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PREFACE

The field of Digital Signal Processing has developed so fast in the last two
decades that it can be found in the graduate and undergraduate programs of
most universities. This development is related to the growing available technologies for implementing digital signal processing algorithms. The tremendous
growth of development in the digital signal processing area has turned some
of its specialized areas into fields themselves. If accurate information of the
signals to be processed is available , the designer can easily choose the most
appropriate algorithm to process the signal. When dealing with signals whose
statistical properties are unknown , fixed algorithms do not process these signals
efficiently. The solution is to use an adaptive filter that automatically changes
its characteristics by optimizing the internal parameters. The adaptive filtering
algorithms are essential in many statistical signal pro cessing applications.
Although the field of adaptive signal processing has been subject of research
for over three decades, it was in the eighties that a major growth occurred in
research and applications. Two main reasons can be credited to this growth,
the availability of implementation tools and the appearance of early textbooks
exposing the subject in an organized form . Presently, there is still a lot of
activities going on in the area of adaptive filtering . In spite of that, the theoretical development in the linear-adaptive-filtering area reached a maturity that
justifies a text treating the various methods in a unified way, emphasizing the
algorithms that work well in practical implementation. This text concentrates
on studying on-line algorithms, those whose adaptation occurs whenever a new
sample of the environment signals is available. The so-called block algorithms,
those whose adaptation occurs when a new block of data is available, are not
directly presented here in our view this subject requires a book for itself. Besides , block algorithms require implementation resources that are distinct of the
on-line algorithms. The theory of nonlinear adaptive filters based on high-order

x

ADAPTIVE FILTERING

statistics is probably the most important complement to the subject treated in
this book. Although this subject is not treated here, the understanding of the
material presented is fundamental for studying this still growing field.
The idea of writing this book started while teaching the adaptive signal processing course at the graduate school of the Federal University of Rio de Janeiro
(UFRJ). The request of the students to cover as many algorithms as possible
made me think how to organize this subject such that not much time is lost
in adapting notations and derivations related to different algorithms. Another
common question was which algorithms really work in a finite-precision implementation. These issues made me believe that a new text on this subject could
be written with these objectives in mind . Also, considering that most graduate
and undergraduate programs include a single adaptive filtering course, this book
should not be lengthy. Another objective to seek is to provide an easy access
to the working algorithms for the practicing engineer.
It was not until I spent a sabbatical year and a half at University of Victoria,
Canada, that this project actually started. In the leisure hours, I slowly started this project. Parts of the early chapters of this book were used in short
courses on adaptive signal processing taught in different institutions, namely :
Helsinki University of Technology, Espoo, Finland ; University Menendez Pelayo
in Seville, Spain; and at the Victoria Micronet Center, University of Victoria,
Canada. The remaining parts of the book were written based on notes of the
graduate course in adaptive signal processing taught at CapPE (the graduate
engineering school of UFRJ) .

The philosophy of the presentation is to expose the material with a solid theoret ical foundation, while avoiding straightforward derivations and repetition. The
idea was to keep the text with a manageable size, without sacrificing clarity and
without omitting important subjects. Another objective is to bring the reader
up to the point where implementation can be tried and research can begin. A
number of references are included in the end of the chapters in order to aid the
reader to proceed on learning the subject.
It is assumed the reader has previous background on the basic principles of digital signal processing and stochastic processes, including : discrete-time Fourierand Z-transforms, finite impulse response (FIR) and infinite impulse respons e
(IIR) digital filter realizations, random variables and processes, first- and secondorder statistics, moments, and filtering of random signals . Assuming that the
reader has this background, I believe the book is self contained.

Preface
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Chapter 1 introduces the basic concepts of adaptive filtering and sets a general framework that all the methods presented in the following chapters fall
under. A brief introduction to the typical application of adaptive filtering is
also presented.
In Chapter 2, the basic concepts of discrete-time stochastic processes are reviewed with special emphasis to the results that are useful to analyze the behavior of adaptive filtering algorithms. In addition, the Wiener filter is presented,
establishing the optimum linear filter that can be sought in stationary environments . The concept of mean-square error surface is then introduced, another
useful tool to analyze adaptive filters. The classical Newton and steepestdescent algorithms are briefly introduced. Since the use of these algorithms
would require a complete knowledge of the stochastic environment , the adaptive filtering algorithms introduced in the following chapters come into play.
Practical applications of the adaptive filtering algorithms are revisited in more
detail at the end of Chapter 2.
Chapter 3 presents the analysis of the LMS algorithm in some depth . Several
aspects are discussed , such as convergence behavior in stationary and nonstationary environments, and quantization effects in fixed- and floating-point
arithmetics.
Chapter 4 deals with some algorithms that are in a sense related to the LMS
algorithm . In particular, the algorithms introduced are the quantized-error
algorithms, the LMS-Newton algorithm, the transform-domain algorithm, and
the normalized LMS algorithm. Some properties of these algorithms are also
discussed in Chapter 4.
Chapter 5 introduces the conventional recursive least-squares (RLS) algorithm .
This algorithm minimizes a deterministic objective function , differing in this
sense from the LMS-based algorithms. Following the same pattern of presentation of Chapter 3, several aspects of the conventional RLS algorithm are discussed , such as convergence behavior in stationary and nonstationary environments , and quantization effects in fixed- and floating-point arithmetics. The
results presented, except for the quantization effects, are also valid to the RLS
algorithms presented in the following chapters .
In Chapter 6, a family of fast RLS algorithms based on the FIR lattice realization is introduced. These algorithms represent an interesting alternative to
the computationally complex conventional RLS algorithm . In particular, the
unnormalized, the normalized and the error-feedback algorithms are presented.
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Chapter 7 deals with the fast transversal RLS algorithms, which are very attractive due to their low computational complexity . However, these algorithms
are known to face stability problems in practical implementation. As a consequence, special attention is given to the stabilized fast transversal RLS algorithm.
Chapter 8 is devoted to a family of RLS algorithms based on the QR decomposition. The conventional and two fast versions of the QR-based algorithms
are presented in this chapter.
Chapter 9 addresses the subject of adaptive filters using IIR digital filter realizations. The chapter includes a discussion of how to compute the gradient and
how to derive the adaptive algorithms. The cascade, the parallel, and the lattice
realizations are presented as interesting alternative to the direct-form realization for the IIR adaptive filter. The characteristics of the mean-square error
surface, for the IIR adaptive filtering case, are also discussed in this chapter.
Algorithms based on alternative error formulations , such as the equation-error
and Steiglitz-McBride methods are also introduced.
I decided to use some standard examples to present a number of simulation
results, in order to test and compare different algorithms. This way a lot of
repetition was avoided while allowing the reader to easily compare the performance of the algorithms.
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1
INTRODUCTION TO ADAPTIVE
FILTERING

1.1

INTRODUCTION

In this section we define the kind of signal processing systems that will be treated
in this text.
In the last thirty years significant contributions have been made in the signal
processing field. The advances in digital circuit design have been the key technological development that sparkled a growing interest in the field of digital
signal processing. The resulting digital signal processing systems are attractive
due to their reliability, accuracy, small physical sizes, and flexibility.
One example of a digital signal processing system is called filtering. Filtering
is a signal processing operation whose objective is to process a signal in order
to manipulate the information contained in the signal. In other words, a filter
is a device that maps its input signal in another output signal facilitating the
extraction of the desired information contained in the input signal. A digital
filter is the one that processes discrete-time signals represented in digital format .
For time-invariant filters the internal parameters and the structure of the filter
are fixed, and if the filter is linear the output signal is a linear function of
the input signal. Once prescribed specifications are given, the design of timeinvariant linear filters entails three basic steps , namely: the approximation of
the specifications by a rational transfer function , the choice of an appropriate
structure defining the algorithm, and the choice of the form of implementation
for the algorithm.
An adaptive filter is required when either the fixed specifications are unknown or
the specifications cannot be satisfied by time-invariant filters. Strictly speaking
P. S. R. Diniz, Adaptive Filtering
© Springer Science+Business Media New York 1997
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an adaptive filter is a nonlinear filter since its characteristics are dependent on
the input signal and consequently the homogeneity and additivity conditions
are not satisfied . However, if we freeze the filter parameters at a given instant
of time , the adaptive filter considered in this text is linear in the sense that its
output signal is a linear function of its input signal.
The adaptive filters are time-varying since their parameters are continually changing in order to meet a performance requirement. In this sense , we can interpret
an adaptive filter as a filter that performs the approximation step on-line. Usually the definition of the performance criterion requires the existence of a reference signal that is usually hidden in the approximation step of fixed-filter design.
This discussion brings the feeling that in the design of fixed (nonadaptive) filters a complete characterization of the input and reference signals is required in
order to design the most appropriate filter that meets a prescribed performance.
Unfortunately, this is not the usual situation encountered in practice, where the
environment is not well defined. The signals that compose the environment are
the input and the reference signals, and in cases where any of them is not well
defined, the design procedure is to model the signals and subsequently design
the filter . This procedure could be costly and difficult to implement on-line .
The solution to this problem is to employ an adaptive filter that performs online updating of its parameters through a rather simple algorithm , using only
the information available in the environment . In other words, the adaptive filter
performs a data-driven approximation step .
The subject of this book is adaptive filtering , which concerns the choice of
structures and algorithms for a filter that has its parameters (or coefficients)
adapted, in order to improve a prescribed performance criterion. The coefficient
updating is performed using the information available at a given time .
The development of digital very large scale integration (VLSI) technology allowed the widespread use of adaptive signal processing techniques in a large
number of applications. This is the reason why in this book only discrete-time
implementations of adaptive filters are considered. Obviously , we assume that
continuous-time signals taken from the real world are properly sampled, i.e.,
they are represented by discrete-time signals with sampling rate higher than
twice their highest frequency . Basically, it is assumed that when generating
a discrete-time signal by sampling a continuous-time signal, the Nyquist or
sampling theorem is satisfied [1]-[8] .
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As previously discussed, the design of digital filters with fixed coefficients requires well defined prescribed specifications. However, there are situations
where the specifications are not available, or are time varying . The solution
in these cases is to employ a digital filter with adaptive coefficients known as
adaptive filters [9]-[15] .
Since no specifications are available, the adaptive algorithm that determines the
updating ofthe filter coefficients, requires extra information that is usually given
in the form of a signal. This signal is in general called a desired or reference
signal, whose choice is normally a tricky task that depends on the application.
Adaptive filters are considered nonlinear systems, therefore their behavior analysis is more complicated than for fixed filters. On the other hand , because the
adaptive filters are self designing filters, from the practitioner's point of view
their design can be considered less involved than in the case of digital filters
with fixed coefficients.
The general set up of an adaptive filtering environment is illustrated in Fig.
1.1, where k is the iteration number , x(k) denotes the input signal , y(k) is the
adaptive filter output signal, and d(k) defines the desired signal. The error
signal e(k) is calculated as d(k) - y(k). The error signal is then used to form a
performance (or objective) function that is required by the adaptation algorithm
in order to determine the appropriate updating of the filter coefficients. The
minimization of the objective function implies that the adaptive filter output
signal is matching the desired signal in some sense.
The complete specification of an adaptive system , as shown in Fig. 1.1, consists
of three items :
1) Application: The type of application is defined by the choice of the signals
acquired from the environment to be the input and desired-output signals . The
number of different applications in which adaptive techniques are being successfully used has increased enormously during the last decade. Some examples are
echo cancellation, equalization of dispersive channels, system identification, signal enhancement, adaptive beamforming, noise cancelling, and control [13]-[17] .
The study of different applications is not the main scope of this book . However,
some applications are briefly considered .
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d(k)

x(k)
----1~

Adaptive
filter

y(k)

e(k)

Adaptive
algorithm

Figure 1.1

General adaptive filter configuration.

2) Adaptive Filter Structure: The adaptive filter can be implemented in a
number of different structures or realizations. The choice of the structure can
influence the computational complexity (amount of arithmetic operations per
iteration) of the process and also the necessary number of iterations to achieve
a desired performance level. Basically, there are two major classes of adaptive digital filter realizations, distinguished by the form of the impulse response ,
namely the finite-duration impulse response (FIR) filter and the infinite-duration
impulse response (IIR) filters. FIR filters are usually implemented with nonrecursive structures, whereas IIR filters utilize recursive realizations.
•

Adaptive FIR filter realizations: The most widely used adaptive FIR filter structure is the transversal filter, also called tapped delay line, that
implements an all-zero transfer function with a canonic direct form realization without feedback. For this realization, the output signal y(k) is a
linear combination of the filter coefficients, that yields a quadratic meansquare error (MSE = E[le(kWD function with a unique optimal solution .
Other alternative adaptive FIR realizations are also used in order to obtain improvements as compared to the transversal filter structure, in terms
of computational complexity , speed of convergence, and finite wordlength
properties as will be seen later in the book.
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Adaptive IIR filter realizations: The most widely used realization of adaptive IIR filters is the canonic direct-form realization [4], due to its simple
implementation and analysis . However, there are some inherent problems
related to recursive adaptive filters which are structure dependent , such as
pole-stability monitoring requirement and slow speed of convergence. To
address these problems, different realizations were proposed attempting to
overcome the limitations of the direct form structure. Among these alternative structures, the cascade, the lattice , and the parallel realizations are
considered because of their unique features as will be discussed in Chapter
9.

3) Algorithm: The algorithm is the procedure used to adjust the adaptive
filter coefficients in order to minimize a prescribed criterion. The algorithm
is determined by defining the search method (or minimization algorithm), the
objective function, and the error signal nature. The choice of the algorithm
determines several crucial aspects of the overall adaptive process, such as existence of sub-optimal solutions, biased optimal solution, and computational
complexity .

1.3

INTRODUCTION TO ADAPTIVE
ALGORITHMS

The basic objective of the adaptive filter is to set its parameters, O(k) , in such
way that its output tries to minimize a meaningful objective function involving
the reference signal. Usually, the objective function F is a function of the input,
the reference, and adaptive filter output signals, i.e., F = F[x(k), d(k), y(k)] . A
consistent definition of the objective function must satisfy the following properties:
•

Non-negativity: F[x(k), d(k), y(k)] ~ 0, Vy(k), x(k), and d(k) ;

•

Optimality: F[x(k), d(k), d(k)] = O.

One may understand that in an adaptive process, the adaptive algorithm attempts to minimize the function F, in such a way that y(k) approximates d(k),
and as a consequence, O(k) converges to 00 , where 00 is the optimum set of
coefficients that leads to the minimization of the objective function.
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Another way to interpret the objective function is to consider it a direct function
of a generic error signal e(k), which in turn is a function of the signals x(k),
y(k) , and d(k), i.e., F = F[e(k)] = F[e(x(k), y(k), d(k»] . Using this framework,
we can consider that an adaptive algorithm is composed of three basic items:
definition of the minimization algorithm, definition of the objective function
form, and definition of the error signal. These issues are discussed below

1) Definition of the minimization algorithm for the function F : This
item is the main subject of Optimization Theory [19], and it essentially affects
the speed of convergence and computational complexity of the adaptive process. The most commonly used optimization methods in the adaptive signal
processing field are:
•

Newton's method : This method seeks the minimum of a second-order approximation of the objective function using an iterative updating formula
for the parameter vector given by

O(k + 1) = O(k) - j.tHi/{F[e(k)]}\7O{F[e(k)]}

(1.1 )

where j.t is a factor that controls the step size of the algorithm, i.e., it
determines how fast the parameter vector will be changed . The matrix
of second derivatives of F[e(k)], HO{F[e(k)]} is the Hessian matrix of
the objective function, and \7 O{F[e(k)]} is the gradient of the objective
function with respect to the adaptive filter coefficients;
•

Quasi-Newton methods : This class of algorithms is a simplified version
of the method described above, as it attempts to minimize the objective
function using a recursively calculated estimate of the inverse of the Hessian
matrix, i.e.,

O(k + 1) = O(k) - j.tP(k) \7 o{F[e(k)]}

(1.2)

where P(k) is an estimate of H(jl{F[e(k)]} , such that
lim P(k) = H

k-too

O-

1{F[e(k)]}

A usual way to calculate the inverse of the Hessian estimate is through the
matrix inversion lemma (see, for example [18] and some chapters to come) .
Also, the gradient vector is usually replaced by a computationally efficient
estimate.
•

Steepest-descent method : This type of algorithm searches the objective
function minimum point following the opposite direction of the gradient
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vector of this function . Consequently , the updating equation assumes the
form

8(k + 1) = 8(k) - JLV' O{F[e(k)]}

(1.3)

Here and in the open literature , the steepest-descent method is often also
referred to as gradient method .
In general , gradient methods are easier to implement, but on the other hand ,
the Newton method usually requires a smaller number of iterations to reach a
neighborhood of the minimum point. In many cases, Quasi-Newton methods
can be considered a good compromise between the computational efficiency of
the gradient methods and the fast convergence of the Newton method. However,
the Quasi-Newton algorithms are susceptible to instability problems due to the
recursive form used to generate the estimate of the inverse Hessian matrix. A
detailed study of the most widely used minimization algorithms can be found
in [19] .
It should be pointed out that with any minimization method, the convergence
factor JL controls the stability, speed of convergence, and some characteristics
of residual error of the overall adaptive process. Usually, an appropriate choice
of this parameter requires a reasonable amount of knowledge of the specific
adaptive problem of interest. Consequently, there is no general solution to
accomplish this task. In practice, computational simulations play an important
role and are , in fact , the most used tool to address the problem.

2) Definition of the objective function F[e(k)]: There are many ways to
define an objective function that satisfies the optimality and non-negativity properties formerly described. This definition affects the complexity of the gradient
vector and the Hessian matrix calculation . Using the algorithm's computational
complexity as a criterion, we can list the following forms for the objective function as the most commonly used in the derivation of an adaptive algorithm:
•

Mean-Square Error (MSE): F[e(k)] = E[le(kWJ ;

•

Least Squares (LS): F[e(k)] = k~l L:~=o le(k - iW ;

•

Weighted Least Squares (WLS): F[e(k)] = L:~=o>.il e(k - i)1 2 , >. is a constant smaller than 1;

•

Instantaneous Squared Value (ISV): F[e(k)] = le(k)1 2 •

CHAPTER 1
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The MSE, in a strict sense, is only of theoretical value, since it requires an
infinite amount of information to be measured. In practice, this ideal objective
function can be approximated by the other three listed. The LS, WLS, and
ISV functions differ in the implementation complexity and in the convergence
behavior characteristics; in general , the ISV is easier to implement but presents
noisy convergence properties, since it represents a greatly simplified objective
function. The LS is convenient to be used in stationary environment , whereas
the WLS is useful in applications where the environment is slowly varying.
3) Definition of the error signal e(k): The choice of the error signal is
crucial for the algorithm definition , since it can affect several characteristics
of the overall algorithm including computational complexity, speed of convergence, robustness, and most importantly for the IIR adaptive filtering case, the
occurrence of biased and multiple solutions.
The minimization algorithm, the objective function , and the error signal as
presented give us a structured and simple way to interpret, analyze , and study
an adaptive algorithm. In fact, almost all known adaptive algorithms can be
visualized in this form , or in a slight variation of this organization. In the
remaining parts of this book , using this framework , we present the principles
of adaptive algorithms. It may be observed that the minimization algorithm
and the objective function affect the convergence speed of the adaptive process.
An important step in the definition of an adaptive algorithm is the choice of
the error signal, since this task exercises direct influence in many aspects of the
overall convergence process.

1.4

APPLICATIONS

In this section, we discuss some possible choices for the input and desired signals
and how these choices are related to the applications. Some of the classical
applications of adaptive filtering are system identification, channel equalization,
signal enhancement, and prediction.
In the system identification application , the desired signal is the output of the
unknown system when excited by a broadband signal , in most cases a whitenoise signal. The broadband signal is also used as input for the adaptive filter
as illustrated in Fig. 1.2. When the output MSE is minimized , the adaptive
filter represents a model for the unknown system.
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The channel equalization scheme consists of applying the originally transmitted
signal distorted by the channel as the input signal to an adaptive filter, whereas
the desired signal is a delayed version of the original signal as depicted in Fig.
1.3. This delayed version of the input signal is in general available at the receiver
in a form of standard training signal. The minimization of the MSE indicates
that the adaptive filter represents an inverse model (equalizer) of the channel.
In the signal enhancement case, a signal x(k) is corrupted by noise nl(k) , and
a signal n2(k) correlated to the noise is available (measurable) . If n2(k) is used
as an input to the adaptive filter with the signal corrupted by noise playing the
role of the desired signal, after convergence the output error will be an enhanced
version of the signal. Fig. 1.4 illustrates a typical signal enhancement setup.
Finally, in the prediction case the desired signal is a forward (or eventually a
backward) version of the adaptive filter input signal as shown in Fig. 1.5. After
convergence, the adaptive filter represents a model for the input signal , and can
be used as a predictor model for the input signal.
Further details regarding the applications discussed here will be given in the
following chapters .
Unknown
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Example 1.1
Before concluding this chapter we present a simple example in order to illustrate how an adaptive filter can be useful in solving problems that lie in the
general framework represented by Fig. 1.1. We chose the signal enhancement
application illustrated in Fig. 1.4.
In this example the reference (or desired) signal consists of a discrete-time
triangular waveform corrupted by a colored noise. Fig. 1.6 shows the desired
signal. The adaptive filter input signal is a white noise correlated with the the
noise signal that corrupted the triangular waveform. In Fig. 1.7 is shown the
input signal.
The coefficients of the adaptive filter are adjusted in order to keep the average
value of the output error as small as possible. As can be noticed in Fig. 1.8,
as the number of iterations increase the error signal resembles the discrete-time
triangular waveform shown in the same figure (dashed curve) .
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2
FUNDAMENTALS OF ADAPTIVE
FILTERING

2.1

INTRODUCTION

This chapter includes a brief review of deterministic and random signal representations. Due to the extent of those subjects our review is limited to the
concepts that are directly relevant to adaptive filtering . The properties of the
correlation matrix of the input signal vector are investigated in some detail,
since they play a key role in the statistical analysis of the adaptive filtering
algorithms.
The Wiener solution that represents the minimum mean-square error (MSE)
solution of discrete-time filters realized through a linear combiner is also introduced . This solution depends on the input signal correlation matrix as well as
on the the cross-correlation between the elements of the input signal vector and
the reference signal. The values of these correlations form the parameters of the
MSE surface, which is a quadratic function of the adaptive filter coefficients.
Motivated by the importance of the properties of the MSE surface, we analyze
them using some results related to the input signal correlation matrix.

In practice the parameters that determine the MSE surface shape are not available . What is left is to directly or indirectly estimate these parameters using the
available data and to develop adaptive algorithms that use these estimates to
search the MSE surface such that the adaptive filter coefficients converge to the
Wiener solution in some sense . The starting point to obtain an estimation procedure is to investigate the convenience of using the classical searching methods
of optimization theory [1]-[2] to adaptive filtering. The Newton and steepestdescent algorithms are investigated as possible searching methods for adaptive
filtering . Although both methods are not directly applicable to practical adP. S. R. Diniz, Adaptive Filtering
© Springer Science+Business Media New York 1997
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aptive filtering, smart reflections inspired on them led to practical algorithms
such as the least-mean-square (LMS) [3]-[4] and Newton-based algorithms. The
Newton and steepest-descent algorithms are introduced in this chapter, whereas
the LMS algorithm is treated in the next chapter.
Also, in the present chapter, the main applications of adaptive filters are revisited and discussed in greater detail.

2.2

SIGNAL REPRESENTATION

In this section we briefly review some concepts related to deterministic and random discrete-time signals. Only specific results essential to the understanding of
adaptive filtering are reviewed. For further details on signals and digital signal
processing we refer to [5]-[12].

2.2.1

Deterministic Signals

A deterministic discrete-time signal is characterized by a defined mathematical
function of the time index k 1, with k = 0, ±1, ±2, ±3 , .. .. An example of a
deterministic signal (or sequence) is

x(k) = e- Ol k cos(wk)

+ u(k)

(2.1)

where u(k) is the unit step sequence.
The response of a linear time-invariant filter to an input x(k) is given by the
convolution summation, as follows [6]:

y(k) = x(k)

* h(k) =

L
00

x(n)h(k - n)

n=-oo

L
00

h(n)x(k - n) = h(k) * x(k)

n=-oo

where h(k) is the impulse response of the filter.
1 The

index k can also denote space in some applications.

(2.2)
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The Z-transform of a given sequence x(k) is defined as

= X(z) = 2:
00

Z{x(k}}

x(k) z-k

(2.3)

k=-oo

If the Z-transform is defined for a given region of the Z-plane, in other words

the summation above converges in that region , the convolution operation can
be replaced by a product of the Z -transforms as follows [6] :

(2.4)

Y(z) = H( z) X(z)

where Y(z}, X(z), and H(z) are the Z-transforms of y(k}, x(k), and h(k),
respectively. Considering only waveforms that start at an instant k ~ 0 and
and have finite power, their Z-transforms will always be defined outside the
unit circle.
For finite-energy waveforms it is convenient to use the discrete-time Fourier
transform defined as

:F{x(k}} = X(e jW) =

2:
00

x(k)e- jwk

(2.5)

k=-oo

Although the discrete-time Fourier transform does not exist for a signal with
infinite energy, however if the signal has finite-power , a generalized discrete-time
Fourier transform exists and is larg ely used for deterministic signals [15] .

2.2.2

Random Signals

A random variable X is a function that assigns a number to every outcome of
a given experiment denoted bye. A stochastic process is a rule to describe the
time evolution of the random variable depending on e, therefore it is a function of
two variables X(k , e). The set of all experimental outcomes, i.e., the ensemble ,
is the domain of e. We denote x(k) as a sample of the given process with e
fixed , where in this case if k is also fixed , x(k) is a number. When any statistical
operator is applied to x(k) it is implied that k is fixed and e is variable. In this
book x(k) represents a random signal.
Random signals do not have a precise description of their waveforms . What is
possible is to characterize them via measured statistics or through a probabilistic
model. For random signals the first- and second-order statistics are sufficient
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most of the time for characterization of the stochastic process. The first- and
second-order statistics are also convenient for measurements . In addition, the
effect on these statistics caused by linear filtering can be easily accounted for.
Let's consider for the time being that the random signals are real. The expected
value, or mean value, of the process is defined by
mx(k) = E[x(k)]

1:

(2.6)

The definition of the expected value is expressed as
E[x(k)] =

YPx(k) (y)dy

(2.7)

where PX(k)(Y) is the probability density function (pdf) of x(k) at the point y.
In order to interpret the pdf we need to define the distribution function of a
random variable as
PX(k)(Y) = probability of x(k) being smaller or equal to y

or
PX(k)(Y) =

{Yeo PX(k)(z)dz

(2.8)

The derivative of the distribution function is the pdf
Px(k) ()
Y =

dPx(k)(Y)
dy

1:1:

(2.9)

The autocorrelation function of the process x(k) is defined by
rx(k, i)

= E[x(k)x(l)] =

YZPx(k) ,x(I)(Y, z)dydz

(2.10)

where PX(k),x(I)(Y, z) is the joint probability density of the random variables x(k)
and x(l) defined as
Px(k),x(l) (Y, z ) =

{)2 PX(k) ,x(l)(Y, z)

{)y{)z

where
PX(k),x{l) (y, z) :':: probability of {x(k) ~ Y and x(l) ~ z}

(2.11)
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The autocovariance function is defined as

O";(k , l) = E[(x(k) - mx(k))(x(l) - mx(l))] = rx(k, l) - mx(k)mx(l)

(2.12)

where the second equality follows from the definitions of mean value and autocorrelation. For k = l , O";(k , l) = O";(k) which is the variance of x(k).
The most important specific example of probability density function is the Gaussian density function, also known as normal density function [13]-[14]. The
Gaussian pdf is defined by
(2.13)
where mx(k) and O";(k) are the mean and variance of x(k) , respectively.
One justification for the importance of the Gaussian distribution is the central
limit theorem . Given a random variable x composed by the sum of n independent random variables Xi as follows:
n

X

=

(2.14)

l:Xi
i=l

the central limit theorem states that under certain general conditions, the probability density function of x approaches a Gaussian density function for large
n . The mean and variance of x are given respectively by
n

mx =

l:m

x i

(2.15)

i= l
n

0"2

x

=~
L.-J 0"2Xi

(2.16)

i=l

Considering that the values of the mean and variance of y can grow, define
I

x-m x

x =---

(2.17)

In this case, for n -+ 00 it follows that
(2.18)
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In a number of situations we require the calculation of conditional distributions,
where the probability of a certain event to occur is calculated assuming that
another event B has occurred . In this case, we define
P({x(k) :S y}
P(B)

PX(k)(yIB)
A

n B)

(2.19)

probability of x(k) :S y assuming B has occurred

This joint event consists of all outcomes U E B such that X(u) :S y. The
definition of the conditional mean is given by
mxIB(k)

= E[x(k)IB] =

1:

YPx(k) (yIB)dy

(2.20)

where PX(k)(yIB) is the pdf of x(k) conditioned on B.
The conditional variance is defined as

There are processes such that the mean and autocorrelation functions are shift
(or time) invariant , i.e.,

= mx(k) = E[x(k)] = mx
rx(k, i) = E[x(k - j)x(i - j)] = rx(k - i) = rx(l)
mx(k - i)

and as a consequence

11;(1) = rx(l) -

m;

(2.22)
(2.23)
(2.24)

These processes are said to be wide-sense stationary (WSS). If the nth-order
statistics of a process is shift invariant, the process is said to be nth-order
stationary. Also if the process is nth-order stationary for any value of n the
process is stationary in strict sense.
Two processes are considered jointly WSS if and only if any linear combination
of them is also WSS. This is the same as:
(2.25)

must be WSS, for any constants k1 and k2, if xt{k) and x2(k) are jointly WSS.
This property implies that both Xl (k) and x2(k) have shift-invariant means and
autocorrelations and that their cross-correlation is also shift invariant .
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For complex signals where x(k) = xr(k) + jx, (k) , Y = Yr +jy" and Z = Zr + jz"
we have the following definition of the expected value
(2.26)

where Prr(k) ,ri(k)(Yr , y,) is the joint probability density function (pdf) of xr(k)
and x,(k) .
The auto correlation function of the complex random signal x(k) is defined by

i:[:[:[:

rr(k, I) = E[x(k)x*(l))
YZ*Prr(k ),ri(k ),rr(I) ,ri(l)(Yr, Y" Zr , zi)dYrdYidzrdzi
(2.27)

where * denotes complex conjugate, since we assume for now that we ar e dealing
with complex signals, and Pr r(k) ,r i(k ) ,rr (I) ,r i (1)(Yr ,Yi , Zr, Zi) is the joint probability density function of the random variables x(k) and x(l).
For complex signals the autocovariance function is defined as

cr;(k, I)

= E[(x(k) -

m",(k))(x(l) - m",(l))*]

= r",(k , I) -

m",(k)m;(l)

(2 .28)

A utoregressive Moving Average Process
The process resulting from the output of a system describ ed by a general linear
difference equation given by
N

M

y(k)

= I: bjx(k j=O

j)

+ I: aiy(k -

i)

(2.29)

i=1

where x(k) is a whit e noise, is called autoregressive moving average (ARMA)
process. The coefficients ai and bj are the parameters of the ARMA pro cess.
The output signal y(k) is also said to be a colored noise since the autocorrelation
function of y(k) is nonzero for a lag different from zero, i.e., r(l) i= 0 for some
I i= o.
For the special case where bj = 0 for j = 1,2 , ... , M the resulting process is
called autoregressive (AR) process. The terminology means that the process
depends on the present value of the input signal and on a linear combination
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of past samples of the process. This indicates the presence of a feedback of the
output signal.
For the special case where aj = 0 for i = 1, 2, . . . , N the process is identified as
a moving average (MA) process. This terminology indicates that the process
depends on a linear combination of the present and past samples of the input
signal. In summary, an ARMA process can be generated by applying a white
noise to the input of a digital filter with poles and zeros, whereas for the AR
and MA cases the digital filter is an all-pole and all-zero filter, respectively.

Markov Process
A stochastic process is called a Markov process if its past has no influence in the
future if the present is specified [13], [15] . In other words, the present behavior
of the process depends only on the most recent past, all behavior previous to
the most recent past is not required. A first-order AR process is a first-order
Markov process, whereas an Nth-order AR process is considered an Nth-order
Markov process . Take as an example the sequence

y(k) = ay(k - 1) + n(k)

(2.30)

where n(k) is a white noise process. The process represented by y(k) is determined by y(k - 1) and n(k), and no information before the instant k - 1 is
required. We conclude that y(k) represents a Markov process. In the previous
example, if a 1 and y(-I)
0 the signal y(k) , for k ~ 0, is a sum of white
noise samples, usually called random walk sequence.

=

=

Formally, an mth-order Markov process satisfies the following condition: for all
~ 0, and for a fixed m, it follows that

k

pX(k)(ylx(k - 1), x(k - 2), , x(O))
= pX(k)(ylx(k - 1), x(k - 2), , x(k - m))

(2.31)

Wold Decomposition
Another important result related to any wide-sense stationary process x(k) is
the Wold decomposition, which states that x(k) can be decomposed as

x(k) = xr(k)

+ xp(k)

(2.32)

where xr(k) is a regular process that is equivalent to the response of a stable,
linear , time-invariant, and causal filter to a white noise [15], and xp(k) is a
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perfectly predictable (deterministic or singular) process. Also, xp(k) and xr(k)
are orthogonal processes , i.e., E[xr(k)xp(k)] = O. The key factor here is that the
regular process can be modeled through a stable autoregressive model [19] with
a stable and causal inverse. The importance of Wold decomposition lies on the
observation that a WSS process can in part be represented by an AR process
of adequate order, with the remaining part consisting of a perfectly predictable
process. Obviously the perfectly predictable process part of x(k) also admits
an AR model with zero excitation.

Power Spectral Density
Stochastic signals that are wide-sense stationary are persistent and therefore are
not finite-energy signals. On the other hand, they have finite-power such that
the generalized discrete-time Fourier transform can be applied to them. When
the generalized discrete-time Fourier transform is applied to a WSS process it
leads to a random function of the frequency [15]. The autocorrelation functions
of most practical stationary processes have discrete-time Fourier transform.
Therefore, the discrete-time Fourier transform of the autocorrelation function
of a stationary random process can be very useful in many situations. This
transform , called power spectral density, is defined as

R.,(ei w ) =

00

L

r.,(l)e- i wi

= F[r.,(l)]

(2.33)

1=-00

where r.,(l) is the autocorrelation of the process represented by x(k) . The
inverse discrete-time Fourier transform allows us to recover r.,(l) from R.,(ei w )
by employing the relation

r.,(l) =

~

1'"

211" _".

R.,(eiW)eiWIdw = F- 1[R.,(ei w)]

(2.34)

It should be mentioned that R.,(ei w) is a deterministic function of w, and can
be interpreted as the energy of the random process at a given frequency in the
ensemble, i.e., considering the average outcome of all possible realizations of the
process. In particular, the mean squared value of the process represented by
x(k) is given by

(2.35)
If the random signal representing any single realization of a stationary process
is applied as input to a linear and time-invariant filter with impulse response
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h(k), the following equalities are valid and can be easily verified:

L
00

y(k)

x(n)h(k - n) = x(k)

* h(k)

(2.36)

n=-oo

ry(l)
Ry(ei w)
ryx(l)
Ryx(dW)

rx(l) * rh(l)
n, (ei w) IH(eiw) 12
rx(l) * h(l) = E[x(l)y*(l)]
Rx(eiW)H(eiw)

(2.37)
(2.38)
(2.39)
(2.40)

where rh(l) = h(l) * h( -l), Ry(ei w) is the power spectral density of the output
signal , ryx(k) is the cross-correlation of x(k) and y(k), and Ryx(ei w) is the
cross-power spectral density .
The main feature of the spectral density function is to allow a simple analysis
of the average behavior of WSS random signals processed with linear timeinvariant systems. As an illustration, suppose a white noise is applied as input
to a lowpass filter with impulse response h(k) and sharp cutoff at a given frequency WI . The autocorrelation function of the output signal y(k) will not be a
single impulse, it will be h(k) *h(-k) . Therefore, the signal y(k) will look like a
band-limited random signal , in this case, a slow-varying noise. Some properties
of the function Rx(ei w) of a discrete-time and stationary stochastic process are
worth mentioning. The power spectrum density is a periodic function of w,
with period 211', as can be verified from its definition. Also, since for stationary
and complex random process we have rx(-l) = r;(l), Rx(ei w) is real. Despite
of the usefulness of the power spectrum density function in dealing with WSS
processes, it will not be widely used in this book since usually the filters considered here are time varying. However, it should be noted its important role
in areas such as spectrum estimation [20]-[21].
If the Z-transforms of the autocorrelation and cross-correlation functions exist,
we can generalize the definition of power spectral density. In particular, the
definition of equation (2.33) corresponds to the following relation

Z[rx(k)] = Rx(z)

=

L
00

rx(k)z-k

(2.41)

k=-oo

As discussed before, if the random signal representing any single realization of
a stationary process is applied as input to a linear and time-invariant filter with
impulse response h(k), the following equalities are valid:
(2.42)
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and

Ryx(z) = Rx(z)H( z)

(2.43)
where H( z) = Z[h(l)] . If we wish to calculate the cross-correlation of y(k) and
x(k), namely ryx(O) , we can use the inverse Z-transform formula as follows:

f
f

1

E[y(k)x· (k)] =

211']

1
-2
1rJ

dz
Ryx(z)-;
H( z)Rx( z) dz
z

(2.44)

where the integration path is a counterclockwise closed contour in the region of
convergence of Ryx(z) . The contour integral equation above is usually solved
through the Cauchy 's residue theorem [7].

2.2.3

Ergodicity

In the probabilistic approach, the statistical parameters of the real data are
obtained through ensemble averages (or expected values). The estimation of
any parameter of the stochastic process can be obtained by averaging a large
number of realizations of the given process at each instant of time . However, in
many applications only a few or even a single sample of the process is available.
In these situations, we need to find out in which cases the statistical parameters
of the process can be estimated by using time average of a singl e sample (or
ensemble member) of the pro cess. This is obviously not possibl e if the desired
parameter is time varying. The equivalence between the ensemble average and
tim e average is called ergodicity [13], [15] .
The time average of a given stationary process represented by x(k) is calculated
by

m

XN

If

(j~ ZN

1

= 2N + 1

= N--+oo
lim E{lm

N

L

k=-N

XN

-

(2.45)

x(k)

m x l2 }

=0

the process is said to be mean-ergodic in the mean-square sense. Therefore, the
mean-ergodic process has time average that approximates the ensemble average
as N -+ 00. Obviously, mX N is an unbiased estimate of m x since

E[m X N ]

= 2N

1

+

N

1

L

k=-N

E[x(n)]

=mx

(2.46)
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Therefore, the process will be considered ergodic if the variance of mx N tends
to zero (U'm~ %N -t 0) when N -t 00 . The variance U'm~ XN can be expressed after
some manipulations as

U'~rN =

2N

1

+

1

:L
2N

Ill)1

(

1=-2N

U';(l) 1 - 2N

+

(2.47)

where U',;(l) is the autocovariance of the stochastic process x(k) . The variance
of mx N tends to zero if and only if
lim
N-+oo

1 N

N"
U''; (l) -t 0
L.J
1=0

The condition above is necessary and sufficient to guarantee that the process is
mean-ergodic.
The ergodicity concept can be extended to higher order statistics. In particular,
for second-order statistics we can define the process

xI(k) = x(k + l)x·(k)

(2.48)

where the mean of this process corresponds to the autocorrelation of x(k), i.e.,
rx(l) . Mean-ergodicity of xI(k) implies mean-square ergodicity of the autocorrelation of x ( k).
The time average of xI(k) is given by
1

mX"N = 2N + 1

N

:L

(2.49)

xI(k)

k=-N

that is an unbiased estimate of rx(l) . If the variance of mX"N tends to zero as
N tends to infinity, the process x(k) is said to be mean-square ergodic of the
autocorrelation, i.e.,
lim E{lm x, N

N-+oo

.

-

rx(lW} = 0

(2.50)

The condition above is satisfied if and only if
N

l
lim N "E{x(k + l)x· (k)x(k

N-+oo

L.J
;=0

+ 1+ i)x· (k +

in - r;(l) = 0

(2.51)

where it is assumed that x(n) has stationary fourth-order moments . The concept
of ergodicity can be extended to nonstationary processes [15], however, that is
beyond the scope of this book.
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2.3

THE CORRELATION MATRIX

Usually, adaptive filters utilize the available input signals at instant k in their
updating equations . These inputs are the elements of the input signal vector
denoted by

As will be noted, the characteristics of the correlation matrix R = E[x(k)x H (k)]
plays a key role in the understanding of properties of most adaptive filtering
algorithms. As a consequence, it is important to examine the main properties
of the matrix R . Some properties of the correlation matrix comes from the
statistical nature of the adaptive filtering problem, whereas other properties
derive from the linear algebra theory.
For a given input vector, the correlation matrix is given by

[
R

E[lxo(k)I']
E[X1(k:)X o(k)]

E[xo(k)xi(k)]
E[l xl(k)12 ]

E[XN(k)xo(k)] E[XN(k)xi(k)]

E[xo(k)xj;(k)]
E[Xl(k)xN(k)]

j

E[lxN(k)1 2 ]

= E[x(k)x H (k)]

(2.52)

where x H (k) is the Hermitian transposition of x( k), that means transposition
followed by complex conjugation or vice versa.
The main properties of the R matrix are listed below:
1. The matrix R is positive semidefinite.

Proof:
Given an arbitrary complex weight vector w, we can form a signal given
by
The magnitude squared of y(k) is

The mean-square (MS) value of y(k) is then given by
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Therefore, the matrix R is positive semidefinite .

o
Usually, the matrix R is positive definite, unless the signals that compose
the input vector are linearly dependent. Linear dependent signals are rarely
found in practice.
2. For WSS processes x,(k), the matrix R is Hermitian, i.e.,
(2.53)

Proof:

R H = E[(x(k)x H(k))H] = E[x(k)x H(k)] = R

o
3. A matrix is Toeplitz if the elements of the main diagonal and of any secondary diagonal are equal. When the input signal vector is composed of
delayed versions of the same signal taken from a WSS process, matrix R
is Toeplitz .
Proof:
For the delayed signal input vector, with x(k) WSS, matrix R has the
following form

R

l

rx(O)

r x (- I )

(2.54)

rx(-N)

By examining the right-hand side of the equation above, we can easily
conclude that R is Toeplitz .

o
Note that r;(i) = rx(-i), what also follows from the fact that the matrix R is
Hermitian.
If matrix R given by equation (2.54) is nonsingular for a given N , the input
signal is said to be persistently exciting of order N + 1. This means that the
power spectral density Rx(ei w ) is different from zero at least at N + 1 points
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in the interval 0 < w :S 21r . It also means that a nontrivial Nth-order FIR
filter (with at least one nonzero coefficient) cannot filter x(k) to zero. Note
that a nontrivial filter, with x(k) as input, would require at least N + 1 zeros
in order to generate an output with all samples equal to zero. The absence of
persistence of excitation implies the misbehavior of some adaptive algorithms
[16], [17]. The definition of persistence of excitation is not unique , and it is
algorithm dependent (see the book by Johnson [16] for further details) .
From now on in this section, we discuss some properties of the correlation matrix
related to its eigenvalues and eigenvectors. A number A is an eigenvalue of the
matrix R , with a corresponding eigenvector q, if and only if

det(R - AI) =

°

(2.55)

and
Rq

ee

(2.56)

Aq

where I is the (N + 1) by (N + 1) identity matrix. Equation (2.55) is called
characteristic equation of R , and has (N + 1) solutions for A. We denote the
(N + 1) eigenvalues of R by AD , AI , . . . , AN. Note also that for every value of
A, the vector q = 0 satisfies equation (2.56), however we consider only those
particular values of A that are linked to a nonzero eigenvector q.
Some important properties related to the eigenvalues and eigenvectors of R,
that will be useful in the following chapters, are listed below.
1. The eigenvalues of R'" are Ai , for i = 0, 1,2, . .. , N.

Proof:
By premultiplying equation (2.56) by R m -

l

,

we obtain

Rm-IRqi

(2.57)

o
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2. Suppose R has N + 1 linearly independent eigenvectors qj; then if we form
a matrix Q with columns consisting of the qj'S, it follows that
>'0

0

0

>'1

Q-I R Q =

0
=A

0

(2.58)

0
0

>'N

0

Proof:

RQ

R[qo ql . . · qN] = [>'Oqo >'lql . . ·>'NqNl
>'0

0

o

>'1

Q

0

o

0
=QA

0

Therefore , since Q is invertible because the q;'s are linearly independent ,
we can show that

o
3. The nonzero eigenvectors qo, ql ' . . . qN that correspond to different eigenvalues are linearly independent.
Proof:
If we form a linear combination of the eigenvectors such that

(2.59)
By multiplying the equation above by R we have
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Now by multiplying equation (2.59) by
equation (2.60) , we obtain

)\N

and subtracting the result from

By repeating the steps above, i.e., multiplying the equation above by R
in one instance and by )\N -1 on the other instance, and subtracting the
results, it yields
ao(>'o - >'N)(>'0

- >'N- t}qo + a1 (>'1 - >'N)(>'1 - >'N- t}q1
+ .. .+ aN-2(>'N-2 - >'N-t}qN-2 = 0
By repeating the same steps above several times , we end up with

Since we assumed >'0 =F >'1, >'0 =F >'2 , ... >'0 =F >'N, and qo was assumed
nonzero, then ao = O.
The same line of thought can be used to show that ao = a1 = a2 = . . . =
aN = 0 is the only solution for equation (2.59). Therefore, the eigenvectors
corresponding to different eigenvalues are linearly independent .

o
Not all matrices are diagonalizable. A matrix of order (N + 1) is diagonalizable if it possesses (N + 1) linearly independent eigenvectors. A matrix
with repeated eigenvalues can be diagonalized or not , depending on the linear dependency of the eigenvectors. A nondiagonalizable matrix is called
defective [18] .
4. Since R is a Hermitian matrix, i.e., R H = R , its eigenvalues are real and
equal to or greater than zero.
Proof:
First note that given an arbitrary complex vector w, (wHRw)H
wHRH (wH)H = wHRw. Therefore, wHRw is a real number. Assume
now that >.; is an eigenvalue of R corresponding to the eigenvector q;, i.e.,
Rq, = >.;q;. By premultiplying this equation by q{f , it follows that

q{fRq; = >.;q{fq; = >';lIq; 1I 2
where the operation lIall 2 = laoI2+lalI2+ . . ·+ laN I2 is the Euclidean norm
squared of the vector a, that is always real. Since the term on the left hand
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is also real and R is positive semidefinite, we can conclude that Ai is real
and nonnegative .

o
Note that Q is not unique since each qi can be multiplied by an arbitrary nonzero constant, and the resulting vector continues to be an eigenvector. For practical reasons, we consider only normalized eigenvectors
having length one, that is
qflqi=l

fori=O,l, . . .,N

(2.61)

5. If R is a Hermitian matrix with different eigenvalues, the eigenvectors are
orthogonal to each other. As a consequence, there is a diagonalizing matrix
Q that is unitary, i.e., QH Q = I.
Proof:
Given two eigenvalues Ai and Aj, it follows that
Rq, = Aiqi
and
(2.62)
Using the fact that R is Hermitian and that Ai and Aj are real then
qflR = Aiqfl
and by multiplying this equation on the right by qj ' we get
qfl Rqj = Ai qfl qj
Now by premultiplying equation (2.62) by qfl , it follows that
qflRqj = Ajqfl qj
Therefore ,
Aiqflqj = Ajqfl qj
Since Ai :/; Aj, it can be concluded that
qfl qj = 0

for i :/; j

If we form matrix Q with normalized eigenvectors, matrix Q is a unitary
0
matrix.
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An important result is that any Hermitian matrix R can be diagonalized by
a suitable unitary matrix Q, even if the eigenvalues of R are not distinct.
The proof is omitted here and can be found in [18]. Therefore, for Hermitian
matrices with repeated eigenvalues it is always possible to find a complete
set of orthonormal eigenvectors.
A useful form to decompose a Hermitian matrix that results from the last
property is
N

R

= QAQH = L: Ajqjqr

(2.63)

j=O

that is known as spectral decomposition. From this decomposition, one can
easily derive the following relation
N
wHRw

= L:AjWHqjqrw =
j=O

N

L: Adw H qj l2

(2.64)

i=O

In addition, since qj = AjR-1qj, the eigenvectors of a matrix and of its
inverse coincide, whereas the eigenvalues are reciprocals of each other . As
a consequence,

(2.65)
Another consequence of the unitary property of Q for Hermitian matrices
is that any Hermitian matrix can be written in the form

R

= LL H

(2.66)

6. The sum of the eigenvalues of R is equal to the trace of R, and the product
of the eigenvalues of R is equal to the determinant of R.
Proof:

tr[Q-1RQ] = tr[A]
where, tr[A]

= L~o aii . Since tr[A' A] = tr[AA'], we have
= tr[RQQ-l] = tr[RI] = tr[R] = L: Ai
N

tr[Q-1RQ]

j=O
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Also det[Q-l RQ] = det[R] det[Q] det[Q-l] = det[R] = det[A] = I1~o Ai

o
7. The Rayleigh's quotient defined as
(2.67)
of a Hermitian matrix is bounded by the minimum and maximum eigenvalues, i.e.,
Amin :5 'R :5 Amax
(2.68)
where the minimum and maximum values are reached when the vector w is
chosen to be the eigenvector corresponding to the minimum and maximum
eigenvalues, respectively.
Proof:
Suppose w = Qw', where Q is the matrix that diagonalizes R , then

'R

=

w,HQHRQw'
w,HQH Qw'
w,H A w'

It is then easy to show that the minimum value for the equation above
occurs when Wi = 0 for i :j; j and Aj is the smallest eigenvalue. Identically,
the maximum value for 'R occurs when Wi = 0 for i :j; I, where A/ is the
largest eigenvalue.

o
There are several ways to define the norm of a matrix. In this book the
norm of a matrix R, denoted by IIRII. is defined by

2
IIRII2 = max IIRwll = max wHRHRw
W;l!O IIwll2
W;l!O
wH W

(2.69)

Note that the norm of R is a measure of how a vector w grows in magnitude,
when it is multiplied by R.
When the matrix R is Hermitian , the norm of R is easily obtained by using
the results of equations (2.57) and (2.68). The result is

IIRII = Amax

(2.70)
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where

Amax
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is the maximum eigenvalue of R.

A common problem that we encounter in adaptive filtering is the solution
of a system of linear equations such as
Rw=p

(2.71)

In case there is an error in the vector p , originated by quantization or
estimation, how does it affect the solution of the system of linear equations?
"For a positive definite Hermitian matrix R it can be shown [18] that the
relative error in the solution of the above linear system of equations is
bounded by
(2.72)
where A m ax and Amin are the maximum and minimum values of the eigenvalues of R, respectively . The ratio A m ax / Amin is called condition number
of a matrix, that is
(2.73)

The value of C influences the convergence behavior of a number of adaptive
filtering algorithms, as will be seen in the following chapters. Large values
of C indicate that the matrix R is ill-conditioned and that errors introduced
by the manipulation of R may be largely amplified. When C = 1 the matrix
is perfectly conditioned. In case R represents the correlation matrix of
the input signal of an adaptive filter, with the input vector composed by
uncorrelated elements of a delay line (see Fig. 2.1.b , and the discussions
around it), then C = 1.
Example 2.1

Suppose the input signal vector is composed by a delay line with a single input
signal, i.e.,
x(k) = [x(k)x(k - 1) .. . x(k - N)f
Given the following input signals:
(a)

x(k) = n(k)
(b)

x(k) = acoswok + n(k)
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M

x(k) =

I>in(k - i)
i=O

(d)

x(k) = -alx(k - 1) + n(k)

(e)

x(k) =

aei(wok+n(k»

where n(k) is a white noise with zero mean and variance (T~ .
Calculate the autocorrelation matrix R for N = 3.
Solution:
(a) In this case, we have that E[x(k)x(k -l)] = (T~a(l), where a(l) denotes an
impulse sequence . Therefore,

R

=

E[x(k)xT(k)]

= (T~

o1 0
1 ".. .'

[o
:

:

".

0
0]
:

0 .. . 1

(b) In this example, n(k) is zero mean and uncorrelated with the deterministic
cosine. The autocorrelation function can then be expressed as

E[a2 cos(wok) cos(wok - wol) + n(k)n(k -l)]
a2 E[cos(wok) cos(wok - wol)] + (T~a(l)

r(l)

a2

2[cos(wol) - cos(2wok - wol)] + (T~a(l)
where a(l) again denotes an impulse sequence.
(c) By exploring the fact that n(k) is a white noise, we can perform the following
simplifications:

L bibjn(k - i)n(k -l- j)]

M-I M

r(l) = E[x(k)x(k -l)] = E(L
j=O

i=O

M-I

L bjbl+j E[n

j=O

O~l+j~M

M

2(k

- l - j)] = (T~

L bjbl+j

j=O
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For M = 3, the correlation matrix has the following form

R

(d) By solving the difference equation , we can obtain the correlation between

x(k) and x(k -l) , that is

1-1

x(k) = (-adx(k -l)

+ ~::)-adjn(k - j)
j=O

Multiplying x(k -l) on both sid es of the equation above and taking the expected
valu e of the result , we obtain

E[x(k)x(k -l)] = (-ad E[x2(k -l)]
since x(k - l) is independent of n(k - j) for j

:S 1-

1.

For 1 = 0, just calculate x 2 (k) and apply the expectation operation to the result.
The partial result is

therefore,

The elements of R are then given by

(e) In this case, we are int erested in calculating the autocorrelation of a complex
sequence, that is

r(l)

E[x(k)x*(k -l)]
a 2 E[e-j(wl-n(k)+n (k-I))]

=

a 2 e- j (wl )cS(l)

38

CHAPTER

2

where in the second equality it was considered the fact that we have two exponential functions with white noise as exponents. These exponentials are
nonorthogonal only if 1 = o.

o
In the remaining part of this chapter and in the following chapters, only real signals will be addressed , in order to keep the notation simple. The derivations of
the adaptive filtering algorithms for complex signals are usually straightforward,
and are left as exercises .

2.4

WIENER FILTER

One of the most widely used objective function in adaptive filtering is the meansquare error (MSE) defined as

F( e(k))

= ((k) = E[e2(k)] = E[d2(k) -

2d(k)y(k) + y2(k)]

(2.74)

Suppose the adaptive filter consists of a linear combiner, i.e., the output signal is
composed by a linear combination of signals coming from an array as depicted
in Fig. 2.I .a. In this case ,
N

y(k) =

L w;(k)x;(k) = wT (k)x(k)

(2.75)

;=0

where x(k) = [XO(k)Xl (k) . . . xN(k)V and w(k) = [WO(k)Wl (k) . . . wN(k)]T are
the input signal and the adaptive filter coefficient vectors , respectively.
In many applications, each element of the input signal vector consists of a
delayed version of the same signal, that is: xo(k) = x(k), xdk) = x(k I), ... , xN(k) = x(k - N) . Note that in this case signal y(k) is the result
of applying an FIR filter to the input signal x(k). Since most of the analyses
and algorithms pres ented in this book apply equally to the linear combiner and
the FIR filter cases, we will consider the latter case throughout the rest of the
book. The main reason for this decision is that the fast algorithms for the
recursive least-squares solution , to be discussed in the forthcoming chapters,
explore the fact that the input signal vector consists of the output of a delay
line with a single input signal, and, as a consequence, are not applicable to the
linear combiner case.
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The most straightforward realization for the adaptive filter is through the direct
form FIR structure as illustrated in Fig. 2.l.b, with the output given by
N

y(k)

= I: w;(k)x(k ;=0

=

i)

= w T (k)x(k)

where x(k)
[x(k)x(k -1) . . . x(k - N)]T , and w(k)
are the input and tap-weight vectors, respectively.

(2.76)

= [WO(k)Wl (k) .. . wN(k)jT

In both the linear combiner and FIR filter cases, the objective function can be
rewritten as
~(k)

E[d2(k) - 2d(k)wT(k)x(k) + wT(k)x(k)xT(k)w(k)]
E[d 2(k)]- 2E[d(k)w T (k)x(k)] + E[w T (k)x(k)xT (k)w(k)]

(2.77)
For a filter with fixed coefficients the MSE function is given by
~ = E[d2(k)] - 2wT E[d(k)x(k)] + wT E[x(k)xT(k)]w

=

E[d 2(k)] - 2wT p + wTRw

(2.78)

where p = E[d(k)x(k)] is the cross-correlation vector between the desired and
input signals, and R = E[x(k)xT(k)] is the input signal correlation matrix. As
can be noted, the objective function ~ is a quadratic function of the tap-weight
coefficients which would allow a straightforward solution for w, if vector p and
matrix R are known. Note that matrix R corresponds to the Hessian matrix of
the objective function defined in the previous chapter.
If the adaptive filter is implemented through an IIR filter, the objective function is a nonquadratic function of the filter parameters, turning the minimization
problem much more difficult . Local minima are likely to exist, rendering some
solutions obtained by gradient-based algorithms unacceptable. Despite its disadvantages, adaptive IIR filters are needed in a number of applications where
the order of a suitable FIR filter is too high. Typical applications include data
equalization in communication channels and cancellation of acoustic echo.
The gradient vector of the MSE function related to the filter tap-weight coefficients is given by

~=[ o~ o~

ow
OWOOWl
-2p+2Rw

...~f
OWN

(2.79)
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Figure 2.1

(a) Linear combiner; (b) Adaptive FIR filt er .
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By equating the gradient vector to zero and assuming R is nonsingular, the optimal values for the tap-w eight coefficients that minimiz es the objective funct ion
can be evaluate d as follows:
(2.80)
This soluti on is called the Wiener solution . Unfortunately, in practice, precise
estimations of Rand p are not availabl e. When the input and the desired
signals are ergodic, one is able to use tim e averages to estima te Rand p , what
is impli citly performed by most adapt ive algorit hms.
If we replace the opt ima l solution for w in the MSE expression, we can calculate

the minimum MSE provided by the Wiener solution:

E[d2(k)] - 2w~ p
E[d2(k)] - w~ p

+ w~RR-lp
(2.81)

Th e equation above indicates that the optimal set of parameters removes part
of the power of the desired signal through the cross-correlation between x(k)
and d(k), assuming both signals stationary. If the reference signal and the
input signal are orthogonal , the optimal coefficients are equal to zero and the
minimum MSE is E[d2 (k)]. This result is expected since nothing can be done
with the parameters in order to minimiz e the MSE if the input signal carries no
information abo ut the desired signal. In this case, if any of the taps is nonzero ,
it would only increase the MSE.
An important property of the Wiener filter can be deduced if we analyze the
gradient of the err or surface at the optimal solution . Th e gradient vector can
be expressed as follows:
2

gw = 8E [e (k)] = E [2 e(k/

8w

e(k)] = -E[2e(k)x(k)]

8w

(2.82)

With the coefficients set at their optimal values, i.e., at the Wiener solution, the
gradient vector is equal to zero, implying that

E[e(k)x(k)] = 0
or

E[e(k)x(k - i)]

=0

(2.83)
(2.84)

for i = 0, 1, .. . , N . This means that the error signal is orthogonal to the elements
of the input signal vector. In case either the error or the input signal has zero
mean , the orthogonality prop erty impli es tha t e(k) and x(k) are uncorrelated .
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The orthogonality principle also appli es to the correlation between the output
signal y(k) and the error e(k), when the tap weights are given by w = w oo By
premultiplying the equation (2.83) by wr , the desired result follows, e.g.,
E[e(k)w~ x(k)]

2.5

= E[e(k)y(k)] = 0

(2.85)

MEAN-SQUARE ERROR SURFACE

The mean-square error is a quadratic function of the parameters w. Assuming
a given fixed w, the MSE is not a function of tim e and can be expressed as
(2.86)
where O"~ is the variance of d(k) assuming it has zero-mean. The MSE is a
quadratic function of the tap-weights forming a hyp erparaboloid surface. The
MSE surface is convex and has only positive values. For two weights, the
surface is a paraboloid . Fig. 2.2 illustrates the MSE surface for a numerical
example where w has two coefficients . If the MSE surface is int ersected by a
plane parallel to the w plane , placed at a level superior to ~min, the intersection
consists of an ellipse representing equal MSE contours as depict ed in Fig. 2.3.
Note that in this figure we showed three distinct ellipses, corresponding to
different levels of MSE. The ellipses of constant MSE are all concentric.
In order to understand the properties of the MSE surface, it is convenient to
define a translated coefficient vector as follows:
t1w=w-w o

(2.87)

Th e MSE can be expressed as a function of t1w as follows:
O"~

-

wr p

+ wr p

T

- 2w P

+ wTRw

~min - t1wT P - wTRw o + wTRw
~min - t1wT P + w TRt1w
~min - wrRt1w + w TRt1w
~min + t1wTRt1w

(2.88)

The corresponding error surface contours are depicted in Fig. 2.4.
By employing the diagonalized form of R , the last equation can be rewritten as
follows:
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+VT Av
N

~min + L

Ai V ;

(2.89)

i= O

where v = QT tlw are the rotated pa rameters.
The above form for repres enting the MSE surface is an uncoupled form in the
sense that each component of the gradient vector of the MSE with respect to
the rotated parameters is a function of a single parameter, that is

This property means that if all Vi'S are zero except one, the gradient direction coincides with the nonzero parameter axis. In othe r words, the rotated
parameters represent the principal axes of the hyperellipse of constant MSE ,
as illustrated in Fig . 2.5. Note that since the rotated parameters are the result
of the projection of the original parameter vector tl w on the eigenvectors qi
direction, it is straightforward to conclude that the eigenvectors represent the
principal axes of the constant MSE hyperellipses .
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Figure 2.3

Contours of the MSE surface.

The matrix of second derivatives of ~ as related to the rotated parameters is A.
We can not e that the gradient will be steeper in the principal axes corresponding
to larg er eigenvalu es. This is the direction , in the two axes case, where the
ellipse is narrow .

2.6

BIAS AND CONSISTENCY

The correct interpretation of the results obtained by the adaptive filtering algorithm requires the definitions of bias and consistency. An estimate is considered unbiased if the following condition is satisfied

E[w(k)] = w ;
The difference E [w(k)] -

Wo

(2.90)

is called the bias in the parameter estimate.
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An estimate is consider ed consistent if

w(k)

-t

w, as k -t

(2.91)

00

Note that since w( k) is a random variable, it is necessary to define in which sense
the limit is taken . Usually , the limit with probability one is employed. In the
case of identification, a system is considered identifiable if the given parameter
estimates are consistent . For a more formal treatment on this subj ect refer to

[17] .

2.7

NEWTON ALGORITHM

In the context of the MSE minimization discuss ed in the previous section , the
coefficient-vector updating using the Newton method is performed as follows:

(2.92)
Assuming the true gradient and the matrix R are available , the coefficient-vector
updating can be expressed as

w(k

+ 1) = w(k)

- JlR- 1(-2p + 2Rw(k))

= (I -

2JlI)w(k)

+ 2Jlw o

(2.93)

where if Jl = 1/2, the Wiener solution is reached in one step.
The Wiener solution can be approached using a Newton-like search algorithm ,
by updating the adaptive filter coefficients as follows:

w(k

+ 1) = w(k)

, -1

- JlR

(kh~w(k)

(2.94)

where R-1 (k) is an estimate of R -1 and gw (k) is an estimate of gw, both at
instant k, The parameter Jl is the convergence factor that regulates the convergence rate. Newton-based algorithms present , in general , fast convergence.
However. the estimate of R- 1 is computationally int ensive and can become numerically unstable if special care is not taken . Thes e factors mad e the steepestdescent-based algorithms more popular in adaptive filtering applications.

2.8

STEEPEST-DESCENT ALGORITHM

In order to get a practical feeling of a problem that is being solved using the
steepest-descent algorithm, we assume that the optimal coefficient vector, i.e.,
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the Wiener solution, is w 0, and that the reference signal is not corrupted by
measurement noise .
The main objective of the present section is to study the rate of convergence, the
stability, and the steady-state behavior of an adaptive filter whose coefficients
are updated through the steepest-descent algorithm . It is worth mentioning
that the steepest-descent method can be considered an efficient gradient-type
algorithm, in the sense that it works with the true gradient vector, and not with
an estimate of it . Therefore, the performance of other gradient-type algorithms
can at most be close to the performance of the steepest-descent algorithm.
When the objective function is the MSE, the difficult task of obtaining the
matrix R and the vector p impairs the steepest-descent algorithm from being
useful in adaptive filtering applications. Its performance, however, serves as a
comparison pattern for gradient-based algorithms.
The steepest-descent algorithm updates the coefficients in the following general
form
(2.95)
w(k + 1) = w(k) - J1.gw(k)
It is worth noting that several alternative gradient-based algorithms available
replace gw(k) by an estimate gw(k), and they differ in the way the gradient
vector is estimated. The true gradient expression is given in equation (2.79)
and, as can be noted, it depends on the vector p and the matrix R , that are
usually not available.
Substituting equation (2.79) in equation (2.95), we get
w(k

+ 1) = w(k)

- 2J1.Rw(k)

+ 2J1.p

(2.96)

Now some of the main properties related to the convergence behavior of the
steepest-descent algorithm in stationary environment are described. First, an
analysis is required to determine the influence of the convergence factor J1. in
the convergence behavior of the steepest-descent algorithm.
The error in the adaptive filter coefficients when compared to the Wiener solution is defined as
~w(k) = w(k) - W o
(2.97)
The steepest-descent algorithm can then be described in an alternative way,
that is:
~w(k

+ 1)

~w(k)

- 2J1.{Rw(k) - Rw o )

- 2J1.R~w(k)
(I - 2J1.R) ~w{k)

~w(k)

(2.98)
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where the relation p = Rw 0 (see equation (2.80)) was employed . It can be
easily shown from the equation above that
~w(k + 1) = (I - 2J.lR)k+ 1 ~w(O)

(2.99)

or

(2.100)
The last equat ion premultiplied by QT , where Q is the unitary matrix that
diagonalizes R thr ough a similarity t ra nsformation, yields
QT ~w(k + 1)

(I - 2J.l QTR Q)QT ~w(k)

v(k + 1)
(I - 2J.lA)v(k)
1- 2J.l>'o

0

o

o

v(k)

o

o

(2.101)
In the equation above v(k+ 1) = QT ~w(k+ 1) is the rotated coefficient-vector
error . Using induction, equation (2.101) can be rewritten as

v(k+l) = (I - 2J.lA)k+l v(0)
[ (1-

T'k+'

0

0

(1 - 2J.l>' d k+1
0

] v(O)
(1 - 2J.l>'N )k+l
(2.102)

This equation shows that in order to guarantee the convergence of the coefficients, each element 1 - 2J.l>'i must have an absolute value less than one. As a
consequence, the convergence factor of the steep est-descent algori thm must be
chosen in the range
1
0 < J.l < - , (2.103)
"ma x

where >'ma x is the larg est eigenvalue of R . In this case, all the elements of
the diagonal matrix in equation (2.101) tend to zero as k --7 00, resulting in
v(k + 1) --7 0 for larg e k.
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The J.l value in the range above guarantees that the coefficient vector approaches
the optimum coefficient vector w o- It should be mentioned that if matrix R
has large eigenvalue spread, the convergence speed of the coefficients will be
primarily dependent on the value of the smallest eigenvalue. Note that the
slowest decaying element in equation (2.101) is given by (1 - 2J.lA m ;n )k+ 1 .
The MSE presents a transient behavior during the adaptation process, that can
be analyzed in a straightforward way if we employ the diagonalized version of
R. Recalling from equation (2.88) that
~(k) = ~m;n

+ D.wT (k)RD.w(k)

(2.104)

the MSE can then be simplified as follows:
~(k)

+ D.wT(k)QA QTD.w(k)
~m;n + vT(k)A v(k)
~min

N

~m;n

+ :L A;v;(k)

(2.105)

;= 0

If we apply the result of equation (2.101) in equation (2.105), it can be shown
that the following relation results

~(k)

~m;n

+ vT(k -

1)(1 - 2J.lA)A (I - 2J.lA)v(k - 1)

N

~m;n

+ :L A;(l -

2J.lAi ) 2k v;(0)

(2.106)

;=0

The analyses presented in this section show that before the steepest-descent
algorithm reaches the steady-state behavior, there is a transient period where
the error is usually high and the coefficients are far from the Wiener solution . As
can be seen from equation (2.101)' in the case of the adaptive filter coefficients,
the convergence will follow (N + 1) geometric decaying curves with ratios r w ; =
(1- 2J.lA;) . Each ofthese curves can be approximated by an exponential envelope
with time constant T w ; as follows [4] :
..=.!..

r w ; = e r .. . = 1 - -

1

Twi

1

+ - 2 - + .. .
2!Twi

(2.107)
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In general , rwi is slightly smaller than one, specially in the cases of slowly
decreasing modes that correspond to small valu es Ai and IJ.. Therefore,
1
rwi = (1 - 2JlAi) ~ 1 - Twi

(2.108)

then

for i = 0,1 , .. . , N.
For the convergence of the MSE, the range of values of Jl is the same to guarantee
the convergence of the coefficients. In this case , du e to the exponent 2k in
equation (2.106), the geom etric decaying curves have ratios given by rei = (14JlAi)' that can be approximated by exponential envelopes with time constants
given by

(2.109)
for i = 0, 1, . . . , N . In the converg ence of both the error and the coefficients,
the time required for the convergence depends on the ratio of the eigenvalues of
the input signal. Further discussions on convergence properties that apply to
gradient-type algorithms can be found in Chapter 3.

