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Laplace transforms are used to solve the diffusion equation 

for hole flow in the base of a junction transistor. Current transfer 

functions are dertved,'for a planar9 homogeneous base transistor. In 

normalized formg 

Common Base Common Emi tter 

Cosh ~ ." ~ 
L 

P 

~ressions are obtained for the inverses of these functions tor 

steps of' input currento In agreement with experimental results)! a delay 

is round in the eommon base response o This leads to a modification of 

the rise and fall time equations of Ebers and MollC) The common emitter 

switching times are found to agree quite well with Ebers and MOll. 

The storage times are found by breaking up the solution into its 

forward and reverse components and using the common base transfer £unc

tion for eacho This gives a storage coef,ficient involving ~~ ~, I3N, 

~I.9 6-' N9 and ~ I which can be put approximately in the form. of Ebers and 

Molllls resulto The effect of ~I on storage time is noted G 
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TRANSIENT RESPONSE OF JUNCTION TRANSISTORS-",,! 

INTRODUC TION 

The flow of minority carriers in a semiconductor is governed 01 
the same diffusion equation that describes heat now except that a 

minority carrier can recombine with s majority carriero In this paper 

we shall follow the convention.al pract,ica of considering the minority 

carriers to be holes~ and the tr.ansistor to be pnp& The equations tor 

electrons can be obtained by replacing p by nand q by -q~ The 

continuity equation1 

(1) 

states that in a slab of mli t area and wid'th dx5) the number of holes 

entering minus those leaving per second<9 minu~ the number recombining 

per second equals the rate of gro~h of' t,hi@ hole density", The transport 

equation states that the numbeT of hol,9s passing through the slab in a 

second is Dp9 the diffusion constant~ times the slope of the hole 

density~ 

q 

We now differentiate (2)£) substittJ.te this in (1) and obtain the dif .... 

fusion equatioD.o 

dp(X;9t) 

(2) 

(3) 

This is a one=dimensi@nal diffusion equation in which all hole flow is 

considered to be parallel and the emitter am eollector to be planar 

and parallelo The assumption here is somewhat like neglecting fringing 

in a parallel plate capacitor 0 To sol va this partial differential 

equation we take the. Laplace transform 'With respect to timeo 



,d2~(s,x) p(s$x) 
D 2 - ,. , - s.P{s~x) ... p(x,() (4) 
P. u "fp 

To facilitate solutiQnp(xsO)is set tG Ara" which means that the 

solutio. 'will start from rest and rise to the final value. .B:tuation (4) 

may b~ put in the £onn 

with solution& 

d2p(Sgx) , 

dx2 

s .1-' ·21'p 
where r - --..DlI!"'p ........... -

p(s,X) - !\ Slnhf7 x • B Cosh rx 

COMMON' BmAC,TIVE SOLUTION 

To make this transient solution fit physical problems we must 

(,) 

(6) 

add or subtract it from another solution which represents the initial 

con~ tiona 0 This may be thought of as two transistors in parallel, one 

representing the initial conditions and the other the transient solutiono 

I (0) 
e 

I 
e/ 

I 
n 

)(=0 

I (0) 
c 

i(t~w) 
~ 

i c 
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The hole density plot is a useful device for visualizing the transient 

respons6 o 
2 By (2) the c'P..1l-rent is proportional to the slope of the hole 

densitY's Equation (,3) shows that in the steady state$) any curvature is 

due to recombination.o 

Bmitter efficienlOY.9 ~N 9 i~ the ratio of the hole current at x ID 0 

to the current in the emitter leadoIt is a funotion of the emitter hole 

density but will be assumed to be ~onsf~ant in this analysiso 

L __________ _ 

The above diag:ram represents the ai"fect 0:£ t,he emitter efficiencyo Only 

the fraction tr,.v . of' the ~0t'Ua.l end.tte:fC' (m.rren~ re.'Ilches the emitter of 

the ideal transistoro The vert.ical l:Lnt:~s are elect,ron current to make 

the device obey Kirchoff 0 ~ current la-w:o 

In the acti va regi.on the coll(l~ct,or is reverse biased and the hole 

den,sity there is zero" Thus the boundaJr."Y ~otlditions on (6) are 

!P(S9W) IS 0 

(I(St?O) 8 ;rN!.::~ 
~ 

The constants A and B may be found g.i..<'llng 

The collector current is obtained by applying (2) to (8) and setting 

x filii Wo 

(8) 



