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VII

”Homines dum docent discunt.”
Seneca, Epistole 7

”Nihil est in intellectu, quod non prius fuerit in sensu.”
John Locke

”Les beaux (grands) esprits se rencontrent.”
Voltaire

”Men should be what they seem,
Or those that be not, would they might seem none.”
Shakespeare, Othello I1I. 3

”Science needs a man’s whole life. And even if you had two lives, they
would not be enough. It is great passion and strong effort that science
demands to men ...”

I. P. Pavlov



VIII

”Speech is external thought, and thought internal speech.”
A. Rivarol

”Nemo dat quod non habet.”
Latin expression

”Scientia nihil aliud est quam veritatis imago.”
Bacon, Novum Organon



Preface

Real Analysis is a discipline of intensive study in many institutions of higher
education, because it contains useful concepts and fundamental results in
the study of mathematics and physics, of the technical disciplines and
geometry.

This book is the first one of the kind that solves mathematical analysis
problems with all four related main software Matlab, Mathcad, Mathemat-
ica and Maple.

Besides the fundamental theoretical notions, the book contains many
exercises, solved both mathematically and by computer, using: Matlab 7.9,
Mathcad 14, Mathematica 8 or Maple 15 programming languages.

Due to the diversity of the concepts that the book contains, it is addressed
not only to the students of the Engineering or Mathematics faculties but
also to the students at the master’s and PhD levels, which study Real
Analysis, Differential Equations and Computer Science.

The book is divided into nine chapters, which illustrate the application of
the mathematical concepts using the computer. The introductory section of
each chapter presents concisely, the fundamental concepts and the elements
required to solve the problems contained in that chapter. Each chapter
finishes with some problems left to be solved by the readers of the book
and can verified for the correctness of their calculations using a specific
software such as Matlab, Mathcad, Mathematica or Maple.

The first chapter presents some basic concepts about the theory of se-
quences and series of numbers.

The second chapter is dedicated to the power series, which are particu-
lar cases of series of functions and that have an important role for some
practical applications; for example, using the power series we can find the
approximate values of some functions so we can appreciate the precision of
a computing method.



X Preface

In the third chapter are treated some elements of the differentiation
theory of functions.

The fourth chapter presents some elements of Vector Analysis with ap-
plications to physics and differential geometry.

The fifth chapter presents some notions of implicit functions and ex-
tremes of functions of one or more variables.

Chapter six is dedicated to integral calculus, which is useful to solve vari-
ous geometric problems and to mathematical formulation of some concepts
from physics.

Seventh chapter deals with the study of the differential equations and
systems of differential equations that model the physical processes.

The chapter eight deals with the line and double integrals. The line inte-
gral is a generalization of the simple integral and allows the understanding
of some concepts from physics and engineering; the double integral has
a meaning analogous to that of the simple integral: like the simple defi-
nite integral is the area bordered by a curve, the double integral can be
interpreted as the volume bounded by a surface.

The last chapter is dedicated to the triple and surface integral calculus.
Although it is not possible a geometric interpretation of the triple integral,
mechanically speaking, this integral can be interpreted as a mass, being
considered as the distribution of the density in the respective space. The
surface integral is a generalization of the double integral in some plane
domains, as the line integral generalizes the simple definite integral.

This work was supported by the strategic grant POSDRU/89/1.5/S/
58852, Project “Postdoctoral programme for training scientific researchers”
cofinanced by the European Social Fund within the Sectorial Operational
Program Human Resources Development 2007-2013.

The authors would like to thank Professor Razvan Mezei of Lander Uni-
versity, South Carolina, USA for checking the final manuscript of our book.

January 10, 2012
George Anastassiou,
Memphis
USA

Tuliana Iatan
Bucharest
Romania
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1
Sequences and Series of Numbers

1.1 Cauchy Sequences

Definition 1.1 (see [41], p.13). A sequence (z,), oy is convergent if (3)
a € R such that (V) € > 0, (3) ne € N such that |z, —a| <e, (V) n > n..
Definition 1.2 (see [41], p.23). A sequence (z,,),cy is called a Cauchy
sequence if the terms of the sequence, eventually all become arbitrarily
close to one another, i.e. if for (V) € > 0, (3) n. € N such that (V) n > n.
one obtains |zn4+p — xp| < e, (V) pe N.

Example 1.3. Prove that the following sequence is a Cauchy sequence :

cosl! cos2! cosn!
.= , (¥ € N*
8) @ 1.2+2.3+ Jrn(n—&—l) (v) m
cosa  cos2« cos no .
b) 2, = S + 09 S a2 (V) neN*, (V) aeR.
Solutions.

a) We shall have

G.A. Anastassiou and L.F. Iatan: Intelligent Routines, ISRL 39, pp. 1444
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2 1 Sequences and Series of Numbers

n+p n+p

cos k! 1
il = | 3 >3
it E(kE+1) Vo kE(k+1)
B %’ (1 1 )_ 1 1
W5 E k+1 n+1 n+2
1 1 1 1
n+2 n+3 n+p n+p+1
1 1 1

- < — 0.
n+l n+p+1 n+1n—c

We shall use the definition of convergence of the sequence y, = nil’
n € N* in 0 to determine the rank n. € N such that (V) n > n. we have
|xn+p - xnl <g, (V) p€EN.

Hence, using the Definition 1.1, (V) ¢ > 0, (3) n. € N such that n«lH <k,
() n = ne.

It results that n > i — 1; we choose

we achieve
1 1
n > [ — 1} +1> —1.
€ €

As (V) e > 0,(3) n. = E —1] +1 € N, such that (V) n > n. we have
|€n4p — Tn| < €; according to the Definition 1.2 it results that

k=1
is a Cauchy sequence.
b) We can write
2 coska °rog ar 1
Tntp = Tn| = Z k2 S Z kQS Z k(k—1)
k=n+1 k=n+1 k=n+1
B ’if’ ( 1 1) 11

it k-1 &k n n+l

n 1 1 n 1 1
n+1 n+2 n+p—1 n+p

1 1 1

= - < — 0.
n n-+p n n—>o0
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We shall use the definition of convergence of the sequence y, = }L, n e
N* in 0 to determine the rank n. € N such that (V) n > n. we have
[Tntp — 0| <&, (V) peN.

Hence, using the Definition 1.1, (V) & > 0,(3) n. € N such that } <e,
(V) n > ne. It results that n > !; we choose

1
Ne = } + 1
L

we achieve

17 1
n > +1> .
€] €

As (V) e > 0,(3) n. = [!] +1 € N, such that (V) n > n. we have
|€n4p — Tn| < €; according to the Definition 1.2 it results that

n
cos ka

12 , neN*

Tpn =
k=1

is a Cauchy sequence.

1.2 Fundamental Concepts

1.2.1 Convergent Series

Definition 1.4 (see [41], p. 29). A number series
o
S =Y an=artart o dantoo (L.1)
n=1 n>1

is called convergent if the sequence of its partial sums

Sn = Xn:ai (1.2)
i=1

has the finite limit

S = lim S,. (1.3)
n—oo
Definition 1.5 (see [41], p. 30). The quantity from (1.3) is called the sum
of the series > ., ay.
Example 1.6. Prove that the following series are convergent:



4 1 Sequences and Series of Numbers

)1+1+ + !
a e
5 45 16n? —8n — 3

1
7; (n+v2) (n+v2+1)

b)
Solutions.
a) We can notice that
16n% —8n — 3 = 16n% +4n — 12n — 3 = (4n — 3) (4n + 1);

therefore

n n 1 1 n 1 1
5"’;‘1’“’;(%—3)(%“) 44 1<4k—34]~c+1

i !

1
ZlGnQ—Sn—S

n>1

i.e.

is convergent.

We can also notice that using the following Matlab 7.9 sequence:
>>syms n

>> symsum(1/(16*n"2-8*%n-3),n,1,inf)

ans =

1/4

or in Mathcad 14:

i 1 L1
— 16n2 —-8n—-3 4
or using Mathematica 8:
In[1]:=Sum[1/(16*n"2 - 8*n - 3), {n, 1, Infinity}]
Out[1]=}
or with Maple 15:

)

o |
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b) We have
S"’:Zn:a'“zzn:k V2 /1 V241
= ok V2) (k+V2+1)
(e ko)
Z\k+V2 k+vV2+1
1 1 R I
C14+vV2 nt 142 no0 1442
hence

1
2 (n+v2) (n+v2+1)

n>1

is convergent.
In Matlab 7.9 we shall have:
>>syms n
>> symsum(1/((n+sqrt(2))*(n+sqrt(2)+1)),n,1,inf)
ans =
1/(142°(1/2))
or in Mathcad 14:

oo

1 .
Z(n+\/2) (n+\/2+1) simplify — v2 — 1

or with Mathematica 8:

In[2]:=Sum|[1/((n + Sqrt[2])*(n 4+ Sqrt[2] 4+ 1)), {n, 1, Infinity }]
Out[2]=-1 + /2

or with Maple 15:

n=1

c 1
n; (n+y2)-(n+y2 +1)

1.2.1.1 Cauchy’s Test

Proposition 1.7 (see [41], p. 36). The necessary and sufficient condition
for the convergence of the series > -, an is: (V) € > 0,(3) n. € N such
that:

[ant1 + -+ angpl <&, (¥) n=ne, (V) peN.
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Example 1.8. Use the Cauchy’s test for testing the convergence of the

series
cosnx
(v eR
D XS () .
n>1
sin n?x
B, s, (MrER
n>1
Solutions.
a) We have
e coskx wr 1
|ant1 4+ angp| = Z 5k < Z 5k
k=n-+1 k=n+1

Lt 1
B G T
1 L1 1 1 1
o = ~<1 >< — 0.

5n+1. é -1 4.5n

Therefore, (V) € >0, (3) n. € N such that ., <e, (V) n>n., ie.

lns.
In5’

it results that (V) € > 0, (3) n. = [-2¢] +1 € N, such that (V) n > n.

we have |ap11 4+ - + anyp| <&, lLe.

ji: COSHQZ (V) reR

n

5”>1:>n>—
13

n>1
is convergent.
b) We achieve:
n-+p . 2 n—+p
sin k%x 1
|ant1 + -+ angp| = Z k3 < Z k3
k=n+1 k=n+1
n+p 1 n+p 1
< <
S S D DI
k=n-+1 k=n-+1

B ”z*f’( 1 1)_1 I
it k—1 k n n+p nn-ooo
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Hence, (V) € >0, (3) ne € N such that } <&, (V) n2>n., ie.

1
n> ;
€

it results that (V) € > 0, (3) n. = [!] +1 € N, such that (V) n > n. we
have |an41 + -+ + anypl < e, le.

: 2
ZSIHTL 1'7 (V):L’ER

3
n
n>1

is convergent.

1.2.2 Divergent Series

Definition 1.9 (see [41], p. 30). If the limit lim,_,« S, does not exist (or
it is infinite), the series is then called divergent.

Proposition 1.10 (see [15], p. 93). If the terms of a series sequence is not
convergent to 0, the series is divergent, namely if for the series > ., an,
we have -

lim a, =a#0,°
n—oo

then ) -, a, diverges.

Example 1.11. Prove that the following series are divergent:

a) 0,07 + /0,07 + /0,07 + -+ /0,07 4 -
1
b) Z Von+1—+2n—-1

n>1
2" + 3"
C) Z on+1 +3n+1
n>1

n+1
d) Y In .

n>1

a
i 0.
e)Znsmn, a #

Solutions.
a) As

1
lim \/0,07 = nh_>rr;o (0,07)" =1+#£0

n— oo

we deduce that )= -, {/0,07 diverges.
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We can prove that using Matlab 7.9:
>> syms n

>> 1imit(0.07"(1/n),inf)

ans =

1

or in Mathcad 14:

Em 007 — 10

fn— oo

or with Mathematica 8:

Infz}= Limit[(0.07)*(1/n), n— Infinity]
outlZl 1.

or in Maple 15:

Jim /007

b) Since

. 1 . V22n+14+2n—1
lim = lim =
n—soo \/2n4+1—+/2n—1 n—oo 2n+1-2n+1
using the Definition 1.9 it results that the series diverges.

We can also deduce that using Matlab 7.9:

>>syms n

>> limit(1/(sqrt(2*n+1)-sqrt(2*n-1)),inf)

ans =

Inf

or in Mathcad 14:

1

a2+ l-Zn-1

or with Mathematica 8:
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In2= Limit[l/ (Sqrt[2+n+1] - Sqrt[2«n-1]), n - Infinity]

o

Out[df= o

or in Maple 15:

lim 1
R I R |

¢) One obtains

2" 4 3n 37 (24 +1 1
li_>m ont1 +3n+1 = li_>m (32”“ ) 3 # 0;
noveo 2mHL + nE g (204 1)
we have used that
0, if g € (—-1,1)
. 1 ifg=1
n __ b
nh—>ngoq - %) ifg>1

it doesn’t exists, if ¢ € (—o0, —1].

Hence, based on the Proposition 1.10 it follows that the series diverges.
It will also result that in Matlab 7.9:

>> syms n
>> limit((2"n+3"n)/(2" (n+1)+3"(n+1)),inf)
ans =
1/3
or in Mathcad 14:
no_f
fim T +3 g 1
ﬂ_,,E,ﬁ3n+1_|_3ﬂ+1 3

or with Mathematica 8:

Inf4]= Limit[{2*n+3%n)/ (2~ (n+1) +3~(n+1)), n» Infinity]
1

Outjd}= —
3
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or in Maple 15:

, P
L e e ——r
H—-m2n+1+3re+l

d) We have

1
lim In n =0,
n—r oo n

namely we can say nothing about the series nature.
As

1 1 1
n 1—|—n2 4+ In n

n<2 n+1>:ln(n—|—1)

z”: k+1 2 n+1
=1

J—
—_

and

lim S, =
n—oo
one deduces that the series is divergent.
The same result can be achieved using Matlab 7.9:
>> syms n k
>> limit(symsum(log((k+1)/k),k,1,n),n,inf)
ans =
Inf
or Mathcad 14:

or with Mathematica 8:

In5}= Limit[Sum[Log[(k +1) /X], {k, 1, n}], n—- Infinity]

OutlSl= =
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or in Maple 15:

n
. k+1
ﬂ@mé 1ln[ P ]

oo
e) It will result:
a sin ¢
lim n-sin = lima ," =a#0,
n— oo n n— oo "
therefore the series is divergent.
We can also obtain that using Matlab 7.9:
>> syms n a
>> limit(n*sin(a/n),inf)
ans =
a
or Mathcad 14:
. D
im {nsin—}} —a
1l = 0 I'h. I'k.n_x".,-"
or with Mathematica 8:
Inff)= Limit[nxSinfa/n], n+ Infinity]
OutfEl= &
or in Maple 15:
. b a
lim »- 5111[ —]
n—ow 2]
a

1.2.3 Operations on Convergent Series

Proposition 1.12 (see [15], p. 95). Let > -, a, and > -, b, be two
convergent series, which have the sums A and B respectively and let be
a € R. Then:
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a) the series ), ., aa, converges and it has the sum aA, namely a con-
vergent series may be multiplied term by term by any number «;

b) the sum (difference) of the two convergent series is a convergent series
Y n>1 (@n £by) and it has the sum A+ B.

Example 1.13. Use the operations on convergent series to compute
the sum of the series:

2n+3
2) Zn(n+1)(n+2)

n>1

on + 3n+1 _ 6n71
b) Y .

127
n>1
Solutions.
a) One can notice that
Lo wmE3 31 1
" nn+)(n+2) 2n n+l 2(n+2)
1,2 1 1
T 2n 2 n+1 2(n+2)
1 1 1 1 1/1 1 1 1
2n 2(n+2) n n+1 2\n n+2 n n+l1
hence
2n+3 1/1 1 1 1
> () h)
n>1n(n+1)(n+2) ~2\n n+2 ~\n n+l

We shall denote

U”:'rlz_nil

One can notice that

n n
1 1

Sa=3(111s)

p =\ i+ 2

Lt P S 111

3 n—2 n n—1 n+1 n n+2
1 1 1
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and

. 1 1 1 3
lim (14 _ — — = _;
n— 00 2 n+1 n+2 2

hence it results that the series ) ., a, converges.

Applying the Proposition 1.12 it follows the series >, ., aa, will also
converges and B

Similarly,

and

) 1
lim (1 — ) =1;
n—00 n+1

hence, it results that the series ) ., v, converges.

Applying the Proposition 1.12 it follows that the series > - (un + vn)
will also converge and it has the sum -

3 7
U+Vv 4t 4

b) We shall have

on 4 3ntl _gn-1 1 1 1
Z 197 - Z 6 +3 4 T 6
N >10

n>1 n>1

It results that
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o =
_

\

-

n
A= lim E a; =
n—00
i=1

—_
—_
—_

B:nlgrc}o;biZAL.l_l :3a
- 1
C:nIL%Z;ciZZ.lfl =1

hence, the series

() () 26)

are convergent and applying the Proposition 1.12 it follows that the series

on + 3n+1 o 677,71
>

12n
n>1

will also converge and it has the sum

1 1 31
S 5+ 6 30

1.3 Tests for Convergence of Alternating Series

Definition 1.14 (see [15], p. 94). An alternating series is an infinite
series of the form ° -, (=1)""' a,,, where all the a, are non-negative,
namely a,, > 0 for all n € N.

Proposition 1.15 (Leibnitz’s test, see [15], p. 94). If the sequence (a,),,
is monotone decreasing and it equals 0 as n approaches infinity, then the
series

Z (71)n+1 an,

n>1

converges.
Example 1.16. Test the convergence of the series:

a) Z (=1)"*" sin !

n
n>1

27n? 11

n>1 Bn+1)(Bn+2)(Bn+3)
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1n71 177,72 1
C)Z(fl)nJrl O a+ 0 a -+ —+ ()aJra

, a>0.
=1 10m
Solutions.
a) With a, = sin !, we shall deduce
1 1 1 1
1 - +
Gpt1 — G = Sin ntl sin 0= 2sin ”+12 " cos ”+12 "
1 2n+1
= —2sin + <0,

2n(n+1) “on (n+1)

namely (a,), is monotone decreasing; in addition we have

. 1
lim sin = 0;
n—o00 n

hence, using the Leibnitz’s test it follows that the alternating series is con-
vergent.
b) Since

27n2 + 36n + 11 1 1 1

T B ) Bn+2) (B3n+3) 3+l 3n+2 " 3043

it results that

Lo, 1 1 1
Opt1 — Op = — — -
+ 3n4+4 ' 3n4+5 3n+6 3n+l 3n+2 3n+3
1 1 1 1 1 1

< - - - —0
3n+1+3n—|—2+3n—|—3 3n+1 3n+2 3n+3 ’

namely (a,), is monotone decreasing; in addition we have

. 27n? + 36m + 11
lim =0;
n—oo (3n+ 1) (3n+2) (3n+ 3)
therefore, using the Leibnitz’s test it follows that the alternating series is
convergent.
¢) We can notice that

10" ta+10"2a+ -+ 10a+a  10"TT 410" 24+ 10+ 1

107 107
10" —1 a 1-— 1én a 1\" a

= . = . — . 1 — O~

“lom(0-1) "9 1 9 10) ) aSo? ¥

hence, the alternating series is divergent.

an
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1.4 Tests of Convergence and Divergence of Positive
Series

Definition 1.17. (see [15], p. 93). The series ) ., a, is with positive
terms if a, >0, (V) n € N. -

1.4.1 The Comparison Test I

Proposition 1.18 ( The comparison test I, see [15], p. 93): Let >~ < an
and anl b, be two positive series such that a,, < b,. Then if: B

a) Y.~ bn converges it follows that ) -, a, also converges;
b) Y.~ an diverges it results that -, by also diverges.

Example 1.19. Test the convergence of the positive series:

n>1
nyY
et V3 +n
In
)
et Int4n+1
om
I D
n>1
154+ ]
oy T
n>1
Vn+1—4/n
n> "
n>1
(n+ 1)71,—1
g) Z nntl
n>1
Solutions.
a) We choose
1
an =
nv/10

and
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1
\/10n.

One knows that the generalized harmonic series >
p > 1 and diverges for p < 1.

bn

1
n>1 e converges for

As Zn21 nlp diverges, using the comparison test I one deduces that
1
n%:l V10n
diverges.

b) Since

1 11

Vn3 + n Vn3 \7:5/
an n

Sivnitn
converges.
¢) We shall have
n - nt/*  ptt 1
3/ 4 = \1/3 T 43 T 130
\\/n —l—’n + 1/ (n%) n 712
An bn

therefore, using the comparison test I it results that

DI

/4
1 Int4n+1
converges.
d) We can notice that

on S on 5
n?2—3 " n2 _n’
N~ ~—

bn an

hence one deduces that

is divergent.
e) As
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1+§+“'+i>i+i+ a1
n B n S n
~ ~ - ~—~
bn, an

one deduces that

n
n>1
diverges.
f) We can notice that
Vn+1l—yn n+l-n - 1
n (Vn+1+y/n)-n = (Vn+yn)n

— 1 — 1 .
T 2.pl/2.n 2.9p3/27

hence

Z\/n+1—\/n

n
n>1

is convergent.
g) We can notice that

(n+1)"" n+1\" 1
)RS A1)
s o = n n(n+1)

Using the inequality

1 n 1 n+1
(1+ ) <e<(1+ ) , (V) neN”
n n

we deduce

1\" 1 1 1 .
(1+n) T <e- <eon2, (V) n e N*,

n+1) nn+1) = _
~ - b
QAp, n

-~ -
therefore, applying the comparison test I it results that
(n + 1)n—1
Z nn+1
n>1

converges.
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1.4.2 The Root Test

Proposition 1.20 (The root test, see [15], p. 94): Let > -, a, be a
positive series. Assume that: -

nILrI;O Van = M.

Then we have the following:

A)If A < 1, then the series ), -, a, is convergent;

B)If A > 1, then the series Y, -, a, is divergent;

C)If X = 1, then the series ) ., a, may be convergent or it may be
divergent, namely we do not have a definite conclusion.

Example 1.21. Discuss the convergence of the positive series:

n

a) Zan, a>0
nZln

b) Z(\?’/n3+n2+17\3/n37n2+1)n
n>1

C)Z " 5.

ns1 (T+0)"

Solutions.
a) We can notice that

a
lim /a, = lim =0<1,;
n—o0 n—oo n

therefore, using the root test it follows that

n

Zzn,a>0

n>1

converges.
b) We can write

n3+n2+17n3+n271
:\B/(n3+n2+1)2+ %/(n3+n2+1)(n37n2+1)+ %/('rﬁanJrl)2

2n?
nzh/(1+}b+1}2)2+§/(1+}L+132)(1—}L+,,32)+ﬁ/(l—;+132)2]7

hence

{I/an =
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. 2
lim a, = _ <1.
n—00 3

Using the root test it follows that

Z(\s/n3+n2+1—\3/n3—n2+l)n

n>1
is convergent.

We shall give a computer solution using Matlab 7.9:
>> syms n

>> limit((((n"34n"2+1)"(1/3)-(n"3-n"2+1)"(1/3)) "n) " (1/n),
inf)

ans =

2/3

or Mathcad 14:

1
ke
. e N i 2
lim yn +n +1—-+Jn —n + 1) simplifyy — —
n— o 3

or with Mathematica 8:

Limit[({{n*3+n*2+1)4(1/3) - (n*3-n*2+1)~(1/3))*n)~(1/n), n» Infinity]

w | R

or Maple 15:

R

Hli.g_]my/ﬁfrn3+n:+l —?l.'{ng—n‘1‘+1)n

l..u|lu

¢) We shall have

1 1
n nn nn
Yan = X/ n2 w2 1\7
1+ ey (@ty)
where
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A 1 . Inn
lim nr = elimnoe 0" =0 =1,
n—r oo

1 n
lim (1 + ) =e.
n— 00 n

1
lim {/a,= <1
e

n—oo

Whence

and using the root test it follows that
n
Z 1\n?

converges.

This result can be also obtained using Matlab 7.9:
>> syms n

>> limit((n/((1+1/n)"(n"2)))"(1/n),n,inf)

ans =
1/exp(1)
in Mathcad 14: 1
n
lim i = e :
fl — I ﬂn”
11+ =1
L n/

or with Mathematica 8:

Inf@l= Limit[(n/ ((L+1/n)*n*2)))*(1/n), n—» Infinity]
1
Outld4l= —

e

or with Maple 15:

21
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1.4.3 The Ratio Test

Proposition 1.22 (The ratio test, see [15], p. 94): Let >° -, a, be a
positive series such that a, # 0 for any n > 1. Assume that:

. An41
lim "=\

n—0oo

Then we have the following:

A)If X < 1, then the series ), -, a, is convergent;

B)If A > 1, then the series Zn;l an is divergent;

C)If A = 1, then the series > -, a, may be convergent or it may be
divergent, namely we do not have a definite conclusion.

Example 1.23. Discuss the convergence of the positive series:

2 Z2-7.12--.-.(57173)

£45-9-13-- (4n+1)
(n!)?
b
)Z(Qn)!
n>1
™
c) X:n‘canQn+1
n>1
d)Zn~a",a>O.
n>1
Solutions.
a) One obtains
Gy . 2:712--(5n4+2) 5:9-13---- (dn+1)
lim = lim .
noo @p 00 5:9-13- - (An+5) 2-7-12- -+ (5n — 3)
Sn+2 5

7>,
noeodn4+5 47

therefore, using the ratio test it results that the series

22-7-12-----(571—3)
n215~9o13~~~(4n+1)
diverges.

We can see that in Mathcad 14:
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hil

H (5k-3)

k=1
a(n) =

ln_[ (4k + 1)

or with Mathematica 8:

] :=Product[5xk -3, {k, 1, n}] /Product[4=xk+1, {k, 1, n}]

In[10]:= aln_

In[11]= Limit[a[n+ 1] fa[n], n—+ Infinity]
5

Out] -
4

or in Maple 15:

:l:s

(5k—3)

2
[
=
l
=
I
—

:x

(4-k+1)

k=1
[T(5k—3)
o
[Tear+1)
k=1
aln+1)

l-‘~|U1

b) We shall notice that
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a1 _ [+ (@2n)! ()2 (n+ 1) (2n)!
an (2n+2)!  )?  @2n+2)2n+1)-(2n) - (n!)?
IR V| 1

(2n+2)(2n+1) 4

hence, using the ratio test one deduces that

is convergent.
We can also see that in Matlab 7.9:
>> syms n
>> v="n!"2/(2%n)"’;
>> vl=subs(v,n,n+1);
>> limit(v1l/v,n,inf)
ans =
1/4
or in Mathcad 14:

i
5 ()~
st (2-n)!

fim aln + 1) i 1

n—» o a(n) 4

or with Mathematica 8:

In[12]= a[n ] := (n!)*2/ (2xn)!

In[13]= Limit[a[n+1] fa[n], n + Infinity]

or in Maple 15:
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(n!)?

a=
(2-m)!
"
nl”
(27)!
: aln+1
lim Snt1)
r=w  g(n)
1
4
c) We can write:
s : us s us s
an+1 N +1 tan ont2 M +1 sin on+2 on+2 on+1 COS ont1
— . = . z . T . _—_ p. )
A, n tan on+1 n on+2 COS gnt2 S gpypy on+1

therefore

. a 1 1
lim "=

n—oo (@, 2

and using the ratio test one establishes that

s

n>1

is convergent.
We can notice using Matlab 7.9:
>>syms n
>> a=@(n) n*tan(pi/(2" (n+1))) ;
>> limit(a(n+1)/a(n),n,inf)
ans =
1/2
or Mathcad 14:

i
a(n) = n-tan |
; jﬂ+1
tim aln + 1) ik 1
n—s oo A(n) 2

or with Mathematica 8:
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in[14}= a[n ] :=n«=tan (P1/2* (n +1}]
In[15]:= Limit[a[n+1] fa[n], n—+ Infinity]

Out[15]=

kra |

or in Maple 15:

__ s
qa=n #-tan ?H+1

?’E—'?’E‘tﬂﬂ[ ::..?E+1

: aln+1)
HIE]-J:' ﬂl: TE:I

I\..'lli—*

d) We shall have

ant1 _ (n+1)-a™! - a
Ay n-a” n—o0o
using the ratio test it results that:

° anl n - ay is convergent if a € (0,1);
® > ..n-ay is divergent if a > 1.

We don’ t have a definite conclusion for a = 1.

1.4.4 The Raabe’s and Duhamel’s Test

Proposition 1.24 (The Raabe’s and Duhamel’s test, see [15], p. 94):
Let )~ an be a positive series. Assume that:

lim n< an 1> =\
n—o00 Ap+1
Then we have the following:

A)If XA > 1, then the series ), -, a, is convergent;
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B)If X < 1, then the series anl an, is divergent;

C)If X = 1, then the series ) ., a, may be convergent or it may be
divergent, namely we do not have a definite conclusion.

Example 1.25. Test for convergence the following positive series:

1-3--(2n—-1) 1
O DR Ton 41
n>1

b) Z 7lnn

n>1

n!
C)Za(a+1)(a+2).....(a+n71)7 a > 0.

n>1

Solutions.
a) One obtains

(an 1)7 1-3-----(2n—1) 1 2.4 (2n 4 2) (2n + 3)
" i " o2.4-on Tonga 13- (2n+1)
2n +2) (2
:n{(n+ )(n2+3)71]
(2n+1)
An?2 4+ 6n+4n+6 —4n? —4n — 1 6n —1
— . ) —n. -
(2n+1) (2n+1)
Hence

6
1mn(mmg— > 1
n—00 An+1 4
and with the Raabe’s and Duhamel’s test it results that 3 ., an is

convergent.
b) One deduces that:

an 7lnn - 7111 71,11 —1 n
—1) = —1) = ( Dot — ]_) = n-1
n(an+1 ) n(7ln<n+1> ) n(7 n ™ n nn_’_1

n n+1
and

In "
n . nrt—1
lim n(a 1)—hm7 +1n - lim n-In

n— oo Gpt1 n—oo In gl n= 00 n41

One knows that
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v _q
lim ¢ —Ina, a> 0;

x—0 x
therefore
7t — 1 7 -1
lim n = lim =1In7.
n— o0 In nal z—0 T
We shall compute
n n " 1
li -1 = lim 1 =In li =In(e!) = -1
gt = () = =)

Finally, one obtains

lim n< n 1> :1n7~ln(e*1):fln7<1

n—oo a,n+1

and using the Raabe’s and Duhamel’s test it follows that

Z 7lnn

n>1

diverges.
We can prove this result in Matlab 7.9:

>> syms n

>>a=@(n) 7" (log(n));

>> limit(n*(a(n)/a(n+1)-1),n,inf)
ans =

-log(7)

or in Mathcad 14:

a(n) = ?1111:11}
fim [n--fr ol 15\} — —n(7)
o ol \Laln+ 1) F)

or with Mathematica 8:
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Inf1eL= a[n ] := 7* (Log[n])
In[i7}= Limit[n= (a[n] fa[n+1] -1), n—+ Infinity]

Out[i7Tf -Log[7]

or in Maple 15:

e n—»?m'-”]
n_.—ll.lm'n]

lim m.[ﬂ_l]

aH=s aln+1)
-1n(7)

¢) We shall have

n< fn 1> —n[ n!
An41 n a(a+1)(a+2) ..... (a+n—1)
‘a(a+1)(a+2) ..... (Oé+n*1)(oz+n)71
(n+1)!
a+n—n-—1
= — a—1;

hence, using the Raabe’s and Duhamel’s test it results that if:

e a—1>1<= a> 2, then the series is convergent;
e a—1<1<= a <2, then the series is divergent.

1.4.5 The Comparison Test IT

Proposition 1.26 (The comparison test II, see [15], p. 94): Let
> n>1an and 3 -, by be two positive series such that:

anJrl < bn+1 )
a, ~— by,
Then if:
a) > .~ bn is converges, it follows that )" . a, also converges;

b) >, ~1 an diverges, it results that ) - by also diverges.
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Example 1.27. Discuss the convergence of the positive series:

n

n
Zen.n!.

n>1

Solution.
Considering that:

we shall obtain

b1 (n+D"T eronl (4 1) (n+1) nl

by etl.(n+1) nr  e-(n+1)-nl  nn
n n n
ot (1) ()
e-nn e '
Since
1 n 1 n+1
(1+ ) <e<(1+ ) , (V) neN”
n n
we shall have
bn+1 > (1—|— 'rlz)n _ (n;l;l)” _ n _ nJlrl _ G;n+1.
b, — (1+ 1)"+1 <n+1)"+1 n+1 le an

hence using the comparison test II it follows that ) . b, diverges.

1.4.6 The Comparison Test I11

Proposition 1.28 (The comparison test III, see [15], p. 94): Let
Y n>10n and Yo o by, be two positive series such that:

lim " = K.

n—o0 by,

If:
a) 0 < K < oo then the two series have the same nature;
b) K =0and ), -, b, converges it results that > ., a, also converges;

c) K=o00and ), ., b, diverges it results that > ., a, also diverges.
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Example 1.29. Discuss the convergence of the positive series:

1
Zsmn.

n>1
Solution.
As
. sin }L
lim " =1
n— oo

n

taking into account that > -, }L diverges and using the comparison test
111, it follows that B

.1
Zsmn

n>1

also diverges.

1.5 Absolutely Convergent and Semi-convergent
Series

Definition 1.30 (see [41], p. 41). The series >, -, a,, is called absolutely
convergent if the series of absolute values Y - |a,| is convergent.
Remark 1.31 (see [15], p. 95). For investigating the absolute convergence
of the series ) - |a,|, one employs the convergence tests of positive series.
Definition 1.32 (see [41], p. 42). The convergent series > -, a, is called
conditionally convergent (or semi- convergent) if the series of abso-
lute values ) - |an| is divergent.

Example 1.33. Determine if each of the following series is absolute con-
vergent or semi- convergent:
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bn
e) 7
nzz:l n(n++3)
where (by,),,~, is a bounded sequence.
Solutions.
a) Noting that:

2 2 - n2

‘cosna‘ _ |cosnal - 1
B n

n n

and the series ) -, n12 is convergent, using the comparison test I one
deduces that -

cosna
E ‘ ,aeR
2
n

n>1

also converges, i.e.
cos no
E 5 O E R
n
n>1

is absolutely convergent.
b) One can notice that

L1
2. -

n>2

is convergent according to the Leibnitz’s test.
We shall have

1 1 11

Vn(n—1) N Vn(n—1) = Jnon o on’

as y .o i is divergent, with the comparison test I one deduces that

‘(—1)”

is divergent; therefore

is semi-convergent.

c) As
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and ) o, n}H is divergent, then using the comparison test I, it results that

n—|—1’

is divergent; therefore

n2
n>1
is semi-convergent.
d) We can notice that
sin na 1
3 | T3

Since the geometric series ) -, ¢" is:

- convergent for |¢| < 1;
- divergent for |¢g| > 1

one deduces that the series > -, 31n is convergent; hence, using the
comparison test I, it results that

D

n>1

sinno
37’L

is convergent, i.e.
Z sin na
3’VL
n>1

is absolutely convergent.
e) If is (by),,~, is a bounded sequence it results that:

(3) M > 0 such that |b,| < M, (V) neN.
We shall have
b, |bn| M M
< < 5.
n(n+\/3) n(n+\/3) n(n+\/3) n

As the series ) -, n12 is convergent, using the comparison test I, it
results that B

bn

Z n(n+\/3)

n>1
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is convergent, i.e.

by,
;n(n—&-\/S)

is absolutely convergent.

1.6 Problems

1. Is the following sequence

n km

xn:ZCOS 4 (V) neN*

a Cauchy sequence?

2. Prove that the following sequence is a Cauchy sequence:

1 1 1

xn:1+22+32+~~+n2, (V) n e N*.

3. Using the Cauchy’s test, test the convergence of the series

n

Zcosiz, V) z eR.

n>1

4. Use the Cauchy’s test to test the convergence of the series

- S”;“*, (V) a €R.
n>1

5. Test for convergence the following alternating series:

n+1 n
T T e LA
Computer solution.
We can notice using Matlab 7.9:
>>syms n
>>a=@(n) n/(6*n-5);
>>limit(a(n),inf)
ans=
1/6
or Mathcad 14:
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f1
a(n) =
() 6n—3

1
m ajm) — —
n—+ oo

or with Mathematica 8:

In[23}= a[n ] :=n/f (6xn - 5)

In[24]:= Limit[a[n], n + Infinity]
1

OutlZ4= —
&

or in Maple 15:

1]

a=n—-
Gun—2>5

Hlig_]ma( m)

i.e. the alternating series is divergent.

6. Is the following alternating series

—1)"" tan 1
convergent?
Computer solution.
Using Matlab 7.9:
>> syms n
>> a=@(n)tan(1/(n*sqrt(n)));
>> limit(a(n),inf)
ans =
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0
or Mathcad 14:

£k Y
a(n) = tan —— |

L n-n )
im aln) —=0

n— ™

or Mathematica 8:

In[47)= a[n ] :=Tan[l/ (o«=Sgrt[n]}]

In[42]:= Limit[a[n], n -+ Infinity]

Out[48l= 0|

or Maple 15:

n—-tan[

and adding the fact that
1 1
>
nyn = (n+1)vn+1

and the tangent function is increasing on (—27 ’27) it results that

1 1
tan > tan
ny/n (n+1)vn+1

namely (a,)n is monotone decreasing; hence using the Leibnitz’s test it
follows that the alternating series is convergent.



1.6 Problems 37

7. Test the convergence of the positive series:

Z(\/nf\/nfl).

n>1

Computer solution.

Applying the Raabe’s and Duhamel’s test in Matlab 7.9:
>>syms n

>> a=@(n)sqrt(n)-sqrt(n-1);

>> limit(n*(a(n)/a(n+1)-1),inf)

ans =

1/2

or in Mathcad 14:

lim |:n- :Fﬂ - IH'I:| — 2
2

fl —+ oo
or in Mathematica 8:
Inf28]:= a[n ] := 3grt[n] - Sgri[m - 1]

In28):= Limit[n« (a[n] fa[n+1] -1), n+ Infinity]

[
E
.
L
i
|

or in Maplel5:

a=n—+n-yn—1

?’I—'\."?—\. n—1

ng]mn-[ aln+1)

|'\.,_;|||—-

we can deduce that the positive series is divergent.

8. Is the positive series
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3 (6n2 +7n+5>”
= 2?2 +5n+9
convergent?

Computer solution.

Applying the root test in Matlab 7.9:

>> syms n

>> a=@(n)((6*n"24+7*n+5)/(2*n"24-5%n+9)) "n;

>> limit(a(n)”(1/n),inf)

ans =

3

and in Mathcad 14:

¢ v A
{60 +Tn+3|
o) = | T
L2n +3n+82)
1
" fu A
lim a{nm) simphfy — 3
n— oo
and in Mathematica 8:
n[26]:= a[n ] := ({(6»x0*2 +7x0+5) /(2«0*2+5»0+9))*n
Inz7)= Limit[a[n]*(1/n), n - Infinity]
Out[2T}= 3

H—ow
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we can decide that the positive series is divergent.

9. What can you tell about the nature of the series

39

10.Use the tests of convergence of the positive series to establish the nature

of the series:

Computer solution.

a) Applying the ratio test in Matlab 7.9:
>> syms n

>> a=@(n)n"2/(2"n);

>> limit(a(n+1)/a(n),inf)

ans =

1/2

or in Mathcad 14:

n
a(n) = —
2ﬂ
i a(n + 1) ol il
n—» o a(n) 2
or in Mathematica 8:
Inf¥}= a[n ] :=n*2/3"D
Inf21)= Limit[a[n+ 1] fa[n], n—+ Infinity]
1

=
r

or in Maple 15:



40 1 Sequences and Series of Numbers

we can say that the positive series is convergent.



2
Power Series

2.1 Region of Convergence

Definition 2.1 (see [15], p. 281). A series of the form

o0
> anz" an €R, n=0,1,2... (2.1)
n=0
is called power series.
Definition 2.2 (see [15], p. 281). For any power series there exists a number
p > 0, called radius of convergence such that:

a) the power series is absolutely convergent on the interval (—p, p);

b) the power series is divergent for |z| > p.

Definition 2.3 (see [15], p. 282). The interval (—p, p) constitutes the in-
terval of convergence corresponding to the power series from (2.1).
Proposition 2.4 (see [8] ). The interval of convergence can be ordinarily
determined with the help of d’Alembert’s and Cauchy’s test, in the follow-
ing two steps:

Step 1. One computes the number

A= lim ¥/|an, (2.2)

n—oo

G.A. Anastassiou and LF. Tatan: Intelligent Routines, ISRL 39, pp. 41-Fa
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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or

Ap+1
an |’

A= lim
n—oo

Step 2. If:

a) A = oo then p = 0;
b) A =0 then p = oo;
¢) 0 <A< oo then p= .

Definition 2.5 (see [8] ).The set of convergence (region of conver-
gence) corresponding to the power series from (2.1) is the set of values of
the argument x for which the power series converges.

Example 2.6. Find the set of convergence of the power series:

Solutions.
a) We shall have

therefore

. 1 . n 1
= lim -n-2" = _ lim =
n—oo (n+ 1) 2n+1 2n—con+1 2

An+1
an

A= lim
n—oo
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namely the radius of convergence is p = 2 and the interval of convergence
is (—2,2).

We shall test the convergence at the end-points of the interval of
convergence:

e when x = —2, the series

—2)" —1)".2n n 1l
;SLQ)TL_;(”)QTL :Z:l(*l) n

converges (by Leibnitz’s test);

e when x = 2, the series

2n 1
Enﬂ”zzn

n>1

diverges.
Hence, the set of convergence of the power series

n

T
2 pom

n>1

anznn

we shall have:

n— oo

/\:nh_{rgo V)an| = A= lim \/

n'r’L

hence, the radius of convergence is p = co and the interval of convergence,
respectively the set of convergence is (—00, 00).

¢) As a, = n! it results that
(n+1)!

= =n+1 — o0
n! n—o0

An+1
an

and the radius of convergence is p = 0, respectively the set of convergence
is {0}.
d) Denoting

1

a, =
2n 4 3n
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one obtains

A 1

An+41
= — ;
on+l 4 3nt+l p oo 3

Qnp

therefore the radius of convergence is p = 3 and the interval of convergence
is (—3,3).

We shall test the convergence at the end-points of the interval of
convergence:

e when x = —3, the series

is divergent;

e when x = 3, the series
>y
= on 4 3n

diverges.
Hence, the set of convergence of the power series

n

x
ji: on +,3n

n>1
is (—3,3).
e) Taking
n+1
=(=1)"
an = (1) n?2+n+1

it results

ant1| n+2 n24+n+1 )

an | (n+1)2+n+2 nt+l nvo ]

hence the radius of convergence is p = 1 and the interval of convergence is
(=1,1).

We can also obtain this result in Matlab 7.9:

>>syms n

>> a=@(n) (-1)"n*(n+1)/(n"2+4n+1);

>> 1/simplify(limit(abs(a(n+1)/a(n)),n,inf))

ans=

1

or in Mathcad 14:
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1 1

a(n) = (-1)" = 1
n +n+1 lim e i

am)

f— oo

or using Mathematica 8:

]
il

afn ] :=({-1)*nx{n+1)/ {o*2+10+1)

= 1l/Limit[Abs[a[n+1] fa[n]], n—+ Infinity]

]
(X}
i

or with Maple 15:

q = n—-(—l]”-,n;l:
Wtnrtl
1
lim aln+1)
7| " a(n)

45

We want to test the convergence at the end-points of the interval of con-

vergence:

e when x = —1 one obtains the series

1 1
Z SO nQT—L|—+n+ 1 Z nQT—L|—+n+ 1
n>1 n>1
which is divergent, using the comparison test I since
n+1 < n+1 1
n24+n+1-"n2+2n+1 n+1

and the fact that the series > is divergent.

1
n>1 n+1

e when x = 1 one achieves the alternating series

—~ n?2+n+1

that is convergent using the Leibnitz’s test.
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The set of convergence of the power series

n+1
1"
Z( ) n2+n+1

is (—1,1].
f) We notice that
n n 1
) Y (YIS (RO o
it will result
B R
1 1
T2 (n+1)-[(n—1° -1 = n(n+1) S V"

Hence the radius of convergence is p = oo and the interval of convergence,
respectively the set of convergence is (—00, 00).

g) We shall have
2
1 n“+n
a, = <1 + > ,
n

therefore

n2+n

1 n 1 n+1
A= lim ’\L/|an| = lim (1 + ) = lim <1 + > =e,
n— oo n n

n— oo n—oo

ie. 1thle radius of convergence is p = l and the interval of convergence is
( Tth )following Matlab 7.9 sequence helps us to obtain the radius of
convergence:

>>syms n

>> 1/limit(((14+1/n)"(n"24n)) " (1/n),n,inf)

ans =

1/exp(1)

We can also get the radius of convergence using Mathcad 14:
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. n +n
an) ={1+ —|
\om/
1 -1
— e
1
tm  a(m)"
n— ™
or Mathematica 8:
Inf73]:= afn ] := {1+1/n)*(n"*2+ m)

In[75:= 1/Limit[a[n]*(1/n), n -+ Infinity]

1
Out[7E)= —
2
or Maple 15:
N
a=n-— [1 + —]
Fr
3
1 WO+ R
rz—-[l -+ —J
H
1
1
Jim a(#) "
1
e

We shall test the convergence at the end-points of the interval of
convergence:

e when x = *i it results the series

RO (o)) g (el)

n>1
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which diverges as

2

1 NN
lim (1+ ) =e2 #£0,
n

n—oo en

see the Matlab7.9. commands:

>> syms n

>> limit(((141/n)"(n"24n))/exp(n),n,inf)
ans=

exp(1/2)

The limit can be also computed using Mathcad 14:

i 1~\In"+n
lim =0 4= —:-\J"E
n— o Eﬂ \ n/

or Mathematica 8:

=
il

afln ] :=(1/B*p) = ({1 +1/D)*{n*2+m}):

Inf2]:= Limit[a[n], n -+ Infinity]

n 1 1 n?4n
> 1+
en n
n>1

I:.Jll—-
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)n2+n then

diverges, according to the root test: if ¢, = eln (1 + Yll

n2+n n+1
ol 1 1 1 1
ve \/e"(m) e<+n> -

Hence, the set of convergence of the power series

2
1 n“+n

E (1+ ) x"
n

n>1

is (—eve):

2.2 Taylor and Mac Laurin Series

2.2.1 FExpanding a Function in a Power Series

Theorem 2.7 (see [8]). If a function f(z) can be expanded in some neigh-
bourhood |z — a] < p of the point a in a series of powers of  — a , namely
f(z) has a power series representation at the point a

flx)= Z en (. —a)" (2.4)
n=0

then its coeflicients are given by the formula

(n)
B n!(a). (2.5)
Definition 2.8 (see [8]). The power series of the form
> p(n)
f@ =37 Wy (2.6)
n=0
2 n
— f(a)+ (@ —a) f (a) + (“'”;!“) f(a)+ .+ (m;!“) £ (@) +
is called the Taylor series and
Ry (2) = f (z) = T (2) (2.7)

means the remainder of the Taylor series, where T), (x) is the n- th
degree Taylor polynomial of f at the point a:
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(z—a)"

2
a4+ ")
' (2.8)
Remark 2.9 (see [15], p. 282). In order to evaluate the remainder, one
can employ the formula:

(Sﬂ o a)nJrl
(n+1)!

Definition 2.10 (see [15], p. 282). The power series of the form

Ry (z) = Ot (a+0(x—a)), 0<0<1. (2.9)

x’ﬂ
(n) .
T 0)+
(2.10)
namely the particular case of the Taylor series for a = 0 is called the Mac
Laurin series.
Example 2.11. Expand the function f(x) in a series of powers of x:

> £(n) 22
f(x) = Z ! n'(o)x" = f(0)+xf" (0)+ o1 J70)+...+
n=0 : .

a) f(x):élnitz, z € (—1,1)

b) f(z) =cos®z, x € R

O f@= """

g TER\{L3).

Solutions.
a) One can notice that

1
f(x)= 5 In(I+z)-In(l—2)| = 9 [f1 (z) — f2 (v)], x € (—1,1)
~ ~ rd ~ ~ rd
f1(@) fa(2)
and
=L, @) =L,
1 (z) = (1+x)? 2 (x) = (1-x)2
(@) = 2 (@) == Dy
4 4
1( ) (z)=— (1fm)4 2( ) (z) *(1,61)4
We shall expand both the function f; (z) and f2 (z) in a Mac Laurin

series of x:
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22 a3 xt
fl(x):0+x'1+2!'(—1)+3' 2+4!.(—6)+
- 2 223 6zt
ST Ty T T
x2 a3 xt x2 223 6at
falw)= o=y b gy 2y O =g gy oy T
hence
_ 1 x2 223 6zt x2 223 6at
J@=g gty o Pty g oy
1 2%3 1’3 x2n+1
= ) 2. o) = = .
2(5UJr 3 " > Tyt 2;0271—&-1

We shall achieve the first eleven terms from the power series expansion
of the function f (x) of z, using the following Matlab 7.9 sequence:

>>syms X

>> taylor(1/2*log((14+x)/(1-x)),12)

ans =

x+1/3%x"841/5%x"54+1/7*x 7T+1/9%x"9+1/11*x"11

or Mathcad 14:

1 |f1 + }{H'I X3 }{j X;‘ }{9 :{11
—-In |sefies 11 5> x4+ —+ — + — + — + —
X '-.\_1—}{_,-' 3 3 7 0 i1

or Mathematica 8:

In[g3)= Series[1/2xLog[{l+x)/(1-x)], {x, 0, 11}]

or Maple 15:

series[L-ln[ L ik ],x=0, 12]
2 x
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b) We shall deduce that:

cos2x + 1 1 1
f(z) = (cosx - cosz)cosz = 5 + cosx = 2c032xcosx+ o COS

Lot (cos 3z + )+ ! ! 3z + ! + ! ! 3z + 3
= - cos 3z + cosx cosx =  cos3x cos T cosx =  cos3x cos x;
2 2 2 4 4 2 4 4

therefore
f'(x) =33 (—sin3z) — ?sinz = —?sin3z — ¥sinx
f"(z) = =9 cos3z — % cosx

[ (z) =2 sin3z + ?sinx

and then we shall obtain the expanding of the function f (z) in a series of
powers of x:

N 2 9 3 3 4 797.3 3
f(w):an,()w":HM—””~(—4— )+$~o+”‘~( + )+
n=0 ) :

21 4 3! 41 4 4
_ox? 9t 43 2t 9243 _ oz
T2 4 4 4 +"'_n>0(71) (2n)!'(9 +3).
¢) One can notice that
3r—95 1 2
fa= 0 = L T =A@ h), e (13)
S
fi(x) f2(x)
and
/ _ 1 / _ 2
fl,/(x) - (12,1)2 fQH(x) - (14,3)2
1 (.’L’) = (x_lb)S 3 2 (Z‘) = (x_132)3
==t | mw=-1

Expand both the function f; (z) and fs (x) in a Mac Laurin series of z
one obtains:

mQ 1'3 2 3 n
fl(w)z—l—w—2!-2—3!-6+--~:—1—:L‘—:z: —x +---:—E z",
n>0
2 2 x? 42 2 12
Fol@) = =g =@ gy =g s T g g T
2 2z 22?2 228 2 .
R T I P

n>0
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hence

flay==>Y" <1+ 3n2+1)x”.

n>0

Example 2.12. Compute the approximate value for In1.2 by expanding
the function f(z) = In(1+ ) in a Taylor series of the 3rd order, in the
point 0. Evaluate the committed error.

Solution.

As

f, (:ﬂ) = 141_95

/ _ 1
f ! (:L’) T (14x)?
f”/ (l’) = (1fz)$

@ (r) = 7(1&)4,

Using the 3-th degree Taylor formula, we shall have

2 3

In(l+az)=" +°* -(4)4”; 24 Ry (),

12!

where

_x4. (4) _x4. _ 6 __1. xt
Ry(e) =" - f@ (02) =, ( (HW)— (s om PEOD-

We shall achieve the approximate value for In1.2 by expanding the
function f(x) = In(1+ z) in a Taylor series of the 3-th order, in the
point 0:

0.2 022 023 0.04  0.008
Inl2= 1 91 + 31 -2=0.2 9 + g = 0.1826666667.
We shall check the result using Matlab 7.9:
>> vpa(log(1.2),10)
ans =
0.1823215568
or Mathcad 14:

or Mathematica 8:
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In[34):= SetAccuracy [Log[l.2], 11]

oujs4}= 0.1823215568

or Maple 15:

In(1.2)
0.1823215568

The committed error will be

1 0.24
2= — . 1):
R3(0 ) 4 (1+029)47 06(07 )a

hence

4 4
|R3 (0.2)] = i : 0.2 s < 02" _ 0.0004.
(1+0.2-0)" 6e01) 4
Example 2.13. Compute the number /e to five decimals by expanding
the function f () =e” in a series of powers of x.
Solution.
Using the n- th degree Mac Laurin formula, we shall have

1‘2 " xn—&-l

S

Oz .
1o o ey @ 00

substituting z = % in the previous relation we shall have:

1 1 1 1

/2 _q .92 9 e (0.1).
¢ Ton et oy Fon gy @ 00D
Therefore,
1 1 1
Rn — L of/2 < L el/2
(2> o+l (n+ 1)1 ey 204 (n+ 1)1 €
§ 1 B 1
2ntl. (4 1)1 7 2. (n+ 1)

As we have to calculate the number /e to five decimals it result that

1 1
< — 2" D!'>10° <= n>7,
on . (n+1) 106 (n+1) "=
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i.e. for n > 7 we can calculate y/e to five decimals; thus:
Vex=1l+ ! + + + ! = 1.6487345
CF T T2 27 7 '
We shall check the result in Matlab 7.9:
>>vpa(exp(1/2),7))
ans=
1.648721
or in Mathcad 14:
Je = 1.6487213
or Mathematica 8:
In[100]:= Sethccuracy [E~ (172}, 7]
Cut[100}= 1.648721
or Maple 15:
Digits =17
avaif{\fe )
1.648721

Example 2.14. Use the Taylor formula to calculate the following limits:

tanx —sinx

a) lim
) x—0 SUS
. sinx —sina
b) lim
T—a T —a
. CcoSx — cos2x
c¢) lim

z—0 1 —cosx

Solutions.
a) Supposing that

f(z) =tanz —sinz
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as

f(x) = COSQ ) COS %
f” (SU) ( cos3 z) s

;2
f”, (]‘ cos3 ) cosz + Gcsc‘)lsri1 acm
4 cos® x+2sin“ x ) sinx
f(4) (l‘):<c033x—1)81n$+12' ( cos® x )

and expanding the function f (z) in a Taylor series of the 3rd order, in the
point 0 it results:

2 3

X x x
f(x) =0+ 1 -0+ 9] -0+ al -3+ R3(x),
where
x4 4 (cos? 6z + 2sin? Oz) sin Oz
Rs (z) = — 1) sinfz +12- ,0€(0,1);
3 (@) 4! [((:053 0z ) sm o+ cos® Oz €01
hence
3zt 4 (Cos2 Oz + 2sin? 01) sin Oz
~ —1)sinfz +12- ,0€(0,1);
@) 2 * 4! |:<cos3 Oz ) sin 0+ cos® Oz ARG
therefore
tanx — sinx T
lim = lim f(z)
x—0 ;US x—0 ;US

3 4 29 2~29 in@
— lim {“c + 7 {( 1 —l)sin9$+12~(cos @+ 2sin® 6a) sin x}}l

z—0 3 | 2 4! cos3 Ox cos® Oz

We can check this result in Matlab 7.9:
>> syms X

>> limit((tan(x)-sin(x))/x"3,x,0)
ans =

1/2

or in Mathcad 14:

fim tan(x) — sinfx) o
=+ 0 xg

bt |

or Mathematica 8:
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In] 405]:=

Limit[(Tan[x] - Sin[x]) /x*3, x » 0]

st A =

ra | =

or Maple 15:

lim tan(x) — sin(x)

x—10 x3

Ix..:l|-—~

b) We shall expand the function f (z) = sinz in a Taylor series of the
first order, in the point a; taking into account that

fi(z) =cosz f1(a) =cosa
{ 1 (z) = —sinz’ { 7" (a) = —sina

it results:

f(x)&sina—!—xl'a-cosa+R1(x),

where

2
Ry (z) = (z —a)

L a0 a)
(z —a)’ .
="y “(—sin(a+60(x—a))), 0 €(0,1).
Hence,
lim sinz —sina - f(x) —sina
T—ra xr—a _x—m xr—a
1 2
zii_rgxia (x—a)cosa—!—(x Q'G) ~(=sin(a+ 0 (z—a)))| = cosa.

We can prove the correctness of this result in Matlab 7.9:
>> syms X a

>> limit((sin(x)-sin(a))/(x-a),x,a)
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ans =
cos(a)
or in Mathcad 14:

fim sinfx) — sinfa)

I—a i—4a

— cos(a)

or in Mathematica 8:

In[110):= Limit[ (8in[x] - S8in[a]) / {(x-a), x -+ a]

Ourt[11

0= Coala]
or in Maple 15:

sin(x) — sin(a)

Jm,
x—a

cos(a)

¢) We shall expand the functions f (z) = cosz and g (z) = cos2z in a
Taylor series of the 3rd order, in the point 0; taking into account that

fi(z) = —sinz £} () = —2sin 2z
1 () = —cosx 4 (x) = —4cos2z
W (z) =sinz ~ "' (z) = 8sin2x
f14) (z) =cosx f24) (x) = 16 cos 2z
it results:
10T ™ ouR
P =1t 04 0 (C1) 4 04 Ref (@)
where
X x4
Rsf (z) A1 W () = Al -cosfz, 0 € (0,1)
and
21 0e T Ly our

where
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4
X
R3g (Z‘) = 4

We shall deduce that:

4
g™ (0z) = Z; -16cos 20z, 6 € (0,1).

. cosx — cos 2x . 179§T+ﬁ?«0050x71+4§,2fﬁ?~16c0520x
im = : : : :
z—0 1—cosw z—0 1- (1 - ”2? + ’fj -cosﬁx)

— lim 3;”!2 + gf: (cos Ox — 16 cos 20z)

z—0 ot _ 2 cos O
2l T4
_ 1 S!Jrffﬁ (cosflz — 16 cos20x) 3 5_3
~ 250 1 — 2% cosfx 2 0T

2! 4!

This result can be also achieved in Matlab 7.9:
>>syms X
>>limit((cos(x)-cos(2*x))/(1-cos(x)),x,0)
ans=

3

or in Mathcad 14:

cos(x) — cos(2-x)

— 1 — cos(x)

or in Mathematica &:

Limit[(Co=[x] -Cos[2»xx]) F (1 -Cos[x]), x =+ 0]

Outf 111} 3

or in Maple 15:

lim cos{x) — cos(2-x)
x—=0 1 — cosix)
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2.3 Sum of a Power Series

Definition 2.15 (see [8]). The function

f(z) = lim fo (), (2.11)
where
fn () = En:akx’% ar €R, k=0,n (2.12)
k=0

and x belongs to the region of convergence is called the sum of the power
series and

Ry (2) = [ (2) = fa (2) (2.13)

its remainder.
Theorem 2.16 (see [8]). If the power series Y~ ¢, (z —a)" has the
radius of convergence p > 0, then the function f defined by

f (@)= lim > ek(@—a) (2.14)
k=0

is differentiable on the interval (a — p, a + p) and

fl@)=> ney(x—a)"", (2.15)
n=0

n+1

o (z—a)
flx)y=C+ Cn ; 2.16)
/ ( nz:;) n-+1 (

the interval of convergence for the power series from (2.15) and (2.16) is
(a—p, a+p).

Example 2.17. Find the set of convergence and the sum of the power
series:

3n+1
SN
n>0 n+
Solution.
We denote )
an = 3n + 1;

therefore
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Ap+1
Qnp

. dn+1
= lim =

A= 1i =
e n—oo 3n + 4

n— oo

L,

namely the radius of convergence is and the interval of convergence is
(71,1)
At the end-points of the interval of convergence we shall have:

e when x = —1, the series
B S
=i 3n+1 et 3n+1
diverges;

e when x = 1, the series

n 1
Z(il) 3n+1

n>1

converges ( by Leibnitz’s test).
Hence, the set of convergence of the power series

n x3n+1
Z (=1) 3n+1
n>0
is (—1,1].
Let be f (x) the sum of our power series, namely:
n 3k
= i —1)* . 2.17
)= S0t (27)

Using the Theorem 2.16 one deduces

Jla) = Y = Y e

n>0 n>0

:17x3+x6+...+(71)”x3"+...

namely

1
1423 for |z| < 1.

/f’(x)dxz/ljxgdx

f(x) =

Therefore
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and

1 1 T —2
f(x):/?) [erl_xQerde

1/dx 1/2x—1d+1/ dx
3) xz+1 6 foerlx 2) 22—x+1

1 1 1 d
zgln(:ﬂ+1)761n(m27m+1)+2/ 2;U )
@37+ (%)
U CIIE) By MY TS R i I
= _ In(x — In(z*—=x . arctan :
3 2 \/3 \é?’ )

hence
-1

fl@)=_ In(z+1)— 1 (:U2fx+1)+\/ arctan Y +C

We shall have

f(0) = \}3 arctan(&é) +C = \}3 . (—2) +C = _633 +C.

Taking into account that from (2.17) one deduces f (0) = 0 we shall have
C= 6\7;3 and the sum of our power series will be

1 1 1 2z — 1 T
)= _In(z+1)— In(z®>—z+1)+ arctan + .
o) = gin(z+1) = gIn( )\/3 V3 63
Example 2.18. Find the sum of the power series:
) +x2+x3+ +xn+
a x e e
2 3 n
b) Zn%”, z e (—1,1).
n>1
Solutions.
a) As for this power series
1
ap =
n

using (2.3) it results that the radius of convergence will be p = 1 and the
interval of convergence (—1,1).
When:
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e 1 = —1 one obtains the series

S

n>1
which converges (see the Leibnitz’s test);

e 1 — 1 one obtains the series

>,
nZln
which diverges.

The set of convergence for the power series ”n will be [-1,1).
Let be the sum of our power series. Using the Theorem 2.16 one deduces:

n-an ! n— n—
f'(;v):z i :Zx Voot a? 4+ 2™ 4.5 (2.18)
n>1 n>1

1

we can notice that this series represents the expansion of the function |~

in a series of powers of z, namely

' (z) = , (V) ze[-1,1); (2.19)

therefore

f(x) :/ 1 ! xdx: —/(ln(l—x))/dlen(l—x).

We can also compute the sum of the power series ) -, xn using the
following Matlab 7.9 sequence:

>>syms X n

>> symsum(x“n/n,n,1,inf)

ans =

-log(1-x)

or in Mathcad 14:

oo n

53 I |am(l-x Fr=ln
1

n=1 om if 1=5x

x €1

or in Mathematica &:
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In[112)= Sum[x*n/n, {n, 1, Infinity}]

Out[112} -Log[l - x]

or in Maple 15:

i x"_
n=17"
-In(1 — x)

b) Let be f (z) the sum of the power series
Zx”:x+x2+x3+~«+x”+-~ :
n>1

1

one can notice that this series represents the expansion of the function , -

in a series of powers of x, namely
1
» at = : (2.20)
et 1—2x
Using the Theorem 2.16 one deduces
' (z) = an"‘l. (2.21)
n>1
Deriving the relation (2.20) in its both members we have:
n—1 1
> natt = . (2.22)
et (1—2a)
Taking into account the relations (2.21) and (2.20) one obtains:

1
()= na"!= . (2.23)
n%:l 1 - z)?
We shall multiply by x the both members of the relation (2.23); hence
Sonan= T (2.24)

2
et (1—-x)

Deriving the relation (2.24) in its both members one deduces:

2 -1 T /_ 1+
> iz ((1x)2> = 1o (2.25)

n>1
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Multiplying by x the both members of the relation (2.25) it results
> 2gn = 7 '+2. (2.26)
n>1 ]‘ - SU)

Deriving the relation (2.26) in its both members we shall have:

ne1 [r(1+x) /_x2+4x+1
Zn3 <(1_x)3) = aiat (2.27)

n>1
Let be g (z) the sum of the power series Y, -, n”z"; using the Theorem

2.16 one deduces

2
. +4r+1
"(z) = E p3gn—1 G20 :

; 2.28
(1 —x)4 ( )

n>1

therefore

[P +4z+1l . z(l+a)
s@= [ =,

2.4 Problems

1. Which is the set of convergence of the power series

o
§:2n+1'x?

n>1
Computer solution.
For
2’ﬂ
T on 1
we achieve the radius of convergence in Matlab 7.9:
>>syms n

>> a=@Q@(n) 2°n/(2*n+1);
>> 1/limit(abs(a(n+1)/a(n)),n,inf))
12

or in Mathcad 14:
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.
n) =
2n+1
1 1
—_— -
fim a(n + 1) 2
n— oo a(n)
or using Mathematica 8:
In[B]:= a[r—._] =20/ (2»x0+ 1)

In[T= 1 /Limit[Abs[a[n+1] fa[n]], n -> Infinity]
1

bt
<

2??
= —
(2-m+1)
¥l
Fi— _—_
2n+1
1
; +:1
lim |2+ 1)
a=wo| aln)
L
2
2. Find the set of convergence of the power series
n>0
in the following two cases:
® ap,a1,- - ,0Qn, - is an arithmetic progression, with the common ratio
r, r # 0;
® ag,G1, - ,0n, - 18 a geometric progression, with the common ratio r,

r#0,r#1.
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3. Expand the function

fl@)=Vita, 2> -1

in a series of powers of x.
4. Find the power series expansion of the following function of x :

3 1
fz) = o a1’ xER\{l, —2}.

Computer solution.
The power series expansion of the 7-th order, of the function f(x) is
achieved in Matlab 7.9:

>>syms X
>> taylor(3/(-2*x"24x+1),8)

ans =
- 255*x°7 4+ 129*x"6 - 63*x"5 + 33*x"4 - 15*x"3 4+ 9*x"2 -
3*x + 3

or in Mathcad 14:

-

3 s . : 3 e
: series, 8 — 3—3x+ 0x — 1:|-x3 + 33-:{4 - 63-:{:‘ + 129‘-:{6— 235-x
2% +x+ 1

or using Mathematica 8:

Inf2]:= Series[3/ (-2»x*2+x+1), {x, 0, 7}]

OuZE 3-3x+9x -15x° +33x - 63x° +129x% - 255%" +o[x]"

or with Maple 15:

series . Lx=0, 8]

2. 4x41

I —3x4+9¥ — 15 + 335 — 63 % + 12925 — 255 + 0(+)
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5. Compute the approximate value for v/1.01 by expanding the function
f(x) = V1422 in a Taylor series of the 3-th order, in the point 0.
Evaluate the committed error.

6. Calculate the number v/19 to three decimals.

7. Find the interval of convergence of the power series and test the conver-
gence at the end-points of the interval of convergence:

n>0

|
c) Z ",
nn

n>1

8. Find the sum of the power series:

2

3> gn (3" —2m).

n>1
Computer solution.
We find the sum of the power series in Matlab 7.9:
>>syms n
>>symsum(n”~2*(3"n-2"n)/6"n,1,Inf)
ans=
9/2
or in Mathcad 14:

or using Mathematica 8:

In2]= Sum[n*2=x (3*n-2"n) f6*n, {n, 1, Infinity}]

9

o
<
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and in Maple 15:

9. Use the Taylor formula to calculate the limit

. Inz
lim .
r—1 ]_ —
Computer solution.
We shall obtain in Matlab 7.9:
>>syms X
>>limit(log(x)/(1-x),1)
ans=
-1
and in Mathcad 14:
lim In () ——1
z—=11—1x

or using Mathematica 8:
In[22):= Limit[Log[x] / (1 -x), x = 1]

or in Maple 15:

lim  1o8(x)
r—=1 1=-x

10.Find the limit:

z2cos?x —sin’ x

lim 4
=0 (arcsinz)

Computer solution.

69

Iulu:n



70 2 Power Series

We shall have in Matlab 7.9:

>>syms X

>>limit((x"2*cos(x) " 2-sin(x) “2)/(asin(x) "4),0)
ans=

-2/3

in Mathcad 14:

2 2 2
1 -cos(x)” — sin{x)”

|
(]

lim
=0

asi.t1[x}4
or using Mathematica 8:

Limit[(x*2xCoz[x]*2 - Sin[x] *2) / (Arc5in[x] *4), x -= 0]

Out[1]

w | ma

or in Maple 15:

co 5(.‘(]: — 51'11(:()l

lim

=0 a:r-:s,in(_vcjf1

I
u:-llu



3

Differentiation Theory of the
Functions

3.1 Partial Derivatives and Differentiable Functions
of Several Variables

3.1.1 Partial Derivatives

Definition 3.1 (see [8]). A variable quantity z is called a single-valued
function of the two variables x, y, if there corresponds to each set of their
values (z,y) in a given range a unique value of z. The variables x and y are
called arguments or independent variables. The functional relation is
denoted by

z=f(z,y), f:R? >R (3.1)

We can define functions of three or more arguments in the same way.
Definition 3.2 (see [41], p. 166). If z = f (x,y), then assuming, for exam-
ple, that y is constant, we get the derivative

oz _of . f(x,0)—f(ab)
dr Or xlﬁla r—a = fz (x,y), (3.2)
T F#a

which is called the partial derivative of the function z with respect to
the variable x.

In a similar way, we define and denote the partial derivative of the func-
tion z with respect to the variable y.

G.A. Anastassiou and L.F. Iatan: Intelligent Routines, ISRL 39, pp. 717E.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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Definition 3.3 (see [15], p. 144). If they exist, the partial derivatives of the
functions f; and f; they are known as second order partial derivatives
and one denotes by:

/ o (o 8?2
v = (f2), = oz (ai) = ax;

_ r_ o (or) _ o°f
"o (f/)’ ) (8f _ 8%f :
yxr Y)x — Oz \ Oy Oxdy
7]

— o afy _ 9°f
g:gi(fll/)yidy ((93/ oy
Proposition 3.4 (Schwarz’s criterion, see [15], p. 144). If the function

f has the mixed second order partial derivatives f;) and f;, in a neigh-

borhood of the point (a,b) € A C R? and if 7, and f,/, are continuous in
(a,b) then
1 1
fiy (a,0) = fyy (a,0) .

Example 3.5. Let f : R? — R, be specified as

f(zy) = \/sin2 z + sin? y.

Find the first partial derivatives of the function f at the points (” O) and

4
(3, 7)

Solution.

We shall have

. (2,9) af( ) 2sinx cosx sinx cos
T,Y)= r,Y) = =
¢ Ox 2\/sin2 z +sin’y \/sin2 z +sin’y

£ (5.0) = éQ = 07071 £; (7. 7) = ; —05

2sinycosy siny cosy

2\/sin2 z +sin’y B \/sin2 z +sin’y

, (T g (momy 1
Ty (4’0) =0 4y (4’ 4) =, =00
We can also compute these first partial derivatives of the function f in
Matlab 7.9:
>> syms X y
>> f=Q@(x,y)sqrt(sin(x) " 2+sin(y) "2);
>> s=diff(f(x,y),x);
>> ss=subs(s,{x,y},{pi/4,0})
ss =
0.7071
>> sl=subs(s,{x,y},{pi/4,pi/4})

0
file) =) (@) =
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sl =

0.5000

>> t=diff(f(x,y),y);

>> tt=subs(t,{x,y},{pi/4,0})

tt =

0

>> tl=subs(t,{x,y},{pi/4,pi/4})
tl =

0.5000

or in Mathcad 14:

£(x.y) = ysin(x)” + sin(y)”

=

a0 == vi=0 =xl=

vl =
P 3

¥

£ £(x0,y0) simplify —

il T

5 1
£ fixl,yl) > <

&x0 axl 2
3 3 1
£ _f(=0,y0) =0 e (1) — -
Byl Byl 2

or with Mathematica 8:

Inf4]:= £[x_, y_]:= Sqrt[8in[x]"2 + Sin[y]*2];
In[E]:= Sethccuracy [D[f[x, ¥],x] /. {x—+Pi/4, y -+ 0}, 4]

OutfS}= 0.7071

In[g]:= Sethccuracy [D[f[x, ¥],X%X] /. {x—+Pi/4, y+Pi/4}, 4]

outlsl= 0.500

In[f]:= Setheccuracy [D[E[x, ¥], ¥v] /. {x+Pi/s4, vy 0}, 4]

outT 0. w107

In[8]:= Sethccuracy [D[f[x, ¥], ¥] /. {x—+Pi/4, y+Pi/4a}, 4]

outfg= 0.500

or using Maple 15:

73
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,fsm 2+ sin _})1

(xx3) =/ sin(x)? + sin(y)?

evalf| = f(xy)

IT
x= T,}-—G
0.7071067810
evalf| = flx y)
o x¥
.
RN
05000000000
evalf| 2 flxy)
By Xy
T
=—_v=0
20 4 ,_}-
0.
evalf| < flx )
e Xy
) Wt B
Bl

0.5000000000

Example 3.6. Let g : R? — R, be specified as

g(z,y,2) = we¥.