Example 2.2

The matrix R and the vector p ar e known for a given experimental environme nt :

R

=

1
0.4045 ]
[ 0.4045
1

p

[0 0.2939f

(a) Deduce the equation for the MSE .
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(b) Choose a small value for jJ., and starting the parameters at [0 - 2]T plot
the convergence path of the steepest-d escent algori thm in the MSE surface.
(c) Repeat the previous item for the Newton algorithm .
Solut ion :
(a) T he MSE function is given by
~

E[d2 (k)] - 2wT p

(7~

-

+ wTRw

0
2[Wl W2] [ 0.2939 ]

+ [Wl

W2]

[0.4~45 0.4~45] [ :~

]

After perform ing the algebraic calculation we obtain the following result
~

=

0.5 + wi + w~ + 0.8090WlW2 - 0.5878w 2

(b) The steepest-d escent algorithm was appli ed to minimize the MSE using a
convergence factor jJ. = O.l/A m a ." where Ama., = 1.4045. The convergence path
of the algorithm in the MSE surface is depicted in Fig. 2.6. As can be noted ,
the path followed by the algor ithm first approaches the main axis (eigenvector)
corresponding to the smaller eigenvalue, and then follows toward the minimum
in a direction increasingly aligned with this main axis .
(c) The Newton algorithm was also applied to minimiz e the MSE using a convergence factor jJ. = O.l/Am a ., . Th e convergence path of the Newton algori thm
in the MSE surface is depict ed in Fig. 2.7. T he Newton algorithm follows a
st raight path to the min imum .

o

2.9

APPLICATIONS REVISITED

In this section , we give a brief introduction to the typical appli cation s where the
adaptive filtering algorithms are requir ed, including a discussion of where in
the real world these applications are found . Th e main obj ective of this section
is to illust ra te how the adaptive filtering algorithms, in general , and the ones
presented in the book, in par ticular, are appli ed to solve practical probl ems .
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It should be noted that the detailed analysis of any particular application is
beyond the scope of this book . Nevertheless , a number of specific references
are given for the interested reader. The distinctive feat ure of each applic at ion
is the way the adaptive filter input signal and the desired signal are chosen.
Once these signals are dete rmined, any known properties of them can be used
to understand the expected behavior of the adaptive filter when attempting to
minimize the chosen objective function (for example, the MSE, ~).

2.9.1

System Identification

The ty pical set up of the system identification application is depicted in Fig .
2.8. A common input signal is applied to the unknown system and to the
adaptive filter. Usually , the input signal is a wideband signal, in order to allow
the adaptive filter to converge to a good model of the unknown system.
Unknown
system

d(k )
x(k)

...
po

-

...

+

po

e(k)

~

y(k)
Adaptive
filter

Figure 2. 8

System identification.

Assume the unknown system has impulse response given by h(k), for k
0, 1, 2, 3, ... ,00 and zero for k < O. The error signal is then given by

e(k)

d(k) - y(k)
00

N

1=0

;=0

L h(l)x(k -l) - L w;(k)x(k - i)
where w;(k) are the coefficients of the adaptive filter.

(2.110)
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Assuming that x(k) is a white noise , the MSE for a fixed w is given by

(2.111)
where x oo(k) and XN+l (k) are the input signal vector with infinit e and finite
lengths , respectively.
By calculating the derivative of ~ with respect to the coefficients of the adaptive
filter, it follows that
(2.112)
where
(2.113)

If the input signal is a white noise , the best model for the unknown system is
a syst em whose impulse response coincides with the N + 1 first samples of the
unknown system impulse response. In the cases where the impulse response
of the unknown syst em is of finite length and the adaptive filter is of sufficient
order (i.e., it has enough number of parameters) , the MSE becomes zero if
there is no measurement noise (or channel noise) . In practical applications
the measurement noise is unavoidable, and if it is uncorrelated with the input
signal , the expected value of the adaptive filter coefficients will coincide with the
unknown-system impulse respons e samples. The output error will of course be
the measurement noise. We can observe that the measurement noise introduces
a variance in the estimates of the unknown system parameters.

Some real world applications of the system identification scheme include modeling of multipath communication channels [30] , control systems [23], seismic
exploration [31], and cancellation of echo caused by hybrids in some communication systems [32]-[36), just to mention a few.

2.9.2

Signal Enhancement

In the signal enhancement application , the reference signal consists of a desired
signal x(k) that is corrupted by an additive noise nl(k) . The input signal of
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the adaptive filter is a noise signal n2 (k) that is correlated with the interference
signal nl(k), but uncorrelated with x(k). Fig. 2.9 illustrates the configuration
of the signal enhancement application . In practice, this configuration is found in
acoustic echo cancellation for auditoriums [39], hearing aids, noise cancellation
in hydrophones [38] , cancelling of power line interference in electrocardiography
[23] , and in other applications. The cancelling of echo caused by the hybrid
in some communication systems can also be considered a signal enhancement
probl em [23] .
x(k) + nl(k)

Adaptive
filter

e(k)

Figure 2.9 Signal enhancement (nl (k) and n2 (k) are noi se signals correla t ed
to each other) .

In this appli cation, the error signal is given by

e(k) = x(k)

+ nl(k) -

N

L w/n2(k -I) = x(k) + nl(k) -

y(k)

(2.114)

/=0

Th e resulting MSE is then given by
E[e2(k)] = E[x 2(k)] + E[(ndk) - y(k))2]

(2.115)

where it was assum ed that x(k) is uncorrelated with nl(k) and n2(k). The
equation above shows that if the adaptive filter, having n2 (k) as the input signal,
is able to perfectly predict the signal ndk) , the minimum MSE is given by

(2.116)
where the error signal , in this situation, is the desired signal x(k) .
The effectiveness of the signal enhancement scheme depends on the high correlation between nl(k) and n2(k). In some applications, it is useful to include
a delay of L samples in the reference signal or in the input signal, such that
their relative delay yields a maximum cross-correlation between y(k) and ndk),
reducing the MSE. This delay provides a kind of synchronization between the
signals involved . An example exploring this issue will be presented in the following chapters.
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Signal Prediction

In the signal prediction application, the adaptive filter input consists of a delayed
version of the desired signal as illustrated in Fig. 2.10. The MSE is given by
(2.117)

x(k)

z

·L

'--

Adaptive
filter

Figure 2.10

,Ir

y(k)

-

+

e(k)

Signal prediction .

The minimization of the MSE leads to an FIR filter, whose coefficients are the
elements of w . This filter is able to predict the present sample of the input signal
using as information old samples such as x(k-L), x(k-L-l), .. . , x(k-L-N) .
The resulting FIR filter can then be considered a model for the signal x(k) when
the MSE is small. The minimum MSE is given by

r(L)
r(L + 1)
~min = r(O) - w~

(2.118)

r(L

+ N)

where w 0 is the optimum predictor coefficient vector and r(l) = E[x( k)x( k -l)]
for a stationary process .
A typical predictor's application is in linear prediction coding of speech signals
[37] , where the predictor's task is to estimate the speech parameters. These
parameters ware part of the coding information that is transmitted or stored
along with other informations inherent to the speech characteristics, such as
pitch period, among others .
The adaptive signal predictor is also used for adaptive line enhancement (ALE),
where the input signal is a narrowband signal (predictable) added to a wideband

57

Fundamentals of Adaptiv e Filtering

signal. After convergence the predictor output will be an enhanced version of
the narrowband signal.
Yet another application of the signal predictor is the suppression of narrowband
interference in a wideband signal. The input signal, in this case, has the same
general characteris tics of the ALE. However, we are now inter ested in removing
the nar rowband interferer. For such an application, the output signal of interest
is the error signal [39].

2.9.4

Channel Equalization

As can be seen from Fig. 2.11, channel equalization or inverse filtering consists of estimating a transfer function to compensate for the linear distortion
caused by the channel. From another point of view, the objective is to force a
prescribed dynami c behavior for the cascade of the channel (unknown syst em)
and the adap tive filter, determined by the input signal. The first interpret ation
is more appropriate in communications, where the information is transmitted
through dispersive cha nnels [29], [35]. Th e second interpr etat ion is appropriate for cont rol applicat ions, where the inverse filtering scheme generates control
signals to be used in the unkn own system [23] .

Z

·L

n(k)

x(k)

d(k)
Adaptive
filter

Channel

Figure 2.11

y(k)

1-----.. +

e(k)

Channel equalizati on .

In the ideal situation , where n(k) = 0 and the equalizer has sufficient order, the
error signal is zero if
W (z) H (z) z- L
(2.119)

=

where W (z) and H (z) are the equaliz er and unkn own system tr ansfer functions ,
respecti vely. Th erefore, the ideal equalizer has the following tr ansfer function

W( z)

Z- L

= H(z)

(2.120)
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From the equation above, we can conclude that if H(z) is an IIR transfer function with nontrivial numerator and denominator polynomials, W(z) will also be
IIR. If H(z) is an all-pole model, W(z) is FIR. If H(z) is an all-zero model,
W(z) is an all-pole transfer function .
By applying the inverse Z-transform to equation (2.119), we can conclude that
the optimal equalizer impulse respons e convolved with the channel impulse response producing as a result an impulse. This means that for zero additional
error in the channel , the output signal y(k) restores x(k - L) and , therefore, one
can conclud e that a deconvolution process took place.
The delay in the reference signal plays an important role in the equalization
process. Without the delay, the desired signal is x(k) , whereas the signal y(k)
will be mainly influenced by old samples of the input signal, since the unknown
system is usually causal. As a consequence , the equaliz er should also perform
the task of predicting x(k) simultaneously with the main task of equalizing the
channel. Th e introduction of a delay alleviates the prediction task , leaving the
equalizer free to invert the channel response . A rule of thumb for choosing the
delay was proposed and analyz ed in [23], where it was conjectured that the
best delay should be close to half the time span of the equalizer. In practice the
reader should try different delays .
In the case the unknown system is not of minimum phase, i.e., its transfer
function has zeros outsid e the unit circle of the Z plane , the optimum equalizer is either stable and noncausal , or unstable and causal. Both solutions ar e
unacceptable. The noncausal stable solution could be better approximated by
a causal FIR filter when the delay is included in the desired signal. The delay
forces a time shift in the ideal impulse respons e of the equalizer, allowing the
tim e span , where most of the energy is concentrated , to be in the caus al region .
If channel noise signal is present and is uncorr elated with the channel' s input
signal, the error signal and y(k) will be accordingly noisier . However, it should
be notic ed that the adaptive equalizer , in the process of reducing the MSE,
disturbs the optimal solution by trying to reduce the effects of n(k). Therefore,
in a noisy environment the equalizer transfer function is not exactly the inverse
of H( z).

In practice, the noblest use of the adaptive equalizer is to compensate for the
distortion caused by the transmission channel in a communication system. The
main distortions caused by the channels are high attenuation and intersymbol
interference (lSI) . The lSI is generated when different frequency components of
the transmitted signals arrive at different times at the receiver, a phenomenon
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caused by the nonlinear group delay of the channel [29] . For example, in a digital communication system, the time-dispersive channel extends a transmitted
symbol beyond the time interval allotted to it, interfering in the past and future
symbols. Under severe lSI, when short symbol space is used , the number of
symbols causing lSI is large .
The channel impulse response is a time spread sequence described by h(k) with
the received signal being given by

re(k

+ J) =

x(k)h(J)

+

k+J

L

x(l)h(k + J -I)

+ n(k + J)

(2.121)

1=- 00 , I~k

where J denotes the channel time delay (including the sampler phase) . The first
term of the equation above corresponds to the desired information, the second
term is the interference of the symbols sent before and after x(k) . The third
term accounts for channel noise . Obviously only the neighboring symbols have
significant influence in the second term of the equation above. The elements of
the second term involving x(l), for 1 > k , are called pre-cursor lSI since they
are caused by components of the data signal that reach the receiver before their
cursor. On the other hand , the elements involving x(l) , for 1 < k , are called
post-cursor lSI .
In many situations, the lSI is reduced by employing an equalizer consisting of
an adaptive FIR filter of appropriate length. The adaptive equalizer attempts
to cancel the lSI in the presence of noise . In digital communication , a decision
device is placed after the equalizer in order to identify the symbol at a given
instant. The equalizer coefficients are updated in two distinct circumstances
by employing different reference signals. During the equalizer training period ,
a previously chosen training signal is transmitted through the channel and a
properly delayed version of this signal , that is prestored in the receiver end , is
used as reference signal. The training signal is usually a pseudo-noise sequence
long enough to allow the equalizer to compensate for the channel distortions.
After convergence, the error between the adaptive filter output and the decision
device output is utilized to update the coefficients. The resulting scheme is
the decision-directed adaptive equalizer. It should be mentioned that in some
applications no training period is available . Usually, in this case, the decisiondirected error is used all the time.
A more general equalizer scheme is the decision-feedback equalizer (DFE) illustrated in Fig. 2.12. The DFE is widely used in situations where the channel
distortion is severe [29], [40). The basic idea is to feed back , via a second FIR
filter, the decisions made by the decision device that is applied to the equalized
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signal. Assuming the decisions were correct, we are actually feeding back the
symbols x(l), for I < k, of equation (2.121). The DFE is able to cancel the
post-cursor lSI for a number of past symbol s (depending on the order of the
FIR feedback filter) , leaving more freedom for the feedforward section to take
care of the remaining terms of the lSI. Some known characteristics of the DFE
are [29] :
•

The signals that are fed back are symbols, being noise free and allowing
computational savings .

•

The noise enhancement is reduced , if compared with the feedforward-only
equalizer.

•

Short time recovery when incorrect decisions are made .

•

Reduced sensitivity to sampling phase.

Error
Symbol
output
Forward
filter

Decision
device

Error

Training
sequence

Feedback
filter

Figure 2.12

2.9.5

Decision-feedback equalizer.

Digital Communication System

For illustration, a general digital communication scheme over a channel consisting of a subscriber line (telephone line, for example) is shown in Fig . 2.13.
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In either end the input signal is first coded and conditioned by a transmit filter . The filter shapes the pulse and limits in band the signal that is actually
transmitted . The signal then crosses the hybrid to travel through a dual duplex channel. The hybrid is an impedance bridge used to transfer the transmit
signal into the channel with minimal leakage to the near-end receiver . The imperfections of the hybrid cause echo that should be properly cancelled. In the
channel, the signal is corrupted by white noise and crosstalk (leakage of signals
being transmitted by other subscribers) .

Figure 2.13

General digital com mun ication transceiver.

After crossing the channel and the far-end hybrid, the signal is filtered by the
receive filter that attenuates high-frequency noise and also acts as an antialiasing
filter. Subsequently, we have a joint DFE and echo canceller, where the forward
filter and echo canceller outputs are subtracted. The result after subtracting
the decision feedback output is applied to the decision device. After passing
through the decision device, the symbol is decoded.
Other schemes for data transmission in subscriber line exist [35] . The one shown
here is for illustration purposes, having as special feature the joint equalizer and
echo canceller strategy. The digital subscriber line (DSL) structure shown here
has been used in integrated services digital network (ISDN) basic access, that
allows a data rate of 144 Kbits/s [35] . Also, a similar scheme is employed in the
high bit rate digital subscriber line (HDSL) [34], [41] that operates over short
and conditioned loops [42]' [43] .

2.10

CONCLUDING REMARKS

In this chapter, we described some of the concepts underlying the adaptive
filtering theory. The material presented here forms the basis to understand the
behavior of most adaptive filtering algorithms in a practical implementation.
The basic concept of the MSE surface searching algorithms was briefly reviewed,
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serving as a starting point for the development of a number of practical adaptive
filtering algorithms to be presented in the following chapters. The theory and
practice of adaptive signal processing is also the main subject of some excellent
books such as [22]-[28] .
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Problems
1. Supposing the input signal vector is composed by a delay line with a single
input signal. Compute the correlation matrix for the followinginput signals:
a)

x(k) = sin( ik)

+ cos( ik) + n(k)

b)

x(k) = anI (k) cos(wok)
c)
d)

+ n2(k)

x(k) = ant{k) sin (wok + n2(k))
x(k) = -aIx(k - 1) - a2x(k - 2) + n(k)

e)
4

x(k) =

I: 0.25n(k -

i)

;=0

f)

x(k) = an(k)e i wok

In all cases, n(k), nt{k) , and n2(k) are white noise with uniform distribution, with zero mean and with variances O'~, O'~l' and 0'~2' respectively.
These random signals are considered independent.
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2. For the correlation matrices given below, calculate their eigenvalues, eigenvectors, and the conditioning numbers .
a)

R

=

4 3

~

3 4

423
[

1 2

b)
0.95 0.9025 0.8573751
1
0.9025
0.95
1
0.95
0.9025
0.95
1
0.95
[
0.857375 0.9025 0.95
1

R

c)
50

R

2 [
0' n

0.9~99
0.98
0.970

0.9899

0.98
0.970 1
0.9899 0.98
0.9899
1
0 .9~99
0.98 0.9899
1

d)

R

=

1
0.5 0.25 0,125]
0.5
1
0.5 0.25
1
0.5
0.25 0.5
[
0.125 0.25 0.5
1

3. For the correlation matrix given below, calculate its eigenvalues, eigenvectors , and form the matrix Q.

4. Generate the ARMA pro cesses x(k) describ ed below. Calculate the vari-

ance of the output signal and the autocorrelation for lags 1 and 2. In all
cases, n(k) is a white noise with variance 0.1.
a)

1.9368x(k - 1) - 0.9519x(k - 2) + n(k)

x(k)
-

1.8894n(k - 1) + n(k - 2)
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b)
x(k)

-1.9368x(k - 1) - 0.9519x(k - 2)

+

n(k)

+ 1.8894n(k -

1) + n(k - 2)

Hint : For whit e noise generation consult for example [13], [14] .
5. Generat e the AR processes x (k ) describ ed below. Calculate the variance
of the output signal and the autocorr elation for lags 1 and 2. In all cases ,
n(k) is a whit e noise with variance 0.05.

a)

x(k)
b)

= -0 .8987x(k -

1) - 0.901 8x(k - 2) + n(k)

x (k ) = 0.057x(k - I) + 0.889x(k - 2) + n(k)

6. Generate the MA processes x(k) described below. Calc ulate the variance
of the output signal and the autocovari ance matrix. In all cases , n(k) is a
whit e noise with variance 1.

a)

x(k)

+
b)
c)

0.0935n(k) + 0.3027n(k - 1) + O.4n(k - 2)
0.3027n(k - 4) + 0.0935n(k - 5)

x(k) = n(k) - n(k - 1) + n(k - 2) - n(k - 4) + n(k - 5)
x(k) = n(k)

+ 2n(k -

1) + 3n(k - 2) + 2n(k - 4) + n(k - 5)

7. Show that a pro cess generated by adding two AR processes is in general
an ARMA process.
8. Determine if the following processes are mean ergodic:

a)
b)

c)

x(k) = ant(k) cos(wok ) + n2(k)
x (k ) = anI (k) sin (wok + n2(k))
x(k) = an(k) e2iwok

In all cases, n(k) , nl(k), and n2(k) are white noise with uniform distribution , with zero mean and with variances O'~ , O'~, ' and 0'~ 2 ' resp ectively.
These random signal s are considered independent.
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9. Suppose the matrix R and the vector p are known for a given experimental
environment. Compute the Wiener solution for the following cases :

a)
1
4

R

[i
[~

p

3
4
3
2

2
3
4
3

3 2
8 8

~]

~r

b)

0.8 0.64
0.8
1
0.8 0512
0.64 ]
[
I
0.64 0.8
1
0.8
0.512 0.64 0.8
1

R

~ [0.4096 0.512 0.64 0.8f

p

c)

q

3 -2
-2 3
1 -2

R

p

=

[-2 1 -

+J
~r

10. For the environments described in the previous problem, derive the updating formula for the steepest-descent method. Considering that the adaptive
filter coefficients are initially zero, calculate their values for the ten first iterations.
11. Repeat the previous problem using the Newton method.

12. Calculate the spectral decomposition for the matrices R of problem 9.
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13. Calculate the minimum MSE for the examples of problem 9 considering
that the variance of the reference signal is given by a}
14. Calculate the time constants of the MSE and of the coefficients for the
examples of problem 9 considering that the steepest-descent algorithm was
employed .
15. For the examples of problem 9, describe the equations for the MSE surface.
16. Using the spectral decomposition of a Hermitian matrix show that for N
even

17. The gradient with respect to a complex parameter has not been defined.
For our purposes the complex gradient vector can be defined as

'l9{F( e(k))}

8F( e(k))

= 8r e[9(k)] -

. 8F( e(k))

J 8im[9(k)]

where re[·] and im[·] indicate real and imaginary parts of [.] respectively.
Note that the partial derivatives are calculated for each element of 9(k) .
Derive the complex steepest-descent algorithm .
18. Derive the Newton algorithm for complex signals .
19. In a signal enhanc ement application , assume that nl(k) = n2(k) * h(k),
where h(k) represents the impulse response of an unknown system. Also,
assum e that some small leakage of the signal x(k), given by h'(k) * x(k) ,
is added to the adaptive filter input. Analyze the consequences of this
phenom enon .
20. In the equalizer application, calculate the optimal equalizer transfer function when the channel noise is present.

3
THE LEAST-MEAN-SQUARE (LMS)
ALGORITHM

3.1

INTRODUCTION

The least mean-square (LMS) is a search algorithm in which a simplification of
the gradient vector computation is made possible by appropriately modifying
the objective function [1]-[2]. The LMS algorithm, as well as others related
to it, is widely used in various applications of adaptive filtering due to its
computational simplicity [3]-[7] . The convergence characteristics of the LMS
algorithm are examined in order to establish a range for the convergence factor
that will guarantee stability. The convergence speed of the LMS is shown to
be dependent of the eigenvalue spread of the input-signal correlation matrix
[2]-[6] . In this chapter, several properties of the LMS algorithm are discussed
including the misadjustrnent in stationary and nonstationary environments [2][9], tracking performance, and finite wordlength effects [10]-[12] .
The LMS algorithm is by far the most widely used algorithm in adaptive filtering for several reasons . The main features that attracted the use of the LMS
algorithm are low computational complexity , proof of convergence in stationary
environment , unbiased convergence in the mean to the Wiener solution, and
stable behavior when implemented with finite-precision arithmetic .

3.2

THE LMS ALGORITHM

In the previous chapter we derived the optimal solution for the parameters of the
adaptive filter implemented through a linear combiner, which corresponds to the
case of multiple input signals. This solution leads to the minimum mean-square
P. S. R. Diniz, Adaptive Filtering
© Springer Science+Business Media New York 1997
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error in estimating the reference signal d(k). The optimal (Wiener) solution is
given by
w ; = R-1p
(3.1)
where R = E[x(k)xT(k)] and p
are jointly wide-sense stationary.

= E[d(k)x(k)],

assuming that d(k) and x(k)

If good estimates of matrix R , denoted by R(k), and of vector p , denoted by
p(k), are available, a steep est-descent-based algorithm can be used to search
the Wiener solution of equation (3.1) as follows:

w(k

+ 1)

w(k) - Jlgw(k)
w(k)

+ 2Jl(P(k) -

R(k)w(k))

(3.2)

for k = 0, 1,2 , . . ., where gw(k) represents an estimate ofthe gradient vector of
the objective function with respect to the filter coefficients.
One possible solution is to estimate the gradient vector by employing instantaneous estimates for Rand p as follows:
R(k)

x(k)xT(k)

p(k)

d(k)x(k)

(3.3)

The resulting gradient estimate is given by
-2d(k)x(k) + 2x(k)xT(k)w(k)
2x(k)(-d(k) +xT(k)w(k))
-2e(k)x(k)

(3.4)

Note that if the obj ective function is replaced by the instantaneous square error
e 2 (k), instead of the MSE, the gradient estimate above represents the true
gradient vector since
oe2(k)
ow

oe(k)
oe(k)
oe(k) ]T
[ 2e(k) owo(k) 2e(k) owt{k) ... 2e(k)oWN(k)
-2e(k)x(k)
gw(k)

(3.5)

The resulting gradient-based algorithm is known, because it minimizes the mean
ofthe squared error, as the least-mean-square (LMS) algorithm, whose updating
equation is
(3.6)
w(k + 1) = w(k) + 2Jle(k)x(k)
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Algorithm 3.1
LMS Algorithm
Initialization

x(O) = w(O) = [0 0 . . .
Do for k

of

>0

e(k) = d(k) - x T (k)w(k)
w(k

+ 1) = w(k) + 2J-le(k)x(k)

o

where the convergence factor u should be chosen in a range to guarantee convergence.
Fig. 3.1 depicts the realization of the LMS algorithm for a delay line input
x(k) . Typically, one iteration of the LMS requires N + 2 multiplications for
the filter coefficient updating and N + 1 multiplications for the error generation.
The detail ed description of the LMS algorithm is shown in the table denoted
Algorithm 3.1.
It should be noted that the initialization is not necessarily performed as described in Algorithm 3.1, where the coefficients of the adaptive filter were initialized with zeros. For example, if a rough idea of the optimal coefficient value
is known , these values could be used to form w(O) leading to a reduction in the
number of iterations required to reach the neighborhood of w o -
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x(k)

L...---i--'--I~ XM----'-------'

L...-

---(

X1 + - - - - - - - - - - - - - - 1
211

Figure 3.1

3.3

LMS adaptive FIR filter .

SOME PROPERTIES OF THE LMS
ALGORITHM

In this section, the main properties related to the convergence behavior of the
LMS algorithm in a stationary environment are described. The information
contained here is essential to understand the influence of the convergence factor
J1. in various convergence aspects of the LMS algorithm.

The Least-Mean-Square (LMS) Algorithm

3.3.1
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Gradient Behavior

As shown in the previous chapter, see equation (2.79), the ideal gradient direction to perform a search on the MSE surface for the optimum coefficient vector
solution is

2 (E [x(k)xT(k)] w(k) - E[d(k)x(k)])
2(Rw(k) - p)

(3.7)

In the LMS algorithm instantaneous estimates of Rand p are used to determine
the search direction, i.e.,

gw(k) = 2 [x(k)xT(k)w(k) - d(k)x(k)]

(3.8)

As can be expected, the direction determined by equation (3.8) is quite different
from that of equation (3.7). Therefore, by using the more computationally
attractive gradient direction of the LMS algorithm, the convergence behavior is
not the same as that of the steepest-descent algorithm.
In average, it can be said that the LMS gradient direction has the tendency to
approach the ideal gradient direction since for a fixed coefficient vector w

2 (E [x(k)xT(k)] w - E[d(k)x(k)])
gw

(3.9)

hence, vector gw (k) can be interpreted as an unbiased instantaneous estimate
of gw . If for a fixed w vector gw(k) is calculated for a large number of inputs
and reference signals, the average direction tends to gw , i.e.,

(3.10)

3.3.2

Convergence Behavior of the Coefficient
Vector

Assume that an unknown FIR filter with coefficient vector given by w 0 is being
identified by an adaptive FIR filter of the same order , employing the LMS
algorithm. Measurement white noise n(k) with zero mean and variance O'~ is
added to the output of the unknown system .

76

CHAPTER

3

The error in the adaptive filter coefficients as related to the ideal coefficient
vector w o , in each iteration , is described by the N + 1 vector

= w(k) -

~w(k)

W

(3.11 )

o

With this definition, the LMS algorithm can alternatively be described by
~w(k

+ 2jie(k)x(k)
~w(k) + 2jix(k) (xT(k)w o + n(k) - xT(k)w(k))
~w(k) + 2jix(k) (eo(k) - xT(k)~w(k))
(I - 2jix(k)xT(k)) ~w(k) + 2jieo(k)x(k)

+ 1)

~w(k)

(3.12)

where eo (k) is the minimum output error given by
eo(k)

d(k) - w~ x(k)
w~ x(k)

+ n(k)

- w~ x(k)

n(k)

(3.13)

The expected error in the coefficient vector is then given by
E[~w(k

+ 1)] = E[(I -

2jix(k)xT(k))~w(k)]

+ 2jiE[eo(k)x(k)]

(3.14)

If it is assumed that the elements of x(k) are statistically independent of the
elements of ~w(k) and eo(k), equation (3.14) can be simplified as follows:
E[~w(k

+ 1)]

(I -

2jiE[x(k)x T(k)]) E[~w(k)]

(I - 2jiR)E[~w(k)]

(3.15)

The first assumption is justified if we assume that the deviation in the parameters is dependent of previous input-signal vectors only, whereas the second
assumption means that the error signal at the optimal solution is orthogonal to
the elements of the input-signal vector. The expression above leads to
E[~w(k

+ 1)] =

(I - 2jiR)k+ 1 E[~w(O)]

(3.16)

Equation (3.15) premultiplied by QT , where Q is the unitary matrix that diagonalizes R through a similarity transformation, yields

(I - 2jiQ TRQ)E [QTw(k)]
E [~w/(k + 1)]
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(I - 2p.A)E [~w/(k)]

[

o

1 - 2p.Ao

0

o

1 - 2j.lAl

o

0

] E

[~w'(k)]
(3.17)

where ~w/(k + 1) = QT ~w(k + 1) is the rotated-coefficient error vector. The
applied rotation yielded an equation where the driving matrix is diagonal , making easier to analyze the equation dynamic behavior. Alternatively, the above
relation can be expressed as
E [~w/(k

+ 1)] = (I -

2JlA)k+1 E [~W/(O)]

(1_2j.l:AO)k+l

0

(1 - 2j.lAdk+1
[
X

o
E[~W/(O)]

This equation shows that in order to guarantee convergence of the coefficients
in the mean , the convergence factor of the LMS algorithm must be chosen in
the range
1

0< Jl < -\A m ax

(3.19)

where Am ax is the largest eigenvalue of R . Values of j.l in the range guarantees
that all elements of the diagonal matrix in the equation (3.18) tend to zero as
k -+ 00. As a result E[6.w'(k + 1)] tends to zero for large k.
The choice of j.l as explained above ensures that the mean value of the coefficient
vector approaches the optimum coefficient vector w o- It should be mentioned
that if the matrix R has a large eigenvalue spread, it is advisable to choose a
value for Jl much smaller than the upper bound. As a result, the convergence
speed of the coefficients will be primarily dependent on the value of the smallest
eigenvalue, responsible for the slowest mode in equation (3.18).
The key assumption for the analysis above is the so-called independence theory
[4], which considers all vectors x( i), for i = 0, 1, . .. , k, statistically independent. This assumption allowed us to consider 6.w(k) independent of x(k)xT (k)
in equation (3.14). Such an assumption, despite not being rigorously valid es-
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pecially when x(k) represents the elements of a delay line, leads to theoretical
results that are in good agreement with the experimental results .

3.3.3

Coefficient-Error-Vector Covariance
Matrix

In this subsection , we derive the expressions for the second-order statistics of
the errors in the adaptive filter coefficients . Since the mean value of ~w(k) is
zero, the covariance of the coefficient- error vector is defined as
cov[~w(k)] = E[~w(k)~wT(k)] = E [(w(k) - w oHw(k) - wof]

(3.20)

By replacing the equation (3.12) in (3.20) it follows that
cov[~w(k

+ 1)] =

E [(I - 2Jlx(k)xT(k))~w(k)~wT(k) (I - 2Jlx(k)xT(k)f
+(1 - 2Jlx(k)xT(k))2Jleo(k)xT(k)
+2Jleo(k)x(k)~wT(kHI - 2Jlx(k)xT(k)f
(3.21)

+4Jl2e~(k)x(k)xT(k)]

By considering eo(k) independent of ~w(k) and orthogonal to x(k) , the second
and third terms of the right-hand side of the above equation can be eliminated .
The details of this simplification can be carried out by describing each element
of the eliminated matrices explicitly. In this case,
cov [~ w ( k

+ 1)]

=

cov [~ w ( k ) ]

+ E[-2Jlx(k)xT(k)~w(k)~wT(k)

-2Jl~w(k)~wT (k)x(k)xT (k)

+4Jl2x(k)xT (k)~w(k )~wT (k)x(k)xT (k)
+4Jl2e~(k)x(k)xT(k)]

In addition, assuming that
can be rewritten as
cov [~w ( k

+ 1)] =

~w(k)

(3.22)

and x(k) are independent , the equation (3.22)

cov[~w(k)] - 2JlE[x(k)x T (k)]E[~w(k)~wT (k)]
-2JlE[~ w(k)~wT (k)]E[x(k)x T (k)]

+4Jl2 E[x(k)xT (k)~w(k)~wT (k)x(k)x T (k)]
+4Jl2 E[e ~(k)]E[x(k)xT (k)]
cov[~w(k)] - 2JlR cov[~w(k)]
-2Jl cov[~w(k)]R + 4Jl2 A + 4Jl2(1~R

(3.23)
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The calculation of A = E[x(k)x T (k)Aw(k)AwT (k)x(k)xT (k)] involves fourthorder moments and the result can be obtained by expanding the matrix inside
the operation E[·] as described in [4] and [13] for jointly Gaussian input-signal
samples. The details are not shown here since similar derivation is shown in
equation (3.92). The result is
A = 2R cov[.6.w(k)] R + R tr[R cov[.6.w(k)]]

(3.24)

where tr[ ·] denotes trace of [.]. Equation (3.23) is needed to calculate the excess
of mean-square error caused by the noisy estimate of the gradient employed by
the LMS algorithm . As can be noted , cov[.6.w(k + 1)] does not tend to 0 as
k -+ 00 , due to the last term in equation (3.23) that provides an excitation in
the dynamic matrix equation.
A more useful form for the equation (3.23) can be obtained by premultiplying
and postmultiplying it by QT and Q respectively, yielding
QTcov[.6.w(k + 1)]Q

=

QT cov[.6.w(k)] Q
-2JlQTRQQT cov[.6.w(k)]Q
-2JlQT cov[Aw(k)]QQTRQ
+8Jl2Q TRQQT cov[.6.w(k)]QQ TRQ

+4Jl2Q TRQQT tr[RQQT cov[Aw(k)]]Q
+4Jl2(T~ QTR Q

(3.25)

where we used the equality QT Q = QQT = I . Using the fact that QT tr[B]Q =
tr[QTBQ] for any B,
cov[Aw'(k + 1)] =

cov[.6.w' (k)]
-2JlA cov[.6.w'(k)] - 2Jl cov[Aw'(k)]A
+8Jl2A cov[.6.w'(k)]A
+4Jl2A tr[A cov[.6.w'(k)]] + 4Jl2(T~A

(3.26)

where cov[.6.w'(k)] = E[QT Aw(k)AwT(k)Q] .
As will be shown in section 3.3.5, only the diagonal elements of cov[Aw'(k)]
contribute to the excess of MSE in the LMS algorithm . By defining v'(k) as
a vector with elements consisting of the diagonal elements of COy [.6.w' (k)], and
.x as a vector consisting of the eigenvalues of R, the following relation can be
derived from the equations above
v'(k

+ 1)

(I - 4JlA + 8Jl2A 2 + 4Jl2.x.xT )v'(k) + 4Jl2(T~.x
Bv'(k) + 4Jl2(T~.x

(3.27)
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where the elements of B are given by
for i = j
(3.28)

bi; = {

for i =F j

The value of the convergence factor J.l must be chosen in a range that guarantees
the convergence of v'(k). A sufficient condition to guarantee convergence is
to force the sum of the elements in any row of B to be kept in the range
-1 < L:f=o b;j < 1. Since
N

N

Lb;j = 1- 4J.lA; + 8J.l2 A[ + 4J.l2 A; LAj
j=O
j=O

(3.29)

the critical values of J.l are those which the equation above approaches 1, as for
any J.l the expression is always positive. This will occur only if the last three
terms of equation (3.29) approach zero, that is
N

-4J.lA; + 8J.l2 A; + 4J.l2 A; L Aj ~ 0
j=O
After simple manipulation the stability condition obtained is

<

1

1

---

L:f=o Aj - tr[R]

(3.30)

where the last and simpler expression is more widely used in practice.
The obtained upper bound for the value of u is important from the practical
point of view, because it gives us an indication of the maximum value of J.l that
could be used in order to achieve convergence of the coefficients. However, the
reader should be advised that the given upper bound is somewhat optimistic
due to the approximations and assumptions made. In most cases, the value of
J.l should not be chosen close to the upper bound .

3.3.4

Behavior of the Error Signal

In this subsection, the mean value of the output error in the adaptive filter
is calculated, considering that the unknown system model has infinite impulse
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response and there is measurement noise . The error signal, when an additional
zero-mean measurement noise is accounted for , is given by

e(k) = d'(k) - w T (k)x(k)

+ n(k)

(3.31)

where d'(k) is the desired signal without measurement noise . For a given known
input vector x(k) , the expected value of the error signal is

E[e(k)]

E[d'(k)] - E[wT(k)x(k)] + E[n(k)]
E[d'(k)] - w~ x(k) + E[n(k)]

(3.32)

where W o is the optimal solution, i.e., the Wiener solution for the coefficient
vector . Note that the input-signal vector was assumed known in the above
equation, in order to expose what can be expected if the adaptive filter converges
to the optimal solution. If d'(k) was generated through an infinite impulse
response system, a residue error remains in the subtraction of the first two
terms due to undermodeling, i.e. ,

(3.33)
where WOi are the coefficients of the process that generated the part of d'(k) not
identified by the adaptive filter. If the input signal and n(k) have zero mean,
then E[e(k)] = O.
Now, the minimum MSE is calculated for undermodeling situations (adaptive
FIR filter with insufficient number of parameters) and in the presence of additional noise . The minimum mean-square error that can be obtained, assuming
the input signal is a white noise uncorrelated with the additional noise signal is
given by

~min

E[e2(k)]min =

I:
00

w~iE[x2(k - i)] + E[n 2(k)]

(3.34)
This minimum error is achieved when it is assumed that the adaptive filter
multiplier coefficients are frozen at their optimum values. In case the adaptive
filter has sufficient order to model the process that generated d(k), the minimum
MSE that can be achieved is equal to the variance of the additional noise.
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Excess of Mean-Square Error and
Misadjustment

3.3.5

The result of the previous subsection assumes that the adaptive filter coefficients converge to their optimal values, but in practice this is not so. Although
the coefficient vector in average converges to W o , the instantaneous deviation
~w(k) = w(k) - W o generates an excess of MSE. The excess of MSE can be
quantified as described in the present section. The output error at instant k is
given by
e(k)

d(k) - w~(k)x(k) - ~wT(k)x(k)
eo(k) - ~wT(k)x(k)

(3.35 )

then
(3.36)

The so-called independence theory assumes that the vectors x(k), for all k, are
statistically independent, allowing a simple mathematical treatment for the LMS
algorithm. As mentioned before, this assumption is in general not true, especially in the case where x(k) consists of the elements of a delay line. However,
even in this case the use of the independence assumption is justified by the
agreement between the analytical and the experimental results . With the independence assumption, ~w(k) can be considered independent of x(k), since
only previous input vectors are involved in determining ~w(k). By using the
assumption and applying the expected value operator to the equation (3.36) , we
have
~(k)

E[e2(k)]
~min

2E[~wT(k)]E[eo(k)x(k)]
+E[~wT (k)E[x(k)x T (k)]~w(k)]
-

=

(3.37)

E[x(k)xT(k)] and by the orthogonality principle E[eo(k)x(k)]
Since R
the equation above can be simplified as follows:
~(k) = ~min

+ E[~wT(k)R~w(k)]

= 0,

(3.38)

The excess in the MSE is given by

~~(k)

~ ~(k) - ~min = E[~wT (k)R~w(k)]
E[tr(R~w(k)~wT (k))]
tr[E[R~w(k)~wT (k)]]

(3.39)
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where in the second equality we used the property tr[A . B] = tr[B . A]. By
using the fact that QQT = I, the following relation results

tr[E[QQTRQQT L\w(k)L\wT(k)QQT]]
tr[QA cov(L\w'(k))QT]
Therefore ,
L\~(k)

= tr[A cov(L\w'(k))]

(3.40)
(3.41)

From equation (3.27), it is easy to show that

= L AiVHk) = >.,Tv'(k)
N

L\~(k)

(3.42)

i=O

Since

+ 8Jl2 A;)v:(k)

(1 - 4JlAi
N

+4Jl2 Ai

v:

L Ajvj(k) + 4Jl20"~Ai

(3.43)

j=o

v:

and (k + 1) ~ (k) for large k, we can apply a summation operation to the
above equation in order to obtain
N

L Ajvj(k)

JlO"~ 2:;=0 Aj + 2Jl 2:;=0 AJvj(k)
1 - Jl 2:;=0 Aj

j=O

JlO"~ 2:;=0 Aj
1 - Jl

2:;=0 Aj

JlO"~tr[R]

(3.44)

1 - Jltr[R]

where the term 2Jl 2:;=0 AJvj(k) was considered very small as compared to the
remaining terms of the numerator. This assumption is not easily justifiable, but
is valid for small values of u,
The excess of mean-square error can then be expressed as

~exc =

lim

k~ oo

L\~ (k) ~ JlO"~ tr[R]

1 - Jltr[R]

(3.45)

This equation, for very small fL, can be approximated by
~exc ~ JlO"~tr[R] = Jl(N

+ 1)0"~0";

(3.46)
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cr; is the input-signal variance and cr~ is the additional-noise variance.

The misadjustment M , defined as the ratio between the {exc and the minimum
MSE, is a common parameter used to compare different adaptive signal processing algorithms. For the LMS algorithm the misadjustment is given by

M ~

=

{ exc

J.ltr[R]
1 - f.ltr[R]

{min

3.3.6

(3.47)

Transient Behavior

Before the LMS algorithm reaches the steady-state behavior , a number of iterations are spent in the transient part. During this time , the adaptive filter
coefficients and the output error change from their initial values to values close
to that of the corresponding optimal solution.

In the case of the adaptive filter coefficients, the convergence in the mean will
follow (N + 1) geometric decaying curves with ratios rwi = (1- 2f.lAi) ' Each of
these curves can be approximated by an exponential envelope with tim e constant
Twi as follows (see equation (3.18)) [2] :
rwi

= e ..::.!. = 1 ' wi

-

1

1

+ - 2 - + ...

Twi

2!Tw i

(3.48)

where for each iteration , the decay in the exponential envelope is equal to the
decay in the original geometric curve. In general , rwi is slightly smaller than
one, especially in the case of the slowly decreasing mod es corresponding to small
Ai and u, Th erefore,
rwi

= (1 - 2J.lAi)

then
Twi

~

1- -

1

Twi

(3.49)

1

=--

uo;

for i = 0, 1, .. . , N . Note that in order to guarantee convergence of the tap
coefficients in the mean , u must be chosen in the range 0 < f.l < 1/ A m a x (see
equation (3.19)) .
According to equation (3.30), for the convergence of the MSE the range of
values for J.l is 0 < f.l < 1/tr[R], and the corresponding time constant can
be calculated from matrix B in equation (3.27), by considering the terms in
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Jl2 small as compared to the remaining terms in matrix B . In this case, the
geometric decaying curves have ratios given by rei = (I - 4JlAi) that can be
fitted to exponential envelopes with time constants given by
1

Tei

= 4Jl>'i

(3.50)

for i = 0, 1, . . . , N . In the convergence of both the error and the coefficients ,
the time required for the convergence depends on the ratio of eigenvalues of the
input signal correlation matrix. For example, if Jl is chosen to be approximately
1/>'max the corresponding time constant for the MSE is given by

Amax
Amax
4>'i - 4>'min

T'~--<-el

(3.51)

Since the mode with the highest time constant takes longer to reach convergence, the rate of convergence is determined by the slowest mode given by
Terna., = Amax/{4>'min) . Suppose the convergence is considered achieved when
the slowest mode provides an attenuation of 100, i.e.,
-k

e rerna., = 0.01

this requires the following number of iterations in order to reach convergence:

k ~ 4.6 >'max
4>'min
The situation above is quite optimistic because Jl was chosen to be high. As
mentioned before, in practice we should choose the value of Jl much smaller
than the upper bound. For an eigenvalue spread approximating one, Jl should
be smaller than 1/{N + 1)>'max. In this case , the LMS algorithm will require
at least
k ~ 4.6 (N + 1)>'max
4>'min
iterations to achieve the convergence.
The analytical results presented in this section are valid for stationary environments. The LMS algorithm can also operate in the case of nonstationary
environments, as shown in the following section.
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LMS ALGORITHM BEHAVIOR IN
NONSTATIONARY ENVIRONMENTS

In practical situations, the environment in which the adaptive filter is embedded
may be nonstationary. In these cases, the input-signal auto corr elation matrix
and/or the cross-correlation vector , denoted respectively by R(k) and p(k),
are/is varying with time. Therefore, the opt imal solution for the coefficient
vector is also a tim e-varying vector given by wo(k).
Since the optimal coefficient vector is not fixed , it is important to analyze if the
LMS algorithm will be able to track changes in wo(k). It is also of interest to
learn how the tracking error in the coefficients given by E[w(k)] - wo(k) will
affect the output MSE. It will be shown later that the excess of MSE caused by
lag in the tracking of w 0 (k) can be separated from the excess of MSE caused by
the measurement noise, and therefore, without loss of generali ty, in the following
analysis the additional noise will be considered zero.
The coefficient-vector updating in the LMS algorithm can be written in the
following form

w(k

+ 1)

w(k)
w(k)

+ 2j.l x(k)e(k)

+ 2j.lx(k)(d(k) -

xT(k)w(k))

(3.52)

Since
(3.53)

the coefficient updating can be expressed as follows:
(3.54)
Now assum e that an ensemble of a nonstationary adaptive identification proc ess
has been built , where the input signal in each experiment is taken from the same
stochastic pro cess. Th e input signal is considered stationary and ergodic . The
first assumption results in a fixed R matrix, and the nonstationarity is caused
by the desired signal that is generated by applying the input signal to a timevarying syst em. With these assumptions , by using the expected value operation
to the ensemble, with the coefficient updating in each experiment given by
equat ion (3.54) , and assum ing that w(k) is independent of x(k) yields

E [w (k + 1)]

=

E[w(k)] + 2j.lE[x(k)x T(k) ]w o(k)
-2j.lE[x(k)xT (k)]E[w(k)]
E[w(k)] + 2j.lR(w o(k) - E[w(k)])

(3.55)
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If the lag in the coefficient vector is defined by

lw(k) = E[w(k)] - wo(k)

(3.56)

equation (3.55) can be rewritten as

lw(k + 1) = (I - 2I-£R)lw(k) - wo(k + 1) + wo(k)

(3.57)

In order to simplify our analysis, we can premultiply the equation above by QT,
resulting in a decoupled set of equations given by
l~(k

+ 1) = (I -

2I-£A)1~(k) - w~(k

+ 1) + w~(k)

(3.58)

where the vectors with superscript are the original vectors projected onto the
transformed space. As can be noted, each element of the lag-error vector is
determined by the following relation
(3.59)
where li(k) is the ith element of l~(k). By properly interpreting the equation
above, we can say that the lag is generated by applying the transformed instantaneous optimal coefficient to a first-order discrete-time filter denoted lag filter,
i.e.,

'()
L;'()
z = - z _ z-1
1 + 21-£>'; Wo; z

(3.60 )

The discrete-time filter transient response converges with a time constant of the
exponential envelope given by
(3.61)
which is of course different for each individual tap. Therefore, the tracking
ability of the coefficients in the LMS algorithm is dependent on the eigenvalues
of the input-signal correlation matrix.
The lag in the adaptive filter coefficients leads to an excess of mean-square error.
In order to calculate the excess of MSE , suppose that each element of the optimal
coefficient vector is modeled as a first-order Markov process. This nonstationary
situation can be considered somewhat simplified as compared with some real
practical situations. However, it allows a manageable mathematical analysis
while retaining the essence of handling the more complicated cases. The firstorder Markov process is described by

w o(k) = >'wwo(k - 1) + nw(k)

(3.62)
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where nw(k) is a vector whose elements ar e zero-mean Gaussian nois e pr ocesses
with variance O"~ , and Aw < 1. Not e that (1 - 2JlAd < AW < 1, for i =
0, 1, .. . , N , sin ce the optimal coefficients values must vary slower than the filter
tracking sp eed , i.e., 2: >. .
l-~w ' This model may not repr esent a real
system when AW -+ 1, since the cov[wo(k )] will ha ve unbounded elements if,
for exa m ple, nw(k) is not exactly zero mean . A more reali sti c model would
includ e a factor (1 - AW ) ~ , for p ~ 1, multiplying nw (k) in order to guarantee
that cov [wo(k )] is bounded. In the following dis cussions , this cas e will not be
considered sinc e the corr esponding results can be easily deriv ed .

«

From equations (3.59) and (3.60), we can infer that the lag-error vector elements
are generated by applying a first -order discrete-time system to the elements of
the unknown system coefficient vector, both in the transformed space. On the
other hand , the coefficients of the unknown system ar e generated by applying
each element of the nois e vector nw(k) to a first-order all-pole filter , with the
pole placed at Aw . For the unknown coefficient vector with the model abov e,
the lag-error vector elements can be generated by applying the elements of
the transformed nois e vector n~(k) = QTnw(k) to a discrete-time filter with
tr ansfer function

H( z) =

-( z - l) z
(z - 1 + 2Jl Ai)(Z - AW )

(3.63)

This transfer function consists of a cascade of the lag filter with the all-pole filter
repr esenting the first- ord er Mark ov process as illustrated in Fig. 3.2 . Using the
inverse Z-transform, the variance of the elements of the vector l~(k) can then
be calculated by

(3.64)
If Aw is considered very close to 1, it is possible to sim plify the equation abov e
as

(3.65)
Any error in the coefficient vector of the adaptive filter as compared to the
optimal coefficient filter generates an excess of MSE (see equation 3.38) . Since
the lag is one source of error in the adaptive filter coefficients, then the excess
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of MSE due to lag is given by

~Iag

E[I~(k)Rlw(k)]
E[tr(Rl w (k )l~(k))]

tr(RE[lw (k )l~(k)])

tr (AE[I~ (k )l~ (k)])
N

L AjE[I?(k)]
2
ITW

4Jl

1
L _-----:_
N

j

=0

(3.66)

1 - JlAj

If Jl is very small, the MSE due to lag tends to infinity indicating that the LMS
algorithm , in this case , cannot tr ack any change in the environment. On the
other hand , for Jl appr opriately chosen the algorithm can track variations in
the environment leadin g to an excess of MSE. Th is excess of MSE depends
on the varia nce of the optimal coefficient dist urbance and on the values of the
input-s ignal autoco rrelatio n matrix eigenvalues, as indicate d in equation (3.66) .

Now we analy ze how the error due to lag interacts with the error generated by
the noisy calculat ion of the gradient in the LMS algorithm . Th e overa ll error
in the ta ps is given by
~w(k)

= w(k) - w o(k) = (w(k) - E[w(k)])

+ (E[w(k)]

- w o(k))

(3.67)

where the first error in the equation above is due to the additional noise and the
second is the error due to lag . Th e overall excess of MSE can then be expressed
as
~total
~

E [(w( k) - wo(k)fR(w(k ) - wo(k))]
E[(w(k) - E[w (k)]fR(w( k) - E[w (k)])]
+E[(E[w (k)] - w o(k)fR( E[w( k)] - w o(k))]

(3.68)

since 2E[(w(k) - E[w(k)]fR(E[w(k)] - wo(k))] ~ 0, if we consider the fact
that wo(k) is kept fixed in each experiment of the ensemble. As a consequence,
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an estimate for the overall excess of MSE can be obtained by adding the results
of equations (3.45) and (3.66), i.e.,

J.lCT~tr[R]
~total ~ 1 _ J.l t r [R]

CTiv ;-. 1
+ "4
L..J 1 - A'
J.l i=O
J.l s

(3.69)

If small J.l is employed, the above equation can be simplified as follows:
2

~total ~ J.lCT~tr[R] + CTW

4J.l

(N

+ 1)

(3.70)

Differentiating the equation above with respect to J.l and setting the result to
zero yields an optimum value for J.l given by
J.lopt =

+ l)CTiv
4CT;tr[R]

(N

(3.71)

The J.lopt is supposed to lead to the minimum excess of MSE. However, the
user should bear in mind that the J.lopt can only be used if it satisfies stability
conditions, and if its value can be considered small enough to validate equation
(3.70) . Also this value is optimum only when quantization effects are not taken
into consideration, where for short wordlength implementation the best J.l should
be chosen following the guidelines given in the following section. It should also
be mentioned that the study of the misadjustment due to nonstationarity of
the environment is considerably more complicated when the input signal and
the desired signal are simultaneously nonstationary [8], [10]-[15] . Therefore,
the analysis presented here is only valid if the assumptions made are valid.
However, the simplified analysis provides a good sample of the LMS algorithm
behavior in a nonstationary environment and gives a general indication of what
can be expected in more complicated situations.

3.5

QUANTIZATION EFFECTS

The results of the analysis of the previous sections are obtained assuming that
the algorithm is implemented with infinite precision. However, the widespread
use of adaptive filtering algorithms in real-time requires their implementation
with short wordlength, in order to meet the speed requirements. When implemented with short-wordlength precision the LMS algorithm behavior can be
very different from what is expected in infinite precision . In particular, when
the convergence factor J.l tends to zero it is expected that the minimum meansquare error is reached in steady state; however, due to quantization effects the
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MSE tends to increase significantly if Jl is reduced below a certain value. In
fact , the algorithm can stop updating some filter coefficients if Jl is not chosen
appropriately. In this section , several aspects of the finite-wordlength effects in
the LMS algorithm are discussed for the case of implementation in fixed- and
floating-point arithmetics [16]-[18].

3.5.1

Error Description

All scalars and vector elements in the LMS algorithm will deviate from their
correct values due to quantization effects. The error generated in any individual
quantization is considered to be a zero-mean random variable that is independent of any other errors and quantities related to the adaptive filter algorithm.
The variances of these errors depend on the type of quantization and arithmetic
that will be employed in the algorithm implementation.
The errors in the quantities related to the LMS algorithm are defined by

ne(k)
nw(k)

ny(k)

e(k) - e(k)Q
w(k) - w(k)Q
y(k) - y(k)Q

(3.72)
(3.73)
(3.74)

where the subscript Q denotes the quantized form of the given value or vector .
It is assumed that the input signal and desired signal suffer no quantization,
so that only internal computation quantizations are taken into account. The
effects of quantization in the input and desired signals can be easily taken into
consideration separately from other quantization error sources . In the case of
the desired signal, the quantization error can be added to the measurement
noise , while for the input signal the basic effect at the output of the filter is an
additional noise as will be discussed later .

The following relations describe the computational errors introduced in the LMS
algorithm implemented with finite wordlength:

w(k

e(k)Q

d(k) - xT(k)w(k)Q - ne(k)

(3.75)

+ I)Q

w(k)Q + 2Jle(k)Qx(k) - nw(k)

(3.76)

where ne(k) is the noise sequence due to quantization in the inner product
xT(k)w(k)Q I the additional measurement noise n(k) is included in d(k), and
nw(k) is a noise vector generated by quantization in the product 2Jle(k)Qx(k).
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Algorithm 3.2
LMS Algorithm Including Quantization
Initialization

x(O)

= w(O) = [0 0

Do for k

~

...

of

0

e(k)Q = (d(k) - xT(k)w(k)Q)Q
w(k

+ l)Q = (w(k)Q + 2jle(k)Qx(k))Q

o

The generation of quantization noise as described applies for fixed-point arithmetic, whereas for floating-point arithmetic the addition also introduces quantization error that should be included in ne(k) and nw(k) .
The objective now is to study the LMS algorithm behavior when internal computations are performed in finite precision . Algorithm 3.2 describes the LMS
algorithm including quantization and with presence of additional noise.
Define
Aw(k)Q = w(k)Q where

Wo

(3.77)

Wo

is the optimal coefficient vector, and considering that
(3.78)

it then follows that
(d(k) - x T (k)w(k)Q)Q
-xT(k)Aw(k)Q - ne(k) + n(k)

(3.79)

and from equation (3.76)
Aw(k + l)Q

=

Aw(k)Q
-nw(k)

+ 2jlx(k) [-xT(k)Aw(k)Q

- ne(k) + n(k)]
(3.80)
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This equation can be rewritten as

ilw(k + I)Q =
where
n~(k)

[I -

2j.lx(k)xT(k)] ilw(k)Q

+ n~(k)

= 2j.lx(k)(n(k) - ne(k)) - nw(k)

(3.81)
(3.82)

For the sake of illustration and completeness, the solution of the equation (3.81)
IS

ilw(k + I)Q

k

II [I - 2j.lx(i)x

3.5.2

(i)] ilw(O)Q

;=0

+
where we define that for j

t, Lit

T

[I-

2~x(j)xT (j)] u;' U)}

(3.83)

= k + 1 in the second product, n~=k+I['] = 1.

Error Models for Fixed-Point
Arithmetic

In the case of fixed-point arithmetic, with rounding assumed for quantization,
the error after each product can be modeled as a zero-mean stochastic process,
with variance given by [19]-[20]
2- 2b

(J'2 = -

(3.84)
12
where b is the number of bits after the sign bit . Here it is assumed that the
numb er of bits after the sign bit for quantities representing signals and filter
coefficients are different and given by bd and be, respectively. It is also assumed
that the internal signals are properly scaled, so that no overflow occurs during
the computations and that the signal values lie between -1 and + 1 all the time.
The error signals consisting of the elements of n e (k) and nw (k) are all uncorrelated and independent of each other . The variance of ne(k) and the covariance
of nw(k) are given by

E[n;(k)]
E[nw(k)n~(k)]

=

(J';

= (J'~I

(3.85)
(3.86)

respectively. If distinction is made between data and coefficient wordlengths,
the above mentioned variances are given by

2- 2bd

(J'; = (J'~ = "Y~

(3.87)
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(3.88)
where I' = I = 1 if the quantization is performed after addition, i.e., products
are performed in full precision and only after all the additions in the inner
product are finished is the quantization applied . For quantization after each
product , I = N + 1 where N + 1 is the number of partial products. Those not
familiar with the results of the equations above should consult a basic digital
signal processing textbook such as [19] or [20] .
Note that uiv depends on how the product 2Jle(k)x(k) is performed. In the
equation above, it was assumed that the product was available in full precision ,
and then a quantization to be bits in the fractional part was performed, or
equivalently, the product 2Jle(k) in full precision was multiplied by x(k), and
only in the last operation quantization was introduced. In case of quantization
of partial results, the variance uiv is increased due to the products of partial
errors with the remaining product components.

3.5.3

Coeflicient- Error- Vector Covariance
Matrix

Obviously, internal quantization noise generated during the operation of the
LMS algorithm affects its convergence behavior . In this subsection, we discuss
the effects of the finite wordlength computations on the second-order statistics
of the errors in the adaptive filter coefficients. First, we assume that the quantization noise n e (k) and the vector nw (k) are all independent of the data, of
the filter coefficients, and of each other . Also, these quantization errors are all
considered zero-mean stochastic processes. With these assumptions, the covariance of the error in the coefficient vector, defined by E[ ~ w( k) Q ~ w T (k) Q],
can be easily derived from equations (3.81) and (3.82):
E[~w(k + I)Q~wT(k + l)Q]
E {[I- 2Jlx(k)xT (k)] ~w(k)Q~wT (k)Q

2Jlx(k)xT(k)]}
+4Jl2 E[x(k)xT (k)]E[n 2(k)]
+4Jl2 E[x(k)xT (k)]E[n;(k)]

[I -

+E[nw(k)n~(k)]

(3.89)

Each term in the right hand side of the above equation can be approximated in
order to derive the solution for the overall equation . The only assumption made
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is the independence between x(k) and bow(k)Q that is reasonably accurate in
practice .
The first term in equation (3.89) can be expressed as
T1

=

cov[bow(k)Q] - 2J.lcov[bow(k)Q]E[x(k)xT (k)]
-2J.lE[x(k)xT (k)]cov[~w(k)Q]
+4J.l2E {x(k)x T (k)cov[bow(k)Q]x(k)xT (k)}

(3 .90)

The element (i, j) of the last term in the equation above is given by
4J.l2 E {x(k)x T (k)cov[~w(k)Q]x(k)xT (k)} i j
N

= 4J.l2

N

I: I: cov[~w(k)Q]m,IE[Xi(k)xm(k)xl(k)xj(k)]

(3.91)

m=O 1=0

where Xi(k) represents the ith element of x( k) . If it is assumed that the elements
of the input-signal vector are jointly Gaussian, the following relation is valid

where R,-j is the element (i, j) of R. Replacing this expression in equation
(3.91), it can be easily shown that
N

N

I: I: cov[bow(k)Q]m,IE[xi(k)xm(k)xl(k)xj(k)]
m=O 1=0

= 2 {Rcov[~w(k)Q]Rh ,j + R,- ,jtr {Rcov[~w(k)Q]}

(3.93)

Using this result in the last term of T 1 , it follows that
T1

=

- 2J.l(Rcov[~w(k)Q] + cov[~w(k)Q]R)
+4J.l2 (2Rcov[~w(k)Q]R+ Rtr {Rcov[~w(k)Q]})
cov[~w(k)Q]

(3.94)

Since the remaining terms in equation (3.89) are straightforward to calculate ,
replacing equation (3.94) in (3.89) yields
cov[bow(k + I)Q]

=

(I - 2J.lR)cov[bow(k)Q] - 2J.lcov[bow(k)Q]R
+4J.l 2Rtr {Rcov[bow(k)Q]} + 8J.l2Rcov[bow(k)Q]R
+4J.l2(lT~ + IT;)R + lTivl
(3.95)

Before reaching the steady state, the covariance of ~w(k + 1)Q presents a
transient behavior that can be analyzed in the same form as equation (3.26).
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It is worth mentioning that the condition for convergence of the coefficients
given in equation (3.30) also guarantees the convergence of the equation above .
In fact, equation (3.95) is almost the same as equation (3.26) except for the
extra excitation terms
and O'iv that account for the quantization effects,
and, therefore, the behavior of the coefficients in the LMS algorithm in finite
precision must resemble its behavior in infinite precision, with the convergence
curve shifted up in the finite precision case.

0';

In most cases , the norm of Rcov[~w(k)Q]R is much smaller than the norm
of Rtr {Rcov[~w(k)Q]} and can be eliminated from equation (3.95) . Now,
by considering in equation (3.95) that in the steady state cov[~w(k)Q] ~
cov[~w(k + 1)Q] and applying the trace operation in both sides, it is easy
to conclude that
(3.96)
This expression will be useful to calculate the excess of MSE in the finiteprecision implementation of the LMS algorithm .

0'; ,

If x(k) is considered a Gaussian white noise with variance
it is possible to
calculate the expected value of lI~w(k)Q 11 2, defined as the trace of cov[~w(k)Q],
from equations (3.95) and (3.96). The result is

(3.97)
As can be noted , when J1. is small , the noise in the calculation of the coefficients
plays a major role in the overall error in the adaptive filter coefficients.

3.5.4

Algorithm Stop

The adaptive filter coefficients may stop updating due to limited wordlength
employed in the internal computation . In particular, for the LMS algorithm, it
will occur when
(3.98)
where I.Ii denotes the modulus of the ith com ponent of . The condition above
can be stated in an equivalent form given by
(3.99)
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where in the first inequality it was considered that the variances of all elements
of x (k) are the same, and that u; + u~ is a lower bound for E[e2(k)Q ] since the
effect of misadjustment due to noise in the gradient is not considered . If J.l is
chosen such that

J.l > 4u x Vu 2 + Un2
e

(3.100)

the algorithm will not stop before convergence is reached . If J.l is small such that
the convergence is not reached , the MSE at the output of the adaptive system
will be totally determined by the quantization error. In this case, the quantization error is usually larger than the expected MSE in the infinit e-precision
implementation.

3 .5.5

Mean-Square Error

The mean-square error of the conventional LMS algorithm in the presence of
quantization noise is given by
(3.101)
By recalling that e(k)Q can be expressed as
(3.102)
it then follows that
~(k)Q

E[xT(k)~w(k)QxT(k)~w(k)Q]+ u;

+ u~
E {tr[x(k)xT(k)~ w(k)Q~wT(k)Q]} + u; + u~
tr {Rcov[~ w(k)Q]} + u; + u~

(3.103)

If we replace the equation (3.96) in (3.103), the MSE of the adaptive system is

given by
J.l(u~ + u;)tr[R]
1 - J.ltr[R]

u 2+u 2
1 ~ J.ltr[it]

+

(N

+ 4J.l(1

+ l)u~

_ J.ltr[R])

(N+l)u 2
4J.l(1- J.ltr[;'])

2

2

+ u e + un
(3.104)

This formula is valid as long as the algorithm does not stop updating the coefficients . However, the MSE tends to increase in a form similar to that determined
in equation (3.104) when J.l does not satisfy equation (3.100).
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In case the input signal is also quantized, a noise with variance ut is generated
at the input, causing an increase in the MSE. This noise will have a direct gain
to the output given by (see problem 18)
u[(lIw o Il2 + tr {cov[~w(k)Q]}) ~

o,? IIwo I12

corresponding to the noise transfer function from the adaptive filter input to
the output. However, the result of this term being fedback in the algorithm
through the error signal generates an extra term in the MSE with the same gain
as the measurement noise that is approximately given by
J.lu[tr[R] IIw W
o
1 - J.ltr[R]
Therefore, the total contribution of the input signal quantization is

(3.105)
where in the analysis above it was considered that the terms with u[ . u~, u[· u; ,
and u[ . u~ are small enough to be neglected.

3.5.6

Floating-Point Arithmetic
Implementation

A succinct analysis of the quantization effects in the LMS algorithm when implemented in floating-point arithmetic is presented in this section. Most of the
derivations are given in the Appendix and follow closely the procedure of the
fixed-point analysis .
In floating-point arithmetic, quantization errors occur after addition and multiplication operations. These errors are respectively modeled as follows [21]:

fila + b]
fila . b]

a+b-(a+b)n a
a . b - (a . b)np

(3.106)
(3.107)

where n a and np are zero-mean random variables that are independent of any
other errors. Their variances are respectively given by
u~ p ~ 0.18 · 2- 2b

(3.108)

and

(3.109)
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where b is the number of bits in the mantissa representation.
The quantized error and the quantized filter coefficients vector are given by

w(k

e(k)Q =

d(k) - xT(k)w(k)Q - ne(k)

+ I)Q =

w(k)Q + 2J.Lx(k) e(k)Q - nw(k)

(3.110)
(3.111)

where ne(k) and nw(k) represent computational errors, and their expressions
are given in the Appendix. Since nw(k) is a zero-mean vector , it is shown in
the Appendix that in the average w(k)Q tends to w oo Also, it can be shown
that
~w(k + I)Q = [I - 2J.Lx(k)xT(k) + NAW(k)]~w(k)
+N~(k)wo

+ 2J.Lx(k)[n(k) -

ne(k)]

(3.112)

where N Aw (k) combines several quantization-noise effects as discussed in the
Appendix , and N~ (k) is a diagonal noise matrix that models the noise generated
in the vector addition required to update w(k + I)Q . The error matrix N Aw(k)
can be considered negligible as compared to (I - 2J.Lx( k )x T (k)) and therefore is
eliminated in the analysis below.
By following a similar analysis used to derive equation (3.95) in the case of
fixed-point arithmetic, we obtain
tr

{Rcov[~w(k)Q]}

4J.L2(11~

+ 11;)tr[R] + Ilwo11211~G + tr{cov[~w(k)]}I1~G
4J.L - 4J.L 2tr[R]

(3.113)

where it was considered that all noise sources in matrix N~ (k) have the same
variance given by I1~G '
If x(k) is considered a Gaussian white noise with variance 11; , it is straightforward to calculate E[lIw(k)QW], The expression is given by

E[lIw(k)QI1 2]

=

J.L(I1~ + 11;)(N + 1)
1 - J.L(N + 1)11;
+
IlwoWI1~G
4J.L11;(1- J.L(N + 1)11;)
11 2 11 2(N + 1)
+ 411;(1n.:. ;(N + 1)11;)2

(3.114)

where tr{cov[~w(k)]} is given in the Appendix . For small values of J.L , the
quantization of addition in the updating of w(k)Q may be the dominant source
of error in the adaptive filter coefficients.
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The MSE in the LMS algorithm implemented with floating-point arithmetic is
then given by
~(k)Q

+ 0"; + O"~
(O"~ + 0";) + Ilwo1l20"~4 + tr{cov[~w(k)]}0"~4

tr{Rcov[~w(k)d}

1 - jltr[R]

(3.115)

4jl(1 - jltr[R))

For jl « tr[R]' and again considering x(k) a Gaussian white noise with variance
0"; , the equation above can be simplified as follows:
(3.116)

The ith coefficient of the adaptive filter will not be updated in floating-point
implementation if
(3.117)
where I· Ii denotes the modulus of the ith component of ., and ba is the number
of bits in the fractional part of the addition in the coefficient updating. In the
steady state we can assume that O"~ + 0"; is a lower bound for E[e2(k)Q] and
equation (3.117) can be equivalently rewritten as
(3.118)
The algorithm will not stop updating before the convergence is achieved if jl is
chosen such that
(3.119)
In case jl does not satisfy the condition above, the MSE is determined by the
quantization error .

3.6

EXAMPLES

In this section a number of examples are presented in order to illustrate the use
of the LMS algorithm as well as to verify theoretical results presented in the
previous sections.
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Analytical Examples

Some analytical tools presented so far are employed to characterize two interesting typ es of adaptive filtering problems. The problems are also solved with
the LMS algorithm.
Example 3.1

A Gaussian noise with unit variance colored by a filter with transfer function

is transmitted through a communication channel with model given by

and with the channel noise being Gaussian with variance O"~ = 0.1.
Fig. 3.3 illustrates the experimental environment . Note that x'(k) is generated
by first applying a Gaussian noise with variance O"[n = 1 to a filter with transfer function Hin(z) . The result then is applied to a communication channel
with transfer function Hc(z) , and then a Gaussian channel noise with variance
O"~ = 0.1 is added. On the other hand , d(k) is generated by applying the same
Gaussian noise with variance O"[n = 1 to the filter with transfer functi on Hin(Z) ,
with the result delayed by L samples.
(a) Determine the best value for the delay L .
(b) Compute the Wiener solution.
(c) Choose an appropriate value for J.l and plot the convergence path for the
LMS algorithm on the MSE surface .
(d) Plot the learning curves of the MSE and the filter coefficients in a single run
as well as for the average of 25 runs.
Solution:
(a) In order to determin e L , we will examine the behavior of the cross-correlation
between the adaptive filter input signal denoted by x'(k) and the reference signal
d(k) .
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n(k)

Figure 3 .3

Channel equalization of Example 3.1.

The cross-correlation between d(k) and x'(k) is given by

f
f

E[d(k)x'(k - i)]

p(i)

1
-2
~J

-1

2~J

2 dz
H;n(z)z- L z ; H;n(z- 1 )Hc(z- 1 )O";nz
1
-L;
z
z
2 dz
---z Z
0". z - 0.5
1 - 0.5z 1 + 0.8z In z

where the integration path is a counterclockwise closed contour corresponding
to the unit circle.
The contour integral of the equation above can be solved through the Cauchy's
residue theorem. For L = 0 and L = 1, the general solution is

p(O)

=

E[d(k)x'(k)] = 0"[n[0 .5- L +1 0.~5

1\]

where in order to obtain p(O), we computed the residue at the pole located at
0.5. The values of the cross-correlation for L = 0 and L = 1 are respectively

p(O)
p(O)

0.47619
0.95238

For L = 2, we have that

1
O"~ [0 .5- L +1 _ 1_ _

2] = -0.09522
0.751.4
where in this case we computed the residues at the poles located at 0.5 and at
0, respectively. For L = 3, we have

p(O)

p(O)

In

=

2

O";n[

0.5-£+1
- 3.4] = -0.4095
1.05
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From the analysis above, we see that the strongest correlation between x' (k)
and d(k) occurs for L = 1. For this delay, the equalization is more effective. As
a result, from the calculations above, we can obtain the elements of vector p as
follows:

Note that p(I) for L

p(O) ] _ [ 0.9524 ]
[ p(I) 0.4762

=

p

= 1 is equal to p(O) for L = O.