The·inversion·of t1p..s·Laplace transform if the solution for· the 
.• . '.. . ." .' "!., ... . ". 

collector eurrent asa f~ction oft1me. .'1'0 do this we mt1Stexpand (,,) 

'in apart!&! fraction 8Xp,\llSion wlrl.ehis actuaii,. done b7 finding the 

residue a t each pole ~ To facilitate the solution two theoremsrrom 

Laplace transform theory ~ll be used; the shift or poles in the s plane, 

and the time seale change.3 

Replaeings 'by s _..b. in the a domain multiplies in the' . time 
.' ~p D 

domainp- exp(- ;'lo Multiplying Sb7T in thes domain muitiplies' 

t by+ :!.nthe uie domain. WI 

P 

t .. , I 
~~ -I ,~. e ~N 

1(t,w)·. r 01.. 1: I 2 
s ,(. -?,:J Cosh -r/ r 

p 

2 
\v where I) III" "'"lr'" S 

" 2 
Lp -n 1: pp 

.p 
D 

'1' •. --l t 
w 

2 
'This has 'poles' at ~ • w 2 and Cosh .Jr = Cos~ =0 

LP 
or \ ('&+'1;'.'2.2.

2 
01 !l' ' .. · ... ···.( .. 11' ') 'I = " ... '2 ,'.' :I 1f J -:2 n· : 9' 9 0.. .' 

L p 

Figolftlis a plot pf the poles in the ~ p1ane$ To avoid appear

ing to have a pole in the right half plane, wl.ch would.. ·lead toagrow-
'" . .. ...... " ,", 1 

ingexp~nentia1.9thepoles have been shifted back by s· 1P or 

~ • *,0 The residue at any pole is proportional to the product of the 
p.. ..' .' . .. . ' 

reciprocals of vectors drawn to that pole from all others. Because "of 

the proximity of the pole at the origin to fts neighbor, these two termS 

dominate all the rest6Note that the residue at the firstpolefromibe 

origin is negati va because one veetor points in the negati vedire~ti·ti; 
and is larger than the residue at the origin because the· pole' f~:"ei~r:' 
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to the outer pol,so Neglecting all poles but the two, we might expect 

this'g 

T 

Since (5) requires that the function start at zero the efrect of the 

neglected p()les is just to alter the response near zero as shown by the 

dotted 11neo 

The inversion of (10) is accomplished ,5 follows: 

(12) 

2 2 
Multiplying through by 1\ - ~ and letting 1\ - ~2 we obtain 

p p 

(13) 

where ~1N is the tran;3port f'a~tor D not to be confused with the common 

emitter current gain •. The N stands for normal as we later consi~er the 

inverted current gainso In a similar manner K2n can be obtained o Thus 

- ~ n i{!,w) ,. ~ 1 eo 1.! Z (-1)· 
~ !t (Qt.. ~ " ~=O 4 2 e B (2n+l). . w 1 ;z. T! (2n+l) 

p 

Let i3J ~l and neglect allterrna but two 0 

_ [(2;+1)2,,2 .. ~ } 
L 

e P (14) 



ilnFigo 2.sre plotted the exaot expresaicman.d the two term approximation 

for~;· Ie 

In the same manner the inverse of (8) may be found. 

N( ) Sinh :!-(l- !) qDP 'rj)x L w ....... p ............ ' ... __ ' _ • __ -.w.! ...... _ ... __ ._ 

~AIe w 
y; 

p 

This is plotted in Figo 3 for 13 I: 10 

_[<¥>2,,2 +i:J T 
e p (16) 

When the change ofe}l1itte;r e:urrent,g~I j is a positive step, the 
. . ¥. e 

transient cplleotor c~rent~ 1(Tg'w),9 is added to Ie(O) times the steady--

state eurre~t gain~o 

~AIe 

______ ~ ___ ~Ie(O) 

T 

When ole isa negative s:tep.9 i(T5)w) is subtracted from ~e(O)o 
If' ~bleis larger th&'1~e(O)Si as is usually the case during turn-off, 

the solution i~ valid only for positive currents aathe emitter cannot 

emi t b~ck:wards ~ 

- - - 1- - - ¥e(O) 

~.Ale 

T 
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jctutlly the respo~se ne~r z~ro is ~ approxim~tion because 

negative hol.e densitj.es are asswned, an 1~ossibilitYoBelow are shoWn 

the hole de~t3i ty plo;s from which the above c~e is obtained by using 

(2) at the ,pllectoro 

minus 

While the slope at the collector is still negative, and ~ollector curren.t 

still flows,p the hole density at the emitter is negative. This' cHtticu.lty 
also ~isetll in th~ deri vatieD or swi tchiDg time.; by, Ebers; and MGllk., " 

~!~ . 

