user. In the main loop,
the earliest event in the event queue is fetched, the signal change associated with
the event is processed (and possibly stored for future use when the results of the
simulation have to be presented) and new events caused by the current event are
created and stored in the event queue at the appropriate time.
The two basic mechanisms that are widely used for gate-level simulation, viz.
compiler-driven and event-driven simulation, have been presented here. The choice
for either of these techniques depends on the user requirements: compiler-driven
simulation is quite fast but can only deal with limited delay models, whereas eventdriven simulation can deal with very general delay models at the expense of more
computer time (due to the overhead of the event queue processing). In the case that
the delay model required is supported by both mechanisms, the circuit activity should
determine the choice as compiler-driven simulation recalculates many or all signals
for each time instant, whereas event-driven simulation only recomputes those signals
that are actually changing.

Apart from refinements of the compiler-driven and event-driven mechanisms,
more advanced simulators also use combinations of both techniques. Compile-time
analysis can e.g. supply some information on when signal changes can be expected.
This information can be used to prepare the data structures as much as possible in
advance, such that inserting events to the event queue and removing them later can
be performed more efficiently.

A completely different approach is demand-driven simulation. Instead of propagating stimuli forward through the circuit, it starts with the signals that the user wants
to observe in some time interval and goes backwards towards the circuit inputs. Each
time the algorithm traverses a gate from output to input, the boundaries of the time
interval are appropriately adjusted. When an input is reached, only the stimuli for
the relevant interval are processed and propagated. The demand-driven technique
performs even fewer gate evaluations than event-driven simulation: in event-driven
simulation, not all signal changes resulting from the stimuli may be interesting for
the user. On the other hand, the method has e.g. the disadvantage that it cannot deal
well with circularities in the circuit.

10.3

Switch-level Modeling and Simulation

The switch level is a level between the circuit level, where signals are analog, and the
gate level, where signals with discrete values are propagated through unidirectional
elements. At the switch level, signals are discrete, but signal flow is bidirectional due
to the "switches" that model the transistors. Transistors are the only electrical components of which a circuit at the switch level is composed except for resistances and
capacitances that may also be included in the circuit model for a better approximation
of real circuit behavior.

10. Simulation

181

The main reason why switchlevel simulation is interesting is that the models used
are more accurate than in gate-level simulation, while the computational effort required is far smaller than in circuit-level simulation. Obviously, appropriate techniques are required for performing simulations at this level. They are discussed here
in two parts dedicated respectively to modeling issues and simulation mechanisms.

10.3.1

Connectivity and Signal Modeling

The modeling of connectivity at the switch level can be done by the general "cellport-net" model introduced in Section 7.1. The only restriction is that all the cells are
either switches, inputs or outputs.
Switch models were already used in the 1940's for relay circuits and received
new attention in the late 1970's with the wide use of the MOS transistor. Two main
contributors to this field have been Bryant and Hayes who independently proposed
similar switchJevel models. The MOS transistor mainly acts as a switch: the value
of the gate signal determines whether or not the source and the drain are electrically
connected (see also Appendix A). Besides the aspect of switching, the switch-level
model also takes into account capacitances and resistances in the circuit. However,
this is normally not done by means of linear differential equations known from circuit
theory. Capacitances and resistances enter the model indirectly as strengths.
A signal is represented by a pair (s, u), where:

e s is a stength (one could think of the impedance of the voltage source providing
the signal), and

o u is a level, a voltage with
where

'x'

discrete values at least including '
represents the unknown signal value.

l' , ' 0 '

and

'x'

,

Nels (or nodestl are divided into two groups:

.

storage nets, that are able to store charge; they have a strength (capacitance value)

which is discrete.

o input

nets, that carry a signal with a fixed level and the highest-possible strength
(they can provide the network with an arbitrary current; think of an ideal voltage
source); an input net is always connected to an input (cell), which is often a power
supply terminal.

Transistors also have a strength, a discrete value related to their conductance.
In Bryant's model, all strength values s are integers in the range 1,2, ..., k, ..., w,
with the following subdivision:

.

s

:

ur: s is the strength of an input signal;

I The term

node is mainly used in circuit theory and simulation, whereas the term ner is more common in

the field of layout. As both refer to the same notion,

it

has been chosen

to always

use net

in this chapter.
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ur: s is the strength of atransistor;

o I < s < k: s is the strength

of a storage net.

A transistor's strength s should be interpreted as a maximum strength that can pass
through the transistor. So, signals with a strength larger than s are reduced to strength
s, while signals with strength less than or equal to s maintain their strength when
passing through a transistor. The strength s of a storage net has a similar function;
when all transistors connected to the net are switched off, the strength of the signal
remaining in the net is at most s.
The model will now be explained by means of examples of indexNAND gateNAND gates in different logic circuit styles as shown in Figure 10. 11. The strength
of a net is shown between parentheses behind the net name and the strength of a
transistor is given between parentheses next to the transistor symbol. It turns out that
with ru : 5 and k :2,three different logic circuit styles can be modeled effectively:
static CMOS, nMOS and domino CMOS. They are discussed separately below
Stcric CMOS is the logic circuit style that consists of two complementary seriesparallel networks as discussed in Appendix A. The term "static" refers to the fact that
the gate behavior is independent of any clocking strategy: as long as the gate inputs
are stable, the gate output will be stable as well. Only a single strength value for the
transistors (3) and a single strength value for the storage nets (1) is sufficient for the
adequate modeling of static CMOS as can e.g. be seen in the NAND gate presented
in Figure 10.1 l(a). This is a direct consequence of the fact that for any combination
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of input signals, there is either a conducting path from V6 to lhe output or one from
%, (but not both). This means that the output value is either (3, ' 1 ') or (3, ' 0 ')
(the strength of the input nets is always reduced to 3, the only transistor strength in
the circuit).

nMOS technology is a technology that historically preceded CMOS technology. As
the name already suggests, this technology is based on n-channel MOS transistors
(nMOSTs) only. Two types of nMOSTs are used in nMOS technology: the enhancement IMOST, which behaves exactly in the same way as the nMOST used in CMOS
technology (see Appendix A) and the depletion nMOST that basically behaves as
a resistance (the transistor is fabricated in such a way that its source and drain are
always electrically connected). The nMOS NAND gate of Figure 10.1l(b) functions
as follows. When either of the signals A or B is ' 0 ', the output should have level
' I', which is achieved because of the existence of a conducting path thrcugh the
depletion transistor. When both A and B have value ' 1' , the depletion transistor
continues to conduct, but its resistance is higher than the resistance of the two enhancement nMOSTs in series, which means that the output gets level '0'. The fact
that the depletion transistor has a higher resistance (a lower conductance) than the enhancement transistors implies for the switch-level model that it has a lower strength
(3) than the strength values of the enhancement transistors (4). So, when both inputs
have level ' 1 ' , the output value is \4, ' 0 ' ); when either of the inputs have level
' 0', the output value is (3, ' 1').

The domino logic CMOS NAND gate of Figure 10.11(c) functions as follows:
when the clock @ is low, net n I feeding the gate's output, is precharged, i.e. charge
flows from the power supply to n1 via the pMOS transistor; when @ is high, charge
stored on net nt should flow to Vs5 only when both signals A and B have level '1'
(NAND function). A correct functioning requires that n1 can store considerably more
charge than net nz, otherwise, when A has level ' 1' and B level ' 0', charge could
flow from n1 to n2, degrading the gate's output level unintentionally. This effect is
called charge sharing. Charge sharing is avoided in the model by giving r,et nt a
strength of (2) and n2 a strength of (l). The output ofthis gate is either (3, ' 0 ') or

(2, ' L',).

10.3.2 Simulation Mechanisms
The main issue in switch-level simulation is, of course, the simulation algorithm
itself. Normally, the circuit is not simulated as a whole at the switch level. It is
first partitioned into subcircuits that only have unidirectional communication with
each other. Unidirectionality occurs when a signal drives the gate of a transistor. The
exchange of signals between these subcircuits can be simulated using an event-driven
mechanism. Therefore, the discussion in this section concentrates on the simulation
of a single subcircuit after paying some attention on how the subcircuits can be
obtained from the large circuit. Figure 10.12 illustrates how a network oftransistors
can be partitioned.
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(b)

(a)

Figure 10.12 The static (a) and dynamic (b) partitioning of

a

CMOS network into unidirec-

tional subcircuits.

Figure 10. l2(a) shows a so-called static partitioning in which connections to the
gate of a transistor determine subcircuit boundaries irrespective of the signals carried
by the nets. Dynamic partitioning, on the other hand, takes signal values into account

which can result in a further partitioning of the subcircuits. In Figure 10.12(b)
for example, the fact that transistor T is switched off due to the presence of a
signal ' 0 ' on its gate, means that the upper and lower part of the right subcircuit
are electrically isolated and can therefore be evaluated separately by a simulator.
Dynamic partitioning has the disadvantage that the partitioning of the circuit has to
be repetitively recomputed as the signals change. The advantage is that the circuits
that have to be simulated at the switch-level are smaller.
From a computational point of view, the static partitioning a circuit of transistors
is quite straightforward (see also Exercise l0.l). Assuming that the "cell-port-net"
model introduced in Section 7.1 is used for the circuit representation and that
a list of all transistors is available, one can simply traverse the circuit starting
from an arbitrary transistor checking the nets to which its source and drain ports
are connected. Using a procedure similar to depth-first search, as discussed in
Section 3.4.1, one can recursively visit those transistors whose source and drain
ports are also connected to these nets. The search does not visit transistors of
which the gate port is connected to the net. The search also stops when hitting
an input net, as these nets block the propagation of signals arriving through a
transistor. All transistors that have been visited as the result of one original call
to the procedure, end up in one partition, sometimes called a channel-connected
component. Transistors from the list that have not been yet visited, should be used
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Figure 10.13 The representation of the static CMOS NAND gate of Figure 10.11(a) using
the multigraph model.

as the starting point for the search for new partitions. All this can be done in time
that linearly depends from the number of transistors and nets in the circuit. Looking
for dynamic partitions can be done in a similar way except that transistors that are
switched off should not be traversed by the search.
Instead of using the "cell-port-net" model, it is possible to use a simpler representation model for channel-connected components because of the specific circuit
structure of such a component. The cell-port-net model had three disjoint vertex sets
in order to express that a cell has many ports and that nets are connected to many
ports as well. In a channel-connected component, only the source and drain porls of
a transistor participate in the bidirectional signal flow, which means that the gate port
does not need to be represented explicitly. This has the consequence that all transistors (the only "cells" in the circuit) would be represented by a vertex with exactly
two outgoing edges (to the source and drain ports). Then, no information is lost if
the vertex representing a transistor is removed and the transistor is represented by
a single edge contecting the two ports. On the other hand, because net vertices are
either connected to source or drain ports of different transistors and the two ports
are functionally equivalent, again no relevant information is lost by merging all port
vertices connected to a net vertex with the net vertex. What remains is a graph model
with a single type of vertex for the nets and one type of edge for the transistors: the
edge runs between the net connected respectively to the source and gate ports of the
transistor. The resulting graph is a multigraph, a graph in which parallel edges are
allowed (see also Section 3.1). Figure 10.13 shows the multigraph representation of
the static CMOS NAND gate given in Figure 10.11(a). The figure shows, for each
vertex, the net name corresponding to it together with the net strength and for each
edge the transistor strength of the corresponding transistor together with the input
signal controlling the transistor gate. The multigraph model will be used in the rest
of this section to present the algorithms used in switch-level simulation.
Given a multigraph G(V, E), the signal present on vertex u € V can be denoted
by \ou,.l"r), where o, is the signal's strength ar,d )"u is the signal's level. For an edge
(u,u) e E, €u.u has as its value the strength of the transistor corresponding to the
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if the transistor is conducting. If the transistor is nonconducting, the value of
u,, is zero.In the discussion below, two effects that are mutually dependent, will be

edge
e

considered:

o the signal flow along an edge (u, u) e E

given the signals present on the vertices

u and u',

o the signal present on a vertex u € V given all signals flowing
(u,u) e E.

along the edges

Let ou-, denote the "strength of the signal flowing from vertex u to vertex
through edge (u, u) e E" . The semantics of the switch-level model are such that:
du+u

:

min(ou,

eu,u)

u

(10.1)

So, as stated earlier, a transistor limits the strength of a signal passing through it to its
own strength. The level of such a signal remains equal to ).r. Note that signals passing
through a nonconducting transistor will have a strength zero, which actually means
that no signal at all passes the transistor. The value zero was not mentioned as a valid
strength value in Section 10.3.1 because it is not a property of a circuit component. It
is only introduced to facilitate the description of the simulation algorithms. Another
remark to be made is that if the signal at u is stronger than the signal at a, no signal
actually flows from u to D, but a signal flows from u to u. However, pretending that
signals always flow both from z to u and from u to u along an edge (u, u) e E only
facilitates the description of the simulation algorithms below without affecting its

results.

In a switch-level network the signals present on the input nets will flow through
the conducting transistors to determine the signals in other nets. It may be that some
nets do not have a path through conducting transistors to any input net. The signals
on these nets are determined by the charge initially present on them (this charge may
be redistributed as a consequence of the strength of the storage nets). So, it is useful
to subdivide the set of storage nets into two groups: driven nets of which the signal
values are determined by a conducting path from input nets, and charged nets that
do not have such a path. Consider e.g. net n2 of the domino logic NAND gate of
Figure 10.11(c): the net is driven when signal @ is low and it is charged when @ is
high while either of the signals A or B are low.
Suppose that a driven net u € V has edges (ur,u),... ,(u*,u) e E, then the
strength o, of the resulting signal will obey:

OD: max

1<i <m

Ou;+t)

(10.2)

The level of the resulting signal will be equal to the level of the maximal strcngth
signal if there is only one maximal strength signal or if all maximal strength signals
have the same level. In the case of multiple maximal strength signals with distinct
levels, the resulting level becomes 'x' .
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struct signal {

int strength;
voltage level;
);

struct vertex
set of

{

struct edge

edges;

int strength; /* net strength */
struct signal state;
);

struct edge {
struct vertex *to, *from;
int strength; /* transistor strength */
int on; /* equals zero when transistor is off */
);

Figure 10.14 The data structures to be used for the description of a switch-level simulation
algorithm.

The strength and the level of a charged net are determined in a similar way. The
the strength of the net itself may turn out to be the maximal

only difference is that

one. For a charged net Equation

ou

:

(

10.2) has to be modified into:

r[Lx(or,

,?,T.

oui-,)

(10.3)

Now that the mechanisms governing the propagation of signals at the switch
level have been explained, an algorithm can be presented to compute the signal
values for each storage net given the signals on the input nets. The circuit is
represented by the multigraph model. Figure 10. 14 shows possible data structures

for the algorithm. They contain separate structures for vertices and edges called
vertex and edge (although an adjacency-list representation could also be used).
Also, a structure signal is used to represent signals as a pair of strength and

levef in accordance with the theory presented here. The data type voltage that
has not been declared is the enumeration of the three possible level values ' 0 ' , ' 1'
and 'x'. The state attribute for a vertex stores intermediate signals as computed
by the algorithm and will eventually contain the final signal value for the vertex.
Of course, the algorithm needs to incorporate in some way the two effects
mentioned above: signal propagation through the edges of the graph (the transistors
of the network) and the combination mechanism for signals arriving at a vertex (net).
However, Equations (10.1), (10.2) and (10.3) cannot be directly used in an algorithm.
The equations are valid for a solution of the problem, but they do not tell how such a
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leading to the

wrong results.

solution could be obtained. It is certainly not the case that replacing the equal signs
by assignments in these equations always leads to a correct solution.
One of the many methods for obtaining a correct solution will be pursued further
here. The method is very simple in the sense that it only considers a single edge
(a, u) e E at a time and updates the state of u given the state of u:

o, +- max(ou, ou-r,)

(10.4)

Only

a careful application of this rule leads to a correct solution as is shown below.
The initial state of the vertices should be initialized to the input signals for input
nets and to signals with the net strength and appropriate initial level for storage nets.
Consider e.g. the circuit shown in Figure 10. l5 with k : 2 and tu : 5 as the values of
the "strength parameters" (the same values as in Figure 10. I I ). Also, assume that all

threetransistorsareconducting.Thestateofnetngisstableatthevalueof (5,,1,)
throughout the execution of the algorithm because it is an input net. Simitarly, n
has the stable value of (5, ' 0 '). Propagating the value of ns to n2 changes the state
of n2 to the signal value (3, ' 1 ' ). This propagation step and the next ones for the
case that a "depth first" strategy is followed, are shown in Figure 10.16. The "depth
1

first" strategy amounts to propagating the effects of the latest signal change on some
net in a similar way as the depth-first search algorithm discussed in Section 3.4.1.
Unfortunately, the final value of (3, ,X , ) for net n3 in the example is wrong. Because
the final value of the signal on ,?2 equals to 14, , 0 , ) (which is correct), propagation
through the transistor connecting to n3 should result in the signal value of (3, , O , )
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for n3. Clearly, some more analysis is required to design a colrect signal propagation
strategy.
The reason why the "depth first" strategy gave the wrong result for the example
is that the value of nzwas propagated to n3 before it had reached its final stronger
value. This wrong propagation put vertex n3 into state \3, ' 1 ' ), after which it was
impossible to correct this state into (3, ' 0 ') because a newly arriving signal is
always combined with the old state in the computation of the new state.
The problem encountered in the example can be avoided if all nets are allowed
to reach their final strength value before they can propagate their values to their
neighbors. This can be achieved by giving priority to the vertex with the strongest
signal for the propagation of its signal value to its neighbors. For example, a vertex
u with strength 3 should not propagate its signals to its neighbors as long as there
are vertices with stronger signals that still have to propagate their signals; they may
change the strength of the state of u from 3 to 4. This method can be justified
by realizing that signals traveling through a channel-connected component either
maintain their strengths or become weaker; they are never amplified. Therefore, it is
guaranteed that a signal that is propagated has always reached its final strength value.
It is, however, possible that a vertex is selected twice for propagation for the same
strength value but different level value (see later).
The strategy proposed asks for a queuing mechanism that stores the vertices whose
signals need to be propagated, sorted by the strength of their signals. In the pseudocode of the switch-level simulation algorithm given in Figure 10.17 this queuing
is done by means of an array of sets of vertices, one set for each strength level.
The pseudo-code summarizes the approach as discussed in the text above. Two

auxiliary functions that have not been declared are called in the code. The first,
add_to-queue, adds a vertex to the "queue" at the given strength value. It also
removes the vertex from a queue position at a lower strength value if present' The
function combine computes the combination of two signals according to the rules
already explained (the result is the strongest signal; if the two signals have the same
strength, the level of the result becomes 'X' when two distinct signal levels are
involved).

It is not difficult to compute the time complexity of this algorithm. A vertex is
selected for signal propagation at most twice. All vertices propagate their signals
at least once, when they reach their final strength value. It may be' however, that a
vertex is added to the queue for the second time at the same strength value but a signal
level of ,X,. So, the number of propagations from a vertex is at most 2lVl. Because
each edge (u, u) e E in the graph is inspected both when propagating signals from u
and a and from u to a, there will be at most 4lEl edge inspections. This gives a time
complexity of O(lVl f lEl) which can be simplified to O(IED because all vertices
in thi graphs considered have at least one outgoing edge' Note that the removal of
an already queued vertex in the function add-to-queue can be done in constant
time by maintaining an extra attribute for each vertex that indicates its position in the
queue.
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switch_level_simulation (set of struct vertex V)
{

set of struct vertex Q[ur -| 1];/* Q[0]
struct signal new-signal;

is not used

*/

for(i<-l:,i<w;i<-i+1)
Qljl <- 0;
foreach u eV I
if ("u is an input vertex")

{

u.state <- "input signal value";
add-to-queue(u, Q, r.u);
)

/* u is a storage vertex */
u.state <- "signal initially stored on u";
add_to-queue(u, Q, u.strength);

else {

)

for(l <- w', i < l;i
while (Qt,l l0) {

<-

i - l)

u <- "any element removed from Q[i]";

for each s

-

(u,

u) e u.edges

if (e.on) {

new-signal.strength <- or-,
new-signal.level <- u.level;

if

;

(new_signal "is not weaker than" a.state) {

,l.state <- combine(a.state, new_signal);
(a.state "has changed after calling combine")

if

add_to_queue(u, Q, new_signal.strength)

;

)
)

)

Figure 10.17 The pseudo-code of a switch-level simulation algorithm.
The evolution of the algorithm when applied to the example circuit of Figure I 0. 15

is illustrated in Figure 10. 18. The first column shows the propagations of signals
from a vertex u to a vertex u along the edges of the graph. An exclamation mark
means that the propagation step did not result in adding a to the queue because the
signal on a did not change. The second column shows the contents ofthe queue after
propagation, while the third and fourth columns show the state of the vertice s n2 and,
4 (the states of ng and nr are not shown because they are constant throughout the

computation).
Above, the basics of switch-level simulation have been discussed. This section
ends with mentioning briefly some issues related to the topic that cannot be discussed

in detail.
The approach to switch-level simulation described above is a static one: it assumes
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Figure 10.18 The illustration of the switch-level simulation algorithm when applied to the
circuit of Figure
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that all input signals including those connected to the transistor gates are constant.
For each change in any of these signals the algorithm has to be executed all over
again. A dynamic approach, on the other hand, stores some additional information
regarding how the results of the simulation were obtained, such that only a subset of
the vertex states need to be recomputed when an input signal has changed'
Another issue that has not been discussed here is how to deal with transistor gate
signals whose level value equals 'X' which means that it is unknown whether a
transistor is conducting or not. The goal is in this case to detect those vertices whose
signal values will not be affected by the "on" or "off" state of the transistors with
unknown gate signals. All other vertices will receive a signal level 'X' . It seems
thar2n runs of the simulation algorithm are necessary if there are r? transistors with
unknown gate signals. However, it turns out that the problem can be solved with 2
runs only.
The switch-level model and the simulation algorithm based on this model, as has
been described here, has the disadvantage that no information on switching delays
can be inferred. The model is too abstract to relate strength values of transistors and
nets to resistances and capacitances respectively. More refined models that better
approximate the electrical properties of transistor circuits have been proposed. One
can e.g. use continuous signal models instead of discrete ones, while still modeling a
transistor as a switch that is either in a conducting, nonconducting or unknown state.
If the model works with realistic values for resistances (R) and capacitances (C), RC
products can be used to predict switching delays. A simulator that makes use of these
principles is called a switch-level timing simulator.

10.4 Bibliographic Notes
A general introduction to VLSI simulation is given in Chapter 6 of [Rus85]. A more
detailed discussion can be found in the textbook by Gosling [Gos93] that is dedicated

to the topic of simulating digital circuits in general and gate-level simulation in
particular. A paper that deals with theoretical issues related to the modeling and
simulation of VLSI systems is [Lig87].
Textbooks on techniques used in circuit-level simulation are: [Vla83] or [OgO4].
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An enumeration of techniques used for macro and timing modeling and simulation
that also covers the circuit and switch levels can be found in [Kon95]. A detailed
discussion of timing simulation is given in [Ter85]. Mixed-mode simulation is the
topic of [Sal94]. As mixed-mode simulation deals with the integration of analog and
digital simulation models, the book also gives sufficient attention to both domains
separately. A review of register-transfer level simulation is given in [Hem75]. Regarding VHDL, it can be said that it is strongly simulation-oriented and that the
semantics of the language as e.g. described in [Lip89] indicate the techniques to
be used in a simulator. An example of a system that is able to perform hardwaresoftware co-simulation is Ptolemy [Kal93].
The notation of ' 0 ', ' 7' , ,x, , etc. for signal values has been borrowed from the
standardized VHDL data type std_1ogic [Nay97].
Introductory texts on gate-level simulation are Chapter 4 of [Bre76], [d,A85] and
chapter 6 of [Rus85]. The topic is also discussed in [Mao3], which is a German
text covering many aspects of vLSI design automation. A fast compiler-driven zerodelay simulation tool is presented in [Bar87]. Techniques that can be used in unitdelay compiled simulation are described in [Mau90].
An early paper that presents the event-driven simulation mechanism for digital

circuits including the time wheel is tUlr69l. More on the priority queue, which was
mentioned as an alternative to the time wheel, can be found in many books on algorithms, including [Sed88] (and [Sed90]). A technique that describes a combinarion
of compiler-driven and event-driven simulation is presented in [wan90]. A demanddriven simulator has been reported in [Smi87].
The two researchers that independently have proposed the switch-level model for
simulation, Hayes and Bryant, have authored two companion review papers: [Hayg7]
and [Bry87a]. The paper by Hayes is more on modeling and also contains some
historical remarks. The paper by Bryant covers modeling too, but discusses possible
simulation mechanisms as well. The notation used in this text has been taken from
Bryant's paper.
The switch-level simulation algorithm presented in this chapter is a graph theoretical one. A similar algorithm, albeit for a slightly different switch-level model, is
described in [Adl9l]. An algebraic approach based on matrix calculus for Bryant's
model is described in [Bry84]. Approaches partially based on compiler-driven methods have been reported in [Bry87b] and [Bar88]. A paper that concentrates on the
fundamentals of switch-level simulation by showing its relation to circuit-level simulation is [Byr85].
Techniques for switch-level timing simulation are described in [Raog9], [Gen90]
and [Gen91].

10.5

Exercises

10.1 Consider a transistor network meant for switch-level simulation, that has been
described using the "cell-port-net" model of section 7.1. Give the pseudo-code
of a procedure that performs the static partitioning of the circuit and refer in

10.

Simulation
this code to the data structures of Figure
are given in the text of Section 10.3.2).
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.2 (the

main lines of such

a

procedure

L0.2 The transistor strength of the switch-level model presented in Section 10.3 is a
measlue for the degree of conductance of the transistor (when the transistor
is conducting). In the model, the series connection of two conductances is
equivalent to the maximal conductance and the parallel connection of two
conductances is equivalent to the minimal conductance. Verify this. Compare
this behavior to the behavior in a real eleetric circuit and show that the switchlevel model only approximates the electric model when the two conductances
involved have different orders of magnitude'

11

Logic Synthesis and Verification
This chapter deals with logic synthesis, the automatic generation of circuitry starting
from bit-level descriptions, and the related topic of logic verification, the comparison
of a synthesis solution (especially those obtained by "manual design") with a
specification for the purpose of checking the solution's correctness. As was briefly
mentioned in Chapter 2, three categories for logic synthesis can be distinguished:
two-level combinational logic, multilevel combinational logic and sequential logic.
One can roughly claim that the complexity of the problems grows in the given order;
two-level logic synthesis can be considered a special case of multilevel synthesis
(add the constraint that no more than two logic levels can be used) and multilevel
combinational synthesis can be seen as a special case of sequential synthesis (with
zero states).