The elements of the correlation matrix of the adaptive filter input signal are
calculated as follows:

r(i)

f () ()
f +

E[x'(k)x'(k - i)]
1
-2
~J

1

-

2~J

Hin Z He Z Z - i

1

1

------z

z - 0.5 z

0.8

2 r(1.)
+ ITno

2 -dz
Hi; (-1)
Z
He (-1)
Z
ITin
z
-i

Z

Z

1 - 0.5z 1 + 0.8z

2

dz

In

Z

IT· -

+ IT2 0r(1.)
n

where again the integration path is a counterclockwise closed contour corresponding to the unit circle, and d(i) is the unitary impulse. Solving the contour
integral equation, we obtain

E[x'2(k)]

r(O)

=

IT;n

[/3

0~:5 /4 + ~~ ~~~8 0.~6] + IT~ = 1.6873

where the in order to obtain r(O) we computed the residues at the poles located
at 0.5 and -0 .8, respectively. Similarly, we have that

E[x'(k)x'(k - 1)]

r(I)

=

2
1
ITin[u

1

1

-1 1

1

0.751.4 + U1.4 0.36] = -0 .7937

where again we computed the residues at the poles located at 0.5 and -0.8,
respectively.
The correlation matrix of the adaptive filter input signal is given by

R

=[

1.6873
-0.7937

-0.7937]
1.6873
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(b) The coefficients corresponding to the Wiener solution are given by
w;

R-1p

045106 [1.6873 0.7937] [ 0.9524 ]
.
0.7937 1.6873
0.4762
0.8953 ]
[ 0.7034
where for calculating the inverse we utilized the result

where

rij

is the element of row i and column j of the matrix R .

(c) The LMS algorithm was applied to minimize the MSE using a convergence
factor J-l = 1/40tr[R]' where tr[R] = 3.3746. The value of u was 0.0074.
This small value of the convergence factor allows a smooth convergence path.
The convergence path of the algorithm on the MSE surface is depicted in Fig.
3.4. As can be noted, the path followed by the LMS algorithm looks like a
noisy steepest-descent path . It first approaches the main axis (eigenvector)
corresponding to the smaller eigenvalue, and then follows toward the minimum
in a direction increasingly aligned with this main axis .
(d) The learning curves of the MSE and the filter coefficients, in a single run are
depicted in Fig. 3.5. The learning curves of the MSE and the filter coefficients,
obtained by averaging the results of 25 runs, are depicted in Fig. 3.6. As can
be noted , these curves are less noisy than in the single run case.
0
The adaptive filtering problems discussed so far assumed that the signals taken
from the environment were stochastic signals. Also, by assuming these signals
were ergodic, we have shown that the adaptive filter is able to approach the
Wiener solution by replacing the ensemble average by time averages. In conclusion, we can assume that the solution reached by the adaptive filter is based
on time averages of the cross-correlations of the environment signals .
For example, if the environment signals are periodic deterministic signals , the
optimal solution depends on the time average of the related cross-correlations
computed over one period of the signals . Note that in this case, the solution
obtained using an ensemble average would be time varying since we are dealing
with a nonstationary problem . The following examples illustrate this issue.

The Least-Mean-Square (LMS) Algorithm

105

-1
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-2

-1

0

wO

Figure 3.4

Convergence path on the MSE surface.

Example 3.2

Suppose in an adaptive filtering environment , the input signal consists of

x(k) = cos(wok)
The desired signal is given by

d(k) = sin(wok)
where Wo = ~ . In this case M = 7.
Compute the optimal solution for a first-order adaptive filter .

Solution:
In this example, the signals involved are deterministic and periodic. If the
adaptive filter coefficients are fixed, the error is a periodic signal with period
M . In this case, the objective function that will be minimized by the adaptive
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filter is the average value of the squared error defined by
1
M

M-l

L

[e2 (k - m)]

m=O

(3.120)

where

_
E[cos 2(wok)]
[ E[cos(wok) cos(wo(k - 1)]

p =

E[cos(~ok) cos(wo(k - 1)] ]

E[cos 2(wok)]

[E[sin(wok) cos(wok)] E[sin(wok) cos(wok - 1)]f

The expression for the optimal coefficient vector can be easily derived .
- - I-

w ; =R

p

Now the above results are appli ed to the problem described. The elements of
the vector p are calculated as follows:

p

=

1

M-l [

M];
1

M-l [

M];

d(k - m)x(k - m)
d(k - m)x(k - m - 1)

]

sin(wo(k - m)) cos(wo(k - m))
sin(wo(k - m)) cos(wo(k - m - 1))

]

~ [ sin~wo) ]
[ 0.3~09 ]
The elements of the correlation matrix of the adaptive filter input signal ar e
calculated as follows:
f(i)

E[x(k)x(k - i)]

~

M-l

L

m=O

[cos(wo(k - m)) cos(wo(k - m - i))]
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where

E[cos 2(wo(k))] = 0.5
E[cos(wo(k)) cos(wo(k - 1))] = 0.3117

1'(0)
1'(1)

The corr elation matrix of the adaptive filter input signal is given by

ii _ [ 0.5
-

0.3117

0.3117 ]
0.5

The coefficients corresponding to the optimal solution are given by

Wo

ii-Ii>
-0 .7972 ]
[ 1.2788

o
Example 3.3

(a) Assume the input and desired signals are deterministic and periodic with
period M. Study the LMS algorithm behavior.
(b) Choose an appropriate value for J.l in the previous example and plot the
convergence path for the LMS algorithm on the average error surface.
Solution:

(a) It is convenient at this point to recall the coefficient updating of the LMS
algorithm

w(k

+ 1)

w(k)
w(k)

+ 2J.lx(k) e(k)
+ 2J.lx(k) [d(k) -

xT(k)w(k)]

This equation can be rewritten as

w(k

+ 1) =

[I - 2J.lx(k)xT (k)] w(k)

+ 2J.ld(k)x(k)

(3.121)
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The solution of the equation (3.121), as a function of the initial values of the
adaptive filter coefficients, is given by
w(k

k

II [I -

+ 1)

2Jlx(i)xT(i)] w(O)

t Lit

i= O

+

[I

~ 2px(j)x

T

(j)] 2pd(;)x(

i)}

(3.122)

where we define that n;=k+l['] = 1 for the second product .
Assuming the value of the convergence factor Jl is small enough to guarantee
that the LMS algorithm will converge, the first term on the righthand side of
the equation above will vanish as k --+ 00. The resulting expression for the
coefficient vector is given by

The analysis of the above solution is not straightforward. Following an alternative path based on averaging the results in a period M, we can reach conclusive
results.
Let us define the average value of the adaptive filter parameters as follows:
w(k+l)

=

1
M

L w(k+ 1- m)

M-l
m=O

Similar definition can be applied to the remaining parameters of the algorithm.
Considering that the signals are deterministic and periodic, we can apply the
average operation to equation (3.121) . The resulting equation is
w(k

+ 1) =

1

M-l

M ~

(I -

2Jlx(k - m)xT(k - m)] w(k - m)

m=O

+

1

M-l

M ~ 2Jld(k - m)x(k - m)
m=O
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[I - 2jJx(k)xT(k)) w(k) + 2jJd(k)x(k)

(3.123)

For large k and small jJ , it is expected that the parameters converge to the neighborhood of the optimal solution. In this case, we can consider that w(k + 1) ~
w(k) and that the following approximation is valid

x(k)xT(k)w(k)

~

x(k)xT(k) w(k)

since the parameters after convergence wander around the optimal solution.
Using these approximations in (3.123), the average values of the parameters in
the LMS algorithm for periodic signals are given by
--

w(k)

~

x(k)xT(k)

1

--1

d(k)x(k) = R

p

(b) The LMS algorithm was applied to minimize the squared error of the problem described in Example 3.2 using a convergence factor jJ = 1/100tr[R]' where
tr[R] = 1. The value of jJ was 0.01. The convergence path of the algorithm
on the MSE surface is depicted in Fig. 3.7. As can be verified, the parameters
generated by the LMS algorithm approach the optimal solution .
o
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0
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Convergence path on the MSE surface.
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System Identification Simulations

In this subsection, a system identification problem is described and solved by
using the LMS algorithm. In the following chapters the same problem will be
solved using other algorithms presented in the book . For the FIR adaptive
filters the following identification problem is posed :

Example 3 .4

An adaptive filtering algorithm is used to identify a system with impulse response given below.
h = [0.1 0.3 0.0 - 0.2 - 0.4 - 0.7 - 0.4 - 0.2f

Consider three cases for the input signal : colored noises with variance 17; = 1
and eigenvalue spread of their correlation matrix equal to 1.0, 20, and 80, respectively. The measurement noise is a Gaussian white noise uncorrelated with
the input and with variance 17~ = 10- 4 . The adaptive filter has 8 coefficients.
(a) Run the algorithm and comment on the convergence behavior in each case.

(b) Measure the misadjustment in each example and compare with the theoretical results where appropriate.
(c) Considering that fixed-point arithmetic is used, run the algorithm for a set
of experiments and calculate the expected values for IIAw(k)Q 11 2 and ~(k)Q for
the following case:
Additional noise: white noise with variance
17~ = 0.0015
Coefficient wordlength:
be = 16 bits
Signal wordlength:
bd = 16 bits
Input signal: Gaussian white noise with variance 17; = 1.0
(d) Repeat the previous experiment for the following cases
be = 12 bits, bd = 12 bits .
be = 10 bits, bd = 10 bits .
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(e) Suppose the unknown system is a time-varying system whose coefficients
= 0.0015. The
are first-order Markov processes with AW = 0.99 and
initial time-varying-system multiplier coefficients are the ones described above .
The input signal is a Gaussian white noise with variance u; = 1.0, and the
measurement noise is also a Gaussian noise independent of the input signal and
of the elements of nw(k), with variance u~ = 0.01. Simulate the experiment
described, measure the total excess of MSE , and compare to the calculated
results.

uiv

Solution:
The colored input signal was generated by applying a Gaussian noise, with
variance
to a first-order filter with transfer function

u;,

z

H(z) = z-a

As can be shown from the example 2.1.d, the input-signal correlation matrix in
this case is given by

R

\:'a
2

2

[~a
~7 a'

:: ]
:

The proper choice of the value of a, in order to obtain the desired eigenvalue
spread, is not a straightforward task . Some guidelines are now discussed. For
example, if the adaptive filter was of first order, the matrix R would be two by
two with eigenvalues
u2
-a

Amax = - 1
v 2 (1 + a)
and

respectively. In this case, the choice of a is straightforward.
For a very large order adaptive filter, the eigenvalue spread approaches

Amax ~ IHmax(e~W)I: = {I + a}2
Amin
IHmin(eJW)1
1- a
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where the details to reach this result can be found in Haykin [6].
Using the relations above as guidelines, we reached the correct values of a.
Thes e values are a = 0.6894 and a = 0.8702 for eigenvalue spreads of 20 and
80, respectively.
Since the variance of the input signal should be unitary, the variance of the
Gaussian noise that produces x(k) should be given by

(1'2
- 1_
v -

a2

For the LMS algorithm, we first calculated the upper bound for Jl- (Jl-max) to
guarantee the algorithm stability, and ran the algorithm for Jl-max , Jl-max/5, and
Jl-max/10.

In this example, the LMS algorithm did not converge for Jl- = Jl-max ~ O.l.
The convergence behavior for Jl-max/5 and Jl-m ax/IO are illustrated through the
learning cur ves depicted in Fig. 3.8, where in this case the eigenvalue spread was
I . Each curve was obtained by averaging the results of 200 independ ent run s.
As can be noticed the reduction of the convergence factor leads to a reduction
in the convergence speed . Also note that for Jl- = 0.02 the estimated MSE
was plotted only for the first 400 iterations, enough to display the convergence
behavior. In all examples the tap coefficients were initialized with zero. Fig.
3.9 illustrates the learning curves for the various eigenvalue spreads, where in
each case the convergence factor was Jl-max/5 . As expected the convergence rate
is reduced for a high eigenvalue spread .
The misadjustment was measur ed and compared with the results obtained from
the following relation
M

=

Jl-(N + 1)(1';
I-Jl-(N+I)(1';

Also, for the present probl em we calculated the time constants rwi and rei , and
the expect ed number of iterations to achieve convergence using the relations
1
rwi ~ 2Jl->'i
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Table 3.1 illustrates the obtained results. As can be noted the analytical results
agree with the experimental results , especially those related to the misadjustment. The analytical results related to the convergence time are optimistic as
compared with the measured results. This discrepancy are mainly due to the
approximations in the analysis.
Table 3.1

J1.

~

0.02
0.01280
0.01024
0.01
0.006401
0.005119

1
20
80
1
20
80

x

Evaluation of the LMS Algorithm

Misadjustment
Experiment Theory
0.2027
0.1298
0.1045
0.0881
0.0581
0.0495

0.1905
0.1141
0.0892
0.0870
0.0540
0.0427

Temo.r

TW m a r

Iterations

12.5
102.5
338.9
25
205
677.5

25
205
677.5
50
410
1355

15
473
1561
29
944
3121

The LMS algorithm was implemented employing fixed-point arithmetic using
16, 12, and 10 bits for data and coefficient wordlengths. The chosen value
of J1. was 0.01. The learning curves for the MSE are depicted in Fig . 3.10.
Fig. 3.11 depicts the evolution of IID.w(k)QW with the number of iterations.
The experimental results show that the algorithm still works for such limited
precision . In Table 3.2, we present a summary of the results obtained from
simulation experiments and a comparison with the results predicted by the
theory. The experimental results were obtained by averaging the results of 200
independent runs . The relations employed to calculate the theoretical results
shown in Table 3.2 are repeated here for convenience:
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Table 3.2
gorithm

No. of bits
16
12
10

Results of the Finite Precision Implementation of the LMS Al-

e(k)Q
Experiment
1.629 10 · 3
1.632 10"';3
1.663 10 'J

Theory
1.630 10- 3
1.631 10~3
1.648 10 .J

E[II~w(k)QW]

Experiment
1.316 10 -4
1.309 10- 4
1.465 10-'1

Theory
1.304 10 -4
1.315 10- 4
1.477 10 -'I

The results of Table 3.2 confirm that the finite-precision implementation analysis
presented is accurate.
The performance of the LMS algorithm was also tested in the nonstationary
environment described above. The excess of MSE was measured and depicted
in Fig. 3.12. For this example J1.opt was found to be greater than J1.max . The
value of J1. used in the example was 0.05. The excess of MSE in steady state
predicted by the relation
{total ~

J1.(T~ tr[R]

[ ]

1 - J1.tr R

(T~ ~

+ -4J1.

L..J
;=0

1

\

1 - J1.A;

was 0.124, whereas the measured excess ofMSE in steady state was 0.118. Once
more the results obtained from the analysis are accurate.

o

3.6.3

Channel Equalization Simulations

In this subsection an equalization example is described . This example will be
used as pattern for comparison of several algorithms presented in this book .

Example 3.5

Perform the equalization of a channel with the following impulse response

h(k) = 0.1 (0 .5 k )
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for k = 0,1, . . .8. Use a known training signal that consists of indepe ndent
binary samples (-1,1) . An additional Gaussian white noise with variance 10- 2 .5
is present at the channel output.
(a) Find the impulse response of an equalizer with 50 coefficients.
(b) Convolve the equalizer impulse response at a given iteration after convergence, with the channel impulse response and comment the result.
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Solution:

We have applied the LMS algorithm to solve the equalization problem . We
used /-lma:r/5 for the value of the convergence factor . In order to obtain /-lmax,
the values of Amax = 0.04275 and
= 0.01650 were measured and applied in
equation (3.30). The resulting value of /-l was 0.2197.

u;

The appropriate value of L was found to be round( 9~50) = 30. The impulse
response of the resulting equalizer is shown in Fig. 3.13. By convolving this
response with the channel impulse response, we obtain the result depicted in
Fig. 3.14 that clearly approximates an impulse . The measured MSE was 0.3492.

o

3.7

CONCLUDING REMARKS

In this chapter, we studied the LMS adaptive algorithm that is certainly the
most popular among the adaptive filtering algorithms. The attractiveness of
the LMS algorithm is due to its simplicity and accessible analysis under ideal-
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ized conditions. As demonstrated in the present chapter , the noisy estimate of
the gradient that is used in the LMS algorithm is the main source of loss in performance for stationary environments. Further discussions on the convergence
behavior of the LMS algorithm have been reported in the open literature, see
for example [22]-[24].
For nonstationary environments we showed how the algorithm behaves assuming the optimal parameter can be mod eled as first-order Markov process. The
analysis allowed us to determine the conditions for adequate tracking and acceptable excess of MSE. Further analysis can be found in [25] .
The quantization effects on the behavior of the LMS algorithm was also presented . The algorithm is fairly robust against quantization errors, and this is
for sure one of the reasons for its choice in a number of practical applications
[26]-[29] .
A number of simulation examples with the LMS algorithm was presented in
this chapter. The simulations included examples in system identification and
equalization. Also a number of theoretical results derived in the pres ent chapter
were verified , such as the excess of MSE in stationary and nonstationary environments, the finite-precision analysis etc.
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Appendix
In this appendix we derive the expressions for the quantization errors generated
in the implementation of the LMS algorithm using floating-point arithmetic.
The error in the output error computation is given by

o
o

o

] w(k)Q

1

I: x(k -

i)w;(k)Q

;=0
2

I: x(k -

i)w;(k)Q

;=0

N

I:x(k - i)w;(k)Q
;=0

-na(k)e(k)Q - xT(k)Np(k)w(k - l)Q - na(k)s;(k)
where np,(k) accounts for the noise generated in the products x(k - i)w;(k)Q
and n a , (k) accounts for the noise generated in the additions of the product
xT (k)w (k) . Note that the error terms of second- and higher-order have been
neglected .
Using similar assumptions one can show that

nw(k)

= -2pn~(k)e(k)Qx(k) - 2pN~(k)e(k)Qx(k)
-N:(k)[w(k)Q

+ 2pe(k)Qx(k)]

where

o
N~/(k)

n~l(k)

(3.124)
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N~(k)

and n~(k) accounts for the quantization of the product 2Jl by e(k)Q , considering
that 2Jl is already available. Matrix N~(k) models the quantization in the
product of 2Jle(k)Q by x(k) , while N~ (k) models the error in the vector addition
used to generate w(k + I)Q.
If we substitute the expression for e(k)Q in equation (3.79) in nw(k) given in
(3.124), and use the result in equation (3.82), it can be easily shown that

L\w(k

2Jlx(k)xT(k)]L\w(k)Q
+2Jlx(k)(n(k) - ne(k)) - nw(k)
[I - 2Jlx(k)xT(k) + 2Jln~(k)x(k)xT(k)

+ I)Q = [I~

+2JlN~ (k)x(k)xT (k) + 2JlN~ (k)x(k)xT (k)
+N~(k)]L\w(k)Q

+ N~(k)wo + 2Jlx(k)(n(k) -

ne(k))

where the terms corresponding to products of quantization errors were considered small enough to be neglected .
Finally, the variance of the error noise can be derived as follows:

0';

N

O'~a~(k)Q + O'~p

2: ~ ,;cov[w(k + l)Q];,;
;=0

I

+O'~a

{

2

E[(~X(k - i)w;(k)Q)2] + E[(~x(k - i)w;(k)Q)2]

+ ... + E[(t. x(k -

i)w;(k)Q

)2]}

where 0'~2.i was considered equal to O'~., and ['];,; means diagonal elements of
[.]. The second term can be further simplified as follows:
N

tr{Rcov[w(k + I)Q]}

~

2:~ ,;w~; + ~,;cov[L\w(k + 1)];,;
;=0

+first- and higher-order terms · . .
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Since this term is multiplied by u~ p , any first- and higher-order terms can be
neglected . The first term of
is also small in the steady state. The last term
can be rewritten as

u;

where terms of order higher than one were neglected, x(k) was considered uncorrelated to .6.w(k + 1), and cov[.6.w(k + 1)] was considered a diagonal matrix.
Actually, if x( k) is considered a zero-mean Gaussian noise, from equation (3.23)
it can be shown that

1- J1.(N

+ l)u;

Since this term will be multiplied by u~. and u~p ' it can also be disregarded.
In conclusion,

u;

N

~

j

u~.{E(2)L x(k - i)w o;)2]} + u~p
j=l i=O

N

L

R; ,iW~i

i=O

This equation can be further simplified when x(k) is as described above and

uno2

--

un2

p

--

ud2

u;

N

~

uJ[L(N - i + 2)R; ,iW~i -

R1 ,1 W~l]

i=l
N

u~u;[I)N - i + 2)W;i
i=l

-

w;tl
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Problems
1. Th e LMS algorithm is used to predict the signal x(k) = cos(7rk/3) using

a second-order FIR filter with the first tap fixed at 1, by minimizing the
MSE of y(k). Calculate an appropriate fJ, the output signal, and the filter
coefficients for the first 10 iterations. Start with w T (0) = [1 0 0].
2. Th e signal

x(k)

= -0.85x(k -

1) + n(k)

is applied to a first-order predictor, where n(k) is a Gaussian white noise
with varian ce /1~ = 0.3.
(a) Compute the Wiener solution .
(b) Choose an appropriate value for fJ and plot the convergence path for
the LMS algorithm on the MSE error surface.
(c) Plot the learning curves for the MSE and the filter coefficients in a
single run as well as for the average of 25 runs .
3. Use the LMS algorithm to identify a system with the transfer function
given below. Th e input signal is a uniformly distributed white noise with
varian ce /1; = 1, and the measurement noise is a Gaussian white noise
uncorrelated with the input with variance /1~ = 10- 3 . The adaptive filter
has 12 coeffi cients.

H(z)

1_ Z- 12

= -1---z---1
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(a) Calculate the upper bound for Il- (Il-ma.,) to guarantee the algorithm
stability.
(b) Run the algorithm for Il-ma.,j2, Il-ma.,jlO, and Il-ma.,j50. Comment on
the convergence behavior in each case.
(c) Measure the misadjustment in each example and compare with the
results obtained by the equation (3.47) .
(d) Plot the obtained FIR filter frequency response in any iteration after
convergence is achieved and compare with the unknown system.
4. Repeat the previous problem using an adaptive filter with 8 coefficients and
interpret the results.
5. Repeat problem 2 in case the input signal is a uniformly distributed white
= 0.5 filtered by an all-pole filter given by
noise with variance

0";

z

H(z) = - z - 0.9
6. Perform the equalization of a channel with the following impulse response

h(k)

= ku(k) -

(2k - 9)u(k - 5) + (k - 9)u(k - 10)

Using a known training signal that consists of a binary (-1,1) random signal,
generated by applying a white noise to a hard limiter (the output is 1 for
positive input samples and - 1 for negative). An additional Gaussian white
noise with variance 10- 2 is present at the channel output.
(a) Apply the LMS with an appropriate Il- and find the impulse response of
an equalizer with 100 coefficients .
(b) Convolve one of the equalizer's impulse response after convergence with
the channel impulse response and comment on the result.
7. Under the assumption that the elements ofx(k) are jointly Gaussian vector,
show that equation (3.24) is valid .
8. In a system identification problem the input signal is generated by an
autoregressive process given by

x(k) = -1.2x(k - 1) - 0.81x(k - 2) + n.,(k)
where n.,(k) is a zero-mean Gaussian white noise with variance such that
1. The unknown system is described by

0"; =

H(z) = 1 + 0.9z- 1 + 0.lz- 2 + 0.2z- 3
The adaptive filter is also a third-order FIR filter, and the additional noise
is a zero-mean Gaussian noise with variance O"~ = 0.04. Using the LMS
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algorithm:
(a) Choose an appropriate J-l, run an ensemble of 20 experiments, and plot
the average learning curve .
(b) Plot the curve obtained using the equations (3.38), (3.42), and (3.43),
and compare the results.
(c) Compare the measured and theoretical value for the misadjustment.
(d) Calculate the time constants Twi and Tei, and the expected number of
iterations to achieve convergence.
9. In a nonstationary environment the optimal coefficient vector is described
by
wo(k) = ->'lwo(k - 1) - >'2wo(k - 2) + nw(k)
where nw(k) is a vector which has the elements that are zero-mean GausCalculate the elements of the lag-error
sian processes with variance
vector.

uiv .

10. Repeat the previous problem for

11. The LMS algorithm was applied to identify a 7th-order time-varying unknown system whose coefficients are a first-order Markov process with
>'w = 0.999 and u~ = 0.001. The initial time-varying-system multiplier
coefficients are
[0.03490 - 0.011 - 0.06864 0.22391 0.556860.35798 - 0.0239 - 0.07594]

u;

The input signal is a Gaussian white noise with variance
= 0.7, and the
measurement noise is also a Gaussian noise independent of the input signal
and of the elements of nw(k), with variance u~ = 0.01.
(a) For J-l = 0.05, compute the excess of MSE.
(b) Repeat (a) for J-l = 0.01.
(c) Compute J-lopt and comment if it can be used.
12. Simulate the experiment described in problem 11, measure the excess of
MSE, and compare to the calculated results.
13. Reduce the value of
on the results .

>'w to 0.97 in the problem 11, simulate, and comment

14. Suppose a 15th-order filter FIR digital filter with multiplier coefficients
given below was identified through an adaptive FIR filter of the same order
using the LMS algorithm.
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(a) Considering that fixed-point arithmetic was used , compu te the expected
values for II~w(k)QII and {(k)Q , and the probable numb er of iterations
before the algor ithm stops updating, for the following case:
Additional noise: white noise with variance
u~ = 0.0015
Coefficient wordlength :
be = 16 bits
bd = 16 bits
Signal wordlength :
= 0.7
Input signal: Gaussian white noise with variance
J.l = 0.01

u;

Hint: Utilize the formulas for the time constant in the LMS algorithm and
equation (3.99) .
(b) Simulate the experiment and plot the learning curves for the finite- and
infinite-precision implementations.
(c) Compare the simulated results with those obtained through the closed
form formulas .
w~ = [0.0219360 0.0015786 - 0.0602449 - 0.0118907 0.1375379
0.0574545 - 0.3216703 - 0.5287203 - 0.2957797 0.0002043 0.290670
-0 .0353349 - 0.068210 0.0026067 0.0010333 - 0.0143593]

15. Repeat the probl em above for the following cases
(a) u~ = 0.01 , be = 12 bits , bd = 12 bits ,
= 0.7, J.l = 2.0 10- 3 .
(b) u~ = 0.1, be = 10 bits , bd = 10 bits ,
= 0.8, J.l = 1.0 10- 4 .
(c) u~ = 0.05, be = 14 bits , bd = 14 bits ,
= 0.8, J.l = 2.0 10- 3 .

u;
u;
u;

16. Find the optimal value of J.l (J.l o) that minimizes the excess of MSE given
in equation (3.104) , and compute the expect ed values of II~w(k)QII and
{(k)Q for the examples describ ed problem 15.
17. Repeat problem 14 in the case the input signal is a first-order Markov
pro cess with .xx = 0.95.
18. Include the input-signal quantizer noise in the analysis of the cov[~w(k +
l)Q] and show that its effect in the MSE is given by equation (3.105).
19. A digital channel model can be represented by the following impulse response:
[-0 .001 - 0.0020 .0020.20.60.760.90.780.670 .58
0.450 .30.20.120.060 - 0.2 - 1 - 2 - 1 0 0.1]

The channel is corrupted by a Gaussian noise with power spectrum given
by
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where fc' = 10- 1.5. The t raining signal consists of independ ent binary
sam ples (-1,1).
Design an FIR equaliz er for this problem and use the LMS algorithm. Use
a filter of order 50 and plot the learning curves .
20. For the previous probl em , using the max imum of 51 adaptive filter coefficients, impl ement a DFE equalizer and compare the results with those
obtained with the FIR filter. Again use the LMS algorithm.
21. Impl ement with fixed-point arithmetic the DFE equalizer of problem 20,
using the LMS algorithm with 12 bits of wordlength for data and coefficients .

4
LMS-BASED ALGORITHMS

4.1

INTRODUCTION

There are a number of algorithms for adaptive filters which are derived from
the conventional LMS algorithm discussed in the previous chapter. The objective of the alternative LMS-based algorithms is either to reduce computational
complexity or convergence time. In this chapter, four LMS-based algorithms
are presented and analyzed , namely , the quantized-error algorithms [1]-[10]' the
frequency-domain (or transform-domain) LMS algorithm [11]-[13]' the normalized LMS algorithm [14], and the LMS-Newton algorithm [15]-[16] . Several
algorithms that are related to the main algorithms presented in this chapter are
also briefly discussed .
The quantized-error algorithms reduce the computational complexity of the
LMS algorithms by representing the error signal with short wordlength or by a
simple power-of-two number.
The convergence speed in the LMS-Newton algorithm is independent of the
eigenvalue spread of the input signal correlation matrix. This improvement
is achieved by using an estimate of the inverse of the input signal correlation
matrix leading to a substantial increase in the computational complexity.
The normalized LMS algorithm utilizes a variable convergence factor that minimizes the instantaneous error . Such a convergence factor usually reduces the
convergence time but increases the misadjustment .
In the frequency-domain algorithm, a transform is applied to the input signal
in order to allow the reduction of the eigenvalue spread of the transformed
P. S. R. Diniz, Adaptive Filtering
© Springer Science+Business Media New York 1997

134

CHAPTER

4

signal correlation matrix as compared to the eigenvalue spread of the input
signal correlation matrix. The LMS algorithm applied to the better conditioned
transformed signal achieves faster convergence.

4.2

QUANTIZED-ERROR ALGORITHMS

The computational complexity of the LMS algorithm is mainly due to multiplications performed in the coefficient updating and in the calculation of the
adaptive filter output. In applications where the adaptive filters are required to
operate in high speed, such as echo cancellation and channel equalization, it is
important to minimize hardware complexity.
A first step to simplify the LMS algorithm is to apply quantization to the error signal, generating the quantized-error algorithm which updates the filter
coefficients according to

w(k

+ 1) = w(k) + 2ltQ[e(k)]x(k)

(4.1)

where Q[.] represents a quantization operation . The quantization function is discrete valued, bounded, and nondecreasing. The type of quantization identifies
the quantized-error algorithm.
If the convergence factor It is a power-of-two number, the coefficient updating
can be implemented with simple multiplications, basically consisting of bit shifts
and additions. In a number of applications, such as the echo cancellation in fullduplex data transmission [2] and equalization of channels with binary data [3],
the input signal x(k) is a binary signal, i.e., assumes values +1 and -1. In this
case, the adaptive filter can be implemented without any intricate multiplication.
The quantization of the error actually implies a modification in the objective
function that is minimized, denoted by F[e(k)]. In a general gradient-type
algorithm coefficient updating is performed by

w(k

+ 1) =

w
w

(k) _
(

8F[e(k)]

It 8w(k)

k) _
J..l

8F[e(k)] 8e(k)
8e(k) 8w(k)

(4.2)

For a linear combiner the equation above can be rewritten as

w(k

+ 1) = w(k) + 1t8~~(k? x(k)

(4.3)
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Therefore, the objective function that is minimized in the quantized-error algorithms is such that

of[e(k)] = 2Q[ (k)]
oe(k)
e

(4.4)

where F[e(k)] is obtained by integrating 2Q[e(k)] with respect to e(k). Note that
the chain rule applied in equation (4.3) is not valid at the points of discontinuity
of Q[.] where F[e(k)] is not differentiable [6].
The performances of the quantized-error and LMS algorithms are obviously
different. The analyses of some widely used quantized-error algorithms are
presented in the following subsections.

4.2.1

Sign-Error Algorithm

The simplest form for the quantization function is the sign (5gn) function defined
by

,gn[b] = {

1, b>O
0, b=O
-1 , b<O

(4.5)

The sign-error algorithm utilizes the sign function as the error quantizer , where
the coefficient vector updating is performed by

w(k + 1) = w(k)

+ 2J1. sgn[e(k)]

x(k)

(4.6)

Fig . 4.1 illustrates the realization of the sign-error algorithm for a delay line input x(k). If J1. is a power-of-two number, one iteration ofthe sign-error algorithm
requires N + 1 multiplications for the error generation. The total number of additions is 2N + 2. The detailed description of the sign-error algorithm is shown
in Algorithm 4.1. Obviously, the vectors x(O) and w(O) can be initialized in a
different way from that described in the algorithm .
The objective function that is minimized by the sign-error algorithm is the
modulus of the error multiplied by two , i.e.,

F[e(k)) = 2Ie(k)1

(4.7)

Not e that the factor two is included only to present the sign-error and LMS
algorithms in a unified form . Obviously, in real implementation this factor can
be merged with convergence factor J1..
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x(k)
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Figure 4.1

Sign-error adaptive FIR filt er: Q[e(k)] = sgn[e(k)].

Some of the properties related to the convergence behavior of the sign-error algorithm in a stationary environment are described, following the sam e procedure
used in the previous chapter for the LMS algorithm.

Steady-State Behavior of the Coefficient Vector
The sign-error algorithm can be alternatively described by
ilw(k

+ 1) =

ilw(k)

+ 2Jj sgn[e(k)] x(k)

(4.8)
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Algorithm 4.1
Sign-Error Algorithm

Initialization

x(O) = w(O) = [0.. . 0V

Do for k > 0
e(k) = d(k) - xT(k)w(k)
p = sgn[e(k)]
w(k + 1) = w(k) + 2Jlpx(k)

o

where ilw(k) = w(k) - w oo The expected value of the coefficient-error vector
is then given by
E[ilw(k

+ 1)] = E[ilw(k)] + 2JlE[sgn[e(k)] x(k)]

(4.9)

The importance of the probability density function of the measurement noise
n(k) on the convergence of the sign-error algorithm is a noteworthy characteristic. This is due to the fact that E{sgn[e(k)] x(k)} = E{sgn[-ilwT (k)x(k) +
n(k)]x(k)} , where the result of the sign operation is highly dependent on the
probability density function of n(k) . In [1], the authors present a convergence
analysis of the output MSE, i.e., E[e2 (k)], for different distributions of the additional noise, such as Gaussian, uniform , and binary distributions.
A closer examination of equation (4.8) indicates that even if the error signal
becomes very small , the adaptive filter coefficients will be continually updated
due to the sign function applied to the error signal. Therefore, in a situation
where the adaptive filter has a sufficient number of coefficients to model the
desired signal , and there is no additional noise , ilw(k) will not converge to
zero. In this case, w( k) will be convergent to a balloon centered at w 0 , when
Jl is appropriately chosen. The mean absolute value of e(k) is also convergent
to a balloon centered around zero, that means le(k)1 remains smaller than the
balloon radius r [6] .
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Recalling that the desired signal without measurement noise is denoted as d'(k),
if it is considered that d'(k) and the elements of x( k) are zero mean and jointly
Gaussian and that the additional noise n(k) is also zero mean , Gaussian, and
independent ofx(k) and d'(k), the error signal will also be a zero-mean Gaussian
signal conditioned on ~w(k) . In this case, using the results ofthe Price theorem
described in [18] and in Papoulis [19], the following result is valid

(4.10)
where e(k) is the variance of e(k) assuming the error has zero mean. The
approximation above is valid for small values of J1.. For large J1. , e(k) is dependent
on ~w(k) and conditional expected value on ~w(k) should be used instead [3]-

[5] .

By applying (4.10) in (4.9) and by replacing e(k) by eo(k)
follows that

E[Aw(k + I)]

{I -

+ ~wT(k)x(k),

it

2"V .e~k) E[X(k)XT(k)]} E[Aw(k)]

+ 2J1.V 1re~k)

Eleo(k)x(k)]

(4.11)

From the orthogonality principle we know that E[eo(k)x(k)] = 0, so that the
last element of the above equation is zero. Therefore ,

(4.12)
Following the same steps for the analysis of E[~w(k)] in the traditional LMS
algorithm, it can be shown that the coefficientsof the adaptive filter implemented
with the sign-error algorithm converge in the mean if the convergence factor is
chosen in the range
1re
1
(4.13)
O<J1.<--(k)
Am ax
2
where Am ax is the largest eigenvalue of R . It should be mentioned that in case
~:~: is large, the convergence speed of the coefficients depends on the value of
Amin that is related to the slowest mode in equation (4.12). This conclusion can
be drawn by following the same steps of the convergence analysis of the LMS
algorithm, where by applying a transformation to the equation (4.12) we obtain
an equation similar to (3.17).
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A more practical range for u, avoiding the use of eigenvalue, is given by
1 V1r{(k)

(4.14)

0< Jl < tr[R] -2-

Note that the upper bound for the value of Jl requires the knowledge of the MSE ,
i.e., {(k) .

Coefficient-Error- Vector Covariance Matrix
The covariance of the coefficient-error vector defined as

cov[~w(k)] = E [(w(k) -

w o) (w(k) - wof]

(4.15)

is calculated by replacing (4.8) in (4.15) following the same steps used in the
LMS algorithm. The resulting difference equation for cov[~w(k)] is given by
cov[~w(k

+ 1)] =

+ 2JlE[sgn[e(k)]x(k)~wT(k)]
+2JlE[sgn[e(k)]~wT (k)x(k)] + 4Jl 2R

cov[~w(k)]

(4.16)

The first term with expected value operation in the equation above can be
expressed as
E[sgn[e(k)]x(k)~WT (k)]
E[sgn[eo(k) - ~wT(k)x(k)]x(k)~wT(k)]
E{E[sgn[eo(k) - ~wT(k)x(k)]x(k)l~w(k)]~wT(k)}

=

where E[al~w(k)] is the expected value of a conditioned on the value of ~w(k) .
In the first equality, e(k) was replaced by the relation d(k) - wT(k)x(k) ~wr x(k) + ~wr x(k) = eo(k) - ~wT (k)x(k) . In the second equality, the

concept of conditioned expected value was applied .

Using the Price theorem and considering that the minimum output error eo(k)
is zero-mean and uncorrelated with x(k), the following approximations result

E{E[sgn[eo(k) - ~wT(k)x(k)]x(k)l~w(k)]~wT(k)}

JK<~k)

'"

E{

'"

-E {

T

T

E[,.(k)x(k) - x(k)x (k)l>w(k)ll>w(k)]l>w (k)}

JK<~k)

T

Mw(k)l>w (k)}
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(4.17)

Rcov[ilw(k)]

Following similar steps to derive the equation above, the second term with the
expected value operation in (4.16) can be approximated as

E

[sgn[e(k)]~wT(k)x(k)] ~

-J1re~k) cov[~w(k)]R

(4.18)

Substituting equations (4.17) and (4.18) in equation (4.16), we can calculate
the vector v'(k) consisting of diagonal elements of cov[~w/(k)], using the same
steps employed in the LMS case (see equation (3.26)). The resulting dynamic
equation for v'(k) is given by

The value of I-t must be chosen in a range that guarantees the convergence of
v'(k), which is given by

o< I-t <

1

2A

m ax

V

1re(k)
-2-

(4.20)

V7re(k)
-2-

(4.21)

A more severe and practical range for I-t is
1

0< I-t < 2tr[R]
For k -+ 00 each element of v'(k) tends to

v;(oo) =

I-tV1re~oo)

(4.22)

Excess of Mean-Square Error and Misadjustment
The excess of MSE can be expressed as a function of the elements of v'(k) by
N

~e(k) =

L A;v;(k) = ATv '(k)
;=0

(4.23)
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Substituting (4.22) in (4.23) yields

eere

=

J.l

t>"iJ1Te~k) ,k -t

00

i=O

emin

1T
since limk--+ oo e(k) = emin

+ eere.

2

+ eerc

(4.24)

re )
+ 1Tee
2

(4.25)

Therefore,

c
- , >.. .) 2 (1T
"'e
re= J.l 2 ( ;L..J
2

I

i=O

emin
2

There are two solutions for e;re in the equation above , where only the positive
one is valid . The meaningful solution for eere, when J.l is small , is approximately
given by

(4.26)
By comparing the excess of MSE predicted by the equation above with the
corresponding equation for the LMS, it can be concluded that both can generate
the same excess of MSE if J.l in the sign-error algorithm is chosen such that

J.l =

J.lLMSJ~emin

(4.27)

The misadjustment in the sign-error algorithm is
(4.28)

Equation (4.26) would leave the impression that if there is no additional noise
and there is sufficient parameters in the adaptive filter, the output MSE would
converge to zero. However, when e(k) becomes small , IIE[.6.w(k+ 1)]11 in equation (4.11) can increas e, since the condition of equation (4.13) will not be satisfied. This is the situation where the parameters reach the convergence balloon.
In this case, from (4.8) we can conclude that
II.6.w(k + 1)11 2 -1I.6.w(k)1I 2 = -4J.l sgn[e(k)] e(k) + 4J.l 2I1x(k)W

(4.29)
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from where it is easy to show that a decrease in the norm of AW( k) is obtained
only when
(4.30)
le(k)1 > jjllx(k)W
For no additional noise, first transpose the vectors in equation (4.8) and postmultiply each side by x(k) . Next, squaring the resulting equation and applying
the expected value operation on each side, the obtained result is

After convergence E[e2(k + 1)] ::::! E[e2(k)] . Also, considering that

E[le(k)/llx(k)II 2 ] ::::! E[/e(k)I]E[IIx(k)W]
and
E[/lx(k)11 4 ]
E[llx(k)11 2]
we conclude that

2

::::!

E[/lx(k)ll]

E[le(k)ll::::! jjE[/lx(k) 11 2], k -t

00

(4.32)

For a zero-mean Gaussian e(k), the following approximation is valid
E[le(k)1] ::::! JrUe(k), k -t

00

(4.33)

therefore, the expected variance of e (k) is
(4.34)

where we used the relation tr[R] = E[/lx(k)W] . This relation gives an estimate
of the variance of the output error when no additional noise exists . As can be
noted , unlike the LMS algorithm, there is an excess of MSE in the sign-error
algorithm caused by the nonlinear device, even when u~ = o.
If frequently n(k) has large absolute values as compared to -AwT(k)x(k), then
for most iterations sgn[e(k)] = sgn[n(k)]. As a result , the sign-error algorithm
is fully controlled by the additional noise. In this case , the algorithm does not
converge.

Transient Behavior
The ratios rW i of the geometric decaying convergence curves of the coefficients in
the sign-error algorithm can be easily derived from equation (4.18) by employing
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an identi cal analysis of the transient behavior for the LMS algorithm. The ratios
are given by
rw , =

(1-2PV ~~~k)Ai)

(4.35)

for i = 0, 1, . .. , N . If P is chosen as suggested in equat ion (4.27) , in order to
reach the same excess of MSE of the LMS algorithm , then
rW i

= ( 1-

rz:::;:
Z(ij \)

4

;PLMSV

Ai

(4.36)

By recalling that r w • for the LMS algorithm is (1- 2PLMSAd, since ~J~7k) <
1, it is concluded that the sign-error algorithm is slower than the LMS for the
same excess of MSE.
Example 4.1

Suppose in an adapti ve filtering environment that the input signal consists of

x(k) =

e i wok

+ n(k)

and that the desired signal is given by

d(k) =

eiw o(k -l)

where n(k) is a uniformly distributed white noise with varian ce (T~ = 0.1 and
In this case M = 8.

Wo = ~ .

Compute the inpu t-signal correlation matrix for a first-order adaptive filter.
Calculate the value of Pma x for the sign-error algor ithm.
Solution:

The input-signal correlation matrix for this example can be easily calculated as
shown below:

Since in this case tr[R]

= 2.2 and ~min = 0.1, we have

~exc ~ pJ~~;in

tr[R] = 0.87p
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The range of values of the convergence factor is given by

From the expression above it is straightforward to calculate the upper bound
for the convergence factor that is given by
J-Lmax ~ 0.132

o

4.2.2

Dual-Sign Algorithm

The dual-sign algorithm attempts to perform large corrections to the coefficient
vector when the modulus of the error signal is larger than a prescribed level. The
basic motivation to use the dual-sign algorithm is to avoid the slow convergence
inherent to the sign-error algorithm that is caused by replacing e(k) by sgn[e(k)]
when le(k)1 is large.
The quantization function for the dual-sign algorithm is given by
ds[a] = { , sgn[a],
sgn[a],

lal > p
lal ~ p

(4.37)

where , > 1 is a power of two. The dual-sign algorithm utilizes the function
described above as the error quantizer, and the coefficient updating is performed
as
(4.38)
w(k + 1) = w(k) + 2J-L ds[e(k)]x(k)
The objective function that is minimized by the sign-error algorithm is given
by

F[e(k)] _ { 2,le(k)l- 2p(T - 1), le(k)1 > p
2Ie(k)L
le(k)1 ~ p

(4.39)

where the constant 2p(, - 1) was included in the objective function to make
it continuous. Obviously the gradient of F[e(k)] with respect to the filter coefficients is 2J-L ds[e(k)]x(k) except at points where ds[e(k)] is nondifferentiable

[6].

The same analysis procedure used for the sign-error algorithm can be applied
to the dual-sign algorithm except for the fact that the quantization function

LMB-Based Algorithms

145

is now different . The alternative quantization leads to particular expectations
of nonlinear functions whose solutions are not presented here. The interested
reader should refer to the work of Mathews [7]. The choice of'Y and p determine
the convergence behavior of the dual-sign algorithm [7] ; typically, a large 'Y
tends to increase both convergence speed and excess of MSE. A large p tends to
reduce both the convergence speed and the excess of MSE. If limk-too ~ (k) « p2,
the excess of MSE of the dual-sign algorithm is approximately equal to the one
given by (4.26) for the sign-error algorithm [7],since in this case le(k)1 is usually
much smaller than p. For a given MSE in steady state, the dual-sign algorithm
is expected to converge fast er than the sign-error algorithm .

4.2.3

Power-of-Two Error Algorithm

The power-of-two error algorithm applies to the error signal a quantization
defined by
(4.40)

where int[ .] indicates integer part of [.], bd is the data wordlength excluding the
sign bit, and T is usually 0 or 2- bd .
The coefficient updating for the power-of-two error algorithm is given by

w(k

+ 1) = w(k) + 2J.l

pe[e(k)]x(k)

(4.41)

For T = 2- bd , the additional noise and the convergence factor can be arbitrarily
small and the algorithm will not stop updating. For T = 0, when le(k)1 <
2- bd +l the algorithm reaches the so-called dead zone, where the algorithm stops
updating if le(k)1 is smaller than 2- bd +1 most of the time [4]' [8] .
A simplified and somewhat accurate analysis of this algorithm can be performed
by approximating the function pe[e(k)] by a straight line passing through the
center of each quantization step . In this case, the quantizer characteristics can
be approximated by pe[e(k)] ~ ~e(k) as illustrated in Fig . 4.2. Using this
approximation , the algorithm analysis can be performed exactly in the same
way as the LMS algorithm. The results for the power-of-two error algorithm
can be obtained from the results for the LMS algorithm, by replacing J.l by
~J.l . It should be mentioned that such results are only approximate, and more
accurate ones can be found in [8] .
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pere(l)]

Approx lmllioD

e(l)

Figure 4 .2

4.2.4

Transfer characteristic of a quantizer with 3 bits and

T

= o.

Sign-Data Algorithm

The algorithms discussed in this subsection cannot be considered as quantized error algorithms, but since they were proposed with similar motivation we
decided to introduce them here. An alternative way to simplify the computational burden of the LMS algorithm is to apply quantization to the data vector
x(k). One possible quantization scheme is to apply the sign function to the
input signals, giving rise to the sign-data algorithm whose coefficient updating
is performed as
(4.42)
w(k + 1) = w(k) + 2pe(k) sgn[x(k)]
where the sign operation is applied to each element of the input vector.
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The quantization of the data vector can lead to a decrease in the convergence
speed , and possible divergence. In the LMS algorithm, the average gradient direction follows the true gradient direction (or steepest descent direction), whereas
in the sign-data algorithm only a discrete set of directions can be followed. The
limitation in the gradient direction followed by the sign-data algorithm may
cause updates that result in frequent increase in the squared error, leading to
instability. Therefore, it is relatively easy to find inputs that would lead to the
convergence of the LMS algorithm and to the divergence of the sign-data algorithm [6], [9]. It should be mentioned, however, that the sign-data algorithm
is stable for Gaussian inputs, and, as such, has been found useful in certain
applications .
Another related algorithm is the sign-sign algorithm that has very simple implementation. The coefficient updating in this case is given by
w(k + 1) = w(k) + 2p. sgn[e(k)] sgn[x(k)]

(4.43)

The sign-sign algorithm also presents the limitations related to the quantizeddata algorithm.

4.3

THE LMS-NEWTON ALGORITHM

In this section, the LMS-Newton algorithm incorporating estimates of the secondorder statistics of the environment signals is introduced. The objective of the
algorithm is to avoid the slow convergence of the LMS algorithm when the input
signal is highly correlated. The improvement in the convergence rate is achieved
at the expense of an increased computational complexity.
Nonrecursive realization of the adaptive filter leads to a MSE surface that is a
quadratic function of the filter coefficients. For the direct form FIR structure,
the MSE can be described by
~(k + 1)

=

~(k) + gwT(k)(w(k + 1) - w(k))

+ (w(k + 1) -

w(k)f R(w(k + 1) - w(k))

(4.44)

represents the MSE when the adaptive filter coefficients are fixed at w(k)
and gw(k) = -2p+2Rw(k) is the gradient vector of the MSE surface as related
to the filter coefficients at w(k) . The MSE is minimized at the instant k + 1 if

~(k)

(4.45)
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This equation is the updating formula of the Newton method . Note that in
the ideal case, where matrix R and gradient vector gw(k) are known precisely ,
w(k+l) R-1p wooTherefore, the Newton method converges to the optimal
solution in a single iteration, as expected for a quadratic objective function .

=

=

In practice, only estimates of the autocorrelation matrix R and of the gradient
vector are available . These estimates can be applied to the Newton updating
formula in order to derive a Newton-like method given by

w(k

+ 1) = w(k) -

, -1

JlR

(k)gw(k)

(4.46)

The convergence factor Jl is introduced so that the algorithm can be protected
from divergence , originated by the use of noisy estimates of Rand gw(k) .
For stationary input signals, an unbiased estimate of R is

n 2:
k

R(k)

+

x (i )xT (i )

i=O

k ,
I
T
-k-R(k - 1) + -k-x(k)x (k)

+1

+1

(4.47)

smce

E[R(k)]
(4.48)

However, this is not a practical estimate for R , since for large k any change on
the input signal statistics would be disregarded due to the infinite memory of
the estimation algorithm .
Another form to estimate the autocorrelation matrix can be generated by employing a weighted summation as follows:

R(k)

ax(k)xT(k)

+ (1- a)R(k -

ax(k)xT(k) + a

1)

k-1

2:(1- a)k-ix(i)xT(i)

(4.49)

i=O

where in practice, a is a small factor chosen in the range 0 < a ~ 0.1. This
range of values of a allows a good balance between the present and past input
signal information. By taking the expected value on both sides of the equation
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above and assuming that k -t

00 ,

it follows that
k

E[R(k)]

a :2)1- a)k-iE[x(i)xT(i)]
i=O

R

k

(4.50)

-t 00

Therefore, the estimate of R of equation (4.49) is unbiased.
In order to avoid inverting R(k), which is required by the Newton-like algorithm, we can use the so-called matrix inversion lemma given by

where A , B , C and D are matrices of appropriate dimensions, and A and C
are nonsingular. The relation above can be proved by simply showing that the
result of premultiplying the expression in the right hand side by A + BCD is
the identity matrix (see problem (19)) . If we choose A = (1 - a) R(k - 1),
B = n" = x(k) , and C = a, it can be shown that

The resulting equation to calculate R-1 (k) is less complex to update (of order
N 2 multiplications) than the direct inversion of R(k) at every iteration (of order
N 3 multiplications) .
If the estimate for the gradient vector used in the LMS algorithm is applied in
equation (4.46), the LMS-Newton algorithm results with the following coefficient
updating formula

w(k

A- I

+ 1) = w(k) + 2 J1- e(k) R

(k)x(k)

(4.53)

The complete LMS-Newton algorithm is outlined in Algorithm 4.2. It should
be noticed that alternative initialization procedures to the one presented in
Algorithm 4.2 are possible .
As previously mentioned, the LMS gradient direction has the tendency to approach the ideal gradient direction. Similarly, the vector resulting from the
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Algorithm 4.2
LMS-Newton Algorithm
Initialization
, -1
R (-1) = b"I (b" a small positive constant)
w(O) = x( -1) = [O ...O]T
Do for k ~ 0
e(k) = d(k) - xT(k)w(k)

ft-\k) = ~ [ft-\k -1) _ R_1(k-1)X(k)~~1k)R-1(k-1)]
1 o

w(k

, -1

+ 1) = w(k) + 2 J.l e(k) R

1:", +XT(k)R

(k)x(k)

(k-1)X(k)

o

, -1

multiplication of R (k) to the LMS gradient direction tends to approach the
Newton direction . Therefore , we can conclude that the LMS-Newton algorithm
converges in a more straightforward path to the minimum of the MSE surface .
It can also be shown that the convergence characteristics of the algorithm is
independent of the eigenvalue spread of R .
The LMS-Newton algorithm is mathematically identical to the recursive leastsquares (RLS) algorithm if the forgetting factor (..\) in the latter is chosen such
that 2J.l = a = 1 - ..\ [32]. Since a complete discussion of the RLS algorithm
is given later, no further discussion of the LMS-Newton algorithm is included
here.

4.4

THE NORMALIZED LMS
ALGORITHM

If one wishes to increase the convergence speed of the LMS algorithm without
using estimates of the input signal correlation matrix, a variable convergence
factor is a natural solution. The normalized LMS algorithm usually converges
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faster than the LMS algorithm, since it utilizes a variable convergence factor
aiming the minimization of the instantaneous output error.
The updating equation of the LMS algorithm can employ a variable convergence
factor Ilk in order to improve the convergence rate. In this case, the updating
formula is expressed as

w(k + 1) = w(k)

+ 2Ilke(k)x(k) = w(k) + ~w'(k)

(4.54)

where Ilk must be chosen with the objective of achieving a faster convergence .
A possible strategy is to reduce the instantaneous squared error as much as
possible . The motivation behind this strategy is that the instantaneous squared
error is a good and simple estimate of the MSE.
The instantaneous squared error is given by

If a change given by w'(k) = w(k) + ~w'(k) is performed in the weight vector,
the corresponding squared error can be shown to be

e2(k) + 2~w,T (k)x(k)x T (k)w(k)

e'2(k)

+

~w,T(k)x(k)xT(k)~w'(k)
2d(k)~w,T (k)x(k)

(4.56)

It then follows that

~e2(k)

t:,.

e,2(k) _ e2(k)

_2~w,T (k)x(k)e(k)

+ ~w,T (k)x(k)xT (k)~w'(k)

(4.57)

In order to increase the convergence rate , the objective is to maximize the
squared error reduction by appropriately choosing Ilk .
By replacing

~ w' (k)

in the equation above it follows that

~e2(k) = -4Ilk e2(k)xT (k)x(k)

+ 41l~e2(k)[xT (k)x(k)]2

(4.58)

The value of Ilk such that a~e2(k) = 0 is given by
VPk

1

Ilk = 2xT(k)x(k)

(4.59)
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Algorithm 4.3
The Normalized LMS Algorithm
Initialization

x(O) = w(O) = [O ...O]T

choose Iln in the range 0 < Iln $ 2
, = small constant
Do for k > 0
e(k) = d(k) - xT(k)w(k)
w(k + 1) = w(k) + 'Y+xf(k)X(k) e(k) x(k)

o

This value of Ilk leads to a negative value of ~e2(k), and, therefore, it corresponds to a minimum point of ~e2 (k).
Using this variable convergence factor , the updating equation for the LMS algorithm is then given by

w(k

e(k)x(k)

+ 1) = w(k) + xT(k)x(k)

(4.60)

Usually a fixed convergence factor Iln is introduced in the updating formula
in order to control the misadjustment , since all the derivations are based on
instantaneous values ofthe squared errors and not on the MSE. Also a parameter
, should be included, in order to avoid large step sizes when x T (k )x( k) becomes
small . The coefficient updating equation is then given by

w(k

+ 1) = w(k) + ,+ x:(k)x(k)

e(k) x(k)

(4.61)

The resulting algorithm is called the normalized LMS algorithm, and is summarized in Algorithm 4.3.
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The range of values of J.ln to guarantee stability can be easily derived by first
considering that E[xT(k)x(k)] = tr[R] and that

e(k)X(k)]
E [ xT(k)x(k)

~

E[e(k)x(k)]
E[xT(k)x(k)]

Next , consider that the average value of the convergence factor actually applied
to the LMS direction 2e(k)x(k) is 2tr[Rr Finally, by comparing the updating formula of the standard LMS algorithm with that of the normalized LMS
algorithm, the desired upper bound result follows:

o < J.l =
or 0 < J.ln

4.5

J.ln

2 tr[R]

1

< tr[R]

(4.62)

< 2.

THE TRANSFORM-DOMAIN LMS
ALGORITHM

The transform-domain algorithm is another technique to increase the convergence speed of the LMS algorithm when the input signal is highly correlated.
The basic idea behind this methodology is to modify the input signal to be
applied to the adaptive filter such that the conditioning number of the corresponding correlation matrix is improved .
In the transform-domain LMS algorithm, the input signal vector x(k) is transformed in a more convenient vector s(k), by applying an orthonormal (or unitary) transform [10]-[12]' i.e.,

s(k) = Tx(k)

(4.63)

where TTT = I. The MSE surface related to the direct form implementation
of the FIR adaptive filter can be described by
~(k) = ~min

+ D..wT (k)RD..w(k)

(4.64)

where D..w(k) = w(k) - woo In the transform-domain case, the MSE surface
becomes
~(k)

~min
~min

+ D..wT (k)E[s(k)sT(k)]D..w(k)
+ D..wT(k)TRTT D..w(k)

(4.65)
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Figure 4 .3

Transform-domain adaptive filter.

where w(k) represents the adaptive coefficients of the transform-domain filter .
Fig . 4.3 depicts the transform-domain adaptive filter.
The effect of app lying the transformation matrix T to the input signal is to rotate
the error surface as illustrated in the numerical examples of Figs. 4.4 and 4.5.
It can be noticed that the eccentricity of the MSE surface remains unchanged
by the application of the transformation, and, therefore, the eigenvalue spread
is unaffected by the transformation. As a consequence, no improvement in the
convergence rate is expected to occur. However, if in addition each element of
the transform output is power normalized, the distance between the points where
the equal-error contours meet the coefficient axes and the origin are equalized.
As a result , a reduction in the eigenvalue spread is expected , specially when
the coefficient axes are almost aligned with the principal axes of the ellipses.
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Fig. 4.6 illustrates the effect of power normalization. The perfect alignment and
power normalization means that the error surface will become a hyperparaboloid
spheric, with the eigenvalue spread becoming equal to one. Alternatively, it
means that the transform was able to turn the elements of the vector s(k)
uncorrelated. Fig. 4.7 shows another error surface which after properly rotated
and normalized is transformed in the error surface of Fig. 4.8.
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Contours of the original MSE surface.

The autocorrelation matrix related to the transform-domain filter is given by
(4.66)
therefore if the elements of s( k) are uncorrelated, matrix R$ is diagonal, meaning
that the application of the transformation matrix was able to diagonalize the

156

CHAPTER

4

10

8

4
6

S=s4

2

Wo

0

10

-4

-2

-6
-8
-10
-10

-5

0

5

10

Wl

T= [

Figure 4 .5

CO~O

-smO

sinO] 0=60 0
cos 0

Rotated contours of the MSE surface.

autocorrelation matrix R . It can then be concluded that TT, in this case,
corresponds to a matrix whose columns consist of the orthonormal eigenvectors
of R . The resulting transformation matrix corresponds to the Karhunen-Loeve
Transform (KLT)[17].
The normalization of s(k) and subsequent application of the LMS algorithm
would lead to a transform-domain algorithm with the limitation that the solution would be independent of the input signal power. An alternative solution,
without this limitation, is to apply the normalized LMS algorithm to update
the coefficients of the transform-domain algorithm . We can give an interpretation for the good performance of this solution . Assuming the transform was
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efficient in the rotation of the MSE surface , the variable convergence factor is
large in the update of the coefficients corresponding to low signal power. On the
other hand, the convergence factor is small if the corresponding transform output power is high . Specifically, the signals s;(k) are normalized by their power
denoted by (jl(k) only when applied in the updating formula . The coefficient
update equation in this case is

tV;(k + 1) = tV;(k)

+

Jl
2

'Y + (j;2(k)

e(k)sdk)

(4.67)

where (j;(k) = as; (k) + (1- a)(j; (k -1), a is a small factor chosen in the range
~ 0.1, and 'Y is also a small constant to avoid that the second term of the
update equation becomes too large when (jl(k) is small .

o< a

In matrix form the updating equation above can be rewritten as

w(k

+ 1) = w(k) + 2Jle(k)u- 2(k)s(k)

(4.68)

where u- 2 (k) is a diagonal matrix containing as elements the inverse of the
power estimates of the elements of s(k) added to 'Y .
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It can be easily shown that if J.l is chosen appropriately, the adaptive filter
coefficients converge to
R &-1 p&
(4.69)
Wo
A

=

where R& = TRT T and p& = Tp. As a consequence , the optimum coefficient
vector is
T -1
-1
(4.70)
w; (TRT) Tp TR p Two
A

=

=

=

The convergence speed of the coefficient vector w(k) is determined by the eigenvalue spread of 0'- 2(k)R&.
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The requirements on the transformation matrix are that it should be invertible. If the matrix T is not square (number of columns larger than rows), the
space spanned by the polynomials formed with the rows of T will be of dimension N + 1, but these polynomials are of order larger than N . This subspace
does not contain the complete space of polynomials of order N . In general, except for very specific desired signals, the entire space of Nth-order polynomials
would be required. For an invertible matrix T there is one-to-one correspondence between the solutions obtained by the LMS and transform-domain LMS
algorithms. Although the transformation matrix is not required to be unitary,
it appears that no advantages are obtained by using nonunitary transform [12].
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The best unitary transform for the transform-domain adaptive filter is the KLT.
However, the KLT is a function of the input signal , it cannot be efficiently
computed in real time. An alternative is to choose a unitary transform that
is close to the KLT of the particular input signal. By close is meant that
both transforms perform nearly the same rotation of the MSE surface. In any
situation, the choice of an appropriate transform is not an easy task. Some
guidelines can be given, such as: i) Since the KLT of a real signal is real , the
chosen transform should be real for real input signals; ii) For speech signals
the discrete-time cosine transform (DCT) is a good approximation for the KLT
[17]; iii) Transforms with fast algorithms should be given special attention.
A number of real transforms such as DCT, discrete-time Hartley transform,
and others, are available [17] . Most of them have fast algorithms or can be
implemented in recursive frequency-domain format. In particular, the outputs
of the DCT are given by

so(k)
and

sdk)

1

N

= v'N""+T L
N

t«: N
= VN""+l L

+ 1 1= 0

(4.71)

x(k -I)

x(k -I) cos

[

.
1rt

1=0

1)]

(21 +
2(N + 1)

(4.72)

From Fig. 4.3, we observe that the delay line and the unitary transform form
a single-input and multiple-output preprocessing filter. In case the unitary
transform is the DCT, the transfer function from the input to the outputs of
the DCT preprocessing filter can be described in a recursive format as follows:
k

11 (z) = - o- cos r
N

+1

[zN+l - (-I)i](z - 1)
zN[z2 - (2 cos 2r)z + 1]

-=:-:~---'-----'--="':'..,-------'~

(4.73)

where

ko = {

v'2
2

if
if

i=O

i = 1, ...,N

and r = 2(~+l)'
The derivation details are not given here, since they are beyond the scope of
this text.
For complex input signals, the discrete-time Fourier transform (DFT) is a natural choice due to its efficient implementations.
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Algorithm 4.4
The Transform-Domain LMS Algorithm
Initialization

x(O)

= w(O) = [O ...O]T

'Y = small constant

0<0'::;0 .1
Do for each x(k) and d(k) given for k 2: 0
s(k) = Tx(k)
e(k) = d(k) - sT(k)w(k)
w(k + 1) = w(k) + 2 Jl e(k) u- 2(k)s(k)

o

Although no general procedure is available to choose the best transform when
the input signal is not known a priori, the decorrelation performed by the transform, followed by the power normalization , is sufficient to reduce the eigenvalue
spread for a broad class (not all) of input signals . Therefore, the transformdomain LMS filters ar e expected to converge faster than the standard LMS
algorithm in most applications [12] .
The complete transform-domain LMS algorithm is outlined on Algorithm 4.4.

Example 4.2
Repeat the equalization problem of example 3.1 of the previous chapter using
the transform-domain algorithm .
(a) Compute the Wiener solution.
(b) Choose an appropriate value for Jl and plot the convergence path for the
transform-domain algorithm on the MSE surface.
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Solution:
(a) In this example, the correlation matrix of the adaptive filter input signal is
given by

R _ [ 1.6873 -0.7937]
-0 .7937 1.6873
and the cross-correlation vector p is

0.9524 ]
[ 0.4762

p

For square matrix R of dimension 2, the transformation matrix corresponding
to the cosine transform is given by

4

il
T= [

For this filter order, the transformation matrix above coincides with the KLT .
The coefficients corresponding to the Wiener solution of the transform-domain
filter are given by

1.0102 ]
] [ 0.3367

(b) The transform-domain algorithm was applied to minimize the MSE using a
small convergence factor fJ = 1/300, in order to obtain a smoothly converging
curve. The convergence path of the algorithm in the MSE surface is depicted
in Fig . 4.9. As can be noted, the transformation aligned the coefficient axes
with the main axes of the ellipses belonging to the error surface . The reader
should notice that the algorithm follows an almost straight path to the minimum and that the effect of the eigenvalue spread is compensated by the power
normalization. The convergence in this case is faster than for the LMS case.

o
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Figure 4.9
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Convergence path of the transform-domain adaptive filter.

From the transform-domain algorithm point of view, we can consider that the
LMS-Newton algorithm attempts to utilize an estimate of the KLT through
- -1
R (k) . On the other hand, the normalized LMS algorithm utilizes an identity
transform with an instantaneous estimate of the input signal power given by
xT (k)x(k).

4.6

SIMULATION EXAMPLES

In this section, some adaptive filtering problems are described and solved by
using some of the algorithms presented in this chapter.
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Example 4.3: Transform-Domain Algorithms
Use the transform-domain LMS algorithm to identify the system described in
the example 3.4 of the previous chapter. The transform is the DCT.
Solution:
All the results presented here for the transform-domain LMS algorithm were
obtained by averaging the results of 200 independent runs .
We run the algorithm with a value of jJ = 0.01, with Q' = 0.05 and I = 10- 6 .
With this value of jJ, the misadjustment of the transform-domain is about the
same as that of the LMS algorithm with jJ = 0.02. In Fig. 4.10, the learning
curves for the eigenvalue spreads 20 and 80 are illustrated. First note that the
convergence speed is about the same for different eigenvalue spreads, showing
the effectiveness of the rotation performed by the transform in this case. If we
compare these curves with those of Fig. 3.9 for the LMS algorithm, we conclude
that the transform-domain algorithm has better performance than the LMS algorithm for high eigenvalue spread . For an eigenvalue spread equal to 20, the
transform-domain algorithm required around 200 iterations to achieve convergence, whereas the LMS required at least 500 iterations. This improvement is
achieved without increasing the misadjustment as can be verified by comparing
the results of Tables 3.1 and 4.1.
The reader should bear in mind that the improvements in convergence of the
transform-domain algorithm can be achieved only if the transformation is effective. In this example, since the input signal was colored using a first-order
all-pole filter , the cosine transform is known to be effective because it approximates the KLT .
The finite-precision implementation of the transform-domain LMS algorithm
presents similar performance to that of the LMS algorithm, as can be verified
by comparing the results of Tables 3.2 and 4.2. An eigenvalue spread of one was
used in this example. The value of jJ was 0.01, while the remaining parameter
values were I = 2- bd and Q' = 0.05. The value of jJ in this case was chosen the
same as for the LMS algorithm .

o
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Evaluation of the Transform-Domain LMS Algorithm

I ~mg;r

~ Misadjustment
1
0.2027
20
0.2037
80
0.2093
min

I

Table 4 .2 Results of the Finite-Precision Implementation of the TransformDomain LMS Algorithm

No of bits
16
12
10

4.6.1

~(k)Q

Experiment
1.627 10 -<I
1.640 10 -:5
1.648 10- 3

E[II~w(k)QWl

Experiment
1.313 10-4
1.409 10 =4
1.536 10- 4

Signal Enhancement Simulation

In this subsection a signal enhancement simulation environment is described.
This example will also be employed in some of the following chapters.
In a signal enhancement problem, the reference signal is
r(k) = sin(0 .21l"k) + nr(k)

where nr(k) is a zero-mean Gaussian white noise with variance O"~r = 10. The
input signal is given by nr(k) passed through a filter with the following transfer
function
( )

0.4

H z = z2 -1.36z+0 .79
The adaptive filter is a 20th-order FIR filter. In all examples , a delay L = 10
was applied to the reference signal.
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Figure 4 .10 Learning cur ves for the transform-domain LMS algorithm for
eigenvalue spreads: 20 and 80 .

Example 4.4: LMS-Based Algorithms

Using the sign-error , power-of-two error with bd = 12, and normalized LMS
algorithms:
(a) Choose an appropriate J.l in each case and run an ensemble of 50 experiments.
Plot the average learning curve.
(b) Plot the output errors and comment on the results.
Solution:

The maximum value of J.l for the LMS algorithm in this example is 0.005. The
values of J.l for the sign-error and power-of-two LMS algorithms were chosen
0.001. The coefficients of the adaptive filter were initialized with zero. For the
normalized LMS algorithm J.ln = 0.4 and 'Y = 10- 6 were used. Fig. 4.11 depicts
the learning curves for the three algorithms. The results show that the sign-error
and power-of-two error algorithms present a similar convergence speed , whereas
the normalized LMS was faster to converge. The reader should notice that the
MSE after convergence is not small since we are dealing with an example where
the signal to noise ratio is low.
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The DFT with 128 points of the input signal is shown in Fig. 4.12 where the
presence of the sinusoid cannot be noted . In the same figure the DFT of the
error and the error signal itself for the experiment using the normalized LMS
algorithm are shown. In the cases of DFT, the result presented is the magnitude
of the DFT outputs. As can be verified, the output error tends to produce a
signal with the same period of the sinusoid after convergence and the DFT shows
clearly the presence of the sinusoid. The other two algorithms lead to similar
results.

o

4.6.2

Signal Prediction Simulation

In this subsection a signal prediction simulation environment is described. This
example will also be used in some of the following chapters .
In a prediction problem the input signal is
x(k) =

-v'2 sin(0.2trk) + v'2 sin(0 .051rk) + nx(k)

where nx(k) is a zero-mean Gaussian white noise with variance CT~", = 1. The
adaptive filter is a fourth-order FIR filter.
(a) Run an ensemble of 50 experiments and plot the average learning curve.
(b) Determine the zeros of the resulting FIR filter and comment on the results.