Find the first partial derivatives of the function g at the point (1,1,1).
Solution.
Thinking of y and z as constants, the partial derivative of g with respect
to x is:
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Thinking of x and z as constants, the partial derivative of g with respect
to y is:
9y = P xzeV?.

Thinking of = and y as constants, the partial derivative of g with respect
to z is:

_ 99 _ -
9= = g, = HYC
Hence
g, (1,1,1) =e=2.7183
gy (1,1,1) = e =2.7183
9. (1,1,1) =e =2.7183

In order to find the first partial derivatives of the function at the point
(1,1,1) we can use the following Matlab 7.9 sequence:

>> syms Xy z

> g=@(x,y,2) x*exp(y*2);

>> s=diff(g(x,y,2),x);

>> sl=subs(s,{x,y,z},{1,1,1})

sl =

2.7183

>> t=diff(g(x,y,2),y);

>> tl=subs(t,{x,y,z},{1,1,1})

tl =

2.7183

>> u=diff(g(x,y,2),z);

>> ul=subs(u,{x,y,z},{1,1,1})

ul =

2.7183

or in Mathcad 14:

Elzx_.j,-',z} —xe - =1 =1 z20=1

a(x0,v0,20) = 2.7183 a(x0,v0,z0) = 2.7183

E:- |l.':|:|
[=J
'g |l.':|:|

€ g(x0,y0,20) = 2.7183
&zl

or with Mathematica 8:
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Infé4):= gfar , ¥ , 2 ] :=xxE*(y=z)

In[85]:= SetAccuracy [D[g[x, ¥, 2], x] /- {x=+ 1, y+1, 2+ 1}, 5]

outlss= 2.7183

SetAccuracy [D[g[x, ¥, 2], ¥] f. {Xx=+1, y=+1, 2=+ 1}, 5]

2.T183

=
(&
i

SetAiccuracy [D[g[x, ¥, 2], 2] /. {x=+1, y=+1, 2=+ 1}, 5]

outlET= 2.7183

or using Maple 15:

g— lExa)—me®

(£, 2)—xe”

Digits =35
3
evalf| == g(x.2)
ax SWE
x=1y=1z=1
2.7183
= 3
‘ﬂj ot '
evalf o glxy 2)
. x=1y=1z=1
2.7183
ol @ )
iy [l e
evalf| —— glx3.2)
\ x=1y=12=1
2.7183

Example 3.7. Get the first and the second partial derivatives for the
following functions:

T+Yy
= t .
a) f(z,y) = arctan 12y
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b) g (z,y,2) =y* .

Solutions.
a) We calculate the first partial derivatives of the function f. One finds
that:

fé:af: 1 2_a<x+y>
ox 1+(11:ny) Or \1—zy
B (1 ay)? -y ty(z+y)
(-2’ (et y)? (1—y)*
B 1—ay+xy+y° B 1+
1—2zy+a22y? + 22+ 22y +y?2  1+22+y%(1+22?)
1+y? 1

(1492 (1+a2) ~ 1+a22

and

f,_af_ 1 0 (x+y
Yooy oty \2 Oy \1—ay
1+(1—xyy)
_ (-ay)?® l-ayta(zty)
(I+2%)(1+y?) (1—ay)?
Cl-ay+a®+ay 14 22 1

(L+22)(1+y2)  (L+a22)(1+y?)  L+y?

Differentiating these expressions we shall obtain the second partial
derivatives of f:

n gy O (AN _OF
fo = (fac)gc ~ Or <8$> o2 7(1+x2)2a
" A 8 af _ 82f 2y
= (1), = o, <8y> o (1)
"o A 9 af = an =

7 "/ 0 8f 82f
fr— pr— fr— = O
U (fy)’” Ox (8y> 0xdy
We can notice that the mixed partials derivatives in both orders are
equal:
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0% f B 0% f
0xdy  Oydx’

We could also say that using Schwarz’s criterion (see the Proposition 3.4).
b) We shall have:

z x* z—1
: - 1
P (%) =y* 2z ny,
dg a
9y = oy oy

dg

z 1o} 2 z
=)=y "y o @)=y y-atla. J (:) = y" 2 oy,

0z
d (0g 0%g 0 - _ - _
" T z—1 T z—2
922 = gy (89&) ox?2 Oz (y )zx Iy +y* 2(z = Da*"lny

= y" 22" 'y 22 tlny + y* 2 (z—1)2z* %Iny

=y* 22 2lny (zeflny+2—1),

d (0g 9%g 0 i Z
"o _ 1 =1\ _ .z z x*—2
Iy? Ay <8y> oy ’ Ay (y ) v @ =1y

d (9g 0%g 0 2 )
"o _ _ . . N ;
#2702 (82) T 022 9z (y )x Inzlny +y Py (z*)Inzlny
:ymzlenxlny-lenxlny+ymzlenxlnxlny

=" "I’ zlny (z° Iny + 1),

0 (0g 9%g 0 2 _ = ., 1

" A T z—1 T z—1

= = = = 1 + .

9oy = (9a), Ay (3x> dydx Oy (y ) soomyTmys e y
xzyzzflz

z—1, x*—1

=zx* 'y (z°lny+1),

z—1, x*—1

2 ny + 22"y

0 (0g 9%g

"o N —

9oz = (9): = 0z <8m) 020z
0

z z z 8
T z—1 T z—1 T z—1
9z (y )Zx ny+y- zx ny+vy Zaz (SU ) ny

=y *lnzlny - ze* ' Iny + 4% 2 Iny +y° z2* ' lnzlny

= ywzzxzfllny(zlenxlner 1+zlna),
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b v O (09 9% 0 L ey L0 [ ey
gyzi(gy)zi8z Oy 78z8y78z(x)y e 0z (y )

9 .
8z<x -1)

=2*lnz-y® ' +2%y" 'lny-2*lnz
= 2%y 'lnz- (1427 ny).

=2*lnz-y® '+ 2%y tlny-

We can compute these partial derivatives in Matlab 7.9:
>> 8syms Xy z

>> g=Q(x,y,z) ¥y (x"2);

>> s=diff(g,x)

S =

x"(z - 1)*y”~ (x"z)*z*log(y)

>> t=diff(g,y)

t =

x"z¥y (x"z - 1)

>> u=diff(g,z)

u =

x"z*y" (x"z)*log(x)*log(y)

>> factor(diff(s,x))

ans =

(v~ (x"z)*log(y)*x"z*z*(z + x"z*z*log(y) - 1))/x"2
>> factor(diff(t,y))

ans =

x"z*y (x"z - 2)¥(x"z - 1)

>> factor(diff(u,z))

ans =

¥~ (x"2) Flog(x) “2*log (y)*x"z* (x"z*log(y) + 1)
>> simplify (diff(s,y))
ans =

(x" 2%y (x"2)*2* (x"7*log(y) + 1))/(x*y)

>> simplify (diff(s,z))

ans =

(x" 7%y (x"2) *log(y) *(z*log(x) + x"z*z*log(x) *log(y) + 1))/x
>> simplify(diff(t,z))

ans =

x"z*y"(x"z - 1)*log(x)*(x"z*log(y) + 1)

or in Mathcad 14:
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Hxy.) =y

& e(ry.2) simplify — " zin(y)
%

& . 5 z 51

— glx.y.z) simplify — x -y

E'Er.'

Z gry.?) simplify — 5™y -In(x)-In(y)
&z
2 z K | z |
Azl zlnlvy — 1
T L e
2
2 2
G e(x.y.2) simplify — 5y - 1]
By
o z i f \
& a(ny.2) simplify — 5%y () in(y)-Fngy) + 1)
nz‘-
{ 7 z % {.z :|
2 13 I AL Tk 1
E__C_g[x__}-',z} I Sm‘lp]Jf}' (o -y -E\x [}}'l' ;
ay \ o J =y
.‘* A z 5

X -1,-'x‘-]11[§,-'}-[z-]11[x} + xz-z-].ﬂ[x}-]n[}-'} + 1_:I

L]
-
i
-

X

J¥.2) ‘ simplifyy —
of

E:l |'-'Jl:-
’E:- |'-'!l:-

e(x.y.2) | simplify — 5=y in)-\Engy) + 1)
7

E:l |'-'Jl:-
:9:- |'-'!l:-

or with Mathematica 8:
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In[8:8]:=

InE:8]:=

Ourt[55]=

In[70]:=

Ourt[70}=

In[T1]:=

Out[T1}=

In[T3]:=

Out[73}=

In[T4]:=

Out[T4}=

In[TE&]:=

Qut[T5}=

In[T&]:=

O] 76]

In[77]:=

Qut[iT=

In[T&]:=

Out[T8}=

glx , ¥ ,2] :=¥*x"z
Dlg[=, ¥, 2], =]

v zLogly]

Dlg[=, ¥, 2], ¥]
s

Dlg[=, ¥, 2], 2]

x" ¥ Log[x] Log[y]

Simplify [D[g[x, ¥, 2], {x, 2}]1]

x‘z“y"'zLDg[y] |:—1+z+x'zL|:rg[5.r]:l

Simplify [D[glx, ¥, 2], {¥, 2}]11]

x* |:—1+x':| y‘z*"n

Simplify [D[glx, ¥, 2], {2, 2}]11]

x*v* Log[x]®Log[v] (1+x"Logly])

Simplify [D[glx, ¥, 2], %, ¥]]

=lim _ -lix

X ¥ Ez|:1+1|:“L|:|‘g[y] :I

Simplify [D[g[x, ¥, 2], x, 2] ]

5 Logly] (1+zLog[x] (1+x"Logly]) :I

Simplify [D[g[x, v, 2], ¥, 2] ]

x* y™**" Log[x] (1+x"Logly])

or using Maple 15:

81
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=(xyz) =)

(x32)=F
mpfﬁ( ;—Iglx %) ]

¥ ()

mp«'ﬁ[ %g[x. %2) ]

Smpfﬂiv( :—zglx %.2) ]
f- ¥ln(x) In(y)

2

-t
ax

22)

ln[J'jf;z (xl‘-_lzln[}') +1‘-_lz—f—l]

smp!ﬁ[d—; (xwz)

stmplify [ —225[1 ¥Z)

In(x)* 1n[1r‘|1 ( :lﬂ[}']“"f]
2

sm’ﬁ[ gl u)]

Fla( ay) +£7))
al
sl )

ln[}'}}"‘;(xl‘-_lzln[}') In(x) +f'121n[x} +f'1}
at

-z(x3.2)

simplify [

In(x) 3'"‘;_ ! (1‘1‘-111[ ¥ +f]
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3.1.2 The Total Differential of a Function

Defintion 3.8 (see [8]). The total increment of a function z = f (z,y)
is the difference

Az =Af (x,y) = f(x + Az,y + Ay) — [ (x,y) . (3.4)

Defintion 3.9 (see [8]). The total (or exact) differential of a function
z = f (z,y) is the principal part of the total increment Az, which is linear
with respect to the increments in the arguments Az and Ay.

Defintion 3.10 (see [8]). A function definitely has a total differential if
its partial derivatives are continuous. If a function has a total differential,
then it is called differentiable.

Remark 3.11. The differentials of independent variables coincide with
their increments, that is Az =dx, Ay =dy.

Proposition 3.12 (see [37], p. 133 and [41], p. 175). The differentials of the
the first and respectively of the second order for a function of n variables

f(x1,22,...,2,) are computed from the formula:
_of of
df (a) = . (a)dzy + ...+ O, (a)dzp, (3.5)
d*f (a) = z”: z”: of (a) dz;dx; (3.6)
o o 02075 "
where a = (a1, az,...,a,) € R™.

Example 3.13. Given the function

fa,y) = a® —ay + 2y° + 3z — by,
calculate its differentials of the the first and the second order df (1,1) and

d2f (1,1).
Solution.
Using (3.5) and (3.6), for our function one gets:
_of of
aray =yt @nde+ g
and
o0 f 0 f o0 f
d*f (1,1) = 1,1)da? +2 1,1)dzd 1,1)dy”.
f(?) ax2<3)x+8x8y(7)‘ry+ay2(7)y

As we have
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=20 -y+3 = o (1,1)=4
o =—r+dy—5— 7/ (1,1)==2
=2 = pian=2
gy5:4 — Sl =4
Bi?;afy =-1 = afafy (L,1)=-1

it results that

df (1,1) = 4dz — 2dy

and

d?f (1,1) = 2dz? — 2dady + 4dy>.

We shall calculate df (1,1) and d?f (1,1) using Matlab 7.9:
>> f=Q(x,y) x"2-x*y+42*y " 2+4+3*x-5%y;

>> syms x y dx dy dx2 dy2 dxdy

>> u=diff(f,x) *dx+diff(f,y) *dy ;

>> subs(u,{x,y},{1,1})

ans =

4*dx-2*dy

>> w=dif(f,x,2) *dx24-2*diff (f,x,y ) *dxdy+diff (f,y,2) *dy2 ;
>> subs(w,{x,y},{1,1})

ans =

2*dx2-4*dxdy+4*dy2

or in Mathcad 14:

.y y )
fx,y) =5 —xy+2y +3x-3y

8 fx.y)-dx + L F(x,y)-dy substitute z= 1,y= 1 —> d-dz— 2-dy

& oy

2 pl
d” 2 8 a d” 2 : 2 2
—f{xy)-de + 22— —f(x,y) -dudy + —f(x.y)-dy” substitute x=1.y=1 — 2-dx + 4-dy” — 2-dndy
- &x by dy”

and with Mathematica &:
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Inf25)= 0 s=DE[X*2 - X% ¥ +2 272+ 3nX-Dxy]’

In[28)= u /. DE[x] -= dx:

% .D0[¥] -=dy:

=5
T
i

In[28]:= % f. x =+ 1;

Inf25]= % /. y=+1

Cut[25)= 4 dx - 2dy

Inj20)= Simplify [Dt[u]];

Inf21)= % /. DL[x] -» dx:

Inf22)= % /. DE[y] -» dy:

Inf33)= % /. Dt[dx] » 0;

In24:= % /. Dt[dy] - O;

Inf35]= % /. x =+ 1;

Inf38]= % /. y+1

Outl38}= 2 dx® - 2 dudy + 4 dy®

and with Maple 15:
f= (Ly]—bxz—x-y+2-}?'+ 3x—5y:

= 2o fs) i 5=flan)

2
n

(2x—y+3)de+(-x+4y-3)dy

4k —2dy

o B el o B i o ® e 35
wim ) A+ 1 ) did + 7N

26¢ - 2y + 4
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Example 3.14. Evaluate df (3,4, 5) for the function

z

f(l',y,Z): \/x2+y2'

Solution.
Using the relation (3.5) one obtains

of of of
df (3,4,5) = 3,4,5)d 3,4,5)d 3,4,5)dz.
f(77) ax(77)x+ay(77)y+8z(77)z
We shall compute
_ 2x
) 224 y2 )
a£ = ?1:\2/+y;‘ - _(z2+3222)3/2 = a£ (3,4,5) = _235
4] z o 4
oy = " aigeypre = oy (345) = =5
of _ \artyr _ 1 af 1
Oz x2+y2 \/:1:2+y2 Oz (374;5) ~— 5

Finally,

3 4 1 1/3 4
4 = — — = — — .
df(3,4,5) 25dx 25dy+ 5dz 5 <5dx+ 5dy 5dz>

We can also obtain this result in Maple 7.9:

>> f=Q(x,y,z) z/sqrt(x"24+y"2);

>> syms x y z dx dy dz

>> u=diff(f,x) *dx+diff (f,y) *dy+diff(f,z) *dz ;
>> subs(u,{x,y,z},{3,4,5})

ans =

dz/5-(4*dy)/25-(3*dx) /25

or using Mathcad 14:

Z

f(x,y,0) =
E

2
I+y

i dz  4dy

£ (x‘,z}d.H f[xu}dw f(x.v.2)-dz substifute x=3,y=4,1=27 » — - — - —

i By i ST

or with Mathematica 8:

3odx
2



3.1 Partial Derivatives and Differentiable Functions of Several Variables

In[28}= u := Dt [z f Sgri[x~2 + y*3]]:
In27)= u f. DE[x] -» dx:

In[28]= % f. DE[y] ->dy:

In[25):= % /. DL[E] -=dz:

In[20]:= % /. X+ 3;

Inf31)= % /. ¥ + 4;

Inf33]= % f. 2+ 5

In[27:= Simplify [%]

1
Outf33f — (-3dx-4dy+5d=)
25

or in Maple 15:

fr=(xpz)—-——

e

o SR+ 5 fx52) dy+

sfmphﬁ'[ ulx ]
=3 y=42z=5

L

i = g

Example 3.15. Evaluate d?f if the function f is:

fla,y.2) = Va2 +y2 + 22,

Solution.
Taking into account the relation (3.6) we shall have:

U\l—-

87

o%f 8% f 8% f
2 _ 2 2 2
d“f (z,y,2) = D2 (z,y,2z)dz* + y? (z,y,2)dy” + 952 (z,y,2)dz
2 2 2
+ 0 (Cl?',y, Z) dady + 2 s (ff:y: Z) dzdz + 2 f (:E,y,Z) dydz,

2
dzdy 0x0z Yoz
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where
af B }
ox (%:%Z) = \/x2+y2+22
of _ ”
o (0T i
of _ ;
s (x’%Z) a \/x2+y2+z2
2 2 2 _ 222
. (z,y,2) = Vb 2/22 4y +22
Ox? Y, 2 +y2 + 22
_ x2+y2+22—x2
(@2 +y2 + 22)3/2
y? + 22
(22 42 + 22)3/27
an (,’L‘ Y Z) . 1‘2—|—22
y? ' ($2+y2+2’2)3/27
92f (2,1, 2) = 22 + 2
822 (.’L‘Q +y2+22)3/2
o (z,y,2) = xy
8x3y ) ($2+y2+22)3/27
82
0 é)f (.’L’,y7z) = - xrz e
o (2 +y? +22)
82
f (x7y7Z):_ yz Lo
81/32 (x2+y2+22) /
Therefore
2 2 ) ,
Ef ey 2) = vore x> 7+ 2 .o dy?
(x2 + y2 + 22)3/2 (£U2 + y2 + 22)3/2
2 2
2
<ty , 52 _ xy ey
3/2 32
(22 +y2 + 22) (22 + g2 + 22)
2xz o
_ 3/2 dedz — ” dydz

(z2 +y* + 22)

1
B (22 + g2 + 22)%/? [(y? + 2%) da® + (2 + 2°) dy?
+ (2% + 9?) d2? — 2zydady — 2zzdwdz — 2yzdydz] .

(22 +y2 + 22)
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We shall obtain this expression of d2f (x,y, z) using Matlab 7.9:

>> f=Q(x,y,z) sqrt(x"2+y~242z"2);

>> syms X y z dx2 dy2 dz2 dxdy dxdz dydz

>> u=dif(f,x,2)*dx2+diff (f,y,2) *dy2+diff(f,z,2) *dz2 ;

>>v=2*(diff (f,x,y) *dxdy+diff(f,x,z) *dxdz+diff(f,y,z) *dydz);

>> simplify (u+v)

ans =

(dx2*(x"2 + y"2 + z72) - dy2¥y~2 - dz2*z"2 - dx2*x"2 +
dy2*(x"2 4+ y"2 + 272) 4+ dz2*(x"2 + y"2 + z"2) +

2*¥dxdy*y*(x"2 + y°2 4+ 272) + 2*dxdz*z*(x"2 + y"2 4+ z72)
+ 2*dydz*z*(x"2 + y"2 4+ 272))/(x"2 +y"2 4+ 2"2)"(3/2)

and Mathcad 14:

Taillina 2
f(xy, ) =45 +y +2

3

v A guarmpl o B gyl w990 puonagg,
e dy & By
228 ¢y, 2)-dndz + 22 2 £ (x,v.7) -dydz simplify —
tnn byér

i

203 .31 P P L L RO
di .y +di-z +dyx +dy -z +df X +dz oy - 2dudyxy - 2dedexz - 2-dydzyz

[

2 2
X +y +2

and Mathematica &:
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nE8= u = DE[Sgrt[x*2+y*2+2°2]]:
a[f8):= Dt[u];

nEdl= % /. DL[X] -» dx;

= % /. DE[y] -»dy;

n[EZ]:

% /. Dt[z] -»dz;

ndl= % /. DE[dx] -+ 0;

Ing4:= % /. DE[dy] - 0:

nésl= % /. DE[dz] - 0;

nIBAT-

Simplify[%]

dz? (x® +v?) -2dxdzxz-2dyy (dxx+dzz) +dy° (1 + 2%) + d® (vF + 2°)

(22 + ¥ *""3‘

and Maple 15:

fm a7
e 62 ax; A a2 53
= flxy2) +—fmr z)-ay + flxyz) &
a2 a7

o2 s o2 s o2 ER
V= E'Ef@},z)m}* 2'Eﬂ-\;};2)aﬁz+Q'szﬂﬁ},z]a}dz-

simplifi(u + v)

= = o = . e s = ——— —— ———
Ay +tdvFtadyx +tadyE ta +d )y —2xydody — 2xzdedz — 2yzdyde

EYE)

(#+37+7)

3.1.3 Applying the Total Differential of a Function
to Approximate Calculations

Proposition 3.16 (see [8]). The total differential of a function can be
approximated by:
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J (o +h,yo + h,zo + 1) — f(z0,0, 20) (3.7)

16) 0
d (z0,%0,20) -k + y

oy 9% (0, Y0, 20) - T

& df (z0, 0, 20) (h, k,7) = gi (0,90, 20) - h+
For a function of two variables, the formula (3.7) will become

F (@0 + oo + 1)1 (20,0) 2 df (w0.90) (1) = 7 (z0,0) b+ 3 (@030 (38)

Example 3.17. Calculate approximately the following expressions by re-
placing the variation of a function with its differential:

a) 1.002 - 2.003% - 3.004%;

b) sin29° tan 46°;

¢) v/1.023 + 1.973.
Solutions.

a) We shall consider the function f (x,v,2) = ry?z3 and we shall use the
relation (3.7), taking

l‘o:l, yo:27 Zozl
h =0.002, £ = 0.003, = 0.004.

We shall get

£(1.002,2.003,3.004) = f(1,2,3)

_of (1,2,3) - 0.002 + of (1,2,3) - 0.003 + of (1,2,3) - 0.004,
ox oy 0z
where
b
3?; — y223
oy = 2xyz>
of’ 2.2
5, = 3wy°z
Therefore

X

f(1.002,2.003,3.004) = 1-22.3% +22.3%.0.002+2-2-3%.0.003 +3-22-32.0.004
= 22.3% (14 0.002 + 0.003 + 0.004) = 108 - 1.009 = 108.972.

b) Supposing that
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f(x,y) =sinztany
and
o = 3007 Yo = 45°
h=-1° k=1°
using (3.8) we shall have:

of (30°,45°) - (—1°) + of

2040% 040
F(29°,46°) 2 [ (30°,45°) + oy

(30°,45°) - 1°,

where

Of — ging -

of _
op = COST tarll Y
dy cos2y”’

It will result that

1 V3 T 1 T
20°,46°) & _ -1 -1-(f ) 2. T~ 0.5023.
FR9%46%) = ) 14 180) T o % 150 = 00023

We shall check this result using Matlab 7.9:
>> sin(degtorad(29))*tan(degtorad(46))
ans =
0.5020
or Mathcad 14:
sin2%-deg)-tan(48-deg) = 0.302

or Mathematica 8:

In[Z]:= SetPrecision[5in[2%9 Degree] » Tan[46 Degree] , 5]

OutfglE 0.5020
or Maple 15:
Digits = 4

evalf( sin( convert( 29 degrees, radians) ) -tan( converi( 46 degrees, radians) ) )
0.5024
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¢) One assumes that

flaoy) = Vad+y8 = (a8 +¢°)"

and

To = ]-7 Yo = 2
h=0.02, k= —0.03.

Applying the formula (3.8) we shall obtain

af af
1.02,1.97) = f (1,2 1,2)-0.02 1,2) - (-0.
FOO2L9M) = F(L2)+ o (1.2)- 0024 5 (1,2)-(-003).
where
{ O =1.322 (2% +y )71/2
1/2
‘35—239(9«°+y) :
Hence,

1/2

1 - 1 _
FL02,197) &34 -3- (10 +2°) V20024 o327 (12 +2%) 77 (-0.03) = 2.95.

3.1.4 The Functional Determinant

Definition 3.18 (see [37], p. 138). For a vector function f:R3 — R3

f(l’7y,Z) = (fl (xayvz)a f2<xay7z)a f3<‘ray72))a

where f; : R® — R, (V)i = 1,3, the Jacobian matrix attached to the
vector function f in the point a € R? is the matrix

¥ (@) @ 5 ¢
3@=| %@ |. (3.9)
(

st a) 31%, a c'?afs (a)

S
Na

Proposition 3.19 (see [37], p. 138). The approximate value of the vector
function f : R?® — R3 in the point a € R? one finds using the formula:

f(xo+h,yo+h,20+7)— f(x0,0,20) (3.10)

= df (zo,v0,20) (h,kyr) = | J5 (z0,90,20) - | &k
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Example 3.20. Determine the Jacobian matrix Jf (—1,0, —1) attached to
the vector function f : R? — R3, defined by:

flz,y,2) = ((m+y+z)2, 2x—|—y—2z,3x2+2xy—12xz—18zy).

Solution.
In the case of our function we have:

fl (l’,y,Z): (l‘+y+2’)2
fQ(x7y7Z) =2r+y—2z
f3 (z,y, 2) = 322 + 20y — 1222 — 182y;

therefore
2(+y+2) 2(@+y+2)2(@+y+2)
Jf(=1,0,—1) = 2 1 )
6x + 2y — 122 22— 18z —12z — 18y 1(=1,0,—1)
—4 —4 —4
= 2 1 =2
6 16 12

We can also achieve this matrix using the Matlab 7.9 sequence :
>>syms Xy z

>> u=[xy zJ;

>> f=[(x+y+2z) 2 2*x4y-2*z 3*x"242*x*y-12*x*2-18*z*y];
>> J=jacobian(f,u)

J =

[ 2%x + 2%y 4 2%z, 2%x + 2%y 4 2%z, 2%x 4 2%y 4 2%g]
[2,1,-2]

[ 6%x + 2%y - 12%z, 2%x - 18%*z, - 12%*x - 18%*y]

>> v=[-1 0 -1];
>> subs(J,u,v)
ans =
-4 -4 -4
21-2
6 16 12

or using Mathcad 14:
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: 3
{.xﬂ +E + xz|| e
f(x) = Ixg+a -2y v=|0
;42 k—l
3-1}{“ + 2-xﬂ-xl = 12-31}-12 = lﬂ-x2-31

(-4 -4 -4
Jacob{f(v),v)=| 2 1 2
L6 16 12

or with Mathematica 8:

2= DI{(x+7+2)*2, 29X+7-2%2, 3uX 2+ 2wXny-12xXx2-18%2xy}, {{X, ¥, 2}}]

QufE [{2(Xx+y+2), 2(Xx+y+2), 2(X+y+2)}, {2, 1, -2}, [6X+2y-122, 2x-182z, -12x-18vy}}

n21)= % /. X+ -1

outEtE ({2 (-lsy+z), 2(-1ey+z), 2(-1sy+2)}, (2,1, -2}, [-6+2y-122,-2-182, 12-18Yy})

2= %/.y+0

ozl [[2(-1+2), 2 (-1+2), 2(-1+2)}, {2, 1, -2}, [-6-122, -2-18 2, 12}]

2= %/ .2+ -1

ou2iE {{-4, -4, -4}, {2, 1, -2}, {6, 16, 12}}

or in Maple 15:

with( PectorCalculus) :

evaff{facobim([(x+y+2)2,2-x+y— 2-z_,3-x2+2-x-y— 12 x:z— 18-2-_}'], [xxrz]= [—1,0,—1]]]
-4 -4 -4
2 1. -2
6. 16. 12.

Example 3.21. Find the approximate value of the vector function f :
R3 — R3, given as



96 3 Differentiation Theory of the Functions

f(zyy,2) = ((x+y+z)2, 2 +y — 2z, 3x2+2xyfl?xzfl8zy)7

in the point (—1.05,0.01,—1.03).
Solution.
For our function we have

zo=-1, yo=0, 20=-1
h=—-0.05k=0.01,r =-0.03

and using (3.10):

f(=1.05,0.01,—1.03) — f (=1,0,—1)

—4 -4 -4 —0.05
~ df (—1,0,—1)(—0.05,0.01, —0.03) = 2 1 -2|-| 001
6 16 12 ~0.03

therefore

f(—1.05,0.01, —1.03) = (4,0, —9)
+(—4(—0.05 4 0.01 — 0.03), 2-(—0.05) +0.01 4+ 2-0.03, 6 (—0.05) + 16 - 0.01 — 12 - 0.03) ,

i.e.

£(~1.05,0.01, —1.03) & (4.28, —0.03, —9.5).

We shall check this result in Matlab 7.9:

>>f=0(x)[(x(1)+x(2)+x(3)) "2; 2*x(1)+x(2)-2*x(3);
3*x(1)"24-2*x(1)*x(2)-12*x(1)*x(3)-18*x(3)*x(2)];

>>v=[-1.05; 0.01; -1.03];

>> digits(3)

>> vpa(f(v))

ans =

4.28

-0.03

-9.51

or in Mathcad 14:
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: o
|__x4} + X + x:}

f(x) = l-x{} + Xy - l-xg

i
_3-|..x{}.} + l-xﬂl-xl - 12-:{'}-:{2 - lﬂxl-x,l_

(-1.05%

(428
V= . 0.01 _ £(v) = | ~0.03
S \—o51)

or with Mathematica 8:

In[1]:=Function[{x, y, z}, {(x + y + z)"2, 2*x + y - 2*z, 3*x"2
+ 2*x*y - 12*x*z - 18*z*y} |[-1.05, 0.01, -1.03]

Out[1]:={4.2849, -0.03, -9.5061}

In[2]:=SetPrecision[%, 3]

Out[2]:={4.28, -0.0300, -9.51}

and Maple 15:

f=lxnn) = [lx+y+ 2)2,2-x+y—2-z, 3-x1+2-x-y— 12-xz—18-2:y] -
Digits == 3

3
F(-1.05,001,-1.03)

[4.28, -0.03, -9.54]
Definition 3.22 (see [15], p. 161). Let F : R3 — R? be a vector function

F(xvywz):(fl (x,y,z), Ja (x,y,z), I3 (x,y,z)),

where f; : R® — R, (V)i = 1,3. The functional determinant of the
functions f1, fo, f3 is:

df1 9f1 Of1
D (f1, fa, f3) _ 3 |8 & S
D _I F(x7yvz)|_ dxr Oy 0Oz
(z,9,2) ofs ofs ofs
Ox Oy 0Oz
Example 3.23. Let F:D— R3, D C [0,00) x R? defined as

(3.11)

F(p0,0) = (fi(p.0,9), f2(p.0,0), f3(p,0,%))
= (psinfcosp, psinfsing, pcosh).
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Calculate the functional determinant (the Jacobian) of the functions fi,
f27 f37 namely

D(f17 f27 f3)
D (p,0,¢)
Solution.

Using the formula (3.11) corresponding to the functional determinant
of the functions f1, fo, f3 one gets:

%fl %J;l %fl sin 6 cos cos 0 cos o —psinfsin
D(f1, f2, f3) = ofs d12 0fs = sin@sinw pcosGsinSD psinecos ;
D(p,6,¢) 3-7? 96 ‘3}? PP } Y P ¥
P e 0fs 0fs Ofs cos 6 —psin 6 0
dp 06 O¢

sin @ cos ¢ cosf cos p — sin g

= p?sinf - |sinfsinp cosfsing cose
cos 0 —siné 0
— Psind {0056 cos¢9c9s<p —smcp‘ +sing 31.1100934,0 —singp H ,
cosfsiny cosg sinfsiny cosp
hence
D
(f1, f2, fs) — ?sind
D (p,6,)

. [cos 0 (cos 6 cos? ¢ + cos Osin? go) + sinf (sin 6 cos? ¢ + sin fsin? go)]
= p%sind - (0052 6 + sin® 0) = p?siné.

In Matlab 7.9 we shall have:

>> syms rho th phi

>> F=[rho*sin(th)*cos(phi) rho*sin(th)*sin(phi) rho*cos(th)]
F =

[rho *sin(th)*cos(phi), rho *sin(th)*sin(phi), rho *cos(th)]
>> v=[rho th phil;

>> J=jacobian(F,v)

J =

[ sin(th)*cos(phi), rho *cos(th)*cos(phi), - rho *sin(th)*sin(phi)]
[ sin(th)*sin(phi), rho *cos(th)*sin(phi), rho *sin(th)*cos(phi)]
[ cos(th), -rho *sin(th), 0]

>> simplify(det(J))

ans =

sin(th)*rho”~2

and in Mathcad 14:
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(osinfxy)eos(xy))
£ = | % sinf -sinfx)]

Xy n:ns[:xl} |

J

i
"-\.

o7

|7acob(f (x).5)| simplify — sinfx,)-(x,)"

and with Mathematica 8:

nigg:= Det[D[{o»3in[6] xCos[p], o»3in[8] »3in[e], oxCos[8]}, {{p, &, ¢}}]1];

In[55)= Simplify [%]

outfsslE o Sin[8]
and using Maple 15:

with( VectorCalcidus) -
M d:=Jacobian( [p- sin(8) -cos(q). p-sin(8) - sin(p). p- cos(8) ]. [p. 6. @] ‘determinant’) -
simplifi(d trig)

sin(6) p”

3.1.5 Homogeneous Functions

Definition 3.24 (see [41], p. 180). The function f :E— R, EC R? is called
an homogeneous function of degree m, if

f (e, ty,tz) =t"f (z,y,2), (V) t € R\{0}. (3.12)

Proposition 3.25 (see [41], p. 180). If f (x,y, z) is an homogeneous func-
tion of degree m and it is differentiable on the set E, then the Euler’s
relation is verified:

0 0 0
xaj;—&—yaz—!—zai:mf(x,y,z). (3.13)

Example 3.26. Prove that the function

2 4 2xz — y?
x2_|_y2_|_22

is an homogeneous function and verify for it the Euler’s relation.

f(z,y,2) =
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Solution.

We shall compute

222 + 262wz — t2y?
tr,ty,tz) =
f (b, ty. 1) 2 (22 4+ y? + 22)

2 4+ 2xz — y? _ 0.x2+2xzfy
$2+y2+2§2 x2+y2+227

2

therefore, f is an homogeneous function of degree m = 0.
As

of __ (72) . —2xy? —x2?4za?—zy?—23
oxr (z24+y2+22)?

of __ (_2 ) 222+ 2242z~
oy (x24y2+22)?

of __ 2. 234wy —x2?—za? 4 2y?
9z (z24y2+22)?
it results that:

;vgi +yg£ Jrzgic =0=mf(z,y,2).

In Matlab 7.9 we can solve this problem in the following way:
function r=f£(x,y,z)
r=(x"242*x*z-y"2) /(x" 24y " 24+2z"2);

end

One saves the file with f.m then in the command line one writes:
>>symsxyztm

>> 1=f(x,y,z)

1 =

(x"24-2*x*2-y~2) /(x"2+y " 2+2z"2)

>> u=simplify (f(x*t,y*t,z*t))

u =

(x"242%x*2-y"2) /(x 24y 2+2z"2)

>> r=u/l

r—

1

>> m=eval(solve(’t "'m=r’, m))

m —

0
We verify the Euler’s relation from (3.13).
>>w=x*diff(f(x,y,z),x)+ y*diff(f(x,y,z),y)+ z*diff(f(x,y,z),2);
>>simplify (w)
ans=

0
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>>w==m*f(x,y,z)
ans=

1

If we shall use Mathcad 14:

.l T
e Lo £(xt,y-t,z4)
& i r(xy.z.f) = ——
I +y +2 f(x,v.2)

m
m=t = r{x,y,z,t) solve.m — 10

d d d
W(x,¥.2) = x—f(x,%,2) + v—F(x,%.2) + z—£(x,¥%,2)
dx dy dz

w(x,v.2)=mf(x,y,2) =1

Solving with Mathematica 8 we have:

Infidf= Flx , ¥ , 2] = (x*2+2nxnz-y*2) / (x*2+7%2+2%2);

Infi5]= u := Simplify [E[x«t, y=t, 2xt]]:

Inf16)= 1 := [[x, ¥, 2]

Infi7}= * :=u/l;

Int2k= m := Log[r] / Log[t]

Inf15):= w 2= Simplify [X«D[E[x, ¥, 2], x] + ¥«D[F[X, ¥, 2], 7] +2«D[[[x, ¥, 2], 2]]

Inf20= w==mxE[X, ¥, 2]

In Maple 15 we shall have:
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o g gy B A AEE I
X +3 + 2
I=flxnz):
= simpliff(flxtytzt)):
s
ro= e
m = so.f'l;e[im= r,m]
0
w = simplifp(x-aiff (flx . 2). x) + y-diff (f(x3.2). ) + z-aiff (flx 3 2). 2))
0
evalb(w=m f(x ). 2))
e

3.2 Derivation and Differentiation of Composite
Functions of Several Variables

The case of one independent variable (see [8]): if z = f (z,y) is a differen-
tiable function of the arguments x and y, which, in turn, are differentiable
functions of an independent variable ¢,

{x=¢(t)
y=1(1)

then the derivative of the composite function z = f (¢ (¢),® (t)) may be
computed from the formula:

0z 0z 8x+8z dy

ot  ox Ot Oy Ot

The case of several independent variables (see [8]): if z is is a composite
function of several independent variables, for instance, z = f (x,y) ,where

{posiy

(u and v being independent variables), then the partial derivatives with
respect to v and v are given by

(3.14)

Bz_az_am_"_az_ay

Ou — Ox Ou dy Ou (3 15)
82_82.8:1:4»82.59 ’
Ov ~ Ox Ov dy Ov’

Example 3.27. Prove that the function
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f(z,y) =xy+w(i)

satisfies the equation :

xfy +yfy,=xy+f
Solution.
Denoting

u(z,y) =
using the formula (3.14) we shall have

of Yy e Ou Yy y Oy
r_ _ — . .
fl_ax_y_ﬂp( )+ ou  Or _y_HO( ) v x2 Ou
,  Of Jdy Ou 1 0Oy
fy= o =

By_x+x8u.3y:x+x.x.8u'

Finally, it results

/ , 9)72.9.880 Oy
zf, +yf, nyr:vcp(x/ T 2y T Y 5

~ ~

!

e

0
=f-y- (p+xy+y~8 =y + f.
U

ou
We shall check this equality using Mathcad 14:

(v
fz.v.¢) =xy+xg |
\x)

i by (d 4 f ‘r”".“'.
wi(z.y.p) = x| —f(x,y.¢) | + ¥ —f{x Y. kp} | simplify — x 2y + W=
\dx ) | dy \ \ xJU
(v
w(x, v, ) = wl{x, v, ) expand — x-yl = 1+ 2%y
W1/

wix.y. @) = 5y + F(x.y, @) = 1

or Mathematica 8:

103
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Inf28]= £ , ¥ ] t=Xx¥V+Xxp[y¥/x]

In[25= w = Bxpand [Simplify [x«D[f[x, 7], x] + 7«D[f[x, 7], 711]
In[20]= W==Xx¥ + [[X, ¥]

Cut[30}= True

or Maple 15:

f=(xy) —*x-y+x-<p[%} :
w 1= evalal Expand simplf x5 = fl3) + 35 =19 |||
2_‘cy+_‘cq>[ %]

evalb(w =xy + flx )))
frue

We can not do that in Matlab 7.9.
Example 3.28. Let f : R? — R be a function of class C2 on R?, be
specified as

f(z,y) =g (zy,z+y).

Compute:
of of of
Ox’ Oy’ 0xdy’
Solution.
Denoting
u=zy
v=x+Y

one gets
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of 89‘8u+8g
Jdr Ou Ox Ov
af _ 89‘8u+8g
Jdy Ou 0Oy Ov
0% f 0 [of
dzxdy 0O (8

ov

" Ox
ov
Jy

oF au

yau

(2
+x(8

- xy 8u2

(r+y)

0 0
g_l_g

“You T o

dg Oy

“Tou + ov’

0 0 oF 0G
g g +

e P =7
y) ox | Tou T v | ou” Tor
< =

F

G

OF Ov 0G  Ou aG.av
ox

8u.8x+8v

ov  Or
0%g 0%g

8u81)> * Y dudw * ov?

d*g %9  Og

+

Oudv  Ov?  Ou’

We shall also obtain a computer solution using Mathcad 14:

flz.y.g) = g(xy.x+¥)

Ltxy.e) =y [0 =y

d
— (0.5 + ¥)
dxl

—f(xy.g) & x [0« xy

d
— (0.5 + ¥)
dxd

f(x.y.2) | Wex+y

5

+ |®—x+y

d
—Z(xy.x0)
dxl

+ | +—x+y

)

dx0™

or Mathematica 8:

d
—Z(xy.x0)
dxl

dwl)”

or

105

+ |0+ ¥ + %y |l 5y
d 0 i 2
_Dg[x A+ ¥) d a(x0.5+ )
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et)= flx, 7] =g[xey, X+7¥]

nEz= DIE[x, 71, %]

oueze g [xy, x+¥] +ya™ Y [xy, x4 y]

Infg2)= DI£[x, 1, ¥]

ouet g [xy, x+y] +xg™Y [xy, x4 7]

4= Collect [DIf[x, 71, x, y1, g™ [x7, x+7]]
(0,2)

oupt g™ [xy, x+ 9] + 0™V [xy, xey] ¢ ey 0TV [xy, 2o v] cxya® Y [xy, x4y

or Maple 15:

f=(x)) = glrpx+)):

i
—flzy)

Dy(g)(xy.x+))y+Dy(g)(xp.x+))
8
B_yf (xy)

Dy(g){xp.x+y)x+Dylg)lxpx+y)

(I
collect aa—yf(wLDl:g(g] (x3x+)

(x+3) Dy y(g)lxpx+3) +D, 4(g)(xpx+y)yx+Dy(g)(xpx+y) + D) ,(g)(xpx+y)

Example 3.29. Let f be a function of class C? on R? and g: R? — R, be
specified as

g(fﬂ,y) :f(x2+y2,x27y2)~

Find the second partial derivatives of the function f.
Solution.

Denoting

w =12+ y?
v =12 —y?
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we shall have

dg 8f.8u+8f.8v 8f+218f:21<8f+8f)’
ox ou Odr Ov Ox ou ov ou  Ov

dg of ou of ov _ df _ of af of
dy ou Oy Ov Oy ou ov ou Ov
9% o [(0g\ 0 of  of of  of oF  0G
= = 2 =2 2
0x2 Oz ((935) oz | “| ou + v (au + (91)) +a (835 + &E)
O~
F G

( of of ) ( OF Ou OF ov O8G du OG 0Ov )
) + 49z . . . .
ou  Ov ou Oxr Ov Oxr Ou 9dx Ov Oz

2 2 2 2
:2<8f+af)+2$<2xa f+2$ o°f + 2x o°f +2xa f),

ou  Ov Ou? Oudv Oudv Ov?
ie.
02 0 1o} o2 02 02
9o (08 LOFY g2 (O o 07 0T
Ox? ou  Ov ou? Oudv w2
Similarly,
g 0 (Bg)_ 0 2 of  of _2(6f 8f)+2y <8F BG)
I = _ - _ _
dy Oy \ Oy dy gu/ \31}/ ou  Ov dy oy
F G
_2(8]‘781‘) (BF.8u+8F.8v78G.8u78G.8v)
N ou  Ov ou Oy Ov Oy Ou Jy Jv Oy
. (of of 2f  of | o%f 82f)
=2 (8u av) +2y (2y Ou? %y dudv % dudv +2y 2 )’
ie.

g _(0f Of 2 (Of L O°f | Of
oy? 2 <8u B 8v> Ty (8u2 a 28u8v + 8v2>

and
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82978 dg\ 0 9 of  of _ o oF oG
Oxdy ~ Ox \ Oy /) Ox 4 ou ov =Y ox ox
=~ =~
F G
_ 5 8F.8u+8F_8v78G.8u78G_8v
=Y Oou Or Ov Or Ou Ox Ov Oz
_ 0% f o f o*f _ O f
=% (236 ou? 2 oudv " udv ) = oy (8u2 a

We shall also give a computer

iz .2 2 3
R RIE S

v ,

f 7 2
£1g,(x:}':f} collect,x = | 4 |2be—x" -y
e

=

dxl’

A

f 7 3
£1g(x:y':f} collect, vy = | 4 [x0e=x" -y
&

=
dxll

9 3
a—a—ﬁ(ﬁ:}':f} S4xy |0ex +¥

4
T
L HAbU SR

dl

and Mathematica &:

| |
fix + § 2l

| S |
fix” + ¥ 2

—4xy

solution using Mathcad 14:

P
wex + ¥

"

| [
fladx" - ¥

G

2 112
+ 1 |xl e - ¥
7 RO i U
—fix + ¥ .=
2 12
+ 1 |mlex + ¥

2]

[5..2
e'—f'-_x-ﬂl:x -¥)

0% f
81}2).

4
+ 1 |alex+ ¥

o

[ni2..2
f fixl.x -y

2 2
el e=x" -y

fi2..2
fix + ¢ 2l
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ngl= glx , ¥ ] :=f[x"*2+y"2, x"2_y"2]
o[10)= Simplify [D[g[x, ¥], {x, 2}]]

oufioE 2 (£¢%Y [Jr.2 e yz] +2% g0 8 [x:+ i 5{2] +
£ [ o ®, o ] L2 V[ L, ] 2 Y [ L, o )

E)
i

[11]:= Simplify [D[glx, ¥v1, {v, 2}1]
Out[1i}= 2 |:—f':u'1:' [xz + yz,. ® - yz] +2 yzf.;u.z;. [xz + yz, x —yz] +
£, ] AP Y [, ] 2V R [, - )

In[12)= Simplify [D[g[=z, 7], =z, ¥]]

oufizE 4xy [-£/%% [xz +¥, K- y‘n] L £F0 [xz +Y, K- yz] |
and Maple 15:
g= (x3) = f(Z+A25):

x]

1l al( )
collect)| —g(x ¥
[ax2
s o i
collect| —g{x v).¥|:
S
2

fmor[ i glx }'J]
4xy(Dy (N (2452 (x=3) (x+3)) =Dy L (A (Z +52 (x =) (x+3)))

We can not do that in Matlab 7.9.
Example 3.30.Compute df for

flay) =g +ay,2*+¢%), (V) (z,9) R

Solution.
Using (3.5), the total differential of the function z = f (z,y) is computed
from the formula
0z 0z

= . .1
dz 8xdx+ 8ydy (3.16)

Denoting
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{

it results

af 0dg Ou
ox  Ou Ox
af 0g Ou
3y_3u.3y

u=1+uzy
v =22 + ¢
dg v 0Og dg
w 9z You +2x8v’
dg Ov dg dg
. = 2 .
Oov Oy ? ou * You’

the total differential of the function z = f (x,y) will be computed using

the formula (3.16):

of of

dr +

_ _ (.99 dg g g
df = Ox 3ydy_ <y8u+2x8v> do+ (x8u+2y8v dy.

We can also obtain this result using Mathcad 14:

2 159
f(xy.g - gl+xyx +¥)

(n, Y, 0x,07,8) = iix,y,9-0x+ iny. -0
dx dy

o
dfi{x, ¥ dx dy g collect dx — | 2-x-

4 Gy
dx0
and Mathematica &:

IN[47T]:= £lx_, ¥ ] :=gllexay, x 2+ g 2];

In[48):= Simplify[De[f[=, ¥]1]:

= % /. Defx] -» dx;
In[50]:= % /. De[y] -»dy:
In[51]:= Collece[Collect[%, dx], ]

and Maple 15:

2 2
Wex"+¥ + ¥

e ny+ 1

"
2]

] 2
d—;-x{):x +¥ !
dxl

-

Y s 7 2
dx+ dyf % [ale—xy+ 1 + 2 W= sy

| T .eod|
d—g-_x():x + ¥ _-I ‘!—;(x-ye- 1. =0)
dxd =l

’

Oust- ay (278D [Leny, 2 +32] 290 [Loay, o2 +17]) o (229D [Lomy, 2 232 oy a @D [1 ey, o2 +57])
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f= (-\;é]:] —gl1 +x-};§ +3%) ;
gf = Eﬂﬁi}') -clx + a—yﬂ-\;}:) -dy

(Dlligll[l +xp, + ;’]}=+2D3(gll(1 +xp, 0 + %) x) d

o

+(Dy(2) (1 + 227 +3) x+ 2Dy () (1 + x ;_~c1+v-3]}=) ay

Example 3.31. Compute df and d?f for the function

fay)=g(z+y,2*+¢°), (V) (v,y) €R”.

Solution.
Denoting
u=x+vy
v =22+ y?
it results

af  0dg 8u+8g 81}_8g+2 dg

dr  Ou Oz v dx du Tov

df 0O0g Ou Og Ov Jdg dg

— ) . — 9 .

dy Ou Oy + ov Oy Ou + You’

the total differential of the function z = f (x,y) will be computed using
the formula (3.16):

of of dg dg dg dg
df &de—&— 3ydy <8u+ xé)v) do (8u+ y(%) dy

If z = f(x,y), where x and y are independent variables then, using (3.6),
the second differential of the function z is computed from the formula

0%z 0%z 0%z
2 2 2
= 2 N 1
d“z 92 dz® + 8x8ydxdy+ 0y dy=; (3.17)
therefore, in our case
0% f 0% f 0% f
d’f = "7dz*+2 dad dy?
/ az2 " + 0xdy vy + Oy? g

where
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0% f o [(of 0 dg dg oF dg oG
0?2 Ox (8x> - Oz Iy, T2 | T o TR0 T oa
~
_OF 0Ou n oF 81) 8G 8u oG Ov
T Ou Or | Ov Oz o Oz

9%g 0%g Og g 82
8u2+x8uav+8+x(83 a2>

namely
0*f % dg 20%g 99
oxr2  Ou? +4x8u8v M Ov? + 281}’
Pf 0 [of o | ag dg OF g oG
o2~ 0 (8y> oy | ou ™ yav oy TPau T oy
_OF . ou n 8F 81) +2 oG 8u oG Ov
 Ou Oy o Y ou 8y dv 8y
82g 82g g 2
ou T guge T2 a )t y(a ov " y8v2>
i.e.
O*f % &g 20%g 99
02 = oz T Wouow TW a2 T20y0
2f o (of\ @ L9, 0C
dzdy 0z \dy) ~ oz T oy
_OF ou +9 oF 8v du  0G 811
" Ou Ox Cor | v B;U
82g 82 g 2
8u2+x88+y(88 a2>
namely

o’f 0% 0%g 0%g
= 2 4 .
oxdy  Ou? +2(@+y) Oudv +ary Ov?



3.2 Derivation and Differentiation of Composite Functions 113

Hence,
a%g a%g 2 0% g 2 a%g d%g 9%g
d%f = +4 +4 +2 da? + 2 +2(z+ +4 ded
! <8u2 * Oudv * ov? v ¥ ou? (@+v) dudv Y ov? wey
a%g a%g 20% _9g 2
+ +4 +4 +2 dy?.
(811.2 Y Oudv Y ov? v Y

We shall give a computer solution using Mathcad 14:

102
f(x,y,g) = 3[:4-}',1 4y |

d 4
Sy gy ==y s =y, Py
] N ] po L]

( L7 AP { 12
Hny ey polwtd = 2x e sy o lexey dredy Iy [slexTe Y o [dlexey

4 d 1o 4 d 203
[ et R ] —|.J:{l.: S — g+ vl —f:ﬁ.: v
&b dxd / [4] &l /

1

ln,y,80n ity iy, ) e 3,0 00 250y p iy - Sty pay
'y &gy &

5

foa 1 3 T 3
S&(x, v, 4dn, 4y Gndy, ) collict,ddn = |47 fil=x ey s ilexey sl|tie=n ey |dke

| 2 2 5 3 LI

[ P KPP B et

L M‘- M JI
[ 5 5 5 5 Y f L] 3

My-i-t-y'- Wen"=y" - abex-y SH|Eenty sy ey alea"y" sl |aleney
1

1 1
Lolé g1 3 |- i & &1
| —prs vl |—pala -y P ! | — Bz yal) —ujwf'.r £y
, dxd” &b J \, [0 axd” J

and Mathematica &:
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In[B17]:

In[B18]:

In[B15]:

In[B20]:

In[B21]:

Ou21)

In[822]=

In[823]:=

In[824]:=

In[B25]:

In[B28]:

In[827):=

In[B28]:

In[825]=

In{330]:

In[B31]:
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£lx , 7] :=glx+7, x*2+ 7 2;
De[f[x, ¥]1;

% /. De[x] -3 du;

S0 ly] -r s

Collect [Collect[$, dx], &)

dz[:EIgtn'lJ '_ql:l,IJJ

xep, 2 o] g0 [y, .47

+dy [:Zy'g':n'll [z«y. zz ..3,2

xey, 27
De[De[ffx, ¥111:

% /. DE[x] -» dx;

% /. DE[y] -=dy:

% /. DE[x] *2 - dx*2;

% /. De[y] *2 -» dy*2;

%/ De[De[x]] -» &x42:

% /. De[Dely]] -» &*2;

% /. Dt[dx] 4 0;

% /. De[dy] 4+ 0;

Callect [Colleet [Collect [Expard (%], dx+dy], &2°2], &*2]

dzz (Zgw'l] [11-3-', :l2 + ‘2] +412gtn'21 X+¥, 12 + ‘2] +-!zg|:l'1] [ze-y, zz ..32 '_th,IJJ
c-dg,-‘2 (Zgw'l] [11-3-', :l2 + ‘2] ﬁ!}zgtn'zj X+¥, 12 + ‘2] +-!yg|:l'1] [ze-y, zz + ‘2] '_th,IJJ
+dudy th’-zygw'zl [ze-y, zz + ‘2] c-!zgu"l:' [11-3-', :l2 ..32

!
S
srp, 2 oi?] 2680 [ary, 2]

el

and in Maple 15:
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I= (xg') —>3(X+};fa+f]i
4= 55 fen &+ )b
(Dy(g) e+ 3.2 +5) + 2Dy(g) (x-+ 328 +)7) x) o+ Dy () (x-+ 328 +)7) +2Dy(g)(x

5 g .
+yl+y)y)d
af= L piey b 42 L piey) dup+ L piey) 47
8 oy By 3
(D, 4(e) (x+p2+)%) + 2D, 4(g) (x+ 3+ x+2 (D, ,(g) (x4 22 +7)
+12D,,4(g) [x+ y,xl + };].‘f) x+1D,(g) [x +J,=,Jc1 +};]) dt+2 [Dl. (2) [x +J,=,Jf1 +};]
+2D; 5(g) (x+pf+P)y+2 (Dl:;,(g) (x+p2+)7) + 2D, ,(g) (x+34 +Jv-3],v) -r)
didy+ Dy (g)(x+2x +17) + 2D, 5(g)(x+ 220 +57)y+2(Dy y(@) 452 +)
+2Dy (@) e+ 3 +7)y)y+ 2Dy (@) (x4 3 +17) ) 4
Example 3.32. Calculate the expression:
B= it 1l +
if
f(u,v) =1n (u2 + 1)2) ,

where

{v(uay>=xy

x,y) = a° — y*.

Solution.
We shall compute:

g0 _0f ou_0f ov_ of , of
' 9x Ou Ox Ov O yé)u ov’
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0% f o (of 0 af af oF af oG

"o _ _ _

fxz_a:ﬂ_ax (8x>_8x y\a}t/”x\ay/ “Yor 200 T oy
F G

B 8F_8u+8F.8v +28f+2 8G_8u+8G_8v
—Y ou Oxr Ov Ox ov . ou Oxr Ov Oz

o*f 0% f of o*f o*f
—Y (y8u2 * 2x8u81}) * 281} 2 (yauav * 2x8v2> ’

namely

>’f ’f ’*f L of
no__ 2 2 .
T2 =y Ou? +4xy8uav e Ov? +28v’
,_Of _Of Ou Oof ov_ of _ Of
Ju= dy  Ou Oy + ov Oy ¥ ou 2y8v’
= *f 0 <8f> 0 xaf % of _xaF 28f anG
v: T 92 - - - - -
dy oy \ dy dy \8}{/ \8})_/ dy v dy
F G
. 3F_3U+BF.81) _23]"_2 8G_8u+8G.8v
N ou 0Oy Ov 0Oy v Y\ bu dy Ov 0Oy
=z :Uan -2 'l — 28f —2ylx &l -2 1
n oz~ “Y gudw o I\ Touow " Youz )
namely
*f *f ’f of
"o 2 o 2 _ .
v T g2 4xy8u8v iy Ov? 281}’
" N o (of 0 af dg af oF oG
oy = (faly Oy \ 0z Ay Y bu + ¥ o 8u+y8y + xay
<~ <~
F G

_of aF.8u+8F_8v 8G.8u+8G_8v
~ Ou ou Jdy Ov Oy du dy v Oy

_of o2 f o2 o2 f o2 f
- Ou ty <x8u2 _2y8uav 2 * Sudw _2y8v2 ’

namely,
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>’f *f o*f  of
"o_ 2 2 _
Jay = xy8u2 +2 (x 4 ) Oudv dry Ov? + ou’

We shall achieve:

92 2 2 92 2
o°f o°f 207 f 8f f 2 o°f
E = 4y 4z 2
V2 T g0, A 0 2 +ya2+( Y) dudn
Of Of | L,0°f *f 20°f  Of
_4xyav2+au+x au2—4xyaa +4y32_28v’
therefore
92 2 2
(2 2y O°f _ o°f 2 o O°f | Of
E_(x +xy+y)82 2(96 y)8u3v+4<x xy+y)8v2+3u’
where
of 2u 2xy 2zy

du  wrte a2 4 (22 —y?)? -2y 4yt
82f - (af) (u2+v2) —%u-2u ) v2 — 2 ) (ZEQ fy2)2—x2y2
ou ’ :

ou? ou (u? + v2)? T (w2 4 02)? (x4 — 2292 4+ y4)2’
of 2v 2 (22 —y?)
v w4o? ot —z2y2 4yt
82f_ b <8f)_2(u2+v2)—2’u~2’u_2. w2 — 2 B .$2y2_($2_y2)2
o ou\ov) i)t T @) T (e )
9% f <8f) oy “2u 4w _ dzy (22 — y?)
udv  du \ v (u? + v2)? (u? + v2)? (24 — 2292 + y4)?’

Finally, it results

22y? — 2t 4 22292 — ot

E =2(—z% —zy — y? + 42® 4+ 4y® — 4ay) -
| P

_ 8xy (:1:2 - y2) 2xy
(x4 — 22y2 + y4)2 x4 — 22y2 4yt
2

= (2d — 22y? 4 12 . [(3:1:2 — bzy + 3y2) (7:1?4 + 32%y? — y4) — dxy (12 — y2)2
vy (2t — 22y 4 Y]

and after some elementary calculations one gets:
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2
FE = (x4 B x2y2 " y4)2 . [3 (716 + 214y2 + 2x2y4 _ y6) + 21y (£E4 _ 4£E2y2 + y4)] )

We can also achieve this result using Matlab 7.9:

>> f=Q(x,y)log((x*y) " 2+(x"2-y"2)"2);

>> syms Xy

>> simplify (diff(f,x,2) +diff (diff (f,y) ,x)+diff (f,y,2))

ans =

(2%(- 3*x"6 4+ 2*x"5*y 4+ 6*x"4*y"2 - 8*x"3*y"3 +
6*x"2*y"4 + 2*x*y"5 - 3*y"6))/(x"4 - x"2%y"2 4+ y“4)"2

or in Mathcad 14:

u(x.y) =y

2 2
V(Exy) =% -y

fiu,v.x,y) = ].1'1[1.1{}{_.}-'}2 + *.'[x,j,-'}l_}'

’ gl
S o sl R _
E(u,v.xy) = —fu,v.xy) + —| —flu,v.n.y) | + —f{u.v.xy)
dx‘-’ d_xlkd}_- d}._u

5 , g o . 5
g.lg.x:'.}.- i 3.}{@ + ,5.}{4.}.-* = S.KE.}__S + ﬁ.x“.}.-_1 + l-x-j,-':' £ 3.}.-6:'
|' il --1}2
\E —X-¥ +¥,

E{u,v.x,v) simplify —

or with Mathematica 8:

In[129]= F[x , ¥ ] :=Log[{x»y)*2+ (x*2-y~2)"2]

In[130]= D[E[x, ¥1, {x, 23] +D[E[x, ¥]1, x, 7] + DIF[x, 7], {7, 2}]1:

]
[}
il

Simplify [%]

I [ n - = 1
2 i_—SKE-—E}L" yf-ﬁx" 5*‘—813 j;gf-ﬁx‘y"vzxy“—SyE_:

"

i: K‘! " }[2 }rE e Elr-! :: 3

or Maple 15:
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u= (x3) > xy:
vi= (xy) =2 — )P
fi= () = tn(u(x ) +v(x3)?)

(2 v)—talu(x 3)? + vz 3)?)

a? o2 o2 ]
evala)| — fluv) + —fluv) + —fluv)
8x° o oy 0

Y (—63;411— 6:{4};+ 3}=6+ 355+ 8.‘(3}-3 —2.‘(53,=—2_'c;|,j]
ol
(—x]}: +2 vﬂ"

3.3 Change of Variables

Example 3.33. What happens to the equation

0z 0z
— = 1
* ox yay 0 (3:.18)

if one makes the change of independent variables
u="="
Y ?
{v—lng , xy > 07

Solution.
We shall calculate:

0z 0z Ou 0z Ov 1 0z fg 0z

3x:8u'8x+8v‘8xiy'8uiz ov’

namely
dz 1 0z 1 0z
or y Oou x O (3.19)
8z_8z.8u+8z.8v__x .8z+i.8z
Oy Ou Oy Ov Oy  y® Ou voov’
namely
0z oz 0z 1 0z (3.20)

oy y2.8u+y.8v'
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Substituting (3.19) and (3.20) into (3.18) it results

- 1 82’_1 0z B o 8z+1 0z _ 0 e
y@um@vy;ﬁauyav*

2x.82782 —0 x.aziazzo
y Ou Ov y Ou Ov
such that the initial equation becomes:

uaz 0z _ 0
ou ov
Using Mathematica 8, the left hand side of the initial equation becomes:

Inf240]= z[x , ¥ ] := r[x, ¥]

InpE41)= ufx , ¥ ] :=x/¥

Inf242= v[x , ¥ ] i= Log[y/x]

In243):= b = Expand [Simplify [x«D[z[ulx, ¥]1, v[x, ¥11, x] - y«D[z[ulx, ¥v], v[x, 711, ¥111:
In244k= b /. Log[y /X] + v:

In[345)= % /. X Uy

oupas= 2 'Y g, v] + 20tV [u, v]
or Maple 15:
2= (1.3)>W(xJ)
gl
-
= 1 — X ..
et ]
b axpond{ - —— a{ux 1), W5 31} — et . W ) )
= apa [x 3 Ay L))~y 5o dulxy) vxy)) |
H

=u-};1n[%] =y

2uDy(w)(xv) = 2Dy(w)(w v)
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Example 3.34. What becomes the equation

02z n 5 0%z _ 02z L 0z Lo 0z
oz2 Y Oy? yaxay Ox yay
after the change of independent variables:
T=u—"v 29
{ y:eu+v ) (V) (U,U)ER .
Solution.
We shall calculate:
0z 0z 8m+8z 8y_8z+eu+v
ou Odx Ou Oy Ou Oz Oy’
0z 0z 8m+8z 8y__8z+eu+v
ov Ox ow Oy o Oz

We have to solve the system

0z utv 0z _ Oz
ox te 35  Ou
_ 0z _|_eu+v. z _ 0z
ox dy — Ov
in order to find g; and g;
As the determinant

1 eu+v

=0

(3.21)

(3.22)

=2e"T £0, (V) (u,v) € R?

we can solve the system (3.22) using the Cramer’s method:

?Z eu+v
U

o: _| B et _evro(zoay 10

ox A 2eutv 2 \ Ou
1 Oz

0z ‘1 %i ‘ 1 0z 0z

= = + .
dy A 2evtv \ Qu v

Therefore:

782
ov)’
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Pz 0 (0z\ 0 |10z Oz _10F
0x2  Ox \Odx) Oz |2 8u 81} 20z

Sa(-)- [ () (-]

B 0%z _q 02z +
74 ou? Oudv 8112

0%z 0 (32)_ 0 1 (6z+6z) _oF 1 (BF+BF)
ay2 oy \dy/) Oy | 2evtv \u v T 8y 2evtv \ dv  du
~

~ -
F

_ 1 o 1 0z 0z 1o} 1 0z 0z

T eutv {811 |:26“+“ (8'0 + 8u):| + ou |:26“+” (811 + au)]}

_ 1 1 0z 0z 1 0 [0z 0z

T Qeutv [_ 2Qeutv (61} + 6u) + 2eutv " Gy (81} * Hu)
1 0z 0z 1 0 [0z 0z

" eutwv (61} * 6u) * 2eutv Gy (81} * Hu)}

1 1 0z 0z 1 8%z 9%z 9%z 9%z

T eutv |:7 eutv (61} + 6u) + 2eutv (31}2 * Oudv * dudv + 6u2):|
1 0z 0z 1 [9%z 0%z 0%z

T 2e2(u+v) |:7 v Ou + 2 (81}2 +28u8v + 81/,2):|

. 1 (728z7282+82z+282z +82Z)
T 4e2(utv) Ov Ou  Ov? Oudv  Ou?

Pz 0 (92 0 1 8z+82 _OF 1 (9F OF
Oxdy  O0x \Oy) Ox | 2evtv \Ou Ov Odr 2\ 0u  Ov
b

1[0 1 0z 0z 0 1 0z 0Oz
2 {8u {26“*“ (81} * 8u>} v [26“*“ (81} * 8u>}}
1 1 0z 0z 1 0 (0z 0z
2 |:2€“+” <8v * 8u) * et Py (81} N 8u>
1 0z 0z 1 0 (0z 0z
+2e“+“ (81} * 8u> T 2eutv Py <8v * 8u)}

1 0%z n 02z B 02z B 02z 1 0%z B 02z
C devtv \ Qudv - Ou? w2 Oudv )  devtv \ u?  Owv? )
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Substituting the expression of the second partial derivatives in the equa-
tion (3.21) we shall have:

1 [0%z 5 8%z n 8%z 4 o2(utv) 1 282 282 n 8%z 42 8%z n 8%z
4\ u? Oudv  Ov? ¢ 4e2(utv) v ou  Ov? Oudv  Ou?

_putv 1 622_322 +1<32_32)+2€u+v 1 (32+Bz)_0 —
deutv \ Hu2  9v? 2 \Ou  Ov 2¢utv \Qu ' dv/)

2. — 2 -
4 + .+ +

1 (822 _ 02z + 02z _ 0z 0z 0%z 02z 0%z 0%z + 82z)
Ou? Oudv  Ov? ov  Ou  Ov? Oudv  Ou?  u?  Ov?

10z 10z 0z 0z

+28u_28v+3v+8u20<:>

30%22 1 9z 1 9z 10%z 30z 10z

p— . _— . = 0
4002 2 Ov 2 8u+48u2+28u+28v ’
namely
332z+132z+8z _0<:>482+822+3822 0
4002 40u?  Ou Oou  Ou? o2
Example 3.35. Transform the expression
02 0%z 0%z

z
E =22 2 2
T ox? * xyaxay ty 02

by switching to the polar coordinates:
z=peost o, geo,2n]
y — p Sin 9 ) p ) ) *

Solution.
We shall have:

0z 0z Ox 0z

Y 0z . z
op 0z 0p oy ap = los T gy
0z 0z Oxr 0z Oy . 0z 0z
o0 = ox 00 oy ap = "0, T8y,

One obtains the system:
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Oz : 0z __ Oz
cos09” + sin Gay

= o,
(3.23)
: 0z 0z __ 0z
—psin®9* + pcos@ay = 55
Since
cosf  sinf
A= . = 0
’ —psinf pcosl ‘ 7
we can solve the system (3.23) using the Cramer’s method:
g; sin 0
0z 9 pcost 1 aaz . 082 982 sing 0z
= = COS — S1n = COS -
Oz A p \" %5, 90 9  p 00
0z
cosf o
0z —psinf g; 1 . 0z 0z . 0z cosf Oz
= = psinf -~ + cos 0 =sinf | + .
Jy A p ap 00 dp p 00
Therefore:
8%z 0 0 0z sinf 0z OF 0 OF  sinf OF
= cos — = = cos -
Ox? oz op p 00 ox dp p 00
~ ~ -
F
1o} 0z sinf 0z siné 0 0z sinf 0z
= cos 6 cosf = — - cosf ~ —
ap ap p 00 p 00 ap p 00
8%z  sinf dz sinf 8%z
= cosf | cosf + —
Op? p? 00 p  Opdo
sin 6 8%z . 9z sinf 8%z  cosh Oz
- cos 6 —sinf _ — —
0pdo Op p 002 p 00
9,0%z sinfcosf 8z sinfcosf 92z  sinfcosd 9%z
= cos” 0 + - —
Op? p? 00 p Op0o p Op0o
sin 0 0z n sin® 0 92z n sinf cos 0 Oz
p Op p? 062 p? 00
8%z sinfcos@ 9%z sin? 0 9%z sinfcosf 0z  sin?6 Oz

2
= 0 _
€08 Op? p 3p80+ p? 062 + p? 39+ p Op’
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8%z 0 . 0z cosO 0z oF . OF cosf OF
= sin 0 + = =sinf
Oy? oy ap p 00 Oy ap p 00
N~ ~ 4
F
. 08 ( 98z+cost98z) cosf O ( 982+C0898Z)
= S1n Sin Sin
dp ap p 06 p 06 ap p 00
. 9<, 982Z+C059 0%z Coseaz)
= S1n Sin —
Op? p  0pdl p2 00
+cos€ (s' 0 8%z +C0596z n cosf 82z  sinf 82)
11 —
p Opdo op p 002 p 00
s' 29822 sinfcos® 0%z sin@cosf Az sinfcosf 92z
= sin -
op? p Opdl 2 o0 p Opdo
cos? 6 Oz n cos?0 0%z  sinfcosh Oz
p  Op p? 062 p? o0
29 82z sinfcos@ 0%z cos?20 0%z cos?6 9z sin @ cos 6 0z
= sin _
Op? p Opob p% 002 p Op p? 00’
0%z 0 00 0z n cosf 0z oF 0 OF sinf OF
= Sin = = COS -
Ooxdy O ap p 00 or ap p 00
N~ ~ -
F
08 . aaercosGaz sinf 0 [ . 082+cosﬂaz
= COS S1n — Sin
ap ap p 00 p 00 ap p 00

— cosd (sin@azz n cosf 0%z _ cost 82)
op? p Opdl p% 00
_ sin6 (sin@ 0%z +COS€82 n cosf 0%z _ siné 82)
0pdb op p 062 p 00

02z n cos?6 9%z B cos? 6 0z B sin?6 92z
0p? p  0pdl p% 00 p 0pdd

sinfcosf 8z sinfcosf &%z  sin®6 9z

= sinfcosf

o op  p> 002 + p? 06
_ sin@cos@aQZ n cos?0 —sin? 0 92z B sin @ cos 6 6%z
0p? p 0pdb pz 062
sinfcosf 9z  cos® 0 —sin® 0 9z
- p Op p? 00

We shall have:
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8%z sinfcos 0 8%z + sin? 9 82z + sin@cos Az sin?0 9z
Op? p Opoo p2 002 p2? a6 p Op

E = p2 cos> 0 <0052 0 -2

12,2 sin0 o [sino 6322 + cos? 0 —sin2 60 9%z sin 6 cos 0 8%z
sSin U cos Sin U cos -
P Op? p Opoo p? 062

a2 . 02
311129? z n sinfcos® 07z

Op? p Opdo

sinfcosf 9z  cos> O —sin? 6 9z 2 . 2
P + p“sin® O
p p p? 99

cos? 0 9%z cos? 0 9z sin @ cos 0 Oz
p2 002 p Op p2 a6
205077 _apsingcos®0 07 4 sin?0c0s20°.7 1 25in0cost 0
= p° cos — 2psin 6 cos sin® 0 cos sin 6 cos
r ap2 ~ 900 002 0

8%z

+p sin? 6 cos? 0 0z + 2p2 sin? 6 cos? 0 8%z + 2psin @ cos® 6 ‘

op Op? Opdo
. o? o2 5}
—2p sin® 0 cos 0 — 2sin® 0 cos? 0 z_ 2p sin? 0 cos” 0 i
Opdb 062
2 2

z .3 0z
5 + 2psin” O cos 6

. o o o
+25in‘39c059 z 25sin 6 cos® 0 z +p2 sin® 0
o0 o0 1¢] dpdo

P

8% 2] o

+sin” @ cos® 0 aez +p sin? 6 cos? 0 BZ — 25sin® 0 cos 6 BZ
p

2 9%z

— p2 (0052 0+ sin? 9) 0p2 H

hence

0%z

_ 2
E—papz.

