HYDRO~UNIVERSITY COMPUTING CENTRE

ALGOL FROCEDURES REFERENCE MANUAL

This document contains details of Algol procedures which have
been written for and tested on the Elliott 503. Tapes for these
procedures are available in the Computing Centre. Users wishing to
incorporate these procedures in programs submitted for punching

should indicate their requirements on the Algol program sheet thus:

TITLE

begin integer ..Ql-o.occolclccoc; reallll‘.OOOOODQOQO"..;

N

LIBRARY LEO4 ‘

i
LIBRARY NCO1 [
it
i

comment then follows the program text;

end;

Such instructions will be sufficient to ensure that the appropriate
procedures are copied at the places indicated., It will be left to
programmers to ensure that the order of copying of requested procedures
is a valid order of declaration. This is important in those cases where
one procedure uses another as indicated in the procedure descriptions.
The manual also contains an index of HUCC Library procedures,
together with an index of other known Algol procedures and their
sources, In most cases copies of thesé are available in the Computing

Centre. Procedure tapes, however, are available only for HUCC procedures.



CLASSIFICATIONS

C COMMERCIAL
CA INTEREST
D INFORMATION HANDLING-DATA PROCESSING

DH SORTING
Dp PLOTTING
Dz MISCELLANEQUS
F FUNCTIONS-EVALUATICON OF~ETC
FB BESSEL
FC COMPLEX
FD POWERS AND EXPONENTIALS
FE ELLIPTIC INTEGRALS
FP  POLYNOMIALS-INC CHEBYSHEV ETC
FS SPECIAL
FT TRIGONOMETRICAL FUNCTIONS
FzZ MISCELLANEOUS
G DIFFERENTIAL EQUATIONS
GA CRDINARY~NOT LINEAR OR IST ORDER
GL LINEAR
GP PARTIAL
L LINEAR ALGEBRA
LA  CHANGE FORM OF MATRIX
BOOLEAN MATRICES
LINEAR EQUATIONS AND INVERSION
FORM SPECIAL MATRIX
ARITHMETIC FUNCTIONS-ONE MATRIX
ARITHMETIC FUNCTIONS~TWO MATRICES
LATENT ROOTS
DETERMINANTS
LR READ OR INPUT
Lz MISCELLANEQOUS
M MATHEMATICAL METHODS
CURVE AND SURFACE FITTING
DIFFERENTIATION-MAX AND MIN
ERRCR ANALYSIS
GEOMETRY
HARMONIC ANALYSIS
ROOTS OF EQUATIONS
MS INTEGRATION AND SUMMATION
MT INTERPOLATION AND DIFFERENCES
Mz MISCELLANEQUS
N INTEGERS AND NUMBER THEORY

bEEREER

SESEBS

NC PERMUTATIONS AND COMBINATIONS
NP PRIME NUMBERS
NR PARTITIONS
Nz MISCELLANEQUS
0 OPERATIONAL RESEARCH

OL LINEAR PROGRAMMING
OoP PERT-CRITICAL PATH ANALYSIS
P PHYSICS
PH HEAT
PN NUCLEAR ENGINEERING
PQ QUANTUM MECHANICS
S STATISTICS
SA ANALYSIS
SB SMOOTHING
SC CORRELATION
SM MOMENTS
SR REGRESSION
SS STOCHASTIC PROCESSES
SV ANALYSIS OF VARIANCE
Z MISCELLANEQOUS
ZA COMPILER TECHNIQUES
ZZ MISCELLANEQUS
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ABBREVIATIONS

ACM
AIS
ALY
BIT
CcJ
JCM
MCA
NUM
ORN
sucC
BOO1
NPL

COMMUNICATIONS OF ACM

ALGOL INFORMATION SHEET

ALGORYTMY

NORDISK TIDSKRIFT FOR INF BEHANDLG
COMPUTER JOURNAL

JOURNAL OF THE AC M

MATHEMATISCH CENTRUM AMSTERDAM
NUMERISCHE MATHEMATIK

OAK RIDGE NATIONAL LABORATORY
STANFORD UNIVERSITY CALIFORNIA
SELECTED NUMERICAL METHS BY C GRAM
NATIONAL PHYSICAL LABORATORY



INDEX of RUCC ALGOL F.XRRARY PROCEDURES,

DH 01 SORT REAL NUMBERS INTO ASCENDING ORDER
DH 02 LOCATE ELEMENT IN LIST

DH 03 SORT REAL NUMBERS IN ASCENDING ORDER
DH 04 SCRT ROWS OR COLUMNS OF MATRIX

DP 01 CUTPUT GRAPH OF VECTOR ELEMENTS

DP 02 CUTFUT PIOT OF ELEMENTS CF TWO VECTORS
FC 01 COMPLEX ASSICGNMENT

PC 02 MULTIPLE COUPLEX ASSICNMENT

FC 03 COMPLEX ¥ IPLICATION

FC 04 COMPLEX DIVISION

FC 05 ASSIMITATE REAL IN COMPLEX OPERATION
FC 06 ABSIMILATE IVAGINARY IN COMPLEX OPERATION
FC 07 COVD] (JUCGATE

FC 08 OF COMPLEX NUMBER

FC 09 UENT OF COMPLEX NUMBER

FC 10 PQLAR T'ORM

FC 11 VMULTIPLICATION BY IMAGINARY OPERATOR
FC 12 COMPLEY SQUARE

FC 13 COMPLEX RECIPROCAL

FC 14 CMPLEYL ROOT

FC 15 COMPLEX IOGARITHM

FC 16 EXPONENTIAL

FC 17 L IC FUNCTIONS

FC 18 SINE

FC 19 COMPLEX COSINE

FC 20 COMPLEY

FC 21 4 T SINE

FC 22 COSINE

FC 23 SE TANGENT

FC 24 POVIR OF COMPLEX VARIABLE
KC-25 TEST FOR EVEN INTEGER

FC 26 LOGARITHYM QF COMPLEX NUMBER

FP 01 SUM SERIES OF CHERYSHEV POLYNOMIALS
FS 01 LOCARITIM CF FACTORIAL(n)

GL 01 FOURTH CRDER RUNGE-KUTTA

LE 01 MATRIX INVERSION

LE 02 SOLVE LINEAR FQUATIONS - ONE R.H. SIDE
LE 03 MATRIX DECOMPOSITION Ax=b

LE 04 FORWARD AND BACX SULUTION Ax=b

LE 05 MATRIC DECOMPOSITION BY CROUTS METHGD
LE 06 TRIANGULAR MATRIX PRODUCT LU=A

LE 07 INVERT QUASI LOWER TRIANGULAR MATRIX
LE 08 INVERT QUASI UPPER TRIANGULAR MATRIX
LE 09 TRIANGULAR MATRIX PRODUCT UL=A

LE 10 procedure ATCLIU
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INVERT LOWER TRIANGULAR MATRIX IN SITU
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TRIC TES MATRIX

LYNUMIAL FIT

LOCATE MININUM OF FUNCTION f£(x)

CONVER™ SEXAGECIMAL ANGLES TO RADIANS

RADIAN ANGULAR MEASURE TO SEXAGESIMAL UNITS

™ ESTIAL, ANGLES TU RADIANS

« RADIAN ANGULAR MEASURE TO CTNTESIMAL UNITS
L AND GRID BEARING
TE POLAR CO-ORDINATES OF POINT X,Y

COMPITE POINT OF INTERCECTION FROM ANGLES

COMPUTE POINT GF INTIRSECTICN FROM BEARINGS

CONVERT
CONVE™"
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(ESCTION 7 ANGLES

VULTIPLE POINT RESICTICYH FROM ANGLES
CTIOY FROM DISTANCES
RESECTION USING DISTANCES

THREE POINT

MULTIPLE PQ

E

TEL INACCESGIBLE BASE PROBLEM

CUMPUTE FOURIER
SUN FOURIFR GERI

R AT

LOCATE ROOT OF £

GENERAL SUM SERY

COEFFICIENTS
ES

{(x)=0

ES

ADAPTIVE SIMNPEON INTEGRATION
SVALUATSE DEFINITE INTECGRAL

LAGRANGE INTERPULATION

AITKEN UNEQUAL I

AITKEN EQUAL INT

AITKEY Nth ORDER

ESTIMATION UF DERIVATIVE OF GIVEN FUNCTION - UNEQUAL INTERVALS
ESTIMATION OF DERIVATIVE OF GIVEN FUNCTION EQUAL INTERVALS

NTERVLL INTERPOLATION

ERPCULATION
INTERPULATICN

TIUN Ax=b,BANDMATRICES
POSITIVE DEFINITE MATRIX
COLUTION OF Ax=b,SYMMETRIC
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X INTO LOWER AND UPPER TRIANGLES
«D BACKX SUBSTITUTION FOR BAND EQUATICN Ax=b

V.LUES AND EIGENVECTGRS OF SYMMETRIC MATRIX
or EIGENPROBLEM (A-AB)x=0
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REAERANGE ELEMENTS OF VECTOR

PERMUTE ROWS OR COLUMNS CF MATRIX

PERMUTATION OF ELEMENTS OF A VECTGR

PERMUTE ROWS OR COLUMNS GF MATRIX

PRE OR POST MULTIPLY MATRIX BY PERMUTED IDENTITY MATRIX
INVERSEPERMUATION OF INTEGER VECTOR

CRITICAL PATH SCHEDULING

REAL RANDQONM NUMBER GENERATOR
REAL RANDOM NUMBER GENERATOR
RANDOM NUMBIR CENERATOR - POISSON DISTRIBUTION
RANDOM NULBER GTINERATOR - STANDARD NORMAL DISTRIBUTION
GENERATE LARGE INTEGER RANDOM NUMBERS
GENERATE LARGE INTEGER RANDOM NUMBERS
GENRATE SMALL INTEGER RANDOM NUMBERS
GENERATE SMALL INTEGER RANDCM NUMBERS

OUTPUT BINARY VALUE
LUTPUT CCTAL VALUR
SENSE IU\BuR Guﬂ RATCR KEY

PRIIT MATRIX
CUNTROL FLEXCWRITER PAGE PRINTING



TITLE

PERIODIC PAYMENT AS FN OF UNPAID PRINC

SORTING-MATHSORT

PARTITION-USED BY QUICKSORT ACHM64
QUICKSORT

FIND

SORTING PROCEDURES
TREESORT-SUPERSEDED BY TREESORT 1 ACM143
TREESORT 1

TREESORT 2

SHUTTLE SORT-EXCHANGING PAIRS
SHELLSCRT-SHELLS METHOD
STRINGSORT

RADIX EXCHANGE ETC

SORTING BY DISTRIBUTION COUNTING
HEAP SORT

TREESORT 3

SEARCH IN A LIST

INSERTION IN A LIST

DELETION FROM A LIST

SORTING WITH MIN STORAGE

COMPUTE CODE STRING TO MOVE PLOTTING PEN
PROCEDURES FOR GRAPH PLOTTING

ADD ITEM TO CHAIN LINKED LIST

REMOVE ITEM FROM CHAIN-LINKED LIST
ENLARGEMENT OF A GROUP

LOCATE VECTOR IN LEXICOG ORDERED LIST

BESSEL FN 1-SERIES EXPANSION

BESSEL FN 1-ASYMPTOTIC EXPANSION
BESSEL FN FCR SET OF INTEGER ORDERS
RICCATI-BESSEL FNS OF 1ST AND 2ND KIND
BESSEL FUNCTIONS BY RECURSION

EVALUATE BER OR BEI FN

Q BESSEL FUNCTIONS

BESSEL FUNCTIONS~CHEBYSHEV~CLENSHAV
BESSEL FCNS 1 ST KIND

G BESSEL FCN

COMPLEX EXPONENTIAL INTEGRAL
EXPONENTIAL OF COMPLEX NUMBER

LOG OF COMPLEX NUMBER

NTH ROOTS OF A COMPLEX NUMBER
COMPLEX NUMBER TO A REAL POVER
COMPLEX DIVISION

COMPLEX ARITHMETIC

COMPLEX POVWER

HYPERGEOMETRIC FN-COMPLEX PARAMETERS
CONFLUENT HYPERGEOM FN-COMPLEX PARAMS
FREQUENCY RESPONSE

ARSENAL OF COMPLEX ALGOL PROCEDU.ES
COMPLEX SQUARE RGOT

ZERO OF COMPLEX FUNCTION

MULTIPLY COMPLEX VALUES

COMPLEX PART OF POLYNOMIAL

LOG OF COMPLEX NUMBER

REFERENCES

CA
ACIA5 4-61 9-63

DH

ACM23 11-60 5-61
ACl63 7-61 8-62 8-63
ACM64 7-61 8~-62 8-63
ACM65 7-61 8-62 8-63
ACHI76 1-62 6-62
ACM113 8-62

ACM143 12-62

ACM144 12-62

ACM175 6~63 10-63 12=63 5+64
ACN201 8-63 6-64
ACM207 10-63 10~64
ACM 5~-63 P209

ORN13 148

ACH 282 6-64

ACM245 12-64

JACM 1962(23)

JACM 1962(23)

JACM 1962(24)

JACH 1962(27)

bp
AClM162 4-63 8+63 8-64
NPL 0003

DZ

ACM10G 6-62
ACM101 6-62
ACM136 11-62
ACM151 2-63

FB

ACM5 4-60

ACM6 4-60

ACM21 11-60
ACM22 11-60
ACMA4 4-61

ACli57 4-61 7-62 8~62
ACNM214 11-63 6-64
AIS13

ACM236 8-64
ACM228 5-64

FC

ACMI? 7-60 2-61
ACHA® 4-61 6-62
ACMA8 4-61 6-62 7-62 8-64
ACMS3 4-61 7-61
ACM106 7-62 11-62
ECM116 8-62
ACM186 7-63
ACM190 7-63
ACHM191 7=-63 4-64
ACM192 7-63 4-64
A1S16

BIT 2 4 P237

MCA X1 AP216

MCA X1 AP217

MCA X1 AP218

MCA X1 AP219
ACN243 11-64



GENERAL ORDER ARITHMETIC
EXPONENTIATION OF SERIES -COEFFS
EXPONENTIATION OF SERIES-COEFFS

COMPLETE ELLIPTIC INTEGRAL 1ST KIND
COMPLETE ELLIPTIC INTEGRAL 2ND KIND
INCOMPLETE ELLIPTIC INTEGRALS

COMPLETE ELLIPTIC INTEGRAL

COMPLETE ELLIPTIC INTEGRALS

PERIOD OF ELLIPTIC FUNCTION

ARSENAL ELLIPTIC INTEGRALS AND FUNCTIONS

CHEBYSHEV POLYNOMIAL BY RECURSION
HERMITE PULYNOMIAL BY RECURSION
LAGUERRE POLYNOMIAL BY RECURSION
LEGENDRE POLWITCMIAL BY RECURSION
POLYNML ORIGIN AND AXIS TRANSFORMER
EVALUATE TABLE OF CHEBYSHEV POLYNMLS
RELCUCE DEGREE OF APPROXG POL~TELESCOPE 1
REDUCE DECREE OF APPROXG POL~TELESCOPE 2
COZFFS OF QUOTIENT OF 2 POWER SERIES
REVERSION CF SERIES

CHEBYSHEV CUEFFS

CHEBYEEEV POLY COEFF

POISSON-CHARLIER FOLY

COMPLEX EYPONTNTIAL INTEGRAL

GAINMA FUNCTION

GAMMA FUNCTICN

ASSCC LECENDRE NS 18T KIND-REAL OR IMAG
SPHERICAL NEUMANN FUNCTION

GAMMA FN-RANCE 1 TO 2

SET ASSUC LECENDZRE POLYNMLS 2ND KIND
RECIPRCCAL CAMVWA FN-REAL ARGUMENT
JACOBI SYNMEOL BY QUADRATIC RECIPROCITY
REAL ERROR FUNCTICN

HANKEL FUNCTIOIl 1ST KIND

PSIF-L0G DERIV OF FACTORIAL FUNCTION
MODIFIED HANKEL FUNCTION

INCOMPLLTE BETA RATIO

ERROR FUNCTICN-LARGE X

COMPLEMENTARY ERROR FN-LARGE X
HYPERGEQMETRIC FN-COMPLEX PARAMETERS
CONFLUENT HVETRGEOM FN-COMPLEX PARAMS
CALENDAR DATE TO AND FROM JULIAN DAY
GAUSS FUNCTION

FRESNEL INTEGRALS

CALCULATION OF EASTIER

COMPUTING OF RCMAN FUNCTION

CALCN OF NORMAL DISTRIBUTION FUNCTION
COMPLEMENTARY FRESNEL INTEGRALS
COMPUTATION OF THE FERMI FUNCTION
CONTD FRCTN EXPSN FOR BINML QUADTC SURDS
EXPONENTIAL INTDGRAL BY EPSILON ALGTHM
GRAMMA FCH

INCOMPLETE PETA FCN

GAMMA FCN CCNTROLLED ACCY

NORMAL DIST FCN

FD

ACM93 6-62 10-62
ACM134 11-62 7-63
ACH158 3-63 7-63 9-63

FE

ACMS55 4-61 4-63

ACN56 4-~61

ACMT 12-61 10-62 2-63
ACNM149 12-62 4-63
ACM165 4-63

NUM 4-5 P396

NUM 5-4 P296

FP

ACM10 6-60C 4-61
ACM11 6~60

ACM12 6-60

ACM13 6-60 4-61
ACH29 11-60
ACM36 3-61

ACI37 3-61 8-62 8-63
ACM38 5-61 8-63
ACM131 11-62
ACM193 7-63 12-63
AcCM 2~-62 P93
ACHM227 5-64
ACMZB4 7-64

FS

ACM13 7-60 2-61
ACM31 2-61 12-62 1=-63
ACIB4 2-61 7-62
ACHAT 4-61 8-63
ACNAO 4-61

ACH54 4-61

ACM62 7-61 12-61
ACMBO 3-62

ACM99 6-62 11-62
ACM123 9-62 6-63 1U~-63 3-64
ACM124 9-62
ACM147 12-62 4-63
ACM163 4-63 9-63
ACM179 6-63

ACM180 6-63

ACM181 6-63

ACM191 7-63
ACM192 7-63

ACM199 8-63

ACM209 10-63 3-64
ACM213 10-63
ACMA-62 P209 11-62 P556
ALY 1 1 P25

ALY 1 1 P33

BIT 2 3 P192

BIT 3 2 Pl41

NUM 5-2 P115

MCA MR6C

ACM 221 3-64 10-64
ACM 222 3-64 4-64
ACM 225 5-64 10-64
ACHM226 5-64



ARCCOSSIN=ARCCUOS AND ARCSIN
TAN-LAMBERTS CUNTINUED FRACTION
ARCTAN ALD

ARCTAN ALS

SELECTIVE SUMMATION OF FOURIER SERIES
ELEMENTARY FCNS CONT. FRAC,

ARCTAN(Z)

PRODUCT OF TERMS OF A FN-CONTINUED PROD
ALGORITHMS FOR SPECIAL FUNCTIONS 1

SECOND ORDER EQN-ADANMS METHOD
INTEGRATION OF ORDINARY DIFFERENTL EQNS

RUNGE KUTTA

ZERSOL-ZEROS OF SOLN OF 1ST EQUNS
KUTTA MERSON

FREQUENCY RESPONEE

RUNGE KUTTA

NMULTIREGION TW/O GROUP PROGRANS

USE OF METHOD OF KERNEL FUNCTION

SOLVE 5 FT APPRXN DIRICHLET PROBLEM
SOLVE 9 PT APPRXN DIRICHLET PRUBLEM
SOLVE 5 PT APPRXN DIRICHLET PROBLENM 2
INTECRATE HEAT EQUATION

CANONICAL COEFFICIENTS FOR DIRICHLET PRO

REDUCTION OF ARRAY TO JACOBI FORM

REAL SYMM MATRIX TC TRIDIAG FORM
URTHONORMALISING PROCEDURE

SYVMM BANDMATRIX TO TRIDIAG FORM
ORTHONORMALISE COLUMNS

REDUCTION OF A MATRIX TO CODIAGONAL FORM
TRANSFORM MATRIX SYMMETRIC TO TRIDIAG

ANCESTOR
SHORTEST PATH
PATH MATRIX

FT

ACM206 9-63

ACM 2-62 P89
MCA X1 AP116
MCA X1 AP117
CJ 6-3 P248

AClN229 5-64

ACM241 9-64

FZ
MCA X1 AP202
NUM 4-5 P409

GA
ACM 2-62 P88
MCA R743

GL
ACM9 5/60
ACHM194 8-63

ACM218 12-63 10-64

AIS16
NUM 2 2 P131

GP

AIS14

NUM 3 3 P219
BOOO1 P49
BOOU1 P49
BCOO1 P55
BO0OG1 P83
NPLOGO 1

1A

ACM104 7-62
AClM122 9-62 3-64
ACM127 10-62
ACM183 6-63

ACM 2-62 P91

CJ 4 P175

MCA X1 AP21G

LB

ACM96 6-62 3-63
ACM97 6-62
ACM141 11-62



SIM EQNS-CROUT WITH PIVOTING
TRAIDIAGONAL SIM EGNS

TRIDIAGONAL LINEAR EQUATIONS

INVERT MATRIX

SIM EQNS~-CROUT WITH PIVOTING 2
INVERSE OF FINITE SEG OF HILBERT NATRIX
ADJUST INVERSE OF PERTURBED MATRIX
MATRIX INVERSION-GAUSS-JORDAN
INVERSION-S¢ RT METHOD

SIM EQUNS AND INVERSION - BY ITERATION
SIM EQNS-GAUSS NETHOD

MATRIX INVERSION 2-GAUSS JORDAN -

SIM EQNS-GAUSS METHOD

CROUT WITH EQUILIBRATION AND ITERATION
MATRIX INVERSION

INVERSE OF SYMMETRIC MATRIX 2

1 ROW OF INVERSE MATRIX-MONTE CARLO
BANDSQLVE-BAND EQUATIONS

GAUSS SEIDEL

INVERSION-GAUSS JORDAN

BAND MATRICES

GAUSSIAN SOLUTION OF LINEAR EQUATIONS
SOLVE LINEAR EQUATIONS

INVERT

DETERMINANT AND INVERSE

SOLVE USING AP220 EVAL OF DETERMINANT
INVERT USING AP220

INVERT USING AP220 2

CONJUGATE GRADIENT METHCD

SOLVE USING AP224

INVERT USING AP224

INVERT USING AP224 2

SOLVE USING AP228

GAUSSIAN ELINMINATION

SOLVE BY OVERRELAXATION

SOLVE BANDNMATRIX

SOLVE DETERMINANT INVERT SYMMETRIC
SOLVE DETERHINANT SYMMETRIC BAND
MATRIX PERMUTATION

MATRIX INVERSION COMP, DIV,

CONT. GRAD, METHOD

FORM SET OF TEST MATRICES
FORM SET OF TEST MATIECES

SYMUETRIC MATRICES-MATRIX SCHEME

MATRIX DIVISION-SQUARE ROOT METHGD
TERM BY TERM ARITHUETRIC PROCEDURES
SYMMETRIC MATRICES -NATRIX SCHELE

MATRIX EIGEN VALUES AND VECTORS~JACOBI
PREPARE FOR GIVENS METHOD AP212

GIVENS METHOD

COMPUTE EIGENVECTOR

TRANSFORNM EIGENVECTOR

EIGENVALUES AND VECTORS OF SYM MATRIX
HOUSEHOLDERS METHOD FOR SYMUMETRIC MATRIX
EVALUES OF SYM TRIDIAG MAT BY BISECTION
EVECS OF SYM TRIDIAG MAT BY INV ITERATN
EVALUES OF SYIM BAND MATRIX BY CHOLESKI
EIGENVALUES AB MINUS K1-SYMMETRIC
EIGENVALUES A MINUS KB~SYMMETRIC

1E

ACM16 9-60 10-60 3-61
ACM17 9-6C

ACl24 11-60

ACVa2 4-61 11-61 1-63 8-63
ACli43 4-61 8-63
ACMS0 4-61 1-62 1-63
ACNMS1 4-61 7-62
ACM58 5-61 6-62 8-62 12-62
ACM66 7-61 1-62 6-62
ACMS2 5-62

ACM107 7-62 1-63 8-63
ACM120 3-62 1-63 8-63
ACM126 10-62

ACM135 11-62 T7-64
ACM140 11-62 8~63
ACM150 2-63 7-63 3-64
ACl166 4-63 9-63
ACM195 8-63

ACM220 12-63 6-64
ACM 2-62 P94

AIS1

BIT 2 4 P256

MCA X1 AP205

MCA X1 AP206

MCA X1 AP208

MCA X1 AP221

MCA X1 AP222

NUM5-2 P194

NUM MR63 AP225

MCA MR63 AP225

MCA MR63 AP226

MCA MRE3 AP227

MCA MRG63 AP229

BOOO1 P25

BO001 P26

BIT 3-3 P207

NPL 0004

NPL 0005

ACNM230 6-64

ACHMZ231 6-64

ACM238 8-64

LF
ACM52 4-61 8-61 11-61 8-62
ACM52 1-63 8-63

LG
AIS21

LH

ACM197 8-63 3-64
AIS20

AIS21

LL

AClN85 4-62 8-62 8-63
MCA X1 AP211
MCA X1 AP212
MCA X1 AP213
MCA X1 AP214
MCA X1 AP215
NUM 4-4 P357
NUM 4-4 P363
NUM 4-4 P371
NUM 5-3 P277
NPL 0007

NPL 0006



DETERMINANT BY TRIANGULARISATION
DETERMINANT-COMBINATORIAL METHOD
REDUCTION OF MATRIX WITH POLYNML ELEMS
DETERMINANT OF SYMMETRIC POSITIVE MATRIX
FORM DETERMINANT

DETERMINANT AND SOLUTION

DETERMINANT AND SOLUTION

DETERMINANT AND INVERSE

DETERMINANT OF A BAND MATRIX

DETERMINANT OF SYMMETRIC POSITIVE MATRIX
DETERMINANT OF SYMMETRIC POSITIVE NMATX 2
EVALUATION OF DETERMINANT

CRAN-READ SQUARE SYMM NMATRIX AS VECTOR

SYMMETRIC MATRICES-MATRIX SCHEME

LEAST SQUARE FIT BY ORTHOGONAL POLYNOMIALS
CURVE FITTING WITH CONSTRAINTS

CHEBYSHEV CURVE FIT

SURFACE FIT -ORTHOGL POLYNOMIAL LST SOQS
LEAST SQUARES SURFACE FIT

LEAST SQUARES SOLUTION WITH CONSTRAINTS
ERLANG PROBABILITY FOR CURVE FITTING
NORMAL PROBABILITY FOR CURVE FITTING
LEAST SQUARES SOLUTION