Example 4.5: LMS-Based Algorithms

We solved the problem above using the sign-error, power-of-two error with
bd = 12, and normalized LMS algorithms.
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Solution:

In the first step, each algorithm was tested in order to determine experimentally
the maximum value of J1. in which the convergence was achieved. The choice of
the convergence factor was J1.max /5 for each algorithm. The values of J1. for the
sign-error and power-of-two LMS algorithms were chosen 0.0028 and 0.0044,
respectively . For the normalized LMS algorithm, J1.n
0.4 and 'Y 10- 6 were
used . The coefficients of the adaptive filter were initialized with zero. In all
cases, we noticed a strong attenuation of the predictor response around the
frequencies of the two sinusoids . See, for example, the response depicted in Fig.
4.13 obtained by running the power-of-two LMS algorithm. The learning curves
for the three algorithms are depicted in Fig. 4.14. The zeros of the transfer
function from the input to the output error were calculated for the power-of-two
algorithm:

=

=

-0.3939; -0 .2351 ± jO.3876; -0 .6766 ± jO.3422
Notice that the predictor tends to place its zeros at low frequencies, in order to
attenuate the two low-frequency sinusoids .
In the experiments, we noticed that for a given additional noise, smaller convergence factor leads to higher attenuation at the sinusoid frequencies . This is
an expected result since the excess of the MSE is smaller. Another observation
is that the attenuation also grows as the signal to noise ratio is reduced, again
due to the smaller MSE.

o

4.7

CONCLUDING REMARKS

In this chapter, a number of adaptive filtering algorithms were presented derived from the LMS algorithm. There were two basic directions followed in the
derivation of the algorithms: one direction is to search for simpler algorithms
from the computational point of view, and the other is to sophisticate the LMS
algorithm looking for improvements in performance. The simplified algorithms
lead to low-power, low-complexity and/or high-speed integrated circuit implementations [20], at a cost of increasing the misadjustment and/or of losing convergence speed among other things [21]. The simplified algorithms discussed
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Figure 4.13 Magnitude response of the FIR adaptive filter at a given iteration
after convergence using the power-of-two LMS algorithm.

here are the quantized-error algorithms. There are several other algorithms related to the LMS algorithm that were not presented here, and the interested
reader can refer, for example, to [22]-[23] .
We also introduced the LMS-Newton algorithm, whose performance is independent of the eigenvalue spread of the input-signal correlation matrix. This
algorithm is related to the RLS algorithm which will be discussed in the following chapter, although some distinctive features exist between them [32] .
Newton-type algorithms with reduced computational complexity are also known
[33]-[34], and the main characteristic of this class of algorithms is to reduce the
computation involving the inverse of the estimate of R .
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In the normalized LMS algorithm, the straightforward objective was to find the
step size that minimizes the instantaneous output error . There are many papers
dealing with the analysis [24]-[26] and applications [27] of the normalized LMS
algorithm. The idea of using variable step size in the LMS and normalized LMS
algorithms can lead to a number of interesting algorithms [28]-[30], that in some
cases are very efficient in tracking nonstationary environments [31] .
The transform-domain algorithm aimed to reduce the eigenvalue spread of the
input signal correlation matrix. Several frequency-domain adaptive algorithms,
which are related in some sense to the transform-domain algorithm, have been
investigated in the recent years [35] . Such algorithms exploit the whitening
property associated with the normalized transform-domain algorithm, and most
of them update the coefficients at a rate lower than the input sampling rate .
One of the resulting structures, presented in [36], can be interpreted as a direct
generalization of the transform-domain LMS algorithm and is called generalized
adaptive subband decomposition structure. Such structure consists of a smallsize fixed transform, which is applied to the input sequence, followed by sparse
adaptive subfilters which are updated at the input rate . In high-order adaptive
filtering problems, the use of this structure with appropriately chosen transformsize and sparsity factor can lead to significant convergence rate improvement
for colored input signals when compared to the standard LMS algorithm. The
convergence rate improvement is achieved without the need for larg e transform
SIzes.
Frequency-domain adaptive filtering algorithms which employ block processing
in order to reduce the computational complexity associated with high-order
adaptive filters have also been suggested [37]. Such algorithms utilize FFTs to
implement convolutions (for filtering) and correlations (for coefficient updating) .
More general block algorithms, in which the block size can be smaller than the
order of the adaptive filter, have also been investigated [38].
Other adaptive filtering structures based on multirate techniques have been
suggested in [39]-[43] . In such structures, the input signal is decomposed in
subbands by an analysis filter bank, and the resulting signals are downsampled
and filtered by adaptive filters. Each of these adaptive filters has order smaller than the equivalent full-band adaptive filter (by a factor of approximately
the downsampling factor) . Several adaptive subband structures have been suggested. One early approach used pseudo-QMF banks with overlapping filter
banks and critical subsampling [39], resulting in the appearance of undesirable
aliased components in the output, which caused severe degradation . A second
approach used QMF banks with critical subsampling [40] and, in order to avoid
aliasing problems resulting from the channel modifications, suggested the use
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of additional adaptive cross terms between the subbands. These cross terms,
however, increase the computational complexity and reduce the convergence rate
of the adaptive algorithm. Another approach used an auxiliary, non-decimated
channel [41], which also resulted in increased complexity and was shown to be
useful particularly for the adaptive line enhancement applications. A last approach [42]-[43] employed a reduction in the sampling rate of the filtered signals
by a factor smaller than the critical subsampling factor (or number of bands)
to avoid aliasing problems, with a consequent increase in the computational
complexity. In all of the subband structures described above, the convergence
rate can be improved for colored input signals by using a normalized gradient
algorithm in the update of the coefficients of each of the subband filters.
Several simulation examples involving the LMS-based algorithms were presented in this chapter. These examples aid the reader to understand what are the
main practical characteristics of the LMS-based algorithms.
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Problems
1. From equation (4.16) derive the difference equation for v'(k) given by equation (4.19).
2. Prove the validity of equation (4.27) .
3. The sign-error algorithm is used to predict the signal x(k) = sin(7l"k/3)
using a second-order FIR filter with the first tap fixed at 1, by minimizing
the MSE of y2 (k). This is an alternative way to interpret how the predictor
works. Calculate an appropriate J.L, the output signal y(k), and the filter
coefficients for the first 10 iterations. Start with wT(O) = [1 0 0].
4. Use the sign-error algorithm to identify a system with the transfer function
given below. The input signal is a uniformly distributed white noise with
variance
= 1, and the measurement noise is a Gaussian whit e noise
uncorr elated with the input with variance u~ = 10- 3 . The adaptive filter
has 12 coefficients.
l_Z- 12

u;

H(z)

= 1 + Z-l

(a) Calculate the upper bound for J.L (J.Lmax) to guarantee the algorithm
stability.
(b) Run the algorithm for J.Lmax/2, J.Lmax/5 , and J.Lmax/lO . Comment on
the convergence behavior in each case.
(c) Measure the misadjustment in each example and compare with the
results obtained by the equation (4.28).
(d) Plot the obtained FIR filter frequency response in any iteration after
convergence is achieved and compare with the unknown system .
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5. Repeat the previous problem using an adaptive filter with 8 coefficients and
interpret the results.
6. Repeat problem 4 when the input signal is a uniformly distributed white
= 0.5, filtered by an all-pole filter given by
noise with variance

0';

z

H(z) = z _ 0.9
7. In problem 4, consider that the additional noise has the following variances
(a)
= 0 , (b) = 1. Comment on the results obtained in each case .

0';

0';

8. Perform the equalization of a channel with the following impulse response

h(k) = ku(k) - (2k - 9)u(k - 5) + (k - 9)u(k - 10)
using a known training signal consisting of a binary (-1,1) random signal.
An additional Gaussian white noise with variance 10- 2 is present at the
channel output.
(a) Apply the sign-error with an appropriate Ji- and find the impulse response of an equalizer with 15 coefficients.
(b) Convolve the equalizer impulse response at an iteration after convergence, with the channel impulse response and comment on the result.
9. In a system identification problem, the input signal is generated by an
autoregressive process given by

x(k)

= -1.2x(k -

1) - 0.81x(k - 2) + nx(k)

where nx(k) is a zero-mean Gaussian white noise with variance such that

0'; = 1. The unknown system is described by
H(z)

= 1 + 0.9z- 1 + 0.lz- 2 + 0.2z- a

The adaptive filter is also a third-order FIR filter. Using the sign-error
algorithm:
(a) Choose an appropriate u, run an ensemble of 20 experiments, and plot
the average learning curve .
(b) Measure the excess of MSE and compare the results with the theoretical
value.
(c) Compare the measured and theoretical value for the misadjustment.
10. In the previous problem, calculate the time constant
number of iterations to achieve convergence.

Twi

and the expected
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11. The sign-error algorithm was applied to identify a 7th-order time-varying
unknown system whose coefficients are first-order Markov processes with
AW = 0.999 and
= 0.001. The initial time-varying system multiplier
coefficients are

uiv

w~ = [0.03490-0.011 -0.068640 .223910.556860.35798 -0.0239 -0.07594]

u;

The input signal is a Gaussian white noise with variance
= 0.7, and the
measurement noise is also a Gaussian noise independent of the input signal
and of the elements ofnw(k), with variance u~ = 0.01.
For J.l = 0.01, simulate the experiment described and measure the excess
MSE.
12. Reduce the value of AW to 0.95 in the problem 11, simulate, and comment
on the results .
13. Suppose a 15th-order filter FIR digital filter with multiplier coefficients
given below, was identified through an adaptive FIR filter of the same
order using the sign-error algorithm. Use fixed-point arithmetic and run
simulations for the following case.
Additional noise: white noise with variance
u~ = 0.0015
Coefficient wordlength:
be = 16 bits
Signal wordlength:
bd = 16 bits
Input signal: Gaussian white noise with variance
= 0.7
J.l = 0.01

u;

wr = [0.0219360 0.0015786 - 0.0602449 - 0.0118907 0.1375379
0.0574545 - 0.3216703 - 0.5287203 - 0.2957797 0.0002043 0.290670
-0 .0353349 - 0.068210 0.0026067 0.0010333 - 0.0143593]
Plot the learning curves of the estimates of E[II~w(k)QII] and ~(k)Q obtained through 25 independent runs, for the finite- and infinite-precision
implementations.
14. Repeat the problem above for the following cases
= 0.7, J.l = 10- 4 .
(a) u~ = 0.01, be = 12 bits , bd = 12 bits,
(b) u~ = 0.1, be = 10 bits, bd = 10 bits ,
= 0.8, J.l = 2.0 10- 5 .
(c) u~ = 0.05, be = 14 bits, bd = 16 bits,
= 0.8, J.l = 3.5 10- 4 .

u;
u;
u;

15. Repeat problem 13 in the case the input signal is a first-order Markov
process with AX = 0.95.
16. Repeat problem 4 for the dual-sign algorithm given "y = 16 and p = 1, and
comment on the results.
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17. Repeat problem 4 for the power-of-two error algorithm given bd = 6 and
T = 2- bd + l , and comment on the results .
18. Repeat problem 4 for the sign-data and sign-sign algorithms and compare
the results .
19. Show the validity of the matrix inversion lemma defined in equation (4.51).
20. For the setup described in problem 6, choose an appropriate JJ and run the
LMS-Newton algorithm .
(a) Measure the misadjustment.
(b) Plot the frequency response of the FIR filter obtained after convergence
is achieved and compare with the unknown system.
21. Repeat problem 6 using the normalized LMS algorithm.
22. Repeat problem 6 using the transform-domain LMS algorithm with DCT.
Compare the results with those obtained with the standard LMS algorithm.
23. For the input signal described in problem 6, derive the autocorrelation
matrix of order one (2 x 2). Apply the DCT and the normalization to R
in order to generate it = er- 2T R T T . Compare the eigenvalue spreads of
R and it.
24. Repeat the previous problem for R with dimension 3 by 3.

5
CONVENTIONAL RLS ADAPTIVE
FILTER

5.1

INTRODUCTION

Least-squares algorithms aim at the minimization of the sum of the squares
of the difference between the desired signal and the model filter output [1][2] . When new samples of the incoming signals are received at every iteration,
the solution for the least-squares problem can be computed in recursive form
resulting in the recursive least-squares (RLS) algorithms. The conventional
version of these algorithms will be the topic of the present chapter.
The RLS algorithms are known to pursue fast convergence even when the eigenvalue spread of the input signal correlation matrix is large . These algorithms
have excellent performance when working in time-varying environments. All
these advantages come with the cost of an increased computational complexity
and some stability problems, which are not as critical in LMS-based algorithms

[3]-[4] .

Several properties related to the RLS algorithms are discussed including misadjustment, tracking behavior, and finite-wordlength effects [3]-[10] .

5.2

THE RECURSIVE LEAST-SQUARES
ALGORITHM

The objective here is to choose the coefficients of the adaptive filter such that
the output signal y(k) , during the period of observation , will match the desired
P. S. R. Diniz, Adaptive Filtering
© Springer Science+Business Media New York 1997
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signal as closely as possible in the least-squares sense. The minimization process
requires the information of the input signal available so far. Also, the objective
function we seek to minimize is deterministic.
The generic FIR adaptive filter realized in the direct form is shown in Fig 5.l.
The input-signal information vector at a given instant k is given by
x(k) = [x(k) x(k - 1) . . . x(k - N)]T

(5.1)

where N is the order of the filter. The coefficients wj(k), for j = 0,1, . . . , N ,
are adapted aiming at the minimization of a given objective function . In the
case of least-squares algorithms, the objective function is deterministic and is
given by
k

e(k)

L .x
i=O
k

L .x

k

k

-

-

i 2

e (i )

i

[d(i) - x T (i)w(k)]2

(5.2)

;=0

where e(i) is the output error at instant i and w(k)'= [wo(k) wI(k) ... , wN(k)]T
is the adaptive filter coefficient vector. The parameter .x is an exponential
weighting factor that should be chosen in the range « .x ~ 1. This parameter
is also called forgetting factor since the information of the distant past has an
increasingly negligible effect on the coefficient updating.

°

As can be noted , each error consists of the difference between the desired signal
and the filter output , using the most recent coefficients w(k) . By differentiating
<d(k) with respect to w(k), it follows that

(5.3)
By equating the result to zero, it is possible to find the optimal vector w(k)
that minimizes the least-squares error , through the following relation:
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x(k) - - - - r - - - - 4

e(k)

Figure 5.1

Adaptive FIR filter.

The resulting expression for the optimal coefficient vector w(k) is given by

w(k)

(5.4)
where RD (k) and P D (k) are called the deterministic correlation matrix of the
input signal and the deterministic cross-correlation vector between the input
and desired signals, respectively.
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In equation (5.4) it was assumed that RD(k) is nonsingular. However ifRD(k)
is singular a generalized inverse [1] should be used instead in order to obtain
a solution for w(k) that minimizes ~d(k) . Since we are assuming that in most
practical applications the input signal has persistence of excitation, the cases
requiring generalized inverse are not discussed here. It should be mentioned
that if the input signal is considered to be zero for k < 0 then RD (k) will
always be singular for k < N, i.e., during the initialization period . During this
period, the optimal value of the coefficients can be calculated for example by
the backsubstitution algorithm to be presented in subsection 8.2.1.
The straightforward computation of the inverse of RD (k) results in an algorithm
with computational complexity of O[N 3 ] . In the conventional RLS algorithm
the computation of the inverse matrix is avoided through the use of the matrix
inversion lemma [1],first presented in the previous chapter for the LMS-Newton
algorithm . Using the matrix inversion lemma, see equation (4.51), the inverse
of the deterministic correlation matrix can then be calculated in the following
form
T(k)5D(k
- 1)] (5.5)
5 (k) R- 1(k)
(k _ 1) _ 5D(k - l)x(k)x
D
DAD
A+xT(k)5 D(k-l)x(k)

=

=!

[5

The complete conventional RLS algorithm is described in Algorithm 5.1.

An alternative way to describe the conventional RLS algorithm can be obtained
if equation (5.4) is rewritten in the following form

[t,

A'-;x( i)x T

U)] w(k) = A [~A'-;-IX( i)d(i)]

+ x(k )d(k)

(5.6)

By considering that RD(k -1)w(k -1) = PD(k - 1), it follows that

[t,

T

A'-'x(i)x (i)] w(k)

APD(k -1) +x(k)d(k)
ARD(k - l)w(k - 1) + x(k)d(k)

[t,

A'-'x( i)xT (i) - x( k)xT (k)] w(k - 1)

+x(k)d(k)

(5.7)

where in the last equality the matrixx(k)xT(k) was added and subtracted inside
square bracket on the right side of equation (5.7). Now, define the a priori error
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Algorithm 5.1
Conventional RLS Algorithm

Initialization
SD( -1) = l5I
where l5 can be the inverse of the input-signal power estimate
PD(-I) x(-I) [0 0 . . . 0]T
Do for k > 0 :
S (k): l[S (k - 1) _ SD(k-l)X(k~XT(k)SD(k-l)]
D
x D
>'+XT(k) D(k-l)X(k )
PD(k) = ApD(k - 1) + d(k)x(k)
w(k) = SD(k)PD(k)
If necessary compute
y(k) = wT(k)x(k)
e(k) = d(k) - y(k)

=

=

o

as

e' (k) = d(k) - xT(k)w(k - 1)

(5.8)

By expressing d(k) as a function of the a priori error and replacing the result
in equation (5.7), after few manipulations, it can be shown that

w(k) = w(k - 1) + e' (k)SD(k)x (k)

(5.9)

With equation (5.9), it is st raightforward to generat e an alternative conventional
RLS algorithm as shown in Algorithm 5.2.

In Algorithm 5.2, '11(k) is an auxiliary vector required to reduce the computational burden . Further reduction in the number of divisions is possible if it is
used an additional auxiliary vector defined as t/J( k) =
'11"4 (k )
. This vector
>.+ (k) X(k)
can be used to update S D (k) as follows:

(5.10)
As will be discussed , the relation above can lead to stability problems in the
RLS algorithm .
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Algorithm 5.2
Alternative RLS Algorithm
Initialization

SD(-l) = H

where 0 can be the inverse of an estimate of the input signal power

x(-l) = w(-l) = [0 0 . .. ojT

Do for k > 0
e' (k) =-d(k) - xT(k)w(k -1)
'11(k) = SD(k - l)x(k)
T(k)
SD(k) = l[SD(k - 1) - '11 (kJ,'11
1
x
>.+'11 (k )X(k)
w(k) = w(k - 1) + e'(k)SD(k)x(k)
If necessary compute
y(k) = wT(k)x(k)
e(k) = d(k) - y(k)

5.3

o

PROPERTIES OF THE
LEAST-SQUARES SOLUTION

In this section, some properties related to the least-squares solution are discussed in order to give some insight to the algorithm behavior in several situations to be discussed later on .

Orthogonality Principle

5.3.1

Define the matrices X(k) and d(k) that contain all the information about the
input signal vector x( k) and the desired signal vector d(k) as follows:

X(k)

=

l

x(k)

X(k~ 1)

x(k - N)

>..1/2X (k
>..1/2x (k

- 1)
- 2)

>..(k-l)/2 X (1)

>.. (k-l)/2 x (0)

o
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d(k)

[x(k) ,\1/2 X (k - 1) . .. ,\k/2 x (0)]
[d(k) ,\1/2d(k - 1) .. , ,\k/2d(0)t

where X(k) is (N

+ 1) x (k + 1) and

(5.11)
(5.12)

d(k) is (k + 1) x (1).

By using the matrices defined above it is possible to replace the least-squares
solution of equation (5.4) by the following relation
X(k)XT(k)w(k) = X(k)d(k)

(5.13)

The product XT(k)w(k) forms a vector including all the adaptive filter outputs
when the coefficients are given by w(k). This vector corresponds to an estimate
of d(k) . Hence defining
y(k) = XT(k)w(k) = [y(k) ,\1/2 y(k - 1) . .. ,\k/2y(0)t

(5.14)

it follows from equation (5.13) that
X(k)XT(k)w(k) - X(k)d(k)

= X(k)[y(k) -

d(k)]

=0

(5.15)

This relation means that the weighted-error vector given by

e(k)

=

]
,\1/2 e(k)
e (k - 1)
[

:

= y(k) -

d(k)

(5.16)

,\k/2e (O)

is in the null space of X(k), i.e., the weighted-error vector is orthogonal to all
row vectors of X(k) . This justifies the fact that (5.13) is often called normal
equation. A geometrical interpretation can easily be given for a least-squares
problem solution with a single coefficient filter.

Example 5.1

Suppose that ,\ = 1 and that the following signals are involved in the leastsquares problem

d(l)

= [ 0.5]
1.5

X(I)

= [1

- 2]
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The optimal coefficient is given by

After performing the calculations the result is
1

w(l) = -2

The output of the adaptive filter with coefficient given by w( 1) is

y(l) = [

-1~

]

Note that

X(l)[y(l} - d(l)]

= [1

- 2] [

-~~5 ] = 0

Fig. 5.2 illustrates the fact that y(l) is the projection of d(l) in the X(l)
direction . In the general case we can say that the vector y( k) is the projection
of d(k) onto the subspace spanned by the rows of the X(k) .

o

5.3.2

Relation Between Least-Squares and
Wiener Solutions

kil

When A = 1 the matrix
RD(k) for large k is a consistent estimate of the
input signal autocorrelation matrix R , if the process from which the input signal
1 P (k)
was taken is ergodic. The same observation is valid for the vector
related to P if the desired signal is also ergodic. In this case,

ki D

R

=

k

lim - 1k LX(i)xT(i) = lim - 1k1RD(k)

k-too

+ 1 1=0
.

k-t oo

+

(5.17)

and
k

P

lim - k
1 LX(i)d(i) = lim - k
1 1PD(k)

k-t oo

+ 1 1=0
.

k-too

+

(5.18)
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x,

2.0
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,

X,
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,
Figure 5 .2

Geo met r ic interpretation of least-square solution.

It can then be shown that
(5.19)

when k tends to infinity . This result indicates that the least-squares solution
tends to the Wiener solution if the signals involved are ergodic and stationary.
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The stationarity requirement is due to the fact that the estimate of R given by
equation (5.17) is not sensitive to any changes in R for large values of k . If the
input signal is nonstationary RD(k) is a biased estimate for R. Note that in
this case R is tim e-varying.

Infl uence of the Deterministic
Autocorrelation Initialization

5.3.3

The initialization of S D ( -1) = cH causes a bias in the coefficients estimated by
the adaptive filter. Suppose that the initial value given to RD(k) is taken into
account in the actual RLS solution as follows:
k

L

[L Ak-'x(i)x
k.

Ak-;x(i)xT (i)w(k)

;=-1

T

(i)

Ak+l

+ -~-I]w(k)

;=0

(5.20)
By recognizing that the deterministic autocorrelation matrix leading to an unbiased solution does not include the initialization matrix, we now examine the
influence of this matrix. By multiplying SD(k) = Ri;t(k) on both sides of
(5.20), and by considering k --t 00, it can be concluded that
w(k)

Ak+l

+ -~-SD(k)w(k) = W o

(5.21)

The bias caused by the initialization of SD(k) is approximately
w(k) -

W

Ak +1

o ~ --~-SD(k)wo

(5.22)

For A < 1 it is straightforward to conclude that the bias tends to zero as k
tends to infinity. On the other hand, when A = 1 the elements of SD(k) get
smaller when the number of iterations increase, as a consequence this matrix
approaches a null matrix for large k.
The RLS algorithm would reach the optimum solution for the coefficients after
N + 1 iterations if no measurement noise is present and the influence of the
initialization matrix SD ( -1) is negligible at this point. This result follows
from the fact that after N + 1 iterations the input signal vector has enough
information to allow the adaptive algorithm to identify the coefficients of the
unknown system . In other words, enough information means the tap delay line
is filled with information of the input signal.
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Steady-State Behavior of the
Coefficient Vector

In order to understand better the steady-state behavior of the adaptive filter
coefficients, suppose that an FIR filter with coefficients given by w 0 is being
identified by an adaptive FIR filter of the same order employing an L5 algorithm.
Also assume that a measurement noise signal n(k) is added to the desired signal
before the error signal is calculated as follows:
d(k) = w~ x(k)

+ n(k)

(5.23)

where the additional noise is considered to be a white noise with zero mean and
variance given by (T~ .
Given the adaptive-filter input vectors x(k), for k = 0,1, ..., we are interested
in calculating the average values of the adaptive filter coefficients Wi (k), for
i = 0, 1, .. . , N . The desired result is the following equality valid for k 2: N .
E[w(k)]

1

= E ([X(k)XT(k)r X(k)d(k)}
T
E {[X(k)X (k)

r

T
X(k)(X (k)w o

+ n(k))}

1

E {[X(k)XT(k)r X(k)XT(k)W o } = Wo

(5.24)

where n(k) = [n(k) ..\1/2 n(k - 1) ..\n(k - 2) . .. ..\k/2n (0)f is the noise vector ,
whose elements were consider ed orthogonal to the input signal. The equation
above shows that the estimate given by the L5 algorithm is an unbias ed estimate
when X ~ 1.
A more accurate analysis reveals the behavior of the adaptive filter coefficients
during the transient period. The error in the filter coefficients can be described
by the following (N + 1) x 1 vector

Aw(k)

= w(k) -

W o

(5.25)

It follows from equation (5.7) that
Rv(k)w(k) = ..\Rv(k - l)w(k - 1) + x(k)d(k)

.(5.26)
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Defining the minimum output error as
(5.27)
and replacing d(k) in equation (5.26), it can be easily deduced that
RD(k)L\w(k) = ,\RD(k - 1)L\w(k - 1) + x(k)eo(k)

(5.28)

where it was used the following straightforward relation
RD(k) = ,\RD(k - 1) + x(k)xT(k)

(5.29)

The solution of equation (5.28) is given by
k

L\w(k)

=

,\k+1S D(k)RD(-1)L\w(-1)

+ SD(k) L,\k-ix(i)eo(i)
i=O

(5.30)

By replacing RD (-1) by
equation, it follows that

t I and taking the expected value of the resulting
E[L\w(k)]

,\k+l
-6-E[SD(k)]L\w( -1)

k

+E[SD(k)

L ,\k-ix(i)eo(i)]

(5.31)

i=O

Since S D (k) is dependent on all past input signal vectors, becoming relatively
invariant when the number of iterations increas e, the contribution of any individual x( i) can be considered negligible. Also, due to the orthogonality principle, eo(i ) can also be considered uncorrelated to all elements of x(i) . This
means that the last vector in equation (5.31) cannot have large element values.
On the other hand , the first vector in equation (5.31) can have large element
values only during the initial convergence, since as k --r 00, ,\k+ 1 --r 0 and
SD(k) is expected to have a nonincreasing behavior, i.e., RD(k) is assumed to
remain positive definite as k --r 00 and the input signal power does not become
too small . The above discussion leads to the conclusion that the adaptive filter coefficients tend to the optimal values in w 0 almost independently from the
eigenvalue spread of the input signal correlation matrix.
If we consider the spectral decomposition of the matrix E[SD(k)] (see equation

(2.65)), the dependency on the eigenvalues of R can be easily accounted for in
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the simple case of ..\ = 1. Applying the expected value operator to the relation
of equation (5.17) , we can infer tha t

(5.32)
for large k . Now consider the slowest decaying mode of the spect ral decomposition of E[SD(k)) given by

(5.33)
where >'min is the small est eigenvalue of Rand qmin is the corresponding eigenvector . Applying this result to equation (5.31), with A = 1, we can conclude that
the value of the minimum eigenvalue affects the convergence of the filter coefficients only in the first few iterations, because the term k + 1 in the denominator
reduces the values of the elements of SD m . %.
Further interesting properties of the coefficients generat ed by the LS algorithm
are:
•

Th e est ima ted coefficients are the best linear unbias ed solution to the identification probl em [1], in the sense that no other unbiased solutio n generated
by alternative approaches has lower variance.

•

If the additive noise is norm ally distributed the LS solution reaches the

Cra mer-Rae lower bound , resulting in a minimum-variance unbiased solution [1] . The Cramer-Rao lower bound establishes a lower bound to the
coefficient-error-vector covariance matrix for any unbiased esti ma tor of the
optima l parameter vector w o -

5.3.5

Coefficient-Error-Vector Covariance
Matrix

So far , we have shown that the est imation parameters in the vector w(k) converge in average to their optima l value of the vector w oo However, it is essential
to analyze the coefficient-e rror-vector covariance matrix in order to determine
how good is the obtained solution, in the sense that we are measuring how far
the pa ramete rs wander around the optimal solution .

196

5

CHAPTER

Using the same convergence assumption of the last section it will be shown here
that the coefficient-error-vector covariance matrix is given by

cov[Aw(k)] = E [(w(k) - wo)(w(k) for ,X

wof] = O"~SD(k)

(5.34)

= 1.

Proof
First note that by using equations (5.4) and (5.13), the following relations are
verified

w(k) -

W

SD(k)PD(k) - SD(k)Si/(k)w o

o

=

[X(k)xT(k)] -1 X(k) [d(k) - XT(k)w o]
[X(k)xT(k)] -1 X(k)n(k)

where n(k) = [n(k) ,Xl/2 n(k - 1) 'xn(k - 2) . .. ,Xk/2n (O)Y .
Applying the last equation to the covariance of the coefficient-error-vector it
follows that

cov[Aw(k)]

=

1

[X(k)XT(k)r X(k)E[n(k)nT(k)]XT(k) [X(k)X T(k)r

1

O"~SD(k)X(k)AXT (k)SD (k)

where X(k) was considered to be known and
1

A=

o
o

where for ,X = 1, A = I. In this case,

cov[Aw(k)]

O"~SD (k)X(k)XT (k )SD (k)
O"~SD (k)RD (k)SD (k)
O"~SD(k)

o
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Therefore, when A = 1, the coefficient-error-vector covariance matrix tends
to decrease its norm as time progresses since S D (k) is also norm decreasing.
The variance of the additional noise n(k) influences directly the norm of the
covariance matrix.

5.3.6

Behavior of the Error Signal

It is important to understand how the error signal behaves in the RLS algorithm .

When a measurement noise is pres ent in the adaptive filtering pro cess, the error
signal is given by
(5.35)
e(k) = d'(k) - wT (k)x(k) + n(k)
where d'(k) is the desired signal without measurement noise .
Again if the input signal is considered known (conditional expectation) , then

E[e(k)]

E[d'(k)]- E[wT(k)]x(k) + E[n(k)]
E[d'(k)]- w~ x(k) + E[n(k)]
E[n(k)]

(5.36)

assuming that the adaptive filter order is sufficient to model perfectly the desir ed
signal.
From equation (5.36) it can be concluded that if the noise signal has zero mean
then
E [e(k)] = 0
It is also important to access the minimum mean value of the squared error that

is reachable using an RLS algorithm. Th e minimum mean-square error (MSE)
in the presence of external uncorrelated noise is given by
(5.37)
where it is assumed that the adaptive-filter multiplier coefficients were frozen
at their optimum values and that the number of coefficients of the adaptive
filter is sufficient to model the desired signal. It should be noted , however,
that if the additive noise is correlated with the input and the desired signal , a
more complicated expression for the MSE results , accounting for the referred
correlation.
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Example 5.2

Repeat the equalization problem of Example 3.1 of Chapter 3 using the RLS
algorithm .
(a) Using A = 0.99, run the algorithm and save the matrix SD(k) at the iteration
500 and compare with the the inverse of the input signal correlation matrix.
(b) Plot the convergence path for the RLS algorithm on the MSE surface .
Solution:
(a) The inverse of matrix R , as computed in the Example 3.1, is given by
R-1

=

045106 [1.6873 0.7937]
.
0.7937 1.6873

= [0 .7611

0.3580]
0.3580 0.7611

The initialization matrix S D ( -1) was a diagonal matrix with the diagonal elements equal to 0.1. The matrix SD(k) at the 500th iteration, obtained by
averaging the results of 30 experiments, was
SD(500) =

0.0078 0.0037]
[ 0.0037 0.0078

Also, the obtained values of the deterministic cross-correlation vector was
PD(500)

=

95.05 ]
[ 46.21

Now if we divide each element of the matrix R- 1 by
1 - Ak+l

1- A

= 99.34

The resulting matrix is
1

99.34

R

-1

0.0077 0.0036]
[ 0.0036 0.0077

as can be noted the values of the elements of the above matrix are close to the
average values of the corresponding elements of matrix SD (500) .
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Similarly, if we multiply the cross-correlation vector P by 99.34, the result is
99.34p

=

94.61 ]
[ 47.31

The values of the elements of this vector are also close to the corresponding
elements of PD(500).
(b) The convergence path of the RLS algorithm on the MSE surface is depicted
in Fig. 5.3. The reader should notice that the RLS algorithm approaches the
minimum using large steps when the coefficients of the adaptive filter are far
away from the optimum solution .

o

2

Figure 5.3

3

4

Convergence path of the RLS adaptive filter.
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Excess of Mean-Square Error and
Misadjustment

In a practical implementation of the recursive least-squares algorithm, the best
estimation for the unknown parameter vector is given by w( k), whose expected
value is w o - However, there is always an excess of MSE at the output caused
by the error in the coefficient estimation, namely ilw(k) = w(k) - woo The
mean-square error for a given coefficient vector (see equation (3.38))
~(k)

~min
O"~

+ (w(k) - wofR(w(k) - w.)

+ ilwT (k)Rilw(k)

(5.38)

Now considering that ilwj(k) for j = 0, 1, . . . , N are random variables with zero
mean and independent of x(k), then by employing equations (5.34) and (5.18),
the ensemble average of the MSE can be calculated as follows

+ E[ilwT(k)Rilw(k)]
O"~ + E[tr(Rilw(k)ilwT(k))]
O"~ + tr(RE[ilw(k)ilw T (k)])
O"~

On a number of occasions it is interesting to consider the analysis for .A = 1
separated from that for .A < 1.

Excess of MSE for A = 1
From the results of equations (5.34) and (5.17) we can infer that
E[~(k)]

O"~

+ O"~tr(RSD(k))
R- 1

+ tr(R--)) for k -+ 00
k +1
2
N +1
O"n{1 + -k-)
+1
0"~(1

for A = 1. As can be noted the minimum MSE can be reached only after the
algorithm has operated in a number of samples larger than the filter order .

201

Conventional RLS Adaptive Filter

Excess of MSE for A < 1
Again assuming that the mean-square error surface is quadratic as considered
in equation (5.38), the expected excess in the MSE is then defined by
(5.39)
The objective now is to calculate and analyze the excess of MSE when
From equation (5.28) one can easily show that

Aw(k) = .xSD(k)RD(k - I)Aw(k -1)

+ Ri/(k)x(k)eo(k)

.x < 1.
(5.40)

By applying equation (5.40) to (5.39) , it follows that

E[AwT(k)RAw(k)] = PI

+ P2 + P3 + P4

(5.41)

where
PI
P2
P3
P4

=
=
=
=

.x 2E[AwT (k -

I)RD(k - I)SD (k)RSD(k)RD(k - I)Aw(k - I)]
.xE[AwT(k - I)RD(k - I)SD(k)RSD(k)x(k)eo(k)]
.xE[xT(k)SD(k)RSD(k)RD(k -1)Aw(k - I)eo(k)]
E[xT (k)SD (k)RSD(k)x(k)e~(k)]

Now each term in equation (5.41) will be evaluated separately.
1- Evaluation of PI
First note that as k ~

00 ,

it can be assumed that RD(k) ~ RD(k - I) , then

PI ~.x2 E[AwT(k -l)RAw(k - I)]

(5.42)

2- Evaluation of P2
Since each element of RD(k) is given by
k

rd,ij(k)

= I>k-Ix(l- i)x(l- j)
1=0

for 0 ::; i, j

< N. Therefore,
E[rd,ij(k)] =

k

I: .xk- IE[x(l- i)x(l- j)]
1=0

(5.43)
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If x( k) is stationary, r( i - j) = E[x(l- i)x(l - j)] is independent of the value I,
then
. . 1_..\k+1
r(i-j)
(5.44)
rd,ij(k)=r(z-J) 1-..\ ::::: 1-..\

Equation (5.44) allows the conclusion that

1
1
E[RD(k)]::::: 1-..\ E[x(k)xT(k)] = 1-..\ R

(5.45)

In each step, it can be considered that
I

RD(k) = - , R

I-A

+ ~R(k)

(5.46)

where ~R(k) is a symmetric error matrix with zero-mean stochastic entries
that are independent of the input signal. From equations (5.45) and (5.46), it
can be concluded that

SD(k)R::::: (1 - ..\)[1 - (1- ..\)R-1~R(k)]

(5.47)

where in the last relation S D (k) ~R( k) was considered approximately equal to
(1 - ..\) R -1 ~R( k), by disregarding second-order errors .
In the long run, it is known that E[SD(k)R] = (1- ..\)1, that means the second
term inside the square bracket in equation (5.47) is a measure of the perturbation
caused by ~R(k) in the product SD(k)R. Denoting the perturbation by ~I(k),
it can be concluded that

P2

:::::
:::::

..\(1- ..\)E[~wT(k - 1)(1 - ~I(k))x(k)e(k)]

..\(1- ..\)E[~wT(k - 1)]E[x(k)eo(k)] = 0

(5.48)

where it was considered that ~wT(k) is independent ofx(k) and eo(k), ~I(k)
was also considered an independent error matrix with zero mean, and finally it
was used the fact that x(k) and eo(k) are orthogonal.
3- Following a similar approach it can be shown that P3 =

o.

4- Evaluation of P4

P4

:::::

E[x T (k)SD (k)RSD (k)RR -1x(k)e~(k)]
(1- ..\)2 E[xT(k)(1 - ~1(k))2R-1X(k)]~min

(5.49)
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where equation (5.47) was used and eo(k) was considered independent of x(k)
and ~I(k) . By using the property that

and recalling that ~I(k) has zero mean and is independent ofx(k) , then equation
(5.49) is simplified to
(5.50)
where tr[.] means trace of [J
By using equations (5.42), (5.48), and (5.50), it follows that
E[~wT(k)R~w(k)] =

,X2E[~wT(k - I)R~w(k -1)]

+(1 -

,X) 2tr {I

+ E[~I2(k)]}{min

(5.51)

Asymptotically, the solution of the equation above is
{ exe

1-'x

2

= 1 +,X tr{I + E[~I (k)]}{min

(5.52)

Note that the term given by E[~I2(k)] is not easy to estimate and is dependent
on fourth-order statistics of the input signal. However, in specific situations,
it is possible to compute an approximate estimate for this matrix. In steady
state, it can be considered for white noise input signal that only the diagonal
elements of R and ~R are important to the generation of excess of MSE. Even
when the input signal is not white , this diagonal dominance can be considered
a reasonable approximation in most of the cases. From the definition of ~I(k),

E[~I~.(k)] = (1 "

,X) E[~r[i(k)]

[0';]2

(5.53)

where 0'; is variance of x(k) . By calculating ~R(k)-'x~R(k-l) using equation
(5.46), we show that
~rii(k)

=

'x~rii(k - 1)

+ x(k

- i)x(k - i) - rii

(5.54)

Squaring the equation above, applying the expectation operation, and using the
indep endence between ~rii(k) and x(k), it follows that
E[~r?i(k)]

=

,X2 E[~r?i(k - 1)]
+E[(x(k - i)x(k - i) - rii)2]

(5.55)
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Ther efore, asymptotically
1

2

1

2

2

E[~rii(k)] = 1- A20"x2(k-i) = 1- A20"X2

(5.56)

By substituting equation (5.56) in (5.53), it becomes

E[~I~.] = 1- A 0";2
II

1 + A 0";

= 1- AlC
1+ A

(5.57)

2

where lC = ~ is dependent on input signal statistics. For Gaussian signals,
lC = 2 [9] .
r
Returning to our main objective, the excess of MSE can then be described as
(5.58)
If A is approximately one and lC is not very large then

(5.59)
this expression can be reached through a simpler analysis [8] . However, the more
complete derivation shown here can give more insight to the interpretation of
the results obtained by using the RLS algorithm, mainly when A is not very
close to one.
The misadjustment formula can easily be deduced from equation (5.58)
M=

~exc =(N+l)l-A(l+ l-A lC)

~min

1+ A

1+ A

(5.60)

As can be noted the decrease of A from one brings a fourth-order statistics term
into the picture by increasing the misadjustment . Then , the fast adaptation of
the RLS algorithm, that corresponds to smaller A, brings a noisier steady-state
response. Therefore, when working in a stationary environment the best choice
for A would be one, if the excess of MSE in the steady state is unacceptable.
However, other problems such as instability due to quantization noise are prone
to occur in this case.
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BEHAVIOR IN NONSTATIONARY
ENVIRONMENTS

In cases where the input signal and/or the desired signal are nonstationary, the
optimal values of the coefficients are time variant and described by w 0 (k). That
means the autocorrelation matrix R(k) and/or the cross-correlation vector p(k)
are time variant. For example, typically in a system identification application
the autocorrelation matrix R( k) is time invariant while the cross-correlation
matrix p(k) is time variant, because in this case the designer can choose the
input signal. On the other hand, in equalization, prediction, and signal enhancement applications both the input and the desired signal are nonstationary
leading to time-varying matrices R(k) and p(k).
The objective in the present section is to analyze how close the RLS algorithm
is able to track the time-varying solution wo(k). Also, it is of interest to learn
how the tracking error in w(k) affects the output MSE [9] . Here, the effects of
the measurement noise are not considered, since only the nonstationary effects
are desired. Also, both effects on the MSE can be added since , in general, they
are independent.
Recall from equations (5.8) and (5.9) that
w(k) = w(k - 1) + SD(k)x(k)(d(k) - xT(k)w(k - 1))

(5.61)

and
(5.62)
The error signal e~ (k) is the minimum error at iteration k being generated by the
nonstationarity of the environment. One can replace equation (5.62) in (5.61)
in order to obtain the following relation
w(k)

=

w(k - 1) + SD(k)x(k)xT(k)[wo(k - 1) - w(k - 1)]
+SD(k)x(k)e~(k)

(5.63)

By taking the expected value of equation (5.63), considering that x(k) and e~(k)
are approximately orthogonal, and that w(k - 1) is independent of x(k), then
E[w(k)]

= E[w(k - 1)]
+E[SD(k)x(k)xT(k)] {wo(k - 1) - E[w(k - I)]} (5.64)
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It is now needed to compute E[SD(k)x(k)xT(k)] in the case of nonstationary
input signal. From equations (5.43) and (5.45), one can show that
k

RD(k)

= I>k-1R(l) + AR(k)

(5.65)

1=0
k

since E[RD(k)] = L,\k-IR(l) . The matrix AR(k) is again considered a syrn1=0

metric error matrix with zero-mean stochastic entries that are independent of
the input signal.
If the environment is considered to be varying in a slower pace than the memory
of the adaptive RLS algorithm then
1

RD(k) :::::: - ,R(k)
1-/\

+ AR(k)

(5.66)

Considering that (1- '\)IIR- 1(k)AR(k)II < 1 and using the same procedure to
deduce equation (5.47), we obtain

it then follows that

::::::

E[w(k)] = E[w(k - 1)] + {(I - '\)E[R- 1(k)x(k)xT(k)]
(1 - ,\)2 E[R- 1(k)AR(k)R- 1(k)x(k)xT(k)]} [wo(k - 1) - E[w(k - 1)]]
E[w(k - 1)] + (1 -,\) [wo(k - 1) - E[w(k - 1)]]
(5.68)

where it was considered that AR(k) is independent ofx(k) and has zero expected value.
Now defining the lag-error vector in the coefficients as
lw(k) = E[w(k)] - wo(k)

(5.69)

From equation (5.68) it can be concluded that
lw(k) = '\lw(k - 1) - wo(k) + wo(k - 1)

(5.70)

Equation (5.70) is equivalent to say that the lag is generated by applying the
optimal instantaneous value wo(k) through a first-order discrete-time filter as
follows:
z - 1
(5.71)
Lwd z) = - - - , Wodz)
z-/\
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The discrete-time filter transient response converges with a time constant given
by
1
r=-(5.72)

I-A

The time constant is of course the same for each individual coefficient . Not e
that the tracking ability of the coefficients in the RLS algorithm is independent
of the input-signal correlation-mat rix eigenvalues .
The lag in the coefficients lead s to an excess of MSE . In ord er to calculate
the MSE suppose that the optimal coefficients valu es are first-order Markov
processes described by

wo(k) = Awwo(k - 1) + nw(k)

(5.73)

where nw(k) is a vector whose elements are zero-m ean Gaussian nois e pro cesses
with variance O"~ , and Aw < 1. Not e that A < Aw < 1, since the optimal
coefficients values mu st vary slower than the filter tracking speed , that means
1
1=X
«

1

l- AW '

The excess of MSE du e to lag is then given by (see the derivations ar ound
equation (3.38))
~Iag

E[I~( k) Rlw ( k )]

E[tr( Rlw (k )l~(k) )]
tr(RE[lw(k )l~ (k)])

(5.74)

For Aw not close to one, it is a bit more com plicated to dedu ce the excess of
MSE du e to lag than for Aw ~ 1. However , the effort is worth it because the
resul ting expression is more accur ate. From equa tion (5.71) , we can see that the
lag-err or vector elements are generated by applying a first- ord er discrete-time
system to the elements of the unknown system coefficient vector. On the other
hand , the coefficients of the unknown system ar e generat ed by applying each
element of the nois e vector nw(k) to a first-order all-p ole filter , with the pol e
placed at Aw. For the unknown coefficient vector with the model above , the
lag-error vector elements can be generat ed by applying the eleme nts of the noise
vector nw(k) to a discrete-time filter with transfer functi on

H( z)

=

-( z - I)z
(z - A)(Z - Aw)

(5.75)

This t ra nsfer functi on consists of a cascade of the lag filter with the all-po le
filter repr esent ing the first-order Markov pro cess. The solution for the var ian ce
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of the lag terms Ii can be computed through the inverse Z-transform as follows:

The integral above can be solved using the residue theorem as previously shown
in the LMS case .
Using the solution for the variance of the lag terms for values of ..\W
be easily shown that

< 1, it

can

(5.76)

If ..\ = 1 and ..\W ~ 1, the MSE due to lag tends to infinity indicating that the
RLS algorithm in this case cannot track any change in the environment . On
the other hand, for ..\ < 1 the algorithm can track variations in the environment leading to an excess of MSE that depends on the variance of the optimal
coefficient disturbance and on the input signal variance.
For ..\W

~

1 and ..\

~

1, it is possible to rewrite equation (5.76) as

~Iag ~ (N

U~

+ 1)2(1 _

2

..\) U x

(5.77)

The total excess of MSE accounting for the lag and finite memory is given by
(5.78)
By differentiating the above equation with respect to ..\ and setting the result
to zero , an optimum value for ..\ can be found that yields minimum excess of
MSE.
..\

_

opt -

1_

<7w<7%

1+

~

2<7 n

(5.79)

2<7 n

In the equation above Un = J~min. Note that the optimal value of ..\ does
not depend on the adaptive filter order N l and can be used when it falls in
an acceptable range of values for X. Also this value is optimum only when
quantization effects are not important and the first-order Markov model is a
good approximation for the nonstationarity of the desired signal.
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5.5

QUANTIZATION EFFECTS

When implemented with finite-precision arithmetic, the conventional RLS algorithm behavior can differ significantly from what is expecte d under infinite
precision . A series of inconvenient effects can show up in the practical implementation of the conventional RLS algorithm , such as divergence and freezing
in the updating of the adaptive filter coefficients. In this section, several asp ects
of the finite-wordl ength effects in the RLS algorithm are discussed for the cases
of impl ementation with fixed- and floating-point arithmetic [3]-[6]' [11]-[14].

5.5.1

Error Descriptions

All the elements of matrices and vectors in the RLS algorithm will deviate from
their correct values due to quantization effects. The error generated in any
individual quantization is considered to be a zero-mean random variable that
is independent of any other error and quantities relat ed to the adaptive filter
algorithm . The variances of these errors depend on the typ e of quantization
and arithmetic that will be appli ed in the algorithm impl ementation.
Th e errors m the quantities related to the conventional RLS algorithm ar e
defined by

n e , (k)
n\l1(k)
NS D (k)
nw(k)

ny(k)
ne(k)

e' (k) - e' (k) Q
SD(k - 1)Qx(k) - [SD(k - 1)Qx(k)]Q
SD(k) - SD(k)Q
w(k) - w(k)Q
y(k) - Y(k)Q
e(k) - e(k)Q

(5.80)
(5.81)
(5.82)
(5.83)
(5.84)
(5.85)

where the subscript Q denot es the quantized form of the given matrix, vector ,
or scalar.
It is assumed that the input signal and desired signal suffer no quantization ,
so only quantizations of int ernal computations are tak en into account. With
the definitions above , the following relations describ e the computational error
in some quantities of int erest related to the RLS algor ithm:
d(k) - xT(k)w(k - 1)Q - ne,(k)
w(k - 1)Q

+ SD(k)Qx(k) e'(k)Q -

(5.86)
nw(k)

(5.87)
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where n e / (k) is the noise sequence due to quantization in the inner product
xT(k)w(k -l)Q and nw(k) is a noise vector due to quantization in the product
SD (k)Qx(k)e'(k)Q .
The development here is intended to study the algorithm behavior when the
internal signals, vectors, and matrices are available in quantized form as happens
in a practical implementation. This means that, for example in Algorithm 5.2,
all the information needed from the previous time interval (k -1) to update the
adaptive filter in the instant k is available in quantized form .
Now we can proceed with the analysis of the deviation in the coefficient vector
generated by the quantization error . By defining
~w(k)Q

= w(k)Q -

Wo

(5.88)

and considering that
d(k) = x T (k)w o + n(k)

then it follows that
e'(k)Q = -xT(k)~w(k - l)Q - ne/(k) + n(k)

(5.89)

and
- l)Q
+SD(k)Qx(k)[-xT(k)~w(k -l)Q - ne/(k) + n(k)]

~w(k)Q

~w(k

-nw(k)

(5.90)

Equation (5.90) can be rewritten as follows:
~w(k)Q

where

= [I - SD(k)Qx(k)xT(k)]~w(k - l)Q + n'w(k)
n'w(k) = SD(k)Qx(k)[n(k) - ne/(k)]- nw(k)

The solution of equation (5.91) can be calculated as

IT [I - SD(i)Qx(i)xT(i)] ~w(-l)Q
k

~w(k)Q

=

i=O

(5.91)
(5.92)
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Algorithm 5.3
RLS algorithm including quantization
Initialization
SD(-l) 81
where a can be the inverse of an estimate of the input signal power.
x(-l) w(-l) [0 0 ...
Do for k ~ 0
e'(k)Q = d'(k) - xT(k)w(k - l)Q - ne,(k) + n(k)
\)(k)Q SD(k - l)Qx(k) - n\)(k)

=
=

=

=
SD(k)Q = t [SD(k -

oy

l)Q -

\)~~\)T(k)q]
(k)qX (k)

A+

-

NS (k)
D

w(k)Q = w(k - l)Q + e' (k)QSD(k)Qx(k) - nw(k)
If necessary compute
Y(k)Q = wT(k)Qx(k) - ny(k)
e(k)Q d(k) - YQ(k)

=

o

where in the last term of the equation above for i = k, we consider that

k

II

[.J = 1

j=k+l

Now, if we rewrite Algorithm 5.2 taking into account that any calculation in the
present updating generates quantization noise, we obtain Algorithm 5.3 that
describes the RLS algorithm with quantization and additional noise taken into
account . Notice that Algorithm 5.3 is not a new algorithm.
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Error Models for Fixed-Point
Arithmetic

In the case of fixed-point arithmetic, with rounding assumed for quantization ,
the error after each product can be modeled as a zero-mean stochastic process,
with variance given by [15]
(5.94)
where b is the number of bits after the sign bit . Here it is assumed that the
number of bits after the sign bit for quantities representing signals and filter
coefficients are different and given by bd and be , respectively. It is also assumed
that the internal signals are properly scaled , so that no overflow occurs during
the computations, and that the signal values are between -1 and + 1. If in
addition independence between errors is assumed , each element in equations
(5.80) to (5.85) is in average zero. The respective covariance matrices are given
by

E[n;,(k)]

(5.95)

T

E[NSD(k)N SD(k)]

(5.96)

E[nw(k)n~(k)]
E['lt(k)'lt T (k)]

(5.97)
(5.98)

E[n;(k)]

(5.99)

If distinction is made between data and coefficient wordlengths, the noise vari-

ances of data and coefficients are respectively given by
(j2
e
(j2

w

2

2- 2bd

(jy =,~

,2- 2bc

,~

(5.100)
(5.101)

where " = , = 1 if the quantization is performed after addition , i.e., the
products are performed in full precision and the quantization is applied only
after all the additions in the inner product are finished. For quantization after
N + 1 and "
N + 2, since each quantization in the
each product , then,
partial product generates an independent noise , and the number of products
in the error computation is N + 1 whereas in the coefficient computation it is
N+2 .

=

=
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As an illustration , it is shown how to calculate the value of the variance O"§D
when mak ing some simple assumptions. The value of O"SD depends on how the
computations to generate S D (k) are performed. Assume the multiplications and
divisions are performed with the same wordlength and that the needed divisions
are performed once, followed by the corresponding scalar matrix product. Also,
assuming the inner product quantizations are performed after the addition, each
element of the matrix SD (k)Q requires five multiplications considering that 1/>.
is prestored. The diagonal elements of equation (5.96) consist of N + 1 noise
autocorrelations, each with variance 50"~ . The desired result is then given by
O"SD = 5(N

+ 1)0"~

(5.102)

where O"~ is the variance of each multiplication error.

5.5.3

Coefficient-Error-Vector Covariance
Matrix

Assume that the quantization signals ne,(k), n(k), and the vector nw(k) are all
independent of the data, filter coefficients , and of each other. Also, assuming that
these errors are all zero-mean stochastic processes, the covariance matrix of the
coefficient-error
vector
given
by
E[~w(k)Q~wT(k)Q] can be easily derived from equations (5.91) and (5.92)
cov [~w ( k ) Gl

E[~w(k)Q~WT (k)Q]

E{[I - SD(k)Qx(k)xT(k)]~w(k - I)Q~wT(k - I)Q
[I - x(k)xT(k)SD(k)Q])
+E[SD (k)Qx(k)x T (k)SD(k)Q]E[n 2(k)]
+E[SD (k)Qx(k)x T (k)SD (k)Q]E[n;,{k)]
+E[nw(k)nz:.,(k)]

(5.103)

The above equation can be approximated in the steady state, where each term
in the right-hand side will be considered separately. It should be noted that
during the derivations it is implicitly assumed that the algorithm follows closely
the behavior of its infinite precision counterpart . This assumption can always
be considered as true if the wordlengths used are sufficiently long. However l
under short wordlength implementation this assumption might not be true as
will be discuss ed later on .
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Term 1:
The elements of ~w(k - I)Q can be considered independent of SD(k)Q and
x(k) . In this case, the first term in equation (5.103) can be expressed as

T1

=

cov[~w(k - I)Q] - cov[~w(k - I)Q]E[x(k)xT(k)SD(k)Q]
-E[SD(k)Qx(k)xT (k)]cov[~w(k - I)Q]

+E{SD (k)Qx(k)xT (k)cov[~w(k - I)Q]x(k)xT (k)SD (k)Q}
(5.104)
If it is recalled that SD(k)Q is the unquantized SD(k) matrix disturbed by a
noise matrix that is uncorrelated to the input signal vector , then in order to
compute the second and third terms of T 1 it suffices to calculate

E[SD(k)x(k)xT(k)] ~ E[SD(k)] E [x(k)xT(k)]

(5.105)

where the approximation is justified by the fact that SD (k) is slowly varying as
compared to x(k) when A -+ 1. Using equation (5.44) it follows that
T
I-A
E [SD(k)x(k)x (k)] ~ 1 _ Ak+ l I

(5.106)

Now we need to use stronger assumptions for SD(k) than those considered in
the equation above . If the matrix E[SD(k)Q] is assumed to be approximately
constant for large k (see the discussions around equation (5.43)) , the last term
in T I can be approximated by

E{SD(k)Qx(k)xT (k)cov[~w(k + I)Q]x(k)xT (k)SD(k)Q}
~ E[SD (k)Q]E{x(k)xT (k)cov[~w(k - I)Q]x(k)xT (k)]}E[SD(k)Q]
(5.107)
If it is further assumed that the elements of the input signal vector are jointly
Gaussian, then each element of the middle term in the last equation can be
given by
E{x(k)XT(k)cov[~w(k - I)Q]x(k)xT(k)h ,j
N

N

I: I:cov[~w(k -1)Q]mI E [x; (k)xm(k)xl (k)xj (k)]
m=O 1=0

2{Rcov[Llw(k - I)Q]Rh,j + [R]i,jtr{Rcov[Llw(k - I)Q]}
(5.108)
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where

[.Ji,j denotes the ith, jth element of the matrix [.J. It then follows that
E{x(k)xT(k)cov[~w(k2Rcov[~w(k

I)Q]x(k)x T(k)}

- 1)Q]R + Rtr{Rcov[~w(k - I)Q]}

(5.109)

The last term of T I in equation (5.104) , after simplified , yields

1-..\
2 ( 1 _ ..\k+1
1 -..\

)2 cov[~w(k - 1)Q]

+ ( 1 _ ..\k+1 )

2

tr{Rcov[~w(k - I)Q]}R-

1

+E{N SD(k )x(k)xT (k)cov[~w(k - I)QJx(k)xT (k)N SD(k))
(5.110)
After a few manipulations, it can be shown that the third term in the equation above is nondiagonal because N S D (k) is symmetric for the RLS algorithm
described in Algorithm 5.3. On the other hand , if the matrix R is diagonal
dominant , that is in general the case, the third term of (5.110) becomes approximately diagonal and given by

Ts(k) ~ (N

+ I)O'SD O';tr{cov[~w(k - I)Q]}I

(5.111)

0';

is the variance of the input signal. This term , which is proportional
where
to a quantization noise variance, can actually be neglected in the analysis, since
it has in general much smaller norm then the remaining terms in T 1 .
Terms 2 and 3:

Using the same arguments applied before , such as Sn(k) is almost fixed as
..\ -+ 1, then the main result required to calculate the terms 2 and 3 of equation
(5.103) is approximately given by

(5.112)
where the term E[N S D (k) RN S D (k)] can be neglected because it is in general
much smaller than the remaining term. In addition, it will be multiplied by
a small variance when equation (5.112) is replaced back in equation (5.103).
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From equations (5.103), (5.107), (5.112), (5.95), (5.97), and (5.101) it follows
that

I-A)
[1 - 2 ( 1 _ Ak +1
I-A

+ 2 (I_A)2
1 _ Ak +1 ]cov[~w(k -

)2 tr{Rcov[~w(k -

+(

1 _ Ak + 1

+(

1- A
1 _ Ak+1 )

2

2

(O"n

2

-1

I)Q]}R-

I)Q]

1

2

+ O"e)R + O"w l

(5.113)

Now, by considering in equation (5.113) that in the steady state cov[~w(k)Q] ~
multiplying the resulting expression by R , and calculating the
trace of the final equation , it can be shown that
cov[~w(k -1)Q],

tr{Rcov[~w(k _ 1) ]} ~ (1 - A)2(N + 1)(0"~

+ 0";) + O"~tr(R)
(1 - A)[2A - (1 - A)(N + 1)]

Q

(5.114)

where it was considered that Ak+1 ~ O. Replacing the equation (5.114) in
(5.113), and computing the steady-state solution the following equation results

(1- A)(O"~ + 0";) R- 1
2A - (1 - A)(N + 1)
(1 - A)tr(R)R- 1 + [2A - (1- A)(N + 1)]1 2
+
2(1- A)A[2A - (1 - A)(N + 1)]
o"w
(5.115)
Finally, if the trace of the above equation is calculated considering that x(k) is
a Gaussian noise with variance 0";, and that 2A » (1 - A)(N + 1) for A ~ 1,
the resulting expected value of lI~w(k)QW is

E[II~ (k) 11 2] ,...., (1 - A)(N + 1) O"~
w

Q"""

2A

+ 0";

0";

+

(N + 1)0"~
2A(1 - A)

(5.116)

As can be noted if the value of A is very close to one, the square errors in
the tap coefficients tend to increase and to become more dependent of the tap
coefficient wordlengths. On the other hand , if A is not close to one, in general
for fast tracking purposes, the effects of the additive noise and data wordlength
become more disturbing to the coefficient square errors . The optimum value for
A, as far as quantization effects are concerned, can be derived by calculating
the derivative of EII~w(k)QW] with respect to A and setting the result to zero

(5.117)
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By noting that 1!~l'+1 should be replaced by k~l when>. = 1, it can be shown
from equation (5.113) that the algorithm tends to diverge when>. = 1, since in
this case Ilcov[Aw(k)Q]l1 is growing with k.

5.5.4

Algorithm Stop

In some cases the adaptive filter tap coefficients may stop adapting due to quantization effects. In particular, the conventional RLS algorithm will freeze when
the coefficient updating term is not representable with the available wordlength.
This occurs when its modulus is smaller than half the value of the least significant bit, i.e.,

(5.118)
where I Ii denotes the modulus of the ith component . Equivalently it can be
concluded that updating will be stopped if

(5.119)
where x(k) was considered a Gaussian white noise with variance £T;, and the
following approximation was made E[e/(k)~] ~ u; + u~.
For a given coefficient wordlength be the algorithm can always be kept updating
if
x
>. < 1 - 2- bc - 1
£T
(5.120)

vu; + u~

On the other hand, if the condition above is not satisfied, it can be expected
that the algorithm will stop updating in
k

~

V£T; + £T~ 2bc+1 _
£Tx

1

(5.121)

iterations for>' = 1, and

(5.122)
iterations for>. < 1.
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In the case ,\ = 1 the algorithm always stops updating. If O'"~ and be are not
large , any steady-state analysis for the RLS algorithm when ,\ = 1 does not
apply, since the algorithm stops prematurely. Because of that, the norm of the
covariance of ~w(k)Q does not become unbounded .

5.5.5

Mean-Square Error

The MSE in the conventional RLS algorithm in the presence of quantization
noise is given by
(5.123)
~(k)Q = E[e2(k)Q]
By recalling that e(k)Q can be expressed as
(5.124)
it then follows that
~(k)Q

+ O'"~ + O'"~
E{tr[x(k)xT(k)~w(k)Q~wT(k)Q]) + O'"~ + O'"~
tr{Rcov[~w(k)Q]} + O'"~ + O'"~
E[xT(k)~w(k)QxT(k)~w(k)Q]

(5.125)

By replacing equation (5.114) in (5.125), it can be concluded that
~(k)

_ (1 - ,\)2(N + 1)(0'"~ + 0'";) + O'"ivtrR
Q(1 - '\)[2'\ - (1 - '\)(N + 1)]

2

2

+ O'"n + a;

(5.126)

If it is again assumed that x(k) is a Gaussian noise with variance 0'"; and that
2,\ » (1 - ,\)( N + 1) for ,\ -+ 1, the MSE expression can be simplified to
2

~(k)Q ~ O'"n

5.5.6

2

+ a; +

(N + I)O'"ivO'";
2'\(1 _ ,\)

(5.127)

Fixed-Point Implementation Issues

The implementation of the conventional RLS algorithm in fixed-point arithmetic
must consider the possibility of occurrence of overflow and underflow during the
computations. In general , some scaling must be performed in certain quantities
ofthe RLS algorithm to avoid undesir ed behavior due to overflow and underflow.
The scaling procedure must be applied in almost all computations required in
the conventional RLS algorithm [6], increasing the computational complexity
and/or implementation control by a large amount . A possible solution is to leave
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enough room in the integer and fractional parts of the number representation,
in order to avoid frequent overflows and underflows and also avoid the use of
cumbersome scaling strategies. In other words, a fixed-point implementation
does require a reasonable number of bits to represent each quantity.
The error propagation analysis can be performed by studying the behavior of
the difference between each quantity of the algorithm calculated in infinite precision and finite precision . This analysis allows the detection of divergence of
the algorithm due to quantization error accumulation. The error propagation
analysis for the conventional RLS algorithm reveals divergence behavior linked
to the fact that SD(k) loses the positive definiteness property [6] . The main
factors contributing to divergence are:
- Large maximum eigenvalue in the matrix R that amplifies some terms in
propagation error of the S D (k) matrix. In this case, S D (k) might have a
small minimum eigenvalue, being as consequence "almost" singular.
- A small number of bits used in the calculations increases the roundoff noise
contributing to divergence.
- The forgetting factor when small, turns the memory of the algorithm short,
making the matrix S D (k) deviate from its expected steady-state value and
more likely to lose the positive definiteness property.
Despite these facts, the conventional RLS algorithm can be implemented without
possibility of divergence if some special quantization strategies for the internal
computations are used [6] . These quantization strategies, along with adaptive scaling strategies, must be used when implementing the conventional RLS
algorithm in fixed-point arithmetic with short wordlength .

5.5.7

Floating-Point Arithmetic
Implementation

In this section, a succinct analysis of the quantization effects in the conventional RLS algorithm when implemented in floating-point arithmetic is presented. Most of the derivations are given in the appendix and follow closely the
procedure of the fixed-point analysis .
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In floating-point arithmetic, quantization errors are injected after multiplication
and addition operations, and are modeled as follows [16] :

fila + b]
fi(a . b)

a+b-(a+b)n a
a .b-a .b .np

(5.128)
(5.129)

where n a and n p are zero-mean random variables that are independent of any
other errors. Their variances are given by
(5.130)

and
(5.131)

where b is the number of bits in the mantissa representation .
The quantized error and the quantized coefficient vector are given by

d'(k) - xT(k)w(k - I)Q - ne/(k) + n(k)
w(k - I)Q + SD(k)Qx(k)e'(k)Q - nw(k)

(5.132)
(5.133)

where ne' (k) and nw (k) represent computational errors and their expressions
are given in the appendix. Since nw(k) is a zero-mean vector , it is shown in
the appendix that in average w(k)Q tends to woo Also, it can be shown that
~w(k)Q

=

[I - SD(k)Qx(k)xT(k) + NAW(k)]~w(k - 1)

+N' a(k)w o + SD(k)Qx(k)[n(k) - ne /(k)]

(5.134)

where N A w (k) combines several quantization noise effects as discussed in the
appendix and N' a (k) is a diagonal noise matrix that models the noise generated
in the vector addition required to update w(k)Q.
The covariance matrix of ~ w( k)Q can be calculated through the same procedure
previously used in the fixed-point case , resulting in

cov[~w(k) ] ~ (1 - ,X)((T~ + (T;)R-

1

2'x-(I-'x)(N+l)
(1 - 'x)R-1tr{Rdiag[w;j]) + [2'x - (1- 'x)(N + 1)]diag[w;j] 2
+
2(1- 'x)'\[2'\ - (1 - 'x)(N + 1)]
(Tn~
Q

(5.135)

where NSD(k) of equation (5.82) and NAW(k) were considered negligible as
compared to the remaining matrices multiplying ~w(k -1) in equation (5.134),
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2, is given by equation (5.131). The term diag[w~;] repr esents a diagonal
and 17 no
matrix formed with the squared elements of w oo
Th e expected value of II6.w(k)QW in the floating-p oint case is approximately
given by

E[II6. (k)
W

Q

11 2]

'"

'"

(1 - >.)(N
2>'

+ 1) u~ 17;
+ 17;, + 2>'(1 1_

>.)

II o
W

Wun2 ~

(5.136)

where it was considered that x{k) is a Gaussian noise with variance 17; and that
2>' » (I - >.) (N + 1) for>' -+ 1. If the value of>. is very close to one, the squared
errors in the tap coefficients tend to increase. Notice that the second term on
the right-hand side of the equation above turns these errors mor e dependent
on the precision of the vector addition of the taps updating. For>. not very
close to one, the effects of the additive noise and data wordlength become more
pronounced. In floating-point implementation, the optimal value of >. as far as
quantization effects are concerned is given by
(5.137)
where this relation was obtained by calculating the derivati ve of equation (5.136)
with respect to >., and equalizing the result to zero in order to reach the value
of >. that minimiz es the E[lI6.w(k)QI12] . For>. = 1, like in the fixed-point case ,
Ilcov[6.w(k)QJII is also a growing function that can make the conventional RLS
algorithm diverge.
Th e algorithm may stop upd ating if
(5.138)
where I Ii is the modulus of the ith component and be is the numb er of bits in
the mantissa of the coefficients representation. Following the same pro cedure to
derive equation (5.119), we can infer that the updating will be stopped if
1 - >. )
( 1 - >.k+ 1

where

Wo i

2

+
17;

u e2, u n2
~-~

< 2- 2b c - 2 Iwod 2

(5.139)

is the ith element of w o-

Th e updating can be conti nued indefinitely if
(5.140)
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In the case >. does not satisfy the condition above, the algorithm will stop
updating the ith tap in approximately
(5.141)
iterations for >. = 1, and
k

~

In[(>. - 1)...L....f'----T'------"-''---'-'-'-----

(5.142)

iterations for>. < 1.
Following the same procedure as in the fixed-point implementation, it can be
shown that the MSE in the floating-point case is given by

+ u; + u~
>.)2(N + l)(u; + u;) + u; , tr{Rdiag[w~;]}
2
2
(1 - >')[2>' - (1 - >.)(N + 1)]
+ a; + un

tr{Rcov[~w(k)d}

(1 -

(5.143)
where u; was considered equal to u;, . If x(k) is a Gaussian noise with variance
(1 - >.)(N + 1) for >. ~ 1, the MSE can be approximated by

u; and 2>' »

{(k)Q ~

Note that
pendix .