3.4 Taylor’s Formula for Functions of Two Variables

Definition 3.36 (see [8]). Let f : R? — R be a function of two variables
which have continuous partial derivatives of all orders up to and including
the (n + 1)-th in the neighborhood of a point (a,b) € R2. The Taylor’s
formula around the point (a,b), for f (z,y) is:
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faw) = Fai+ ] [e-a ) @n+ -0 @]+, (3.2
2 2 2
: [(x ~0? 9 L @n 2@ -aw-b aiafy (a,b) + (y — b)? ny (a,b)

Ty 2oy O
+3! |:(:C—a) P (a,b) +3(x—a)*(y—0b) 9220y (a, b)
2 O°F 5 f
F3ma -7 00 @+ -0y )]
bt @0 ) w0 ) @] F@h) + R,
where
1 0 0 e
Rulo) = 4y [0 0) g+ -0 ) @B] fn.
E=a+0(x—a)
{nzb—!—@(m—b)’ 0€(0,1).

Remark 3.37 (see [8]). The particular case of (3.24), when a = b = 0 is
called the Mac Laurin’s formula.
Proposition 3.38 (see [15], p. 144). Let f : R? — R be a function of two
variables which have continuous partial derivatives of all orders up to and
including the (n + 1)-th in the neighborhood of a point (xg,vo) € R2.

In a different notation, the formula (3.24) may be written in the form:

@+ b +8) = £ o,wo) + |, [
. x

<xo,yo>+k§j§ (zo,yf»] + (3.25)

1 2

02 02 0
+,) {hz axi (z0,y0) + 2hk / (z0,y0) + K* ! (xo,yo)}

Oz0y oy?
1 Ie] o1"
+ + |: oz + ay] f (zo,y0)

n!

+ ! ha+k(9 an( +0h, yo +0k), 0 €(0,1)
(m+1) "oz " oy To Oy Yo : -

Example 3.39. Write the Taylor’s formula of the third order, for the
function

f(a,y) = e"siny
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around the point (0,0) € R?.
Solution.
We shall compute:

e the first partial derivatives:
)
g%c:e smy:>gf( 0)=
gy = €"cosy = 5 (0,0) =
e the second partial derivatives:
g%];:e siny — g’;(() 0)=0

Of —ev cosy:axdy(() 0) =
—e*siny = gfj(o,o):o,

e the third partial derivatives:

°f _ o siny = g; (00)—0

dgf

%%jcay =e%cosy — SEQBy (0,0) =
dsay = —¢e"siny — dwy (0,0)=0
32/; = —e%cosy — 3y3 (0 0) =

e the fourth partial derivatives:

4
gfé =e*siny
823£y =e" cosy
otf
D20y? = = —e*siny
ot f x
oxdys = —e¥ cosy
O — e gin
oyt — Y

The Taylor’s formula of the third order, around the point (0,0) € R?, for
the function f (z,y) will be:

f(z,y) =0+ (x 0O+y-1)+ !

o1 (m2~0+2xy-1+y2-0)

x3~0+3x2y-1—|—3xy2-0+y3-(—1)]

1!
1
3 |
1
+ [z sin Oy + 423ye? cos Oy + 622y? (—e’” sin Oy
4!
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+ 4y (—eew cosOy) + y* (—egw sinfy)], € (0,1)
ie.

1 1
f(w,y):y+xy+2x2yf 6y3

1
+4' [;t4 sin Oy + 4z3y cos Oy — 622y? sin Oy — 4xy® cos By — y* sin Gy] , 0€(0,1).

We shall give a computer solution in Mathcad 14:

3 2
E . i }.‘ X .Er.'
e -siny) seres x. ¥, 3 — ¥ — s +xy+ e

F

and using Maple 15:

miaylor{exp(x) sin(y). [ ¥]. 4)

Example 3.40. Write the Taylor’s formula of the third order, for the
function
flx,y) = —a* + 2y + 3y* — 62 — 2y — 4

around the point (—2,1) € R%
Solution.
We shall compute:

e the first partial derivatives:

O = 2042y — 6= é@%‘(—m):o
o =2w+6y—2 = (-2,1)=0,

e the second partial derivatives:

Pf — 9= P (221)= -2

oz2 ox?
7] 7]
oh =6 = 51(-2,1)=6,

e the third partial derivatives:
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a3 3
0l =0 = 971(0,0=0

¥
o _ o'f _

ouzhy = 0— ou20s (0,0)=0
3g?y2 =0= 35%%2 (0,0)=0
oA =0 = 731(0,0=0

The Taylor’s formula of the n-th order, around the point (—2,1) € R?,
for the function f (z,y) will be:

fleg) =14 [ +2)- 0+ (y=1) -0

+21! (@+2’ (- +2@+)@-1-2+@F -1 6)]

=1-(z+2°+2@@+2)(y—1)+3(y—1)>°.

We can also obtain this result with Mathcad 14:

=+ 7Y + 3-}-3 - Fxi—2y—4senes,x=-2,y=1,8 =1+ 3(y—- 1}l + 2z +D(y-1-(=x+ J.}l

and Maple 15:

m.fa_}'for[ A+ 2xy+ 3-}’?‘ —6x—2y—4 [x=-2y=1] 8]
1= (x+272+2(x+2) (y—1) +3 (p—1)?

Example 3.41. Use the Taylor’s formula of the second order to find the
. 2.01
approximate value for (0.95)7"".
Solution.
We have to take the function f(z,y) = 2.
Applying the formula (3.25) for

zo = 1, Yo = 2
h=—0.05, k — 0.01

one obtains:

1 of

~ of
f(1—=0.05,240.01) = f(1,2) + 0 [(—0.05) 9 (1,2)+0.018y

1.2)

+ 1, [((70.05)2 o1 (1,2) +2(—0.05) - 0'01883328];

20f
N i (1,2) +0.01 oy (1,2))].
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As the successive partial derivatives are

gf =y~

af =2Y%Inx
y

and

a2 _
Gacj; :y(y_l)xy 2

02
derafy =yz¥'Inz+a¥ - =2V (ylna+1)

02
?gzxylnx-lnx:xylnzx
oy

we deduce that:

131

1 1
£(0.95,2.01) =1 —0.1+ o1 (2-0.0025 — 0.001) = 0.9 + 9 (0.005 — 0.001) = 0.902.

We shall check this result in Matlab 7.9:
>> f=Q(x,y)x"y;

>> vpa(f(0.95,2.01),3)

ans =

0.902

or in Mathcad 14:

f(x,y) = x}r

£(0.95,2.01) = 0.902

or using Mathematica 8:
Infsi]:= E[x , ¥ ] :=x"¥
In[52):= SetPrecision[E[0.95, 2.01], 3]

Out[52}= 0.902

or with Maple 15:

v

f=(xy) =

(xy)—

Digits == 3

f10.95.2.01)

0.902
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We also want to find the approximation error using the relation

Ro— hSan (zo + 0h, yo + 0h) + 3h%k 0 (xo + 0h, yo + Oh)
2 = 31 8.1‘3 0 ; Yo 82.%‘83/ 0 » Yo
s O°f 30°f
+ 3hk (zo + Oh, yo +60h) + k oy3 (xo + Oh, yo+6h)|, 0 €(0,1).

0x0?%y

In order to do that we have to calculate the third partial derivatives of
the function f:

3
Ol =yy-1)(y—2)av?

O = (y—1)a¥=2 (ylnz +1) + v 1. Y=av2(y—Dylne+y—1+y]

dx20y
i — 292 [y — 1) ylnz + 2y — 1]
8?822 =gy 1 In? x4 2¥ - ilnx =¥ llnz (ylnz +2)
3
gy{ =2¥lnz-In?z=2¥Indz.
Hence,

1
Ry < [(70.05)3 2(2-1)(2-2)-1273 +3(-0.05)2-0.01-1272(1-2In1 + 4 — 1)

+3(=0.05)-0.012 12" In1(2In1+2) +12 - In®1- (0.01)3]

1
=g (9-0.000025) = 0.0000375.

We can prove that in Matlab 7.9:
>> x0=1;y0=2;h=-0.05;k=0.01;
>> t=0:0.1:1;

>> f=Q(x,y)x"y;

>> syms Xy

>> f1=diff(f(x,y),x,3)

x"(y - 3)*y*(y - D*(y - 2)

>> f4=diff(f(x,y),y,3)

f4 =

x"y*log(x)"3

>> f2=simplify (diff (diff (f(x,y),y),x,2))

f2 =

x"(y - 2)*(2*y + y " 2*log(x) - y*log(x) - 1)
>> f3=simplify (diff(diff(f(x,y),x),y,2))

f3 =
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x"(y - 1)*log(x)*(y*log(x) + 2)

>> R2=(1/6)*(h"3*subs(fl,{x,y},{x0+t*h,y0+t*k})+
3*h"~2*k*subs(f2,{x,y },{x0+t*h,y0+t*k})+
3*h*k"2*subs(f3,{x,y },{x0+t*h,y0+t*k})+k"~3*subs(f4,{x,y},
{x0+t*h,y0+t*k}))

R2 =

1.0e-004 *

Columns 1 through 6

0.3750 0.3738 0.3726 0.3714 0.3701 0.3689

Columns 7 through 11

0.3676 0.3663 0.3649 0.3635 0.3622

>> plot(t,R2)

378

376

3na -\\

| \
37+

368}

366

3641

362

>>r2=R2(1)

r2 =
3.7500e-005

or in Mathcad 14:
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a5 -5

=1 W2 h:- 003 k=001

d3 d3
65 55 (s S5
dx dy
2
T PRI o
HERT 8.y =Lty
dx - :gx
dy

1(3 2 2 3
Rf) - E]‘ A0+ thyd+ t) + I D0+ thy0+ ¢5) + FhE B(al+ th 0+ ¢8) + ¥ -B(x0+ th 0+ t-k};'

t=0.01.1

3756107 T .

37107 -
RY(Y)
365107

36“1&_5 | | | |
0 02 04 06 08 1

'y -5
2:=RA0/-375=10

or in Mathematica 8:

Y
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nfil= x0=1; y0 =2; h=-0.05;k = 0.01;

nZ]= t = Range[0, 1, 0.1]:

= flx , ¥ ] :=x"y;

5
=
il

f1=D[f[x, ¥], {x, 3}]

ouldE X (_2+y) (clevl ¥

Infg= £4 =D[f[x, ¥1, {¥, 3}]

outfs= x¥ Log[x]*

£2 = Simplify [D[D[f[x, 7], 7], {x, 2}]]

2.y

Outlfl= X (=1+2y+{-1+v) vIiog[x])

In[T]= £3 = Simplify [D[D[f[x, 7], x], {7, 2}]]

out[TE x 7 Log[x] (2 + v Log[x])

ng= ff1=f1 /. {x+x0+tuh, v+ 70+ twk}; F£2=02 /. (x> X0+ Ltxh, v 70+ Lxk};

= ff3=f3/. {x+x0+tuh, y» y0+tnk}; ffd =04 /. X+ X0+ Ltxh, v yO0+ Lxk};

nfid]= R2=1/6x (h*3xffl+3xh*2xEkxff2 +3ahek*2«ff3+E*3xff4);

n[11]= ListLinePlot[{R2}]
0.0000374 [ .
0.0000372 | <4
0.000037 [ N
Outlt1= ¢.p000368 - \\
0.0000366 .

0.0000364 |- i

b
e
o
o
=

nft2}= 12 = R[[1]]

0.0000375

&

I

]
i
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or with Maple 15:

:cr.'J = 1 'J.'t? =2 h=-005:k:=001:

ﬂ = factor| simplify ;—Sd] ] p
& ] |
a 1
By |

2 = factor| simplify

)
5h)

—
3t
o 2

3 = factor| simplify ax |

1= 11
2=
5= 13
=1

P
cppes facmr[mpf;ﬁ[
(et 35 |
[t

e=x0+thy=30+ f-k
k=x0+thy=y0+tk

k=x0+thy=y0+tk

x=_!ct}+f'-h:y=}'0+f-k.

) 1 g 5
R2=t— —-[hj-ﬁ?—l- 3k f2+ 3R R+ £ -
plot{R2(1),t=0.1)

00000374+

0.0000372 4

0.0000370

0.000036%

00000366

0.0000364

n 0z 04 ; 04 nz 1



3.4 Taylor’s Formula for Functions of Two Variables 137

0.0000375

Example 3.42. Use the Taylor’s formula of the second order to find the
approximate value for v/1.03 - /0.98.

Solution.
One takes the function:

1 1

f(r,y) =V Yy=mx2-ys.
Applying the formula (3.25) for

To = ]-7 Yo = 1
h=0.03, k = —0.02

one obtains:

~ 1 of of
f(140.03,1—-0.02) = f(1,1) + u {0.03&” (1,1) —0.02 Y (1, 1)}
+21! [((0.03)2 gm]; (1,1) —2-0.03 - 0'0286;(;; (1,1) + (—0.02) g]yt (1, 1))] .

We shall calculate the successive partial derivatives:

of _ 1. .1 1
Bm_2x12 y;
of 1 -
oy — 3 2y s
o2 1 3 1
7]ty
(’)f _ 1 _1 _2
Baé’@y 67 2y s
17} 2 1 _5
A e
83 3 _5 1
az{;_Sx 2-ys
an o 1 _3 2
8:1:2383; = Tl 2 ry—s
2f 1. -1 _5
dac@;;z =Tl 2y B
o°f _ 10,1 -8
oy3 = 27T Y B

We shall deduce that:
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1 1 1
1.03,0.98) =~ 1 03- - —0.02-
f(103,098) =1+ <003 , — 0.0 3)

1 5 1 1 ) 2
gy (0037 —2:0.03:0.02- +(-002) (- ) ) =1.0083-0.00026 = 1.00804.

We shall check this result in Maple 7.9:
> F=@(x,y) x"(1/2)*y" (1/3);
>> vpa(f(1.03,0.98),6)

ans =

1.00808

or in Mathcad 14:

|

1

(3]

3
fix,y) =z -y
£(1.03,098) = 1.00308

or with Mathematica 8:

Infg3]= F[x , ¥ 1 :=x*(1/2) x¥*(1/3)

In34]:= SetPrecision[f[1.03, 0.98], 6]

outlsd= 1.00808

or using Maple 15:

1

3

bt

f=(xy) —=xty
Digits == 6 :
f11.03,0.98)

1.00808
The approximation error will be:

1 s 3 ) 1
. .S _-3.0. .0.02- ( —
Ry < 5 |0.03%-( —3-0.03%-0.0 ( 12)

1 10
+3-0.03- (—0.02)*- (—9> + (—0.02)% 27} = 0.000001277006.

We can verify this result in Matlab 7.9:
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>> x0=1;y0=1;h=0.03;k=-0.02;

>> t=0:0.1:1;

S5 F=@(xy)x" (1/2)%y" (1/3);

>> syms Xy

>> f1=diff(f(x,y),x,3)

fl =

(3%y"(1/3))/(8%x"(5/2))

>> f4=diff(f(x,y),y,3)

f4 =

(10%x°(1/2)) /(2T*y"(8/3))

>> f2=simplify (diff(diff (f(x,y),y),x,2))

f2 =

[1/(12%7(3/2)%y" (2/3))

>> f3=simplify (diff(diff(f(x,y),x),y,2))

f‘3 =

[1/(9%x(1/2)*y"(5/3))

>> R2=(1/6)*(h"3*subs(f1,{x,y },{x04+t*h,y0+t*k})+
3*h"2*k*subs(f2,{x,y },{x0+t*h,y0+t*k})+
3*h*k"~2*subs(f3,{x,y },{x0+t*h,y0+t*k})+
k" 3*subs(f4,{x,y},{x0+t*h,y0+t*k})) ;

>> plot(t,R2)

1.25 B

1.15+ b

0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.9 1

>> r2=R2(1)
r2 =
1.2770e-006

or in Mathcad 14:

139



140 3 Differentiation Theory of the Functions

rd.3 3
(x5 = —f(z.9 Bn¥) = —iEy
dx @
d.l 2
d
Bix.¥) = ——1f(x.¥ i
(x,¥) toR (x.y) S(x.y) ,-d—;—f{x:}'}
dy

1(3 2 2 3 )
RN{t) = E--\h A0 + th, 0+ +8) + 30 -k B0+ th,y0+ 1) + 3hK -Biad+ th,y0 + +8) + & -B{xd + th,¥0 + t-k)_,.'

£:=0,01.1

1.3 10_6 T T T T

121079
il

11x10°9

.1 | 1 | |
W00 01 06 08 1

£
‘s -6
2=RA0 - 127710

and using Mathematica 8:
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nl51-

Out[s}
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141

x0=1; y0=1;h=0.03;k=-0.02; t =Range([0, 1, 0.1]:

flxr, ¥ ] :=x*{(1/2)27*(1/3);
fl1=D[f[x, ¥1, {x, 3}]

3yt

s
5/Z
g x™

f4 =D[f[x, ¥], {¥, 3}]

10+ x
27 32

f2 = Simplify [D[D[f[x, ¥], ¥]1, {x, 2}]]

Outle}

Out[ 10}

1
9% 2
fE1=F1/. Ko X0 +txh, ¥+ §0+tak}; FE2=F2 /.

fE3=F3/. ko x0+txh, 7 g0+ tak}; [F4=F4/,

{x+x0+teh, -+ y0+tak]):

{x+x0+teh, -+ y0+tak]):

R2=1/6%x(h*3xffl+3ah*2xEkxff2+3xhxk*2xff3+k*3[T4);

ListLinePlot[{R2}]

\\‘\
-
125x1075 | ~
g
\\‘\
12x10°%f \\
Llsx1078 f \\\
\\_\\\

Lix1-8f \

2 4 5 5 10
r2 = R2[[1]]

1.27701x10°%
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and in Maple 15:

J4 = factor| simplify .
oy
b -

Ji= ﬁ:nc:z.‘orksfmp!fﬁ EJ‘J J :
)

G
J2 = factor| simplify 55 23 j] ] :
| Y ax
¢ @,
3 = factor| simplify| — —=-f| |-
a X a .}’F
.
=11 -

k=x0+thy=30+1tk
2= -

3= 73
=7

k=x0+thy=1v0+1itk

k=x0+thy=30+1tk

be=x0+t-hy=10+ f-ﬁc.
ROt %-[hgﬁ?—i- IR+ 3R B+ ) -
plot(R2(1),t=0_1)

126x10°¢
12%10°%1
1.16%10°%
1.1 %1074
02 #0908 @6 08 W
£
Digits == 6
R2(1)
i=0

0.00000127701
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3.5 Problems

—_

. Find the second partial derivatives of the function

x
z = arctan

2. Find
[z (1,2,0)
fy (1,2,0)
f1(1,2,0)
if
£ (@,y,2) = In(ay +2).
3. Show that
Ou  Ou  Ou _ 1
or Oy 0z
if
u=2x-+ T y'
y—z
4. Calculate
oxr Ox
11
or ¢
if
T = arcos
y = brsin .

Computer solution.
We shall compute the determinant in Matlab 7.9:
>>syms r phiab
>> x=a*r*cos(phi);
>> y=b*r*sin(phi);
>> F=[x y];
>> v=[r phil;
>> J=jacobian(F,v)
J =

143
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[ a*cos(phi), -a*r*sin(phi)]
[ b*sin(phi), b*r*cos(phi)]
>> simplify(det(J))

ans =

a*b*r

and in Mathcad 14:

{ a-xy; u:ns[_xl:."‘l_
th'xl}' si.tq;xl} j

|Tacob(f(x.a.b),5)| simplify — ab=x

f(x,a2,b) =

0

and using Mathematica 8:

Inf41;

Det[D[{axrxCos[p], ber*xSin[e]}, {{r, ©}}]1]:

InfE= Simplify [%]

Qutff}= abr
and with Maple 15:

with( VectorCalculus)
M d = Jacobian( [a r-cos(q), b-r-sin(@) ] [ ¢ determinant’) -
simplifi{d trig)
abr

5. Find

{6

f(z,y) =2+ 2y +y*> —4lnz — 10Iny.

if

Computer solution.
We have found that

df (1,2) =0

d?f(1,2) = 6dz? + 4dzdy + gdyQ
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with Matlab 7.9:
>> f=Q(x,y) x"24+x*y+y~2-4*log(x)-10*log(y)
f =
Q(x,y)x"2+x*y+y~2-4*log(x)-10*log(y)
>> syms x y dx dy dx2 dy2 dxdy
>> u=diff(f,x) *dx+diff (f,y) *dy
u =
dx*(2*x + y - 4/x) + dy*(x + 2*y - 10/y)
>> subs(u,{x,y},{1,2})
ans =
0
>> w=diff(f,x,2) *dx2+2*diff (f,x,y) *dxdy+diff(f,y,2) *dy 2
W =
dxdy*(2*x + 4*y - 20/y) + dx2*(4/x"2 4+ 2) + dy2*(10/y"2
+2)
>> subs(w,{x,y},{1,2})
ans =
6*dx2 + (9*dy2)/2
or using Mathcad 14:

;! 1
f[x:}r] =y + Iyt f," = -l-]ﬂ[){] = 1[”1'1[‘.-]

w(ds, dy) = C—f[x,}-']-d:( + C—f[x,y}-d}-' substifute x= 1,y=2 =1
i dy

1
7

- 1 My
f(xy)-dy substifute,x=ly=1 = 6d + —— + Ldidy

i}

7

)+

| =t

f(x, f(x,y)-dudy +

et
Py

&

0
by

= e O
=5 | =

=

or with Mathematica 8:
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In[288]:= 1 :=DE[X*2 + X» ¥y + ¥*2 - 4 » Log[x] - 10« Log[¥]]:
In[257]:= u f. DE[x] -» dx;
In[258]:= % /. DEL[y] ->dy:
In[238]= % /. X+ 1;

In[300]= % /. ¥+ 2

Out{Z30= 0

In[201)= Simplify [DE[u]]:
In[302= % /. Db[x] -» chx;
In[30%:= % /. Dt[y] —» dy:
In[304}= % /. Dt[dx] + 0;
In[205]= % /. Dit[dy] - O:
In[306]= % f. x—+ 1;

In[207)= % /. ¥+ 2

9 dy®

Dut[0Tl= 6 dx® + 2 du dy +

or in Maple 15:
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fi=(xy) =X +xy+1F —4In(x) — 10 In(y) :
i =

0 ]
5o e yde + af (xy)dv:

0
a2 2 o2 e g o
W= wf(-t}')aﬁ"+3'mf(1€}')m3’+ —flxy)a -
ox -y it
W
x=1,y=2

147

;i3 i D g
6™ + 2ady + - a)”

6. Compute the function df and d?f for the function:

f(x,y,2) = cos(xz + 2y + 32), (V) (z,9,2) € R>.

7. Prove that the function

B 1
\/x2+y2+22’

satisfies the Lapace equation:

f(z,y,2) (z,y,2) # (0,0,0)

8. Find the expression of

E=1+y?

in the polar coordinates:
x =rcosft
y =rsind.

Computer solution.

We shall compute the expression E in Matlab 7.9:
>> x=@(r,th)r*cos(th);

>> y=@(r,th)r*sin(th);

>> syms r th dr dth

>>yp=(diff(y(r,th),r)*dr+4diff(y (r,th),th)*dth) / (diff (x(r,th),r)

*dr+diff(x(r,th),th)*dth);
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>> syms rp

>> simplify (14subs(yp,dr,rp*dth)~2)
ans =

(r°2 4 rp~2)/(rp*cos(th) - r*sin(th)) "2
and in Mathcad 14:

1r H) = r-cos(8)
¥l 8) = r-sin(H)
d_}:{r H}di + d_fr{fe}dﬂ
yp(r.0.dr,db) = d

d d
—u(r ) -dr + —x(r,8)-do
d:['} de['}

cos(8) + tp-sin(8
mfr.p. ) = ypls, b, dr, d6) substirute,dr= rp-do s U e S
i tp-cos(H) — r-sin(8)

) 2. 2 cos(ty? + singty?) -
L+ m(r,mp,B) factor — - Pk ~ simplify — by

(tp-cos() — r-sin{8))” (tp-cos(H) - r-si.n[&"}}:

and with Mathematica 8:
E)= x[r_, 8] i= reCos[F]
El)= ¥[r , 8] i= T 3in[6]
mE8= ui= (D[y[r, 8], r] wdr+D[y[r, 8], 6] xd6) / (D[x[r, 6], r] wdr+D[x[r, 8], 6] #d6)
nE)= u/. dr+ Radb;
nE= v o= Simplify [%];

i Simplify[l+vA2]

n

2.3

(RCoa[8] - rSin[g])?

and in Maple 15:
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x= (r.8) — rcos(8) :

(
= (. 8) — rsin(8) :

0 o
—y(r8)dr + —lr, 8)d0
(8 + <3(7.)

r

B @ 3
—x(r, 8)dr + g_\:{r, 6)dd |dr=R-db

ar

= ﬁ:ncxor[l + 1}]
(,; + R:] f_cos{e)l + sin{@)z)
(cos(8) R — rsin{e))l

9. Prove that the function

3 3
Faw) =", @) £ 0.0
is an homogeneous function and check the Euler’s relation for it.
Computer solution.
We shall solve this problem in Matlab 7.9:
function r = f(x,y)
r=(x"3+y"3)/(x"2+y"2);
end
One saves the file with f.m then in the command line one writes:
>>symsxy tm
>> 1=f(x,y);
>> u=simplify (f(x*t,y*t));

>> r=u/l;
>> m=eval(log(r)/log(t))
1

We verify the Euler’s relation from (3.13).

>> w=simplify (x*diff (f(x,y),x)+y*diff (f(x,y),y));
>> w==m*f(x,y)

ans =

1

in Mathcad 14:



150 3 Differentiation Theory of the Functions

XB + ‘%"3 f(zxt,y-f)
. iy =~
X +y .y)

f(x,¥) =

m
m=t =r(xy.t) solvem — 1

3 3
w(xy) = xS Ey) + y-Sfxy) simplty —> =
dx dy

wi(x,¥) = m-f{x,y) = 1
with Mathematica 8:
n[117]= f[x , ¥ ] := (x*3+7*3) /("2 +¥"2)
In[118]:= 1 = Simplify [F[x«t, y#t]];
In[118]:= 1 2= f[x, ¥]
In[120)= ri=u/1

inli27}= m = Log[r] / Log[t]

oufiziFE 1

In[122)= w 2= SImplify [Xx«D[f[x, 7], x] + ¥ =D[E[x, ¥], ¥]1]

In[123]= w=m=» f[x, 7]
Owt[123}= True

using Maple 15:
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<+ }3
J=(xy) =

151

2ty

I=flx):

u = simplify( flx-t,p1)) -

- ol

re= szmp!{ﬁ,'[ E_] 5

. In(r)
"= ()

w = simplify(xc diff (f(x ¥). x) + y-diff (f(x ¥).5))
evalb(w =m f(x y))

true
10. Prove that the function

ax + by + cz
f(zy,2)

- Va2 4?22
checks the relation

(V) (z,y,2) € R\ {(0,0,0)}

of of of
x3x+y3y+z N
11.

Write the Taylor’s formula for the function

flay)=e"tv
around the point (—1,1) € R%.
Computer solution.

We shall use Mathcad 14:

% %
7 F— 1) + 1y
ex+ series, x=-l,y=1.3 = 1+v+ % +x+(x+ DA{y-1+ i
and Maple 15:

miaylor(exp(x +y), [x=-1,y=113)

1 +x+v+ %(1 +x) 4+ (y—1)(1+x) +



152 3 Differentiation Theory of the Functions

12. Find 9% of

ot
5= eSz+2y7
where
T = cost
y =t
13. Show that the function
zZ= (;U2 + y2)
satisfies the equation
0z 0z 0
—z_ =0.
yax dy
14. What do we obtain from
0%z 0%z 0%z
2 2
2 =0
T o2 + xyaxay ty 02
if one makes the change of independent variables
r=u
y=uv?
15. Show that the function
s=ae () w0 (3)
x x
satisfies the equation
5 0%z 0%z , 0%z —0

2
T ox? * xyaxay ty 02

Computer solution.
We shall check the relation using Mathcad 14:

1 gt 1 g4
Wl'l:}{_.}-',l.p,‘ll.‘} = x".i.‘z[x__}r, "F'-'q'b} + -—J"x}r'id_z{x-'}rrkpr'll"} + }'—H'i'ﬁz[xr}rs Il‘|:'-'J1'|'1}
d” dudy dy™

wi{x, ¥, .10 ) expand — 0
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and in Mathematica 8:

n2T= 2[x , ¥ ] i=Xa0 (¥/X) + 0 (¥/X)

In2e)= Expand [x*2«D[2[x, ¥], {X, 2}] + 2*xXx ¥ «D[2[x, ¥], X, ¥] + ¥*2«D[2[x, 7], {7, 2}]]

and with Maple 15:

= (m)—*xcp[}]ﬂLw[%]

(u-)—-rcp[ ] +w[ ]

82 i@ g gl
evala| Exp 2xy) + 20y 5o 5 Z(x y) +y -a—gztm')
h!

]

16. Write the first four terms of a power series expansion in x and y of
the function

fxy)=1+a) .

Computer solution.

We shall find the first four terms of a power series expansion using
Mathcad 14:

2
{1+ x} & seies X, ¥.4 -+ l+x+xvy+ %

and with Maple 15:

miaylor( (1 +x)' VY. [x 3], 4)

1 x4 ypxt %'L‘(I

17. Show that the function
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u(z,t) = Asin (aAt + @) sin Az
satisfies the equation of oscillations of a string
?u  ,0%u
=a .
ot? Ox?
Computer solution.
We shall prove that equality in Mathcad 14:

u(x,t, A a .y, A) = A-sinfa-ht + )-sin h-x)

‘) n o2
%u{:{,t__.&,a,kp,}x} - a"-izu{:{_.t___&,a,ap,}x} expand — 0
dt dx

and using Mathematica 8:

Inf28)= ufx , £ ] 1= AxSinfaxAxC+ @] »3in[Axx]

=

[}

h
il

Expand [D[ulx, £], {t, 2}] -&a*2«D[ulx, £], {x, 2}]1]

and with Maple 15:

w= (xt) = Asin(ait+ @) sin(ix)

evafa[&cpand[ ;—{z{(.{ 1) - %z{(.{ i) ] ]
g

(xt)—Asin(aht+ @) sin(rx)

18. Find the partial derivative g; if

zZ=p (x2 + y2) .
Computer solution.
We shall find that partial derivative in Mathcad 14:



3.5 Problems

; 2
Axy. ) = @5+ )

d : !
—2xy,p) > 2x |xdex +¥
dx

d
— (=0
ypl =)

and with Mathematica 8:

nga)= z2[x , ¥ ] i=@[x*2+y*2]

In B8] D[Z [Ji'., -]T] ¥ 3—]

o

Qutfsél 2 X o [:\LE + y‘]
and using Maple 15:
zi= (xy) = oF +17):
diff(z(x ). x)
19. Take the equation of the oscillations of a string
0%u 5 0%u

o2~ ¢ g2 a7 0

and change it to the new independent variables a and b, where

a=1x—at
8 =z + at.
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20. Transform the following equation to new independent variables wu

and v :

if
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Computer solution.

We shall see what becomes the left member of the initial equation using
Mathematica 8:

Inf27k= z[x , ¥ 1 :=r[x, ¥]
Inf28]= ufx , ¥ ] :=2;
Inf28}= v[x , ¥ ] :=v/x:

In[30]:= a = Expand [x«D[z[ulx, ¥], v[x, ¥]], x] + ¥ «D[z[ulx, ¥], v[x, ¥]], ¥] -
zlulx, y], v[x, ¥111:

Inf3}=a /. x+u;
In[32)= % /. ¥/ X+ W

Out{32}= —r[u, El +urit® [u, E]
u u

and Maple 15:

2= (xy)=rxy):

u= (xy)-x:
vim (k=L

b smmpiiy{ x5 - (ux 1) ¥x3) + 35 2ulx ). M) = 2ulx 3. 63) |

b
=u;i=-p
X

Dy () v) = ()



4
Fundamentals of Field Theory

4.1 Derivative in a Given Direction of a Function

Definition 4.1 (see [8]). The derivative of a differentiable function z =
f (z,y) in the direction 5 = PP] is

0 0 0
3; = a; cosa + 3; cos f3, (4.1)

where « is the angle formed by the vector § with the Oz- axis and 3 is
the angle formed by the vector & with the Oy -axis (see Fig. 4.1).

A

A

Fig. 4.1

In a similar fashion, we define the derivative in a given direction 5 for
a function of three variables u = f (x,y, z). In this case,

G.A. Anastassiou and LF. Tatan: Intelligent Routines, ISRL 39, pp. 157-[86]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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Ou  Ou ou ou
0% = 0r Ot gy 00t .
where cos a, cos 3, cosy are the direction cosines of the direction J. The
directional derivative characterizes the rate of change of the function in the
given direction.

Definition 4.2 (see [44], p. 591). A scalar function defined for any point
of the space is called a scalar field if it makes a correspondence in which
to each point P (z,y,z) respectively to each position vector 7 from a
given domain is assigned a scalar ¢(z,y,2) = ¢ (7); for example, the
temperature and the density of a body are some scalar fields.

Remark 4.3 (see [44], p. 591). In the vector analysis, the scalar fields
associate to each point in space a scalar. Scalar fields can be represented
by the level surfaces p(z,y, z) = const or the level straight lines ¢(z,y) =
const. For example, on maps the straight lines of equal temperature (the
isotherms) are some level straight lines.

cos ", (4.2)

Fig. 4.2 A scalar field
Example 4.4. Find the derivative of the scalar field

o(z,y) =2 —y* +ay
at the point M (2,2) in a direction &, which makes an angle of 30° with
the Oz- axis.
Solution.
We shall compute the partial derivatives of the given function and their
values at the point M:

o o
oe =20ty = (ai)M:6

o o
oy = 2yta= (BZ)MZQ'

Here

{ cosa = cos30° = \é3

cosﬂ:cos(’gr 704) =sina = %,
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therefore
dp
%
We shall achieve this result using Matlab 7.9:

(M) =3v3—-1=4.196.

>> f=Q(x,y)x"2-y " 2+x*y;

>> cl=cos(degtorad(30));

>> c2=cos(degtorad(60));

>> syms Xy

>> subs(diff(f(x,y),x),{x,y},{2,2}) *c1+subs(diff (f(x,y),y),
{x,y}{2,2})*c2

ans =

4.1962

and in Mathcad 14:

. 2
Px.y) =x -y +xy

£ (=D, y0)-cos(30-deg) + Z

&xl &yl

(%0, yv0) -cos{60-deg) = 4106

and in Mathematica 8:

¢lx , ¥ ] 1= x*2_-y*2+xay

(Dlel[x, ¥], %] /. {x=+2, ¥+ 2}) »Co=[30Degree] +
(Dlelx, 71, 71 /» {x—+ 2, ¥+ 2}) »Cos[60 Degres]

outfiiE -1+3+3

and with Maple 15:

with{ Studeni| MultivariateCalcidus )
cl == cos(convert| 30 degrees, radians) ) :
c2 == cos|convert| 60 degrees, radians) ) :
Dfrecfiameeﬂvan’ve[_‘c‘j’—}; +xyp [xy]=[22], [cl, 52]]
33 —1

Example 4.5. Let

z

o(x,y, z) = arcsin
Va? 4y
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be a scalar field.

Find the derivative of the function ¢ at the point M (1,1,1) in the di-
rection ]\W\f knowing that N (2,3, —2).

Solution.

As

MN=T+27 -3%
one finds that

MN _ T+27-3%F 1 2, 2> 3
HM—A%H V12422432 /14 vis? Ty

therefore

Op 1 Op 2 Op ( 3)
M) = 1,1,1)- 1,1,1)- 1,1,1)-| — .

Computing the partial derivatives and their values at the point M

_3
Op __ 7%-212-(m2+y2) 2 _ Tz e _ 1
e \/1_1231,2  (224y?) a2y —22 = o (M) =~
_3
dp _ _é'zyz'(ﬂcz'ﬂ/z) 2 _ yz e _ 1
o \/171‘,224-2y2  (@24y?)/ a2y —2? = oy (M) = 2
1
Op — Vet - ! — 7 (M)=1;

0z \/1_1~22+2y2 - \/x2+y2—22

one obg?;ns: 11 1 9 3 9
2 V14 2 V14 V14 2v/14
We need to pass the following steps in order to achieve this result in

Matlab 7.9:
Step 1. Determine the analytical expression of the direction < = MN:

_ = —1.2027.
oz M) 027

i — - -
MN =(ay—2am) @ +(yv —ym) j + (v —2m) k.

>> M=[11 1];

>> N=[2 3 -2];

>> s=N-M

S =

12-3

Step 2. Determine the direction cosines of the direction 9.
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>> w=norm(s);

>>u=s/w

u=

0.2673 0.5345 -0.8018

Step 3. Determine the derivative of ¢ at the point M in the direction 9.
>>syms Xy z

>> phi=asin(z/sqrt(x"2+y~2));

>> d1=diff(phi,x);

>> g=subs(subs(subs(d1,x,1),y,1),z,1);
>> d2=diff(phi,y);

>> h=subs(subs(subs(d2,x,1),y,1),z,1);
>> d3=diff(phi,z);

>> k=subs(subs(subs(d3,x,1),y,1),2,1)
>> d=dot(u,[g h k])

d =

-1.2027

We shall obtain this result using Mathcad 14:

Ir" H'I I -
w(x,¥,2Z) = asin)| s 1 5 15\'. (2
| 2 =N o _
X }{"+}:"J M -—. 1 - .&-\:M'_. 3 -
I‘-.\_]-_,n‘l I-.\_—;Jp__,nl
N-M
=1 vw=1 #0=1 =
) | - M|
f_ !
| & p(x0,70,20) |
ol

v=9 =0, v0, 20}
&yl

| £ p(x0,y0,20) |
\ 620 J

and Mathematica &:



162 4. Fundamentals of Field Theory

nE3=m = {1, 1, 1};

Inf84]= n := {2, 3, -2}:

=n-m
nEgl= u = 3/ Norm[3]
neTk= @[x , ¥ , 2] := ArcSin[z/Sqgrt[x*2+y*2]];

nggl= w i= {Dlp[x, ¥, 2], x] /. {x=+1,¥-»1,21},
Dlplx, ¥, 2], ¥1 /. {x=>1,¥y+1,2+1}, Dlg[x, ¥, 2], 2] /. {x>1,7-1,2-1}}

SetPrecisionfu.w, 5]

and in Maple 15:

M= {1,1,1):

Ni={213-2):

with{ VectorCalewlus ) -

SefCoordr‘mfes[ cartesian,
L NE
Norm(N—M2)

with( Student| MultivariateCaleudus]) -

Digits == 5

E] :

[

evalf| DirectionalDerivarive Jxrz]=[1L1,1], [”P . z@]]]

-12027

=7

4.2 Differential Operators

Definition 4.6 (see [44], p. 591). If through the function v = v (7), re-
spectively v = v (z,y,2) is assigned to each point of the space a vector
v=uv(z,y,z) =v(7), then the function v = v (7) defines a vector field.

For example, the force fields F = F (7) or the electricity fields E (77)
are some vector fields.

They are plotted by arrows taken at different points 7 of the space
whose vector directions and lengths represents the vector v (7)(see
Fig. 4.3).
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. * ¢

AR

Fig. 4.3 A vector field
Definition 4.7 (see [44], p. 592). The vector

dp —

_890.? o0 2 k = Vu, (4.3)

gradp (P) = O +—ay i+,

where

-0 =0 =90
V=1 +jay+kaz (4.4)

is the Hamiltonian operator (del or nabla), is called the gradient of the
field

at the given point P.

Remark 4.8 (see [44], p. 593). By introducing the gradient, a scalar field
p=¢ (7) was obtained from a vector field grad . However, the converse
is not true, i.e. a vector field can not always be considered the gradient of
a scalar field. The vector fields v (7) for which this is possible are called
conservative or potential and ¢ is the potential of the field v.

Definition 4.9 (see [44], p. 594). The divergence (div) of a vector field

7=PWMQ7+Q@%@7+Rm%@?

in a point a (as,ay,a,) from R? is the scalar
oP oQ oR .
o, @)+ 50 @+ ) (@)= Va. (4.5

i.e. the divergence is a scalar field, which is derived from a vector field.
Definition 4.10 (see [2], p. 8). The rotation (curl) of a vector field

div ¥ (a) =

T =Pa,y,2) 1 +Qwy.2) ] +R(@my.2) k

in a point a (as, ay,a,) from R3 is the scalar
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rot 7 (a) = | 2 Z(a) 5 j(a) ;zk(a) (4.6)
P 0 R
~(r@-Y@)7
(@ @) 7
+ (gﬁf (a) — glyj (a)> 7.

Proposition 4.11 (see [44], p. 596). The gradient, the divergence and
the curl of a field are some notions which are independent of the chosen
coordinate system.

From this reason, it is said that these quantities are invariant under a
change of coordinates.
Definition 4.12 (see [8]). The vector field ¥ is called a potential if

v = grad @, (4.7)

where ¢ is a scalar function (the potential of the field).
Proposition 4.13 (see [8] and [2], p. 11). For the potential property of a
field

T =Pa,y.2) 1 +Q@y.2) ] +R(wy.2) k.

given in a simply-connected domain, it is necessary and sufficient that to

be non-rotational, i.e., rot T =0. Then, there exists a potential ¢ defined
by

dp = P (z,y,2)dz + Q (z,y,2)dy + R (z,y, z) dz. (4.8)

Example 4.14. Build a vector field of the gradient of the following scalar
fields:

a) p(r,y,2) =2 +ay’ +y° + 2%z +1
b) ¢ (2,y,2) = wyz - TV
Solutions.

a) One obtains:

gradp = (42° + y? + 222) T (2zy + 3y?) ? e
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In Matlab 7.9 we shall have:

>>syms Xy z

>> f=x"4+x*y 24y " 3+x"2%z+1 ;
>>v=[xy z] ;

>> jacobian(f,v)

ans =

[ 4*x"3+y " 24-2%x*z, 2*x*y+3*y "2, x"2]
We shall compute this gradient using Mathcad 14:

Wx,¥,2) = x4 + x_}__l + ‘_‘(‘3 + xl-z +1

II'-' “I
| = w(x.y.2)
x {3 2)
{47 +2zx+y |
a
—px,y.z) | = 3-3,-'2 + 2wy
o
3 3 |
a L X J
| —p(x.¥y.2)
\ 6z o

and with Mathematica 8:

]
(o
i

n[20]:= Meeds["VectorAnalysis™ "]
In21)= @ = Xx*4 + XX ¥y*2 + ¥y*3 + Xu"2xZ2 + 1;

In[22]:= Grad [@]

1

oufaz {4¥x® + ¥y® + 2Mx Zz, 2Xx ¥y + 3 YY", Xx']

and in Maple 15:

with( VectorCalewlus) -
gi= G?'adiep‘:f()c”i + )c-;|,2 + }'3 +2z+ 1 [xp z]] -
V=g 88

2 2 )
15 -t Ixzdxp Iy &

b) It will result that:
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x4y 422

2,.2, .2\ —
+ 2z - xyz-e” Y +2) i

grad p = (yze
+ (:Uze“"2+y2+22 +2y- ;Uyzezz>+y2+22) ?
+ (a:ye”2+y2+22 +2z- xyzex2+y2+zz) %
= [(yz + 2x2yz) —z> + (xz + Qxygz)
Example 4.15. If one denotes:
{ Pezity] 4ok
r=|7l = Va2 +y? + 2

find the gradient of the following scalar fields:

Solutions.
a) We shall compute the partial derivative of the field ¢:

dp ( 5 n—1 2z
=n- xr? 4+ y2 + 22) .
ox \/ 2\/x2 +y2 4 22
n—2
= nx (\/x2—|—y2+z2) = nar"?,
dy ( ) n—1 2y
n- (Va2 +y2+ 22) .
Ay v 2¢/72 + y2 + 22
n—2
=ny (\/x2 +y2+ z2) = nyr" 2,
Op ( ) n—1 2z
=n- x + y2 + 22) .
0z \/ 2\/x2 +y2 4 22
n—2
=nz (\/x2+y2+22) = nzr" 2

hence

— — — - = =
grad o = nzr™ 2747 +nyr" 2 +ner" 2k = ne 2 (:r i 4y +z k) =nr" 27,

In Matlab 7.9 we have to use the following commands:
>>symsxXxyznr
>> phi=sqrt(x"24+y~24+z°2)"n ;



>> v=[xy zl;

>> c=jacobian(phi,v) ;
>>simplify (subs(subs(c,sqrt(x" 24y 24+2z"2),r),
x 24y 242z"2,r"2))

ans =

[ r"(n-2)*n*x, r"(n-2)*n*y, r"(n-2)*n*z|

while in Mathcad

et
px,y,2,0) = l_\ X +y o+ z‘__:'

& |'-'!|:-

3

w(x,¥,Z,n) =

)

3

c

\ gz

14:

3

kpl:}{,‘_‘,-',z__ﬂ} L

"I:'I:xr}rszrﬂ}

(x.y.z.n) |
J

5

and with Mathematica &:

simplify —

5

-

o |

il

-

2 2o
X +%¥ +2,

(20 2402
I +y +z2),

2 2

-
w(x,y,z,n) substitute |x +¥ +2 =r.x +y +z =1 —

|

4.2 Differential Operators

ko | B
I
—

167
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In[111]= Heeds["VectorAnalysis~"]
In[172]= ¢ = (Hx"*2 +¥y*2+Z2*2)*(Hn/2):
In[113]:= b 1= Simplify [Grad[e]]:

Inf114]= b /. (Xa® +¥y® + 22°) *(1/2) > T;

2 2

In[115]= % /. Xx® + Yy~ + Z2° —» T2
Kn K Hn
Out]115]= {Nn (2] i ¥x, Hn (%) g ¥y, Hn () e Zz-i-

and using Maple 15:

with( VectorCalculus) :

g == simplify Gradienf( (J 2+ y" + 2 }H, [ z])

V= 8- 8- 8

Vi o g B 3

;ﬂ_:n:c,»ﬂ_ln};pﬂ_lnz

b) It shall result:

d T “o T °x
Tra = 7
g ¥ x2+y2+22 x2_|_y2_|_22‘7 $2+y2+2§2
Lo (P72
= T 1 z = .
2y a2 U0 I

In this case, we need the following Matlab 7.9 sequence :
>>8syms Xy zr

>> phi=log(sqrt(x"2+y~24+2z"2)) ;

>>v=[x y z|;

>> c=jacobian(phi,v)

C =

[1/(x"24y"242"2)*x, 1/(x"2+y 242" 2)*y,
1/(x"24y"242"2)*z]

>> simplify(subs(c,x"24+y"242z"2,r"2))

ans =

[ 1/r°2%x, 1/r"2%y, 1/r"2%7]

We shall also compute the gradient in Mathcad 14:
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Wi, y.2) = ]11[_~. xl + }rl + zl]

.f ™ ! b

E i _HE
E—XW‘J’J} 3 7

y
w(x,y.7) = %qx,y,z} simplify — | 35 3

I+y +=
- z
[
—p(x.¥.27) .3
\ 8z J \X +y +2Z
fx\
2
T

¥
e e S S Y
r

and with Mathematica 8:

In118]:

o]
1]

Heeds ["Vectorinalysis™"]

In[117]:= @ = Log[Sgrt[Xx*2 + Yy*2 + E2%2]]:
In[118]:= b := Simplify [Grad [¢]] :
n[115):= b /. Xx© + ¥y° + 222 _» 742

w5 {K;i‘, g’ Z_;f}

and using Maple 15:

169
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with( VectorCalculus) -

5 2 “ I 7 pl )
g = simplify Gradrem(ln(\. bl ] [x 3 z]) 5
JE2+YP+2 =rd+y +2=4
V= B8 8y

XIJ|'_<
Yol
w<IJ|N

Example 4.16. Find the gradient of the field

p(x,y,2)=f(z+y+z 2°+y*+27).

Solution.
Denoting

r+yt+z=u
x2+y2+22:v

we shall obtain:

8@_890.8u+8cp_8v_8cp+2 dy
dr  Ou 8r S dr  du T ov’
8@28@.8u+890_8v:8cp+2y8g0

hence

Op Op\ — Oy op\ — Oy op\ —
dp = 2 2 2 k
sracy (aqu x8v> ! Jr<8u+ You) * 8u+ o
— (_Z>+?+7) Op +278s0.
ou ov
We can also solve this exercise in Matlab 7.9:
>>syms Xy zZ
>> f=[x4y+z; x 24y 2+z"2] ;
>>t=[xy z] ;
>> jacobian(f,t)
ans =
[1,1,1]
[ 2*x, 2%y, 2%7]
and in Mathcad 14:
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}{G+XI+X2

f(x) = P
{ﬁﬂ +{ﬁ} +{ﬁj

I T

Jacob({f (x),x) — | : ; L]
,kz I 2 I 2 XZJ.'r

and using Mathematica 8:

Inf122)= D[{Xx+¥+2, x*2 +y*2 + 23}, {{x, ¥, 2}}]

Out[iz2= {{1, 1, 1}, {2x, 2¥, 22}}

and with Maple 15:

with| FectorCalcudus) :
Jacobfa?r[ [x +y+ ;xz + }'2 + 22] [x ¥ Z]]

171

Example 4.17. Compute the divergence and the curl of the vector field

— — —
V=127 —22%yz§ + 2tk

in the point M (1,—-1,1).
Solution.
As

P(z,y,2) = x2°

Q (z,y,2) = —22%yz <=
R(x,y,z) = 2yz*

oP _ .3

. Oz

A

SgR 3

52 = 8yz

we shall obtain
oP 0Q OR

divd (1,-1,1) = 1,-1,1 1,-1,1 1,-1,1
lv (7 7) ax(7 7)+8y(7 7)+az(7 7)

=1-2-8=-9.
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Computing

OR

oy = 224
%Q _ —2x2y
gf = 3222

OR =0
Ban
or = —4ryz

oP _ 0

dy
om(1,-1,1)=2
Z) (1,-1,1) =2
éf’ (1,-1,1) = 3
;’(1, 1,1)=0
oy (L,=1,1)=0

it results

rot ¥ (1,-1,1) = <8R (1,-1,1) — ag (17171)> '

dy 0
oP OR —
+ (82’ (137131) - z (17171)) J
0Q oP
1,-1,1) —
+ (8x (1,-1,1) Oy

—

—2-DT B0 T +@A-0F =37 +4F.

In Matlab 7.9, we shall have:
>>syms Xy z

>> P=Q(x,y,z)x*z"3;

>> Q=Q(x,y,z)-2*x"2*y*z;
>> R=Q(x,y,z) 2*y*z"4 ;

>> a=subs(diff(P(x,y,z),x),{x,y,z},{1,1,1}) ;
>> b=subs(diff(Q(x,y,2),y),{x,y,2},{1,1,1}) ;
>> c=subs(diff(R(x,y,2),z),{x,y,z},{1,1,1}) ;

>> div=a-+b+c

div =
-9

>> ul=subs(diff(R(x,y,z),y),{x,y,2},{1,1,1}) ;
>>u2=subs(diff(Q(x,y,2),z),{x,y,z},{1,1,1}) ;

>>u=ul-u?2 ;

>> vl=subs(diff(P(x,y,z),z),{x,y,z},{1,1,1}) ;
>>v2=subs(diff(R(x,y,z),x),{x,y,z2},{1,1,1}) ;

>>v=vl-v2 ;
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>> wl=subs(diff(Q(x,y,z),x),{x,y,z},{1,1,1}) ;
>>w2=subs(diff(P(x,y,z),y),{x,y,2},{1,1,1}) ;
>>w =wl-w2;

>> rot=[u v w|

rot =

034

We shall also solve this problem in Mathcad 14:

Cone -
(%) &
5 u=|-1|
e B 6.
|
ki ksl |
v(x) = Jacob(f (x).%) (V@ o)

w(x) = VI:}{}.i 5|

-~

Z ‘-\"{X}i substirute,xl}= Up.%y S U=, — -2
i=10

(£ a1}

a-c

via.b,c) = ffx}l substitute_.xﬁ= 3% = b_.x3= c —> —l-al-b-c

(£, ) L 26t )
ik " A
= y(a,b,c), - —y(a,b.c) |
&b ‘< &

{0
f—}ﬂ[a,b,c}{} - f—'_i,-'{a__h-,u;}2 substitute .a= uD,b =u.c=u, — 3 :
éc ca |

4/

' Sy(ab.g) - y(ab.o) |
\ Ba &b J

and with Mathematica &:
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In[141]:

Heeds ["VectorAnalysis ™ "]

In[14Z]:= 7 1= {Hx*Zz*3, -2« Hx"2 ¥y xZz, 22Ty xZz*4]
In[143}= Diw[v]:

In[144)= % /. {Hx—+1, ¥y -+ -1, Zz + 1}

Out{i44 -9

In[145]:= Curl [v]

oufisl {2 Xx® Yy + 2 22°, 3¥x Zz®, -4 Xx ¥y Zz]

In[145):= % f. [ =+ 1, ¥y » -1, Zz + 1}

outf14g}= [0, 3, 41

and using Maple 15:

with( VectorCalculus) -
SefCoordfnafes[ cartesian, E] :

F= VecrorFiefa’({x-zs,d-2'}"42'.}" 24)] :

Divergence(F)
=1 y=-12z=1
=0
r= Curl(F)
= 13}1:— 192: 1
3z +42
FOL = Py Py Ty
0,3 4

Example 4.18. Let be the vector field

— — —
¥ =sinz i —yeyzj + cos2z k.

Find:

a) div ¥/

b) rot U;

¢) the scalar potential ¢ (z,y, z) of this field.
Solutions.
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a) It results that

P
div7=a —|—8Q+8R

ox Oy 0z’
where
P(z,y,z)=sinz
Q(z,y.2) = yev’
R (x,y,z) = cos2z;
therefore

divd = cosz +e¥ + 2ye742 — 2sin2z.
b) The rotation of the vector field ¥ will be

_(OR 0Q\ - oP  OR\ — 0Q O0P\ -
r0t7_<8y 82) Z+(82 8x>j+(8x 8y>k
_>

—0-0) 7T +(0-07+(0-0k=7.

¢) Astot ¥ = 0 it results that there is a scalar function ¢ (z,y, z) which
constitutes the potential of the field such that:

dy (x,y, z) = sinadz + yeyzdy + cos2zdz

one deduces that

dp __ s

or = sin .

o _

0y = yev (4.9)
g“" = cos2z.

z

From the first equation of the relation (4.9) one obtains:

p(x,y,2) =—cosz+C (y,z). (4.10)

Using the relation (4.10) and the second equation of the relation (4.9)
we shall have:

> 0C
Yoo _
ye Ay (y,2) =C"(y,2),

namely

Cly2) = /yedeerC(z) - ;e?f +CO(). (4.11)

Substituting (4.11) into (4.10) one obtains:
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1
o (x,y,2) = —cosx + Qeyz +C(2).
From (4.9) and (4.12) we shall deduce:

oC S
cos2z = 9s () =C"(2);

hence

1
C(z)= /cos?zdz—l—K: 2sin22+K.

Substituting (4.13) into (4.12) it results that

1 1
¢ (x,y,2) = —cosx + Qeyz + 2si112z+K.

We can also solve this problem in Matlab 7.9:
>> syms Xy z

>> P=sin(x);

>> Q=y*exp(y”~2);

>> R=cos(2%*z);

>> div=diff(P,x)+diff(Q,y)+diff(R,z)
div =
cos(x)+exp(y~2)+2*y " 2*exp(y~2)-2*sin(2*z)
>> r1=diff(R,y)-diff(Q,z);

>> r2=diff(P,z)-diff(R,x);

>> r3=diff(Q,x)-diff (P,y);

>> rot=[rl r2 r3]

rot =

[0, 0, 0]

>> syms K

>> phi=int(P,x)+int(Q,y)+int(R,z)+K
phi =
-cos(x)+1/2%exp(y~2)+1/2*sin(2%z)+K

(4.12)

(4.13)

Solving this problem with other softwares, we shall obtain in

Mathcad 14:
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fi) =], . {"1]'1

_cns{l-xz}_ v(x) = Jacob(f (x),1) (%9,

w(x) = "'(x]'l ]

Divergence hoF)
5 w228 )
w(x), = Le -{x ] + cos(x } 2 sm{l ] + e
i=0 '
f(x){' sin{a)
v(a,b.e) = f(x)l 5ub5ﬁtute,x0= 3% = b,x2= ¢ = b-ehl
\ £, \cos(20
Curl
d

—yl(a,b c) —v(a b c)l
b de

(0
g d
—y(a.b.c), - =v(a,b, |0
a:y(a c}{l v(a 0]2 L

da

E_Y(alblc)l e E_Y(a:b:'c)n
fa b

Scalar potential
1

p(a,b.c) = J yla.b.c)pda+ J pach.ch i s J o EM(;-C)

e
+ — — cos{a
p (3)

and with Mathematica &:



178 4. Fundamentals of Field Theory

In[123].= Needs["Vectorinalysis "]
In[124]= W := {Sin[Xx], ¥y «Exp[¥y*2], Cos[2xZz]}

In[185]:= Diw [v]

¥ _',‘H

oufissiE eF +2 e ¥y' + Cos[Xx] - 25in[2 Zz]

In[188]:= Curl[wv]

owfigsl= [0, 0, 0}

In[127]:= Integrate[v[[1]], ¥x] + Integrate[v[[2]], ¥¥] + Integrate[v([[3]], Z2]

Tg®

Out[187}=

=
Fy

1
-Cos[¥Xx] + — Sin[2 Zz]
2

and in Maple 15:

with( VectorCalculus) -
SefCoordmaies[ Cartesian, . z] ;

F= VecrorFfeIa’((sin(x], y-e"z,cos(E z])) 5

Divergence(F)
cos(x) + é’l + 2}; t=:"1 — 2sin(22)
Curl(F)
(2
I
with(linalg)

vi= [Fy F, )

[sin(:c], ] e"l, cos(2 z]]

potential(v, [x.3.2]p')
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4.3 Problems

1. Find the derivative of the function

2 2

z=2x" -3y

at the point M (1,0) in a direction, which makes an angle of 120° with the
Oz -axis.

2. Find the gradient of the field

rT+y+z—xyz
o (z,y, z) = arctan .
—xy —yz — 2

3. Which is the gradient of the field

o(z,y,2)=f(2®+y*+2°)?

4. Compute the divergence of the vector field

7:xyz_i>+y2(zfcv)7>+xz y? z#y
in the point M (1,0,—1).
Computer solution.
We shall achieve the divergence vector using Matlab 7.9:
>>syms Xy z
>> P=Q(x,y,z)x*y*z;
>> Q=Q(x,y,2)y " 2*(z-x);
>> R=Q(x,y,z)z/(x-y);
>> a=subs(diff(P(x,y,z),x),{x,y,2z},{1,0,-1});
>> b=subs(diff(Q(x,y,2),y),{x,¥,2},{1,0,-1});
>> c=subs(diff(R(x,y,2),2),{x,y,2},{1,0,-1});
>> div=a-+b-+tc
div =
1
and in Mathcad 14:
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[ (B o 1 g
Pt O ) e | 0
% x, - = =
£ = (%) %y = %) -
T
)

lx). )
v(x) = Jacob{(f(3),7) [¥(o,0

wi(x) = v{x}l i,

'il':f'(x:||:£._2_}J
2
Z w{x}i substitute,xﬂ= Uy Xy S U A=, 1
i=0

and with Mathematica 8:

In[i]:= Heeds["Vectorinalysis™"]

InfZl= w 1= [Mxx¥y«Zz, ¥y*2» (Ez-Xx), 22/ (Mx - ¥y) ]
In[2l:= Diw[wv]:

nf4:= % /. {Xx—+1, ¥y + 0, Zz »+ -1}

Out[d}= 1

and Maple 15:

with( FectorCalecuius)

SefC’oorciinafes[ 'carfesfan'x : z] :

Ei= VecrorFie!a’[(x-y-z,}z-(z—x], = )J :

x—y
Divergence(F)
=1,y=0,z=-1

5. Derive the formulas:
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a) grad (p1p2) = p1grad (p2) + @1 grad (p2)
b) rot (¢ ¥) = @ rot W — ¥ x gradg
C) div (71 X ?2) = 72r0t71 — ?ﬂ‘ot?g

d) rot (o) = ¢ dive/ + ¥ grad .

6. Check if the vector field ¢ satisfy the equations:
a) rotgradg =0

b) div rot ¢ = 0.

Computer solution.
b) We shall prove this relation (i.e. div rot ¢ = 0) with Matematica 8:

In[22]:= Needs ["WVectorinalysis™"]

nf23l= o, Y . B2 1 :

f1[xr, ¥y, £2]:

2[xr, ¥v, £2]:

In[24}= g3 , ¥y , Zz ] :

Inf25]= h[¥x , Yy , Zz ] := £3[Xx, Yy, Z2];

Inf22)= w 1= {f[¥x, ¥y, Z2], g[¥x, ¥y, Z2], h[¥x, ¥y, Z2]}

Inf21]:= Div [Curl[wv]]

Out[31}= 0

and using Maple 15:

with{ VectorCalcidus)
SefC'oordmafes[ 'cartesian’

XY, z] :
f=lxnz) = fllxrz):
g=I(xnz) = f2xyz:
h= (x3z) = flxxz):
G == VectorField({f(x 1. 2). glx 1. 2). h(x 1 2))) :
Divergence| Curl( G) )
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7. Let be the vector field

v = (3x2+2x)7— (z—3y2)7+(y+22)?.
Find:

a) div 7'

b) rot U';

¢) the scalar potential ¢ (z,y, z) of this field.
8. Find the derivative of the function

z=a3 —22%y + xy® + 1

at the point M (1,2) in the direction from this point to the point N (4,6).
Computer solution.
We shall find this derivative in Matlab 7.9:
>> M=J[1 2]; N=[4 6];s=N-M;
>> w=norm(s);u=s/w;
>> syms Xy
>> z=x"3-2%x"2¥y+x*y " 2+41;
>> dl=subs(diff(z,x),{x,y},{1,2});
>> d2=subs(diff(z,y),{x,y},{1,2});
>> d=dot(u,[d1 d2])
d =
1
and with Mathcad 14:

3 2 2
Wi y)=x — 2% -y+xy +1 1 4

(0. y0) |

cwl

| 2 p(x0.y0) |
\ 8y0 J
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and using Mathematica 8:
Inf35)= m == {1, 2};

Inf40):= n 1= {4, 6};

In[41}= 8 :=n-m

In[42]= 1 := 5/ Horm [s]

Inf43):= 2[2 , ¥ ] :=X*3 22X xF+XxF*2+1;
Inf44]:= w := {D[=z[x, ¥], x] /. {x+1, ¥+ 2},

Dlz[x, ¥], ¥] /. {x=+1, ¥ +2}}

In[45):= SetPrecision[u.w, 3]

Out[45F 1.00

and in Maple 15:

M= (1,2):
N:={,6):
with{ VectorCalctdus)
SerCoara’mares[cwfesfanr L_} :
N—M e
Norm(N — M 2)
with{ Studeni| MultivariateCalculus]) -
Digits == 5
evaff(Dfrec:ﬁanaED@‘ivaffve(_‘g it ¥+ x-‘]f2 + 1 [x¥]=[L2]. [ul, ”2]))

9. Evaluate the divergence and the rotation of the vector it

T="7f(r),
where:

e ¢ is a constant vector,
— — — -

o Y =x1+4+yj +zk,

o r= |7 =22 +y2+ 22



184 4. Fundamentals of Field Theory

Computer solution.
We shall solve our problem using Mathematica 8:

In[212]= Needs["VectorAnalysizs™"]

n214)= W := E[Sqre[MxA2 + Ty*2 + 22°2] ] x {cl, 2, c3}

In[215]:

Simplify [Div([w]]

‘el¥x+c2¥y+cdlz) £y Rt - vyt - 22
Outf215R

‘\u'IXx‘n + Yyt 4 227
2tE]= Simplify [Curl [w]]
e3¥y-cllz) [ Kl vy - 22 ]

Dutf218}= [ i

"\l'I Xt + Y‘_J‘n + 12

S R
(~c3x+cllz) f‘[w,.'xx‘ﬂfwzr ] (c2x - cl¥y) £ [ Kaf « 1y - 222 ]

e v

R TR T P R vy 12

and with Maple 15:

with{ VectorCalculus) :
SefCoomE‘nafes[ ‘cartesian’ Z] :

Fi= f{u' L+y+7 )-Vecrorﬁ‘ie!d({d, c2.c3):
simplify| Divergence(F))

D(f) (\," X +}-’1 +7 ) (xcl +yc2 +zc3)
[+ 47

¥

v = simplifi{ Curl(F))
D) (m} (-ved +zc2) < D f) (vm) o im L

iz =g = P ——
VX +y+7 VX +)y +7
Bl bl 2
_ D(f)( f+y“+z“)(—:c|:2+y|:1)p
L+y7+7 :

W
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10. Find div ¥ and curl @ for the central vector field

-
TP)=f0) "
7,7 being defined at the previous problem, namely:

e
T =i +yg3 +zk
r= 7= Va? Fy? a2

Computer solution.
We shall compute div ¥ and curl ¥ in Mathematica 8:

In204):= Needs["VectorAnalysis™"]

185

nf208= w o= T[St (x2 + Ty~ 2+ 2242) ] o {¥x, Ty, Bz} [oqri[Mxt2+1y*2 +12%2]

In[208]:= Curl [w]

ouf206F {0, 0, 0}

In[207;= Simplify [Div[w]]
25wt vy < 228 ]

| n n "

Outf20T}= +f [w e+ ¥y + 227
Iy - -
A HRE + Tyt + 12

and with Maple 15:
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with( VectorCalculus) :
SefC‘mrdfmfes[ ‘cartesian z} :

A2+ 7 +2) g
Fi= VectorFieldl \x. 1, 2)) -
) torField|{x. 3. 7))

simplify( Divergence(F))

Cuwrl(F)
0z



5%
Implicit Functions

5.1 Derivative of Implicit Functions

If the relationship between x and y is given implicitly

F(z,y) =0, (5.1)

then, in order to find the derivative ¢y, = ¢’ in the simplest cases, it is
sufficient:

1) to calculate the derivative, with respect to z, of the left hand side of
(5.1), taking y as a function of x;

2) to equate this derivative to zero, i.e., to set

OF
ox

3) to solve the resulting equation for y.

(z,y) = 0; (5.2)

Definition 5.1 (see [8]). A derivative of the second order or the sec-
ond derivative of the function y = f () is the derivative of its derivative,
ie.,

y' =) (5.3)

G.A. Anastassiou and LF. Iatan: Intelligent Routines, ISRL 39, pp. 187
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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Remark 5.2 (see [8]). In general, the n-th derivative of a function y =
f (x), denoted y™ is the derivative of the derivative of order (n — 1).
Example 5.3. Compute 3’ and y” for the implicit function y = f (z),
defined by the following equation:

zy+Iny =0, y> 0.

Solution.
We shall derivate the equation with respect to z; therefore

/

y+xy’+'1; =0, y>0,

namely
v 4+ ayy +y =0, y>0.
It results
/ y?
Yy :7xy+17 xy+1#0.
Hence

v 2y ey +1) =y (y+ay) _ 20Py - 29y +yP o+ ayty

- (wy +1)° (zy +1)°
—(zy® +2y)y' +v* P (2ay+3
= <y y)y2 y :y(xy+3),xy+1750.
(zy+1) (xy + 1)

We can check these results only using Maple 15:

fi=xy+In(y) =0

vp = implicitdiff( £ 1. x)

vs = factor(implicitdiff| £1.x32))
¥ (2xy+3)
(xy—+ 1)3

Example 5.4. Compute v/, y”, y"" if the function y (z) is defined implicit
by the equation:

2 4oy +y° = 3.
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Solution.
We deduce
20 +y+ay +2yy =0,
i.e.
(x+2y)y = -2z —y;
hence
r_ 2x+y
x4 2y
Further

v (24 (@ +2y) + (1 +2¢) (22 +y)

N (z +2y)°
x4y —wy' = 2yy + 20 +y 4oy + 2y =3y + 3wy
(x+2y)° (2 +2y)°
_ ey Y iy (—6)- P tay+y? 18
(z +2y)* (z +2y)° (z +2y)°
and, finally:
2x+
y///:18.3(x+2y)2(1+2yy/) _ .1_2':1:+2‘Z
(x+2y)° (x+2y)"
5. r+2y —4x -2y _ 162z .
(z +2y)° (z +2y)°

We shall see the same thing using Maple 15:

189
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f==x1+x-_}'+};=3

g xy+3 =3
v1 = implicitdiff( £ y. x)
2x-t+y
x+12 ¥
¥2 = factor(implicitdiff( £1,x82))
L; +xy+ _}'2 =3
18
(x+2)°

¥3 = factor(implicitdiff( f y. 83 )j{
¢+ xy+ }'2 =3
162 x

(x+2y)°

Example 5.5. Compute z/ and z; for the implicit function z = f (z,y)
defined by:
a3 4+ 293 + 23 — 3xyz — 2y + 3 =0.

Solution.
One finds the derivate with respect to x:

32 +32% -2, —3yz—3axy-2, =0 |:3
2 2 ;P iy
=z —yz+(z —a:y) 2, =0= 2z, = , 2f—axy#0
22 —x

One finds the derivative with respect to y:

6y2+3z2-z;—3xz—3xy-z;—2:0

1 2-6y2+3
<:>3(z2—$y)~zly+6y2—3$z—2:0:>zé: . y+xz,z2—acy7£0.
3 22 —zy

We shall check these results in Maple 15:
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f= < +2-}'3 +2— 3xypz—2y+3=0:
implicitdiff( £ z x)
—_‘c1 +yz
o xy
simplifu(implicitdiff( £ z v))
—6}-: +3xz+2

1
3 -2 +xy

Example 5.6. Find the first and the second partial derivatives of the
implicit function z = f (x,y) defined by:

P+t -1=0.

Solution.
One obtains:

20+ 222, =0= 2z, =—", 2#0
z
and
2y + 222 =0 = 2/ =Y 2#0
Yy Yy 2 :
Therefore
" szt —z—wxel =22
Zyo = (24), = — .2 L2 z s , 2 #0.
Taking into account that
PR
we have
—1+.’L'2+y2—$2 _1+y2
2;/2: 23 = 23 723&0
Similarly,
R R
Zy2 = By )y 2 L2 T .3
1 2 2 _ .2 —1 2
_ +x 43—y Yy _ —gm 240
z z

and
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’ xz' xy
Z;c,y: (Zx)y: ZQZ/ = 72:3’ Z#O

We shall also give a computer solution using Maple 15:

f==x2+yz+z2—1=ﬂ:

implicitdiff| f, z x)
Tz
implicitdiff | f z ¥)
v
Tz
implicitdiff| £, z x§2 )Ll
S }'1
o
7
implicitdiff{ £ z 182 ]L
S

ML

implicitdiff( £z x )

xy

7z

Example 5.7. Compute 2/, (1, —2) if z (z,y) is a function defined implic-
itly by the equation:
2?2 4+22+33 +ay—2=0

and z (1,-2) = 1.
Solution.
We shall have:

22 + 9222, +y— 2, =0,

i.e.

204y =z, (1-92°);
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hence
’ 2r+y
Zy = o
1 -9z
Similarly,
2/ !
dy+927zy +x — 2z, =0,
ie.

Tty

T 1 gn2

We deduce that:

C1-922 41822, 2w +y) =1 - 922+ 1822z +y) - [T%

(1—922)? (1—922)? ’
therefore
o 8124 — 1822 + 182 (2x + y) (x + 4y) + 1
w (1—922)
and
1
2y (—1,2) = g

We have the following computer solution with Maple 15:
f==x1+2-_],-3'+3-23+x-}=—z=[}
P +2}3+ 37 +xy—z=0

implicitdiff (£ z x. ')
x=1y=-2z=1

5.2 Differentiation of Implicit Functions

Example 5.8. Find the expression for dz and d?z for the implicit function
z = f(z,y) defined by:

mhz=z+y+2z—-1,2>0.
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Solution.
We shall use the following formula (from the third chapter):

dz = gzdx + g;dy = z,dz + z,dy.

After we shall derivate the given equation with respect to x we shall
have:

!

z. z

;:1+z;:>z;:z+zz;:>z;:fz_17 z # 1.
Similarly, we shall obtain
z
= 1.
: z—1’ 27
Hence
z
dz = — 1(da:—|—dy).