SPLINE CURVE

INTERPOLATN-DIFFERENTIATN AND INTEGRATN
MIN OF FN OF N VARABLES~STEEPEST DESCENT
DIRECT SEARCH-MIN OF FN OF N VARIABLES
DIFFERENCES AND DERIVATIVES

STEEP 1-MIN BY STEEPEST DESCENT

STEEP 2-MIN STEEPEST DESCENT

ATIVE-USED BY ACM 203

MAXIMUM OF A FUNCTION

PROCEDURES FOR RANGE ARITHMETIC
CALCN OF NORMAL DISTRIBUTION FUNCTION
ALGOL PROCEDURES FOR RANGE ARITHMETIC

POSITION OF POINT WRT POLYGON
COMPUTE CODE STRING TO MOVE PLOTTING PEN
PERSPECTIVE DRAVING PROGRANM-MARK 3

SUMVMATION OF FOURIER SERIES
FOURIER SERIES APPROXIMATION
EPSILON ALGORITHHM
EPSILON ALGORITHM

1q

ACM41 4-61 9~63 3-64
ACM152 3-63 12~63
ACM170 4-63 8-63 7-64
MCA MR 63 AP224

MCA X1 AP 204

MCA X1 AP207

MCA X1 AP207

MCA X1 AP208

MCA X1 AP20S

MCA X1 AP220C

MCA MRE3 AP228
ACl224 4-64 12-64

LR
ACME67 7-61 6-62

LZ
AIS21

MC

ACM28 11-6C 12-61
ACMT4 1-62 6-63
ACM91 5-62 4-€3 5-64
ACM164 4-63 3-63
ACM176 6-63
ACM177 6-63 T-63
ACM184 T-63
ACM185 T7-63

ACM 2-62 P92

BIT 2 2 P81

MD

ACM77 2-62 6-62 8-63 11-63

ACM122 11-62 9-63
ACM178 6-63
ACM187 7-63
ACM203 9-63 10-63
ACN204 9-63
ACM205 9-63
MCA X1 AP201

ME

ACM61 7-61
ALY 1 1 P33
Suc 15

MG

ACM112 8~-62 12-62
AClM162 4-63 8-63
Als4

MH

AClM128 10~62 7-64
ACM157 3-63 9~63 10-63
11-63 5-64

NUM MATH V6



/‘,“v

KOOTFINDER-FAST ITERATION METHOD

ROOTS OF POLY-BAIRSTOW-HITCHCUOCK METHOD
ROOTS BY ITERATED BISECTION

ROOTFINDER 2-ITERATION

REAL ZEROS OF AN ARBITRARY FUNCTION
ROOTFINDER 3

ROOTS OF POLY-NEWTON BAIRSTOW ETC
ZEROS LEAL POLYNML BY RESULTINT PROCEDURE
FACTORS OF POLYNOMIALS

ROOTS OF POLYNOMIALS-INT-COEFFS

ZEROS OF POLYNOMIALS-NEWTON MAEHLY
BOUNCS ON A ZERO OF A POLYNOMIAL

A00TS OF ARBITRARY FN-MULLERS METHOD
ROOTFINDERS-LINEAR AND QUADRATIC

ZERO OF COMPLEX FUNCTION

GRAIFEE PROCESS

ZERD OF A FUNCTION

SMALL INTEGERS AS PRIMITIVE ROOTS
QUOTIENT DIFFERENCE METHOD

ZERO OF AN ARBITRARY FUNCTION

QUADRATURE INT-SEVERAL FNS~SAME LIMITS
EULER SUMMATION OF SERIES

REAL EXPONENTIAL INTEGRAL

MYLTIPLE INTEGRATION-GAUSS

ROMBEWRG INTEGRATION
INTERPOLATN~DIFFERENTIATN AND INTEGRATN
SIMPSONS INTEGRATION

FRESNEL SIN AND COS INTEGRALS-ASYNMP EXPN
FRESNEL SIN INTEGRAL

FRESNEL COS INTEGRAL

DEFINITE COMPLEX LINE INTEGLALS
SIMPSONS RULE INTEGRATOR

DEFINITE EXPCGNENTIAL INTEGRALS A
DEFINITE EXPONENTIAL INTEGRALS B
WEIGHT COEFFS FOR GAUSS QUADRATURE
ADAPTIVE INTN BY SINMPSONS RULE
MULTIPLE INTEGCATICN

NONRECURSIVE ADAPTIVE INTEGRATION
ADAPTIVE AND MULTIPLE INTEGRATION
GAUSS FUNCTION

FRESNEL INTEGRALS

COMPLEMENTARY FRESNEL INTEGRALS

THE LIMIT OF A CONVERGING SEQUENCE
SIMPSON INTEGRATION VARIABLE H
INTEGRATION BY SIMPSONS RULE
SIMPSONS RULE
EULER-SUMMATION OF SERIES
TRANSFORMATION OF SLOWLY CONVERGR SERIES
MULTIPLE INT. SIMPS. RULE

ROMBERG INTEGRATION

FRESNEL INTEGRAL

IN ALGOL 58

MR

ACM2 2-60 6-60 3-60 3-61
ACM3 2-6C 6-6C 2-61 3-61
ACMA 3-6C 3-61

ACM15 8-6C 11-6C 3-61
ACM25 11=60 3-61
ACli26 11-60 3-61
ACM3C 12-60C 5-61 1-62
ACM59 5-61

ACMT5 1-62 T-62 8-62
ACM78 2-62 3-62 8-62
ACM1G5 7-62 7-63
ACM174 6-63

ACM196 8-63

AIS15

MCA X1 AP217

JcM 7 pe383

MCA X1 AP200

NUM 4-4 E338

NUM 5-2 PS6

BIT 3-2 P205

MS

ACM 2-60

ACM8 5-6C 11-63

ACN20 10-60 2-61 4-61
ACM32 2-61 2-63

ACM6C 6-61 3-62 5-62 7-64
ACM7T7 2~-62 6-62 8-63 11-63
ACM84 4-62 7-62 8-62 11-62
AClH88 5-62 10-63
ACM89 5-62 10-63
ACMSO 5-62 10-63
ACM103 6-62

ACM103 6-62

ACM1G8 T-62

ACM109 7-62

ACM125 10-62

ACl145 12-62 4~63 5-64
ACM146 1262

ACM182 6-63 4-64
AClI195 8-63

ACM209 10-63

ACM213 10-63 11-64
BIT 2 3 P192

BIT 1 1 P64

BIT 1 4 P290

MCA X1 AP203

NUM 1 1 P6C

NUM 2 2 P13C

NUM 4-1 P10

ACMZ233 6-64

NUM MATH v6(15)
ACN244 11-64



INTERPOLATION BY CONTINUED FRACTIONS
INTERPOLATION BY AITKEN ITEAATION
INTERPOLATN~DIFFERENTIATN AND INTEGRATION
DIFFERENCE EXPRESSION COEFFICIENTS
CONFLUENT DIVIDED DIFFERENCES
BACKWARD DIVIDED DIFFS

FOIVARD DIVIDED DIFFS

DIFFERENCES AND DERIVATIVES
LAGRANGIAN INTERFPOLATION

HERMITE INTERPOLATION

NEVILLE INTERPOLATION

INTERPOLATION WITH ATIONAL FUNCTIONS

ORTHONORIALISING PROCEDURE

INOUT-ALGEBRA OF SETS-SPECIAL SUM
CALENDAR DATE TO AND FROM JULIAN DAY
SHANKS

ORTHONORMALISE COLUMNS

CALCULATION OF EASTER

SUM

INNERPRODUCT

FACTOR

AEMAINDER ,

SOLVE LICHTENSTEIN-GERSHOGORIN EQUATION
CONFORMAL MAPPING OF NEARBY CIRCULAR REG
CONVERGING FACTOR FO: CONTINUED FRACTION
DSPLAY EPSILON ALGORITHM

CALCUIATE EPSILON ALGORITHI ARRAY
DISPLAY SINGULAR EPSILON ALGORITHM

CALC SINGULAR EPSILON ALGORITHM ARRAY

BINOMIAL COEFFICIENTS BY RECURSION
FACTORIAL

PERMUTATIONS OF INTEGERS G TGO N
COMPOSITION GENERATCR

PERMUTE FIRST N COMPONENTS OF VECTOR X
PERMUTATION GENERATOR~LEXICOGRAHIC ORDER
COMBINATION GENERATOR

PERMUTATION IN LEXICOGRAPHICAL ORDER
PERVUTE FIRST N COMPONENTS OF VECTOR X
PERMUTATION GENERATOR

LOCATE VECTOR IN LEXICOG ORDERED LIST
NEXCONM~CUMBS OF ELEMNTS IN COLUMN VECTOR
COMBINATION IN LEXICOGRAPHICAL OQ:DER
COMBINATION IN ANY O.DER

CALC COMBS OF M THINGS N AT A TIME

COMBS FROM 1 TO N AT A TIME OF M THINGS
PERMUTATIONS IN LEXICOGRAPHICAL ORDER
RANDOM PERMUTATION

PERMS WITH REPETITION

SIEVE-PRIME NUMBERS UP TO N
PRIME TWINS
GREATEST COMMON DIVISOR

GENERATE PARTITIONS IN PART COUNT FORM
GENERATE PARTITIONS WITH CONSTRAINTS

MT

ACIIT8 9~6C 3-62

ACHTC 11-61 7-62

ACNTT 2-62 6-62 8-63 11-63
ACIHT9 2-62 3-63

ACH167 4-63 9-63

ACN168 4-63 9-63
ACN169 4-63 9-63

ACN187 7-63

ACN21G 10-63 10-63 P619
ACM211 10-63

AIS17

NUM 3-3 F802

MZ

ACM127 10-62
ACM156 3~63 8-63
ACM199 8-63
ACM215 11-63
ACM 2-62 P91
ACM 4-62 P2092 11-62 P556
MCA X1 AP119
MCA X1 AP120
MCA X1 AP125
MCA X1 AP126
BOCO1 P242
BO001 P256

NUM 5~4 P341
BIT 3-3 P183

BIT 3-3 P184
BIT 3=3 P191

BIT 3-=3 P192

NC

ACM19 10-6C 6-62 8-62
ACIB3 2-61

ACMT1 11-61 4-62 8~62
ACM72 11-61 8-62
AClB6 4-62 8-62

ACMBT 4-~62 8-62 10-62
ACM94 6-62 11-62 12-62
ACM102 6-62

ACM115 8-62 10-62 12-62
ACN130 11-62

ACM151 2-63

ACM152 2-63 7-63
ACM154 3-63 8-63
ACHM155 3-63 8-63
ACM160 4-63 8-63 10-63
ACM161 4-63 3-63 10-63
ACM202 9-63

ACM235 7-64

ACM242 10~64

NP

ACM35 3-61 4-62 8-62
ACM223 4-64

ACN237 3-64 12-64

Nik
ACHS5 6-62
ACM114 8-G2



EUCLIDEAN ALGORITHM

AUGMENTATION OF X BY Y

CHAIN TRACING

JACOBI SYMBUL BY QUADRATIC RECIPRGCITY
MAGIC SQUARE-EVEN ORDER

MAGIC SQUARE-ODBD ORDER

DIOPHANTINE EQUATION

TERM OF MAGIC SQUARE

CALENDAR DATE TO AND FROM JULIAN DAY
CALCULATION OF EASTER

ASSIGNMENT

ECONOMISING A SEQUENCE 1

ECONOMISING A SWQUENCE 2

OPTINMAL CLASSIFICATION OF OBJECTS
SHORTEST PATH

INTEGER SCLNS OF LINEAR PROG PROBLENMS
DISCRETE CONVOLUTION

CRITICAL PATH SCHEDULING

EVALUATION OF A PERT NETVORK

MINIMUM EXCESS CGST CURVE

TOPOLOGICAL ORDERING FOR PERT NETWORKS
A PERT PROGRAM IN ALGOL 60

CARBON DICXIDE AND AIR FUNCTIONS
THERMODYNAMIC PROPS OF STEAM AND VATER

MULTIREGION TWO GROUP PROGRAMS

QUANTUM MECH INTS-SLATER TYPE ORBITALS
MOLECULAR ORBITAL CALCULATION
QUANTUNM MECH INTS-SLATER TYPE INTEGRALS

CHI SQUARED
STATISTICAL ANALYSIS-CARD INPUT

SMOQTHING BY GRAMS FORMULAS-1
SMOOTHING BY GRAMS FORMULAS-2
SMOOTH-FOURTH ORDER SNMOOTHING

CORRELATION COEFFS WITH MATRIX MULT

FREQUENCY DISTRIBUTION
MEAN STANDARD DEVIATION AND VARIANCE

MEAN STANDARD DEV VAR AND DEG OF FREEDOM

CALCN OF NORMAL DISTRIBUTION FUNCTIGN

TRIANGULAR REGRESSION
MULTIPLE REGRESSION-NARK 1

NZ

ACM7 4-6C

ACII68 8-61 11-61

ACM6S 9-61

ACN99 6-62 11-62
ACM117 8-62 1-63 3-63
ACH118 8-62 12-62 1-63
ACM13S 11-62

ACM148 12-62 4-63
ACM199 8-63

ACM 4-62 P209 11-62 P556

OL

ACM27 11-60 10-63 12-63
ACM81 3~-62

ACM 82 3-62

ACH83 3~62

ACMO7 6-62

ACM153 2-63 8-63
ACM208 10-63

ap

ACM40 3~-61 9~61 10~62 6-64
ACM119 8~62

ACM217 12-63

ACM219 21-63

MCA MRG6

PH
AIS12
AIS19

PN
Als14

| 2°]

ACM110 7-62
ACM111 7-62
ACM132 11~-62

SA
AIS8
ALS22

SB

ACM188 7-63
ACi189 7-63
ACN216 11-63

sC
ACM3 ¢ 3-61

SM

ACM212 10-~63
A1S6

AIS7

ALY 1 1 933

SR
ACM142 12-62
AIS18



TN

POS NORMAL DEVIATE FR0OM RANDONM NUMBER
GENERATE QRANDCHM NUMBER

ERLANG PROBABILITY FOR CURVE FITTING
NORMAL PROBABILITY FOR CURVE FITTING
NORMAL RANDOM

DISCRETE CONVOLUTION

QUASI-RANDOM POINT SEQUENCE

VARIANCE HOMOGENEITY TEST-BARTLETT

MEAN STANDARD DEVIATION AND VARIANCE
MEAN STANDARD DEV VAR AND DEG OF FREEDOM
TWO WAY ANALYSIS OF VARIANCE

2 TO THE K FACTORIAL ANALYSIS-YATES

NESTING OF FOR STATEMENT 1
NESTING OF FOR STATEMENT 2
DIAGRAM

FUSBUDGET

COLLAPSE OWN STORAGE

BOOLEAN OPERATOR NOT FLAG
STORAGE ALLOCATIGN PROCEDURES
REDUNDANCY CHECK

5S

ACM121 9-62

ACH133 11-62 12-62 3-63
ACNM184 7-63

ACM185 7-63

ACH20C 3-63

ACH208 10-63

ACHM24T 12=64

Y
AISS
AIS6
AIST
AIS®
AIS10

ZA

ACM137 11-62
ACM138 11-62
ACM 1-61 PSS
ACM 1-61 P64
ACM 1-61 PG4
AcM 1-61 P71
ACM 10-61 P444
ACHM 6-62 F340

ALGOL 60 SYNTAX CHECKER FOX THE IBM 7CS0CRNL3399

ASSIGN

CALENDAR DATE TO AND FROM JULIAN DAY
CALCULATION OF EASTER

ALGOL INFORMATION SHEETS~THEIR PURPOSES
ALGOL ON PEGASUS

ALGOL ON DEUCE

FREE FIELD READ

COORDS FO ELLIPSOID

GRAYCODE

zZz

ACM173 6-63 10-63
ACM199 8-€3 11-64
ACM 4~62 P209 11-62 P556
AIS1

AIS2

A1S3

ACN239 8-64
ACH240 9-64
ACM246 12-64
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LOCATE ELEMENT IN LIST

procedure search(p) lowerbound: (%) upperbound: (u)relation:(b) ;

integer p,%,u; boolean b;

comment HUCC LIBRARY PROCEDURE DHOZ2:

AUTHOR: J. BOOTHROYD

A Jensen procedure which searches an ordered array a
between the inclusive limits a[f] and a[u] for
an element of given value x, say. For arrays
sorted in ascending order the relations
b= (x £ a[p]) and b = (x < a[p]) yield exit
values of % and u satisfying a[f] < x < alu]
and aff] < x < afu] respectively.
To locate an element of value y in the third column
of a matrix A[1:10,1:5] for example, use the call
Li=1l; u:=10;
search(p,%,u,y<A[p,3])
and to find an element of value y in the second
row of the same matrix perform
fL3=1; wu:=5:
search(p,?,u,y < A[2,p])
Note from these examples that & and u specify
the extent of the search in the call as well as serving

as result variables on exit from the procedure.
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DHO1 }

SORT REAL NUMBERS INTO ASCENDING ORDER

procedure shellsort (a, n); value n; xeal array aj Jinteger nj

commen t

HUCC LIBRARY PROCEDURE DHO1:

AUTHOR J. BOOTHROYD :

Elements a[l] through a[n] of real array al[l:n] are
rearranged in ascending order. The method is that of
D.A. SHELL (A High Speed Sorting Procedure. COMM, A.C.M. 2
(1959) 30-32) with subsequences chosen such that m;, the first
value of the partition parameter, is given by

m; = 2k-1 for Zk ==h< 2k+1
To implement Shell's original choice of m; = [n/2] change the
first statement of the procedure to m: = n. Note that shellsort
specifies the array as type real., It may thus not be used to

reorder elements of integer arrays unless the specification of

a 1is changed to integer array a and in this case the local

working variable w should preferably be declared as integer w;



SORT REAL NUMBERS IN ASCENDING ORDER

procedure exsort{(a,n); value n; integer n; array a;

comment

HUCC LIBRARY PROCEDURE DHO3:

AUTHOR J. BOOTHROYD :

A procedure which sorts the elements a[l] through a[n]
of real array a[l:n] into ascending order. The method
used is that of exchanging element pairs. After the
first pass, which ranges over all element positions
a[l] to a[n], each pass is restricted to the range
bounded by the first and last exchanges which occurred
on the previous pass., This significantly improves the
efficiency of the method.

The procedure is simple and may be easily modified

to sort numbers into decending order by changing the
Boolean expression a[i+l] < a[i] to a[it+l] > a[il.

A version of exsort (under the identifier jensort)
suitable for sorting rows or columns of an m X n matrix

is included in the library as DHO43;



DHO4 ‘

SORT ROWS OR COLUMNS OF MATRIX

procedure jensort(ai,aiplusl,i,n); wvalue n; real ai,aiplusl;

integer i,n;

comment

HUCC LIBRARY PROCEDURE DHO4:

AUTHOR J. BOOTHROYD

A Jensen modification of exsort (DHO3) which permits the
sorting into ascending order of rows or cclumns of arrays
of any number of dimensions. To sort the 3rd row of an
array declared as A[l:n,l:m] use the call
jensort(A[3,i],A[3,i+1],i,m). To sort each column of
B[1:10,1:20] use the construction

for pi= 1 step 1 until 20 do jensort(B[i,pl,Bli+i,p],1,10).

These examples, and a study of the differences between
DHO3 and DHO4 should make clear the significance of the

parameters ai and aiplusl;



procedure shellsort(a,n); comment ACM 201; value n; real array &; integer n; -
begin integer i,j,k,m; real w; switch s:=endj;
for i:=1 step i until n do m:=2%i-1;
for m:=m div 2 while m # 0 do
begin k._n-m‘
for j:=t1 step 1 until k do
begin for i:=j step -m until 1 do
begin if ali+m] . > alil then goto endj;
Wiza[il; alilizali+ml; ali+m]:=w

end i;

endj: end j
end m
end shellsort;

i DHO2 '

procedure search(p) lowerbound: (1)upperbound: (u)relation:(b);
integer p,1,u; boolean b;
comment a Jensen procedure which searches an ordered array a between the inclusive limits afl] and afu] for
an element of given value, say x, For arrays sorted into ascending order the relations
b=(x<alp]) and b=(x<alp] produce exit values of 1 and u satisfying afl] < x < a[u] and
a[1] < x < alu] respectively; o
begin for p:=(u+l) div 2 while u > 1 do if b then u:=p-1 olse l:=p+1;
us=u+1; 1l:=1-1
end search;



procedure exsort(a,n); value n; integer n; array a;
begin integer i,k,r; switech s:=L1,L2; real temp;
Li: ke=2;
L2: r:=n-1; n:=0;
for i:zk-1 step 1 until r do
if afi+11<afi] then
begin temp:=afil; alil:=ali+1]l; ali+1]:=temp;
if n=0 them ke=i; n:zi
end;
if n}0 then goto if kit them L2 else L1
ond exsort;

procedure jensort(ai,aiplusi,i,n); value n; real ai,aiplusy; integer n,i;

begin integer k,r; switch s:=L1,L2; real temp;
L1: Kk:=2;

L2: r:=n-1; n:=0;
for i:=k-1 step 1 until r do
if aiplusi < ai then
begin temp:=ai; ait=aiplusi; aiplusis=temp;
if n=0 then ki=i; mn:=i

end;

if n ¥ 9 then goto if k % 1 then L2 else L1
ond jensort;

{ DH)3

i



DPO1

OUTPUT GRAPH OF VECTOR ELEMENTS

procedure Graphic(a,m,n);

value m,n;

comment

array a; integer m,n;
HUCC LIBRARY PROCEDURE DPOL:

AUTHOR: W. G. WARNE:

Plots the values of the elements of the nth order
vector a on an (m+l)xn grid. Each element is plotted
on a new line as a + character, Scale is chosen so that
the maximum of aj occurs m spaces from the left, and the
minimum zero spaces from the left, Three newline
characters are output before the first line marked by a
row of m+l dots and two newlines are output after the last
line marked by a row of m+l dots. A column of vertical

bar characters marks the baseline (left margin).

Use is made of tabs to ensure optimum print speed.

Tabs must be set at 12 spaces.



A
{ DPO1 _j

procedure Graphic(a,n,m ;
value m,n; array a; integer m, n;
begin integer j, k, h, r; real max, min, X, y;
j Brint ££13?7?;
for j := 0 step 1 until m do print £.?;

=0
for j := g 1 until n do
X = 3_:!3’ a[k] a[J] tbran k else j;
max := alk];
It 2=20;
for j := 1 step 1 until a do
Kz 3R alk] < aljl thon s k else j;
'n := alk];
m /{max-min) ;

h := 0 step 1 until n do

begin print ££1??,

k := x*(a[h]-minj;

r := k div 12;

For j := 1 sten 1 until r do print £2t??;
r =k - v¥12;

for j := 1 step 1 until r do print £257?;
BEint £47;

snd;
print ££1?7?;
for j := 0 Bteg: 1 until m do print £.?;
pr1nt ££12??

end Graphic;




DPO2

OUTPUT PLOT OF ELEMENTS OF TWO VECTORS

procedure Bigraphic(a,b,n,m);

value n,m;

comment

array a,b; integer m,n;
HUCC LIBRARY PROCEDURE DPO2

AUTHOR: W. G, WARNE:

Plots values of the elements of two nth order vectors
a, and b on an (m+l) x n grid.

Each pair of elements is plotted on a new line,
ay being represented by _ (underline character) and bj
by a dot. Scale is chosen so that the maximum of aj or bj
occurs m spaces from the left and the minimum of aj, bj
at zero spaces, and both elements are plotted with the same

scale and origin,

Otherwise format is as for Graphic(qv).



. procedure Bigraphic(a,b,

DPO2

n,m) H

value n,m; array a,b; integer m,n;
begin integer Joka,kb,h,sp,1;

real min, max,x;

grocedure position;
be§1n integer 1i;

end

if 1+sp<i2 then
begln for i:=1 step 1 until sp do print £€s??;

1:=1+sp;
sp:=0
end
g else if 110 then
beg1n.£2£ iz=(l+sp)div 12 step -1 until 1 do print ££t??;
1:=14+sp-(l+sp) d div 12 * 12; 8p:=0;
ggg i:=1 step 1 unt11 l'gg print ££s??
end else
begin for i:=12-1 step ~1 until 1 do print ££s??;
sp := 8p-12+1; 1:=0;
position
end
position;

print ££12??

begin grint

for j:=0 step 1 until m do print £.?;
max:= if al[0]>blo] then alo] else b[O]

for j: = step 1 until n do

max:= if a[j]>max or bl j1>mex then (if a[jI>blj] then
a[J] else b[j1]) else max;
min:= if a[0]<b[0] then a[O] else b[0];
for J:=1 tep 1 until n do
min:= if a[jlmin or bl ji<min then (if al jIKb[j] then
alj] eise b[j1) else min;
xs=m/ max-mJn)
for h:=0 s tep 1 until n do
EEI??,
:=x*(alh] min) ;
kb::x*(b[h]-min);
sp:=0;
1:=0; ) )




end;

end Bigraphic;

B

for j:=0 step 1 until m do
begin if ka=j then
begin position;
print £?
end;
if kb = J then

begin position;
1:=1+1;

grint £.?

end
else sp:=sp+l;

end;

print ££1?7?;

for j:=0 step 1 until m do print £.?7;

L=

grint ££122?

DPI2

cont.



DZO1

CHARACTER PACK AND UNPACK

procedure pack(x) in positicn:(n)error exit:(label);

comment global integer MODE equal ‘to the number of bits in x
must be declared and assigned before procedure is called;

value x,n;

integer x,n;

label label;

HUCC LIBRARY PROCEDURE DZOl:

AUTHOR: P, W, FORD:

DZ02

procedure unpack(x)from position:(n);
comment as for pack procedure;

value nj

integer x,n;
HUCC LIBRARY PROCEDURE DZz02:

AUTHOR: P. W. FORD:

This pair of procedures packs and unpacks sets of words containing
MODE binary digits into the available ALGOL free store. In any one
program, MODE must be constant and less than 39. The packing is dense,
that is, each location in store is‘completely filled, 1If more than
MODE binary digits are presented to be packed, the superfluocus bits are
ignored. n must not be less than 1. Storing starts at location 316
and works up the store until the program's data space is reached. If
current data space is about to be overwritten, the procedure pack outputs
on the typewriter "STORE FULL" followed by the machine location about to
be overwritten and the number (n) of the word which would be placed in
the location. The procedure then exits through the label without over-
writing the store. Procedure unpack does not check the upper bound
since, although rubbish may be extracted, the program itself cannot be
destroyed by this procedure,

The machine is not aware of any packed information, so that
subsequent data space allocation by program could overwrite some of the
packed store. Thus the rule is, do not declare any variables, arrays, etc.
after procedure pack is called, at least until the packed data has been processec
To pack and unpack one word takes of the order of two milliseconds.