2
Un

2

+ Ue +

IlwoWu~, u;
2>.(1 _ ~)

(5.144)

u; has a somewhat complicated expression that is given in the ap-

Finally, it should be mentioned that in floating-point implementations the matrix
SD(k) can also lose its positive definite property [13]. In [6], it was mentioned
that if no interactions between errors is considered , preserving the symmetry of
S D (k) is enough to keep it positive definite. However, interactions between errors do exist in practice, so the conventional RLS algorithm can become unstable
in floating-point implementations unless some special quantization procedures
are employed in the actual implementation. An alternative is to use numerically
stable RLS algorithms that will be discussed later on.
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5.6

SIMULATION EXAMPLES

In this section, some adaptive filtering problems described in the last two
chapters are solved using the conventional RLS algorithm presented in this
chapter.

Example 5.3: System Identification Simulations

The conventional RLS algorithm was employed in the identification of the system
described in the subsection (3.6.2). The forgetting factor was chosen ,X = 0.99.
Solution:

In the first test, we address the sensitivity ofthe RLS algorithm to the eigenvalue
spread of the input signal correlation matrix. The measured simulation results
were obtained by ensemble averaging 200 independent runs. The learning curves
of the mean-squared a priori error are depicted in Fig. 5.4, for different values
of the eigenvalue spread. Also, the measured misadjustment in each example is
given in Table 5.1. From these results, we conclude that the RLS algorithm is
insensitive to the eigenvalue spread. It is worth mentioning at this point that the
convergence speed of the RLS algorithm is affected by the choice of ,x, since a
smaller value of ,x leads to faster convergence while increasing the misadjustment
in stationary environment. In Table 5.1, the misadjustment predicted by theory
calculated using the relation repeated below is given. As can be seen from this
table the analytical results agree with those obtained through simulations.
M = (N

Table 5.1

~
A

1
20
80

+

1) 1 - ,x (1

1+'x

1 - ,x K)
+ 1+'x

Evaluation of the RLS Algorithm

Misadjustment
Experiment Theory
0.04211
0.04211
0.04547

0.04020
0.04020
0.04020

The conventional RLS algorithm was implemented with finite-precision arithmetic , using fixed-point representation with 16, 12, and 10 bits respectively.
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Figure 5.4 Learning curves for RLS algorithm for eig envalue spreads: 1, 20,
and 80 ; ). 0.99 .

=

The results presented were measured before any sign of instability was noticed.
Table 5.2 summarizes the results of the finite-precision implementation of the
conventional RLS algorithm . Note that in most cases there is a close agreement
between the measurement results and those predicted by the equations given
below.

E[II~w(k) 112] ~ (1 - )")(N + 1) 0-; + 0-;
Q

2)"

0-;

+

(N

+ l)o-iv

2)..(1 - )..)

C(k)
2
2
(N + l)o-ivo-;
.. Q~o-n+o-e+ 2)..(1-)..)
For the simulations with 12 and 10 bits, the discrepancy between the measured
and theoretical estimates of E[lI~w(k)QW] are caused by the freezing of some
coefficients.
If the results presented here are compared with the results presented in Table 3.2
for the LMS, we notice that both the LMS and the RLS algorithms performed
well in the finite-precision implementation . The reader should bear in mind
that the conventional RLS algorithm requires an expensive strategy to keep the
deterministic correlation matrix positive definite.
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Table 5.2
gorithm

No. of bits
16
12
10

Results of the Finite Precision Implementation of the RLS Al-

€(k)Q

Experiment
1.566 10-;1
1.522 10 -3
1.566 10- 3

Theory
1.500 10 =-:>
1.502 10 -3
1.532 10- 3

E[IIAw(k)QWl

Experiment
6.013 10 ·il
3.128 10 -s
6.979 10 .f}

Theory
6.061 10 -o
6.261 10 -s
9.27210·f}

The simulations related to the experiment described for nonstationary environments were also performed. From the simulations we measured the total excess
of MSE, and then compared the results to those obtained with the expression
below.

~

I-A
I-A
(N + 1) 1 + A(1 + 1 + AK)€min

(N + I)O'ivO';
1 - A 1 - AW
+Aw(1+A 2)-A(I+Aiv)(I+A -1+Aw)
An attempt to use the optimal value of A was made. The predicted optimal
value however was too small and as a consequence A = 0.99 was used. The
measured excess of MSE was 0.0254 , whereas the theoretical value predicted by
the equation above was 0.0418. Note that the theoretical result is not as accurate
as all the previous cases discussed so far , due to a number of approximations
used in the analysis. However, the equation above provides a good indication of
what is expected in the practical implementation. By choosing a smaller value
for A a better tracking performance is obtained, with the equation above is not
as accurate.

o
Example 5.4: Signal Enhancement Simulations
We solved the same signal enhancement problem describ ed in the subsection
(4.6.1) with the conventional RLS and LMS algorithms.

Solution:
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For the LMS algorithm, the convergence factor was chosen J.lma:r /5. The resulting value for J.l in the LMS case is 0.001, whereas A = 1.0 was used for the
RLS. The learning curves for the algorithms are shown in Fig. 5.5, where we
can verify the faster convergence of the RLS algorithm. By plotting the output
errors after convergence, we noted the large variance of the MSE for both algorithms. This result is due to the small signal to noise ratio, in this case . Fig.
5.6 depicts the output error and its DFT with 128 points for the RLS algorithm.
In both cases, we can clearly detect the presence of the sinusoid .

o

5.7

CONCLUDING REMARKS

In this chapter, we introduced the conventional RLS algorithm and discussed
various aspects related to its performance behavior . Much of the results obtained herein through mathematical analysis are valid for the whole class of RLS
algorithms to be presented in the following chapters, except of course the finiteprecision analysis since that depends on the form the internal calculations of each
algorithm are performed . The analysis presented here is far from being complete . However, the main aspects of the conventional RLS have been addressed,
such as: convergence behavior , tracking capabilities, and finite-wordlength effects. The interested reader should consult [17]-[19] for some further results .
From the analysis presented, one can conclude that the computational complexity and the stability in finite-precision implementations are two aspects to be
concerned . When the elements of the input signal vector consist of delayed versions of the same signal , it is possible to derive a number of fast RLS algorithms
whose computational complexity is of order N per output sample . Several different classes of these algorithms are presented in the following chapters. In
all cases , their stability conditions in finite-precision implementation are briefly
discussed .
For the general case where the elements of the input signal vector have different
origins the QR-RLS algorithm is a good alternative to the conventional RLS
algorithm. The stability of the QR-RLS algorithm can be easily guaranteed.
The conventional RLS algorithm is fully tested in a number of simulation results
included in this chapter. These examples were meant to verify the theoretical
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Learning curves for th e (a ) LMS and (b) RLS alg orithms.

results discussed in the present chapter and to compare the RLS algorithm with
the LMS algorithm .
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Appendix
The error in the a priori output error computation is given by

L x(k - i)w;(k ;=0
L x(k - i)w;(k 1

I)Q

2

I)Q

;=0

L x(k N

i)w;(k - I)Q

;=0

where npi (k) accounts for the noise generated in the products x(k - i)w;(k -1)Q
and n a ; (k) accounts for the noise generated in the additions of the product
x T (k)w (k - 1). Please note that the error terms of second- and higher-order
have been neglected .
Using similar assumptions one can show that

nw(k)

= -{nsx(k)e'(k)Q + SD(k)QN'p(k)x(k)e'(k)Q

+N'~(k)SD(k)Qx(k)e'(k)Q + N' a(k)[w(k - 1) + SD(k)Qx(k)e'(k)Q]}
where
N

j

j=l

;=0

L n~l)k) L SD

1, ;

N

j

j=l

;=0

(k)Qx(k - i)

L n~N+l,j (k) L SDN+l ,i (k)Qx(k - i)
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N' a(k)

0

[n~t

0

n~l(k)

n~ N(k)

N'p(k)

[ny)

0

]

0

n~l(k)

[ n"

Pl ,l

N'~(k)

5

(k)
nilP 2 ,l (k)

n~N(k)

nilPl,2 (k)

nilPI,N+1 (k)

nilP 2 . 2 (k)

n~N+I ,1 (k)

n~N+I .N+l (k)

I

The vector ns x (k) is due to the quantization of additions in the matrix product
S D(k)x( k) , while the matrix N'~ (k) accounts for product quantizations in the
same operation. The matrix N'a(k) models the error in the vector addition to
generate w(k)Q ' while N'p(k) models the quantization in the product of e'(k)
by SD(k)Qx(k) .
By replacing d'(k) by xT(k)w o in the expression of e'(k)Q given in equation
(5.86) , it follows that

e'(k)Q = -xT(k)~w(k - l)Q - n~(k)

+ n(k)

By using in the equation above the expression of w(k)Q of equation (5.87),
subtracting w 0 in each side of the equation, and neglecting the second- and
higher-order errors, after some manipulations the following equality results
~w(k)Q =

[I- SD(k)Qx(k)xT(k) + nsxxT(k) + SD(k)QN'p(k)x(k)xT(k)

+N'~(k)SD(k)Qx(k)xT(k) + N' a(k)SD(k)Qx(k)x T (k) + N' a(k)]
~w(k - l)Q

+ N' a(k)w o + SD(k)Qx(k)[n(k) -

n~(k)]

Since all the noise components in the above equation have zero mean , in average the tap coefficients will converge to their optimal values because the same
dynamic equation describes the evolution of ~w(k) and ~w(k)Q '
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Finally, the varian ce of the a priori error noise can be derived as follows:

0";'

N

0"; = O"~ a~(k)Q + O"~p L Ri ,iCOV[w(k)Q] i,i
i =O

+"~. { E[(t, X(k _i)w,(k -1)Q)']
+E [

(t, x(k- i)w,(k- I)Q)']

++E

[(t,X(k-i)W,(k-i)Q)']}

where O"~ , . = O"~a was used and []i,i means diagonal elements of [] . Th e second
term can abe further simplified as follows:
N

tr{Rcov [w (k )Q]} ~

N

L R; ,iW;i + L R; ,i COV[~w(k)]i ,i
i= O

+ fir st -

i= O

and high er - order terms

Since this term is multipli ed by O"~ p , any first- and higher-order terms can be
neglected. Th e first term of 0"; is also small in the steady state. Th e last term
can be rewritten as

"~. {E[(t, X(k - i)Wo,)'] + E[(t, X(k - i)WM) '] + ...
+E

[(t

.=0

x(k - i)WOi )

2]} = O"~a

{t t Ri'i[COV(~W(k))li'i}
J=1 .=0

where terms of order higher than one were neglected , x(k) was considered uncorrelate d to ~w(k ), and cov ( ~w ( k ) ) was considered a diagonal matrix. Actually, if x( k ) is considered a zero-mean Gaussian noise from the proof of equation
(5.34) and equat ion (5.44), it can be shown that
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Since this term will be multiplied by o-~Q and o-~p ' it can also be disregarded .
In conclusion
N

j

0-; ~ o-~Q {E[~)L x(k -

N

i)w od 2]} + o-~p L

j= 1 i=O

Ri,iw;i

;=0

This equation can be simplified further when x(k) is as described above and

0-2na

=

0-2n

p

=

0-d2

0-;

~ o-~ [t(N -i + 2)Ri,iw;i -

R 1,1 W;I]

s= 1

qjq;

[t.(N - ;+ 2)w;, - w;,]
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Problems
1. The RLS algorithm is used to predict the signal x(k) = cos "; using a
second-order FIR filter with the first tap fixed at 1. Given>' = 0.98,

calculate the output signal y(k) and the tap coefficients for the first 10
iterations. Note that we aim the minimization of E[y2(k)].
Start with w T (0)

= [1 0 0] and <5 = 100.

2. Show that the solution in equation (5.4) is a minimum point .
3. Show that SD(k) approaches a null matrix for large k; when>. = 1.
4. Suppose that the measurement noise n(k) is a random signal with zeromean and the probability density with normal distribution. In a sufficientorder identification of an FIR system with optimal coefficients given by w 0 ,
show that the least-squares solution with>. = 1 is also normally distributed
with mean w; and covariance SD(k)(7~ .
5. Prove that equation (5.37) is valid. What is the result when n(k) has zero
mean and is correlated to the input signal x(k)?
Hint : You can use the relation E[e2(k)] = E[e(k)j2 + (72[e(k)] . where (72[.]
means variance of [.].
6. Consider that the additive noise n(k) is uncorrelated with the input and
the desired signals and is also a nonwhite noise with autocorrelation matrix
R n . Determine the transfer function of a prewhitening filter that applied to
d'(k) + n(k) and x(k) generates the optimum least-squares solution W o =
R-1p for k --t 00 .
7. Show that if the additive noise is uncorrelated with d'(k) and x(k), and
nonwhite, the least-squares algorithm will converge asymptotically to the
optimal solution.
8. In problem 4, when n(k) is correlated to x(k), is W o still the optimal solution? If not, what is the optimal solution?
9. Show that in the RLS algorithm the following relation is true

where e'(k) is the a priori error as defined in equation (5.8).
10. Prove the validity of the approximation in equation (5.67).
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11. Show that for an input signal with diagonal dominant correlation matrix
R the following approximation related to equations (5.107) and (5.111) is
valid.

E{N So (k)x(k)x T (k)cov[b.w(k - l)Q]x(k)xT (k)N So (k))
~ O'§oO'; cov[b.w(k -l)Q]

12. Derive the equations (5.114), (5.115), and (5.116).
13. The conventional RLS algorithm was applied to identify a 7th-order timevarying unknown system whose coefficients are first-order Markov processes with AW = 0.999 and O'iv = 0.033. The initial time-varying system
multiplier coefficients are
[0.03490 - 0.01100 - 0.068640.223910.556860.35798- 0.02390 - 0.07594]

0';

Th e input signal is a Gaussian white noise with variance
= 1 and the
measurement noise is also a Gaussian noise independent of the input signal
and of the elements of nw(k) , with variance O'~ 0.01.

=

(a) For A = 0.97, compute the excess of MSE.
(b) Repeat (a) for A =

Aopt

(c) Simulate the experiment described, measure the excess of MSE, and
compare to the calculated results .
14. Reduce the value of AW to 0.97 in the problem 13, simulate, and comment
on the results.
15. Suppose a 15th-order FIR digital filter with multiplier coefficients given
below was identified through an adaptive FIR filter of the same order using
the conventional RLS algorithm . Consider that fixed-point arithmetic was
used.
Additional noise : white noise with variance
O'~ = 0.0015
Coefficient wordlength :
be = 16 bits
Signal wordlength :
b« = 16 bits
Input signal: Gaussian white noise with variance
= 0.7
A = x,

0';

w~ = [ 0.02193600.0015786 -0.0602449 -0.0118907 0.1375379 0.0574545
-0.3216703 -0.5287203 -0.2957797 0.0002043 0.290670 -0.0353349
-0.0068210 0.0026067 0.0010333 - 0.0143593]
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(a) Compute the expected values for II~w(k)QII and ~(k)Q for the following
case.
(b) Simulate the identification example described and compare the simulated results with those obtained through the closed form formulas .
(c) Plot the learning curves for the finite- and infinite-precision implementations . Also, plot II~w(k)W versus k in both cases.
16. Repeat the problem above for the following cases

= O.OI,be = 9 bits, bd = 9 bits , 0"; = 0.7,A = Ao .
(b) O"~ = O.I,be = 10 bits , bd = 10 bits , 0"; = 0.8,A= Ao .
(c) O"~ = 0.05, be = 8 bits, bd = 16 bits, 0"; = 0.8,A = Ao.
(a) O"~

17. In the problem 16 above, compute (do not simulate) E[lI~w(k)QI12],~(k)Q '

and the probable number of iterations before the algorithm stop updating
for A = 1, A = 0.980, A = 0.960, and A = Ao .

18. Repeat problem 15 in the case the input signal is a first-order Markov
process with AX = 0.95 .
19. A digital channel model can be represented by the following impulse re-

sponse :
[-0 .001 - 0.0020.0020 .20.60.760.90.780 .670.58
0.450 .30.20.120 .060 - 0.2 - 1 - 2 - 1 00.1]

The channel is corrupted by a Gaussian noise with power spectrum given
by
IS(eiWW = K.'w 3 / 2
where K.' = 10-1.5 . The training signal consists of independent binary
samples (-1,1) .
Design an FIR equalizer for this problem and use the RLS algorithm . Use
a filter of order 50 and plot the learning curve.
20. For the previous problem, using the maximum of 51 adaptive filter coef-

ficients, implement a DFE equalizer and compare the results with those
obtained with the FIR equalizer. Again use the RLS algorithm .

6
ADAPTIVE LATTICE-BASED RLS
ALGORITHMS

6.1

INTRODUCTION

There are a large number of algorithms that solve the least-squares problem in
a recursive form. In particular, the algorithms based on the lattice realization
are very attractive because they allow modular implementation and require a
reduced number of arithmetic operations (of order N) [1]-[7]. As a consequence,
the lattice recursive least-squares (LRLS) algorithms are considered fast implementations of the RLS probl em .
The LRLS algorithms are derived by solving the forward and backward linear
prediction problems simultaneously. The lattice-based formulation provides the
prediction and the general adaptive filter (joint-process estimation) solutions of
all intermediate orders from 1 to N simultaneously. Consequently, the order of
the adaptive filter can be increased and decreased without affecting the lower
order solutions. This property allows the user to activate or inactivate sections
of the lattice realization in real time according to performance requirements.
Unlike the RLS algorithm previously discussed which requires only time-recursive equations, the lattice RLS algorithms use time-update and order-update
equations.
The performance of the LRLS algorithms when implemented with infiniteprecision arithmetic is identical to any other RLS algorithm. However, in finiteprecision implementation each algorithm will perform differently.

In this chapter, several forms of the LRLS algorithm are presented. First, the
standard LRLS algorithm based on a posteriori errors is presented , followed by
P. S. R. Diniz, Adaptive Filtering
© Springer Science+Business Media New York 1997
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the normalized version . The algorithms with error feedback are also derived .
Then, we develop the LRLS algorithm based on a priori errors .

6.2

RECURSIVE LEAST-SQUARES
PREDICTION

The solutions of the RLS forward and backward prediction problems are essential to derive the order-updating equations inherent to the LRLS algorithms. In
both cases, the results are derived following the same derivation procedure of
the conventional RLS algorithm, since the only distinct feature of the prediction
problems is the definition of the reference signal d(k). For example, in the forward prediction case we have d(k) = x(k) whereas the input signal vector has
the sample x(k - 1) as the most recent data. For the backward prediction case
d(k) = x(k - i-I), where the index i defines the sample in the past which we
wish to predict, and the input signal vector has x(k) as the most recent data. In
this section, these solutions are studied and the results show how informations
can be exchanged between the forward and backward predictor solutions.

6.2.1

Forward Prediction Problem

The objective of the forward prediction is to predict a future sample of a given
input sequence using the currently available information of the sequence . For
example, one can try to predict the value of x(k) using past samples x(k - I},
x(k - 2) . . . , through an FIR prediction filter with i + 1 coefficients as follows:

YJ(k, i + 1) = wJ'(k , i

+ l)x(k -

1, i + 1)

(6.1)

where YJ(k, i + 1) is the predictor output signal ,

is the FIR forward prediction coefficient vector , and

x(k - 1, i

+ 1) =

[x(k - 1) x(k - 2) ... x(k - i - 1)]T

is the available input signal vector . The second variable included in vectors of
equation (6.1) is to indicate the vector dimension, since it is required in the
order-updating equations of the LRLS algorithm. This second variable will be
included where needed in the present chapter.
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The instantaneous a posteriori forward prediction error is given by

eJ(k, i + 1) = x(k) - wJ(k, i + l)x(k - 1, i + 1)

(6.2)

For the RLS formulation of the forward prediction problem, define the weighted
forward prediction error vector as follows:

eJ(k , i + 1) = x(k) - XT(k - 1, i + l)wJ(k, i + 1)

(6.3)

where

x(k)

= [x(k) >..1/2 x(k -

1) >..x(k - 2) ... >..k/2 x(O)f

and
A1/2 X (k_2)

.. .

A(k- 2l/2 x (1)

x(k-2)
:

A 1/2 X (k _ 3 )

.. .

A(k-2 )/2 X (0)

x(k-i-l)

A 1 / 2X(k-i-2)

.. .

0

x(k-l)

X(k-l,i+l)=
[

o

;]

It is straightforward to show that eJ(k , i + 1) can be rewritten as
(6.4)

The objective function that we want to minimize in the least-squares sense is
the forward prediction error given by

~1(k , i + 1)

eJ(k ,i+ l)eJ(k ,i+ 1)
k

L >..k-l eJ (l, i + 1)
1=0
k

L>..k-I[x(l) - xT(l- 1, i + l)wJ(k, i +
1=0

lW

(6.5)
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e1

By differentiating (k, i+ 1) with respect to W f (k, i+ 1) and equating the result
to zero, we can find the optimum coefficient vector that minimizes the objective
function, namely,
Wf(k,i+l)

[t,

.'-'x(l- I, i + l)xT (1-

I, i + I)r'

k

.L Ak-1x(l- 1, i + l)x(l)
1=0

[X(k - 1, i

+ 1)XT (k -

1, i + l)t IX(k - 1, i + l)x(k)

Rij}(k-l ,i+ I)PDf(k ,i+ 1)

(6.6)

where RDf (k-l, i+ 1) is equal to the deterministic correlation matrix RD (k-l)
of order i + 1, and PDf (k, i + 1) is the deterministic cross-correlation vector
between x(l) and x(l- 1, i + 1).
The exponentially weighted sum of squared errors can be written as (see equation (6.5)) :

ej(k, i + 1)

k

L

Ak- '[x 2(l)-2 x(I)X T (l-I ,i+I)W I (k ,i+l)

1=0
+(XT(I-I,i+l)W l(k ,i+I))2]

L
k

Ak - ' [X2(l)-x(l)X T (I-I,i+I)W I (k ,i+I)]

1=0

+ L Ak-I[-x(I)+XT(l-I,i+I)W/(k,i+l)]XT (I-I,i+I)W l(k ,HI)
k

1=0

L
k

Ak-'x(I)[x(I)-XT(I-I ,i+I)W I(k ,i+l)]

1=0

+[L~=o -Ak-'x(I)XT(I-I,i+l)
+WJ(k,i+l)

L~=o Ak-'X(I-I,i+l)XT(I-I, i+l)]Wl(k,i+l)
(6.7)

If we replace equation (6.6) in the second term of the last relation above, it can
be shown by using the fact that RD (k - 1) is symmetric that this term is zero.
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Therefore, the minimum value of e1(k, i

+ 1) 1 is given by

L Ak-1x(l)[x(l) - x
k

1=0
k

L Ak- 1x
1=0

o}(k) -

2(l)

T

(l- 1, i + l)w j(k, i + 1)]

- Pbj(k, i + l)wj (k, i + 1)

wJ (k, i + l)PDj(k , i + 1)

(6.8)

By combining equation (6 .6) for W j(k, i) and (6.8) for e1m.Jk, i+1) the following
matrix equation can be obtained

(6.9)
Since o} (k) = L~=o Ak- Ix 2(l) and PDj(k, i + 1) = L~=o Ak-1x(l- 1, i + l)x(I),
it is easy to conclude that the left most term of equation (6.9) can be rewritten
as
L~=oAk- 'x2(1)

L~=oAk-'XT(I-l'i+l)X(l)]

[ L~=o Ak-'X(I-l ,i+l)x(l) L~=o Ak-'X(I-l,i+l)XT(I-l ,i+l)

=L~=o>.k-I [X(l_x?~+l)] [x(l)

xT(l-I ,i+I)]

=RD(k,i+2)
Therefore,

R(k'+2)[
1
D ,t
-wj(k ,i+1)

(6.10)

]_[e
1
-

m •n

(k, i + I) ]
0

where RD(k , i + 2) corresponds to RD(k) used in the previous chapter with
dimension i + 2. The equation above relates the deterministic correlation matrix
of order i + 2 to the minimum least-squares forward prediction error. The
appropriate partitioning of matrix RD (k, i + 2) enables the derivation of the
order-updating equation for the predictor tap coefficients, as will be discussed
later .
1 Notice that no special notation was previously used for the minimum value of the RLS
objective function , however, when deriving the lattice algorithms this definition is necessary.
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Backward Prediction Problem

The objective of the backward predictor is to generate an estimate of a past
sample of a given input sequence using the currently available information of
the sequence . For example, sample x(k-i-l) can be estimated from x(k , i+ 1),
through an FIR backward prediction filter with i + 1 coefficients as follows:
Yb(k, i + 1) =

where Yb(k, i

wI (k, i + l)x(k, i + 1)

+ 1) is the backward predictor output signal,

(6.11)
and

is the FIR backward prediction coefficient vector.
The instantaneous a posteriori backward prediction error is given by
eb(k , i + 1) = x(k - i-I) -

wI (k, i + l)x(k, i + 1)

(6.12)

The weighted backward prediction error vector is defined as follows:
eb (k,

i

+ 1) = x( k -

i-I) - X T (k, i

+ 1)Wb (k, i + 1)

(6.13)

where
x(k - i-I) = [x(k - i-I)

)..1/2 x (k

- i - 2) ...

,Xl/2 X (k _

l)

,X(k-l)/2 X (1)

_ 2)

,X(k-2)/2 x(O)

)..(k-i-l)/2 x (O)

0 . . . O]T

and
x(k)

X(k, i

+ 1) =

x(k-l)

,Xl/2 X (k

x(k-i)

,Xl/2 X (k _

:

[

i_ l )

0 ··

The error vector can be rewritten as

(6.14)
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The objective function to be minimized in the backward prediction problem is
given by

~t(k , i

+ 1)

er(k,i+ l)eb(k ,i+ 1)
k

L

Ak-1eW, i

+ 1)

1=0
k

LA k- l [ x ( l - i - l ) - xT(l ,i+l)wb(k,i+

1W

(6.15)

1=0

The optimal solution for the coefficient' vector is

wb(k, i

+ 1)

=

[to
k

.L

.I'-'x(l, i + l)x (I, i
T

r'

+ 1)

Ak-1x(l, i + l)x(l- i-I)

1=0

[X(k, i + 1)XT (k, i + 1)r 1X (k , i + l)x(k - i-I)
Rz;t(k, i + I)PDb(k , i

+ 1)

(6.16)

where RDb (k, i + 1) is equal to the deterministic correlation matrix RD (k) of
order i+ 1, and PDb(k, i+ 1) is the deterministic cross-correlation vector between
x(l- i-I) and x(l, i + 1).
Using the same procedure to derive the minimum least-squares solution in the
IlLS problem, it can be shown that the minimum value of ~t(k) is given by

~tmin (k, i

+ 1) =

L
k

>.k-'x(l-i-1)[x(l-i-1}-X T (l, i+1}Wb(k ,i+t))

1=0
k

L >.k-'x2(I-i-1}-P~b(k ,i+1}Wb(k ,i+1}
1=0

(1~(k)-wf (k,i+1}P Db(k ,i + 1)

(6.17)

By combining equations (6.16) and (6.17), the following matrix equation results

RDb(k, i + 1)
[ Pbb(k, i + 1)

pDb(k , i + 1) ] [ -wb(k, i + 1) ]
erl(k)
1
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_[ 2:::~=o Ak- IX(I,i+l)XT(I,i+l) 2:::~=O A X (I,i + l )x (l - i - l )
- 2:::~=O Ak-IXT(I ,i+l)x(l-i-l)
2:::~=O A- ' x (l- i - l )
k

-

1

k

6

]

2

. [ -Wb(k1i+ 1) ]

1 + 1) ]

=R D (k ,i+ 2) [ -Wb(k i

=[ egm.J~, i + 1) ]

(6.18)

where RD(k, i + 2) is equal to RD(k) of dimension i + 2. The equation above
relates the deterministic correlation matrix of order i + 1 to the minimum leastsquares backward prediction error . The equation is important in the derivation
of the order-updating equation for the backward predictor tap coefficients. This
issue is discussed in the following section .

6.3

ORDER-UPDATING EQUATIONS

The objective of this section is to derive the order-updating equations for the
forward and backward prediction errors . These equations are the starting point
to generate the lattice realization.

6.3.1

A New Parameter <5(k, i)

Using the results of equations (6.9) and (6.10), and the decomposition ofRD (k, i+
2) given in equation (6.18), we can show that
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(6.19)
where relation (6.9) was em ployed in the second equality,
k

l5 j(k ,i)

=

L,\k-I x(l)x(l- i-l)
1=0
k

- L ,\k-Ix(l- i - 1)xT(l- 1, i)wj(k , i)
1=0
k

k

L,\k-lx(l)x(l- i -1) - L,\k-Ix(l- i -1)Yj(l,i)
1=0
k

1=0

L,\k -I ej(l ,i)x(l- i-I)
1= 0

and Yj(l , i ) = x T(l-1 ,i)wj(k,i) is the output ofaforward prediction filter of
order i-I. Note that the parameter l5 j (k , i ) can be interpreted as the deterministic cross-correlation between the forward prediction error ej (l, i) with the
coefficients fixed at W j (k , i) and the desired signal of the backward predictor
filter x(l- i-I) .
Similarly, using the results of equations (6.17) and (6.18) it can be shown that
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where in the second equality we applied the result of equation (6.18), and

ob(k, i)

=

k

L Ak-1x(l- i -

k

1)x(l) -

1=0
k

L Ak-1x(l- i 1=0
k

L Ak- x(l)x
I

T

(l - 1, i)Wb(k - 1, i)

1=0
k

l)x(l) -

L Ak-1x(l)Yb(l- 1, i)
1=0

L Ak-1eb(l- 1, i)x(l)
1=0

where Yb(i-l , i) = x T (i-I , i)Wb(k-1, i) is the output of a backward prediction
filter of order i - 1 with input data of instant 1 - 1, when the coefficients of
the predictor are wb(k - 1, i) . The parameter ob(k, i) can be interpreted as the
deterministic cross-correlation between the backward prediction error eb (1- 1, i)
and the desired signal of the forward predictor filter x(l) .
In equations (6.19) and (6.20) two new parameters were defined , namely oJ (k, i)
and Ob (k , i) . In the following deri vations we will show that these parameters are
equal. If RD (k, i+ 2) is premultiplied by [0 -wl(k -1 , i) 1] and postmultiplied
by [1 -wJ(k,i)
it can be shown that

oy,

[0 -wiCk- l ,i) lJ RD(k ,i+2) [ -W1;(k,i) ]

oJ(k,i) (6.21)

By transposing the first and last terms of equation (6.20) the following relation
is obtained

[0 -wr(k-1,i) 1] RD(k,i+2) =

[ob(k ,i) OT ~Li,.(k-1,i)]
(6.22)

By substituting this result in equation (6.21) it follows that
(6.23)

Therefore, from equation (6.23) we conclude that
(6.24)
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In conclusion, the deterministic cross-correlations between ef (l , i) and x (l- i-I )
and between eb(l-I ,i) and x(l) are equal.

6.3.2

Order Updating of ~tmiJk, i) and wb(k, i)

The order updating of the minimum LS error and the tap coefficients for the
backward predictor can be deduced by multiplying equation (6.19) by the scalar
d(k, i)/~L;n (k, i), i.e.,

/(k;:~ iJ RD (k,H

2)

fm. n

[

(k, i)
1(k,i) ] = [d"~"I

]

-w J

0

Ed

I m •n

(6.25)

(k, i)

Subtracting equation (6.20) from this result yields
R

k i

l[

2

E1 o(k,i)
. (k,i )

]

o((/r

.

-Wf(k,t)E1m.n~,~)+Wb(k-l,t)

D(, +)

=

.

0

d

.

02(k ,i)

-~bmin (k - 1, t) + Etin (k,i)

]

(6.26)

Comparing equations (6.18) and (6.26) we conclude that

~d

'>b m

.

•n

(k i

,+

1) -

-

~d

'>b m

.

•n

(k _ 1 i) _
'

2

d (k, i)
~d . (k i)
Inu",

(6.27)

'

and
(6.28)

6.3.3

Order Updating of

e:». i)

and wf(k, i)

Similarly, by multiplying equation (6.20) by d(k, i)/~tm;n (k - 1, i), we get

d(k .)

~d . (k'~1
b

m•n

i)RD(k ,i+2)
'

[0]
-wb(k-l ,i)
1

=

02(~'~\,i)
•nO

[Edm
b

d(k, i)

]

(6.29)
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Subtracting equation (6.29) from (6.19), it follows that

RD(k, i

+ 2)

[

=[

o(k,i)

{: .

m...

(k-l,i) Wb(k.

1

•

o(k,i)

-{:

m ...

Cd . (k i) _

"'fm...

.

- 1, z) - wf(k, z)
(k-l,i)

o2(k ,i)

0 {:m'" (k-l ,i)

'

]

]

(6.30)

Comparing this equation with (6.9) we conclude that

(k i+ 1) = cd . (k i) _

Cd

"'fm''''

"'fm...'

P(k,i)

(6.31)

~d . (k - 1 i)
bm , n

'

and

Wf(k,i+l)

6.3.4

[

Wf(k,i) ] _

o

6(k,i)
~t.,.(k-l,i)

[Wb(k-l ,i) ] (6.32)
-1

Order Updating of Prediction Errors

The order updating of the a posteriori forward and backward prediction errors
can now be derived as follows:

ef(k ,i+l)

=

x

T(k,i+2)[_Wf(:,i+l)]

xT(k,; + 2) [

~Wf:(k, ;) ]

+~d 6~~'~1 i)x
bm

=

. ..

T(k,i+2)

'

[Wb(k~I'i)]
-1

ef(k,i)-Kf(k,i)eb(k-l,i)

(6.33)

where in the second equality we employed the order-updating equation for the
forward prediction coefficients (6.32). The coefficient Kf(k, i) = {d O(~ki21,i) is
the so-called forward reflection coefficient.

b m .,.
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The order updating of the a posteriori backward prediction error is obtained by
using equation (6.28) as follows:

eb(k, i + l ) =

x T(k ,i+2)[-Wb(k

1i+l)]

x

T

+

-w.(~ -1,i) ]

(k ,i + 2) [

/(k(~~

T

J(;'

i) x (k, i + 2) [ W
i) ]
~Jmon
0
eb(k - 1, i) - Kb(k, i)eJ(k, i)

(6.34)

where in the second equality we employed the order-updating equation for the
backward prediction coefficients (6.28). The coefficient Kb(k, i)
{d
is

=

the backward reflection coefficient .

I

6(k,tt)

m 1n

The equations (6.33) and (6.34) above can be implemented with a lattice section as illustrated in Fig. 6.1(a) . An order-increasing lattice-based forward and
backward predictor can be const ructed as illustrated in Fig. 6.1(b). The coefficients Kb( k, i) and K J (k , i) are often called reflection coefficients of the lattice
realization.
In the first section of the lattice, the forward and backward prediction errors
ar e equal to the input signal itself since no prediction is performed before the
first lattice section, therefore
(6.35)
consequently
k

~t in (k, 0)

=L

>.k-l x2(l)

= x 2(k ) + >.~1min (k -

1,0)

1=0

(6.36)
A closer look at equations (6.9) and (6.18) leads to the conclusion that the
backward and forward predictors utilize the same information matrix RD (k, i +
2). This result was key to derive the expressions for the a posteriori forward
and backward prediction errors of (6.33) and (6.34). A hidden importance of
these expressions is tha t they can be shown to be independent of the predictor
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eb (k,N+l)

(a)
',(1<.1)
x(k)

Section

'. (k,1)

' ,(1<.2)
Section

'. (1<.2)

',(1<.3)
Section

'. (1<.3)

',(k,N)
Sec tion
(N+I)

'. (1<.1'1)

(b)
Figure 6 .1

Least-squares lattice-based predictor.

tap coefficients. This result will be proved in the following section , where it will
be presented an updating formula for tS(k, i) that is not directly dependent of
wJ(k, i) and wb(k - 1, i).
Now that all order-updating equations are available, it is necessary to derive
the time-updating equations to allow the adaptation of the lattice predictor
coefficients.

6.4

TIME-UPDATING EQUATIONS

The time-updating equations are required to deal with the new incoming data
that becomes available. Recall that in this text we are studying adaptive filtering
algorithms utilizing the new incoming data as soon as they become available. In
this section the time-updating equations for the internal quantities of the lattice
algorithm are derived.
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Time Updating for Prediction
Coefficients

From equat ion (6.6), the time updating of the forward pr ediction filter coefficients is given by
SD(k - 1, i )PDf (k, i)
(6.37)

Rjjl(k-l , i)PDf(k ,i)

where this is the standard expression for the com putation of the optimal coefficient vector leading to the minimization of the LS obj ectiv e function , adapted
to the forward prediction case .
The updating formula of SD (k, i) bas ed on the matrix inversion lemma derived
in the previous chapter (see Algorithm 5.2) for the conventional RLS algorithm
can be used in equation (6.37) . The resulting equation is given by
t[SO (k- 2,i )-

t

[s

T
'l1 (k;:l ,i)'l1 (k_" i) ]PoI (k ,i )
A+ 'l1

( k -l, i) X(k- l ,i)

o( k -2 ,i) - 'l1 (k _ l, i)~T (k-l ,i) S
A+ 'l1

. [APDf( k - 1, i)
.)

WI (k -1 ,1

-

O(k-2,i) ]

(k -l,i)X(k - l •• )

+ x( k)x (k -

1, i )]

'l1 (k-l ,i)XT (k-l ,i)WI (k-l ,i)
A+'l1

T

(k - l ,i) X(k- l,i )

r (k )

+--r- C

(6.38)

where in the second equality we have applied the tim e-recur sive updating formul aofPDf(k , i), and in the second term of the last expression we have replaced
SD(k - 2, i )PDf (k - 1, i) by wf(k - 1, i) . Vector C is given by
C

=

SD(k _ 2 i)x(k _ 1 i) _ 'l1(k - 1, i)xT(k - 1, i)SD(k - 2, i)x(k - 1, i)
,
,
A+'l1 T(k -l,i)x(k-l ,i)
ASD(k - 2, i)x(k - 1, i)
A + 'l1 T (k - 1, i)x(k - 1, i)

Also, it is convenient at th is point to recall that 'l1(k -1 , i) = SD (k - 2, i)x(k1, i) .
The last term in equation (6.38) can be simplified if we apply the following
definiti on
¢(k-l i ) 'l1(k-l ,i)
(6.39)
, - A+'l1T(k-l ,i)x(k-l , i)
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where 1J(k - 1, i) is redefined here, including now the order index i. Using this
definition in the second and third terms of the last expression of equation (6.38),
it can be shown that
Wf(k -1 ,i)

+ 1J(k -1 ,i)[x(k) -

wJ(k -1,i)x(k -1,i)]

wf(k-l ,i)+1J(k-l ,i)ej(k ,i)

(6.40)

where ej (k, i) is the so-called a priori forward prediction error of a predictor of
order i - I , because it utilizes the tap coefficients of the previous instant k - 1.
Following similar steps to derive equation (6.40) , we can show that the time
updating for the backward predictor filter is given by
Wb(k ,i)

=
=

=
where

e~(k,

T(k

'11(k
.•) ] [APDb(k-l,i)+X(k,i)x(k-i)]
",+'11 t)'11
(k ,.)X(k,.)
Wb(k-l ,i)-1J(k,i)XT (k,i)Wb(k-l ,i)+1J(k,i)x(k-i)
t[SD(k-l ,i)-

(6.41)

Wb(k-l,i)+1J(k,i) e~(k ,i)

i) is the a priori backward prediction error of a predictor of order

i-I.

6.4.2

Time Updating for J(k, i)

From the computational point of view, it would be interesting to compute the
prediction errors without explicitly using the predictor's tap coefficients. In
order to achieve this goal a time-updating expression for c5(k, i) is derived. A
byproduct of this derivation is the introduction of a new parameter, namely
,(k, i) that is shown to be a conversion factor between a priori and a posteriori
errors .
Recall from (6.19) the definition of parameter c5(k , i)
(6.42)
where PDb(k, i

+ 1) can be expressed

PDb(k, i

+ 1)

in a recursive form as

L )..k-Ix(l , i + l)x(l- i-I)
k

1=0

x(k, i

+ l)x(k -

i-I)

+ )..PDb(k -

1, i

+ 1)

(6.43)
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Substituting equations (6.40) and (6.43) in (6.42) , it follows that
a(k ,i )

["'Ck-i-1)XT (k ,i+l)+>.p1b(k-1 ,i+1 )] [

~

- W J(k -l ,i) - 'I' (k-1 ,i )e, (k ,i)

]

>.o(k-1 ,i)+>'P~b(k-1,i+1) [,A,
0
]
-'I'(k-1,i)e,(k ,i )
+"'(k-i-1)XT (k,i+1) [
+",(k-i-1)XT(k ,i+1) [

1

-WJ (k-1 ,i)

,A,

]

0]

(6.44)

- 'I'(k -l,i)e,(k ,i )

where the equality of (6.42) for the order index i-I was used to obtain the first
term of the last equality.
We now derive two relations which are essential to obtain a time-updating
equation for cS (k, i) . The resulting equation is efficient from the computational
point of view . From th e definitions of t/J(k - 1, i) and "iI'(k - 1, i), see equation
(6.39) and the comments after equation (6.38) resp ectively, it can be shown that
the following relation is valid:

P1b(k - 2, i)t/J(k - 1, i)
p1b(k-2 ,i)"iI'(k-l ,i)
A + "iI'T(k - 1, i)x(k - 1, i)
Pbb(k - 2, i)Sv(k - 2, i)x(k - 1, i)
A+"iI'T(k-l ,i)x(k-l ,i)
wl(k - 2, i)x(k - 1, i)
A + "iI'T(k - 1, i)x(k - 1, i)
e~(k - 1, i) - x(k - i-I)
A+ "iI'T(k - 1, i)x(k - 1, i)

(6.45)

Also, again using equation (6.39) it is easy to obtain the relation

xT(k-l,i)Sv(k-2 ,i)x(k-l ,i)
A + "iI'T(k - 1, i)x(k - 1, i)
"iI'T (k - 1, i)x(k - 1, i)

A + "iI'T(k - 1, i)x(k -1, i)

(6.46)
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If we recall that the a priori forward prediction error can be computed in the
following form

and by substituting equations (6.45) and (6.46) in equation (6.44), after some
straightforward manipulations we obtain the following time-updating equation
for o(k, i)

o(k, i)

.
Ae~(k - 1, i)ej(k, i)
Ao(k - 1 z) + -----;.,,---~-,
A+'1JT(k-l,i)x(k-l,i)
M(k - 1, i) + 'Y(k - 1, i)e~(k - 1, i)ej(k, i)

(6.47)

where

'Y(k -1 ,i)

A + '1JT (k - 1, i)x(k - 1, i)
1- ¢T(k - 1, i)x(k - 1, i)

(6.48)

and the last relation follows from the definition of ¢(k - 1, i) . Parameter
'Y( k - 1, i) is key to relate the a posteriori and a priori prediction errors, as
will be following exposed .

Since, the first lattice-based algorithm we want to derive is based on a posteriori
errors, the relationship between the a priori and a posteriori errors is now
derived . The a posteriori forward prediction error is related to the a priori
forward prediction error as follows:

x(k) - wJ (k, i)x(k - 1, i)
x(k) - wJ(k -1,i)x(k - l ,i) - ¢T(k -1,i)x(k -1,i)ej(k,i)
ej(k ,i)[l- ¢T(k -1 ,i)x(k -1,i)]
ej(k,i)J(k-l,i)

(6.49)

Similarly, the relationship between a posteriori and a priori backward prediction
errors can be expressed as

x(k - i-I) - wl(k, i)x(k, i)
x(k - i-I) - wI (k - 1, i)x(k, i) - ¢T (k, i)x(k, i)e~(k, i)
e~(k, i)[1 - ¢T (k, i)x(k, i)]
e~(k, i)J(k, i)
(6.50)
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Parameter -y(k , i) is often called conversion factor between a priori and a posteriori errors.
Using equations (6.49) and (6.50), equation (6.47) can be expressed as

~(k .) = M(k _ 1 .) + eb(k - 1, i)ej (k , i)
,t

-y(k-l ,i)

,t

(6.51)

As a rule each variable of the lattice-based algorithms requires an order-updating
equation . Therefore, an order-updating equation for -y(k, i) is necessary. This
is the objective of the derivations in the following subsection .

6.4.3

Order Updating for "((k, i)

Variable -y(k - 1, i) is defined by
-y(k-l, i)

=

1-¢T(k-l,i)x(k-l,i)

where ¢(k - l ,i) = SD(k - l ,i)x(k - l,i). By multiplying the expression of
¢(k - 1, i) by RD(k - 1, i) on both sides, we obtain the following relation .
RD(k - 1, i)¢(k - 1, i)

=

x(k - 1, i)

(6.52)

With this equation , we will be able to deriv e an order-updating equation for
¢(k - 1, i) , with the aid of an appropriate partitioning of RD(k - 1, i) .
By partitioning matrix RD(k - 1, i) as in equation (6.19) , it follows that
RD(k-l,i)[
_ [RD(k-l,i-l)
Pbb(k-l ,i-l)

¢(k-~,i-l)]

PDb(k-l ,i-l)] [¢(k-l,i-l)]
tTl(k-l)
0

= [RDb(k-l,i -l)¢(k-l,i-l)]
Pbb(k - I, i - I)¢(k - 1, i-I)

We can proceed by replacing ¢(k - 1, i-I) using equation (6.52) in the last
element of the vector above, that is
RD(k - 1, i) [ ¢(k -

~, i -

1) ]
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RDb(k-I ,i-I)q,(k-I ,i-I)

Pbb(k - 1, i - I)SDb(k - 1, i - I)x(k - 1, i-I)

6

]

_ [RDb(k-I ,i-I)q,(k-I ,i-I)]
w&(k-I ,i-I)x(k-I ,i-I)
x(k-I ,i-I)

- [ x(k- i)-eb(k-I , i-I)

= x(k - 1, i) - [ eb(k _

]

~ ,i _ 1) ]

(6.53)

By multiplying the above equation by S D (k - 1, i) , we have
[

q,(k - 1, i-I) ] _ -I..(k

o

-'/"

S (k

.)

-I,l -

D

-

1 ') [
,l

0

eb(k - I, i - I )

]

(6.54)

Applying the relation above in the definition of the conversion factor , we deduce
that
,(k-I ,i)

1- q,T(k - 1, i)x(k - 1, i)
,(k - 1, i-I) - [OT eb(k - 1, i)]TSD(k - 1, i )x (k - 1, i)

(6.55)
This equation can be modifi ed to a mor e useful form by using the following
result :
SD(k-l ,i)

=

OT
]
SD(k-2 ,i-l )

0

[

o

+ <., ( k - l, . - l )
1

.

[

1

-WJ(k-l ,i-1 )

] [1

_W T (k_ l i-I)]

J

'

(6.56)
Proof

Since
RD(k-l ,i)

[

0

o

+[

OT
]
RD(k-2 , i-l)
uJ(k-l)
PD/(k-2 ,i-l)

Pb/(k-2 , i - l ) ]
Oi-l ,i-l

(6.57)
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By assuming equation (6.56) is valid and using (6.57), it is easily seen that

=

+ t/d

RD(k-l ,i)SD(k-l ,i )

[0

OT

o
1

m in

( k - l, . - I)

= [0

=

.

m.n

[0

o

+

[ 0 Pi;/ (k-2 'i-I~SD (k-2'i-I )]
0

0

RD (k-I ,i ) [

o

+ tId

]

I,-I , i-l

I
] [I -W;(k- I ,i -I))
- W /( k - I ,i - I)

+

OT
]
1,-1,.-1

1
(k - I , i - l )

(d

/m'n

[

W; (k-I ,i-I)]
1,- I, i-1

+

[00

WJ (k-l ,i-I )]

0._2 , . _ 2

(k - I i-I ) ]
'

0

[1

_w T/ (k - I 'i-I))

[I

-wJ(k - 1, i-I) ] =1" .

0

Oi- I ,i

o
By applying equation (6.56) in (6.55), the following expression for -y(k , i
easily deri ved

+ l)x(k , i + 1)
. eJ(k, i)

+ 1) is

1 - ¢T(k , i

-y(k , i+l)

-y( k - 1, t) - ~d

.

t;«:

(6.58)

(k, i)

Following a similar way to derive (6.56) , it can also be shown that
S D(k-I ,i)

0.- ,]

S D(k-; I ,i - l )

=

[

0 '_ 1

+ t: . ( k - I , i -l)
1

m' n

0

-Wb (k-I i-I ) ]
]
'
[ _ W T (k _ 1 i-I ) I
I

[

b

'

(6.59)
Now by replacing equat ion above in equation (6.55) we can show that

-y(k - l , i) =

-y(k - l , i - l )
eb(k - 1, i-I) [ T
.
]
.
~tm.Jk-l ,i-l) -wdk-l ,t-l) 1 x(k-l ,t)
-y

(k - l i-l),

e~ (k - l, i - l )

~dm 1n. (k - 1 i-I)
b

'

(6.60)
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The last equation completes the set of relations required to solve the backward
and forward prediction problems. In the following section, the modeling of a
reference signal (joint-processor estimation) is discussed.

6.5

JOINT-PROCESS ESTIMATION

In the previous sections, we considered only the forward and backward prediction problems exploring some common features in their solutions. In a more
general situation the interest is to predict the behavior of one process represented by d(k) through measurements of a related process contained in x(k - 1, i) .
Therefore, it is important to derive an adaptive lattice-based realization to
match a desired signal d(k) through the minimization of the weighted squared
error function given by
~d(k , i

+ 1)

L ,\k-I e2(l, i + 1)
k

1=0

L ,\k-I[d(l) - w T (k, i + l)x(l, i + 1)F
k

(6.61)

1=0

where y(k, i + 1) = w T (k, i + l)x(k, i + 1) is the adaptive filter output signal,
and e(l, i + 1) is the a posteriori error at a given instant l if the adaptive filter
coefficients were fixed at w(k, i+ 1). The minimization procedure of ~d(k, i+ 1)
is often called joint-process estimation .
The prediction lattice realization generates the forward and backward prediction
errors and requires some feedforward coefficients to allow the minimization of
e(k , i + 1). In fact , the lattice predictor part in this case works as a signal
processing building block which improves the quality of the signals (in the sense
of reducing the eigenvalue spread of the autocorrelation matrix) that are inputs
to the output taps. The question is where the taps should be placed . We give
some statistical arguments for this choice here. First, we repeat, for convenience,
the expression of the backward prediction error

eb(k,i+ 1) =

x T(k,i+2) [ -wb(kii+ 1) ]

From the orthogonality property of the RLS algorithm, for k --+
that

E[eb(k, i

+ l)x(k -I)] =

0

00,

we can infer
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for I = 0, 1, . . . , i

+ 1. From this

equation, it is easy to show that

If we postmultiply the equation above by [-wb(k, i) 1
is obtained

of, the following result

This result shows that backward prediction errors of consecutive orders ar e
uncorrelated . Using similar arguments one can show that Eleb(k, i+ 1)eb(k, I)] =
0, for I = 0, 1, . . . , i.

In problem 4, it is also shown that backward prediction errors are uncorrelated
with each other in the sense of tim e averaging, as a consequence they should be
naturally chosen as inputs to the output taps. The obj ective function can now
be written as
k

LA

k

'=0

-

1 2(l

e

, i + 1)

k

L Ak-/[d(l) - ef (k, i + l)v(l , i + 1)]2

(6.62)

'=0

ef

where (k, i+ 1) = [eb(k , 0) eb(k, 1) . .. eb(k, i)] is the backward prediction error
vector and v T (k, i + 1) = [vo (k) VI (k) . .. V j (k)] is the feedforward coefficient
vector.
The main objective of the present section is to derive a tim e-updating formula
for the output tap coefficients. From equations (6.61) and (6.62), it is obvious
that the lattice realization generates the optimal estimation by using a parameterization different from that related to the dir ect form realization. We can
derive the updating equations for the elements of the forward coefficient vector using the order-updating equation for the tap coefficients of the direct form
realization. Employing equation (6.59) , the equivalent optimal solution with the
direct form realization can be expressed as

w(k ,i+l)

Sn(k , i
[

+ I)Pn(k , i + 1)

Sn(k ,i)
OT
,

OJ]
(k· 1)
0 Pn , l +
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+
[

1(

d

[ -wb(k,i)
] [-WT(k
') 1]PD(k ,1' + 1)
1
b, 1

.

~bm .n k ,l)

W(k,i)]

o

6

8D (k, i ) [-Wb(k ,i)]
. (k i)
1
m sn
'

+ ~db

(6.63)

where
8D (k, i)

[-wr(k,i) I]PD(k,i+ 1)

and
PD(k, i

k

L .xk-1x(l, i + l)d(l)

+ 1)

1=0

Since
PD(k, i + 1) = .xPD(k - 1, i + 1) + d(k)x(k, i + 1)

and

and following the same steps to deduce the time update of 8(k , i) in equation
(6.47) , we can show that
8D(k, i)

\1"

AOD

(k-

.) e(k,i)eb(k, i)
1,1 +
i(k, i)

(6.64)

By calculating the output signal of the joint-process estimator using the order-

updating equation (6.63) for the direct form realization, we can show that
w T(k,i+l)x(k ,i+l)

= [wT(k,i) O]x(k,i+l)
+

:D(~,i).)[_Wr(k,i)

~b man
. k ,l

l]x(k,i+l) (6.65)

This equation can be rewritten as follows:
y (k , 1' + 1)

=

y (k , 1')

+

8D (k,
(ki )i) eb (k , 1')
~bfJun )
d

(6.66)

where it can now be noticed that the joint-predictor output y(k , i + 1) is a
function of the backward prediction error eb(k, i) . This was the motivation for
using in equation (6.63) the decomposition of SD (k, i + 1) given in (6.59).
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The feedforward multiplier coefficients can be identified as
v;( k )

=

dD (k, i)
~tin (k, i)

(6.67)

and the a post eriori output error of the adaptive filter of order i from 1 to N
are obtained simultaneously, where
e(k,i + l )

e( k,

i) -

vi ( k )eb ( k,

i)

(6.68)

The result above was derived by subt racting d(k) on both sides of equation
(6.66). The resulting lattice realization is depicted in Fig 6.2.
We have now available all the relations required to generate the lattice recursive least- squares adaptive filtering algorithm based on a post erior i estimation
errors. The algorithm is described in Algorithm 6.1.

6.6

TIME RECURSIONS OF THE
LEAST-SQUARES ERROR

In this section, we provide a set ofrelations for the time up dat ing of the minimum
LS erro r of the prediction problems. T hese relat ions allow the derivation of two
import ant equations involving the ratio of conversion factor of consecutive order
prediction probl ems, namely ..,;(;~';:t)l) and ~fZ~i.~l. The results provided in
this sect ion are required for the derivation of some alternative latti ce algorithms
such as the error feedback, as well as for the fast RLS algorithms of the following
chapte r.
By replacing each term in the definition of the minimum weighted least-squar es
error for the backward prediction problem by their tim e updating equation, we
have (see equations (6.16), (6.17))
<7~(k)- wf (k ,i) PD b(k ,i)

<7~(k )- [Wf ( k - l,i)+ e~(k ,i )(V (k ,i)][>'p Db(k - l ,i )+ x (k - i )X(k ,i )1
<7~(k) ->. wf (k - l,i)PDb( k - l ,i) -x(k-i) wf (k -l, i) X(k, i)

- >. e ~ (k ,i )(V (k , i ) P D b ( k - l ,i ) - e ~ (k , i ) (V (k ,i) X(k ,i )x (k - i )
x2( k - i)+>'<7~( k -l) ->. wf (k - l ,i )P Db(k - l ,i )- x (k - i) w f (k - l ,i) X( k ,i)

->.e~( k ,i) (V ( k,i) PDb( k-l ,i) - e ~(k ,i) (V (k ,i )X(k ,i )x (k - i )

(6.69)
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Algorithm 6.1
Lattice RLS Algorithm Based on A Pos teri ori Errors
Initial ization
Do for i = 0, 1 . . . , N
o(-I,i) = OD(-I, i) = 0 (assumingx(k) = 0 for k < 0)
(-I , i)=((asmallpositiveconstant)

et . (-I,i)=e1 .

"'Y (:"'f, i) = 1
eb(- I , i ) = 0
End

min

Do for k ~ 0
')'(k, O) = 1
eb(k,O) ef (k, O) x(k)
(k ,O)
(k ,O)
e(k,O) = d(k)

=

etmin

=

= etin

For eac h k

~

= x 2 (k ) + >.etin (k -

(6.35)
(6.36)

1.0)

O, do for i = 0,1 .. . • N

(6.51)
(6 .60)

(6.34)
(6.33)
(6.27)
(6.31)
Feedforward Filtering

oD(k, i) = >'oD(k - l, i)
.(k) _ Jo(k,i)
VI

e(k, i
End
End

-

+ e ( k~I: ~})k, i )

(6.64)
(6.67)

ed . (k ,i)
bm , n

+ 1) = e(k,i) -

vi (k)eb(k,i )

(6 .68)

o
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By combining the second and third terms we get

A[O";(k - 1) - wI(k - I, i)PDb(k - I, i)) = A~t.n (k - 1, i)
Similarly, by combining the first , fourth and sixth terms we obtain

x(k - i)[x(k - i) - wl(k -1 ,i)x(k ,i) - e~ ( k, i) ¢T ( k, i ) x ( k, i)]

= x(k - i)[e~(k , i) - e~ ( k, i)¢T (k, i)x(k , i)]
= x(k - i)e~(k, i)[l - ¢T (k, i)x(k, i)]
Now by applying these results in equation (6.69) , we can show that

~tm.Jk, i)

A~t.Jk - 1, i) + x(k - i)e~(k , i)[l - ¢T (k , i)x(k , i)]

=

-Ae~(k, i)¢T(k , i)PDb(k - I , i)

A€i m' n (k - 1, i) + x(k - i) e~(k , i)

=

- e~(k , i)¢T (k , i)[x(k - i)x(k , i) + AP Db(k - 1, i)]

If we apply the definition of ¢(k , i) and the equation (6.16) for the backward
prediction problem we obtain

=

»s.: (k -

=

- e~(k, i)xT (k , i)S D(k - 1, i)PDb(k , i)
)..€t.n (k - 1, i) + e~ ( k, i)[x(k - i) - wI (k , i)x(k, i)]

=

A~tm;Jk - 1, i) + e~(k, i)eb(k, i)

=

)..~d

+ x(k = )..€t .Jk - 1, i) + x(k -

bm

•n

I , i)

i) e~(k, i) - e~ ( k, i)¢T(k, i)PDb(k, i)
i)e~(k , i)

(k _ 1 .) + e; (k, i)
,t
,(k, i)

(6.70)
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Figure 6.2

Joint-process estimat ion lattice real ization .

6
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Following similar steps to prove the equation above, we can show that
d

.

eJ (k, i)

~1miJk ,i) = A~JmiJk -1 ,t) + , (k -1 , i)

(6.71)

From the last two equat ions , we can easily infer the following relati ons that are
useful to derive alt ern at ive latt ice-based algorithms, namely the normalized and
error-feedback algori thm s.
A~t.n (k - 2, i)
~t;Jk

-

1, i)

1-

e~ ( k - 1, i)

,(k - 1, i)~tm.n (k - 1, i)

,(k-l ,i+l)
, (k - 1, i)

(6.72)

and

A~1m.Jk

-

1, i)

~1miJk , i)

eJ(k , i )
1-------<...-..,...--, (k - 1, i)~1m;n (k , i )
, (k,i + l )
, (k - l, i)

(6.73)

where equations (6.60) and (6.58) were used in the derivation of the right-handside expressions of the equat ions above , respectively.

6.7

NORMALIZED LATTICE RLS
ALGORITHM

An alternative form of the lattice RLS algor ithm can be obtained by applying
a wise normalization to the internal variables of the algorithm , keeping their
magnitude bounded by one. The normalized lattice is spe cially suitable for
fixed-point ar ithmetic impl ementation . Also, this algorithm requires fewer recursions and variables than the unnormalized lattices, i.e., only three equatio ns
per prediction secti on per time sample.
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Basic Order Recursions

A natural way to normalize the backward and forward prediction errors is to
divide them by the square root of the corresponding weighted least-squares
error. However, it will be shown that a wiser strategy leads to a reduction
in the number of recursions. At the same time, we must think of a way to
normalize variable 6(k, i). In the process of normalizing ef (k, i), eb (k, i) , and
6(k, i), we can reduce the number of equations by eliminating the conversion
variable ,(k, i + 1). Note that ,(k, i + 1) is originally normalized . These goals
can be reached if the normalization of 6 (k, i) is performed by

J(k, i) =

6(k, i)
J~1min (k, i)~tmin (k - 1, i)

(6.74)

By noting that the conversion variable ,( k - 1, i) appears dividing the product
ef (k, i)eb(k-l, i) in the time-updating formula (6.51), we can easily devise a way
to perform the normalization of the prediction errors leading to its elimination.
The appropriate normalization of the forward and backward estimation errors
are respectively performed as follows:

J,(k - 1, i)~1m.n (k, i)
eb(k, i)
,(k, i)~tin (k , i)
where the terms J

(6.75)
(6.76)

~1min (k, i) and J ~tmin (k, i) perform the power normalization

whereas J,(k - 1, i) and J,(k, i) perform the so-called angle normalization,
since ,( k, i) is related to the angle between the spaces spanned by x( k - 1, i)
and x(k, i) .
From the equation above and (6.51), we can show that

6(k ,i)J€1 min (k,i)€:m", (k-l,i)

= >.J(k - 1, i)J~1min (k - 1, i)~tin (k - 2, i)
+eb(k - 1, i)ef(k, i)J~1min (k,

»«: (k - 1, i)
(6.77)
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Therefore,

8(k, i) = .-\8(k - 1, i)

(k - 1 i)~d (k - 2 i)
'
bmin
'
~d . (k i)~d . (k _ 1 i)

,d
»I-«,«

lm .n.

'

bm, n

+ e (k b

'

1 i)e (k i)

,

j

,

(6.78)
We show now that the term under the square root in the equation above can be
expressed in terms of the normalized errors. That is

.-\~tin (k - 2, i)
~tin (k - 1, i)

,(k-1,i+1)
,(k-1,i)

»s..

(.:-k-,-,--l,_i.:) __

1

e .::...
&

,(k - 1,

(k - 1, i)

1 - e~ (k - 1, i)

(6.79)

and

.-\~1min (k - 1, i)

~t iJk,i)

,(k,i+1)
,(k - l ,i)

eJ(k, i)

1-

-..,.,,..------=--.---.--------:-:-----::-

1-

eJ(k, i)

,(k - 1, i)~1m 'n (k, i)

(6.80)

Applying the last two equations in (6.78), we can easily show that

8(k,i)

= 8(k - 1, ih!(1- e&(k - 1, i))(l- eJ(k, i))

+ eb(k -

1, i)ej(k ,i)

(6.81)
Following a similar procedure to deriv e the time-updating equation for 8(k, i),
one can derive the order-updating equation of the normalized forward and backward pr ediction errors. In the case of the forward pr ediction error the following
order-updating relation results
e/ (k ,i+ 1)=[e/ (k ,i)-J( k ,i)eb(k- l ,i )]

.,.( k-l.i)
.,.(k- l . ' + l )

(6.82)
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Here again, we can express the terms under the square roots in terms of the
normalized variables. Using equations (6.31), (6.74), and (6.80), it can be easily
shown that

eJ(k, i) - J(k, i)eb(k - 1, i)

VI - J2(k, i)Jl - eg(k - 1, i)

(6.83)

If the same steps to derive eJ(k,i + 1) are followed, we can derive the orderupdating equation for the backward prediction error

eb(k - 1, i) - J(k, i)eJ(k, i)

VI - J2 (k, i) VI - eJ (k, i)

6.7.2

(6.84)

Feedforward Filtering

The procedure to generate the joint-processor estimator is repeated here, but
using normalized variables. Define

JD(k, i)

dD (k , i)

=

(6.85)

~~in (k, i)~tmin (k, i)
and

e(k, i)

e(k, i)

(6.86)

Using a similar approach to derive equation (6.31), one can show that
d

emin

(k

,i

+ 1) =

cd . (k .) _
'>msn , t

db(k,i)
a.
(k i)
bm an

(6.87)

'

The same procedure used to derive the order-updating equations for the normalized prediction errors and the parameter 6(k, i) can be followed to derive the
equivalent parameters in the joint-process estimation case. For the a posteriori
output error the following equation results

e(k, i + 1)

=

e~in
(k,
i)
(
.

d

~min k, t

)

+1

[-(k')
e , t _ rU D (k , t')-eb (k , t.)]
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1
Jl - el(k, i)

1

VI - J~(k, i)

[e(k, i) _ Jv(k , i)eb(k, i)]
(6.88)

The order-updating equation ofJv(k ,i) is

Jv(k , i) =

(k - 1 i)Cdmn (k - 1 i)_
"msn
, "b •
J (k - 1 i) + e(k i)e (k i)
'
~:;'in(k ,i)~tmiJk ,i)
V
,
,
b ,

,\2J:d .

V(1- et(k, i))(1 - e

2(k,

i))Jv(k - 1, i)

+ e(k, i)eb(k, i)
(6.89)

where it was used the fact that
'\~:;'in (k - 1, i)

(6.90)

~:;'in (k, i)

The normalized lattice RLS algorithm based on a posteriori errors is described
in Algorithm 6.2 .
Notice that in the updating formulas of the normalized errors, the terms involving the square root operation could be conveniently implemented through
separate multiplier coefficients, namely TIJ(k , i) , 1Jb(k, i), and 1Jv(k , i) . In this
way, one can perform the order updating by calculating the numerator first and
proceeding with a single multiplication . These coefficients are given by

1Jf(k ,i+1)

=

J

1-

1

J2 (k, i) J1 - el (k -

1Jb(k ,i+l)

1Jv(k , i

+ 1)

(6.91)

1, i)

(6.92)

1

(6.93)
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Algorithm 6.2
Normalized A Posteriori Error LRLS Algorithm
Initialization
Do for i = 0, 1 .. . , N
8(-I ,i) 0 (assumingx(k)
80(-I , i) = 0
eb( - I , i ) = 0
End

=

u~(-I)

Do for k

= d(k) = Ofork < 0)

= .xu~(-I) =((( small positive constant)

>0

u~(k) =-.xu~(k - 1) + x 2(k) (Input signal energy)

u~(k) = .xu~(k - 1) + d2(k) (Reference signal energy)
eb(k,O) = ef(k,O) x (k)/ u:z; (k )
e(k,O) = d(k)/Ud(k)

=

For each k

~

0, do for i = 0,1 . . . , N

8(k , i) = 8(k - 1, i)J(1- e~(k - 1, i ))( 1 - eJ(k , i))
eb(k,i + 1) = eb(k-~ ,i)-6(k,i)e/(I"i)
ef(k,i + 1) =

+ eb(k -

1, i)ef(k, i)

(6.81)
(6.84)

J(1-J 2(k ,i»(I-e~ (k ,i»

e/(k,i)-6(k ,i)eb(k-l ,i)

J(1-J 2 (k ,i» (l-e~(k-l . i»

(6.83)

Feedforward Filter
8D(k , i) =

8D(k

e(k,i + 1) = J
End
End

- 1, i)J(1- e~(k, i))(1 - e2(k , i))+ e(k ,i)h(k, i)
1

_

(l-e~(k,i»(l-J;(k,i»

(6.89)
(6.88)

[e(k, i) - 8 D(k,i)eb(k ,i)]

o
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With these multipl iers it is straightforward to obtain the st ructure for the jo intprocessor estimator depicted in Fig. 6.3.
Th e unique feature of the norm alized lattice algorithm is the reduced numb er of
equations and variables, at the expense of employing a number of square root
operations. These opera tions can be costly to be impl emented in most typ es
of hardw are architectures. Another interesting feature of the normalized lattice
algorithm is that the forgetting factor A does not app ear in the int ernal updating
equations, it appears only in the calculation of the energy of the input and
reference signals. This prop erty may be advantageous from the computational
point of view in situations where there is a need to vary the value of A.

6.8

ERROR-FEEDBACK LATTICE RLS
ALGORITHM

Th e reflection coefficients of the lattice algorithm were so far upd at ed in an
indirect way, without tim e recursions. Th is section describ es an alternative
form to update the reflection coefficients using tim e upd ating. Th ese updating
equat ions are recursive in natur e and are often called direct updating , since the
updating equat ions used for Kb (k, i) and Kf( k, i) in Algorithm 6.1 are depend ent exclusively of quantiti es other than past reflection coefficients. Algorithms
employing the recursive time upd ating are called error-feedback lattice RLS algorithms. Th ese algorithms have better numerical propert ies tha n their indir ect
updating counterparts [3) .

6.8.1

Recursive Formulas for the Reflection
Coefficients

The derivation of a direct updating equation for Kf (k, i) starts by replacing
J(k, i) by its time-updating equation (6.51)

«:» -

J(k, i)
1, i)

M(k - I , i)
<tm i n (k - 1, i)

eb (k - 1, i )ef (k, i)
+ r (k - 1, i)<tm i n (k - I , i)
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Figure 6.3

Joint-process estimation normalized lattice realization.

6
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By multiplying and dividing the first term by ~t iJk - 2, i) and next using
equation (6.72) in the first and second terms, we obtain

c5(k - 1, i) )..~t i" (k - 2, i)
eb(k - 1, i)eJ(k , i)
2, i) ~t;Jk - 1, i) + ,(k - 1,
1, i)
(k
.), (k - 1, i + 1) eb (k - 1, i)eJ(k, i)T(k - 1, i + 1)
KJ -I ,z , (k - l , i) +
, 2(k-I ,i) ..~tiJk-2 ,i)

«:» -

w:» «:» -

,(k-I ,i+I) [ (k-l')
eb(k - I , i)eJ(k, i )
] (694)
,(k - 1, i)
KJ
, Z + ,(k - 1, i)..
2, i)
.