It will results

p -zl (z— 1)+ 22, zL(—2z+1+42) 2L z

= = = S , 1,

R O e e

ZgQ = - 2_21)3» 2751»

. :7z;(zfl)+zz;:fz’y(zfz+l): 2y, __ S A1

o (= - 1)? -1 -1 -p¥ T

therefore, using a relation (from chapter 3) we shall have:

2 2 2
o=t ) gy dady + ?)yJ; dy? = /1y + 22! dady + 2lady?
= — (- —Zl)s (d;v2 + 2dxdy + dyQ) .

A computer solution of this example can be given in Maple 15:
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fr=x+y+z=In(z)
x+y+z=1n(z)

dz = simplify( implicitdiff| £ z x) -dx + implicitdiff( £ z. ¥) -av)
_zldx + dy)
=il
d = factor( implicitdiff| f z x82)d + 2- implicitaiff| £ z . v ) -cedy + implicitdiff| f z.1582) A7)
_z(ad + 2ddy + &)
[#=1F

Example 5.9. Compute the first and the second differentials for the func-
tion y = f (z) and z = g (x), defined by system:

2?2 +y?+322=1
2?2 49?2 - 22 =0.

Solution.
By differentiating of our system of equations we obtain:

2zdx + 2ydy + 62dz =0 2ydy + 6zdz = —2xdx
2zdx + 2ydy — 22dz =0 2ydy — 2zdz = —2zxdx

dz=0=4d%:=0
2ydy = —2zdz,

such that
dy = —idx, y # 0.

We shall differentiate the previous relation:

—yd dy)d 1 2 2 4 y?
dgy:( Y x;zx v) x:y2 (—ydx—i}dx)dx:—x ;;y d*z, y #0.

dy d%y : .
We shall compute ;7 and j,” using Maple 15:
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f=F 4+ +32=1:
gi= _\.’2+_}-’2—ZE={}Z
implicitdiff ( { £ g}. {3 z}. 3. x)

E

implicitdiff( { £ g}. {z ¥}, ». 82)

T £,
4 3”
3

Example 5.10. The functions u (z,y) and v (x,y) are defined implicit
functions. Find the first and the second differentials if

r+y+ut+v—-—1=0
22+ +ul+02—-1=0.
Solution.
We have:

u+v=—-xr—y+1
w2 +v2 = —22 —y? + 1.

By differentiating one deduces:

{ du+dv=—-dz —dy

2udu + 2vdv = —2zxdx — 2ydy;
hence

g (=)t (umy)dy
v—1u

du = —dz — dy — dv = —dz — dy — (u_x)dijiu_y)dy
_(v—z)dz+(v—y)dy

u—"v

We shall compute the second differentials of the functions and u (x,y)
and v (x,y); therefore

QP — (u —v) [(dv — dz)dz + (dv — dy) dy] — (du — dv) [(v — z) dz + (v — y) dy] .

(u - v)”

We can notice

(v—a)dz+ (v—-y)dy = (u—v)du.
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It results

(u—v) [dv (dz + dy) — dz? — dy?] — (du — dv) (u — v) du
(u—v)*

(u—v) [dv (dz + dy) — dz? — dy? — (du — dv) du] .

d’u =

(u—v)
As de+dy = —du—dwv one obtains

dv (—du — dv) — da? — dy? — (du — dv) du

d*u =
U—v
~ —dudv — dv? — d2? — dy? — du® + dudv
N U — ’
namely
9 dz? + dy? + du? + dv?
du = —
uU—v
or

d%u = <7 (u—21))3> [(u2 7uv+v2 7vz+12 7zu> dz?

+ (v27vzfyv+2zy7:ru+u27yu)d:1:dy+(u27uv+v27yv+y27yu>dy2}.

Similarly,
FE (v —u) [(du — dz) dz + (du — dy) dy] — (dv — dv) [(u — z) dz + (u — y) dy]
N (v —w)? '
But
(u—2a)de+ (u—y)dy = (v —u)do,
such that
42y — (v —u) [(du — dz) dz 4 (du — dy) dy] — (v — u) dv (dv — du)
(u—v)*
_ du(dz 4+ dy) — da?® — dy? — (dv — du) dv
B v—u
~du(—du —dv) —dz? — dy* — (dv — du) dv
v—u

B du? — dudv — dz? — dy? — dv? + dudv B dz? + dy? + du? + dv?

v—1Uu u—v
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or

2

d%v =
YT (-

[(u2 —wv + 0% — vz + 2° —acu) da?

+ (Uz—vx—yv+2xy—xu+u2—yu)dxdy+(uz—uv+vz—yv+y2—yu)dy2}.

We shall show a computer solution in Maple 15:

f=x+y+utv-1=0:
g==x2+}2+u2+v)‘—1={}:

= implicitaiff( { £ g}, {u(x y), v(x y)}. ux) :
wy = implicitdiff { £ g). {ulx y), v(x )} uy):
dk' - mdx _I_ u}aj

-xd , (-

vx = implicitaiff( { £ g}. {u(x ). vix )L vx):
v = implicitdiff{{ £ g}, {u(x ), xy) L. w)):
av=vxdi+vydy

(xtud  (-ytu)dy

U-—v U=

= mplicitdiff({f g}, {u{x y). Wx )} u 182)
= mplicitaiff( { £ g}, {u(x y). vxy)} . uxy):
wyy = implicitdiff( {f g}, {u(x ). x ¥)}. x382) :
dul = collecr[co!!ecx[facmr(m-ah) + 2-y-de-dv + u}y-ajg],ak],aﬂ

% a1 y! g ) % % Ay
2[&”—&v+v‘“+}-"—}=v—yu]ay’ i 2[2_r}=—}=v—_‘cv+ v”—:cu+u”—yu]axq].-‘

(u=v)’ (u=v)
_ 2(u:—uv+ L:'+t‘1—w—_w]05c:
(u=)?
fmpfmrﬂ‘rﬁ({f g). {ulxy). vix y)}.v.82):
= implicitaiff( {£. g}. {ulx ] vxy)huay):
Y= fmpifcwa‘rﬁ({f gl. {ulx vl vix )} v.)82):

vl = co!lecr[collecr[ facmr[w:nc-abt2 + 2ny-de-dy+ L}y-aj?’ ] dx], {ﬂ]
E[ul— uv+ L:‘+}-:—yv—}=u]aj-‘1 ” 2[2x}=—yv—xv+ ¥ - xu+t ul—}'u]ajcaj-‘
(z{—v]3 [u—v)3
a1 % % =
2[&*— uv+ L*+_t”—:c1«‘—_w]oic“
& 3

(u=v)
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Example 5.11. Calculate the first and the second differentials for the
implicit function z=f (z,y), defined by:

F(x+zy+z)=0. (5.4)
Solution.
We denote:
r+z=u
y+z=n0.

By differentiating with respect to  and y we have:

OF Ou n OF Ov
ou Ox v dr
OF Ou OF v

ou oy + o oy 0. (5.6)

0, (5.5)

As

ou _ 1+ 0z
{ Gacav B 82636
or — Oz

the relation (5.5) becomes

OF 1+8z +8F 82_0<:>8F+8z 8F+8F _0
ou oz ov Oxr ou  Ox\ou Oov)
therefore
0z *gi _ F!
) oOF / ’
Ox 5o+ o B+ B
As
cgu gz
Y Y
v 0z
{ oy 1+ Oy
the relation (5.6) becomes
oF 3z+8F 1+8z _0<:>Bz oF OF +8F_0
ou Oy v oy) oy \ou  Ov o

such that
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Therefore
F! F/ Fdx + F/dy

dz=— dz— v dy=
SRR S A A /e Fl+F

We shall derive the relation (5.5) with respect to z:

o | OF . ou n oF . ov
ox | Ou Ox ov Ox
~— ~~
G H

it results that

8F.82u_~_8G.8u_~_8F.8211_~_8H.8v_O(:>
ou 022 Oxr dxr Ov Hx2  dxr Ox

OF 98%u (86‘ ou  OG 81)) ou OF 8%v <8H ou OH av) v
+ =0

u dx2 ou 8x+ v Oz .8x+8v.812 ou .Bz+ v dx) oz

=0

OF 9*u [ 9*F 8u+82F v\ du OF 9% o?F 8u+82F v\ v
Ou  Oz2 ou? Oz Oudv  Ox dx  Ov Ox2 Oudv Oz ov2 Oz ox

OF 9*u O°F <8u>2 2F Ou v OF 9*v 0*F (81})2_0

— ou 3x2+8u2 Oz Ooudv Ox 8x+ Ov 8x2+ ov? \ Oz
(5.7)
As 8%u 8%z
oz2 — a2
8%v 8%z
ox2 T 0x2

the relation (5.7) becomes:
02z 9z\? 0z\ 0z 0%z 92\ ?
/ 1 11 / 1 _
ooy +Fla (1 + ax) +2F, . (1 + ax) o T +F ( m) =0
8922 ol 2 Jal Jal Jald 2
(FL+F)- +F”z-<1 - ) —2F,: (1 = ) " +F”2'<* “ ) =0
o2 Fl + F R T T T A T

therefore

52 jad 2 F . F!
(F&-I—F{)) Z—&-F”2~ v _9op! . u
Oz w F) + F},
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ie.
52 F(FN2 _oF" FYE 4 F (B2
(FL+F) -y o+ " - e F™
such that
0%z _ Flf-(F)* = 2F,F,F, + F}, - (F})’ (5.8)
= _ 5 . .
Ox? (F, + F))
Similarly, we shall derive the relation (5.6) with respect to y:
o | OF Ou . oF ov | 0:
dy | Ou Oy Ov Oy
G H
it results that
oF 32u+8G 8u+8F 32v+8H (’91}_0@
ou Oy2  dy Oy Ov Oy Oy Oy
8F.82u <8G ) ou n oG ) 8v).8u+8F.82v <8H ) ou n OH ) av).av PN
Ou Oy? Oou Oy Ov 9dy/) dy Ov Oy? ou dy v dy) dy

OF 9®u  O°F (8u>2 , O°F 0u 0v OF 9*v 0°F (av>2_0

8u.8y2+3u2. Oy Buav.ay.8y+8v.8y2+3v2. Oy
As (5.9)
221211 _ 225
{ agv _ Bgz
oy? T 9y?

the relation (5.9) becomes:

0%z 0z 2 0z\ 0z 0%z 0z 2
F. ", +2F" 1+ T4 F. +FESL 1+ =

therefore

F F 2%z P F'L/; 2 o F,i . F'L/; P F,i 2 -0
( uw 'u) : ayz + w2 "\ T F' 4+ F! - uv (F/ + F/)Q + v2 F! + F! =0
u v u v u v

2 F// . F/ 2 _ 2F// F/ F/ F// . F/ 2
(F/ + F/) . 0%z + w2 ( ’u) wo Fu By + 02 ( u) -0,
u v dy?2 (F/ +F/)2
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namely

such that
0% _ _Fp-(F) = 2F}FF, + Fj2 - (F))° (5.10)
Oy? (Fl+ Fy)°
By deriving the relation (5.5) with respect to y, we have:
0 | OF Ou . oF Ov | o:
oy | ou 0z ov ox |
=% ~~
G H
one obtains
OF 0%u 0G Ou OF 0%°v O0H v
. + . . . =0 <
Oou Oxdy dy Oxr Ov Oxdy 0Oy O
OF 0%u  (0G du G Ov\ Ou OF 0°v  (0H Ou A OH v\ ov —0
3u16x3y+<3u'3y Gv'3y>.3x Gv'ax3y+<6u.6y BU.By>.Bx_ =
OF 0*u  O0*F Ou Ou O0°F Ou Ov OF 0%
: ooy TR (5.11)
Oou Oxdy Ou? Ox Jdy Oudv Oxr Jdy Ov Ozdy
0’F Ov Ou O?F Ov Ov B
oudv dx Oy w2 dxr Oy
As
3625 = 332(92
P _ e
Oxdy ~— Ozdy
the relation (5.11) becomes:
0%z 0z\ 0z 0z 0z
F/ F/ 1/ 1 . F// 1 1
(Fu + “)3x3y+ “2( +8x> 8y+ “”( +3x>( +8y>
0z 0z 0z\ 0z
F) o1 =0+
* “”83:8y+ “2< Jr8y> ox
’ ’ 8%z 7" Fl/] 2 " F;F{) 7" F;F{) 1 F:i 2
(FL4 1) g, =0 <F +F;> B R R A <F +F;>
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9% Flh (F))® = 2F),FLF,+ Fl4y (F))*

wotut v
=0;

F,+F))-
( ) woy (F), + Fy)?

therefore

0% Fl4 (F)) - 2F,FLF, + Fls - (F))?

dxdy (F, + Fy)°
Taking into account the relations (5.8), (5.10) and (5.12) one deduces

(5.12)

0%z 0%z 0%z

d?z = da? +2 daxd dy?
S + OOy v y+8y2 Y
Fl (F))? = 2F), FLF) + Flb (F,)? (

uvT Ut v u

(F;, + Fy)°

dz? — 2dady + dyg) .

We can prove the previous results using Maple 15:
f=Flx+zy+z)=0:
& = simplifi( implicitdiff( £ z x) -dx + implicitd@iff( f z ¥) -dv)
DyF)(x+zy+z)dc+Dy(Flx+zy+z)dy
Dy(Fllx+zy+z) +Dy(F)x+zy+2)

di= factor implicitdiff f z ¥82) & + 2 tmplicitdiff £ z x v ) -dedy + implicitdiff £ z 182)d7)

- : (D (F)x+2y+2) Dy(F)x+2y+2)

(Dy(F)(x+2y+2) +D2(F](x+z,y+z)]3

o

—EDJ[F](_‘(-I—Z_}’-F z)Dl:l(F)(:c+z,y+z) DI(F)(:c+z,y+z) +D3:3(F](:c+z_y

+2)D(F)(x+zy+ z)l) e — 2 dedy + af])

5.3 Systems of Implicit Functions

Theorem 5.12 (see [41], p. 200). Let (a1,as9,...,am;b1,ba,...,b,) EEC
R™™ be a solution of the system

Fl (1’171’27“-yxm§ylay27-~-7yn) =0
F2($17$27-~-7xm§y17y27-~-7yn) =0

Fn(33173727-~-7$m§y17927~-~7yn):07

where the functions F; :E— R, ¢ = 1,n perform the conditions:
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i) their first order partial derivatives are continuous on a neighborhood of
the point (a1, a2, ..., @m;b1,ba, ..., by);

.o\ D(F1,Fs,...,Fy, . . .
11) D((ylhy;m’yn)) 7{ 0 in the pOIHt (0417(127 sy s bla b2a teey bn) .

Under these conditions there exists one and only one system of n implicit
functions, with m variables:

Y1 :fl (x1,x2,...7l'm)
Y2 :fQ(xl,SUQ,...7l'm)
y'fl = fn(xl7x27"'7xm)7
defined in some neighborhood of (ai,as,...,am;b1,ba,...,b,) and which

satisfy the above equations, for f; :EC R™ — R, i = 1,n having the partial
derivatives:

D(Fy,Fa,..., Fn)
ofr __ D(nyz ,,,,, yn)

dx; — D(F1,Fa,..., Fn)
D(y1,y2,--- Yyn)

Ofn _ _ P(v1w2,up—1,2;)
ox; D(Fy,Fa,....,Fn)
D(y1,y2;--» yn)

Example 5.13. Compute gi and gz in the point v = 1,v = 1 if the

equations

r=u+Inv
y=v—Inu
z=2u-+v

define u (z,y), v (z,y), z (x,y) as some implicit functions.
Solution.
We shall denote:

Fy (z,y;u,v,2) =2 —u—Inv
By (x,y;u,v,2) =y —v+1Inu
Fs (z,y;u,v,2) = z — 2u — v.

We shall have:

D(F1,F2,F3)

Oz _ __  D(u,v,x)
or D(Fy,F2,F3)
D(u,v,z)
D(F1,Fy,F3)
0z __ _ D(u,v,9)
oy D(Fy,Fg,F3) *
D(u,v,2)
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-1-10
D (Fy, Fy, F3) |1 _Jo -1+ 1 2
D (u,v, 2) M9 11 Uy v=1,v=1
—-1-11
D(F17F27F3): 1 _11}0 —92 — -3
D (u,v,z) 510 u usto=t
-1-10
D(F17F27F3): 1 _Til — 1_2 — 1
D (u,v,y) 510 v/ w=te=t
it results that
Oz lu=1,0=1 — 2
Oz —_1
9y u=1,v=1 2

We can give a computer solution only in Maple 15:

f= u—+In(v) =x:

g=v—In(u)=y:

h=2 u4+v=z:

dl = implicitdiff{ (£ g h}. {u(x y). v(x y).2(x3)}. 2%)

dl
u=1v=1

|M.:l|'-...l-'l

c;f = implicitaiff ({ £ g h}. {u(x y). v(x y). z2(x ¥) }. 2 ¥) :

u=1v=1

£]

I*-;:ull—L

Example 5.14. The system

{ et L2y =1

uU—7v u —
ye — g, =22

define the implicit functions u (z,y) and v (x,y) such that « (1,2) = 0 and

v (1,2) = 0. Compute the differentials du (1,2) and dv (1, 2).
Solution.

We shall denote:

{ F (z,y;u,v) = 2" + 2uv — 1

G (z,y;u,v) = ye' ¥ — 111} — 2.

205
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We have:
du = ujdr + uydy
dv = vy dz + v, dy;
therefore
du (1,2) = (1,2)dx+uy(172)
dv (1,2) = v;, (1,2)dz + vy, (1,2)dy7
where
D(F,G)
u. = Ou _ _ D(=z)
= Oz D(F.G)
D(u,v)
D(F,G)
U = 9u — _ D)
y dy D(F,G)
D(u,v)
D(F,G)
o — 9v — _ D)
xr 82 - D(F,G)
D(u,v)
D(F,G)
o = Ov _ __ D(uy)
vy oy D(F,G)
D(u,v)
and
D(F,G) etV 4 2y ze¥tv 4+ 2y
D(u,v) B yeu—v - 1«&1»11 ,yeu—v + (1fv)2

= (xe“""“ + 2v) <7ye“_” + “ 2) — (xe“""“ + 2u) (ye“_“ —

(1+4v)

D(F,G) _ eutv zettv 1 9y _ qutv (7 v | u
D(z,v) | =2 v A e | Y (1+0)°
+
D(F,G) _ UOW xiu vv + 2u = " (2" 4 2u)
D (y,v) € —ye + (1+v)2
D (F,G) | etV +20 evtv| B wtw  utv ( u—v
D(uz) |y =y, —2 | 2 (zet™ +20) —e -
D(F,G) | ze"™4+2v 0 | 0/ wte 9
= u—v _ 1 w—v | =€ (;Ue + v).
D(u,y) |ye 14w ©

1
1+vwv

)
1+wv

)

) +2 (xe““’ + 2u)
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Hence
1/4;(1,2) = O1
uy (1,2) = -3
vxl(l,Q) = —11
vy( ,2) =

and
du(1,2) = —idy
dv (1,2) = —dz + dy.

Solving this problem in Maple 15 we can see the same result:

=xel TV 42 uv=1:
gy —
1+v
we = implicitdiff( { £ g}. {u(x y). v(x ¥) L zgx]L

=Ly=2.u=0,v=0

wy = mmplicitdiff( { £ g} {e(x ). vix ¥} w }')L -
=1y=2.u=0,v=0

du = wx-de + w- v

o
3
wx = implicitdiff ( { £ g}, {u(x ¥). v(x ¥} F,X)L -
=1.y=2 u=0v=0
w==mﬂMﬁWHﬁ$JMLﬁﬂmynnﬂL
=1,y=2,u=0v=0
av = vx-dx + vy dy
. L. ..,
Example 5.15. Compute Bfgyin the point u = 2,v = 1 if the equations
z =u+v?
y = u? — v
z = 2uv

define u (x,y), v (x,y), z (x,y) as some implicit functions.
Solution.
By differentiating we achieve:

dx = du + 2vdv
dy = 2udu — 3v2dv
dz = 2vdu + 2udv
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i.e. it results the following system, having the unknowns du, dv, dz:

du + 2vdv = dx
2udu — 3v?dv = dy
2vdu + 2udv — dz = 0.

The determinant of the associated system matrix is

1 2v 0
det = |2u =302 0 | = 30? + 4uw.
20 2u —1
Therefore
dz 2v 0
dy —30v% 0
1 0 2u -1 3v2dz 4 2vdy
u = =
det 3v2 + 4duv
1 de O
2udy 0O
|20 0 =1}  2udr —dy
U= det T 302 4+ duw
1 20 dox
2u —3v% dy

20 2u 0 (4u2 + 6113) dxr — (2u - 4112) dy

£ det - 302 + duv

Taking into account that
du = u,dr + uydy

dv = vy dz + v, dy
dz = zdz + 2z, dy

from (5.13), (5.14) and (5.15) it results:

302

U; = 3v24+4uv = U; (2’ 1) = 131
u;/ = 31}2%:41“1 = u;/ (2’ 1) = 121
1); = 31}22—5?41“; = ”U; (27 1) = 141
”U; - 7302-11—41”) - ”U; (2,1) = 7111

, 4u? + 603
yAN—

T 302 + 4uv

, —2u+ 40?

T g2 +4duv

(5.13)

(5.14)

(5.15)
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We shall deduce

922 _ (z' ), _ [(Buu’y + 18v2v’y) (31}2 + 4uv) - (4u2 + 6113) (6vv’y + 4u’yv + 4uv’y)]
Oydx “ly (302 4 4uw)?
and
0% (2,1) = (16' 121 — 18- 111)'11_ (16 +6) - (_161 +4- 121 - 141 '2) _ 26
dydzx 121 121°

A computer solution will be given using Maple 15:

f =x:
g=1—v=y
h=2wuv=z:
d = implicitdiff ({ £ g h}. {u(x ). v(x y).z2(x )L zx ¥) :
dlu=2,v=1
26
121

5.4 Functional Dependence

Definition 5.16 (see [15], p. 161). The real valued functions y; =
Ji (1,22, ..., 2m), k = 1,n of m variables are functionally dependent
if they satisfy a relation of the form @ (y1,ya,...,y,) = 0 identically.
Proposition 5.17 (see [37], p. 172). Assuming the functions fi, k = 1,n
to be continuously differentiable, it is claimed that the functions are func-
tionally dependent if and only if the rank of their Jacobian

b (), o ()l
I I !/
I o) = | W B2l (2,

!

(yn);l (yn)mz (y”)zm

is everywhere less than n.
Example 5.18. Establish the functional dependence of the functions:

B1=r—Y
yo = 2% +y* + 2z
ys = —wy — 2
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defined on R?.
Solution.
As the Jacobian of our functions is

(1), (1)), (1)’ 1 -10
1T (y1,y2,u3)| = | (y2),; (yz);, (y2). |=|27 2y 2 |=0
(y3), (y3), (3). —y —x —1

it results that the three functions y1,ys2,y3 are functionally dependent in
R3.
Having

—-10
‘23/2‘#0

one deduces that

rank (J5 (y1,92,93)) = 2;

therefore y; and ys are functionally independent, while y3 is functionally
dependent by them.
One can notice that

Y= y2 = 2ys.

We can prove this result using Matlab 7.9:
>>syms Xy z

>> f=[x-y;x"2+y " 242%z;-x*y-z];
>>t=[xy z|;

>> rank(jacobian(f,t))

ans =

2

>> y1=£(1);y2=£(2);y3=£(3);
>> simplify(y1~2-y2)==2%y3
ans =

1

and in Mathcad 14:
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0

— X

1
PR, SR
f{x) = {xﬂl} + {xl} + 2,-12
' R
rank {Jacob{f (x).x)) — 2
VI =£(®, Y2®=f@; yi® =@,
}’I(K}z - ¥2(x) = 2-y3(x) simplify — 1
and with Mathematica 8:
In[f8]= F 2= {X -7, X*2+ 72 +2 %2, -X=y¥ -2}

In[78]:= MatrixRank [D[L, {{x, ¥, 2}}]1]

Out[TE}= 2

In[77h= y1 := £[[1]1]; ¥2 := £[[2]1]: ¥3 := £[[3]1]:
In[78]= Simplify[y142 - y2] == 2x¥3
Out[78l= -2 (X¥+Z) =2 [-X¥-Z)

and using Maple 15:

f=lx—pd +y +22-xy—2]

211

[x—pd +2 +2z2 -xy—2]

with( VectorCaleiudus) -
with( Lineardlgebra) :
Ranld Jacobian| £, [x. 3. 2]))
2
yi ==in;}-2:=ﬁ:}'3==ﬁ:
evalb( simplifi( }'1‘2 —y2) =2y3)
true

Example 5.19. Establish the functional dependence of the functions:
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flr,y,2)=x4+y+=2
g(x,y,2) = —y+=z
h(z,y,2) =4 (zy + y2)

defined on R3. Express h depending on f and g.
Solution.
As the Jacobian of our functions is

fo 1y f- 11 1
Ji(frg,0)l =gk gy 9-|=|1 1 1|=0
hi, hy, R y4d(zx+2z2)4dy

it results that the three functions f, g, h are functionally dependent in R3.
Having

vank (J (f,g,h)) = 2

one deduces that f and g are functionally independent, while h is function-
ally dependent by them.
It is easy to check that

f2=g*=h.

We can check this result in Matlab 7.9:
>> syms Xy z
>> f=[x4y+z;x-y+z;4* (x*y+y*z)];

>> t=[xy z|;

>> rank(jacobian(f,t))
ans =

2

>> y1=£(1);y2=£(2);y3=£(3);
>>simple(yl~2-y2°2-y3)

ans =

0

and with Mathcad 14:
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o et R
=) YT
xymy + )
rank (Tacob(f (x).5)) — 2
HE=E, VO£, ¥ =0,

Y1) - 2" = y3(s) simplify — 1

and using Mathematica 8:

[ i {X+¥+Z, X-FT+Z, 4% (X7 +7xZ)]}

MatrixBank [D[f, {{x, ¥, 2}}]]

2

¥yl :=F[[1]]: 2 :=E[[2]]: ¥3 == £[[3]]:
Simplify[y1°2 - y242] == 73

4y (K+Z2) =4 (X¥+VE)

and in Maple 15:

Fi=latytargrzt|apiyd)-
withl VectorCalculus) -

with{ LinearAlgebra)

Rankd Jacobian( £ [x 3. 2]))

}lj :=fij:|,.'2 :=jij_}-’3==fii
evafb[sr‘mp!{}ﬁ,{ }'f‘j' = }'22 ] =3 ]

triie
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5.5 Extreme Value of a Function of Several Variables:
Conditional Extremum

Definition 5.20 (see [8]). (of an extreme value of a function). A function
f (z,y) has a maximum (minimum) value f (a, b) at the point P (a,b), if
for all points P’(z,y) other than P in a sufficiently small neighborhood of
P one has the inequality f (a,b) > f (z,y) (respectively, f (a,b) < f(x,y)).
The generic term for maximum and minimum of a function is extreme.
Remark 5.21 (see [8]). In a similar way, we define the extreme value of a
function of three or more variables.

Proposition 5.22. (the necessary conditions for an extreme value, see
[8]). The points at which a differentiable function f (z,y) may attain an
extremum (so-called stationary points) are found by solving the system of
equations:

(enzs

(necessary conditions for an extremum).

Proposition 5.23 (sufficient conditions for an extreme value, see [8]). Let
P (a,b) be a stationary point of the function f(z,y), namely f. (a,b) =
fy (a,b). One forms the discriminant:

E = fI,(a,b)* — [/ (a,b) - 1} (a,b). (5.17)
Then:
A)if E <0, the function has an extremum at the point P (a,b), namely:
1) a minimum, if 7% (a,b) >0 (or f2 (a,b) > 0);
2) a maximum, if f7% (a,b) <0 (or [z (a,b) <0);
B)if E > 0, then there is no extremum at P (a,b);

C)if E = 0, the question of an extremum of the function at P (a, b) remains
open (i.e., it requires a further investigation).

Remark 5.24 (see [8]). For a function of three variables, for each stationary
point P (a,b,c) of the function f (z,y, z) one forms the matrix

8%f 8%*f 9°%f

agQ Bzrzay 8:1:282

_ o°f o°f O°f
A= Oz dy 8%/2 OyOz . (518)

8%f o%*f 0%f

Oxdz 0Oydz 0z2

If
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e A is a positive definite matrix then P (a,b,c) is a mimimum point of f;

e A is a negative definite matrix then P (a,b, ¢) is a maximimum point of
[

e A is neither positive nor negative definite matrix then P (a,b,¢) is not
an extremum point;

e A=0j; then we can not make any decision to the point P (a,b,c).

Definition 5.25 (see [23], p. 194). A symmetric matrix 4 = (ai;),<; j<,
is called positive (negative) definite matrix if its associated quadratic
form is positive (negative) definite.

Definition 5.26 (sec [23], p. 194). Let V' be a real vector space.

a) The quadratic form f : V — R is called positive definite (negative
definite) if f (x) > 0 ( respectively, f () <0), (V) z €V, x # 0;

b) The quadratic form f : V' — R is called nondefinite if there are a,b € V
such that f (a) >0 and f (b) < 0.

Definition 5.27 (sce [8]). The conditional extremum of a function
f (x,y) is a maximum or a minimum of this function, which is attained on
the condition that its arguments are related by the equation ¢ (z,y) = 0
(coupling equation).

Proposition 5.28 (see [8]). In order to find the conditional extremum of a
function f (z,y), given the relationship ¢ (x,y) = 0, we form the so-called
Lagrange function

F(z,y,A) = f(2,y) + Ao (z,y), (5.19)

where X is an undetermined multiplier, and we seek the ordinary extremum
of this auxiliary function.

Remark 5.29 (see [8]). The necessary conditions for the extremum are
reduced to the system of three equations

OF _ 0f | \0¢ _

or — 9z

OF _ Of dp _

oy = oy T Ay =0 (5.20)
e(x,y)=0

with the three unknowns z, y, A.
The question of the existence and character of a conditional extremum
is solved on the basis of a study of the sign of the discriminant

E = F}, (a,b,\)* — Fl (a,b,\) - FJ5 (a,b, \) (5.21)
of the Lagrange function F'(z,y, A) at a stationary point (a, b).
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If the discriminant E of the function F (x,y, A) at a stationary point is
positive, then there is at this point a conditional maximum of the function
f(z,y), it F)s (a,b,A) >0 (or )% (a,b,A) >0 ), a conditional minimum, if
F!, (a,b,\) <0 (or Fég (a,b,\) < 0).

Example 5.30. Test for an extremum the function

fzy) = (2 +y?)e* ™, 2>0, y>0.

Solution.
We shall find the first partial derivatives:

f; — 2x62m+3y +2 (1‘2 + y2) e2z+3y — 262z+3y (l‘ + 1‘2 + y2)
fo= 2ye?*+3Y 1 3 (mQ + yg) 2T 3y — o243y (2y + 322 + 3y2) )

Then we shall form the system of equations from (5.16):

of =0 r+224+4y2=0
y =
{ggzo {2y+3x2—|—3y220.

Solving the system and considering that = > 0, y > 0, we get the follow-

ing stationary point: P (0, 0).
We shall find now the second derivatives:

[lly = 4e2*F3Y (z 4 22 4 ¢?) + 22773V (1 4 22)
= 22713V (1 4 4z + 227 + 2y?)
f;’Q = 3e2zt3y (2y +3xz2 4+ 3y2) + 2213V (2 4 6y)
= e2e3Y (2 4+ 12y 4 922 + 9y?)
[, = 2139 (2y 4 322 4 3y?) + 2 T3V . 6z = 26223V (3z + 2y + 322 + 3y?)

and form the discriminant from (5.17) for our stationary point:
E = f1,(0,0° = £2(0,0)- £ (0,0) = =4 <0,
where

£ (0,0) =2 > 0.

Hence, the function has a minimum which is equal to the value of the
function for x =0, y = 0:

fenin = (04+0) -e® = 1.

We can also solve this problem using Matlab 7.9:
Step 1. Find the stationary points.

>>syms X y
>>f=(x"2+4y"2)*exp(2*x+3*y);
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>> u=diff(f,x);
>>v=diff(f,y);

>> [x,y]=solve(u,v,x,y)

X =

0

-4/13

y =

0

-6/13

>>a=x(1); b=y(1);
>>aa=x(2); bb=y(2);

Step 2. Form the discriminant from (5.17) for our stationary point:
function [E,q]=local(a,b,u,v);
syms X y

uv=diff(u,y) " 2;

uu=diff(u,x);

vv=diff(v,y);
p=subs(uv,{x,y},{a,b});
g=subs(uu,{x,y},{a,b});
r=subs(vv,{x,y},{a;b});
E=p-q*r;

end

Save the file with the name local.m then one writes in the command line:
>> [E,q]=local(a,b,u,v)

-4

q =

2

Therefore, is a minimum local point, and the minimum value of the
function is 0 and one obtains from the Matlab 7.9 command:

>>subs(f,{x,y},{0,0})

ans—

0

and with Mathcad 14:
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|'-'!|:-

miu.v) =

S:l

local{a) = | |
i)

£(0,00=0
and in Mathematica 8:

nE)= F[x , ¥ 1 i= (7 +7") 2Exp[2ax + 32¥]

In[10):= FindMinimmm [{f[x, y], x =0, y =20}, {x, ¥}]

fu,v)

outf10}= {1.935x107°, [x = 0.00107021, ¥ + 0.000883406} ]

Out[10]

and using Maple 15:
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3y
s fle3). ——f(x)
([ o)
= — N —_i ::—i
) Rl T
B ===l T)
i =0 p=0
al
g = i (x ¥)
0 =D 2=0
2
2
e ;f(-u'll
0y x=0,p=0
E=p —gr
i
f10,0)
0

Example 5.31. Find extremum of the function

f(z,y) =6— 4z — 3y,

provided the variables z and y satisfy the equation:

2?4 y? =1,

Solution.
Geometrically speaking, the problem reduces to finding the largest and
smallest values of the z-coordinate of the plane

z=6—4x — 3y
for points of its intersection with the cylinder z2 + y? = 1.
We shall form the Lagrange function
F(z,y,A)=6—4z—3y+ A (2 +y*> — 1).

We can define this function in Matlab 7.9, in the file F.m:
function r=F(x,y,la)
r=6-4*x-3*y+la*(x" 24y~ 2-1);
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end
The necessary conditions yield the system of equations:

%;z—4+2/\x:()
=3+ 2\ =0
W=z +y?—1=0.

Solving this system, we shall find

_ _5 _ 4 _ 3
Alff 7‘%1*753 ylffg)
_ __ 4 _ 3
>\2*23 T2 = 5, Y2 = 5.

We can also solve this system in Matlab 7.9:
>> syms x y la
>> u=diff(F(x,y,la),x);
>> v=diff(F(x,y;la),y);
>> q=diff(F(x,y,la),la);
>> [xx,yy]=solve(u,v,x,y);
>> g=subs(q,{x,y},{xx(1),yy(1)});
>> p=solve(g,la)
p =
-5/2
5/2
>> for i=1:2
xs(i)=subs(xx,la,p(i));
end
>>XS
Xs =
[ '4/5’ 4/5]
>> for i=1:2
ys(i)=subs(yy,la,p(i));

end

>>ys

ys =

[ '3/5’ 3/5]

Since
Fa’c’2 =2\
F;’z =2\
F;’y =0

it follows that the discriminant E of the function F' (z,y, \) at a stationary
point is
E=0-2)\ 2)\=—4)%

If = —g, T = —é, Y1 = —g, then
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E=-25<0
and 4 3 5
" o o _ —
z2( 5 5 2) 5 <0,

consequently, the function has a conditional maximum at the point
(=5 =3)
5)-

59
If Mo=135,20=131,y2=2, then

EF=-25<0

and

435
fol —5>0
2 (5’5’2) =5

43).

consequently, the function has a conditional minimum at the point ( 55

Hence

fawe =64 (~3)4-(-1) =11
fmin:6—4~§f3.§:1.

We can determine the conditional maximum and minimum of the func-
tion in Matlab 7.9:

function [A t1]=local(x1,y1,lal,u,v)

syms x y z la

t1=subs(diff(u,x),{x,y,la},{x1,y1,lal}));

t2=subs(diff(u,y),{x,y,la},{x1,y1,lal});

t3=subs(diff(v,y),{x,y;la},{x1,y1,lal});

A=t2"2-t1%t3;

end

>> [A t]=local(xs(1),ys(1),p(1),u,v)

A =

-25

t =

-5

>> F(xs(1),ys(1),p(1))

ans =

11

>> [A t]=local(xs(2),ys(2),p(2),u,v)

A =

-25

t =

5

>> F(xs(2),ys(2),p(2))

ans =
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1

and in Mathcad 14:

[ =~ 2
v A =6-4dx-3v+ald +v - 1
Resdonransrpnde e =il

a = Find{x,v,A) =

x=1 y=1 A=1
Given
CFxy.N=0 ZFaxy.N=0
o &y &x
local{a,i) = |x+« % ;
i 2 4
A= al__i
- 2

d

(25
local{a,l) = |

o

0

\

j—

%

-

-

dy

d1<—q

f 3
149 Fory.n |
dudy

Ee—p-—qgr
d,.« E

Fla, 5-21 022 0,

/

qe LFry.n
T

T+ i-‘l-"[x,}-'_.h}

£ Fx,y. 0 =0

j=1

| e

[

i | s
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and using Mathematica 8:
4= F[x , ¥ ;A ] :=6-4xx-3ey+An(x*2+7*2-1)

n7si= Solve[D[P[x, 7, A], x] = 0&&D[P[x, ¥, A1, y] = 0GED[P[x, 3, A], A] = 0,

{x, 7, A}
4 3 5 4 3 3
Qui[T5}= Hx—e—g, ¥ = —E, 3.—9—;}, {K—r g, V= g, }.—eE}}

In[7&)= & := {{-4/5, 4/58}, {-3/5,3/3}, {-5/2,5/2}}

Inff7= 1cfa , 1] :=
Module[ {4},
pi=D{F[x, v, A], %, ¥] /. {x=+a[[1, 1]], v = a[[2, i]], A~ a[[3, 1]]}:
g :=D[F[x, v, A, {x, 2}] /. {x~+a[[1, i1], 7= a[[2, i1, A+ a[[3, i1]1}:
r:=D[F[x, 7, A], {y, 2}1 /. {x~a[[1, 1]], ¥ » a[[2, 1]], A+ a[[3, i11};
Ex:=p*2-qgar;
d = {Ex, q, F[a[[1, 1]], a[[2, 1]], a[[3, 1]]]}:
d
]

In78)= lc[a, 1]

ouTEE {25, -5, 11}

In[73= 1lec[a, 2]

oufrs= {-25, S, 1}

and with Maple 15:
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F= [L};}L)—>6—4-x—3-}'+}';[x2+y‘j’—1]:
e iF{ .~)iF{ =~]lF{ i)
a= sow[lax x‘“}’ﬂ’ay JC_,J.-,J'..,a}L XA H

{;,:i s s 3 {‘:_i r:_iv:_i]
TR T sJ‘ o B B 5
4
5

= iffar?rx[i g} [

lc= proc(a i)

r= L Fxya)

_al F_:L.=£I2:P.|'L—G'3 i
E = —gr,
Marrix(1.3. [E.¢.F(a , @ . a5 ;)])
end proc;
le(a 1)

[-25 -5 11]

Ec[aj}

[-25 51]

Example 5.32. Find the extremum of the function

f(SU,yVZ):SU*?yﬁ»QZ

provided the variables z,y and z satisfy the equation:

22 py? 422 =
Solution. Step 1. Determine the stationary points, i.e. the system solu-
tions:

/
Fx
!
Fy
!
z

£

(.9, /\)
( A) =
(z,y, z, )\)—0

where
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F(z,y,2,A) =z —2y+ 22+ A(z® +y° + 2> - 1).

We have to solve the system

|

1+2Xxx =0
—242\y =0

242Xz =0 {
w? 4yt 422 -1=0 (=A)%+

Therefore there are the stationary points: (

T =

Yy =

z
1

A2

+

1
A

>y

(1)*-1-0

>

We can also compute them in Matlab 7.9:

function r=F(x,y,z,la)

r=x-2%y+42*z+la*(x" 24y 2+z"2-1);

end
>>syms x y z la

>> u=diff(F(x,y,z,la),x);

>>v=diff(F(x,y,z,la),y);
>>w=diff(F(x,y,z,la),z);

>>q=diff(F(x,y,z,la),la);

>>[xx,yy,zz]|=solve(u,v,w,X,y,z);
>>g=subs(q,{x,y,z},{xx(1),yy(1),2z(1)});

>>p=solve(g,la)
p =

-3/2

3/2

>> for i=1:2
xs(i)=subs(xx,la,p(i));
end

>> XS
xs =

[ 1/3’ '1/3]

>> for i=1:2
ys(i)=subs(yy,la,p(i));
end

>>ys

ys =

[-2/3, 2/3]

>> for i=1:2
zs(i)=subs(zz,la,p(i));
end

zs =

122
3°7 373

M=% =3
1 = 3,5132—7%)
ylffg,yz:é’,
z1 = 3,22=—§.

) and (71 2 72).

373" 3
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[2/3"2/3]
Step 2. For each stationary point (a, b, ¢) of the function F (x,y, z, \) we
build the matrix by the form (5.18).
We shall have

9?F _
b~ 2
= 2)
O°F _
5.2 = 2\
?F _ 0
oxdy ~—
8°F =0
3@62‘7
O°F __ 0
Oyoz

For the stationary point:

-30 O
° (:1,), —g, g) achieved for A1 = —g it results the matrix A; = ( 8 703 03) ,
122

which is negative definite; hence (3 y =3 3) is a maximum point;

300
e (—4,2,—2) achieved for Ay = 3 it results the matrix Ay = (0 3 0) , which
003

is positive definite; hence (—3, >, —2) is a minimum point.
In Matlab 7.9 we need the following sequence:
function [A]=local(x1,y1,z1,lal,u,v,w)

syms x y z la
t11=subs(diff(u,x),{x,y,z,la},{x1,y1,z1,lal});
t12=subs(diff(u,y),{x,y,z,la},{x1,y1,z1,lal});
t13=subs(diff(u,z),{x,y,z,la},{x1,y1,z1,la1});
t22=subs(diff(v,y),{x,y,z,la},{x1,y1,z1,lal});
t23=subs(diff(v,z),{x,y,z,la},{x1,y1,z1,lal});
t33=subs(diff(w,z),{x,y,z,la},{x1,y1,z1,lal});
A=[t11 t12 t13 ;t12 t22 t23; t13 t23 t33];
end

>> [A]=local(xs(1),ys(1),zs(1),p(1),u,v,w)

['37 0, 0]
[07 '37 0]
[07 07 '3]
Therefore, ( ;}, - 5, g) is a maximum point, and the maximum value of the

function F' (z,y, 2, A) is 3; it can be achieved from the Matlab 7.9 command:
>> F(xs(1),ys(1),zs(1),p(1))
ans —
3
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>> [A]=local(xs(2),ys(2),zs(2),p(2),u,v,w)

A =
[3, 0, 0]
[0, 3, 0]
[0, 0, 3]
Therefore, (—;}, g, —g) is a minimum point, and the minimum value of

the function F (z,y,z,A) is -3; it can be achieved from the Matlab 7.9
command:

>> F(xs(2),ys(2),zs(2),p(2))

ans =

-3

We shall also give a computer solution using Mathcad 14:

|' b |
Hryz N =x-2y+2z+2\x +y +7 - 1
x=1 y=1 A=1

Given

CREveN = CREyEE0 CREyeN=0 e REyEa=0

&x &y &z &x
17
303
2 iz
3003
a = Find{x.y.z.X) =
' 2-a
303
3003
lag 2]
local(a.i) = x<_aD_.i
Y<_a1_.i
A ol a. i
)\(—"13._i
I 3
[ dd dd |
Fry.zy) SSFryzn SS8Fay.zn
i dxdy dxdz
dd & dd
A€ | ——F(xy.z.%) F(x,y.2,N) ——F(xy.z,))
axdy Pl dydz
2
Ly Liray.n LFay.zn
| dxdz dydz dr~ J
A
30 0% (-3 0 -0
local(a,0)= |0 3 0 local(a,1)=| 0 =3 0
oo 3) -0 0 -3)

Flap 02 02030/ =3 Fl2g.1:21,1-%,1-%,1) =3
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and in Mathematica 8:

mif=Fx , ¥ ,2 ,A]i=0-2a7+202+ An(x*24+y*2+2%2-1)

In[18}= Solve[D[F[x, ¥, 2, A], X] = 0 &&D[F[x, v, 2, A], ¥] =0 &&D[F[x, v, 2, 4], 2] =0
&&D[F[X, ¥ 2 -R]: -:{] = 0: {X., ¥ 2 -R}]
1 2 2 3

o et rect e dae Y e L e )

W)= a z= {{1/3, -1/3}, {-2/3,2/3}, (2/3, -2/3}, {-3/2, 3/21}

n20= lcfa , 1] :=

Module[ {2},

t1:=D[F[x, ¥, 2, A], {x, 2}] /. {x=+a[[1, i]1, ¥ = al[2, i]], 2= al[3, i]], A+ a[[4, i]1}:
t2 := D[F[X, ¥, 2, Al, X, 3] /. {x=+al[1, i]], 7+ al[2, i]1, - al[3, 111, A= a[[4, i]]};
t3 :=D[F[x, ¥, 2, A], X, 2] /. {x+al[1, i1], ¥+ al[2, i]], z= a[[3, i]], A+ a[[4, i1]}:
td :=D[F[x, ¥, 2, A], v, 2] /. {x+a[[1, i1], v+ a[(2, i]], 2 a[[3, i]1, A » a[[4, i11}:
t5 := D[F[x, 7, 2, Al, {7, 2}] /. {x=+al[1, i]1, ¥+ al[2, 111, z+ al[3, 1], A= a[[4, il1};
£6:=DIP[X, ¥, 2, Al, {2, 2] /. {x=+a[[1, i]], ¥+ al[2, 111, z= a[[3, 111, A= al[4, i]1};
A= {{t1, t2, t3}, {t2, t5, td}, {t3, t4, t6}};

In21:= lefa, 1]

ou2ty {{-3, 0, 0}, {0, -3, 0O}, {0, 0, -3}}

2= Fla[[1, 1]], a[[2, 1]], a[[3, 11], a[[4, 1]]]

Ou{ZF 3

In23:= lefa, 2]

ou22= {{3, 0, 0}, {0, 3, 0O}, {0, 0, 3}}

in24)= Fla[[1, 2]], a[[2, 2]], a[[3, 2], a[[4, 2]]]

Ouf4 -3

and in Maple 15:
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F=(xnzh) —»x—2-y+2-z+l-(x?’+}2'+z?’— 1):

o . o . o , [ .
soh\e[ [ EF{X, Wz h], a—yF[Jg Wz f;), EF(};}, Z ,‘L], EF(X, RZ fu] H

tl =

12 = F[x,} z A
0xdy emadyp ¥ =y 2=y A=y
al
= F(x,y,;l}
hats F=d pY=h p2= A=4
ot :
4= WF(X,};;;&}
RmGy p Pty 2=y p NS0y
s ;
15 = a—gF(X,JvLLJ'u} :
v T YT Iy TG,

6 = F( )
o= — Flxyza
8t .

TP S O LGy

Matrix(3, 3, [tL 12,13 12 £5, 4, t3, 14, t6])
end proc;

[fela 1). F(ay - @ - % -4 1) ]
300
030/-3
003
[lela2).F(ay 2@ 5 % 2 4y 1]
S0
0 =3 003
0 0 -3

5.6 Problems
1. Find the derivative g’ if

23+ vy —3azy =0, a € R.

Computer solution.
We shall compute 3’ in Maple 15:
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fi=xX+) —3axy=0

¢ +}3 —3axy=0
vl = implicitdiff1 f 1. x)
—_‘cl + ay

=
¥o=ax

2. Find the second derivative of the function

y=In(l-2z).

3. The equations

u+v=x+y
zu+yv =1

define u and v as functions of x and y; find:
Ou Ou Ov Ov
Ox’ 9y’ 0z’ Oy’

4. The function z of the arguments x and y is defined by the equations

r=u-+tv
y=u?+0v? u#w.
z=ud 403
Find:
0z 0z
ox’ Oy’

Computer solution.
Using Maple 15 we shall have:

f=u+v=x
gi= :12 o T
h=w +V =z
dl = implicitdiff ({ £ g h}. {ulx ). v(x ¥).2(x ¥)}. 2 x)
-3vu
d2 = implicitdiff ( { £ & h}. {ulx ¥). v(x ¥).2(x ¥)}. 2 ¥)
% U+ % v
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5. The functions u and v of the independent variables x and y are defined
implicitly by the system of equations

u+v=x
u—yv = 0.

Find
du, dv, d®u, d?v.

6. Prove that the function z (z,y) defined by F (z+ z/y, y+2/x) = 0
satisfies the equation:

0
T, +vy Zzz—xy.
dy

Computer solution.
We shall prove that relation in Maple 15:

z z
=Flx+ —y+—|=0:
Wi x }:,} 'c]

simplifi(x fmp.ffc:‘.ra’.yj"(j: z x) + y-implicitdiff( £ 2 ¥) )
=X FE

7. If the function f is implicitly defined by the relation f (z,y, z) = 0 show
that

Ox 0y 0z

Oy 0z 0z

Computer solution.
We shall prove this relation in Maple 15:

F=flxyz)=0:
implicitdiff | F, z x) - implicitdiff (F, y, z) -implicitdiff | F, x, ¥)

8. Let be DC R?, f € C' (D) and the functions z and u of the variables x
and y, implicitly defined by the system:

f(SU*y,Z+U):].
xyz + In (;U2+y2+22) =2.
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Compute:

0z 0z Ou Ou

0x’ Oy’ 0z’ Oy’
Computer solution.
We shall give a computer solution in Maple 15:

Fi=flx—pz+u=1:
G=xyz +ln(x?’ + yl + ZE] =2:
dl = mmplicitdiff ({F, G}. {z{x y). u(x ¥)}. 2 x)
yz:cl +_].-SZ +;|,=z3 +2x

_r3}=+_r}-3 +:cyz’1 +2z

d2 = implicitdiff ({F. G}. {z{x ¥). u(x })}. 2 )
" _r32+:c2}-‘1‘ +x7 + 2y
FL +_‘(:L'3 +_‘c3,=z'2 +2z
d3 = simplify(implicitdiff ({F, G}, {z(x ¥), u(x ¥} }. 2. x]) -
a4 == simplify(implicdiff({F, G}, {z(x ¥). u(x ¥)}. 2 ¥)) :
9. If

z=F(rp),

where r and ¢ are functions of the variables x and y, defined by the system
of equations:

T =1rcosp
Yy =rsingp,
find 97 and J7.
10. Regarding z as a function of x and y, find gfc and g; if:

T = aCos Y cosY
y = bsinpcosvy
z = sin.

Computer solution.
Using Maple 15 we shall find:
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f= acos(q) -cos{w}
g = bsin(¢) cos(y) =)
b= c-sin{w} =z:

simplifi implicitdiff ({ £ g h}. {¢. w.z}. 2 x))

xX:

_ ccos(y) cos(p)
asin(y)

simplify( implicitdiff( {£ 2 h}. {o. w.z}.2¥))
 ccos(y) sin(o)
Bsin(w)

11. Let z be a function of the variables = and y, defined by the equation:

202 4+ 2% + 22 —8xz— 2+ 8=0.
Find dz and d?z for the values x =2, y =0, z = 1.

12. Study the functional dependence of the functions:

f(x,y) = \/xa;_]_yz

b
g(z,y) = \/x;:_yz )

defined on R?\ {(0,0)}.
Computer solution.
We shall solve this problem using Matlab 7.9:
>>symsxyab
>> f=[x+y+zx-y+z;4* (x*y+y*z)];
>> t=[x yl;
>> rank(jacobian(f,t))
ans =
1
>> y1=f(1);y2=£(2);
>> simplify((y1/a) " 2+(y2/b)"2)
ans =
1
and in Mathcad 14:
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O T |
%) *1{%1) |
rank (Jacob{f (x,a,b} .x)) = 1
vl{x,a,b) = f{x,a,b}{} vix,a,b) = f{x,a,h}1
(yiab))  (ya0))

\ a J \ b

simplify — 1

and with Mathematica 8:
In[i]= f := {axx/SgrE[x*d + y*2], bey /Sgri[x*2 + y*2]}
In[2]:= MatrixBank [D[f, {{x, v}1}]1]

OutfzF 1

[8

[

I
[}

]
[
il

(3= ¥y1 := F[[1]1]; ¥2 :=T[[2]1]:
In[4]:= Simplify[(y1/a)*2+ (y2/Db)*2]

Outd}= 1

and in Maple 15:
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fim oy :
[ J‘ G } J‘ ¥ 'L ]

withi VectorCalculus) -

with{ Lineardlgebra) :

Ranid Jacobian( £, [ y]))

yi —ji ¥2 =—j;
it (3] + (%)

13. Test for an extremum the function

y = 2° + 3zy? — 152 — 12y.

14. Test for an extremum the implicitly represented function y = f (z)
defined by:

x3+y3—3x2y—3=0.
Computer solution.
Using Maple 15, we shall have:
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=22y 3l y -3=9

yI = implicitdiff( £, x) -

e so.fue({}'l :{Lf +}3 — i-xl-,v— 3 =0]‘= {x,}'}] :
com‘grx( [ul, iy, iy ] radicaf}

[{I= 0.y=3"3) (x=-2y=-1), {_‘c= 1+1/3.y= % +
¥2 = implicitdiff( £ 1. x82) :
¥2
=0,y=3'"
2 .23
3 3
¥2)
==pss
2
3

We can deduce:

e y (0)= \333 > 0, hence

is a minimum point;

e y (=2)=—2 <0, hence

is a maximum point.

15. Test for an extremum the implicitly represented function:

23—y —3r+4dy+22+2-8=0.

16. Find the extrema of the following implicitly represented function

22+ 2% - 20+ 4y —62—11=0.

17. Determine the conditional extrema of the following function:
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z=u1xy

{ r+y=1.
Computer soluttion.
We shall achieve in Matlab 7.9:
function r = F(x,y,la)
r=x*y+la*(x+y-1);
end
>> syms x y la
>> u=diff(F(x,y,la),x);
>> v=diff(F(x,y,la),y);
>> q=diff(F(x,y,la),la);
>> [xx yy]=solve(u,v,x,y);
>> gZSUbS(q’{X7Y}’{XX7yy});
>> p=solve(g,la)
p =
-1/2
>> xs=subs(xx,la,p);
>> ys=subs(yy,la,p);
function [A t1] = local(x1,y1,lal,u,v)
syms x y la
t1=subs(diff(u,x),{x,y,la},{x1,y1,lal});
t2=subs(diff(u,y),{x,y,la},{x1,y1,lal});
t3=subs(diff(v,y),{x,y;la},{x1,y1,lal});
A=t2"2-t1*t3;
end
>> [A,t]=local(xs,ys,p,u,v)
A =

1
t =
0

and with Mathcad 14:

237
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Hay. M =xy+Xz+y-1)
=1 y=1 A=1

Given

Ry =0 LFRxyn=0 LFuyn=
ax a

P

local(a,1) = |z a

{ 1 !
local({a,0) = | o
L —287x 107 )}

and using Mathematica 8:

a = Find(x,v. X} =
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Wil=Fx , 7, A] i=xxy+ Ax{x+7-1)

In2]:= Solve[D[F[x, ¥, A], Xx] =0 &&D[F[x, y, A], 7] == 0 &&D[F[x, v, A], A] =0,

{x, ¥, A}]
1 2 1
OutfZ}= Hx—_a, ¥ E' B _EH

3= a:={1/2,1/2, -1/2}

In[4):= lu:'.[a_] t=
Module[ {d},
p:=D[F[x, v, A], x, ¥] /. {x > a[[1]], ¥ + a[[2]], A= a[[3]]}:
q:=D[F[x, ¥, A1, {x, 2}] /. {x—+a[[1]1], ¥~ al[[2]], A~ a[[3]11};
r:=D[F[X, ¥, A], {¥,2}] /. {x>»a[[1]], 7+ a[[2]], A~ a[[3]1]}:
Ex:=p*2-g=r;
d := {Ex, g}:
d
1

Inf&}= lc[a]

ouEl= {1, 0}

and in Maple 15:
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P (enh) —xyt ety 1),

a= so!ve[ [—F W J'L] EF{L}' fu] —F x_,y A ]]

;.__L il e
T e e
1 1 1
= I Sos s 1
a ecmr[ S 2]]
le == procia)
g o .
P o0x 0y F{x_,}f} =
x=g.y=a.h=gq
g= —XZF{L};I'J
=g y=a. k=g
82 ;
r=—5Flxyl)
9y =a.y=a,A=a
-V = & 3
E=p —gr
chfrrx[l,z [Eg]}
end proc;
lela)

Hence there is no extremum at P(}; 3)
18. Does the function z = x2? + y? have any conditional extemum for

r oy
=17
2+3

19. Check if the function
w=a? 4y + 22
has a conditional extremum, provided

20 +3y—z=1.
Computer solution.
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We shall build a computer solution using Matlab 7.9:
function r = F(x,y,z,la)
r=x"2+4y"24z"24la*(2*x+3*y-2-1);

end

>>syms x y z la

>> u=diff(F(x,y,z,1a),x);

>> v=diff(F(x,y,z,1a),y);

>> w=diff(F(x,y,z,1a),2);

>> q=diff(F(x,y,z,la),la);

>> [xx yy zz]=solve(u,v,w,x,y,z);

>> g=subs(q,{x,y,z},{xx,yy,zz}) ;

>> p=solve(g,la)

p =

-1/7

>> xs=subs(xx,la,p);

>> ys=subs(yy,la,p);

>> zs=subs(zz,la,p);

function [A] = local(x1,y1,z1,lal,u,v,w)
syms x y z la
t11=subs(diff(u,x),{x,y,z,la},{x1,y1,z1,lal});
t12=subs(diff(u,y),{x,y,z,la},{x1,y1,z1,lal});
t13=subs(diff(u,z),{x,y,z,la},{x1,y1,2z1,la1});
t22=subs(diff(v,y),{x,y,z,la},{x1,y1,z1,lal});
t23=subs(diff(v,z),{x,y,z,la},{x1,y1,z1,lal});
t33=subs(diff(w,z),{x,y,z,la},{x1,y1,z1,lal});
A=[t11 t12 t13;t12 t22 t23;t13 t23 t33];

end

>> A=local(xs,ys,zs,p,u,v,w)

A =

200

020

002

>> F(xs,ys,zs,p)

ans =

1/14

and in Mathcad 14:

241
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g pl g
FryzX =5 +y +Z +M2x+3y-z-1)

=1 y=1 b |
. z.—"1

Given

dx ay dz dh
a = Find(x,v.z.x) =
local(a,i} = |x+ 2,
W 311
i a:i
Ao 2,
( .dl dd dd ]
E’er}:rx:k} d—xd—y}“[x,y,z,h} d—xaF[x,y,z,k}
2
Ae :—x:—}:}“[x,}-'__z__k} divzl:'[x__}-'__z__h} :—_v:—zf[x,}-',z__k}
49 pryzny LiFmy.zn Lo Fay.zn
.kdxdz dydz dz” ¥,
A
( 2 695x10 5 12x107 1)
local(a,0) = | _g95x 107 ° y) 33310
Visew ™ amaae ™ 7 i
1

H20.0%1,0%2,00%,0) 7 13

and in Mathematica 8:

i
|

S Fixy,z0=0 ZLFayzn=0 ZFayzn=0 ZLFayzn=0

| =
_—
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mif=Flx , ¥, 2, 4] t=x*2+7*2+2*2+ Ax (22X +3xy-2-1)

In[iz}= Solve[D[F[x, ¥, 2, A], X] = 0 &&D[F[x, ¥, 2, A], y] == 0 &&kD[F[x, y, 2, A], 2] == 0 &k
D’[r[x: ¥, 2, ).], -:{] = U: {X., ¥ 2 -:{}]

1 3
[ R ey s T Sy
Out[12} HK 3 ' ¥ 14, z 14 }

‘1|,_.

Inft4}=a:={1/7,3/14, -1/14, -1/7}

m[igi= 1efa ] :=
Module[ {A},
t1:=D[F[x, ¥, 2, A, {x, 2}] /. {x~+ a[[1]], 7=+ a[[2]], 2= a[[3]], A~ a[[4]]};
£2:=D[F[x, v, 2, A, %, 7] /. {x=+ a[[L]], 7+ a[[2]], z= a[[3]], A+ a[[4]]}:
t3 :=D[F[x, ¥, 2, A], x, 2] /. {x~+a[[1]], y+a[[2]], 2+ a[[3]], A+ a[[4]]}:
t4:=D[F[x, v, 2, A, ¥, 2] /. {x=+ a[[1]], 7+ a[[2]], 2= a[[3]], A+ a[[4]]};
t5:=D[Fx, v, z, ], {7, 2}] /. {x+a[[1]], ¥+ a[[2]], z+ a[[3]], A - a[[4]]}:
t6:=D[F[x, ¥, 2, Al, {2z, 2}] /. {x+ a[[1]], y» a[[2]], 2z a[[3]], A+ a[[4]]1}:
= {{t1, t2, £3}, {t2, t3, t4}, {3, t4, t6}};

1
In[16]= lc[a]

oufiei {{2, 0, 0}, {0, 2, 0}, {0, 0, 2}]

nfi7i= Efal[1]], al[2]], a[[3]], al[4]]]
1

ouiTE —
14

and with Maple 15:
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F = {A;y,;l)—-x2+}'?‘+22+PL-(2-x+3-}'—z—1]:
; lF( : ~)B_F{ . ‘)lF{ : ~)iF{ )
SGW[‘ax XRZA) 3y XRZAMA) =T XKZA) an XKZA ]]

R S e 8 o 3
i T R T T 14

sapy=a.z=a.r=q

82 :
2= F[_!gy,z,h} =
s i K=a.y=a.z=a. h=q
82 ’
3= F{ng,g;k] e
e =a.y=a.z=a, h=a,
82 ;
4= WF{L};LJ.] s
x=al,y=a)‘,z=a3,l=a4
o 02 g
15 = FF{L};LJ.] &
Y sapy=api=a.k=aq,

o2 i
16 = % Flxyzh) :
=a.y=a. 2= a; A =a,
Matrix(3, 3, [t1 12, 13,12 15, t4, 3, t4.16])
end proc;
[fc[a], F[al, &, . a_4} ]

(=]
[S I ]

F 14

=R =]
L=}
o o

Therefore,

3 1
77147 14

is a minimum point, and the minimum value of the function F (z,vy,z,\)
i1
is |-

20. Find the conditional extrema for the function:

u=xy’23

provided

c+y+z2z=12,2 >0,y > 0,2 > 0.



6
Terminology about Integral Calculus

6.1 Indefinite Integrals

6.1.1 Integrals of Rational Functions

Integration of a rational function reduces to integration of the rational
fractions

P (z)
Q(x)’
where P (z) and @ (z) are polynomials and the degree of the numerator is
lower than that of the denominator.
In order to achieve a rational fractions by the form (6.1) we need to use
the partial fraction expansion techniques. There are two methods of partial
fraction expansions:

(6.1)

A)the method through which the coefficients from the partial fraction ex-
pansion may be determined by setting (in (6.1) or an equivalent equa-
tion) x equal to suitably chosen numbers;

B)the method of undetermined coefficients, which implies one of the fol-
lowing cases (see [59], p. 130):

Case I. If the rational function can be written as a sum of a nonrepetead
linear factors, i.e. if it has simple distinct roots, then

G.A. Anastassiou and LF. Iatan: Intelligent Routines, ISRL 39, pp. 245-516]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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P(l‘) _ zn: Ak (62)
where

()

Case II. If the rational function can be written as a sum of a repetead
linear factors (z + xk)t, then there corresponds the partial fractions

Q) etan (2 4 20)? I (2 + o)™ (6.4)

where the coefficient A,, can be determined by the formula

Case II1. In the case of an unrepeated irreducible second degree polyno-
mial, i.e. when the denominator has complex roots, we set up fractions of
the form

Az + B Az + B

. 6.6
x2—|—ax+b0r (z +p)® + ¢ (6.6)

In this case, the best way to find the coefficients is to equate the coeffi-
cients of different powers of x.
Case IV. For repeated irreducible second degree factors, we have fractions
of the form

P (Z‘) All‘ + Bl AQZ‘ + Bg ATZ‘ + B,,n
Q(z) 2*+azr+d (22 +ax+0b) (22 + az + )" (6.7)

Again, the best way to find the coefficients is to equate the coefficients
of different powers of x.
Example 6.1. Find the integrals in the following problems:

2) / dz
22 + 42+ 29
x
b) / w1025 %

x
d
) /x4—|—x2—|—1 v
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SU2
9= / w+2P @+ a2

z+2\% 1
I = :
e) I /(x?) xdx

Solutions.
a) One can write

dx dx 1 T+ 2
= 5 = _arctan +C.
22 + 42 + 29 (x+2)*+52 5 5

We can also compute this integral using Matlab 7.9:
>> syms X
>> int(1/(x"244%*x+429))
ans =
1/5*atan(1/5*x+2/5)
and in Mathcad 14:

and with Mathematica &:

In[2]= Integrate[l/ (Xx*2 + 4 »xX + 29), X]
2+ X4

5

Qut[2} — Arn:]‘an[
3
and in Maple 15:

A4 x3-29

247
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b) We shall have

T x 4z 2\’ 2
/x4+0.25dx=/z4+}1dx=/4x4+1dx=/(arctaan ) da = arctan2z” + C.

¢) Here we use the substitution

22 =t

from which we compute

2zdx = dt.
Making this substitution then gives

T 1 dt 1 dt
/4 2 1dx:2/2 1:2/ 1\2 3
r* + 1+ e+t + (t+)+4

2

1 2 t+ 3 1 2t 41
= . arctan +C = arctan +C
2 V3 Vs % V3
1 2% 4+ 1
= arctan v + C.
V3 V3

d) We shall use the idea of partial fraction expansion which consists to
take a proper rational function and express it as the sum of simpler rational
functions.

Our expansion takes the form

22 A B C D

= + + + ,
(z+22@+4> z+2 (2+2)?7 z+4  (z+4)
such that

Az+2)(z+4)°+B@+4>+Cx+2)° (x+4) + D (z+2)° = 22,
(6.8)
where A, B, C, D are constants which are yet to be determined.
Making x = —2, x = —4, 2 = 0, z = —1 in (6.8) one obtains:

r=-2=—4B=4= B=1
=-4=4D=16= D=4

r=0=—=32A+16B+16C +4D =0=—2A+C = -2

2=-1=9A+9B+3C+D=1=34+C =4 }:”‘:’2’022'
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It results

2 1 1 1
I =(-2 d —‘r/ d -‘1-2/ d -‘1-4/ d
( )/SU+2 ! (z +2)° ! z+47" (z 4 4)? ’

4
+21n|x—|—4|—x +C

- 2] 9 —
n|z+ 2| - 4

1
+2
z+4\? 1 4
=1 - — c
n(x+2> T+ 2 x+4+

r+4)\2 52 4 12
=1 _ .
“(xm) w+2)@+4) TC

e) One can notice that:

2 2
T+ 2 1 x°+4r +4
L = - dr = d
! /(x?) 2" /x(x272x+1) v

2 — 2z +1 6z + 3
= d d
/x(x272x+1) x+/x(x272x+1) *

1 2 1
x x(x—1)

Using the method of partial fraction expansion we can write

namely

2x + 1 A B C
+ +

z(x—1)° = x-1 (z-1)%
therefore
A(x—1*+Ba(z—1)+Cr=2z+1. (6.9)
Making x =1, z =0, x = 2 in (6.9) we shall obtain:

r=1=—=C=3
r=0=—=A=1

5-20-A 2

r=2=—=A+2B+2C=5=— B = 9 9

Therefore
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1 1
:1n|x|+3/ dx—3/ dx+3/ 5 ydw
T z—1 (x —1)

9
=In|z|+3n|z| —3n|z — 1| — . +C;

finally, one obtains

zt 9
L=1 . c
M et

f) One can notice that:

2 1 1 ' 1
/(1+$2)3dx:4/x<(1+$2)2> =y +J,=2) /(1+$2)

1 x 1 2 +1— 22
: o F 2
4 (1+22)* 4 (14 22)

1 z 1 1 1 z?
=—. 5 + ydz — ydz
4 (14 22) 4/ 1+=2 4/ (1+22)

1 x +1 . +1/ ( 1 )’d
= — . arctanx X X
4 (1+22)?% 4 8 1+ a2

S IS DR D _1/ 1
T4 (a2 T AT g g2 142"
Finally, one obtains
/ x? q 1 x n 1 ¢ n 1 x
dr=—""- arctan x .
(14 22) 4 (1422 8 8 1+ a2
We shall have in Matlab 7.9:
>>syms X
>> int(x"2/((x"241)"3))
ans =

-1/4%x/(x"2+1)"241/8*x/(x"241)+1/8*atan(x)
and in Mathematica 8:

3= Integrate[x*2/ (1 +x*2)*3, x]

X X brcTan[x]
Out[3l= - +— +
41 +x°| B(Y+x") =]

and with Maple 15:
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We can not obtain the same result using Mathcad 14.

251

6.1.2 Reducible Integrals to Integrals of Rational

Functions

6.1.2.1 Integrating Trigonometric Functions

We shall analyse the following cases (see [38, p. 12]):
Case 1. When the integrand is of the form

R (sinx, cos x)

one uses the substitution

tang =t = x = 2arctant,

which implies
2
142

In this case we have to use the formulas

dz dt.

. _ 2tan§
Sz = 1+tan?
o 1—tan? 5
cosT = 1+tan? § °

Case 2. When the integrand is of the form

R(—sinz,cosz) = —R (sinx, cos x)

one uses the substitution

cosx =t,

which implies

—sinxdx = dt.

Case 3. When the integrand is of the form

R (sinx, —cosz) = —R (sinx, cos x)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)
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one uses the substitution
sinz = t, (6.18)

which implies

coszdx = dt. (6.19)
Case 4. When the integrand is of the form

R(—sinz, —cosz) = R (sinz, cos x) (6.20)

one uses the substitution

tanx =t = = = arctant, (6.21)
which implies
d 1 dt (6.22)
T = . .
1+1¢2
In this case we have to use the formulas
-2 . tan?
sm2x = Hi%n?m (6.23)
COS"T = | oo

6.1.2.2 Integrating Certain Irrational Functions

Case 1. When the integrand is a function of k + 1 variables, having the
form

+b Pl +b P2 —|—b Pr

ax a1 ax a2 azx ak .

Pla, ; ,pi, G EN, i=1k keN
<$ (cm+d) (cm+d) (cac-l—d) > pi> @ !

(6.24)
one uses the substitution (see [8])

ax+b_

crrd = t",n = least common multiple (q¢1,qo,...,qx) - (6.25)

Case 2. We have a binomial integral of the form

/xm (ax™ +b)P dz, a,b#0, m,n,p € Q. (6.26)

The integrals here spoken of can be reduced to integrals of rational func-
tions in the following three situations (see [38], p. 16):

a) When in the integrand we have p € Z, one uses the substitution
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x=1t", (6.27)

where s is the common denominator of m and n.
Choosing this substitution implies

de = st*71 dt. (6.28)
b) It is the case when we have
peEL
{ m:—ﬁée Z; (629)
one uses the substitution
ar™ +b=1t", (6.30)
where s is the denominator of p.

¢) When we have

p¢ L
m+l 27 (6.31)
m+fl+p cZ
n
one makes the substitution
a+bx " =1t°, (6.32)

where s is the denominator of p.
Case 3. When there is an integral of the form

/R (x, \/@362 + bx + c) dz , (6.33)

where R is a rational function we can to apply the following two methods
of computing (see [44], p. 570 and [42], p. 36):

1) Depending on the values of coefficients a, b and ¢ may use different sub-
stitutions that transform the function R in a rational function of a new
variable z:

a) if a and az? + bz + ¢ are positive and b? — 4ac # 0, one makes the
substitution

Var? +br +c=z/a+ z;

b) if ¢ is not negative, one makes the substitution
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Var? +br +c=zz + e (6.35)

c) if a is negative and the equation az? + bx + ¢ = 0 has the real and
distinct roots 1 and xo, one makes the substitution

\/ax2+bx+c:z(xfx1). (6.36)

2) Transforming the quadratic az? + bx + ¢ into a sum or difference of
squares, the integral becomes reducible to one of the types of integrals:

a)/R (27 Vm2 — 22) dz, (6.37)
b)/R (z, Vm? + z2) dz, (6.38)
c) /R (z, \/2'2 - mz) dz, (6.39)

which are evaluated using the substitutions:

a) z = msint, (6.40)

b) z = mtant, (6.41)
m

= . 42

¢) 2 cost (642)

Example 6.2. Compute the following integrals by reducing them to inte-
grals of rational functions:

ex/Q
a) I:/ex/ﬁ (ex/3+1)dx
1
b)/ .5 do
sin® ©
5
c) /clos4xdx
sin* x

V41
1+vVz+1

d)

dz, z € (—1,00)
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e) /x5- {/(1 +23)°da

3
\/1 Ve dz

f) e

, € (0,00).