Due to the complexity of the matter and the limited space available, this chapter
will mainly deal with two-level logic synthesis. Even when the other two problems
are more relevant to practice, they cannot be properly understood without some
knowledge of two-level synthesis. The goal of this chapter is to provide some basic
training in thinking about logic synthesis that goes beyond what can be found in
introductory books on digital design.
After an introductory section, detailed attention is paid to the binary-decision
diagram (BDD). This is a useful and often compact representation mechanism for
Boolean functions that has applications in logic synthesis, verification as well as in
many problems outside the field of logic design. The last part of this chapter presents
an algorithm for two-level logic synthesis based on BDDs.

11.1 Introduction
1

1.1.1

to Combinational Logic Synthesis

Basic Issues andTerminology

Logic circuits that do not possess an internal state are called combinational. Combinational logic circuits are built from elementary logic gates, such as NAND and
NOR gates that are combinational themselves. Also, such circuits cannot have directed cycles (feedback loops) that may implicitly create memory elements.
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The behavior of a combinational logic circuit consisting of m inputs and n outputs,

canbedescribedby aBooleanfunction

f : B-

--+ Bn,

whereB: {'0','1,}

is the set of Boolean values. For each output, the function assigns either of the
values ' 0 ' or ' 1 ' to any possible combination of input signals. The combinational
logic synthesis problem could, therefore, be stated as the problem of generating
some circuitry that will implement the behavior given by a Boolean function while
minimizing some cost function.
In many practical situations, the behavior of a circuit is not fully specified by

a

Boolean function. The function is incompletely specified because some combinations
of input signals are known not to occur or because the values of some outputs do not
matter for some specific input patterns. Specifications of such a behavior require a
third output value called the don't care value and denoted by , - ,. In order to deal
with don't care values, a Boolean function will be redefined as f : B^ -+ Y', where
Y : {' 0',' 1,',' -' }.For each output of the circuit, the space Bn of input signals
can be partitioned into three sets: the on-set that contains all points in Bn for which
the output should be ' 1' , the offset containing all points for which the output is
' 0 ' and the dc-set for the remaining points for which the output is don't care. The
use of incomplete speciflcations has the main advantage that the logic synthesis tool
has the freedom to decide which points of the dc-set will eventually be assigned
an output value ' 0' and which a value ' 1, . This freedom will in general lead to
cheaper solutions. A Boolean function whose dc-set is empty is calledfully specified.
The m Boolean variables xt, . . . , x- will be used to specify any of the points in
the input space Bm. A point is specified by assigning either , 1, or ,0, to each of
the variables xi (l < i < m). Consider e.g. the point (, 1, ,,0, ,,L,) in 83. It
can also be given by the Boolean expression'. x1 : '1,' A x2: '0, A x3 : ,1,
or by the expression x.t . :rz . y, if xi : 'f is denoted by x; and xi - , 0, by
x; (the complement or negation of x;) while the "and" operator ('n') is replaced
by the smaller symbol '.'. The location of the point xr .xz.x3 in 83 is shown in

Figure 1 1.1(a).
The term literal denotes a Boolean variable or its complement. Any point in Bm
can be identifled by a product of the m distinct literals. Such a product is called a
minterm. So, the expression \ . )c2 .,r3 mentioned above is a minterm for ,B3.

A product ofliterals

can be used to define a set

ofpoints rather than a single point
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f
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in 83 (a) and two possible coverings by

by dropping one or more literals from the product. This means that the Boolean
variable associated with the absent literal can have both possible Boolean values.
The set of points defined in this way is called a cube. Figures 11.1(b) and (c)
show examples of cubes that form a one and a two-dimensional subspace of ,B3
respectively.

Given the facts that minterms uniquely identify single points in Boolean space and
that a fully-specified Boolean function is described by the points in its on-set (the
off-set is the on-set's complement), a Boolean function can be specified by a sum
of minterms. The expression has a minterm for each point in the on-set. Consider
e.g. the on-set of the Boolean function given in Figure I 1.2(a). The sum of minterms
corresponding to this function is:

f : xt .n.\

*i

.xz.xl

+ xl

.m.xl * xt .xz.xJ

+ xl .xz.xt

*

x1 .x2 .x3
(11.1)

For each Boolean function, the sum of minterms is a canonical fotm which means
that it represents the function in a unique way. To be more precise, the minterms in
the expression should be sorted (e.g. using the position of the complemented Boolean
variables as a sorting criterion) for the form to be truly canonical. The availability of
a canonical form is especially important for purposes of verificatio,?: one may want
to compare the specification of a (fully specified) Boolean function prior to (manual)
synthesis with the Boolean function corresponding to the designed hardware and
make sure that they are equal. If the sum-of-products canonical form of both are
available, the comparison task is trivial and amounts to scanning the two expressions
minterm by minterm. The main problem of using the sum-of-products canonical
form in practice is the size of the representation. The input space for a Boolean
function of m variables has 2t points which means that a sum-of-products canonical
form will consist of O(2m) minterms. This prohibits the use of this canonical form
in many practical situations.
The specification of a Boolean function by its sum-of-products canonical form is
very similar to a specification by means of a tuth table. The truth table enumerates
all points in Boolean space and states for each point whether it belongs to the on-set,
off-set or dc-set. The truth table for the fully-specified function of Equation (11.1)
(and Figure ll.2(a)) is given in Figure 11.3. By deflnition, any truth table for a
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Figure 11.3 The truth table for the function of Figure 11.2(a).
function of ru Boolean variables will have exactly 2n entries.
When looking for a more compact canonical form for Boolean functions, one can
think of using cubes instead of minterms. A cube whose points are either in the onset or the dc-set is called an implicant of a Boolean function. An implicant that is not
included in any other implicant and that has at least one point in the on-set, is called a
prime implicar?r. Note that the definitions just given remain valid in the case of fullyspecified functions whose dc-sets are empty (as is assumed below). Obviously, it is
possible to have a sum-of-products expression in which the products are all prime
implicants of the Boolean function. The function / of the example of Figure 11.2(a)
can be written as the sum of its six prime implicants:

f :n.n+i

n+i.x3-lx1

.xz*xz.x:*xr .xr

Although each product is prime, the expression is redundant. The product xl '-r2 e.g.
can be left out as the two points that it defines are contained in xr .x: and x2.x3. In
the case of this example, it turns out that two irredundant prime covers are possible,
corresponding to the expressions:

f:a'rr+n'x3lxt'xz

(1r.2)

and:

f:4'xzlx2'x:*xt'x:
They are illustrated in the Figures 11.2(b) and (c). Although these last two expressions are both minimal, the existence of two different expressions shows that minimization alone does not lead to a canonical representation. The complete set of
prime implicants of a function, on the other hand, is a canonical form, called Blake's
canonical form. This canonical form has a limited practical relevance, however, as
a consequence of the effort necessary to compute the complete set and the possibly
large size ofthe set.

Another issue is that a representation with general cubes instead of minterms
does not always lead to a reduction of the representation size. A well-known fullyspecified function with this property is the parity function. Its on-set consists of
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those minterms in which the number of noncomplemented Boolean variables is odd.
Figure I I .4 shows the on-set of the parity function in 83. None of the points in the
on-set of the parity function are adjacent (two points in Boolean space are adjacent
if they can be transformed into each other by complementing a single literal in their
minterms); this means that all prime implicants are minterms.

The topics that have just been described introduce two problems that will each be
discussed in a separate section below. The first problem is to have a compact canonical representation of a Boolean function. An alternative to the sum of minterms is the
binary-decision diagram that is presented in Section 1l .2. The second problem is to
obtain a minimal sum-of-products expression; this problem is called two-level logic
synthesis and is discussed in Section 1 1.3. Before continuing the theory, however, a
short exposition on the VLSI designer's view of logic synthesis is given below.

11.1.2 A Practical Example
a Boolean function of rn variables gives riseto 2* possible input combinations, most practical problems are such that not all possible combinations need to be
specified explicitly. Besides, the language used as an input for logic synthesis will often allow the use of Boolean operators (such as and and not) and if - then - else
constructs such that the designer can express the behavior of the desired function in
a compact way. Figure I 1.5 shows the specification in the popular VHDL language
of a simple Boolean function. It is beyond the scope of this text to explain the syntax and semantics of VHDL in some detail. What matters in this example is that the

Atthough

declared circuit called example has 5 Boolean input variables x1 to x5 and two
Boolean outputs y1 and y2.The outputs are computed according to a specification
in which the first two variables appeal in the condition of an if statement and the
other three in the assignment statements in the then and e 1 s e branches of the i f
statements.

A logic synthesis system will parse this textual description and convert it to
expressions that specify the on-sets and dc-sets of the two outputs. The on-sets are
given by:

: xt. tcz. xl' *q+ n' n'
y2: xt ' :cz' @z * xq)
y1

x2'

4 \a a x5)

(11.3)
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library

ieee;
use ieee.std-logic- I I 64.all;

entity example is

port (xl, x2,x3,x4, x5: in

std_logic;

yl, y2: orut std_logic);
end example;

architecture behavioral of example is
begin
react: process (xl,x2, x3, x4, x5)

begin

if xl

='l'

and x2

<=

x3 and x4;

='0'

then

yl

y2 <=x3orx4;

elsifx2 ='1'
then

yl

<= not (x3 and (x4 or x5));

Y2

<='-''

else

yl <-'-';
Y2 <='o';
end if;
end process react;
end behavioral;

Figure 11.5 The VHDL code for

a simple combinational

logic circuit.

and the dc-sets by:

: xt 'n'

x2

Y2: xl ' a'

xz

Yt

These expressions have been obtained by rewriting the i f statements into Boolean
expressions (by "anding" the condition with the expressions in the then branches

and "anding" the complement of the condition with the expressions in the
branches). No further simplifications or transformations have been applied.

erse

Note that expressions of this type are by no means canonical. They may be suitable
logic synthesis. They may also be directly used to
build BDD representations (see Section 11.2.2).If necessary, converting them to a
as a starting point for multilevel

sum-of-products form is not difficult by repetitively applying elementary laws of
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Boolean algebra such as:

a.b :

-fb

a

(a*b).c:a'b+a'c
A'A:A
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:a

a+b:a.6
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ala:a
a*a:'L'
al'a':a
-.
U-f

t

t1,
f

(l

,1
--

a

1.4)

t

Note that the first line contains the two versions of De Morgan's Rule and the second
the two laws of distributiviry (the second law of distributivity can be used to construct
a product-of-sums form rather than a sum-of-products form).
One can also evaluate the expressions for all possible values of the input variables
and construct a truth table. In such a case, one has already performed a number of
calculations that grows exponentially with respect to the number of input variables
already before starting the synthesis process.

11.2

Binary-decision Diagrams

As mentioned in Section I 1.1, the fact that a Boolean function of m variables defines
a Boolean space of 2m points makes Boolean functions difficult to deal with from a
computational complexity point of view. This exponential growth of Boolean space
with respect to the number of variables may lead to algorithms with an exponential
worst case time complexity.
Before thinking of algorithms, one should first make sure that the data structure
to represent a Boolean function is compact on one hand and easy to manipulate on
the other. The sum-of-minterms representation that was mentioned in Section 11.1
suffers from not being compact. This section presents an alternative called the
reduced ordered binary-decision diagram (ROBDD). It has been proposed by Bryant
and is now widely used for logic synthesis and verification as well as many other
areas both inside and outside VLSI design automation. Its use leads to compact
representations for most Boolean functions, although functions exist for which
the size of the data structure still can grow exponentially. Also, many common
manipulations on the data structure required for logic synthesis and verification can
be performed efficiently.

11.2.1 ROBDD Principles
The first notion that should be introduced for the understanding of ROBDDs is
restriction. This means the substitution of a constant value for one of the Boolean
variables of a Boolean function. Substituting the value ' 1 ' for the variable x;
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(1 < i < m)in afunction/will
'o' by fi,. So:

be denoted

by

/,,

and substituting the value

fri : f@t,..., xi-:,' !', xi+t, ..., x*)
ft : f@t,..., xi_t,, 0,, xi+t, ..., x*)
The two restrictions are also called the positive and respectively negative cofactors
of / with respect to x;. Consider e.g. the function / given earlier in Equation ( I l.l):

f :i'

n'4 *i'

xz'"y3

+xl

.

xz. xl -l xt. :e. xz * xt. xz. x3 * x1. x2.

x3

For this function:

f", :

x't

fn:D

'x3+x2'4*x2.x3
'h+x2'xz*xz'4

The two restrictions with respect to a single Boolean variable are used to express
the identity which is known as the shannon expansion of a Boolean function /
(although the principle was already known to Boolel):

f:xi'f,,

ii'fl

(

l l.s)

Note that the restriction of a Boolean function is a Boolean function with one variable
less than the original function. The recursive application of Equation (l1.5) to the two
functions in its right-hand side will eventually lead to a fully-expanded expression.
The recursion stops when all variables have been expanded and the restrictions /r,
and f* are equal to either of the constant functions , 0 , or , 1 , (the number of
variables, m, is zero for a constant function). The step-by-step full expansion of the
example function mentioned above, taking the variables in the order xt, x2 and h,
results in:

f : xt '@z'xt * xz. n * x2.xi) +i @.4 + x2.xt * xz.xs)
: xt. (x2' (x3 +x-r) *xz. (x:)) -FxJ. (xz. (xi) +-r2 . (.r3 +x3))
: xt.(x2-(xt. '7' +u. '7') *xz.@t.':_' +-r3. ,0,)) +
i' @2. @2.'0' +"{3 .' 1') *xz. @2.'L' +4.,1,))

(ll'6)

Irrespective of the many possible initial specifications of a Boolean function, the
full Shannon expansion ofthe function will lead to a unique representation provided
that the expansion processes the variables in a fixed order. Full Shannon expansion
is therefore a canonical form, which is not so surprising as the form enumerates

all points in the input space of the Boolean function (compare the form to the sum

of minterms and the truth table). The interesting aspect of the fully expanded form
I G"org. Boole (1815-1864) is the founder ofwhat
is known today as Boolean algebra. ClardeShannon
(bom in l9l6) is especially known as the father of information theory.
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Figure

is that it

11.6

The OBDD for the example function of Equation (11.6).

has a graph representation and that transformations can be applied to this

graph representation which often considerably reduce the size of the graph without
sacrificing the property of having a canonical form. Below, the graph representation
called the ordered binary-decision diagram (OBDD) will be introduced first. An
explanation on the transformations that reduce the OBDD into an ROBDD follows
next.
The OBDD is a directed tree G(V, E). All vertices u e V, except for the root
and the leaf vertices, have one edge incident to them and two edges incident from
them. The two edges incident from a vertex pointing to the children vertices are
calledhighandlow and are respectively denoted by ri(u) and ).(u). Also, each vertex
has an attribute called variable and denoted by d(u). The root vertex does not have
an edge incident to it. The leaf vertices do not have any edges incident from them.
The OBDD has a nonleaf vertex u for each application of Shannon expansion as
given in Equation (11.5). The mapping is as follows: Q@) : xi, rl(u) points to an

OBDD (a subtree) that represents

/r,

and

l(u)

to an OBDD that represents

fr.Leaf

vertices are used when no more expansions are possible and the subtrees, therefore,
or ' 1' . In the case of
correspondto one ofthe two constant Boolean functions '

0'

a leaf vertex u , Q @) gives the value of the appropriate constant function. The OBDD
for the Boolean function as expanded in Equation ( 1 1 .6) is shown in Figure 1 1 .6' As
usual, the edges are supposed to be directed from top to bottom. Edges that point
to the "low" vertices are given by dashed lines while those that point to the "high"
vertices are given by solid lines.
Note that it is essential that the expansion uses the variables in a fixed order for
the representation to be canonical (in the case of the example, the ordering is .r1
followed by x2 and x3). This explains the adjective "ordered" in the name "ordered
binary-decision diagram". The ordering of variables will be given by the function
r that maps integers in the range I to m to variables. In the example: rr(1) : x1,
r(2) : x2 and r(3) :.r3. As any variable can only occur on one position, the
inverse of z exists. Here: r-t (x1) : l, n-t (xz) :2 and zr-1(r3) - 3.
Size reduction of an OBDD in order to obtain an ROBDD is achieved by means
of the following transformations:
I

cal 0@) by a single vertex and redirect all
edges incident to the original vertices to this single vertex.

. Replace all leaf vertices u with identi
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(,

Figure 11.7 The application of rransformation Steps I (a), 2 (b), and 3 (c) to the oBDD of
Figure 11.6 in order to obtain an ROBDD.

2. Processallverticesfrombottomtotop. If twovertices uanduarefoundforwhich
0@) : 0@), n@) : rl@) and )'(u) : L(u), remove u and redirect to z all edges
originally incident to

3. If

u.

edges u exist for which q(u)
originally incident to u.

:

)"(u), remove u and redirect to r7(u) all edges

Figure 11.7 illustrates how the subsequent application of these three steps to the
OBDD of Figure I 1.6 results in an ROBDD.
Note that any assignment of one of the two Boolean values , O , and , 1 , to all
Boolean variables selects a unique path from the root vertex to any of the leaf vertices
in the ROBDD. The value of the leaf vertex is the value of the represented Boolean
function for the combination of input values chosen by the assignment.
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(b)

(a)

11.8

Two possible ROBDDs for the function of Equation
and a less favorable (b) variable ordering.

Figure

The ordering of variables strongly affects the size

(

I 1.8) using a favorable (a)

of an ROBDD. Families of

Boolean functions are known that can be characterizedby some complexity parameter ft for which the size of the ROBDD can vary from a linear to an exponential
function of ft depending on the chosen variable ordering. Consider e.g. the family of
functions given below:
k

/ : fI

x2j-t

@ xzj

(11.7)

J:I

(the 'O' symbol denotes the EXCLUSIVE-OR operator). When k
function:

f:(xt@x).@zAx+)

= 2, one gets the

(il.8)

The ROBDDs of this function for two different variable orderings are given in
Figure 1 1.8. In the general case of the function of Equation (1 1.7), processing the
variables in increasing index order (xt, xz, x3, . . . ) will result in a compact ROBDD
containing 3k + 2 vertices. Processing the variables with an odd index before the
variables withan evenindex (xt,x3,... ,x2,xq,...), on theotherhand, willresult
in an exponentially growing ROBDD with 3 . 2k - | vertices (exercise: check these
expressions). This difference in size is due to the fact that the EXCLUSIVE-OR
operation can be directly "evaluated" for the first ordering whereas, for the second
ordering, all possible value combinations of the variables with an odd index have to
be stored before the evaluation of the EXCLUSIVE-ORs can start.
Although a favorable variable ordering can be found for most Boolean functions,
families of functions exist that have an exponentially growing number of vertices
in their ROBDDs irrespective of the variable ordering. The multiplication function
is such a function. The multiplication of two words of k bits, gives a result of 2/<
bits. Bryant has proven that for each ordering at least one of the 2k outputs needs an
ROBDD whose size is an exponential function of k.
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11.2.2 ROBDD Implementation and Construction
Now that the main principles regarding RoBDDs have been introduced and it has
become clear that their use results in compact representations in most cases, the
moment has come to discuss the algorithms that can operate on them. In this respect,
RoBDDs can best be interpreted as an abstract data type (or a class in terms of
object-oriented programming), a data structure with some procedures through which
the user communicates and that hide the actual details of the data structure. The
implementation of the data structures and procedures is generally called a BDD
package. The general ideas behind such a package will be presented below. However,
not all possible details that contribute to the package's efficiency will be covered in
order to keep the presentation clear. The functionality provided by the procedures in
a BDD package includes:

o The

conversion the description of some Boolean function in an external format
into an ROBDD. For reasons of efficiency, RoBDDs of multiple functions will
share as many vertices as possible.

o

The combination of functions that are already available, to create new functions
(by means of operations such as AND, OR, XOR, etc.).

o

The conversion

of a stored function into an external format for use outside

the

BDD package.
A pseudo-code description of the data structure for an ROBDD vertex is shown in
the first part of Figure 1 1.9. obviously, it needs to contain pointers to the variable (@)
and the two subtrees (4 and )") that the vertex is pointing at. An actual implementation
will need to store some more data that are not relevant to the discussion here.
However, the notation

identify

"(:Q,tl,i.)" will be used in the following text to

uniquely

a vertex.

A crucial issue in the efficient implementation of a BDD package is that the
RoBDDs are built directly rather than starting with a binary decision tree (that
always has an exponentially growing size with respect to the number of variables)
and then reducing it as was illustrated in Figure I1.7. The unique table is used for
this purpose. For each triple (@, ry, ).), the table points to the ROBDD vertex pointing
to the triple elements if such a vertex exists. The table can be implemented by means
of a hash table (see the Bibliographic Notes at the end of this chapter if you are
unfamiliar with hash tables). A hash table has the nice property that ir can retum
an entry in (almost) constant time without needing to reserve storage space for all
possible entries. In the rest of the discussion, it is sufficient to know that the interface
to the unique table is taken care of by the function old-or-new depicted in the
bottom part of Figure I I .9. Given a triple (Q , rl, x), it first checks whether a vertex
associated with the triple exists. If so, it retums the vertex. otherwise, it creates a
new vertex, adds it to the unique table and then returns it. It can be assumed that
each call to o1d-or-new takes constant time.
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/* The basic

data structure x/

struct vertex {
char *@;
struct vertex *4,

*,1.;

)

/* The

interface to the unique table

struct vertex *old-or-new(char

*l

*@,

struct vertex *4, *)')

{

if ("a vertex
return
else

u

= (Q,4,

.1')

exists")

u;

{

p <- "new vertex pointing at (Q' n, )')";

return

u;

)
)

Figure

LL.9

The

vertex

data structure and the function

o1d-or-new'

described in some extemal format (such as a symbolic expression) can be converted into an ROBDD by the repetitive application of Shannon
expansion as given in Equation (11.5). The recursive function robdd-build described in pseudo-code in Figure I l.l0 takes care of the conversion. It is assumed
that the two possible leaf vertices are already available before any call to the func-

A Boolean function

tion: the vertex ul representing the constant function '1' and u0 representing the
, ,
constant function 0 . The top-level call to robdd-bui ld takes two arguments:

the Boolean function / that should be converted into an ROBDD and the integer 1
corresponding to the first variable z ( I ) to be used for Shannon expansion.
Another thing that is assumed to be available is a simple symbolic computation
system related to the external Boolean function format. It provides the data type

struct expr

for expressions, the function equal to compare two expressions

and is able to perform the restriction operation to obtain fE and f6 ftom 7 '
when the algorithm is applied to the Boolean function given in Equation (11.2),
it evolves as shown in Figure 11.11. In the figure, the successive calls of robdd-bui ld are shown t<lgether with the result of the call. If a recursive call is necessary
before reaching the result, the calls are shown using the same convention with a small
indentation. The symbols '3' and '3' -" used to indicate whether the recursive call
was made for the 4 or I subtree. As in the previous examples, it has been assumed
that z(l) : xt, n(2) : x2 arld r(3) : x3. The tree that has been constructed for
the example is shown in Figure ll.l2.It is, not surprisingly, identical to the tree of
Figure 11.7(c). However, this figure also shows the names of each vertex.
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struct vertex *robdd_build(struct expr
{

/,

int j)

struct vertex *n, *),;
struct char *@;

if(equal(/,,0,))
return

ug;

if (equal(/,

else

return
else

,

r,))

u1;

{

<- r(i);
4 <- robdd_build(f6,i + l);
), <- robdd_build(ft, i + 1);
Q

if (a

:

)')

return 4;
else

return old_or-new($,

11,

)");

)
)

Figure 11.10 The pseudo-code for the consffuction of the ROBDD of Boolean functions

provided in an external format.

when building the ROBDD for a Boolean function

/, the function robdd_will create fewer ROBDD vertices than the number of vertices in the final
ROBDD structure (it will not need to create u0, ul and possibly other vertices created
as a consequence of an earlier function call). The function is efficient in this sense.
However, the number of recursive function calls can be larger than the number of
build

vertices in the ROBDD. This is due to the fact that robdd-build needs to apply
restrictions down to the lowest level before it can discover equivalent subfunctions.
This effect could be circumvented by storing the root ROBDD vertex for each
subfunction processed (e.g. by using an extra hash table).

11.2.3 ROBDD Manipulation
once extemally provided Boolean functions have been converted into RoBDDs, they
are available for different sorts of manipulation. one can e.g. create new functions by
applying binary operators to existing functions or by function composition (using a
function's output as an input for another). A discussion on algorithms for the efficient
manipulation of ROBDDs is given below.
Although Boolean functions obey the same algebraic rules irrespective of their
representations, it is convenient to use upper-case letters, such as F, when referring
to functions represented as RoBDDs, while continuing to use lower-case letters for
the abstract functions or those given in an external format. Symbols for functions
with an ROBDD representation will on one hand be used in a way similar to abstract
functions (e.g. F* and Fi for restriction). on the other hand, they will denote the
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robdd-build(i1

'

h +7r'

x3

*

x1 ' x2,

l)

3 robdd-buil d(xz' xz * xz, 2)
3 robdd-build('L' ,3)
u1

3

robdd-build(.r:, 3)

3

robdd-build('1',4)
uI

}robdd-build

(' o' ,4)

u0

:

u2

4:
I

(4,

robdd-buil

3

u1, ug)

(X2,ul,u2)

d(q + n

n, 2)

.

robdd-buil<lGT,3)

3

robdd-build(' 0

',4)

u0

3

robdd-build

(' 1' ,4)

ul

u4

3

:

(-r3, ug, u1)

robdd-build

3

(xt

*

xs,3)

robdd-build( a' ,4)
u1

4

robdd-build

('!'

,4)

ul
Dl

u5: @2,u4,u1)
u6 : (x1, a3, u5)
Figure

11.11

The step-by-step evolution of the

the function as given in

Equation

robddlcuild

algorithm when applied to

(1 1.2).

Figure 11.12 The tree corresponding to the example of Figure

I 1 '1 1'
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root vertex in the ROBDD representation, such that notations such as Q@), q@)
and)"(F) or F : (Q,n,),) make sense.
It tunn out that the so-called if-then-else operator'ite' canbe used as the basis for
all ROBDD manipulations. The interpretation of z - ite(f , g, ft) is straightforward.
It means that z equals g when / is true and to ft otherwise. This can be written as:

z:

ire(f.