The actual effect may be .similEl'r to this, ho'W'everoWhen the emitter 

hole density reaches zero~ an avalanche or punch'throUgh effect ean take 

'place whi~h tends to move the emi. tterjunction boundary toward the 

eollectoro 

Thanse time,9 to~ :i.~ defined as the time, for the. collector cur

rent toriee f'rpln zero to 0.9 of its final vallle~ Ie sat' which aqu.l~ 

the collector supply voltage divided by the. collector load r~sistanceo 

This ass~es zero emi~ter<=>coUector voltage, a good approximation for 

supply voltages over pne volt~ 

i c 

t o 

- -- - - - - ¥e -
------~ 

The risa time m~ be found by using the above figure and (1,) the 

two term. a pproxim.a tioll:C) 



2 
.11 T 

fL...! '(1 ... ! e "4 ). 0 '9 I 
~e "1f ., e sat 

-Ebers 'and Mo1l4 obtained 

D 
P 1. 

T .-. t • w In 
o w~ l:. 

with 
2 'D ' 

~·4 
w 

I e 

0.9 Ie sat 
I --........ --e 

2 

(17) 

(18) 

(19) 

_ 11 ' T . 

by using (1 - e "'2T) instead of (1 .. l! 'e . 4 ) . This results from' . 

_awning that the hole density p;Lot. (Fig. 3) consists~f"~t;~ight l1nes.5 

These eurvesarecomparedin Fig.2~ In (17) the effect oft hedelay1.~ 

incorporated 'in the·~ while (18) pe:rnd"tis zero rise time tor infini 1;e Ie" 

Thus 

For tliefall t1;me the following curve i, obtained. 

1. e 
----'--I 

c sat 

<1.. .. ~I ' • ll....:T , + I 
1'1 e-lre2 csat 

~----~~----~------------t -
2 

.. , U
T

, ". ,',' " •. ~ r- 2 " " I t'~ (a....Y t!)". I )(1 - -. - ,,'~ ,J.;. O.l:r -c sa !rei;. , c sat If' c sat 

D ' I, • l'E.i 
T,·.~,,'," t,', .4,; I,!!, ~e sat~e.2 

2 ~ 2 ,'""1' D.., 0, 1 I ,-It 9,',' , w "~ ~ ~·o sat '82 

as compared wi tpi<8bersand Moll y~ relation, 
~ , 

(20) 



D I.... t'Li 
T + t 1 Inc sat·· rre2 (21) 

2 • w· 2· '2'., . 0 0 1 Ie sat .. ¥e2 . 

CO!!MON EMITTER ACTIVE SOLUTION 

The common emitter configuration is the usual~ne used. because 

of its high cUlTent gain and phase inversion pr~perty. A. step or base 
l',: 

eurrent~ ~lb· :lsapplied. 

x =: b ~ 
I 

The boundary consi tiona on (6) are now 

{

P{S'W) • 0 

r(s,O) .. ~ N(~. I(s,w) ) 

wi th solution 

p(s ~x) _ ~Ib 0' N Sinh r (v-xl 

qD r s (Coshf1 w - ~~.T) 
P .1'4 

and 
... - b~'lfN 1 

I(s,w) • --------
s (Cosh r w co ~ N) 

i 
C 

&fter normalizatl.onand a shift of poles in the plane, (2l.,.)becomes 

(22) 

(23) 

(24) 

(2~)-



2 
This has poles at ~ • -:! and,at Coshh • Cos~ - ~ N 

. L 

Thus 

p 

-F~ • n2w. t: Cos·
1

(fN 

2 
\. W 
I) • ~ , Ll:. . 