ALGOL Tape 1 is destroyed by these procedures, but the owncode system

is unaffected,

T e e ————___ i aiieb, o~ ’ s
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procedure pack(x)in pesition:(n) error exit:(label);

DZO1 %

comment global MODE equal to the number of bits in x must be
declared and assigned before procedure is called;

value x,n;
integer x,n;
label label;
begin integer a,b,c,divcount,shift,count;
array Al1:1];
Switch s:=error,end,unset;
a:=address(A)-1;
b:=316;
c:=39;
elliott(~,2,0,0,2,7,n);
elliott(3,0,MODE,0,5,2,n);
elliott(5,7,0,0,0,0,0);
elliott(1,6,count,0,5,6,c);
elliott(n,4,b,0,2,0,divcount);
elliott(n,7,a,0,4.1,0rror);
elliott(3,0,divcount,,0,5,b);
- elliott(5,2,¢,0,5,7,0);
elliott(?,7,count,0,0,7,c);
elliott(2,0,s8hift,0,6,7,divcount);
elliott(3,0,0,7,6,7,shift);
elliott(5,0,0,0,1,2,x);
elliott(s6,7,MODE,0,5,0,0);
elliott(3,0,x,7,6,7,shift);
elliott(5,4,0,9,6,7,divcount);
elliott(2,0,0,0,9,2,s8hift);
elliott(0,7,MODE,D,4,1,unset);
elliott(5,4,39,0,2,0,x);
elliott(9,2,divcount,0,0,9,0);
elliott(1,0,x,1,2,0,0);

unset: elliott(4,3,end,9,4,0,end);
error: print punch(3),£

STORE FULL?,sameline,divcount,n;
goto label;
end: end pack;

procedure unpack(x) from pogition:(n);
value n;
integer n,x;

begin integer a,b;cpdivcountgshift,count,diff,temp;

switéﬁ-ss:=rt,pu,collate,next;
b:=316;
c:=39;
elliott(~,2,0,9,2,1,temp);
elliott(3,0,c,0,n,5,MODE);
elliott(1.0,temp,1,5,1,0);
elliott(2,0,2a,0,3,n,n);
elliott(5,2,NODE,0,5,7,0);
elliott(1,6,count,0,0,0,0);
elliott(5,6,c,0,0,4,b);
elliott(2,0,divecount,n,0,5,b);
elliott(5,2,c,7,5,7,0);
elliott(n,7,count,0,4,2,pu);
elliott(2,7,diff,0,,7,c);
elliott(2,0,shift,9,6,7,diveount);
elliott(3,9,0,0,2,0,temp);
elliott(O,Z,diff,0,097,MODE);
elliott(4,1,rt,0,3,0,temp);
elliott(5,0,39,0,6,7,divcount);
elliott(2,7,8191,0,6,7,diff);
elliott(5,4,72,9,4,9,collate);

Tt elliott(3,0,temp,0,6,7,shift);
elliott(5,1,0,0,4,0,collate);
pu: elliott(0,0,divcount, 1,2,7,8191);
collate: elliott(2,3,a,0,4,3,next);
next: X:=a

end unpack;
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DZ03 to | DZ1l1

Double Length Floating Point Arithmetic Package.

Author: W.G., Warne

Procedures DZ03 to DZ1l provide facilities for performing real arithmetic and
yield results which have twice the accuracy of the standard Algol and arithmetic
operations.

Within this scheme a double length floating point number is represented by a
number pair each of whose members is of type integer, For the number pair

(al, a2), for example, the floating point number a*2b is distributed within

al, a2 as follows :-

a is held as bits 2

D

to 1 of al and bits 38 to 19 of a2,
b is held as bits 10 to 1 of a2,

bits 39 and 18 to 11 of a2 are unused,

= al LT e a2 ﬁ

39 1 38 19 ilo 1
S

< = e

With this representation the double length floating number range is

_2511 > £ 2—512 2-512 = 2511

SRR S [Beere Lore with a mantissa precision

of 57 binary digits, roughly 17 decimal digits.

No provision is made for printing the decimal equivalent of a double length
floating point number. The procedures are intended for special programming
occasions when it is essential to minimise round-off errors., These procedures
will be available only to those who convice either the officer-in-charge or
the second officer-in~charge that their particular problem requires such precision,
This restriction is imposed for the following reasons :-

(a) TIME An averafe time for all procedures is 1 tec 1,5 milliseconds.

(b) STORAGE Total storage for the package is 659 locations,




ERROR INDICATIONS

Where the result of an operation exceeds the stated range, and also when the
single length result of a package operation exceeds normal single length range,
an error indication is given and the program is stopped. An error indication

is also given if single length underflow is encountered (0<|x|<2-256

).

Dz03

procedure expand (s) single length real to double : (dl,d2);

value s; real s; integer d1,d2;

l pz04 |

procedure intexp (i) becomes : (d1,d2); value i; integer i, dl, d2;

‘ DZ05 I

procedure contract (dl,d2) double to single : (s);
value dl,d2; integer d1,d2; real s;
comment error is "contract error";

DZ06 ‘

procedure mpyssd (sl) and :(s2) multiplied to give double :(d1,d2);

value sl,s2; integer dl1,d2; real sl,s2;

l DZ07 i

procedure divdss (dl1,d2) divided by: (s) gives: ()

value dl1,d2,s; real s,r; integer dl1,d2;

"

comment error is "ivdss error";

[ pzos - |

s

procedure negd (dl,d2) has complement :(nl,n2);
value dl1,d2; integer dl1,d2,nl,n2;
l DZ09 ‘
procedure addddd (al,a2) plus: (bl,b2) gives: Crilst2)5
value al,a2,bl,b2; integer al,a2,bl,b2,rl,r2;

oz )

procedure mpyddd (al,a2) multiplied by :(b1,b2) gives :(rl,r2);

value al,a2,bl,b2; integer al,a2,bl,b2,rl,r2;

comment error is '"dfptoobig";
nEll |

procedure divdad(al,a2) divided by: (bl,b2) gives eI B2)

value al,a2,bl,b2; integer al,a2,bl,b2,tl,t2;
comment in the result (tl,t2) of this procedure the mantissa accuracy is 38

binary digits, (ebout 12 decimal digits).



FBO1l

BESSEL FUNCTION FOR SET OF INTEGER ORDERS

procedure BESSEL(x,n,eps,J); value x,n,eps; real x,eps;

integer n; real array J;

comment HUCC LIBRARY PROCEDURE FBO1l:

SOURCE : ACM 21:

Computes the values of the Bessel functions Jp(x)
for real x for the set of all integer orders 0<p<n.
These values are stored as J[p] in array J[O:n]. See

also Comm ACM 3 (1960) p 600 and 8 (1964) p 219;



procedure BESSEL(x,n,eps,J); value x,n,eps; real x,eps; integer n; real array J;

comment Based on Algorithm 21, Communications of the A.C.M., 3,(1960),page 6C0, as
corrected and certified Vol.8(1964),page 219;
begin real dist,recC,recl,rec2,sum,max,MAX,abx,err,z;
integer m,k,p,q; boolean s; real array Jbar[C:n];
switch SS:=exit,rec,norm;
if x=0.0 then begin J[0]:=1.G;
for p:=1 step 1 until n do J[p]:=0.C; goto exit

end;
abx:=abs(x);
dist:= if abx 2> 8.0 then 5.C *abxt(1.0/3.C)
else 10.C; o
k:=entier(( if abx > n “n then abx else n)+dist)+1;
st= false; MAX:=0.25,+74;
rec: recO:=sum:=0,0; recl:=1,0;
z:=MAX*abs(x/k);
for p:=k step -1 until 1 do
begin if p>n+1 then q:=n else q:=p-1;
J [q] s=rec2:=2. O*p/x*rec‘l -rect;
if abs(rec2)>z then
beg:. rec1::rec‘l /Z; rec2:=rec2/z; sum:=sum/z;
for m:=n step -1 until p-1 do JIml:=J[ml/z

end;
if p=1 then sums:=sum+rec2
“else if (p div 2*2)4p then sum:=sum+2.0%*rec2;
recQO:=recl; recl:=rec2;
end recursion; ’
norm: - for p:=0 step 1 until n do J[pl:=J[pl/sum;
if s then begin max:=0;
for p:=0 stép 1 until n do
begin err:=abs(J{pl-Jbaripl);
if err>max then max:=err
end maximum error;
if max < eps then goto exit;

end
else s:= true;
for p:=0 step 1 until n do Jbar[pl:=J[pl;
k:=entier(k+dist); goto rec;
exit: , end BESSEL;




CETEa
chm ! to l FC26
i,

P, WYNN'S ARSENAL OF COMPLEX ARITHMETIC PROCEDURES

Procedures FCOl to FC26 are taken from BIT Vol 2, No.4, p.237.
Within these procedures any complex number written 2z in ordinary
algebraic notation is represented by an ALGOL array of two elements,
its real and imaginary parts,

It should be declared thus array z2[0:1];
The elements z[0] and z[l] are respectively the real and imaginary
parts, Outside the Wynn procedures the complex number is referred
to as z[i]. The subscript i must be declared as an integer and
the declaration must be valid in all blocks in which statements of
procedures FCOl to FC26 occur. Inside the procedures 1 is assigned
the value O before operations on real parts, 1 before operations on

imaginary parts. Outside the procedures i should not be used,

Vectors, matrices and arrays with more dimensions having complex
elements may be accommodated within the general scheme., For example
an array with typical element Ap,q,r might be declared as

array A[21:ul,22:u2,23:u3,0:1] and

referred to by Alp,q,r,i]
or alternatively array A[0:1,21:ul,22:u2,23:u3]
appropriately referenced by AL, pLa,x]

Call by name is used extensively in these procedures permitting
the use of linear expressicns of complex variables as actual parameters,
e.g. ajz] + apzy + azzz + ...... where aj,ap,a3 are real numbers and

Z14Z92923 esssss complex scalars or complex subscripted variables.

’ FCO1 '
COMPLEX ASSIGNMENT
procedure eq(one,other); real one, other;
Examples: eq(z2[i],z1[i]) effect is "zy:= 2"
eq(z3[1],z1[1]+22[1]) "zai= zytzy"

eq(z3[i],z1[i]-22[1i]) "z3i= z1-2p"



MULTIPLE COMPLEX ASSIGNMENT
procedure seqeq(third,second,first); real third,second,first;

Example: seqeq(z&[il,z3[i],2z2[i]+2z1[1i]) "z,i= zgi= zptzy"

)

COMPLEX MULTIPLICATION

procedure cm(res,one,other); real res,one,other;

Example: om(z3[1],22[1i],2z1[1i]) "zgi= zokzy"

1 FCO4 ‘

COMPLEX DIVISION

procedure cd(res,one,other); real res,one,other;

Example: cd(z3[i],2z2[i],z1[1i]) "zgi= zo/2p"

o)

ASSIMILATE REAL IN COMPLEX OPERATION

real procedure real(variable); <real variable;

Example: eq(z2[i],zl[i]+real(a)) "zZ:=Azl+a"

! FCO6 J

ASSIMILATE IMAGINARY IN COMPLEX OPLRATION

real procedure imaginary(variable); xreal variable;

Example: eq(z2[i],zl[i]+imaginary(a)) "zp 1= zy+j*a

(where,here, j?= =1)



. ! FCO7 |

COMPLEX CONJUGATE

real procedure cxconj(it); real it;

Example: eq(z2[i],cxconj(zl[i]))

if z1=a+ j*b thenz, =a-3*bD (32 = -1)

3

MODULUS_OF COMPLEX NUMBER

real procedure mod(it); real it}

Example: t:= mod(zl[i])

1
evaluates r = |z| where |z| = (a?+b?)? for z = atj*b

ARGUMENT OF COMPLEX NUMBER

real procedure arg(it); real it;

Example: theta:= arg(zl[i]) assigns to theta the argument of =z

for z = reJe the argument lies in the range -mw<0gm

FC10 l

POLAR FORM
procedure polar form(res,r,theta);
Example: polar form(zl[i],R,phi) assigns to the elements of zl the

values rcos¢,rsind.

ot |

MULTIPLICATION BY IMAGINARY OPERATOR

procedure imult(res,it); real res,it;

Example: imult(zl[i],z2[i]) Wzyi= j¥zy"



Procedures FC1l2 to FC23 (except FCl7) are all of the form
procedure function(res,it) and effect the operation

res:= function(it).

B

| Fo12 |
COMPLEX SQUARE
procedure compsq(res,it); real res,it;
FC13
COMPLEX RECIPROCAL
procedure comprecip(res,it); ‘real res,it;
FCl4
COMPLEX ROOT
procedure cxsqrt(res,it); real res,it;
N.B. USES FC08, FCO9 and FCl&),
LFClS |
sy COMPLEX LOGARITHM
procedure compln(res,it); real res,it;
| Fc16
COMPLEX EXPONENTTIAL
procedure compexp(res,it); real res,it;
FC17

HYPERBOLIC FUNCTIONS

procedure hyp(sinh,cosh,y); value y; xeal sinh,cosh,y;

evaluates coshy=(ey+e_y)/2 and sinhy=(ey—e_y)/2

Special care with precision is taken in evaluating sinhy for small values
of y.



COMPLEX SINE

procedure compsin(res,it); real res,it;

N.B. USES FCl7.

COMPLEX COSINE

procedure compcos(res,it); real res,it;

N.B. USES FC17.

COMPLEX TANGENT

procedure comptan(res,it); real res,it;

N.B., USES FCO4 and FC17,

COMPLEX INVERSE SINE
procedure cxarcsin(res,it); real res,it;

FC22
COMPLEX INVERSE COSINE
procedure cxarccos(res,it); real res,it;
N.B. USES FCOl, FCO5, FC21.

f FC23']

COMPLEX INVERSE TANGENT
procedure cxarctan(res,it); real res,it;
N.B. FCOl, FCO4, FCO5, FCl2 and FCl4.

FC24‘

COMPLEX POWER OF COMPLEX VARIABLE

procedure onehochother(res,one,other); real res,one,other;
Example: onehochother(z3[i],z2[i],2z1[i]) has the effect of

zZ3i= 27%2)



(= e

oo ! FC25 g

TEST FOR EVEN INTEGER

boolean procedure even(integer); integer integer;

This procedure takes the value true if 2 is a factor of integer.



LOGARITEM OF COMPLEX NUMBER

procedure LOGC(a,b,c,d,FAIL); value a,b; real a,b,c,d; label FAIL;

comment

HUCC LIBRARY PROCEDURE FC26:

AUTHOR ACHM 243 :

The procedure computes the number ¢ + di which is equal
to the principal value of the natural logarithm of

a+ bi, i.e, such that =7 < d < + wm, A label parameter
FAIL permits exit from the procedure in the event that
the real part of the result approaches minus infinity.
Where required in the procedure the numerical values of

m, /2 and 1n(¥/8) are provided;



procedure eq(one,other); real one,other; FCO1
for i:=0,1 do one:=other;

procedure seqgeq(third,second,first); real third,second,first; FCO?2
for i:=0,1 do third:=second:=first;

]

0

procedure cm(res,one,other); real res,one,other;
begin real Reone,Imone,Reother,Imother;
i:=0; Reone:=omne; Reother:=other;
i:=1; Imonet=one; Imother:=other;
res:=Reone*Imother+Imone*Reother; i:=0;
res:=Reone*Reother~Imone*Imother

FCO3

end;

|
|
|

procedure cd(res,one,other); real res,one,other;
begin real Reone,Imone,Reother,Imother,denom;
it=0; Reone:=one; Reother:=other;
i:=1; Imone:=one; Imother:=other;
denom:=Reother*Reother+Imother*Imother;
res:=(Imone*Reother-Reone*Imother) /denom;
i:=0; res:=(Reone*Reother+Imone*Imother)/denom

FCO4

real procedure real(variable); real variable; FCO5
real :=(if i=0 then variable else 7,0);

d




roal procedurc imaginﬁry(variable) roai variable;

iwaginary:=(if i=0 thon 0.0 ©olsc variable) ;

roal oprccodure cxconj(it) ; real dt;

cxXcon] : =(if i=0 then it olso -1t)

rael procodure mod(it); ponl it

bqgln real Reit, In1t
1._0 Relt:_lt, dne=ilie (i Imitts =1 b
mod::sqrt(Reit*Reit+Imit*Imit)
£Rd;

real psrocedure arg(it); real it;

begin real Reit,Imit;

i:=0; Reit:=it; i:=1; Imit:=it;

arg:=(if Reit>0.0 then arctan (Imlt/Relt) else
AT abs(Init)>0 .0 then
sign(Imit)*1 57079633 -~
arctan(Relt/Imlt))g
else 3,14159265 @ &
eng; |

ISSUE TWO

e

€Xrg

08

FC 0




procedure polar ﬁorm(res,r,theta); real res,r,theta;
begin real ri,thetai;
r1:=r; thetai:=theta; i:=0; res:=ri1*cos(thetal);
is=1; res:=ri1*sin(thetal)
end;

procedure imult(res,it); real res,it;

begin real aux;

==bll == i i
i:=0; aux:=it; i:=1; resizaux; auxs=it;
i:=0; resi=—aux

end;

procedure compsq(res,it); real res,it;
begin real Reit,Imit;

i¢=0; Reit:=it; di:=1; Imit:=zit;

res:=2,0%Reit*Imit;

it=0; res:=Reit*Reit-Imit*Imit
end;

procedure comprecip(res,it); real res,it;
begin real Reit,Imit,denom;
i:=0; Reit:=it; di:=1; Imit:=it;
denom:=Reit*Reit+Imit*Imit;
res:=-Imit/denom; 1i:=0; res:=Reit/denom
enay

‘

L FC10 ’

FC1l1




procedure cxsqrt{res,it); real res,it;
poler fcrm(res,sqrt(mod(it)),O.s*arg(it));

Procoduro compln(res,it); real res,it;
procodurc Zec
begin real aux;
el TER A y
aux:=1n(mod(it)); i:=0; res:=aux;
aux:=arg(it) ; i:=1; res:=aux
end;

[ =)

proceduro compexr{res,it); real Tes,it;
begin real auxl ,aux2;
b 258 3 : :
i:=C; auxl:zexp(it); ii=1; aux2:=zit;
res:zauxl*sin(aux2) ;

i:=(; res:zauxl*cos{aux2)
end;
L a0 g

ISSUE TwO

FC 14

FC 15

FC 16




procedure hyp(sinh,cosh,y); value y; real sinh,cosh,y;

_begin real yi;

yi:zexp(y); cosh:=0,5*%(y1+1,0/y1);
if abs(y)>1.0 _then sinh:=0,5%(y1-1.0/y1)

else begin integer r; real br,brplusi,brplus2;

array cwclo:5];
cwclcl:=1.13031 821;
cwcl1]:=4,43368 498;
cwcl2]:=5,42926 312;
CWCl[3]1:=3.19843 646,,-6;
cwcl4]:=1,.10367 7,,-8;
cwecl5]:=2,498,-11;
brplusi:=brplus2:=0,0;
y1:=2,0%(2,0*y*y~1,0);

for r:=5 step -1 until ° do

begin br:=y1*brplusi-brplus2+C¥Wcir];

if r+0 then begin brplus2:=brplus1i;

brplusi:=br
end
end;
sinh:=y*(br-brplusi)

end

' FC17




procedure compsin(res,it); real res,it;

begin real Reit,Imit,sinhImit,coshimit;
13=0;  Roit :=it; d1s=1: Tmit:=it:
hyp(sinhimit,coshImit,Imit);
res:=cos8(Reit)*sinhImit; i:=0;
res:=sin(Reit)*coshiImit

procedure compcos(res,it); real res,it; r

begin real Reit,Imit,sinhImit,coshImit; f FC19 |
i:=0; Reit:=it; i:=1; Imit:=it; | |
hyp(sinhImit,coshImit,Imit); AR L B
res:=-sin(Reit)*sinhImit; i:=0;
res:=cos(Reit)*coshimit

end



procedure comptan{res,it); real res,it;

begin real Reit,Imit,sinhImit,coshImit,sinReit,cosReit;

end;

array aux1l; awx2[v:1l;

i$=0; Reite=it; i:=1; Imit:=it;
hyp{(sinimit,coshimit,Imit);
sinReit:=sin(Reit); cosReit:=cos(Reit);
aux1{1]:=cosReit*sinhImit;
aux2[1]:=-sinReit*sinhImit;
auxt[-]:=sinReit*coshimit; aux2[0]
aux2[ 0] s:=cosReit*coshimit;

cd{res,aux1[il,aux2[i])

FC20




procedure cxarcsin{res,it); real res,it; :
begin real x,y,d1,d2,d3,d4d4; FC21
13=0: ixs=it: ldi=1: yi==ifs
d3:=x*x; d4:=y*y; di:=d3+d4; d2:=d3-d4;
d3:=d1*d1-2,0%d2; d4:=sqrt(d3+1.9);
res:=sign(y)*J, 5%
1n(d1+d4+sqrt(d3+d1*(d1+2,0*d4)));
i:=0; res:=arctan(x*sqrt(2,0/(1.0~d2+d4)))

end;

procedure cxarccos(res,it); real res,it; ST Y AR

begin array aux[0:1]; FC22 §
cxarcsin{aux[il,it); i
eq(res,real(1,57079 633)-aux[i]) B Sk

end;

procedure cxarctan{res,it); real res,it;

begin array auxi,aux2[0:1]; Tl A R
eqauxi[il,it); compsq(aux2[il,auxi{il); Lw FC23 |
cxsqrt(aux2[i},real(1,0)+aux2[il); AT
cd(aux2[il,aux1[i],aux2[i]);
cxarcsin(res,aux2[il)

end



procedure onehochother(res,one,other); real res,one,other;
begin array auxi{c:1];
compln(auxi[il,one); cm(auxi[il,other,auxi1{il);
compexp(res,auxifil])
end;

boolean procedure even(integer); integer integer;
even:=(integer=(integer div 2)*2);

FC25




FC26

procedure 1L0GC(a,b,c,d,FAIL); value a,b; real a,b,c,d; label FAIL;
if a=0 and b=0 then goto FAIL else
egin real e, e,f;
e:=0, S*a, £:=0,5%b;
if abs(e) < 2.5 and abs(f) < 1,5 then
begin c: =abs(2*a)+abs(2%b) ;

d:=8*%a/c*a+8%b/c*b;
c:=9,5¥(1n(c)+1n(d)) -1,03972077

ond
else begin c:=abs(0,5%e)+abs(n, 5*f);
d:=0, 5%e/c*0+0, 5% /c¥*f;
c::O.5*(1n(c)+1n(d))+1.03972077
end-

d:=if a * 0 and abs(e) >
*

if sign(b)

abs(f) then arctan(b/a)+(if sign(a) % -1 then > else
-1 then 3.14159265 else =3, 14159265) else ~arctan(a/b)+1 57079633 * sign(b)
end LOGC;



FPO1

SUM SERIES OF CHEBYSHEV POLYNOMIALS

real procedure Chebsum(x,P,m,s);

value x,m,s; real x; integer m,s; array P;

comment
Pleerd i)

HUCC LIBRARY PROCEDURE FPOl

AUTHOR: W. G. WARNE:

Evaluates the sums:-

m
T P[i]Ti(x) if s =1
i=0
m
% PIET54 (%) {1f g5 =12
i=0
m
% PIL]T g 1f 8 =3

i=0

where T;(x) is the ith Chebyshev polynomial defined by
Ty (x) = cos(iarcos(x)).
The evaluation uses Chenshaw's method involving the

recurrence relation for Chebyshev polynomials,

see Chenshaw, C.W.: A note on the summation of

Chebyshev Series M.T.A.C. 9 188-120 (1955).




real procedure Chebsum (x,P,m,s);

value x,m,s; real x;integer m,s; array P;

comment This procedure evaluates the sum

m,

2 P T (x) where T (x)= cos(i*arcos(x)) and the prime denotes
1=01i' 1 i

halving of the first term,when s=1,

For s=2 and s=3,the sums > PT (x) and > PT (x) are evaluated
i=0 i 2i i=0 i 2i+1

respectively,;

begin real C0,Ct,C2,y,mult;
integer ij;
switch S1:= Ll ,L2,16;
switch S2:= L3,L7,14,L5;

yo=Xx;
. goto S1([s];
L2:16: yi= 2%x*x - 1,0;
Lis C1:=C0:=C2:=0,0;

mult = 2,0%y;
for i:=m steg -1 until O gg

bogin C2:= C1; Cl:= CO;
CO:= mult*Cl -C2 + P[il]
end;
goto S2[s];
L3:17: Chebsum := 0,5 * (CO - C2); goto L5;
14: Chebsum := x* (CO - C1); FE T
L5: end of Chebsum;

R eTE T T T
[ i

L FPO1 {



} FSO1

.

LOGARITHM OF FACTORIAL(n)

real procedure fogfac(a); integer a;

comment

HUCC LIBRARY PROCEDURE FSO1l:

AUTHOR  COMPUTER BULLETIN :

Evaluates #n(factorial(a)). For values of a < 7
the procedure computes factorial(a) and uses the
standard function 4n to evaluate 2n(factorial(a)).
For values of a > 7 the procedure uses the
approximation

¢n(factorial(a)) = Zn(gamma(atl))

= gn(/2m) + (at0.5)*4n(2) - a + B1/(2a) - B2/(12a)
where Bl(=1/6) and B2(=1/30) are the first two

Bernoulli numbers,



real procedure logfac(a); integer a;
comment evaluates In(factorial{a));
begin real aa,k,b;
aat=a;
if aa>7,5 then begin k:=1,0/aa;
logfac:=(aa+d,5) *1n(aa)+k*(0,9833333333-k*k/369,0) ~aa+0, 9189385333
end
else begin aa:=zaa+0,5; b:i=1,0;
for k:=2,3 step 1.0 until aa do b:=b*k;
logfac:=1n(b)
end

end logfac;

e o e

301



GLO1

FOURTH ORDER RUNGE-KUTTA

procedure RKFOUR(x,y,f,h,n); value h,n; integer n;

real x,h;

comment

array v,f;
HUCC LIBRARY PROCEDURE GLO1:

AUTHOR: J. BOOTHROYD :

A procedure for solving n first order linear differential
equations of the form

dyy

dx

fl(x’y1,y20.oo.oyn)

dy,
dx

fz(X,Y1,Y2.--..~Yn)

o
dx

fn(x,yl ,Yz- ees a0 -yn)

for known starting values (yl)o,(yg)o, ......(yn)0 .