S.h):

f

.

s

+j

.n

The 'ite' operator can be used to express all possible Boolean functions of two
variables. Here are some examples:

z:f.g:ite(f,s,'o')
z:f*g:ite(f,'L,,5)
,:7:ite(f,'o','7')
An important property of the 'ite' operator is that it can be mapped on an ROBDD
vertex u with d (u) : x according to the following rule:

u:

ite(F,G,

H): (x,ile(F*,G,, Hr),ite(h,Gt, H))

(11.9)

In accordance with the notational convention mentioned above, it is assumed that
F, G and 11 are the root vertices of respectively the functions .F, g and ft and that
ite(F, G, //) is the root vertex of the resulting function.
Note that the rule given in Equation (I L9) can be used as the basis for a recursive
function that manipulates Boolean functions available as RoBDDs. The pseudo-code
description of this function called apply-ite is given in Figure 11.13. The code
consists of checks to see whether the recursion can be terminated followed by the
recursive calls corresponding to Equation (1 l.g).
An important observation is that all functions represented by RoBDDs have the
same variable ordering given by the function z. The variables should be processed
in increasing order of the index i as can be seen from the pseudo-code where i is
increased for each new level of recursion (i : I for the top-level call). Given this
approach, the computation of the restrictions required for the recursive calls becomes
easy. Suppose that i is the index value at the current level of recursion and that a
function F should be restricted with respect to variable x : r(i). F is the root
vertex of an RoBDD. Because all variables up to z(i
- l) have been processed at
previous levels of recursion, z-l (O@D > i. Then:

-"

7.:

Ir

I

[,it rl

ifr-1161111>i
if ir-t (O(F)) : i

(l 1.10)

Analogously:

Fr:

itr-t(O@D > i

{i,.,

if

r-t 161ry

=;

(n.11)
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struct vertex *apply jte(struct vertex * F, *G, *H, int l)
{

char x:

struct vertex *4, *),;

if(F:

u1)

return G;

if (F : u6)
retum Fl;

else
else

if (G

:

:

ut && H

uo)

return F;
else

{

x <- n(i);
4 <- apply-ite( Fr, G*, Hx, i
applyjte(h, Gr, Hr, i

)" <-

if (4:11
return

* l);
+

1);

ry;

else

return old-or-new(x, 4, .i');
)
)

Figure 11.13 The function

apply-ite

that applies lhe'ite' operator on three argument

functions represented by ROBDDs.

Figure 11.14 The ROBDDs for the functions F, G, G and H used as examples in the text.
The use of of the function

apply-it.e will be illustrated

on the example ROBDD of Figure I

1.

by elaborating further

12. Consider first the second Boolean function:

I = Xl'X2
that should be added to the existing ROBDD structure. Constructing the ROBDD of
g by means of robddlcu i ld will result in the root vertex u8 shown in Figure 1 1 . 14
(see Exercise 11.3). Suppose now that one wants to use the ROBDDs of F and G to
construct the function H : F @G.In terms of the'ite' operator, this means that F/ :

2'.t2
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applyjte(us, u6, u1,1)

3

applyjte(u 7, vs, u1, 2)
3 applyjte(u6, us, u1,3)
u1

4

applyjte(u1, us, us, 3)
u0

u9:

3

(x2,u1,ug)

apply-ite(u s, us, u1, 2)
rrl

u16:

(x1, u9, u1)

Figure 11.15 The trace of the function

apply_ite

applyjte(u6,

u16, us,

when computing G from G

:

u8.

l)

3 applyjte(u 3, ue, u7, 2)
3 applyjte(u1, u1, u6,3)
u1

4

applyjte(u 2, us, u1, 3)
3 applyjte(u1, ue, u1,4)
u0

4

appty-ite1u6, u6, u1, 4)

u4

:

ul

u11

3

:

(x3, ug, u1)

(x2, u1, u4)

apply-ite(u 5,

u1, u6,

Z)

u5

u12: (x1, ut t, uS)
Figure 11.16 The trace of the function
G : ua and G: uto.

apply_ite

when computing FI from

F:

u6,

ite(F,G, G). G on its turn requires the computation of G : ite (G,, 0,,, j., )2. The
step-by-step evolution of the call to apply-ite for the latter computation is shown
in Figure

ll.l5.

of Figure

11.1

The notational convention used in this figure is similar to the one
1. The computation of 11 that can take place now is illustrated in
Figure 11.16. The final ROBDD srructure for this example is given in Figure 11.14.
If the number of vertices for an RoBDD having F as its root is denoted by lrl,
then the time complexity of the app 1y_i r e function is given by O I F I x G I x I H l).
The fact that I r I x I G I x I ri I is an upper bound for the number of calls to app ly-i t e
I

2 Efficiently implemented
BDD packages

will use so-calle d negative edges which make function complementation a trivial action that can be performed in constant time.
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is not difficult to see: the function is called at most once for each combination of
vertices originating from each of the three trees. As each call of apply-lte will
create at most one ROBDD vertex, the number of vertices in the resulting ROBDD
will also be O(lFl x lGl x l11l). This time complexity is interesting when one
realizes that the size of an ROBDD may be a linear up to an exponential function
of the number of variables. The size of the resulting ROBDD is bounded by the
sizes of the original functions: small original functions will lead to a relatively small
result function. Many calls of apply-ite are required to create functions that are
drastically larger than the original functions. This graceful degradation property is
another advantage of using ROBDDs for Boolean function manipulation.

A frequently encountered problem is to construct the ROBDD of a combinational
circuit built of discrete components: the so-called composition problem. Assuming
that the ROBDDs of all components are available (they can e.g. be obtained by the
applicationof therobdd-buildfunctiondiscussedinSection 11.2.2),theissueis
to use them for constructing the ROBDD of the overall circuit. The problem actually
amounts to using the output of a Boolean function 8 as one of the inputs x; of a
function /. The expression for the resulting function /u is:

h: f (xt,... ,xi-1,8,xi+r ,...,xr)
Substituting

xi :

g in the expression ofEquation (l 1.5) for the Shannon expansion,

one gets:

h

:

B . f"i

*8. fi:

ite(g,

fr,,

ft)

(

1

1.12)

The fact that composition can be expressed in terms of the 'ite' operator means that
the required computations can be carried out by means of the function apply-ite.
However, the restrictions /r, and fi that are the arguments of the 'ite' operator
should be computed first.

Deriving the restriction of a function represented by an ROBDD with respect to
x; is quite straightforward. It amounts to remove all vertices u with
:
redirecting the edges incident to u either to 4(u) (for the positive
and
Q@)
"r;
cofactor) or ),(u) (for the negative cofactor). Doing this directly in the data structure
would destroy the original function's ROBDD. It is, however, not very difficult to
design an algorithm for restriction that is not destructive. Figure ll.l7 shows the
pseudo-code of a recursive algorithm, which is somewhat similar to apply-ite,
that computes the positive cofactor. The algorithm has three arguments: the root
vertex F of the function that should be restricted, the index r of the variable z(r)
with respect to which the restriction should take place, and the recursion index I
(i : l for the top-level call). When i reaches the value r the recursion stops and
the algorithm retums the appropriate subtree 4(F). For smaller values of i the same
mechanism as in apply-j-te takes care of directly constructing the reduced tree'
An algorithm to compute the negative cofactor would look exactly the same except
some variable

for returning ),(F) instead of n@) when

r : i.
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struct vertex *positive-cofactor(struct vertex *F, int

r, i)

{

char x;
struct vertex * n, *),;

if (F =

u1)

return ul;

elseif(F:

u6)

retur, r u0;
else

:

if (r

i)

return 4(F);
else

{

x <-

r(i);

4 <- positive_cofactor(F), r,
), <- positive-cofactor(F;, r,

if(4:|)

return

i + l);
i + l);

,?;

else

return old-or_new(x, 4, ),);
)

)

Figure 11.17 The pseudo-code of an algorithm for computing the positive cofactor of an
ROBDD.

consider once more the Boolean function F as given in Figure ll.l4. The
computation of ft by means of the function positive-cof actor is illustrated
in Figure I 1.18. The overall example ROBDD structure after the calculation of Fr,
is shown in Figure I 1.19.
The discussion above makes it clear that the combination of the 'ire' and restriction
operators is sufficient to solve the function composition problem. By repetitively applying this principle to each of the connections in a circuit built from combinational
logic components, one can obtain the ROBDD of the entire circuit. Note that many
intermediate ROBDD structures may be created in this process and that the overall

computational effort involved may vary with the order in which the connections are
processed.

computing restrictions first and then using them as argument for 'ite'may create
unnecessary vertices that are used for the representations of the restrictions only. This
can be avoided by designing a recursive algorithm that combines the functionality
ite' and restriction. The creation of vertices for temporary use can occur, by
the way, in many other situations. BDD packages use so-called garbage collection
mechanisms to automatically remove vertices that are no longer required.

of

215

11. Logic Synthesis and Verification
positive-cofactor(u6, 3, 1 )

3

positive-cofactor(u3, 3, 2)

3

positive-cofactor(ut, 3, 3)
ul

4

positive-cofactor(u2, 3, 3)
Ul

ul

1

positive-cofactor(u5, 3, 2)

4

positive-cofactor(u4, 3, 3)

3

positive-cofactor(ur, 3, 3)

u7

:

u0

ul

u13:

(x2, ug, ui

(x1

,ul,u'l)

Figure 11.18 The trace of the function

positive-cof actor

when computing the

striction Fr,.

Figure 11.19 The ROBDD structure of Figure

ll.l4

after its extension with the function

Fxt.

I

1.2.4

Variable Ordering

was already mentioned in Section ll.2.I that the size of an ROBDD can vary
strongly depending on the variable ordering chosen, An interesting problem is, of
course, to find the ordering that results in the smallest ROBDD. Unfortunately,
this is an intractable problem (the problem is co-NP-complete to be precise; the
difference between NP-complete and co-NP-complete problems is outside the scope
of Chapter 4). The heuristics that have been proposed for variable ordering can be
divided into static and dynamic methods. They will be briefly discussed here.
Static variable ordering methods are based on an analysis of the Boolean function
as provided in an external format, such as a Boolean expression or a network of
gates. The goal is to try to "evaluate" a subexpression or gate's function aS soon as
possible without the interference of variables that are not directly involved (think of

It
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(a)

o-"'d'
(b)

Figure 11.20 The correctness-preserving transformation that interchanges adjacent vertices
(a) and a situation in which such a transformation reduces the ROBDD size (b).

the example illustrated in Figure I 1.8).
Static heuristics are of limited use for a BDD package because multiple externally
provided functions are simultaneously stored and new functions are created by
manipulation, while the same variable is used for all functions. An initial choice
for the ordering can turn out to result in large ROBDDs for functions created later.
Static methods flx the variable ordering prior to ROBDD construction, whereas
dynamic methods can operate in the presence of RoBDDs already stored. Besides,
heuristic dynamic ordering heuristics can be called several times in the course of
Boolean function manipulation such that the ROBDD structure can adapt itself to
situations where new functions have been created or obsolete functions have been
removed. Both garbage collection and dynamic variable ordering are functions of

a BDD package about which a user does not need to bother. The package itself
activates them, e.g. after having used its memory space and before claiming more
memory lrom the operating system.
Successful dynamic ordering heuristics are based on the principle that interchanging ROBDD vertices with variables n(l) : xk and r(i * l) : xt (i, k, I are all

in the range I to m), i.e. adjacent variables in the ordering, only has a local effect
on the stored RoBDDs. This is illustrated in Figure I1.20(a). In order to prove the
correctness of the transformation, one should show that a path in the RoBDD that
has been selected by assigning a value to each Boolean variable ends in the same
terminal vertex both before and after the transformation (see also Section ll.z.l).
It is not difficult to see that the vertex uo with T-1(O@)) < i is connected to the

vertex u, with z-l(Q@t) > i + I only when xk : ,0, and xr : ,0, both before and after the transformation. A similar reasoning can be carried out for the three
other possible assignments to the variables and the three other vertices uc, ud and t)e.
Of course, the ROBDD also remains correct for the trivial cases when vertices with
either of the variables xk or xr do not occur in a path (in such a case, the graph is not
modified in spite of a change in the variable ordering).
Even when the transformation of Figure 11.2o(a) preserves correctness, it does
not lead to any reduction of the ROBDD size: the number of vertices before and
after the transformation is the same. The transformation becomes interesting when
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two vertices with variable x1 point to the same subtree for the same value assignment
to rl. A variable reordering will then lead to an ROBDD with one vertex less as is
illustrated in Figure I L20(b).
The availability of a variable reordering transformation for adjacent variables
means that any pair of variables can be made to swap positions by applying a
series of neighbor swaps. However, one also needs to know which variables could
be swapped in order to reduce the ROBDD size. This issue is often tackled by
means of brute-force heuristics like moving a variable through all positions and
remembering the optimal position. Suppose e.g. that the ordering for a five-variable
ROBDD at a certain moment is r3x1x4x5r2; variable x4 can be made to move to the
left and right-most positions by means of the following transformations: x3x1x4x5x2
--> x3x4xlx5x2 --> x4x3xtx5x2 ---> x3x4xlx5x2 -> .r3xl,r4x5x2 -> x3xlx5x4x2 -->
x3xrxsxzx4. Once the optimal position is known, a few more neighbor swaps may
be necessary to restore it, starting from the final ordering where x4 occupies the
right-most position.

1

1.2.5

Applications to Verification

One of the problems for which ROBDDs can be used is logic verification. The
issue is to check whether a combinational logic circuit that resulted from manual
or automatic (but possibly erroneous) logic synthesis, the so-called implementation,
obeys the specification of the circuit.
The simplest situation occurs when the specification consists of a fully-specified
function /. The ROBDD with root vertex F of this function can be built from the
external representation. The ROBDD of the implementation can be constructed from
the ROBDDs of the components in the circuit using the composition technique
explained in Section 11.2.3. Suppose that the root vertex of the ROBDD of the
implementation is G. The facts that the implementation and specification should
show an identical behavior (the same output value for the same combination of
input values) and that both F and G are represented within the same ROBDD
structure, actually means that F and G should coincide. This is a consequence of the
way ROBDDs are constructed and manipulated. So, the verification step amounts
to the simple (pointer) test F : G. One says that the representation of Boolean
functions using a single ROBDD structure has the property of stong canonicity
which means that identical functions are not only represented in the same way, but
that the representations are one and the same. The equality test can therefore be
performed in constant time.

The siruation becomes slightly more complex when the specification is incomplete, i.e. the dc-set of the specification function is not empty. When incompletely
specified functions were introduced in Section 11.1.1, a three-element set Y :
{' O' , 'l' , ' - '} of output values was used. The use of such a set would require
the modification of the ROBDD data structure and associated algorithms to incorporate a third type of leaf vertex. However, the ROBDD concept can be used without
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(a)

(b)

(c)

Figurt 11.21 An

example of a specification (a), its implementation (b) and their verification
using Equation (1 1.13).

adaptationif twoBooleanfunctions f andd areusedfortheon-setanddc-setrespectively. / equals '1 ' for those points in Boolean space that belong to the on-set, and
equals '0' otherwise. d equals '1' for those points in Boolean space that belong
to the dc-set, and equals , 0 , otherwise.
Suppose that the Boolean function of the implementation is given by g. Note that
an implementation does not have a dc-set; the fact that it is built of real components
makes it fully specified. Then, the following expression should be a tautology, i.e.
it should evaluate to the constant function ' l' , in order for the implementation to
satisfy the specification:

d+f.s+f.E

(r

1,13)

This means that at least one of the following statements should be true for each point
in Boolean space (keep in mind that the on-set and dc-set of the specification are
disjoint):

o

the point belongs to the dc-set

o ifthe

ofthe specification;

point belongs to the on-set ofthe specification, it is also part ofthe on-set of

the implementation;

o if the point

it

Clearly, the expression of Equation (11.13) can be easily evaluated using the
presented in Section ll .2.3. If the final result equals the constant function
vertex returned is ur ), it can be asserted that the implementation is correct.
Equation ( I I . 13) is illustrated in Figure 1 1.21 . Figrire l.2r(a) shows an

methods
, 1 , (the

does not belong both to the off-set of the implementation,
belongs to the off-set of the specification.

neither

example
specification in 83 consisting of an on-sef indicated by gray circles and a dc-set
indicated by black-and-white circles. The implementation found by synthesis is
given in Figure I l.2l(b) where again gray circles are used for the on-set. Note that
one of the two points in the specification's dc-set is now in the implemenation's onset. Figure ll.2l(c) shows the tree terms of Equation (11.13): the black-and-white
circles show d, the gray circles show / . g and rhe crosses 7 . s. nil points in 83
are covered by at least one term which means that the implementation obeys the
specification.
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In the discussion above, Boolean functions were used for the representation of sets

in Boolean space. It is sometimes convenient to use
set operators. Equation ( I

1.

l3)

these functions as operands

of

can e.g. be better understood if written as:

(g

c

("f

ud)).(f c s)

(1

l.

l4)

So, the correctness of the implementation means that the implementation's on-set is
contained in the union of the on-set and dc-set of the specification while all elements
of the specification's on-set should be contained in the implementation's on-set.
Using the equivalences a U b : a * b and a C b = a -f b and the fact that / and
d are disjoint, it is not difficult to derive Equation (11.13) from Equation (ll.l4).
The "intersection" operator that does not occur here, also has a Boolean equivalent:

aCtb=a.b.
1

1.2.6

Applications to Combinatorial Optimization

One often needs to know whether a Boolean function is satisfiable, i.e. whether there
exists a combination of values for the input variables for which the function has the
value ' 1 ' . This is a trivial task when the function is represented as an ROBDD. If
the function is not satisfiable, this means that there are no paths from the root to leaf
vertex u1 which implies in tum that the root coincides with leaf vertex u0 (this is a
consequence of the reduction rules presented in Section ll.2.l). If the function is
satisfiable, a solution can be derived from a path starting at the root and ending at u1
as follows:

o if an edge (u, 4(u))

occurs

in the

path, the variable @(u) has a value

of

'l-'

in the

solution;

o if an edge (u, ,1.(u)) occurs in the path, the variable d(u)

has a

value

of ' 0 ' in the

solution;

o if a variable

has not been assigned any value after processing all edges in the path,
its value can be chosen arbitrarily to obtain a valid solution.

Obviously, ROBDDs can be used to solve the satisfiability problem introduced
in Chapter 4. It involved establishing whether a Boolean expression consisting of
a product of sums could be satisfied. Converting the expression into an ROBDD
solves the problem. The problem remains, of course, NP-complete and exponential
run times with respect to the number of variables may occur. However, the use of
ROBDDs can be of practical importance as problem instances which were insolvable
by other methods may now be tackled successfully.
Suppose that there is a cost

z)

c,

associated

with each Boolean variable .r; (l <

I<

of the satisfiability problem. Then the minimum-cost satisfiabili4, problem asks

for a solution that minimizes:
m

D',P(*,)
t_t

(ll.rs)
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The expression makes use of an auxiliary function p: p(xi) : 0 if x; has value
' 0', and p(xi) : I if x; has value' 1'. This problem can easily be solved if the
Boolean function for which minimum-cost satisliability is sought is represented by
an edge-weighted ROBDD. This is an ordinary ROBDD extended with edge weights:
each edge (u, ry(u)) has a weight c; related to the variable.r; : d(u) and each edge
(u, ),(u)) has a weight zero. Finding the minimum-cost assignment then amounts to
finding the shortest path from the root vertex to u1 in the ROBDD. As an ROBDD
is a DAG, this can be done in linear time with respect to the graph size using an
algorithm similar to the longest-path algorithm presented in Figure 6.8.
Note that the expression of Equation ( I I . 15) is almost the same as the cost function
of linear programming (LP, see Section 5.4.1), the only difference being that the
variables in LP are numbers rather than of Boolean type. The special case of linear
programming called zeru-one ILP which was discussed in Section 5.4.2, can be
reduced to a minimum-cost satisfiability problem by converting its constraints into
a Boolean function. Here only one example will be given. Consider the following
zero-one ILP constraint:

xr*rztx:+x4:3

(r 1.16)

Given the correspondence of the integer values 0 and I that the variables x1 to x4 can
have, with the respective Boolean values ' O ' and ' 1 ' for the Boolean variables 11
to x4 used below, the constraint can be represented by:

(xr

*xz)'(xr *x:)'(xr *x+)

'(.rz

*xt) 'Gzl

x+)

'(r:

f x+) (.tl +.r2 +x: +x4)

The first six sums in the product have been chosen such that at least three of the
four variables should have the value ' f in order for the expression to be satisfiable.
The last sum states that at least one of the variables has value ' 0'. Together they
state that exactly three variables should be ' 1 ' . A11 constraints in the standard form
of LP (and of zero-one ILP) are equality constraints similar to the example given
in Equation (l L16) (see Section 5.4. 1). As a solution of zero-one ILP should obey
all constraints, the Boolean expression required to solve the problem by means of
ROBDDs will consist of the product of all products of sums derived from the separate
constraints.
It can be stated that minimum-cost satisfiability combined

with a solution method
based on ROBDDs is a general-purpose optimization method. Apart from the
fact that the zero-one ILP problem, which is itself a general-purpose optimization
method, can be solved in this way, many combinatorial optimization problems can
be directly formulated in terms of minimum-cost satisfiability (see the Bibliographic
Notes at the end of this chapter).
A combinatorial optimization problem with applications in logic synthesis is ser
covering. It involves a set S : {sr,...,s,r} and a set K : lKt,...,Kr} the
elements of which are subsets of S. Also, a cost cj is associated with each element
K1 of K (1 < < r). The goal of set covering is to select a minimal-cost subset I
"l
of K that the union of all subsets in f equals S. It is said that I covers S. The cost

1

221

1. Logic Synthesis and Verification

.rl
s2

.tj
,14

Ky K2 K3 K4 K5
110001
100111
0llo10
010101

K6

Figure 11.22 The covering matrix of the example

used

in the text.

of the cover is the sum of the costs of the subsets included in f. Choosing cj : I for
each subset Ky will minimize the number of subsets selected for f . The set covering
problem with this cost function is NP-complete.

c, : lKil as the cost of a subset will minimize the number of
:
:
K2:
Kt:
K
,s2},
{s1,s3,s4},
{sl
{Kt,Kz.,Kz,Kq,Ks,Kol,
{sr,sz,s3,s4},
K3 : {s3}, Ka : {s2,s+}, Ks : {sz,.s3}, and K6 : {s1,sz,s+}.Using the cost
Choosing

elements of S that are covered multiple times. Consider the following example: S

model mentioned, the minimal solution consists of { K: . K6 } and has a cost of 4. An
example of a solution that is not optimal is {Kr, Kzl it has a cost of 5. {K1 , Kz, Ktl
is an example of a redundanl solution as omitting the subset Kg still leaves a valid
solution.
Set covering problems can be visualized by a covering matrix A which has a row
for each element in S and a column for each element of K. A matrix element A;7

I when the subset K; contains the set element s;, and equals 0 otherwise. The
covering matrix for the example is shown in Figure I 1.22.
equals

A solution of the set covering problem can be described by associating a Boolean
variable xy with each element K1 e K. x j : ',1 ' means that f contains K;, while
xj : ' 0' implies that K7 is not part of the solution. ln this situation, the cost
function for set covering is given by Equation

(

11.

I

5).

The Boolean variables can be used to formulate set covering in terms of satisfiability of a product-of-sums expression. Each element of the set S contributes a sum
to the product composed of those variables that are associated to the subsets in which
the element is contained. In the case of the example, this results in the expression:

(xrlxz*xo)'(xr*xq +x5 + xd'@2 *x:

+

x)'(xz1_xq*xd

(11.17)

The first sum states that either of K1, K2 or K6 should be chosen in order to cover sl.
It corresponds to the first row of the covering matrix as given in Figure 11.22. The
next sums are related to the remaining elements of the set S. Note that none of the
variables in the expression are complemented. Complemented variables are required
when the set covering problem is constrained in the sense that the occulrence ofone
subset in the solution excludes the selection of some other subsets. Consider again
the example, now with the constraint that the subsets 53 and 56 are not allowed to be
part of the solution simultaneously. Then, the corresponding satisfiability expression
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becomes:

(xr

i xz+ +x3 *.ro) . (xr *x: * *xa*xs *xo).
(xz*xz *x5 * x).@z +x3 + *x+*xd

(11.18)

Set covering problems that can be described by product-of-sums expressions
of the type of Equation (11.17) are called unate. If the expression also contains
complemented variables as in Equation (l 1.18), the problem is called binate. Clearly,
ROBDDs can be used to solve the two types of problems. Both unate and binate
covering are encountered in the field of logic synthesis. An example of unate
covering will be given in the next section that deals with two-level synthesis. Binate
covering is e.g. encountered in the synthesis of sequential logic, a topic that is outside
the scope of this book.

11.3

TWo-level Logic Synthesis

Any Boolean function can be realized in two levels e.g. as an AND-OR (sum of
products) OR-AND (products of sums), NAND-NAND or NOR-NOR network (the
latter two can be obtained from the former two by application of De Morgan's
Rule). The minimal realization of logic circuits in two levels has traditionally
received considerable attention not only because of theoretical reasons but as well
because actual realizations in two levels were practically relevant. Programmable
logic aruays (PLAs) were e.g. often used in nMOS technology. Now that CMOS
technology has replaced nMOS as the mainstream technology, multilevel realizations
composed of standard cells are almost uniquely used. The reason that two-level
logic synthesis is still important is that its result is often a suitable starting point
for multilevel synthesis algorithms.
Two aspects of two-level logic synthesis will be discussed here. First the problem
is defined and analyzed along the lines of the classical Quine-McCluskey algorithm
without going too much into details. Then a heuristic based on ROBDDs is presented
in more detail. It has been chosen because it is relatively easy to understand.

11.3.1 Problem Definition

and Analysis

Most of the necessary terminology to formulate the problem of two-level logic
synthesis was already introduced in Section 1 1.1.1. The goal is to generate a minimal
sum-of-products expression that is equivalent to some completely or incompletely
specified Boolean function. The "products" in this expression are cubes. Optimality
is often based on a cost function that consists of the sum of literals in each cube

(the number of transistors in the realization is more or less proportional to this
sum). Then, it is clear that all cubes in the solution should be prime implicants as
the number of literals in a prime implicant is always smaller than those of a cube
strictly contained in it. Also, the set of cubes of a minimal solution should be an
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X1

r| ,x.
xl

Figure 11.23 A locally (a) and a globally (b) minimal irredundant prime cover.
irredundant prime cover as the omission of redundant cubes will always decrease the
cost function.

An irredundant prime cover is not necessarily minimal. This will be shown using
the on-set of Figure ll.2(a) for which two irredundant prime covers are shown in
Figure 1l.23.The expression colresponding to Figure ll'23(a) is:

n . n +i.A * xt .xz+ xt'x3
It consists of four cubes with two literals each leading to a cost of 8. The expression
corresponding to Figure 11.23(b), on the other hand, is:

a 'n* xz'41x1

'x3

has one cube less which gives a cost of 6. The existence of two solutions shows
that an irredundant prime cover is not necessarily a globally optimal solution.