Solutions.
a) One can notice that

er/2 et/2 dz
Iz/ ) dxz/ ) dx:/ .
ez/6 (ez/3+1) ez/6 . er/3 (1+efzr/3) 1+e2/3

Therefore, we substitute

B =y, y>0,

which implies

—;e_’”/3dx =dy = dz = —3*/3dy;

therefore

dx = —3dy.
)

Making this substitution gives

_ dy
= 3/y<1+y>'

Using the method of partial fraction expansion we can write

1 A B
= + — A(y+1)+By=1
y(1+y) y y+1 1)
A=1
— (A+B)y+A=1 =

A+B=0=B=—-A—1.

Therefore

1
1:(—3).</dy—/ dy ):—31ny+31n(y+1)+0:31ny+ e
Y y+1 Y
e~®/3 41

_ _ x/3
=3m° +C =3 (1+e"/%) 4+ C.
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We can use the following Matlab 7.9 sequence to calculate the integral:
>>syms X
>> int(exp(x/2)/(exp(x/6)* (exp(x/3)+1)))
ans =
3*log(exp(1/3*x)+1)
and the Mathcad 14:

= { x !
: | B ]

| EEE B,
—— &> 3nle” +

e ';\_E +1 J.'
and the Mathematica 8:

In[1}:= Integrate [Exp[x/2] / (Bxp[x/ 6] » (Exp[x/3] +1)), x]

onfil 3Log[l +e™?]

and the Maple 15:

[T

simplify N, SR

L
eﬁ-[e +1]

La] =

X

La| b

3111[9 +1]

In( &)

b) It is an integral involving trigonometric functions. We are in the
Case 1 with the integral from the point b). Therefore, one chooses the
substitution

x
tan 9 =z —> x = 2arctanz,
which implies

2

d =
v 1+ 22

dz.

We shall obtain
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Qtang 2z

sinx = = .
1+tan? 5 1422

Choosing this substitution gives

1 14 22)° 2 1 [ 1+2224 2%
/ . d:r:/( . ) . dz = / T2+ dz
sin3 x 823 14 22 4 23

= /z /zfldz+1/zdz=1~z_3+1+11n\z\+1-22+0
4 4 —-3+4+1 2 4 2
1 e
8

ln\z\-‘r 2t+c

:( ) ln)tanw)+1ta112z+c
tanzg 2 8 2
1
8

T 1 P
t - 1 (t ) c.
( an? 9 tan2 g) + In ( tan 9 +

c) It is also an integral which involves trigonometric functions. We are
in the Case 3.
One uses the substitution

sinx =t,

which implies

cos xdx = dt.

Choosing this substitution makes that

5 1 —sinz)” - cosz 1—1¢2)?
/C.Os4xdx—/( ) dx—/( 4)dt
sin® x sin? x t

212 4 1 2
/ / dt+/ dt = 3t3+ +t+C

= — . +sinx + C.
3sin’ z Sln

d) It is an integral which involves irrational functions.
For the integral from d) we have:

a=1,b=1,c=0,d=1
n=2.

One chooses the substitution

Vi+l=t = z+1=1%
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which implies

dx = 2tdt.
Making this substitution gives

1 t 2t 2 t+1—-1
Vet dac:/ ~2tdt:/2tdt—/ dt=2- —2/ + dt
1+vVzr+1 1+t 1+t 2 1+t

dt
:t2—2/dt+2/ =t —2t+2Int + 1|
1+1¢

=z+1-2Vz+14+2In|Vo+1+1|+C.

e) We have a binomial integral.
We are in the Case 2 with integral from e) because

2
= Z
p=g¢
1
m=sn=3"1T""92cz
n
One uses the substitution

Prl=1 = a=B-1,
which implies

£2
dx = . 1)2/3 dt.
We shall deduce that

2
/x5§/(1+x3)2dx: @1z ! dt:/t4(t3—1)dt

3 —1)*/3

8 ¢
:/t7dt7/t4dt: —5+C
1
8

8
(2 +1)¥° - ; @@+ ¢

5/3.5x373Jr
40
o(x3+1)~(5x373)+0,

x3+1) C

2/3

I, 3
40 (;U +1)

namely

3 1 2/3
/x5\/(1+x3)2dx: 40 (z® +1)7" - (52° +22° — 3) + C.
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We shall solves the integral using Matlab 7.9:
>>int(x"5*((1+x73)"(2/3)),x)

ans =

1/40*(-3+2*x"3+5*x"6)*(14+x"3)"(2/3)
and Mathcad 14:

xj.g,l{:l + f}ldx — I : ih\;[ixg + 1:.:'1:|3 -{:x3 + 1}

X
\ B 40 )
and Mathematica &:
In5}= Integrate[x*5= (L+x*3)~(2/3), x]

ous — (1+x°)%? (-3 +5%%)
and Maple 15:
i) i
[#V(1+2) &
L 140 (R oxr1) (-3452) (1+2))

f) We can notice that

/ f/l\;;j/xdx = /x*1/2 (1 + x1/4) Ve dax.

Therefore, one chooses the substitution (we are in the third case of the
binomial integral)

a1 =13 :>£U:(t371)4,

which implies
do =436 (£ —1)° dr.
Making this substitution gives
/(t3 —1) 2122 (B — 1)’ de = 12/t3 (3 —1)dt =12 (/tﬁdt— /t3dt)

Tt
=12 — C.
(7 4)+
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Finally, one obtains

/ g/l\/tﬂ‘%dx — 172 (1+ v2) =30+ v2)" + .
We shall check this result in Matlab 7.9:
>> int(((1+x"(1/4))"(1/3))/(x0.5),x)
ans =
12/7*%(1+x"(1/4))"(7/3)-3*(1+x"(1/4)) " (4/3)
and in Mathead 14-

s

1
A ( ),

1
{ 4. 4 =
\ 2 | ¢
clokml 12-x o 4

and Mathematica &:

[151= Integrate[ (1 +x~(1/4))*(1/3) /Sqrt[x], x]

1/41 4,3
1+ x" i

=11 wa

fogs

and Maple 15:

3 :
e

T2

1 L L S 4]43

B

(%}

(1+.‘c

6.2 Some Applications of the Definite Integrals in
Geometry and Physics

6.2.1 The Area under a Curve

The definite integral represents the area under the curve y = f (z) from to
x = a to x = b. There are several situations (see the Figure 6.1-6.4, [11]):
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Case 1. Curves which are entirely above the Oz-axis.

Ay
/)

Fig. 6.1

In this case, we find the area by simply finding the integral:

b
Area :/ f(x)da. (6.43)

Case 2. Curves which are entirely below the Oz-axis.

flx)
S

Fig. 6.2

In this case, the integral gives a negative number. We need to take the
absolute value of this to find our area:

/abf(sv)dx

Case 3. Part of the curve is below the Oz-axis and part of the curve is
above the Oz-axis.

Area = . (6.44)
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AV flx)/

Fig. 6.3

In this case, we have to sum the individual parts, taking the absolute
value for the section where the curve is below the Oz-axis (from x = a to

x=c):
/:f(x)dx

Case 4. Certain curves are much easier to sum vertically.

Area =

b
+/ f(z)dz. (6.45)

&

‘ /:= (]
/ x=fly,

Fig. 6.4

If we are given y = f(x), then we need to re-express this as z = f(y). In
this case we have:

d
Area = / f(y)dy. (6.46)
If the curve is defined by equations in parametric form: x = z (t), y =

y (t),t € [a,b], the area under the curve y = f (z) fromtox =atox =b
is given by the integral:

Area — / ") 2 () dt. (6.47)
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For a plane curve given in polar coordinates: p = p (6), 6 € [a, b] ,the area
is:
A
Area = 5 p(0)”dé. (6.48)
Example 6.3. Compute the area of an ellipse of semi-axes a and b.

Solution.
One knows that an ellipse is the set

= {(m,y) c Ry = iz\/ag —22, € [—a,a]}

and one can be represented like in the Figure 6.5.

Al

4
1=
~—_ [ “

=V

a

Fig. 6.5

One deduces that

4

One makes the substitution

1 a
A= Area(I) = b / Va2 — z2da.
a Jo

x = acosb,

which implies

dz = —asiné d6.

Using this substitution gives

w/2 -
A = ab/ sin?0do = ab - .
O 4

Therefore, one deduces that the area of the ellipse of semi-axes a and b
is:
A=4A, = mab.

We can easier to compute this area in Matlab 7.9:
>>symx x a b
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>> area=4*simple(int(b/a*sqrt(a”2-x"2),x,0,a))
area =

b*a*pi

and using Mathematica 8:

In[23]:= 1 := Integrate[b/axSgrt[a*2 -x*2], {x, 0, al]

In[24]:= Area = 4x1

Qut[3d}= +/ &a° bm

We can not achieve this result in the case when we shall use Mathcad 14
and Maple 15.
Example 6.4. Find the area between the parabola y = 4z — x? and the
Oz- axis.

Solution.

<

Area

Fig. 6.6
One deduces that

4
Area:/ (4;vfx2)dx:4o
0

2

We can prove that using Matlab 7.9:
>>syms X
>>Area=int(4*x-x"2,x,0,4)
Area=

32/2

and Mathcad 14:
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r4 . .
J \4x — x*_:' dv — =
D 3

and Mathematica &:

In[37]:= Area = Integrate[4«x-x*2, {x, 0, 4}]

3
and Maple 15:
4
AreaZJ‘ [4-.‘( - !c:] dx
0

Area=

Lay
U"|M

6.2.2 The Area between by Two Curves

We need the following steps to compute the area bounded by the two curves
f (z) and g (x), which one intersects in the two points (z1,y1) and (z2, y2)
(see the Figure 6.7, [44], p. 557):

v

X1 Xy
Fig. 6.7

Step 1. Graph both functions in your calculator or on graph paper to
see what the area looks like.

Step 2. Find the intersection of the two functions to find the limits of
integration.

Step 3. Compute the area bounded by the two curves using the formula
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/ S @) - g @) de. (6.49)

1

Example 6.5. Compute the area bounded by the two curves: y = Inz,
y=In?2.

Solution.

We shall obtain:

e e e
Area:/ (lnx—lnzx)dx:/ Inz dx—/ In?z de =1 — I,
I I

where

(5] € e 1
11:/ lnxdx:/ x'~lnxdx:xlnx|§—/ r- dz=ez|] =1,
1 1 1 x

and

e e e 1
12:/ lnzacdw:/ ac’~ln2:cd:5::cln2:c|j—2/ - -lnzdr=e2l1 =e2;
1 1 1 T
hence

Area=1—-e¢+2=3—c.

In Matlab 7.9 one obtains:

>> x=0.1:0.01:20;

>> f=Q@(x) log(x);

>> g=0(x) log(x)"2;

>> plot(x,f(x),’m’,x,g(x),’b’,"LineWidth’,3)
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>> syms y

>> u=solve(log(y)-log(y)"2,y)

lil =

exp(1)

>> A:eval(int(f(Y)'g(Y)7Yau(1),u(2)))

0.2817
We can also give a computer solution using Mathcad 14:

a=01.101.20

-

f(x) = In(x) Efx) = In(x)"

10 T T T
f(x) 3 i
g(x) o .
. I l I
0 5 10 15 20
l:: -
10
u=f{v} - g(y) solve, ¥y — |
e
1y
’:1‘5.“ = J f(y) — gly) dy A =02817
uy

and with Mathematica &:

267
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Inf40)= f[x ] := Log[x]
Inf41]:= g[x ] := Log[x] "2

In[42]:= Plot[{f[x], g[x]}, {x, 0.1, 20}]

gl s
L ._______-'

& .-'-f

-~
-
41 L -
Dwt[42)= 1 ___.ff i
. TR

il G iteRee=
i P
1 o
[ A ./':’:;.? o geoaey L L 1
I / 5 10 15 20
L

3 1'.

Inf53)= 1 =y /. Solwe[f[y] -g[y] =0, ¥]
In[ef]:= Integrate[f[y] -gly], {¥, ul[1]], u[[2]]]}]
QutfsEf 3 - &

and using Maple 15:

f=x—In(x)
2= x—In(x)
plot( { flx). glx) L. x=0.1.20)

)

Sl
|
M

72174 6 2 10121416 1220

- i
u = solve( f(x) — g(x), x)
le
drea=[(fx) —g(x)) b
*

Area=3—e
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6.2.3 Arc Length of a Curve

We can have the following situations (see [8] and [42], p. 43):
Case 1. The arc length L of a curve y = f (), contained between two
points with abscissae x = a and x = b is

b
L= / V1417 @)da, £ lab] - R, (6.50)
a
Case 2. For a curve in plane, given in the parametric form
x=ux(t)
; t€la,b], 6.51

the arc length of the curve is

L= /b \/x’2 (t) + vy (t)dt. (6.52)

Case 3. For a plane curve given in polar coordinates: p = p(6), 0 € [a, b],
the arc length of the curve is:

b
L— / \p(6) + o (9)ds. (6.53)
a
Case 4. For a curve in space, given in the parametric form
x=ux(t)
y=y(t), te€lab], (6.54)
z =2z (t)

the arc length of the curve is

L— / ' Vo (O + 7 (1) + 2 (D, (6.55)

Example 6.6. Compute the arc length of the curve:

. T
a) y = Insinz,x € [ }

372
b) p=sin®0, 0 ¢ [O,g}
x = 3cost
) T
c) y:3smt,t€[0,2}.
z =4t

Solutions.
a) Using the formula (6.50) it results that
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/2 2 /2 2 /2
L:/ \/1+ ( 9 (ln(sinz))) dzz/ \/1+(c<.)sx) dx:/ dx .
- ox x/3 sinx x/3 sinz

/3

Choosing the substitution

x
tan 9 = z,
which implies
2
dz = dz.
1+ 22
Since
. 2z
sinx = ,
14 22

this substitution gives

1 2 1
Lz/ 2 . dz=/ dz=lnz'y, =mv3="".
1vsl+2® 22 1/V3 # e 2

We can also compute the arc length in Matlab 7.9:
>> simplify (int(sqrt(1+diff(log(sin(x))) “2),pi/3,pi/2))
ans =
1/2*log(3)
and in Mathcad 14:

f{x) = In{sin{x))

il '\"\I:l"
1+ 86 | &

& ) L = 0.5493

™
3
and in Mathematica 8:
In[16)= £ ] := Log[Sin[xr]]

In[iT1= L = Integrate[Sqrt[l + D[E[x], x]~2], {x, Pi/3, Pi/2}]
Log[3]

o
r

Out[17}=
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and with Maple 15:

fi= x—In(sin(x)) :

b) With (6.53) one obtains

™/2 9 (3 0 0\? /2 0 9 0
L= / sin® ~ + ( sin? _ cos ) do = / sin® ~ +sin?  cos? _dé,
0 3 3 3 3 0 3 3 3

namely

w/2 /2 !
L= / sin? 9d9 = —3/ sin 4 cos 0 do =
0 3 0 3 3

/2 w/2
b +3- 1/ coszadH;
0

— 3sin _ cos
3 31, 3 3
therefore
71'/2 7T/2 9 1 3
L=—3singcosg+/o d9—/O sin23d9=(—3)'2'\é +72r—L.
One deduces
V3 7w 3V3 7
2L = (=3) - — L =— = 0.1359.
(=3)- 7y T, s Ty

The sequence of Matlab 7.9 commands which allow us to compute the
arc length of the curve is:

>> syms t

>> ro=sin(t/3)"3

ro =

sin(1/3*t)"3

>> L=eval(int(sqrt(ro~24diff(ro)~2),0,pi/2))

L =

0.1359
We shall also prove this result using Mathcad 14:
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(oY
pld) = sin| — |
3
™
=
2 - H‘J
2 18 i .
;Iru: p(e) + | = p(8) | de L =01339
= Py
0
and in Mathematica 8:
Infs}= p[& ] := Sin[&f3] 3

Ingl:= L = Integrate[Sqrt[p[]*2 + D[p[8], €]1°2], {9, O, P1/2}]
i — )
Out[é}= — !_—3‘-; 3 +2nm|

=
(=]

and with Maple 15:

3
. ©
p = B—»sm[—] :

3
e
7
Eoe— / {s]3+ g (8) lde:
/o (55@)
0
do B 5
1 pJi g o 3
¢) Using (6.55) it results:
/2 5
L:/ \/(—3Sint)2+(300st)2+42dt: 5t[7/? = 277 = 0.7854.
0

The sequence of Matlab 7.9 commands requisite to compute the length
arc of the curve is:

>> syms t

>> x=diff(3*cos(t))

X =

-3*sin(t)

>> y=diff(3*sin(t))
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y =

3*cos(t)

>> z=diff(4*t)

7z =

4

>> L=int(sqrt(x"2+y~24+2z"2),0,pi/2)

L=

5/2%pi

We shall give a computer solution using Mathcad 14:

) = J-cos(t)  ¥(f) = 3-sinft) #Zt) =4t

3
a4 e ) la ) L=7854

and in Mathematica 8:
)= X[t ] +=3«Cos[t]

1= y[E ] 1= 3x3in[£]

ni3)= L = Inteqrate[Sqre[D[x[t], £]*2+ D[y [t], £t]*2+D[2[t], £]*2], {t, 0, Pi/2}]
om

Oufiz —
i
<

and with Maple 15:
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x = t—=3-cos(i) :
vi= t—3sin(r) :

z=t—=41:
" C e 2 8 e ey
= y [Ht(r)] + [HL(E)] + [Hz(r)]
0

5
? I

6.2.4 Area of a Surface of Revolution

The area of a surface

z={@uy2) e Ry +22= f ()} (6.56)

formed by rotation about the x axis of an arc of the curve y = f (z) between
the points = a and x = b, is expressed by (see [35], p. 485):

A=2r /ab F @)1+ 7 (@)da. (6.57)

Remark 6.7. If the equation of the curve is represented differently, the
area of the surface is obtained from (6.57) by an appropriate change of
variables.

Example 6.8. Find the area of the surface formed by rotation about the
z-axis of a parabola

y? = /2pz, p>0, 1<z <3.

Solution.
We shall deduce

3
A:27r/ \/Qp;vo\/lJr pdx7
1 2x

i.e.

3
A= 277\/p/ V22 + pd.
1
We shall deduce
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3 3 3
2x p
I:/ 2x+pdx:/ d:er/ dx
1 v 1 V2z+p 1 V2 +p
3 / =3
:2/ x(\/2x+p) dx+p\/2x+p
1 r=1
=3 3
:Zx\/Zx—&—p‘ 1—2/ \/2x+pdx+p(\/6+p—\/2+p)
z= 1

:6\/6+p—2\/2+p—21+p(\/6+p—\/2+p)
=(6+p)V6+p—(2+p)\V2+p—2I

hence

I= ; [(6+p) V6+p—(2+p) \/2+p}

and

A= 2§¢p [(6+p)3/2 - (2+p)3/2} :

We need the following sequence in Matlab 7.9:

>>symx X p

>> A=2*pi*int(sqrt(p)*sqrt(2*x+p),x,1,3);

>>simple(A)

ans =

2*pi*(1/3*(6+p) " (3/2)-1/3*(2+p)" (3/2))*p" (1/2)
or in Mathcad 14:

3

[

-3 5
b 6
p) = E-W-\E-J YIx+pdr  Alp) = -2wyp- ptd f
1

3 3

or in Mathematica &:

]
1]
il

u := Integrate[Sgrt[2«x+ p], {x, 1, 3}]
In[fl= A =2xPix5Sgrt[p] =u

- ) 3

(=12 +p] JZ + (6 _p:!a.-'E:: -

[
-
i

L | R
o

and in Maple 15:
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2]
1

A=2'H'\G'J V2x+pde

6.2.5 Volumes of Solids

The volume formed by the revolution of a curvilinear trapezoid, bounded
by the curve y = f (z) , the z-axis and two vertical lines z = a and x = b
about the z- and y-axes are expressed by (see [35], p. 474 and [42], p. 41):

b
Ve / 2 (z) da. (6.58)
Example 6.9. One supposes the plane domain

F={(z,y)|0<ax<m 0<y<sinz}.

Compute the volume of the solid generated by rotating the region F
around the Oz-axis.

Solution.

Using the formula (6.58) we can find the volume of the solid generated
by rotating the region F' around the Ox-axis.

Therefore, it results

2

T T
V = in2zde=n-_ = .
W/O sin“zde=7-, 9
We shall compute this volume in Matlab 7.9:
>> syms X
>> V=pi*int(sin(x) " 2,x,0,pi)
V =
pi“2/2
and using Mathcad 14:
™
E
V= *n.'-’[. sin(x)” dx V=4935
A

and in Mathematica 8:
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In[il= V = Pi» Integrate[Sin[x] *2, {x, 0, Pi}]
FT:

=
“

and with Maple 15:

(3%

b |

6.2.6 Centre of Gravity

The coordinates for the centre of gravity G (z¢,yq) corresponding to a
homogeneous plate having the form of a plane domain

F={(z,y)a<z<b 0<y< f(a)}.
one determines using the formulas (see [42], p. 45):

o f: zf(z) dz

TG = f:f(:r) dx

6.59
_ 3, P da (059
Yo = f: f(z) dz °

Example 6.10. Find the coordinates for the centre of gravity correspond-
ing to a homogeneous plate, which has the form of
F={(z,y)|0<a2<m 0<y<sinz}.

Solution.
One achieves:

T
_ fo zsinz dz
TG = Jo sinz dz

- é Iy sin? z dx
Yye = Jo sine de °

Computing
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™ ™ ™
. I
I1:/ xsinx dx:f/ x (cosx) dx:fxcosx|g+/ cosz dx
0 0 0
. T
=7+ sinz|j =7,

Ig:/ sing de = — cosz|yg =1+ 1=2,
071' us
I3 :/ sin? z dxz—/ sinz (cosz)” dx
0 0
us s
:—sinxcosx|g+/ cos® x dx:/ (1 —sin’z) da
0 0

™
:71'*/ Sin2$d$:W*I3:>2I3:7r:>I3:;T;
0

{xc—

¢(38)

We can also determine the coordinates for the centre of gravity corre-
sponding to a homogeneous plate in Matlab 7.9:
>> syms X
>> Il1=int(x*sin(x),0,pi);
>> I2=int(sin(x),0,pi);
>> I3=int(sin(x)"2,0,pi)/2;
>> xg=I1/12
xXg =
1/2*pi
>> yg=I3/12
yg =
1/8%*pi
or with Mathcad 14:

one deduces

<
Q
|
[o e TR

i.e.
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f{x) = sin(x)
r
xf(x) dx
0
xg = xg= 1571
rm
J fx) dx
0
r
1 2
= £(x) dx
- o % I}
i yg = 0393
fx) dx
0

and using Mathematica 8:
Infd4]:= £z ] := Sin[x]

n[fl= xg = Integrate[x» f[x], {x, 0, P1}] / Integrate[f[x], {x, 0, Pi}]

n
Out[f —

=
£
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ngl= ¥g = 1/ 2« Integrate[f[x]*2, {x, 0, Pi}] / Integrate[f[x], {x, 0, Pil]

and in Maple 15:
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xg=
e
[ 1 &x
0
- 1
ro= 2 m
1 19
?J fx) dx
izt 0
F¥E=
m
| £ e
0
g = £ T
= 8

6.3 Improper Integrals

6.3.1 Integrals of Unbounded Functions

If a function f (z) is unbounded in any neighbourhood of a point ¢ of an
interval [a,b] and is continuous for a < z < ¢ and ¢ < x < b, then, by

definition, we write (see [8] and [61])

b
/ f(z) dz = hm/ f(z) de + hm f(z) d (6.60)

ct+e

If the limits on the right hand side of (6.60) exist and are finite, the improper
integral is said to converge, otherwise it diverges. When ¢ = a or ¢ = b, the

definition is correspondingly simplified, as in the following two cases:
Case a). If
lim f(z) =+o0
x—b
x<b

then f: f (z) da is convergent if there is the following limit:
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b—e
lim f(z) dx
e—0Va
e>0
and it is finite.
In this case one can be written:
b b—e
/ f(x) de = lim f(z) da. (6.61)
a e—0Va
e>0
Case b). If
lim f(x) =400
T —a
r>a

then f; f (x) dz is convergent if there is the following limit:

exists and it is finite.
In this case one can be written:

b b
/ f(z) de = lim f(z) da. (6.62)
a e — 0 Jate
e>0

Proposition 6.11 (The criterion for absolute convergence, see [42],
p. 62). One calculates in the:
Case a)

L= lim (b—2)" f(x) da; (6.63)
x—b
x<b

Case b)
L= lim (z—a)’ f(x) da. (6.64)

r—a
x> a

If:
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e p<1,0<L < oo itresults that fab f (z) dz is absolute convergent;

e p>1,0< L < oo, it results that f; f (z) dz is divergent.

Example 6.12. Establish if the following improper integrals are convergent

or not and in the affirmative case calculate their values:
1
dx
a) I =
) I /0 V1= 22
1
dx
b) I, = /
@+ 1)

5= etr-n

Solutions.
a) Since

. 1
lim =00
z—1V1—a?

r<l1

it results that the integral fol \/ffxz is improper.
Using the formula (6.61) one obtains

1—e 1
lim , dz = lim arcsin z|p7¢ = lim arcsin(l—¢) =
e—=0Jo Vi-z e—0 e—0
>0 e>0 e>0

therefore I is convergent and

/1 dx o
0o V1—az2 2

Using Matlab 7.9 we shall have:

>>syms X
>> int(1/sqrt(1-x"2),0,1)
ans =
1/2%*pi
while in Mathcad 14:
el
1 .
dx = 13571
2

T
< 005
2
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and with Mathematica &:

In{i]= Integrate[l /Sgrt[l-x*2], {x, 0, 1}]

Outf1=

[

and using Maple 15:

I\Jli—*
=

b) We have

1
lim = 0o0;

e — -1 (z+1)*?
x> —1

it results that I is improper integral.
Using the formula (6.62) one obtains

1
. ! dz . (9c—|—1)_§+1
lim a3 = lim 9
e—=0J-14e (x4 1) e—s0 —3t+1 Clte
e>0 e>0
1
=3 lim (erl)l/S‘ = 3V/2;
e—=0 —1lte
e>0

therefore I is convergent and

1
d .
/ Y =3V2,
-1 (z+1)

One can calculate this integral using Matlab 7.9:
>>syms X

S>> inb(1/((x+1)"(2/3))-1,1)

ans =

3*27(1/3)

and in Mathcad 14:
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dx = 3.78

and with Mathematica &:

In[Zl= Integrate[l/ (x+1)~(2/3), {x, -1, 1}]

3 ~L1/3

AL

Out[2}=

and using Maple 15:

| b

1 [x+1)

¢) Since

lim =00
x—>1\/ng 2

r<l1

lim = I3 is an improper integral.

x%()\/x(l -
x>0

We shall write

Using the formula (6.62) one obtains
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1/2 1/2
lim ey 2 d
e—s0Je Vr(l-z) 50/ \/1,(%,1)2
e>0 e>0

xT

1/2

= lim arcsin (22 —1)|,

e—0
e>0

= lim [arcsin( — arcsin (26 — 1)]
e—0
e>0

™
= —arcsin(—1) = arcsinl = o}
therefore I is convergent and

I 1/2 dz o

o Vr(l-z) 2

Using the formula (6.61) one obtains

. 1=e dSU . . 1—¢
lim = lim arcsin (2z — 1), 5
e—=0J12 Vel-z) <50
e>0 >0
= lim arcsin(2—2e—1)=arcsinl = T
e—0
>0

therefore J is convergent and

J_/l dx o
2 Jr(l—z) 2

Such that I3 is convergent and

T ow
IS—I+J—2+2 =.

We can simplify the previous calculus in Matlab 7.9:

>>syms X

S>> int(1/((x*(1-%))" (1/2)),0,1)

ans =

pi

and in Mathcad 14:

b

285
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r1 :
——— dx= 3142
Jx{l = %)

0

and with Mathematica &:

In[2]:= Integrate[l /Sgri[x= (1 -x)], {x, 0, 1}]

and using Maple 15:
1

J%,ﬁ
o x[1—x)

n

Example 6.13. Use the criterion for absolute convergence to establish if
the following integrals are convergent or not:

1 e
I = d
a) & /—1x+1x

T dx
b) I = .
) & 0 \/sinx
Solutions.
a) As
lim = 00
r— —1v+1
x> —1

one deduces that I; is an improper integral.
Using (6.64) we have

x
€ p=1 -1

L= lim (z+1)? = e
x—>—1( ) r+1 ’
z>—1

namely

~
i
|

1 T
—/ ¢ dz
1x+1
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is divergent.
We shall compute the limit in Matlab 7.9:
>>syms X p

>> limit(subs((x+1) “p*exp(x)/(x+1),p,1),x,-1,’right’)
ans =

1/exp(1)
and in Mathcad 14:

-1

fim (x + DF-

; X
substiite . p=1 — e | — e
x> =4FE i+l

and with Mathematica &:

[15= Limit[(x+1)"peExp[x] /(XxX+1) /. D=+ 1, X-+ -1, Direction + -1]

and using Maple 15:

lim (_r+1)p'- <
r—=-17+ x+1 g

b) We can notice that

T dx /2 dx T dx
I, = .= .+ .
0o Vsinz 0 Vsinz 7/2 Vsinz
~ ~ < ~ -
1 J
One achieves:

1 p=1/2

lim P - =" 1= I is absolute convergent;

=0 sinz
x>0
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1 1
lim (7r—x)" = lim (r—a2)’
T =T Vsinz T =T Vsin (7 — )
r>m x>
p=1/2

1 = J is absolute convergent;

therefore

T dx
I :I+J:/
2 0 \/sinx

is absolute convergent.

6.3.2 Integrals with Infinite Limats

Case a). If

b
i [ 1@

[ 1@
/a = lim / @) (6.65)

b

tm [ f (@)

a—r — 00

/;fm

b
[ f(z)= lim f( ). (6.66)

a—r — o0

exists and it is finite then

is convergent and:

Case b). If

exists and it is finite then

is convergent and:

Proposition 6.14 (The criterion for absolute convergence, sce [42],
p. 68). One computes:
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L= lim 2? f(x). (6.67)

Tr—00

If:

e p>1,0<L < oo it results that faoo f () dz is convergent;
e p<1,0< L <o0,it results that faoo f (z) dz is divergent.

Example 6.15. Establish if the following improper integrals on a un-
bounded interval are convergent or not and in the affirmative case calculate

their values:
* dx
I =
a) I /1 14 a2

< dx
b) I, =
) I 0o Vit
o0 2
C)IgZ/ ze ¥ da
0

> dx
d) I =
) L /,oo1+x2

Solutions.
a) We can write

. b dx . b . T
lim = lim arctanz|{ = lim (arctanb—arctanl) = _— =
b—oo ;1 1422 booo b— 00 2

= 3

therefore I is convergent and

< dx o7
1 1"—3’:274'

b) We shall have

. < dx . (1+$)_é+1
lim = lim 1
b Jo W14z oo —5 41

namely

is divergent.
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¢) One obtains

b

. 2 . 1
lim ze " dz = lim — e
b—o0 0 b—o0

R b _ L
0772171;%10(6 71)72

it results that I3 is convergent and

© 1
I3 = rze ¥ dx =
0 2

d) One can notice that

/°° dx _/1 dx +/°O dx
ol a2 o 1422 ) 14 a2

~ -~ - ~ ~~ -
I J
Calculating
. Lode . 1 . ™ T o7
lim = lim arctanz|, = lim (f arctana + ) = 4+
a——oo [, 1+12 a— —o00 a— —o0 4 2 4

one deduces that I is convergent and

7 ! dx :37r.
oo L4 22 4

Similarly, one obtains that J = I is convergent and

*  dx T
Ji/l 1422 4°

Therefore I, is convergent and

< dx 3w
4 /_001+x2 + 4 Ty =T

In Matlab 7.9 we shall have:
>>syms X

>> int(1/(14x"2),-inf,inf)
ans =

pi

while in Mathcad 14:

—1‘1:{: 3142
1+x
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and in Mathematica 8:

In[18]= Integrate[l/ (1 +x*2}), {x, -, w}]

Curt[ 16]=

"

and with Maple 15:

Lei]

J I,d:c
R E

e) In the case of this integral

I /b dz
im =
b—oo J3 x(z+1)

21im arctan \/.I|Z
b—oco

2 lim
— 00

arctan Vb — arctan v/3) = 2 7r—a]rctam\/3 s
( )=2(; )

namely I5 is convergent and

I —/OO dz =7 — 2arctan V3
)y Ve T '

Example 6.16. Use the criterion for absolute convergence to establish if
the following integrals are convergent or not:

oo 2
a) / v dx
0 X

4—$2+1

b) /Ooo W

1422
o0
1
C ) dx.
) /1 xx2 + 1
Solutions.

a) We can notice that

2
. T p=2
L= lim 2P -
Tr—ro0

=1
zt—a?+1 ’
therefore

291
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e} x2
4 ) dx
0o T*—z*+1
is convergent.

We shall verify that in Matlab 7.9:
>> syms X p
>> limit(subs(x"p*x~2/(x"4-x"241),p,2),x,inf)
ans =
1
and in Mathcad 14:

2 4 9
lim xp4x—j substitute p =2 —3-4}{—" —= 1
s e, T T | x —% +1)

and using Mathematica 8:

In[17}:= Limit[x*p*x*2/ (x*4-x*2+1) /. p=» 2, X = ]

and with Maple 15:

4

b
4

Jim F———
X —x+1l|p=2

oo

b) One obtains

L= limar - “VT P22
x—00 14 2

(o]
/ x\/xQ de
o l1+=z
is divergent.

We can deduce this conclusion using Matlab 7.9:
>> clear all
>> syms X p

L

namely
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>> limit(subs(x"p*x*sqrt(x)/(14+x"2),p,1/2),x,inf)
ans =

1
and Mathcad 14:

II'-'
; | A X .
lim it - ‘-,l': substitute . p =
el T T

and with Mathematica &:

In[18]:= Limit[x*prxwSgri[x] /(1 +x*2) /. p=21/2, x & @]

Out[18}= 1

and using Maple 15:

gt SNE

1-tx:

|u|._.

¢) We shall have

. 1 p=4/3 . T
— P . — 3 —
szhm;v e a® 4+ 1 zllm\/x2+10,

therefore

e 1
d
/1 x/x2 +1 *
is convergent.
6.3.3 The Comparison Criterion for the Integrals

Proposition 6.17 (The comparison criterion for the integrals, see
[42], p. 69). One compares

/:Of(x)dxg/:ow(x)dx-
If :
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° faoo ¢ (x)dz is convergent then faoo f (z)dzx is convergent;

° faoo f (z)dz is divergent then faoo ¢ (z)dz is divergent.

Example 6.18. Use the comparison criterion to establish if the following
integrals are convergent or not and in the affirmative case find a majorant
of them:

Solutions.
a) We can see that

X e > 2
/ dxg/ ze ¥ dz.
22
1 1
o0
/ ze ¥ dx
1

is convergent (see I3 from the Example 6.15), using the comparison criterion
for the integrals one deduces that

Since

is convergent.
We can see that, using Matlab 7.9:
>>syms X
>> eval(int(exp(-x~2)/(x"2),1,inf))
ans =
0.0891
and with Mathematica 8:

and in Maple 15:
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Digits = 5 :
« -
'-I-
evalf =— dx
x

0.0891

We can’t do that in Mathcad 14.
b) One can notice that

/ 2 dx</ ! dx.
o xlnz T )y Iz

However,
b o0 !/
1
lim dz = 2 lim (Inz) dz =2 lim ln(lnx)|g
b—oo Jo xInx b—oo Jo nr b— o0
=2lim (In(Inbd) —In(In2)) = oo;
b—o0
therefore

<2
/ dz
9 xlnzx

is divergent. Using the comparison criterion for the integrals it results that

(oo}
1
/ dax.
9 Inz
is divergent.

The same conclusion can be deduced in Matlab 7.9:
>>syms X

>> int(1/log(x),2,inf)

ans =

Inf
and in Mathcad 14:

and with Mathematica &:
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In[223]:= Integrate[l/Log[x], {x, 2, w}]:

Integrate::idiv : Integral of does not converge on {2, =c}, =

Log[x]

and using Maple 15:

6.4 Parameter Integrals

Proposition 6.19 (see [42], p. 76). If o (¢) and S (t) are two derivable

functions and there is %/ gg,t) and it is continuous, then

B(t)
F@:/mfmwm

is derivable and

50 9f (2
F’<t>:/ O ot £ (B(1) 1) B (1) + Fa(t),0) - o (£). (6.68)
a(t) ot

Proposition 6.20 (see [42], p. 80). Let f (z,t) and 3f((9f’t) be continuous
functions. If

o) b
F(t) = / f(z,t)de = blirglo f(z,t)dx

a

converges and faoo of éf’t) dx converges uniformly then F (t) is derivable and
<0 t
F(t) = / F@t) g, (6.69)
a ot

Example 6.21. Use the derivation formula relative to the respective pa-
rameter to compute the following parameter integral:

1.t
@F@:Ax Lo (6.70)

Inx



6.4 Parameter Integrals 297

1 a _ .0
X X
b)/o T e (6.71)
00 —tacz_ —3z22
C)F(t)z/ e e e (6.72)
O x

* arctan ax

d) F(a)= /0 v (1+ xQ)dx7 a>0. (6.73)

Solutions.
a) Using the formula (6.68) one obtains

1 t'l 1 1
F’(t):/ * nxdx:/ ridr = :

Therefore,

F(t):/tildtzln|t+1|+0. (6.74)

From (6.74) it results F' (0) = 0 but from (6.70) one knows F'(0) = C.
One deduces C' = 0 and

1
F(t):/t+1dt:1n|t+1|.

So that

1 .t
xt—1
F(t) = dzr =In|t+1]|. 6.75
0= [ " dr =Tl 1] (6.75)

A computer solution can be given only using Mathematica 8:

In[8]:= Integrate[ (x*t -1) fLog[x], {x, 0, 1}]

out]3}= ConditionalExpression[Log[l +t], Re[t] > -1]

b) It will result

1 a _ .0 1 a_l 1 ﬂ_l
F(a,ﬁ):/x xdx:/x dx—/x dx
o Inz o Inx o Inz

|oe+ 1]

(6.70)
1B+ 1|

F(a)-F(f)=In|la+1—-In|+1=1In

We can not compute this parameter integral using Matlab 7.9, Mathcad
14 or Maple 15; however in Mathematica 8 we shall have:



298 6. Terminology About Integral Calculus

In[1]= Integrate[ (x*a - x*f) /Log[x], {x, 0, 1}]

out]i ConditionalExpression[Log[l +a] -Leg[l + 8], Be[f] > -1 sseRe[a] = -1]

¢) Using the formula (6.69) it results

o 2 —tz? [e’s} o0
— 1 /
F'(t) =/ ve dz = —/ ze " dy = / (e_mz) dz
0 x 0 2t Jo
1 1
frng — ]_ g
2t (O ) 2t
and
F)=— [ Lar=-‘mp+c (6.76)

By calculating F'(3) in two ways, namely using (6.72) and respectively
(6.76) one obtains

F3) o

1
— C=_In3.
(616);1n3+c} 2

F(3)

Introducing the value of C in the formula (6.76) one obtains

1 1 1 1.3
F)=— | _dt=—_Tn|f|+ .In3=_In".
(®) ot plultl+ s =

We can also achieve this result only using Mathematica 8:
In[2]:= Integrate[ (Exp[-txx*2] -Exp[-3»x*2]) /fx, {x, 0, wm}]

1 t - 1
Qut[2]= Cl:nditicnalExpressinn[—— Lng[— |, Be[t] = 0O
2 3 - -

d) We shall have

o x 1 o 1
F, = . d = d .
(@) /0 1+ a22? x(1+2?) . /0 (1+22) (14 a?2?) *
Using the method of partial fraction expansions, we can write

1 _Ax+B  Cxz+D
(1+22)(14+a222) 1422  1+a22?’

namely
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(Az+ B) (1+0%2*) + (Cz+ D) (1+2%) = 1<

QA+ 0 =0 A=

o?B+D =0 . =— "
A+C=0=C=-A C=
B+D=1—D=1-B D=5,

Finally, one deduces

1 B 1 1 e 1
(1+22)(1+a222) | a2-1) 1422 a2-1 1+ a2z2

and
1 * 1 o [ 1
F =— d d
(@) a271/0 1+ 22 x+a271/0 14+ a222%"
1 s a? 00
=-, 1arctanx|0 +a2 1-a-arctanaﬂc|0 .
a? — _
Therefore,
1 s o 7r
! = — . .
Fla)== 1 9T 1y
namely
1 a—1 T
Fla)=—-_-_1 Inla?—1
(@) =-, 2na+1‘+4n|a |
aéoZ[71n|a71|+ln(a+1)+1n(a+1)+ln|a71|]
7
= _1 1).
"o+ 1)

Example 6.22. Use the parameter integral

"n (1 + tx)
F(t) = d .
o= [ "L (677
to calculate
1
In(1+x)
dz.
/0 1422 7

Solution.
Using the formula (6.68) it results
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300
t 2
1 In(1+41¢
F’(t):/ v oy )
o L+tx 1422 1+1¢2
We can write
x A +Bﬂc—&—C
(1+tx)(1+22) 1+tzr 1+22’
namely
A(l+2°)+ Bz +C)(1+tz) = 2
— t
Bt+A:0 A_ 1+t2
B+Ct=1 =4 B= ],
A+C=0 C:lth2
One obtains
1 t
Flty=— " /t dx +/t1+tzx+1”2 oy M0EE)
1+¢2 )y 1+tz ) 1+ 22 142 7
ie.
t 1 ¢ 1 b
F'(t) = - - In(1+t d
®) 1+12 tn(+x)0+1+t2/01+x2x
Lt /t de In(1+41?)
1+t Jo 1+ a? 1+¢2
and further,
, In (1 +¢2) 1 1 + t In (1 +12)
F'(t)=- _ 1+t2.21n(1+x2)|0+1+t2 arctan z|5 + Lag

Finally,

11 t
S 2
F'(t) = 5 142 In (1+¢*) + _ arctant.
Therefore
1 [In(1+¢?) t
F(t) = 2/ L dt+/1—|—t2 arctantdt
1 In(14¢ 1
- 2/ 1(+t2 Va1 2/(ln<1+t2))'ar0tantdt
1 [In(1+¢%)
+
/ 1+t2

1 [In(1+17) 1 2
f2/ _ dt+2arctant.1n(1+t)72

C
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namely

1
F((t)= ) arctant - In (1+ %) + C.

Since F' (0) = 0 one deduces C' = 0 and

1
F(t) = 5 arctant - In (1 +¢%) .

From (6.77) it results

1
In(1+x) 1 7 T
F(1) = de=_-"Im2="1In2,
(1) /0 1422 “C T2 4" T g

301

We can give a computer solution of the problem using Mathematica 8:

In[43]:= w := Integrate[Log[l+t=x] /{1 +x*2), {x, 0, 1}]:

Inf44]= 0 2=%w f. £ -= 1

In[48]:= SetPrecision[u, 6]

Outf46l= 0.2722 + 0. » 10" i

We shall check this result with Matlab 7.9:
>> syms X

>> u=int(log(1+x)/(1+x"2),x,0,1)
u=

(pi*log(2))/8

>> vpa(u,6)

ans =

0.272198

and in Mathcad 14:

B In(l+%) . winQ)

)
1+3x ;

and using Mathematica 8:
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In[453]:= Integrate[Log[l+x] /(1 +x*2), {x, 0, 1}]

=

f]
[u]

[0]:= SetPrecision[%, &]

outfsol= 0.272198

We can not do the same in Maple 15.

6.5 Problems
1. Find the integral:
1
/ e dz.
x\/l —4lnx —Inx
Computer solution.

We shall compute this indefinite integral in Mathematica 8:

Infd4}= Simplify[Integrate[Log[x] / (x=Sgrt[l - 4 » Log[x] - Log[x]*2]), x]]

2+ Log[x]
Dut[d}= -2 ArcSin[i 1

" 1-4/1-4Log[x] - Log[x]?
‘.J'I 5 d

and with Maple 15:

Inix)
1 1= 41n(x) — In(x)?

dx

o e 4 arcsin[ % J3 (2 +1n(x)) |

F

We shall not achieve this result using Maple 7.9 or Mathcad 14.
2. Evaluate the integral:

™

3
/ cot? pde.

6
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3. Find the area enclosed by the straight line z+y+2 = 0 and the parabola

y=—x2

Computer solution.

We shall compute this area in Matlab 7.9:

>> x=-2:0.1:2;

>> f=Q(x)-x-2;

>> g=@(x)-x."2;

>> plot(x,f(x),’m’,x,g(x),’b’,’LineWidth’,3)

05t |
At |
15] |
ol |
25t |
at |
35t |
-4 L L L L ; - :
2 15 1 0.5 o Ua i 18 :

>> syms 'y

>> u:solve(f(y)-g(Y)’Y)

u =

-1

2

>> Area=int(g(y)-f(y),y,u(1),u(2))

Area =

9/2

and with Mathcad 14:
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x=-2-199_2

f(x) =

-3
-2 -1 ] 1 2
X
=13
u = (¥} — 2(y) solve,y —| |
Sl RSy,
i
A= J o) - P dy  A=45
ug
and using Mathematica 8:
Infip= flx ] 1= - -2
In2}= g ] i= -3xr*2
2= PLot[{f[x], g[x]}, {x, -2, 2}]
—IJ . -I1 P . 1I
\,\ e =
~ e .
L -1F N\
N
Out] ‘\:ih:\ \‘-\
/ [ \"\\ ’
\‘“\
/ -3k T
f'..; \\\‘\
Ll

Infd4l:= ui=y /. Solve[f[y] -g[y] =0, 7]

Inff}= Integrate[g[y] - £[y], {y, ul[[1]1], u[[2]]1}]

I3
(RN}

and with Maple 15:
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Frmx—ex—2

gi=x—-x:
plot{{flx). glx) | x=-2.2)

P B! [N :

Area= %
4. Compute thea area contained between the parabolas

{y =22,

and the straight line
y = 2x.

5. Find the entire area bounded by the astroid:

2 2 2
€T3 +y3 = Q3.

305

6. Find the area bounded by the Oz- axis and one arc of the cycloid:

{ x(t) = a(t — sint) t e [0,21].

y(t) = a(l — cost).’

Computer solution.
We shall compute this area using Matlab 7.9:
>> x=Q@(t,a)a*(t-sin(t));
>> y=@Q(t,a)a*(1-cos(t));
>>symsta
>> int(y*diff(x,t),t,0,2*pi)
ans =
3*pi*a”2
>> t=0:0.01*pi:2*pi;
>> a=1;
>> plot(x(t,a),y(t,a),’m’,’LineWidth’,4)
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and with Mathcad 14:

wt,a) = a{t — sinft)) y(t.a) = a-{1 — cos(t))

2=

}-‘{t,a}-ix{t,a} dt — 3-1‘5-&2
dt

0
t=001=x_2=%
2 T T
wit.1) 1 =
o ] ]

|
0 2 4 6 3
®(t,1)

and in Mathematica 8:
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Inf8]= X[£ , a8 ] :=a=*{t-5in[t])
In[10)= ¥[E ;8 ] :=a=(1-Cos[t])

in[11:= Integrate[y[t, a] »D[x[t, a], t]1, {t, 0, 2+Pi}]

il 3a°nm

[
5

In[17:= ParametricPlot[{x[t, 1], ¥[t, 1]}, {t, 0, 2 Pi}]

20 —
+ f__ __q_hh““-u\.
1.5 : -""ff -\-R.Hm
o ’ ™~
Out[13)= 1.0 5 /r// \\x\
0.5 / \
i M L [
1 Z 3 4 3 &

and using Maple 15:
= (ta)—=a(t—sin(t))
(t.a)—alt—sin{1))
yi= (ta) = a(l—cos(f))
(t.a)—=all—cos(f))
I
J Wt a)- lx(r. a)d
) - di™

Ing
plotf |a-(t—sin())] a1 —cos(t)) t=02n J
a=1 a=1
2_
1.54
/ \
i/ \
/ \
[ \
0.5
0
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7. Find the entire area of the cardiod

p=a(l+cosh).

8. Find the length of the curve:

x(t) = a(2 cost — cos 2t)
y(t) = a(2sint — sin 2t). ’

Computer solution.

We shall compute the length of the curve using Matlab 7.9:

>>symst a
>> x=a*(2%*cos(t)-cos(2*t)) ;
>> y=a*(2*sin(t)-sin(2*t));

>> L=int(sqrt(diff(x,t) " 2+diff(y,t) "2),t,0,2*pi)

L =

16*(a~2)"(1/2)

and in Mathematica 8:
In[11:= ®[£ ] t=awx (2xCos[t] -Cos[2« L])
In[izk= y[t ] :=a= (2=5in[t] - Sin[2«t])

te0,2n].

Infi33= L = Integrate[Sqrt[D[x[t], t]*2 +D[¥[t], £]*2], {t, O, 2« Pil]

] -
Outf13= 164 a°

and with Maple 15:

x = t—a(2 cos(t) — cos(2-1))

yi= t—a (2 sin(f) — sin(2 1))
S [l AR e

L :=J v'll [Ex(r)] + [E'Ll:i:l] dr
1]

We can’t achieve this result in Mathcad 14.

9. Find the entire length of the cardiod

r=a(l+ cosy).

16 acsgnia)
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10. Find the area of the surface formed by the rotation of a part of the
curve

y = tanx
from z = 0 to z = 7, about the z- axis.

11. Find the volume of a torus formed by rotation of the circle

22+ (y—yo) =17, yo =
about the Oz- axis.

12. Find the volume of an ellipsoid formed by the rotation of the ellipse

about the Oz- axis.
Computer solution.
We shall compute this volume using Matlab 7.9:
>>symsxab
>> V=pi*b~2/a"2*int(a"2-x"2,x,-a,a)
V =
(4*pi*a*b~2)/3
and in Mathcad 14:

and with Mathematica &:

In2l= ¥ =Pixb*2/a"*2x Integrate[ (a*2 -x*2), {xX, -a, a}]

4 5
Ouf?l= — ab“m
3

and in Maple 15:

a a

V=]‘t'£j[ (a:’—x:]dr
a
-
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13.Find the centre of gravity of an arc of the semi-circle

x2—|—y2=T2, r > 0.

14.Find the coordinates of the centre of gravity of an area bounded by the
curves

{ y =1,

y =/

Computer solution.

We shall solve this problem using Matlab 7.9:

>> x=0:0.01:2;

>> yl=Q@(x)x."2;

>> y2=Q@(x)sqrt(x);

>> plot(x,y1(x),’m’,x,y2(x),’b’,’LineWidth’,3)

>> syms v

>> u=solve(y1l(v)-y2(v),v);

>> xg=int(v*(y2(v)-y1(v)),v,u(1),u(2))/int(y2(v)-y1(v),
v,u(1),u(2))

xXg =

9/20

>> yg=int((y2(v) "2-y1(v)"2),v,u(1),u(2))/int(y2(v)-y1(v),
v,u(1),u(2))

yg =

9/10

and in Mathcad 14:
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¥i(x) =x ydx) = \f; o)

u = v2Ax) - y1(x) solve,x — | |

i
o (y2(x) - ¥1(x)) dx
9
xg = h 5= — = 045
r 20
¥(x) - y1(x) dx
U
ro
| | 2 J?
~| 2w -y«
Ty
¥g=
1 -
y2x) — yl{x) dx Y2 0 =043

i

and in Mathematica 8:

311
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o= y1[3 ] 1= 3h2
Inf2k= y2[x ] := Sgrt[x]

Plot[{y1l[x], ¥2[x1}, {x, 0, 2}]

st

In[4)= wi=x /. Solve[yl[x] - y2([x] =0, x]

= xg = Integrate[xs (y2[x] - y1[x]), {x, ul[1]], u[[2]]1}]/
Integrate[y2[x] - y1[x], {x, u[[1]1, ul[211}]

W= 39 = 1/2 « Integrate[¥2(x]~2 - y1[x] *2, {x, ul[[11], uf[211}1/
Integrate[y2[x] - y1[x], {x, ul[11], ul(2]1}]

L

20

and with Maple 15:

3
2
o
1
0+
o 0s 1 15 2

u = solve(yI(x) — 12(x).x):

[ it —paa e

u

xg=
—
720
-]
% J yI0? — 1200 dx
e 1
ye=
¥g .
J yix) — ¥2(x) dx
v
1
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15.Evaluate the improper integral or establish their divergence:

/‘X’ dz
e

16.Find the convergence of the improper integral:

/100 dz
o Vr+2yr+ Yz
Computer solution.
We shall give a computer solution in Matlab 7.9:
>> syms X p

313

>> limit(subs(x"p/(x~(1/3)4+2*x"(1/4)+x"(1/5)),p,1/3),x,0,

right?)
ans =
0
and with Mathcad 14:

( 1 3

3

1 1 X

lim substitute p= - - ———
Vi 23+ 3R

xp'—_
x—>u+;‘h 1@”_{:‘.;”1&

and using Mathematica 8:

—= 0

Infi]= Limit[x*p/ (x*(1/3) +2»x*(1/4) +x*(1/5)) /. p+1/3, x> 0, Direction -+ -1]

out[il= 0

and in Maple 15:

: 1
lim 3 ;
x—0 JEiSEa e |0
3
Using the Proposition 6.11, we shall deduce that

100 dz

o Yor2yr o
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is absolute convergent.

17.Test the convergence of the integral

° arctanx
/ 0 dx
o z¢4+1
and evaluate it in the case of convergence.
Computer solution.
We shall solve this problem in Matlab 7.9:
>> syms X p
>> limit(subs(x"p*atan(x)/(1+x"2),p,2),x,0)
ans =
0
>> int(atan(x)/(14+x"2),x,0,inf)
ans =
pi“2/8
and with Mathcad 14:

: 2 !
by » __

: P, aﬁan[x} substitute,p= 2 — ; an(x) 0

i T T = 21 )

o i
atan(x ™
SRS o
p)

x +1

and in Mathematica 8:

In2l= Limit[x*pr ArcTan[x] f (L +x*2) /. p=+ 2, X =+ 0]

Out[2}= 0

In[3]:= Integrate[ArcTan[xz] /(1 +x+2), {x, 0, w}]

|
[}

Out[i —
a8

and using Maple 15:
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.}

1

3 it

18.Use the formula for differentiation with respect to the respective param-
eter to compute the following parameter integral:

o0 xm
/ de, mneR, n<m+1<0.
o l4am

19.By differentiating with respect to a parameter, evaluate

/1 o (1_a2x2)dx la| < 1.
0 V1— a2 ’

Computer solution.
Using Mathematica 8 we shall have:

In[2}= Integrate[Log[l -a*2xx*2] fSgrt[l-x+2], {x, 0, 1}]

1 ¢ ——i
Out[2}= ConditionalExpression [;: Lng[— |1 + 1,-'I 1-a°
< ! L

], Im[a] 0] -1<Re[a] <1]

We can’t compute this integral with Matlab 7.9 or Mathcad 14 or
Maplelb.

20.Applying differentiation with respect to a parameter, evaluate the fol-
lowing integral:

0o .
sin Sz
/ e . p dz, a > 0.
0 x

Computer solution.
We can compute this integral only with Mathematica 8:
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In[11}= Integrate [Exp[-axx] «Sin[B«x] /x, {x, 0, w=}]

Out[11}= CnnditinnalExpressinn[Arc’Ian[:],. Aba[Im[B5]] = Re[a] & Re[a] = TJ]
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Equations and Systems of Linear
Ordinary Differential Equations

7.1 Successive Approximation Method

Definition 7.1 (see [15], p. 292). A Cauchy problem consists in a dif-
ferential equation

Yy =f(zy), f:D—>R, DCR?

and an initial condition:

y (z0) = yo-
Let be the Cauchy problem:
y' = [f(zy)
7.1
{ y (x0) = 0. (7.1)

The solution of the problem (7.1) can be found as a limit of the sequence of
functions defined by the successive approximation method, (see [45], p. 77):

Yn (z0) :yo-&-/ﬁcf(t,yn_l(t))dt7 n=12... (7.2)

Example 7.2. Solve the Cauchy problem:

{ yyé(; iyl

G.A. Anastassiou and L.F. Iatan: Intelligent Routines, ISRL 39, pp. 317-[394
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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using the successive approximation method.
Solution.
The sequence of the successive approximation method (7.2) is:

Yo (v) =1
@ 21" 22 x;
=1 tdt =1 =1 =1
e +/O Tyl =ty =g

x t2 T ztS
y2<l'):].+/ t(1+ >dt—1+/ tdt+/ dt
0 2 0 0 2

2
2
21 AT 2 4 2 (3”2)
=1 =1 =1+ 2
+204—80 +2+8 +1!+ 2!
T 2 4 T $t3 $t5
yg(x):1+/t(1+ + )dt:1+/ tdt+/ dt+/ dt
0 2 8 0 0o 2 0
R A 2?2 at b
=1+ + =1+ _ + _ +
2|, 8l 48], 2 8 48
2, (3, ()
B 5 2 2
St oty

' N
yn<x)_z(2|) :

n
k!
k=0

The solution of our Cauchy problem will be

ok
| =(3) .
y(x)—nll_grgoyn(x)—kzzo =ez2.

We shall also solve this problem in Matlab 7.9:
function w=f(u,v)
w= u*v;
end
function r=y(n,t,x,y0)
r=y0;
for k=1:n
rl=int(f(t,r),t,0,x);
r=subs(rl,x,t)+y0;
end
end
In the command line we shall write:



7.1 Successive Approximation Method

>>syms x t

>> yl=subs(y(1,t,x,1),t,x)
yl =

141/2%x"2

>> y2=subs(y(2,t,x,1),t,x)
y2 =

1+1/8*x"441/2%x"2

>> y3=subs(y(3,t,x,1),t,x)
y3 =

14+1/48*x"64+1/8*x"4+1/2*x"2
and using Mathcad 14:

f(ry) = vy

yn,txyl) = |r <
for kel.n
et
I
rl « J f(t,r)dt
0

re1l+yl

r

5

¥(1,t,5,1) substitute t=x — “7 1
4 2

. X
y(2,t.x, 1) substitute t=x - —+ — + 1
¥l tx, i i

6 4 2

V3.0, 1) substitute t= 3 — — + — + = 41
4 s 2

and in Mathematica 8:

= o, b ,x, ¥0 ] =
Module[{r = y0},
For[k =1,k <=1, k++, ¥ = t; rl = Integrate[f[t, r], {t, 0, x}]; r=y0+1l];

1
InEg)= ¥ 1, X, %, 1]

Outfegl= 1+

|,

o= ¥ (2, %, %, 1]

Outfeg)= 1+

r |,
co | %

In70y= ¥ (3, %, %, 1]

X X X
ouioE 1+ — ¢ — + —
2 8 48

319
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and with Maple 15:

&
re= v
for &k from 1 to# do
X

i Jf[r; /) dr
]

r=y0+ri
x=1
end do;
end proc;
¥l tx1)
t=x
"
132
2 Exl)
f=x
T, RO S
¥(3.6x1)
I=x
l: & 4 2
I+ — "+ —x + —x
F el S

7.2 First Order Differential Equations Solvable by
Quadratures

Definition 7.3 (see [3]). A equality of the form

F(z,y,y") =0, (7.3)

where F : D — R, D C R3 it is called a first order differential equation.
Definition 7.4 (see [3]). A relation of the form

F(z,y,A\) =0 (7.4)
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in which ) is a real parameter, represents a family of curves in the plane
2Oy, each curve from the family being determined by the value of the
respective parameter \.

Definition 7.5 (see [3]). The general solution of a differential equation
means a family of functions that depend on a constant C' with the following
two properties:

a) for each fixed C, each function is a solution on an interval, which depends
on C;

b) in every point of the domain D it crosses a solution of the family and
only one.

Definition 7.6 (see [3]). We call a particular solution of a differential
equation any solution which is obtained from the general one, through the
particularization of the constant C'.

Definition 7.7 (see [3]). The singular solution is a solution which has
the property that through every point of its, at least one solution of the
equation crosses. The singular solution can not be obtained from the general
solution, for any value of the constant C.

Remark 7.8. From the point of geometrical view, the singular solution is
the envelope of the family of those curves that define the general solution.
Definition 7.9 (see [23], p. 263). The envelope of a family of curves
is the curve, which is tangent at every point of its, of a curve from the
respective family (see Fig 7.1).

Fig. 7.1 The envelope of a family of curves

To get the equation of the considered family envelope it must that the
parameter to be eliminated between the equations

F(z,y,A\) =0
and

F'(z,y,\) = 0.
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7.2.1 First Order Differential Equations with
Separable Variables

Definition 7.10 (see [3]). A differential equation with separable
variables is a first-order equation of the type

Y =p@)q(y), (7.5)

where p,q : (a,b) — R are continuous, g # 0.
Formal, if we write

Y7
then the equation (7.5) becomes
dy
q(y)
and it admits the unique solution, defined implicitly by the equality:

/in) - /p(x) dz +C . (7.6)

Remark 7.11. If a is a finite number and ¢ (a) = 0 then y = a is a solution
of the equation (7.5). This solution is often singular.
Example 7.12. Find the solution of the equation:

=p(z)dz

1y ! 1 1
a)y = — —

4 r y?+2 x(y*+2)
b) 2yy’ = .

) 2yy o 4+ 1

Solutions.
a) The equation can be written:

gt ot
v = x  y:+2 x

i.e.

or

1 v+ 1
/
frd 1 .
Y ( +x> Y2+ 2

i.e.
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2
Y +2 1
dy= {1 dz;
21" ( +$) "
therefore
2
Yy +2 1
dy = 1 da;
/y2+1y /(U) "
hence

y +arctany =z + In|z| + C.

We can solve this equation only using Matlab 7.9:
>>y= dsolve('Dy=1+1/x-(1/(y"2+2))*(14+1/x)’,’x’)
y =
i
-i
solve(y + atan(y) = C3 4+ x + log(x), y)
We shall not achieve any solution of this equation if we use Mathcad 14,
Mathematica 8 or Maple 15.
b) We shall have:

€T

€
2ydy = da;
ydy =, 9%

eZL’
2/ydyz/e$+1dx,

y? =In(e” + 1)+ C.

hence

i.e.

We can also solve this equation in Matlab 7.9:
>> y=dsolve(’'Dy=exp(x)/(2*y*(exp(x)+1))’,’x’)
y =

(log(exp(x)+1)+C1)"(1/2)
-(log(exp(x)+1)+C1)"(1/2)
and with Mathematica 8.0:

In2)= DSolwe [D[y [x], x] = Bxp[x] / (2w ¥ [x] » (Bxp[x] + 1)), 7[x], x]

] ]
ouzie {{wlx] » -,/ 2€111 + Log[1+ %] }, {¥lx1 >, 2€11] +Toa[1 + e*] }]

L] Y

and using Maple 15:
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: &
de = diff(v =
ode iff(vix), x) 2}(‘:].(&4_ 1]
i1,=(_‘c)=L ¢
dox 2 'Ll:‘f:l{EtI—Fl]

dsolvel ode)

¥ix) =y 1n(€ + 1] + CI,¥(x)=-4 111(13jr + 1] + CI

7.2.2 First Order Homogeneous Differential
Equations

Definition 7.13 (see [3]). We call homogeneous differential equation, an
equation of the form:

y' = f(zy), (7.7)
/ being a continuous and homogeneous (of degree zero) function.
Using the change of variable

u(x) =", (7.8)

the homogeneous equations are reduced to some equations with separable
variables.
Substituting (7.8) in the equation (7.7) it results the equation
y =u'r +u,

i.e.

which is an equation with separable variables.
Remark 7.14. The homogeneous equations also admit singular solutions,
namely the roots of equation
f(lu)—u=0. (7.9)
As u = C is a root of the equation (7.7), from the relation (7.8) it results

y=Cux,

i.e. the homogeneous equations admit the straight lines as some particular
solutions.
Example 7.15. Integrate the equation:

,_THY
_;Ufy.
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Solution.

We obtain:
;143

x

Making the change of variable (7.8) it results that
y=ur =y =uvz+u
hence, the equation will be

1+u

) = Wrtu)(l—u)=1+u<= v (1—-u)z=u>+1,
—u

v +u=

i.e. one achieves the equation with separable variables:

1—u dx
) du=
u?+1 T

therefore

1—u dx 1 u
du = = du — du =1
/u2+1u /x /u2+1u /u2+1u nlz|+C,

i.e.

1
arctanu — 9 In (u*+1) =ln|z|+ C < amctanufln’x\/u2 + 1’ =C.

Finally, we shall have

2
arctan y_ In x\/y2 +1
T T

=C
or
arctanz —1In|y/22 —|—y2’ =C.
We shall have in Matlab 7.0:
>>y=dsolve('Dy=(x+y)/(x-y)’,’x’)
y =
-1/2%*log((y"24+x"2)/x"2)4atan(y/x)-log(x)-C1 = 0
and with Mathematica 8:
Inf2):= DSolve [D[y[x], x] = (x+y[x]) / (x-¥[x]), ¥[x], x]
(2] - 1 12, :
Out[3}= S|31VE[—I—'n:‘u:'.]‘an[EI [x] ! B Lng[l + y[:r;_ ! =C[1] - Log[x], v[x] !

x - £ X
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and in Maple 15:

—d o x+yx)
R T e
dsalvel ade)
vix) = tan[RoorOf[ SITEE ln[ 171} +2In(x) + 2 _CI\| ] 5%
cos(_Z)~ )

We can’t achieve this solution using Matlab 7.9 or in Mathcad 14.

7.2.3 Equations with Reduce to Homogeneous
Equations

Definition 7.16 (see [3]). The equations that one reduce to homogeneous
equations are some equations of the type:

b
y o= arThyta R =12 (7.10)
a2 + bay + c2

As the equations
ax+biy+c1 =0
asx +boy+c2 =0

represents the equations of two straight lines, we shall analyze the following
cases:

1. the straight lines are parallel:

a]p = /\a2

as b b1 = A\ba;

the equation (7.10) becomes

; Aax 4 bay) + 1

as® + bay + c2
Denoting
asx + by =u
we have
u' = as + bay';

we achieve
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! !/
’ u — a9 u as
= = —_— . 7.11
y by by by (7.11)
From (7.10) and (7.11) we deduce the following equation with separable
variables:

/
u _0,2:)\’&—"-01. (7.12)

ba  be U+ Cco

2. If the straight lines one cross in the point (xg, yo), then is made a trans-
lation of the axes, such that the new origin to be the point of coordinates

(w0, 90):

{“_xxo (7.13)

Therefore

We shall obtain

=0
A~

- ~
o — ar (u+x0) + b1 (v+yo)+c1 aru+biv+aixe 4 biyo + ¢
az (u+xo) + b2 (v +yo) + c2 a1u+b1v+22x0+b2y0+ca’
~
=0

i.e.

, a1u+ b
 ayu+ b’
Hence, it results the homogeneous equation
,:a1+blz (7.14)
as + bQZ

Definition 7.17 (see [3]). The same method one applies to the equations
of the general form:

ax+ b1y + 1
y-f(

>,mﬁ“q€RJ—L2 (7.15)
as® + bay + c2

Example 7.18. Find the general solution of the differential equation:

(dr+y+1)de+ (2z+y—1)dy =0.

Solution.
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We obtain:
,_ Azt y+1l
20 +y—1
As
ar _

4
a b
?31 i } - # bl —> the straightlines are not parallel(we are in the second case).
b2

Solving the system
dr4+y+1=0
20 +y—1=0

we achieve the solution

z=-1
y=3;
therefore, the straight lines one cross in the point (—1, 3).
With (7.13) we shall have:

u=z+1
v=y—3
and it results the homogeneous equation
v = B )
2+
Denoting

:t7
u

we can transform the previous differential equation into the following equa-
tion with separable variables:

44+t
tu+t=—
ut 24+t
ie. t+2 d
T
t2+3t+4 u

We shall deduce that:

t+2 du
7/t2+3t+4dt7/ u’

i.e.
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1 2t 1 dt
/ 3 dt / =hnul+C <=

2/ 243t+4  2) 243t+4
1 1 dt
—21n‘t2—|—3t+4|—2/ 42 7=ln|u|+C<:>
(t+32)"+1
1 1 2t + 3
— In|t?+3t+4] - arctan =In|u|+ C.
) = pretan” ¥ = ln
Finally, it will result:
-3
1 y—3\2 y—3 2(§+1)+37
_21n ($+1) +3<$+1)+4 —\/7arctan 7 =Inlz+ 1]+ C,
i.e.
1 2 2 1 3z +2y—3
,ZIH‘(yf?)) +3(-3)(z+1)+4(x+1) ’f\/7arctan VT ) = In|z + 1]+C.

In Matlab 7.0 (but not in Matlab 7.9) we shall have:

>>y=dsolve("Dy=-(4*x+y+1)/(2*x+y-1)’,’x’)

y =

1/2%l0g (4% (x-+1) " 2-3% (-y+3)*(x-+ 1)+ (-y+3)2)/ (x-+1) "2) +

1/7%77(1/2)*atan(1/7*(-3*x+3-2*%y)*77(1/2) /(x+1))-log(x+1)-
Cl=0

and with Mathematica 8:

In[6]:= DSolwe[D[y[x], X] == - (d»x+ y[x] +1) F (2wx+ y[x] -1), ¥y[x], x]:

In[71= Simplify [%]

1. Al
~ LeZxsp[x] T
Cut[T}= Snlve[z V7 Arc]‘an[—_’]| =

W 7

( 4-x+4xf+3(-1+x) v[x] +v[x]%4)

7 4C[1§+2ch[2-j1+xf:]ach[ = , vix] ]
2101 +x)° 3 ¥
and in Maple 15:
ode = i}'(le . 4‘-x+_}|{1‘(:| + 1
i 2+ yx) — 1
dsolve( ode) -

We can’t achieve this result using Mathcad 14.
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7.2.4 First Order Linear Differential Equations

Definition 7.19 (see [3]). A differential non-homogeneous equation
is of the form

y =p@@)y+q(z), (7.16)
where p, ¢ are two continuous functions.
Remark 7.20. As the equation (7.16) has the degree one in y and ¥’ is
also called linear.
Proposition 7.21 (see [3]). The general solution non-homogeneous equa-
tion (7.16) is equal to the general solution of the homogeneous equation
y' =p(x)y,

adding the particular solution of the non-homogeneous equation (which is
obtained using the method of variation of the constants of Lagrange) and
it has the analytical expression:

y (x) = ef Pe)x (01 + / q(x)et p<m>dzdx> , C1 €R. (7.17)
Example 7.22. Solve the equation:

vy —y=a?cosxz, x> 0.

Solution.
First Method. Writing the equation of the form:

y' = 4 +xcosx,
x

one notices that

LoD

therefore, using (7.17) it results that:

y(z) = ef 2d (01 +/mcosx~e* I idzdx) =eln® <C1 +/accosac~e_1m“dm)

y(x)zx(Cl—&-/x-icosxdx),

and, further:

i.e.
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y(xz) =z (Cy +sinz),

Second Method. The equation could also be solved as follows:
Step 1. We solve the homogeneous equation:

y ="
x
denoting
vy _
=u
x

which has the solution

u=C,

hence the solution of the homogeneous equation will be

y(z) = Cu.
Step 2. We apply the method of variation of the constants:

Yp () = C(z)r =y, (x) = 2C" () + C ().

From the condition that the particular solution to satisfy the non- ho-
mogeneous equation, we deduce

zC' () + C (z) = C(? P zeosz,
ie.

zC' () + C (z) = C () + x cos z.
Finally, it results that

C' (z) = cos;

therefore
C(x)= /cosx de = C (z) =sinx + Cy,

yp () =C(x) -z =z (sinx + Cs)

and
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y(z) =yo (x) +yp (x) = Cx+xsine +2Cy =z (C + Cs) + xsin,
ie.

y(x) =2z (Cy +sinz).

Using Matlab 7.9, we shall achieve:
>> y=dsolve(’x*Dy-y=x"2%cos(x)’,’x’)
y =
x*sin(x)+x*C1
We can also solve this equation using Mathematica 8:
Inf21):= DSolve[X D[y [x], X] == ¥y[x] + x*2xCos[x], ¥[x], X]

Out21f [[¥[x] - xC[1] +x Sin[x]}}
and with Maple 15:
ode == x-diff(v(x).x) —¥(x) = x‘z-caasl:x]
ol

[ Lot J x—¥(x) = 2 cos(x)

dsolve( odea)
¥ix) =xsin(x) +x_CI

7.2.5 FEzact Differential Equations

Definition 7.23 (see [3]). A total differential equation is of the form:

f(z.y)dz +g(x,y)dy =0, f,g: D CR* = R. (7.18)
If the left side of the equation (7.18) is the total differential of a function
®:D — R, ie.
d? = f(x,y)dz + g (x,y) dy, (7.19)
then the differential equation is called exact differential equation.