The correct use of RKFOUR requires the following preliminary

operations,

l. Array y must be initialised so that, for y[l:n],

yI1] = ) 1= 12

2, The right-hand sides of the equations must be specified
by the declaration of a procedure function such that the
operation of function places in array f[l:n] the
appropriate f[i], 1 = 1,2,.¢..m.

Examples: A d
: N =y
dx

d
Yoles 'kZYI
dx
procedure function(x,y,f); xeal x; array y,f;
begin x:=x; f[1l]:=y[2]; £[2]:= ~k*k*y[1l] end;

B dy;

e, =Sy, X

dx

e

dx

dy3 2

it =Yy 3e st Yo
dx



-2 !GLOl l cont.

procedure function(x,y,f); real x; array y,f;
begin £[1]}:= y[2]4+x; £[2]:= y[3];
£[3]:= -y[2]%y[3]-y[1]*x*x end;
A single call of RKFOUR replaces the values y[i],i=1,2,...n
appropriate to some x by the corresponding values at x+h.
The user must, therefore, arrange to call RKFOUR successively
the appropriate number of times consistent with h, the
interval of interest and the values of the argument at which
values of the solution are required.
Suppose values of y[l] are required at intervals of 0.2
from x=0 to x=5 inclusive and the computation step interval

h is 0.05.

step 1 until 26 do

begin print x,y[l];

or j:= 1 step 1 until 4 do RKFOUR( )




procedure RKFOUg(x,y,f,h,n); value h,n; integer n; real x,h; array y,f;

begin real hby2,hby6; integer i; array ybar,pl1:n];
procedure step(a,b,k1,k2); value ki1,k2; real k1,k2; array a,b;
for i:=1 step 1 until n do
begin plil:=plil+k1*£[i]; alil:=y[il+k2*b[i] end step;
hby2:=h/2,0; hby6:=h/6.0;

for i:=1 step 1 until n do pl[il]:=0,0;

function(x,y,f); step(ybar,f,1,0,hby2); x:=x+hby2;
function(x,ybar,f); step(ybar,f,2.0,hby2);
function(x,ybar,f); step(ybar,f,2.0,h); x:=x+hby2;
function(x,ybar,f); step(y,p,1.0,hbys)

end RKFOUR;

GLOL |

H
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MATRIX INVERSION

procedure mxinvert(a,n,eps,singular); value n,eps;

array a; integer nj real eps; label singular;

comment HUCC LIBRARY PROCEDURE LEO1:

AUTHOR: J, BOOTHROYD

Inverts a matrix in its own space using the
Gauss=-Jordan method with complete matrix pivoting.
I.e., at cach stage the pivot has the largest absolute value
of any element in the remaining matrix, The
coordinates of the successive matrix pivots used

at each stage of the reduction are recorded in the
successive .element positions of the row and column
index vectors r and c. Theseare later called upon

by the procedure mxperm which rearranges the rows

and columns of the matrix, If the matrix is singular
the procedure exits to an appropriate label in the main
program.

This procedure uses procedure mxperm, and for correct
operation either NCO2 or NCO4 must previously have

been declared,



LLOl

oo

i' procedure mxinvert (z,n,eps,singular); value n,eps; array a; integer n; real eps; label singular; T
i 5;E;n integer i, j,k,pivi,pivj,p,ri, cl,rk CJ,ll 581; "aal nlvot integer array r,c{1 ]
. comment set row and column index vectors;

for i:=1 step 1 until n do rfil:=c{il:=i;

comment find initial p1vot- pivit=pivje=1; pivot:=al1,1];

Tor i step 1 until n do for jt=1 step 1 vatil n do

1f aas{a[ ,J})>abﬂ(p1vot) t ion begin pivii=i; pivje=j; pivot:=ali,jl eng;

‘comment start roduction;

for i:=1 step 1 urntil n do
hegin ri: rrp1v1] rlp1v1] =r{il; r{i):=ri; cit=cipivil; clpivjiei=ciil; clil:=ci; iless1:=i~1;
? if eps > abs(alri,cil) th

bezin print punuz(Sf;Samcline,dig 5(3),827?MATRIX SINCULAR?,£212i=?,i,221?PIVOTS FOLLOW?;
foer i:=1 sten 1 until n do
print punch{3),scm 5,digits(3),281??,r[i]},e254?2,cl[i];

goto singular
end;
for j: =1 step 1 until ilessi,i+1 step 1 until n do
beﬁLn cjs=eljl; alri,cjlizalri,cjl/pivot end;
alri,cij:=1,0/pivot; pivot :=0;
for k:=1 step 1 untili ilessi,i+1 step 1 untii n do
begin rk:=r[k]; G
for j:=1 step 1 until ilessi,i+1 step 1 until n do
begin cji=clji; alrk, CJ] zafrk,cjl-airi, cg]*a[rk cil;
if k>i and j>i and abs(alzk,cjl) >abs(pivot) thcn
Eggig pivis=k: pivj:=j; pivot:i=afrk, CJ} end conditional

end jloop;
alrk,cil:=-alri,cil*alrk,ci]

end kloop B
end iloop and reduction; //‘w4d‘”f‘
comment rearrange rows; mxperm(al j,pl,alk,pl, j,k,r,c,n,p);

comment rearrange columns; mxperm(alp, jl,alp,k], j,k,c,r,n,p)
end mxinvert;



[ |

SOLVE LINEAR EQUATIONS - ONE R,H. SIDE

procedure SOLVEQ(a,n); value n; integer n; real array aj;

comment
e

HUCC LIBRARY PROCEDURE LEO2:

AUTHOR: J, BOOTHROYD

A procedure which solves Ax = b where A is [lin,l:n]
and b is [l:n]. The elements of A and b must

occupy the elements of a[l:n,lint+l] as follows:-

a[i)j] = AlL,3) 4 1525000,y ] =1,2,.0..1,

ali,ntl]l = bli] 1 = 1,2,440,0s

i.e. the R,H.5. vector b occupies column n+l of the
augmented matrix a. On exit from the procedure the
solutions x[i] occupy a[i,ntl] 1 = 1,2,.,..n,

The method is Gauss-Jordan reduction to diagonal form
with partial pivoting. No row exchanges are performed
(the matrix is reduced in-situ), but a final permutation
of a[i,n+1] is performed to recrder the solution vector,
The procedure does not include a test for singularity or

ill-condition, and should not be used if the equations

may be suspected of either attribute.



procedure SOLVEQ(a,n); value n; integer n; real array a;

begin integer i,j,k,piv,ri,rk,n1; real pivot,arki; integer array r[1:n]; switch S:=L;

for i:=1 step 1 until n do rlil:=i; ni1:=n+1;

for i:=1 step 1 until n do

sﬂegin pive=is (rde=plil); pilvotizalri,il:

(/ . for k:=i+1 step 1 until n do
‘ if abs(alr[k],il)>abs(pivot) then A LS
begin pivi=k; pivot:=alr[k],i] end;

rit=rlpiv]; =rlpivl:=rfil]; =r[il:=ri;

for j:=i+1 step 1 until n1 do alri, jl:=alri, jl/pivot;

for k:=1 step 1 until i-1,i+1 step 1 until n do

, begin rk:=rl[kl]; arki:=zalrk,il;

\ { for j:=i+1 step 1 until n1 do alrk, jl:=alrk, jl-arki*a[ri,j]

{

Q end for k;
{ P
\\end reduction;

for i:=n step -1 until 2 do

begin k:=r[il;
L if k#i then
begin if k>i then begin k:=r[k]; goto L end;
pivot:=a[i,n1]; ali,n1]l:=zalk,n1]; alk,n1}:=pivot
end

ond

end SOLVEQ;



MATRIX DECOMPOSITION Ax = b

procedure ATOLUl(a,r,n,eps,singular); value n,eps;

comment
oottt

integer nj real array a; integer array r; label singular;

HUCC LIBRARY PROCEDURE LEO3

AUTHOR: J. BOOTHROYD

Performs an in situ decomposition of a matrix A into quasi
triangular matrices L, a lower triangle, and U a strictly
upper triangle, by Gaussian elemination with partial
pivoting, The successive pivots of the reduction constitute
the quasi diagonal elements of L, These are chosen to be
the elements of maximum modulus in the leading column of
successive reduced matrices, The pivotal row subscripts

are recorded in the non-local vector r[l:n], the ith

pivotal row subscript occupying r[i], If the matrix is
singular (eps is the appropriate tolerance) the procedure
records the ith stage of the reduction at which singularity is
detected by changing the sign of r[i] before it exists

to the main program via the label parameter singular.

i ——



procedure ATCLU1(a,r,n,eps,singular); value n,eps; integer n; real eps;

real array a; integer array r; label singular;
begin integer i, j,k,piv,ri,rk; real pivot,arki;

for i:=1 step 1 until n do rlil:=i;

for i:=1 step 1 until n do

begin pivizi; ri:=zrfi]; pivot:=zafri,il;

for k:=i+1 step 1 until n do

if abs(alr[k],il)>abs(pivot) then begin piv:=k; pivot:=alr[k],il end;
if abs(pivot)<eps then
begin print punch(3),££1?MATRIX IS SINGULAR?; rlpiv]:=-r[piv];
goto singular
end;
rit=xrlpivl; rlpivii=rfil); rl[ils=ri;

for j:=i+1 step 1 until n do alri, jl:=alri, jl/pivot;

for k:=zi+1 step 1 until n do

begin rk:=r[k]; arki:=zalrk,il;

for j:=i+1 step 1 until n do alrk,jl:=alrk, jl-arki*a[ri, j]
end for k
end for i

end ATOLU1;

LEO3



FORWARD AND BACK SOLUTION Ax = b

procedure LU1SOL(a,b,r,n); value n; real array al,bis

comment

integer array r; integer nj;

HUCC LIBRARY PROCEDURE LEO4

AUTHOR: J. BOOTHROYD

Solves the equation Ax=b by the successive operations
Lf=b and Ux=f where L and U are respectively a lower and
strictly upper triangle such that L(U+I)=A. The elements
of L and U share the array a in accordance with the
pivoting strategy of procedure ATOlU1,
fe8s L1sdT occupyalell] il 3 S0 12 k2550055 ,D
and U[i,j] occupy alr[il,i] J » i i= 1,2,.es04,0.
r[l:n] is a non-local permutation vector in which is stored
the a array row subscripts of successive rows of L. The
procedure uses procedure sigma (MSOL).

Notes: For a matrix A[l:n,l:n], vector b[l:n], the procedure

calls ATOLU1(A,r,n,eps,bad) LEO3
LUISOL(A,b,r,n) LEO4
PERMB(b, r,n) NCOl

Solve Ax=b for one right hand sides
For large sets of equations with many right hand
sides use:-

ATOLUl(A,r,n,eps,bad) LEO3

—» Read b

LU1SOL(A,b,r,n) LEO4
PERMB(b,r,n) NCO1l
‘e Print b

Alternatively the output procedure ZPOl may be used

in place of PERMB, Print b,



procedure LU1SOL(a,b,r,n); value n; real array a,b; integer array r; integer n;

comment solves the equation Ax=b by the successive operations Lf=b and Ux=f
where L, and U are respectively a lower and strictly upper triangle such that
L(U+I)=A, The elements of L and U share the array a in accordance with the
pivoting strategy of procedure ATOLU1,

i.e, L[i,j] occupy alr[il,j] J<i i= 1,2,.0444,n

and. UEi, ] oceupy alrfil,j1 Pl i 1,25.¢ecs)0.
r[1:n] is a non-local permutation vector in which is stored the a array row
subscripts of successive rows of L, The procedure uses procedure sigma;
begin integer i, j,ri,ilesst;

for i:=1 step 1 until n do

begin ri:=r[i]; ilessi:=i~1;

blriJ:=(bl[ri]-sigma(alri, j1*bl{r[jl1]1, j,1,iless1))/alri,i}
end;

for i:=n-1 step -1 until 1 do

begin ri:=r[i];
blri}:=blril-sigma(alri, j1*blr[jl1, j,i+1,n)
end

end LU1SOL;

b e )



LEO5

MATRIC DECOMPOSITION BY CROUT'S METHOD

procedure crout(a,r,n,eps,singular); value n,eps; integer n;

real eps;

comment

real array a; integer array r; label singular;

HUCC LIBRARY PROCEDURE LEO5:

AUTHOR: J. BOOTHROYD :

Performs an in situ decomposition of a matrix A into quasi
triangular matrices L, a lower triangle and U, a strictly
upper triangle, by Crout’s method with partial pivoting.

The successive pivcts of the reduction constitute the

quasi diagonal elements of L. These are chosen to be the
elements of maximum modulus in the leading column of
successive reduced matrices. The pivotal row subscripts
are recorded in the non-local vector r[l:n], the ith
pivotal row subscript occupying r[i]. If the matrix is
singular (eps is the appropriate tolerance) the procedure
records the ith stage of the reduction at which singularity
is detected by changing the sign of r[i] before it exits to
the main program via the label parameter singular. This
procedure uses the procedure sigma,

The results of this procedure are identical with those of
LEO3, LEO5 is not a direct replacement for LEO3 since its

identifier is different and LEO5 uses MSOl.



..\
) 4 ~

P e :
procedure crout{a,r,n,eps,singular); value n,eps; integer n; Iv&z €PS;

real array a; integer array T; label singular;

begin integer i, j,k,piv,ri,rk,iless1; real pivot,arki;

for i:=1 step 1 until n do rlil:=i;

for i:=1 step 1 until n do
piv:=i; ilessi:= i-1;

begin pivot:=0.0;
for k:=i step 1 until n do

begin rk:=r[kl;
arki:=alrk,il:=alrk,il-sigma(alrk, j1*alrljl,1],j,1,iless1);

if abs(arki)>abs(pivot) then begin piv:i=k; pivot:=arki end;
end;
if abs(pivot)<eps then begin print punch(3),££1?MATRIX IS SINGULAR?;
ripiv]l:=-r{piv]; goto singular
end;
ri:=rlpiv]; ripivl:=riil; rlil:=ri;
for j:=i+1 step 1 umtil n do a[ri,j]:=(a[ri,j]—sigma(a[ri,k]*a[r[k],j],k,1,iless1))/pivot

end for i

end crout;



e —

TRIANGULAR MATRIX PRODUCT LU=A

procedure LUITOA(a,r,n); xvalue n; integer n; xeal array a;

integer array r;

comment

HUCC LIBRARY PROCEDURE LEOG:

AUTHOR: J. BOOTHROYD :

Performs an in situ matrix multiplication of quasi-triangular
matrices L, a lower triangle, and U, a strictly upper triangle
to form a matrix A given, in effect, by A=L(U+1l). The
elements of L and U are distributed within the array a
in accordance with the pivoting strategy of procedure ATOLUI,
1,e. elements L[i,j] occupy positions a[r[i],3i] jizi, i=1,2,..,n
elements U[i,j] occupy positions a[r[i]l,j] j>i, 1=1,2,,.,n.
r[l:n] is a non-local permutation vector in which is recorded
the a array row subscripts of successive rows of L,
Note: LEO6 is the inverse of LE03, For a matrix A
the operations
ATOLULl(A,r,n,eps,singular)
LULTOA(A,r,n)
will leave A unchanged except for corruptions to

the elements of A caused by computational errors,



procedure LU1TOA(a,r,n); value n; integer n; real array a; integer array r;

comment performs an in situ matrix multiplication of quasi-triangular matrices L,
a lower triangle, and U, a strictly upper triangle to form a matrix A given, in
effect, by A=L(U+I). The elements of L and U are distributed within the array
a in accordance with the pivoting strategy of procedure ATOLU1, i.e.

elements L[i,jl occupy positions alr[il,jl j<i, i=1,2,.¢0000eey 0

elements U[i, j] occupy positions al[r[il,j] j>i, i=1,2,.000000es N
r[1:n] is a non-local permutation vector in which is recorded the a array row
subscripts of successive rows of L;
begin integer i, j,k,ii,ri; real sum;

for i:=n step -1 until 1 do

begin ii:=zi+1; ri:=rfil;

for j:=n step -1 until ii do

begin sum:=a[ri, jl*alri,i];

for k:= i-1 step -1 until 1 do sum:=sum+alri,kl*alr[k], j1;

alri,jl:=sum

end;

for j:= i step -1 until 1 do

begin sum:=a[ri, j1;

for k:= j-1 step -1 until 1 do sum:=sum+afri,k}*alr[k], j1;
alri, jl:=sum
end
end
end LUTTOA;

L3206
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INVERT QUASI LOWER TRIANGULAR MATRIX

procedure INVL(a,r,n); value n; integer n; real array a;

integer array r;

comment  HUCC LIBRARY PROCEDURE LEO7:

AUTHOR: J. BOOTHROYD :

Inverts a quasi triangular matrix L in its own space.
The elements of the lower triangle L are distributed
within the array a in accordance with the pivoting
strategy of procedure ATOLUL, i.e.
elements L[1,j] occupy positions a[r[i],J] jsi,i=1,2,..,n
r[l:n] is a non-local permutation vector in which is
recorded the a array row subscripts of successive rows of L.

The procedure uses procedure sigma (MSOL).



e
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i LEO8 J

INVERT QUASI UPPER TRIANGULAR MATRIX

procedure INVUl(a,r,n); value n; integer n; real array aj;

integer array r;

comment

HUCC LIBRARY PROCEDURE LEOS8:

AUTHOR: J. BOOTHROYD :

Inverts a quasi-triangular matrix in its own space.
The elements of U, a strictly upper triangle, are
distributed within the array a in accordance with

the pivoting strategy of procedure ATOLU1l, i.e.
elements U[i,j] occupy positions a[r[i],j] j>i i=1,2,..,n.

r[1i;n] is a non-local permutation vector in which is
recorded the a array row subscripts of successive rows

of U. The procedure uses procedure sigma (MSO1).



e g o e
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procedure INVI(a,r,n); value n; integer n; real array a; integer array r;
begin integer i,j,k,ri,ilessl; real arii;
for i:=1 step 1 until n do
begin ri:=r[il; ilessl:=i-1;
ariis=afri,i];
for j:=1 step 1 until ilessi do alri,jl:=-sigma(alri,kl*alr[k],j],k,j,iloss1) /arii;
afri,iJ:=1,0/arii

end
end INVL;

procedure INVUl(a,r,n); value n; integer n; real array a; integer array r;
begin integer i,j,k,iplus1, jlessl ,ri;
Jor i:=n-1 stoep -1 until 1 do
begin ris=r[i]; iplusi:=i+l;
for j:=n step -1 until iplusl do
begin jlessl :=j-1; i
alri,jl:==(alri,jl+sigma(alri,kI*alr[k],j],k,iplus1, jloss1))

end

= ==

ond
end INVUT;



| LEO09

TRIANGULAR MATRIX PRODUCT UL=A

procedure Ul1LTOA(a,r,n); value n; integer n; integer array r;

array a;

comment HUCC LIBRARY PROCEDURE LEO09:

AUTHOR: J. BOOTHROYD :

Performs an in-situ matrix product (U+I)L=A where U
and L are respectively a strictly upper triangle and
a lower triangle occupying the array a in accordance

with the pivoting strategy of procedure ATOLU1L

i.e. L[1,j] occupy alr[i],]] 3Jsi 1=1,25e:4.,0

and U[i,j] occupy a[r[i],j] j>1 1=1,2,....,m.

r[l:n] is a non-local permutation vector in which is

recorded the a array row subscripts of successive rows of L.

The procedure uses procedure sigma (MSO1).,



procedure UILTOA(a,r,n); value n; integer n; integer array r; array a;

comment performs an in- situ matrix product (U+I)L=A where U and L are respectively
a strictly upper triangle and a lower triangle occupying the array a in accordance
with the pivoting strategy of procedure ATOLU1

i.e, L[i,j] occupy alr[il,jl J<i i=1,2,..4.,n

and Uli,jl occupy alrfil, il 4>i i=1,2,....90.
r[1:n] is a non-local permutation vector in which is recorded the a array row
subscripts of successive rows of L, The procedure uses procedure sigma;
begin integer i, j,k,nlesst,ri;

nlessii=n-1;

for i:= 1 step 1 until nlessi do

begin ri:= r[il;

for

j:= 1 step 1 until i do alri,jl:=alri, jl+sigma(alri,kI*alr[k], jl,k,i+1,n);

for j:=i+1 step 1 until n do alri, jl:= sigma(alri,k]*alr[k], jl,k, j,n)

end
end UILTOA;

L S
e
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| Le10| to |LE14

LIBRARY PROCEDURES LEO3 to LE09 produce and perform operations

on quasi triangular matrices L and Ul where L is a lower triangle

and U a strictly upper triangle. LIBRARY PROCEDURES LE1O to

LE14 correspond to some, but not all of LEO3 tc LEOS for matrices

L1l and U respectively a strictly lower and an upper triangle.

| te10 |

srocedure ATOL1U(a,r,n,eps,singular); value n,eps; integer nj

B e e )

real eps; integer array r; label singular;

]

B comment HUCC LIBRARY PROCEDURE LE1O:
AUTHOR: J. BOOTHROYD :
see note above and LEO3.
procedure L1USOL(a,b,r,n); value n; real array a,b;
integer array r; integer nj;
comment HUCC LIBRARY PROCEDURE LE11l:
AUTHOR: J. BOOTHROYD :
Bt ™

see note above and LEOQ4.

procedure INVL1l(a,r,n); value n; real array a;

‘ LE12 |

| SRS |

integer array r;

comment HUCC LIBRARY PROCEDURE LE12:
AUTHOR: J. BOOTHROYD :

see note above and LEO7.



Bt

‘ LE10 to

cont,

procedure INVU(a,r,n); value n; integer n; real array a;

integer array r;

comment HUCC LIBRARY PROCEDURE LE13:

AUTHOR: J. BOOTHROYD :

see note oﬁerleaf and LEOS,

| LE14 l

procedure UL1TOA(a,r,n); value nj integer n; array a;

comment  HUCC LIBRARY PROCEDURE LElé4:

AUTHOR: J, BOOTHROYD :

see note overleaf and LEQ9.

| e |



procedure ATOL1U(a,r,n,eps,singular); value n,eps; integer n; real eps;

real array a; integer array r; label singular;

begin integer i, j,k,ri,rk,piv; real pivot,arki;

for i:=1 step 1 until n do rlil:=i;

for i:=1 step 1 until n do
begin piv:zi; pivot:=al[r[i],il;

for ki:=i+71 step 1 until n do

if abs (alr[kl,il)>abs(pivot)then begin pivizk; pivot:=af[r[k],i] end;
if abs(pivot)<eps then
begin print punch(3),££1?MATRIX IS SINGULAR?; rlpiv]:=-r[piv];
goto singular
end;
rit=rlpiv]; ripivl:=r[i]; rli):=ri;

for k:=i+] step 1 until n do

begin rk:=r[k]; arki:=a[rk,i] t=alrk,il/pivot;

for j:=i+1 step 1 until n do alrk, jl:=alrk, jl-arki*alri, j]

end
end
end ATOL1U;

LEIO |
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B ——

procedure L1USOL(a,b,r,n); value n; real array a,b; integer array r; integer n;
begin integer i, j,ri,ilessi;
for i:=2 step 1 until n do
begin ri:=r{i]; ilessi:=i~1;
blrij:=blril-sigma(alri, j1*b[r[j1]1,j,1,iless1);
end;
for i:=n step -1 until 1 do
--begin ris=rlil];
blril:=(blril-sigma(alri, j1*bl[r[j1], j,i+1,n))/alri,i]
ond
end L1USOL;

procedure INVL1(a,r,n); value n; integer n; real array a; integer array r;
begin integer i, j,k,ri,iless1, jplusi;
for i:=2 step 1 until n do
begin ri:=r[i]; ilessi:=i-1;
for j:=1 step 1 until ilessi do
begin jplusi:=3j+1;
a[ri,j]:=-(a[ri,j]+sigma(a[ri,k]*a[r[k],j],k,jplus1,iless1))

end
ond
end INVL1;



l LE13

procedure INVU(a,r,n); value n; integer n; real array a; integer array r;

begin integer i, j,k,ri,iplusi; real arri;

for i:=n step -1 until 1 do

begin ri:=r[il; iplusi:i=i+i; arri:=alri,il;

for j:=n step -1 until iplusi do alri,jl:=-sigma(alri,k]*alrik], jl,k,iplus1, j)/arri;

afri,i]:=1.0/arri

end
endINVU;

procedure UL1TOA(a,r,n); value n; integer n; integer array r; array a;
begin integer i, j,k,nlessi,iless1,ri;

nlessit=n=1;

for i:=1 step 1 until n do

begin ri:=r{i]; ilessti:=i-1;

for j:=1 step 1 until ilesst do alri, jl:=sigma(alri,kl}*alr[k], jl,k,i,n);
for

j:=i step 1 until nless1 do alri,jl:=alri, jl+sigma(alri,k]*alr[k], j),k,j+1,n)

end

end UL1TOA;

4
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SOLVE TRIDIAGONAL LINEAR EQUATIONS

procedure tridiag(a,b,c,d,%o,hi,eps,fail); value %o0,hi,eps;
integer fo,hi; resl eps; label fail; real array a,b,c,d;

comment  HUCC LIBRARY PROCEDURE LE15:

AUTHOR  J. BOOTHROYD :

Solves the equations

b e e g
a bz ¢ X dp
ag bz c3 X3 d3
%n-1 bn—l Sl Al dn-l
an bn Xn dn

by the recurrence formulae

ot 1 =t $oa . v
xn dn Xr dr 5 xr+1
dlv = dl/bl C1 = cl/bl
| ER S 1 s
dr dr ardr—-l Cr Cr =2 ;3 v eplie
=5 7 = 7
br arcr—l br arcr—l

The coefficients occupy the elements of arrays a,b,c,d as follows:

ap, to a, occupy a[to] to alhi-1] of a[fo:hi-1]
b to bn occupy b[fc] to bl[hi] of blCoshi]
cp toc occupy c[2o] to cl[hi-1] of c[Rothi-1]
dy to dn : cccupy d[20] to d[hi] of d[fo:hi]

eps is a singularity tolerance. If brwarc ' < eps for any r the set

r-1

is presumed singular and exit occurs through the label parameter fail.