It

A well-known algorithm for two-level logic synthesis is the Quine-McCluskey
algorithm.It is based on contributions to the theory by Quine and McCluskey made
in the 1950s. The algorithm first generates all prime implicants of the union of the onset and dc-set omitting those prime implicants that only cover points of the dc-set. It
then finds the minimum-cost cover of all minterms in the on-set by prime implicants
from the set of all primes.

Note that the problem to be solved is the ser covering problem presented in
Section 11.2.6: the set of minterms (or the on-set) is the set S; the set of prime
implicants is the set K. The two-level logic synthesis problem could in principle
be solved using the technique based on ROBDDs for solving set covering problems
described in Section 11.2.6. The difficulty with this approach is that the set of prime
implicant can grow excessively large with respect to the number of variables. It
may already be impossible to obtain the set of all prime implicants as the set size
can grow exponentially with respect to the number of Boolean variables. As each
prime implicant contributes a variable for the ROBDD and the ROBDD can grow
exponentially itself with respect to its variables, this approach may only be feasible
for small problem instances.

Even when they do not affect the theoretical time complexity, the QuineMcCluskey algorithm first applies some simplifications to the problem instance at
hand to reduce the search space. These simplifications

will be

discussed here.

If

a
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Figure 11.24 The simplification of a covering matrix (a) because of essentiality (b), row

dominance (c), and column dominance (d).

prime implicant is the only one to cover one or more minterms, it is called essential.
As it will occur in any solution, this implicant and all the minterms covered by it
can be removed from the covering matrix of the problem instance yielding a smaller
instance. consider the problem instance specified by the covering matrix shown in
Figure 11.24(a). K3 is an essential column for this instance because it is the only
column to cover element s4. Because K-r has to be part of any solution, it is guaranteed that s4 and s6 are already covered. After removing the column and the two rows
involved, the reduced problem specification shown in Figure I I .24(b) is obtained.
If for some row .sr in a covering matrix all columns by which it is covered cover
another row .rj, it is said that s; dominates sj. nj can be removed from the covering
matrix due to row dominance. In the case of Figure 1l .24(b), it can be seen that the
only two columns covering s2 are Kt and K2. At least one of these columns will be
part of the solution. As both columns cover.r3, the coverage of s3 is guaranteed and
the row can be removed from the matrix resulting in the matrix of Figure 11.24(c).
If all rows covered by some column Kj are also covered by a column K;, it is said
that column K; dominates K i. K i can be removed from the matrix provided that
c j > ci. This simplification rule is called column dominance. Consider the covering
matrix of Figure 11.24(c) in which the rows covered by Ka (s1 and s-s) are also
covered by K-s. Column K4 can be removed from the matrix when c4 > cs.It is not
difficuft to see that a solution that includes K4 can never be optimal as replacing K4
by K5 will decrease the solution's cost without violating the condition that all rows
should be covered. Assuming that ca > cs, one gets the new covering matrix shown
in Figure 11.24(d).
once all three possible simplifications have been applied to the covering matrix,
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Figure 11.25 An example ROBDD (a)

and the cover that can be derived

from it directly (b)

one is left with the so-called cltclic core of the covering problem instance. In the
cyclic core, none of the rows or columns is dominant. Apart from solving the problem
via satisfiability and ROBDDs, one can also use a branch-and-bound algorithm to
find a solution (see Section 5.2). Such an approach may still suffer from excessive
computation times. If the estimation function used for pruning the search space is
chosen such that it is "too optimistic". the computation time can be reduced at the
expense of possibly overlooking parts of the search space containing the optimal
solution. The resulting algorithm is then a heuristic instead of an exact algorithm.
The most powerful techniques that find an exact solution for two-level logic
synthesis have been proposed by Coudert and his colleagues (see the Bibliographic
Notes at the end of this chapter). These techniques do not explicitly enumerate the
set of all prime implicants. An implicit representation by means of ROBDDs is used
instead.

11.3.2 A Heuristic Based on ROBDDs
ROBDDs have been introduced as a compact canonical representation for Boolean
functions. One can argue that some kind of minimization has taken place during the
construction of the compact representation which can be useful for synthesis. The
most direct way to generate a two-level expression from an ROBDD is to consider all
paths from the root to the leaf vertex u1. A product in a sum-of-products expression
is generated by considering all edges in each path as follows: if the edge (u, ry(u))
incident from some vertex u is in the path, the literal Q@) is a factor in the product;
if the edge is of the type (u, ).(u)), the literal d(u) is the factor to be used. Consider
the example ROBDD of Figure 11.25(a) that is a copy of Figure I 1.I2. Ithas four
paths from the root to the u1 leaf vertex from which the following sum-of-products
expression can be derived:

i' n+i'

rz'x: *-r1' xz' xt *

x1' 12

The four cubes by which the on-set is covered are shown in Figure I 1.25(b). It can
be seen that not all cubes are prime impiicants: the two one-element subsets can be
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expanded to become two-element subsets. on the other hand, the subsets from which
the cover is composed are disjoint, making the cover irredundant. The subsets of a
cover derived in this way are always disjoint as each subset corresponds to a path and
no two paths in an RoBDD can be simultaneously activated for some assignment to
the Boolean variables.
Clearly, some more effort should be made to generate irredundant prime covers
from an ROBDD. This happens in the isop (irredundant sum of products) algorithm
proposed by Minato to be presented here. It is based on the following expansion
theorem attributed to Morreale for a Boolean function / with respect to one of its
variables x:

f:7'fo*x.fi-rfa

(1

l. l9)

When this expansion is compared to the Shannon expansion given in Equation (l 1.5),
the following statements can be made: /6 C h, fi C fr, and fa C 17, n /r). In
other words, ft covers those points of the on-set that are contained in cubes in which
the literal r does not occur. The expansion is not unique and different expansions

exist for different

fa (fa :

'

O' is e.g.

an extreme case). The algorithm

to

be

presented below attempts to find a solution with the largest possible ft because a
cube in ft always covers at least two points of the on-set which would otherwise
need to be covered by two separate cubes from fs and fi. The algorithm constructs
/6, fi and ft in such a way that / is an irredundant prime cover provided that fo, ft
and fd are irredundant prime covers themselves. The latter is assured by the recursive
nature of the algorithm.

The algorithm can deal with incompletely specifled functions. At all levels of
recursion, the possibility to manipulate a dc-set is essential and no additional effort
is necessary to handle a nonempty dc-set at the top level. A pseudo-code description
of the algorithm is given in Figure 11 .26.The function isop is called with three
arguments: the ROBDD root vertex pointers F and D that respectively represent the
on-set and dc-set3 of the incompletely specified Boolean function to be synthesized,
and the index i that selects a variable through the function n (see Section ll.2.l;
i : I for the top-level call). It returns an expression that is restricted to a sum
of products. It is assumed that the data type expr is available for the storage and
manipulation of expressions.
The on-set and dc-set are disjoint at all levels ofrecursion. The algorithm consists
of different steps that are illustrated in Figure ll.27.The figure attempts to illustrate
in two dimensions structures that normally involve many more dimensions (imagine
that some kind of projection has been performed). The parts (a) rhrough (h) of
the figure correspond to the parts with the same label in the pseudo-code. So,
Figure I 1.27 (a) shows the initial situation. The entire Boolean space is the rectangle.
The on-set. dc-set and off-set are respectively represented by F, D and F U D.
3 Minuto uses a difierent
way to represent the two sets with two ROBDDs. His way is more advantageous
from the computational complexity point of view. The "direct" encoding used here, howevel gives a better
insight in the principles of the algorithm.
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1* (a)

*l

struct expr *isop(struct vertex *F, *D, int
{

struct
struct
struct
struct

i)

*Fl , *F6,*F1,,*ft,*fl';
vertex * Do, * D t, * D'0, * D\, * D'd, * D'l;
vertex *G0, *G t , * Fd, * Dd;
exPr * 80, * 8t, * 8a;
vertex *Fo,

char x;

if(F:

us)

'0';
elseif(F{D:u)
return '1';
return

else {

t*

(b)

*l

x <'tr\i);
Fg <- F7i
Dg <_ DTi

F| <- Fal
D1 <'D7;
/* (c) *l
16
Dto

Di'
-<- roDs .Fn
+ Fo.(F1 * Dr);

F| <- \.Fs * D6;
D\ <- D1+ Fr . (Fo *
/*

(d)

gs

<--

Do);

*/

isop(F[,

Dto,

i + l);

G6 <- robdd-build(96);
s1 <- isop(F{, Di, i + r)i
G1 <- robdd-build(Sr);

1* 1e) *l

r[ <-@

Fs;

D6 <- Ds* Gs;
Ft''

<-fi'F1;

Dl <- D1*

t* (f) *l

G1;

Fa <- F{ .rtt +
D1 <- DI. Dtl;

t*

(g)

r{ . oi + ri

(h)

otd;

*l

g1 +- isop(Fl, Dtd,
/r<

.

*/

i + l);

neturnT.gO+x.gt+gd;

l
]
Figure 11.26 The pseudo-code of Minato's algorithm to generate a irredundant prime cover
from an ROBDD.
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Figure 11.27 A visualization of the different steps involved in the isop algorithm

as

described in Figure I 1.26.

In

Step (b) of the algorithm, the two restrictions of F and D with respect to variare computed. This can be done in the manner of Equations ( I l.l0)
and (11.11) (see Section 11.2.3) because the algorithm descends the ROBDD ac-

able

x : r (i)

cording to the variable order given by r. Note that the variable r bisects Boolean
space and that the bisection of the on-set and dc-set as shown in Figure 11.27(b)

corresponds to the restrictions to be computed.
Ifthe variable x is no part ofthe problem instance, the two subspaces corresponding to x and r will coincide. It is in this reduced space that the points to be covered by ft in Equation (11.19) can be found. They are located in rhe area given by
(r0 u D0) n (rr U Dr ). In its search for these points, the algorithm first looks for those
points that will certainly be covered by /6 and fl of Equation (l 1. 19) (as opposed
to the rest of the text, there is no equivalence here between /0 and /l on one hand
and F6 and F1 on the other). Note: due to the symmetry in the reasoning, everything
that can be claimed for /9 and all functions derived from it have a counterpart for
/r; the rest of the explanation will concentrate on issues related to /6 only. The set
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of points that certainly should be covered by /6 is given by the ROBDD root
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d.

This is computed in Step (c) of the algorithm. d will be used as the on-set for a recursive call of the algorithm. The associated dc-set Dl consists of the original dc-set
De extended with the points that will potentially be covered by fa. This extension
is allowed because these points will still be either in the on-set or dc-set of the original function after "multiplication" of the cover with x (think of Equation ( I l. l9)).
Figure 11.27(c) that illustrates the preparatory steps forthe recursive calls, has two
parts for the sake of clarity: both parts refer to the same Boolean space.
The recursive call of isop in Step (d) results in a sum-of-products expression
that is assigned to g6. As all Boolean manipulation in the algorithm is made with
ROBDDs, gs also needs to be available as an ROBDD. The function robddlcui ld
introduced in Section 11.2.2 is called for this purpose (a more efficient solution could
be used in practice) to obtain Gs.
In Step (e), further preparations are made to compute ft of Equation (11.19).
.( contains those points of F6 that are not yet covered by Go. The points already
covered by G6 may be covered multiple times when it is convenient and are therefore
contained in

D[.

The specification for the synthesis of ft from Equation (l l.l9) is based on the
potentially available area (F6 U Do) n (Fr U Dr) that was mentioned before. This
area is carefully partitioned to form the on-set and dc-set for a recursive call of i s op
in Step (f). The result of this call is available in Step (g) as the sum-of-products
expression 97.
The expression f 'go *, . 8r * 8,i that is the overall result of the algorithm covers
the original specification as is illustrated in Figure 11.27(h). Note that the "' and '+'
operators used in this expression operate on symbolic expressions as opposed to the
same operators used earlier in the program where they operate on ROBDDs.
The proof that the result returned by isop forms an irredundant prime cover
can be given by induction on the variable involved (the variable x in the algorithm
description). The two results that can be returned at the lowest levels of recursion,
the constant functions ' 0 ' and ' L' , ue irredundant prime covers themselves (their
associated Boolean spaces are empty; any statement about elements of an empty
set is true). What remains to be proved is that T ' go + x ' 8t + g7 forms an
irredundant prime cover, given the fact that g0, g1 and 8d are irredundant prime
covers themselves.
Consider primality first. Suppose that gs contains some cube c which contributes
the cube 7 . c to the final result. Can the 7 be dropped from the solution? This either
means that the cube x . c with c originating from 91 is in the solution or that c itself
with c originating from g4 is in the solution. None of the two cases can be true
because c should cover at least one point of Fj to be in 5s, but c should as well cover
a point in Ff or F7 in order to be in g or gd. This condition cannot be satisfied as

d, Fi and F7 are disjoint.
Irredundancy is proved in a similar way. The cubes in 7' 96 and in .t ' 8l are
located in separate subspaces and their union cannot be redundant. One may think
that a cube c originating from g7 may be jointly covered by cubes in 7' 96 and x' g1'

the three sets
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However, in order to be part of g4, c should at least cover one point in fu. F1 does
not contain points that are simultaneously in g0 and 91 (points in 96 O gl end up in
D7) which means that c cannot be entirely located in 7 . g6 *, . g,.

In spite of its relative complexity, one should keep in mind that the isop
algorithm is a heuristic. Different variable orderings in the RoBDD may result in
different solutions. For each variable, the goal is to have gd as large as possible even
when this may not be favorable for the variables to be considered next. The algorithm
is greedy in this sense. The strong point of the algorithm is that neither all minterms
nor all prime implicants need to be represented explicitly.
The application of the algorithm on the ROBDD of Figure 11.25(a) is illusrrated in
Figure 11.28. Itshowspartsof atraceof thealgorithm.Foreachcallof thealgorithm,
the call itself is shown, the arguments, the local variables, the recursive calls, and the
retum value are shown. The return value figures in the last line ofthe text covering the
function call. Although the algorithm operates on RoBDDs, the minterms covered
by the ROBDDs are shown for the sake of readability rather than the graphs. Each
part of the trace that has been omitted is indicated by an ellipsis (' . . . '). It can be
seen that the result is indeed an irredundant prime cover but not a globally optimal
one. For the globally optimal solution, the algorithm should not have maximized
the coverage by 97 (see Figure 11.23). one should keep in mind that the algorithm
presented here is especially interesting for large problem instances for which exact
solution methods fail.

ll.4

Bibliographic Notes

The basics of logic synthesis, including the Quine-Mccluskey method for two-level
minimization, can be found in elementary books on logic design. A large variety

of books of this type exist. The following form an "arbitrary selection": tHil81l,
[Puc90], [Hay93], [Kat94], and [Man97]. More advanced books on logic synthesis
An in-depth treatment that deals with most aspects of
logic design and verification, is given in [Hac96]. other books on logic synthesis
are: [Edw92], [DM94] and [Dev94]. A tutorial discussion that concentrates on issues
that are of practical rather than academic importance can be found in tRud96l. A
detailed review of techniques that can be used in multilevel logic synthesis is given
in [Bra9Ob]. Two books dedicated to various aspects of sequential synthesis are
[Kam97] and [Vi197].
As stated in Section ll.l.2, VHDL is a popular language for the inpur specification
of circuits that are to be synthesized automatically. The following books explain the
details of how such specifications should be wrirten: [Bha96], tCha97l, and [Nay97].
Although the binary-decision diagram [Ake78] and the related concept of the
binary-decision program [Lee59] were known before, it was Bryant [Bry86] who
pointed out that the use of BDDs leads to canonical forms provided that a fixed
ordering of the variables is used. He also formulated the rules for reduction and
showed how the resulting RoBDDs could efficiently be manipulated. The same
paper contains the proof of the multiplication function having an exponentially
have been written as well.
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Figure 11.28 The trace of the function isop when computing
of the ROBDD of Figure 11.25(a).

an irredundant prime cover
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growing ROBDD. The developments until 1992 that have led to applications of
BDDs beyond logic design are summarized in [Bry92]. A more recent survey paper
that lists many variants on the BDD is [Dre97].
The ideas presented here for an efficient implementation of a BDD package can
be found in [Bra90a]. Many books on algorithms, including [Sed88], pay attention
to hash tables, the data structure used to implement the unique table. A comparison
between different popular BDD packages is provided in [Sen96].
It is mentioned in this chapter that the right order in the application of composition
may have an influence on the computational effort involved. An approach to optimizing this effort is described in [Jai96]. The fact that the variable ordering problem for
ROBDDs is co-NP-complete is mentioned without providing a proof in [Bry86].
Heuristics for static variable ordering based on the circuit topology are proposed in
[Fuj88] and [Ma188]. Dynamic variable ordering heuristics are described in [Fuj9l]
and [Rud93]. The latter paper also provides valuable information on efflciently implementing a BDD package.
The fact that minimum-cost satisfiability amounts to finding the shortest path in an
ROBDD is mentioned in [Lin90]. The relation between ILP, satisfiability, the binatecovering problem and ROBDDs is discussed in [Jeo93]. The formulation of VLSI
layout optimization problems in terms of satisfiability and their subsequent solution
using ROBDDs is presented in [Dev89]. The NP-completeness of set covering is
mentioned in [Gar79].
Regarding two-level synthesis, [Bra84] is a monograph that explains the algorithms used in the popular program Espresso. A recent review of two-level minimization techniques can be found in [Cou94]. It especially concentrates on the innovative
methods proposed by its author to solve the problem exactly without enumerating all
prime implicants. The methods extensively use BDDs for implicit representations of
sets. The algorithm by Minato as presented in this chapter originates from [Min96].
The expansion theorem on which the algorithm is based is mentioned in [Mor70].

11.5 Exercises
ll.1 Convert the equations

of Equation (11.3) into sum-of-products

expressions

using the rules of Equation (l 1.4).

11.2 Find a family of Boolean functions different from the one given in Equation (11.7) whose ROBDD representation may have a size that varies from
a linear to an exponential function of a complexity parameter k depending on
the chosen variable order.

11.3 Show by means of a trace how the function
ROBDD for the function G in Figure I I . 14.

robdd-build

constructs the

11.4 Suppose that the output of function G in Figure I l.l9 is connected to the x3
input of F. Perform all required computations to obtain the ROBDD of the

1
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composite function. Give traces of all function calls in the style used in the
text.

11.5 Provide the missing parts
Figure 11.28.

of

the trace

of the

function

isop as shown in

t2

High-level Synthesis
High-level synthesis is the process of mapping a behavioral description at the
algorithmic level to a structural description in terms of functional units, memory
elements and interconnections (e.g. multiplexers and buses). The functional units
normally implement one or more elementary operations like addition, multiplication,
etc. This step in the design process can be made visible in Gajski's Y-chart (see
Figure 1.2) as illustrated in Figure 12.1.
This chapter pays attention to several aspects of high-level synthesis (but not
all of them). Section 12.1 is dedicated to hardware models: before mapping an
algorithm to hardware, one should define the type of the target hardware. Another
important point in high-level synthesis is the formal description of the algorithm to
be mapped. Most high-level synthesis systems use some sort of data-flow graph for
this purpose. These graphs are discussed in Section l2.2.Pior to the actual mapping,
transformations can be applied to the input description. However, they are better
understood with more knowledge of the mapping process and are therefore discussed
at the end of the chapter in Section 12.6. The actual mapping consists of the tasks
allocation, assignment and scheduling. The terms are introduced in Section 12.3. A
number of popular scheduling algorithms are presented in Section 12.4 while a short
introduction to the assignment problem is given in Section 12.5.

l2.l

Hardware Models for High-level Synthesis

It is assumed that the reader is familiar with the basic notions of digital hardware
design. Here only those aspects that are relevant for high-level synthesis are briefly
reviewed.

Logic circuits interact with their environments by means of input and output
signals. If the outputs of a circuit are observed for different patterns of input signals
and it turns out that the outputs only depend on the current inputs (but not on the
previous inputs), the circuit is called combinational. T\e function of such a circuit
can be completely described by a truth table that presents the value of the output
signals for each possible combination of input signal values. If, on the other hand,
the output signals are not uniquely defined for a combination of input signal values,
the circuit is called sequential. This means that the state of the circuit influences
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Figure 12.1 High-level synthesis

as a transition in Gajski's Y-chart.

the output values, implying that the circuit has an internal memory. Sequential
circuits are divided into two groups: synchronous or clocked circuits, where the state
transitions can only happen on regular moments defined by one or more clock signals
and asynchror?ous circuits, where state transitions can occur on arbitrary moments.
If no restrictions are put on the type of hardware, it becomes difficult, if not
impossible, to clearly define the high-level synthesis problem. In addition, even if
one succeeded to define the problem, the search space for a solution would become
too large. Therefore, almost all high-level synthesis systems restrict the hardware to
synchronous circuits. Also, restrictions are put on the type of hardware components
used, the way they are interconnected, and the clocking strategy. All restrictions
together define a high-level synthesis system's hardware model,the type of hardware
that the system is able to generate.

l2.l.l

Hardware

for Computations, Data Storage, and Interconnection

A very essential hardware component is the functional unit (FU). This is a combinatorial or sequential logic circuit that realizes some Boolean function, such as an
adder, a multiplier or an arithmetic logic unit (ALU). Figure 12.2(a) presents the
symbol to be used for an FU throughout this chapter. Another essential component
inherent to synchronous logic is the register which makes it possible to store data in
the circuit (see Figure 12.2(b)). Both FUs and registers normally operate on words,
which means that each input or output is actually realized by a number of signals
carrying a bit. The number of bits in a word is called the word length.
A register is the simplest form of a memory element. Sometimes, using many
separate registers is not very efficient, as individual wires have to be connected to
each register. Registers are then combined to form so called registerfiles. Registers
in a register file share their input and output signals. Address signals indicate to
which of the registers in the file the input should be written to or from which register

1
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12.2 Hardware components that can be used by a high-level synthesis system: a
functional unit (a), a register (b), a 4-input multiplexer (c), a configuration with a bus (d), and

Figure

a three-state

driver (e).

the output should be read. A register file is, in a sense, a small RAM (random access
memory). In some applications, constant data are required to be present in the circuit.
They can be stored in a ROM (read-only r.nemory).

The simplest way to make connections between hardware components is by using

wires.lt often happens, however, that hardware can be used much more efficiently if
it is possible to change the connections between components during a computation
(e.g. an adder taking one of its inputs from register x at some moment and from
register y at a later moment). One way to realize this is to use multiplexers: depending
on the value of control signals, the output becomes equal to one of the inputs. In
general n control signals can select one out of 2' inputs. Figure 12.2(c) shows a

4-input multiplexer that requires 2 control signals. Even more efficient hardware
design is possible if buses and three-state drivers (also called tri-state drivers) can
be used. As can be seen in Figure 12.2(d), many components are connected to a
bus for reading and writing. The use of buses becomes especially interesting when
the word length increases. Of course, only one component at a time can write on
a bus. This is accomplished by using three-state drivers to connect a component
that needs to write to the bus. Depending on an enable signal, the three-state driver
either connects its input to its output or puts its output in high-impedant state, which
means that effectively the input and output become electrically disconnected (see
Figure 12.2(e)).
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Clocks

It is a common practice to divide

signals in a logic circuit into two grolps: data
signals and contol signals. Informally, data signals carry the "operands" ofthe functional units. Control signals regulate the transfer of data signals between hardware
components: the enable input of a three-state buffer, the control inputs of a multiplexer, the signals that select the function of an ALU, the address signals for a register file, etc. The hardware components interconnected by wires carrying data signals
form the so-called data path. One can say that the data path is the part of the logic
circuit where the actual computations are performed and their results are stored. Of
course, it is also necessary to have hardware that generates the correct control signals
at the correct moment. This part of the logic circuit is called the control circuitry or

controller.

Most high-level synthesis systems concentrate on the generation of a data path:
the term data-path synthesis is used in this context. The automatic synthesis of
the control circuitry is normally not considered to be part of highJevel synthesis.
Controller synthesis is a field of its own that is often seen as part of logic synthesis
(see also Section 2.2).
In synchronous circuits, the notion of the system c/ock essential. The duration
of a computation on an FU can be expressed in multiples of the system clock
period. Such a period is also called a control step or a cycle. Some high-level
synthesis systems work with a hardware model where all computations are done
in one clock period. In a more general hardware model, computations are allowed to
last several clock periods. These are so-called multicycle operations. The opposite,
performing more than one computation in one clock period, is called (operation)
chaining. Multicycle operations normally occupy an FU for the total duration of
the computation. Howeveq if the FU is pipelined, i.e. it has intemal registers, the
FU can receive a new input before the output belonging to the previous input has
been produced. Clearly, pipelined FUs are not combinatorial circuits. Note that the
designer often has the freedom of selecting the clock frequency but is limited in his
or her choice of FUs. The FUs are included in some given library. Each element of
the library is characterized by some operation delay expressed in absolute time (e.g.
in nanoseconds). So, the choice ofthe clock frequency will influence the presence or
absence of multicycle operations.
In the above description, it was assumed that all computations are performed
during a single clock phase, which means that all computations and data transfers
take place in one clock phase, while only the master-slave updates of the registers
take place in the other. Sometimes tvvo-phase clocks are part of the hardware model
of a high-level synthesis system. Then, one part of the data transfers is performed
during one clock phase and the other part is performed in the second clock phase.
Above, many possibilities have been sketched for the hardware model of a highlevel synthesis system. When designing such a system, one should make motivated
choices, being conscious that these choices have consequences for the actual synthesis algorithms. Examples of choices to be made are: to allow or disallow pipelined
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FUs, to only have registers or register files as well, to make interconnections with or

without buses, etc.

12.2 Internal

Representation of the Input Algorithm

The algorithm to be synthesized by the high-level synthesis system has to be
described in some way. The usual way of doing this is in textual form, by means
of a formal language. This could be in a conventional programming language or a
hardware description language. Researchers in the field have very different opinions
about the language most suitable for high-level synthesis. VHDL, Verilog and Silage
are examples of such languages, just to name some popular ones. It is, however,
outside the scope of this text to pay attention to this point. Whatever language is
used, the textual form is not appropriate for the representation ofthe algorithm during
the process of synthesis. Clearly, text is simply a long string of symbols and the
string representation does not contain any explicit structure. One would especially
be interested in the representation of the parallelism present in the algorithm. It
is therefore necessary to parse the text and transform it into a structured internal
representation. It is almost generally agreed that this representation should be graph
based. The graph that is used to represent an algorithm is called a data-flow graph
(DFG).