Proposition 7.24 (see [3]). The necessary and sufficient condition that
the equation (7.18) to be exact differential is that
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of _ 9y
dy  Ox (7.20)

Proposition 7.25 (see [3]). The general solution of the exact differential
equation is:

& (w,y) = C, (7.21)

where

@(m,y):/mf(t,yo)dt+/yg(x,t)dt, (20,10) € D. (7.22)

Yo
If the condition (7.20) is not accomplished, then the differential equation
(7.18) must be multiplied by an integrating factor u(x,y) such that the
equation to become an exact differential equation.
There are two cases:

Case 1.If = p (z), then the condition (7.20) becomes

0 0 af  og ,
ay(f w= g, u)@uay =pg T =
woooh =5
= Y x = €T
p g ¢ (v)
and
(1 (z) = el #@)dz, (7.23)

Case 2. If = p(y), then reasoning as in the case 1, the condition (7.20)
becomes:

! of _ og
17} ox
L= v f = (y)
and u(y) = el e, (7.24)

Example 7.26. Solve the equation:
a) (ye™ — dzy)da + (ze” — 2302) dy =0

b) y(1+zy)de —ady =0, y #0.

Solutions.

Denoting

{ f(x,y) = ye™ — day
(

g(x,y) = ve™ — 222
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it will result that:

‘gf :e”y+xye”y—4x}:> 8f: dg

y
99 — oY 4 pye™ — g dy Ox’

Ox
i.e. the given equation is an exact differential equation.
Using (7.21) and (7.22) we deduce that:

@ y
/ (yoetyo _ 4ty0) dt + / (;Uezt — 2;U2) dt = C <=

0 Yo

21T

t T
eto[ —dyo- 9

+ eg”t|zO - 2x2t|zo =C <—
0]

x

e — 22%y = O,

where

C1L = C + %% 4 ngyo.

Solving in Matlab 7.9 the proposed differential equation, we distinguish
the following steps:

Step 1. We check if the equation is an exact differential equation.

>>syms xy t y0 x0

>>f=y*exp(x*y)-4*x*y;

>> g=x*exp(x*y)-2*x"2;

>> d1=diff(f,y);

>> d2=diff(g,x);

>> dl==d2

ans =

1

Step 2. As the equation is an exact differential equation, we can apply
the formula (7.22) to determine its solution.

>> Phi=int(subs(f,{x,y},{t,y0}),t,x0,x)+int(subs(g,y,t),t,y0,y)

Phi =

exp(x*y) - exp(x0*y0) - 2*x"2*y + 2*x0"2*y0

We shall also solve this problem using Mathcad 14:
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f{x,fr-':} T— }.-.Ex-'_‘r-' o -1-}{} lﬁixs}'—} o Ex.}.- o

a4

d
fx.y) = —glx.y) =1
dy dx

X

}.‘
Pz, v,x0,v0) = J £(t,v0) de + J. 2(x,t) dt
0

x0
T T ETE g T o

and with Mathematica 8:
In[156]:= £[3 , ¥ ] :=F»EXp[XaF] -daxxy
niEk= glx , ¥ ] i=X+Exp[xr=¥] -2ax"2
In[17}= D[f[x, ¥]1, ¥] ==DIg[x, ¥], X]

Out[17}= True

[18]:= ¢ = Simplify[Integrate[f[t, y0], {t, x0, x}] + Integrate[g[x, £], {t, 70, ¥}]]

oufizl= e*¥ - e _ 3 x% v+ 2 x0% yO

and in Maple 15:

f=(x3) = y&? —4xy:
gi= (x)) »x&¥ -2

vl 5 f3) = 5= g(x3) )

Irile
x ¥

O | fley0) &+ | glxn)
xfl yil

b) Denoting
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it will result that:
oy " Ox’

i.e. the given equation is not an exact differential equation.
We can notice that

of _ 99

dy 31_1+2xy+1_ 2(1+xy) ——2—<p(y)'
—f —y(1+wzy) -y +ay) y ’
hence
—24 —21 —1Iny? 1
M(y):ef Jdy _ o—2Infy| _ —Iny® _

y2

is the integrating factor.

Multiplying the given equation with y12 we achieve:
1
TWa— T ay =0,
Y Y

which is an exact differential equation.
Using (7.21) and (7.22) we deduce that:

T1+t Y
/ +yodt+/ ;dt:0<:>
z Y

0 Yo 0
1 tQI t—2+1 Yy
(x — o) + —x- =C =
Yo 2z -2+1],,
2
T
=C
2 +y 1
where )
T T
Ci=C+ 047"
2 Y

We can also solve this equation in Matlab 7.9:

Step 1. We check if the equation is an exact differential equation.
>>syms xy t yO x0

>> f=y*(1+x*y);

>> g=-X;

>> d1=diff(f,y);

>> d2=diff(g,x);

>> dl==d2

ans —

0
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Step 2. Since the equation is not an exact total differential equation, we
must determine the integrating factor (7.24):

>> phi=simple((d1-d2)/(-f))

phi =

-2/y

>> miu=exp(int(phi,y))

miu =

1/y"2

Step 3. We can apply the formula (7.22) in order to determine the solution
of the equation.

>>Phi=int(subs(f*miu,{x,y},{t,y0}),t,x0,x)+int
(subs(g*miu,y,t),t,y0,y);

>> Phi=expand (Phi)

Phi =

piecewise([0 <=y and y0 <= 0, x/y0 - x*Inf - x0/y0 + x"2/2
-x072/2], [y < 0or 0 < y0, x/y - x0/y0 4+ x"2/2 - x0°2/2])

We shall also solve this problem using Mathcad 14:

£(x.y) = y-(1+x) Ay ==

d d
— vy =— — 2 1=-1
dx[l}} dxﬂx}} Xy +
=2 Iix.-fr-'}—d—glix.-}-'}
dy dx
- dy
— (=, y) ’
piy) =e smmH?-+-%
7
fl(z.y) = f(x.¥)-u(y) gl(x.y) = g(z.¥)-pn(y)
rE ry
=,y x0,v0) = J f1(t, y0) dt + J gl{x, t) dt
bl vl

and with Mathematica &:
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n[130]= f[¥ , ¥ ] :=¥=[l+X=y)
In[i3i}= gx , ¥ ] i= -x

Inf122y= DLE[x, ¥1, ¥] ==Dlglx, ¥]1, x]

Out[132F 1+2xy = -1

In1z3y= @ := (D[f[x, y1, ¥] -DIglx, ¥1, =1} / (-T[x, ¥1}

r

I= uly 1 = Simplify [Exp[Integrate[e, ¥]1]]

infi3s)= f1[x , ¥ ] = £[%, ¥] #u[¥];

In[128)= gl[x , ¥ ] =g[x, ¥] »p[¥]”

In[137}= ¢ = Simplify [Integrate[f1[t, yO1, {t, x0, x}] + Integrate[gl[x, t], {t, ¥0, ¥}1]

X+ 5 i

1 2x  x0 {2 +=x0y0)
Out[137 CcnditinnalExpressiDn[— —_— 7|
2

¥ ]

: 2 ¥il vo

|l&'&'0 = y0 &&Re[y—yﬂ] = fJJ I RE[y-nyJ 2-11]| g eReals]
and in Maple 15:
f= (x3) =y (1 +x3)
g (xy) —-x:

alb 2= f(x3) = —g(x3)
“ [ﬂ}' e axg“]
Jalse
BT
a_}-f'-":l']'ga'.l’:}] i
_f[x:..."‘.] =

pi= ()= :
f1=(xy) = fly) uly):
gl = (xy) = glx ) p(¥):
assume(0 < y0 < y)

X I
D = J Ji(z y0) dt +J‘ gl(x 1) dt

xf) v

5 Lo 3. ==l x(y0~ — 3=)
2 2 e YO~ ¥~
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7.2.6 Bernoulli’s Equation

Definition 7.27 (see [3]). The differential equation of the form

Yy =px)y+q(x)y® (7.25)

constitutes the Bernoulli’s equation, p, ¢ being two continuous functions.
Proposition 7.28 (see [3]). If

e o = 0 then the equation (7.25) becomes an non-homogeneous linear
differential equation;

e o = 1 then the equation (7.25) becomes a differential equation with
separable variables.

Otherwise, i.e. for & € R\ {0, 1}, using the change of function

Y= zlflu, (7.26)

the equation (7.25) one reduces to an non-homogeneous linear differential
equation.
Example 7.29. Solve the equation:

y'74yfx\/y:(), x>0, y>0.
x

Solution.
We can notice that

1
a=,,
hence, using the change of function
y =2
from the fact that
y =222

it will result the linear differential equation:
x
9"

From the relation (7.17) it results that the solution of this equation will

be
2 2 1
z (x) —of 2de (Cl +/326 -e_fmd”dx> = z? (01 + 9 1D9€> ;

therefore

z’:22+
x
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1 2
y(x) =zt (C’1+ 21nx> .

We shall achieve this explicit solution in Matlab 7.9:
>> y=simplify(dsolve(’Dy-4*y /x-x*sqrt(y)’,’x’))
y =

0

(x"4*(2*C3 + log(x))"2)/4

and using Mathematica 8:

DSolve [y '[X] ==4»x¥[xX] /X +x=Sgrt[y[x]], ¥[x], x]:

In5)= Simplify [%]
1

Out]s}= I{y[x: 5= x*(2C[1] + Log[x]) 2}
L 4 44

We shall find only an implicit solution using Maple 15:

ode = diff(v(x).x) - %-N yx) =0

Ly -2 3 =0

dx - x
dsolve( ode)
Y oo
S = [ ~In(x) + _C1]2=0

We can not solve the equation in Mathcad 14.
7.2.7 Riccati’s Equation

Definition 7.30 (see [3]). A differential equation, which is of the form

Y =p@)y*+q@)y+r(z) (7.27)

represents the Riccati’s equation, p, g,  being three continuous functions.
Proposition 7.31 (see [3]). If you know a particular solution y, () of
the equation (7.27), then using the substitution

1
Y=1yYp+ 5 (7.28)

the equation (7.27) becomes a non-homogeneous differential equation.
Example 7.32. Solve the equation:
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vy =y — e+ 1)y + 22+ 2, y1(z) =2, > 0.

Solution.
This is a Riccati equation.
We can write the equation on the form:

. yr 2r+1

y:
T

y+zx+2

Using the substitution from (7.28), i.e.:

1
y=r+ =y =1-",
z

the equation becomes:

s 1 1\? 2241 1
-, = z+ - r+ | +x+2
zZ X z X z

after some calculus it will result the equation:

1 2x+1
-2 =224+ - + 2,
x
i.e. the linear differential equation:
1 1
="z .
x x

2 (2) = of 2o (C1+/(1> .efglgd:rdx> —x(C’1/1 . 1dx>
X r T
1

z(x) =Cix+1
and
(z) = Ciz>+z+1
y a Cixz+1

We shall obtain using Matlab 7.9:

>> y=dsolve(’x*Dy=y " 2-(2*x+1)*y+x"2+2%x’,’x")
y =

x

x + 1/(C2*x + 1)

and with Mathematica 8:
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Inf4)= DSolve[xx ¥ "'[X] = y[x]*2 - (2ex+ 1) o ¥[x] +x*2 +2xx, y[x], x]:
In[Eh= Simplify [%]

] H&'[:LE P BBt Y

x-C[1] H

=]
]

and in Maple 15:

7.2.8 Lagrange’s Equation

Definition 7.33 (sce [3]). A differential equation of the form

y=xA(y)+B(Y), (7.29)

in which A, B are two continuous functions means the Lagrange’
s equation.

Denoting
' dy _ _
y—p<:>dx—p<:>dy—pdx (7.30)
the equation (7.29) becomes
y=xzA(p)+ B(p); (7.31)

by differentiation we get:

p de = A(p)dx + [zA" (p) + B (p)] dp,

(p— A(p)) dz = [zA’ (p) + B’ (p)] dp.
If

Lp—A(p)#0
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then it results

dz _ A'(p) B’ (p)
dp  p-Ap T p-Ap)
a non-homogeneous differential equation, having the general solution:
’ 1, !/
r=el S0 dp (C + /e_ J 2 dp pﬁzflp()p) dp) ) (7.32)
Thereby, from (7.31) and (7.32) we deduce that the general solution of
the Lagrange equation is:

Al (p _ Al(p B, (p)
— A(p)e) » A <c+/ I A0 dp d > +B(p). (7.33
y=A(pe e poAp® (p). (7.33)

2. p—A (p) one cancels on the common interval of definition of the functions
A and B, then we shall denote by p; the solution of the equation:

p—A(p) =0 (7.34)

whose corresponds a solution of the Lagrange equation, i.e.

y=zA(p1)+B(p). (7.35)

The Lagrange’s equation admits the straight lines of the form (7.35) as
singular solutions, given by the roots of the equation (7.34).
Example 7.34. Solve the equation:

_ 4 /2 8 /3
Y=gy o7
Solution.
This is a Lagrange equation.
Denoting
!
Yy =p
the equation will become:
4 5 8 4
=x— . 7.36
y=a— 0, p (7.36)

By differentiation with respect to x we obtain:

dy = da — Sp dp + szdp;

using (7.30) it results:
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pdr = dx — Sp dp + szdp7

i.e.

(p—1)dx = 8(p*1)pdp

9
and, finally (if p # 1 ):

8
de= pd
4 gp D,

which is a differential equation with separable variables; therefore

4
x = 9102 +C. (7.37)

From (7.36) we deduce:

_4 2 4 2 8 3
y=gPp +C oP T orP"
i.e.
_Sp4c (7.38)
Y= gpP T '

If p # 1, the general solution of the differential equation can be obtained
from (7.37) and (7.38) in the following way:

e from (7.37) it results that

3
p=i2\/x—0;

e substituting p into (7.38) we shall have:

y(x):i(x—C)g/g—&-C.

If p = 1, the singular solution will be:

4
y(x)f727+x.

We shall find the solutions of this equation and we shall plot them in
Matlab 7.9:

>> y=simplify(dsolve(’x-y=(4/9)*Dy"2-(8/27)*Dy"3’,’x’))

y =

x-4/27

C2 + (-(C2 - x)"3)"(1/2)
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C2- (-(C2-x)"3)"(1/2)

>> t=-12:0.1:12;

>> Cl=12;

>>x=(t."2)."(1/3)+C1;

>>y=t4+C1;

>> C2=11;

>>x1=(t."2)."(1/3)+C2;

>>yl=t+C2;

>> C3=8;

>> x2=(t."2).7(1/3)+C3;

>>y2=t4+C3;

>> C4=2;

>> x4=(t."2)."7(1/3)+C4;

>> y4=t+C4;

>> C5=10;

>> x5=(t."2).7(1/3)+C5;

>>y5=t+C5;

>> x3=-15:15;

>>y3=-4/274x3;

>> plot(x,y,’b’,x2,y2,’b’,x4,y4,’b’,x5,y5,’b’,x3,y3,’m’,
’LineWidth’,2)

s -10 5 0 5 10 14 20

and using Maple 15:
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ode = x = y(x) = 3-diffly(x). x)" = S-diffly(x). x)°
dsolve( ode)
Wx)=x— %_L(_‘C) = ci—(x— ¢y =_ci+ (x— _cni? ®
2= 11:C3=8:€1=2:C5= 10
1 1
? 2 el
plot| |x3, +CLt+CLt=-12 12|, (r) +C2t+02t=-12 12| [(#)" +Ccir+C3r=-12 12)
1 1
3 213 . R
[( )T vesr+oar=-12.12) |(F) +c_-,a+c_s,r=—12..12”.x3=—15..15

7.2.9 Clairaut’s Equation

Definition 7.35 (see [3]). The differential equation of the form

y=uzy +B(y), (7.39)

B being a continuous function means the Clairaut’s equation.
Denoting

the equation (7.39) becomes
y=ap+ B (p); (7.40)
by differentiation we obtain:
p dr = pdx + zdp + B’ (p) dp,
ie.
[+ B’ (p)]dp = 0.
If
1.dp=0=p=_C,

then from (7.40) we achieve
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y=Cx+ B(C), (7.41)

equation which represents a family of straight lines in plane, which is the
general solution of the Clairaut equation.

2.2+ B (p) =0= 2 =—-B'(p);
we get the singular solution of the Clairaut equation:
y=—pB'(p)+ B (). (7.42)
Example 7.35. Solve the equation:

12

y=xy — 4y
Solution.
This is a Clairaut equation.
Denoting
y =p
the equation becomes:
y = pr — 4p°,
ie.
dy = pdx + xdp — 8pdp.
As
d
¥y p=dy=pdx
dz

we shall deduce that:

pdx = pdz + = dp — 8pdp,
ie.
(x —8p)dp = 0.
We shall analyse the following two cases:
Casel. dp=0=p="C.
The solution of the differential equation is
y = Cx — 4C?

and means a family of straight lines.
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Case 2. x —8p =0;

it results that:

or

(one achieves by eliminating p between the two equations) constitutes a
singular solution.

We shall solve this problem in Matlab 7.9:

>> y=dsolve(’y=x*Dy-4*Dy"2’,’x’)

y =

x"2/16

C*x - 4*C"2

>> t=-2:0.1:2;

>> x=t;

>> y=t."2/16;

>>C=0.01;

>>y1=C*x-4*C"2

>>C1=0.04;

>>y2=C1*x-4*C1"°2 ;

>> C2=0.09;

>> y3=C2*x-4*C2"2;

>> plot(x,y,’b’,x,y1,x,y2,x,y3,’LineWidth’,2)

and with Maple 15:
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oder— v(x)=x -diff{v(x), x) — 4-diff{v(x). x]2 .

dsalve( ode)
) = %r{ x)=x Cl—4_CF M
C = 001:CI=— 0.04:C2=— 0.09:
. 2 ; 5
plot| || Jo-tt="2.2| [cx—4ctox=-22][Cix—4CP x

x=-2.2][czx—4CcP xx=-2 __7]]]

2q —
—
1
-0z -01 o1 0z
-1/1
2 \\‘““«

We can’t solve this problem in Mathcad 14.

Mathematica 8 finds only that solution of the equation, which represents
a family of straight lines; it can’t determine the singular solution of this
Clairaut equation.

7.3 Higher Order Differential Equations

7.3.1 Homogeneous Linear Differential Equations
with Constant Coefficients

Definition 7.36 (see [25]). A differential equation of the form

aoy™ + a1y Y + .+ apo1y +any =0, (7.43)

where ag,a1,...,a, are some real constants, ag # 0 is called homo-
geneous differential linear equation, of order n,with constant
coefficients.

Definition 7.37 (see [25]). The polynomial

P(N) =a\" + X"+t ap N +ay (7.44)

represents the attached characteristic polynomial of the homoge-
neous differential equation of order n, with constant coefficients
from (7.43) and the equation
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P()\) =0 (7.45)

constitutes the attached characteristic of the homogeneous differ-
ential equation of order n, with constant coefficients from (7.43).
The method by which we obtain the differential equation solutions (7.43)
was introduced of L. Euler, who tried to satisfy this equation with some
functions of the form e*.
We can notice that the solutions of differential equation (7.43) depend

on the characteristic equation roots (see [25]).

Case 1.Firstly, we consider the case when the roots of the characteristic
equation are real and in turn, we analyze, the subcase when the roots
are distinct and then the case when the characteristic equation has also
multiple roots.

a) Assuming that the characteristic equation has all the roots distinct
and real, we can write the solution of the homogeneous linear differ-
ential equation (7.43) of the form

y(z) = C1eM" 4+ Cpe™** + ...+ Cpe™™. (7.46)

b) If the characteristic equation has the real root A = Ay, multiple of the
order p, p < n we can write the general solution of the homogeneous
linear differential (7.43) of the form

y(z) = C1eMT 4 Coze™™ + ...+ CpaP~teM?; (7.47)

this expression of y () is also called the contribution of the real mul-
tiple root, of the order p, A = Ay of the characteristic equation, to the
general solution of the homogeneous equation.

c¢) The characteristic equation has real k roots A1, Aa..., A, with the
multiplicities p1,ps...,pk, p1 + P2+ ...+ pr = n, then the general
solution of the homogeneous linear differential (7.43) is

Y (@) = Qpi—1 (1) €M% + Qpym1 (1) 27 o+ Qpmn () M7, (T.48)
where
th—l (Z‘) =C1+Cox+...+ Cpil"”_l (749)
is a polynomial, by at most p; — 1 degree.
Case 2. We suppose that the roots of the characteristic equation are com-

plex and in turn, we analyze the subcase when the roots are distinct and
then the case when the characteristic equation has also multiple roots.
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a) We assume that all the characteristic equation has distinct complex
roots; it results that they are two by two complex-conjugate. The general
solution of the homogencous differential equation (7.43) will be:

y(x) = C1e™1% cos B + C2e™2% cos Box + ... + (7.50)
Cre“k?® cos Bz + C;ealz sin 81z + C;eaQ‘T sin Boxz + ... + C’;eakm sin B x,
where C;, C},i = 1, k are some arbitrary constants.
b) Supposing that the characteristic equation has the complex multiple root

A1 = a1 + i of the order p; it results that the general solution of the
homogeneous differential equation will be:

y(z) = C1e¥1% cos B1x + Coxe®1® cos Bz + ... + (7.51)

Cplscplflealm cos Bz + Cye“1¥sin Bz + Coxe®1®sin Brz + ... + C;lacplfleulw sin B x.

¢) The characteristic equation has the complex roots

A= ag +ify
Ao = ag + i
/\j =qj +Zﬂj

of multiplicities p1, p2,...,p;, where 2(p1 +p2+ ... +p;) =n.
The general solution of the homogeneous differential equation (7.43) will
be

y(x) = [R1 (x) cos Brx + Sy (x) sin frz] e™*™ (7.52)
+ ...+ [Rp,—1 (@) cos Bz + Sp,—1 (x) sin Bjz] €7,

where

BR, i (r)=C1+Cox+...+Cpa% " is a polynomial by at most p; —1
degree,

WS, 1(z)=Cf+C5z+.. .+ Cp x"i~" is a polynomial by at most p; —1
degree.

Case 3.We suppose that the characteristic equation has



352 7. Equations and Systems of Linear Ordinary Differential Equations

B the real roots Ay, Az ..., A, with the multiplicities p1,p2...,Dp;
and
B the complex roots
Ajr1 =1 +1if
Aj+2 = a2 +if2
At = +if
with the multiplicities p;y1,pj42...,pj4+1 , where

pr+pe+...+pi +2(j1 +pjr2+ .+ pip) =0

The general solution of the homogeneous differential equation (7.43) will
be:

J l
y(z) = Z Qp;—1 (x) M kz: kT [Rijrk—l (z) cos Brx + Spj+k—1 (z) sin ka] R
i=1 =1

(7.53)
where:

B Q,,_1(x) is a polynomial by at most p; — 1 degree and it has the ex-
pression (7.49),

B R, 1(x)=citcax+...4cp ar" is a polynomial by at most pg, —1
degree,

WS, 1 1(x)=ci+ciz+...+cy xre~" is a polynomial by at most py —1
degree.

Example 7.38. Find the general solution of the homogeneous differential
equations, with constant coefficients:

b) y — 5y +4=0
&)y 4 3y® 1 3y 1y =
d) y® +5y" +4y =0

e) y(4)+2y///+3y//+2y/+y20
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f) 64y® — 48y ® + 124 1y = 0.

Solutions.
a) We obtain the characteristic polynomial

PN\ =X-1
The roots of the characteristic equation P (\) = 0 are \j 2 = %1.
Using (7.46), we shall have

{ 1 (z) = e”

Y2 (2) ="
and the general solution will be
y(x) = Cr1e” 4+ Coe™".

In Matlab 7.9 we need the following sequence:
>> y=dsolve(’'D2y=y’,’x’)

y =
Cl*exp(x)+C2/exp(x)
We can also solve this equation using Mathematica 8:

In[2]:= D3elve[y''[x] == y[x], ¥[x], x]

[{vix] = e"C[1] +e™C[2]}]

e
Out]3}=

and with Maple 15:

ode = i—(zytle %)

dsolvel ode)

b) We have

PA)=0X-5X+4=0& (N>—4)(N>-1)=0

Ao = +1
N34 = £2.
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We obtain
Y1 (v) = e”
Y2 (v) = e
Y3 (SU) — e2z

The general solution of the homogeneous linear differential equation will
be

y(x) = Cre” + Coe™™ + Cse?® + Cue 2",

¢) We obtain the characteristic polynomial

PA) = AT 430 43\ + Xt = M (A +1)°.
The roots of the characteristic equation P (A) = 0 are:

¢ )\ =0 a multiple root of the order 4,
¢ )\ = —1 a multiple root of the order 3.

Using (7.48), the general solution will be:

y(x) =C1+ Cox + Csz? + Cyz® + (C’5 + Cex + C’7;U2) e %,

d) We obtain the characteristic polynomial

P(A) = A" +5X% +4.
The roots of the characteristic equation P (A) = 0 are:
ALz = &
Asq = 2.
Using (7.52), the general solution will be:

y(x) = Cycosx + Cysina + Cscos 2z + Cy sin 2z.
We can also achieve this solution using Matlab 7.9:
>> y=dsolve("D4y+5*D2y+4*y=0’,’x")
y =
Cl*cos(x)+C2*sin(x)+C3*cos(2*x)+C4*sin(2*x)
and in Mathematica 8:

In[1]= DSolve [y """ "[x] + 5wy ' "[x] + 2wy [x] =0, v[x], x]

outf1= {{¥[x] = C[3] Coa[x] +C[1] Cos[2 x] +C[4] 5in[x] +C[2] 5in[2x]}}



7.3 Higher Order Differential Equations 355
or
In2]= D3olwe [D[y[x], {x, 4}] + S«D[y[x], {x, 2}] +4»y[x] = 0, y[x], x]

outrl= [[¥[x] = C[3] Coa[x] +C[1] Coa[2x] +C[4] Sin[x] + C[2] Sin[2x]}}

and with Maple 15:

4 2

ode = % ¥(x}+ 5 ;1? ¥x)+4¥x)=0
i 2
—¥lx 5 vix 4v(x) =0
:1~.:'"”+ [ﬂ;,(l]+ (x)

deolve| ode)
¥(x)= Clsin(x) + C2cos(x) + CFsin(2x) + CScos(2x)

e) We have

PO =0 (N+r+1)°=0
—144v/3

=4 )\172 = 9

Using (7.50), we achieve:

y1 (z) = e 2% cos \g?’x
ys (x) = >
The general solution of the homogeneous linear differential equation will
be:

y(z) = <C1 cos \23$+CQ sin \23:1:) eféz + <03 cos \2390+ Cy sin \23:r> xeféz.

We shall have in Matlab 7.9:
>> y=simplify(dsolve('D4y+2*D3y+3*D2y+2*Dy+y=0’,’x"))
y =
(C2*cos((37(1/2)*x)/2) + C4*sin((37(1/2)
x)/2) + C3*x*cos((3"(1/2)*x)/2) + C5*x*sin((3"(1/2)*x)/2))/exp(x/2)
and using Mathematica 8:
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Simplify[
DSolve [
Dly[x], {x, 4}] + 2«D[7y[x], {x, 3}] + 3Dy [x], {x, 2}] +
2xD[y[x], x] + ¥[x] =0, y[x], x]]

/2

( SERE
u:-::[3]+x-::[4]j=c|:.s[ > ]+

Out[5}= Hy[x] = e

NER
- e [ 1
(C[1] +xC[2]) Sln[ : ]|}j

and with Maple 15:
4 3 2

ode = —4}'(.'(] + 2 %yl{x] + 3 :i?}'(x] +2 ¥ix) + wix)
=0
d & & d
RECRE [ E}{.ﬂ] +3 [F“‘“] +2(4)  ©
+¥(x)=0
dsolve( ode)

I:_Jll—-
H

cos[ % \,."'T :c] (2)

= i
+ fe: = cns[?y?:_‘c}‘c

f) We achieve the characteristic polynomial
P (M) = 6475 4+ 48X0 + 120" + A2 = A2 (4A% + 1),
The roots of the characteristic equation P (A) = 0 are:

A1 = 0 a double root,
A23 = :I:;i some triple roots.

Using (7.53), the general solution will be
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x x
y(z) =C1 + Cozw + (Cg + Cyx + C5:U2) cos 9 + (C’G + Crx + ngQ) sin 9

7.3.2 Non-homogeneous Linear Differential
Equations with Constant Coefficients

Definition 7.39 (see [25]). A differential equation of the form

aoy™ +ary" Y+t apy +any = f(2), (7.54)

where ag, a1, . .., an_1, a, are some real constants, ag # 0 and f : C(©) (I) —
R is a continuous function on an interval I C R is called non-homogeneous
linear differential equation of order n, with constant coefficients.

The general solution of this equation is the sum of the general solution
of the associated homogeneous equation and a particular solution of the
non-homogeneous equation; therefore:

y (@) =yo (z) +yp (2). (7.55)

In the case when f is an arbitrary function, for the determination of a
particular solution of the non-homogeneous equation is used:

A)the method of wvariation of constants, developed by Joseph Louis
Lagrange;
B) the method of the undetermined coefficients.

7.3.2.1 The Method of Variation of Constants

The particular solution of the non-homogeneous equation can be found in
the form (see [3]):

Yp (2) = C1 (z) y1 (2) + C2 () y2 () + - + Cn (@) Y (7)) (7.56)

where {Ci(2),C%(x),...,Cl (z)} represents the solution of the
non-homogeneous linear algebraic system, of n equations, with n unknowns:
Cr(x)yr (x) + C (2) ya () + -+ C, () yn (x) =0
Cr@)m (@) + Cy (2) vy (2) + -+ + O (2) yp, () = 0

4 (x) y%”f) () + C4 (2) y&f” (@) + -+ Ol (2) yz";” (x) =0
Of @)yt (@) + O (@) 18" (@) + -+ O () i (2) = T,
(7.57)
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Remark 7.40. If the order of the nonhomogeneous differential equation is
high, then the calculus for determining the particular solution become la-
borious, since the system which results by applying the method of variation
of the constants has n equations, and n unknown functions.

Example 7.41. Determine the general solution of the following non-
homogeneous linear differential equation with constant coeflicients:

1 3/ 2: .
VA= e

Solution.
First of all, we determine the general solution of the associated homoge-
neous equation:

y" + 3y +2y=0.
We have:
PA=XN4+3A+2=A+1)(A+2).

The characteristic equation P (A) = 0 has the roots A\ = —1, g = —2.
We achieve

Yo () = Cre™ " + Che 2,
We seek

yp (@) = C1 (2) ™" + O (x) 727,

where

Cl(r)e ® +Ch(r)e™2* =0
{ Oy ()" —2CY (x)e 2 = | L. (7.58)
We notice that the determinant of the system is
e T e—2x
A= e Wz, x9] # 0.
If we add the two equations of the system (7.58) we deduce
1
70/ -2z _ :
5(z)e 14 oo
therefore
6290 6290 + % — % e (eac + 1) — e e*
Cl = — = — = — = — $
2 () 1+e® 1+e® 1+ e ¢ +1+ef’“’7

i.e.
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x e’ _ T x
C’g(;v)_/(e +1+ex)dxe +In(1+e%).
We shall have

672:1: 621 T

/ _ v _ . LT =
Cy (x) = =Cf (x) - e e e .

and

C’l(x)z/ e dz=1In(1+¢€").

It results that

yp () = e TIn(1+e") + [—e® +1In (1 +e%)] e "
=(e"4+e ) In(l+e")—e "

The general solution of the nonhomogeneous equation will be

y(z)=Cre™" + Cae ™™ + (e +e ) In(1+e") —e ™.
We shall solve this equation in Matlab 7.9:
>> y=dsolve(’'D2y+3*Dy+2*y=1/(1+exp(x))’,’x’)
y =
exp(-2*x)*log(1+exp(x))+exp(-x)*log(1l+exp(x))-exp(-2*x)
Cl4exp(-x)*C2
and with Mathematica 8:

In[18)= Simplify[
DSolve[D[y[x], {x, 2}] + 3xD[y[x], X] +2xy¥[xX] =
1/ (1 +Explx]), ¥[x], x]]

oufiel {{y[x] - e T IEl e -1 -E[2N = B’ Log[1+e*])}}
and in Maple 15:

¥

ode = j—gytx:l - a-i}-(x:l +23(x) = —

1+e’f:

dsolve( ode)
yx)=e*In(1 + &) +In(1 + &) e 2 — 2% ¢
+e* C2
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7.3.2.2 The Method of the Undetermined Coefficients

The physical problems contribute to some equations of the form (7.54),
where f (z) has a particular form and in such cases the particular solution
of the nonhomogeneous equation can be determined by the method of the
undetermined coefficients.

We can distinguish the following situations (see [25]):

Situation 1. The right side of the differential equation (7.54) has the form

f(x) = C = const.

a) If A = 0 is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

Yp (z) = < (7.59)

Gn

b) If A = 0 is a multiple root of the order m of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

C-ax™

m! - ap_m

Yp (7) = (7.60)

Situation 2. The right side of the differential equation (7.54) has the form

f(z) = Ce*™,
where « is a constant.

a) If A = « is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

C-e**

v (@)= (@) (7.61)

b) If A = « is a multiple root of the order m of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

C.xm.eaz

yp (r) = p(m) (@) (7.62)
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Situation 3. The right side of the differential equation (7.54) has the form

f(x) =Py (z),

where P, (z) is a polynomial by the degree m.

a) If A = 0 is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

Yp (2) = Qm (2), (7.63)

where @, () is a polynomial of the same degree as P, (z), whose coeffi-
cients are determined by identifying, with the condition that ¥, (x) checks
the non-homogeneous equation.

b) If A = 0 is a multiple root of the order r of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

Yp (2) = 2"Qm (2), (7.64)

where @, (x) is a polynomial of the same degree as Py, ().

Situation 4The right side of the differential equation (7.54) has the form

f(x) =e" Py (x).

a) If A = « is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

Yp (2) = e Qm (), (7.65)

where @, (z) is a polynomial of the same degree as P, (z), whose coeffi-
cients are determined by identifying, with the condition that y, (z) from
(7.65) checks the non-homogeneous equation.

b) If A = « is a multiple root of the order r of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

yp () = 2" Qp, (). (7.66)
Situation 5. The right side of the differential equation (7.54) has the form
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f () = M cos fx + N sin .

a) If A = (i is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

yp (x) = Acos Sz + Bsin fz. (7.67)

b) If A = Bi is a multiple root of the order m of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

yp () = 2™ (Acos fx + Bsinfz) . (7.68)

Situation 6. The right side of the differential equation (7.54) has the form

f(x) = e (P (z) cos B + Qm (x) sin fx) .

a)If A = o + Bi is not a root of the characteristic equation, then the
differential equation (7.54) has a particular solution of the form

yp () = e (R, (x) cos Bz + Sy, (x) sin ) . (7.69)

b)If A = a + §i is a multiple root of the order r of the characteristic
equation, then the differential equation (7.54) has a particular solution
of the form

Yp () = "€ (R, (x) cos fx 4+ Sy, () sin fz) . (7.70)

Situation 7. The right side of the differential equation (7.54) has the form

f@)=fi(x)+ -+ fi(),

with f; (z) of the form from the situations 1- 6.
In this case, the differential equation (7.54) has a particular solution of
the form

Yp () = yp1 (z) + - + Ypi (), (7.71)

with y,; (x) corresponding to f; ().
Example 7.42. Find the general solution of the non-homogeneous differ-
ential equations, with constant coefficients:
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a)y"+y =3
b) y/I/ Jr 4y1/ + 5yl — 1 + 4671
)y’ — 5y + 6y =62 — 10z + 2

d) y@® + 2" +y = sinz.

Solutions.
a) The associated characteristic polynomial of the homogeneous equation

is
P(\) =)+
The characteristic equation has the roots Ay =0, Ao = —1.
The solution of the homogeneous equation is
Yo () = C1 + Cae™".

Using (7.60), the particular solution of the nonhomogeneous equation is

3.zt 3x
Yp () = IV =3z

and the general solution of the differential equation will be
y(xz) =C1 + Coe™ + 3.
b) The associated characteristic polynomial of the homogeneous equation
is
PA) =X 44X + 5 =X (N +4\+5).

The characteristic equation has the roots

A =0
Ay =—2+i
Ay =—2—1i.

The solution of the homogeneous equation is
Yo (x) =C1 + Cre 2 sinz + Cye 2% cos .
The particular solution of the non-homogeneous equation is
Yp (2) = yp1 (z) + yp2 (2) ,

where
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( ) 1-at x T
xTr) = = =
Ypt 1! as—1 a 5
and
4.e7% 4.e7"
_ — 9.7
(@)= p = ¢
therefore
T
= _ —2.e "
Yp () 5 €

The general solution of the differential equation will be
—2z —2x z —x
y(x) =C1 + Cre™*sinz + Cse cosx+572~e .

¢) The associated characteristic polynomial of the homogeneous equation
is
PA)=MN-5x+6=(A—-2)(A—3).

The characteristic equation has the roots Ay =2, Ao = 3.
The solution of the homogeneous equation is

Yo (x) = C1e%® + Che’®.

The particular solution of the non-homogeneous equation is

yp (r) = 2* 4+ ax +b.
We have

{ y, () =2z +a
Yy, (z) = 2.
We achieve
252z +a)+6 (2% +az +b) = 62° — 10z + 2;
hence

—10+6a=—-10=a=0
2-5a+6b=2=0b=0

i.e.

yp (z) = 2.

The general solution of the differential equation will be
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y(z) = C1e*® + Cpe3® + 22
We shall have in Matlab 7.9:
>> y=dsolve(’D2y-5*Dy+6*y=6*x"2-10*x+42",’x")
y =
x"24 Cl*exp(3*x)+C2*exp(2*x)
and with Mathematica &:

In2]:= DSolve [D[y[x], {x, 2}] -5 »xD[¥[x], X] +6xy¥[X] =
Gex*2 - 10=xx+2, y[x], x]

oz {[w[x] =" + e**C[1] + **C[2]]]

and in Maple 15:

& d )

ode:= ——y(x) — 5 —p(x) + 6-p(x)=6x" —10-x+ 2:
dx” dx

dsolve( ode)

Wx) =X 2+ & I+

365

d) The associated characteristic equation of the homogeneous differential

equation
y @ 429" 4y =0
is
N+1)’=0s
A1 =1, Ay = —i are some double roots.
We obtain
Yo () = (C1 + Cax) cosx 4+ (Cy + Cax) sinz.
We seek

yp (r) = 2% (Acosx + Bsinz).
We shall have
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yy, (z) = 2z (Acosx 4+ Bsinz) + 2? (—Asinx + B cos x)
Y, (2) =2 (Acosz + Bsinx) + 4z (—Asinz + Bcosx)
+2% (—Acosx — Bsinz)

Yy (z) =6 (—Asinz + Beosz) + 6x (—Acosx — Bsinx)
+a22 (Asinz — Bcosx)
yz()4) () =12(—Acosz — Bsinz) + 8z (Asinz — Bcos )
+22 (Acosw + Bsinz).

By emphasizing the condition that the particular solution to check the
non-homogeneous equation

y @ 42y +y =sinz

we deduce

12(—=Acosz — Bsinx) + 8z (Asinz — Bcosx) + 2 (Acosx + Bsinx)
+4 (Acosx + Bsinz) + 8z (—Asinx + Bcosx) + 22° (—Acosz — Bsinx)

+2% (Acosz + Bsinz) = sin z;

hence

1
—8Acosxr —8Bsinx =sine = A=0,B = ~3

It results that

and

y(z) = (C1 4+ Cax)cosx + (Cy + Cax) sinx — x8 sin z.

We shall check this result in Matlab 7.9:
>> y=simplify(dsolve("D4y+2*D2y+y=sin(x)’,’x"))
y =
C2*cos(x) - (x"2*sin(x))/8 + C4*sin(x) - (x*cos(x))/8 +
C5*x*sin(x) + C3*x*cos(x)
and using Mathematica 8:
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In[15):= DSolwve[D[y[x], {x, 4}] + 2«D[y[x], {x, 2}] + ¥[x] == Sin[x],
¥[x], x];
In[1E]= Simplify [%]
Il i 1 Ny
Qut[16}= ; = |C[1] -— +C[2 C ]+
wier {{vix] | [ J+x|_  +Cl ]|| o0a %]
1

— [1-2x* +16C[3] +16xC[4]) Sin[x] }}
18 1 ! Jl

and with Maple 15:

ode == i yix)+ 2 i ¥(x) + y(x) = sin(x) :
&t &
simplifyl dsolve( ode) )

¥lx)=- 1 cos(x) x + % sinfx) — % sin(x) 4+ _CIcos(x)

+ C2sin(x) + CIcos(x)x+ Csin(x) x

7.3.3 Fuler’s Equation

Definition 7.43 (see [15], p. 312). A non-homogeneous linear differential
equation, of higer order, with variable coefficients, which may be reduced
to an equation with constant coefficients, called Euler’s equation:

anz"y"™ + an 12"y b arzy +agy = [ (2), (7.72)

with a; € R,4=0,n, and f is a continuous function.

In the equation (7.72) the derivatives are taken in relation to z.

Euler’s equation is reduced to an equation with constant coefficients by
changing the independent variable

r=¢e x>0 (7.73)
i.e.
t=Inx.
It will results that:
dy dy dt 1dy _,dy
/ t
= = . = = . 4
YT de T At dr xdt Cdt (7.74)
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, &y d|dy | dF dF dt 1dF
dz?  der | dz | dz dt dz oz dt
~~

F
d [ _dy o dy | dPy
_ ot t -t t
- dt(e dt>_e (e a ¢ oae )
i.e.
"= e —dy+d2y ; (7.75)
4= dt ~ de2 )’ '
similarly,
Py d|dy| dG dG At 1dG
V' T de3 Tdr|de2 | T de T dt dz T oz odt
~~
G
o, d [ dy d%
_ at, 2t [ _ _
- dt<e < dt+dt2>)
B B dy d2y B d2y ddy
— et |92t _ 2t [
¢ { ¢ ( ar Tae )t ae s
(ol Py Ay &y
dt dez de2  de3 )’
i.e.

dt dez  de?
Example 7.44. Find the general solution of the differential equation:

d &y d®
Y = e (2 Y3 Yy y) : (7.76)

"

23y + 322y + xy = 1.

Solution.

Using the change of variable from (7.73) and the relations (7.74), (7.76)
we have:

dy a2 d
et [e_% < d:i + dtgﬂ +3e% et d‘:{ +ely=1

d?y d d
= (dtg - di) ey ety =1
d? d

y+26t Y

t
-1
a2 ar TeY= L

— e
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i.e. it has resulted the non-homogeneous linear differential equation with
constant coefficients: 42 d
Yo% | y=e "'
de? dt
Firstly, we shall solve the homogeneous linear differential equation with
constant coefficients

2

d%y
9
a2 g

We obtain the characteristic polynomial

d
Z+y:&

P(\) =M +2)2+1.

The roots of the characteristic equation P (A) = 0 are: A\j 2 = —1.
Using (7.47), the general solution will be:

Yo (1) = Cre™t + Cot e,

ie.
¢, C
Yo (@)= "+ *lnlal.
x
Using (7.62) we shall assume
2. ot
t =
yp( ) 9 I
ie.
In? ||
Yp (Z‘) - 2 ’

hence the general solution of the Euler’s equation is:

In? ||
2z

We can achieve this solution only in Matlab 7.9:
>> y=dsolve(’x"3*D2y+3*x"2*¥Dy+x*y=1’,’x")

y =
C7/x + log(x)"2/(2*x) 4+ (C8%*log(x))/x

7.3.4 Homogeneous Systems of Differential
Equations with Constant Coefficients

Definition 7.45 (see [56]). A system of differential equations of the form



370
Yp = any1 + a2y +
Yy = a21Y1 + a2y +
y',n = Gn1Y1 + an2y2 +
where
Wy, =" k=1
Y dx 5 Ty

| (D) fi € C(O) (I)7Z7j = 17”7 1 g Ra

n Z1,T2, -

7. Equations and Systems of Linear Ordinary Differential Equations

ot anyn + f1(x)

c At agnYn + f2 (2)
(7.77)

"‘+annyn+fn(x)7

.y, € C (1) are some unknown functions

is called a linear system of first order differential equations.
The functions are called the coefficients of the system.

If fi =/fa =.

.. = fn = 0 on I, the system is called homogeneous,

otherwise it is called non-homogeneous.

A homogeneous linear system, with
in the matriceal form:

Y =4

where

ail a2 -
azi1 a2 - -

An1 An2 * -

constant coefficients can be written

Y (2), (7.78)

A1n
a2n

Ann

The system (7.78) can be solved using the following two methods:

e method of characteristic equation,

e climination method.
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7.3.5 Method of Characteristic Equation

Definition 7.46 (see [56]). The equation

det (A—A,) =0 (7.79)
is called the characteristic equation of the system (7.78).

Case 1. If the matrix A has some distinct eigenvalues, then of each eigen-
value it corresponds a eigenvector, of components (A, Ao, ..., A,).

To determine the general solution of the homogeneous system (7.78) one
proceeds as follows:

1. solve the equation (7.79);
2. achieve the eigenvalues \;, i = 1,n;

3. for each eigenvalue A = );, its corresponding eigenvector
(Ays, Ao,y ..., Ap;) one determines;

4. write the general solution of the homogeneous system (7.78):

1 () = A11C1eMT + A15C2e2% + - + A1, Cpetn®
Y2 (ZL’) = "421(716)\lz + AQQCQQ)‘?‘T + -+ AQnC’neA"“’

Yn (Z‘) = An101e>\1x + AnQCQBAQx et Armcnehnx.
Case 2. The case of the multiple eigenvalues.

We suppose that A = \g is an eigenvalue of multiplicity m-order of the

matrix A.
The solution Y (z) will be:

A Aia Aim
A1 Aso Aom 1 A

Y (7) = . -Cy + . cxCo + -+ + . A O S
Anl AnQ Anm

(7.80)
Example 7.47. Find the general solution of the system of differential
equations

{yi = —3y1 — ¥2
Yy = Y1 — Y.

Solution.
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-3 -1

1 -1’

-3-X -1
1 —1-A

The equation P (A) = 0 has A = —2 as a double root.
Using (7.80), we propose a solution of the form

vo = () - (i)

y1 (7) = (A1 + Ajpz) e
Yo (1) = (A21 + Agow)e™2%.

We require that the solution from (7.81) to check the homogeneous
system

We have

A

P()\)—det(AAIQ)—‘ ’—(/\+2)2.

therefore

(7.81)

A12e72% — 2(Aqq + A1aw) e 2% = —3(A11 + A121) e 2% — (A1 + Agox)e™ 2
Agoe™2% — 2 (Ag1 + Agox)e™ 2" = (A11 + A1ax) e 2% — (Ag1 + Agox) e 2%,

It results that
(A12 — 2A11) e 2T _2A 151 72T = (—3A11 — Ao1) e~ 2T _ (3A21 + A22) re— 2
(Ag2 — 2A21) e 2% — 24992 67 2% = (A1 — A21)e 2" 4 (A13 — Agz) ze ™27

i.e.

Aip —2A11 = —3A11 — Axn A+ A2+ A2 =0
2412 = 3A21 + Aao —Aipg —Ap =0
= 7.82
Azo — 2A91 = A1 — A Apn +Aop — A =0 (7.82)
—2A99 = A1p — A A1z + Age = 0.
If we let Aj1, A1 arbitrary, then from (7.82) we obtain
Aoy = —An — App
7.83
{ Ay = —Au, (7.83)

From (7.81) and (7.83) we deduce

= (5) (A )

or
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- (20) - () e () e

Solving this system, we shall have in Matlab 7.9:

>> [yl,y2]=dsolve('Dyl=-3*yl-y2’,’Dy2=y1-y2’,’x’)
yl =

C9/exp(2*x) - C10/exp(2*x) - (C9*x)/exp(2*x)

y2 =

C10/exp(2*x) + (C9*x)/exp(2*x)

and in Mathematica 8:

In[2]:= DSolwe[{D[¥1l[x], x] = -3»y1[x] - y2[x],
Dly2[x], x] = y1[x] - ¥y2[x]1}, {¥1[=x], y2[x]1}, x]:

In[4]= Simplify [%]

outid {{v1[x] - e 2" [C[1] -xC[1] -xC[Z]),

v2[x] » e* (C[2] +x (C[1] +C[2])) ]

and with Maple 15:
spsl= [iv}(xj =-3ypl(x) — y2(x) il.:'-'(y_-] =yI(x) — y2(x)
] : & Fels ¥y o £ il LZ1e
soll = dsolve(sys1)
(yI(x)=e ¥ (CI+ _€2x).,32(x) = - **(_CI+ _C2x 1))
+_c2)}

7.3.6 FElimination Method

Elimination method consists in reducing the system of the differential equa-
tions to a single linear differential equation of order n, for one of the un-
known functions of the system and then solving this equation.

In the case of a system of the differential equations of the form

Y1 = anyr + a2y
Yo = a21y1 + a22y2,

the elimination method involves the following steps (see [3] and [56]):

1. We compute
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y; = a11y’1 + Chzyé = anyll + a12 (a21y1 + ag2y2)

!
a11yy + a12a21y1 + a12a22Y2
y'1 — a11Y1

!
= a11y; + a12a021y1 + a12a22 - a
12

= (a11 + ag2) yll + (a12a21 — a11a22) Y1.

2. We solve the differential equation

yi’ - (an + &22) yi - (&12a21 - &11a22) y1 =0

whose solution is y; ().
3. We substitute y; (z) in the second equation of the system to determine

Y2 ().
Example 7.48. Use the elimination method to determine the general so-

lution for the following system of differential equations

Yy = 3y2 — 4ys
(7.84)

Yo = —Ys3

Y3 = —2y1 + yo.

It results that the homogeneous linear differential equation with constant
coefficients:

1= 8y; — 4yh — 3y = 8y} + 4ys + 6y1 — 3y

Yy =
= 8y} + 6y — y) = Tyy + 6y,

i.e.
vy —Tyy — 6y = 0.

We shall achieve the characteristic polynomial

PPA)=X-TA=6=A+1)(A+2)(A—3).

The roots of the characteristic equation P; (A) = 0 are:

A =1
Ay = —2
As = 3.

It results that:
(7.85)

y (x) =Cre™ ™ + Che™ 2 4 Oye3®.
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We have

Yz = =205 + vy = =205 — us,
i.e.
yé/ +y3 = —2y/1 = -2 (—C’le_’” —2C% e_% + 303 63’”) .

We solve the non-homogeneous differential equation with constant
coefficients:

Yy +ys = 201677 +4Cy e 2 — 603 e*”.

First of all we determine the general solution of the associated homoge-
neous equation:

ys +ys =0.
We have:
Ps(\) =X\ +1.

The characteristic equation P3 (A) = 0 has the roots:
A =i
A1 =i

Y30 () = Cycosz + Cs sin z.

We obtain

We have

b PS(i]'):?#Ov
i P3(72):57£07
o P5(3)=10+#0.

Therefore

2C1e™* 4Che 2" B 6C5e3®

T R(-1) " P(-2)  P(3)
4 3
=(Cie * + 502672‘1’ — 5C3631.

Yap (2)

It results that

4 3
y3 (x) = Cycosx + Cssinx + Cre™" + 5026_2x — T Oe" (7.86)
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We have

30363:1:’

4
yy = —y3 = —Cycosxz — Cysinz — Cre™ " — 5026721 + 5

i.e.

2 1
ya () = —Cysinx 4+ Cs cosx + Cre™ " + 502672‘1’ + 503631 + Cq. (7.87)

Substituting (7.85), (7.86) and (7.87) into (7.84) we shall achieve

-3C, —4C5 =0
3C5*4C4ZOZ>C4:C5:CGZO
3Cs = 0.

Denoting by

Ci =K,
10y = K,

203 = K3

the general solution of the system (7.84) will be

y1 (1) = K1e™® + 5Kae™ 2% 4+ 5 K3e3®
Yo () = K1e7% + 2Koe 2% 4 K3e3®
ys (1) = K1e @ + 4Koe ™2 — 3K3e37.

We can also obtain this solution in Matlab 7.9:

>> [yl,y2,y3]=dsolve(’Dy1=3*y2-4*y3’,’Dy2=-y3°,’
Dy3=-2*yl1+4y2’,’x’)

yl =

(56*C11)/(4*exp(2*x)) - (5*C12*exp(3*x))/3 + C13/exp(x)

y2 =

C11/(2*exp(2*x)) - (C12*exp(3*x))/3 + C13/exp(x)

y3 =

Cll/exp(2*x) + Cl2*exp(3*x) + C13/exp(x)

and using Mathematica 8:
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In[Z]:= DSolwe [{D[y1[x], x] == 3»y2[x] -4 »y3[x], D[y2[x], ] = -¥y3[x],
-2xy1[x] + ¥2[x]1}, {¥1[x], ¥2[x], ¥3[x]}, x]:

Dly3[x], x] =
In[2= 5implify [%]
1 2w T n St
O3 Hyl[x] s — e (2 (2 e+ Cl1] +
(-8+7e*+e™™) Cr2] - (-4 .+ +3€°%) C[3]]),

o .
v2[x] » — e (2 ([4-5"+ ™) C[1] +
“
(-16+35€% + £*") €[2] - [-B + 5" + 36"} C[3]),

1 o Bt
y3[x] » — ™% (-2 (-8+5& +3e™") C[1] +
1111

(-32+35€*-3e") Cl2] + (16-5¢" +9e”) C[3]) }]

and with Maple 15:

ss2= | -Sya() = 332(0) — 4-p3(0). 3200
dx dx

=-2yi{x) + y.?(x:l] :
soll -= dsolve(sys 1)
{yi(.‘c) = Cle*+5 C26€%+ % cie X y2x)= Ccle* ()
£ ] Ci gt o E—lx?}:_

#3 Pty

7.4 Non-homogeneous Systems of Differential
Equations with Constant Coefficients

Theorem 7.49 (see[3] and [56]). The general solution of the non-
homogeneous system (7.77) is the sum of the general solution of the homo-
geneous system and a particular solution of the non-homogeneous system:
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yi (z) yg (z)
Y (@) = YO (@) + VP (2) = | 2 .(x) " _(x) . (7.88)
Yn (2) yh (x)

A particular solution of the non-homogeneous system can be determined
using the method of variation of constants.
We search the particular solution of the form:

Yl () = K1 () y11 + K2 () yi2 + - + Ky () Yin

p
1
yh () = Ky (2) y21 + Ko (2) yo2 + -+ + K (2) y2n
) (7.89)

where the functions K/ (z), i = 1,n are determined from system:

K (x)yn + Ky () y12 + -+ + K, (2) y1n = f1 (2)
Ki (z) y21 + K5 (x) y2o + - - - + K, (2) yon = f2 (z)

K1 (@) gt + K () gns + -+ K. (2) gom = fo ().

Example 7.50. Solve the system of non-homogeneous linear differential
equations with constant coefficients:

Y1 =Yz
yo=t1+et e "
Solution.
The general solution of the associated homogeneous system

{yi_yz
yézyl

Y9 (x) = K1e® + Kae™ ™
Y3 (z) = Kq1e® — Koe™ .

will be of the form

We seek the particular solution non-homogeneous system of the form

{ yh (z) = Ky (z)e” + Ky (z)e™™
5 (r) = Ky (z)e” — Ko (x)e™7,

in which the functions K (z) and K» (x) check the equations
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Kje® + Kje™ =0
Ki{e® — Kle™® =¢" + e ™.

We obtain
1, 1 —
{ Kj=,+pe ™
/ 1 1 2z
KQ__Q 26 )
hence
(I-ioien
_ z 1.2z
K2 By 46
and

yp () = 3¢ (z—5) — se7" (z+ ;)
yh (z) = %e” (x—|— %) + ée_x (m— ;)

The general solution of the system will be

y1 () = Kye* + Koe™@ + %e” (x — %) — ée_x (x + 1)
ya () = K1e* — Koe™® + ée“’ (er %) + ée’z (:U — f) .
We shall obtain in Matlab 7.9:
>> [yl,y2]=dsolve(’Dyl=y2’,"Dy2=yl+exp(x)+exp(-x)’,’x’)
yl =
Cl4*exp(x) - exp(x)/4 - x/(2¥exp(x)) - 1/(4*exp(x)) +
(x*exp(x))/2 - C15/exp(x)
y2 =
exp(x)/4 - 1/(4*exp(x)) + x/(2*exp(x)) + Cld*exp(x) +
(x*exp(x))/2 + C15/exp(x)
and using Mathematica 8:

In[5:= DSolve[{yl'[x] = ¥2[x],

¥2'[x%] = y1[x] + Exp[x] + Bxp[-x]}, {y1[=x], y2[x]},
X];

InjEl= Simplify[%]
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and with Maple 15:

(x) =32(x). —¥2(x)

ELEEZ:[ yi(x) + & +e*|:

o

soll = dsolve(sysT)

{ﬁMzﬁMﬂjﬂ+mMﬂjﬂ—%mﬁm
+ sinh(x) x 32(x) = cosh(x) C2 + sinh(x) CI

+ — sinh(x) + cosh(x) x

7.5 Problems

1. Solve the Cauchy problem:

y(0)=0

using the successive approximation method.
Computer solution.
We shall give a computer solution in Matlab 7.9:
function w=f(u,v)
w= 2*u*(1+v);
end
function r=y(n,t,x,y0)
r=y0;
for k=1:n
rl=int(f(t,r),t,0,x);
r=subs(rl,x,t)+y0;

{y’—%(lﬂ/)

end

end

In the command line we shall write:
>>syms X t

>> yl=subs(y(1,t,x,0),t,x)

yl =

x"2

>> y2=subs(y(2,t,x,0),t,x)

y2 =

x"4/24x"2

>> y3=subs(y(3,t,x,0),t,x)
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y3 =
X"6/6+x"4/24+x"2
and in Mathcad 14:
f{z.y) =251+ ¥)
vin,t,x vl = |r « vl
for ke l.n
e 1
fX
1l <—J f(t.r)dt
]
11l + 50
r
2
wil,t.x,0) substitute, t=x — x
o B 3
"-l B 'J? i .
¥(2.1.%.0) substitute.t=x — % expand —> KT o
o . 3
. x‘-l.x4+ 3x o+ Iﬁ-_:I xﬁ x4 2
¥(3.t.x%,0) substitute, t=x — T expand — ? + = +x

and using Mathematica 8:

Infi}= £[n , v ] :=2xu=x (1+¥)

nfzp= ¥[o , £, %, ¥0 ] :=
Module[{r = v0,
For[k=1, X «=1n, K++, ¥ = £; rl = Integrate[f[t, ¥], {t, 0, x}]: r=7v0+¥l];

=y¥[l, x x, 0]
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and in Maple 15:

f=(xy)—=2x(1+)):
y = proc(n t. x y0)
localr, »1. Kk
roi= ik
for & from 1 to» do
X

. Jf(r; ) dr

0
r=yi+r]
=t
end do;
end proc;
¥(1.£x0)
f=x
o
x
¥(2.tx0)
i=x
1 4 2
?.‘C i
¥(3.£x0)
I=x

2 Find the solution of the equation:

(1—x2y)dx—|—x2(y—x)dy20.

Computer solution.

We can solve this equation in Matlab 7.9:

Step 1. We check if the equation is an exact differential equation.

>>syms xy t y0O x0

>> f=1-x"2*y;

>> g=x"2%(y-x);

>> d1=diff(f,y);

>> d2=diff(g,x);

>> dl==d2

ans =

0

Step 2. Since the equation is not an exact total differential equation, we
must determine the integrating factor (7.24):

>> phi=simple((d1-d2)/g)
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-2/x

>> miu=exp(int(phi,x))

miu =

1/x°2

Step 3. We can apply the formula (7.22) in order to determine the solution
of the equation.

>>Phi=expand (int(subs(f*miu,{x,y },{t,y0}),t,x0,x)+
int(subs(g*miu,y,t),t,y0,y))

Phi =

piecewise([0 <= x and x0 <= 0, Inf - x*y 4+ x0*y0 4+ y~2/2 -
y0°2/2], [x < 0 or 0 < x0, x0*y0 - x*y - 1/x 4+ 1/x0 4+ y~2/2 -
¥0°2/2])

We shall also solve this problem using Mathcad 14:

fz.v) =1- x:-}-' '&LX.-}"} = Xz'[}" -z

d d 2 2
iy =Sgxy) > = 2x(-y) - x
dy dx

'i_f(x__j,-}—d—g(x,}-')

gx.¥)
nee) = simplfy — —
2
fl(x,y) = £ (x.5)-1(x) gl(x.¥) = g(x.¥)-p(x)
rE ry
d{(x,y,x0,v0) = J fl{t.v0) dt + J gl{x,t) dt
=0 ¥l

and with Mathematica 8:
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Inf122]= [ , ¥ ] :=1-x*2xy
In[123]= glx , ¥ ] :=x"2» (¥ -x)

In[i24:= D[E[x, ¥], ¥] ==DI[g[x, ¥], x]

Out[124}= -X° = -X° + 2% (-X +¥)

@ := (D[E[x, ¥], ¥] -Dlglx, ¥], x]) /glx, ¥]

5

[

n
]

In[128]= p[z ] i= Simplify [Exp[Integrate[o, x]]]
In[127)= f1[x , ¥ ] = £[x, y] »p[x]:
Inf128}= gl= , ¥ ] = g[x, ¥] »p[x];

In[1253]:= ¢ = Integrate[f1[t, y0], {t, x0, x}] + Integrate[gl[x, t]1, {t, ¥0, ¥}]

1 1 ye y0=
out[125}= ConditionalExpression|-— + — -xy+ — +x0y0 - —,
x  x0 2 2
f - x0 | x0
|}LKU=‘}LCI"&&RE|: ]z[l|i|RE[ ]i—lii EREﬂls]
\ x-x0 i x -x0 ®x-x0

and in Maple 15:

f=(xy) = 1-2y:
g= (m‘]—ﬂ*xz-(y—ax]:

g
evaly 5=153) = ()|

o B
j 3y :.-]x_ S =
= (x) = e

fI=(xy) = fley) ulx):
gl=(xy) —glxy) plx):

false

assume(0 < x0 < x)
x ¥

0= | i d+ | gilx) &
xl vl

K al al
~+x-p0xl- —xl-—xf-p0x=" 1 9 1 9 et
X0~ HETARE T Ll t o)
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3. Solve the equation

Computer solution.

It will result in Matlab 7.9:

>> y=dsolve(’'Dy=y*(x"341)/x*(1-y"2)’,’x’)
y =

0

1

-1

1/(x"24exp(-2/3*x"3)*C1)"(1/2)*x
-1/(x"24exp(-2/3*x"3)*C1) " (1/2)*x

and with Mathematica 8:

In[20):= DSolve [D[y[x], x] = y[x] » (x*3 + 1) /Jx= (1 - y[x]*2), ¥v[x], x]

« o
g3 x g3 x i
O e T .
ougzor= {[y1x] L {vix) - i
— e 1l
|I X z_“a e |I it E_xa o
-".‘:I E;C[l] +e 3 x° \'.‘:I EJ.C._I] s 3 ¥t

and using Maple 15:

ode = diff(y(x), x) =2 (£ + 11' (1=569%)

d <20 (2 +1) (1-p07)
de < x
dsolvel ode)
) = = = =
SR B
\,/ e J P+ CI

4. Integrate the equations:

a) r 2xy

LA Py

b) o = 2(x+y—1)22+3x(2x—y—|—1)
(x4+y—1)7—-3x2cx—y+1)
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o) zy —y =22 +y>.

5. Solve the equations:
a)y + 4wy = ze= T

b) ¢ —ytanxz = cosz.

Computer solution.

b)We shall find the solution of this non-homogeneous equation both in
Matlab 7.9:

>> y=dsolve(’Dy-y*tan(x)=cos(x)’,’x’)

y =

(x/2 + sin(2*x)/4)/cos(x) + C2/cos(x)

and using Mathematica 8:

In[8)= DSolwe[D[y[x], x] - y[x] »Tan[x] = Cos[x], v[x], %]

x 1
OutjE}= Hg,r[x} - C[1] Sec[x] + Sec[x] |- e sin[2x] |}]
2 B

and with Maple 15:
ode :== diff{v(x). x) — ¥(x) tan(x) = cos(x) :
deolve| ode)
1 . 1
"y sin{2x) + o+ A7

Hx) = co 5[:{5

6. Find the general solution of the Bernoulli’s equation:
! _ 2
a) y' — 3y =y

Y

b) y +
X

x>0,y #0.

x2y27

7. Solve the Riccati’s equation:

a)y =y —22+1
T o, 2 1

b) o = -
)y WY T YT o
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8. Determine the types of differential equations and indicate methods for
their solutions:

1
a)y =y + y'2
b) y = 2y + cosy’.

9. Find solutions to the equations:
_ / /3
a)y=ay +y

b) yy'? —2zy +y=0.

Computer solution.
b) We shall solve this Lagrange equation with Matlab 7.9:
>> y=dsolve(’y*Dy"2-2*x*Dy—+y’,’x’)

y =

0

x

-X

2%(-CT)~(1/2)*(CT - x)*(1/2)
(-2)*(-CT)*(1/2)*(CT - )" (1/2)

and using Mathematica 8:

In[1= DSolve[y[x] «D[¥[x]] "2 - 2«x«D[y[x]] + ¥[x] =0, y[x], x]

oui {{v[x] =0}, {yixl » -v/-1+2x }, fyix] =/ -1+2x }]

44

and with Maple 15:

ode = y(x) - (diff(y(x). x))* — 2 x-aiff(y(x). x) + ¥(x) = 0:
dsolve( ode)

Mx) =x (%) = ~x yx) =y _CP —21x_C1.3(x)

=y cP+21x _Cl.yx)=-y _CP—21Ix _CI.yx)=

-J _cP+21x_cI

10.Solve the equation: z — y = \/1113//2.
y
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11.Solve the following equations:

a)y' +y +y=0

b) y'Y — 3y"" + 5y" — 3y’ + 4y = 0.

12.Find the general solution of the equations:
a) y"” +y' — 6y = 2cos2x — 10sin 2z

b) y(s) +4ylu _ 261.

Computer solution.

b) We shall achieve in Matlab 7.9:

>> y=dsolve("D5y+4*D3y=x"2*exp(x)’,’x’);

>> simplify(y)

ans =

C7/16 - C9/4 4+ (358%exp(x))/125 + (x"2*exp(x))/5 - (C8*x)/4
- (C7*x"2)/8 - (34*x*exp(x)) /25 + C10*cos(2*x) 4+ C11*sin(2*x)

and with Mathematica 8:

Inf2l:= D3olwve [D[y[x], {x, 5}] + 4«D[¥[x], {x, 3}] == x*2«Bxp[x],
¥[x], x]
1 . oy B
Out{g}= Hy[xg »—— € (358 -170%+25%°) - — xC[1] +C[3] +
125 ) 4
z 1 . L R
xC[4] +x" C[5] + — C[2] Co=[2x] - — C[1] Sin[2x]
and using Maple 15:
& & 3
ode= —y(x) + 4 —y(x) =x"€":
dx dx
dsolvel ode)
yix) = % cos(2x) C2— i sin(2x) _ 358 g
- 2—1@- P %_03-3 + C4x+ C5
25 5 2

13.Find the general solution of the equation y” = x + sin x.
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Computer solution.

The solution of the differential equation will be deterrmined in Matlab
7.9:

>> y=dsolve(’D2y=x+sin(x)’,’x’)

y =

C5 - sin(x) + C4*x + x"3/6

and using Mathematica 8:

= DSolwve [D[y[x], {x, 2}] == x+ 3in[x], y[x], x]
3

Out[3]= H}’[K} —-*x— +C[1] +xC[2] - Sin[x] } )
&

11
F
4l

and with Maple 15:

-

adle = d—:y(x] =x+ sin(x) :
dx*
dsolve( ode)

% © —sin(x) + _Clx+ €2

14.Solve the following equations:
a) 2%y —ay +x = 6xlnx

b) zy” +y" =1+

15Solve the equation: (3z +2)* " 4 7 (32 + 2)y' = —63z + 18.

16.Find the general solution of the equation: z2y” +2y'+x = 2sin (Inx) .

17 Find the general solution of the first-order homogeneous system of linear
differential equation:

Y1 =Y2+y3
a) ¥ =y3z+u
ys =141+ Y2

Y1 = —2y1 + 2y2 + 2y3
b) < y5 = —10y; + 6y2 + 8ys3
Yy = 3y1 — y2 — 2y3.
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18.Solve the first-order homogeneous system of linear differential equation:

g}Z—3y+8z—4u:O
G ty—952+2u=0
duy 3y — 142 + 6u = 0.

Computer solution.

We shall give a computer solution using Matlab 7.9:

>> [y,z,u]=dsolve(’Dy-3*y+8*z-4*u’,’Dz+y-5*z+2%*u’,"Du+3*y-
14*z4+6*u’,’x’)

y =

Cl7*exp(x) + C15/exp(x) + C1l6*exp(2*x)
7 =

- C15/(2*exp(x)) - (4*Cl6*exp(2*x))/5
u=—

(C17*exp(x))/2 4+ C15/(4*exp(x)) + (2*¥*Cl6*exp(2*x))/5
and in Mathematica 8:
In[15]:= DS3olwe [{D[y[x], X] -3»7[xX] +8x2[x] -4xulx] =0,
Dlz[x], x] + ¥[x] -9wz[x] + 2xu[x] =0,
Dlufx], ] + 3=y [x] -1dwz[x] + 6wulx] = 0}, {y[x], 2[x], ulx]},

]

I - 1 S
e™ (-B+5e"™| C[1] -

w |

ougisi= {{ulx] - -

| 2 TxY
e (-8+3e*+5e7) C[3],

wa | oma

i y ] 3 1
e (-2-3e 1527 C[2] +

w |

4 , 1 s _
vix] » - e™ [-1+e®¥) 1] + - e™ (-1 +4e*™) C[2] -
) 2 )

o
§ 1 b L F 1 o
S e (PO T VS Y g I g B R

| ) 5 | ]

o | = o | ooe

e® [c1-3®* e 2] + - e [-2+ 30T c[m1 1)
. ) Fhals ) 1]

and with Maple 15:



7.5 Problems 391

spsl = %y(.ﬁc) —3-¥(x) + 8 z(x) —4ulx)=0, %z(.‘cj +y(x) —5z(x) +2
w(x) =10, %u(}c) + 3-p(x) — 14-2(x) + 6-uix) = D] ;

soll := dsolve(sysi)

{H(.‘c) = Cle¥+ 0268+ €35 p(x) =- % e e = pgeh 00

unl-h-

- 2
cle*+ L o4 ?_Cj'eh

- 1
4 - e

zix) =

19.Use the method of variation of constants to determine the general so-
lution of the following non-homogeneous system of linear differential
equations, with constant coefficients:

Y1 =2y1+y2 —2ys —a +2
a) Yo =—y1+1
Ys=t1+y2—ys+1l—x
Y=y +ysz —e”
b) § ¥ =y1 +ys—e”
Y3 = y1 +y2 —e”.

Computer solution.

b) We shall give a computer solution In Matlab 7.9:

>> [yl,y2,y3]=dsolve(’Dyl=y2+y3-exp(x)’,
'‘Dy2=yl+y3-exp(x)’,’Dy3=yl+y2-exp(x)’,’x’)

yl =

exp(x) + Cl2*exp(2*x) - C5/exp(x) - C6/exp(x)

y2 =

exp(x) + Cl2*exp(2*x) + C5/exp(x)

y3 =

exp(x) + Cl2*exp(2*x) + C6/exp(x)

and with Mathematica 8:
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In[5]:

DSolve[{yl'[x] == v2[x] + ¥3[x] - BExp[x],
¥2'[x] = y1[x] + ¥3[x] - Bxp[x],
¥3'[x] = y1[x] + y2[x] - Exp[x]},

{¥1[x], y2[x], ¥3[x]}, x]:

B= Simplify [%]
1 - f Zx
Outlé]= Hyl[x] e ol | P T L
3
Cl2] ~E[3) + <~ [C[2] < E[2] = C[A1) ),
1 s
v2[x] »— e™ (32 _C[1] +2C[2] -C[3] +
~ .
e’ (C[1] +C[2] +C[31)),

1 2 o
valx] i — e {ad = ce1] S o2 e 2E[a) .
= .

=

e®™ (C[1] +C[2] +C[3]) '}-Ir
o 4

and in Maple 15:
| d _ d _ d _
sysl = [E}'E(-‘f) =32(x) + y3(x)- ¢, E}'Z’(x) =yl(x) + y3(x)-¢€, E}'j(xJ =yi(x)
+ p2(x) —e‘r] 3
soll = dsolve(sysl)
(pilx)=e2™ c3+e™ C2+&32(x) =% C3+e™ C2+&+e* Ol o))
yix)=* c3—2eF c2+&—e* cl}

20.Applying the method of variation of constants, find the general solution
of the non-homogeneous system of linear differential equations, with con-
stant coeflicients:

§f=z+y—4x—|—l
W=2yt+zr—2+1
fﬁzy—&—z—Qm—&—l.