The values of br—arc ' and r are recorded on the control typewriter.

r-1

The solution is delivered in array d and array c is overwritten in the process;



procedure tridiag(a,b,c,d,lo,hi,eps,fail); value lo,hi,eps; integer lo,hi;
roal eops; 1label fail; real array a,b,c,d;
begin integer i,iless1; real w,ailess1;
dflo}:=d[1l0l/bl[1l0]; w:=bllo];
for i:=lo+1 step 1 until hi do

begin ilessi:=i-1; ailesst:=alilesst];
cliless1]:=c[ilesst1]/w;
wizbl{ij-ailessi*c[iless1];
if w<eps then begin print punch(3),scaled(3),digits(3),

££1?TRIDIAG MATRIX SINGULAR w=?,w,E8t?i=7,i;
goto fail
snd;

dfiJ:=(d[i}-ailess1*d[iless1]) /w

end;

for i:zhi-1 step -1 until lo do dlil:=d[i}-c[iJ*a[i+1]
end tridiag;
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DECOMPOSITE SYMMETRIC POSITIVE DEFINITE MATRIX

procedure choleski (a,n,fail); value n; integer nj; array a; label feil;

comment

INVERT LOWER TRIANGULAR MATRT

HUCC LIBRARY PROCEDURE LE 16 (revised)

Author : J. Boothroyd.

Performs the decomposition of a symmetric matrix A into lower
and uppar triangles L,LT such that LLT=A, The elements of the
lower triangle of A are replaced by the elements of L, The
strictly upper triangle of A is not used. If the decomposition
faile, indicating that A is non positive definite the procedure
exits through the label fail. The procedure uses procedure

sigma (M3 01);

LE 17

X

i 2L
gty

procedure linv (a,n); value n; integer n; array aj;

comment HUCC LIBRARY PROCEDURE LE 17 (revised)
Author : J. Boothroyd
Replaces the lower triangular portion L of afl iy aim| by “the
elerents of L™, Tha procedure uses MS 01;

MATRIX MULTIPLYCATToM

procedure mxmult (a,b,c,m,n,p); value m,n,p;

integer m,n,p; array a,b,c;

comment

HUCC LIBRARY PROCEDURE LE 18
Author : J. Boothroyd.

cflim, Iipl =t alimlen] #b{linylep];

This procedure uses MS OL.



procedure  choleski(a,n,fail); value x; integer n; array a; label fail;

begin integer i, j,k,iless?; real aii;
for i:="1 step 1 until n do
begin iless1:= i~-1;
aiit=ali,i)-sigma{ali,kl*ali,k],k, 1,iless1);
if aii<J then goto fail;
aiit=ali,i]:=sqrt(aii);
for j:= i+1 step 1 until n do

alj,il:= (alj,i]-sigma(ali,k)*alj,k],k,1,iless1))/aii

end

orenmime

endcholeski ;

procedure linv(a,n); value n; integer n; array a;
comment inverts the lower triangle of a in situ;
begin integer i, j,k,iless1; real aii;
for i:=1 step 1 until n do
begin ilessi:= i-1; aiit=ali,i];
for j:= 1 step 1 until iless1 do
ali, jla= -sigma(ali,k]*alk, j1,k, j,iless1)/aii;
afi,il:= 1.0/aii

end
end linv;

procedure mxmult{a,b,c,m,n,p); value m,n,p; integer m,n,p; array a,b,c;
comment c{m pl}:= alm n] bln pl;
begin integer i, j,k;

for i:= 1 step 1 until m do

for j:= 1 step 1 until p do cli, jl:=sigma(ali,k]*blX, j],k,1,n)

endmxmult;

e T

LELl6

LE17

LE18




{?”;E 19

DECOMPOSE BANDMATRIX INTO LOWER AND UPPER'TRIANGLES'

procedure bandlr (a,n,m,eps,escape); value n,m;

integer n,m; array a; real eps; label escape;

comment HUCC LIBRARY PROCEDURE LE 19

Author : J. Boothroyd.

th ; ; -
Decomposes the n order band matrix of width m stored in

al[l:n,l:m] intc a lower 'triangle' L and a strictly upper

triangle U, At entry to the procedure the elements of band

matrix A[l:n,l:n] must occupy the matrix a[l:n,l:m] in

accordance with the following rules :-

A occupies ali,jl l<i<(mt1)div2

Al 3] occupies ali,j-i+(wtl)div2] (mtl)div2<i<n
Diagrammatically

All Al2 A1l3 0 0 0 All - Al2- Al3 0 0
A21 A22 A23 A24 0 0 A21 A22 A23 A24 0

A31 A32 A33 A34 A35 0. = A3Y - A32CA33 A3L A3S

0 A42 A43 Ab4  AL5  AL6 A42 A43  ALL A4S AL6

0 0 - -AS53E SASL-AS55 - ASH A53 A54 A55 A56 0

0 0 0 A64 A65 A66 A64 A65 A66 0 0
Array A[l:n,l:n] array al[l:n,l:m]

UNUSED ELEMENTS of matrix a must be set to zero,.

This procedure does not incorporate a pivoting strategy.

eps is a tolerance which provides a criterion for deciding

whether any leading submatrix is singular in which event the

procedure exits to the label escape;



LE 20

FORWARD SOLUTION AND BACK SUBSTITUTION FOR BAND EQUATION Ax=b

procedure bandscl(a,n,mb); value n,m;

integer n,m; array a,b;

comment  HUCC LIBRARY PROCEDURE LE 20

Author : J. Boothroyd

Solves the equation Ax=b where A is a bandmatrix by the
successive operations Lf=b and Ux=f where L and U are
respectively a lower triangle and a unit upper triangle
occupying the array a[l:n;l:m] following the use of procedure

LE 19. The solution vector replaces the vector b[l:n].

Procedures LE 19 and LE 20 may together be used to solve
Ax=b for unlimited right-hand sides by some scheme similar to:~
Read Matrix A
bandlr (A,n,m,eps,escape) LE 19
——3Read vector b
bandsol (A,n,m,b) LE 20

Print solution vector b
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LE 19
procédure bandlr(a,n,m,eps,escape); value n,m; integer n,m; real array a; 1label escape; real ops;
begin integer i, j,k, jlim,klim,nless?; real pivot;
Jlim:=klim:=(m+1) div 2; nlessi:=n-1;
for i:=1 step 1 until nless1i do
T begin pivot:=afi,1}; if abs(pivot)<eps then goto escape;
for j:=2 step 1 until jlim do ali,jl:=ali,jl/pivot;
for k:=i+1 step 1 until klim do
T begin pivot:=alk,11;
for j:=2 step 1 until jlim do alk,j-1l:=alk,jl-pivot*ali, j1;
for j:=jlim +1 step 1 until m do alk, j-1l:=alk, jl;
alk,m]:=pivot
end;
if klim#n then klim:=klim+1
end
end;
procedure bandsol(a,n,m,b); value n,m; integer n,m; real array a,b; i ER20
begin integer i, j,k,1im, jlim; real sum;

lim:=(m+1) ‘div 2; jlim:=1;
for it=1 step 1 until n do
T begin sum:=0,0; k?:o;
for j:=i-1 step -1 until jlim do
begin sum::ad§+b[j]*a[i,m~k]; k:i=k+1 end;
bliJ:=(bli]-cum)/ali, 1];
: if i-jlim+2>1lim then jlim:=jlim+1
end forward solution;
jlim:=n; g '
for i:=n-1 step -1 until 1 do
begin sum:=0,0; k::é?
for j:=i+1 step 1 until jlim do
bogin sumi=sum+bl jl*ali,k]; k:=k+1 end;
bli]:=b[i]~sum; "
if jlim+2-i>lin then jiims=jlim-j
end back substitution

end bandsocl;



LE 21

SOLVE BAND EQUATIONS Ax=b

procedure bandmx (a,n,m,b,eps,singular); value n,m,eps;

real eps; integer m,n; label singular; array a,b;

vt

comment HUCC LIBRARY PROCEDURE LE 24

Author : J, Boothroyd

Solves the nth order linear equation Ax=b where the elements
of A form a2 band matrix of width m, The band elements of
All:n,l:n] must occupy the array a[l:n,l:m] in accordance
with the rules:-

A[i,j] occupies afi,j] 1<i<(mt+1)div2

Ali,j] occupies a[i,j-i+(m+1}div2] (mtl)div2<i<n

Diagrammatically
ALl AT2 A1 8 0 0 G ALl “Al2 - Al3 0 0
A21 A22 A23 A24 0 0 A21 A22 A23 A24 0

A31 A32 A33 A34 A35 0 . A3l A32 A33 A34- AB5

0 A42 A43  A44 A4S ALE A42 A43 Ab4L AL AL46

0 O A53 AS54 A55 < A56 A53 A54 A55 A56 0

0 0 0 A64 A65 A66 A64 AB5 A66 0 0
Array All:n,l:n] array a[l:n,l:m]

UNUSED ELEMENTS of matrix a must be set to zero.

The procedure uses maximum column pivots and the solution
vector replaces the elements of vector b[l:n]. eps is a
singularity tolerance and the procedure exits to the label

singular if the matrix is singular or excessively ill conditioned;
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procodure bandmx{a,n,m,b ,6ps,singular); value n,m,eps; real eps; integeor m,n; ‘labol singular; array a,b;
begin nteger i, j,k,nlessl, lim,piv,ri, rk iless1; real pivot,bri,arkl,sun; integer array ril:nl;
15 for “i:=1 stép 1 until n do r[1]:=1, nless1:=n-1; lim:=(m+1) div 2;
For i:=1 step 1 until nles s1 do
Bz begin pivi=i; pivot:=alr[il, 1];

for k:=i+1 step 1 until lim do
it abc(a[r[k],1])>aos(p1vot) thcn bagin pivi=k; pivots=alrik],1] end;
1f abs{pivot)<eps then begin prlnt “punch(3), E££1?MATRIX SINGBLAR??nfggzg singular end;
Ti:=ripivl; ripivl: r[l] rliJ:=ri;
brii=blri]:=biri]/pivot;
for j:=2 stép 1 until m do alri, j}:=alri, jl/pivot;
EEE k:=i+1 step 1 until lim do
begin rk:=r[k]; arki:=alrk,1];
bl{rk]:=blrk]-arki*bri;
for j:=2 step 1 until m do alrk,j-1l:=alrk, jl-arki*alri, jl;
afrk,m1:=0,0

end;
iﬁ lim#n 3292 lim:=1im+1
ond;
rit=r[n]; blril:=biril/alri,1];
lim:=2;

for i:=nlessl step -1 until 1 do
begin iléssi:=i-1; sun:=0,0; ri:=riil;
for j:=2 step 1 until 1lim do sums =sum+alri, j1*clr{iless1+311;
biril: b[rlj-sum~ if limim then lim:=lim+1
ol
for i:=1 step 1 until n do ali,13:=bIr[ill;
for i:=1 step 1 until n do bli)s=ali,1]
end bandmx;




LE 22

REARRANGE PERMUTED TRIANGULAR MATRIX

procedure MOVE '(a)to:(b)order:(n)pivots:(r); value n;

integer n; array a,b; integer array r;

comment HUCC LIBRARY PROCEDURE LE 22

Author : J, Boothroyd

LIGRARY PROCEDURE LE 10 decomposes a matrix a into quasi
triangular interlocking matrices L (a unit lower triangle)
and ", an upper triangle which occupy the array a. This
procedure separates L and =, replacing the elements of U
formerly in a by zeroes and rearranging U so that it is a
proper upper trianguler matrix in array b., The permuted

'diagonal' elements of L are set equal to one;

LE 23

procedure MIVEL(a) to: (b) order: (n) pivots : (r); value nj;

integer n; array a,b; integer array r;

comment

HUCC LIBRARY PROCEDURE LE 23

Author : J. Boocthroyd

LIBRARY PROCEDURE LE 03 decomposes a matrix a into quasi
triangular interlocking matrices L, a lower triarngle and U,
a unit upper triangle, which together occupy the array a.
This procedure separates L and 1, replacing the elements of
L formerly in array a by zeroes and rearranging L so that it
becomes a proper triangular matrix in array b.

The permuted 'diagonal' elements of 7 are at equal to one;
P g q



procedure MOVEU(a)to:(b)order:(n)pivots:(r); value n;
intéger n; array a,b; integer array r;
begin integer i,ri;
for i:=1 step 1 until n do
begin ris=r{il;
bii,ile=alriyil; afri;il:=1.0;
for j:=i+1 step 1 until n do

P X

begin b[l,J].-a(rl,J] blj,ili=alri, j1:=0,0 end

end
endMOVE;

procedure MOVEL(a)to:(b)orderi(n)pivots:(r); value n;
integer n:; array a,b; integer array r;
begin integer i,ri; i }
for i:=1 step 1 until n do
begin ri:=rfil;
Bli, il =clrd,40:  alrial:=1.0;
for j:=i-1 step -1 until 1 do

begin bli, jl:=alri,jl; blj,il:

y end
end MOVE;

=alri, j1:=0,0 end

LE 22

i

LE 23
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LE 24

DECOMPOSE SYMMETRIC POSITIVE DEFINITE MATRIX

procedure SYMDET(a,n,symdet,fail); value n;

integer n; real symdet; array a; label fail;

commen t

HUCC LIBRARY PROCEDURE LE 24:
AUTHOR  J, BOOTHROYD: !

Procedure choié;ki (LE 16) performs the symmetric decomposition
of a symmetric matrix stored in conventional form. This
procedure performs an in-situ decomposition of the upper
triangle of a symmetric¢ matrix stored in vector form,
permitting the solution, in Algol, of symmetric equations
of order 100 in a 503 with 8K store, The time is approximately
90 seconds, | .
The upper triangle of A[l:n,l:n] is stored in a[l:n*(n+l)div2]
by columns.
i.e., The upper triangle of * All Al2 Al3 Al4

AEI‘\AZZ A23 A24

A31 A\ﬁ\ABB A34

A4l A42 AG3- A4S

~

is stored as :~

a a1l | A12 A22 | AI3  A23  A33 [ Al4  A24  A34 A4 |

and element Ai,j is referenced by a[i+j*(j-1)div2].
To avoid repeated evaluation of subscripts of this form it

is preferable to set up a column index vector c¢[l:n] such

that e, j]:=j*(j-1)div2, permitting references to Ai,j as
ali+c[j]]. This procedure assumes the existance of such a
global vector which is best initialised by a recursion relation

before entry to the procedure using :-

- s

rs=0; for j:=1 step 1 until n do begin c[jl:=rijri=r+j end

“

If the procedure is non-positive-definite exit to the label
fail occurs, On normal exit from the procedure symdet yields

the determinant of the matrix Aj



LE 25

FORWARD AND BACK SOLUTION Ax=b, SYMMETRIC A

procedure SYMSOL(a,b,n); value n; integer n; array a,b;

comment

HUCC LIBRARY PROCEDURE LE 25:
AUTHOR  J. BOOTHROYD:

Sclves the equation Ax=b for symmetric A[l:n,l:n] by the successive
operations Lf=b,LTx=f where A=LLT. The triangular matrix LT should
occupy the vector a[l:n*(n:-1)divZ] using column storage, as it will

if generated by LE 24, in the description of which procedure find
details of the method of storage. The procedure assumes the existance
of a global array c[li:n] initialised Tefore entry to the procedure

so that ¢[j]:=j#(j-1)div2, permitting access to an element LTi,j by
reference to a[i+c[j]]. On exit fror the procedure the elements

of the solution vector cccupy b[l:n];



( (

procedure SYMDET(a,n,symdet,fail); value n; integer n;

real symdet; array a; label fail; I 24
begin integer i,j,k,ilessl,ci,ii,cj,ij;

real det,aii,aki,aij;
dot:=1 0;
fer ic=1 step i until n do
"7 bpegin ilessli=i-1; eii=ze[il; ditzitei; aii:=aliil;
for k:=1 step 1 until ilessil do
begin aki:=alk+eil; aiii=aii-aki*eki end;
if aii<0.0 thoen goto fail;
dot:=det*aii,;
aii:=a[iil:=sqrt(aii);
Tor j:=i+l step 1 until n do
begin ejs=cljl: dji=itcjy aijs=alijl;
for k:=1 step 1 until ilessl do aij:=aij-al[k+cil*alk+cjl;
alijl:=zaij/aii
oend j

end ij;
symndet:=det
end oSYMOET;

grocedure SYMS(L(a,b,n); value n; integer n; real array a,b;

1E 25
boegin integer i,j,jlessl,cj; real bi,bj;

for j:=1 step 1 until n do
begin bj:=b[jl; jlessl:=j-1; cj:=cljl;
for i:=1 step 1 until jlessl do bj:=bj~ali+cjl*b[il];
bLjl:=bj/alj+cjl

ond;
{t__:'g i:=n step -1 until 1 do
begin bi:=blil;
for j:=i+l step 1 until r do bis=bi-alit+c[jII*bl[jl;
bl[il:=bi/ali+c[i]]

end
ond SYMSOL;



LE 26

DECOMPOSE BAND MATRIX WITH PIVOTING

procedure piv.rband(a,n,m,r,eps,singular); value n,m,eps;

integer n,m; real eps; array a; label singular; integer array T

comment HUCC LIBRARY PROCEDURE LE 26:
AUTHOR J. BOOTHROYD:
e _
Decomposes the n order bandmatrix of width m stored in cclumns l:m of
aflin,l:mtmdiv2] into a lower 'triangle'lL and a strictly upper 'triangle' U,
At entry to the procedure the elements cf band matrix A[l:n,l:n] must
occupy the first m columns of a in acccrdance with the rules:-
Ali, il occuples ald, ] 1<i<(mtl)div2
Ali,j] occupies  a[i,j-i+(m+l)div2] (wtl)div2<i<n

Diagrammatically :-

ALT - AL2 k13 0 0 0 ATL A2 S ALS 0 0 0 0
N e R 0 AZ1 A2 A23 B2 0 0 0
A3l A32 A33 A34 A35 0 A31 A32 A33 A34 A35 0 0
0 SOAA2 AG3 ALK KAS CRL6 T ALY ALY ABL K45 AhG 0 0
0 0 A53 A54 A55 A56 A53 A54 A55 A56 0 0 0
0 0 0 A64 A65 A66 A64 AB5 A66 0 0 0 0
Array All:n,1l:n] Array a[l:n,l:mtmdiv2]

UNUSED ELEMENTS OF MATRIX a should be set to ZEr 0,

On exit from the procedure the elements of L occupy column 1 and the

last m div2 columns of a, The elements of U (omitting the unit

diagonal elements) occupy the remainder of matrix a. The procedure
utilises column pivoting without row interchanges with two consequences
(a) the algorithm is fast and (b) the storage scheme for elements of L

is complicated. All information ze2iating to the succession of pivotal
rows is however retained in the index vector r[l:n] for subsequent use
by LE 27, 1If the matrix is singular, eps is the tolerance, the procedure

exits via the label parameter;



procedure pivlrband(a,n,m,r;eps,singular); value n,m,eps; integer n,m;
roal ers; 1lebel singular; array a; integer array r;
begin = intecger i,j,k,p,ri,rk,piv,nlesst,lim; roal pivot,arki;
fer i:=1 step 1 until n do rl[il:=i;
Tim:=(m+1) div 2; nlessl ._n-1 ;
Tor izl step 1 until nlessi _<_i_c>‘
bogin pivi=i; rii=r[il]; pivoti=alri,1];
for ki=i+l step 1 until lim do
if if abs(a[r[k],1 1)>abs(pivot) t then bogin pivizk; pivot:=a[r[k],1] end;

1E 26

1f abs(pivot)<eps then begin gnnt punch(3) ,£21?MATRIX SINGULAR?; goto singular end;

g piv#i then begin r1:=r[p1v] rfpiv]:=rl[i); rl[il:=ri eond;
for j:= 2 step 1 until m do a[ri,j]::a[ri,j]/pivot;

p:=m;
for ki=zi+l step 1 until lim do
begin p:=p+1; rki= r[k] arkl :=a[ri,pl:=alrk,1];
for je=2 step 1 unt11 m do alrk,j-1}:=alrk,jl-arkl *a[ri,jl;
a[rk,m] =0,0
ond;

if 11m:|:n then lim:=1lim1
ond
end pivirband;



LE 27

FORWARD AND BACK SOLUTION Ax=b, BANDMATRICES

procedure pivsolband(a,b,n,m,r); value m,n; integer m,n;
array a,b; integer array r;

comment  HUCC LIBRARY PROCEDURE LE 27:
AUTHOR J. BOOTHROYD:

-

Solves the equation Ax=b where A is a bandmatrix of order n, width m
by the successive operations Lf=b, Ux=f where the 'triangular' matrices
L and U, such that LU=A, occupy the array a[l:n,l:mtmdiv2] following
the use of the decomposition procedure LE 26. r[l:n] is a pivotal
index vector whose elements are generated by LE 26. These are
subsequently used by LE 27 to effect the correct sequence of operations

in the forward solution and back substitution;




27

grocodura pivsolband(a,b,n,n,r); value m,n; array a,b; integer array r; integer n,n;
Pegiq integer i, j,k,ri,rk,lim; real bri;

lims=(m+1) div 2;
Pegin integor array row[1:n]; switch s:=scan;
for i:=1 step 1 until n do row[iJ:=i;
for i:=1 stop 1 until n do
begin ris=y[il; J.—l
it ri#row[l] thon begin scan: ji=j+l;
row[jli=rowlil;

end;
bris=bl[ril: b[rl]/a[r1,1]
Jeo=m;
for k:=i+1 stop 1 until lim do

g begin j:=j+1; k::row[k]- blrk]:

if limf n then lims=1limt+1
ond
ond forward solution;
bogin roal array bi[1:n];
bi[n]:=blrInll;
for is=n-1 stop =1 until 1 do
bogin ri:=r[i}; bri: b[r1]
k=1
for j:=i+l stop 1 until lin do

if row[jlf ri then goto scan;
row[i] =i

iy

=b[rk]-bri*alri,j] end;

bogin kizk+1 ; br1::br1-b[r[3]]*a[r1,k] end;

bif[il:=blril:=bri;
if k=m then lim:=lim-1
epd;
for i:=1 stop 1 until n do blil:=bilil
ond backsubstitution
end pivsolbanc;




comment

LE 28

DECOMPOSE _SYMMETRIC POSITIVE DEFINITE MATRIX

procedure SYMDET(a,n,symdet,fail); value n;_integer nj;
real symdet; array a; label fail;

HUCC LIBRARY PROCEDURE LE 28:
AUTHOR J. BOOTHROYD:

Performs the same function as LE 24, using the same method of storing
the elements of the upper triangle of A[l:n,l:n] as elements of
a[l:n*(nt+l)div2]. This procedure does not,however, use the global
addressing vector c[l:n] necessary with LE 24, It is approximately
7% faster than LE 24,

FORWARD AND BACKWARD SOLUTION OF Ax=b, SYMMETRIC

procedure SYMSOL (a,b,n); wvalue n; integer n; array a,b;

comment HUCC LIBRARY PROCEDURE LE 29:
AUTHOR J, BOOTHROYD:

. Performs the same frnction as LE 25 but avoids

the need for the addressing vector c[l:n];




prccedure SYMI ET(a,n,symdot,fail) ; value n; integer n; real symdet; array a; label fail;
bogiwn integer i,j,ki,ii,kl,kiless1,ij,kj;
3 roal det,aii,aki,aij;
det:=i 077 U agie=ilie
for i:=1 step 1 until n do
begin aii:=aliil; kl:=ii-i+1; kilessl:=ii-1;
£2£ kis=Kl step 1 until kiless1 do
’ begin aki:=alkil; aii:zaii-aki*aki end;
if aii<0 then goto fail; IR
-det:=det*aii;
aiis=aliil:=sqrt(aii) ;
ije=idi+i;
for je=i+l step 1 until n do
begin aijs:=alijl; kje=ij-i+1; >
for ki:=kl step 1 until kilessl do ¢
begin aij:=aij- a[k1}*a[k3] kji=kj+l end;
alijl:=eij/aii; ij:=ij+j
end;
iis=idi+i+l ;
end ;
symiet:=det

end SYKDET; :

= =]

procedure syysrifa,b,n); value n; integer n;

array a,b;

begin 1Ltogor 1ygukigiids
iis=1;
for iz =1 step 1 until n do
beﬂwn ki=ii-1; sum::b[l]
fo; Jjs=i-1 step -1 until 1 do

real sum;

begln sum:=sunm-b[ jl*alk]; ki:=zk-1 end;
Blili=sum/aliil; iis=ii+i+l TR
onu Fforward solution;
Kemii=l; di:=ii-n-1;

for ii=n step =1 untii 1. do
%egin sum:=b[i];

for je=i+1 step 1 until n do

begin sum:=sum-b[jI*al[k]; k:=k+j end;

bL1] —sum/afiil; k:=1i-1; ii:=ii-i
ond back substitution

Sna SYMCCL; )

LE 29
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LE30

REDUCE MATRIX TO UPPER HESSENBERG FORIM

procedure hessenberg(a,n); value n; integer n;

commen t

HUCC LIBRARY PROCEDURE LE30:

AUTHOR : J, BOOTHROYD:

Transforms a real matrix a[l:n,l:n] to upper Hessenberg
form by a sequence of elementary similarity transformations,
The transformation is performed using a pivoting strategy
which involves row and column interchanges. The method is
similar to Gaussian elimination. TFor a compact CROUT-1like
method which converts a matrix to lower Hessenberg form

see procedure TRINGLE in Parlett's paper "Languerre's
Method Applied to the Matrix Eigenvalue Problem' Math,

Comp v18 1964 469 - 485



............ ‘ LE30 |

procedure hessenberg(a,n); value n; integer n; array a;
begin integer i, j,k,ilessl,iplusi,piv,nless1; real pivot,mk,aki,temp;

array

m[3:n]; boolean nonzero; switch s:=pivsearch;

pivot:=0,0; nlessl:=n-1;
for 'i:=1 step 1 until nlessi do

begin

pivsearch:

end i

iplusl:=i+1;

if pivot=0,0 then goto pivsearch;

1f ifpiv then

begln for J::lless1 step 1 until n do begin temp:=ali,jl; ali,Jjl: =a[piv,jl; alpiv,jl:=temp
for k:=1 step 1 until n do begln temp:=alk,il; alk,il:=alk,piv]; alk,piv]:=temp end

end;
nonzero:= false;
for k:=iplust step 1 until n do
begln mk:=m[k]:=alk, iless1l/pivot;
if mk+0.0 then begin nonzero:= true; alk,iless1]:=0.0

end

end;

a2t nonzero then
begln for k: =iplusl step 1 until n do

begln mk:=m[k];
for j:=i step 1 until n do alk,jl: =zalk, jl-mk*ali, jl

end
p1v::1p1us1 pivot:=0,0;
for k:=1 step 1 until n do
beg1n aki:=afk,il;
for j:=iplusi step 1 until n do aki: —aki+m[ jl*alk, j1;
;Ti,i] =aki;
if k>i then
begin if abs(aki)>abs(pivot) then begin piv:=k;

pivot:=aki end end

end
end
else
begin piv:=iplusi; pivot:=alpiv,il;
for k:=i+2 step 1 until n do
begln aki:=alk,i];
xi abs(ak1)>abs(p1vot) then begin piv:=k; pivot:=aki end

end
end;
ilessi:=

end hessenberg;

"‘v
-

end;



LE31

TRIDIAGONALLZE SYMMETRIC MATRIX GILVENS METHOD

procedure givens(a,s,n); value n; integer n; array a,s;

comment HUCC LIBRARY PROCEDURE LE31:

AUTHOR : J, BOOTHROYD:

Performs a similarity transformation of a full symmetric
matrix af[l:n,l:n] to tridiagonal form by GIVENS Method,

The orthogonal rotation matrices used have the typical

form:
S L0 -0 50
0 ¢ "0 s
* 0. 0 1.0
0 s 0 =-c
so that Pr = Pr_l = Prt.