The main goal of this section is to introduce the notion of a DFG. Before
explaining the properties of a DFG, it is necessary to mention that many definitions
of such a graph exist, although all of them roughly amount to the same. The different
definitions may or may not be indicated by a specific name.
The distinction made in hardware between data path and control (see Section 12. I )
has made some researchers define two graphs: data-flow and control-flow graphs.
However, the term "data-flow graph" is also widely used when information on
control is included in the graph. The latter will be the case in this text.
Data-flow graphs are closely related to signal-flow graphs, which are traditionally
used in the field of digital signal processing (DSP). The special requirements of
DSP, such as the repetitive application of the same algorithm to data arriving at fixed
intervals, have led to the development of specific DFGs for the synthesis of DSP
algorithms. An important class of DSP algorithms, characterizedby the absence of
computations that are controlled by data-dependent conditions (such as if-then-else
and while constructs), is formed by the synchronous data-flow graphs.

12.2.1

Simple Data Flow

A data-flow graph is a directed

graph

G(V, E). The set of nodesl V is subdivided

in computational nodes, where actual computations are performed, input and output
I In this chapter, the term node
other type of graphs.

will

be used for data-flow graphs, whereas the term verrex will be used

for
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x <-a*b

<-c*d
z<-x*-y
y

Figure 12.3 A short program.

nodes for the communications with the outer world, and conditional nodes, where
data-dependent decisions are taken. Computational nodes are either atomic or composite. Atomic nodes perform elementary computations (e.g. additions), composite
nodes are DFGs themselves and therefore allow the representation of hierarchy. If
one wants to allow recursively defined computations at the data-flow level, recursive
computations can be expressed using composite nodes.

An edge (ui , u j) € E transports a stream of so-called tokens from node ui to u7.
One says that the edge indicates a data dependency between nodes u; and u; which
means that uj needs the result of the computation performed on u; before it can start
its own computation. A token carries data of some specific type. In the application
area of high-level synthesis, data types such as bits, n -bit integers, or floating point
numbers of a given precision are carried by a token. The principle of data-flow
computing is that a computational node can only be active if tokens are present at
each of its inputs. lt consumes the input tokens, applies a specific computation on
them and produces outplt tokens that cany the result of the computation. One says
that a node fires when it consumes all required input tokens.
In a general data-flow model, a node may require multiple tokens to be present on
an input edge before it can fire, and may produce multiple tokens at its output after
firing. When multiple tokens are present on an edge, the ordering of the tokens has to
be respected: a token that was produced first at one end of an edge is consumed first
at the other end. The implementation of such a graph then requires queues or buffers
for the edges. An important issue is that a buffer used for an edge has the right size;
it certainly has to be avoided that an unbounded number of tokens are accumulated
on an edge. For purposes of simplicity, it will be assumed in the rest of the text that
all nodes consume a single token from each input edge and produce a single token
on each output edge. Input nodes can only produce tokens, whereas output nodes can

only consume tokens.
As an example, consider the DFG representation of the program given in Fig-

ure 12.3. There, the variables a, b, c and d are inputs, x and y are the labels of
intermediate edges and z is an output. The DFG is shown in Figure 12.4(a). The
rest of the figure illustrates the token flow. All inputs produce their tokens simultaneously at, say, time / : 0 (Figure 12.4(b)). As they arrive simultaneously, they are
immediately consumed by the addition and multiplication nodes that will compute x
and y respectively. Assuming that an addition is ready earlier than a multiplication,
the input tokens for the addition node that will compute z arive at distinct moments
in time (Figure 12.4(cd)). When both are present, they will be consumed and some
time later the output token z will be computed (Figure 2.a@D.
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Figure

12.4 A simple

DFG (a) and different stages of its execution (b-e).
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Figure

12.2.2

12.5

J

(b)

The selector node (a) and the distributor node (b).

Conditional Data Flow

Conditional computations require the use of two special conditional nodes: the
selector node and the distributor node. They are shown in Figure 12.5. Both of them
are characterized by a horizontal input that can only carry Boolean tokens. Boolean
tokens can be produced by computational nodes that e.g. perform a comparison such
as "less than or equal to" (<). A selector node has two inputs labeled true andfalse,
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H*,&JrHp,+
(a)

(c)

Figure

12.6

The firing rules for a selector node (a,b) and a distributor node (c,d).

if(a > b)

c<-a-b;
else

c<-b-a;
Figure

12.7 An

example of a conditional construct.

one of which will be selected depending on the value of the token on the horizontal
input. In a similar way, the horizontal input selects one of the two outputs labeled
true andfalse of a distributor node.
Conditional nodes have firing rules that slightly differ from the firing rule for a
computational node. In the case of a selector node, a node can fire if:

o there is a token with value true on the horizontal input

and a token at the input
labeled true; in this case, the latter token will be propagated to the output.

o there is a token with value/a/se on the horizontal input and a token

at the input
labeledfalse; in this case, the latter token will be propagated to the output.

A distributor node can fire when both its horizontal and "vertical" inputs contain a
token. However, a token is produced at only one output: if the value of the token at
the horizontal input is true the input token is gated to the output labeled true; it is
gated to the output labeled false, otherwise. The firing rules for conditional nodes
have been illustrated in Figure 12.6.

Conditional nodes can be used to represent if-then-else constructs, by using
combinations of distributor and selector nodes that receive the same horizontal
input. An example of a conditional program fragment is shown in Figure 12.7. A
corresponding DFG is shown in Figure 12.8(a). The same program fragment can also
be represented in a DFG by using selector nodes only, as shown in Figure 12.8(b).
The first graph makes it easier for the synthesis program to identify the conditional
part of the DFG: the subgraph corresponding to the if-then-else construct is delimited
by distributor nodes on one side and selector nodes on the other. Therefore, many
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(a)
Figure 12.8 Two different DFG representations of

(b)
the program fragment

in Figure 12'7.

high-level synthesis systems may restrict the use of conditional nodes to structures
as the one in Figure 12.8(a).

Note: as opposed to the simple DFG of Figure 12.4, the two DFGs of Figure 12.8
have nodes whose outputs are used by multiple nodes (the two input nodes and the
"greater than" operator). The easiest way to represent such a situation is to have
multiple edges leaving the node concemed. The consequence for the token flow is
that as many tokens per computation and per output are produced as there are edges
connected to the output. Each ofthese tokens carries identical values. For the sake of
readability, the multiple outgoing edges in Figure 12.8 have been partially drawn on
top of each other.

12.2.3

lterative Data Flow

Combinations of selector and distributor nodes can also be used for the representation
of iterative constructs. This can be done in many ways. However, a structured
representation makes it easier to recognize these constructs in the DFG. A simple
while loop is shown in Figurc 12.9 as an example of an iterative construct. Its possible
representation as a DFG is given in Figure 12.10. Note that an initial token with value
false has to be present at the horizontal input of the selector node in order to allow

244

Algorithms for VLSI Design Automation

while (a > b)

a<-a-b:
Figure 12.9 An example of

an iterative construct.

Figure 12,10 A DFG representation of the program fragment given in Figure 12.9.

the computation lo start.
Note also that the representation of iteration in this way introduces cycles in the
DFG. A cycle in a DFG can give rise to deadlock.. none of the nodes in the cycle can
fire as each node is waiting for its predecessor in the graph to produce a token. In the
example here, the initial conditions for the conditional nodes have been chosen such
that the computation can start and terminate properly. In a DFG without conditional
nodes, a necessary condition for the graph to be free of deadlocks is that each cycle
contains at least one edge carrying an initial token.

Apart from explicitly describing iteration as part of a DFG, there is another way
having the inpur nodes
fire repetitively: the computation is performed again each time that new inputs are
available. This type of iteration is restricted to the outer loop of a computation. In
spite of this restriction, it is often used in the context of digital signal processing. In
many applications in this field, there is an infinite stream of input values to which the
same computations should be applied yielding an infinite stream of output values.
Input values that arrive at regular time intervals introduce synchronous behavior
in DFGs that are asynchronous by nature. For each set of input tokens that arrive
at the start of a new iteration a corresponding set of output tokens is produced after
some time. In such a synchronous system, tokens initially present on edges function
as buffers that make that the output values not only depend on the current input
values but also on previous ones. This is illustrated in Figure l2.ll.rn this figure
the variables have an index related to the iteration number which they belong to. In

of specifying a repetitive computation. This is done by
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Figure 12.12 The representation of the DFG of Figure

l2.ll by using a separate delay node.

DSP, it is sometimes customary to use separate delay nodes instead of initial tokens
on the edges as shown in Figure 12.12. Such a node stores an incoming token for
a period f0, the iteration period of the graph (the time interval between subsequent

inputs). After this period the token is passed to the output. A delay node may be
associated with a state variable most of the time. A small example of a DFG that
is often used in the fleld of digital signal processing, a "second-order digital filter
section", is shown in Figure 12.13.|n this example, all multiplications take one of
their inputs from an input node. These input nodes are special in the sense that they
should provide the same values in each iteration as they model multiplications with
constant coefficients.

12.2.4 Data-flow

Graph Representation

it was stated that DFGs were very suitable to be used as the internal
representation of the algorithm to be synthesized. It is therefore appropriate to
consider the data structures by which DFGs can be modeled.
The first issue to note is that DFGs are more than ordinary graphs, although they
are composed of nodes (vertices) and directed edges. The additional information to
be modeled is the fact that the inputs and outputs of a node need to be distinguished.
Above,
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d,-c8ma

Figure

12.13

The DFG

ofa second-orderdigital filter

section.

An arithmetic node like "subtraction", for example, has two inputs that cannot
be interchanged without changing the algorithm represented by the DFG. Similar
remarks can be made for the true andfalse inputs of a selector node and the true and,
/a/se outputs of a distributor node. This issue can be handled by the introduction of
ports as was done in the "cell-port-net" model for circuit representation discussed in
Section 7.1. on the other hand, the "cell-port-net" is not very suitable either because
edges in a DFG always connect two ports as opposed to nets that can connect to
multiple ports. So, the best representation is a graph structure with two types of
vertices: one for the nodes and the other for the ports respectively. Directed edges
indicate the data flow between nodes as well as within the nodes. To illustrate
this representation a part of the DFG of Figure 12.8(a) has been reproduced in
Figure 12.14(a) while the corresponding "node-port" representation is shown in
Figure 12.14(b).
As can be seen in the figure, each node can be identified by its type (input,
distributor, "greater than" operation). Each port has a label (e.g. "left", "right",
or "out") for unique identification. The data model should also contain additional
information that is not shown in the figure. Essential information is e.g. the data type
carried by an edge such as "two's complement l6-bit integer". Another thing that
is useful is to intemally represent "reverse edges" (for each edge a companion edge
opposite to the data flow direction) such that the data structure can be traversed in
any desired direction.
Note that this data model can easily be extended to deal with hierarchical DFGs,
i.e. DFGs in which nodes can be complete DFGs themselves. Similarly to the "cellport-net" model of Section 7. l, this can be achieved by contracting a DFG to a single
"master" node. In this process, the input and output nodes of the DFG are converted
into the ports of the new node.
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(a)

(b)

Figure 12.14 A fragment of a DFG (a) and its model for representation with data structures
(b).

12.3 Allocation,
12.3.1

Assignment and Scheduling

Goals and Terminology

The main issue in high-level synthesis is the mapping of the internal description
of some algorithm to a hardware configuration that obeys the hardware model
of the synthesis system. In the rest of this chapter, it will be assumed that the
internal representation consists of a DFG. Also, it will be assumed that there are no
conditional computations. Such applications are sometimes called data dominated
as opposed to control-dominated applications that are characterized by conditional
computations. The algorithms that are used for the synthesis of control-dominated
problems are quite different from those used for data-dominated ones. They will not
be discussed in this chapter.
In data-dominated problems, each operation in the DFG has to be assigned at least
two entities: the functional unit (FU) on which it will be executed and the time step
in which its execution will start. In addition, the remaining part of the hardware
configuration has to be specif,ed, viz. the memory elements with the values they will
store at specific instants and the interconnections between all hardware units.
HighJevel synthesis is often divided into a number of subtasks. These tasks are
normally interdependent. However, considering them as independent tasks makes it
easier to def,ne optimization problems and to design algorithms to solve them. Below, the most important subtasks are defined (actually, there is no general agreement
by the community of researchers in this field on the terminologYi the meanings of
"assignment" and "allocation" are e.g. often interchanged with respect to those given
below).
Scheduling is the task of determining the instants at which the execution of the
operations in the DFG will start.
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Figure 12.15 The acyclic DFG corresponding to the second-order filter section of Figure 12.13.

Assignment maps each operation in the DFG to a specific functional unit on
which the operation will be executed. Assignment is also concerned with mapping
storaqe values to specific memory elements and of data transfers to interconnection
structures.

A storage value is an intermediate result produced by the data path that
will make use of the value anymore. Assignment

needs to be stored until no operation

is also called binding.
Allocation (or "resource allocation") simply reserves the hardware resources that
will be necessary to realize the algorithm. So, it determines that r units of resource
type A, y units of resource type B, etc. will be used, without specifying which unit
will execute which operation. Another term used for this taskis module selection.
Before continuing with the optimization issues associated with these subtasks, the
issues are introduced informally. This is done in the next subsection by means of the
synthesis of a small example.

12.3.2 A Detailed

Example

The example used here is the second-order filter section of Figure 12.13. Although
it is possible to use the DFG as such for high-level synthesis, the synthesis becomes
easier if the DFG is first transformed into an acyclic graph. To this end, a delay
element is regarded as a pair of output and input nodes: the input of the delay
element is an output node for the DFG and the output of the delay element is an
input node. The assumption behind this transformation is that the output produced
in an iteration will be stored in a register which will be read in the next one. The
data is then delayed for the duration of one iteration, which is exactly the functional
behavior of a delay element. The acyclic DFG obtained in this way from the DFG of
Figure 12. l3 is shown in Figure 12.15. Note that the acyclic graph actually models a
single iteration whereas the original graph models all iterations. One says that only
the intra-iteration parallelism, i.e. the parallelism between operations belonging to
the same iteration, is represented in the acyclic DFG. In the original graph, however,
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Figure L2.16 A nonoverlapped (a) and an overlapped (b) schedule for

an

iterative algorithm.

the inter-iteration parallelism or the parallelism between operations belonging to
different iterations is also present.
Disregarding inter-iteration parallelism makes synthesis easier (the search space is
smaller and the optimization algorithms can be simpler), but may lead to poorer results because part of the search space is not accessible to the optimization algorithm.
When inter-iteration parallelism is taken into account, the search space is larger because so-called overlapped schedules can be generated. These are schedules where
not all operations of a certain iteration need to have been executed before the next
iteration can start. This is illustrated in Figure 12.16. Other names for overlapped
scheduling are loop folding and sofnuare pipelining.
The synthesis ofthe second-order filter section based on a nonoverlapped schedule
is considered first. It is assumed that only a single multiplier and a single adder are
available as functional units. One could say that the decision to use this quantity of
hardware was the result of the allocation subtask. The properties of the hardware are
such that a multiplication takes two cycles of the internal clock and that an addition
takes one cycle. Because there is only one FU of each type, the assignment task is
trivial: all multiplications have to be assigned to the only multiplier present and all
additions to the only adder.
One of the main issues in scheduling is that the precedence relations in the DFG
should be respected. This means that for each edge (ui,uj) e E between the
computational nodes u; and u j, u j calr.ot be scheduled earlier than the time when
the execution ofu; has been completed.
A schedule for the graph of Figure 12.15 is given in Figure 12.17. The figure
shows a time axis of l0 clock cycles and the operations that are executed on those
cycles on each functional unit. (Exercise: check that the graph cannot be scheduled
in less that l0 cycles; check also that all precedence relations are respected.)
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The register assignment for the example DFG given in Figure 12.15.

In order to complete the synthesis, the memory elements have to be specified and
the design has to be completed by interconnecting all FUs and memory elements.
In this example, it is assumed that the multiplier coefficients are stored in a ROM
and that other intermediate results are stored in registers. So, specifying the memory
elements amounts to performing the "register assignment" subtask. A solution is
given in Figure 12.18. Apart from the registers represenring the input (ir), the
output (ot), the delay elements (d1 and d2), and the ROM, five registers have been
introduced to store intermediate results (r1 through 14 and dg). Register d0 receives
the new value to be stored in d1 (exercise: check that the old value of d1 still needs
to be used when its new value is produced). At the end of the iteration, the value of
d6 should be copied to d1 and the value of d1 to d2.
After realizing the interconnections between the registers and the FUs and introducing multiplexers where necessary, one obtains the network as shown in Figure 12.19. (Verify the correctness of the register assignment and the network.) The
actual result of the synthesis is this network augmented with the specification of the
required control signals in this network. The control signals can be derived directly
from the schedule and the register assignment. (Specify for each clock cycle the control signals: the control signals for the multiplexers, the write-enable signals for the
registers, and the ROM addresses).
Consider now the synthesis of the second-order filter section based on an overlapped schedule. It should be based on the DFG ofFigure 12.13 (the delay elements
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Figure12.19 Thenetworkresultingfromthesynthesisof theDFGof Figure
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Figure 12.20 Two iterations of

an overlapped schedule

15

for the DFG of Figure 12.13.

should not be transformed into pairs of input and output nodes). Assuming that again
only one multiplier and one adder are available, the solution to the scheduling problem will be as given in Figure 12.20. T\e figure actually shows two iterations to
emphasize the overlapped nature of the schedule. From the schedule it can be seen
that the computation can be repeated every 8 clock cycles compared to an iteration
period of I 0 in the case of the nonoverlapped schedule. The generation of the register
assignment and interconnection hardware is similar to the nonoverlapped case and is
not further considered here (see also Exercise 12.3).

12.3.3

Optimization Issues

The function to be optimized in high-level synthesis is in principle the same as
for a VLSI design problem as a whole (see Section 1.1). In order to simplify the
problem, however, all hardware units are characterized by two parameters only:
speed and cosf, where the cost normally mainly reflects the area. Another entity, the
optimization of which is becoming more and more important,is power consumption.
However, this optimization issue will be kept outside the discussion in this chapter.
By making use of these two parameters, two problems can be investigated:

l.

Given the time within which the hardware has to complete its computation, find
the hardware configuration with minimal overall cost. The overall cost is simply
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computed by adding the cost parameters of
problem is called time- constrairzed synthesis.

2.

all hardware elements

used. This

Given an allocation of hardware, find a scheduling and assignment such that the
total computation is completed in minimal time. This problem is called resourceconstrained synthesis. In another version of this problem an allocation is not
given, but a limit to the overall cost is specified.

There is actually a third problem that amounts to the decision version of the
two optimization problems mentioned above: check whether a network can be
constructed to execute an input algorithm within a given time, while limitations are
given as well on either the use of individual hardware elements or the overall cost.
The problem is often further simplified by considering FUs as the only hardware
elements contributing to the cost. This means that the use of memory elements
and interconnection is not optimized in the first place. The optimization of these
resources is done as a postprocessing step after a synthesis step in which only the FU
cost is taken into account.
In the rest of this chapter, the following scheduling problem is given some deeper
attention:

r

The schedule should be nonoverlapping.

o

The input

for the scheduler consists of a DFG G (V , E) and a library R of FUs
is also called the set of resource types). G (V , E) does not have conditional
nodes. For each node u e V, the input description also states on which library
element r e R this node will be executed. This mapping is denoted by a function
p : V -> 7?,. Because of this unique mapping and the known characteristics of the
library, a time 6(u) can be associated with each u e V indicating the number of
control steps required to execute u. The cost of an element r e R is given by a(r).

(?

o The problem is time-constrained.

The hardware resulting from synthesis should
complete the required computation at time 7'6 at latest. This means that the time
instants from the set 7 : {0, 1,2,... ,70 - l} are available for an operation to
startits execution (of course, an operation u € y withduration 3(u) > I, can start
at time 7"0

-

6(u) at latest).

oA

schedule o is a function that gives the starting time for the execution of each
operation: o : V --+ 7. Obviously, a schedule can only be legal if the following
inequality is satisfied foreach edge (u;, u) e E between computational nodes u;
and u;:

o(u;) > o(u,) +
o

5(u,

Assuming that there is a "requ irement functiotr
function"

)

(t2.1)

N,(o) that gives the minimal
o. the

number of resources of type r that are necessar
necessary to execute the schedule
goal ofthis problem is to find a o such that the overall
o
cost given by:

!

reR

ro(r)lr,(o)

(12.2)
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is minimized.

N, is actually a function that has to perform the assignment for each resource type
separately. Depending on the variant of the synthesis problem involved, the assignment problem may be tractable or intractable, as will be explained in Section 12.5.
As the scheduling problem preceding the assignment is NP-complete, the synthesis
problem defined here is intractable in any case. One therefore has to be satisfied with
heuristic scheduling algorithms. A number of them are discussed in the next section.

12.4

Some Scheduling Algorithms

12.4.1 ASAP Scheduling
ASAP (an abbreviation of "as soon as possible") scheduling is one of the simplest
ways to find a solution to a scheduling problem with precedence constraints. An
operation in the DFG is scheduled exactly at the moment that all its predecessor
nodes in the graph have completed their computations.
Finding the ASAP schedule of an acyclic DFG is equivalent to finding the longest
path in a directed acyclic graph. An algorithm to find such a longest path was
presented in Figure 6.8 in the context of layout compaction. In order to be able to
apply this algorithm, a simple directed graph I1({u6} U V , F) derived from the DFG

G(V, E) should be constructed

o All edges (u;,

u1) e

E

as

follows:

are also member

of F.

such that u; is a computational node, has to be assigned a
weight w((ui, u)) : 6(ut), the computational delay of the computational node
u1 that puts a token on the edge. Note that in this way all inequalities obeying
Inequality (12.1), are represented in the graph in the same way as the inequalities
of the layout compaction problem.

o Each edge (u;, u;)

where u; is an input node, receives weight w((ui, u1)) :0. This
models
that
all inputs are available at time 0. Inputs that arrive later can
actually
with an appropriate weight. Also, new edges (u6, ui) with
by
edges
represented
be
weight u((uo, ui)) : 0 are added to F for each input node u;. us is a dummy
source node that is required by the algorithm presented in Figure 6.8'

o An edge (ui,1) j),

The values x; found by the atgorithm denote the ASAP scheduling times o(u;) of
the computational nodes u;. The transformed graph of the example in Figure 12.15
is shown inFigure 12.21.
Note: the scheduling times found by ASAP scheduling are the earliest possible;
the scheduling problem therefore only has a solution if for all computational nodes
o (ui)

+

6

(u;

)<

76 (see also Subsection 12.3.3).

ASAP scheduling has the disadvantage that the algorithm nowhere refers to the
resource usage. Therefore, no attempt is made to minimize the cost function of Formula (12.2). However, ASAP scheduling can be used as part of more sophisticated
algorithms such as those discussed in the next subsections.
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Figure 12.21 An adaptation of the graph of Figure 12.15 such that the longest-path algorithm of Figure 6.8 can operate on it.

12.4.2 Mobility-based

Scheduling

In ASAP scheduling one computes the earliest time at which an operation can be
scheduled. one can also do the opposite and compute the latest time at which an
operation can be scheduled, knowing that all operations should be ready at time r0.
It is not difficult to adapt the longest-path algorithm described above to work from
the outputs backwards and find the "as late as possible" (ALAP) times in this way
(see Exercise 12.4).
ALAP scheduling, as such, has the same disadvantages as ASAP scheduling.
However, combining the information obtained by both ways of scheduling gives rise
to more powerful heuristics. If the ASAP scheduling time of node u; is denoted
by os(ui) and the ALAP time by or@), the inrerval [os(ui), ot@)) contains all
possible time instants at which ui can be scheduled. This interval is sometimes called
the time frame or the scheduling range of the operation. The length of the interval,
i.e. o1@;) - os(ui), is called the operation's mobility.
Mobility can be used as the basis of several scheduling heuristics. Such a heuristic
investigates the time instants within the scheduling range of an operation and chooses
an instant in such a way that the usage of resources is optimized. Fixing the time of an
operation can affect the mobility of the yet unscheduled operations. Their mobilities
may decrease. Consider e.g. the simple DFG of Figure 12.22 in which the input
and output nodes are connected by three nodes in series, each with a delay of 2
clock cycles and 7o : 10. The initial scheduling ranges for the nodes c1, cz, and ca
respectively are: [0,4], 12,6), and [4,8]. If the scheduling algorithm decides to fix c2
at time 5, the ranges become: [0,3], [5,5], and [7,8].
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Figrel2.22

A simple DFG.

"determine a(0) by computing o5 and o1"l

i +-0;
while ("there are unscheduled operations") {
u <- "one of the nodes with lowest mobility";
"schedule u at some time that optimizes the current resource utilization";
"determine;(ft+t) 6, updating the scheduling ranges
of the unscheduled nodes";

k<-k+l
)

Figure 12.23 A simple mobility-based scheduling algorithm.

When talking of scheduling ranges that are decreased in the course of an algorithm, the concept of a partial schedule is very useful. A partial schedule 6 is
a function that gives a scheduling range for each computational node in a DFG:
d : V --> lT, Tl. Let the lower bound of the interval for a node u be denoted
by 6^;n@) and the upper bound by 6*,r(u). Many mobility-based scheduling algorithms generate a sequence of partial schedules: 6(o), 6(t), . . . , &(').;(0) gives
the ASAP and ALAP schedules. In each step the mobility of at least one operation
decreases, while no operation's mobility increases. The final partial schedule 6(n) is
actually a complete schedule o, as for all nodes u € y the following should be true:

d*),@)=a*),@):o(u).
The pseudo-code of a general algorithm based on these ideas is presented in
Figure 12.23.This is a very general algorithm. Many details have to be elaborated
before the algorithm can be applied in practice. The algorithm uses the heuristic of
starting with operations of lowest mobility. This seems to be a good rule as it is
easier to find a suitable scheduling time for operations of higher mobility later, when
the resource usage of low-mobility operations is known. If, on the other hand, one
starts with high-mobility operations, it is easier to make the wrong choice in the
presence of more freedom. More criteria are needed to make a selection among the
nodes with equal lowest mobility. Also criteria are needed to chose at which time an
operation should be scheduled. Updating the ranges can be done using the longestpath algorithm, in a similar way as was done for computing the initial ranges (note
that in Figure 6.8 the initialization occurs outside the procedure lonqest -path).
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12.4.3

Force-directed Scheduling

A more sophisticated

scheduling algorithm based on mobility is the force-directed
method introduced by Paulin and Knight. It provides a heuristic solution to a problem
already mentioned in Figure 12.23: how to find the best position in time for a node
such that the overall resource utilization is optimized, while still many other nodes
have to be scheduled. In force-directed scheduling, the resource utilizations of the
nodes yet to be scheduled are estimated by assuming an "average" utilization within
their scheduling ranges. For example, a unit-time operation with a mobility of three is
assumed to use one third of a resource for the three time instants within its scheduling
range. The combination of these averages results in a resource requirement distribution function that is extensively used by the scheduling algorithm. In this way, the
unscheduled nodes also participate in the decision made during scheduling.
More precisely, the resource requirement distribution function for a resource r at
time t, 0,(6 , t) is computed making use of all the information present in the partial
schedule d. It is computed as follows:

0,(o,t): f

a(u,

r,6,t)

u<V

In the formula, the contributions of individual operations to the resource requirement
distribution, given by the auxiliary function cv, are added together. When p(u) I r,
obviously a(u, r, 6 , /) : 0. Otherwise, cv is defined as follows:
d.nr(u) d(u)-l

a(u,

r,6, t)

: I I
i:&.inlt) i:O

gt,

*

7,

r) x

6n

or(u)

- 6*i"@) *

1

where:

t\a.Dt:lOI t ila:b
ffalb
The function cy can be understood as follows: for a unit-delay operation, its requirement distribution is uniform within its scheduling range; for an operation of longer
duration, the requirement distribution is computed as if the operation was composed
of a concatenation of unit-delay operations. Figlre 12.24 shows a simple DFG and
the computation of the resource requirement distribution functions for the initial
schedule 6(0) when

To:4,6(t) : l, and d(x) :

2.