Computer solution.

We shall solve this system using Matlab 7.9:

>> [x,y,z]=dsolve(’Dx=z+y-4*x+1’,"Dy=2*y+4x-z+1’,
‘Dz=y—+2z-2*¥x+1",’t’)

>>simple(x)
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ans =
((4*77(1/2))/27 4+ 11/27)*(- C2*exp(7~(1/2)*t - t)*
(27*7°(1/2) - 72) -
(C3*(5*7°(1/2) — 16))/exp(t + 77(1/2)*t) - Cl*exp(t)*
(4*7°(1/2) - 11))
>>simple(y)
ans =
(2*¥C2*exp(77(1/2)*t - t))/3 + (2*C3)/(8*exp(t + 77 (1/2)*t))
+ (2*Cl*exp(t))/3 +
(77 (1/2)*C2*exp(7°(1/2)*t - t))/3 - (77(1/2)*C3)/(3*exp(t +
77(1/2)*t)) - 2/3
>>simple(z)
ans =
C2*exp(77(1/2)*t - t) + C3/exp(t + 77(1/2)*t) + Cl*exp(t)
-1/3
and with Mathematica 8:

inj23)s DSolve[{D[x[t], t] ss 2[t] «+ y[t] -dex[t] «1, D[y[t], t] s 2wy [t] + x[t] -2[t] +1,
Dlzt], £] = ¥[t] « 2[t] = 2wx[t] « 1}, {x[t], ¥[t], 2[t]}, t]:

In[24)= SimpliCy [%]

|14.~._7. 14497 | &3V Fize e T 3],

yit] o -— & 0 1% Jag e B g (L2 | Cr1] - 38¢C[2] <13V T €[2] -
28el 1% (er11 +cr21 -2€13]) + 28€13] - 11V T C€I3] +

7

eV F (7 (2.7 1) - (35237 | cr2) « (282047 | €131 |,

7 | T e 27 | ¢
Z(T] - — & -14e% 7 Eogel (C[1] = C[2] =2C[3]) =
42 |
3(7cra) - (7-3v7)cra) - (-7-2v7 ) crar) -

and in Maple 15:
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syl o= [Goo(6) = 2(0) 4 5(6) = 4x(0) + 1 G500 = 25(0) +x(1)

)+ 1 %z({) =38) + 2(1) —2x() + 1] -
soll -= dsolve(sys1)

{x(r’) = cid+ otV Ty e BT
=1 crd+ %_C‘?e(_1+""TJ‘-+ %_CQJ‘”\"T)"JT

1+T): 31Tt 7 _

2
. J

|t

+ %_Cj‘e'(

A1) =3_cld+ %_cze(‘”vm"

Tt

+ c3e (1447

%_Cze(‘”ﬁ)fﬁ+ _
% Cj‘e'(l"'"‘T)"\."’T—

| ]



8
Line and Double Integral Calculus

8.1 Line Integrals of the First Type

The line integral is an extension of the definite integral in the sense that,
the interval of integration [a, b] is replaced by an arc of curve AB.
Definition 8.1 ([42], p. 89). Let be a curve in space, having the paramet-
rical equations:

x=ux(t)
(C) y:y(t)ate[avb]a
z=2z(t)

with z, y, z continuous functions and with the first order partial derivatives
being continuous in an interval [a, b]; o such curve is called smooth curve.
Definition 8.2 (see [23], p. 252). The element of arc of a curve C is
the differential ds of the function s = s (¢), which signifies the length of the
respective arc, of the curve C.

Theorem 8.3 (sec [15], p. 235 and [42], p. 94). If f is a continuous
function on the domain D C R3 and AB C D is an arc of smooth curve
then there is the line integral of the first type and it has the expression:

b
f 2y, 2)ds = / F () y(8), 2 (6) v/a' () + 472 (£) + 22 () dt.
(8.1)

AB

Proposition 8.4 (see [15], p. 234). In the case of a plane curve

G.A. Anastassiou and LF. Iatan: Intelligent Routines, ISRL 39, pp. 395-474]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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o=
{5200 el

with ' (z) a continuous function, the formula (8.1) becomes:

b
fands= [ Fe@uoVer O 2o d 62

AB

Remark. 8.5 (see [8]). The line integral of the first type does not depend
on the direction of the path of integration.

8.1.1 Applications of Line Integral of the First Type

Definition 8.6 (see [42], p. 97). If the integrand f from (8.1) is interpreted
as a linear density of the integration curve C, then this integral represents
the mass of the curve C.

The mass corresponding to a material thread is given by the formula:

Mass=/ p(z,y,z)ds, (8.3)
c

where p (z,y,2) is the linear density of the material thread in the point
(z,y,2) € C.
Definition 8.7 (see [42], p. 96). The length of the arc of smooth curve is

L= ds. (8.4)
AB

Definition 8.8 (see [42], p. 98). The coordinates of the centre of gravity
corresponding to a material thread are:

_ Sap zp(z,y,2)ds
TG = f ey 2)ds

_ Japyp(z,y,2)ds
B ﬂi p(z,y,2)ds (8.5)

_ Sap zp(x,y,2)ds
G = Sap p(xy,2)ds

Example 8.9. Use the line integral of first kind to compute the mass
corresponding to a material thread having the form of a cylindrical eller:

T =acost -
(C):{ y=asint , te [072]7
z=0bt

with the density p (x,y,2) =2 +y + 2.
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Solution.
Using the relations (8.1) and (8.3), the mass of our material thread will
be:

B
Mass = / (acost + asint + bt) Va2sin?t + a2 cos? t + b2dt
0

T

2
= \/a2+b2/ (acost+ asint + bt)dt
0

3 B B
:\/a2+b2 a/ costdt+a/ sintdt+b/ tdt
0 0 0
B
0 b
2

2
Mass:\/a2+b2 <a+a+b~7;)—\/a2+b2 (2a+bo7;>.

T T bt?
= a2 +? | asint| — acost|g +

therefore

In Matlab 7.9 we need the following instructions:
>>symsabtuvw
>> f=Q(u,v,w) ut+v+w;
>> x=@(t) a*cos(t) ;
>> y=@(t) a*sin(t) ;
>> z=Q(t) b*t ;
>> xt=diff(x(t))
xt =
-a*sin(t)
>> yt=diff(y(t))
yt =
a*cos(t)
>> zt=diff(z(t))
zt =
b
>> factor(int(f(x(t),y(t),z(t))*sqrt(xt"2+yt"24zt~2),0,pi/2))
ans =
1/8%(a”24+b"2)"(1/2)*(16*a+b*pi"2)
We shall also compute this mass using Mathcad 14:
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fluvw=u+v+w
®(t,a) = a-cos(t) vit,a) = a-sinft) #Z(t,b) = b-t

%t ) = %tx{t,a} yi(t,3) = %t}-{t__a} 7(t,b) = %tz{t,b}

™
(2
M(a,b) = J f{x[t_.a}_.j,-[t,a},z{t,b}}-\jxt[t_.a}” + vi{t,a)” + zt(t,b)" dt
1]
!: lb\!- 7 2
M(a,b) - | 2-a+ == |Ja" + b*
L S _,-‘l

W

and with Mathematica &:

=flu , v ,W]i=u+v+w
[M= X[t ] :=a=Cos[t]
ng:= ¥[t ] :=a=5in[t]

n[S]:= z[t_] i=bxt
In[10)= xt =D[x[t], t]; ¥t =D[y[t], £]: 2t =D[=2[t], £]:
In[11]:= Mass = Integrate[f[x[t], y[t], 2[t]] »Sgri[xt*2 + yt*2 + 2t~2], {t, 0, Pi/2}]

brdh

a
=]

,_.

£ 8+

outfitl 4 a° +b°

and in Maple 15:
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I
]
a8
i
=
=

(ST

=

Mass = factor J flx w2 w}." [ %x]z + [ %y]ﬂ + [ %z]l di
0

¢ ]
.Mass:%q'al+51 (16 a + Bf}

Example 8.10. Find the centre of gravity G (zg, yo) corresponding to the
cycloid arc:

(AB) {;:s((f:zg?) L teo,2q],

with the density p (x,y) = \/y, ¥y > 0, a being a positive constant.
Solution.

We shall have:

27
Ilz/ p(z,y)ds = \/a(l—cost)-\/@2(1—cost)2—|—agsin2tdt
AB 0
27
:a\/a \/17cost~\/172cost+cos2t+sin2tdt
0

2m 2m 2m
:ax/Qa/ (1 —cost) dt = aVv2-/a </ dtf/ cost dt)

0 0 0
=aVv2-va (27r7 sint|§w) =271 -aV2 - Va,

2m
Is = / zp(z,y)ds = / a(t—sint)v/a (1 — cost) - \/(12 (1 — cost)? + a2 sin? tdt
AB 0
27
:a2\/2-\/a/ (t —sint) - (1 — cost) dt.
0
One makes the substitution

t —sint = u,

which implies:
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(1 —cost) dt = du;

t=0=—=u=0
t =21 — u = 27.

Using this substitution gives

27 9 2m
IQZGQ\/Q'\/Q/ wdu=da*V2-Va- u2 =27%a%V2 - V.
0

0

2
13:/ yp(ac,y)ds:/ \/a(l—cost)~a(1—cost)'\/ug(l—cost)z—&-a?sinztdt
AB 0
27
= aQ\/Q'\/a/ (1 —cost)? dt
0
27 2m 27
=a?V2 - va (/ dt72/ CostdtJr/ cos2tdt)
0 0 0

2m
=d*V2-a (27r72sint|g”+/ (sint)'costdt)
0

[\

27
=a?V2-Va (27r+ sintcost|g”+/ sin2tdt)
0
= a®V2-Va (2r + ) = 3ra®V2a.

Finally, bt o

TG = 2m-av/2-v/a =T7a

3ma’v2-v/a 3a
Yo = 2#-&52-5& = 32 ’
In Matlab 7.9 we shall have:
>>symst a
>> x=a*(t-sin(t));
>> y=a*(1-cos(t));
>> I1=simple(int(sqrt(y)*sqrt(diff(x,t) " 24-diff(y,t) “2)
7t70’2*pi))
Il =
2*pi*a”(3/2)*27(1/2)
>> I2=simple(int(sqrt(x"2)*sqrt(y)*sqrt(diff(x,t) " 2+diff (y,t)
°2),£,0,2*pi))
12 =
2*a”(5/2)*27(1/2)*pi~2
>> I3=simple(int(y*sqrt(y)*sqrt(diff(x,t) “24diff (y,t) “2),
t,0,2%pi))
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13 =

3*pi*a”(5/2)*2°(1/2)

>> xg=I1\12

Xg =

a*pi

>> yg=I3/11

yg =

3/2*a

We shall also solve this problem with Mathematica 8:

Inf88]= p[u_, v ] := Sgri[v]
Inf80]= x[t ] :=a=(t-Sin[t]}
Inf61]:= ¥[t ] :=a= (1-Coz[t])

xt =D[x[t], t]; ¥t =D[y[t], t];

]
2]
i

inEz= I1 = Integrate[p[x[t], FIt]] »Sart[xt 2 + yt22], {t, 0, 2#Pil]

— — | =
Z

oufe3} 2V 2 va v a =

Inf341= I2 = Integrate[x[t] »o[X[t], F[t]] »Sart[xt 2+ yt*2], {t, 0, 2#Pil]

— I I -
oufpd 2V 2 a¥'fy af #°

Infz5)= I3 = Integrate[y[t] »p[x[t], ¥[E]] » Sqrt[xt~2 + ¥£+2], {t, 0, 2% Pi}]

—_ IS I -
ouesi 3v 2 a¥%4 &t n

In[87]:= yG = I3/I1
3a

(=]

e

i
i

-
£

and using Maple 15:
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pi=(uv) = v:
x= g (t—siniz)):
yi=a (1l —cos(t)):

2-m l.{
3 2 a8 2
" '=J e [ (57x) +(5p0) @
1]
2na’? cson(a) 2
2-m
I2 = simplify ix¥) ’I{ B JI,—l- s 'ldf
= simpli xplxy / [ﬁfx] af}]
1]
o 5
242 esgna)
2@
) ) .'f F] 2 ) 2
I3 = simplify yelxy [ | === +| x| &
W ar of
0
ing'? cson(a) 2
12
g=—=
N
xG=an
3
F=—
AT
3
}G—?a

We can’t solve this problem using Mathcad 14.
Example 8.11. Compute

/C(;Uer) ds,

where C' is the contour of the triangle, which has the vertices: O(0,0),
A(1,0),B(0,1).

Solution.

The next figure emphases the outline of the triangle OAB.
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One deduces that:

/C(x+y)d8=/AO(ery)der/OB(x+y)ds+/BA(x+y)ds.

Keeping into account the following parametrical equations corresponding
to the lines AO, OB, BA:

one obtains:

/C(x+y)ds:/01(1—t)dt+/01tdt+/01(t+1—t)\/12+12dt

1+t2
0 2

12 !

1
:t|07 2

1
n ¢2t‘0 — 142

0

We shall check this result in Matlab 7.9:

>> syms t

>> int(1-t,t,0,1)+int(t,t,0,1)+int((t+1-t)*sqrt(1°2+1"2),t,0,1)
ans =

2°(1/2) + 1

and with Mathcad 14:

~1 ~1 rl

T gl
[1—t}dt+J tdt+J (t+1=t)J17+ 17dt = 2+ 1
1] 0 1]
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and using Mathematica 8:

in[1}= Integrate[1-t, {t, 0, 1}] + Integrate[t, {t, 0, 1}] +
Integrate[{t +1- ) »Sqre[1+2+142], [t, 0, 1}]

oufif 1+ 2

and in Maple 15:
1 " g 1 _
J(l—f]dI+deI+J Fri—f P&
0 0 0
1+2

Example 8.12. Compute

/ (x2 + y2) Inz ds,
r
where
x = el cost
I:< y=elsint,te0,1].
z=el
Solution.

We shall compute at first the arc element:

ds = \/(et cost — et sint)” 4 (et cost — et sint)® + e2tdt
= /202t + e2tdt = v/3eldt,

and then

1 1
/ (;U2 + y2) Inz ds = \/3/ (th cos®t + ! sin® t) teldt = \/3/ tedtdt
r 0 0

1 1
= \/3/ t- (egt)/dt: V3 (tegt|é/ eStdt)
3 Jo 3 0
V3[4 1 40 V3[4 14 1
B <e T3¢ |0>_ 3 <e ~ 3¢ +3)
3/2, 1
:\/ e+
3 \3 '3

i.e.



8.1 Line Integrals of the First Type 405

We can also compute this integral in Matlab 7.9:

>>syms t

>>x=exp(t)*cos(t);
>>y=exp(t)*sin(t);

>>z=exp(t);

>>f=Q(xx,yy,2z) (xx"2+yy~2)*log(zz);
>>xt=diff(x);

>>yt=diff(y);

>>zt=diff(z);

>> I=int(f(x,y,z)*sqrt(xt" 24yt~ 242zt~ 2),t,0,1) ;
>> simple(I)

ans =

1/9%37(1/2)*(2*exp(3)+1)

and with Mathematica 8:

il= flu , v, w ] i= (0*2+v*2) Log[w]
2= X[t ] 1= Exp[t] #Cos[£]

Wi ¥IE ] = Exp[t] #Sin[t]

= xt = D[x[t], t]1; yL = D[y[t], £]; 2t =D[z[t], L]:

Jfi= Int = Integrate[F[X[t], T[t], Z[t]] #SQrt[xt 2+ y£A2+ 2t42], {t, 0, 1}]

and using Maple 15:
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f=(wvw)— (ul-i- v‘j’] In{w) :
x = ¢ -cos(t) :

V= ef-s.in[f] :

z=e :

Ii == factor J flx 3 2) V'II[ [%x]z + [%L]l + [%z]g dr
0

%\.q[1+2&3]

We can’t compute this integral with Mathcad 14.

8.2 Line Integrals of the Second Type

If P(x,y) and Q (z,y) are continuous functions and y = f (x) is a smooth
curve C' which runs from a to b as x varies, then the corresponding line
integral of the second type is expressed as follows (see [8]):

b
/C P (a,y)de + Q (2.y) dy = / Pz, f (2)) + f (@) Pz, f (2))] da.

(8.6)
In case when the curve C' is represented parametrically:

fe=a()
(C).{y_y(t) Lt [a,b]

we have (see [8]):

b
/C P+ Qady= [ [PE®).w0)s 0+Q@0).y@)y O] d (1)

Similar formulae hold for a line integral of the second type taken over a
space curve.

A line integral of the second type changes sign when the direction of the
integration path is reversed. This integral may be interpreted in terms of
mechanics as the work of an appropriate variable force along the curve of
integration C.

The mechanical work accomplished when a body on motion one moves
on an arc AB under the action of a variable force
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F2,y,2) = P(2,9,2) T +Q(w,,2) ] +R(wy,2) &
is (see [42], p. 99):

L= / P(z,y,z)dx + P (x,y,2)dy + R (z,y,2)dz. (8.8)
AB
When the arc AB is of the form:
x=ux(t)
(C) y:y(t),te[a,b]
z=2z(t)

then

b
L =/ [P®,y®),2@®)e" ) +Q@®),y®),2®)y () + R ®),y(),z®) = ()] dt.
(8.9)

Definition 8.13 (see [2], p. 30). An area bounded by the closed contour
C can be computed using one of the following formulas:

Area = ?{x dy, (8.10)
c
Area = — ]{y dz, (8.11)
c
Area = ; ?{x dy — ydx (8.12)
c

(the direction of circulation of the contour is chosen counter-clockwise).
Theorem 8.14 (see [48], p. 411 and [42], p. 109). If the integral

I=/ P(2,y,2)de +Q (2,9, 2) dy + R (2,1, 2) d= (8.13)
AM

doesn’t depend on a path (namely it doesn’t depend on the curve, which
links the points A and M but just on these points) then

x y z
1:/ P(t,b,c)dt+/ Q(m,t,c)dt+/ Rz,y,t)dt,  (8.14)
a b c

where A (a,b,c), M (z,y,z) €D, D being a simple connex domain.
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The integral from (8.13) is independent of a path if and only if

oP

_ 00
_ i (5.15)
— 8.15
9
0z

i.e. the expression from under the integral sign is a total differential.
Example 8.15. Use the line integral of second kind to compute the me-
chanical work accomplished by the force

- -
? (z,y) = (x2 — Qxy) i+ (Qxy + y2) j
in long of the parabola arc AB : y = 2%, which joins the points A (1,1)

and B (2,4).
Solution.

The next figure represents the arc AB.

Ary

B(2,4)

A(1,1)

Since in case of our problem
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(AB) : {;__ttz,te 1,2]

it will result that

L—/2 (7 —26%) - 1+ (26° +¢*) - 2t] dt

2
= / (7 =23 + 4t* + 2¢°) dt = 1219,
1 30
We can also compute the mechanical work using the following Matlab
7.9 sequence:
>>syms x y t
>> P=0Q(x,y) x"2-2*x*y ;
>> Q=Q(x,y) 2*x*y+y"2;
>> x=Q(t) t ;
>> y=Q(t) t"2
>> xt=diff(x(t)) ;
>> yt=diff(y(t));
S>> int(P(x(6),y (£) 5xt+Q(x(£),¥(£)) *yt,1,2)
ans =
1219/30
and using Mathcad 14:

.
Pz.yv) =% — 2xy Nzy)=2zyv+y

[

At =t yit) =t

Sy
xd(t) : p (t)  ydft) dt}{t}

L

J Px(t) . y(1)-=d(t) + Q(x(t). y(1)-yd(8) dt > %
1

and with Mathematica &:
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nf5l= Plxr , ¥ ] s=x*2_Dnxny

El=0[x , ¥ ]:i=2»xxxy+y"2
7= x[t ] :=t
in[g]:= y[t ] :=£*2

T
il

xt =D[x[t], £]; ¥yt =D[y[t], £]:

=
i

Int = Integrate[P[x[t], y[t]] »xt +Q[x[t], ¥[t]1]*¥t, {t, 1, 2}]
1219
" 3g

[8
I

and in Maple 15:

P=(xy) = —2xy:
4
0= (x3) = 2xy+)*:
Xx=1i:
%
Pu—Fit
. d
J P(xy) Eyea Qix y) 'E}df
1
1219
30

Example 8.16. Compute the following line integral of second type:

1) 1= / Vyzdr + v zady + y/zydz,
r

where
x(t)=t
r:{yt)=t3,tel0,1];
z(t) =13

2)J:?{\/y2—x+2(dx+dy)7
r

where is the closed curve, oriented positive, with the both extremities in
the point A (0,1), formed from the portion of the parabola y?> = x + 1,
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placed in the dials IT and III and the portion of the parabola 2y? = —z + 2,
placed in the dials T and IV;

3) K :/ yida + 22dy,
c

where C' is the superior ellipse

crossed in the clockwise.
Solutions.
1) One results that

1
= / (\/t5 L2V + 3t2\/t3) at
0

o v, v 61
:/ t2dt+2/ tdt+3/ tedt = .
0 0 0 42

Computing in Matlab 7.9, we shall have:

>>symsxyt

>> xx=t;

>> yy=t"2;

>> zz=t"3;

>> xt=diff(xx);

>> yt=diff(yy);

>> zt=diff(zz);

S>> P=@(x,y,2) sart(y*z) ;

>> Q=Q(x,y,z) sqrt(z*x);

>> R=Q(x,y,z) sqrt(x*y) ;

>> I=int(P(xx,yy,zz) *xt+Q(xx,yy,zz) *yt+ R (xx,yy,zz) *
zt,t,0,1)

I =

61/42

We shall also achieve this result in Mathcad 14:



412 8. Line and Double Integral Calculus

Pz, y.2) = \4"}_1 Nz, y.2) = V"z_-x Hx,}-‘,z} = \E
G vty = t‘1 z(t) = t3
it L T i
SR OB - ICE s ORI CE O

1
j P(x(9). y(1) 2(0)) 5 () + QUx(t). ¥(8). 2(0)-yd() + Rx(8). (D). 2(0)-zd(1) dt — %
8 2

and using Mathematica 8:

In[i:= P[x , ¥ , £ ] :=Sgre[y=z]
(2= 0[x , ¥ , £ ] := Sgri[z=x]
2= R[x , ¥ , 2 ] := Sgrifar=¥]

Inf4]= ®x[L ] := ¢

Infel= z[t ] == t*3
Inf7i= xt = D[x[t], t]1: ¥t = D[y[t], t]1; 2t = D[z[t], t]:

ing):= Integrate[P[x[t], y[t], 2[t]] »xt + O[x[t], ¥[t], 2[E]] =¥t +
Rlx[t], ¥[t], 2[t]] =2k, {E, 0, 1}]

61

12

and with Maple 15:
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Pi=| Z) =¥z
Q= (xyz)=>zx:
Re= (x32) 2 Jyxp:
x=1:
g
PE==
et s
1
B ]a+0['] '+ R )adf
X2 gx+ 0 nz) =y X2 o2
0
61

2) The next figure shows the curve I'.

y

One can notice that

I'=ADuUDCUCBUBA

and therefore, one can write

-

J:y{\/yszc+2(dx+dy)+ 7{\/y27x+2(dx+dy)
AD DC

~ N ~
Iy Iz

+‘7{\/y2—x+2(dx+dy)+ 7{\/y27x+2(dx+dy)
CB AD

-

~ ~ - ~
Iy

I3
=1L +1+ I3+ 1.

413
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Using the parametrical equations of the arcs:

x(t) =t
{ )_\/t+].7 [Oafl]
0oy { o :(—ww e[-L0]
{y (t) = — t+2a t€0,2]
{y ;C: t+2a te€[2,0]

it will result that:

[1:?{\/y2—x+2(dx+dy)=/ \/t+1—t+2(1+ >dt
0
AD

2Vt + 1
:—\/3/_ dt—\/?,/ (Vt+1) dt

— —V31%, — V3 Vi 1] = V3 V3= —2V3

0
hzf\/ytx+2(dx+dy):/ \/t+1t+2(1+ ! )dt
—1

2/t + 1
—\/3/ dt—\/3/ (Vi+1)at
— V3, — V3 Vi+1] = V3-V3=0

13=j{\/y2—9c+2(dx+dy)=/2\/_t+2—t+2(1+ ! )dt
A 0 2 2V2 - /—t+2

V3 2 1 V3 2 1
:\/2/0 (\/—t+2+2\/2)dt:\/2 \/o\/_t+2df+2\/2t|g

I
N jz <[5+\}2)’

5
where
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2 2 —t+2 2 , 2 2
15:/ V—t+2dt = dt:2/ t(V—t+2) dt+/ dt
0 0 0 \/*t+2

0 V—t+2
2
:2t\/7t+2|372/ \/7t+2dt74\/7t+2|(2):2I5+4\/2=>I5:4\3/2;
0
therefore
4 V3
I3 = + .
v 2
0 J—t42 1
Iy = 2 _g42(d d:/\/ —t 2(1— )dt
4 ?(\/y z+2(dz + dy) ) 2 * 2v2-v/—t+2
BA
V3

\/2/02 (x/—t+2—2\1/2)dt:—£’ \/02\/::5-1—2di— 2\1/2 3

Is
VB LYy_ 4 V3
‘Wz(lﬁwz)‘ VIR

Finally, one obtains:

I=Lh+L+1I3+14
4 V3 4 V3
=-2V34+0+ _+ " — + " =-V3
V32 32
3) Using the parametrical representation of the ellipse:
(©) : x = acosf 6c 0,7
| y=>bsinf’ o

we shall have:
K = / yide + 2%dy
c

= / [b?sin® 60 - (—asind) + a® cos® 0 - beosd] do
0

= fabz/ sin® 6 do + a2b/ cos® 0 d0 = —ab® - Is + a®b - I,
0 ~ - \O ~ -~
Is 17

~
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where
IG:/ sin® @ d@zf/ (cos @) sin?@ d =
0 0
:7Sin20COSQ|g+2/ sin @ cos? 0 do
0
:/ sin@(lfsinzﬂ) d@z?/ sin0d072/ sin® 6 do
0 0 0
77 4
:—2C089|0—216=4—2[6$I6:3
and

I; = / cos® 0 df = / (sin®)’ cos® 0 df =
0 0

= sin000520|g+2/ sin® 6 cos§ d
0

:2/ (17c0520)0050d9:2/ cos@d072/ cos® 6 do

0 0 0
:2sin0|372f7207217:>f7:0.

Therefore,

4ab?

4
K :/dex+x2dy:—ab2~ +a?h-0=—
c 3 3

We can also obtain this result in Matlab 7.9:
>> syms x y theta a b

>> xx=a*cos(theta);

>> yy=Db*sin(theta);

>> xt=diff(xx,theta);

>> yt=diff(yy,theta);

>> P=Q(x,y) y"2;

>> Q=Q(x,y) x"2;

>> I=int(P(xx,yy)*xt+Q(xx,yy)*yt,theta,0,pi)
I =

-4/3%b"2*a

and using Mathcad 14:
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wm(a, ) = a-cos(f) vyi(b . 8) = b-sin{8)

xt(a,0) = %nfa,ﬂ} yi(b.6) = %}T{b,ﬁ}

2 )
Pry)=y  Qxy)l=x

rm
Flaace B . M, O = Mo M s Bl O] gl =
0

2
4ab

and with Mathematica &:

ift}= PLx , ¥ ] = ¥*2

Ofx , ¥ ] :=x"2
In[3]= XX := a=Cos[8]
In[4]:= ¥¥ := bxSin[&]

Inff]:= xt = D[xx, 8]; ¥€£ = D[yy, 6];

Integrate[Plxx, yy] »xt + Q[xx, y¥] »¥t, {&, 0, P1}]

and in Maple 15:

P = (xy)—=):

0= (xy) 2
XX = a-cos.{ﬁ}:
yy=b-sin(8) -
LY
P J ’ + Q| ) a de
xx M —aw xx L) — |}
- M 35 & X ae}J

Example 8.17. Compute the area bounded by an arc of cycloid:
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[ z=a(t—sint)
(C): {yza(l—cost)’ t € [0,27]
and the Oz axis.

Solution.

The next figure represents the area which has to be computed.

A
y
—2ma 0 2ma X
As
dy = asint dt
it will result that
27
Area:f.xdy:—/ a(t —sint) - asint d¢
L 0
27 27 27
= —a? / tsintdtf/ sint dt | = —a? (f/ t-(cost) dtfl)
0 0 _ 0

~ ~
I

27
:—aQ(—tcosﬂg”—&-/ costdt—[) =—a?(-2n - 1),
0
where

2m 2m
I:/ sin?t dt:f/ sint - (cost) dt
0 0
27 27
= SiIltCOSt|(2)Tr +/ cos®t dt = / (1- sin? t) dt
o 0 0
:27r7/ sintdt =27 —I =1 =m.
0

Finally,
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Area = —a® (=27 — 7) = 3ma’.
In Matlab 7.9 we shall achieve:
>> syms a t
>> x=a*(t-sin(t));
>> y=a*(1-cos(t));
>> yt=diff(y,t)
yt =
a*sin(t)
>> A=-int(x*yt,t,0,2*pi)
A =
3*pi*a”2
We shall also compute this area in Mathcad 14:

a(a,t) = at — sin(t)) wa,f) = a1l - cos(t))
yi(a,t) = i}-‘[a__t}

el

Aa) = —J x(a,t)-yt{a.t) dt — 3-11.'-a1
0

and using Mathematica 8:
Inff]:= X :=a=x (L -5in[t])

Infgl= ¥ :=a=x ({1 -Cos[t])

]
i
il

¥t =D[¥, t]:

In[8l:= A = -Integrate[xxyt, {T, 0, 2xPi}]

n

OutlgF 3a° &
and with Maple 15:

x = a(t—sin(t)) -
t

419
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Example 8.18. Find that the expression from under the integral sign is a
total differential to compute the line integral:

(2,3,4)
I:/ yz de + zz dy + xy dz,
(1,1,0)
where only the ends of the integration curve have specified.
Solution.
In the case of the integral I are accomplished the conditions:

..
%
o — 9z — Y
where
P(x,y,2z) =yz
Q (z,y,2) =2zz
R(m,y,z) = 2Y;

therefore the line integral I doesn’t depends on a path from R3; its value
is:

2 3 4
1:/ P(t71,0)dt+/ Q(27t,0)dt+/ R(2,3,1)dt
1 1 0
2 3 4
:/ 0dt+/ Odt+/ 6dt =0+ 0 + 6t[g = 24.
1 1 0

We can also obtain this result in Matlab 7.9:

>>syms xy zt

>> a=1;b=1;c=0;x=2;y=3;z=4;

>> P=Q(x,y,z)y*z;

>> Q=Q(x,y,z)x*z;

>> R=Q(x,y,z)x*y;

>> L=int(P(t,b,c),t,a,x)+int(Q(x,t,c),t,b,y)+int(R(x,y,t),t,c,z)
L =

24

and with Mathcad 14:
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g=:1 b=1 c=10 =1 vy=23 £=4
o ]
Pz, y.2) = y=z Nx.v.2) =%z Hx__}-',z} =Xy
fE Ay z
lm:J PFit.b.c) dt+J Qx,t.c) dt+’[. Bix,y.t) dt
a b c
L=24

and using Mathematica 8:

Inf]= P[3r , ¥ 2] :=¥=Z
Inf8]= Q[ , ¥ 2] i=x=xz
In[id= R[x , ¥ , 2] =Xy
In[11]= L = Integrate[P[t, b, €], {t, a, x}] +

Integrate [Q[x, £, c], {t, b, ¥}] + Integrate[R[x, ¥, €], {t, c, 2}]

Ouffii 24

and in Maple 15:
a=1:b=1:c=0:x=2:y=3:2=4-
Pi= [Xpz) Wz
= [x)z) >x2z:
R=(xyz) —xy

i

Jﬂiid$+r§mtd$+JR&Lﬂ$
b

c

8.3 Calculus Way of the Double Integrals

When we have to compute the double integral

//jjf(ay)dxdy, (8.16)
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the following two situations can appear (see [38, p. 106 and [8]]):

A)the domain of integration D is bounded on the left and right hand sides
by the straight lines * = a and x = b (b > a), from below and from
above, by the continuous curves y = o1 (z) and y = @2 (), see Fig. 8.1;
the domain D is simple in the Oy axis.

Ya
?, (x)

o (x

Fig. 8.1

From Fig. 8.1, the integral (8.16) may be computed by the formula:

//D [ (z,y)dedy = /ab (/:::) fz,y) dy) dz, (8.17)

D={(z,y) eR’|a<az<h o1(x) <y<pa(r)}. (8.18)

B)the domain D is simple relative to the Ox axis, i.e. it is bounded from
below and from above by the straight lines y = ¢ and y = d (d > ¢)
and from the left and the right hand side, by the continuous curves
x =1 (y) and = @2 (y), see Fig. 8.2.

where

Ya
d 0, (y)
D (V D
c
x

Fig. 8.2
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From Fig. 8.2 one can notice that:

D={(z,y) eR’|c<y<d, p1(y) <z <pa(y)}; (8.19)

//D [, y)dady = /Cd (/::j) f(x,y) dx) dy. (8.20)

Geometric interpretation of the double integral (see [44], p. 574): The defi-
nite integral represents the area bounded by a curve. In the same way, the
double integral of a function of two variables z = f(x,y) can be interpreted
as the volume bounded by the surface z = f(x,y).

Example 8.19. Indicate the integration limits both in an order and in the
other for the double integral from (8.16), if the domain is:

hence

1) the trapezium of vertices O(0,0), A(2,0), B(1,1),C (0,1);

2) the circular sector OAB with the centre O(0,0) and the extremities of
the circle arc are: A(1,1) and B(—1,1).

Solutions
1) The next figure shows the domain D.

ylk
cl B
o B 4 x

One can notice that:

AB:y=2—zrz=x=2—y.
Supposing that the domain D is as in Fig. 8.1 then

D = Dy UDs,

where

Dy ={(z,y) eR’|0<z <1, 0<y<1},

Dy={(z,y) eR?|1<2<2, 0<y<2—a}.
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It will result that

//fxydxdy—/ lexydxdy—&-/ DQfxydxdy
/(/fxydy)der/l </0 f(x,y)dy)dx.

In the case when the domain D is as in Fig.8.2 one obtains that

D={(z,y) eR*}|0<y<1,0<a<2—y}.

//Df(ﬂw)dﬂccly=/O1 (/:yf(%y)dx)dy-

2) The next figure shows the domain D.

and

A

0,42)

v

We can notice that:

OA:y=c=z=y
OB:y=—-—2x=—2x=—y
AB:y:\/Z—Jﬂﬂx‘:i\/Z—yQ

Supposing that the domain is as in Fig. 8.1 then

D = Dy U Ds,

where

Dlz{(x,y)€R2| _1<z<0, —x§y§\/2—x2},

D2:{(5ﬂay)GRQ|0§$§17 xgyg\/gfxz}'
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It will result that

//Df(z’y)dxdy://le(x:y)dmder//DQf(:Jc,y)dxdy
= /701 (/\:2““2 f(z,y) dy) d:Jch/O1 (/:/212 f(z,y) dy) dz.

In the case when the domain is as in Fig. 8.2 one obtains that

D = D3 U Dy,

where

D3 ={(z,y) eR*|0<y<1, —y<a<y},

D4={(x7y)€R2| 1Sy§\/27—\/2—y2éxéx/2—y2}-

It results that

Sy dedy = f@y)dedy+ [ [ f(2y)dady
I, /1, /1.
= /)1 (11 f(z,y) dm) dy + ./1\/2 < _\\//22__11:2 f(z,y) d;t) dy.

Example 8.20. Compute the double integral:

2
1) // Sszdzdy, where the domain D : ogzgﬂ,ogygﬂ};
D cos?y 2 4

2) / / xdzdy, where the domain D is bounded by the parabola
D
y =22 + 1 and the lines y = 2z and z = 0;

3) / / vxydxdy, where the domain D is bounded by the curves
D

y = 22 and the lines y = /z , for = € [0,1].
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Solutions.
1) One obtains:

in2 5 I d
// szxdxdyz/ </ J )sian dx
p cos?y 0 0 COosy
3 - ) L
z/ (tany|6‘)sin xdxz/ sin“ x dz,
0 0

where
2 .2 2 . /
I:/ sin xdxz—/ sinz - (cosz) dx
0 0
_ - : 5 o
= — sinz cos z|¢ —|—/ cos xdxz/ (1—sin’z) dz
0 0
z ™ ™
=zl —I=2I=_=—1= |,
d 2 4
namely

sin? z 4 T
p cosZy T

We can compute this double integral in Matlab 7.9, in two ways:
>> syms Xy

>> f=Q(x,y) sin(x)."2/cos(y)."2

f =

Q(x,y) sin(x)."2/cos(y)."2

>> dblquad(f,0,pi/2,0,pi/4)

ans =

0.7854

or

>> int(int(1/cos(y)"2,0,pi/4)*sin(x)"2,0,pi/2)
ans =

1/4%pi

and with Mathcad 14:
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and using Mathematica 8:

n[1]= Integrate[Integrate[l/ (Cos[y]*2}), {v, 0, Pi/4}] »Sin[x]*2, {x, 0, Pi/2}]

|-

2) The next figure shows the domain D.

D:{(m,y)€R2|O§x§1, 2x§y§x2—|—1}

one deduces that

1 241
//xdxdy:/ (/ dy)xdx
D 0 2
1 2 1 ) 1
—/0 (y|2x )xdx:/o (2% +1-2z) xd;v:12

In Matlab 7.9 we shall have:
>>syms X
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>> int(int(1,2*x,x"241)*x,0,1)
ans =
1/12
We shall achieve the same result using Mathcad 14:

rl
[ '+l \ y
J ldy |-xdx - —
W25 j 12
0

and with Mathematica &:

In[i}= Integrate[Integrate[l, {y, 2»x, x*2+1}] »x, {x, 0, 1}]
1

12

e

and with Maple 15:
1 x2+1

[ j | ol

0L2x

3) The next figure represents the domain D.

A,
D

[
»

0 X

One can notice that
D:{(m,y)€R2|O§x§1, xggyg\/x};

one obtains
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//D Vaydzdy = /01 ( m;/x \/ydy> VvV dz

VT
1 5 +1 9 1, .
= y vz do = zi —23) Vade
o \ 3+1], 3 Jo
x
=2 [ (e e e = st i)
- - = 5 7
3 Jo 3\ 341] " 141,

2 /4 2 4
3(9 9>27
We can check this result using Matlab 7.9:
>> syms Xy
>> int(int(sqrt(y),x"2,sqrt(x))*sqrt(x),0,1)
ans =
4/27
and in Mathcad 14:

and using Mathematica 8:

In[2]:= Integrate[Integrate[Sqrt[y], {¥, x*2, Sgrt[x]}] «Sgrt[x], {x, 0, 1}]
4

OutfZl —

-1

-
£

and with Maple 15:

1{ Jx
[ j Sy | xde
0|72

b
-.:||4"“
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8.4 Applications of the Double Integral

8.4.1 Computing Areas

The area of a closed and bounded plane domain D C R? can be computed
(see [42], p. 114) using the double integral:

Area = /dxdy. (8.21)
Example 8.21. Use a double integral to compute the area of the domain

D={(z,y) R} —y?<a<y 0<y<1}.

Solution.
The next figure emphases the domain D.

J/A

%

~

One deduces that

Area://Df(x,y)dxdy:/Ol (/;dx>dy=/01(y+y2)dy:2.

We can also compute this area in Matlab 7.9:

>> syms Xy
>>A=int(int(1,x,-y"2,y),y,0,1)
A =

5/6

and using Mathcad 14:

& :
A= J Tde|dy — —
et | i | - 6
e T
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and with Mathematica &:

In[2]= A = Integrate[Integrate(l, {x, -¥*2, ¥}], {¥, 0, 1}]

e
1l
-::hlk_h

8.4.2 Mass of a Plane Plate

We shall use the following formula (see [42], p. 115) in order to compute
the mass of a plane plate, having the form of a domain D and the density

p(,y):

Mass (D) = / /D p (2,y) dady. (8.22)

Example 8.22. Compute mass corresponding to a plane plate, having the
form of the domain

D ={(z.y) € R’ &* +y* <4, 3y >’}
and the density

p(z,y) =y.

Solution.
The following figure shows the domain D.
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A D

A
AWK Bl)
= \\

One can notice that

v

O 2 X

2
D:{(m,y)€R2| —V3<r<V3, z <y<Via-— xQ}.

It will result

V3 Va—z? V3
Mass (D) / / y dy | dx :/ <y2|
—v3 \J=? V3
V3 4
:1/ <4x2x)dx
2 _\/3 9

V3
25

-3 45

1 V3 23
) <4x|_\/3 ~ 4

The same result can be obtained using Matlab 7.9:
>>syms X y

—V3

V3 ) _ 143

Va—x2
22
3

5

)

>> M=int(int(y,y,x"2/3,sqrt(4-x"2)),x,-sqrt(3),sqrt(3))

M=
14/5*37(1/2)
and in Mathcad 14:

i
(faz ) i
MMass = vy | di = —
X :
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and using Mathematica 8:

In[Z]:= Mass = Integrate[Integrate[y, {y, x*2/3, S5gqrt[4-x*2]}],
{x, -3grt[3], Sgrt[3]}]

1443
2

Ort[2]

and with Maple 15:
JI3 | Ja—2d
Mass = J J wdy | dx

E

ST 2
3

Mass = % \.’T

8.4.3 Coordinates the Centre of Gravity of a Plane
Plate

The next formulae (see [42], p. 115) help us to compute the coordinates of
the centre of gravity G (xq, ya), corresponding to a plane plate, having the
form of a domain D and the density p (z,y):

_ [ Jpzp(zy)dzdy
TG = [ [, ple.y)dady
(8.23)
_ S Jpye(zy)dedy
Yo = ffljj p(z,y)dzdy
Example 8.23. Compute the area and the centre of gravity coresponding
to a homogeneous plane plate, with the form of the domain bounded by
the curve y = sinz and the straight line (OA) which crosses through the
origin and through the point A (’27, 1) from the first dial.
Solution.
The next figure shows the domain D.
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S

v

We notice that

2
D—{(m,y)€R2|O§x§; ;vgygsinx}
T
and
-0 y-0

T 1-0

Using the relation (8.22) we shall obtain that

K sin x 3 .
Area = // dzdy :/ / dy | dx :/ (y Sénxm) dz
D 0 2y 0 T

04): " — (0A) : :x:y.

2 . 2 T 2 g2 T
= sint — z|dr=—cosz|} — - =1- .
0 s T 2 0 4
We have to compute the following integrals:
5 sin x 5 . 2 5
zdzdy = dy | adx = rsine — z° | dzx
D 0 2a 0 ™
g 2 3|5 . ™ 2 2
=—/2x(cosx)’dx— =—xcosx|02+/2cosxdac—ﬂ —1-" .
0 n ) o 12 12

3 sin @ T
// ydzdy:/2 / y dy dz:/2 v
D 0 2z 0 2

T = 12—n2
such that 12—3m
Ya = 24—6n-

We can also solve this problem using Matlab 7.9:



8.4 Applications of the Double Integral 435

>>syms X y

>> a=int(int(1,y,(2*x)/pi,sin(x)),x,0,pi/2);

>> Il=int(int(x,y,(2*x)/pi,sin(x)),x,0,pi/2); I2=int(int(y,y,
(2*X)/pi,sin(X)),X,O,pi/z);

>> xg=simple(I1/a)

xXg =

(-12—{—pi"2)/(3*pi-12)

>> yg=simple(12/a)

yg =

“pi/ (6%pi-24)

and in Mathcad 14:

™ ™ Fl
(2 [ sin ) (2 ;s (2 [ psin )
&: } ldy |dx = J ldy |-xdx B= } ydy | dx
2 2 2
| g 1 |¥—.x 1 | ¥ —.x 1
LG 1 7 o J \om J
1] 0 0
il z 12 B
. P e T Go=— G — -
G = — G simplify — ¥ ¥ ’
1 Ll T L i)

and using Mathematica 8:

In[8]l:= Il := Integrate[Integrate[l, {¥, 2/Pixx, Sin[x]}], {x, 0, Pi/2}]
In[T]:= I2 := Integrate[Integrate[l, {y, 2/Pixx, Sin[x]}] »x, {x, 0, Pi/3]]
In[8]:= I3 := Integrate[Integrate[y, {y, 2 /Pixx, Sin[x]}], {x, 0, P1/2}]

Infsl= XG = I2 /11

=
=
i
o
7]
1]
-
w
-
i
=

and in Maple 15:
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T
2 zin(x)
Il = J‘ J 1 d_}« dx:
0 2
o
1Y
R
2 sin(x)
I2 = J '[ 1 dy | zodx
0 2
=x
1Y
=
2 sin(x)
I3 =J '[ ydy | dx
0 2
e
1
12
G= il
X fa\cror[ 7] ]
xG=—
3
}G=facror[ _1]
yG=-—

8.4.4 Moments of Inertia of a Plane Plate

The moments of inertia of a plane plate, having the form of a domain D
and the density p (x,y), relative to the Oz and Oy- axes are, respectively

(see [15], p. 244):

Ix:// y?p (x,y) dedy

D

Iy:// 2%p (z,y) dedy.
D

Example 8.24. Calculate moments of inertia relative to the axes of coor-
dinates, for the plate which has the form of the domain

D={(z,y) eR*|z+y<1 >0, y>0}

if its density is

p(z,y) = zy.

Solution.
The following figure shows the domain D.
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A

B D

B(0,1)

A01,0)
0 X

In order to compute I, we shall assume that the domain D is simple
relative to the Ox axis:

D={(z,y) eR*)0<y<1,0<a<1-y}.

Therefore

1 1—y 1 SU2
I, = / </ xdx) y3dy :/
0 0 0 2

_1/1(3_24+5)d_1
= o Y Y Y y—120-

1_y 1 1 . 2
f®:2/yﬂrw)@
0

0

2

In order to compute I, we shall assume that the domain D is simple
relative to the Oy axis:

D:{(m,y)€R2|O§x§1, Ogygl—x}.

Therefore

1 l1—x . 1 y2
AR
0 0 0
_1/1<3 24+ 5)d _ 1

We can easier obtain this result using Matlab 7.9:
>> syms X'y
>>Ix=int(y " 3*int(x,x,0,1-y),y,0,1)
Ix =
1/120
>> Iy=int(x"~3*int(y,y,0,1-x),x,0,1)
Iy =
1/120
or in Mathcad 14:

11—z 1 1
i3dx = / 2® (1 —z)°da
0 2 Jo
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1: rl—y “"F 1
Ix = xd:{i-}-'3d§, It —» —
"o JI, 120
0
rl e \Ir ,
Iy = J. }fd}fi-x dx Iy - —
o 3 120
0

or with Mathematica 8:

In[1]:= Ix = Integrate[y*3=xIntegrate[x, {x, 0, 1 -v}]1, {¥, 0, 1}]
1

120

Ot

In[2]:= Iy = Integrate[x*3 « Integrate[y, {yv, 0, 1 -x}], {x, 0, 1}]
1

Outlzl ——

120

or using Maple 15:

1
120
17 1-x
Iy= J U }=d}=]x3dx
0\"0
1
120

8.4.5 Computing Volumes

The volume V of the body bounded above by a continuous surface z =
f(z,y), (z,y) € D, below by the plane z = 0 and on the sides by a right
cylindrical surface which cuts out of the Oy -plane a region D (see Fig.
8.3), is equal to (see [8] and [42], p. 114)
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Vioay = [ /D f (2, y) dedy. (8.26)

v

Fig. 8.3

Example 8.25. Use the double integral to compute the body volume from
the first octant bounded by the cylinder

2+ 22 =a* (a=ct>0)

and the planes

y=0
z2=0
y=ux

Solution.
The next figure pictures the body.
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'3

In our case we have

D={(z,y) eR?|0<z<a 0<y<az}.
As

z=Va>—22 z¢ [0, al

one deduces that the volume of the body is:

Vbody:/ / \/az—xzdxdy:/ (/ \/az—xgdy>dx
o Jo 0 0

:/ x\/ag—xgdx,

0

where

v Va2 — x?
= —/Oaaz (\/ag—xg)ldx—&-/oaxQ (\/ag—xz)ldx

a a a
—ag\/ag—x2’ —&-xg\/ag—xg‘ —2/ x\/ag—xzdx;
0 0

0
~

a a 2 _ .2
I:/ x\/az—xzdx:/ T 4
0 0

-

therefore
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i.e.

1
Vbody = 3a3.
In Matlab 7.9 we shall have:
>>syms Xy a
>> simple(int(int(sqrt(a”2-x"2),y,0,x),x,0,a))

ans =
1/3*a"3
We shall achieve the same result using Mathcad 14:
3
ra -
R h" 5] :
R a2}
_ a —x dy|dx simplify —
Vo g

0
or with Mathematica 8:
In[f]:= W = Integrate[Integrate[Sgqrt[a*2 - x*~2], {¥, 0, x}], {x, O, a}]
f A

2132

- (a*)
3 !

Out[5}=

or in Maple 15:
af x 1

J U Ja —x d}'] dx
070

%afﬁ csan(a)

8.5 Change of Variables in Double Integrals

8.5.1 Change of Variables in Polar Coordinates

Using the change of variables in polar coordinates:

{x = pcosf

y— psing » P =0 0€[0,27] (8.27)

we shall have (see [15], p. 243 and [8])
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// I (z,y) dxdy:// f(pcos, psinb) - |J| dpdd, (8.28)
D D

where

D (z,y)
D (p,0)

is the functional determinant (the Jacobian) of the functions x and y.
Example 8.26. Use the change of variables in polar coordinates to com-
pute the double integral:

7] = =p

ln x +y
// 22 12 dzdy, WhereD:{1§x2+y2§e2}

2) // (352 +y2) dzdy, where D = {a2 <z 492 <b?, 2w <y< 4;E}
D

) // rdxdy, where D = {x2 +y? <2z, < y}.
D
Solution.
1) Since computing this integral in rectangular coordinates is too difficult,
we change to polar coordinates. After we apply the change of variables in

polar coordinates, the domain D will become D’:

D'={1<p<e, 0<0<2r}

ln Z‘ _|_y /6/2# 11’1[)2
dzdy = - p dpdf
// 2 452 i 1 Jo p? per
e 2 2 e 2
1 i
:/ (/ d0> ne dp:27r/ P
1 0 P 1 P

= QW/ lnpzo(lan)/dp
2
2 2 e
= 1n2 = ;T (ln2 e? — In? 1) = 27.
1

We can also compute this double integral using Matlab 7.9, in the fol-
lowing two ways:

Method 1. Select successively File->New->M-file and write the following
instructions:
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function yt=w(r,th)

x=r*cos(th);

y=r*sin(th);

f=log(x."2+y."2)./(x."24y."2);

yt="f.*r;

end

Save the file with w.m then write in the command line:

>> I=dblquad(@w,1,exp(1),0,2*pi)

I =

6.2832

Method 2.

>> syms rho th

>> x=rho*cos(th);

>> y=rho*sin(th);

>> eval(int(int(log(x"24+y~2)/(x"2+y"2)*rho,rho,1,exp(1)),
th,0,2%pi))

ans =

6.2832

and using Mathematica 8:

In[5}= X 1= p»Cos[8]
Inf8}= ¥ := pxSin[a]

In[7T]= Integrate[Integrate[l, {6, 0, 2+ pil}] »Log[x*2 + y22] / (Xx*2 + ¥*2) =
o, {o, 1, BExp1]}]

Out[T= 2pi

and in Maple 15:

X= p-cus{ﬂ}:
= p-sin(8) :
& 2-m i
'[ J‘ 1d8 .M.p dp
BR% x &y

We can’t compute this result in Mathcad 14.
2) Using the formulae (8.27) we obtain:

a? < p? < b2
=0 }:»pe[a,bL
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20 <y <4dr=—2<tanf <4 = 0 € [arctan2, arctand4].
After the change of variables in polar coordinates, the domain will
become :
D'={a<p<b, arctan2 < 0 < arctan4}

and

b arctan 4 b arctan 4 .
// (x2+y2)dxdy:// p2~pdpd0:/ (/ dG)pddp
D a Jarctan2 a arctan 2

b
= (arctan4 — arctanZ)/ p> dp
a

b
ot
4 a
bt —a?t

4

= (arctan4 — arctan 2)

= (arctan4 — arctan 2) -

3) Using the change of variables in polar coordinates from (8.27), in our
case one obtains:

r<y=1<tanf =0 ¢ [1,52}
The domain D will become D’, from the next figure:

A

Y
DI

namely
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Such that,
V2 e V2 o
// rdzxdy = / / p?cosf dp df = / / cosfdl | p? dp
D 0 T 0 T
_/\/2 (sin9|5‘f) >dp= sin57r—sin7r 2 v
~ HY L 4 1) 3|,

2 2 3 3

< V2 \/2> 2v2 4
We can also obtain this result in Matlab 7.9:
>> syms rho th
>> x=rho*cos(th);
>> y=rho*sin(th);
>> int(int(x*rho,rho,0,sqrt(2)),th,pi/4,5%pi/4)
ans =
-4/3
and with Mathematica 8:
In[i]:= X 1= pxCos[8]

In[2l:= Integrate[Integrate[x«xp, {po, 0, SgrE[2]1}], {6, Pi/4, 5«Pis4]]

4
Outfz} ——
3
and in Maple 15:
x = p-cos(8) -
i
4 JZ
J J x-pdp |d6
n 0
4
]
3

We can’t compute this result in Mathcad 14.

8.5.2 Change of Variables in Generalized Polar
Coordinates

Using the change of variables in generalized polar coordinates
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x = apcosl
{y:bpsine , p>0, 0€l0,2n] (8.29)

we shall have

// f(x,y)dedy = / flapcosB,bpsind) -|J| dpdb, (8.30)
D D’
where

D (z,y)

1= D (p.0)

= abp

is the functional determinant (the Jacobian) of the functions z and y.
Example 8.27. Use the change of variables in generalized polar coordi-
nates to compute the double integral:

22 g2
//D\/Qazbgdxdy7

where

+ <1l,z>0, y>0.

Solution.
After we apply the change of variables in the generalized polar coordi-
nates (8.29), the domain D will become D’:

p={o<p<t,0<0< ]}

2 2 1 pm/2
// \/2—x2—zzdxdy:// V2 — p2abp dpdd
D a 0o Jo
1 3
:ab/ </ d9>p\/2—p2dp
0 0

abr [t
/O pV2—p? dp =

2

abr ! 3/2\/
=7 (e
_abm o oy8/2)1
6 <2 p) ‘0
_ abr _abm (2v2-1)
6 (1_2‘/2) - 6 '

and
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We shall have in Matlab 7.9:

>>syms rho th a b

>> I=simplify(int(int (a*b*rho*sqrt(2-rho”2),rho,0,1),
th,0,pi/2))

I J—

1/6*a*b*(-1+2*27(1/2))*pi
and in Mathcad 14:

| =

rl e

=
2 e
j J ~I|2—pl-a-h-pdf:'|dp simplify _,L“

00 §
and with Mathematica &:

In[]:= Integrate[Integrate[Sqrt[2 - p*2] raxbxp, {p, 0, 11],
{6, 0, Pi/2}]

1, yoa
Outff — |-1+2+vV 2 |abnw
6 ' :

and using Maple 15:

T
1 % _
simplify [ J J 2—p -abpdédp

00

8.6 Riemann-Green Formula

The Riemann- Green formula is (see [48], p. 448):

j{deJery—// (3@ ay)d:vdy7 (8.

where:

e the direction of covering for the curve C' is the straight direction,
e D is a closed domain, bounded by the curve C.

447

31)
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Example 8.28. Use the Riemann- Green formula to compute the following
line integral and then check the obtained result by directly computing the

line integral:

nI= j{e“"Q*yQ (—ydx + 2dy) ,where (O):2? +y? = 1;

2>J=f<x+y>dx—<x—y>dy,
C

+ v 1 is an ellipse, covered counter- clockwise;

2 (:1:2 + y2) da+(z + y)? dy, where C is the contour of the triangle,

K
=
Il
QS

having the vertices: A(1,1), B(2,2), C(1,3), covered in the straight direction.

Solutions.
1) For this integral:

P(z,y) = —ye* ¥
Q (z,y) = ze® v

and

or
oP _ _egc2+y2 _ 2y2€x2+y2.

2 2 2 2
9Q _ or’+y° | 920"y
dy

Therefore, we shall have:
I= // (Qegczﬂ’2 + 22267tV 4 2y2ex2+y2) dzdy,
D
where

(D): 2 +y* < 1.

We choose polar coordinates since the disk is easily described in polar
coordinates. Using the change of variables in polar coordinates:

z = pcost
{y—gsine , pelo,1], 0 €0,2n]
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one obtains

1 27 5 R 1 2 R
I= / / (26” + 2e” p2) pdpdf = 2/ / ef (1 + p2) pdpdb,
o Jo o Jo

(8.32)
namely

1 2 ool 1

1:2/ (/ d0> e’ (1+p2)pdp:47r / e"zpdp—k/ e”zp3dp}
0 0 LJo 0
1 [t 2\’ 1 ! 2\’ o

:477{2/0 (e”)dp—|—2/0 (ep)pdp
2|1 2|1 1 2\ ]
:277{6‘)‘ —|—p2e”‘ —Z/p(ep)dp
0 0 0 |

1 ’ 1
:2W<e—1+e—/ (e”z) dp>=27r(e—1+e—ep2‘)
0 0

=2r(2e—1—e+1) = 2re.

—

We shall compute the integral from (8.32) in Matlab 7.9:
>> syms rho th
>> I=2%*int(int(rho*exp(rho~2)*(14rho"2),rho,0,1),th,0,2*pi)
I=
2*exp(1)*pi
and with Mathcad 14:

rl op2ew

P (1403
2 e l+plpdidp — 2-w-e
0“0

and using Mathematica 8:

InEl:= 2 x Integrate[Integrate[Exp[o*2] » (1 + 2*2) xo, {2, 0, 1}],;
{6, 0, 2xPil]

and in Maple 15:

1 2T 45

E-J J epﬂ-(l + pl}-pdﬁdp

00
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We shall also compute directly the line integral, taking into account the
parametrical equations of the circle

(C):a® +y* =1,

which are:

It will result that

2 27
Iz/ e[(—sinf) (—sinf) + cosf - cosf] df = e df = 2re.
0 0

2) In the case of this integral:

{ P(z,y)=x+vy

Qz,y)=—(z—y)
and
0Q _ _4
dx_
L

Therefore, one obtains:
J:// (flfl)dxdy:fQ// dxdy,
D D

2 2
(D):a2—|—b2 < 1.

Using the change of variables in generalized polar coordinates:

where

xr = apcost
{yzbZSine , p€[0,1], 0 €[0,27]

it will result:
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1

1 2m P2
J = 2/ </ d0) abpdp = —2ab - 27 = —2mab.
0 0 2,

We can also compute directly this line integral, taking into account the
parametrical equations of the ellipse

.E vy _
(C’).aQ+b2 =1,
which are
r = acosl
{y-bsin@ , 0€]0,2n].
v

o

e

N
N

It will result that

27
J= / [(acosf + bsinf) (—asind) — (acosf — bsinh) - beosh] df =
0
27
= / (fa2 sin 6 cos — absin® 0 — abcos® 0 + b2 sin 0 cos 0) do
0

2w 27
= (b2 — a2) / sin 6 cos 6d6 fab/ do = (b2 — a2) I —ab- 27,
0 0

~
Iy

where
2 2
L = / sin@cos@d@z/ sin@ - (sin@)’ df
0 0
. 2 2 o
0
o 7/ sinfcosfdfd =0 -2, — I, = 0.
2 0 0
Finally,

J = (b2 — a2) -0 — 2mab = —27ab.
3) For this integral:
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{P(Sﬂ,y)—Q(észryQ)
Q(z,y) = (z+y)°

and

Therefore, one obtains:

K://D(2x+2yf4y)dxdy:Q/L(xfy)dxdy,

where from the Figure 8.4 one can notice that:

D:{(x,y)€R2|1§x§2, x§y§7x+4}.

yﬂ
C

3__

2 B
A

1—- A/

ol 1 2 X
Fig. 8.4

Taking into account the equations of the straight lines AB and C'B:

r—1 y-—1
AB : = S
2—-1 2-1
AB :x =y,
r—1 y—3
B : =
¢ 2—-1 2-3

CB:z—1=—-y+3<
CB:y=—-x+4

we shall have:
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[ ([ e [ ea-a- 4| o
2/12 {4x2x l (16—8x—|—x2x2)} da

2 2
2/ (42 — 22% — 8 + 4z) dx 4/ (—2? +4z—4)da
1 1
2

3 T 2 4
=4 4 =",
( 3 2|, x|1> 3

One can check this result by computing directly the line integral:

K

+4
1

K:}z{Q(x2+y2)dx+(x+y)2dy=K: }1{2(x2+y2)dx+(x+y)2dy

C AB
- -~ -~
Ki
+j<1{2(x2+y2)dx+(x+y)2dy+?{2(1:2+y2)dx+($+y)2dy
BC CA
~ ~ P ~ -
K2 Ki}
= K + Ko+ Kj.

Taking into account the parametrical equations of the straight lines AB,

BC and CA:

(AB):{Z;:E L te(l,2]
oy:{, 5, rer
(CA):{zii te3.1]

we shall compute:
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2
K, = }{2(12+y2)dx+(:p+y)2dy:/ (2-2t2-1+4t2-1)dt
1

2 t3
= / 8t2dt = 8
1 3

2
Ky = ?{2(x2+y2)dx+(z+y)2dy=f/ [2 (t? + % — 8t + 16) — 16] dt
1
BC

2

=8,
1 3

2
:7/ (4¢* — 16t + 16) d 4/ 2 At+4)dt
1 1
t32 t2 2
= — 4t =
(3 1 2 + |1> 37
3
K3 = %2($2+y2)d$+($+y)2dy:—/ 2(0+6) -0+ (14+63)7 1]
1

CA
3 t33 t23

—/ (t2+2t+1)dt—(3 +2 + 3 :—536
1 1

K=K+ Ky + K3 = - = = —

.J;

—4

1 2

which make that

8.7 Problems

1. Noting that the expression under the integral is a total differential cal-
culate the line integral

/ xdzx + ydy,
c

along the parabola y = 22 between the points A (0,0) and B (2,4).

2. Compute the line integral:

/ xyds,
AB

where AB is the straight line segment which links the points A (1,2) and
B(2,4).
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3. Compute the line integral

I:/ ydxw
cl+y

where C is the arc: y? = z, with y > 0.

4. Compute the line integral:

%xydx + zdy — zdz,
T

where I is the closed curve from the following figure:

i
o)

A/
\_O

| =
k=)

N
<V

./ A(1,00)
where
r=1-2t 1
(AB) : y=t ,tG[O,Q}
z=0
z=0 -
(BC) : yzlcost,te[o, }
_ 1. 2
Z—QSll’lt
r=1t
(CA) : y=0 ,tel0,1].
5 — 1=t
2

Computer solution.
We shall compute this integral using Matlab 7.9:

455
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>> syms t
>> int((1-2%t)*t*(-2),t,0,1/2)+int(1/2*sin(t)*(-1/2)*sin(t),
t,0,pi/2)+int(-t*(-1/2),t,0,1)
ans =
1/6 - pi/16
and in Mathcad 14:

P
2 . rl

I,-.Jl»—-

'
|r ‘-‘1 Il'-'— ‘-\l

J W v G MWW (L EE PO T fa rRL

) 2 e L2 6 16

0 0

and with Mathematica &:

In[4}= Integrate[{1 -2=t) xtw (-2}, {t, 0, 1/23] +
Integrate[l/2«5in[t] » (-1/2«5in[t]), {t, 0, Pi/2}] +
Integrate[-t« (-1/2), {t, 0, 1}]

1 =
Outld — - —
& 1

[=3]

and in Maple 15:

1 T
2 7 1
J (1—2-{']-f-(—2]d.i+J %-sin(f)-[—%-sinm]di+'{(—f)-[—%]dj
0 0 - 0 -
-
5 B 1)

5. Compute the area of the cardioid:

xr = 2acost — acos 2t
(©): { Yy = 2asint — asin 2t € [0,2n].

Computer solution.

We shall have in Matlab 7.9:

Step L. Select File->New->M-file and then write:
syms a t

x=2*a*cos(t)-a*cos(2*t);
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y=2*a*sin(t)-a*sin(2*t);

yt=diff(y,t);

int(x*yt,0,2%pi)

Step II. Save the file area.m and then write in the command line:
>>area

ans =

6*a”2*pi

and using Mathcad 14:

wt,a) = 2-a-cos(t) — a-cos(2-t) vit,a) = 2-a-sinft) — a-sin{2-f)

2T

.
x[t,a}-i}f[t__a} dt — 6-mw-a”
dt

and with Mathematica &:

L]
1

[2]= i=2xaxCos[t] -axCos[2xt]

Inf3l= ¥ i=2xax3in[t] -axSin[2«=t]

Inf4]= ¥yt =Dy, £];
In[5]:= A = Integrate[x»yt, {t, 0, 2xPi}]

Qutff= 6a° m

and in Maple 15:

x =2 gcos(t) —acos(21)
yi= 2 asin(t) — asin(21)
2-m
d
|, (5
1]

.
Gmea

6. Use the Riemann- Green formula to compute the following line integral:

?{ V2 +y2dz +y [acy +1In (ac + V22 + y2>] dy, where C is the contour of the circle
c
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(C): =17+ -1 =1

Computer solution.
Using the Green’s formula we have to compute

1+2\/2§’+ , y
I:// yly+ Y — dxdy:// y2dady,
D T+ /22 + y? Va2 + y? D
where

(D): (z—1)°+(y-1)7 <1

We shall achieve in Matlab 7.9:

>> syms rho th

>> int(int((rho*sin(th)+1)"2*rho,th,0,2*pi),rho,0,1)
ans =

(5*pi)/4
and with Mathcad 14:

r'l-'."l.'
r1 | )
J (p-sin(8) + 1)"-pdp |do — :'T“
’ :

and using Mathematica 8:

In[1]:= Integrate[Integrate[ (o=5in[8] +1)*2=xp, {o, 0, 11],
{6, 0, 2xPil]
am
4

Cut]1]=

and with Maple 15:

1 2=

simplify J J (p-sin(8) + l}l-pdﬁdp
00

-Ih-lk_h

7. Applying Green’s formula, evaluate:
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j{—nydx + zy?dy, where C is the contour of the circle
c

(C): 2?4+ 9y? =12

8. Find that the expression from under the integral sign is a total differen-
tial to compute the line integral:
Y

_ T — 2y - 9
I_/AB[@—@” (- y]dy

where only the ends of the integration curve have specified.

dr +

9. Compute the double integral:

//arcsin vV + ydzdy,

D being bounded by:

r+y=0

r+y=1
y=—1
y=1.

Computer solution.

We shall compute this integral using Matlab 7.9:
>>syms X y

>> int(int(asin(sqrt(x+y)),x,-y,1-y),y,-1,1)
ans =

pi/2

and in Mathematica 8:

Injzl= Integrate[Integrate[ArcSin[(x+y)~(1/2)1, {x, -¥, 1- 311, {¥, -1, 1}]

1—y

J 1 U arcsin[ﬁ]dx dy

|u|-—~
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We can’t compute this integral in Mathcad 14.

10.Evaluate the double integral:

//D In (z + y) dedy,

where D={(wy) e Rz el0,1], ye L2}

Computer solution.

We shall give a computer solution using Matllab 7.9:
>>syms X y

>> int(int(log(x+y),y,1,2),x,0,1)

ans =

log((81*37(1/2))/16) - 3/2

and in Mathcad 14:

{1 k'
J‘ In(x + vy dx | dy = i -4-1:1[3}—3
<o _,J 2 X

and with Mathematica &:

In[171= Integrate[Loglx+y], {¥v, 1, 2}, {x, 0, 1}]

3 Log[3] 81 -
-+ = +L|:g[—i
2 2 1s-

and in Maple 15:

E [fln(x + ) dy] dx

(o]

-2 — 410(2) + > In(3)

11.Evaluate the integral

// Vry — y2dzdy,
D

where D is bounded by the triangle with the vertices:
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0(0,0), A(4,1) and B(1,1).

Computer solution.

We shall give a computer solution in Matlab 7.9:

>>x=0:0.1:4;

>>yl=x/4;

>> xx=0:0.1:1;

>> y=XX;

>>plot(0,0,’sb’,4,1,’sb’,1,1,’sb’,xx,y,’r’,x,y1,’r’ ,’
MarkerFaceColor’,’b’,’LineWidth’,2)

>>a=[4 1];b=[0 0];

>>line(a,b)

>>syms X'y
>> int(int(sqrt(x*y-y"2),x,y,4*y),y,0,1)
ans =
(2*37(1/2))/3
and with Mathcad 14:
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=10 xa =4 ib=1 yo =10 ya=1 yb=1

yl{z) = — x=0,01_4 m=0,01_.1 ml=1,101_4

06 b

0.4F 1

02 T

1 rdy
2443
[ =

and with Mathematica &:

Show [Graphics[{PointSize[Large] , Pink, Point[{0, 01]11}]1,
Graphics [{PointSize[Large] , Pink, Point[{1, 1}]1}],
Graphics [{PointSize[Large] , Pink, Point[{4, 1}]11],
Plot[x/4, {x, 0, 4}], Plot[x, {x, O, 1}], Plot[1, {x, 1, 4}]]

In[13:= Integrate[Sgri[x=y - y*2], {y, 0, 1}, {x, ¥, 4=¥]}]

2
oufi3fE ——

V3

and in Maple 15:
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with plottools) :
with{ plots) -
display(line( [0, 0], [1, 1]. color = blue), lina( [0, 0], [4, 1], colar
= blug), line([4, 1], [1. 1], color = biue), plot{ Vector([0.4,1]).
Vector([0, 1, 1]), style = point) )
1
0z
06
0.4
0z

04
0 1 2 3 4

1 4.y .
J J xy—) dedy
0y

\III'T

U—‘||\J

12.Compute the moment of inertia of a triangle bounded by the straight
lines x +y =2, z = 2, y = 2 relative to the Oz- axis.

13.Compute the moment of inertia relative to the Oz- axis of the plane
plate, by the density u(x,y) = |z —y| , bounded by y = 2z, y = 0,
with 0 < x < 2.

Computer solution.

We shall give a computer solution using Matlab 7.9:

>> x=0:0.1:2;

>> y1=@(x) sqrt(2*x);

>> y2=Q@(x) 0*x;

>> y3=Q(x) x;

>> plot(x,y1(x),’m’,x,y2(x),’b’,x,y3(x),’r’,’LineWidth’,3)

2

1.8

16

14

12

1

0.8

0.6

04

02

0
0 02 04 06 08 1 1.2 1.4 16 1.8 2
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>> syms Xy

>> int(int(y " 2*(y-x),y,x,sqrt(2*x)),x,0,2) +int (int (y " 2* (x-y),
YaO’X)’Xaoaz)

ans =

24/35
and in Mathcad 14:

x=0,01.2 vi(E) = 2x vix) =0 vi(x) =x

R
r2 rf2x 2 rx .
Ix:=J J }’”-{}—x}d}=ﬂ+J J ¥ (x— y) dy dx
0 "= 00
o).
Ix—:-ﬁ
33

and with Mathematica &:
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Inf8]:= ¥y1[x ] := Sgri[2 =]

In[7j= y2[x ] :=0

Infg}= y3[x ] 1=x

inf3l= Plot[{y1[x], y2[x], ¥3[x]}, {x, 0, 2}]

20} f“
L5} " -
T AR
- .
oufio 0] ot
[10] W
03 1o L5 20

In[16].= Ix = Integrate[vy*2« [y -Xx), {x, 0, 2}, {¥, X, Sagri[2=x]}] +
Integrate[y*2« (x -y}, {x, 0, 2}, {y, 0, x}]

24

35

and in Maple 15:

yl=x—.2x:
y2 = x—0:
¥3 = x—x
plot({y1(x).32(x). ¥3(x) L. x=0.2)
2-
1.54
1-
0.5
0+ T T T "
a 05 1 1.5 2
X
2 VIx 2x
[ Ao-vee+| [ Pe-noe
0°x 00
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14.Compute the centre of gravity coresponding to a homogeneous plane
plate, bounded by the cycloid:

x =a(t—sint)
{y—a(lcost) ¢ € [0, 27]

and the straight line y = 0.

15.Compute the centre of gravity coresponding to a homogeneous plane
plate, bounded by the astroide:

223 4?3 = g2/3

and the straight line z = 0, with = > 0.

Computer solution.