P 

( -1)2 
-n2tt * Cos ~ N 

n • 0,1,2,0.+ 

(26) 

Figo l(b) is a plot of the poles in the 1\ plane. The poles have 
2· .2 beenshirted back by w /L. as beforeo Because ot the closeness ot the 

p 
first two poles ,compared with outer ones, they may be neglected to a 

mueh better approximation than in the common-base solutiono The response 

1.s then 

where ~fs the residue at the origin and~ 1 is the location ot the first 

pol" from the' origino 

2 
\ (-1 y)2 w 
1\ 1 • - Cos Q N - :2' 

~ 
(28) 

B\1t by (13) and the power series tor Cosh x, we have 

w 1·....; ..2 
Cosh r· 13· 1 + 2L2: 

p p 

.2 .. 1 
:!.~ 2(Q' - 1) 
L Y 

P 

(29) 

Similarly 

O·o,.s IT"' .~ ~ 1- (-~) "V-I) "CJ N 2 

-(Cos -1~N)2 ~-2(1 ... 2( N) (30) 

So (28) becomes 

~ , ;; -2 (1 - ~ '.:! - i) - tq ~(l - <L.) 1 . N p' .' . 13 N (31) 
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and after neglecting ~he faotor j and using (19), the result of Ebers and 

MOll is obtained 

2 
~ 1 III ... 2(1~) ,. -' TI- co(l-~) 

, p 
(32) 

The v~lidity of (27) 'may be checked by taking the inverse of (24). 

with ¥N III 1 G The,resldu9s at the first two poles lead to a delay (T ·.1 
Fig. 2) of 1/12 which is very smaIlwfth respect to the' normalized time 

'. ~ '. 1 
constant of the exponential of 2{1_~)O 

The normali zed rise and fall times may be obtained in a manner 
,-

similar to the common base derivation using (27) instead, of (15). Thus 

--

o 

D I T ,. . .....E. t·,. I In ...... ___ b ___ ",,",-, __ 

o -;t. 0 2(1-a...;.~). T 0 9 I-aN I 
1'1 [) - '. C) "N c sat 

and similarly 

COMMON COLLEC IDR ACTIVE SOLUTION 

The transient emitter current is' obtained by adding rb to the 

transient collector current obtained in the common emitter solutiono 

(34) 
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The rtse and fall times may p.ow be obtained in. the same manner as before. 

D 
T • ~ t. 1 
o -;t.' 0 2(1~) 

In ~ lb 
Ib -'O.9(1~)Ie sat 

( I +...L I. ') 
D l' ~ . e sat ' l-ctN 02 

T 2 • -! t2 •. . ." In . '.' ,.1 
w 2 (1-r;L...) 0 1 I .. -1_ 

'''-1'4 . • e sat ., 1-~ ~2 

SATURATION 9:lLUTION 

. In the' saturation region the oollector current is limited by its 

saturatiGD value, Ie sat-' The collector junetion becomes forward biased 

and the hole dens~ tT at the collect9r is no longer zero • 'The steady-

state and transient solutionJ may be represented as two parallel transis

tors as befor,e-. 

I 
e 

--..:p. 

It is seen from the above figure that L1Ie = A~, therefore the solution 

is valid fOT all three circuit eonfigurationso ,The boundary conditions 



on (6) are 

wi th solution 

and 

[

1(S'W) 

1(s,O) 

= 0 

P(s,x} = .Dlb,e 0' N Cosh r (w-x) 

q Drs Sinhf7 w p 

&alb,e ?f N 1 p( s, w) = _.-..11 _____ ----

qD r s Sinhr w p 

as has been previously obtained by Korikle.6 

6M-49l3 

(38) 

,·(40) 

An important effect has been neglected, however. The collector is 

forward bias~d and is eDdtting holes with effiCiencY¥Io To take account 

of this, the transient solution is broken up into two active sol~tions 

in the manner of Ebe:rs and Moll ~ 

t 

The active region hole density plots may be replaced by the transfer 

functions derived in the common base analysis. 