Given a partial schedule 6(k), force-directed scheduling makes a transition to
schedule ,: (t+ I ) 6, selecting a node u which is scheduled at a time t, in a way similar
to what is done in the simple algorithm of Figure 12.23.In order to find the best
choices for u and /, force-directed scheduling evaluates all possibilities. This is done
by computing the "force" associated with a possible transition.
Let 6lu-1 denote the schedule obtained from 6 by fixing operation u at a time r
within its scheduling range. Then the force associated with the transition is given by:

F(dl,-t,") : I 0,G,s)[a(u, p@),61,-t,s) -a(u, p(u),o,s))
seT

(12.3)
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Figure 12.24 A simple DFG (a) and its initial
for the resources + (b) and x (c).

resource requirement distribution functions

The transition chosen is the pair (u, /) that results in the minimal force.
Inspection of the terms that are summed in Equation (12.3) shows that, for each
instant s, the force is composed of the product of the current distribution and the
change of the distribution for the operation that is tentatively scheduled at time /. One
could interpret each term as the product of a spring constant (the distribution) with
a displacement (the change of the distribution for the operation under investigation).
In analogy with Hooke's Law, one could call the product a force, hence the name of
the method.
One can understand Equation (12.3) as follows: the change in the distribution of
the operation u due to its fixing at time r is weighted with the total distribution.
For this reason, the contribution to the force of those time instants s with a higher
distribution value will be more significant: a decrease in the distribution of u at s due
to the fact that u is fixed at a time instantt I s, will be more strongly rewarded,
while an increase due to r : s will be more strongly penalized. In this way, nodes
will be scheduled at instants where the expected resource utilization is relatively low.
Consider the scheduling of the multiplications in the example of Figute 12.24,
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Figure 12.25 The changes in the values ofthe function cv for the tentative schedulings to be
considered when applying the force-directed method to the situation inFigure 12.24.

in which the following (u, r) pairs should be invesrigated: (u3,0), (u:, l), (u2, l),
and (u2,2). The changes to the distributions of the nodes concerned are shown in
Figure 12.25. The forces associated with the four tentative schedulings are given
below:

:12 ,. 1+
" -12
2 I2 "o+1,
2 -1*1
2',2 r0:
F(d@lur--r,d(o)) : ] * -1 * 1, o+ 1, I + 1, o: 1
222222-2
F(&(0)1,,*0, at$)

,, -1:1
* 1 " o+
I2 * o+ ]2 " I2',2
- 12'2
2
F(6totl,,-2,;ror;'2222-222
- ] x o+: " -1+ I , o+ I , 1: -1

F(6Q)1,,-r,6,0)):

The force-directed scheduling algorithm will choose for either the pair (u3, 0) or the

1
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"determine A(0) by computing os and
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foreachreR
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+
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Figure 12.26 The force-directed scheduling algorithm.

pair (u2,2), which in both cases will avoid the allocation of a second multiplier.
The main ideas of force-directed scheduling, as presented above, have been
summarized in the pseudo-code of Figure 12.26. From the code, the worst-case time
complexity of the algorithm can be derived. The force computations dominate the
calculation and require O (n2 tho) dme, where n is the number of nodes in the DFG.
In Equation (12.3), only the change in the distribution of u resulting from the tentative scheduling of u at / is taken into account. This is only a rough approximation of
changes in the resource requirement distribution function. In reality, such a tentative
scheduling will also affect the scheduling ranges of other unscheduled operations.
The original description of Paulin and Knight therefore not only considers the force
as given in Equation (12.3), called by them the self-force, but also the changes in the
distributions of the nodes incident to and incident from u. These changes result in
the so-called predecessor and successor forces. It is beyond the scope of this text to
discuss the details of these force computations.
Although force-directed scheduling has been used by many researchers, it has a
higher time-complexity than other heuristics without guaranteeing better results. In
panicular, heuristics based on list scheduling should be considered as an alternative
to force-directed scheduling. A short description of list scheduling follows in the
next subsection.

12.4.4

List Scheduling

The scheduling methods described until now (ASAP, mobility-based and forcedirected scheduling) are meant for time-constrained problems, although they could
be adapted for resource-consffained problems as well. List schedulirng, on the other
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hand, is meant for resource-constrained problems in the first place, but can also be
adapted for time-constrained problems.
The main idea is to process the available time instants in increasing order (starting
as many as possible operations at a certain instant before
moving to the next. This continues until all operations have been scheduled. In this
way an attempt is made to minimize the total execution time of the operations in the
DFG. Of course, the precedence relations also need to be respected in list scheduling.
All operations, whose predecessors in the DFG have completed their executions at a
certain time instant / are put in the so-called ready list L1. The list contains exactly
those operations that are available for scheduling.

at zero) and schedule

If there are sufficient unoccupied resources at time t for all operations in L1, these
operations can be scheduled trivially. However, if an appropriate resource for each
operation in L1 is not available, a choice has to be made on which operations will be
scheduled at time r and which operations will be deferred to be scheduled at a later
time. This choice is normally based on heuristics, each heuristic defining a specific
type of list scheduling.
A popular version is critical-patft list scheduling. In this context, the longest path
from a node u e L1 to an output node of the DFG is called its critical path (note that
the critical path of the DFG as a whole is the longest path starting from any of the
input nodes and ending in any of the output nodes). The maximum over all u e L1 of
the critical-path lengths gives a lower bound on the total time necessary to execute
the remaining part of the schedule. Therefore, in critical-path list scheduling, nodes
with the greatest critical-path lengths are selected to be scheduled at time r. The
method is illustrated in Figure 12.27, where the DFG shown should be scheduled on
two identical ALUs that require one time unit to compute an addition or subtraction
and two time units to compute a multiplication. The critical-path length for each
node is given between parentheses behind the node name. The intermediate values
of L1 during the execution of the algorithm are given in Figure 12.28. Note that
the elements in the lists are sorted according to their critical-path lengths and that
therefore the first two elements are selected for scheduling whenever the list contains
more than two elements.

A reason for the popularity ofcritical-path list scheduling is that often satisfactory
results are obtained while the algorithm has a low time complexity. The critical-path
lengths for each node need only to be computed once, which can be done in linear
time traversing the graph from the output nodes to the inputs in a way similar to
the longest-path algorithm presented in Figure 6.8, resulting in a time complexity of
O(IED. Sorting the list of all nodes by critical-path length can also be done only
once, in O(nlogn) time. Composing the ready list and selecting its first elements
requires O(nTs) time in the worst case when implemented in a straightforward way.
So, the overall worst-case time complexity is

O(lEl

I

nlogn

*

nTs).
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Figure 12.27 A DFG (a) and its schedule obtained by critical-path list scheduling when two
ALUs are available (b).
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Figure 12.28 The evolution ofthe set Lr in the critical-path list scheduling ofthe problem
fromFigwe 12.27.

12.5

Some Aspects of the Assignment Problem

12.5.1

Optimization Issues

As mentioned earlier, the scheduling and assignment tasks are interrelated. For an
optimal design they should be solved simultaneously. Some synthesis systems use
algorithms that do so. However, most systems first solve the scheduling problem and
then try to find a good assignment given a certain schedule. There also exist systems
that first solve the assignment problem and schedule afterwards. In the rest of this
text, it will be assumed that assignment follows scheduling.
The assignment problem itself consists of several subproblems:

o operation-to-FU

assignment: this is the problem of mapping a computation to an

FU of an appropriate type.
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o

value grouping: this is the problem of partitioning all storage values in such a way
that a subset does not contain values that are read or written simultaneously. Then
each subset can be realized as a register bank. In the case of multiport memories,
the conditions for grouping should be adapted accordingly (a multiport memory
has several ports that allow to perform more than one read or write action in a
single clock cycle).

o

value-to-register assignmer?r.' this is the problem of assigning a memory location to
storage values in the same group. Values with nonoverlapping lifu times can share
the same location. The life time of a storage value is the time interval starting at
the instant that it is created, and ending at the moment that it no longer is required.

o

transfer-to-wire assignment: a transfer is the actual transport

of data from one

hardware unit to another. In a bus-based architecture, one has the choice of which
bus to write. The choice affects the number of three-state drivers connected to the
unit from which the transfer originates and the type of multiplexers connected to
the unit receiving the transfer.

assignment: in the case of commutative operations, one can
of
the
two equivalent input ports to feed the data to the functional
one

o wire to FU-port
choose

unit. More in general, the problem exists when a functional unit has ports that are
functionally equivalent.

Again, the complete solution space can only be explored by considering all problems simultaneously. The problem is quite complex, however, so that only heuristic
methods can generate solutions for problem instances of practical size. The alternative of considering the different subproblems individually and possibly solving them
exactly, may, therefore, be a better alternative.
Assuming that assignment is performed after scheduling, the number of clock
cycles that the algorithm needs cannot be influenced anymore. The optimization
goal is now primarily the total chip area. Another goal could be the performance
(the length of the interconnections, the number of multiplexers connected to a bus,
etc. can affect the length of the clock cycle). Interconnection cost is one of the items
to be minimized during assignment. It includes the number of multiplexers and threestate drivers, but certainly also the bus length. As the length is difficult to estimate,
most systems do not take it into account. There exist a few systems, however, that do
some kind of floorplanning (see Chapter 8) during assignment.

12.5.2 Graph

Theoretical Problem Formulation

Problems like operation-to-FU assignment and value-to-register assignment, when
looked upon in a more abstract way, are variants of the same problem. This problem
will be called task-to-agent assignment, where a task can be an operation or a value
and an agent can be an FU or a register. Tasks are called compatible if they can
be executed on the same agent. In case of values, for example, this means that they
are compatible when their life times do not overlap. The set of tasks can be used as
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the vertex set of a so-called compatibility graph Gr(Vr, E"). The graph has edges
(u;,u1) e Ec if and only if the tasks corresponding to u, e V, and v j e Vc are
compatible.

Alternatively, one can say that two tasks are in confliu if they cannot be executed
on the same agent. The set of tasks is then used as the vertex set of a conflict graph
that has edges for those vertex pairs that are in conflict. The conflict graph is the
complement graph of the compatibility graph. This means that the conflict graph can
be obtained from the compatibility graph G,(Vr, E,) by taking the complete graph
of the vertex set V" and removing all edges in .8. from this graph. Clearly, taking the
complement of the conflict graph gives back the compatibility graph.
The goal of the assignment problem is to minimize the number of agents for the
given set of tasks. This goal can be formulated either in terms of the compatibility
graph or the conflict graph as is explained below.

The vertices of any complete subgraph of a compatibility graph correspond to
a set of tasks that can be assigned to the same agent. The goal of the assignment
problem is then to partition the compatibility graph in such a way that each subset
in the partition forms a complete graph and the number of subsets in the partition
is minimal. The subsets are pairwise disjoint and the union of the subsets forms
the original set by definition of a partition. In the literature such a partitioning is
called a clique partitioning even when the subsets in the partition are not necessarily
cliques, but only complete subgraphs. A term that is mathematically more precise is
a "covering by disjoint completely connected sets".

In a conflict graph, on the other hand, adjacent vertices in the graph have to
be assigned to different agents. Minimizing the number of agents then amounts to
finding the minimal coloring of the conflict graph. Vertices receiving the same color
can be assigned to the same agent.
The notions presented

in this section are illustrated in Figure

12.29. Figure

12.29(a) shows an example of a compatibility graph, while the corresponding conflict

graph is shown in Figure 12.29(b). A possible minimal clique covering of the
compatibility graph consists of the three vertex sets {u1, uz, v6l, luz, uq! and {u5}
as is shown in Figure 12.29(c). Not surprisingly, the minimal coloring of the conflict
graph needs three colors as shown in Figure 12.29(d).

At first sight it may seem that there is no advantage of formulating one and
the same problem as two different graph theoretical problems, especially because
solving one of the problems automatically implies a solution for the second as well.
Both the minimal clique covering problem and the graph vertex coloring problem are
NP-complete in the case that the graphs concerned do not belong to special families.
It may, however, be that the conflict graph is an interval graph, which leads to an
optimal solution in polynomial time as explained in Section 12.5.3 following next.
On the other hand, an algorithm such as the one presented in Section 12.5.4 can
better be explained in terms of the compatibility graph.

Algorithms for VLSI Design Automation

264

(c)

(d)

Figure 12.29 A compatibility graph (a), its corresponding conflict graph (b), a minimal
clique partitioning of the compatibility graph (c) and a minimal coloring of the conflict graph
(d).

12.5.3

Assignment by Interval and Circular-arc Graph

Coloing

If the goal of this subproblem
were to minimize the number of FUs without considering the impact on register
and interconnect cost, then the problem can optimally be solved in polynomial time
in the case of nonoverlapped scheduling. As the times that an operation starts and
terminates are known after scheduling and each operation thus has an execution
interval, the problem amounts to "packing intervals" in as few as possible rows.
This problem can be solved optimally in polynomial time by the left-edge algorithm,
first proposed for the channel routing problem (see Section 9.3.3). Stated in graph
theoretical terms, the intervals can be thought as vertices in an interval graph. This
interval graph is a conflict graph, which means that overlapping intervals give rise to
an edge in the graph. Finding the minimal number of FUs then amounts to coloring
the graph with a minimal number of colors. The lefredge algorithm guarantees an
optimal solution in polynomial time but cannot take into account "weights" that
might be used to express the impact on interconnection of a specific assignment.
In the case of overlapped scheduling, howeveq the time axis is folded back on
itself. This means that execution intervals at the end of the iteration period may
overlap with those at the beginning (of the next iteration period). Intervals of this
type can be visualized as arcs of a circle as has been done in Figure 12.30(a). In
order to keep the figure readable, the arcs have been drawn on separate concentric
circles. Again a conflict graph can be constructed based on the overlapping relation
(in the figure, one should project the arcs radially on the inner circle to detect whether
two arcs overlap). Such a graph is called a circular-arc graph.Figure 12.30(b) shows
the circular-arc graph derived from the set of arcs in Figure 12.30(a). The minimal
coloring of this graph is given in Figure 12.30(c). The minimal solution requires three
agents: one for the tasks corresponding to u1 and u4, one for those conesponding to

Consider the operator-to-FU assignment subproblem.

1
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(b)

(c)

A set of circular arcs (a), its corresponding circular-arc graph (b) and the
minimal coloring of this graph (c).
Figure 12.30

u3 and u5 and one for u2.

Note that a graph can be constructed from any set of circular arcs, but that
the reverse is not true in general: a given graph may or may not have a set of
corresponding circular arcs. A similar statement can be made about interval graphs.
So, the set of all circular-arc graphs and the set of all interval graphs are strict subsets

of the set of all possible graphs (and the set of all interval graphs is a subset of the
set of all circular-arc graphs). Because of their specific properties it may be that,

for some graph problems, algorithms can be designed that are more efficient than
algorithms meant for all possible graphs.

Even when the coloring problem for circular-arc graphs looks similar to the
coloring problem for interval graphs at first sight, it is an NP-complete problem.
No specific algorithm for coloring circular-arc graphs will be discussed here. One
possibility is to take the complementary compatibility graph and then use the "clique
panitioning" approach presented in the next section.
The problem of value-to-register assignment is similar to the operator-to-FU
assignment problem. However, one should be aware that a nonoverlapping schedule
an iterative algorithm still will require that some values will be alive across loop
boundaries. So, the problem will still be a circular-arc graph coloring problem.

of

12.5.4

Assignment by Clique Partitioning

This section explains a technique called clique partitioning that can be applied to
almost any subproblem of the assignment task (see Section 12.5.1). The problem
of finding a clique partitioning of a graph is NP-complete. A heuristic algorithm
to solve the problem was proposed by Tseng and Siewiorek and will be presented
here. It is based on combining vertices in the compatibility graph step by step. The
resulting vertices are called supervertices. The index I ofa supervertex ui represents
the set of indices of the vertices from which the supervertex was formed. For
example, combining vertices ul, u3 and u7 gives a supervertex u1,3,7. By definition,
the original vertices of the compatibility graph will also be called supervertices. If
the intermediate graph after k steps of the algorithm is called CtfV! , f'f ;, ttre initiat
graph c!1v.0, r'!; is equal to the compatibility graph.
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ft <-0;

ct<v!, zfi *- G,(v,, E,);
white(Ef + D t
"find (u; , u 1) e EI with largest
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Figure 12.31 A heuristic to compute the clique partitioning of

a graph.

The algorithm looks for a pair of supervertices with the largest number of co mmon
neighbors. A supervertex u, e Vj is a common neighbor of the supervertices
ui,u j € V:, if both edges (u;, un) and (uj,ur) are included in Ef. The two
supervertices are combined into a new supervertex as described in the pseudo-code
of Figure 12.31. The new supervertex remains connected to the common neighbors
only. The algorithm goes on to combine supervertices until the grapn CIU!, E!)
has an empty edge set.
A problem here is how to break ties when there are several pairs of supervertices
with the largest set of common neighbors. One could work with priorities or edge
weights to express a preference of one combination above another. Such a preference
scheme is based on the actual problem that one wants to solve: a specific combination
of tasks on the same agent might e.g. require more multiplexers than another
combination. In the example shown in Figure 12.32, which illustrates the application
of the algorithm to some example graph, ties have been broken by giving preference
to the lowest vertex index.
Clique partitioning can be used for both nonoverlapped and overlapped scheduling. This is due to the global nature of the method: it simply considers conflicts
between tasks, it does not process the resources in increasing order of time instants
as e.g. the left-edge algorithm.

12.6 High-level llansformations
Until now, it has been assumed in this chapter that the DFGs used for the input description of high-level synthesis could not be manipulated. Although it was stated in
Section 12.2 that a DFG explicitly represents a// parallelism present in a computation, this does not mean that there is a unique DFG for each computation (an example
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Figure 12.32 The successive graphs obtained in the application of the clique partitioning
heuristic to an example graph.

of two different DFGs for the same computation was given in Figure 12.8). On the
other hand, it should be clear from the discussion in the previous sections that modifications of the DFG may affect the result of scheduling and assignment and therefore
the quality of the final design. For this reason, transformations are nornally applied
to a DFG before performing steps like scheduling and assignment.

There are many different types of transformation, of which a few that are applicable to data-dominated applications will be discussed here. First of all, there
are simple arithmetic transformations based on "commutativity", "associativity" and
"distributivity". Addition and multiplication are examples of commutatiye operators,
which e.g. means that c * b : b I a. Such a transformation may lead to savings in
interconnection hardware like multiplexers during assignment.

For an illustration of associativl4r, consider the addition of 8 operands given
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fsh

(a)

(b)

Figure 12.33 The most serial (a) and most parallel (b) DFG for an eight operand addition.
below:

a-fb-tc-fd*e-f f *g*h
When translating this addition into a DFG using addition nodes with two operands,
one could interpret the expression as:

((((((c + b) + c) + d)

((a + b)

+

(c

*

e)

+

f)

+ s) + n

* d)) + ((e + f) + G + h))

This is the consequence of the associativity of addition. The DFGs corresponding to
the two interpretations are shown in Figure I2.33.The "most serial" version of the
computation shown Figure 12.33(a) has a critical path of seven additions whereas the
"most parallel" one of Figure 12.33(b) has a critical path of three additions. However,
the latter form is not always the most preferable one. This is especially the case if
the DFG of this addition is embedded in a DFG of a larger computation. It could
then happen that the critical path of the overall computation becomes longer when
transforming the serial form into the parallel form (suppose for example that the data
at input h are avallable much later than the other inputs). In another situation, e.g.
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b

(a)

(b)

Figure 12.34 A DFG transformation corresponding to the distributivity law.
one with a resource constraint of a single adder, the parallel version will require more
registers for the storage of intermediate results. The conclusion is that the application

of associativity can lead to improvements in the quality of the final result, but that the
choice between the most serial, the most parallel and any of the intermediate forms
strongly depends on the precise synthesis circumstances.
Distributivin states that:

axb*axc:ax(b*c)

(12.4)

illustrated in Figure 12.34. At first sight the situation of Figure 12.34(b), that has
one multiplication less than the situation of Figure 12.34(a), seems to be preferable.
However, also here the embedding of this DFG in a larger one may make the DFG
with the two multipliers a better choice (because no multiplier is available at the
end of the iteration period whereas there is time and hardware to perform the two
as

multiplications at the beginning).
Although Equation (12.4) is perfectly valid from a mathematical point of view,
it does not necessarily hold at the moment that the computations occurring in the
expressions are performed on hardware. This is due to the fact that numbers have to
be represented by a finite number of bits and that the outputs of a multiplication
or addition require more bits than the inputs if no precision is to be lost. In
applications like digital signal processing where "state variables" are repetitively
recomputed by additions and multiplications, it is inevitable to perform some kind
of rounding or truncation after each arithmetic operation. It may therefore be that the
so-called "finite word-length effects" are different before and after the application
of the distributivity transformation (because the additions and multiplications are
performed in a different order).
Because of the effects just mentioned, it is even doubtful whether distributivity
belongs to the category of high-level transformations. It is rather an algorithmic
transformation, a type of transformation that can be applied by the algorithm designer. Of course, some interaction between high-level design and algorithm design
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12.35

(b)
The retiming transformation.

whether a specific transformation like distributivity is ac-

ceptable. There exist many more algorithmic transformations that e.g. can be used to
increase the parallelism in the computation in order to get faster implementations or
to reduce the dissipated power. They are, however, outside the scope ofthis chapter.

In Section 12.3.2 it was explained that delay nodes should be split into pairs of
input and output nodes when generating a nonoverlapped schedule for the algorithm.
The transformation to be discussed next changes the position of the delay nodes in
the DFG and therefore may affect the length of the critical path of the DFG (the
longest path from any input to any output node). Clearly, the critical path gives the
minimal iteration period of a nonoverlapped schedule in the absence of resource
constraints. The transformation is called retiming. Simply stated, the transformation
is based on the fact that performing some operation in the DFG and then delaying
its output is equivalent to performing the same operation on the delayed inputs. This
is illustrated in Figure 12.35, where the graphs used are in principle parts of larger
graphs. It is not difficult to see that the transformation is valid. In the derivation, the
signals will be indexed by a time instant as was done in Section 12.2.3 . The following
holds in Figure 12.35(a): cln) - d[n - 1l and dln) : aln] * blnl, which means that
cln): aln - l)-f bln - 11. In Figure 1235(b), the situation is: c[n] : elnf + f ln),
eln) - aln - l), fln) : bln - ll,and therefore clnf : aln - l)'f bln - 11. A
similar derivation could be given for any node in the DFG with any number of inputs
or outputs.
As stated before, retiming can be used to optimize the critical path of a DFG
for nonoverlapping schedules. It can also be used to achieve a better distribution of
the resources over the iteration period (e.g. to improve a situation where all multiplications are performed at the beginning of the iteration period and all additions
at the end). Actually, retiming is only useful for nonoverlapped scheduling. Most
overlapped scheduling methods (not discussed here) in a sense consider all retimed
versions of a DFG simultaneously, because they do not split delay nodes into pairs
of input and output nodes.
A final issue to discuss is the strategy for applying the transformations. Some
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systems are interactive and let the user choose which transformations should be
applied on which part of the DFG. If one wants to apply transformations without
user interaction, one should first be aware of the computational complexity of the
problems involved. An example of a problem that can be solved in polynomial time
is "retiming for the optimization of the critical path". However, "retiming for the
optimization of resources" turns out to be NP-complete. In such a case, one could
use a method like simulated annealing (see Section 5.6) to search for a good solution.
The "moves" for simulated annealing can be chosen from a set of transformations
that can be as large as wanted. The cost function could e.g. be based on the resource
requirement distribution function discussed in Section 12.4.3.It is relatively easy to
calculate compared to the effort involved in complete scheduling and assignment.

12.7 BibliographicNotes
[McF90] is a review article that is a good introduction to the topic of high-level
synthesis and covers all important aspects. Less detailed but more recent review
articles arclGaj94l and [Lin97]. tcaj92l and [DM94] are introductory books, mainly
written with an educational goal. Books more oriented to the presentation of research
results in the field include [Cam9lb], [Wal9l], [Ku92], [Mic92b], [Cat93], [Van93]
and [Bay94].
This chapter assumes a basic familiarity with computer architecture. Those readers
that lack this knowledge, are referred to [War90], one of the many good books on this
topic. In the context of the hardware models a distinction was made between data and
control signals. It is not always easy to make this distinction; a formal definition of
control signals is given in [Gho92]. A clear explanation of "two-phase clocking"
can be found in [Mea80]. An example of a high-level synthesis system that uses a
two-phase hardware model is [Har89].
A topic that isjust mentioned in this chapter, but not further covered, concerns the
description language to be used as a starting point for highJevel synthesis. One of
the most used languages is VHDL, even when the language is primarily suitable for
simulation rather than for synthesis. This language spans many levels of the hierarchy
of design descriptions including the algorithmic one. [Lip89] and [Nav93] are two
of the many books available on VHDL. Another popular language that is somewhat
comparable to VHDL is Verilog; it is explained in [Tho9l] and [Gol96]. A totally
different language that was especially designed for the description and synthesis of
digital signal processing algorithms is Silage; information on Silage can be found in

lHil85l and [Hil92].