Similarly, using equations (6.51) and (6.73) it is straightforward to show that

Kb(k,i)

=

,(k,i+I) [Kb(k-I ,i)+

,(k - 1, i)

eb(k - I, i)eJ(k, i)

,(k - 1, i)..~t.Jk - 1, i)

](6.95)

The feedforward coefficients can also be time updated in a recursive form , by
appropriately combining equations (6.64), (6.67), and (6.72). The tim e-recursive
updating equation for vj(k) is

v.(k)
•

=

,(k, i + 1) [V'(k _ 1) +
e(k, i)eb(k, i)
]
,(k, i ) '
,(k ,i) ..~tm.,.(k-I ,i)

(6.96)

The error-feedback LRLS algorithm describ ed in Algorithm 6.3 employs the
equations (6.94), (6.95), and (6.96). This algorithm is directly derived from
Algorithm 6.1.
Alternative a posteriori LRLS algorithms can be obtained if we replace equations (6.27) and (6.31) by (6.70) and (6.72) in Algorithms 6.1 and 6.3, respectively. These modifications as well as others possible do not change the
behavior of the LRLS algorithm when implemented with infinit e precision (long
wordlength). Differences exist in computational com plexity and in the effects
of quantization error propagation.
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Algorithm 6.3
Error-Feedback LRLS Algorithm Based on A Posteriori Errors
Initialization
Do for i = 0, 1 ... , N
Kb(-l,i) = Kf(-l,i) = Vi(-l) = o(-l,i) = O,,,(-l,i) = 1
et . (-2 ,i)=et · (-1,i)=e1 . (-l,i)=f(asmallpositiveconstant)
eb(~i, i)

=0

mIn

min

End
Do for k > 0
,,(k,O);l
eb(k,O) = ef(k,O) = x(k)
(k,O)
et""n (k ,O)
e(k , 0) = d(k)

eLin

=

For each k

~

K

", t

(k i) =

f'

K (k
b

,

i) =

k,i+1
k-I,')

(6.51)

e~(k ,i)
ed . (k ,i)
b •

(6 .60)

m n

'"Y(k-I,i+l) [
'"Y(k I ,.)
Kf
'I
'I

(6.35)
(6 .36)

(k - 1,0)

+ eb(k;;~,i);5t'i)

( k . + 1) = (k') _
,t

-«:

0, do for i = 0,1 ... , N

o(k , i ) = >.o(k - 1, i)
"

= x 2(k) +

[K

b

(k -1 .) +
,t

(k _ 1 i) +
,

eb(k-I,i)e,(k ,i)
]
'"Y(k-I,i),e d
(k-2 ,i)

(6.94)

bm in

eb(k-I,i)e,(k,i)
]
'"Y(k-I ,i),e ,d
(k-I ,i)

eb(k,i + 1) = eb(k -l,i) - Kb(k,i)ef(k,i)
ej{k,i + 1) = ef(k,i) - Kf(k, i)eb(k - 1, i)
ed . (k,i+1)=ed . (k,i).;2(k,i)
l-«,«
Im.n
~t
(k-l, i)
"un 2
ed . (k,i+1)=e d . (k-1 , i)- .; (k ,i).

(6.95)

", .n

(6.34)
(6.33)

_

bm u ,

b"u n

(d

Im

(6.31)
(6.27)

. (kll)

ln

Feedforward Filtering
v;(k)

=

'"Y(k,i+l) [Vi(k _
'"Y(k,.)

1) +

e(k,i) eb(k ,i)
]
'"Y(k ,i),e:
(k-I ,i)

e(k,i + 1) = e(k,i) - vi(k)eb(k ,i)
End

End

(6.96)

"',n

(6.68)

o
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6.9

LATTICE RLS ALGORITHM BASED
ON A PRIORI ERRORS

The lattice algorithms presented so far are based on a posteriori errors, however
alternative algorithms based on a priori errors exist and one of them is derived
in this section .
The time updating of the quantity § (k, i) as a function of the a priori errors was
previously deriv ed, see equation (6.47) , and is repeated here for convenience .

§(k , i)

=

A§(k - 1, i) + i(k - 1, i)e~(k - 1, i)ej(k , i)

(6.97)

The time updating of the forward prediction a priori error can be obtained by
using equation (6.32) as follows:

ej(k ,i+l) =

x

T(k,i+2)

[-WJ(k~l,i+l)]

-W/(~-I'i) ]

= x T (k ,i + 2) [

1,

s(k - i) T .
+{d . (k-2 i)x (k,t+2)
bm •n

[

0.]

wb(k-2,t)
-1

'

'(k .)_ §(k-l ,i) '(k-l ')
eJ,t
{d . (k _ 2 i)e b
,t
b rn an

ej (k, i) -

~J (k

'

- 1, i)e~(k - 1, i)

(6.98)

With equation (6.28), we can generate the time-updating equation of the backward prediction a priori error as follows:

,;(k,; + 1) =

x

-

T

-W.(~- 2, i) ]

(k, i + 2) [

§(k(k
- _1, 1i) i) x T( k, t. + 2) [

d .

{Jm.n

'

1

W

J (k-- 1, t".

0

'(k _ 1 .) _ §(k - 1, i) '(k ')
eb
,t
{d . (k _ 1 i) eJ ' t
frn,n

e~(k

- 1, i) -

~b(k

'

- 1, i)ej(k, i)

(6.99)
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The order updating of ,(k-l, i) can be easily deriv ed by employing the relations
of equations (6.50) and (6.60) . The result is

,(k - 1, i

+ 1)

,(

k -1 i) _ ,2(k -1 ,i)e;,2(k - l,i)
,
~db .(k-l ,i)

(6.100)

nu n

The updating of the feedforward coefficients of the lattice realization based on
a priori errors is performed by the equations below .

oD(k,i)
e'(k, i + 1)
vj(k - 1)

)..cSD(k - 1, i) + ,(k, i)e~(k, i)e'(k, i)
e'(k, i) - vj(k - l)e;'(k , i)
OD (k - 1, i)
~gmiJk - 1, i)

(6.101)
(6.102)
(6.103)

The derivations are omitted since they follow the same steps of the predictor
equations.
An LRLS algorithm based on a priori errors is described in Algorithm 6.4.
The normalized and error-feedback versions of the LRLS algorithm based on a
priori errors also exist and their derivations are left as problems.

6.10

QUANTIZATION EFFECTS

A major issue related to the implementation of adaptive filters is their behavior
when implemented with finite-precision arithmetic. In particular , the roundoff
errors arising from the quantization of the internal quantities of an algorithm
propagate internally and can even cause instability. The numerical stability and
accuracy are algorithm dependent. In this section, we summarize some of the
results obtained in the literature related to the LRLS algorithms [3], [7]-[8] .
One of the first attempts to study the numerical accuracy of the lattice algorithms was reported in [7] . Special attention was given to the normalized
lattice RLS algorithm, since this algorithm is suitable for fixed-point arithmetic
implementation, due to its internal normalization. In this study, it was shown
that the bias error in the reflection coefficients was more significant than the
variance of the estimate error. The bias in the estimated reflection coefficients
is mainly caused by the quantization error associated with the calculation of the
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Algorithm 6.4
LRLS Algorithm Based on A Pri ori Errors
Initialization
Do for i = 0, 1 . .. , N

O(-I ,i)

"Y( -1 , i)

= ov(-I,i) = 0
=

(assumingx(k)

1

= Ofork < 0)

eg . (-I ,i)=e1 . (-I ,i) = dasmall positive constant)
e~(':i ,i) = O
mUL
End
Do for k
"Y (k, O)

~ 0

=1
e~ ( k, O ) = e, (k, O) = x (k)

«....

eC..

>.et ...

(k , 0) =
(k , 0) = x 2 (k) +
(k - 1,0)
e' (k, O) = d(k)
For each k > 0, do for i = 0 , 1 . .. , N
o(k, i ) = >'S(k - 1, i ) + "Y(k - 1, i)e~(k - 1, i )e, (k, i)
"Y (

k

'+ 1) = "Y,
(k ') _
I

f

1

'

i) =

'" (k _ 1 .) =
b

,I

ed

(6 .100)

. (k ,i)

b m 1n

e: .

6(k-l ,i)
(k-2 ,i)

1(1:-1 ,i)

ed .

I m "'L

(k - I, i)

+ 1) = e ~ ( k - l ,i) - "'b(k -1 ,i)e,(k,i)
(k ,i + 1) = e, (k, i) - "'f(k - 1, i ) e ~ ( k' - 1, i)

e,

e~ ( k,i

e . (k ,i+l)=e
Inun

e

-Y'lk ,i) e;" (k ,i)

,I

'" (k -

(6.47)

d
(k i
bmin
'

d

.

Inun

(k ,i)-

+ 1) = e

(6.99)
(6.98)

(t 6'. ((k,ik- ) l, I).

d . (k _ 1 i)
bm,n '

nun

_

(6 .31)

2

6 (k ,i )

(6.27)

eIdm l.n (k ,i)

Feedforward Filtering

oD(k , i) = >'oD(k - 1, i)
v ·(k _ 1)
6 o ( k - l ,i )

•

=e

e' (k, i + 1)
End
End

d .
b m 1n

+ "Y(k, i) e~(k , i) e'(k , i)

(6 .101)
(6 .103)

(k-I ,i)

= e' (k, i ) - v;(k-l)e~(k ,i)

(6.102)

o
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square roots of(1 - es(k - 1, i)] and [1 - eJ(k , i)] assuming they are calculated
separately. An upper bound for this quantization error is given by

m sq = 2- b

(6.104)

assuming that b is the number of bits after the sign bit and that quantization
is performed through rounding . In the analysis, the basic assumption that
1 - >. » 2- b+1 was used. The upper bound of the bias error in the reflection
coefficients is then given by [7]

~8"(k , i) = 2

-b+l-

.

c5(k , z)

1->'

(6.105)

Obviously, the accuracy of this result depends on the validity of the assumptions
used in the analysis [7], however it is a good indication of how the bias is
generated in the reflection coefficients . It should also be noted that the result
above is valid as long as the updating of the related reflection coefficient does
not stop . An analysis for the case the updating stops is also included in [7] .
The bias error of a given stage of the lattice realization propagates to the succeeding stages and its accumulation in the prediction errors can be expressed
as
(6.106)
for i = 0, 1, . . . , N . This equation indicates that whenever the value of the parameter 8"2 (k,l) is small, the corresponding term in the summation is also small .
On the other hand , if the value of this parameter tends to one the corresponding
term of the summation is large . Also note that the accumulated error tends to
grow as the number of sections of the lattice is increased. In a finite-precision
implementation, it is possible to determine the maximum order that the lattice
can have such that the error signals at the end of the realization still repres ent
actual signals and not only accumulated quantization noise.
The lattice algorithms remain stable even when using quite short wordlength
in fixed- and floating-point implementations. In terms of accuracy the errorfeedback algorithms are usually better than the conventional LRLS algorithms
[3] . The reduction in the quantization effects of the error-feedback LRLS algorithms is verified in [3], where a number of examples show satisfactory performance for implementation with less than 10 bits in fixed-point arithmetic.
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Another investigation examines the finit e-wordlength implementation employing floating-point arithmetic of the unnormalized lattice with and without error
feedback [8]. As exp ected, the variance of the accumulated error in the reflection coefficients of the error-feedback algorithms are smaller than that for the
conventional LRLS algorithm. Another important issue relates to the so-called
self-generated noise, that originates in the internal stages of the lattice realization when the order of adaptive filter is greater than necessary. In the cases
where the signal-to-noise ratio is high in the desired signal , the internal signals
of the last stages of the lattice realization can reach the quantization level and
start self-generated nois e, leading to an excess of mean-square error and possibly to instability. The stability problem can be avoided by turning off the
stages after the one where the weighted forward and backward squared errors
are smaller than a given thr eshold.

Example 6.1

The system identification problem describ ed in Chapter 3 (subsection 3.6.2) is
solved using the lattice algorithms presented in the present chapter. The main
objective is to compar e the performance of the algorithms when impl ement ed
in finit e precision .
Solution:

We present here the results of using the unnormalized , the normalized and
error-feed back a post eriori lattice RLS algorithms in the system identification
example. All results presented here were obtained by running 200 independent
experiments and calculating the averag e of the quantities of int erest . We consider the case of eigenvalue spread 20, and >. = 0.99. Parameter ( was 0.1, 0.01,
and 0.1 for the unnormalized, the normalized , and the error-feedback lattice
filters, respectively. The measured misadjustrnents of the lattice algorithms are
given in Table 6.1. As expected, the results are close to those obtained by the
conventional RLS algorithm, where in the latter the misadjustment was 0.0421.
Not included is the result for the normalized lattice because the a posteriori
error is not available, in this case the measur ed normalized MSE was 0.00974.
Table 6.2 summarizes the results obtained by the implementation of the lattice
algorithms with finite precision . Parameter e in the finite-precision implementation was 0.1, 0.04 and 0.5 for the unnormalized , normalized and error-feedback
lattices, respectively. These values of ( assured a good convergence behavior of
the algorithms in this experiment. In short wordlength implementation of the
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lattice algorithms, it is advisable to test if the denominator expressions of the
algorithm steps involving division are not rounded to zero. In case of detection
of a zero denominator, replace its value by the value of the least significant bit.
Tabl e 6.2 shows that for the unnormalized and error-feedback lattices, the meansquared errors are comparable to the case of the conventional RLS previously
shown in Table 5.2. The normalized lattice was found more sensibl e to quantization errors due to its higher computational complexity. Th e errors introduced
by the calculations to obtain w(k)Q from the lattice coefficients was the main
reason for the increased values of E[II~w(k)QW] shown in Tabl e 6.2. Therefore, this result should not be considered as an indication of poor performance
of the normalized lattice implemented in finite precision .

o
Table 6.1

Evaluation of the Lattice RLS Algorithms

Algorithm
Unnorm.
Error Feed.

Misadjustment
0.0416
0.0407

Table 6.2 Results of the Finite-Precision Implementation of th e Lattice RLS
Algorithms
E[II~ W(k)Q 11 2 )

e(.\:)Q
No . o f bits

U u nor m .

N o rm .

Error Fe ed .

U D Do r m .

No r m .

Err or Feed .

16
12
10

1.563 10- 3

8 .081 10- 3

9 .236 10- 4

2 .0 43 10- 3

9 .53 9 10- 4

1.54 5 10- 3

8 .09 6 10- 3

1 .555 10 - 3
1.5 67 10- 3

9. 31710- 4

2.201 10- 3

9 .271 10- 4

1.587 10- 3

10 .09 5 10- 3

1.603 10- 3

9.347 10- 4

4 .55010- 3

9 .872 10- 4

Example 6.2

The channel equalization example first described in subsection 3.6.3 is used in
simulations using the lattice RLS algorithm with error feedback . In the present
example use a 25th-order equalizer.
Solution:

Applying the error-feedback lattice RLS algorithm, using A = 0.99, with a 25thorder equalizer, we obtained after 100 iterations the equalizer whose impulse
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response is shown in Fig . 6.4. The appropriate value of L for this case was 18.
The algorithm was initialized with f. = 0.1.
The convolution of this response with the channel impulse response is depicted
in Fig . 6.5, which clearly approximates an impulse. In this case, the measured
MSE was 0.3056, a value comparable with that obtained with the LMS algorithm
in the example of subsection 3.6.3. Note that in the LMS case a 50th-order
equalizer was used .

o
10 .--------r----.---~__,---_,...---_.__--__,

-2

-,
10

Figure 6 .4
back .

6.11

15

Sample

20

25

30

Equalizer impulse response, lattice RLS algorithm with error feed-

CONCLUDING REMARKS

In this chapter, a number of alternative RLS algorithms based on the lattice
realization were introduced . These algorithms consist of stages where growingorder forward and backward predictors of the input signal are built from stage
to stage. This feature makes the lattice-based algorithms attractive in a number
of applications where information about the statistics of the input signal, such
as the order of the input-signal model, are useful. Another important feature
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Figure 6.5

Convolution result, lattice RLS algorithm with error feedback .

of the lattice-based algorithms is their good performance when implemented in
finite-precision arithmetic.
Also, their computational complexity of at least 16N multiplications per output
sample is acceptable in a number of practical situations. However, by starting
from the lattice formulation without making extensive use of order updating, it
is possible to derive the fast transversal RLS algorithms, that can reduce the
computational complexity to orders of 7N multiplications per output sample.
The derivation of these algorithms is the subject of the following chapter.
Several interesting topics related to the lattice formulation of adaptive filters
have been addressed in the open literature [9]-[13]. The geometric formulation
of the least-squares estimation problem can be used to derive the lattice-based
algorithms [9] in an elegant way. Also, an important situation that we usually
find in practice is when the input data cannot be considered zero before the first
iteration of the adaptive algorithm. The derivation of the lattice algorithms that
account for nonzero initial condition for the input data is found in [10] . Another
important problem is the characterization of the conditions under which the
stability of the lattice algorithm is maintained when perturbations to the normal
operation occur [11] . There is also a family of lattice-based algorithms that
employ gradient type updating equations, these algorithms present reduced
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computational complexity and good behavior when implemented with finiteprecision arithmetic [12]-[13].
,A number of simulation examples involving the latti ce algorithms were pres ented in this chapter. These examples evaluated the performance of the lattice
algorithm in different appli cations as well as in finite-pr ecision implementations.
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Problems
1. Deduce the time -updating formula for the backward predictor coefficients .
2. Given a square matrix P partitioned as follows:

where A and D are also square matrices. The inverse ofP can be expressed
as follows:
p- 1

=
=

A -1[1 + B(D - CA- l B)-lCA -1] -A-lB(D - CA-lB)-l ]
-(D - CA -lB)-lCA -1
(D - CA-lB)-l
1C)-1
(A - BD-(A - BD- 1C)-lBD-1
]
[ -D- 1C(A - BD- 1C)-1 D- 1[1 + C(A - BD- 1C)-lBD-1]
[

(a) Show the validity of this result.
(b) Use the appropriate partitioned forms of RD(k - 1, i) to derive the
partitioned forms of SD(k - 1, i) of equations (6.56) and (6.59) .
3. Deriv e the time-updating formula of oD(k, i) .
4. Demonstrate that the backward a posteriori prediction errors eb(k, i) and
eb(k,j) for i # j are uncorrelated when the average is calculated over time .
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5. Justify the initialization of { tin (0) and { tin (0) in the lattice RLS algorithm.
6. Derive the a post erio ri lattice RLS algorithm for complex input signals.
7. Pro ve equat ion (6.71).
8. Derive the order-updating equation of the normalized forward and backward errors.
9. Prove the validity of the order-updating formula of the weighted leastsquares error of the joint-process estimation described in equat ion (6.88).
10. Derive equation (6.89).
11. Derive the error-feedback LRLS algorithm bas ed on a priori errors.
12. Derive the normalized LRLS algori thm bas ed on a priori errors.
13. T he lattice RLS algorithm based on a post eriori errors is used to predict
the signal x(k) = sin "4k • Given A = 0.99, calculate the error and the tap
coefficients for the first 10 iterations.
14. The normalized lattice RLS algori thm based on a post eriori errors is used
to predict the signal x(k) = sin "4k . Given A = 0.99, calculate the error and
the multiplier coefficients for the first 10 iterations.
15. The error-feedback LRLS algorithm was appli ed to identify a 7th-order
time-varying unkn own system whose coefficients are first-order Markov
processes with Aw = 0.999 and O"~ = 0.033. The initi al time-varying
syste m multiplier coefficients are

= [0.03490 - 0.01100 - 0.068640.223910.556860.35798 - 0.02390 0.07594]

w~

Th e input signal is a Gaussian white noise with vari ance 0"; = 1, and the
measur ement noise is also a Gaussian white noise independent of the input
signal and of the elements of nw(k) , with variance O"~ = 0.01.
Simulate the experiment described above and measur e the excess MSE, for
A = 0.97 and A = 0.99.
16. Repeat the experiment describ ed in prob lem 15, using the normalized lattice algorithm.
17. Supp ose a 15th-order FIR digital filter with multiplier coefficients given
below was identified through an adaptive FIR filter of the same order using
the unnormalized LRLS algorithm . Considering that fixed-p oint arithmetic
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was used, simulate the identification problem described using the following
specifications.
Additional noise : white noise with variance
= 0.0015
Coefficients wordlength :
be = 16 bits
Signal wordlength :
bd = 16 bits
Input signal: Gaussian white noise with variance
= 0.7
>. = 0.98

u;

u;

wr

= [ 0.02193600.0015786 -0.0602449 -0.0118907 0.1375379 0.0574545
-0.3216703 -0.5287203 -0.2957797 0.0002043 0.290670 -0.0353349
-0.00682100.00260670.0010333 - 0.0143593]
Plot the learning curves for the finite- and infinite-precision implementations . Also plot "~Kf(k,O)W and II~Kb(k ,O)W versus k, in both cases.
18. Repeat the problem above for the following cases

u; = om, be = 9 bits, bd = 9 bits, u; = 0.7, >. = 0.98.
(b) u; = 0.1, be = 10 bits, bd = 10 bits, u; = 0.8, >. = 0.98.
(c) u; = 0.05, be = 8 bits, bd = 16 bits, u; = 0.8, >. = 0.98.

(a)

19. In the problem 17 above, rerun the simulations for>' = 1,>' = 0.940.
Comment on the results .
20. Repeat the problem 18 above, using the normalized and error-feedback
LRLS algorithms. Compare the results for the different algorithms.
21. Repeat problem 17 in the case the input signal is a first-order Markov
process with >'x = 0.98.
22. Given a channel with impulse response given by
h(k) = 0.9k + OAk

for k = 0,1 ,2, . . . ,25, design an adaptive equalizer . The input signal is
white noise with unit variance and the adaptive filter input signal-to-noise
ratio is of -30dB . Use the unnormalized lattice algorithm of order 35.
23. The unnormalized lattice algorithm is used to perform the forward prediction of a signal x(k) generated by applying a white noise with unit variance
to the input of a linear filter with transfer function given by

H( )
0.5
z = (1 _ 1.512r1 + 0.827r2)(1 - 1.8r 1 + 0.87r2)
Calculate the zeros of the resulting predictor and compare with the poles
of the linear filter.
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24. Determine the computational complexity of the Algorithms 6.1) 6.2, 6.3
and 6.4.

7
FAST TRANSVERSAL RLS
ALGORITHMS

7.1

INTRODUCTION

Among the large number of algorithms that solve the least-squares problem in a
recursive form, the fast transversal recursive least-squares (FTRLS) algorithms
are very attractive due to their reduced computational complexity [1]-[7] .
The FTRLS algorithms can be derived by solving simultaneously the forward
and backward linear prediction problems, along with two other transversal filters
consisting of the joint-process estimator and an auxiliary filter whose desired
signal vector has one as its first (i.e., d(O)) and unique nonzero element . Unlike
the lattice-based algorithms, the FTRLS algorithms require only time-recursive
equations. However, a number of relations required to derive some of the FTRLS
algorithms can be taken from the previous chapter on LRLS algorithms. The
FTRLS algorithm can also be considered as a fast version of the transversal
adaptive filter for the solution of the RLS problem, since a fixed-order update for
the transversal adaptive filter coefficient vector is computed in each iteration .
The relations derived for the backward and forward prediction in the latticebased algorithms can be used to derive the FTRLS algorithms. The resulting
algorithms have computational complexity of order N, making them especially
attractive for practical implementation. As compared to the lattice-based algorithms, the computational complexity of the FTRLS algorithms is lower due to
the absence of order-updating equations. Particularly, FTRLS algorithms typically require an order of 7N to lIN multiplications and divisions per output
sample, as compared to the 14N to 29N for the LRLS algorithms. Therefore,
FTRLS algorithms are considered as the fastest implementation solutions of the
RLS problem [1]-[7] .
P. S. R. Diniz, Adaptive Filtering
© Springer Science+Business Media New York 1997
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Several alternative FTRLS algorithms were proposed in the literature. The
so-called fast Kalman algorithm [1], that is certainly one of the earlier fast
transversal RLS algorithms, has computational complexity of lIN multiplications and divisions per output sample. In a later stage of research development
in the area of fast transversal algorithms, the fast a posteriori error sequential technique (FAEST) [2], and the fast transversal filter (FTF) [3] algorithms
were proposed, both requiring an order of 7N multiplications and divisions per
output sample. The FAEST and FTF algorithms have the lowest complexity
known for RLS algorithms, for problems where the input vector elements consist of delayed versions of a single input signal. Unfortunately, these algorithms
are very sensitive to quantization effects and become unstable if certain actions
are not taken [5]-[7]' [9] .

In this Chapter, a particular form of the FTRLS algorithm is presented, where
most of the derivations are based on those presented for the lattice algorithms.
It is well known that the quantization errors in the FTRLS algorithms present
exponential divergence [1]-[7] . Since the unstable behavior of the FTRLS algorithms when implemented with finite-precision arithmetic is undesirable, we
discuss the implementation of numerically stable FTRLS algorithms, providing
the description of a particular algorithm [8]-[10].

7.2

RECURSIVE LEAST-SQUARES
PREDICTION

All fast algorithms explore some structural property of the information data in
order to achieve low computational complexity. In the particular case of the
fast RLS algorithms discussed in this text, the reduction in the computational
complexity is achieved for the cases where the input signal consists of consecutively delayed samples of the same signal. In this case, the pattern of the fast
algorithms are similar in the sense that the forward and backward prediction
filters are essential parts of these algorithms. The predictors perform the task
of modeling the input signal, which as a result allows the replacement of matrix
equations by vector and scalar relations.

In the derivation of the FTRLS algorithms, the solutions of the RLS forward
and backward prediction problems are required in the time-update equations.
In this section, these solutions are reviewed emphasizing the results that are
relevant to the FTRLS algorithms. As previously mentioned, we will borrow
a number of derivations from the previous chapter on lattice algorithms. It is
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worth mentioning that the FTRLS could be introduced through an independent derivation, however the derivation base d on the lattice is probably more
insightful , and certainly more st raightforward at this point.

7.2. 1

Forward Prediction Relations

The instantaneous a posteriori forward prediction error for an Nth-order predictor is given by

x(k) - wJ (k, N) x(k - 1, N)
xT(k ,N + 1) [ - Wf tk, N ) ]

(7. 1)

The relationship between a post eriori and a priori forward prediction error ,
first presented in equation (6.49) and repeated here for convenience, is given by
I

ef

(k N) =
'

ef (k, N)
I,N)

(7.2)

,(k -

A simple manipulation of equation (6.73), leads to the following relation for the
time updating of the minimum weighted least-squares error, which will be used
in the FTRLS algorithm

~tiJk, N) =

»i:» - 1, N) + ej (k, N) ef(k , N)

(7.3)

From the same equation (6.73) , we can obtain the following equality that will
also be required in the FTRLS algorithm

'V(k N
I

,

+ 1) =

)..~d

(k - 1 N)

e . (k, N)

fm.n

'

'V(k - 1 N)
I

,

(7.4)

/mln

The updating equat ion of the forward prediction tap-coefficient vector can be
performed through equation (6.40) of the previous chapter, i.e.,

Wf (k, N) = wf(k - 1, N)

+ ¢(k -

where ¢(k - 1, N) = 5D(k - 1, N)x(k - 1, N) .

1, N) ej(k, N)

(7.5)
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As will be seen, the updating of vector cjJ(k - 1, N) to cjJ(k, N + 1) is needed
to update the backward predictor coefficient vector. Also, the last element
of cjJ(k, N + 1) is used to update the backward prediction a priori error and to
obtain ,(k, N). Vector cjJ(k, N + 1) can be obtained by post-multiplying equation
(6.56), at instant k and for order N, by x(k, N + 1) = [x(k) xT(k - 1, N)jT .
The result can be expressed as

However, it is not convenient to use the equation above in the FTRLS algorithm
because when deriving the backward prediction part, it would lead to extra
computation . The solution is to use an alternative recursion involving ;P(k, N +
1) = ~(~:::N instead of cjJ(k, N + 1), see problem 7 for further details . The
resulting recursion can be derived after some algebraic manipulations of the
equation (7.6) above and equations (7.3) to (7.5).

;p( k, N + 1)

=

[;p( k ~ 1, N)

]

+>.e1miJ:-l,N) [-Wf(/-I,N)] ej(k,N) (7.7)
The forward prediction tap-coefficient vector should then be updated using
;p( k - 1, N) as follows:

Wf(k, N) = wf(k - 1, N)

7.2.2

+ ;P(k -

1, N)ef(k, N)

(7.8)

Backward Prediction Relations

In this subsection, the relations involving the backward prediction problem that
are used in the FTRLS algorithm are derived .
The relationship between a posteriori and a priori backward prediction errors
can be expressed as
(7.9)
eb(k, N) = eb(k, N),(k, N)
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It is also known, see equation (6.79) of the previous chapter, that the ratio of
conversion factors for different orders is given by

.J

-,-I(,----k,;-:-N-::,+
-:::---,I ) _ >.~t k - 1, N)
,(k, N)
~t (k , N)

...

(7.10)

We rewrite for conveni ence the last equality of equation (6.70)
d

d

~bm'" (k , N) = >'~bm'" (k - 1, N)

e~(k , N)

+ -y(k, N)

(7.11)

The equation above can be rewritten as follows:
(7.12)

Now we should recall that the time updating for the backward predictor filter
is given by

+ cP(k, N)e~(k, N)
wb(k - 1, N) + ;P(k , N) eb(k, N)
wb(k - 1, N)

(7.13)

Following a similar path used to deriv e equation (7.6), by first post-multiplying
equation (6.59), at instant k and for order N , by x(k , N + 1) = [xT (k , N) x(kN)]T , and using relations (7.10) , (7.11) , and (7.13) , we have

[ ;P(k N) ] = ;P(k , N
O
_

. 1
>.~t.Jk -

1, N)

+ 1)

[ -wb(k - 1, N) ] e' (k N)

1

b

(7.14)

,

Not e that in this equation the last element of ;P(k, N + 1) was already calculated
in equation (7.6) . In any case , it is worth mentioning that the last element of
;P(k , N + 1) can alternatively be expressed as

"
cPN+l (k , N

e~ ( k ,

N)
1 N)

+ 1) = >.~db . (k _
m ,n

l

(7.15)
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By applying equations (7.9), (7.15), and (7.10) in equation (7.12), we can show
that

1 + 1JN+l (k , N
A

+ l)eb(k, N) =

,(k,N)
,(k, N + 1)

(7.16)

We are now in a position to derive an updating equation which is used in the
FTRLS algorithm, by substituting equation (7.9) into the equation above . The
resulting relation is

,-I (k , N) = ,-I(k , N + 1) - 4>N+dk, N + l)ei,(k , N)

(7.17)

The updating equations related to the forward and backward prediction problems and for the conversion factor ,( k , N) are now available. We now proceed
with the derivations to solve the more general problem of estimating a related
process represented by the desired signal d(k), known as joint-process estimation .

7.3

JOINT-PROCESS ESTIMATION

As for all previously presented adaptive filters algorithms, it is useful to derive a
FTRLS algorithm that can match a desired signal d(k) through the minimization
of the weighted squared error. Starting with the a priori error

e'(k , N) = d(k) - wT(k - 1, N)x(k, N)

(7.18)

we can calculate the a posteriori error as follows:

e(k, N) = e'(k , Nh(k , N)

(7.19)

Like in the conventional RLS algorithm, the time updating for the output tap
coefficients of the joint-process estimator can be performed by

w(k, N)

+ 1J(k, N)e'(k, N)
1, N) + 4>(k, N)e(k , N)

w(k - 1, N)
w(k -

(7.20)

All the updating equations are now available to describe the fast transversal RLS
algorithm. The FRLS algorithm consists of equations (7.1)-(7 .3), (7.6)-(7 .8),
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and (7.4) related to the forward predictor; equations (7.15), (7.17), (7.9), (7.11) ,
(7.14), and (7.13) related to the backward predictor and the conversion factor ;
and (7.18)-(7.20) related to the joint-process estimator. The FTRLS algorithm
is described in Algorithm 7.1. The computational complexity of the FTRLS
algorithm is 7(N) + 14 multiplications per output sample. The key feature of
the FTRLS algorithm is that it does not require matrix multiplications, that
is why the implementation of the FTRLS algorithm has complexity of order N
multiplications per output sample.
The initialization procedure consists of setting the tap coefficients of the backward prediction, forward prediction, and joint-process estimation filters to zero,
namely
(7.21)
Wf(-1,N) = wb(-1 ,N) = w(-1 ,N) = 0

Vector ;p( -1 , N) is set to 0 assuming the input and desired signals are zero for
k < 0, i.e., prewindowed data. The conversion factor should be initialized as
follows:
(7.22)
1(-1 , N) = 1
since no difference between a priori and a posteriori errors exists during the
initialization period. The weighted least-square errors should be initialized
with a positive constant c
(7.23)
in order to avoid division by zero in the first iteration. The reason to introduce
this initialization parameter suggests that it should be a small value. However
for stability reasons the value of e should not be small (see the examples at the
end of this chapter) .
It should be mentioned that there are exact initialization procedures for the fast
transversal RLS filters, aiming the minimization of the objective function at all
instants during the initialization period [3] . These procedures explore the fact
that during the initialization period the number of data samples in both d(k)
and x(k) is less than N + 1, therefore the objective function can be made zero
since there are more parameters than needed. The exact initialization procedure
of [3] replaces the computationally intensive backsubstitution algorithm and is
rather simple when the adaptive filter coefficients are initialized with zero. The
procedure can also be generalized to the cases where some nonzero initial values
for the tap coefficients are available .
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Algorithm 7.1
Fast Transversal RLS Algorithm
Initialization

Wf(-I ,N) = wb(-I,N) = w(-I,N) = 0
~(-I,N) = 0, -Y(-I ,N) = 1
~t . (-I ,N)=~df . (-I ,N)=e(asmallpositiveconstant)
m .n
m.n
Prediction Part
Do for each k

~

0,

e't(k,N) = xT(k,N + 1) [ -Wf(/-I,N) ]

=

ef(k,N) e't(k ,N)-y(k- I,N)
~Ln (k,N) = >.~L n (k - I ,N) + e't(k,N)ef(k,N)
wf(k,N) = wf(k -1,N) + ~(k -1,N)ef(k,N)

.

_[ ~(k-l,N)
0] +

q,(k,N+l)_

I

>.eL'n(k-I,N)

[

(7 .2)
(7 .3)

1

-wf(k-l ,N)

]'

ef(k,N)

_ >.ej IB (k-I ,N)
-y(k,N+l)- eY' . (k,N) -y(k-l ,N)

e~(k, N) = >.~t . (k - 1, N)~N+dk, N + 1)
-y - I (k, N ) = -y~i(k,N + 1) - ~N+dk,N + l)e~(k,N)
eb(k,N) = e~( k ,Nh(k ,N)
~tm ,n (k, N) = >'~Ln (k - 1, N) + eb(k, N)e~(k, N)

~(k~N)

] =

~(k,N + 1) _ ~N+dk,N + 1) [

wb(k, N) = wb(k - 1, N)

(7.6)
(7.4)

Jm . "

[

(7 .8)

(7.15)
(7.17)
(7 .9)
(7.11)

-Wb(\- I ,N) ]

(7.14)

+ ~(k, Nh(k, N)

(7.13)

Joint-Process Estimation

e'(k ,N) = d(k) - wT(k - I,N)x(k ,N)
e(k,N) = e'(k ,Nh(k,N)
w(k, N) = w(k - 1, N) + ~(k , N)e(k, N)
End

(7.18)
(7.19)
(7.20)

o
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As previously mentioned several fast RLS algor ithm s bas ed on the transversal
realizati on exist; the one presented here corresponds to the so-called FTF proposed in [3] . A numb er of alternative algorithms are introduced in the problems.

7.4

STABILIZED FAST TRANSVERSAL
RLS ALGORITHM

Although the fast transversal algorithms propos ed in the literature provid e a
nice solution to the computational complexity burden inherent to the convention al RLS algorithm, these algorithms are unstable when impl emented with
finite-pr ecision arithmetic. Increasing the wordlength does not solve the instability probl em . Th e only effect of employing a longer wordlength is that
the algori thm will take longer to diverge. Earli er solutions to this problem
consisted of restarting the algorithm when the accumulat ed errors in chosen
variables reached prescrib ed thresholds [3] . Although the rest art pro cedur e
would consider past information, the resulting performance is suboptimal due
to the discont inuity of inform ation in the corresponding determinist ic correlation
matrix.
Th e explanat ion for the unsta ble behavior of the fast t ransversal algorithms is
the existence of an inherent positive feedback mechan ism . This explanation
led to the idea that if some specific measur ements of the numerical errors were
available, they could conveniently be fed back in order to make the negative
feedb ack dominant in the error propagation dynamics. Fortunately, some measurements of the numerical errors can be obtained by int rodu cing computational
redund ancy in the fast algorithm . Th e computational redundancy consists of
calculating a given quantity using two different formulas . In finite-precision implementation , the resulting values for the quantity calculated by these formulas
are not equal, and their difference is a good measur ement of the accumulated
errors in that quantity. This error can then be fed back in attempt to stabilize
the algorithm . The key probl em is to find out what are the quantities where the
computational redundancy should be introduced such that the error propagation dynamics can be stabi lized. In the early prop osed solutions [6]-[7] only a
single quantity was chosen to introduce the redundancy, later it was shown that
at least t wo quantities are requir ed in order to guarantee the st ability of the
FTRLS algorithm [9]. Another relevant question is to where should the error
be fed back inside the algorithm . Note that any point could be chosen without
affecting the behavior of the algori th m when impl emented with infinite precision, since the feedback error is zero. A nat ural choice is to feed the error back
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into the expressions of the quantities that are related to it. That means for each
quantity that the redundancy is introduced, its final value is a combination of
the two forms of computing it.
The FTRLS algorithm can be seen as a discrete-time nonlinear dynamic system [9], and when finite precision is used in the implementation, quantization
errors will rise . In this case, the internal quantities will be perturbed when
compared with the infinite-precision quantities. A nonlinear system modeling
the error propagation can then be described, which if properly linearized allows
the study of the error propagation mechanism . Using an averaging analysis
which is meaningful for stationary input signals, it is possible to obtain a system characterized by its set of eigenvalues , whose dynamic behavior is similar
to the error propagation behavior when k -+ 00 and (1 - >.) -+ O. Through
these eigenvalues it is possible to determine the feedback parameters as well as
the quantities to choose for the introduction of redundancy. The objective here
is to modify the unstable modes through the error feedback in order to turn
them stable [9] . Fortunately, it was found in [9] that the unstable modes can be
modified and stabilized by the introduced error feedback . The unstable modes
can be modified by introducing redundancy in ,(k, N) and e~(k , N) . These
quantities can be calculated using different relations, and to distinguish them
an extra index is included in their description.
The a priori backward error can be described in a number of alternative forms
such as:
(7.24)
e~(k, N , 1) = >.et.n (k - 1, N)¢N+l (k, N + 1)
e~ (k, N, 2) = [-

wI (k -

1, N) 1] x( k, N

+ 1)

(7.25)

and
e~(k, N , 2)Ki

+ e~(k , N, 1)[1- Ki]

e~(k , N, 1) + Ki[eUk, N, 2) - e~(k, N, 1)]

(7.26)

where the first form was employed in the FTRLS algorithm, and the second form
corresponds to the inner product implementation of the a priori backward error .
The third form corresponds to a linear combination of the first two forms, where
the numerical difference between these forms is fed back to determine the final
value of e~ i(k, N, 3) which will be used in the stabilized algorithm at different
places . Fo~ each Ki, i = 1,2,3, we have a different value that is chosen in order
to guarantee that the related eigenvalues are less than one.
The conversion factor ,(k, N) is probably the first parameter to show signs
that the algorithm is becoming unstable. This parameter can also be calculated
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through different relations. These alternative relations are required to guarantee
that all modes of the error propagation system become stable. The first equation
is given by
1- 1 (k, N

+ 1, 1)

-1

I

I

-1(k-l N 3) [1+ ej(k ,N)ej(k,N)]
"
>.~dI-«,« (k - 1' N)
-1

I

(k _ 1 N 3) ~tin (k, N)
">.~dl,«,«. (k _ 1' N)

e/~(k, N)
(k-l,N,3)+>.e .(k_1N)
l-«,«

1-1 (k - 1, N , 3) + ¢o(k, N

'

+ l)ej(k, N) (7.27)

where ¢o(k, N + 1) is the first element of ¢(k, N + 1). The equalities above are
deriv ed from equations (7.4) , (7.3), (7.2) and (7.6), respectively. The second
expression for the conversion factor is derived from equation (7.14)' being given
by

1- 1(k ,N,2) = 1- 1(k,N + 1,1) -¢N+l(k,N + l) e~,3(k ,N,3)

(7.28)

The third expression is
I

-1

(k , N , 3) = 1 + 4> (k, N)x(k , N)
' T

(7.29)

In equation (7.27), the conversion factor was expressed in different ways, one of
them first presented in the FTRLS algorithm of [9] . The second form already
uses an a priori backward error with redundancy. The third form can be derived
from equation (6.48) for the lattice RLS algorithms, see problem 10.
An alternative relation utilized in the stabilized fast transversal algorithm involves the minimum forward least-squares error. From equations (7.3) and
(7.6) , we can write

[~1miJk, N)]- 1

=

>.-I[~tiJk -

1

1, N)t -

>.~d e[~~~);:)~~ N)(k N)
'

fmtn

>.-I[~d. (k-l N)]-I_ ¢o(k,N)ej(k ,N)
~d .

jm.n'

fml n

(k N)
'

From (7.6) , we can deduce that

ej(k,N)
(k N)

d

c'fmin

'

,

= 4>o(k , N) = 4>o(k , N)J(k , N + 1,1)

!mln

'

300

CHAPTER

7

With this relation we can obtain the desired equation

[~t.n (k, N)t 1 = A-1[~tin (k -

1, N)t 1

-

,(k, N

+ 1, 1)4>~(k, N + 1)
(7.30)

where the choice of ,(k, N + 1,1) for the equation above results from the scheme
to keep the error-system modes stable [9J .
Using the equations for the conversion factor and for the a priori backward error
with redundancy, we can obtain the stabilized fast transversal RLS algorithm
(SFTRLS) whose equations are shown on Algorithm 7.2. The parameters "'i for
i = 1,2,3 were determined through computer simulation search [9], where the
optimal values found were "'1
1.5, "'2
2.5, and "'3
1. It was also found
in [9J , that the numerical behavior is quite insensitive to values of "'i around
the optimal, and that optimal values chosen for a given situation work well for
a wide range of environments and algorithm setup situations (for example, for
different choices of the forgetting factor) .

=

=

=

Another issue related to the SFTRLS algorithm concerns the range of values for
A such that stability is guaranteed. Results of extensive simulation experiments
[9] indicate that the range is
1-

2(N

1

A

+ 1) ~ <

1

(7.31)

where N is the order of the adaptive filter. It was also verified that the optimal
numerical behavior is achieved when the value of A is chosen as

A=l-~
N +1

(7.32)

The range of values for A as well as its optimal value can be very close to one for
high-order filters . This can be a potential limitation for the use of the SFTRLS
algorithm, especially in nonstationary environments where smaller values for A
are required.
The computational complexity of the SFTRLS algorithm is of order 9N multiplications per output sample. There is an alternative algorithm with computational complexity of order 8N (see problem 9).
Before leaving this section , it is worth mentioning a nice interpretation for
the fast transversal RLS algorithm. The FTRLS algorithm can be viewed as
four transversal filters working in parallel and exchanging quantities with each
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Algorithm 7.2
Stabilized Fast Transversal RLS Algorithm
Initialization

Wf(-l ,N) = wb(-I ,N) = w(-I ,N) = 0
¢.(-l ,N) 0 , ,,(-I ,N,3) 1
et . (-I ,N)=e1 . (-l ,N) = f{asmall positive constant)
Klrn~n1.5,K2 = 2 .5 ,~;n= 1

=

=

Prediction Part
Do for each k ~ 0,

e, (k , N ) = xT(k,N + 1) [ _Wf(k

l_

1,N) ]

ef(k,N) = e,(k,N),,(k -1,N,3)
q,(k,N + 1) A

,,-1 (k, N

_ [

0] + >.e1

¢.(k _ l,N)

+ 1,1) = ,,-1(k -

1, N,3)

I

•
m

n

(k-I ,N)

[

1

-wf(k _ I ,N)

]'

ef(k,N)

+ ¢.o(k ,N + l) e,(k ,N)

le1miJk,N»)-1 = A- Ile1m.Jk - l ,N»)-1 -,,(k,N + 1,l)¢.~(k,N + 1)
Wf(k,N) = wf(k - 1,N) + ¢.(k - 1,N)ef(k,N)
,
_
d
•
eb(k ,N,l) - AebmiJk - 1,N)q,N+dk,N + 1)
e~ ( k, N, 2 ) =
1,N)
x(k,N +
e~, ;(k, N ,3) = e~(k, N, 2)11:; + e~(k , N , 1)[1- 11:;) for i = 1,2,3
,,-1 (k,N, 2) = ,,-1 (k , N + 1,1) - ¢.N+dk, N + l)e~ 3 (k ,N,3)
eb,j(k,N,3) e~)k,N,3),,(k,N,2) j = 1,2
'
etmiJk, N) = AetmiJk - 1, N) + eb,2(k,N, 3)e~,2(k,N,3)

[-wrtk -

1]

1)

=

[ ¢.(koN) ] = ¢.(k ,N + 1) _ ¢.N+I(k,N + 1) [ -Wb(\- I ,N) ]

(7.2)
(7.6)
(7 .27)
(7 .30)
(7 .8)
(7 .15)
(7.25)
(7 .25)
(7 .28)

(7.11)
(7 .14)

wb(k,N) = wb(k - 1,N) + ¢.(k ,N)eb,l(k,N, 3)
-I
·T
" (k,N,3) = 1 + q, (k,N)x(k,N)

(7.13)

(7.29)

Joint-Process Estimation

e'(k,N) = d(k) - wT(k - 1,N)x(k,N)
e(k,N) = e' (k, N ),,(k, N ,3 )
w(k,N) = w(k - I,N) + ¢.(k ,N)e(k,N)
End

(7 .18)
(7.19)
(7 .20)

o
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other, as depicted in Fig. 7.1. The first filter is the forward prediction filter
that utilizes x( k - 1, N) as input signal vector, with W f (k, N) as the coefficient
vector, and provides quantities ef(k , N), ej(k, N}, and {1min (k, N) as outputs.
The second filter is the backward prediction filter that utilizes x(k , N) as input
signal vector, with wb(k , N) as the coefficient vector, and provides quantities
eb(k, N), eb(k, N) , and {gmin (k, N) as outputs. The third filter is an auxiliary filter whose coefficients are given by -¢(k , N) , the input signal vector is
x(k, N), and the output parameter is -y-1(k, N) . For this filter the desired signal vector is constant and equal to [1 0 0 . . . ojT. The fourth and last filter is the
joint-process estimator whose input signal vector is x(k, N) , and the coefficient
vector is w(k , N) , providing the quantities e(k, N) , and e'(k , N) as outputs.
;,: (k)

e,(k.Hl

;,:(k-1)

e',(k.Hl

St ••(k.Hl
e.(k.Hl
w.(k.Hl

e'.(k.Hl

1;. .,.(k.Hl

;,: (k)

-~. (k.Hl

t' (k.Hl

;,:(k-N+1)

e (k.Hl

;,:(k-Hl

w (k.Hl
e'(k.Hl

Figure 7.1

Fast transversal RLS algorithm: block diagram.

Example 7.1

The system identification problem described in subsection 3.6.2 is solved using
the stabilized fast transversal algorithm presented in this chapter. The main
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objective is to check the stability of the algorithm when implemented in finite
pr ecrsion .

Solution:
According to equation (7.31) the lower bound for A in this case is 0.9375. A valu e
A = 0.99 was chosen. The stabilized fas t transversal algorithm was applied to
solve the identifi cati on problem and the measured MSE was 0.0432.
Using e = 2, we ran the algorithm with finite precision and the results are summarized in Table 7.1. No sign of instability was found for A = 0.99 . These are
results generated by ense mble averaging 200 exp eriments. A com parison of the
results of Table 7.1 with those of Tables 5.2 and 6.2 shows that the SFTRLS algorithm has similar performance com pared to the conventiona l and lattice-based
RLS algorithms, in terms of quantizati on error accumulat ion. The question is
which alg ori thm remains stable in most si tuations. Regarding the SFTRLS , for
lar ge-order filters we are left with a lim ited range of valu es to choose A. Also,
it was found in our experi ments that the choice of the ini tializati on par ameter (
plays an im portant role in the performan ce of this algor ith m when implement ed
in finite pr ecision . In some cases , even when the value of A is within the recommended range the algor ithm does not converge if e is small . By increas ing the
value of ( we increase the usual convergence time while keeping the algori thm
stable.

o
Table 7 .1
Algo r it h m

Results of t he F in it e-Precision Implem entation of t he SFT R LS

No of bits
16
12
10

e(k)Q

Exp eriment
1.545 10 . ;j
1.521 10 oJ
1.562 10 -J

E[II~w(k)QW]

Exp eriment
6.089 10 -e
3.163 10 · 5
6.582 10 - 5
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Example 7.2

The channel equalization example described in subsection (3.6.3) was also used
in simulations to test the SFTRLS algorithm . We used a 25th-order equalizer
and a forgetting factor ,\ = 0.99.
Solution:

In order to solve the equalization problem the stabilized fast transversal RLS
algorithm was initialized with I': = 0.5. The results presented here were generated by ensemb1e averaging 200 experiments. The resulting learning curve of
the MSE is shown in Fig. 7.2, and the measured MSE was 0.2973. The overall
performance of the SFTRLS algorithm for this particular example is as good as
any other RLS algorithm, such as lattice-based algorithms.

o
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Figure 7.2
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Learning curves for the stabilized fast transversal RLS algorithm.
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CONCLUDING REMARKS

In this chapter we have presented some fast transversal RLS algorithms. This
class of algorithms is computationally more efficient than conventional and
lattice-based RLS algorithms. A number of alternative FTRLS algorithms as
well as theoretical results can be found in [3]. The derivation of normalized
versions of the FTRLS is also possible and was not addressed in the present
chapter, for this result refer to [4]. The most computationally efficient FTRLS
algorithms are known to be unstable. The error-feedback approach was briefly
introduced that allows the stabilization of the FTRLS algorithm. The complete
derivation and justification for the error-feedback approach is given in [9].
In nonstationary environments, it might be useful to employ a time-varying
forgetting factor, therefore it is desirable to obtain FTRLS algorithms allowing
the use of variable A. This problem was first addressed in [11] . However a
computationally more efficient solution was proposed in [8], where the concept
of data weighting was introduced to replace the concept of error weighting.
The FTRLS algorithm has potential for a number of applications. In particular , the problem where the signals available from the environment are a noisy
version of a transmitted signal and a noisy and filtered version of the same
transmitted signal is an interesting application. In this problem, both the delay
and unknown filter coefficients have to be estimated. The weighted squared
errors have to be minimized considering both the delay and the unknown system parameters. This problem of joint estimation can be elegantly solved by
employing the FTRLS algorithm [12] .
Some simulation examples were included where the SFTRLS was employed.
The finite-wordlength simulations are of special interest for the reader .
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Problems
1. Show that

cjJ(k, N)

SD(k, N)x(k, N)
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SD(k - 1, N)x(k, N)
).. + xT(k , N)SD(k - 1, N)x(k, N)
Hint: Use the matrix inversion lemma for SD(k , N).
2. Show that
-J..

'f'N

(k _ 1 N) _ wJ,N(k)eJ(k, N)
,
~d . (k, N)

where

/mln

W

=

-eb(k, N)

eb . (k, N)

=

m,n

-J..

'f'N+l

(k N
'

+

1)

J,N(k) represents the last element of W J(k, N) .

3. Using a proper mixture of relations of the lattice RLS algorithm based on
a posteriori and the FTRLS algorithm, derive a fast exact initialization
procedure for the transversal filter coefficients.
4. Show that the following relations are valid, assuming the input signals are
prewindowed.

det[SD(k, N + 1)]
1
det[SD(k - 1, N)] - ~1mi " (k, N)
1
det[SD(k, N + 1)]
det[SD(k, N)] - ~tm i" (k , N)
5. Show that
-1

'Y

Hint: det[AB]

(k N) =
,

det[RD(k, N)]
)..Ndet[RD(k-l ,N)]

= det[BA] = det[A]det[B] .

6. Using the results of problems 4 and 5, prove that

'Y

-l(k N) =
,

~1mi,.(k,N)

)..N ~d .
bm , n

(k N)
'

7. Deriv e equations (7.6) and (7.14). Also show that the use of ¢(k , N) would
increase the computational complexity of the FTRLS algorithm.
8. If one avoids the use of the conversion factor 'Y(k , N), it is necessary to
use inner products to derive the a posteriori errors in the fast algorithm .
Derive a fast algorithm without conversion factor .
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9. By replacing the relation for ,(k, N , 3) in the SFTRLS algorithm by the
relation

( k N) =

"

ANt,d

e

d

bmin

.

!mlft

(k N)
'

(k,N)

derived in problem 6, describe the resulting algorithm and show that it
requires order 8N multiplications per output sample.
10. Derive the equation (7.29) .

t

11. The FTRLS algorithm is applied to predict the signal x(k) = sin( 7r + il
Given A = 0.98, calculate the error and the tap coefficients for the first 10
iterations.

t

12. The SFTRLS algorithm is applied to predict the signal x(k) = sin( 7r + j) .
Given A = 0.98, calculate the error and the tap coefficients for the first 10
iterations.
13. The FTRLS algorithm was applied to identify a 7th-order unknown system
whose coefficients are
w T = [0.0272 0.0221 -0 .0621 0.1191 0.6116 -0.3332 -0 .0190 -0 .0572]

0'; =

The input signal is a Gaussian white noise with variance
1, and the
measurement noise is also a Gaussian white noise independent of the input
signal, with variance O'~ = 0.01.
Simulate the experiment described above and measure the excess MSE, for
A = 0.97 and A = 0.98.
14. Repeat problem 13 in the case the input signal is a first-order Markov
process with AX = 0.98.
15. Run the problem 13 above using a fixed-point implementation with the
FTRLS and SFTRLS algorithms. Use 12 bits in the fractional part of the
signal and parameter representations.
16. Suppose a 15th-order FIR digital filter with multiplier coefficients given
below was identified through an adaptive FIR filter of the same order using
the FTRLS algorithm. Considering that fixed-point arithmetic was used,
simulate the identification problem described using the following specifications .
Additional noise : white noise with variance
O'~ = 0.0015
Coefficients wordlength :
be = 16 bits
Signal wordlength:
bd = 16 bits
Input signal: Gaussian white noise with variance
= 0.7
A = 0.98

0';
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w~ = [ 0.0219360 0.0015786 -0.0602449 -0.0118907 0.1375379 0.0574545
-0.3216703 -0 .5287203 -0 .2957797 0.0002043 0.290670 -0 .0353349
-0.00682100 .00260670.0010333 - 0.0143593]

Plot the learning curves for the finite- and infinite-precision implementations .
17. Repeat the probl em above for the SFTRLS algorithm . Also reduce the
wordlength used until a noticeabl e (10 percent increase) excess of MSE is
notic ed at output.
18. Repeat the problem 16 for the SFTRLS algorithm, using A = 0.999 and
A 0.960. Comment on the results .

=

19. The SFTRLS algorithm is used to perform the forward prediction of a
signal x(k) generated by applying a white noise with unit variance to the
input of a linear filter with transfer function given by

H( z) _
0.5
- (1 - 1.512z- 1 + 0.827z- 2)(1 - 1.8z- 1 + 0.87z- 2 )
Calculate the zeros of the resulting predictor and compare with the poles
of the linear filter.
20. Perform the equalization of a channel with impulse response given by
h(k) = O.96k + (-0 .9)k

for k = 0, 1,2 , . . . , 15. The transmitted signal is white noise with unit
variance and the adaptive filter input signal-to-noise ratio is of -30dB.
Use the SFTRLS algorithm of order 100.

8
QR-DECOMPOSITION-BASED RLS
FILTERS

8.1

INTRODUCTION

The application of QR decomposition [1] to triangularize the input data matrix
results in an alternative method for the implementation of the recursive leastsquares (RLS) previously discussed. The main advantages brought about by the
recursive least-squares algorithm based on QR decomposition are its possible
implementation in systolic arrays [2]-[5] and its improved numerical behavior
when quantization effects are taken into account [6] .
The earlier proposed RLS algorithms based on the QR decomposition [2]-[4]
aimed the triangularization of the information matrix in order to avoid the use of
matrix inversion . However, their computational requirement was of O[N 2] multiplications per output sample. Later, fast versions of the QR-RLS algorithms
were proposed with a reduced computational complexity of O[N] [5]-[8] .
In this chapter, the QR-RLS algorithms based on Givens rotations are presented together with some stability considerations. Two fast algorithms are also
discussed [5]-[8] . These fast algorithms are related to the tapped delay line FIR
filter realization of the adaptive filter.
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QR-DECOMPOSITION-BASED RLS
ALGORITHM

The RLS algorithm provides in a recursive way the coefficients of the adaptive
filter which lead to the minimization of the following cost function
k

I>k-i e2(i)

e(k) =

i=O
k

L Ak- i[d(i) -

x T (i)w(k)j2

(8.1)

i=O

where

x(k) = [x(k)x(k -1) . . .x(k - N)f
is the input signal vector,

w(k) = [WO(k)Wl(k) .. .wN(k)]T
is the coefficient vector at instant k, e (i) is the a posteriori error at instant i,
and A is the forgetting factor .
The same problem can be rewritten as a function of increasing dimension
matrices and vectors which contain all the weighted signal information so far
available to the adaptive filter. These matrices are redefined here for convenience
XT(k)

=

X(k)

.(~ ~ 1)

A'/'.(k - 2)

A(k-l)/2 X (I )
A(k-l)/2 x (O)

x(k - N)

A1 / 2x(k - N - 1)

o

[X(k)A 1/ 2X(k

1)... Ak / 2x(O)]

(8.2)

Al/2~~~). -

(8.3)

(k)

[

y(k)

,\l/2 x (k - 1)

-

X(k)w(k) =
[

d(k)

[

Al/'~\~)_ 1) ]
Ak / 2d(O)

1) ]

A'TO) ]

Ak / 2y(O)

(8.4)
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e(k)

]
.V/2 e(k)
e(k - 1)

.

[

(8.5)

= d(k) - y(k)

,\k/2 e(O)

The objective function of equation (8.1) can now be rewritten as

(8.6)

As shown in chapter 5, equation (5.13), the optimal solution to the least-squares
problem at a given instant of time k can be found by solving the following
equation
(8.7)
However, solving this equation by using the conventional RLS algorithm can be
a problem when the matrix R D (k) = X T (k)X(k) and its correspondent inverse
estimate become ill-conditioned due to loss of persistency of excitation of the
input signal or to quantization effects.
The QR decomposition approach avoids inaccurate solutions to the RLS problem and allows easy monitoring of the positive definiteness of a transformed
information matrix in ill-conditioned situations.

8.2.1

Initialization Process

=

=

During the initialization period, i.e., from k
0 to k
N, the solution of
equation (8.7) can be found exactly without using any matrix inversion. From
equation (8.7), it can easily be found that for k = 0 and x(O) 1= 0

d(O)
wo(O) = x(O)

(8.8)

for k = 1

wo(l)
WI

(1)

d(O)
x(O)
-x(l)wo(l)
x(O)

+ d(l)

(8.9)
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=2
d(O)
x(O)

wo(2)
WI

-x( 1)wo(2)

(2)

x(O)

+ d(1)

-x(2)wo(2) - x(I)wt{2)

x(O)

+ d(2)

(8.10)

at the instant k by induction we can show that
i

- :Lx(j)wi-j(k) + d(i)
Wi

(k) = ~j=_I_ _-:-.,--

(8.11)

_

x(O)

The equation above represents the so-called back-substitution algorithm .

8.2.2

Input data matrix triangularization

After the instant k = N , the equation (8.11) above is no longer valid and the
inversion of RD (k) or the calculation of S D (k) is required to find the optimal
solution for the coefficients w(k) . This is exactly what makes the RLS more
sensitive to quantization effects and input signal conditioning. The matrix X(k)
at instant k = N + 1 is given by

x(N + 1)

)...1/2x (N )

X(N

)...x(N - 1)

+ 1)

)...~x(O)
[

x(N)

)...1/2x (N

- 1)
)...x(N - 2)
0

x(I)

)...1/2x (O)

o
0

x(N + I)x(N) · · . x(I ) ] _ [ xT(N + 1) ]
)...1/2X(N)
.,\1/2X(N)

(8.12)

as it is noted, the matrix X( k) is no longer upper triangular, then the backsubstitution algorithm cannot be employed to find the tap-weight coefficients.
The matrix X(N + 1) can be triangularized through an orthogonal triangularization approach such as Givens rotations, Householder transformation, or
Gram-Schmidt orthogonalization [1] . Since here the interest is to iteratively
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apply the triangularization procedure to each new data vector added to X(k) ,
the Givens rotation seems to be the most appropriate approach.
In the Givens rotation approach, each element of the first line of equation (8.12)
can be eliminated by premultiplying the matrix X(N + 1) by a series of Givens
rotation matrices given by

Q(N + 1) = Q~(N
cos ON (N

+ 1)

+ 1) . Q~_l(N + 1) · · . Q~ ( N + 1)
0
- sin ON (N + 1)

o
sinON(N+l)

cosON(N + 1)

0

cosON_t{N + 1) . ..

0

- sin ON _ t{N

o

+ 1)

o

sinON_t{N + 1)
cos 00 (N
sin 00 (N

cos ON-t{N
0

0
0

o

+ 1)
+ 1)

- sin 00 (N + 1)
cos 00 (N + 1)

o

o

o

o

0
0

0

o
+ 1)

0
1
0
0
(8.13)

where Ii is an i by i identity matrix. The rotation angles Oi ar e chosen such
that each entry of the first row of the resulting matrix is zero. Consider first
the matrix product Q~(N + I)X(N + 1), if:

+ l)x(l) - sin Oo(N + 1)..\1/2 x (O) = 0
(8.14)
the element in the position (1, N + 1) of the resulting matrix product will be
zero. If it is further considered that cos? 00 (N + 1) + sin 2 00 (N + 1) = 1, it can
cos Oo(N

be easily deduced that

cos Oo(N + 1)

sinOo(N

+ 1)

J..\x 2 (O) + x 2 (1)
x(l)

(8.15)
(8.16)
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Next , Q~ (N + 1) premultiplies Q~ (N + 1)X( N + 1) with the objective of generating a zero element at the position (1, N) in the matrix resulting from the
product. Note that the present matrix product does not remove the zero of the
element (1, N + 1). The required rotation angle can be calculated by first noting
that the elements (1, N) and (3, N) of Q~(N + I)X(N + 1) are respectively
cos (}o(N + l)x(2) - A1 / 2 X(I) sin (}o(N

a
b =

+ 1)

AX(O)

(8.17)
(8.18)

then it follows that
b

cos(}dN + 1)

(8.19)

sin(}dN + 1)

(8.20)

In this manner, after the last Givens rotation the input signal information matrix
will be transformed in a matrix with null first row

Q(N + I)X(N
where U(N

+ 1) is an

+ 1) =

[0

0 ~(N + 1) 0]

(8.21)

upper triangular matrix.

In the next iteration, the input signal matrix X(N + 2) receives a new row that
should be replaced by a zero vector through a QR decomposition . In this step,
the matrices involved are the following

X(N

-

+

2) = [ x(N + 2) x(N + 1) .. . x(2) ]
A1 / 2X(N + 1)

[~ ~(N +
0

(8.22)

1) ] X(N + 2)

x(N + 1)

o

A1/ 2U(N

+ 1)

... X(2)]
. ..

0

(8.23)

In order to eliminate the new input vector through rotations with the corresponding rows of the triangular matrix A1/ 2 U (N + 1), we apply the QR decomposition
to equation (8.23) as follows:

Q(N

[

O

+ 2) ~ Q(N

+

1)

0 0 .. .
0]
...
0
]X(N + 2) = [ 0 0 U(N
+ 2)

(8.24)

317

QR-Decomposition-Based RLS Filters

where again U(N + 2) is an upper triangular matrix and Q(N + 2) is given by

Q(N + 2) = QN(N + 2)QN_l (N
cos (IN(N + 2)
0

+ 2) . . . Q~(N + 2)
- sin (IN(N + 2)

o

o
sin (IN(N + 2)
cos (IN-dN

o

+ 2)

o

cos (IN(N + 2)
-sinB N_ 1(N+2) 0

o
sin (IN-dN

o

o
+ 2)

...

cos Bo(N + 2)

o

sin Bo(N + 2)

0

...

cos (IN-dN
0

0 -sinBo(N+2)
1
0
0 cos Bo(N + 2)

+ 2)

0
1

0
0
0

(8.25)

o

o

o

The procedure above should be repeated for each new incoming input signal
vector as follows:

(8.26)
where Q(k) is a (k + 1) by (k + 1) matrix which represents the overall triangularization matrix via elementary Givens rotations matrices Q~(m) for all m ~ k
and 0 ~ i ~ N . Since each Givens rotation matrix is orthogonal then it can
easily be proved that Q(k) is also orthogonal (actually orthonormal), i.e.,

(8.27)
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Also, from equation (8.25), it is straightforward to note that

- [10

0 ]

Q(k) = Q(k)

(8.28)

Q(k - 1)

where Q(k) is responsible for zeroing the latest input vector x T (k) in the first
row of X(k) . The matrix Q(k) is given by

cosON(k)

0

-sinON(k)

0

Ik-l

0

sinON(k)

0

cosON(k)

Q(k) =

COSON_l(k)

0

0

Ik-2

0

0

sinON-dk)
0

0
0

cos ON-dk)
0

0

cos Oo(k)

0

- sin Oo(k)

0

0

Ik-N-l

0

0

0

cos Oo(k)

0
IN

sin Oo(k)

0

- sin ON- 1 ( k) 0

1
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N

-II

o

cos 9;( k)

i=O

cos 9,(k)si n 9o (k )

i=l

o

o

h- N - l

sin 9o( k )

cos 9o( k)

j- l

II

o

cos 9;(k ) si n 9j (k )

i= O

N-l
-sin9 N(k)

II

cos9;(k) sin9o(k)

i= l
N

II

cos Oi (k ) sin Oj (k )

i =j + l

o

COS ON-l

o

(k)

(8.29)
Note that the matrix Q(k) has the following general form

*
0
Q(k)

0 .. .

0
Ik-

N- 1

*

...

N +1
...---...-..

0

*

. ..

*

0

}N+l

*
0

*

*

*

(8.30)

where * is a nonzero element . This structure of Q(k) will be useful in developing
the fast QR-RLS algorithms lat er on .
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Returning to equation (8.25), we can conclude that

x(k - 1)

x(k)

o

o

x(k - N)

o

Q(k)X(k) = Q(k)

o

(8.31)

The first Givens rotation angle required to replace x(k - N) by a zero is Bo(k)
such that
cos Bo(k)x(k - N) - sin Bo(k),.\1/2u1 ,N+dk - 1) = 0

(8.32)

where Ul ,N+l(k -1) is the element (1, N + 1) of U(k -1) . Then, it follows that
,.\1/2u1 ,N+dk -

cos Bo(k)

x(k - N)

sinBo(k)
where
Ui ,N+l (k)

1)

Ul,N+t{k)

(8.33)
(8.34)

Ul ,N+l(k)

= x 2 (k - N) + "\Ui,N+l (k - 1)

(8.35)

From equation (8.35), it is worth noting that the (1, N + 1) element of U(k) is
the square root of the exponentially weighted input signal energy, i.e.,
k-N

Ui,N+l (k)

=

L: ,.\i x2(k - N -

i)

(8.36)

i=O

In the triangularization process, all the submatrices multiplying each column of
X(k) are orthogonal matrices and as a consequence the norm of each column
in X(k) and Q(k)X(k) should be the same. This confirms that equation (8.36)
is valid, and also it can be easily shown that
k+l

L:~;,j(k)=
i=l

for j = 1,2, . .. , N

N+2-j

L:
i=l

+ 1.

k+l

U;,j(k)=L:,.\i-l x2(k+2-i-j)
i=l

(8.37)
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Now consider that the intermediate calculations of equation (8.31) are performed
as follows:
(8.38)
where xi(k) = [xi(k) xi(k -1) . . . xi(k - N - i) 0 · · ·0] and U~(k) is an intermediate upper triangular matrix. Note that x~(k) = x T (k) , U~(k) = ,V/ 2 U (k - 1),
and U~+l (k) = U(k) . In practice, the multiplication by the zero elements in
equation (8.38) can be avoided. We start by removing the increasing Ik-N -l
section of Q(k) (see equation (8.30)), generating a matrix with reduced dimension denoted by Qe (k). The resulting equation is

Q~N(k)Q~N_l (k) .. 'Q~i(k) [ ~i~~~)
[

U~k) ]

]

(8.39)

where Q~ i(k) is derived from Q~(k) by removing the Ik-N- l section of Q~(k)
along with the corresponding rows and columns, resulting in the following form
cos Oi(k)

0

- ,sin Oi(k)

0

0

r,

0

0

Q~i(k) =

(8.40)

sin 0dk)

0

cos 0i(k)

0

0

0

0

IN- i

The Givens rotation elements are calculated by

Ci

xi(k - N - i)
Ci

where Ci = J[U~(km+l,N+l-i
of the matrix.

+ x?(k -

(8.41 )
(8.42)

N - i) and ['ki is the (i,j) element
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QR-Decomposition RLS Algorithm

The triangularization procedure discussed above can be applied to generate
the QR- RLS algorithm that avoids the estimation of the S D (k) matrix of the
conventional RLS algorithm . The weighted a posteriori error vector can be
written as a function of the input data matrix, that is

e(k) =

l

>..1/2 e(k)
e(k - 1) ]
=
..

.

>..k/2 e(O)

l

d(k)- 1) ]
>..1/2d(k
- X(k)w(k)
..

.

(8.43)

>..k/2d(O)

By premultiplying the above equation by Q(k), it follows that

eq(k) = Q(k)e(k)

Q(k)d(k) - Q(k)X(k)w(k)
dq(k) - [

where

U~k)

] w(k)

(8.44)

l

dq,(k) ]
dq2(k)

dqk+:, (k)

Since Q(k) is an orthogonal matrix, equation (8.6) is equivalent to
(8.45)
because

The weighted-square error can be minimized in equation (8.45) by calculating
w(k) such that eqk_ N +, (k) to eqk+, (k) are made zero using a back-substitution
algorithm such as
i

- LUN+l-i,i-Hdk)Wi- j(k)
j=l

UN+l-i,i+l (k)

+ dq,k+l-i(k)
(8.46)
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for i = 0, 1, .. . , N , where 2:~::~ . = o. With this choice for w(k) , the minimum
weight ed-square error at instan t k is given by
k-N

~~;n(k)= I:e~i(k)

(8.47)

;=1

An important relation can be deduced by rewriting equation (8.44) as

where w(k) is the optimum coefficient vector at instant k. By examining the
equations (8.31) and (8.44) , the rightmost side of equation (8.48) can then be
expressed as

d(k)
eql

)..1/2

(k - 1)
:

[

]
(8.49)

eq k _ N _ 1 (k - 1)
dq,(k-l)

Using similar arguments around equations (8.38) to (8.40), and staring from
equation (8.49) , the transformed weight ed-error vector can be updated as de-
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scribed below

If we delete all the columns and rows of Q(k) whose elements are zeros and
ones, i.e., the Ik -N - l section of Q(k) with the respective bands of zeros below,
above, and on each side of it in equation (8.30), one would obtain matrix Qe (k).
In this case, the resulting equation corresponding to (8.49) is given by

(8.51)
Therefore, we eliminate the vector e~N+l (k) which is always increasing, such
that in real-time implementation the updating is performed through

(8.52)

Another important relation can be derived from equation (8.44) by premultiplying both sides by QT (k), transposing the result , and postmultiplying the result
by the pinning vector

e;(k)Q(k) [

i] i]
= eT(k) [

= ,(k)

(8.53)

Then, from the definition of Q(k) in equations (8.28) and (8.29), the following
relation is obtained
N

e(k)

eq1 (k)

II cos Oi(k)
i=O

(8.54)
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This relation shows that the a posteriori output error can be computed without
the explicit calculation of w(k) . The only information needed is the Givens
rotation cosines . In applications where only the a posteriori output error is of
interest , the com puting intensive back-substitution algorithm of equation (8.46)
to obtain w j(k) can be avoided [3] .
Now, all the mathematical background to develop the QR-RLS algorithm has
been derived . After initialization, the Givens rotation elements are computed
using equations (8.41) and (8.42) . These rotations are then applied to the
information matrix and the desired signal vector respectively as indicated in
equations (8.39) and (8.52). The next step is to compute the error signal using
equation (8.54) . Finally, if the tap-weight coefficients are required we should
calculate them using equation (8.46). Algorithm 8.1 summarizes the algorithm
with all essential computations.