The continued product PI’PZ’?B""Of transformation

matrices is finally available in array s[l:n,l:n];



LE31

procedure givens(a,s,n); value n; integer n; array a,s;

begin integer i,p,q,nlessi, k;
real akp,akq,app,apq,aqq,aip,aiq,fac,cos,sin,cs;
for i:=1 gtep 1 until n do

begin s[i,i]:=1,0;
for j:=i+1 step 1 until n do s[i,jl:=s[j,i]:=0,0

end;
nlessi:=n-1;
for p:=2 step 1 until nlessi do
begin k:=p-1; akp:=alk,pl;
for q:=p+1 step 1 until n do
begin akq:=alk,ql;
apq:=alp,ql; app:=alp,p]l; aqq:=alq,ql;
fac: sqrt(akp*akp+akq*akq);
if fac}0,0 then
begi cos::akp/fac, sin:=akq/fac;
for i:=1 step 1 until n do
beg1n if i>p then :
begin aip: ip:=ali,p]; aiq:=ali,ql;
a[i,pl:=alp,i]:=cos*aip+sin*aic;
afli,ql:=alq,i]:=sin*aip-cos*aiq

end;
a1p.-s[i,p] aiq:=s[i,ql;
sli,pl:=cos*aip+sin¥aiq;
s[i,ql:=sin*aip~cos*aiq
end;
akp:=fac; alk,q]l:=alq,k]:=0,0;
es:=cos*sin; fac:=(cs+cs) *apq;
cos:=cos*cos; sin:=sin¥sin;
alp,pl:=cos*app+sin*aqq+fac;
alq,ql:=sin*app+cos*agq~fac;
alp,ql:=alq,pl:=(app-aqq) *cs-apg*{cos=-sin)
end
end;
a[k,p] =alp,k]:=akp
end
end givens;



LE32

TRIDIAGONALIZE SYMMETRIC MATRIX GIVENS METHOD

procedure vecgivens(a,s,n); value n; integer n; array a,s;

comment

HUCC LIBRARY PROCEDURE LE32:

AUTHOR : J, BOOTHROYD:

As for LE31l except that only the upper half of the
symmetric matrix is stored, by colummns, in the vector
a[l:n*(nt+l)div2]. The continued product Pl’PZ’P3"'°
of orthogonal transformation matrices is available in
s[lin,l:n]. If this procedure is used as an alternative
to LL0O9 and prior to LL10 and LL11l it will be necessary
to transfer the diagonal and codiagonal elements of array
a to vectors c[l:n] and b[l:n] respectively. This may be
done by:-

jlessli=k:=1; c[1l]:=all];

for j:= 2 step 1 until n do

begin k:=k+j; c[j]l:=alk];
b[jlessl]:=a[k-1]; jlessl:=j
end;

b[n]:=0.0;

The eigenvectors of the tridiagonal system should
be premultiplied by s[lin,l:n] to yield the eigenvectors

of -ay



LE32

procedure vecgivens(a,s,n); value n; 1nteger n; array a,s;
begin integer i,p,q,nlessl,k,cp,cq,ci,ip,iq; 1nteger array c[1:n];
real akp,app,akq,apq,aqq,aip,aiq,fac,cos,sin,cs;
for i:=1 step 1 unt11 n do

beg1n s[i,i]:=1.0" ' '
' for j:=i+1 step 1 until n do s[i,jl:=s[j,i]:=0,0

end;
;?;b- for i:=1 step 1 until n do begln clil:=p; p:=i+p end;
nless1.-n-1
for =2 step 1 until nless1i do
begln ki=p~1; cp:=eclpl; akp::a[k+cp];
Tor q:=p+1 Step 1 until n do
begln cq:=c[ql; aXq:=alk+cql;
apq:=alp+cql; app:=alp+cpl; aqq:=alg+cql;
fac::sqrt(akp*akp+akq*akq);
if fac$0,0 Ythen
begln cos: akp/fac, sint=akq/fac;
for i:=1 step 1 until n do
begln if i>p then
begxn ci:=c[i]; ip:=p+ci;
ig:= 1f i>q then g+ci else i+cq;
aip:=alip); ~aiq:=aliql;
alip]:=cos*aip+sin*aiq;
aliq]:=sin*aip-cos*aiq

snd;
aip:=sf[i,pl]; aiq:=s[i,q];
s[i,pl:=cos*aip+sin*aiq;
s[i,q]:=sin*aip-cos*aiq
end ij;
akp.-fac, alk+cq}:=0,0;
cs:=cos*sin; fac:=(cs+cs)*apq;
cos:=cos*cos; sin:=sin*sin;
alp+cp]:=cos*app+sin*aqq+fac;
alg+cql:=sin*app+cos*aqq~fac;
a[p+cql:=(app-aqq) *cs-apg*(cos-sin)
end
end q;
a[k+cp]:=akp
end p
end vecgivens;



EIGENVALUES AND EIGENVECTORS OF SYMMETRIC MATRIX

procedure jacobi(a,s,n,rho); wvalue n,rho; integer n; real rho;

comment

array a,s;
HUCC LIBRARY PROCEDURE LLO1:

AUTHOR ACM 85 :

The procedure finds all eigenvalues and eigenvectors of
a real symmetric matrix by Jacobi's method as described
in "Mathematical Methods for Digital Computers' edited
by Ralston and Wilf, The eigenvectors of a[l:n,1l:n]
are built up in s{l:n,l:n] the kth eigenvector
occupying polumn k. The corresponding eigenvalue
occupies element a[k,k] of the original matrix.

rho is the precision tolerance for the process which

is terminated when, for every off diagonal element
afi,j], abs(al[i,j])< rho x norml/n where norml is the
square root of the sum of the squares of the off

diagonal elements of aj



LLO1

procedure jacobi(a,s,n,rho);
value n,rho;
integer n; real rho; array a,s;
begin real norm1,norm2, thr,mu,omega,sint,cost,int1,v1,v2,v3;
integer i, j,p,q,ind; switch ssi=main,maini;

for i:=1 step 1 until n do
for j:=1 step 1 until i do
if i=j then s[i, j1:=1.9 else s[i, jl:=s[j,i]:= ;

int1:=0;

for i:=2 step 1 until n do

for j:=1 step 1 until i-1 do int1:=int1+2*ali, j112;
normi:=sqrt(int1); norm2:={(rho/n)*norm1;
thr:=norm1; ind:=0;

main: thr:=thr/n;
maini: for q:=2 step 1 until n do
for p:=1 step 1 until q-1 do
if abs(alp,ql) 2> thr then
begin ind:=1; vi:=alp,pl; v2:=alp,ql; v3:=alq,ql; mu:=,5%(v1-v3);

omega:=if mu=0,0 then -1,0 else -sign(mu)*vZ/sqrt(v2*v2+mu*mu);
sint::omega/sqrt(z*(1+sqrt(1-omega*omega)));
cost:=sgrt(1-sint*sint);
for i:=1 step 1 until n do
begin inti:=ali,pl*cost-ali,q]*sint;
a[i,q]:=a[i,p]*sint+a[i,q]*cost; ali,pl}:=int1;
int1:=s[i,pl*cost-s[i,ql*sint;
s[i,q]:=s[i,p]*sint+s[i,q]*cost; sfi,pl:=int1

end;



FOLEOL T cont.

for i:=1 step 1 until n do

begin alp,il:=ali,pl; alq,il:=ali,q]
end;

alp,pl:=vi*cost*cost+v3*sint*sint-2*v2*sint*cost;
a[q,q]:=v1*sint*sint+v3*cost*cost+2*v2*sint*cost;

alp,ql:=alq,pl:=(v1-v3)*sint*cost+v2*(cost*cost-sint*sint)
ond;

if ind=1 then
begin ind:=0; go to maini

olse if thr > norm2 then go to main
end jacobi;




LL 02

SOLUTION OF THE ETGENPROBLEM (A-)\B)x=0

procedure eigensclve (A,B,n,eigen,eps,nonposdef); value n,eps;

integer n; real eps; array A,B,eigen; label nonposdef;

comment  HUCC LIBRARY PROCEDURE LL 02

Author : J. Boothroyd.

Solves the equation (A-AB)x=0 for symmetric A,B[l:n,l:n]

provided one of these is positive definite. The equation

is transformed into (C-AI)y=0 where C=L"1A(er)"'1

is symmetric and y=LTx. If B is non positive definite

the Choleski decomposition fails in the attempted evaluation

of a square root of a negative value. In this event the

original equation is rearranged as (B~AA)x=0 for which the

eigenvalues are the reciprocals of (A-AB)x=0 and the

eigenvectors are unchanged. Failure of this second attempt

causes exit to the label nonposdef.

At a successful exit the eigenvalues are in eigen[l:n] and

the vectors occupy A. This procedure uses MS 0l, the revised

issues of LE 16, LE 17, together with LE 18 and LL 01.

parameter eps is a precision tolerance used by LL 01 for

details of which see the appropriate commentary;



proceduiro eigensolve(A,B,n,eigen,eps,nonposdef); valué n,eps; integer n; real eps; array A,B,eigen; label nonposdef;
begin integer i,j; boolean recip; array Cl1:n,i:n]; switch s:=newtry,swep,ok;

comment temporary storage of the main diagonal of B;
for i:= 1 step 1 until n do eigenf[il:=R[i,i];
;Ezip::false; comment assumes B is positive definite;
newtry: choleski(B,n,swap);
comment clear upper triangle of B;
for ii= 1 step 1 until n do for j:= i+1 step 1 until n do Bl[i,jl:= 0,0;

gotc ok;
swap: if recip then goto nonposdef; recip:=true;

comment B was nonpositive definite, Swap A,B and try again;
for i:= 1 step 1 until n do
begin Bli,i):=A[i,i]; Ali,il:= eigen[i];

for j:= i+1 step 1 until n do

begin B[j,i}:=Ali,j1; Ali,jl:=Alj,i1:=B[i,j] end

]

nd ;
oto newtry;
ok: linv(B,n); comment forms L-1 in B;

mxmult(B,A,C,n,n,n); comment C:=L-1A4;
comment transpose L-1 and clear lower triangle of B;
for i:= 1 stép 1 until n do
for j:= i+1 step 1 until n do begin Bli, jl:=8B[j,i}; B[j,i]:=0.0 end;
mxmult(C,B,A,n,n,n); comment A:= C(Lt)-1 = L-1ACLt)~1; e,
Jjacobi(A,C,n,eps); comment ACM85, Eigénvalues on A dizgonal, y vectors in €
for i:= 1 step 1 until n do eigenf[il:= if recip then 1.0/A[i,i] else afli,i];
mxmult(B,C,A,n,n,n); comment x vectors = (Lt)-1y now in A;

end eigensolve;

(0]




LLO3 to LLO7

SOLVE SYMMETRIC EIGENSYSTEM

These procedures are taken from the LINEAR ALGEBRA Handbook Series of
Numerische Mathematique 4 po 354 - 376 (1962). Their author, J,H. Wilkinson
of the National Physical Laboratory, England, is the recognised authority

on this subject and these procedures are included in the HUCC Library as

examples of classical algorithms in this field.

The following program was used to test four of the five procedures and

indicates how to use the various parameters.

TEST HOUSEHOLDER;
begin comment procedure declarations;
begin integer n; read n;
begin integer i, j,mr,ml,t,mil; real e,gamma,norm;
array z,al1:n,1: n] c,b w[1 nl;
for i:=1 step 1 untll n do
for je=1 step 1 until i do read ali, jl;
householder(a, n,c,b);
tr1d1blsect1on2(c b n,-20,n,0,30,m—16,w,norm,m1);
tridiinverseiteration(c,b,n,w,norm,m1,m-8,z);
backtransformation(a,b,z,n,m1);
print £21?EIGENVALUESE127?7?;
sameline; scaled(9);
for i:=1 step 1 until mil do print wl[il;
prlnt ££15°EIGENVECTDRS£1??
for i:=1 step 1 until n do
begln print ££12??
for j:=1 step 1 until n do print z[j,il,££s2??

end i
end o
end
end;



LLO3

HOUSEHOLDER TRIDIAGONALIZATION, FULL MATRIX

procedure householder tridiagonalization(a,n,c,b);

value n; integer n; array a,b,c;

comment

HUCC LIBRARY PROCEDURE LLO3:

AUTHOR : J.H, WILKINMSON:

The symmetric matrix a[l:n,l:n] is reduced to a symmetric
tridiagonal matrix using only the lower triangle of a. The
diagonal elements of the tridiagonal matrix are stored in c[l:n],
the subdiagonal elements in b[l:n] with b[n]=0.

Sufficient details of the transformation are retained in

a and b to enable the eigenvectors of a to be formed from the

tridiagonal eigenvectors using procedure backtransformation;

LLO4

EIGENVALUES OF SYMMETRIC TRIDIAGONAL MATRIX 1

procedure tridibisection 1l(c,b,n,gu,go,t,gamma,w,norm,ml) ;

value n,gu,go,t,gamma; inteeger mn,t,ml;

real gu,go,gamma,norm; array C,b,v;

comment HUCC LIBRARY PROCEDURE LLO4:
AUTHOR : J,H, WILKINSON:
c[1l:n] and b[1l:n] are the diagonal and sub-diagonal of
a symmetric tridiagonal matrix. The procedure determines
the number ml of eigenvalues lying between gu and go and
computes these eigenvalues in w[l:n] in decreasing order
of magnitude by the method of bisection. t is the number
of bisection steps (30 to 35is apnropriate on a 503),
nomm is the infinity norm of the matrix and gamma is the

square of the relative machine precision (10 16 for a 503);



LLO5

EIGENVALUES OF SYMMETRIC TRIDIAGONAL MATRIX 2

procedure tridibisection 2(c,b,n,e,mr,m&,t,gamma,w,norm,ml) ;

value n,e,mr,mfi.t,gamma; real e,gamma,norm;

integer n,mr,mf,t,ml; array c,b,w;

comment  HUCC LIBRARY PROCEDURE LLOS5:
AUTHOR : J.H, WILKINSON:
cl[l:n] and ' "7 in] are the diagonal and subdiagonal of a
symmetri. cridiagonal matrix., The mr .eigenvalues to the left of e
and the wl cigenvalues to theright of e are computed and stored
in w[l:n], t is the number of bisection steps(30to35 for a 503),
norm is the infinity norm of the matrix and gamma is the square

of the relative machine precision (10 18 for 503);

LLO6

EIGENVECTCTS 77 TRIDIAGONAL MATRIX

procedure tridiinverseiteration(c,b,n,w,norm,wl,macheps,z);

value n,ml,norm,machcps; integer n,ml; real norm,macheps;

array c,b,w.z;

comment HUCC LIBRARY PROCEDURE LLO6:
AUTHOR : J.H. WILKINSON:
c[l:n] and v[1l:n] are the diagonal and subdiagonal of a symmetric
tridiagonal matrix. w[l:n] contains the ml eigenvalues from w[1l]
to w[ml]. norm is the infinity norm of the matrix and macheps
is the rzletive machine precision (108 on a 503). The ml
eigenvecters are computed and stored in z[l:n,l:n], element z[i,j]
being the jth component of the eigenvector corresponding to the

eigenvalue w[i];

LLO7

EIGENVECTORS OF SYMMETRIC MATRIX
brocedure backtransformation(a,b,z,n,ml); value n,ml; integer n,ml; array a,b,z;
comment HUCC LIBRARY PROCEDURE LLO7:
AUTHOR ¢ J.E. WILKINSON:
b[li:n] is the subdiagonal of a symmetric tridiagonal matrix whose
eigenvectors occupy z[l:n,l:n],by rows. The eigenvectors of the

original matrix a[l:n,l:n] are derived and overwritten on array z;




LLO3

procedure householder tr1d1agonalisat10n(a,n)result (c,b);

value n;

integer n; arraz a,b,c;

begin 1nte§er Jri,k; real ai,sigma,h,bj,bigk,bi; array ql1:n-1];
for i:=n step -1 “until 3 do

end;
—_—

be§1n

bigk:=bigk+ali, j1*q[j1;

sigma:=0;
for k:=1 step 1 until i-1 do

sigma:=sigma+ali, k]*ali k],

ai.-a[i,1-1],

if ai > O then bi:=-sqrt(sigma) else bi:=sqrt(sigma) ;
b[1-1]._b1,

if bi}0 then

begzn h: sigma-a1*b1,

a[i,i=1]:=ai-bi;
for ji=i-1 step -1 until 1 do
begln bj:=0;
for ki=i-1 step -1 until j do
bJ bJ+a[k,J]*a[1,k],
for k:=j-1 step =1 until 1 do
bJ =bj+al j,k1*ali, k],
aljl:=bj/h
end Js
b1gk:=0'
for jizi-1 step -1 until 1 do

bigk: bigk/(z*h)'

for J:=i=1 step -1 until 1 do
q[Jl==q[J]-blgk*a[i J1;

fof Jj:=i-1 step -1 until 1 do

begin for k:=j step -1 until 1 do

end i;
for i:

mak] :=a[j:k]'a[i ’ .j]*q[kT-a[i :k]*Q[j] H

end j
end

=n step -1 until 1 do

clil:=afi,i];
b[1]:=a[2,1];
b[n]:=0



LLO4

procedure tridibisectioni(c,b,n,gu,go,t,gamma)result:(w,norm,mi) ;
value n,gu,go,t,gamma;
integer n,t,ml;
real gu,go,gamma,norm;
array c,b,w;
begin integer i, j,k,al,a2,d;
real 1,g,h,lanbda,pl,ql,y; switch ss:=noeigenvalue;
array pl1:nl;
procedure sturms seguence;
begin pli=0;  qli=l; " ali=0;
for i:=1 step 1 until n do
begin y:=(c[i]-lambda) *q1-p[il*p1;
pl:=ql; ql:=y;
if p1 > 0 = q1 > 0 then al:=al+l
end ij;
if q1_0 and p1>0 then al:=al-l

end;

if gu>go then
begin g:=gu; gu:i=go; go:=g end;
norm:=abs(c[1]) +abs(b[1]) ;
for i:=2 step 1 until n do
begin 1:=abs(bli-11)+abs(c[i])+abs(bl[il);
if 1>norm then norm:=1

end;
for i:=l step 1 until n-1 do
begin if b[i]=0 then p[1+1] =gamma*norm¥norm

else pli+11:=b[i]¥b[i]

end;
pl1]:=0;
if gudnorm or go<=-norm then

begin mi:=0; goto noeigenvalue end;
lambda:=gu;

sturms sequence;
a2:i=al;
if q1=0 then a2:=al+l;
lambda:=go;
sturms sequence;
ml:=a2=-al;
d:=al;
if go>norm then go:=norm;
1f gu<-rorm then gu:=-norm;
for ki=1 step 1 until m1 do
begin d:=d+1;
g:=go; hi=gu;
for j:=1 step 1 until t do
begin lambda:=(g+h)/2;
sturms sequence;
if al > d then h:=lambda else
g::lambda

ond .3;
wik]:=(g+h) /2
end k;
noeigenvalue: end;



L105

procedure tridibisection 2 (¢,b,n,e,mr,ml,t,gamma)result:(w,norm,mi) ;
valuée n,e,mr,ml,t,gamma;
integer n,mr,ml,t,mi;
real e,gamma,norm;
array c,b,w;
begin integer dt,d2,i, j,k,al,d;
real 1,g,h,lambda,pl1,ql,y;
array pl1:n];

procedure sturms sequence;

begin p1:=0; qi1:=1; al:=0;
for i:=1 step 1 until n do
begin y::(c[1]~1ambda)*q1-p[1]*p1-
i=q1; ql:=y;

_i£p1z°.=..q1zo
then al:=al+1;
end ij;
if qi1=0 and p1>0 then al:=ail-1
end;
norm:=abs(c[1])+abs(b[1]) ;
for i:=2 step 1 until n do
begin 1:=abs(bli~11) +abs(c[i]) +abs(b[i]);
if 1>norm then norm:=1

ond;
e

for i:=! step 1 until n-1 do
be§1n if b[i]=0 then  pLi+1]:=gamma*norm*norm
else pLi+1T:=bl[i]1*b[i]

end;

p[1]1:=0;
lambda:i=e;
sturms sequence;

dli=al-mr; d2:=al+ml;
if d1<0 then d1:=0;
1f az > n+1 then d2:=n;
d:=d1' ml:=0;
for k:=d1 step 1 until d2-1 do
begln d:=d+1;
gi=norm; h:=-norm;
For ji=1 step 1 until t do
begin Tambda:=(g+h) /2;
sturms sequence;
if a1 > d then hi=lambda else g:=lambda

snd j;

ml :=ml+1;

wim1]:=(g+h) /2
end k

I8
(2]



L1.06

procedure tridiinverse 1terau10n(c b,n,w,norm,m1,macheps) results:(z) ;

value
begin

array

n,ml ,norn,machep integer n,m1; real norm smacheps; array c,b,w,z;
1nteger i,3; real bi,bi1,z1,lambda,u,s,v,h ,eps,eta;

m,p,q,r,intl1: nl,x[1; n+2],

1ambda.=norm, ©ps:=macheops*norm;

for j:

=1 step 1 until ml do

begln 1amoda:=lambda-svs~

i wljl<lambda then lambda:=w[ j1;
u::cf1]-1amoda, v:=b[1];
1f v=0 then v:=ops;
for i:=1 step 1 uatil n-1 do
begln bii=b{i];
1f bi=0 then bi:=eps;
b11'-w[1+1],
if bi1=0 then bil:=eps;
1ﬁ ha(bi) > 2 abs{u) then
begln mfi+17; =u/bi;
if m[i+1]1=0 and abs(bi) < eps then m[i+1]:=
PLil: =bi; qfil: c[1+1]~1ambda,
rfil:=bil1;
us=v-m{i+1J*q[i];
viz=m{i+1J*r[i];
intfi+1]:=

else bogin m[i+1]:=bi/u;
plili=u; q[il:=v;
r[il:=0;
u:=z[i+1]-lambda-m[i+1]%v;
vi=zbil; dint[i+1]:=-
end
end i; T
pEn].:u alnl:=r[n]:=0;
x[n+1].=x[n*2]‘=0 h:=0; eta:=1/n;

for i:=n step -1 untii 1 do

begin u::ots»q[ljfx[1+1]-r[1]*x[1+2]
if p[il=0 then x[i]:=u/eps
olse x[il: =u/pl[il;
h:=h+abs{x[i])
end i;

“h:=1/h;

for i:=1 step 1 until n do

x[i]:=x[i]*h;
for i:=2 step 1 until n do

begin if int[i]>0 then
Tagin us=x[i-1];
fo:T} =x[i];
x{1].=u-m[i]*x[i-1]
end |
else xliJ:=x[i]~m[i)*x[i-1]
end 1;
h:=0;
for i:=n step -1 untll 1 do
- begin u: =x71]-q[1]*x[1+1]-r[1]*x[1+2],
if plil=0 then x[i]:=u/eps
else x[iJ:=u/pl[il;
hs=h+x[il*x[1]
end i;
h:=1/sqrt(h1,
for i:=1 sten 1 until n do
z[3,il:=x[11%h




value
begin

for k:=3 step 1 until n do
1f k[k—1]#0 then
begln 8:=0;

zor 1'—1 step 1 until k-1
s._s+a[k il*z[j,i];
s:=s/(blk-1]*alk,k=1]);
for i:=1 step 1 until k-1
z[g,1].-z[3,1]+s*a[k 1]

n,ml; "integer n,m1; array a, b z,
integer Furgics real 8; for j:=1 step 1 until m1 do

LLO7

do

do




LLO8

EIGENVALUES AND VECTORS OF SYMMEITRIC MATRIX

procedure vecjacobi(a,s,n,rho); value n,rho; real rho;

integer n; array a,s;

comment  HUCC LIBRARY PROCEDURE LLO8:

AUTHOR ¢ J. BOOTHROYD:

" A revised version of LLOl, jacobi, such that only the
upper half of the symmetric matrix is stored in the
vector a[l:n*(n+1)div2]. Storage is by columms as
described in LE24, On exit from the procedure the
eigenvalues occupy elements a[l] through a[n] and the
eigenvectors occupy the array sf[l:n,l:n]. On a 20 x 20
matrix LLO1 took 120 seconds, LLO8 only 47 seconds. On
the same matrix J,H. Wilkinson's procedures (LL03,04,06,07)
took 27 seconds and their improved counterparts (LL09,10,11,

12) took 23 seconds;



LIOR

brocedure vecjacobi(a,s,n,rho); value n, rho; real rho; integer n; array a,s;
begin integer array c[1:n]; integer i,J,ci, c;,p,q,cp,cq,gless1,qless1 ip,iq;
switch ss:=main,maini;

real fac,aij,thr, norm1 ;norm2, apq, app, aqq,m,mu, Lambda,cost ,sint,aip,aiq,sip,siq,sincos;
boolean ind;

p:=0; fac: _0.0;
for i:=1 st Step 1 until n do
Egg}n efi,id:=1.0; c[iJ_tp, pi=p+i;
for j:=i+1 step 1 un until n do s[i,jl:=s[j,i]:=0.0;

end;
for j:=2 step 1 until n do
begin cj:=cl[jl; jlessl:=j-1;
Toxr i:=1 stop 1 until jlessi do
2 bepln aiji=aliteji; fac:=fac+2,0%aij*aij end
end;
- Eﬁ?::norm1::sgrt(fac); norm2:=rho*normi/n;
main: thr:=thr/n;
mainl: ind:=false;
for q:=2 step 1 until n do
begin ca'-c[d] glessl:=g-1;
for p:= 8ten 1 until qless? do
beu1n pq::a[p cq]
Cor ’ if abe(apq) > thr then
1 EE%&E cpe c[p] ind:= true;
‘ app:=alprepl; aqq°~a[q+cq] m:=app-aqq;

I lambda: =sign(m) *apq; mu:=0,5%abs(m) ;
fac:=0,5/sqrt(lambda*1ambda+mu*mu) ;
cost:=sqrt(0,5+mu*fac) ; sint:=lambda*fac/cost;

J for i:=1 step 1 until n do

| % beﬂln cis=cli]; 25
[ | 5 if i < p then begin ip:=i+cp; iq:=i+cq end
{ ; 7 Glso bogin ip:=p+ci:
? i | sy 1q:=if i>q then g+ci else i+cq
~— f f end; i
‘ ; aip:=alipl; aiq:=aliql;
? \ sip:=sfi,pl; siq:=s[i,ql;
| s[i,p] =cost*sip+sint*siq;
{ \ sli,ql:=sint*sip-cost*siq;
\ 3 § \ alip]:=cost*aip+sint*aiq;
} ‘ ; \\ aligql:=sint*aip-cost*aiq
ond i;
i \ a sinco s:=91nt*cost fac:=(apg+apq) *sincos;
\ \ \ sint:=sint*sint; cost:=cost*cost;
\ \ \ a{p+gp1°~cost*app+sint*aqq+fac;
\ \ \ alg+cql:=sint*app+cost*aqq-fac;
\ \ \\\a[p+cq}::0°0

end

\  ‘lend
ond;
1f ind then goto mainl else if thr>norm2 then goto main;
for i1=2 ¢ step 1 until n do alil: =ali+c[i1T

end vecjacobl,




LLO9

procedurée householder(a, n,c,b) ; value n; integer n; real array a,b,c;
begin integer’ i, j,k,nless2,iplusi cJ,ck kcJ,clplus1 nless1 real s,aij,bi,h,rho,zj;

real array z[1:n];

nlesoz'-n-z

fo“ 3=l

nless?:i=n-1;

tep 1 until nless2 do

begin 1plus1::1+1 8:=0,0; K.=01plus1° =col[iplusi];

for

begin

e bt s

':-1p1uo1 step 1 until n do

aiji=ali+k]; k:=k+3j; s:=s+a13*a13 end;

aiji=aliteiplus1]; bi:=sqrt(s);

if aij 2 0.0 then bi:=-bi; b[l]._bi;

1f bi ¥ 0,0 thon

b“gil h: “-alJ*b ; ali+ciplusi]:=zaij-bi;

end'

end'
c3:=c01[n]

fox J _1n1Le1 step 1 until n do
be 3in 5:=0,0; cji=colljl;
Zor k:=ziplusi step 1 until n do
benlq cki=col[k];
s-=&+o£1+ch]*a[1f k<j then k+cj else jt+ck]

FDO'

z[ jl:=s/h
&nd;
s:=0,0; ki:=ciplus1;
for j'—1n1u91 step 1 until n do begin s:=s+ali+k]*z[j]; k:=k+j end;
ruo::s/(hnh) k:=ciplusi;
for -'~1p1qs1 step 1 until n do begin z[jl:=z[ jl-rho*a[i+k]; k:=k+j end;
Ior Jj:=iplusl step 1 until n do
bevln Cis u01[37~ aij:=zali+cj]; :=z[j]; ck:=ciplusi;

Io" ki=iplus1 stop 1 until J do

bevln keji=k+cj;

ﬂ[kcJ]°-a{hcj]-a[i+ck]*zj-aij*z[k]; ck:=ck+k

end
end.