A good introduction to the topic of data-flow graphs, including a section on the
history of data-flow models for parallel computing, is given in [Dav82]. Similar ideas
can be found in the work ofLee [Lee88, Lee9la, Lee95], and in the proposal for a
DFG exchange standard for the purpose of synthesis from Eindhoven University of
Technology tEij92l. Examples of publications that use separate data and control flow
graphs are [McF90] and [Cam91a]. Other researchers combine the two in one graph,
calling the graph control-data flow graph lPauS9l or data-control flow graph lPot92).
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More on signal-flow graphs can be found in many publications in the field of
digital signal processing, including [Fet76] and [Rob87]. Synchronous data flow
graphs are explained in [Lee87]. They have for example been used in the Gabriel
system as a graphic input language [Lee89]. The consistency problem for data-flow
graphs (in a consistent graph, it is ensured that all nodes receive sufficient tokens to
keep on computing, while no unbounded number of tokens is accumulated on any of
the edges) has been studied by Lee both for synchronous [Lee87] and asynchronous

[Lee91a] graphs.
Examples of high-level synthesis systems for control-dominated applications, a
topic not covered in this text, are: [Cam9la], [Wol92] and [O'B93].
The definitions in the text for "scheduling", "assignment" and "allocation" follow
those given in [Pot92]).

More on the principles of "overlapped scheduling" can be found in the review
paper [GeO8]. Key articles on the topic are [Par9l] and [HdG92]. Examples of highlevel synthesis systems that generate overlapped schedules are described in [Goo90],
101692l,lLee94l, [Kos95] and [Wan95]. Overlapped scheduling can be performed
for computations with multiple nested loops such as found in image processing
systems. The Phideo high-level synthesis system can deal with the overlapping of
nested loops [Mee95, Ver97].
A review paper dedicated to the scheduling problem only is [Wa195]. The notation
used here for the description of the scheduling problem has been adapted from
101692l which in its turn was based on the one of [VeOl]. Many different variants
of the scheduling problem exist and most of them are NP-complete. Those that have
been discussed in this chapter can easily be reduced to the NP-complete problems
listed in [Gar79].
Mobility-based scheduling has been investigated by many researchers. One of the
earliest publications of this approach applied to high-level synthesis is [Par86] where
"mobility" is called "freedom". The terms "time frame" and "scheduling range"
originate respectively from [Pau89] and [HdG92]. Descriptions of Paulin's forcedirected scheduling algorithm can be found in [Pau89] and [Pau9l]. This algorithm
has been used and adapted by many researchers as can e.g. be seen from the reference
list of [VeO2]. A comparison between force-directed and list scheduling can be
found in Uai9ll.
Regarding the assignment problem, [Sto94] is a detailed review paper on different
assignment problems occurring in data-path synthesis. An example of a system that
aims at optimizing the perlormance is [Jia94], while [Rim94] is an example of a
system that takes wire length into account by performing some kind of floorplanning.
The term "task-to-agent" assignment originates from [Rim94].
A discussion on the use ofcompatibility and conflict graphs in high-level synthesis
and theirrespective subclasses such as interval graphs is presented in [Spr94]. More
on interval graphs, other special families of graphs, and their colorings can be
found in [Gol80]. The NP-completeness of circular-arc graph coloring is proved in
[Gar80]. An algorithm requiring exponential time in the worst-case for finding the
optimal solution for the value-to-register assignment problem (which is equivalent to
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(int a, b)
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while (a

if(a >

b)
b)

a<-a-b;
else

b<-b-a:
returrr

a;

)

Figure 12.36 Euclid's Algorithm to compute the greatest common divider (GCD) of two
integers.

circular-arc-graph coloring) is presented in [Sto92]. If special addressing hardware
is available, also the polynomial-time algorithm proposed in [Mee93] could be used.
Tseng and Siewiorek were the first to propose the use of a "clique partitioning"
heuristic to assignment [Tse86]. A description of their algorithm can also be found
in tGaj92l. More on the NP-completeness of the clique partitioning problem can be

found [Gar79].
The application of transformations is often one of the tasks performed by a highlevel synthesis system as is reported in e.g. [Har89]. Publications that deal with transformations as their main topic include [Pot94] and [Cha95b]. The NP-completeness
of the optimization of resource utilization by retiming is discussed in [Pot94]' Retiming and algorithms to achieve an optimal retiming for the shortest critical path are
presented in [Lei83] and [Lei91]. More on algorithmic transformations for digital
signal processing can be found in the review papers [Par89] and [Par95].

12.8

Exercises

12.1 Suppose that the program of Figure 12.3 is written as

"x

<-- a * b;

z

<--

I d * x" and that the nodes allowed in the DFG are either two-input additions
or two-input multiplications but not three-input additions. Give the different

c

DFGs corresponding to this program.

12.2 Figtre 12.36 shows Euclid's Algorithm to compute the greatest common divider of two integers. Give a DFG that represents this computation; structure

in such a way that the while-loop and if-statement are clearly delimited by conditional nodes.
the graph

12.3 Find

a register assignment and
Figrxe 12.20.

a data

path for the overlapped schedule given in

12.4 Describe how an acyclic DFG should be modified such that the longestpath algorithm of Figure 6.8 computes the ALAP scheduling times of all
computational nodes.
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12.5 Provide simple criteria for the missing details of the scheduling procedure in
Figure 12.23. Use the algorithm obtained to find a schedule for the DFG of
Figure 12.15, with 7o : 10. Do you find a solution that only uses one multiplier
and one adder?

Part

III

Appendices

Appendix A

CMOS Technology
Most of the readers that study this book on vLSI design automation probably
have sufficient knowledge of VLSI itself to be able to follow the text. This should
especially be the case for students of electrical engineering. Students of computer
science or physics may, however, never have been exposed to integrated circuit
design itself. For this reason the minimal knowledge of CMos technology necessary
to understand the rest of the book is presented in this appendix.

cMos (complementary Metal-oxide-Semiconductor) is the silicon-based technology used in almost all vLSI chips produced. The name refers to the materials
from which a transistor, the key element of an integrated circuit, is built. A transistor is a physical device. voltages are applied to it, currents flow through it and the
properties of the materials and the way in which they have been combined make the
device more or less behave like a "switch". In this appendix, the references to the
"analog world" of voltages and currents will be limited to some qualitative remarks,
such as the presence of parasitic capacitances. More is not necessary, as "analog
CAD" is not covered by this text (see also Chapter 2).

By means of abstraction, it becomes possible to take distance from entities in the
"analog world" and to talk about a transistor as a "digital" device. Digital abstraction
assigns the Boolean value ' 0 ' to all voltages within a certain margin of the negative
supply voltage which normally has a voltage of 0 v. It assigns the Boolean value
'1 ' to the voltages within a margin of the positive supply voltage. The positive
supply voltage has traditionally been 5

3

v

Y

but has a tendency to drop: voltages around

are already common. There is great interest in lowering the positive supply
voltage because of the lower power consumption. The margins around the two supply
voltages can, of course, not overlap. At the same time, the (almost) ideal devices to be
discussed in this appendix are not supposed to generate intermediate voltage values
outside the ranges covered by either of the two margins.

This appendix consists of two sections. First, the transistor is presented together
with the way it can be used to build more complex circuits. Then an explanation of
the layout of circuits in CMoS technology is given. This layout is directly related to
the mask patterns used in the production of an integrated circuit.
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The schematic symbols fbr the nMOST (a) and pMOST (b); the switching

behaviors of the nMOST (c) and pMOST (d).

A.1

The MOS Transistor and CMOS Logic Design

The MOS transistor can be seen as a voltage-controlled switch. It is a device with
three terminals: the value of the signal at one of these terminals, called the gate,
determines whether there is a conducting connection between the other two terminals. called the drain and the source. The use of two types of MOS transistor is
characteristic for CMOS technology. The so-called n-channel transistor ot uMOST
(an abbreviation of "n-channel metal-oxide-semiconductor transistor") behaves as a
closed connection when its gate signal is '1', and as an open connection when its
gate signal is , O , . lts dual, lhe p-channel transistor or pMOST, has the reverse behavior. The schematic symbols for these transistors and their behavior are illustrated

in Figure A.l.
Basically, a circuit with any desired functionality can be built with these two types
of transistor. The circuit's inputs will be connected to the gates of some transistors
which may or may not change the value of internal nodes, which in their tum will
control other transistors and possibly make them switch. Each change in value of
an intemal node can lead to more switching. Some of these internal nodes will be
connected to the circuit's output.
When transistors are in a conducting state, they propagale a signal from their
source terminal to their drain terminal or vice versa. Due to technological constraints,
an nMOST can better propagate a signal with value ' 0' than a signal with value
, 1 , . One can say that the electrical resistance of the switch is higher in the latter
case. Conversely, apMOSTcan betterpropagate a '1'than a'0'. Therefore,
in general, pMOSTs are used for the propagation of the positive supply voltage,
whereas nMOSTs are used for the propagation of the negative supply voltage.
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A.2

The CMOS inverter.

The properties mentioned above have been taken into account in the design of
lhe inverter shown in Figure A.2. A signal ' 1 ' applied to the input iz will cause
the upper transistor to open and the lower one to become conductive resulting in a
connection from the negative supply voltage V' to the output Out. This means that
the output will carry signal '0'. A signal '0' atthe input will lead to the dual
situation, creating the output signal '1' as a result of the connection between the
positive supply voltage Vp and the output. The fact that the signal Oar is the inverse
of the signal 1n explains the name "inverter" for the circuit. Note, by the way, that V..
and V6 are generally accepted names lor the negative and positive supply voltages
respectively.

The inverter is a simple logic gate (not to be confused with the gate terntinal of
a transistor). A logic gate is characterized by its unidirectional signal flow, whtch
means that it has clearly identified input and output terminals and that changes at the
input terminals may lead to changes at the output, but that the reverse is not true.
On the other hand, a transistor in CMOS has bidirectional signal fiow as signals can
propagate both from the source to the drain terminal as from the drain to the source.
The essential point in the inverter circuit is to have a conducting path from either
V47 or V* to the output. Note that it should neither occur that there is a conducting
path between V47 or Vs, (a shortcircuit!) nor that the output is not connected to either
of V44 or V* leading to an undefined output value. This principle can be applied to
build more sophisticated logic gates as the 2-input NAND and 2-input NOR gates
shown in Figure A.3 with their truth tables. The output of the 2-input NAND gate is
only '0 ' when both of its inputs A and B arc ' l '. This is achieved by the series
connection of the two nMOSTs shown in Figure A.3(a). The two pMOSTs connected
in parallel make sure that the output becomes ' 0 ' for the other signal combinations
on inputs A and B. In the case of the 2-input NOR shown in Figure A.3(b), the
transistors are connected in just the opposite way: the two pMOSTs are now in series
and the two nMOSTs in parallel.
This principle can be generalized to make more general gates. Obviously, a circuit
of pMOSTs should handle those entries of the truth table that have output ' 1 ' and
a circuit of nMOSTs should take care of the entries that generate an output ' 0 ' .
The two transistor networks deal with complementary parts of the truth table. This
explains the word complementary in the acronym CMOS. A gate that is built in
this way, but is not just a NAND or NOR gate, is called a CMOS complex gate. lts
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(b)

(d)

A.3 A two-input NAND gate (a) and its truth table (b), and a two-input NOR gate
(c) and its truth table (d).

figure

structure is shown in Figure A.4. For any required Boolean function, the structure
of its corresponding complex gate can systematically be derived from the Boolean
equation describing the function. This will first be shown for the 2-input NAND
given in Figure A.3(a).
The 2-input NAND gate obeys the Boolean equation Out : A . B. The fact that
the output has value '1' when the expression a . A is rue, means that the output

Figure

A.4

The general structure of a CMOS complex gate.
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have value '0' when A . B is true. This behavior can be realized by a series
connection of two nMOSTs between Out and Vrr. Only when both A and B are
' 1 ', will there be a ' 0' at Out. As mentioned before, the output of the gate is
'1' when the expression * S is true. By the application of De Morgan's Rule,
the expression becomes equivalent to A + B. As a negated input corresponds to
the nonnegated signal controlling a pMOST. A +B can be realized by the parallel
connection of two pMOSTs between Vp and Out. lt is not difficult to see that a
NAND gate with more than two inputs can be realized by putting more transistors
in series in the aMOST network and as many transistors in parallel in the pMOST
network. Similarly, by using parallel connections in the nMOST network and series
connections in the pMOST network, one gets a multiple-input NOR gate.
The fact that the Boolean AND operator (indicated by the symbol ".") corresponds
to a series connection in the nMOST network and that the Boolean OR operator
(indicated by the symbol "+") corresponds to a parallel connection, can be used to
build more sophisticated gates. Because subnetworks obtained by series or parallel
composition can be used themselves in a series or parallel connection, any nesting of
AND and OR in a Boolean expression can be translated into a complex gate. Both
the nMOST and pMOST networks then have the so-called series-parallel form. As is
known from Boolean algebra, however, the operators AND and OR are not sufflcient
for building any Boolean function. One also needs the operator NOT (it is indicated
in this text by a horizontal line above the expression to be negated). This operator
cannot be in an arbitrary place in the expression to be realized by a complex gate. The
only place where a negation can and must be present in the expression is at the top
level (so, the expression can be an arbitrary composition with AND and OR followed
by NOT). The consequence of a negation at any other place in the expression is that

will

multiple complex gates must be used.

Consider e.g. the following Boolean equation: Out : (e . n + C) . (D + E). By
removing the overall negation, one gets the expression (A . B + C) . (D * E) which
can be used for the direct realization of the network of nMOSTs. The transistors
controlled by the signals A and B are connected in series, this subnetwork is
connected in parallel with a transistor controlled by C and this subnetwork on its
turn is connected in series with the subnetwork consisting of the parallel connection
of two nMOSTs controlled by by D and E. The network of nMOSTs that has been
obtained in this way is part of the network shown in Figure A.5. The network of
pMOSTs, also shown in the figure, follows from the subsequent application of De
Morgan's Rule until all occurrences of the NOT operator have been moved to the
lowest level:
Out

(A-B+C).(D+E)

Out

G,B+C)+(D+E)
A. B .e +D.E
ta + rl .e +D.E

Out
Out

As a direct consequence of the application of De Morgan's Rule, each senes con-
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A.5

A complex gate that uses complementary series-parallel networks.

nection in the nMOST network is a parallel connection in the pMOST network and
vice versa. One says that the two series-parallel networks are each other's dual. As a
consequence, the number of transistors in both networks is equal.
It is not necessarily the case that a CMOS complex gate is built from two dual
transistor networks. It is not even the case that any IC built in CMOS technology
solely consists of complex gates. Transistors can be used to switch signals in other
configurations. These issues are, however, not discussed here. When necessary, they
will be touched upon in the rest of the text.

A.2

Tfansistor Layout in CMOS and Related Issues

Figure 4,.6 gives stylized views in three dimensions of the two types of transistor
used in CMOS. For both types the gate consists of a deposit of polysilicon (polycrystalline silicon), which is conducting material, on top of a layer of silicon oxide,
which is nonconductive and therefore isolates the polysilicon from the underlying
silicon substrate. Note that the triplet metal-oxide-semiconductor in the acronym
MOS refers to an earlier technology in which a gate was made of metal instead of
polysilicon. In the nMOST, the substrate is p-doped and the source and drain areas
located on both sides of the gate are formed by diffusion of n-type dopants into the
substrate. The source and drain areas are therefore called the dffision areas.Tlrc
terms "to dope" and "dopant" refer to the substances introduced in pure silicon in
order to give it a shortage (p) or an excess (n) of electrons. When a voltage is applied
to the gate, a thin layer of n-type silicon is created in the substrate just under the
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Figure

A.6

A stylized 3-dimensional view of the pMOST (a) and nMOST (b)
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The cross section of a metal-diffusion contact.

gate area and a current can flow between the two diffusion areas. This thin area is
the channel which explains why one talks of an "n-channel" transistor. A pMOST is
the dual of the nMOST: it requires an n-doped substrate and p-doped diffusion areas;
conduction takes place through a p-channel.
From Figure A.6 it can be seen that both the gate and diffusion areas consist
of conducting surfaces that are separated by an insulating layer from the substrate
(the voltage across the the p-n junction between diffusion and substrate is such that
the junction forms an insulating layer). These surfaces obviously lead to parasitic
capacitances. Because they need to be charged or discharged when signals switch
between the values '0' and '1', they affectthe switching speedof acircuit.
Of course, a single nMOST or pMOST does not make a VLSI chip. Millions of
them can be put on a single chip and it is essential to interconnect them. Some local
interconnection can be realized using polysilicon or diffusion. These two materials
cannot cross, however, as a transistor is created at the crossing. One or more layers
of metal (aluminum) are used for the purpose of interconnection. Before depositing
metal on the chip, a layer of silicon oxide is deposited on top of the polysilicon and
diffusion areas, isolating them electrically from the metal. Where necessary, contact
cafs, holes in the oxide, ulre used for the interconnection of metal and either of the
polysilicon or diffusion areas. If the technology has more than one layer of metal, a
new layer of silicon oxide is used for isolation and contact cuts make it possible to
connect to the new layer. Depending on the technology, restrictions can exist on the
layers that can be interconnected by a contact cut (e.g. it may not be allowed to have
a direct contact from the second layer of metal to polysilicon or diffusion). A cross
section of a metal wire contacting a diffusion area is shown in Figure A.7.
Another question is how to combine nMOSTs and pMOSTs, which have differently doped substrates, on a single chip. This is achieved by the use of so-called
wells. A well is a relatively large area in the substrate that is doped with the opposite
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Figure

A.8

The use of a well for the combination of transistors of the opposite type.
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The layout ofan inverter (a), an explanation of the legend (b) and the inverter's

schematic view for the same topology (c).

dopant as the substrate itself. If, for example, an n-type substrate is used, pMOSTs
can directly be built on it, but nMOSTs require an p-well before they can be realized. This is shown in Figure A.8, that shows a cross section of two transistors of
the opposite type located next to each other on the same chip. In order to minimize
the number of wells, a CMOS designer will in general try to cluster transistors of the
same type.

The most common way to picture the layout of a chip is by giving a top view
showing all conducting layers. First the diffusion layer is drawn and then the
polysilicon layer followed by the layers of metal. Figure A.9(a) shows the layout
of an inverter while the shading patterns used for the different layers are given
in Figure A.9(b). In order to make it easier to understand the layout, a schematic
representation of the inverter is given in Figure A.9(c). Note that no wells are shown
in the figure as is the case in the rest ofthis text.
Important parameters that a designer can influence when designing a transistor
circuit are the length and width of a transistor. The length of a transistor is basically
the length of the channel, the distance between the two diffusion areas for the
source and drain. The width is, of course, the other dimension of the channel area
(perpendicular to the length). In general, a wider transistor will have less resistance
and will therefore switch faster. However, varying the length and width of a transistor
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also affects the various parasitic capacitances in the circuit.

A.3

BibliographicNotes

There are many books that partly or entirely deal with CMOS VLSI design. The following books are mainly "systems oriented'rather than "circuit oriented": [Muk86],

lPuc88l, [Mor90], [Wes93], [Wol94b], and [Rab96].
De Morgan's Rule and other elementary notions from the field of Boolean algebra
can be found in any textbook ot logic design. A number of them are listed at the end
of Chapter I 1.

Appendix B

About the Pseudo-code Notation
This text explains several algorithms related to VLSI design automation. A convenient way to present them is to use a more or less "[ormal" description in some
kind of programming language accompanied by informal comments in English. It
has been chosen to use the C programming language as a basis for the programming
language, because more and rnore people are becoming familiar with this language.
However, it is not the intention of this text to contain algorithmic descriptions that
are directly executable. This would make it necessary to include many details that
may hide the main ideas involved. It is instead supposed that the reader has some
experience in programming and is able to turn the code presented into executable
software.

The formalism used in this text is "pseudo-code based on C", which means
that the formalism is based on C but is extended with constructions that make it
easier to express specific actions more compactly without affecting the readability
of the code. Sections B.l and B.2 mainly deal with those elements of C that are
used without modification in pseudo-code (these sections can be skipped by readers
already familiar with C; those that are not are assumed to know Pascal or a similar
language). These two sections, although remaining quite close to C, clearly constrain
themselves to subsets of the language: they are solely meant to be able to read the
pseudo-code in this text not to learn the basics of programming in C. Section B.3
gives an overview of extensions to C characteristic of the pseudo-code as used
throughout this text.

A remark on typography: descriptions in pseudo-code are normally presented in a
figure, separately from the main text. In such a case, the proportionally-spaced "roman" text font is mainly used, using "bold" font for the reserved keywords. Pseudocode elements that belong to the "mathematical" domain (see also Section B.3) are
typeset as mathematical formulae, which means that mainly "italic" font is used.
However, when the main text quotes elements of the pseudo-code, "typewriter

ont"

is used for those words that directly originate from the pseudo-code' Pseudocode language elements from the mathematical domain are an exception: they are
typeset identically in pseudo-code descriptions and the main text.

f
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8.1

Data Structures and Declarations

The primitive data types known in C are: integers (designated by the keyword int),
floating point numbers (f loat) and characters (char).1 Variables of a specific type
are declared by giving the keyword belonging to the data type desired followed by
one or more variable identifiers separated by a comma. A declaration is terminated
by a semicolon. Example:
float numberl, number2;

int i, j, k;
Note that C does not have a separate Boolean data type. Integers are used for this
purpose. A value of0 (zero) is interpreted as "false" and any other value is interpreted
as "true"-

One kind of composite data type isthe array.It is declared in a similar way as
the scalar variables mentioned above with the difference that the number n of anay
elements is declared between square brackets after the variable identifier. The index
of such an array ranges from 0 to n - 1. An array element is specified by giving the
index in square brackets after the array name. Example (note that comments in C are
enclosed between the delimiters / * and " /):
100 entries indexed from 0 to 99. */
reference to the ith element, somewhere in the code. */

int numbers[00];/* The array numbers has
... numbers[i] ...;

/x This is

a

A string is declared as an array of char. When the number of aray elements is
omitted in the declaration, the array name is a pointer to the string for which storage
space has been reserved elsewhere. Example:

char name[15]; /* A string of l5 characters stored locally */
char id[ ]; /* A string of unknown length stored elsewhere; ( i d

is

just a pointer) */

Another kind of a composite data type is the structure (it corresponds to a record
Pascal). It is used to group a number of data items called its members (fields
Pascal). A structure declaration starts with the keyword struct followed by
the name of the structure data type and the members enclosed in braces. The
specification of a member within a structure is similar to the declaration of a variable.
A structure-type variable is declared by the keyword struct, the structure name
and the identifier of the variable. Access to a member of a structure-type variable is
gained by concatenating a dot (".") and the member name to the variable. All this is
illustrated below:

in
in

I No attention is paid here to C keywords that indicate different word lengths for one data type, e.g. short
integers of 8 bit and long integers of 32 bit.
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struct person {
char name[10];/* An array of l0 characters to store the person's name */

int age;
);

/* Declare two

variables of type

struct person

*/

struct person person l, person2;
... personl.age ...

/* Reference to the member agte of personl */

A data type that is closely related to a structure is a pointer to a structure. It makes
possible the creation of complex data structures in which structures can point to each
other. Ifp is a pointer, *p gives the object pointed at. Conversely, the declaration of
*p being of a certain type actually declares p to be a pointer to that type. The example
below shows the declaration and use of a data structure for the representation of a
linked list of integers:

struct list-element

int

{

value;

struct

list -element *nextl

);

struct list-element *p; /* p points to a 1i
... p->value ...

st

eler,rent */

/* access to a member of an object pointed at;
this notation is equivalent to ( *p ) . value */

Note that the definition of a structure can contain references to its own data type.
This is only allowed for the declaration of pointers.

8.2

CJanguage Constructs

Roughly stated, a C program consist of declarations and statements. In the previous
section the declaration of data types and variables has been mentioned. The third
type of declaration, that of functions, is explained in this section. Besides, attention
is paid to the most important statement types, viz. the assignment, the conditional
statement, the iterative statement and the function call.
An issue that is not covered here in detail is the expression that e.g. occurs at
the right-hand side of an assignment statement or as the condition that controls a
conditional statement. Similarly to a language like Pascal, expressions are composed
of the combination of variables and function calls using operators such as + and
*. The operators for Boolean operations, howevel are indicated by symbols that
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differ from those in Pascal. The "logical AND", "logical OR" and "logical NOT" are
respectively indicated by la, I and t . It was mentioned before that C does not have
a Boolean data type and that integers are used instead; the value zero corresponds to
"false" and any other value to "true".
The assignment statement indicates that an expression at the right-hand side of the
assignment operator should be evaluated and stored at the location indicated by the
lefrhand side of the operator. In C, the assignment operator is "=", the equal sign.
However, in order not to conflict with the mathematical notation used in the pseudocode (see Section B.3) in which the equal sign is used as an equality predicate in
Boolean expressions, the symbol "<-" is used in pseudo-code to indicate assignment
(in C, the symbol "==" is used for the equality predicate). Example (note that an
assignment statement should be terminated by a semicolon):

A

compound statement or block is a group of statements that belong together,
e.g. because they form the body of an iterative statement. The fact that they belong
together is indicated by enclosing them in braces (the symbols "{" and "}").
Statements that should only be executed under some condition require the use of
the i f statement. An if statement has two appearances, with and without an else
part. This is indicated below (as opposed to the previous examples, the next ones
contain syntax descriptions and not fragments ofpseudo-code):

if ((Boolean expression))
(statement)

if ( (Boolean

expression) )

(statement)
else (statement)

The (Boolean expression) should be an expression that evaluates to an integer value
(remember that C does not have a Boolean data type). It is always written between
parentheses. (statement) can be any type of statement including the compound
statement.
In C there are three iteration statements all three of which are used in pseudo-code
descriptions. The whi 1e statement obeys the following syntax:

while ((Boolean expression))
(statement)
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First the (Boolean expression) is evaluated (enclosed in parentheses) to determine
whether or not the loop body indicated by (statement) is executed. So, the number
iterations is zero or more.

A variation on the whlle statement is the do

of

statement, the syntax of which is

given below:

do (statement)
while ((Boolean expression))

Here, the loop body given by (statement) is always executed at least once as it
precedes the evaluation of the termination condition given by (Boolean expression)
(enclosed in parentheses).

The f or statement is mainly interesting because of its compact form in certain
situations. Below its syntax is given and it is shown how it can be mapped to a

while

statement.

for ((statement 1); (Boolean expression); (statement 2))
(statement 3)
(statement 1);

while ((Boolean expression)) {
(statement 3);
(statement 2);
)

So, the three language elements following the keyword f or (enclosed in parentheses
and separated by semicolons) designate the initialization of loop variables, the
termination condition and the updating of the loop variables.