Example 8.1

In this example, we solve the system identification problem described in subsection 3.6.2 by using the QR-RLS algorithm described in this section .
Solution:

In the present example, we are mainly concerned in testing the algorithm implemented in finite precision , since the remaining characteristics (such as: misadjustment , convergence speed etc .) should follow the same pattern of the conventional RLS algorithm. We considered the case where eigenvalue spread of
the input signal correlation matrix is 20, with>' = 0.99. The presented results
were obtained by averaging the outcomes of 200 independent runs . Table 8.1
summarizes the results, where it can be noticed that the MSE is comparable to
the case of the conventional RLS (consult Table 5.2). On the other hand, the
quantization error introduced by the calculations to obtain w(k)Q is considerable . After leaving the algorithm running for a large number of iterations, we
found no sign of divergence .
In the infinite-precision implementation, the misadjustment measured was 0.0429.
As expected, consult Table 5.1, this result is close to the misadjustment obtained
by the conventional RLS algorithm.

o
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Algorithm 8.1
QR-RLS Algorithm
W ( - I )= [O 0 ... 0lT ,

For

k=1

to

N

wo(O)=~

(In iti alizat ion)

~
wo( k) ="i"{il)

Do for

;= 1

to

k

- L>:(;)Wi -i( k) +d( ;)
J=1

(8.11)

>:(0)

(8 .12)

(8.4 1)
(8.42 )

(8.39)
(8.5 4)
(8.51 )

(8 .51)
(8.51)

;
- LU N+ 1 -

• • i(k)Wi-i(kl+1N+ l_

.(k)

J=1

WiC k )= - = - - - - - - - - " " . - - - En d
E nd

(8.46)

o

8
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Table 8.1
gorithm

Results of the Finite-Precision Implementation of the QR-RLS Al-

No. of bits
16
12
10

8.3

e(k)Q
Experiment
1.544 10- 3
1.563 10":3
1.5681O-J

E[II~w(k)Q

2

11 ]

Experiment
0.03473
0.03254
0.03254

SYSTOLIC ARRAY
IMPLEMENTATION

The systolic array implementation of a given algorithm consists of mapping
the algorithm in a pipelined sequence of basic computation cells. These basic
cells perform their task in parallel, such that in each clock period all the cells
are activated . The complete treatment of systolic array implementation and
parallelization of algorithms is beyond the scope of this text . Our objective in
this section is to demonstrate in a summarized form that the QR-RLS algorithm
can be mapped in a systolic array. Further details regarding this subject can
be found in references [2]-[5]' [10].
A Givens rotation requires two basic steps . The first step is the calculation of
the sine and cosine which are the elements of the rotation matrix. The second
step is the application of the rotation matrix to a given data. Therefore, the basic
computational elements required to perform the systolic array implementation
of the QR-RLS algorithm introduced in the last section are the angle and the
rotation processors shown in Fig. 8.1. The angle processor computes the cosine
and sine, transferring the results to outputs 1 and 2 respectively, whereas in
output 3 the cell delivers a partial product of cosines meant to generate the
error signal as in equation (8.54) . The rotation processor performs the rotation
between the data coming from input 1 with the internal element of the matrix
U(l) and transfers the result to output 3. This processor also updates the
elements of U(l) and transfers the cosine and sine values to the neighboring cell
on the left .
Now, imagine that we have the upper triangular matrix U(k) arranged below
the row consisting ofthe new information data vector as in equation (8.31) . Following the same pattern, we can arrange the basic cells in order to compute the
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rotations of the QR-RLS algorithm as shown in Fig. 8.2, with the input signal
x( k) entering the array serially. In this figure, do not consider for this moment
the time indexes and the left hand side column. The input data weighting is
performed by the processors of the systolic array.
Basically, the computations corresponding to the triangularization of equation
(8.31) are performed through the systolic array shown in Fig . 8.2, where at each
instant of time an element of the matrix U(k) is stored in the basic processor
as shown inside the building blocks. Note that these stored elements are skewed
in time, and are initialized with zero. The left-hand cells store the elements of
the vector 4(k) defined in equation (8.51), which are also initialized with zero
and updated in each clock cycle. The column on the left hand side of the array
performs the rotation and stores the rotated values of the desired signal vector
which are essential to compute the error signal.
In order to allow the pipelining, the outputs of each cell are computed at the
present clock period and made available to the neighboring cells in the following
clock period. Note that the neighboring cells on the left and below a given cell
are performing computations related to a previous iteration, whereas the cells
on the right and above are performing the computations of one iteration in
advance. This is the pipelining scheme of Fig. 8.2.
Each row of cells in the array implements a basic Givens rotation between one
row of >. U (k - 1) and a vector related to the new incoming data x( k) . The top
row of the systoli c array performs the zeroing of the last element of the most
recently incoming x(k) vector. The result of the rotation is then passed to the
second row of the array. This second row performs the zeroing of the second
last element in the rotated input signal. The zeroing processing continues in
the following rows by eliminating the remaining elements of the intermediate
vectors xi(k), defined in equation (8.38), through Givens rotations. The angle
processors compute the rotation angles that are passed to each row to perform
the rotations.
More specifically, returning to equation (8.31), at the instant k, the element
x(k - N) of x(k) is eliminated by calculating the angle Bo(k) in the upper angle
processor. The same processor also performs the computation of Ul,N+l (k)
that will be stored and saved for lat er elimination of x(k - N + 1), which
occurs during the triangularization of X( k + 1). In the same period of time , the
neighboring rotation processor performs the computation of Ul ,N(k - 1), using
the angle Bo(k - 1) that was received from the angle processor in the beginning
of the present clock period k . In the first row of the array are performed
the modifications to the first row of the U(k) matrix and to the vector 4(k)
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related to the desired signal, due to the rotation responsible for the elimination
of x(k - N) . Note that the effect of the angle (Jo(k) in the remaining elements
of the first row of U(k) will be felt only in the following iterations, one element
each time, starting from the right to the left hand side .
The second row of the systolic array is responsible for the rotation corr esponding
to (JI( I) that eliminates the element x~ (l - N + 1) of x~ (l) defined in equation
(8.38). The rotation (JI(1) of course modifies the remaining nonz ero elements of
x~ (l) generating x~ (l), whose elements are calculated by the rotation processor
and forwarded to the next row through output 3.
Likewise, the (i+ 1)th row performs the rotation (Jj (I) that eliminates x~ (l- N +i)
and also the rotation in the vector 4(l).
In the bottom part of the systolic array, a product of eql (l)-r(l) is performed
in each clock, in order to generate a posteriori output error given by e(l). The
output error obtained in a given sample period k corr esponds to the error related
to the input data vector of 2(N + 1) clock periods before.
The systolic array of Fig . 8.2 exhibits several desirable features such as local
int erconnection , regularity, and simple cont rol circuitry, that yields a simple
implementation . A possible problem , as pointed out in [10], is the need to
distribute a single clock throughout a large array, without incurring in clock
skew.
The pres ented systolic array do es not allow the computation of the tap-weight
coefficients. A solution pointed out in [10] employs the array of Fig . 8.2 , by
freezing the array and applying an appropriate input signal sequence such that
the tap-weight coefficients are made available at the array output e(l). An alternative way is add a systolic array to solve the ba ck-substitution problem [10].
The array is shown in Fig. 8.3 with the corresponding algorithm . The complete
com putation of the coefficient vector w(k) requires 2N+ 1 clock samples. In this
array, the cells in the form of square produce the partial products involved in
equat ion (8.11) . The round cell performs the subtraction of the sum of product
result with an element of the vector 4(k - 8), namely d.s_j(k - 8) . This cell also
performs the division of the subtraction result by the element UN+l-j ,i+l (k - 8)
of the matrix U(k-8) . Starting with i = 0, the sum of products has no elements
'
t:
"
an d as a consequence t he roun d ceII Just
perrorrns
t he d'IVlSlOn
-d.(k-8)
-' . (k - 8 ) '
U N+l-t .l+l

On the other hand , for i = N all the square cells ar e actually taking part in the
com putation of the sum of products.

330

CHAPTER

If i 1 =0 then

0 1 +- 1,O2 +- 0,03 +- i 2
Ui,j = )..Ui,j
Otherwise
c

~----

+- V
. /)..2 u I,J
? .(l ) + i 21
AU

·II'

0 1 = cos (Ji-1 +- ~
O 2 = sin (Ji-1 +- ~
0 3 +- i2 0 1
Ui ,j(l + 1) +- c
End

(a)

OJ
O2

i,

u,}l)
OJ

t,
i,

0 1 +- i 2
O2 +- i 3
0 3 +- i 1 i 2 - i 3 )..Ui ,j (l)
Ui,j(l + 1) +- i 1i 3 + i 2 )..Ui ,j (l )

(b)
Figure 8.1

Basic cells: (a) Angle processor, (b) Rotation processor.

8
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x (k-3)
d(k-4)

d2 (k -5)

UI.l

(k-4)

U 1•2

(k-3)

d

(k-6)

U 2•1

(k-5)

U2,2

(k-4)

d. (k-7)

U J• 1

(k-6)

J

U 1•J

(k-2)

e(k-9)

Figure 8.2

QR-Decomposition systolic array for N=3.
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Note that in this case, in order to obtain wN(k - 8), the results of all the cells
starting from left to right must be ready, i.e., there is no pipelining involved.

y,(I)

Y,(O)

L -_ _- - I

w;)(k-8)

y,(3)

y,(2)

L...-_ _......

w,,(k-8)

L...-_ _.....

Wi = 0 for i < 0
Do for i = 0, 1, . . . , N
Yi(N - i) = 0
Do for 1= N - i + 1, ... , N
Yi(l) = Yi(l- 1) + UN+l-i,i-N+I(k - 8)Wi-N+I-dk - 8)
End
wi(k _ 8) = Qs_i(k - 8) - Yi(3)
UN+l-i,i+l (k - 8)
End
Figure 8 .3

Systolic array and algorithm for the computation of w(k) .
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Example 8.2

Let us choose a simple example , in order to illustrate how the systolic array
implementation works, and compare the results with those belonging to the
standard implementation of the QR-RLS algorithm . The chosen order is N = 3
and the forgetting factor is >. = 0.99.
Suppose that in an adaptive filtering environment, the input signal consists of

x(k) = sin(wok)
where Wo = 2~O'
The desired signal is generated by applying the same sinusoid to an FIR filter
whose coefficients are given by

w0

= [1.0 0.9 0.1 0.2f

Solution:
First consider the results obtained with the conventional QR-RLS algorithm .
The contents of the vector g(k) and of the matrix U(k) are given below for the
first four iterations.
Iteration k
d(k)

-

=1

=[

Iteration k

00000 ]
0.0000
0.0000
0.0126

d(k)

-

=

=

=2

d(k) _ [ 000001
0.0000
0.0364
0.0125
Iteration k

U(k)

=3

[ 00000 ]
0.0616
0.0363
0.0124

[ 0.0000
0.0000
0.0000
0.0126

0.0000
0.0000
0.0000
0.0000

[ 0.0000 0.0000
U(k) _
0.0000 0.0000
0.0251 0.0126
0.0125 0.0000

U(k)

=

[ 0.0000
0.0377
0.0250
0.0124

0.0000
0.0251
0.0125
0.0000

0.0000
0.0000
0.0000
0.0000

0.0000 ]
0.0000
0.0000
0.0000

(8.55)

0.0000
0.0000 1
0.0000 0.0000
0.0000 0.0000
0.0000 0.0000

(8.56)

0.0000
0.0126
0.0000
0.0000

(8.57)

0.0000 ]
0.0000
0.0000
0.0000
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Iteration k = 4
d(k) _
-

0.0892 ]
0.0613
0.0361
[
0.0124

U(k) _
-

0.0502 0.0377 0.0251
0.0375 0.0250 0.0125
0.0249 0.0124 0.0000
[
0.0124 0.0000 0.0000

0.0126 ]
0.0000
0.0000
0.0000

(8.58)

U(k) -

0.0785 0.0617
0.0409 0.0273
0.0248 0.0124
[
0.0123 0.0000

0,0281]
0.0000
0.0000
0.0000

(859)
.

Iteration k = 5
d(k) _
-

0.1441 ]
0.0668
0.0359
[
0.0123

0.0449
0.0136
0.0000
0.0000

The data stored in the systolic array implementation represent the elements of
the vector g(k) and of the matrix U(k) skewed in tim e. These data are shown
below starting from the the fourth iteration, since before that no data is available
to the systolic array.
Observe when the elements of the U(k) appear stored at the systolic array. For
example, the element (4,1) at instant k = 4 appears stored in the systolic array
at instant k = 10, whereas the elements (3,1) and (3,2) at instant k = 3 appear
stored in the systolic array at instants k = 9 and k = 8, respectively . Following
the same line of thought, it is straightforward to understand how the remaining
elements of the systolic array are calculated .
Iteration k

Iteration k

Iteration k

=4

=5

=6

[~ ]

[~ ]
[~ ]

[0

O. O. 00126]
O. O
. O.
O. O.
O.

O. 0.0251 00281 ]
O
.
[ 0 O. 0.0126
O. O.
O.

[ 0O.

O.
O.

0.0377 0.0449 00469 ]
0.0251 0.0125
0.0126

(8.60)

(8.61)

(8.62)
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Iteration k = 7

[]]

[ 0.0502 0.0617 0.0670 00686 ]
0.0377 0.0250 0.0136
0.0251 0.0125
0.0126

(8.63)

Iteration k = 8
[ 00892
0.0616 ]
0.0364
0.0126

[ 00785
0.0375
0.0250
0.0125

0.0870 0.0913
0.0273 0.0148
0.0124

00927 ]
(8.64)

Iteration k = 9
[ 01441
0.0613 ]
0.0363
0.0125

0.1141 0.1179 0.1191 ]
[ 0.1070
0.0409 0.0297 0.0160
0.0249 0.0124
0.0124

(8.65)

0.1430 0.1464 0.1475 ]
[ 0 1368
0.0445 0.0319 0.0170
0.0248 0.0123
0.0124

(8.66)

[ 0.1681 0.1737 0.1768 0.1778 ]
0.0479 0.0340 0.Q180
0.0246 0.0123
0.0123

(8.67)

It eration k = 10
[ 02014
0.0668 ]
0.0361
0.0124
Iteration k = 11
[ 02624
0.0726 ]
0.0359
0.0124

It is a good exercise for the reader to examine the elements of the vectors and
matrices in equations (8.60)-(8 .67) and detect when these elements appear in
the corresponding vectors !l(k) and matrices U(k) of equations (8.55)-(8.59) .
0
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SOME IMPLEMENTATION ISSUES

Several articles related to implementation issues of the QR-RLS algorithm such
as the elimination of square root computation [12], stability and quantization
error analyses [13]-[16] are available in the open literature. In this section, some
of these results are briefly reviewed.
The stability of the QR-RLS algorithm is the first issue to be concerned when
considering a real implementation. Fortunately, the QR-RLS algorithm implemented in finite precision was proved stable in the bounded input/bounded
output sense in [14]. The proof was based on the analysis of the bounds for
the internal recursions of the algorithm [14]-[15]. From another study based on
the quantization-error propagation in the finite-precision implementation of the
QR-RLS algorithm, it was possible to derive the error recursions for the main
quantities of the algorithm, leading to the stability conditions of the QR-RLS
algorithm [16]. The convergence in average of the QR-RLS algorithm can be
guaranteed if the following inequality is satisfied [16]

(8.68)
where the two norm II . 112 of a matrix used here is the square root of the largest
eigenvalue and the notation ' Q denotes finite-precision version of '. Therefore,

(8.69)
where M AXi[ '] is the maximum value of [.]. The stability condition can be
rewritten as follows:
A<
1
- M AXi [cos~ Bdk) + sin~ Bi(k)]

(8.70)

It can then be concluded that keeping the product of the forgetting factor by the
maximum eigenvalue of the Givens rotations smaller than unity is a sufficient
condition to guarantee the stability.

For the implementation of any adaptive algorithm it is necessary to estimate
quantitatively the dynamic range of all internal variables of the algorithm in
order to determine the length of all the registers in the actual implementation.
Although this issue should be considered in the implementation of any adaptive
filtering algorithm, it is particularly relevant in the QR-RLS algorithms due
to their large number of internal variables . The first attempt to address this
problem was reported in [15], where expressions for the steady-state values of
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the cosines and sines of the Givens rotations were determined, as well as the
bounds for the dynamic range of the informations stored in the processing cells.
The full quantitative analysis of the dynamic range of all internal quantities of
the QR-RLS algorithm was presented in [16] for the conventional and systolicarray forms . For fixed-point implementation, it is important to determine the
internal signal with the largest energy such that frequent overflow in the internal
variables of the QR-RLS algorithm can be avoided . The first entry of the
triangularized information matrix can be shown to have the largest energy [16]
and its steady-state value is approximately
(Tx

uO ,o(k) ~ ~
where

(1";

(8.71)

is the variance of the input signal.

The procedure to derive the results discussed above consists of first analyzing
the QR-RLS algorithm for ideal infinite-precision implementation . The second
step is modeling the quantization errors and deriving the recursive equations
that include the overall error in each quantity of the QR-RLS algorithm [16].
Then conditions to guarantee the stability of the algorithm could be derived.
A further step is to derive closed-form solutions to the mean-squared values of
the deviations in the internal variables of the algorithm due to finite-precision
operations. The main objective in this step is to obtain the excess of meansquare error and the variance of the deviation in the tap-weight coefficients.
Analytical expressions for these quantities are not very simple unless a number
of assumptions about the input and reference signals are assumed [16], however
they are useful to the designer .

8.5

FAST QR-RLS ALGORITHM

For the derivation of the fast QR-RLS algorithms, it is first necessary to study
the solutions of the forward and backward prediction problems. As seen in the
last two chapters, the predictor solutions were also required in the derivation
of the lattice-based and the fast transversal RLS algorithms. We start with the
application of the conventional QR-RLS algorithm to the forward prediction
problem.
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Forward Prediction Problem

In the forward prediction problem, the following relations are valid

df(k)

=

df(k)

x(k
[

+ 1)

(8.72)

~!72;(~ll

(8.73)

,\ ~x(O)
ef(k)

=

df(k) - [

X~k)

] wf(k)

(8.74)

where df(k) is the desired signal, df(k) is the desired signal vector, and ef(k)
is the error signal vector , all for the forward prediction problem.
Now, we can consider applying the QR decomposition as previously done in
equation (8.44) to the forward prediction error defined above. The reader should
note that in the present case an extra row was added to the vectors e f (k) and
d f (k), as can be verified in the following relations

[Q~k) ~] ef(k)
ef,(k)

[Q~k) ~] df(k) =

df,(k) - [

[

o

--..,....,.
N+l

+]

U!k) ] wf(k)

where

0
U(k)

[

]}k - N
}N + 1
}1

wf (k) (875)

(8.76)
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and
df q1(k)
df q2(k)

eJql (k)
efq2 (k)

efq(k)

efqk_N (k)
efqk_N+l (k)

=

dfq(k)

df qk_ N(k)
dfqk_N+l (k)

=

(8.77)

dfqk+l (k)
>. ~x(O)

efqk+l (k)
x~x(O)

The Q(k) matrix here is the same used in the standard QR-decomposition
algorithm, since its objective is to triangularize X(k) . With the elements of
wf(k) set to their optimum values at the instant k, the vector efq(k) above
becomes

(8.78)

o

>.~x(O)
As in equation (8.48), equation (8.74) can be rewritten as

X(k)

o

] [

-w~(k)

(8.79)

]

and

el,(k)

~ [Q~k) ~] [ dl(k)

X(k)

o

] [

-w~(k)

]

eJql (k)

=

o
U(k)

o

(8.80)
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where x q2(k) is the equivalent of d q2(k ) in equation (8.49).
Note that :
X(N+2) (H

". =

[ dj (k)

which is an order extended version of X(k
(N + 2).

+ 1) and

1)

(8.81)

has dimension (k + 2) by

In order to recursively solve equation (8.80) without dealing with ever increasing
matrices, a set of Givens rotations are applied in order to eliminate ejql (k),
ejq2{k), . . . ejqk_N{k) , such that the information matrix that premultiplies the
vector [1 - wJ{k)]T is triangularized. The Givens rotations can recursively
be obtained by

Qj{k) [

~

Qj{~ -

Qj{k) [

~

Qj{k -1)

o

1) ]

]

...

[ Ik-N-l
0

where Qj{k) is defined below. The time indexes employed in Qj{k) and Qj{k)
are clarified along the following derivations .

o
o

o

(8.83)

o
The matrix Qj (k) has the following general form

*

o

*

o*

*
o

* ... *
"---v-"
k-N

0 ...

o

... *
(8.84)
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where

* denotes nonzero elements.

If in each iterat ion the rotation above is applied to equation (8.80), we have

eJql (k)
ejq(k)

=

QJ(k) [

~

QJ(~-I)]

0

eJqk _N (k)
X q2(k)
oX !±!.
2 x(O
)

eJql (k)
0

=

QJ(k)

U(k)

[

-W~(k) ]

0

0

0
x q2(k)
oX 1 / 2 1IeJ(k - 1)11

[

U(k)

-W~ (k) ]

0

0

=

0

0
x q2(k)
IleJ(k)11

U(k)

[

-W~(k) ]

(8.85)

0

where
cos OJ (k)

=

sin OJ (k)

=

oX 1 / 2 1IeJ(k - 1)11
yfoXlleJ(k - 1)11 2 + eJql (k)
eJql (k)

yfoXlleJ(k - 1)11 2 + eJql (k)

(8.86)
(8.87)

and IleJ(k)11 is the norm of the forward-prediction-error vector shown in equation (8.74). In order to show that the last element of ej q (k) is equal to Ilei (k) II,
first note that the Ilejq(k)11
IleJq(k)11
IleJ(k)IL since these error vectors
are related through unitary transformations. Also, by induction, it can easily
be shown from equation (8.85) that :

=

For k = 0, 1, . . .N
for k = N

+1

=
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for k = N

+2
lief (k)1I

for k

+ >.elq, (k - 1) + elq, (k)

=

V>'k+l X2(0)

=

V>'llef(k - 1)11 2 + elq, (k)

> N +2

(8.88)

By combining the rotations aimed to triangularize X (k) and to eliminate ef qi (k),
it follows that

o
Q(k - 1)

o

(8.89)
From the generalforms of Q(k) and Qf (k) shown in equations (8.30) and (8.84)'
respectively, one can conclude that the following matrix product can be commuted.

0]
[ o1 Qf(k0- 1) ] [Q(k)
0
1
_ [Q(k) 0] [1
0 ]
0
1
0 Qf(k - 1)

(8.90)

Because of that, it can be assumed that the overall triangularization can be
performed at each iteration as follows:

o
o
o

xq,(k)

lief (k)1I

0

U(k)
0
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x(k

= Qj(k) [

Q~k)

~]

+ 1)

xT(k)
0

0

J.,1/ 2X q2 (k - 1)
,\1/21Iej(k - 1)11

,\lj 2U (k

(8.91 )
- 1)

0

Since the rotations at instant k are actually completing the triangularization of
X (N+2)(k + 1), we can conclude that

(8.92)

Also. the complete rotation matrix can be expressed as

Where the superscript (N + 2) in some matrices above denot e rotation matrices
appli ed to data with (N + 2) elements. With the relations above, it is possible

- (N+2)

-

-

to generate Q
(k + 1) from Q(k ) through a simple rotation matrix Q j (k ).
Now, we will show that by developing a similar QR-decomposition algorithm for
the backward prediction case it is possible to generat e Q(k+ 1) from Q(N+2) (k+

1).

In the matrix description above, the dimensions of the matrices are growing with
the iterations. In the actual implementation of the fast QR-RLS algori thm, the
(N + 2) by (N + 2) reduced version of Q(k), denoted by Qe(k), is emp loyed.
Obvious ly the matrix Qe(k) is implemented as a product of Givens rotation
matrices. Also, in the fast version of the QR-RLS algorithm a reduced version
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Qj (k)

8

is required that is given by

cosOj(k)
0
Q8j(k) =

0 ...

0

. .. 0 - sin OJ(k)
0

0

0

IN+l

0
sin OJ (k)

0 ...

0

. .. 0

(8.94)

0
cosOj(k)

The actual relation that will be used in the fast algorithm is given by
Q~N+2)(k

+ 1) =

Q 8j(k) [

Q8~k)

~]

(8.95)

In the following subsection, we study the application of the conventional QRRLS algorithm to the backward prediction problem .

8.5.2

Backward Prediction Problem

In the backward prediction problem the desired signal and vector are respectively
db(k

+ 1) =

(8.96)

x(k - N)
x(k - N)
>.1/2 x (k - N - 1)

(8.97)

o
The dimension of db(k + 1) is (k
vector is given by
eb(k + 1) =

=

+ 2)

by 1. The backward-prediction-error

db(k + 1) - X(k
[X(k

+ 1)Wb(k + 1)

+ 1) db(k + 1)] [ -Wb(~ + 1)

]

(8.98)
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The triangularization matrix Q(k + 1) of the input data matrix can be applied
to the backward prediction error above resulting in
Q(k + l)eb(k + 1) = Q(k + l)db(k + 1) - [ U(k: 1) ] wb(k + 1)

(8.99)

or equivalently
ebq(k + 1) = dbq(k + 1) - [ U(k: 1) ] wb(k

+ 1)

(8.100)

where
ebql (k + 1)
ebq2(k + 1)

+ 1)
dbql (k + 1)
dbq2(k + 1)

ebqk+2 (k

dbqk+2(k + 1)

With wb(k + 1) set to its optimum instantaneous value, the vector ebq(k + 1)
has the following form
ebql (k + 1)
ebq2(k + 1)

(8.102)

o
In this case, equation (8.100) can be rewritten as
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ebql (k
ebq2(k

o

8

+ 1)

+ 1)

(8.103)
where xqa(k+ 1) is the equivalent of d q2(k) in equation (8.49).
Also note that
[X(k

+ 1) db(k + 1)] =

X(N+2)(k

+ 1)

(8.104)

where X(N+2)(k + 1) is an extended version of X(k + 1)' with one input signal
information vector added . In other words, X(N+2)(k + 1) is the information
matrix that would be obtained if one delay was added at the end of the delay
line.
In order to avoid increasing vectors in the algorithm , the quantities ebql (k +
1), ebq2 (k + 1), ... , ebqk _N(k + 1), can be eliminated in equation (8.103) through
Givens rotations, as follows:
Qb(k

ebq2(k + 1)

o
U (k + 1)

= [

0
U(k

The matrix Qb(k

+ 1)

+ 1) can

+ 1)ebq(k + 1)
ebql (k + 1)
[ -Wb(; + 1) ]

ebqk_N+l (k + 1)
x qa (k + 1)

O+
/leb(k 1)/1 ] [ -Wb(; + 1) ]
xqa(k + 1)

(8.105)

be generated iteratively as follows:

Qb(~ + 2) ]

(8.106)

where Qb(k + 1) is defined by
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coslh(k+ 1) 0 .. .
0
sin Ob(k + 1)

0 ...

... 0 - sin (h(k + 1) 0

0
Ik-N- l

0

. .. 0

0

cosOb(k + 1)

0

0
IN+l

(8.107)
The matrix Qb(k

+ 1) as a consequence has the following general

Qb(k

.. .
...

*0 *
*

+ 1)

0

. ..

* 0*

0

0

*
*

0
0

*

0
0
IN+l

0

form

(8.108)

"----v--""
k-N+ l

where

* denotes

possibly nonzero elements.

Th e Givens rotations included in Q b(k + 1) when applied to ebq (k + 1) result in
e~q(k

+ 1) =

Qb(k + l)ebq(k

o

+ 1)

o
0

[

=
U (k + 1)

-Wb(~ +

1)]

(8.109)

Ileb(k + 1)11
x q3 (k + 1)

Since Q(k + 1) and Qb (k + 1) are orthogonal matrices, the first nonzero element
in the last column of the matrix in equation (8.109) is the norm of the backwardestimation-error vector at the instant (k + 1).
The rotation angle for the backward prediction matrix Qb(k + 1) can be calculated recursively as follows:

cosOb(k+l)
sin Ob(k + 1) =

VAlleb(k)1I 2 + e~ql (k

+ 1)

ebql (k + 1)

VAlleb(k)11 2 + e~ql (k

+ 1)

(8.110)
(8.111)
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The partial triangularization process involved in equation (8.99) followed by
that of equation (8.109) can be performed step by step every time a new row
is added to the information data matrix. The validation of the step by step
updating, involving the matrices Qb(k+ 1) and Q(k+ 1), and the corresponding
angle pertaining to Qb (k + 1), can be shown by noting that the following matrix
product commute:

-

Qb(k + 1)

-

[10 Qb(k)
0]-Q(k + 1) [10

-

Qb(k + I)Q(k + 1)

[1 Qb(k)
0 ][1
0

0

The matrix X(N+2)(k + 1) that is an argument of eb(k + 1) in equation (8.98),
can be fully triangularized if an additional orthogonal matrix Q~(k + 1) is
premultiplied to equation (8.109) in order eliminate the vector x q3 (k + 1) as
follows:

(8.113)

where the lower part of the argument matrix is nothing but U(N+2) (k+ 1), since
it is the result of an orthogonal triangularization of X(N+2)(k + 1).
The matrix Q~(k + 1) consists of a series of rotations as follows:

Q~(k

+ 1) =

o

Iko_N
[

cos 8~1 (k+l)

sin8~1 (k+l)

- sin 8~1 (k+l)

cos8~1 (k+l)

o

o

o

o
o

o
o
- sin 8~N (k+l)

o

0

o

1
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0 ...
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0
0

. .. 0

sin e~ N+l (k+l)

0

0

o

IN
- sin e~ N+l (k+l)

0 ...

.. . 0

0

cose~N+l (k+l)

(8.114)
where
J-!i-l

cos 8i,i(k + 1)

X~3i(k +
X q3i (k + 1)
V J-!f-l + X~3i(k +
VJ-!f-l +

sin8i,i(k+l)

=

1)

(8.115)
1)

J-!o = Ileb(k+ 1)11, and J-!N+l = [U(N+2)(k+ 1)h,N+2 . The quantities Xq3i(k+ 1)
denote the ith component of the vector x q3(k + 1). Note that the required
elements to compute these angles are not available, then an alternative strategy
is required .
Since the matrix X(N+2)(k + 1) is triangularized by Q(N+2)(k + 1), it can be
concluded that
Qi,(k + I)Q b(k + I)Q(k + 1)
Qi,(k + I)Qb(k + I)Q(k + 1)

[~ Q~k)]

(8.116)

From the commutation properties of equation (8.112)
Q(N+2)(k + 1) = Qi,(k + I)Qb(k + I)Q(k + 1)

[~ Qb~k)] [~ Q~k)]
(8.117)

In the instant k, the following relation is valid
(8.118)
also, we know that
1
0
]
Q(N+2)(k + 1) = Q- (N+2)(k + 1) [ 0 Q(N+2)(k)

(8.119)
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From equations (8.116), (8.118), and (8.119), it can be concluded that

- (N+2)

Q

(k

+ 1)

[1 Q~(k)
0 ][1 Qb(k)
0] = Qb(k + l)Qb(k + l)Q(k +
0

I

0

-

1)

(8.120)
This equation is very important because it shows how Q(k+ 1) can be calculated
from Q(N+2) (k+ 1). Note that, from the forward prediction filter, Q(N+2) (k+ 1)
is available using rotation matrices of the instant k, i.e., Q(N +2) (k) and Q(k),
and the single rotation represented by Qj(k), as can be verified in equation
(8.93). In addition to Qj(k), Qb(k + 1) and Q~(k + 1) need to be calculated
in order to generate Q(k + 1). As can be seen in equation (8.106), Qb(k + 1)
consists of a single rotation. On the other hand, Q~(k + 1) consists of (N + 1)
rotations that can be calculated in a more efficient way described below.
A way of computing B~i(k + 1) of equation (8.115) has to be found . If the
equation (8.120) is examined closely, the unknown matrices are Q~(k + 1) and
Q(k + 1). Now, if the equation (8.30) is recalled , we can skip Q(k + 1) in
equation (8.120) by posmultiplying each side by a vector with a single nonzero
element as follows:

- (N+2)

Q

(k + 1)

[10 Q~(k)
0 ][10 Qb(k)
0 ][ Ok-N
]
0:+
1

= Q~(k + l)Qb(k + 1)

Ok-N ]
[

(8.121)

a

ON+1

Since the desired angles of Q~ (k + 1) occupy only the N + 2 bottom rows of the
above equation, using equation (8.108), we can reduce it to

c(k + 1) =

Q~N+2\k + l)Q~b(k) [ a[Qb(k)]~-N,k-N
Q~b(k + 1) [

a[Qb(k + 1)]~-N+1 ,k-N+1 ]

]
(8.122)

where Q~N+2) (k+1) is a matrix with diagonal elements given by cos(N+2) Bo(k+
1)' cos(N+2) BI(k + 1), .. ., cOSBW+~2)(k + 1), respectively. This matrix is ob-

tained by deleting the first k - N rows and columns of Q(N +2) (k + 1). This
simplification is possible because, as can be seen from the general form of Q(k)
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in equation (8.30), the last N
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nonzero elements in the first column of

Q(N+2) (k + 1) always multiply zero elements . The matrix Q~b(k) is also a
submatrix of Q~(k) with the first k - N rows and columns deleted .

The equation above can then be written as
, (N+2)

c(k + 1) = Qu

(k + I)Qub(k)
I

[1] = QUb(k +
I

ON+I

1)

[

b ]
0

(8.123)

where a was chosen as

and

b = a[Qb(k + 1)]k-N-I,k -N-I

The quantity b does not need to be explicitly calculated in order to obtain the
angles (}i, . Define ai as an auxiliary variable representing the first element of
the resulting vector of the righthand side after the ith rotation is applied. If
the Euclidean norm is applied in both sides of equation (8.123) the following
equality results
After the last rotation the relation below is valid.

Also, since each element of c(k + 1), except for the first element, is computed
through a single rotation, it follows that

aLl = a; + C7v+3_i(k + 1)
With the relat ions above, the angles (}~i(k + 1) can be calculated as

for i = 1 to N

+ 1 calculate
a7v+2-i

sin (}~i (k + 1)
cos (}~i (k + 1)

+ C7+1 (k + 1)

ci+dk + 1)

aN+l-i
aN+2-i
aN+I-i

(8.124)
(8.125)
(8.126)
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Finally, if the pinning vector [1 0 . . . ojT, is multiplied on both sides of equation
(8.120) , the following relation results

Q;(k+ I)Q,(k+ I)Q(k+ I) [

r]

where r(N+2 )(k) and r(k) are vectors representing the last nonzero elements in
the first colum n of Q(N+2 )(k) and Q(k) respectively, as can be seen in equation
(8.30) . Also, in the last equation Qb(k + 1) was reduced to Qb(k + 1) since the
remaining parts do not affect the product because it will multiply zero factors
(see equations (8.106) and (8.106)) . Actually only the first elements of Qb(k+ 1)
affect the product, that is,
1{

,(k+ 1) cos (h(k + 1)

o

k-N -1

o

N

+1

,(k + 1) sin (h(k + 1)
r(k

,(N+2)(k +

o

=Q'r(k+1)

+ 1)

1) ]}1

.

[

r (N+2)(k

k-N-1

+ 1)

N

+2

(8.128)

QR-Decomposition-Based RLS Filters

353

Since the interest is calculating r( k + 1), the equation above can be reduced to
(8.129)
where Q~b(k + 1) is the reduced Q~(k
columns are deleted.

+ 1) where

its unused k - N rows and

Now, since we have r(k + 1) available as a function of known quantities. It is
possible to calculate the angles of the reduced rotation matrix Qe(k + 1) (see
equation (8.39)), as follows:

I'(k+l)
[ r(k+ 1) ] = Q,(k+ 1)

l

01 ]
;

(8.130)

Although I'(k + 1) is not known, reporting back to equation (8.29) and considering that each angle OJ is individually responsible for an element in the vector
r(k + 1), it is easy to show that this equation can be solved by
Initialize

I'b =

For i = 1 to N

1

+ 1 calculate
sinOi_dk + 1)

ri(k + 1)

(8.131)

I'Ll

1";_1[1 - sin 2 OJ_l(k + 1)]
1";-1 - r;(k

l

I'Ll

where 1'~+1 = I'(k

+ 1) and

rj(k

+ 1) represents

+ 1)

(8.132)
(8.133)

the ith element of r(k + 1).

In addition to the relations derived in the last two subsections, we need equations
(8.51) and (8.54) to obtain the error of the joint-estimation problem.
The fast QR-RLS algorithm starts with the calculation of the rotated forward
prediction error through equation (8.91), then the energy of the forward prediction error is calculated using equation (8.88), along with the cosine and sine of
QJ(k) given by (8.86) and (8.87), respectively. The elements of c(k + 1) follow
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from equation (8.123). These elements are used in equations (8.124), (8.125),
and (8.126) in order to calculate the rotation matrices of Q~ (k + 1) (see equation
(8.114)) . The following step is to calculate the Givens rotation angles Oi through
equations (8.93) combined with (8.127), (8.130), (8.129), (8.131), (8.132), and
(8.133). Finally, the joint-processor section and the a posteriori output error
are calculated using equations (8.51), and (8.54), respectively . See Algorithm
8.2.
A major issue to consider when implementing the fast QR-RLS algorithm is
the numerical behavior. The concern is if the fast QR-RLS algorithm faces
the instability inherent to the fast transversal algorithms when implemented in
finite precision. A formal proof of stability of the fast algorithm presented in
this section is not known, however no instability was detected in our simulations.
Fortunately, it has been shown that the alternative fast QR-RLS algorithm is
numeri cally stable provided the finite-precision rotations corresponding to the
angles O~i remain passiv e [17] . This result assumes that the input signal is
persistently exciting and the numerical operations are performed with sufficient
resolution. Closed formulas are available for the dynamic range of the internal
variables of the alternative fast QR-RLS algorithm [18] . These formulas are
required to determine the wordlength of each register in order to guarantee
accurate numerical operations.

Example 8 .3

Solve the syst em identification problem of Example 8.1 using the fast QR-RLS
algorithm . Also check the performance of the QR-based algorithms presented
in this chapter in finite-precision implementations using fixed-point arithmetic.

Solution:
For the fast QR-RLS algorithm solving the same problem with infinite precision,
the measured misadjustment was 0.05334 for A = 0.99. Approximately the same
value was obtained by the remaining RLS algorithms. Our main purpose in this
example is to mention that the fast QR-RLS algorithm is not suitable for the
cases where the coefficients of the unknown system are required , because there
is no computationally efficient technique to calculate them.
In the finite-precision simulation, we ran the conventional QR-RLS algorithm,
the fast QR-RLS algorithm and the alternative fast QR-RLS algorithm to be
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Algorithm 8.2
Fast QR-RLS Algorithm
Initialization
lIe/ (-llIl=.
• small
All cosines with 1 (use for k;5N+I)
All other variables with zero.
Do for ea ch k~O
e/., (k) ] _Q k [
x(k+1)
Xq,(k)
-,()
>.1/'X q,(k-1)
lIel (k) 11'=xlie I (k-I) 11'+e~ql (k)

(8.91)

[

cos8 1(k)=
.
SID

8 1(k)=

efql

(8.86)

(k)

(8.87)

lIe f ( k ) 1I

• (N+') (k+I)= last N
Q,

+ 2 by N + 2 elements of Q'/(k) [

C(k+I)=<~~N+2) (k+I)Q~.(k) [
°N+I=cdk+ l) ..,~=I
Do for ;=1 to N + 1
o~+I_ ' =o~+2_ i+ c~+1 (k+l)
I
ci+dk+ 1)
sin 8•• (k+ I)= _....:....!...:....l..---:'-2.
a'N+I_;
I
a'N+2- i
cos 8•• (k+I)= - - a'N+I-i
End

;~:::~~:::~

[

(8.88)

A'/21I e f ( k - 1)11
lIe , (k)1I

] =

Q8f(k)

.

8._dk+I)=

o

o
1

(8 .123)

1
]
°N+I

(8 .124)
(8 .125)
(8 .126)

[Q~(k) ~]

[

0:+

2

r(k+I)= last N + 1 elementsofQ~~(k+l)r(N+2)(k+l)
Do for i=1 to N+I
S ID

Q,(k)

(8.127)

]

(8.1 30)

ri(k+ 1)

(8.131 )

---"""'I-~

l'i_1

(8.132)

..,' ~ =..,' L I -r~(k+1)
1"

(8.133)

cos 8i_dk+I)= - ,-'End
Filter evolution

1';-1

d(k+l)
eql (k+l) ] _Q
[
- ,(k+l) >.1/2dq,(k)
[ d q2(k+l)
e(k+I)=e ql (k+lh;"+l
End

(8 .51)
(8 .54)

o
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presented in the section 8.6. We tested the algorithms reducing the wordlength
up to eight bits , when the performance of the algorithms became distinctive.
The obtained learning curves are depicted in Fig. 8.4, where each curve corresponds to the average of ten independent runs. In all cases, the rotations
were kept passive. As can be noticed, the fast QR-RLS algorithm presented
the poorest performance although no sign of instability was noticed .
1.5 .--.--,--.---,..---,..---,..-----.----.----,

QR.8bits Fast QR. 8 bits ---Alternative fast QR. 8 bits .. ---
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Figure 8.4
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Learning curves after convergence

o

Example 8.4

In this example, the signal prediction problem described in subsection 4.6.2 is
solved by using the fast QR-RLS algorithm described in this section .
Solution:

Using the fast QR-RLS algorithm, we solved the prediction problem. Choosing

>. = 1.0, the resulting learning curve was as depicted in Fig. 8.5. As expected,

for infinite-precision implementation the fast QR-RLS algorithm behaves as
any other RLS algorithm. By varying the value of >. between 0.9 and 1 in this
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example resulted in little change of the final result. Also, higher signal-to-noise
ratio resulted in higher attenuation of the sinusoids at the output error.

o
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Iii
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Figure 8.5
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Learning curves for the fast QR-RLS algorithm.

ALTERNATIVE FAST QR-RLS
ALGORITHM

An alternative and simpler fast QR-RLS algorithm can be derived by performing the triangularization of the information matrix in a different form, namely
by generating a lower triangular matrix and by first applying the triangularization to the backward linear prediction problem. Originally, the algorithm to
be presented here was proposed in [6] and later detailed in [8]. The derivations are quite similar to those presented for the standard and the fast QR-RLS
algorithms, therefore we will use the previous results in order to avoid unnecessary repetition. In order to accomplish this objective while avoiding confusion,
the following notations are respectively used for the triangularization matrix
and the lower triangular matrices Q and U. These matrices have the following
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forms

U(k)

o
o

=

0
U2, N

UN+l,2

Q(k)

. ..

Ul ,N+l ]
U2,N+l

UN+l,N

UN+ :,N+l

cos ON(k)

0

- sin ON(k)

0

Ik- N-l

0

0

cos ON(k)

=

sin ON (k)
cos ON-t{k)

0

- sin ON-l (k)

0

Ik-N

0

sin ON- t{k)

0
0

cos ON-dk)

cos Oo(k )

0

Ik-

0

0
IN-

0

1

The triangularization pro cedure has the following general form

Q(k)X(k)

= Q(k)

[~

.. .[I\t

1

(8.135)

cos Oo(k)

0

sin Oo(k)

0

- sin Oo(k)

0

0

0

IN

0

0

(8.134)

O

Q(k _ 1) ]
Q(k

~ N)

[~

O

Q(k _ 2) ]

] X(k)
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}k-N
}N +

(8.136)

1

where Q(k) is a (k + 1) by (k + 1) matrix which represents the overall triangularization matrix.
As usual the multiplication by zero elements can be avoided by replacing Q(k) by
Qe(k) , where the increasing Ik-N-l section of Q(k) is removed. The resulting
equation is
(8.137)

where Q~;(k) is derived from Q~(k) by removing the Ik-N-l section of Q~(k)
along with the corresponding rows and columns, resulting in the following form
COS8i(k)

0

-sin 8i(k)

0

0

IN-i

0

0

Q~. (k) =

(8.138)

sin 8i(k)

COS8i(k)

0

0

r,
0

0

0

The Givens rotation elements are calculated by

[Uf(k)]N+l-i ,i+l

(8.139)

Cj

x~(k

- i)

(8.140)

Ci
where Ci = V[U[(km+l ,N+l-i
ment of the matrix.

+ x?(k - N -

i), and [']i,j denotes the (i,j) ele-

The triangularization matrix Q(k + 1) of the input data matrix can be applied
to the backward prediction error as discussed in the previous section resulting
in

Q(k + 1)eb(k + 1) = Q(k + 1)db(k + 1) - [ ui)

~ 1)

] wb(k + 1)

(8.141)
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or equivalently

ebq(k + 1) = dbq(k + 1) - [ U(k

~ 1)

] wb(k

+ 1)

(8.142)

From equation (8.142), it follows that

Q(k

+ l)[X(k + 1) db(k + 1)] [ -Wb(~ + 1)

]

ebql (k + 1)
ebq2(k + 1)

o
=
U(k

+ 1)

As before, in order to avoid increasing vectors in the algorithm, ebql (k+ 1),ebq2 (k+
1),. . ., ebqk_N (k + 1) can be eliminated in equation (8.143) through Givens rotations, as follows:

Qb(k

o
U(k

= [

+ 1)

+ l)ebq(k + 1)
ebql (k + 1)
ebq2(k + 1)

[-Wb(;+l) ]

ebqk_N+l (k + 1)
x q3(k + 1)
O+

Ileb(k 1)11
U (k + 1) x q3(k + 1)
0

] [ -Wb(; + 1)

]

(8.144)

Note that by induction [U]N+l-i,i+dk + 1) = Ileb,i(k + 1)11, where Ileb,i(k +
1) Wcorresponds to the least-square backward prediction error of an ith-order
predictor.
In the forward prediction case, we have the following relations

X(k)

o

] [

-W~(k)

]

(8.145)

QR-Decomposition-Based RLS Filters

361

and

[Q~k) ~] [ dJ(k)

X(k)

o

eJql(k)

o

(8.146)

U(k)

o
In order to recursively solve equation (8.146) without dealing with ever increasing matrices, a set of Givens rotations are applied in order to eliminate ef ql (k),
e fq2 (k), .. . , e fqk-N (k), such that the information matrix that premultiplies the
vector [1 -wf(k)jT is triangularized. The Givens rotations can recursively be
obtained by

Qf(~ + 1) ]

(8.147)

where

Qf (k) is defined

Qf(k) =

as

cos Of (k)

0

- sin Of (k)

0

Ik

0

sin Of (k)

0

cos Of (k)

(8.148)

If in each iteration, the rotation above is applied to equation (8.146), we have

o
U(k)

o
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o

o

o
o

x q2 (k)
U(k)
Al / 2 1IeJ(k - 1)11
0

o

(8.149)

x q2 (k) U(k)
IleJ(k)11
0
where

VAlleJ (k - 1)11

2

eJqt(k)

+ eJqt (k)

(8.150)
(8.151)

and lieJ (k) II is the norm of the forward prediction error vector shown in equation
(8.74) . This result can be shown by once more evoking the fact that the last
element of ejq(k) is equal to IleJ(k)lI, since Ilejq(k)1I = IleJq(k)11 = IleJ(k)1I
because these error vectors are related through unitary transformations. Also,
it is worthwhile to recall that in equation (8.149) the relation [U]N+l-i,i+dk) =
Ileb,i(k)1I is still valid .
In the present case, it can be assumed that the partial triangularization can be
performed at each iteration as follows:

o
o
o

0

x q2 (k)
U(k)
IleJ(k)11
0
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+ 1)

x(k

= Qj(k) [

Q~k)

~]

xT(k)

0

0

,V/ 2x q2 (k - 1)
>.1/21I e j (k - 1)11

>.1/2U(k - 1)
0

Now we can eliminate x q2 (k) through a set of rotations Q' j(k

(8.152)

+ 1) such that
(8.153)

From the equation above, we can realize that Q' j (k + 1) consists of a series of
rotations in the following order

Qf(k
1

o

+ 1) =

OJl~k

cos
+ 1) - sin 0Jl(k + 1) ]
sinO (k + 1) cosOJl (k + 1)

[ I;

0
cos OJ N (k + 1)

Jl

o

0

0

o
0 sin OJN(k + 1)

o

-sinOJN(k+l)

o

IN-l

0

0

cOSOJN+l (k + 1) 0
0

0

cos 0JN (k + 1)

0 -sinOJN+ l (k + 1)
0

0
IN

sinOJN+l (k + 1) 0

...

0

... 0

cOSOJN+ l (k + 1)
(8.154)

where the rotation entries of Q' j (k + 1) are calculated as follows:
J1.i

J

J1.r-l + X~2i(k)

J1.i-l
J1.i
X q2

i (k)

J1.i

(8.155)
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for i = 1, . . . , N + 1, where J1.o = Ilef(k)ll . Note that J1.N+l is the norm of the
weighted backward prediction error Ileb,O(k+ 1)11, for a zero-order predictor (see
equation (8.144)) . The quantity X q2 i (k) denotes the ith element of the vector
x q2 (k).
Since the rotations above, at instant k, are actually completing the triangularization of X(N+2) (k + 1), it follows that

Q(N+2)(k + 1) = [ Ik-N

o

0

Q' f (k + 1)

] Q (k) [Q(k)
f

0

0]
1

(8.156)

of,

If the pinning vector [1 0 ' ..
is posmultiplied on both sides of the above
equation we obtain the following relation

n[t j
'Y(k)

o

r(k)

o

}N+l
(8.157)

where r(N +2) (k) and r( k) are vectors representing the last nonzero elements in
the first column of Q(N+2) (k) and Q( k), respectively, as can be seen in equation
l8 .135) . Now, we can proceed by performing the product involving the matrix
Qf (k) resulting in the following relation

r(k)
j'(k) sin Of (k)
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(8.158)

Since our interest is to calculate r( k + 1), the equation above can be reduced to
Q'j(k+ 1) [

')'(k):~~j(k) ] = r(N+2)(k+ 1)

(8.159)

where the unused k - N rows and columns were deleted and r(k + 1) is the last
N + 1 rows of r(N +2)(k + 1). Now, since we have r( k + 1) available as a function
of known quantities, it is possible to calculate the angles of the reduced rotation
matrix Qe(k + 1).
Like in the fast QR-RLS algorithm presented in the previous section, in the
alternative fast QR-RLS algorithm we first calculate the rotated forward prediction error as in equation (8.91), followed by the calculation ofthe energy ofthe
forward prediction error using equation (8.88) and the elements of Qj(k) given
in equations (8.86) and (8.87), respectively. The rotation entries of Q' j (k + 1)
are calculated using the relations of (8.155), which in turn allow us to calculate r(N+2)(k + 1) through equation (8.159). Given r(N+2)(k + 1), the rotation
angles (}j can be easily calculated. The remaining equations of the algorithm
are the joint-processor section and the computation of the forward prediction
error given by equations (8.51) and (8.54), respectively.
The resulting Algorithm 8.3 is almost the same as the hybrid QR-Iattice algorithm of [9] . The main difference is the order the of computation of the angles
(}j, that in [9] starts from () N by employing the relation
')'(k + 1) = VI

-

IIr(k + 1)W

(8.160)

This algorithm is closely related to the normalized lattice algorithm, see [9].
Some key results are needed to establish the relation between these algorithms,
for example it can be shown that the parameter ')'(k, N + 1) of the lattice algorithms corresponds to ')'2 (k) in the alternative fast QR algorithm.

Example 8.5

In this example, the system identification problem described in subsection 3.6.2
is solved using the alternative fast QR-RLS algorithm described in this section .
We implemented the fast QR-RLS algorithm with finite precision .
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Algorithm 8.3
Alternative Fast QR-RLS Algorithm
Initialization
lIe/(-I)II=6
6 sma ll
All cosines with 1 (use for k:5N+1)
All other variables with zero.
Do for each k>O
elOI (k) ]-=Q, (k) [
1 ;(k+l)
X 02 (k)
). / X02 (k-I)
2
2+e}01
lie J (k) 11 = ).lIe I (k-I)l1
(k)

(8 .91 )

[

.
SIR

(8 .88)

efql(k)

°l(k)=

(8.86)

Ilef(k)i1

1'0=lI e/(k)1I
Do for .=1 to N+I
w=.11'2
• V .COS

1

N+2-.

sin 0 '

End

2 .(k )
+.10 92'

(8.155)
(8 .155)

. (k+I)= " i~l

0'1

IN+2-i

P,

(k+I)= %02;(')

(8 .155)

Pi

(8 .159)

r(N+2) (k+I)=Q' (k+l) [
r(k)
]
I
-y(k) sin 0l(k)
r(k+I)= last N+I elements of r(N+ 2)(k+l)
"Y~=1

Do for i=1 to N+I
.

S IR

0i_dk+I)=

rN+2- i(k
I

+ 1)

'Yo

-y'~=-y'~-r~+2_' (k+l)
'Y:

cosoi_dk+1)= - ,

,

,

'Yo

"10="11

End

-y(k + I )= -y' 1

Filter evolution
eOl(k+l) ]=Q,(k+l) [
d(k+l)
[ d.,(k+l)
).1/2d 02(k)
e(k+I)= e OI (k+lh(k+l)

End

(8.51)
(8 .54)

o
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Solution:
The main objective of this example is to test the stability of the alternative fast
QR-RLS algorithm. For that we run the algorithm implemented with fixedpoint arithmetic. The wordlengths used were 16, 12, and 10 bits respectively.
We forced the rotations to be kept passive . In other words, for each rotation
the sum of the squares of the quantized sine and cosine were kept less or equal
than one. Also, we tested " to avoid that it becomes less than zero. With these
measures we did not notice any sign of divergence in our experiments. Table
8.2 shows the measured MSE in the finite-precision implementation, where the
expected MSE for the infinite-precision implementation was 0.0015. The analysis of these results shows that the alternative fast QR-RLS has low sensitivity
to quantization effects being comparable to the other stable RLS algorithms
presented in this text.

o
Table 8.2 Results of the Finite-Precision Implementation of the alternative
fast QR-RLS Algorithm

No. of bits
16
12
10

8.7

~(k)Q

Experiment
1.710-'1
2.0 10 -'I
2.1 IO-J

CONCLUSIONS AND FURTHER
READING

Motivated by the numerically well conditioned Givens rotations, two types of
rotation-based algorithms were presented in this chapter. In both cases the
QR decomposition implemented with orthogonal Givens rotations are employed .
The first algorithm is computationally intensive (order N 2 ) and is mainly useful
in applications where the input signal vector does not consist of time delayed
elements. The advantages of this algorithm are its numerical stability and its
systolic array implementation. The second class of algorithms explores the
tim e-shift prop erty of the input signal vector which is inherent to a number
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of applic ations, yielding the fast QR-RLS algorithms with order N numerical
operations per output sample.
It should be noticed that the subject of QR-decomposition-based algorithms is
not fully covered here. A complete approach to generate fast QR-RLS algorithm
using lattice formulation is known [19]-[22] . In [19], the author applied QR
decomposition to avoid inversion of covariance matrices in the multichannel
problem employing lattice RLS formulation. A full orthogonalization of the
resulting algorithm was later proposed in [21] . By using different formulations,
the works of [20], [21], and [22]' propose virtually identical QR-decompositionbased lattice RLS algorithms. In terms of computational complexity, the fast
QR-RLS algorithms presented in this chapter are more efficient .

Another family of algorithms employing QR decomposition are those that replace the Givens rotation by the Householder transformation [1] . The Householder transformation can be considered an efficient method to compute the
QR decomposition and is known to yield more accurate results than the Givens
rotations in finite-precision implementations. In [23], the fast Householder RLS
adaptive filtering algorithm was proposed and shown to require order 7N of
com putational complexity. However, no stability proof for this algorithm exists
so far . In another work, the Householder transformation is employed to derive a
block-type RLS algorithm that can be mapped on a systolic-block Householder
transformation [24] .
A major drawback of the conventional QR-RLS algorithm is the backsubstitution algorithm which is required for computing the weight vector . In systolic
array, it can be implemented as shown in this chapter, through bidirectional
array that requires extra clock cycles. Alternatively a two-dim ensional array
can be employ ed despite of being more computationally expensive [10] . An
approach called inverse QR method can be used to derive a QR-based RLS algorithm such that the weight vector can be calculated without backsubstitution
[25]-[26].
The QR decomposition has also been shown to be useful for the implementation
of numerically stable nonlinear adaptive filtering algorithms. In [27], a QRbased RLS algorithm for adaptive nonlinear filtering has been proposed.
Some performance evaluations of the QR-RLS and fast QR-RLS algorithms are
found in this chapter, where these algorithms were employed in some simulation
examples.
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Problems
1. If we consider each anti-diagonal element of U (k) as a scaling constant
di , and we multiply the input signal vector initially by a constant rS, we
can derive a QR-decomposition algorithm without square root as following
described.
The first two rows to be rotated are
rSx(k)
rSx(k - 1) . . .
<5x(k - N)
d 1,V / 2 Ul ,1( k - 1) dl'V/ 2Ul ,2(k - 1)
d1
where d1 = .V/2Ul ,N+l (k - 1). The parameter <5 can be initialized with 1.
Applying the Givens rotation to the rows above results in
(;z:.\(k)
,~>~(k-l) " '1 ,<5'x~(k-,N+l) 0
d1u1,1(k)
d1Ul,2(k) .. . d1u1,N(k) d1
where
d? =
+ <5 2x 2(k - N)

di

C

<5

d2

= d~H2iJ(k-N)
'2

_
S -

d 26 2

= diH 2 12 (k 62i(k-N)

d~H2i(k-N)

N)

x~(k - N + i) = x(k - N + i) - x(k - N)>.l/2U1,N_i+l(k - 1)
U~,N_i+l(k) = C,\1/2u1,N+l_i(k - 1) + sx(k - N + i)
The same procedure can be used to triangularize completely the input
signal matrix.
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(a) Using the procedure above derive a QR-RLS algorithm without square
roots.
(b) Compare the computational complexity of the QR-RLS algorithms with
and without square roots .
(c) Show that the triangularized matrix U(k) is related with U(k) through
U(k)

= D'U(k)

where D' is a diagonal matrix with the diagonal elements given by

i = 1,2, . . . , N

+ 1.

d; for

2. Since QT(k)Q(k) = Ik+l, the following identity is valid for any matrix A
and B:
CTD = ATB for Q(k) [A I B] = [C I D]
where Q(k), A, B, C,and D have the appropriate dimensions. By choosing
A , B , C, and D appropriately derive the following relations.
(a)UT (k)U(k) = AUT (k - I)U(k - 1) + x(k)xT (k)
(b)PD(k) = APD(k - 1) + x(k)d(k)
where PD(k) = r;~=ox(i)d(i)
(c)U(k)U- T (k)x(k) = x(k)
where U-T(k) = [U-1(k)(
(d)Pb(k)U- 1(k)U- T (k)x(k) + e'(k)-y(k)

= d(k)

3. Partitioning Qe(k) as follows :

show from equation(8 .51) and (8.39) that
qJ(k)A 1/ 2U(k - 1) + ')'(k)xT(k) = OT

4. Using the relations ofthe previous two problems and the fact that U(k)w(k) =
d q2(k), show that

(a)e' (k) = e;(i~)
(b)e(k)

= e'(k)')'2(k)

(c)eql (k) = Je(k)e' (k)
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5. Show that U T(k)d q2(k) = PD(k).
6. Using some of the formulas of the conventional RLS algorithm show that

,2(k) = 1 - x T(k)Rj)I(k)x(k) .
7. The QR-RLS algorithm is used to predict the signal x(k) = cos(1l"kj3)
using a second-order FIR filter with the first tap fixed at 1. Note that we
are interested in minimizing the MSE of the FIR output error . Given X =
0.985, calculate y2(k) and the filter coefficients for the first 10 iterations.
8. Use the QR-RLS algorithm to identify a system with the transfer function
given below. The input signal is a uniformly distributed white noise with
= 1, and the measurement noise is a Gaussian white noise
variance
uncorrelated with the input with variance O'~ = 10- 3 . The adaptive filter
has 12 coefficients.
-12
H(z) = 1 - z

0';

1 - z -I

(a) Run the algorithm for ..\ = 1, ..\ = 0.99, and ..\ = 0.97. Comment on the
convergence behavior in each case.
(b) Plot the obtained FIR filter frequency response in any iteration after
convergence is achieved and compare with the unknown system.
9. Perform the equalization of a channel with the following impulse response
10

h(k) =

L(l- lO)[u(k) -

u(k - 10)]

I=k

where u(k) is a step sequence.
Using a known training signal that consists of a binary (-1,1) random signal.
An additional Gaussian white noise with variance 10- 2 is present at the
channel output .
(a) Apply the QR-RLS with an appropriate A and find the impulse response
of an equalizer with 50 coefficients.
(b) Convolve one of the equalizers impulse response after convergence, with
the channels impulse response and comment on the result .

10. In a system identification problem the input signal is generated by an
autoregressive process given by
x(k) = -1.2x(k - 1) - 0.81x(k - 2) + nx(k)
where nx(k) is a zero-mean Gaussian white noise with variance such that

0'; = 1. The unknown system is described by

H( z) = 1 + 0.9z- 1 + 0.lz- 2 + 0.2z- 3
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The adaptive filter is also a third-order FIR filter. Using the QR-RLS algorithm:
Choose an appropriate A, run an ensemble of 20 experiments, and plot the
average learning curve.
11. The QR-RLS algorithm was applied to identify a 7th-order time-varying
unknown system whose coefficients are first-order Markov processes with
AW = 0.999 and O"iv = 0.001. The initial time-varying system multiplier
coefficients are
W~ = [0.03490 - 0.Q1100 - 0.068640.223910.556860.35798 - 0.02390 0.07594]

The input signal is a Gaussian white noise with variance 0"; = 0.7, and the
measurement noise is also a Gaussian white noise independent of the input
signal and of the elements of nw(k), with variance 0"; = 0.01.
(a) For A = 0.97 measure the excess MSE.
(b) Repeat (a) for A = Aopt

12. Suppose a 15th-order FIR digital filter with multipliers coefficients given
below was identified through an adaptive FIR filter of the same order using
the QR-RLS algorithm. Considering that fixed-point arithmetic was used
and for 10 independent runs, calculate an estimate of the expected value of
II~w(k)QII and ~(k)Q for the following case.
Additional noise : white noise with variance
Coefficients wordlength:
Signal wordlength:
Input signal : Gaussian white noise with variance

0"; = 0.0015

be = 16 bits
bd = 16 bits
= 0.7
A = 0.99

0";

w~ = [ 0.02193600.0015786 -0.0602449 -0.01189070.13753790.0574545
-0.3216703 -0.5287203 -0.2957797 0.0002043 0.290670 -0.0353349
-0.0068210 0.0026067 0.0010333 - 0.0143593]

Plot the learning curves for the finite- and infinite-precision implementations .
13. Repeat the problem above for the following cases

0"; = 0.01, be = 9 bits , bd = 9 bits , 0"; = 0.7, A = 0.98.
(b) 0"; = 0.1, be = 10 bits, bd = 10 bits , 0"; = 0.8, A = 0.98.
(c) 0"; = 0.05, be = 8 bits , bd = 16 bits, 0"; = 0.8, A = 0.98.
(a)
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14. Repeat problem 12 in the case the input correlation matrix R is a first-order
Markov process with AX = 0.95
15. Repeat problem 9 using the fast QR-RLS algorithm.
16. From equation (8.136) it is straightforward to show that

where Q(k) = [Qu(k)Qd(k)]T .
(a) Using the relation above show that the elements ofx q2(k) in (8.149) are
given by

where qdi(k) is the ith column of Qd(k).
(b) Show that the a posteriori error vector for a Nth-order forward predictor can be given by

(c) Can the expression above be generalized to represent the a posteriori
error vector for a (N - j)th-order forward predictor? See the expression
below

17. For the alternative fast QR-RLS algorithm, show that the elements of
r( k + 1) correspond to a normalized backward prediction a posteriori error
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defined as

where ni~o = 1, and eb(k , i + 1) is the a posteriori backward prediction
error for a predictor of order i, with i = 0,1 , .. .. Note that lIeb,i(k)W
corresponds to ~tm in (k, i + 1) used in the lattice derivations.
18. Repeat probl em 9 using the alternative fast QR-RLS algorithm .

9
ADAPTIVE IIR FILTERS

9.1

INTRODUCTION

Adaptive infinite impulse response (IIR) filters are those in which the zeros
and poles of the filter can be adapted. For that benefit the adaptive IIR filters
usually have adaptive coefficients on the transfer function numerator and denominator. Adaptive IIR filters present several advantages as compared with
the adaptive FIR filters, including reduced computational complexity. If both
have the same number of coefficients the frequency response of the IIR filter can
approximate much better a desired characteristic. Therefore, an IIR filter in
most cases requir es fewer coefficients, mainly when the desired model has poles
and zeros, or sharp resonances [1]. There ar e applications requiring hundreds
and sometimes thousands of taps in an FIR filter where the use of an adaptive
IIR filter is highly desirable. Among these applications are satellite-channel and
mobile-radio equalizers, acoustic echo cancellation, etc.
The advantages of the adaptive IIR filters come with a number of difficulties ,
some of them not encountered in the adaptive FIR counterparts. The main
drawbacks are : possible instability of the adaptive filter, slow convergence , and
error surface with local minima or biased global minimum depending on the
obj ective function [2] .

In this chapter, several strategies to implement adaptive IIR filters will be discussed . First, adaptive IIR filters having as objective function the minimization
of the mean-square output error is discussed . Several alternative structures are
presented and some properties of the error surface are addressed . In addition,
some algorithms based on the minimization of alternative objective functions
P. S. R. Diniz, Adaptive Filtering
© Springer Science+Business Media New York 1997
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are discussed. The algorithms are devised to avoid the multimodality inherent
to the methods based on output error.