~I e 
s 

_ --:1' -

I 
A 

--?' 
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()N 

CoshI' w 

I 

or 
Coshrw 

l 
~ L:\lb -

( s 

The hole density at the collectorJ P '~' may be found using (8)0 c 

q D " Cosbr w p 

(41) 

(42) 

This reduces to (40) for ¥N !ill' 01 =: 10 After normalization and a shift, 

the poles are ,found to beat 

2 
A .. ~ and CoSh{y\ ~ Cos-N • .-kN~I • 

p 

or{-~ • (n1f * cos-l~~N~I) 
thus, after a shift backg the poles are' located at 

n == 0,1,2,··· 



Simi.la~y (42) has zeros at 

2 y2 
~ • -(nul ":2 

L p 

The pole-zero plot of (42) is shown in Fig. l(c). 

6M-4913 15. 

(44) 

The analysis now paraliels that involving (27) through (32) with 

'( N replaced by..y?f Nd"'r. This leads to 

2 -A~I: y2 . fl· tr A • - -(l-a -) == - - ro (I-a... -.) 
1 I3 N?r N Dp 1'J ~ N 

(45) 

This differs from Ebers and Moll's expression 

2 Yr 
~ III -!!... ( ) (1 - Cl...a ) 

1 Dp~· • ~. N r (46) 

In order to take into accourit deviations from the one~imensional 

planar transistor, they considered the in.erted transistor to have 8 

different. than the normal one. This can also be done by considering 
two one-dimensional transistors having different base widths. 

Ie -
C)N s 

~ 

CoshrNwN 

I : t 

01 
Cosh rrwr 

I 
J~ ~ 

s 

Thus (42) becomes 

·(47) 
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2 
It does not help here to shift the poles by "~beeauSe' it 'is notequa1 

L p 
, ,~n the invert.e~d and normal ~rection~s. Equati.on (~7) has poles at . 

1 wN 1 wI 
Cos~ (S1+f)(j)') Cosh,(sl+::r.)(n) ·~N~ (48) 

N ,'P' I p 

Using (19).9' (29l.7 and twoterDls of the power series for Cosh x, we obtain 

~I [ 1-13N 1-131 1 
sl .. -<"'N .. mr) 1 - (1- IlNIrN III - Ilr ~N 'I) 0' N(fIj 

::, ~(~ mr>[l ~. (l-(l-/3N) )(1- [l-/3rJ ) 'a'N<1: J 

~ _( Il>rf>r )( 1-a «-) 
~.oo..r N1. 

, :jlthough '1 t does not ,enter into the expression·' for storage t ime, 

the value ,of collector hole density finally reached with input Ale is 

obtained by- finding the, residue at the origin of (47) 0 

, , 

The storage time, t 1, 1,8 obtained in the same manner as the f ~li 

times 0 

-tl 
Common Base 

I ' 
I _ ...£.....!at 1 e1 ~ 

[leI" I e2J 

t 

(49) 

(,0) 

(51) 
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(.0,.. + co..,. I + I_ 
t N L ln, "', b2 -bl 
1 • Y:r(1~) T_ ... I (l-<;q) 

02' c sat ~ 

(Common Base) 

(Common Emitter) 

(Common Collector) 

If (4,) were used instead of (47), the time constant term in the 

above equations would be 

1 

(,2) 

(,4) 

By making 'r I as small as possible, storage time is reduced without 

affecting the response in the active region. After assuming ~N equals 

one, the factor 1 
'!:'""l--~-" .... ~-I-

is plotted VB ~I in Fig. 4 with ~ as a parameter. The 'effect of~I 

on the storage time is quite apparent. 

SUMMARY, 

Previous works on junction transistor transient response have treated 

it as an extension of small signal theory. The hyperbolic expression 

for f3 
1 

2 2 w w Cosh tr s .... :2' 
p Lp 

is approximated by various po~omials in jm in a sinusoidal analysis. 

This expression is then used to obtain the· transient response-. 

In this paper the hyperbolic functions are solved directly by 

Laplace transforms. This leads to a modi.t"ication ofll>erff and Holl's 
i-

sn tching time equations for cQmmonl:>asEr:-o~3fation;~' The q.yperbol:Le 
l "'0..,, __ 
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expressions with common emitter operation and in. the storage region 

are a Iso solved directlyo The results agree quitewell"w:t thEbers 

and Mollo Other forms of the results include explicitly the emitter 

efficiencies 0 

RCJ 

Attached Drawings: Figo 1- .A-48864=G 
Fig 0' 2- A-lt,8865=G 
Fig 0 3 -. Aes48866-G 

, Figo 4- A .... 48867....G 

Ralph 00 Johnston 
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