Sz 3

c[1]‘~a[1+col[1]1

clnlessi1]: aEnless1+col[n1ess1]]

b[nless1]._a[nless1+cg] b[n}:=0,0; c[nl:=aln+cj]

end householder



LLO9 to LL12

SYMMETRIC EIGENSYSTEM HALF MATRIX

These procedures are adapted from LLO3 to LLO7 to compute the eigenvalues

and eigenvectors of an nth

half is stored by columns in a vector a[l:n*(n+1l)div2].

order symmetric matrix of which only the upper

In designing

this revision the opportunity has been taken to improve, where vossible,

the efficiency of the original procedures and rationalise, to some extent,

the parameter organisation.

The following program was used to test LL0O9 to LL12 and illustrates the

use of the several parameters:-.

TEST HOUSEEOLDER;
begin integer n,t; real eps; switch ss:=L;
read n,eps,t;

L:

end;
S ———

begin integer i, j,k; real norm;
array z[1:n,1:n],a[1:n*(n+1) div 2],c¢,b,w[1:n];

comment procedure declarations;

k:=0;

for j:=1 step 1 until n do

begin coll jl:=k; —
for i:=1 step 1 until j do read ali+k];
ki=k+j

end;

householder(a,n,c,b);

eigbisec(c,b,n,eps,t,w,norm) ;

trivectors(c,b,n,w,norm,eps, z) ;

eigvectors(a,b,z,n);

freepoint(9); sameline;

Tor j:=1 step 1 until n do

begin print ££1??,w[j],£€1??;
for i:=1 step 1 until n do

integer array col[1:n];

begin if i-i div 10%#10=1 then print ££1??; print z[i,j] end

end

goto L



LLO9

HOUSEHOLDER TRIDIAGONAL1§ATION —~ HALF MATPIX

procedure householder(a,n,c,b); value n; integer n; array a,c,b;

comment HUCC LIBRARY PROCEDURE LLO9;
AUTHOR : J, QQOTHROYD:
Transfofms aﬁ nth order symmetric matrix whose upper half is stored
by columns in a[l:n*(h+11g;g?] to tridiagonal form ‘he
diagonal and super-diagonal étored in c[lfn] and b[1l:n]
respectively (with b[n]=0)., Sufficient information is retained in

a, and b for subseéquent use by procedure eigvectors (LL12);

L1.10

EIGENVALUES OF TRIDIAGONAL MATRIX

procedure eigbisec(c,b,n,eps,t,w,nom); value n,ens,t;

integer n,t; real eps,norm; array c,b,w;

comment  HUCC LIBRARY PROCEDURE LL10:
AUTHOR : J. BOOTHROYD:
Evaluates, in decreasing order of magnitude, using the method of
bisection, the n eigenvectors of a tridiagonal matrix whose
diagonal and co-diagonal occuny c[l:n] and b[l:n] respectively.
The results occupy w[l:n]. eps is the relative machine precision
(1978 on a 503), t is the number of bisection steps (30 to 35 is

approoriate) and norm is the computed infinity norm of the matrix;

- LL11

EIGENVECTORS OF TRIDIAGOMAL MATRIX

procedure triveétor(c,b,n,w,norm,eps,z); value n,eps,norm;

integer n; real norm,eps; array c,b,w,z;

comment HUCC LIBRARY PROCEDUPE LL11:
AUTHOR : J. BOOTHROYD:
Computes in the columng of z[l:n,l:n] the eigenvectors of a symmetric
tridiagonal matrix whose eigenvalues occupy w[l:n] in decreasing
order of magnitude, c[l:n] and b{l:n] are the diag&hal and co-
diagonal of the tridiagonal matrix. eps is the relative machine

precision (107 8 on a 503), norm is the infinity horm of the matrix;



LL12

EIGENVECTORS OF SYMMETRIC MATRIX (UPPER HALF)

procedure eigvactors(a,b,z,n); value n;

integer n; array a,b,z;

comment

HUCC LIBRARY PROCEDUEE LL12;

AUTHOR : J. BOOTHROYD:

From the information retained in a[l:n*(n+1)div2] and b[1l:n]
following the use of LL09 and the eigenvectors of the tridiagonal
matrix in z{lin,1l:n], computes the eigenvectors of the original

matrix aj



LL10

procedure eigbisec{c,b;n,ops,t,w,norm); value n,eps,t; integer n,t
real eps,norm; real array b,c,w;
begin integer i,k,a,j; = real g,h,p1,q1,bi,lim,lambda,y; array p[i:n];
T gr=abs(b[11); pi:=abs(c[1])+g;
for i:=2 step 1 until n do
begln h:=abs(b[i]); qi:=g+h+abs(c[il);
if ql>pil thon pli=ql; g:=h

end

1ambda:=norm:=11m.=p1 bi:=b[1];

for i:=2 step 1 until n do

bepln if bi=0,0 then bi: eps*lim;
p[l]::bl*bl, bi:=b[i]

end;
for ki=1 step 1 until n do
ngln g:=lambda; h:--llm,
for j:=1 step 1 until t do
begln lambda:=(g+h) /2,0;
p1:=0,0; q1:=1,0; a:=0;
for i:=1 step 1 until n do
begin ys=(c[i]-lambda) *q1-p[il*p1;
pl:=ql; ql:=y;
if p1>0.0 = q1 2 0,0 then a:=a+l
end i;

if q1=0,0 and p1>0 then at=a=1;
I adk then h:=lambda e else g:=lambda;
if g—h thon Je=t
end Js
wik]:=(g-+h) /2,0
end
322 eiEBIsec;



LL11

procedure trivectors{c,b,n,w,norm,eps,z) ; value n,eps,norm;
integer n; real norm,eps; array c,b,w,z;
begin integer i,j,iplus1,ilessl,nless1, array m,p,q,r,int, x[1:n];
real bi,bi1,lambda,u,v,xi,miplusi,h,eta;
lambda:=norm; eps:=eps*norin; nlessl:=n=-1;
qlnl:=r[n]:=0,0; eta:=1,0/n;
for j:=1 step 1 until n do
begin lambda: 1ambda-eps-
if wljl<lambda then lambda:=w[j];
ui=c[1]-lambda; bis=vi=b[1];
if bi=0,0 then bi:=v:=eps;
for is=1 step 1 until nless1 do
- begln iplusi:=i+1;
o’ bit:=b[iplus1); if bi1=0,0 then bil:=eps;
if abs(b1)>abs(u) then
bogin miplusl:=m[iplusi]: =if u=0,0 and abs(bi)<eps then 1,0 else u/bi;
plili=bi; bi:=r[il:=bil;
bil:=q[i]:=c[iplus1]-lambda;
u:=v-miplus1*bil; vi=-miplusi*bi;
int{iplus1]:=1,0

end
begin miplusi:=m[iplusi]:=bi/u;
olil:=u; qfil:=v; r[i]:=0,0;
us=c[iplusl]-lambda-miplusi*v;
bii=vi=bi1; int[iplusi]:==1,0
end
end 1,
p[n] =if u}0,0 then u else eps;
v -u'-h._O 0;
for i:=n step -1 until 1 do
Pegin xi:=x[i]:=(eta-qlil*u-r[il*v) /p[il;
e’ vi=u; ui=xi; h:=zh+abs(xi)
end;
= for i:=1 step i until n do x[i}:=x[il/h;
us=x[1]; ilessi:i=1;
for i:=2 step 1 until n do
begin if int{i}>0.0 then be§1n vei=x[iless1]:=x[il;
—_— us=x[i]:su-m[iJ*v

end
olse ut=x[i):=x[i]-m{iJ*u;
ilessl:=i

end i;
viz=u:=h:=0,0;
for ii=n step =1 until 1 do
begin xi:=xLil:=(x[11-q[il*u-r[il*v)/p[il;
~vizu; ui=xi; hishexikxi;

end
h:=t,0/sqrt(h) ;
for i:=1 step 1 until n do z[i, jl:=x[il*h
end j
end trivectors;




LL12

procédurée” éigvectors(a,b,z,n); value n; integer n; array a,b,z;
begin integer i, j,k,iplusi,ck,ciplusi; real s,bi;
for j:=1 step 1 until n do
begin for i:=n-2 step -1 until 1 do
begin bi:=b[il]; ’ -—
if bi$0,0 then
begin 8:=0,0; iplusi:=i+1; ck:=ciplusi:=col[iplusi];
for ki=iplus1 step 1 until n do begin s:=s+z[k, jl*a[i+ck]; ck:=ck+k end;
s:=s/(bi*a[i+ciplus1]); ck:=ciplusi; -
for k:=iplus1 step 1 until n do begin z[k, jl:=z[k, jl+ali+ckl*s; ck:=ck+k end

end
end
end
end eigvectors;



LZ 01

GENERATE UNSYMMETRIC TEST MATRIX

procedure testmx(a,n); value n; integer nj; array a;

commen t

HUCC LIBRARY PROCEDURE LZ O1:
AUTHOR J, BOOTHROYD:

The prccedure generates matrices of the type described by T.J.Dekker,
Repcrt No. MR 63, Mathematical Centre, Amsterdam.
The matrices have the following properties :~
(a) elements a[i,j] are integers
(b) elements of the inverse, (—1)i+j*a[i,j],are also integers
(c¢) the degree of ill condition increases rapidly with n

(d) the determinant of all matrices is 1.

Computation of a matrix order 15 is possible on the 503 with a
39 bit register. As real matrices however the order of the largest
useable matrix should be restricted to that value of n(12) for which

all elements of the matrix have an exact floating point representation;

B . % WL g e N S



1z o1

procedure testmx(a,n); value n; integer n; array a;
il begin integer i,j,k,fi,gi,d,q,r;boolean oven; integer array f,g[1:n];
ccmme:t first we compute F = diag(fi); Yida
f[1].:n, Jji=n*n;
i;m i:=1 step 1 until n-1 do
bogin d:=i¥i; k:=j-d;
qi=fi div d; ri=fi-q*d;
FLi+l Ji=fi s=qkk+(r*k) div d

ond;
commeﬂ?nan now,using a modified prime factors algorithm to cbtain G = diag(gi) we compute
FG*1,whose clements roplacce those of F;
fcr i:=1 step 1 until n do

begin d:=gi:=1; q._ fis=fidl:  §i=2;

ple AN even:= false;
noxt: if q > j then

begin q:=fi div j;
if fifq*j then begin j:=j+d; d:=2; goto newj end;
if even then gi:=gi*j; even:= not even; g
ey fi:=q; goto next bl
ond;
glidi=gi: £flil:=£[i] div gi

ond~
comnenf flnally,ln ono operation (FG~1}HG where H is & non-existont Hilbert
matrix whose reciprocal elements ,i+j~1,are computed as we go;
for i:=1 stop 1 until n do
bogin fi:=f[i];
for j:=1 step 1 until n do
beein gi=elil; ki=itj-1;
qi=fidiviik; irs=fi=qrk:
ali,jl: q*g1+(r*g1) div k

ond
end
ond tostmx;




! MCO1l i

LEAST SQUARES POLYNOMIAL FIT

procedure LSQFIT(x,y,N,a,n); value N,n; integer N,n;

real array x,y,a;

comment

HUCC LIBRARY PROCEDURE MCO1l:

AUTHOR J. BOOTHROYD

Given the N+1 sample pairs (X(,y0),(X1,¥1) eees (Xgo¥N)
in arrays x,y[0:N] the procedure determines the

coefriclents “ayqas ;43 .vive@ of the nth order

nt+l
polynomial approximation

n

yiszay Thankk a3x2 T reaeats @K

ntl
obtained from applying the least squares principle to the

given data. The coefficients aj,87 esaes @ occupy

n+l
the corresponding element positions of a[l:n+l]. The
procedure uses SOLVE (LEO2) to obtain the solutions of the
normal equations. The matrix of coefficients of the
normal equations becomes increasingly ill-conditioned

as n increases, and it is recommended that the use of

this procedure be restricted to values of n < 63



! MCO1 ,
A SN

value N,n; integer N,n; real array Xx,y,a;

procedure LSQFIT(x,y,N,a,n);
real array b[1:n+1,1:n+2];

begin integer i, j,k,nplusi,nplus2; real p,q,xk;
nplusii=n+1; nplus2:=n+2;
for is=1 step 1 until nplust do
T begin bli,nplus2}:=0,0;
for j:=1 step 1 until i do bfi,jl:=0.0

£nd;
for k:=0 step 1 until N do
begin p:=1,0; xk:=x[k];
for i:=1 step 1 until nplus1? do
begin q:=1,9;
for j:=1 step 1 umtil i do
begin bli, jl:=bli, jl+p*q; q:=q*xk end;
bli,nplus2]:=bli,nplus2]+p*y[k];
p:=p*xk

end

end; o
for i:gﬁ_step 1T until nplusi do
for j:=i-1 step -1 until 1 do b[j,il:=b[i, j];
SOLVEQ(b,nplus1) ;
for i:=1 step 1 until nplusi do alil:=b[i,nplus2]

end LSQFIT;

p—
—



MCO2

Least Squares Linear Fit

procedure Linfit(N,x,y,a0,al,xm,ym); value N; integer N

real a0,al,xm,ym; real array x,y;

comment

HUCC LIBRARY PROCEDURE MCO2

AUTHOR : J.N., BAXTER

Given the N+1 sample pairs (xo,yo),(xl,yl)......(xN,yN)
in arrays x,y[0:N] the procedure determines the coefficients
a0 and al of the straight line approximation
y=al+alx
obtained from applying the least squares principle to
the given data. This is simpler than using procedure
LSQFIT(MCOl) with n=1 for this purpose,
The procedure also evaluates the arithmetic means,
sm and ym, of the contents of the arrays x and y
respectively, for the reason that the straight line of
best fit may be expressed conveniently as
(y-ym)=al(x-xm)
Should this not be desired, and the values of xm and ym
be of no interest, the procedure call can be such as
Linfit(N, independent variable, dependent variable,
intercept, slope, slope, slope)
so that the values of xm and ym in turn are assigned to the

variable slope and then overwritten by the value of alj



procedure Linfit(N,x,y,aC,al,xm,ym); value N;

integer N; real al,al,xm,ym; real array X,y;

begin real n,xi,yi,sx,sy,sxx,sxy; integer i,
? H ? s H ?

n:=N+1.0;. sxi=sy:=sxx:i= :+=0.0;

for i:=0 step 1 until N do

begin xi:=x[il; yi:=y[il;
sxi=sxtxi; sy:=sy+yi;
ond;
:=8x/n; ym:=sy/n;
al:=(n*sxy-sx*sy)/(n*sxx-sx*sx) ;

end Linfit;

XX :=SXX-+xi¥*xi;

a0:=(sy-al*sx)/n

SXy ¢ =sXy+xi*yi

MCO2




MCO3

Weighted Linear Least Squares Fit

procedure wt linfit(N,xk,yk,k,wk,a0,al,xm,ym); value N; integer N,k;

real xk,yk,wk,a0,al,xm,ym;

comment

HUCC LIBRARY PROCEDURE MC03
AUTHOR : J.N, BAXTER
In cases where a curve is to be fitted to sample pairs
(xi,yi) by means of a transformation into (£(x),f'(y))
and a linear fit on the functions, it is necessary to
weight the data so that the least squares approximation
obtain is that for the original x and y. This is a Jensen
procedure for the purpose, and k is the Jensen parameter
which is utilised in the procedure call. For example,
if f(x) = /x and £'(y) = 2n y with a chosen weighting
for each point of y*y the procedure call might be
wtlinfit(N,1.0/x[k],en(y[k]) ,k,y[k]+2)

to find:(cept,slope,meanfx,meanfy).
The procedure is also capable of an unweighted fit, if
the formal parameter wk is replaced in the procedure
call by 1.0, but an unweighted fit is more simply carried

out by procedure Linfit(MC02);



procedure wtlinfit(N,xk,yk,k,wk,al,al,xm,ym); value N; integer N,k; real xk,yk,wk,aC,al,xm,ym;

begin real w,X,yw,Xw,Sw,SXW,Syw, SXXW, SXyWw; "
SXW=SyW=SXXW:=8xXyw:=sw:=0.0;

for k:=0 step 1 until N do

begin x:i=xk; wi=wk; ywiz=yk*w; xwiz=x*w;
SXWI=SXW+XW; SyWI=Syw+yYwW; SWI=SWHW; SXXWI!=SXXW+X¥XW; SXyw: =sSXyw+yw*x
end;
XMI=SXW/SW; ym:=syw/sw;
al:=(swksxyw-sxw¥syw) /(swsxxw-sxw¥sxw); al:= (syw-al*sxw)/sw

end wtlinfit;



MCO4

Standard Deviation of Fitted Straight Line

~ xeal procedure Lindev(N,x,y,a0,al); value N,a0,al; integer N;

real a0,al; real array x,y;
comment HUCC LIBRARY PROCEDURE MCO4

AUTHOR : J.N. BAXTER

A procedure to evaluate the standard deviation of the N+1
data points.held in x,y[0:ii] from the fitted straight line
y=al0+alx. (The values of a0 and al supplied to this procedure
may be those calculated by Linfit(MCO2) or may be other
values, chosen at will, or derived from other work). |

To avoid the infinite value which would otherwise result
from the use of this procedure with 2(N=1) data points

the assignment Lindev:=5%1075 occurs. The procedure is

not protected from use with N=0 which case fails on a

sqrt error;



MCO4 l

real procedure Lindev(N,x,y,aC,al); value N,a0,al; integer N; real a ,al; real array x,y;

begin integer i,n2; real sum,dev;
sum:=0.0;
for i:= 0 step 1 until N do begin dev:=alO+al*x[i]~y[i]; sum:=sum+dev¥*dev end;

n2:=N—1;
Lindev:= (if n240 then sqrt(sum/n2) else 5.0,,75)

end Lindev;



MDO1

LOCATE MINIMUM OF FUNCTION f(x)

real procedure MINX(a,b,eps,x,fx,fval); value a,b,eps;

real a,b,eps,x,fx,fval;

comment

HUCC LIBRARY PROCEDURE MDO1:

AUTHOR  J. BOOTHROYD :

A procedure to locate the minimum of fx in the interval

a < x < b by the method of trisection, £x must be
monotonic decreasing from x=a to the position of the
minimum and thereafter monotonic increasing until x=b,

eps is an absolute tolerance and the procedure aims to
locate the minimum with an error less than eps. Whether

it succeeds will depend on how well the minimum is

defined taking into account the specified eps and the
precision to which fx may be evaluated for any given real
number representation. A relative tolerance delta may

be specified using the call MINX(a,b,(b-a)*delta,x,fx,fval).
On exit from the procedure fval yields the minimum value

of the function;



MDO1

real procedure MINX(a,b,eps,x,fx,fval); value a,b,eps; real a,b,eps,x,fx,fval;

begin real sep,fx1,fx2; integer d; switch s:=L,movea;

L: sep:=(b-a)/3,0; x:=a+sep; £x1:=fx; x:=b-sep; Ifx2:=fx;
if fx2=fx1 them begin d:=0; b:=b-sep; goto movea end;
d:=1;
if £x2>fx1 then b:=b-sep else movea: a:za+sep;
if sep>eps then goto L;

MINX:=x:= if d#0 then atsep else (a+b)/2,0; fval:= fx
end MINX;



MG 01

CONVERT SEXAGESIMAL ANGLES TO RADIANS

real procedure sexrad(deg,min,sec); value deg,min,sec;

integer deg,min; real sec;

comment  HUCC LIBRARY PROCEDTURE MG 01:
AUTHOR J. BOOTHROYD:

Converts angular measure in the sexagesimal (360,60,50) system

to radians;

MG 02

CONVERT RADIAN ANGULAR MEASURE TO SEXAGESIMAL UNITS

procedure radtosex(rad,deg,min,sec); value rad;

integer deg,min; real rad,sec;

comment  HUCC LIBRARY PROCEDURE MG 02:
AUTHOR  J. BOOTHROYD:

Converts angular measure in radians to degrees, minutes and
seconds in the sexagesimal system, The result is correctly

rounded to two decimal places of seconds;

MG 03

CONVERT CENTESIMAL ANGLES TO RADIANS

real procedure centrad {deg,min,sec); value deg.,min,sec;

integer deg,min; real sec;

comment  'UCC LIBRARY PROCEDURE MG 03:
AUTHOR  J. BOOTHROYD:

Converts angular measure from the centesimal (400,100,100) system

to radians;



MG 04

CONVERT RADIAN ANGULAR MEASURE TO CENTESIMAL UNITS

procedure radtocent(rad,deg,min,sec); value rad;

integer deg, min; real rad,sec;

comment  HUCC LIBRARY PROCEDURE MG 04:
AUTHOR  J, BOOTHROYD:

Converts &ngular measure from radians to centesimal (400,100,100)

units. The result is correctly rounded to two decimal places of seconds;

MG 05

COMPUTE DISTANCE AND GRID BEARING

procedure bearing(x,y,r,t); value x,y; real x,y,r,t;

comment  HUCC LIBRARY PROCEDURE MG 05:
AUTHEOR  J. BOOTHROYD:

Computes r, the length, and t, the clockwise radian angular bearing
from north of 2 line joining the origin (®,0) to the point (x,y).
For the bearing and length of a line joining (x1,yl) to (x2,y2) use

the call bearing (x2~xl,y2~yl,r,t);

MG 06

procedure polar (x,y,r,t); value x,y; real x,y,r,t;

comment  HUCC LIBRARY PROCEDURE MG 06:
AUTHOR  NATIONAL PHYSICAL LABORATORY:

Computes the polar coordinates r,t corresponding to given x,y

Cartesian coordinates;



MG 07

COMPUTE POINT OF INTERSECTION FROM ANGLES

procedure intang(xl,yl,a,x2,y2,b,x,y); wvalue x1,yl,a,x2,y2,b;
realexl ylya x2,2bsx,v3

comment  HUCC LIBRARY PROCEDURE MG 07:
AUTHOR  J. BOOTHROYD:

&

-4

Compites the coordinates of the point of intersection of the lines
through (x1,yl),(x2,y2) which make angles, with respect to the line

12,0f a and b radians respectively.

P
A
b

1 (x2,y2)

(x1y1)
The following convention of signs must be observed.
Positive angles a are those swept out by closing the line 1P onto
12 rlockwise.
Positive angles b are those swept cut by closing the line 21 onto

2P clockwise.