9.2

OUTPUT-ERROR IIR FILTERS

In the present section we examine strategies to reduce a function of the output
error given by

=

e(k)

F(e(k))

(9.1)

using an adaptive filter with IIR structure. The output error is defined by

e(k)

=

d(k) - y(k)

(9.2)

as illustrated in Fig. 9.1.a. As usual, an adaptation algorithm determines
how the coefficients of the adaptive IIR filter should change in order to get the
objective function reduced.
Let us consider that the adaptive IIR filter is realized using the direct form
structure of Fig . 9.1.b. The signal information vector in this case is defined by

¢(k) = [y(k - 1) y(k - 2) .. . y(k - N) x(k) x(k - 1) ... x(k - M)f (9.3)
where Nand M are the adaptive filter denominator and numerator orders,
respectively.
The direct form adaptive filter can be characterized in time domain by the
following difference equation

y(k)

=

M

N

'Lbj(k)x(k-j)-'Laj(k)y(k-j)
j=O

j=l

(9.4)
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I

~(

+)

I

~

e(k)
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Figure 9.1 Ad a ptive II R Fil ter ing: (a) Ge neral configuration, (b) Adapti ve
IIR di rec t form realization .
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In the system identification field [7], the above difference equation is in general
described through polynomial operator as follows:
y(k)

=

(9.5)

where
B(k , q-l)
A(k , q-l)

+ bt{k)q-l + ... + bM(k)q-M
1+ al (k)q-l + ...+ aN(k)q-N

bo(k)

and q-i denotes a delay operation in a time domain signal of j samples, i.e.,
q-ix(k) = x(k - j). The difference equation (9.4) can also be rewritten in a
vector form , which is more convenient for the algorithm description and implementation, as described below
y(k)

=

(JT (k)¢(k)

(9.6)

where (J(k) is the adaptive filter coefficient vector given by

In a given iteration k the adaptive filter transfer function can be expressed as
follows:

Given the objective function F(e(k)), the gradient vector required to be employed in the adaptive algorithm is given by

g(k)
where e(k) is the output error.

of(e(k)) oe(k)
oe(k) o(J(k)

(9.9)
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Th e first derivative in the above gradient equation is a scalar dependent on the
objective function , while the second derivative is a vector whose elements are
obtained by

8e (k)
8aj(k)

=

8(d(k) - y(k))
8aj(k)

8y(k)

=- 8ad k)

for i = 1,2 , . .. , N , and

8e(k)
8(d(k) - y(k))
8y(k)
8bj (k) 8bj(k )
= - 8bj (k)

(9.10)

for j = 1,2 , .. .,M, where it was used the fact that the desir ed signal d(k) is
not dependent of the adaptive filter coefficients.
The error derivativ es with respect to the filter coefficients can be calculate d
from the difference equation (9.4) as follows:

. ~
8y(k - j)
-y(k - z) - L.J aj(k) 8a.(k)

8y(k)
8aj(k)

j=l

•

for i = 1,2 , . . . , N , and

=

.
~
8y(k - i)
x(k - J) - ~ aj(k) 8bj(k)

(9.11)

for j = 0,1 , . .. , M . The partial derivatives of y(k - i) with respect to the
coefficients , for i = 1,2 , . . . , N , are different from zero because the ad aptive filter
is recursive. As a result , the present coefficients aj (k) and bj(k) ar e dependent
on the past output samples y(k - i ). The precise evaluation of these partial
derivatives is a very difficult task , and does not have a simple implementation.
However, as first point ed out in [4] and [5], if small step sizes are used in the
coefficient updating, the following approximations are valid

aj(k)

::::::

a;(k - j)

for i ,j=1 , 2, . . . ,N

and

bj(k)

::::::

bj(k-i)

forj=O ,1 , . .. , M and i = 1, 2, . . " N

As a consequ ence, equations (9.11) can be rewritten as

8y(k)
8a;(k)

::::::

. ~
8y(k - j)
- y(k - z) - ~ aj(k) 8a;(k _ j)

(9.12)
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for i = 1,2, . . . , N, and

~

. ~
8y(k - i)
x(k-J)- ~a;(k)8bj(k_i)

(9.13)

for j = 0, 1, .. . , M . Note that these equations are standard difference equations.
The equations above can be implemented by all-pole filters having as input signals -y(k - i) and x(k - j) for the first and second set of equations, respectively.
The implementation of the derivative signals of equations (9.13) is depicted in
Fig. 9.2. The all-pole sections realization can be performed through IIR direct
form structure, with transfer function given by
a-

S '(z)

=Z

[8 Y(k) ]
8a;(k)

_zN-;

= Dk(z) Y(z)

for i= 1,2, . . . , N, and
b-

[8 Y(k)]

zN-j

S J (z) = Z 8b;(k) = Dk(z) X(z)

(9.14)

for j = 0, 1, . . . , M respectively, where Z[.J denotes the Z-transform of [.J.
The amount of computation spent to obtain the derivatives is relatively high, as
compared with the adaptive filter computation itself. A considerable reduction
in the amount of computation can be achieved, if it is considered that the
coefficients of the adaptive filter denominator polynomial are slowly varying ,
such that
for i = 1,2, . .. , max(N, M)

(9.15)

where max(a , b) denotes maximum between a and b. The interpretation is that
the denominator polynomial is kept almost constant for a number of iterations.
With this approximation, it is possible to eliminate the duplicating all-pole filters
of Fig . 9.2, and replace them by a single all-pole in front of the two sets of delays
as depicted in Fig. 9.3.a. In addition, if the recursive part of the adaptive filter
is implemented before the numerator part , one more all-pole section can be
saved as illustrated in Fig. 9.3.b [6J.
Note that in the time domain the approximations of equation (9.15) imply the
following relations

8y(k)
8a;(k)

~

q

-HI

8y(k)
8at(k)

---
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H.(z) I---..-----r-----...... y(k)

ZN

dy (k)

D.(z)

dbo (k)
Z

N

D.(z)

dy (k)
- da J (k)

I
I

I
I
I

Y

Y
I
I
I

I

I

z'

iij;)

~

Figure 9 .2

ily(k)
dbM (k)

z'

iij;)

~ - daN
ily(k)
(k)

Deri vat ive im ple menta tio n.

for i = 1, 2, . .. , N , and
_j

q

for j = 0, 1, .. . , M .

fJy(k)
8bo(k)

(9.16)

384

CHAPTER

1 - - - - . - - _ y(k)

x(k)

dy (k)
db. (k)

I
I
I
I
I
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dy (k)

dy (k)

db / (k)

-da/ (k )

I

~

dy (k)
db" (k)

(a)

~

dy (k)
- daN(k)

y(k)

x(k)

dy (k)
db. (k)

dy (k)
I
I
I
I

db/ (k)

I
I
I

~

dy (k)

's; (k)

dy (k)
db lol (k)

dy (k)
-da N(k)

(b)
F igure 9.3 Simplified der ivat ive implementation: (a) Simplificat ion I, (b)
Simplifi cat ion II .
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GENERAL DERIVATIVE
IMPLEMENTATION

The derivatives of the output signal as related to the adaptive filter coefficients
are always required to generate the gradient vector that is used in most adaptive algorithms. These derivatives can be obtained in a systematic form by
employing a sensitivity property of digital filters with fixed coefficients [1], if
the adaptive filter coefficients are slowly varying as assumed in equation (9.12).
Refer to Fig. 9.4.a, where the multiplier with coefficient c is an internal multiplier of a digital filter with fixed coefficients . A good measure of how the digital
filter characteristics change when the value of c changes is the sensitivity function defined as the partial derivative of the digital filter transfer function H(z)
as related to the coefficient c. It is well known from classical digital filtering
theory [1] that the partial derivative of the digital filter transfer function , with
respect to a given multiplier coefficient c, is given by the product of the transfer
function from the filter input to the multiplier input and the transfer function
from the multiplier output to the filter output, that is
(9.17)
Fig . 9.4.b illustrates the derivative implementation. It can be noted that implementation of the derivatives for the direct form structure shown in Fig. 9.2
can be obtained by employing equation (9.17) . In the time domain, the filtering
operation performed in the implementation of Fig. 9.4.b is given by
(9.18)
where * denotes convolution and hij(k) is the impulse response related to
Hij (z). When the digital filter coefficients are slowly varying, the desired derivatives can be derived as in Fig . 9.4 for each adaptive coefficient . In this case,
only an approximated derivative is obtained
(9.19)
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c

Fixed
digital
filter

x(k)

y(k)

2

H(z)

(a)

oy (k)

H(z)

~

c

c

3

x(k)

4

H(z)

y(k)

2

(b)
Figure 9.4 Gener al derivative implem entation : (a) General structure, (b)
Derivative implementation.
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ADAPTIVE ALGORITHMS

In this section, the adaptation algorithms used in IIR adaptive filtering are described . In particular, we present the RLS, the Gauss-Newton , and the gradientbased algorithms.

9.4.1

Recursive least-squares algorithm

A possible objective function for adaptive IIR filtering based on output error is
the least-squares function
k

k

ed(k) = I>k-i e2(i) = I>k- i[d(i) - OT(k)¢(i)]2
i= O

(9.20)

i=O

The forgetting factor .A is usually chosen in the range 0 << .A < 1, with the
objective of turning the distant past information increasingly negligible. By
differentiating ed(k) with respect to O(k) , it follows that

2PD(k)

= ~~(~i = -2t,.Ak-i1jJ(iHd(i) =

-21jJ(k)e(k)

+ 2.A

OT(k)¢(i)]

8ed(k - 1)
80(k)

(9.21)

where the vector 1jJ(k) is the derivative of e(k) with respect to 8(k) , i.e.,

1jJ(k) = 8e(k) = _ 8y(k)
88(k)
80(k)

(9.22)

The second-derivative matrix of ed(k) with respect to O(k) is then given by

2;(k)
2RD(k) = -2.ARD(k - 1) + 21jJ(k)1jJT(k) _ 8
e(k)
80 (k)

(9.23)

Now, several assumptions are made to generate a recursive algorithm. First,
the adaptive filter parameters are considered to be updated by

O(k + 1) = O(k) - Rr/(k)PD(k)

(9.24)

As can be noted from equations (9.21) and (9.22), the calculations of the last
terms in both RD (k) and P D(k) require a knowledge of the signal information
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vector since the beginning of the algorithm operation , namely 1jJ(k) for i < k.
However, if the algorithm step sizes, i.e., the elements of IO(k + 1) - O(k)1, are
considered small , then
8f,d(k - 1) 0
(9.25)
80(k)
"oJ
"oJ

assuming that the vector O(k) is the optimal estimate for the parameters at the
instant k - 1. This conclusion can be drawn by approximating f,d(k - 1) by
a Taylor series around O(k - 1) and considering only the first-order term [7] .
Also, close to the minimum solution , the output error e(k) can be considered
approximately a white noise, if the measurement noise is also a white noise
and independent of /)02~(k ) . This assumption allows us to consider the expected
e (k)
value of the last term in equation (9.23) negligible as compared to the remaining
terms .
Applying the approximations above, an RLS algorithm for adaptive IIR filtering
is derived in which the basic steps are:

e(k)
1jJ(k)
SD(k+l)
O(k + 1)

d(k) - OT(k)¢(k)
8y(k)
80(k)

~

x

[s

O(k)

D

(k) _ SD(k)1jJ(k)1jJT(k)SD(k)]
x+ 1jJT (k)SD(k)1jJ(k)

+ e(k)SD(k + 1)1jJ(k)

(9.26)
(9.27)
(9.28)
(9.29)

The description of the RLS adaptive IIR filter is given in Algorithm 9.1.
Note that the primary difference between the RLS algorithm for FIR and IIR
adaptive filtering relies on the signal information vector, 1jJ(k), that in the IIR
case is obtained through a filtering operation while in the FIR case it corresponds to the input signal vector x(k).

9.4.2

The Gau88- Newton algorithm

Consider as objective function the mean-square error (MSE) defined as
(9.30)
In the Gauss-Newton algorithm, the minimization of the objective function is
obtained by performing searches in the Newton direction, using estimates of the
inverse Hessian matrix and the gradient vector.
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Algorithm 9.1
OE Algorithm, RLS Version
Initialization
a.(k )=bi(k )=e(k )=0
y(k)=x(k)=O , k <0
So(O)=o-' I

Definition
1/JT(k)=[-y'(k-l) ... - y'(k-N ) -x'(k) -x'(k-l) ...-x'(k-M))

For each

x(k), d(k), k
y(k)=¢T (k)8(k)

2: 0, do

2::, ai(k)y'(k-i)
2::, bi(k)x'(k-i)

y'(k)=-y(k)x'(k)=x(k)-

e(k )=d(k )-y(k)

So(k+l)=t

[SO(k)- SO(k)~(kl1/{(klSO(kl]

~+1/J (klSo(kl1/J(kl
8(k+l)=8(k)+So(k+l)1/J(k)e(k)

Stability test

o

The gradient vector is calculated as follows:

8e

88(k)

= E[2e(k)1/J(k)]

(9.31)

where
1/J(k)

=

8e(k)
88(k)

The Hessian matrix is then given by

(9.32)
where the expected value of the second term in the above equation is approximately zero, since close to a solution the output error e( k ) is "almost" a white
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noise independent of the following term

82 e(k)
82y(k)
88 2(k) - - 88 2(k)
The determination of the gradient vector and the Hessian matrix requires statistical expectation calculations. In order to derive a recursive algorithm, estimates
of the gradient vector and Hessian matrix have to be used. For the gradient
vector , the most commonly used estimation is the stochastic gradient given by
8f,
88(k)

= 2e(k)1jJ(k)

(9.33)

where f, is an estimate of ~ . Such approximation was also used in the derivation
of the LMS algorithm . The name stochastic gradient originates from the fact
that the estimates point to random directions around the true gradient direction .
The Hessian estimate can be generated by employing a weighted summation as
follows:

R(k

+ 1)

+ a L {1
k -l

a1jJ(k)1jJT(k)

- a)k-i1jJ (i)1jJT (i)

i=O

(9.34)

where a is a small factor chosen in the range 0 < a < 0.1. By taking the
expected value on both sides of the equation above and assuming that k -+ 00,
it follows that

E[R(k

L {1 - a)k-i E[1jJ(i)1jJT (i)]
k

+ 1)]

a

i =O

~

E[1jJ(k)1jJT (k)]

(9.35)

Applying the approximation discussed and the matrix inversion lemma to calculate the inverse of R (k + 1), i.e., S(k + 1), the Gauss-Newton algorithm for
IIR adaptive filtering is derived, consisting of the following basic steps
e(k)
(9.36)
d(k) - 8T (k)c/J(k)

8e(k)
88(k)

(9.37)

S(k + 1)

_ 1_ [S(k) _ S(k),p(k),pT5k )S(k) ]
1- a
l~a + 1jJT (k)S(k)1jJ(k)

(9.38)

8(k + 1)

8(k) + pS(k + l)1jJ(k)e(k)

(9.39)

1jJ(k)
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where J.l is the convergence factor. In most cases, J.l is chosen approximately
equal to 0:.
In the updating of the R( k) matrix, the factor (1-0:) plays the role of a forgetting
factor that determines the effective memory of the algorithm when computing
the present estimate. The closer 0: is to zero the more important is the past
information , in other words, the longer is the memory of the algorithm.

9.4.3

Gradient-based algorithm

If in the Gauss-Newton algorithm, the estimate of the Hessian matrix is replaced

by the identity matrix , the resulting basic algorithm is given by

e(k)
1jJ(k)
8(k + 1)

d(k) - 8T(k)cP(k)
8e(k)
88(k)
8(k) + J.l1jJ(k) e(k)

(9.40)
(9.41)
(9.42)

These ar e the steps of a gradient-based algorithm for IIR filtering . The computational complexity is much lower in gradient-based algorithm than in the
Gauss-Newton algorithm. With the latter, however, faster convergence is in
general achieved .

9.5

ALTERNATIVE ADAPTIVE FILTER
STRUCTURES

The dire ct form structure is historically the most widely used realization for the
IIR adaptive filter . The main advantages of the direct form are the minimum
number of multiplier coefficients required to realize a desired transfer function
and the computationally efficient impl ementation for the gradient which is possible under the assumption that the denominator coefficients are slowly varying ,
as illustrated in Fig. 9.3. On the other hand, the stability monitoring of the direct form is difficult because it requires either the factorization of a high-order
denominator polynomial in each algorithm step or the use of a sophisticated
stability test. In addition, the coefficient sensitivities and output quantization
noise are known to be high in the direct form [1] .
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Alternate solutions are the cascade and parallel realizations using first- or secondorder sections as building blocks [8]-[9]. Also, the lattice structures are popular
in the implementation of adaptive filters [11]-[17]. All these structures allow
easy stability monitoring while the parallel form appears to be most efficient
in the gradient computation. The standard parallel, however, may converge
slowly if two poles approach each other , as will be discussed later and, when
a Newton-based algorithm is employed , the estimated Hessian matrix becomes
ill-conditioned bringing convergence problems. This problem can be alleviated
by applying a preprocessing to the input signal [9]-[10] .

9.5.1

Cascade Form

Any Nth-order transfer function can be realized by connecting several first- or
second-order sections in series, generating the so-called cascade form. Here we
consider that all subfilters are second-order sections without loss of generality,
and if an odd-order adaptive filter is required we add a single first-ord er section.
Also, only filters with real multiplier coefficients are discussed . The cascade
realization transfer function is given by
(9.43)

where m denotes the number of sections.
The parameter vector in the cascade form is

6(k)

[-al1(k) - a21(k) b01(k) bll(k) b21(k)
.. . - alm(k) - a2 m(k) bom(k) b1m(k) b2m(k)]T

(9.44)

The transfer function derivatives as related to the multiplier coefficients can
be generated by employing the general result of Fig. 9.4. Fig. 9.5 depicts the
cascade realization along with the generation of the derivative signals of interest,
where the sections were realized through the direct form of Fig. 9.1.
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Any altern ative second-order section can be used in the cascade form and the
appropriate choice depends on a tradeoff between quantization effects, hardware
resour ces, computation time, and other factors . The main drawbacks of the
cascade form ar e the amount of extra computations required to generate the
gradi ents, and the manifolds (see sections 9.6 and 9.7) generated on the error
surface which may result in slow convergence of the gradient-based algorithms.

9.5.2

Lattice Structure

In this subsection we discuss the lattice algorithm starting from its realization.
Although this might app ear to be a recipe approach, the development presented
here allows us to access the nice properties of the lattice realization. The book
by Regalia [53] provid es a detail ed presentation of the various forms of lattice
realizati on.
The two-multiplier lattice st ructure [11]-[16] for IIR filters is depicted in Fig. 9.6
with a sample of gradient computation. Th e coefficients Ki(k) in the recursive
part of the structure ar e called reflection coefficients. The internal signals J;( k)
and bi(k) are the forward and backward residuals, respecti vely. These internal
signals are calculated as follows:

x( k)

I N+l (k)

IN-i+l (k ) - KN_;(k)bN_;(k )

I N-i(k)
bN-i+1(k + 1)
for i = 0, 1, . . . , N , and

+ bN_;(k)

KN-;(k)JN-;(k)
bo (k + 1) = Jo(k)

(9.45)

The zero placement is impl emented by a weighted sum of the backward residuals
b; (k) , generating the filter output according to

y(k) =

N+l

L

b;(k + l) v;(k)

(9.46)

;=0

where v;(k ), for i = 0, 1, .. . , N

+ 1, are the output

coefficients.

The derivati ves of the filter output y(k) with resp ect to the output tap coefficients v;(k ) are given by the backward residuals b;(k + 1). On the other hand ,
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U,(k)

y(k)

u,(k)

dy (k)
~
(k)

U"'HI

Figure 9.6

H.I

= ~,Eb;(k+1)Wk)

Lattice structure including a sample of gradi ent co m p u ta t ion .

the derivatives of y(k) as related to the reflection multiplier coefficients K;(k)
requir e one additional lattice structure for each K;(k). In Fig. 9.6, the extra lattice requir ed to calculate a "c;~~ lk ) is shown for illustration . For each derivative

:,,~\~\ the following algorithm must be used

o
j~+l (k)
If i :f N - j
j~_;(k)

j~-i+l (k) - KN-;(k)b'rv_ ;(k)
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b~-i+l (k + 1)
for i

Ifi
lj(k)
bj+l (k + 1)

b~(k + 1)
Then
oy(k)
OKj(k)

KN-i(k)l'rv_i(k)

+ b~_i(k)
+ 1, ... , N

0, 1, ... , N - j - 1, N - j

N -j

lj+l(k) - Kj(k)bj(k) - bj(k)
Kj(k)lj(k)

+ bj(k) + lj(k)

lo(k)
N+l

L

bHk

+ l)vi(k)

(9.47)

i=O

The main desirable feature brought about by the lattice IIR realization is the
simple stability test . The stability requires only that reflection coefficients Ki(k)
be maintained with modulus less than one [15] . However, the gradient computations are extremely complex, and of order N 2 in terms of multiplication count .
Recently, an approach for the gradient computations with order N multiplications and divisions was proposed [14], which is still more complex than for
the direct form realization. It should be noticed that in the direct form , all
the signals at the multipliers input are delayed versions of each other, and the
transfer function from the multipliers output to the filter output are the same.
These facts make the gradient computational complexity in the direct form low.
The lattice IIR realization does not have these features .
When the two-multiplier lattice structure is realizing a transfer function with
poles close to the unit circle, the internal signals may present a large dynamic
range, resulting in poor performance due to quantization effects. In this case,
the normalized lattice [17] is a better choice despite its higher computational
complexity. There are alternative lattice structures, such as the two-multiplier
with distinct reflection coefficients and the one-multiplier structures [13], that
can also be employed in adaptive filtering. For all these options the stability
test is trivial, retaining the main feature of the two-multiplier lattice structure.
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Parallel Form

9.5.3

In the parallel realization , the transfer function is realized by a parallel connection of sections as shown in Fig . 9.7. The sections are in most of the cases of
first- or second-order, turning the stability test trivial. The transfer function
when second-order sections are employed is given by
(9.48)
The parameter vector for the parallel form is

O(k)

=

[-alO(k) - a2o(k) boo(k) b10(k) b20(k)
.. . -alm-l(k) -a2m-l(k) bom-dk) b1m-dk) b2m- 1 (k)f
(9.49)

The transfer function derivatives as related to the multiplier coefficients in the
parallel form are simple to calculate because they depend on the derivative of
the individual section transfer function with respect to the multiplier coefficients
belonging to that section . Basically, the techniqu e of Fig. 9.4 can be applied to
each section individually.
Because the interchange of sections in the parallel form does not alter the transfer function, there are m! global minimum points each locat ed in separate subregions of the MSE surface. These subregions are separated by boundaries
that are reduced-order manifolds as will be discussed in section 9.7. These
boundaries contain saddle points and if the filter parameters are initialized on
a boundary, the convergence rate is most probably slow. Consider that the
int ernal signals cross-correlation matrix is approximately estimated

R(k

+ 1) = a

L(1- a)k-i1jJ(i)1jJT (i)
k

(9.50)

i=O

when k is large . In this case, if the sections coefficients are identical the information vector consists of a set of identical subvectors 1jJ (i), which in turn
makes R(k+ 1) ill-conditioned. The above discussion suggests that the sections
in the parallel realization should be initialized differently, although there is no
guarantee that this will avoid the ill-conditioning problems.
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Section 1

x(k)

Section 2
y(k)

Section m

Figure 9.7

9.5.4

Parallel form .

Frequency-Domain Parallel Structure

A possible alternative parallel realization first proposed in [9] incorporates a
preprocessing to the input signal using a discrete-time Fourier transform, generating m signals that are individually applied as input to first-order complexcoefficients sections . With this strategy, the matrix R(k) is more unlikely to
become ill-conditioned. Also, it is more difficult for a gradient-based algorithm
to get stuck on a reduced-order manifold, resulting in faster convergence. The
parallel realization can also be implemented using a real-coefficient transform
for the preprocessing, and second-order sections.
Th e frequency-domain parallel structure is illustrated in Fig . 9.8, where d(k)
is the reference signal , x(k) is the input signal, n(k) is an additive noise source,
and y(k) is the output. The ith parallel section is represented by the transfer
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function

bOi(k)z2
+ bli(k)z +---c=:..:,...:.......:...
b2i(k)
H ·()
z - -=..:.~
_ _,...,:..:..~_
•

-

z2 -

ali(k)z - a2i(k)

k =O,I , .. . ,m - l

(9.51)

where ali(k), a2i(k), bOi(k), b1i(k), and b2i(k) are adjustable real coefficients.
The inputs of the filter sections are preprocessed as shown in Fig. 9.8.
x(k )
Yo (k)

xo(k)

C
z

z

z

.,
.i

.,

0
S
I
N
E

Ho(z)

x /(k)

Yl (k)
H 1(z )

T

R
A
N

S
F
z

.,

0

R
M

Y...l(k)

x..Ak)
H ...1 (z)

T

Adapt ive
algorithm

Figure 9. 8

Real coefficients frequency-domain adaptive filter.

The purpose of preprocessing in Fig. 9.8 is to generate a set of uncorrelated signals xl(k), x2(k) , .. . , xm(k) in order to reduce the probability that two or more
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sections converge to the same solution, to simplify the adaptation algorithm, and
to improve the rate of convergence.
On employing the discrete-time cosine transform (DCT) , the input signals to
the subfilters in Fig . 9.8 are given by

.j2m-l

-m L x(k-l)

xo(k)

/=0

and

[2m-l

V;;; L

xi(k)

x(k -l) cos[1ri(2l + 1)/(2m)]

(9.52)

1=0

The transfer function from the input to the outputs of the DCT preprocessing
filter (or prefilter) can be described through the recursive frequency-domain
description given by

Ti z) = ko COST
(

m

[zm - (-1)i](z - 1)
zm-l[z2 - (2cos2T)Z+ 1]

(9.53)

where
if i = 0

ko = { .j2

../2m

if i = 1,2 , . .. , m - 1

and T = 1ri/(2m). The DCT can be efficiently implemented through some
fast algorithms, or by employing equation (9.53). In the latter case, special
consideration must be given to the poles on the unit circle.
Alternatively, the transfer functions of the prefilter can be expressed as

Ti(z)

rr

= 2- ~ ti ' Z- j = 2- m - 2 (z m ~;
;=0

m

r=O

z

Tir)

= _1_

(z -1)[zm - . (_1)i)
zm-l [z2 - (2 cos !L!.)z + 1]
m

(9.54)
where the tij are the coefficients of the transform matrix T , and the Tir are the
zeros of Ti(z) . The gain constants ko and cos T were dropped in equation (9.54)
and will not be considered from now on, since they can be absorbed by the
numerator coefficients bOi(k), b1i(k), and b2i(k) of Hi(Z).
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The overall transfer function of the frequency-domain adaptive filter of Fig . 9.8
is given by
m-1

H( z)

L

T;(z)Hi( Z)

i=O

m-1

II

1

'\"' m-l

Wk=O

( z 2-a,j Z-a2j ) Il~=-;'2 (Z-Tir)

(bOi Z 2 +b " Z+ b i ) =_O--,•.:..#_i_--.,2
m-1

_

J::.....

II

( z2-all z-a 2,)

1=0

(9.55)
Now assume that the real ization discussed is used to identify a system of order

2Np described by

P-1

H (z)
D

II (z -ir)

= Kz 2N p- p N_ _r_=--'0

II (z2 -

_

p-1

O'li Z -

(9.56)

0'2;)

i=O

where K is a gain constant ,
the zeros of H D (z) such that

POi

and

P1i

ar e the poles of section i, and ir ar e

ir:f;POi ,P1i for r=O , . . . , P - I andfor i=O , . .. , Np - 1
It can be shown that if the conditions outlined below ar e satisfi ed , the filter of
Fig . 9.8 can identify exactly systems with N p ~ m and P ~ 3m + 1. The

sufficient conditions are

i) The transformation matrix T of the prefilter
independent rows .
ii)

ali :f; a1 j , and
for all i .

a2i

:f; a2j for i :f; j ;

ali

and

a2i

1S

square and has linearly

ar e not simultaneously zero

iii) The zeros of the prefilter do not coincide with the system 's poles, i.e.,
Tij :f; POI , Tij :f; PlI, for all i,j, and t.
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Adaptation Algorithm

The adaptation algorithm entails the manipulation of a numb er of vectors ,
nam ely, the coefficient vector

where
the internal data vector

where
the gradient vector

ll1(k) = [""~ (k) .. . "";"-1 (k)f

where

""i(k) = [yHk - 1) yHk - 2) x:(k) x:(k - 1) xHk - 2)]T
A

A

and the matrix S(k) which is in estimate of the inverse Hessian R

-1

(k) .

The elements of the gradient vector can be calculated by using the relations

and

An adaptation algorithm for updating the filter coefficients based on the GaussNewton algorithm is summarized Algorithm 9.2. Th e algorithm includes the
updating of matrix S(k), which is obtained through the matrix inversion lemma

The stability monitoring consists of verifying whether each set of coefficients
ali(k) and a2i(k) defines a point outsid e the stability triangle [1], i.e. , by testing
whether

If instability is detect ed in a particular section, the poles must be proj ected back
inside the unit circle. A possible strategy is to proj ect each pole by keeping its
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angle and inverting its modulus. In this case, a2; and
l/a2;(k) and -ali(k)/a2;(k), respectively.

ali

should be replaced by

If the outputs of the DCT prefilter x;(k) are sufficiently uncorrelated, the Hessian matrix is approximately block-diagonal consisting of 5 x 5 submatrices
~(k). In this case, instead of computing a 5m x 5m inverse Hessian estimate
S(k), several 5 x 5 submatrices are computed and applied in the above algorithm
as follows:

For i

= 0,1, .. . , m -

1

h;(k) = S;(k)1/J;(k)
S.(k
I

8;(k

+

1) - [S '(k) _

-

+ 1) =

I

8;(k)

h;(k)h[(k)

(~-I)+h[(k)1/J;(k)

] (_1_)
I-a

+ J-lS;(k + 1)1/Ji(k)e(k)
o

The choice of the adaptive filter realization has implications on the computational complexity as well as on the convergence speed. Some studies exploring
this aspect related to the frequency-domain realization can be found in [18] . The
exploration of realization related properties of the IIR adaptive MSE surface
led to a fast parallel realization where no transform preprocessing is required
[19]. In this approach , the reduced-order manifolds are avoided by properly
configuring the parallel sections which are implemented with general purpose
second-order sections [20] . An analysis of the asymptotic convergence speed of
some adaptive IIR filtering algorithms from the realization point of view can be
found in [21].
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Algorithm 9.2
Frequency-domain parallel algorithm, RLS Version
Initialization

8(0) = 81(0 > 0)
O;(k),

°:: ; i :::; m - 1

For each x(k) and d(k) given for k

XDCT(k) = DCT[x(k) ... x(k - m
Do for i=O ,I , . . . ,m - l

2: 0, compute:

+ I))

:

xi(k) = x;(k) - a1;(k)xi(k - 1) - a2;(k)xi(k - 2)
y;(k) =

of (k)¢;(k)

yHk) = y;(k) - ali(k)l/;(k - 1) - a2;(k)l/;(k - 2)
End

e(k) = d(k) - E;:~1 y;(k)
h(k) = 8(k)w(k)
8(k

+ 1) -

O(k

+ 1) = O(k) + p8(k + l)w(k) e(k)

-

[8(k) _

h(k)hT(k)

(~-1)+hT (k)W(k)

Carry out stability test.
End

] (_1_)
1-a

o
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Example 9.1

An IIR adaptive filter of sufficient order is used to identify a syst em with the
transfer function given below.

0.8(Z2 - 1.804z + 1)2
H( z) = (Z2 _ 1.512z + 0.827)(z2 - 1.567z + 0.736)

u;

The input signal is a uniformly distributed white noise with variance
= 1,
and the measurement noise is a Gaussian white noise uncorrelated with the input with variance u~ = 10-1.5. Use a gradient-based algorithm .
(a) Choose the appropriate values of J1- .
(b) Run the algorithm using the direct form structure, the lattice structure, the
parallel realization with preprocessing, and the cascade realization with direct
form sections. Compare their convergence speed.
(c) Measure the MSE.
(d) Plot the obtained IIR filter frequen cy response in any iteration after convergence is achieved and compare with the unknown system. Consider for this
item only the dir ect form realization .
Solution:

A convergence factor J1- = 0.002 was used in all examples, except for the lattice
realization where for the updating of the feedforward coefficients a larger J1- = 10
was employed , otherwis e the convergence would be too slow. Although the
chosen value of J1- is not optimal value in any sense, it led to the convergence
of all algor ithms. Fig. 9.9 depicts the magnitude respons e of the adaptive filter
at a given iteration after convergence. For comparison the magnitude response
of the unknown system is also plotted. As can be seen, the responses are close.
Fig . 9.10 shows the learning curves of the algorithms obtained by averaging the
results of 200 independent runs . As can be seen the faster algorithms led to
higher MSE. The cascade realization presented faster convergence, followed by
the parallel and lattice realizations. The measured MSE are given in Table 9.1.
There ar e very few results published in the literature addressing the finiteprecision implementation of IIR adaptive filters. For this particular example,
all algorithms were also implemented with fixed point arithmetic, with 12 and
16 bits. No sign of divergence was detected dur ing the early 2000 iterations.
However, the reader should not take this result as conclusive .

o
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Table 9.1

Evaluation of the IIR Algorithms

Realization
~ MSE
Direct Form
0.0391
Lattice
0.1514
Transf. Dam. Parallel 0.1478
0.1592
Cascade

I
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MEAN-SQUARE ERROR SURFACE

The error surface properties in the case of adaptive IIR filtering are key in
understanding the difficulties in applying gradient-based algorithms to search
for the optimal filter coefficient vector . In this section , the main emphasis
is given to the system identification application where the unknown system is
modeled by

d(k)

(9.58)

where

and n(k) is the measurement noise that is considered uncorrelated with the
input signal x(k) .
The unknown transfer function is
Ho(z)

Nd_Md90zMd + 91 ZMd- 1 + ...+ 9Md-lZ + 9Md
Z
zNd + CIZNd- 1 + .. .+ CNd-lZ + cu;
zNd-Md No(z)
Do(z)

(9.59)

The desired feature of the identification problem is that the adaptive filter transfer function Hk(z) approximates Ho(z) as much as possible in each iteration. If
the performance criterion is the mean-square error (MSE), the objective function is expressed in terms of the input signal and the desired signals as follows:

(9.60)

Since n(k) is not correlated to x(k) and E[n(k)] = 0, equation (9.60) can be
rewritten as

e =

G(q- l ) B(k,q-l))
E {[( C(q-l) - A(k, q-l) x(k)

]2} + E[n 2(k)]

(9.61)
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The int erest here is to study the relation between the objective function ~ and
the model filter coefficients, indep endently if these coefficients are adaptive or .
not . The polynomials operators B(k , q-l) and A(k , q-l) will be considered
fixed , denoted respectively by B(q-l) and A(q-l) .
The power spectra of the signals involved in the identification pro cess ar e given
by

Rxx(z)
Rnn(z)
Rdd(Z)
Ryy(z)
Rdy(Z)

Z[rxx(l)]
Z[rnn(l)]
Ho(z) Ho(z-l) Rxx(z) + Rnn(z)
Hk(Z) Hk(z-l) Rxx( z)
Ho(z ) Hk(Z-l) Rxx( z)

(9.62)

By noting tha t for any processes x I(k ) and x2(k)
(9.63)
where the integration path is the counterclockwise unit circle. The objective
function , as in equat ion (9.60), can be rewritten as
~

=
(9.64)

For the case the input and additional noise signals are white with variances
respectively given by 0"; and O"~ , the equation (9.64) can be simplified to

~f
~ = -2
a:
[Ho(z)Ho(z-l) - 2Ho(z)Hk( Z-1)
~J

+ Hk(Z)Hk(Z-l)] -~ + O"~
z

(9.65)
This expression provid es the relation between the MSE surface repr esented by
~ and the coefficients of the adaptive filter. Th e following example illustrates
the use of the equation above.

Example 9.2
An all-pole adaptive filter of second-order is used to identify a system with
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transfer function
1
Z2

+ 0.9z + 0.81

u;

The input signal and the measurement (additional) noise are white with
= 1
and u~ = 0.1, respectively. Compute the MSE as function of the adaptive filter
multiplier coefficients.
Solution
The adaptive filter transfer function is given by

Equation (9.65) can be solved by employing the residu e theorem [1] which results
III

(1 - a2)(1 + a2 - ad(1 + a2 + ad
2b2{1 - 0.81a2)
1 - 0.9al - 0.81a2 - 0.729ala2 + 0 .81a~
+3 .86907339 + 0.1

+ 0.6561a~
(9.66)

If the adaptive filter coefficients are set to their optimal values, i.e. , b2 = 1, al =
0.9 and a2 = 0.81, indicating a perfect identification of the unknown system,
the resulting MSE is
~

3.86907339 - 7.73814678 + 3.86907339+ 0.1
0.1

Note that the minimum MSE is equal to the measurement noise variance.

o

Equations (9.64) and (9.65), and more specifically (9.66), indicate clearly that
the MSE surface is a nonquadratic function of the multiplier coefficients of the
adaptive filter. This is particularly true for the multiplier coefficients pertaining
to the denominator of the adaptive filter. As a consequence , the MSE surface
may have several local minima, some of those corresponding to the desired
global minimum. The multiplicity of minimum points depends upon the order
of the adaptive IIR filter as compared to the unknown system that shapes the
desired signal and also upon the input signal properties when it is a colored
noise .
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Note that when the adaptive filter is FIR there is only a minimum point because
the MSE surface is quadratic, independently of the unknown system and input
signal characteristics. If the input or the desired signal are not stationary, the
minimum point of the MSE surface moves in time but it is still unique .
The main problem brought about by the multimodality of the MSE surface is
that gradient and Newton direction search algorithms will converge to a local
minimum . Therefore , the adaptive filter may converge to a very bad point where
the MSE assumes a large and unacceptable value. For example , in the system
identification application, the generated transfer function may differ significantly
from the unknown system transfer function.

Example 9.3
An unknown system with transfer function

z - 0.85
z + 0.99
is supposed to be identified by a first-order adaptive filter described by
bz
z-a

Plot the error surface.
Solution
The expression for the MSE is given by

e= 171.13064- (2 -1.7a)b + _b
2

1 + 0.99a

_

1 - a2

The MSE surface is depicted in Fig. 9.11, where the MSE is clipped at 1 for a
better view.

o

Several results regarding the uniqueness of the minimum point in the MSE
surface are available in the literature [22]-[27] . Here, some of these results are
summarized without proof, in order to give the designer some tools to support
the appropriate choice of the adaptive IIR filter order.
First consider the case of inverse filtering or equalization, where the adaptive
filter is placed in cascade with an unknown system and the desired signal is a
delayed version of the overall cascade input signal. This case had been originally
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explored by Astrom and Soderstrom [22], and they proved that if the adaptive
filter is of sufficient order to find the inverse filter of the unknown system all
the local minima will correspond to global minima if the input signal is a white
noise. The sufficient order means that

and
(9.67)

where Nand M are the numerator and denominator orders of adaptive filter as
indicated in equation (9.5), Nd and Md are the corresponding orders for the
unknown system as indicated in (9.59).
When N > M d and M > N d , there are infinitely many solutions given by

N(z)

L(z)Do(z)

and

D(z)

=

L(z)No(z)

(9.68)

where L(z) = z-N1 (zN1 + t1z N,-1 + ...+ tN ,), Nl = min(N - Md, M - Nd),
and h for i = 1,2 , ... , Ni, are arbitrary.
The input signal can be colored noise generated for example by applying an IlR
filter to a white noise. In this case, the adaptive filter must have order sufficient
to generate the inverse of the unknown system and the input signal must be
persistently exciting of order max(N + M d, M + Nd), see for example [22]-[23],
in order to guarantee that all local minima correspond to global minima.
For insufficient-order equalization, several local minima that do not correspond
to a global minimum may occur . In this case, the MSE may not attain its
minimum value after the algorithm convergence.
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(a) MSE error surface, (b) MSE contours.
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The situation is not the same in system identification application, as thought in
the early investigations [24] . For this application, the sufficient order means

and
(9.69)
since the desired feature is to reproduce the unknown system frequency response , and not its inverse as in the equalization case. For N > Nd and
M > Md, the local minima corresponding to global minima must satisfy the
following conditions

N(z)

L(z)No(z)

D(z)

L(z)D o(z)

and

where L(z)

= Z- NI(zNI +lj ZN,-l +...+INI)' Nt = min(N -

I j for i = 1,2 , .. . , Ni are arbitrary.

(9.70)

Md, M - Nd), and

The strongest result derived so far regarding the error surface property in system identification was derived by Soderstrom and Stoica [25]. The result states:
For white noise input, all the stationary points correspond to global minima if

and
(9.71)
Suppos e that the input signal is an ARMA process generated by filtering a white
noise with an IIR filter of orders M n by N n , and that there are no common zeros
between the unknown system denominator and the input coloring IIR filter. In
this case, all stationary points correspond to global minima if

and
(9.72)
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The conditions resumed by equations (9.71) and (9.72) are sufficient but not
necessary to guarantee that all stationary solutions correspond to the minimum
MSE.

=

=

Nd 1, M ~ Md ~ 0 and the input signal persistently exciting of
For N
order Md there is a uniqu e solution given by [25]

l)(z)

l)o(z)

and

N( z)

(9.73)

Also, when the adaptive filter and unknown system are all-pol e second-order
sections the unique solution is given by equation (9.73) [26] .
Anoth er particular result of some interest presented in [27] , states that if

and
(9.74)
the MSE surface has a uniqu e stationary point corresponding to a global minimum ,
For the case of insufficient-order identification [28], i.e. , m in(N -Nd, M -Md) <
0, or of sufficient order not satisfy ing the condition related to equations (9.72)(9.74) , the MSE surface may have local minima not attaining the min imum
MSE, i.e., that are not global minima.
To sati sfy any of the conditions (9.72)-(9.74) a knowledge of the unknown system numerator and denominator orders is required. This information is not in
general available or easy to obtain. This is one of the reasons adaptive IIR filters are not as popular as their FIR counterparts. However, there are situations
where a local minima is acceptable or some information about the unknown
system is available.
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It should be noted that a vast literature is available for system identification
[7],[29]-[30]. Here, the concentration was to resume some properties of the MSE
surface, when the unknown system is modeled as an IIR filter with additive,
white, and uncorrelated measurement noise. The assumptions regarding the
measurement noise are quite reasonable for most applications of adaptive filtering.

9.7

INFLUENCE OF THE FILTER
STRUCTURE ON MSE SURFACE

Some characteristics of the MSE surface differ when alternative structures are
used in the realization of the adaptive filter . In each realization there is a different relation between the filter transfer function and the multiplier coefficients,
originating the modification in the MSE surface [31] .
The MSE surfaces related to two alternative realizations for the adaptive filter can be described as functions of the filter multiplier coefficients by F 1 (9 1 )
and F 2(9 2 ) , respectively. Note that no index was used to indicate the varying
characteristics of the adaptive filter parameters, since this simplifies the notation while keeping the relevant MSE surface properties. It is assumed that the
desired signal and the input signal are the same in the alternative experiments.
Also , it is considered that for any set of parameters 9 1 leading to a stable filter,
there is a continuous mapping given by 13(9 1 ) = 9 2 , where 8 2 also leads to a
stable filter . Both 9 1 and 9 2 are N' by 1 vectors.
The two alternative structures are equivalent ifthe objective functions are equal,
i.e.,

(9.75)

First consider the case where
above it follows that

13

is differentiable, and then from the equation

8F1(9I) _ 8F2(f3(8I)) _ 8F!(f3(9I)) 8/3(9I)
89 1
89 1
8/3(9I)
89 1

(9.76)

where the first partial derivative on the rightmost side of the above equation is
a 1 by N' vector while the second partial derivative is a matrix with dimensions
N' by N', where N' is the number of parameters in 9 1 - Suppose that 9~ is a
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stationary point of F 2(9 2 ) , it then follows that
(9.77)

where 9~ = f3(9~) . Note that the type of the stationary points of F 1 (9 d and
F2(9 2 ) are the same, since their second derivatives have the same properties at
these stationary points (see problem 1).
Now consider the case where
(9.78)

but

8Fd9d I
89 1 9,=9,

/I

#0

(9.79)

that can happen only when f 3 (9 d has a discontinuity at 9 1 = 9~ . In this case,
the chain rule of equation (9.76) does not apply. The new generated stationary
points in FI(9 2 ) can be shown to be saddle points (see problem 2).

Example 9.4

An unknown second-order system described by

2z + Cl
is to be identified by using two different structures for the adaptive filter, namely
the direct form and the parallel form described respectively by

2z + al
and
1

1

Hp(z)=--+-Z + Pi
Z + P2

=

2z + Pi + P2

verify the existence of new saddle points in the parallel realization.
Solution
The function relating the parameters of the two realizations can be given by
92 =

[

a,+~]
~
a,-~
2
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,

where function 13(0 1) is not differentiable when a2 = ~.
The inverse of the matrix

&f3~Otl
&1

is given by

and, if PI = P2, the above matrix is singular, which makes possible that

&~~~tl f.

0 when

&FrJ~') =

0, as previously mentioned in equations (9.76)

and (9.77).

=

= a'

Note that, as expected, Pi
P2 only when a2
::t. On this parabola, the
objective function FdOd has a minimum that corresponds to a saddle point of
the function F2(02). Also, this is the situation where the parallel realization is
of reduced order, i.e., first order .

o

Basically, the manifold generated by the parallel realization is due to the fact
that a given section can identify any pole of the unknown system, leaving the
other poles to the remaining sections in parallel. This means that in a sufficientorder identification problem, if for the direct form realization there is a unique
global minimum point, in the case of parallel realization with first-order sections
there will be N! global minima, where N is the number of poles in the unknown
system. When using a parallel realization it is assumed that no multiple poles
exist in the unknown system.
In the initialization of the algorithm , the adaptive filter parameters should not be
in a reduced-order manifold, because by employing a gradient-based algorithm
the parameters may be kept in the manifold and eventually reach a saddle
point. The measurement noise, that is in general present in the adaptive filtering
process, will help the parameters to skip the manifolds, but despite that the
convergence will be slowed. A similar phenomenon occurs with the cascade
realization of the adaptive filter .

9.8

ALTERNATIVE ERROR
FORMULATIONS

The error signal (in some cases the regressor) can be chosen in alternative ways
in order to avoid some of the drawbacks related to the output error formula-
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tion, as for example the multiple local minima. Several formulations have been
investigated in the literature [32]-[33], [35], [36]-[38], [41]-[42]' [47]-[48], where
each of them has its own advantages and disadvantages. The choice of the best
error formulation depends on the application and on the information available
about the adaptive filtering environment. In this section, we present two alternative error formulations, namely the equation error and Steiglitz-McBride
methods , and discuss some of their known properties. Throughout the section
other error formulations are briefly mentioned .

9.8.1

Equation Error Formulation

In the equation error (EE) formulation, the information vector instead of having
past samples of the adaptive filter output, uses delayed samples of the desired
signal as follows:

cPe(k)

=

[-d(k - 1) - d(k - 2) . . . - d(k - N) x(k) x(k - 1) . . . x(k - M)f
(9.80)

The equation error is defined by

=

ee(k)

d(k) -

(JT

(k)cPe(k)

(9.81)

as illustrated in Fig. 9.12. The parameter vector 9(k) is given by
9(k)

=

[at{k) a2(k) ... aN(k) bo(k) ... bM(k)]T

(9.82)

The equation error can be described in a polynomial form as follows:

(9.83)
where, once again

bo(k) + bt{k)q-l + ...+ bM(k)q-M
1 + at{k)q-l + ... + aN(k)q-N

B(k, q-l)

A(k , q-l)

The output signal related to the EE formulation is obtained through the following linear difference equation
M

Ye(k)

- "L>j(k)x(k - j)
j=O
(JT

(k)cPe(k)

N

+ I>j(k)d(k -

j)

j=l

(9.84)
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n(k)

d(k)
JC (k)

Figure 9 .12

Equation error configuration.

As can be noted , the adaptive filter does not have feedback and Ye(k) is a linear
function of the parameters.

In the EE formulation, the adaptation algorithm determines how the coefficients
of the adaptive IIR filter should change in order to minimize an objective function which involves e, (k) defined as

(9.85)
Usually, the objective function to be minimized is the mean-squared value of
the EE (MSEE), i.e.,

(9.86)
Since the input and desired signals are not functions of the adaptive filter parameters, it can be expected that the only approximation in the gradient computa-
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tion is due to the estimate of the expected value required in practical implementations. The key point is to note that since the MSEE is a quadratic function
of the parameters, only a global minimum exists provided the signals involved
are persistently exciting. When the estimate of the MSEE is the instantaneous
squared equation error, the gradient vector is given by minus the information
vector . In this case, the resulting algorithm is called LMSEE algorithm whose
coefficient updating equation is given by

8(k

+ 1)

=

8(k)

+ 2J1.cPe(k)ee(k)

(9.87)

A number of approaches with different points of view are available to analyze
the convergence properties of this method. A particularly interesting result is
that if the convergence factor is chosen in the range
1

0< J1. < -\.l\max

(9.88)

the convergence in the mean of the LMSEE algorithm can be guaranteed [33],
where Am ax is the maximum eigenvalue of E[cPe(k)cP~(k)]. This result can be
easily proved by exploring the similarity between the LMSEE algorithm and the
standard FIR LMS algorithm. Some stability results of the LMSEE algorithm
can be found in [34] .
An alternative objective function for adaptive IIR filtering based on equation
error is the least-squares function
k

~e(k)

=L

k

Ak-;e;(i)

;=0

=L

Ak-;[d(i) - 8T (k)cPe(i)]2

(9.89)

;=0

The forgetting factor A, as usual is chosen in the range 0 << A < 1, allowing
the distant past information to be increasingly negligible. In this case, the
corresponding RLS algorithm consists of the following basic steps

e(k)
SDe(k + 1)
8(k+l)

d(k) - 8T (k)cPe(k)

(9.90)

.!.

(9.91 )

A

[s

8(k)

De

(k) _

SDe(k)cPe(k)cP~(k)SDe(k)]
A + cP~(k)SDe(k)cPe(k)

+ ee(k)SDe(k + l)cPe(k)

(9.92)

In a given iteration k, the adaptive IIR filter transfer function related to the EE
formulation can be expressed as follows:
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In Fig. 9.13 an alternative st ructure for the EE approach where the IIR adaptive
filter appears explicitly is depicted . Note that the structure shows clearly that
the polynomial A( k, q-1) is meant to mode l the denominator polynomial of the
unknown system, in system identification applications. During the adaptation
process , it is necessary to monitor the stability of the poles, as described for the
OE method . The full description of the RLS equation error algorithm is given
in Algorithm 9.3.
n( k)

G(q")
C( q")

K>

d(k)

+
x (k)

B (k,q" )
A (k, q")

F igure 9 .13
ror.

y(k)

eik)

+

-.

e,(k )

A {k.q"}

-.

Basic configuration for system identification using equation er-

The basic problem related to this method is the parameter bias induced by the
measurement noise [33]- [34],even for sufficient-order case. The bias is caused by
the fact that the additional noise n(k) is filtered by the FIR filter represented by
the polynomial A(k , q-1). Since the coefficients of this polynomial are updated
with the objective of minimizing the EE signal, they also attempt to minimize
the contribution of n(k) to the EE power. The bias is induced by the fact that
the additional noise does not belong to the unknown system model. An increase
in the power of n(k) leads to higher bias in the parameter estimate.
The Instrumental Variable methods [35] were proposed to solve the bias problem . In these methods the stability cannot be guaranteed under the same general
conditions as for the LMSEE method.
Another approach was proposed in [36], and extended in [37] and [38], where
a family of asymptotically stable algorithms was introduced . The resulting
algorithms are based on a modification of the basic LMSEE upd ating equations , that within sufficiently general conditions lead to consistent parameter
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Algorithm 9.3
EE Algorithm, RLS Version

Initialization
a ;(k )=b; (k )=e(k )=0
y(k) =x(k )=O , k <0

SDe(0)=6- 1 I

For each x(k) , d(k) , k
ee(k)=d(k)-4J~ (k)6(k)
SDe(kH)=t [SD.(k)-

~

0, do

SD'(kl1·(kl4J~(klSDe(kl]

>.+4J. (klSD.(kl4J.(kl
6(k+l )=6(k)+S De(k+l)4J e:(k )ee(k)
Stability test

o

estimates. These algorithms employ a type of output error feedback to the information vector. There are also algorithms that combine different algorithms
to define the objective function [39]-[40] .

9.8.2

The Steiglitz-McBride Method

The Steiglitz-McBride (SM) error formulation [41], by employing some extra allpole filtering, leads to algorithms whose behavior resembles the EE approach
in the initial iterations and the OE approach after convergence. The main
motivation of the SM method is the global convergence behavior for some cases
of insufficient-order system identification. Such interest sparkled investigations
which resulted in a number of on-line algorithms based on the SM method that
are suitable for adaptive IIR filtering [42]. The main problem associated with
the SM method is the inconsistent behavior when the measurement noise is
colored [43] . Since the on-line method converges asymptotically to the off-line
solution , the bias error also affects the on-line algorithms proposed in [42] .
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In order to introduce the 8M method , consider the identification of a system
whose model is described by

d(k)

G( -1)

= C(:-I) x(k) + n(k) = Yd(k) + n(k)

(9.94)

where d(k) is the reference signal , x(k) is the input signal , n(k) is the measurement noise, and Yd(k) is the output signal of the plant , with C(q-l) =
1 - E~~\ ciq-i and G(q-l) = E~~9iq-i coprim e. The polynomial C(q-l)
has zeros inside the unit circle, and the input signal x(k) and the measurement
noise n(k) are assumed independent. The estimation of the parameters associated with the polynomials C( q-l) and G( q-l) through the 8M method is based
on the minimization of the following criterion [41]

~$(8(k

+ 1)) =

E

{[A(k + 1, q-1) A(kd(k), q-l) - B(k + 1, q-1 ) A(kx(k), q-l) ] 2}

(9.95)
where A(k , q-l) = 1 + E~1 ai(k)q-i and B(k, q-l) = E~o bi(k)q-i are the
denominator and numerator estimator polynomials, respectively, and
(9.96)
is the adaptive filter parameter vector.
The estimate 8(k + 1) is obtained by minimizing (9.95) assuming 8(k) known.
The solution of this MSE minimization problem at iteration (k + 1) is

where

- d(k - l ) -d(k-N)
x(k)
X(k-M)]T
l/J$(k) = [ A(k,q-l) ... A(k ,q-l) A(k,q-l) ... A(k,q-l)

(9.98)

is the regressor related to the 8M method.
If the input signal is persistently exciting of sufficient order and the adaptive
filter has strictly sufficient order , some properties of the estimate resulting of
(9.97) are known [43]: a) Th e estimate that minimizes (9.95) is unique ; b) If
the measurement noise is not white , the estimate resulting of (9.97) is biased.
In real-time signal processing applications, it is important to consider an online version of the SM method . In this case, some approximations are necessary.
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First note that the error criterion whose variance is to be minimized in equation
(9.97) is
d(k)
T
e$(k) = A(k ,q-l) - 8 (k + 1)</J$(k)
(9.99)
The SM error is computed as illustrated in Fig. 9.14. Assuming a sufficiently
slow parameter variation, we can consider that 8(k + 1) ~ 8(k) . Therefore,
equation (9.99) can be rewritten as follows:
(9.100)

The exact implementation of the regressor </J$(k) requires an independent filtering of each component by an all-pole filter with denominator polynomial
A(k,q-l) . A useful approximation that reduces considerably the computational
complexity is possible by assuming slow parameter variation [42] in such way
that
8(k - 1) ~ 8(k - 2)... ~ 8(k - N)
(9.101)
With these simplifications only one all-pole filtering is required. Note that
hypothesis similar to (9.101) was utilized in the output error method in order
to simplify the implementation. However, in the case of the OE method , the
measurement noise does not affect the regressor, since the regressor vector is
composed of delayed samples of the adaptive filter output. For the SM method,
except for white measurement noise, the simplification in (9.101) is not easily
justified.
The updating equation of the on-line SM algorithm for system identification
employing a stochastic gradient search is given by

8(k+l)
(9.102)
The description of a gradient SM algorithm is given in the Algorithm 9.4.
The SM method can be implemented using different realizations such as cascade
[44], lattice [45], and the series-parallel realization [46] . These realizations allow
easy stability monitoring, and their choice affects the convergence speed [46] .
It should be mentioned that a family of algorithms based on the SM method that
solves the problem of inconsistency of the parameter estimates was proposed
in [47]-[48]. These algorithms are very attractive for adaptive IIR filtering due
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n(k)

d(k)

x (k)

Figure 9.14

Steiglitz-McBride configuration.

to their behavior in terms of consistency (i.e., definition of stationary points)
and convergence properties. In [51], simulation results as well as an interesting
implementation for the consistent SM method was presented.
The interested reader can also find some interesting results about the convergence behavior of the SM-based algorithms in [49]-[50] and in the references
therein . Also, applications of the SM algorithm to equalization can be found in

[52].
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Algorithm 9.4
SM Based Algorithm, Gradient Version
Initialization
a; (k )=bi (k )=0

d/(k)=",/(k)=O , k <0

For each x(k), d(k), k ~ 0 do
"'/(k)=",(k)d/(k)=d(k)-

2:::1 ai(k) ",/(k-i)
2::;1 ai(k) d/(k-i)

e.(k)=d/(k)-,p. (k)8(k)
8(k+l)=8(k )+2jj,p. (k )e.(k)

Stability test

9.9

o

CONCLUSION

It is recognized that the adaptive IIR filter can be potentially used in a number
of applications due to their superior system modeling owing to poles . These advantages come with the drawbacks such as possible local minima in the performance surface and the possible instability during the adaptation process. Also,
the nonlinear relation between the adaptive filter parameters and the internal
signals in some formulations turns the gradient computation and convergence
analysis much more complicated as compared to the FIR case. In this chapter ,
the theory of adaptive IIR filters was presented exposing several solutions to
the above mentioned drawbacks , such that the designer can decide what is the
best configuration for a given application .

In this chapter, an example of application of adaptive IIR filters in system
identification was presented. In this example, some of the realizations presented
here were tested and compared.
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Problems
1. Show that the stationary points related to two equivalent adaptive realizations of the type in equation (9.77) have the same nature , i.e., are minimum,
maximum or saddle point.
2. Show that the new stationary points generated by the discontinuity in
f3(Od as discussed after equation (9.79) are saddle points.
3. Describe how the manifolds are formed in the MSE surface when a cascade
realization is used for the adaptive filter implementation . Give a generic
example.
4. Derive a general expression for the transfer function of the two-multiplier
lattice structure.
5. Derive an adaptive filtering algorithm which employs the canonic direct
form structure shown in Fig . 9.15. Consider that the adaptive filter parameters are slowly varying in order to derive an efficient implementation for
the gradient vector.
6. A second-order all-pole adaptive filter is used to find the inverse model
of the signal x(k) = 1.7n(k - 1) + 0.81n(k - 2) + n(k), where n(k) is
a white noise with variance 0.1. Using the gradient algorithm, calculate
the error and the filter coefficients for the first 10 iterations. Start with
a1 (0)
0, a2(0) o.

=

=
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7. Repeat the problem 6 using the Gauss-Newton algorithm.
8. Use an IIR adaptive filter of sufficient order to identify a system with the
transfer function given below. The input signal is a uniformly distributed
white noise with variance u; = 1, and the measurement noise is a Gaussian
white noise uncorrelated with the input with variance u~ = 10- 2 • Use a
Gauss-Newton based algorithm and the direct form structure.

H z _
0.000058(z2 - 2z + 1)3
( ) - (z2 + 1.645z + 0.701)(z2 + 1.575z + 0.781)(z2 + 1.547z + 0.917)
(a) Run the algorithm for three values of p: Comment on the convergence
behavior in each case.
(b) Measure the MSE in each example .
(c) Plot the obtained IIR filter frequency response in any iteration after
convergence is achieved and compare with the unknown system .
9. Repeat the previous problem using a second-order adaptive filter and interpret the results .
10. Replace the direct form structure in problem 8 by the lattice structure.
11. Replace the direct form structure in problem 8 by the parallel realization
with preprocessing.
12. Replace the direct form structure in problem 8 by the cascade realization.
b.
)'ll)

x(l)

Figure 9.15

Direct form of Problem 5.
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13. Repeat problem 8 in case the input signal is a uniformly distributed white
= 0.1, filtered by all-pol e filter given by
noise with variance

u;

z

H( z) = z _ 0.95
14. In problem 8 consider that the additional noise has the following variances
(a) u~ 0 , (b) u~ 1. Comment on the results obtained in each case.

=

=

15. Perform the equalization of a channel with the following transfer function

z2 - 1.359z + 0.81
H
()z = - - - - - - z2 - 1.919z + 0.923
using a known training signal that consists of a binary (-1,1) random signal.
An additional Gaussian white noise with variance 10- 2 is pres ent at the
channel output.
(a) Apply a Newton-based algorithm with direct form structure.
(b) Plot the magni tud e response of the cascade of the channel and the
adaptive filter transfer functions . Comment on the result.
16. In a system identification problem the input signal is generated by an
autoregressive process given by

x(k) = -1.2x(k - 1) - 0.81x(k - 2) + nx(k)
where nx(k) is a zero-mean Gaussian white noise with variance such that

u; = 1. The unknown system is described by
H( z) =

80z z2 + 0.81Hz - 0.9)
(z2 - 0.71z + 0.25)( z2 + 0.75z + 0.56)(z2 - 0.2z + 0.81)
3(

The adaptive filter is also a sixth -order IIR filter.
Choose an appropriate u , run an ensemble of 20 experiments, and plot the
average learning curve. Use the RLS algorithm for IIR filters .
17. A second-order IIR adaptive filtering algorithm was applied to identify a
3rd-order time-varying unknown system whose coefficients are first-order
Markov processes with AW
0.999 and
0.001. The initial timevarying system multiplier coefficients are

=

uiv =

W~ = [0.03490 - 0.011 - 0.068640.22391]

u;

The input signal is a Gaussian white noise with variance
= 0.7, and the
measurement noise is also a Gaussian noise independent of the input signal
and of the elements of nw(k), with variance u~ = 0.01.
Simulate the experiment described and plot the learning curve.
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18. Suppos e a second-order IIR digital filter, with multiplier coefficients given
below, was identified by an adaptive IIR filter of the same order using
the gradient algorithm. Considering that fixed-point arithmetic was used ,
measur e the values of II~O(k)QII and e(k)Q for the following case.
O"~ = 0.0015
Additio nal noise: white noise with variance
Coefficient wordlength:
be = 16 bits
bd = 16 bit s
Signal wordlength :
Input signal: Gaussian white noise with variance 0"; = 0.7

H z _ z2 - 1.804z + 1
( ) - z2 - 1.793z + 0.896
19. Repeat the probl em above for the following cases
(a) O"~ = 0.01, be = 9 bits, bd = 9 bits, 0"; = 0.7.
(b) O"~ = 0.1, be = 10 bits , bd = 10 bits, 0"; = 0.8.
(c) O"~ = 0.05, be = 8 bits, bd = 16 bits, 0"; = 0.8.
20. Replace the direct form structure in problem 18 by the lattice st ructure,
and comment on the results.
21. For the examples in problem 19 plot the learning curves for the finite- and
infinite-precision impl ementations. Also plot II~O(k)112 versus k in both
cases.
22. Repeat problem 8 using the LMSEE algorithm.
23. Show the inequal ity in (9.88).
24. Repeat problem 15 using the LMSEE algorithm .
25. Repeat problem 8 using a gradi ent-type algorithm based on the SM method.
26. Repeat probl em 15 using a gradient-t ype algorithm based on the SM
method.
27. Derive the RLS-typ e algorithm based on the SM method .
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Expected value, 18
Exponential weighting factor , 184
Fast a posteriori error sequential
technique (FAEST), 290
Fast QR-RLS algorithm, 337, 354
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backward prediction problem,
344
forward prediction problem, 338
signal prediction simulations, 356
system identification simulations,
354
Fast transversal filter (FTF) , 290
Fast transversal recursive
least-squares (FTRLS)
algorithms, 289
Fast transversal RLS algorithm ,
295
block diagram , 302
Filtering, 1
Finite-duration impulse response
(FIR) filter, 4
Finite-energy waveforms, 17
FIR adaptive filter, 184
FIR filter, 38
First-order statistics, 17
Forgetting factor, 184, 387
Forward prediction relations, 238,
240-241 , 291
Fourth-order moments , 26
Frequency-domain LMS algorithm ,
133, 153
Frequency-domain parallel
algorithm
for IIR filters, 402
Frequency-domain parallel
structure
for IIR filters, 397, 399
FTRLS algorithms, 289-290
Gauss-Newton algorithm
for IIR filters, 388, 390
Gaussian density function
also Gaussian pdf, 19
General adaptive filter
configuration, 4
Generalized discret e-time Fourier
transform, 17
Geometric decaying curves

439

of the steepest-descent
algorithm, 49
Givens rotations, 315
Global minima
of the MSE surface , 413
of the MSE surface , 415
Global minimum
of the MSE surface , 413
of the MSE surfac e, 416
Gradient method, 7
Gradient vector, 6
of the MSE function, 39
Gradient
of the objective function , 6
Gradient-based algorithm
for IIR filters, 391
Gradient-based algorithms, 47
Gradient-type algorithms, 47
Hermitian matrix, 28,31
Hermitian transposition , 27
Hessian matrix
of the objective function, 6
the inverse of, 6
High bit rate digital subscriber line
(HDSL), 61
Higher order statistics, 26
Hybrid
far-end , 61
of communication systems, 61
Hyperellipses, 43
Hyperparaboloid surface , 42
IIR filter, 39
IIR structure, 378
Independence theory, 77, 82
Infinite-duration impulse response
(IIR) filters, 4
Input signal correlation matrix, 39
Input signal vector , 38
Input signal, 3
Input-signal correlation matrix,
113
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Instantaneous Squared Value
(ISV), 7
Integrated services digital network
(ISDN), 61
Intersymbol interference (lSI) , 58
Inverse filtering , 57
ISV, 8
Joint probability density function
(pdf) , 21
Joint probability density, 18
Joint-process estimation , 294
Jointly Gaussian input-signal
samples, 79
Jointly wide-sense stationary, 72
Karhunen-Loeve Transform
(KLT) , 156
Lattice realization
standard form , 261
Lattice recursive least- squares
(LRLS) algorithms, 237
Lattice structure
for IIR filters, 394
normalized lattice
for IIR filters, 396
two-multiplier lattice
for IIR filters , 396
Least mean-square (LMS), 71
Least Squares (LS), 7
Least -squares and Wiener
solutions, 190
Linear combiner , 38
Linear time-invariant filter, 16
Linearly independent eigenvectors,
29,31
LMS adaptive FIR filter, 74
LMS algorithm , 71-72
analytical exam ples, 101
behavior in nonstationary
environments, 85
behavior of the error signal, 80
channel equalization simulations,
118

coefficient-error-vector
covariance matrix, 78
convergence behavior
of the coefficient vector , 75
estimate of correlation matrix, 72
estimate of gradient vector, 72
excess of MSE due to lag , 88
excess of MSE
due to noisy gradient, 79, 82
finite-wordlength effects, 90
algorithm stop, 96
coefficient-error-vector
covariance matrix, 94
error description , 91-92
error models for fixed-point
arithmetic, 93
float-point arithmetic, 98
overall MSE, 97
gradient behavior , 75
in deterministic environment ,
105, 109
including quantization, 92
lag filter, 87
lag in the coefficient vector , 86
lag-error vector , 87
learning curves, 114
minimum excess of MSE, 90
misadjustment,84
optimum value of the
convergence factor, 90
overall excess of MSE , 89
system identification simulations,
112
transient behavior, 84
LMS equation error (LMSEE)
algorithm , 422
LMS-based algorithms, 133
signal enhancement simulations,
166
LMS-Newton algorithm , 133, 147,
149
Local minima, 377
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Local minima
of the MSE surface, 413
Local minimum
of the MSE surface, 412
LRLS algorithms, 237
based on a posteriori errors
standard form , 261
based on a priori errors
standard form , 275-276
feedforward coefficients , 259
joint-process estimation, 258
order-update equations, 248
system identification simulations ,
279
LS, 8
Markov process, 22
first-order , 22
Nth-order, 22
Matrix inversion lemma, 149, 186
Matrix triangularization, 314
Maximum eigenvalue, 34-35
Mean value, 18
Mean-ergodic process, 25
Mean-ergodic
in the mean-square sense, 25
Mean-square ergodicity
of the autocorrelation, 26
Mean-Square Error (MSE) , 7
Mean-square error surface, 42
for IIR filters, 409
Mean-square error, 42
Measurement noise , 54
Minimum eigenvalue , 34
Minimum mean-square error
(MSE) solution , 15
Moving average process (MA), 22
MSE surface, 15
influence of the filter structure,
417
MSE ,8
for IIR filters, 409
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Multimodality of the MSE surface,
412
Narrowband signal , 56
Newton algorithm, 46
Newton 's method, 6
Newton-based algorithms, 15
Newton-like search algorithm, 46
Noise cancelling, 3
Nondiagonalizable matrix, 31
Nonquadratic function , 39
Normal density function, 19
Normalized lattice RLS algorithm
based on a posteriori errors , 265,
271
quantization effects, 278
realization, 271
Normalized LMS algorithm, 133,
150, 152
Nth-order stationary, 20
Nth-order statistics, 20
Obj ective function , 3, 5-6, 39
definition , 7
deterministic, 184
for IIR filters, 409
Optimal coefficient vector , 47
Optimization Theory, 6
Orthogonal triangularization
based on Givens rotations , 315
Orthogonality principle , 188
Orthonormal eigenvectors, 33
Output signal , 3
Output-error IIR filters, 378
Parallel form
for IIR filters, 397
Persistence of excitation, 29
Persistently exciting , 28
Pinning vector , 352
Positive definite , 28
Positive semidefinite, 27
Power spectral density, 23
Power-of-two algorithm, 145
Prediction , 9
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Price theorem, 138
Probability density function (pdf),
18
QR decomposition recursive
least-squares (QR-RLS)
algorithms, 311
QR-RLS algorithm
conventional algorithm, 322, 325
conventional algorithm
system identification
simulations, 325
implementation issues, 336
systolic array implementation,
327-328
Quantized-error algorithms,
133-135
Quasi-Newton methods, 6-7
Random signals, 17
Random variable, 17
Rayleigh 's quotient , 34
Receiver
near-end, 61
Recursive least square (RLS)
algorithm
conventional form , 183
RLS algorithm, 183
deterministic correlation matrix,
185
inverse of, 186
deterministic cross-correlation
vector , 185
optimal coefficient vector, 185
alternative conventional form ,
187
behavior in nonstationary
environments, 205
behavior of the error signal , 197
coefficient-error-vector
covariance matrix, 195
conventional form, 186
excess of MSE due to lag, 207
excess of MSE

due to error in the coefficient
estimation, 200-201 , 204
finite-wordlength effects, 209
algorithm stop , 217
coefficient-error- vector
covariance matrix, 213, 216
error descriptions, 209-210
error models for fixed-point
arithmetic, 212
float-point arithmetic, 219
MSE in the float-point case ,
222
optimum value of the forgetting
factor , 217
overall MSE, 218
for IIR filters, 387-388
including quantization, 211
lag-error vector , 206-207
minimum excess of MSE, 208
minimum MSE, 197
misadjustment , 204
optimum value of the forgetting
factor , 208
order-update equations, 244
overall excess of MSE, 208
signal enhancement simulations,
225
steady-state behavior
of the coefficient vector , 193
system identification simulations,
223
time-update equations, 250, 252
transient behavior, 207
RLS algorithms
based on QR decomposition, 311
RLS predictor, 238
Rotated parameters, 43
Second-order statistics, 17
SFTRLS algorithm , 300
Sign-data algorithm , 146
Sign-error adaptive FIR filter, 135
Sign-error algorithm, 135
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coefficient-error vector, 137
coefficient-error-vector
covariance matrix, 139
excess of MSE, 140, 142
misadjustment, 141
steady-state behavior
of the coefficient vector, 136
transient behavior, 142
Signal enhancement, 3, 9, 54
Signal prediction, 55
Similarity transformation, 76
SM-based algorithm, 426
RLS version, 436
Spectral decomposition, 33
Speed of convergence, 6
Stabilized fast transversal RLS
algorithm (SFTRLS) , 300
Stabilized fast transversal RLS
algorithm, 297
Steady-state behavior
of the steepest-descent
algorithm, 49
Steepest-descent algorithm, 46-47
Steepest-descent algorithms, 15
Steepest-descent method, 6, 47
Steiglitz-McBride (SM) method,
424
Steiglitz-McBride error
formulation, 424
Steigli tz-McBride method
objective function , 425
Stochastic process, 17
Structures
for IIR filters, 391
Subscriber line, 60
System identification application, 8
System identification, 3, 53, 302
Tap-weight coefficients, 39
Tap-weight vector, 39
Telephone line, 60
Time-dispersive channel, 59
Time-invariant filters, 1

Time-invariant linear filters, 1
Time-varying matrices, 205
Time-varying system, 86
Toeplitz matrix, 28
Transform-domain algorithm
system identification simulations,
164
Transform-domain LMS algorithm,
133, 153, 161
Transient period
of the steepest-descent
algorithm, 49
Translated coefficient vector, 42
Triangular waveform, 11
Uncoupled form, 43
Undermodeling,81
Variable convergence factor, 152
Variance, 19
Very large scale integration
(VLSI), 2
Weighted Least Squares (WLS) , 7,
184
Wide-sense stationary (WSS) , 20
Wideband signal, 53, 56
Wiener filter, 38, 41
Wiener solution, 15, 41
WLS, 8
Wold decomposition, 22
WSS process, 23
Z-transform, 16
of the autocorrelation function ,
24
of the cross-correlation function ,
24