As in most other programming languages, C offers the possibility to group a
number of statements, give the group a name, par:rmeterize some of the variables in
the group and invoke these statements by using this name and appropriate values for
the parameters. This is the function mechanism (this mechanism roughly corresponds
to both the "function" and "procedure" in Pascal). Afunction definition defines the
statements grouped together and afunction call is a statement that invokes them. The
example below gives a possible definition of the factorial function followed by a call:
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int factorial (int

r)

{

int

result;

result <- l;
while (n > l) {
result <- result * z;

n<-n-l;
)

return result;
)

In the function definition, the function name is preceded by the data type to be
returned by the function. If the return type is not relevant, it may be omitted.2 After
the function name, the parameters of the function preceded by their data types are
specified. The parentheses enclosing the parameters are compulsory even when the
function does not have any parameters. Then follows the function body enclosed by
compulsory braces. The body consists of declarations followed by statements. The
return statement terminates the execution of the body and returns the value of the
expression following the keyword return as the value of the function call.
In C, all statements are part of some function body. There is no "main program"
as in Pascal. One function called main has a special meaning as it is the function
called first in any C program (so all C programs should contain a function main).

B.3

Pseudo-code Constructs

The goal of using pseudo-code is to make the presentation of an algorithm more
compact without sacrificing readability. This is achieved by extending the notation
with constructs foreign to the language syntax. The assumption is that each extension
has a (probably more verbose) counterpart in the language itself and that the reader
is able to find this counterpart easily. The main features of the pseudo-code used in
this text are as follows:

o The use of unspecilied functions or data types.

Functions or data types are used
pseudo-code.
The text explaining the pseudonot
declared
in
the
that have
been
is
supposed
to compute or what the data
in
such
a
case
what
the
function
code tells
is
supposed
to
store.
structure

o The use of English text enclosed in double quotes. This indicates that a specific
operation is summarized informally using plain English. An example is:
2 This is equivalent to defining the return type to be

is returned.

vo i d which

is an

explicit way of stating that no value
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int A[maxjndex];

minA <- "the minimum

value stored in array a";

This replaces the less informative code consisting of an iteration over all elements
of array A and the comparison of each of its values with the minimum found up to
that point.
The use of mathematical typography. The pseudo-code might for example contain:

float a, b, c;

, .- J&

+il;

The mathematical expression is more readable than its equivalent in plain C: c =
sqrt (a*a + b*b) ;. Note that the three variables are consistently typeset in
italics, indicating that they belong to the mathematical domain.
Extensions for dealing with sets. Sets occur quite often in the algorithms presented
in this text. Therefore a "generic set data type" is part of the pseudo-code. Using
the keywords set of before any data type in declarations means that the entire
data type represents a set (this will often be a pointer to a linked list in a practical
implementation). The mathematical notation mentioned above is often used in
combination with sets, making use of the operators "O" for set intersection, "U"
for set union, etc. In addition, a new iterative statement, the f or each statement,
is part of the pseudo-code: it allows the processing of each element of the set one
by one in the body of the loop. The keywords f or and each should be followed
by an expression of the form a e A and a (possibly compound) statement for the
loop's body. In each iteration a has the value of a distinct element of A. All this is
illustrated in the example below:

set of int A, B;

A <-A:

B <-0;
/* A has been filled with

elements by code not shown here.

*/

foreacha e A
if (a > 0)

B<-Bu{a};
Multiple retum values. It is sometimes convenient to pretend that a function
returns multiple, say k, values that can be assigned to k variables in the calling
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environment. This is indicated by declaring the successive data types of the
retumed values enclosed between parentheses and separated by commas before
the function name in the function definition. The return statement in the function
body should also group the values to be returned inside parentheses and separate
them by commas. In the calling environment, the variables that will be assigned are
also enclosed between parentheses and separated by commas. Here is an example:

(int, float) powers (int x)
t

int y;
float z;

y <- x2;
z

*- Ji;

return (x,y);
)

intm,n:
float p;
(n,p)

8.4

-

powers(n);

BibliographicNotes

The pseudo-code introduced here has been specially designed for this text. It is,
however, based on the C programming language. Due to the popularity of C, a
multitude of books exist on this language and many more appear on the market every
year. Here only the one by Kernighan and Ritchie is mentioned [Ker88]. This second
edition has been adapted for the standardized version ANSI C.

Appendix C

List of Acronyms
ALAP:
ALU:
ASAP:
ASIC:
ATPG:
BDD
CAD:
CMOS:

DAG:
DC
DFG:
DRC:
DSP:
EDIF:
FIFO:
FPGA:
FSM:
FU:
HDL:
IC:
ILP:
LC:
LIFO:
LP:
MOS:

nMOST:

NP:
NPC:
OBDD
P:
PCB:
PLA:

as late as possible

arithmetic logic unit
as soon as possible

application-specificintegratedcircuit
automatictest-pattern generation
binary-decision diagram
computer-aided design
complementary MOS
directed acyclic graph

don't

care

data-flow graph
design-rule checking
digital signal processing/digital signal processor
electronic design interchange format
first in first out
field-programmablegatearray

finite

state machine

functional unit
hardwaredescriptionlanguage
integrated circuit
integer linear programming
least cost
last in flrst out
linear programming
metal-oxide-semiconductor
n-channel MOS transistor
nondeterministic polynomial
NP-complete
orderedbinary-decisiondiagram

polynomial
printed circuit board
programmable logic array
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RAM:

ROBDD
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p-channel MOS transistor
random-access memory
reduced ordered binary-decision diagram

ROM: read-only memory
RTL: register-fransfer level
TSP: traveling salesman problem
VCG: vertical constraint graph
VHDL: VHSIC hardware description language
VHSIC:

VLSI:

very high speed integrated circuit
very large scale integration
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strong. se? strong canonicity
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generation, 125
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lll

chaining, 238
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definition,
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of CMOS transistor. 283
ordering, 153

routing, 134, 138
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channel-connected component, 184

characterization, 15, 125
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co-simulation, see hardware-software
co-simulation
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combinatorial optimization problem, 42, 53
decision version,44
evaluation version,43
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one-dimensional, see one-dimensional
compaction
two-dimensional, see two-dimensional
compaction
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compiler-driven simulation, 173, I 80
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graph,263
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complex gate, see CMOS complex gate
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checking
solution, see solution checking
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computational,,ree computational
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circuit,

complexity
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extraction, 15, l7
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representation,
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space. .\'ee space complexity
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circuit-level simulation, 15, 168, l8l
circular-arc graph, 264
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partitioning, 265
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CMOS
complex gate,279
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technology, 9, 183, 222,277
co-design, see hardware-software co-design

co-NP-complete, 215

time, .see time complexity
component
channel-connected, see
channel-connected component
connected, .ree connected component
strongly connected, see strongly etc.
weakly connected, see weakly etc.
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composition problem,
computational

2I3
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conditional node, 240, 24 |
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181
graph,263,264
connected
channel, see channel-connected
component
component, 23
graph,23
strongly, see strongly connected etc.
conductance,

current source. 168

conflict

cyc1e,23,24,238

vertices, 23
weakly, see weakly

connected
l8l

connectivity modeling, 172,

time,29
constraint
constant

explicit, see explicit

constraint

98
graph,89,93,97,98
vertical, see vertical etc.
implicit, see implicit constraint
constructive placement, 108
contact cut, 86, 133,283
continuous optimization problem, 42
control
circuitry,238
signal,238
step,238,252
control-dominated application, 13,247
control-flow graph,239
controller, 238
synthesis,238
Cook's theorem, 48
cooling schedule, T3
correct by construction, 8, 18
cost, 25 1
function, 42,56,71
for VLSI, see VLSI cost function
cover
irredundant prime, see irredundant e/c.
covering
binate, see unate covering
matix,22l
set, see set covering
unate, see unate covering
critical
path,9l,152,260,268,270
list scheduling, 260
sink, 152
crossover,75, 78
order, see order crossover
crosstalk, 139
cube, 197,222
generation,

directed, see directed cycle
Hamiltonian, see Hamiltonian cycle
negative, see negative cycle

positive, see positive cycle
simple, see simple cycle
cyclic core,225
data

dependency,240
management, 18

model, 102
path, 238
synthesis,238

signal,238
structure (for graphs), 24
data-dominated application, 24i

,26i

data-flow graph,239,266
acyclic, see acyclic etc.
dc-set, I 96, 217 ,223, 226
De Morgan's Rule,201, 222,281
deadlock,244
decision

prob1em,44,48,138
version, 44
decomposition tree, 5
degree,

22,158

delay,238
modeling, 152, L7l
node,245,27O
demand-driven simulation, I 80
density, 143, 152,153, 155
local, see local density
depletion nMOST, 183
depth-first search, 30, 62,153,162,184,
188

description
structural, see structural description
design
action, T

constraint,4
domain,S, ll9
management tool, 8, 18
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floorplan-based, see floorplan-based
etc.
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time,4
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detailed routing, seelocal routing
device-level simulation, 167

diffusion,

digital

282

abstraction, 277
domain, 167

equivalent terminal, 134
essential prime implicant, 224
estimation
wire-length, see wire-length estimation
Euclidean
distance,43, 105
squared, see squared Euclidean

signal

distance

239,244,269
processor,3
digraph,23
Dijkstra's algorithm, 34, 49, 63,97
directed
acyclic graph, 89,96
cycle,24,90
graph,23
path,24
processing,

traveling salesman,43,76
evaluation version,43
event, 176
queue (or event list), I 76
event-driven simulation, 173,176,180

EXCLUSIVE-OR, 205
exhaustive search, 53, 56

explicit constraint, 56
exponential order,29

disconnected

graph,23
discrete optimization problem,

distance

42

Euclidean, see Euclidean distance
maximum, see maximum distance
minimum,.ree minimum distance

rectilinear,seerectilineardistance

distributivity, 201,267,269
distributor node,24l
divide-and-conquer algorithm, 156
dogleg, 140, 150
domino logic, 183

don'tcare,196
dopant,282
drain, l8l,278
driven net, 186
dual network, 282
dynamic
partitioning, l84

programming, 62,
search

tree,62

172

feasible solution, 42,56,69,71,75,78
feedthrough

cell, 151
wire, 121, 123,152
field-programmablegateanay,9,lT
FIFO queue, 32, 73

firing,24O
first improvement, 70

first-in-first-out order,62
fixed terminal, 134, 138, 154

flexiblecell,123,125,153
floating terminal, 134, 138, 154
floorplan

of order 2, 122
of order 5, 122,129
sizing. see sizing

tree,l22,l3o

148

floorplan-based design methodology, 119,
156

switch-level simulation,

l9l

edge,Z2

parallel, see parallel edge
edge-weighted graph,24,34,220

EDIF, 19, I 17
ellipsoid algorithm, 67
Elmore delay, 152

22
7l

fanoil,

fault simulation, 14

endpoint,

energy,
enhancement nMOST,

183

floorplanning, 16, 120
force computation, 256
force-directed
placement, 1 I 1
scheduling,256

formal
description, 12
verification, 12, l8
forward edge, 93
framework, 19
freedom, 97,272
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full-custom design, 8, 15, 16, 125
functional unit, 236, 262

transformation, 267
horizontal
composition, 127

garbage collection, 214, 216
gate, l8l

constraint,

anay,9

hyperedge, 104
hypergraph, 104

complex, see CMOS complex gate
logic, see logic gate

modeling, 170
NAND, see NAND gate
NOR, see NOR gate
of transistor, 278,282
gateJevel simulation,168, 169, 173,
general-cell layout, 107

l8l

general-purpose

integrated circuit,

143,148

hybrid algorithm, 78

3

optimization method, 53, 220
genetic algorithms, T5, 78, 129
genotype, 75

geometric layout, 85

if-then-else operator, 210
implementation, 217
implicant, 198
prime, see prime implicant
implicit constraint, 56
in-degree, 23

incident
from,23
to,23
with,22
independent set, 148
inertial delay, 172

geometry, 85

initial placement, 108

glitch, 174
global routing, 133, 150
graceful degradation, 213

input
cell,103
net,181, 184

tode,239

graph,2l

si2e,26,65

algorithms, 29

terminal, see terminal
inset cell, 126

coloring,145,263,264
data structure, 24

instance,4l,42, lO2

model, 103
theory,21

integer linear programming, 65, 67
inter-iteration parallelism, 249
interacting layer, see layer interaction

greedy algorithm, 143, 230

gridded routing, 134

interactive tool, 8
interval graph, 144, 148, 264

gridless routing, 134, 139

half-perimeter metric, 105
halting problem,45
Hamiltonian cycle,47
Hanan point, 159
hardware
description language, I

l,

168, 169,239

model, 236
hardware-software
co-design, l3

intra-iteration parallelism, 248
intractable problem, 41, 53
inverter, see CMOS inverter
irredundant prime cover, 198,223
iteration period , 245,251,270
iterative
dataflow,243
improvement, 108, 109, 138
placement, 108

co-simulation, 13, 169
hash table, 206,208

jog insertion,9T

heuristics, 50, 53, 78, 146, 225
hierarchical routing, 156
hierarchy, 4, 98, 104, l2l, 122, 124, 246
high-level
synthesis, 12,102,235

Kemighan-Lin partitioning algorithm, 73,
112

kill,59
lambda

(l),

84

32O
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layer
interaction, 84
layout,15,119
compaction, see compaction
domain, see physical domain

last-in-first-out order,
\ayer, see wiring

l4l, 253, 255
in a DAG, 89,91,93, 96, 129,173

longest path, 49,96,
loop, see cycle

folding,249
loose routing, see global routing
low power, 4, 10,277

editor, l6

language,S5
leaf
cell, l2l
node, 58
vertex, 203
least-cost order,62

macro,774
cell, 106, 125
macro-level simulation, 168
Manhattan distance, see rectilinear distance
mask

163
lefredge algorithm, 143,264
length
of path, see path length
oftransistor, see transistor length
of tree, see tree length
level, 181
leveling, 173
library, 9, 14, 15, lO2, 106, I19, 238,252
lifetime,262
LIFO queue, 32
linear
order,29
programming,65,220
list
adjacency, see adjacency list
scheduling, 259
literal,196,222
local
density, 143
minimum, Tl
routing,133, 150
search, 69, 78, l l l, 117,163
transformation,To,163
logic

Lee's algorithm, 134, 156,

layortt, see geometric layout
programmable, 9
mask-to-symbolic extraction, 86
master, 102, 105

matrix
adjacency, see adjacency matrix
covering, see covering matrix
maximum distance,90,93
maze routing, 134,137, 149, 1 50, 163
memory, 3

element,6,236
multiport, see multiport memory
random-access. see

RAM

read-only, see ROM
metal layer,283
methodology management, 19

metric

wire-length,
microcell, 16

see

wire-length metric

microprocessor,3
min-cut

partitioning, 108, 125
placement, 112,156

minimum
distance, 84,93
feature size,17,84

combinational,seecombinationallogic spanningtree,37,60
gate,279
rectilinear, g,l0s
multiple-valued, see

logic
signal, 106

multiple-valued

l95

synthesis, 14, lO2,
multilevel, see mrrJtilevel
two-level, see two-level

etc.
etc.

195,217
gate-level
simulation
logistic signal, 106
verification,

logic-level simulation, see

Steiner tree

rectilinear, 49,105, 137, 151
minimum-cost satisfiability, 219
minterm, 196,223
mixed integer linear programming, 69
mixed-level simulation, 169
mixed-mode simulation, 169
mobility, 97
mobility-based scheduling, 253

module,9
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16
248

generation, 9,
selection,

MOS. 282
transistor,

one-dimensional compaction , 86,97
operation chaining, see chaining

181,278,282
move, 70, 7 I ,78, lO7
uphill,.see uphill moves
multicycle operation, 238
multigraph, 22, 185
multilevel logic synthesis, 195,200,222
multiple layers, 137
multiple-valued logic, 170,174
multiplexer, 237,262
multiplieE 14,236
multiport memory,262
multiprocessor scheduling, 80
mutation, TT

optimization
combinatorial, see combinatorial erc.
continuous, .see continuous etc.
discrete, see discrete etc.

problem,42
tool, 8
version, 43

order,28,29
crossover, T6

of floorplan, see floorplan, etc.

of variables,

see variable ordering
ordered binary-decision diagram, 203
out-degree,23
output

cell,103

183,2'78
195,279

n-channel transistor,
NAND gate, 6, 102, 172,

196
cycle,92
neighbor,69
negation,

node, 239
terminal, see terminal
overconstrained layout, 93

overflow list, 178

negative

overlapped scheduling, 249,264,270

neighborhood, 69, 73

l8l
l5l

ner,54,102,121,173,

P,45,48

netlist,54, 125, 133,

p-channel transistor,2T8
parallel
composition, 281
edge,Z2
parallelism, 248
parasitic capacitance, 15, 84, I 19,125,1'70,

neural network,

T8

nMOS technology, 183,222
nMOST, 183,278
node,ZZ, 181, 239
nondeterministic polynomial time

complexity,45

172,283,285

nonoverlappedscheduling,264,2T0 parenr,58,75,l2l

23

nonplanar graph,
nonreserved-layer model,
NOR gate,

139

195,279
NP,45,46,48
NP-complete,45
problem, 41,45,46
proof, see proving NP-completeness
NP-hard,49
NPC,45,46,48
bie()), seebigO

Omega

partial
schedule, 255

solution,56
partitioning, 16,73,

l}l,l08,

I

lO5,206

big (O), see big Omega
on-set, 196, 218,223,225

12

dynamic, see dynamic partitioning
static, see static partitioning
pass, 113

path,23,24,56
connection algorithm, 134
directed, see directed path

O

object-oriented programming,
obstacle, 134,135
off-set, 196

parity function, 198

length,23,34
longest, see longest path
shortest, see shortest path
simple, see simple path
performance-driven layout, see
timing-driven layout
permutable terminals, 134
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phenotype, 75
physical domain, 6, 98,

pipelining,23S

array,288

119

assignment statement, 290

block,290

placement, 15, 16,54, 73,78,

l}l,lO2,

150
building-block, see building-block
placement
standard-cell, see standard-cell placement
planar graph,23,49
pMOST, 278
point
Steiner, see Steiner point
polar graph, 122,129
polynomial
order,29
reduction,46
time complexity,45
polysilicon,282
population,75,78
port, 102, 121,246,262
positive cycle,93
power,4, 119,251,270
low, see low power
set, 69
precedence relation,249
precharging, 183
predecessor force,259
Prim's algorithm,31,49, 157
prime implicanr,198,222,225
ll9,125,133,

principle of optimality, 62
printed circuit board, 138
priority queue, 178
problem, 41
decision, see decision
instance,

intractable, see intractable problem
NP-complete, see NP-complete problem
optimization, see optimization problem
size, see input size
tractable, see tractable problem
undecidable, see undecidable problem
product of sums, 201
programmable logic array, 14,222
programming, 53
propagation delay,125, l1l

17

proving NP-completeness,

59,225
pseudo-cell, 103
pseudo-code,287
pruning,

primitive
set,293

(int/f loat/char),288

unspecified, 292

do statement, 291
double quotes, 292
expression, 289

or each statement,293
for statement,29l
f

function

ca1l,29l

definition,29l
unspecified,292
statement,290
iteration statements, 290

if

main,292
pointer, 288,289

return

statement, 292

string,288

(struct),

structure

288

typography,28T
mathematical, 293
statement, 290

while

quadratic order,29

qtete,62,240
FIFO, see FIFO queue

problem
see instance

prototyping,

compound statement, 290
conditional statement, 290
data type
Boolean, 288

46

LIFO,

see

LIFO queue

Quine-McCluskey algorithm, 223

radix sort,

RAM,

165

237

random

logic,

14

number,72, 75
perturbation, 72,

lll

rapid system prototyping,
ready list, 260
real time, 17
reasonable encoding,2T
rectilinear
distance,4g, 105, 156
polygon,S3
segment,49

17
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spanning tree,49
minimum, see minimum spanning

Steinertree,49,157

range,254

tree

editor, 13

minimum, see minimum Steiner tree
reduced ordered binary-decision diagram,

201,203,223,225

reduction, see also polynomial

65
redundant
floorplan,127
solution,22l
register, 173,236
assignment, 250
fi1e,236
register-transfer level, 6,

simulation,

168

entry
sea

169

ofgates, 9, 154

search

reduction,

breadth-first, see breadth-first search
depth-first, see depth-first search
space,42,56

tree,58,59,62
selector node,241

self-force,259
selfloop,22
semicustom design, 8,

120

requirement function, 252
reserved-layer model, 134, 139
resistance, 86,152,168, 181, 191,284
resistor, 15, 168

resource

allocation, see allocation
requirement distribution function,

2'71
type,252

schematic

15

sequential logic,6,235
synthesis, 195
series composition, 281

series-parallel

network,28l

set, 219

covering,220,223
Shannon expansion, 202,213
shape

256,

function, 125

shortest path, 34, 42, 49, 63,96

Dijkstra's algorithm, see Dijkstra's

algorithm

synthesis,252,259 in a DAG, 96,220
restriction,20l,208,2l0,2l3,228
signal, 167, 181
retiming,2ll
level, 170
rigid
modeling, 170, 181
cell,126
strength, 170
rectangle,86,97
transition, 170
ripupandreroute,l49,l50,163
signal-flowgraph,239
rise/fall delay model, 172
Silage,239
robust channel router, 146
silicon
ROM,237
compiler, 12
root,58,203
oxrde,282,283
routing, 15,49,55, l0l, l19, 133
polycrystalline, see polysilicon
channel, see channel
substrate, 282
track, see track
simple
row dominance, 224
cyc1e,23,43,47
RS-latch, 102
graph,22
resource-constrained

path,23

48,78,219
minimum cost, see minimum-cost
satisfiability
schedule
cooling,seecoolingschedule
partial, see partial schedule
scheduling, 247,261,267
overlapped, see overlapped scheduling
satisfiability, 42,

simplex algorithm, 67
simulated
annealing, 71,78,99,

lll,163,27l

evolution, T8

simulation,12-14,17,102,167
fatlt, see fault simulation
simulator
kemel, 169, 173
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module, 169
sink terminal. 152
sizing, 125,129
slack variable, 67

strongly connected

component,24
vertices, 24
structural

description, 101,102

slicing

domain, 6, ll9,l24
subgrap[22,69

floorplan, 121, 153
tree, lll, 121
software pipelining, 249
solution

sublinear order,29
subroutine, lTl
substrate, see silicon substrate

cbecking,4446
feasible, see feasible solution
space, see search space

subtree, 58
successor force,259
sum of minterms, 197,202
supervertex, 265

source, 181,278
terminal, 152

switch-level

vertex, 89, 97

simulation, 15, 168, 180

space complexity, 27

spanning tree,37

minimum. see minimum spanning tree
rectilinear, see rectilinear spanning tree
specification, 2 I 7
speed, 4, 25 I

spiral floorplan, see wheel floorplan
squared Euclidean distance, 106

dynamic, see dynamic etc.
static, see static erc.
timing simulation, 191
switchbox routing, 138, 154
symbolic
computation, 207,229
layout, 17,85

editor, 85

standard

ce\|,9,12, 14, 15, 102, 106,125,222
layout,138, l5l

l06,1ll

placement,

data flow, 239

form,66,220

synthesis,

state, 14, l'73,235
static

cMos.

1

l2

high-1evel,

.see

high-level synthesis

logic, see logic synthesis
tool. 8

182

partitioning,

synchronous
circuit, 168, 173,236

system-level simulation, 168

84

search tree, 62

switch-level simulation, 190
statistical cooling, .ree simulated annealing
steepest descent, 70

Steiner

point,49, 154
tree
graph version, 154

rectilinear. see rectilinear Steiner tree
step

computational, see computational step

stimuli, 169,174, 179
storage

list, 73
search,73,111
task,262
tautology,218
technology,9, 133
CMOS, see CMOS technology
file, 85
mapping, 14
temperature, 71
terminal, 102, 103,
test pattern, l4

121,133,l5l

testability,4

net,181
value, 248
strength, see also signal strength,
stretchable rectangle, 86, 97
strong canonicity,2lT

tabu

Theta

l8l

bie (O), see big Theta
three-sided channel, 154
three-state driver, 237, 262
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time

two-phase clock, 238

complexity, 27
average case, .ree average-case eIc.

nondeterministic polynomial, see
nondeterministic etc.
polynomial, see polynomial erc.
worst case, ,ree worst-case erc.

tnate covering,222
undecidable problem, 45
undirected graph, 23
unidirectional signal flow, 152, 168, 180,
183,279

frame.254

uninitialized (signal value), 170

wheel. 178

unique table, 206
unit-delay model. 172. 174
unit-size placement, 54, 58, 61, 65,69,70,

ti me-constrained synthesis. 252 -

timing,

259

119

analysis, l4
timing-driven layout, 16, 152
timing-level simulation, 15, 168
token. 240
firing, see Iiring
tool integration, l9
top-down design, 7, 16, ll9
topological layout, see symbolic layout
topology, 17, 85

tour,47

ll1

l8l

uphill move,7l,73
user interface,

19

value grouping,262
variable ordering, 203, 2lO,

21

5, 230

Va1,279
verification, l'7, 167, 197
logic. see logic verification

tool,8

track, 55
tractable

74,75,10t,107,

unknown (signal value), 170,

problem,4l

transfer,262
transformation
algorithmic. see algorithmic
transformation
high-level, see high-level transformation
transistor, 15,86, 125, 168
1ength,284

MOS. see MOS transistor

width,284
transition. see signal transition
transmission line, 152
traveling salesman, 43, 76
Euclidean, see Euclidean traveling
salesman
in graphs, 43, 46, 57,60,63,67

tree,37,49,58,

Verilog, 1 1,239
version management, 18

vertex.22
connected, see connected vertices
vertex-wei ght ed gr aph, 24

vertical
composition, 127
constraint, 140, 143, 146
graph, 139, 140
VHDL, ll, 168, t70, 199, 239
via, 133, 137,138
virtual-grid compaction, 99

VLSI,3
cost function,4
voltage,167
source, 168

vss,279

157

decomposition, see decomposition tree

weakly connected

length,31,49

component,24
vertices, 24
weighted graph,24
well, 283
wheel

search, see search tree

spanning, see spanning tree
Steiner, see Steiner tree
tri-state driveq see three-state driver
tripartite graph, 103
truth table, 6, 171, 197,201,202,235
Turing machine, 48
two-dimensional compaction, 87, 97
two-level logic synthesis , 195, 222

floorplan, 121
time, see time wheel
width of transistor, see transistor width

wire,86,237
feedthrough, see feedthrough wire
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138

length,
estimation, 105,

119

Y-chart,6,ll,119,235
yield,4

metric, 105

wiing,

see routing
layer,
word length,
worst-case time complexity,

133
9,236,269
28

zero-delaY model,17\173
zero-one integer linear programming, 67,
220
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