The formulae used are:

3 ((x2~xD)cot(a)~(y2-y1))
® cot(a)+cot(b) i

((y2~y1)cot(a)+(x2~-x1))
cot(a)+cot(b)

+yl



roal’ Lroceaure soxrad(deg,min,sec) ; value deg,min,sec;

1ntogor Jng,mln, real sec;

bogln soc:= ({soc/60 0+n1nD/60 .O+abs(dog)) *0 ,0174532925 ;
r'e"»cra.c.::lf. dog<0 thon -sec olse soc

222 sor¥rad;

proccduro ruutosex(rad,deg,min,sec); value rad;
Jnteger dog,min; real rad,sec;
Begin reel x;
Xs= abs(rad)/0.0174532925+0.00000139;
dag:= eatier(x); x:= (x-deg)*60,0;
if rad<”.,0 thon deg:=-deg;
ming= entler(x) soec:=(x~-min) *60 ,0*100C ,0;
soc::entler(sec)/100.0
ound radtosox;

real Brocacure contrad(deg,min,sec); valuc dog,min,sec;

1n»ogor ceg,min; real sec;

bogln seci=(C30c/10( 0. O+m1n)/100 O+abs(dog)) *0 01570796327 ;
centrad:= if deg<0 then -sec else scc

ond contrad; T,

procodurae rautrcert(rad,deg,min,sec) ; value rad;
1n e-:cngm‘ uog,nvn L‘?ﬁ; rad,sec; ]
b@*ln real x;
Xz abﬂ(rad)/o .01570796327+0 0000005 ;
Jog:= entiex(x); x:=(x-deg)*100.0;
if rad<C.0 then degi=-deg;
Tin:= enclex?ET ooc'—(x—mwn)*noo O*¥100 ,0;
sec::on01or(sec),100.0
ond radtocent;

MG 02

MG C3

MG 04




Procecure bearing(x,y,r,t); value x,y; real X,y Tt
begin real pi,piby2; pi:=3,141592654; piby2:=1.570796327;
ri=sqrt(xix+y*y) ;
:i.i r=0,0 then t:=0,0
; else begin t:= if abs(x)<abs(y) then arctan(x/y)
else piby2-arctan(y/x);
yi=X+y;
if y<0.0 or x<0.,0 then ti=t4pi;
if y>0,0 and x<0,0 then t:=t+pi
end L
ond bearing;

procedure polar(x,y,r,t); value x,y; real x,y,r,t;
g;%;x; rcal pi,piby2; pi:=3,141592654; piby2:=1,570796327;
: ri=sqrt(x*x+y*y) ;
if r=0,0 then t:=0,0
else begin t:= if abs(x)<abs(y) then piby2-arcten(x/y)
else arctan(y/x);

X:1=X+Y;
if x < 0.0 or y<0 then t:=t+pi;
if x > 0,0 and y<0 then t:i=t+pi
end g
oud polar;

procedare intang(xi,yl,a,x2,y2,b,x,y); value x1,yl,a,x2,y2,b;
real x1,yl,x2,y2,a,b,X,y; '
begin a:=1.,0/tan(a); bi=a+l ,0/tan(b);
x2:=x2-x1; y2:=y2=-y1;
x:=(x2%a~y2) /b+x1 ;
y:=(y2*%8+x2) /b+yl
end intang;

MG 05

MG 06

MG 07




MG 08

COMPUTE POINT OF INTERSECTION FROM BEARINGS

procedure. intbrg (x1,y1,bl;x2,y2,b2,x,y); value x1,yl,bl,x2,y2,b2;
reall “x1 . 515bid 22 5v2, b2 %53

comment HUCC LIBRARY PROCEDURE MG 08:
AUTHOR  J. BOOTHROYD:

Computes the point of intersection of the line,bearing bl,

through (x1,yl) with the line, bearing b2, through (x2,y2).

Z (x,y) 1
: .
Gl e Esz
(22,52)

This procedure uses MG 05, procedure bearing, to compute the
bearing of the line joining (xl,yl) to (x2,y2). The base angles
of the triangle are then computed and the point of intersection

evaluated by the method of MG 07;



MG 09

THREE POINT RESECTION BY ANGLES

procedure resectlxl vl al x2.v2 a2,%3,v3,a3, X,y 8cale fail);

valuewxl vl al ac? ;y2 ;a2 ;%3 ,y3,a3 ,5cale;

real x1,yl,al,x2,y2,a2,x3,y3,a3,%x,y,scale; label fail;

commen t

HUCC LIBRARY PROCEDURE MG 09:
AUTHOR  J. BOOTHROYD:

Computes the coordinates xy of the point of intersection P of the
lines P1,P2,P3 from the angles sl,a2,a3 (in radians) where al,a2,a3
are measured clockwise from a reference observation line to the lines

P1, P2 and P3 respectively.

The RO line may coincide with the line Pl, i.e., al=0.
The points may be in any order with respect either to themselves or
to the resected point P, The procedure rejects all geometrically
impossible configurations by an exit to the label fail, and special
steps are taken to preserve accuracy in the numerically difficult
configurations.
The procedure is based on the formulae:-

x-xl=tan “1(y-yl)

x~x2=tan b2(y-y2)

x-x3=tan b3(y-y3)

b2=bl+(a2-al), b3=bl+(a3-al)
where bl,b2,b3 are the grid bearings of the lines P1,P2,P3.
From these may be derived the formula

tan(bl)=((x2~-xl) cot(a2-al)—-(x3~xl) cot(a3~al)+(y3~yl))
((y2-y1l) cot(a2-al)~(y3-yl)cot(a3~al)-(x3-x1))

As is well known to surveyors, the case in which P,1,2,3 together form

a cyclic quadrilateral is indeterminate. Mathematically this case yields
tan(b1l)=0/0. Near cyclic cases also produce large inaccuracies and

are detected by evaluating the nuwerator and denominator of the expression
for tan(bl) separately. The parameter scale has been provided for this
case. The value given to scale should be twice the distance from the
approximate centre of the known peints to the most distant known point.
The procedure computes 5% of this value and if both numerator and denom-

inator are less than 0.05%scale a cyclic case is assumed;



prococuro resect{xl,yl,al ,x2,y2,a2,x3,y3,a8,x,y,scale,fail) ;
value xi,yl,al ,x2,y2,22,x3,y3,a3,scale;
roal ¥1,yt,al ,x2,y2,22,x3,y3 ,a3,X,y,8cale; lebel fail;
bcgln real t,ir,ops; boolean a2zero,adzero,absa2,absad; switch s:=L2,13,donc;
2£§29§2£2 solvo(x1,y1,x2 y2,al,a2);
value x1,yl,x2,y2,a1,a2; real x1,yl,x2,y2,a1,a2;
vogin v2i=(y2*a2-x2) /(a2-a1);
i xi=y2%al+x1; yi=y2+yl
end sclvo;
eps.:U ﬁs*scale
x3:=x3~x2; y3:=y3~-y2; a3:=a3-al;
®2:=x2-x1; y2:=zy2-yl; a2:za2-al;
adzer>:=a3=0,0; a2zero:=a2=0,0;
1; a2zoro and a3zero then goto fail;
1f a3zaro then
be an a2:=1 1.0/tan(a2) ; if abs(a2)>,5 then goto fail;
Li=y3+y2;
if 0.0 then begin y:=0,0; x:=a2*y2+x2+x1; goto done end
else begin a12=(x3+x2)/(y3+y2) goto L2 end T
end ‘ jiAse
1i a2zero then
225;‘;1 a3:=1.0/tan(a3) ; if abs(a3)>p5 thon goto fail;
if y2=0,0 then begin y:=0.0; x:=ald*y3+x3+x2+x1; goto done ond
Nl olse begin al :=x2/y2; goto L3 cend SN U
end; ] ¥k

Ta2:=1,0/ter(a2); a3:=1.0/ten(a3d); absa2:=abs(a2)>,5; absa3:=abs(a3)>y5;

}; aksa2 anc absa3 then goto fail;
Ef absa3 then
begln t._y3+y2,
S if ©=0.0 then begin y:=0,0; =x:=a2*y2+x2+x1; goto done end
olse begin al:=(x3+x2)/(y3+y2); goto L2 end
end; s P
if if abea2 then
bogin if 32—0 O then begin y:=0,0; x:=a3*y3+x3+x2+x1; goto done end
else be begin al:=x2/y2; goto L3 end
ond;
ti=(x*a2-(x3+x2) *a3+y3) ; r:_(yz*az—(y3+y2)*a3-x3);
if sbs(t)<eps and abs(r)<eps then goto fail;
a1::t/r
L2:  a2:=(1.0+a2%al)/(a2-al); solve(xl,yl,x2,y2,a1,a2); goto done;
LT: a3:=(1.0+a3*al)/(a3-al); solve(x1,yl,x3+x2,y3+y2 a1,a3)
donos: ggg rcesect;

i Mz 0O ‘
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MG 10

MULTIPLE POINT RESECTION FROM ANGLES

procedure avresect(obs,n,scale,x,y); value n,scale;

real scale,x,y; integer n; array obs;

comment

HUCC LIBRARY PROCEDURE MG 10:
AUTHOR  J, BOOTHROYD:

The minimum number of known points necessary for the evaluation of

the coordinates of a resected pecint is 3, Where the number of known
points exceeds 3 some method of obtaining the best estimate of X,y
from all computed values of x,y is required. This procedure computes
the weighted mean of all calculations based on the selection of all
possible combinations of 3 points selected from n points, using the
procedure resect (MG O9)n33 times, The array obs[l:n,l:4] contains
the observational data for the n observations, For the rth observation
X. ¥ 2 and weighg_should be provided respectively in obs[r,1l],
obs[r,2], obs[r,3] and obs[r,4]. TFor a resection based on points
i,j,k with respective weights wti,wtj,wtk a group weight wtitwtjtwtk
is assumed. The parameter scale is used to reject near cyclic cases
for details of which see the description of MG 09. For angular errors
of the order of 1 second the procedure accuracy over eight (difficult)
points is of the order of .0001 unit with a scale of 100 units.

This means an accuracy of .1 yd for resections over distances of
100,000 yds. The errors are approximately linear with angular error

and will increase if the number of observations decreases;



procedure intkrg(xi,yl,b1,x2,y2,b2.%x,7); valuo xi,y1,bl,x2,y2,b2;
real x1,y1,bl,x3,72,b2,x,y; x
begin real r,t;
X2:=x2-x1; y2:=y2-yl;
bearing(x2,y2,r,t) ;
b1:=1 .0/tan(t-b1);
t:=L1+1 .,0/tan(3.141592654+b2-t) ;
x:=(xX Dbl -y2) /t4+x1 ;
y:={y2%b14+x2) /t+y1
252 intbrg;

NG 08

procedure avresoct{ovs,n,scale,x,y); valuc n,scale;
roal scale,x,y; intogor n; array obs;

~MG10

bogln 1ntegor A,0.K;
roal sn,sx,ey,xt,yl,al,x2,y2,a2,xx,yy,wti,wtj,wt;
switch s:=loop;
Sne ‘i;'—sy:=0 G
for i:=1 stop 1 until n do
beb;n Y1::ObPL1,1] y1::obs[1 2}; al:=obs[i,3]; wti:=obs{i,4];
dor j:=i+l step 1 until n do
bogin xZ:zobsfj,1]; y2:=obs[j,2]; a2:=obs(j,3]; wtj:=obs[j,4];
for ki:=j+1 step 1 until n do

kozin resect(xl,yt,a1,x2,§§7a2,0bs[k,1],obs[k,zl,obs[k,B],xx,yy,scale,loop);

wtizwti+wtj+obelk,4];
Sni=sSn4wt;
SXi=sX+Wt*xx;
sy :=sy+wt*yy;
loop: end k
OI.‘d J ;
erd i;
11 sn#( thon bogin x:=sx/sn; y:=sy/sn ound
fu.se grln“ punch(3) ,221?RESECT ERROR?,wait
ond avroesoct;

ot gl



MG 11

THREE POINT RESECTION FROM DISTANCES

procedure distresect(xl,yl,dl,x2,y2,dZ,x3,y3,d3,x,y,fail);
viidue xl,yl,dl;%2.%2,d2 %3 ,¥3,d43;
real wiowl sdl k2, w202 %3 vl d3 oy label fail;

conment HUCC LIBRARY PROCEDURE MG 11:
AUTHOR  J. BOOTHROYD:

Computes the coordinates of a resected point P from the distances
d1,d2,d3 from P to known points (xl,yl),(x2,y2),(x3,y3). This
procedure has been written to provide assistance to those making

use of telurometery.

The equations are (x—-xl)2+(y-—y1)2 = dl2
(x-x2) 24 (y-y2) % = 422

2 al 2

(x=%3) "+(y-y3)~ = d3

from which twe linear equations in x and y may be obtained by

>
subtraction in pairs. If the data provided results in a zero
determinant of the two linear equatioms the procedure exits tc the

label fail;



MG 12

MULTIPLE POINT RESECTION USING DISTANCES

procedure avdistresect(cbs,n,x,y); wvalue n;

integer ny real x,y; array obs:
3 (B 979, ______l ’

comment HUCC LIBRARY PROCEDURE MG 12:
AUTHOR  J, BOOTHROYD:

This procedure evaluates the coordinates x,y of a resected point

as the weighted mean of all computations based on the use of all
combinations of 3 pcints selected from n observations, using distances
in all cases. The procedure disresect (MG 11) is called nCB times.
For the rth observation the data %r;yr,dr,weightr should occupy
obs[r,1], obs[r,2], obs[r,3], obs[r,4] respectively of the

array obs[lin,l:4],

For a computation using observatio-nc i,j,k with respective weights

wti,wtj,wtk, a group weight wtitwtjtwtk is assumed;



proceduro distresect(xi,yl ,dt,x2,y2,d2,x3,y3,d3,x,y,£ail) ;
value xi,yi,dt ,x2,y2,d2,x3,y3,d3;
real k1,y1 i1,xz,y2 d2,x3,y3,d3,x,y; label fail;
begm zeal ait,al2,a21,a22,bi,b2,dot; e EEE
alls=(x2~x1) ; al2:=(y2-y1) ;
321:=(x3~xn), a22:=(y3=~y1}; di:=di*di;
o1 :=(a1t *(x2+x1) +al1 2%(y2+y1) ~d2*d2+d1 ) /2.0;
p2s={asl *(x3+x1) +a22%{y3+y1)-d3*d3+dl) /2.0;

Cetei=ali *a22~221*al 2;

if det=0,C then goto fail;

Fe=(a22%b1 ~a 5T Fb D) Jdot ;

yi={al1*b2-a21%b1) /dot
£nd disvresect;

Frocedurc aviistrescct{obs,n;x,y); value n;
real x,y; intogor n; array obs;
begin snlopes wogak;
real sn,sx,sy,x1,yl1,dl ,x2,y2,d2,xx,yy,wti,wtj,wt;
Svitch s:=loop;
eni=sLi=8ys=( .0;
for i:=1 step 1 until n do
heg*n %l z=obs[i,11; y1c_oos[i,2}; dl:=obs[i,3]; wti:=obs[i,4];
for j::1+i stcp 1T until n do

begir x2:=obs[j,1]; y2:=obs[j,2]; d2:=obs[j,3]1; wtj:=obs[j,4]1;

P

for ki=j+1 step 1 until n do

Eegln distresect(xl,yl ,dl Azgyzad? ovsfk,?3,obs{k,2],0bs[k,3] ,xx,yy,lcop) ;

wtizwti+wtjtobsik,41;
sni=sn+wi;
sXiz=sx+widxxy;
sy:=sy+wt*yy;

ioop: end k

ond J
end ij;
if sn&" then begin x:=sx/sn; y:=8y/sn end

elte prlnt punch{3) ,££1?DISTRESECT ERROR?,wait

end avdistresect;

l MG 11 l
_l,

MG 12

il



MG 13

THE INACCESSIBLE BASE PROBLEM

procedure farbase(xa,ya,xb,yb,aa,ab,ba,bb,xl,yl,x2,y2);

value xa,ya,xb,yb,aa,ab,ba,bb;

real xa,ya,xb,yb,aa,ab,ba,bb,xl,yl,x2,y2;

comment

HUCC LIBRARY PROCEDURE MG 13:
AUTHOR  J, BOOTHROYD:

Solves the problem of the inaccessible base.
(xb,yb)

(x2,v2)

(x1,y1) and (x2,y2) are stations whcse coordinates are required.
(xa,ya),(xb,yb) are stations whose coordinates are known.
aa,abh,ba,bb are angular cbservations from (xl,yl) and(x2,y2) on
(xa,ya) and (xb,yb) using the angular sign convention of procedure
MG 07. Standard survey computational methods would compute the
tangent c¢f the engle of inclination of 1line a,b to line 1,2 and,
from the computed bearing of 1,2 and the measured angles deduce

the bearings of all other lines. This would provide sufficient
information to evaluate x1,yl,x2,y2 using procedure MG 08, This is
not the best method if automatic computing facilities are available.
Using the formulae described in procedure MG 07 we obtain the four

equations :-

xa = ((x2-x1)cctaa~(y2-yl))/(cotaa + cot ba)+xl
¥b = ((x2-21)cot ab-(y2~yl))/(cot ab+cot " )+xl
ya = ((y2-yl)cot aa+(x2—;1))/(cot aatcot ba)+yl
yb = ((y2-yl)cot ab+(x2-21))/{cot abtcot Hk)+yl

which, rearranged yields feur linear equations in the four unknowns
xl,y1l,x2,y2. This procedure computes the coefficients of the linear

system and calls on LE 02 (SOLVEQ) to obtain the solution;:



procecure farbaselxa,ya,xb,yb,aa,ob,babh
PiooCu s

value
Dby

xa,ye,xb,yb,aa,ab,ba,bb;

real xa,ya,xb,yb,an ab ba,ob,ﬁu,y1 x2,y2

bev1n

Plaiast - Kot

real aaba abbb array Al1:4,1:57;
? y b

aa::ﬂDJ/tan(aa) ab:=1 ,0/tan{ab) ;

bas=1 .O/tan(ba), bbe=1 cO/tan(bb) ;
aabai=aa+ha; abbb:=ab+bb;
A[1,7i7:=A¢3,:1:=ha; A[2,1]
Al1,3]:=A(3,4]:=aa; A[2,3]:=
Al1,20:=p72,2]:=A[3,3]:=A[4,3 <0
Al1,43:=A02,4]:=A[3,1]1:=A[4,1 -1 .0;
A1 ,5):=xa*xasba; A[2,5]:=xb*abbb;
Al5,5):=ya*azba; A[4,5]:=yb*abbb;
SOLVEQ(A ) ;

0 —
o=
°
.

lI |l

=AT4,2]:
4[4 473:
Joo=1t.05
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"x1:=A01,5]; y1:=A[2,5]; =x2:=A[3,5];

enc farbase;
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3-DIMENSIONAL COORDINATE GEOMETRY AND VECTOR ARITHMETIC PACKAGE

The procedures of this package are collectively designated as Glé4,
No provision is made for copying individual procedures into user's

tapes since these are brief enough to be re-written as required.

comment HUCC LIBRARY PRCCEDURE MGl4:
AUTHOR : B, ROBINSON:
The point P(x,y,z) in three dimensional space has one-to-one
correspondence with the vector-siwhich has components x,y,z
parallel to the three mutually perpendicular coordinate axes
respectively. In these procedures the vector—§>(which may be
visualised as the directed line-segment OP from the origin
to the point P) is represented by an ALGOL array of three
elements, which is declared thus
real array V[1:3];
The elements of this array are the components of the vector,
V[l]l=x
V[2]l=y
V[3]=z
In procedure calls the vector is referred to as V[jl.
The subscript j must be declared as an integer and the
declaration must be valid for all blocks in which these
procedures are employed. Inside the procedures j is assigned

the values 1,2, or 3 as needed for operations on the components

of the vector. OQutside the procedures j should not be used.

The procedures make extensive use of the ALGOL facility

of calling by name. This is convenient because it makes possible
the use of linear exp;essions of vectors as actual parameters in
procedure calls, and the uée of arrays of vectors or individual
vectors. For example, a two-dimensional lattice of vectors with
typical element Lmn would be declared as

real arrav L[OLsuly 22:u2, 1:3]
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and any individual vector of this lattice could be referred to in a
procedure call as L[m,n,j].
The result of this is that the text of the program will be conveniently

reminiscent of vector algebra.

VECTOR ASSIGNMENT:

procedure make(yj) equal to:(xj); xeal xj,yj;

Examples ¢ make(V2[j],V1[i]); effect is "V2:=V1"
make(V3[j],V1[j] + V2[iD); "V3:=V1+V2"
make(V2[j]1,V1i[jl*sc); "V2:=Vlkgc"

make (M[j],(A[§1+B[}]) /2.0);
This finds the midpoint of the line~segment AB
effect is "M:=(A+B) /2"
make (G[1], (A[J1+BL51+C[31) /3.0) |
This finds the centroid of the triangle ABC,

effect is "G:=(A+B+C) /3"

MULTIPLE VECTOR ASSIGNMENT:

Pretviectam it At LA S e

procedure make both(yj) and:(zj)equal to:(xj); real xj,yj,zj;
Example: makeboth(V[6,j],temp[i],V2[j]-V1[j];

effect is "V[6]:=temp:=V2-V1"

DOT PRODUCT OF TWO VECTORS:

real procedure dot(xj,yj); real xj,yi;

The procedure takes the value of the scalar product of the two wvectors.
Example: s=dot(V1[j]1,V2[i]);
If the dot product is zero, then the two vectors are perpendicular

or else one is a zero vector.
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LENGTH OF A VECTOR:

Xeal procedure length(xj); real xj;
NOTE: uses procedure dot.
Examples : The length of the vector V from the origin is found by
r:=length(V[j]);
The distance between the ends of the vectors V1 and V2 is
found by r:=length(V2[j]-V1[il]);

COSINE OF THE ANGLE BETWEEN TWO VECTORS:

real procedure cosang(xj,yj) escape label : (fail);
real xj,yj; label fail;
The procedure takes the value of the cosine of the angle subtended
at the origin by the two vectors. If either vector is of zero length
then the angle is indeterminate and the procedure exits to a label,
Example: csthetas=cosang(V1[j],V2[j],fail);
To find the cosine of an angle not at the origin the call by name is
so arranged as to simulate a change of origin to the apex of the angle.
Thus where the angle /ABC is represented by the three vectors aljl,
b[j] and c[}],

csthetai=cosang(a[jl-b[jl, c[j]l-b[j], fail);

NOTE: wuses procedures dot and length.

VECTOR OF UNIT LENGTH PARALLEL TO A GIVEN VECTOR:

procedure unit(nj)parallel to:(xj)escapne label: (fail);

xeal nj,xj; label fail;

Example: unit(V[{j],V[j],fail); converts the vector V into

a unit vector in the same direction. The procedure will exit by the
label if the vector given to it has zero length.

NOTE: wuses procedures dot and length
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CROSS_PRODUCT OF TWO VECTORS:

procedure cross(xj,yj) is written into:(zj);'gggl Xj,¥is23;

Exaﬁple: cross(V1i[jl, V2[31, V3[il): effect is "V3:=V1xV2"

The direction of V3 is perpendicular to the plame in which V1 and V2 1lie.
If V1 and V2 are parallel vectors then V3 will be a zero vector. If V1
lies along the x-axis and V2 lies along the y-axis, then V3 will 1ié
along the z-axis in accordance with the convention, this may be expressed
by the statement that right-handed coordinates are used (remember that

V1xV2=-V2xV1) .,

VECTOR OF UNIT LENGTH PERPENDICULAR TO TWO GIVEN VECTORS:

procedure perpunit(nj) perpendicular to:(xj,yj) escape label:(fail);
real nj,xj,yj; label fail;
Example: perpunit(n[j],V1i[jl,Vv2[3j]);

NOTE: uses procedures dot, length, unit and cross.

BOX PRODUCT OF THREE VECTORS:

real procedure box(xj,vj,zj); real xj,yi,zj;

The procedure takes the value of the scalar triple product of the
three vectors. If the three vectors are coplanar with the origin
then the product is zero. It can therefore be used to test whether
any four points are coplanar, by evaluation of

q:=box(a[jl-b[j]l, c[3]-blj], d[jl1-b[j]);

NOTE: uses procedures dot and cross.
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comment vector procedures;
procedure make(yj,xj); real xj,yj; for j:=1,2,3 do yji=xj;
procedure makeboth(yj,zj,xj); real xj,yj,zj{ for j:=1,2,3 do yji=zj:=xj;

real procedure dot(xj,yj); real x3,v3;

begin real t; t:=0,0; for j:=1,2,3 do t:=t+xj*yj; dot:=

end dot product;

real procedure length(xj); real xj; length:=sqrt(dot(xj,xj)) ;

real procedure cosang(xj,yj,fail); real xj,yJ; label fail;
begin real d; d:=length(xj)*length(yj); if d=0,0 then goto fail;

cosang:= dot(xj,yj)/d

end cos angle;
—

procedure unit(nj,xj,fail); real nj,xj; label fail;
begin real d; d:=length(xj); if d=0,0 then goto fail;
for j:=1,2,3‘gg nj:=xj/d

end unit;
A

procedure cross(xj,yj,zj); real xj,yJ,zj;
93513‘5251 x1,x2,x3,y1,y2,y3;
J:=1; x1:=xj; yli=yj;
Ji=2; =x2:=xj; y2:=yj;
J:=3; x3:=xj; y3:=yj;
2Ji=X1*y2-x2%y1; j:=2; zj:=x3¥y1-x1%*y3;
Je=1;  zji=x2%y3-x3%y2

end cross product;

procedure perpunit(nj,xj,yj,fail); real nj,xj,yj; label fail;
begin array al1:3]; cross(xj,yj,aljl); unit(nj,aljl,fail) end;

real procedure box(xj,yj,zj); real xj,vi,zj;

begin array a[1:3]; cross(xj,yj,aljl); box:= dot(aljl,zj)

end box product;
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COMPUTE FOURIER COEFFICIENTS

procedure fourier(f,a,b,n); yalue n; integer nj real array f,a,b;

comment

HUCC LIBRARY PROCEDURE MHO1:

AUTHOR: J. BOOTHROYD

Evaluates the coefficients of the Fourier expansion of

a function f(x) specified at the n sample points
£F[01,£[1], e«4sesy £[n-1], n may be odd or even and

on exit from the procedure the arrays a,b[0O:n div 2]
will contain the cocfficients appropriate to either case
as follows:-

n even (n = 2N)

N-1
f(x)=a[0] + I(a[kl*cos(kmx/N)+b[k]*sin[knx/N))+a[N]cosmx
k=1
with b[O] = b[N] = O.

n odd (n = 2N+1)

N
f(x)=a[0] + I(a[k]*cos(2nkx/n)+b[k]*sin(2rkx/n)),
k=1
with b[0] = 0.
The algorithm uses the recurrence relations described

in R, W, Hamming ~ Numerical Methods for Scientists and

Engineers, page 72,



procedure fourier(f,a,b,n); value n; integer n; real array f,a,b;

begin integer ndiv2,k,m; real c¢,s,vk,vi,uld,ul,um,t,ck,nby2;
ndiv2:= n div 2; nby2:= n/2; ¢t:= 6.,2831853/n;
c:= cos(t); s:= sin(t); vk:= 0.0; vi:i= ~1;

for k:= 0 step 1 until ndiv2 do

begin t:= c*vk; cki= t-vi1; vi:= vk; vk:i= ck+t;
t:= ck+ck; u1:=0.0; umi= f[n-1];

for m:= n-2 step -1 until 1 do

begin u0:= utl; uii= um; um:= t*ui-ug+fim] end;

alkl:= (ck*um-ul+£[0])/nby2;
blk]:= s*v1*um/nby2

end;

alul:=:al: }/2.0: if ndiv2*2=n then

begin alndiv2]:= alndiv2]/2,0;
bndiv2]}:=0.0

end

end fourier;
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SUM _FOURIER SERIES

- real procedure sumfourier(a,b,n,x); value n,x; rea<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>