We shall give a computer solution in Matlab 7.9:

>> a=1; t=0:0.01*pi:2*pi; x=Q(t) a*cos(t).”3; y=Q(t)
a*sin(t).”3;

>> xx=-1:0.1:1; yy=Q(xx) 0*xx;

>> plot(yy(xx),xx,’b’,xx,yy(xx),’b’,x(t),y(t),’r’,’LineWidth’,4)

1

0.8

0.6

0.4

0.2

- 0

0.2

0.4

0.6

-0.8

A L L L L L L L L
1 08 06 04 02 0 02 04 06 08 1
x

>> syms rho th aa
>> xl=rho*cos(th)"3; yl=rho*sin(th)"3;
>> F=[x1 yl]; v=[rho th];
>> J=simplify(det(jacobian(F,v)));
>> Il1=int(int(J,rho,0,aa),th,-pi/2,pi/2);
>> I2=int(int(x1*J,rho,0,aa),th,-pi/2,pi/2);
>> xG=I2/I1
xG =
(256*aa) /(315%pi)
>> I3=int(int(y1*J,rho,0,aa),th,-pi/2,pi/2);
>> yG=I3/I1
yG =
0

and in Mathcad 14:
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aml t=0,0017.2-7 == =1,-089..1

at) = a-cos(t}3 wit) = a- siﬂ(t}3 yy(xx) =

s | l
yyi(xx)
XX 0 N
-1 1
-1 ] 1 2
=), mx, yy()

4

*f uﬂ_-cos{u] }3
Bo=|

v sinfey)”

x1(p,0) = l-‘(ujo subsﬁtute,x.go: pouy = 0 — p-cos(D)’ simplify — p~cos(ﬂ)’

p-(sin{3-8) = 3-sin(8))
4
. 2
3-5111[.2-1.1!.} uy
4

vi(p,0) = F(u]l subsl:itute.uo- pouy = 8 = - sumplify — p-sin(0)

Jpa) = |Tacob(F(u),u)| simplify —

3-p-{ccs'4-ul] -1
NIZISP’B) = J(u) substim'te.uo- P o= —— subs'du.ue.ui- [

8 3

467

3

3-p-(cos(4-0) = 1)

™
2 5 5 aa E
Ii(as) = H(p.0) dodp — 22 . - 622"
16 2(aa) = x1(p.8)-H(p.B) dbdp — ———
0 _; , )= 105
™
23
I3(aa) = J JA vi(p,b)-Hip.0)dbdp — 0
3
0 J-— 5
3 o faa) | 256-aa - B(aa)
(23 11{aa) T ve(@a) : T1(aa) =0

and with Mathematica &:
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In[i}= a 2= 1;

Infz= x[a_, £ ] := a»Cos[t]*3

InfZ}= y[a , t ] :=a=Sin[t]*3

In[4):= ParametricPlot[{x[a, t], ¥[a, €1}, {t, 0, 2xPi}]

Out[4}=

In[fl= J := Simplify [Det[D[{x[o, 8], ¥[o, 81}, {{o, B}}]11]

In[8]:= Il := Integrate[d, {6, -P1/2, Pi/2}, {p, 0, maa}]
In[7]= I2 := Integrate[x[p, 6] »d, {6, -Pi/2, P1/2}, {p, 0, aa}]
In[8)= I3 := Integrate[y[p, 8] »d, {6, -P1/2, Pis2}, {p, 0, aal}]

5= ®G = I2 /11

256 aa
Qut[5}=

315w
In[10]:= yG = I3/ I1
Out{1d}= 0

and using Maple 15:
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p.far[ a-cos(t)

x= (at) = a-cosl[f)3 :

yi=lat)—=asin(t)’:
with( VectarCalcidus) -

with( Lineardlgabra) -
J= sfmpfzﬁ'(ﬂeteﬁnim{Jacobfm{ [x{ p. ). 3(p. 8) ] [p. EJ]} }} :
T
a 2
Il = J J Jdadp :
0 x
2
T
a2
2= J J x(p. 8)-Jdadp:
07
]
T
a.l
T J J ¥(p.8)-Jdodp
0" x
2
.
= oe H
L
E 315 ¢
yg=0

16.Compute the area of the plane set D bounded by the Lemniscate of
Bernoulli:

(x2 +y2)2 — 942 (x2 _ y2) _
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Computer solution.
Taking into account the polar equation of the Lemniscate of Bernoulli:

C:p? =2a%cos20, — Z <0< Z (the first loop)

the area of the plane set D is

Area=2- A4,

where A; means the area of the first loop and it will be computed using
each of the formulas (8.10)- (8.12).

We shall achieve with Matlab 7.9:

>> syms a t

>> x=a*sqrt(2*cos(2*t))*cos(t); y=a*sqrt(2*cos(2*t))*sin(t);

>> xt=diff(x,t); yt=diff(y,t);

>> Al=int(x*yt,t,-pi/4,pi/4); A2=-int(y*xt,t,-pi/4,pi/4);
A3=1/2*int(x*yt-y*xt,t,-pi/4,pi/4);

>> A=2%A1

A =

2*a”2

>> t=-pi/4:0.01%pi/4:pi/4;

>> x=a*sqrt(2*cos(2*t)).*cos(t); y=a*sqrt(2*cos(2*t)).*sin(t);

>>plot(x,y,’b’,-x,y,’b’,’LineWidth’,2)

0.5+

05}

and in Mathcad 14:
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(a,1) = a/Tcos(TD-cos(t)  y(a,f) = a~2cos T sin(t) yi(a,f) = %;—(a,t) sta,t) = %x(a_,t}
It It

™

2 1
4
Ala) = [ w(a,0)vi(a, 1) dt Az = J - e, tla, b dt

W
n

c

A

Al(a) = El J w(a,t)-yt(a, 1) — v(a,t)-xt(a,f) dt

o
n

2 2 2 2
Al(a) > a°  AXa)—>a  Al@) > & Afa) = LAl > 22

a=3 A i
Pl PiET

x(a,t),—xla,t)

and in Mathematica 8:

x[a , t ] :=axSqrt[2xCos[2xt]] xCos[t];

¥la , t ] :=axSqrt[2xCos[2xt]] x5in[t];
Inf24]:= xt = D[x[a, t], t]; y£ =D[y[a, £], t];

Inf25]:= Al = Integrate[x[a, t] »¥t, {t, -Pi/4, Pi/4}]

In[28]:= A2 = -Integrate[y[a, t] »xt, {t, -Pi/4, Pi/4}]

Inf2T)= A3 = 1/2 »Integrate[x[a, t] »yt-y[a, £] »xt, {t, -Pi/4, Pi/4}]

ParametricPlot[{{x[3, t], ¥[3, 1}, {-x[3, £], ¥[3, £1}},
{t, -Pi/4, Pi/4}, PlotStyle + Red]

and using Maple 15:

471
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x = a-sqrt(2- cos(2 £))-cos(t) :

vi= asqrt(2- cos(2- 1)) sin(7)

ot
1
i}
Al=| x|—y|d
| ()
o
4
b
]
&l
A2:=-| yp| —x|d
J }[ar“]
..
]
»
1
1 o @
s= 3] x(3p)-r(7r)e
..
4
A=2-41
A=24
plot b p=-Z Z1- b =2 L
a:3ua:3 el a:E- a=3 ard

17.Compute the double integral:

[ @ @ o,

where D is the square bounded by the straight lines:

r+y=1
r4+y=-1
r—y=-—1
r—y=-3.

18.Passing to polar coordinates, find the area bounded by:
22 +y? =22
2 2 _
¢ +y° =4
y=z
y=0.

19.Determine the volume of the ellipsoid:



8.7 Problems

Computer solution.
We shall achieve the volume of the ellipsoid (see Fig. 8.4)

with Matlab 7.9:
>> syms a b ¢ rho th
>> x=a*rho*cos(th);
>>y=Db*rho*sin(th);
>> z=simplify(c*sqrt(1-x"2/(a"2)-y"2/(b"2)));
>> Vol=8%*int(int(z*a*b*rho,th,0,pi/2),rho,0,1)
Vol =
(4*pi*a*b*c)/3
and in Mathcad 14:

xa.p,8) = ap-cos(d) wb, p,8) =b-p-sinld)

za. b, c,p.8) =c

a 3
o BT L)
T

a b

ko | =

1
Vol{a,b . c) = S-J J z{a,b.c,p.8)-ab-pdidp —
00

and using Mathematica 8:

simplify — o

4-m-a-b-c

473
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L]
w

axpwCos[6]

InZl:= ¥ = bxpx5in[g]

In[2]= 2 1= Simplify[c+Sgri[l -x~2/ (a*2) -y*2/ (b*2)]]:

)
e
ii

Vol = 8 x Integrate[zxaxbxp, {G, 0, PL/2}, {po, 0, 1}]

4
Outfd= — abem
3

and with Maple 15:

x = ap-cos(9) :
y = b-p-sin(0) :
. 5 ]
z=gsimpliflc- [ 1 — — — = |:
J £ B
T
L. %
Vo.E:E-'[J z -a-b-pdodp
00

Vol= = cabm
3
20.Find the volume of a solid bounded by the surfaces:

22 b2+ 22 =4
2?2 +y? =2z

and the plane (xOy),with z > 0.



9
Triple and Surface Integral Calculus

9.1 Calculus Way of the Triple Integrals

The evaluation of a triple integral one reduces to the successive computation
of the three ordinary integrals or to the computation of one double and one
single integral (see [48], p. 491).

Case 1. Let f (z,y,z) be a continuous function over a solid V' defined by

a<x<b
e1(r) <y < o ()
¢1(xay)§Z§¢2(x7y)

Then, the triple integral is equal to the triple iterated integral:

b pea(z) ro2(zy)
///f(;v,%z)dxdydz:// / f(z,y,2)dzdydz. (9.1)
v a Joi(z) Joi(zy)

Case 2. In this case we define the domain V' as follows:

V:{(x,y,z)|(x,y) €D, ¢1(2,y) <2< ¢ (x7y)}7

where (z,y) € D is the notation that means that the point (z,y) lies in the
region D from the xOy plane, i.e. D =pry xzOy.

G.A. Anastassiou and L.F. Iatan: Intelligent Routines, ISRL 39, pp. 475-572]
springerlink.com (© Springer-Verlag Berlin Heidelberg 2013
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In this case we shall evaluate the triple integral as follows:

///f B dxdydz—// (/(:Z(I’y) Sﬂy7z)dz> dydz. (9.2)
1)

Example 9.1. Compute the following triple integral:

1 1 41 1
=/ / / dxdydz.
o Jo Jo Vet+y+z+1

Solution.
We shall have:

1 1 1 1 1 1 1 dZ
I = dzdydz = d d
/0/0/0 Vety+z41707 /0 x/o y/o Vity+z+1
1 1
:2/ dx/ {(m—&—y—kz—kl)lﬂudy
/dx

/ +y+21/2—(x+y+1)1/2}dy

—9. 3/0 {( +33% _ (2 +2)3/27(Q:JFQ)s/er(x+1)3/2} e

— ;‘L . ? |:45/2 _ 35/2 —_9. (35/2 o 25/2) + 25/2 _ 1:|

_ 185 [32-27v3+12v2- 1],

i.e.

I =0.6428.

We can also solve this integral in Matlab 7.9:
>>syms Xy Z

>> I=eval(int(int(int(1/sqrt(x+y-+2z+1),z,0,1),y,0,1),x,0,1))
I=

0.6428

or

>>syms Xy Z

>> f=Q(x,y,z) 1./sqrt(x+y+z+1) ;

>> I=triplequad(f,0,1,0,1,0,1)

I=

0.6428

and in Mathcad 14:
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1 1 F1
1

Ji+y+z+1

0~0~0

dx dy dz = 0.6428

and with Mathematica 8:

In[4]:= Integrate[l/Sgrt[x+v+2+1], {x, 0, 1}, {¥, 0, 1}, {2, 0, 1}]:

Injg)= SetPrecision[%, 4]

cutjgl= 0.6428

and using Maple 15:

Digits == 6
6
T8
evalf J J J 1 dxdy dz
00 o Jx+y+z+1
0.6427

9.2 Change of Variables in Triple Integrals

9.2.1 Change of Variables in Spherical Coordinates

The spherical coordinates are a generalization of the polar coordinates.
The spherical coordinates are mostly used for the integrals over the solid
that is bounded by a single sphere or more than one sphere.
Spherical coordinates (p,0,¢) are represented in Fig. 9.1 (see [44],
p. 667).
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l

X

Fig. 9.1 The spherical coordinates of a point from space

The relations between the Cartesian coordinates (x,y, 2) of a point from
space and its spherical coordinates (p, 0, @) are:

x = psinfcos
y=psinfsing , p>0, 0 €[0,7], ¢ €[0,27], (9.3)
z = pcosb

where:

e p represents the distance of the point M from the origin,

—~— —
e 0 is the angle between the vector OM and the vector k (positive Oz-
axis),

e
e ¢ means the angle between the projection of vector OM on the xOy-
plane and the vector ¢ (positive Oz-axis).

Note that these equations satisfy

22 g2 4 22 = 2

The functional determinant (Jacobian ) for the spherical coordinates is
(see [44], p. 578):

D (z,y,z 5 .
P— = - - = 0, .4
=D 0.0,0) | 22 20 22| =7 0

So, we get that
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/// f(;t,y,z)d;tdydz:/// f (psin@cos g, psinOsin p, pcos ) - |J| dpdOde,
\% v’

(9.5)
where

Vi {p>0,0<0<m 0<¢p<2r}.

Example 9.2. Evaluate
= /// \/1 + (x2+y2+ ,22)3/2dxdydz7
v
where

Ve 492+ 22 <1,

Solution.
Making the change of variable in spherical coordinates

x = psinfcosy
y = psinfsing , p6[071]7 NS [Oaﬂ—]7 pEe [0727(]’
z = pcost

one deduces that

27
I—/// \/1+ 2)3/2 52 sin d pdfdp

LU (rerapmsafs
3/0% [/Oﬂ (/01 ((1+p3)3/2),dp) sin@d@} de
3. </027ng0> [/Oﬂ ((1+p3)3/2‘;) sin@d@}

- 3 or (23/2 - 1) /Oﬂsinede— 3 or (23/2 - 1) (= cosf|T)
49” (2\/2— 1) 2

i.e.

= 89” (2\/2 - 1) — 5.0159.

We have to build the following function in order to compute this integral
in Matlab 7.9:
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function yt=w(ro,th,phi)
x=ro*sin(th)*cos(phi);
y=ro*sin(th)*sin(phi);
z=ro*cos(th);
f=sqrt(14+(x."24+y."242.72).7(3/2));
yt=f.*ro.”2.*sin(th);
end

In the command line one writes:
>> I=triplequad(@w,0,1,0,pi,0,2%*pi)
I=
5.1059
We can also obtain this result using Mathcad 14:

el opmo 2w

3
5

sl .
1+ 2] -pZ-sin(8) dpdb dp = 5.1059

and with Mathematica &:
In[17:= Integrate[Sqret[l+« (0 2)~ (3/2)] »o*2«5in[8], {v, 0, 2«Pi},
{e, 0, Pi}, {p, 0, 11}]:
In[14]:= SetPrecision[%, 6]
Ouf14}= 5.1059

and in Maple 15:

Digifs == 3
5
l x2x | 3
; : TR
evalf o ilE (p ) -p~-sin(8) dpdadp
0-0°0
5.1061

9.2.2 Change of Variables in Cylindrical
Coordinates

Cylindrical coordinates are a generalization of two-dimensional polar coor-
dinates to three dimensions by superposing a height Oz axis.
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If a point is described in cylindrical coordinates as in Figure 9.2 (see [44],
p. 668), the equations of transformation between cylindrical coordinates
(p, ¢, z) and Cartesian coordinates (x,y, z) are as follows:

T =pcosy
y=psing ,p>0, ¢ €[0,27], z € R,
2=z

where:

e p represents the distance between the projection of the point M on the
2QOy- plane and the origin O;

R
e ¢ means the angle between the projection of the vector OM on the
xOy-plane and the vector ¢ (positive Oz -axis);

e 2 is the distance between the point M and its projection on the zOy
-plane.

Fig. 9.2 The cylindrical coordinates of a point from space
One can note that the relation between z, y, and r is given by

r = \/x2+y2.

The Jacobian determinan for the cylindrical coordinates is (see [44],
p. 578):

dx Oz Oz
D(p,p,2) |52 % 5
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So, we get that

///Vf(x,y,Z)dxddeZ ///V/f(pCOSgo,psingp,z) | 7| dpd6de,
(9.7)

where

Vi {p>0,0<¢p<m z€R}.
Example 9.4. Compute the triple integral:

I:/// rydxdydz,
v

where V is bounded by the cylinder z? + y? = R? and by the planes

z2=0

z=1

y==x
y:\/Sx.

Solution.
The next figure shows the domain V.

o4

e

W]

X, y=«/§x

Fig. 9.3
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50
40 4
304
20 |

10 4

Fig. 9.4

In cylindrical coordinates, the region of integration V' is described by the
domain

7T< <7T
4=%=3

Writing the integral in cylindrical coordinates, we have:

R pw/3 r1
I = /// p° coscpsincpdpdgodz:/ / / p3 cos psin pdpdedz
\'d o Jx/a Jo
R /3 1 4 | 02 | 7/3 R4
3 . p sin® ¢ 1
= d d dz = . . = .
/0 p p/ﬁ/4 cos (p sin ¢ <p/0 z ( 4 0> < 5 > (z|0) 39

We can solve this problem using Matlab 7.9.

We have to select File->New->M-file and we have to write the following
instructions:

function yt=w(r,phi,z)

x=r*cos(phi); y=r*sin(phi); f=x*y; yt=Ff*r;

end

The file will be saved with w.m and then one writes in the command
line:

>> syms R r phi z

>> I=int(int(int(w(r,phi,z),r,0,R),phi,pi/4,pi/3),z,0,1)

I J—

V/:{OSpSR, ,0§z§1}.

/4

1/32*R"4
‘We shall also achieve this result in Mathcad 14:



484 9. Triple and Surface Integral Calculus

yi(p.p.z) = |5 < p-cos(y)

¥ p-sin(ig)
£Yp
-
3 R-_i_.
LU Sl s
4

and using Mathematica 8:

In[22]:= X = pxCos[0] :
In[23]= ¥ := pw3in[@]:
Inf24]:= yt[2 , & ; 2 ] =Xx ¥ »p:

In[251= Integrate[yt[e, &, z], {o, 0, B}, {8, Pi/4, Pi/3}, {z, 0, 1}]
-t

32
and with Maple 15:

x = p-cos{q):
y = p-sin(p) :
= (p.q.z) =xpp
(p. @.2) =xyp

35
R_3

I

0

1
IMm%ﬂﬁww
x 0

i
1

32
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9.3 Applications of the Triple Integrals

9.3.1 Mass of a Solid

The mass of a solid occupying the region V', which has the density § (x, y, 2)
in the point (z,y, z) is (see [42], p. 136):

Mass — / / /V 5 (2,9, =) dzdydz. (9.8)

Example 9.5. Compute the mass of a solid body, by the form of the
tetrahedron from the first octant, bounded by the planes: z +y + z = 1,
x =0,y =0, z=0, knowing that its density is ¢ (z,y, z) = xy.

Solution.

We can notice that

V={(z,y,2) eR|0<2<1-x—vy, (z,y) €D},

where

D:perOy:{(x,y)€R2|0§x§1, 0§y§17x}:AAOB,

(9.9)

see Fig. 9.5:
A
B(0.,1
A(1,0) -
0 x
Fig. 9.5
Therefore,
l—a—y 1 1—2 l—z—y
M= // (/ xydz) dzdy = / (/ (/ xydz) dy) dex,
D \Jo 0 0 0

1.e.
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-z 1 2
/ a:y(l—a:—y)dy)da::/ *y
0 0 2

11—
T xyg

0 3

1—x 2292
2

1—x
dz
0

0

1t 1t
= / z(1—xz)>de = / x(173x+3x27x3)dx
6 Jo 6 Jo
1 1 1
o 120°
A computer solution can be given in Matlab 7.9:
Step 1. The following Matlab sequence allow us to represent the body.

>>x=[100010];y=[001001];z=[000100];
>> plot3(x,y,z,1,0,0,’0b’,0,1,0,’0b’,0,0,1,’0b’,0,0,0,’0b’)

1 1 5

0 5

3zt
0 4

323
0 3

£{1,0,0)
b

Step II. We compute the mass from (9.9) :

>> syms Xy z

>> mass=int(int(int(x*y,z,0,1-x-y),y,0,1-x),x,0,1)
mass =

1/120
We shall also give a computer solution in Mathcad 14:
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1 p1-x 1
M:=.[ J ¥yl —x— vidydx > —
0-0 120

and with Mathematica 8:

In[il= M = Integrate[x+xy=+ (1 -x-¥), {x, 0, 1}, {¥y, 0, 1 -x}]
1l

120

Ot 1]

and in Maple 15:
11-x

M’=J.J. xy (1 —x—y)dydx
00

Example 9.6. Compute the mass of the body by the form

$2+y2

v={@ner”

<z<aq, OSny},
having the density d (x,y, z) = xyz.

Solution.

The next figure pictures the body.
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One deduce that:

.1‘2+y2

<z<a, (x,y)eD},
a

V= {(m,y,z) IS R3|
where
D =pry 20y = {(z,y) € R?|2* + ¢y <a?, 0 <y <z},

We shall have:

a

M:/// xyzdxddeZ// (/ zdz) zydzdy, (9.10)
v p \J@2+y2)/a

namely

2@ 1 2 2\2
M = // (Z )xydxdy = // Ty <a2 — (x ty ) dzdy.
D 2 22 4y2 2 D a2

Using the change of variables in polar coordinates:

x = pcost >
{0 20, 0€ (0,21,

in our case, one obtains:

0% < a?
p=>0

} = p€0,a],
0<y<z—oeof].
The domain D will become D’, from the next figure:
VA
D’

i.e.
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Such that,

M = / p 2 sin cos O (a — > pdpdl
0o Jo
/4 o
= / / sinf cos 6 df <a2 - 2) dp
2 Jo 0 a
. w/4
1 [ [ sin?6 4
:2/ < 2 >p3<a2p2)dp
0 0 a

_1<a2p4a pS a)_a6
8 4 |, 8a?|, 64"
We can also obtain this result in Matlab 7.9:
Step 1. One compute f((;2+y2)/a zdz.

>>symsaxyz

>> Il1=int(z,z,(x"2+y"2)/a,a)

11 =

1/2*a"2-1/2*%(x"2+y"2)"2/a"2

Step 2. One computes the mass of the body:

>> syms rho th

>> h=subs(subs(I1*x*y,x,rho*cos(th)),y,rho*sin(th));
>> Mass=int(int(h*rho,rho,0,a),th,0,pi/4)
Mass =

1/64*a"6

The same result can be obtained with Mathcad 14:

ra 4 4
hia.p.®) = zdz substitute x= p-cos{@) ., v= p-sin{8) —

% el

4y

b
pa

a
x(p,8) = pcos(®)  (p.#) = p-sin(8)

™
fa o

6

4
J J hia.p.8)-x(p.8)-y(p.t)-pdbdp — =
00 64

and with Mathematica &:
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]
[
il

X := pxCos[&]

Inf3:= ¥ := px5in[&]

5
]
i

I1 := Integrate[z, {z, (x*2+¥y*2) fa, al]

In[10]:= M = Integrate[Il«Xxy¥x2, {0, 0, a}, {6, 0, P1/4}]

af

and in Maple 15:

x = p-cos(6) :
¥ = p-sin(8) :
a
Il == simplify j zdz
(2 +32)
a
T
a. 4
Mf:JJ Il'xypdodp
00
=
M 6 &

Example 9.7. Use the change of variables in spherical coordinates to
compute the mass of the body which has the form of the sphere
22 44?4 22 = R?
and the density
5($,y72) = (SU - y)2 + 22'
Solution.

In our case, the domain V' from the computing formula corresponding to
the mass of the spherical body (see Fig. 9.8) is

Vi{a®+y + 22 <R’}
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.
K

v
v

»
il

"
il

SN /R Y
(RSt RSO U - |

v

Fig. 9.8

Using the change of variables in spherical coordinates (9.3), the domain
V will become V':

Vi {0<p<R 0<0<m 0< <2}

and the mass of the solid will be:

R pm 2m
M= / / / § (psin@ cos g, psinfsin @, pcosh) - p*sinh dpdfde.
o Jo Jo

As

8 (psinf cos o, psin Bsin g, pcos#) = (psinb cos p — psinBsin )2 + p? cos? 6
= p?sin® 6 (cos p — sin )2 + p? cos? 0
= p?sin? 0 (1 — 2sin pcos @) + p? cos? 0
= p?sin? 0 — 2p? sin? O sin p cos ¢ + p? cos? 0

= p2 - 2p2 sin? 6 sin @pcosp

it will result that:

R b 2
M= / / / (P2 — 2p%sin? f sin ¢ cos <p) - p?sin 6 dpdfde
o Jo Jo

R T Si1'12 © 27
/ / 2mptsin@ — 2p*sin® 6 - dé| dp
0 0 2 o

R_47rR5
0 5

4 p®
)
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The Matlab 7.9 sequence, which allow us to compute the mass of the
solid is:

>> syms rho th phi R

>> x=rho*sin(th)*cos(phi);

>> y=rho*sin(th)*sin(phi);

>> z=rho*cos(th);

>> delta=(x-y) " 2+z"2

delta =

(rho*sin(th)*cos(phi)-rho*sin(th)*sin(phi))“24rho”
2*cos(th) "2

>> v=delta*rho”2*sin(th);

>> masa=int(int(int(v,rho,0,R),th,0,pi),phi,0,2*pi)

masa =

4/5*R"5*pi

This result can also be obtained with Mathcad 14:

wp.8,p) = p-sin(B)-cos()  wlp.8,p) = p-sm(B)-sim(yp)  2(p.8,p) = p-cos(l)

3p.0.9) = (x(p.0.9) - ¥(p.0. @) + 2(p.0,1)°

rBoemoe2w 3
J 4R

p) I,
J &(p.8.p)-p -sin(8) dpdbi dp —
and in Mathematica 8:

0 "0 "0

7= X 1= px5in[8] = Cos [@]
nfgl= ¥ :=px5Sin[@] »Sin[e]
nj8l= 2 := pxCos[8]
In[10):= &[p, 6, ¢] := (X-¥)"2+2°2

in[i1= Integrate[d[c, 5, 0] #o*2 «Sin[8], {o, 0, 2«Pi}, {8, 0, Pi}, {p, 0, R}]
_ 4nBd
5

and using Maple 15:
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9.3.2 Volume of a Solid

The volume of a region V' of space is (see [42], p. 136):

Volz///vdxdydz. (9.11)

Example 9.8. Use a triple integral to compute the common volume for
the sphere

2 +y? 422 = R?
and the cylinder

see Fig. 9.9.
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Solution.
We shall have:

V= {(m,y,z) €R3|—\/R2—x2—y2§z§ VR2 — 22 — 2, (x,y) ED},

where
D = {(z,y) €e R?*| 2* +y* <r°}.
Therefore,
\/Rz_xz_yz
Volz// (/ dz)dxdyzQ// VR? — 22 — y2dxdy.
D —\/R2—$2—y2 D

(9.12)
Making the chance of variables in polar coordinates:

xr = pcosl
{y—gsma . pelo,r], 60,2

gives

r 2 r
V01:2/ / p\/RQ—depd9:47r/ pV/ R? — p2dp = 4n 4,
0o Jo 0
-

~ 2
I
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where

PV O N
0 0o R2—p? 0 VR2-p?
:—RQ/ (\/RQ—pQ),dp+/ p? (\/RQ—pQ),dP
0 0
= —R? \/RQ—pQ‘;HQ \/RQ—pQ‘;—2/ pV/R? = p2dp
0
= —R*V/R? — 2 + R® +r2\/R2 — 12 — 2],
:R37(R277,2)\/R27T2,2[1;

therefore
3 = R® - (Rerz)3 =
17 . 3
Il _ 3 |:R3 o (R2 77,_2)2:|
Finally,

Vol = 4; (R — (2 —r%)*].

We shall compute in Matlab 7.9 the volume from (9.12):
>> syms rho thr R

>>x=rho*cos(th);

>>y=rho*sin(th);

>> u=simplify(sqrt(R"2-x"2-y"2));

>> Vol=2*simple(int(int(u*rho,rho,0,r),th,0,2%*pi))
Vol =
-4/3*(R"2-r"2)"(3/2)*pi+4/3*(R"2)"(3/2)*pi

and using Mathcad 14:

X2
(R —x—¥

3y a2
JUR.p.8) = J 1 dz substitute x= p-cos(f),y= p-sin{8) — 2Z-JR - p~

i I'RJ_XJ._}__J
3
T

tJILu

or r2eT [_ 2 2
4- -|:|.R"— ‘:'
Vol(R..x) = J J Ml s TR TR

00 3
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and in Mathematica 8:

In[48]:= X := pwCos[B]
In[47Tk= ¥ 1= pxSin[e]
In[48]:= Il := Integrate[l, {z, -Sgqrt[R*2 -x*2-y*2], Sgqrt[R*2 -x*2 -7y*2]}]

In[45]= Vol = Integrate[Ilxp, {6, 0, 2xPi}, {o, 0, r}]

and with Maple 15:

x = p-cos(8):
y = p-sin(8) :
JR -2 42
II = simplify J 1dz
-y B= 12—1.2
Vo£=sz‘mplf,ﬁ, [J Il-pde|d ]
oL 0

o;—% Rc:gnRj ’R)‘—VlRl+\;'Rl—rl?‘1}

Example 9.9. Use a triple integral to find the volume of solid that lies
between the paraboloid
2 + Yy =az,

the cylinder

2% +y? = 2ax

and the plane z = 0, where a =constant> 0.
Solution.
One can notice (see Fig. 9.10) that:

2 2
v-{@raernsac I wyen),

where
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{(z,y) e R*| 2® + ¢ < 20z} =
~{@w) e B @-a? 4yt <a?).

We shall have

Vol:///vdxdydz://D </0(z2+y2)/adz> dxdy://Dx2:y2dxdy. (9.13)

We shall make the change of variable in polar coordinates:

{x_a+p“w,pem@Laemaﬂ.

y = psinf
Making this substitution gives
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a 27 2 2 -2
0 0
Vol:/ / (a4 peosf)”+p7sin"0 4 4o
o Jo a
:/“/2”(12—&—2ap—&—/)2(:0829—|—p2811129pdp(h9
o Jo a
a 2w p2
:/ / (a+2pcos€+ )pdpd0
o Jo a

2m 2
</ p(a+2pcos€+p )d@)dp
0 a
a 3
:/ <27rap+2p2 sin0|§”+f; .27r> dp
0

a 3
3

= TTQ =

al, T 2 2

Il
S

Tto evaluate the integrals from (9.13) we can use Matlab 7.9:
>> syms rho th a

>> x=a-+rho*cos(th);

>>y=rho*sin(th);

>> Vol=int(int(((x~2+y"2)/a)*rho,rho,0,a),th,0,2*pi)
Vol =

3/2*a"3*pi

and in Mathcad 14:

xl+}-"1'
r
a 2 p 2
Ilfa.p. ) = J 1 dz substitute . x= a + p-cos(8) .y = p-sin{d) — 8k RECN = iee
]
ra 2w 3
ima
Vol(a) = J J I{a,p.8)-pdidp - ——
0 -0 .

and with Mathematica &:
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In[80]= X :=a + pxCos[0]
In[51]= ¥ 2= p=Sin[&]
In[g2]:= Il := Integrate[l, {z, 0, (x*2 + y*2) fal]

In[83]= Vol = Integrate[Ilxgo, {&, 0, 2xPi}, {2, 0, al}]

Ourt[53}=

and using Maple 15:

x= a+p-cos(8) :

y = p-sin(8) :
EX
i
I1 == simplify J 1dz
0
afl 2w
Vol = simplify J J II-pdd | dp
a\o

Vol=

Iulk..u
=
Q.

9.3.3 Centre of Gravity

The coordinates of the centre of gravity corresponding to a solid by the
form of a domain V' is the point G (z¢, ya, 2¢), where (see [42], p. 136):

1 fy 28(z.y,2)dzdydz
TG = [ (], 8(z,y,2)dedydz

_ S J [y vé(z,y,z)dzdydz
YC = [ [ ] o(a,2)dndyds (9.14)
G = S I [y 20(2,y,2)dzdydz

IS Iy 8(zy,z)dzdydz -

If the solid is homogeneous, we can set ¢ (z,y, 2) = 1 in the formulae for
the coordinates of the centre of gravity.
Example 9.10. Find the centre of gravity of a homogeneous body, bounded
by the surfaces

y? +22% =4

and
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T = 2.

Solution.
The next figure pictures the homogeneous body.

We can notice that

y? + 222
x
4 <

v—{m%aew|

where

{ z) ER?| y? 4+ 22° <8}

2) € R?| 2+ZZ<1
8 4 — '

We shall compute

0 J e ] ([ ) e (o5

(9.15)

Using the change of variables in the generalized polar coordinates

= 2v/2pcosf
{yz—QpZiHG ; pe[0,1], 6 €[0,2n]
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we shall get

Il:/01/02772-2\/2(2—2p2)pdpd928\/2/01 (/O%cw) p(1—p*)dp
_ 167T\/2/01p(1p2) dp = 167v/2 (” ;)

1
2 7;)4
2 4

0

1
= 167V2 - L= 47v/2.

Similarly, it will result:

o= [ [ ] sasavaz— [ [ (/ . m> avaz =2 [ [ [ (757) v

(9.16)
i.e.

I, = ;/01 </02Wd0> “4V2p (4 —4p*) dp
167r\/2/01 p(1-p*) dp=16mv2 <p22
16m/2. (1 B 1) _ 1677\/2.

2 6 3

We have also to compute

13=/// ydxdydz—// (/(y +2z2)/4dx> ydydz—// ( v +22 > ydydz,

(9.17)
such that

2
2\/2 // cost - p? 2—2p)dpd9

_32\/2/0 (/O cos9d0> 2(1-p*)dp=0.

Analogously,

14_/// zdxdydz—// (/(U2+2z2)/4 ac) zdydz—// ( v +22 > 2dydz,

(9.18)
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namely 1 p2m
Iy = 8\/2/ / 0> (2 — 2p2) sinfdpdéd
o Jo
1 2m
= 16\/2/ </ sin0d0) - p? (1 — p2) dp = 0.

0 0
Hence, To = ﬁ - 31
G = ﬁ =0

and the gravity center will be the point G (g, 0, ()).
Remark. 9.11. As the homogeneous body is a body of rotation, with the
rotation axis Oz it results that yg = zg = 0.

We can also find this point in Matlab 7.9:

Step 1. Compute the integral from (9.15).

>> syms rho th

>> y=2*sqrt(2)*rho*cos(th);

>> z=2*rho*sin(th);

>> Il=int(int((2-(y~2+2%z"2)/4)*2*2*sqrt(2)*rho,rho,0,1),
th,0,2*pi)

11 =

4*pi*2°(1/2)

Step 2. Compute the integral from (9.16).

>>12= (1/2)*int(int((4-((y"242%z"2)/4) "2)*2*2*sqrt(2) *rho,
rho,0,1),th,0,2%*pi)

12 =

16/3*pi*2~(1/2)

Step 3. Find z¢.

>> xg=I2/I1

xg =

4/3

Step 4. Compute the integral from (9.17).

>> I3=int(int((2-(y"2+2%z"2)/4)*y*2*2*sqrt(2)*rho,rho,0,1),
th,0,2*pi)

13 =

0

Step 5. Find yg.

>> yg=I3/I1

yg =

0

Step 6. Compute the integral from (9.18).

>> I4=int(int((2-(y"2+2%z"2)/4)*z*2*2*sqrt(2)*rho,rho,0,1),
th,0,2%pi)

14 =

0
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Step 7. Find zq.
>> zg=I4/T1
7g =
0
and using Mathcad 14:

¥(p.8) = 2+2-p-cos(b) z(p,B) = 2-p-sin(8)

a1l a2 5

{2 “.L
'[ xdx |-p dé dp
Jyte. 226,07 |
\ E J
‘0
g = 1 3
" TR
(2 % 1
ldx!-pdl';"dp xg—rg
) y(p. 042200
\ 4 J
“o~
rl .ﬂl-?l’lf ; \IL
J Lds |-y(p.B)-p db dp
| Jy(p. ) +22(p.8)°
\ 4 b,
070
yg =
e el 2w ey H‘I
J 1dx -pdé dp
yip. 2 2p. )1 ‘ ¥4
{ . |
\ 4 A
‘0 -0
1 r-2-n'lr 4 \
! 1
J Ldx | -2(p.8)-pdé dp
| ) yp. 0 +22(p.0)" |
\ 4 .
070
Ig =
i 1l 2w e H‘i‘
J Ldx |-pdb dp
yp.0) +2z(p. ) \ 2550
4 4 s
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and with Mathematica &:

Ind2)= ¥ 1= 2w 5grt[2] xpxCos[6]
In43)= 2 1= 2xpx 5in[6]
4= I1 := Integrate[Integrate[l, [x, (y*2+2¢2%2) /4, 2}]xp, 8, 0, 24Pi}, [p, 0, 11]
Ij45)= 12 := Inteqrate[Integrate[x, {x, (y*2+2+2%2) /4, 2}]wp, {8, 0, 24Pi}, [0, 0, 1}]
4= I3 := Inteqrate[Integrate[l, {x, (y°2+2+2%2) /4, 21 wyp, {6, 0, 24Pil, {o, 0, 11]
Ij4n= T4 := Inteqrate[Integrate[1, {x, (y*2+2%2%2) /4, 2}]w2wp, {6, 0, 2¢Pi}, {p, 0, 1}]
Inj48)= xg=12/1I1

4

Outfds= -

3

Inf43l= yg = I3/I1

Outlésk= 0

5= 2g=13/11

OufsF 0

and in Maple 15:
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y = 2-\."'?- p-cns[ﬁ] :
z=2 p-sin(6):

1f 2wy 2 3 A
I = simplify J lde|-pdé|dp

I2 = simplify J xde |-pdé |dp

1{ 2wy 2 3 AT
I3 = simplify J lde|-v-pde |dp
0170 2422
\ \ \ 4 /
1 2wy 2 b A
I4 == simplify J J J lde|-z-pdé|dp
o[’ [/242.2
LY LY Y '1'
Yo = £
o= Il
q
I3
o= —
= Il
0
o 1
S
0

Example 9.12. Find the centre of gravity of the homogeneous hemisphere

V{2 +y*+22=R* 2 >0}
using the change of variables in spherical coordinates.
Solution.
In our case, we shall have § (x,y, z) = 1.

In spherical coordinates, the integral over the homogeneous hemisphere
is the integral over the region

vii{o<p<R 0<6< T, 0<p<or.
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We shall have:

27
I = /// o (z,y,2 dxdydz-/ / / p? sin 8dpdfde
5 27
/ </ (/ d<p> sm@d@) p2dp
0 0 0
3 2R3

R N o R ) p
— 2 — — =
= 27r/0 (COS@|0)p dp 27r/0 p dp = 2m 3], 3

R T 2n
= [ [ [ es@yadoagtz= [* 7 [7 5 sin? 0 cos pdpavae —o,
v o Jo_Jo
R 3 2m )
Igz/// y5(;v,y7z)dxdydz:/ / / 0% sin? @ sin pdpdfdy = 0,
v o Jo Jo

R 3 27
I, = /// 20 (x7y7 z) dxdydz = / / / p3 sin 0 cos 0d pdfdp
1% o Jo Jo
R g 27
</ (/ d<p> sin 6 cos Hde) pidp
0 0

™

0
R : R n

= 27r/ / sin 6 cos 0d6é dep:w/ (sin20|02)p3dp

0 0 0

R 4 R 4

R
N 7T/ pPdp="" A
0 4

4
Finally, one finds that the gravity center of the solid is the point
G (0,0, 2R).
We need the following steps to find the gravity center in Matlab 7.9 :
Step 1. One computes I = [ [ [, (z,y, z)dzdydz.
>> syms rho th phi R
>> x=rho*sin(th)*cos(phi);
>> y=rho*sin(th)*sin(phi);
>> z=rho*cos(th);
>> delta=1;
>> v=delta*rho”2*sin(th);
>> Il1=int(int(int(v,rho,0,R),th,0,pi/2),phi,0,2*pi);
Step 2. One computes [ = fffv 26 (z,y, z)dzdydz.
>> I2=int(int(int(x*v,rho,0,R),th O,p1/2),ph1 0,2%*pi);
Step 3. One calculates z¢.
>> xg=I2/I1

R

0
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xXg =
0
Step 4. One computes Is = [ [ [, yd (x,y, z)dzdydz.
>> I3=int(int(int(y*v,rho,0,R),th,0,pi/2),phi,0,2*pi);
Step 5. One calculates yg.
>> yg=I3/11
yg =
0
Step 6. One computes Iy = [ [ [, y6 (z,y, z)dzdydz.
>> I4=int(int(int(z*v,rho,0,R),th,0,pi/2),phi,0,2*pi);
Step 7. One calculates zg.
>> zg=I4/I1
zg =
3/8*R
We can also achieve this result using Mathcad 14:

507

wp. 8, @) = p-sin{@)-cos(y) vip.8.) = p-sin(@)-siny)  zZ(p.H) = p-cos(f)

™
fBoa—

1 plw
i
J x(p. 8. p)-p -sin(8) dpdi dp
oo =0

X
=
&
k| =

rlmw %= — 0

.
j p-sin 8) dyp db dp
1]

2
¥(p.9.g)-p -sin(b) dpdi dp

_ﬁ
e
1
et
i
+
(=

# 2T

.
J p-sin ) dyp dé dp
o -0

i 3
ldp |-z(p.8)-p -sin{d) dd dp

.
j p-sin( ) dp di dp
1]

« | 5
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and with Mathematica &:

n[il= X := px5in[8] »Cos [¢]

Inf2]:= ¥ 2= pxSin[8] «» Sin[w]

nf3= 2 := pxCo3[E]

Inf4]:= &[p, 8, 0] :=1

nfé]:= I1 := Integrate[&[p, €, ¢] »p*2x5in[6], {¢, 0, 2xPi}, {6, 0, Pi/2}, {p, 0, R}]

I2 := Integrate[&[p, 6, ¢] »Xxp*2x5in[6], {v, 0, 2«Pi}, {6, 0, Pi/2}, {p, O, R}]

niol= I3 := Integrate[d[p, 8, 0] x¥ #0~2#5in[6], {¢, 0, 2«Pi}, {6, 0, Pi/2}, {p, 0, R}]
n[i1]= T4 := Integrate[&[p, &, 0] xzxp*2x58in[6], {v, 0, 2«Pi}, {8, 0, Pi/2}, {p, 0, R}]

- xg=12/11

0

[13= yg=I3/I1

a

2g=I4/11
3R

a
=}

Out[14]=

and in Maple 15:
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x:= p-sin{8) cos(q) :
= p-sin(8) sin(q) :
z = p-cos(8) :

[
=

9.3.4 Moments of Inertia

The moment of inertia of a solid body by the form of a domain V', with
the density d (x,y, z) relative to the coordinate axes are (see [42], p. 136):
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To. = ///V (v + 2°) 6 (z,y, z) dedydz (9.19)
Ioy, = ///V (2> + 2%) 6 (z,y, 2) dedydz (9.20)
Io. = ///V (2* + %) 6 (2, y, z) dedydz. (9.21)

Example 9.13. Use the change of variables in cylindrical coordinates to
compute the moments of inertia for a homogeneous cylinder, with the den-
sity &g, right circular, by the height h and the radius of the base circle R,
with respect to its axis of symmetry.

Solution.

The Figure 9.12 pictures the cylinder.

In our case, we shall have

6(1:7:%2:):60
V:{x2+y2§R2, nggh}
V:{0<p<R 0<p<2r,0<z<h}

therefore

2 2 R 2w h 9
po/// (:1: +vy )dxdydz :po/ / / p° - pdpdedz
v o Jo 0

R 27 h

wfy () ) as) e
0 0 0
R 27 R o

hpo / ( / dw) p>dp = 2mhpo / pdp = 2whpo -

0 0 0 4

loz

R 4
R

= mhpo -
PO 9

0
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We need the following sequence in order to compute the inertia moment
of our body with respect to the axis, in Matlab 7.9:

>> syms rho phi z deltaO R h

>> x=rho*cos(phi);

>> y=rho*sin(phi);

>> Toz=int(int(int((x"2+y"2)*rho,rho,0,R),phi,0,2%pi),z,0,h)

Toz =

1/2*pi*R"4*h

and with Mathcad 14:

x(p.8) = p-cos(b) ¥(p.H) = p-sin(8)

B ~2m #h . 5
Ioz(R h) = j J. j l.x{p__l';\}* + j,-'[p_.i'.-.'!}”_}-p dz db dp
0 -0 0

".n.'-Rq-h

Ioz{R h) —

and using Mathematica 8:

Inf4]:= X := pxCos[8]
Inffl= ¥ := p»5in[8]
In[l:= Ioz = Integrate[ (X2 + ¥*2) »xp, {2, 0, h}, {&, 0, 2xPi}, {p, O, R}]

hrR

pa |

and in Maple 15:

x = p-cos(8) :

y = p-sin(6) :
R 2w h

102=J J J [_t‘?’+}'?’]-pdzd6dp
0°0 -0

Joz=

I\...'lli—*
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9.4 Surface Integral of the First Type

A surface integral is an integral over a surface, in three-dimensional space.
As the line integral generalizes the simple definite integral, the surface
integral is an analogue generalization of the double integral in some plane
domains.
The value of the surface integral of the first type does not depend on the
choice of the side of the surface ) over which the integration is performed.

Case 1. Let Y be a surface in the three-dimensional Euclidean space R3,
specified by the parametrical representation:

x (u,v)
y(u,v) , (u,v) € DCR? (9.22)

(Z) : Z (u,v)

then the following (see [2], p. 62) defines the surface integral of the first
type (or the integral over the surface area):

//z F(2,y,2)do = //D F (@ (u,0),y (u,0) , 2 (u,0)) VA2 + B2 + C?dudv, (9.23)

where
_ D(y,2)
= by
Z,
C= D(U,Z)

are functional determinants.

Case 2. Let Y be a surface in the three-dimensional Euclidean space R?,
specified by its explicitly form representation:

z = f(x,y),(z,y) € DCR?, (9.25)

then the following (see [15], p. 258) defines the surface integral of the first
type:

//ZF(%y,z)da = //[)F(x7y,f(x,y)) V142 +g2dady, (9.26)

where

{ P= é%g: (9.27)

= oy



Remark 9.14 (see [48], p. 463). For F = 1, the integral from (9.23) and,

9.4 Surface Integral of the First Type

respectively from (9.26) expresses the area of the surface ).
Example 9.15. Compute the surface integral of the first type:

where (37) is the sphere

Solution.

I= //Z (2* +y?) do,

x2—|—y2—|—22=a2.

The parametrical representation of the sphere is:

x = asinf cos
y=asinfsing , a>0, § €[0,7], ¢ €0,27].
z =acosf

We shall deduce that:

acos@sin @ asinf cos @
—asind 0

—asind 0
acosf cosp —asinfsin p

acosf cos —asinfsin p
acosfsinp asinfcosy

sin? 0 cos? ¢ + asin? O sin? ¢ + a* sin? 6 cos? 6

sin® 0 + a*sin® 6 cos® 0

‘:a

Zsin% 0 cos ¢,

’ = a®sin? A sin o,

’ = a%sinf cos 6;

= a*sin?0 (sin2 0 + cos? 9) =a*sin?0

I = // (a2 sin? 6 cos? ¢ + a2 sin? 0 sin® cp) \/a4 sin? 0dodyp
D

= // a?sin? 0 - a?sin Ad0dy = a* // sin® 0d0dep,
D D

D:{0<0<m0<p<27}.

D (y, z)
A = =
D (0, )
D (z,x)
B = =
D (0, )
D (x,y)
C P— P—
D (0, )
hence
AQ +B2 +C2 _ (14
— g
and
where

It results:
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™ 27 2w ™
1= a4/ / sin® 0d0dy = a4/ dcp/ sin® 0d0 = 2ra’Iy,
o Jo 0 oo .
I

where

ks us ks
I :/ sin® 0dH = —/ sin® 6 (cos 0)' df = — sin® f cos 6] +2/ sin 6 cos? 0d6
0 0 0

:2/ sme(1—sin29)d9:2/ sin6d6—2/ sin® 9dg
0 0 0

—2cosf|; — 201 =4 —2I1,

i.e.

4
3L =4=—1 = 3
Finally, one achieves that

1244 8mra’
=2ma” - | =

3 3
We can also compute this integral in Matlab 7.9:
>> syms a th phi
>> x=a*sin(th)*cos(phi);
>> y=a*sin(th)*sin(phi);
>> z=a*cos(th);
>> A=det(jacobian([y,z],[th phi]))
A =
a”2*sin(th) "2*cos(phi)
>> B=det(jacobian([z x],[th phi]))
B =

a”2*sin(th) " 2*sin(phi)
>> C=det(jacobian([x y],[th phi]))
C =
a”2*cos(th)*cos(phi) "2*sin(th)+a”2*sin(th)*
sin(phi) “2*cos(th)
>> I=simple(int(int((x"24+y"2)*sqrt(A"24+B"24C"2),

th,0,pi),phi,0,2%pi));
>> 1
I=
8/3*a"4*pi
and with Mathcad 14:
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!"a- sin{x -}-cos{.x }\ !" a-cos{.x } \ O B S O 1
[ L, B Y | 2@n=| - b iz in. 0.}."3._ 1))
| a-su].{l.x&}-anl.xljj | a-sn‘l.{.x&}-cos{.xl.}j K = a-cos{xo}

\ \
\ _ \
.

fl(a,5) =
)
Ala.x) = |Taceb(f3(a.%).%)| B(a.x) = |Taceb(R(a.5).x)|  C(a.x) = |Jacob(fl(a.x).x)|
(a, ) = Aa,5)° + Ba,1)> + Cla,0)°
m{a.0,¢) = f1(a,x) substitute,x) = 8 — a-cos(x|-sin(6) substitute,x, = ip — a-cos(p)-sin(0)

- - b)) - ]
n(a. b, p) = i"‘l{a,x}1 substitute, x = 0.1, =p — a(eos(p — B) — cos(p + B))

515

o= 0.5 - simplify — a-sin(¢)-sin(0)

wia. ) = 1'11.{a,8,q.)}'2 + n{a,ﬁ,lp}: simplify — a'j'-si.ﬂ(ﬁ}2

4
: 2.8y -1 4 2
uufa, #) = ufa,x) subsl:imte__x{}= 9,)(1 =v = —% simplify — a4- sin{ 8}

{27 A f \ 4
| | iy 8 1.2 3# §-m-a
J ldp |-2 -sin(B)-la -sin(8) " d6 >
o J

0

and with Mathematica 8:

nf33= F[m , n ] :=m*3 + n*3

In[24]:= X := a»S5in[f] »Cos [w]

Inf25)= ¥ *=a»5in[8] »S5in[w]

=
[
[
1]
]
[}

[28]: 1= axCozs[8]

]
i
il

[371= Aa :=Det[D[{y, 2}, {{8, 0}}]]

In[26]:= Bl :=Det[D[{z, x}, {{8, ¢}}]]

=
]

7]
i

Cc :=Det[D[{x, ¥}, {{5, 0}}]]
In[40)= 1 = Simplify[Aa*2 + Bb 2 + Cc*2]

a® sin[g]®

o]
!

™
=]

=

In[42]:= Integrate[F[x, y] »Sgrt[u], {6, 0, Pi}, {w, O, 2xPi}]
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and using Maple 15:

Fi= (mn) w4
x = aq-sin(8)-cos(¢p) :

y = a-sin(8) -sin{qp) :

z = a-cos(8) :

with| FectorCalctdus) -
M1 4 = Jacobian( [y, 2],
M2 B = Jacobfaﬁ{ [z x].
M3, C = Jacobian( [x ¥].
= sfmp!{ﬁ,'[.ﬁiz + B+ ]

[6. ], determinant’) -
[ 6. «p|. determinant') -
[6. ], determinant’) -

=]

a sin( @)~
T 2T
[[ Fen vuaodo
00
%aﬁ csgn{a:] T

Example 9.16. Evaluate

I:// \/:UQerQda7
>

where (3) is is the lateral surface of the cone:

2 2 2
T y z
+a27b2 =0,0<2z<hb.
Solution.
For our surface we shall have:

_of _ b, 2x _ b T
P= 9z =4 2\/:1:2+y2 T a \/12+y2
of _ b Y .

qzay_a.\/m2+y27

the area element for the surface is

da=\/1—|—p2+q2dxdy<=>

b? x? b? 12
dUZ\/1+a2 .x2+y2+a2 -x2+y2dxdy7

i.e.
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2 4 p2
do= VETY
a

Hence

2432
=] e | i
> D a
2 42
:\/a +b // Va2 + y2dady,
a D

where D is that region in the 2Oy- plane such that

D= {(z,y) e R?*| 2% +y* < a’};
this results since
_b\/z 2
z = ety 2 2 2
< .
Oagng }:>x +y°<a

The region D can be parameterized by:

x = pcost
y = psinf

for (p,0) in the region D', defined by:

D' ={(p,0) eR*| p€[0,a], 0 €[0,2n]}.

Therefore, the region of integration is simpler to describe using polar
coordinates and the double integral can be written:

27r 2 2 2 a 2
/ / \/a +b -pdpdf = Va a+b -277/ / p*dp, (9.28)
0 0

. \/a2+b2 . pS
a 3

@ 24 p2 3 27ra
—27r-¢aa+ =Ty Ve
0

I =27

We can also evaluate on the computer our surface integral, using Matlab
7.9:

Step 1. One computes /1 + p2 + ¢2.

>>symsabxy

>> z=(b/a)*sqrt(x"2+y"2);

>> p=diff(z,x);
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>> q=diff(z,y);

>> w=simple(sqrt(14+p~2+q~2))

W =

(a"24b"2)"(1/2)/a

Step 2. One computes the double integral from (9.28):
>> syms rho th

>> x=rho*cos(th);

>> y=rho*sin(th);

>> I=simple(int(int(w*sqrt(x~2+y~2)*rho,rho,0,a),th,0,2*pi))
I=

2/3%pi*a”2*(a*2+b"2)"(1/2)

and in Mathcad 14:

b |2 2
#Hab.xy)=—-lx +¥
a

pla,b.xy) = d—z

(2.b.x,¥) gla,b. x,y) = d—z[a__b,x,}f}
dy

&

Bl il
Jl +pla,b.x,v)" + gla,b.x.v) simplify —

x(p.6) = pcos(B)  y(p.#) = p-sin(b)

ra plom

I(a,b) S e s mle

I{a,b) simplfy —

and with Mathematica &:
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=
1]

£:= (b/a) «»Sqri[x*2 + 7°2]

=
(%]
n

pi=D[z, x]
Inf3l= g :=D[z, 7]
In[4]:= w = Simplify [Sgri[l + p*2 +g*2]]
f

Outi4}= Il 1
Y

nlh:l | t:{lil

In[El:= X 1= pxCos[8]
InfBl:= ¥ 1= pxSin[&]
In[7]:= Integrate[w»S5Sgri[x*2 + y*2] »p, {€, 0, 2xPi}, {p, 0, a}]

r e T T
Qut[T — & | l+— mi-1+2HeavisideThetala])
3 \ a<
and using Maple 15:
b F ok
bt i
z = ¥
_®
A ox g
— a -
g = By Z
W= sfmp!{,ﬁ,'(.,," 1 +p2+92 ) :
X = p-cos{e}:
y = p-sin(9) :
a. 2’

= E'
=

J W o +;|,'3 -pdadp
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9.5 Surface Integral of the Second Type

The surface integral of the second type one defines by analogy with the line
integral of the second type.

The value of the surface integral of the second type depends on the choice
of the side of the surface > over which the integration is performed.

Any surface has two side: the upper side, which corresponds to the di-

rected upwards normal (that makes an acute angle with the positive direc-
tion of the Oz axis) and the lower side, which corresponds to the directed
downwards normal, i.e. the normal makes an obtuse angle with the positive
direction of the Oz axis.
Definition 9.17 (see [15], p. 258). If a smooth surface > is the boundary
of a bounded domain, > 4 denotes its orientation by means of the outward
normal (hence ) _ is determined by the inward normal) and P (z,y, 2),
Q (z,y,2), R(x,y,z) are continuous functions then the corresponding sur-
face integral of the second type is:

// (z,y,2)dydz + Q (z,y, z)dzdx + R (x,y, z) dady (9.29)
>

// (z,y,2)cosa+ Q (z,y,z) cos B+ R (x,y, z) cosv]do,

where the unit normal vector which specify the surface orientation is:

— — —
W =cosa i +cosf j +cosy k, (9.30)

cos a, cos 3, cosy being the direction cosines of the normal to the surface

>

Remark 9.18.

1) When we go to the other side Y _ of the surface, this integral reverses
its sign.

2) We call the side of the surface with the normal vector, the positive side
of the surface. The outside is the positive side of the surface >, namely
the face for which the cosine angle between the Oz axis and the unit
normal vector is positive, namely cos~y > 0.

3) The surface integrals of the second kind over the oriented surface ) _ , are
called surface integrals with respect to the outside of the surface, while
those over Y _ are called surface integrals with respect to the inside.

Proposition 9.19 (see [2], p. 64). If the surface ) is represented by the
parametrical representation (9.22), then the direction cosines of the normal
to this surface are given by
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CoOsx = A

ﬂ:\/A2J]rgB2+O2
COSﬁ = :t\/A2+BQ+C2 (931)
— C
COS’Y - i\/A2+BQ+CQ

where A, B, C are defined in (9.24) and the choice of sign in front of the
root should be brought into agreement with the side of the surface >_.
Proposition 9.20 (see [42], p. 148). In the case when the surface ) is
represented explicitly as (9.25), then the direction cosines of the normal to
this surface are given by

_ —p

OBEZ L iaprte

cos 3 = i\/1+;172+q2 (9.32)
— 1

BT = L 1rp2eg2

where p, g are defined in (9.27) and the choice of sign in front of the root
should be brought into agreement with the side of the surface .
Example 9.21. Compute

I= // rdydz 4+ ydzdx + zdzdy,
25

> being the external side of the surface of a tetrahedron bounded by the
planes:

z=0

y=0

z=0
rT+y+z=a.

Solution.
Using (9.29), we shall have

Iz// [z cosa + ycos S + zcosy]do.
>

The triangle (see Fig. 9.13) bounds the surface ).
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A

C(0,0,a)

B(0,4,0) ;

A(a,0,0)

Fig. 9.13

Denoting by D, the projection of the surface > in the 2Oy- plane, we
can write:

Z=06—=-T =Y, (fL‘,y)ED,

where

D:{0<z<a, 0<y<a-—z}.
We compute

__ 0z _ __
— oz 1

=9 =-1

and

cosa = \}3
1
cosf3 = 3

_ 1
COSY =

hence, using (9.26) it will result:

I://D\}3-(33+y+a—x—y)-\/3dxdy:a//Ddxdy,

i.e.
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Iza/ (/ dy)dxza/ (y|8_x)dx=a/ (a —z)dz
0o \Jo 0 0
—a(axla— - a)—a<a2—a2>—a3
o 2], 2 2"

We shall achieve this result using Matlab 7.9:
>>syms axy

>> z=a-X-y;

>> p=diff(z,x);

>> q=diff(z,y);

>> u=sqrt(1+p~2+q”~2);

>> cosg=1/u;

>> cosa=-p/u;

>> cosb=-q/u;

>> int(int((x*cosa+y*cosb+z*cosg)*u,y,0,a-x),x,0,a)
ans =

a~3/2

and in Mathcad 14:

#Ha,x,y) =a-x—-y pla.x,y) = :—xz[a__x__}-'} ala,x,y) = j—yz[a__x__}-'}

ufa,x,y) = Jl + p[a,x__}-'}: + q[a__x__j,-'}l

cosy(a.5.¥) = cosoda, i y) = _p(a.x.y) cosPa.x.y) = _9e.xy)
u(a,x,¥) u{a.x,¥) u{a.x,¥)
ra ra—x 3
(x-cosoda,x.y) + y-cosP(a,xn.y) + z{a,x.¥)-cosy(a,x,yv))-ula,x.y) dy dx simphfy — aT
00 i

and with Mathematica 8:
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In[i]= 2i=za-X-¥;

2= p :=D[z, x]:

Inj2l= o +=D[z, 7]7

In[4:= u := Sgre[l+ p*2 +g*2]:

Inff]:= cosy :=1/u;

In[§]:= cosa = -p/Su;

In[T]:= cosp :1= -g /u:

In[8]:= Integrate[ (x«=cosa+ ¥y »cosf + Zwcosy) »u, {x, 0, a}, {v, 0, a-x}]

d
Bt
gamrilig,

dy

2 i
U= 1+p +q :
COSY 1= é'
cosor = - £ -
u
il M
cosfi e
g J—X

J J (x-cosor+ y-cosf + z cosy) udydx
0“0

I\Jli—*
Qs

9.5.1 Flux of a Vector Field

Example 9.22 (see [42], p. 169). The flux of a vector field
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F(0,9,2) = P2,9,2) T + P(@,,2) ] + R(z,9,2) k

through a surface in a direction defined by the unit vector of the normal
7 from (9.30) to the surface 3 is the integral

Flux = / /ZF - Rdo, (9.33)

where:

° ? - 70 means the dot product between ? and ﬁ),
e do is the differential surface element.

Example 9.23. Find the flux of the vector field

— — —
?(m,y7z):x2i +y? + 22k

across the lateral surface of the cone

(Z):x2+y2222, 0<z2<h.

Solution.
We shall have

z:\/x2+y2, 0<z<h,

p= 0z _ 2z _ x
ox 2\/:1:2+y2 \/12+y2
— Yy

_ Oz .
q= oy — \/:1:2+y2’

therefore
22 y2
1 2 2dzdy = /1 =2
V14 p? + g2dady \/+x2+y2+x2+y2 %
and
— — Y — 1 -

. _
n = i — i+ k
V2 /22 92 V2 /22 492 J V2

It will result

7w =

3 3 2’2

z Y
— — + .
V2 /x4y V2 a2y V2

Hence,
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3 2 2
Yy r° +y
Flux = / / + -vV2dzdy,
( \/2 \/x2+y \/2~\/:U2+y2 \/2 >

namely

z? ZUS 2 2
Flux = // - — + x° + y* | dady,
D Vezdy? o a2 g2

D = {(z,y) e R?*| 2* +y* < h*}.

where

Using the change of variable in polar coordinates

xr = pcosl
{y—gsma ,pe0,h], 6€l0,2n]

we get that

hop2n 3.3 3.3
Flux — / / (” costf_ prsin”0 +p2) pdpdd
0 Jo P P
h 27
= / (/ (—cos® 0 —sin® 0 + 1) d9> pidp.
o \Jo

We have to compute

2m 2m
/ cos® 0df = / cos? @ - (sin@)’ df
0 0

27
= sin 6 cos? H‘iﬂ + 2/ cosf - sin® 6d6
0

I

27 27 27
:2/ cos 0 - (17(:0520) d@z?/ cos@d072/ cos® 0d0
0 0 0

=2 sin0|§7r -2, = I, = 0;

2 27
I, = / sin® 9df = — / sin @ - (cos )’ df
0 0

27
= —sin% 6 cos 9‘5” + 2/ sin 0 cos? 0d@
0

27 27 2
= 2/ sin @ (1 — sin® 0) df = 2/ sin 6d6 — 2/ sin® 0d6
0 0 0

= -2 (:08t9|(2)7r —2I, = I, =0.
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Finally,

" 3 P mh
Flux—/o 2mp°dp = 2w 4 O— 9 -
The following Matlab 7.9 sequence allows us to find the flux of our vector
field:
>> syms X'y
>> z=sqrt(x"2+y"2);
>> p=diff(z,x);
>> q=diff(z,y);
>> w=sqrt(14+p~24+q~2);
>> n=[-p/w -q/w 1/w];
>> F=[x"2y" 2 z"2];
>> v=dot(F,n);
>> syms rho th h
>> k=subs(v*w,{x,y},{rho*cos(th),y,rho*sin(th)});
>> flux=int(int(k*rho,rho,0,h),th,0,2*pi)
flux =
(pi*h"4)/2
We can also obtain this result with Mathcad 14:

Zx.y) = \lx: Y pxy) = :—xZ[X.-}-‘} a(x.y) = :—z[xr}’}
v

s vl e

20x.3)°

ury)  uxy) | uny)

=(p,8) = p-cos(d) ¥y(p.8) = p-sin(8)

2| s

_pcos(t) = lp?)

v

wip. ) = v(x,v.zZ)-u{x,v) substitute, x= m(p.0),v= vy(p.8) —

rhop2om 4
w-h
w U pidli o~ —

0“0 =

and using Mathematica 8:
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5
]
i

I3

1= Sgqri[x~2 + y~2]:;

In[120]:= p :=D[=, x]:

In[121]:= g :=D[2, 7]:

In[122):= u := Simplify [Sqri[l+p*2+g™2]]:

If123)= xx[o , & ] := pxCos[F];

Inf124)= ¥¥[2 , & ] 1= 2 5in[F];

In[125):= ({x*2, ¥~2, 222} . {-p/Su, -g/7u, 1/u})»u /. x» xx[p, 6];
In[126]= m =% /. ¥ + ¥¥ [p, ©]:

In[127):= Integrate[m«p, {5, 0, 2xPil, {p, 0, h]l]
htnm
2

and in Maple 15:

= |2+ }?’

d
B 2

d
g d—},z
U= sfmpf;',ﬁ,'[ m) :
with| Lineardlgebra) -
F={(2).7):
-

o ﬁm{w[m.ulp p-cos(8).y=p -sin{eJJ |

JJ w-pdadp
00
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9.5.2 Gauss-0strogradski Formula

The Gauss-Ostrogradski formula establishes a relationship between a triple
integral over a three-dimensional bounded domain and the surface integrals
over its boundary.

Theorem 9.24 (Gauss-Ostrogradski formula, see [8] and [42], p.
158 and [2], p. 76). If > is a closed smooth surface bounding the volume
V and P (z,y, 2), Q (z,y,2), R(z,y, z) are functions which are continuous
together with their first partial derivatives continuous in the closed domain
V', then we have the Ostrogradsky-Gauss formula:

/ / (z,y,2)dydz + Q (z,y, z) dzdz + R (z,y, z) dedy (9.34)
.

aQ OR
/// { (z,y,2) + oy (2,y,2) + 92 (7,y,2)| dedydz.

Example 9.25. Evaluate the following integral, by transforming it into a
triple integral:

I= / / xyz (zdydz + ydzdx + zdzdy) ,
24

where > is the closed surface bounding the field of space given by the
inequalities:
2?4+ P +22<R? £>0,y>0, z>0.
Solution.

One can notice that

P (x,y,2) = ayz
Q(z,y,2) = 2y*z
R(z,y,2) = xyz*;

hence

:/// (2$y2+2xyz+2xyz)dxdydz:6/// zyzdzdydz,
v 1%

where
Vi{a?+y*+2° <R’ 2>0,y>0, 2>0}.

Passing to the spherical coordinates:

x = psinf cos

y=psinfsing , pe[0,R], 0 ¢ [0,”}, o [07”] (9.35)
2 2
z = pcost
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one deduces that:

R or5 r3
I=6 / / / p®sin? 0 cos B - sin ¢ cos ¢ - p? sin @dpdfdyp
o Jo Jo

™

R 3 3

= 6/ [/ </ sin  cos cpdcp) sin® 6 cos 9] pPdp
0 0 0

_ 6/R /g sin? 5
0 0 2 |
R T R . 4

= 3/ / sin® 6 - (sinf)'df | p°dp = 3/ sin”
0 0 0 4

3 M RS
_4A pdp =g

We need the following steps in order to compute this integral in
Matlab 7.9:

Step 1. Compute w (z,y,2) = ‘gi + ‘?92 + %I:.

>> syms Xy z

>> u=x*y*z;

>> P=u*x

P =

x"2*y*z

>> Q=u*y

Q =

x*y " 2%z

>> R=u%*z

R =

x*y*z"2

>> w=diff(P,x)+diff(Q,y)+diff (R,z)

w =

6*x*y*z

Step 2. Compute I = [ [ [, w (z,y, z)dedydz, where

-sin® 6 cos 9d0> p°dp

3
-p°dp
0

Vi{a?+y?+22<r? 2>0,y>0, z>0}.

using the change of variable in spherical coordinates from (9.35).
>> syms rho th phir
>> wl=subs(w,{x,y,z},{rho*sin(th)*cos(phi),rho*sin(th)
*sin(phi),rho*cos(th)});
>> int(int(int(w1l*rho”2*sin(th),rho,0,r),th,0,pi/2),phi,0,pi/2)
ans =
1/8%r"6
and in Mathcad 14:
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ux.v.2) =xyz P(x.y.Z) = u(xy.20)-x Qx.¥.2) = u(z.y.2)-y Hx,}-‘,z} = u(x,¥.2)-z
w(x,y.z) = :—XP{X,}',Z} + j—yQ(x,y,z} + %ZR{X,}-',Z}

#p.8, ) = p-sin(B)-cos()  ¥(p.¥, ) = p-sin(8)-sin{g) Z(p.8,\) = p-cos(d)

™ ™

o W

o 3 6
J J J WEW(P,B,v},?(P,9,@},49,9,@}}-92-5111(9}dwodadp—*I—
0’0 o 8

and using Mathematica 8:

In[58]= U i=Xwfxz
Inf58]= P i=uuweX

Inf60]:= D :=u=xy

InfB1]= R t=u=x2

Inf62]:= w := D[P, x] +D[Q, ¥] + D[R, =]

InB3]= xx[2 , & , @ ] 1= 2»5in[F] xCoz[¢#]

4= ¥¥(2 , & , ¢ ] := £ »5in[€] »5in[¢]

Ings)= 22l , & , @ ] 1= 2 nCo3[F]

@)= wl=w/. {x->xxlp, 6, ¢], ¥+ ¥7[o, 6, ¢], 2> 22[p, 6, 0¢]}:

Inf67):= Integrate[wl«xp*2 «5in[6], {¢, 0, PL/2}, {6, 0, P1/2}, {p, O, T}]

and in Maple 15:
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U= XVZ

Pi=1ux:

Q= uy

R=uz:
d d d

W = F+ d}D+ dzR

wi=w ;
L=p-siﬂ[ﬁ]-Cﬂstﬂpll:}:p-siﬂ{ﬁ}-Siﬂ(':PILFP-CGE[@]

higitL¥
T A

J w}-pz- sin( 8)dep do dp

L yﬁ
8
Example 9.26. Compute the surface integral of the second type from the
Example 9.21 using the Gauss-Ostrogradski formula.

Solution.
One can notice that

P(z,y,z) ==
Q(z,y,2) =
R(z,y,2) = 2
hence
I:/// (1—|—1+1)dxdydz=3/// dzdydz,
1% 1%
where

Vi{re0,a], ye0,a—z], z€[0,a—xz—y] }.
Therefore,

L 3/: /Oa_gc /Oa—ac—y dacdydz:?)/oa (/Oa—x< ) )dx
_ 3/Oa (/Oa—z (a—x—y)dy) da = 3/“ <ay| — zylg~ y22

:3/ (a(az)x(ax) (a —2) >dz
0

a 2 a2 221 2 231°
= - de =3

/()((1354'24'2)3C ( 20+2$|0 60)’
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i.e.

GS GS GS 0,3
I=3(- =
( 2+2+6> 2

We shall give a computer solution using Matlab 7.9:
>>symsaxyz

>> P=x;Q=y;R=z;

>> w=diff(P,x)+diff(Q,y)+diff(R,z);

>> int(int(int(w,z,0,a-x-y),y,0,a-x),x,0,a)

ans =

a“3/2

and in Mathcad 14:

P{x.v.2) =x Nxy.2) =¥ Rxy.z) =z

d d d
w(x,y.z) = —Px,v.7) + —Nx.v.2) + —R(x.v.2)
dx dy dz

rd pd—X rA—E—Y 3
a
'[. wix,y.z) dzdyds — .

00 0 =

and with Mathematica &:

Infgl= P :1=X
In[fl= 0 z= ¥
In[8]= R :==
In[g]:= w := D[P, x] +D[Q, v] + D[R, z]
In[10]:= Integrate(w, {x, 0, a}, {y,0,a-x}, {z,0,a-x-71]
23
Out[10} —
2

and in Maple 15:
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P=x:
D=y
R=z:

d d d
W d_a:P+ d}_g+ dzR'
a.a—xX a—x—¥
['[ [ wdzdydx
00 “0

a

|u|-—-

Example 9.27. Compute the following surface integral of the second type

in two ways: both as a surface integral and using the Gauss-Ostrogradski
formula:

I = // 23dydz + y3dzde + z3dzdy,
where (37) is the sphere
? +y? 4 2% =R

Solution.
The next figure shows the surface ).

<y

Fig. 9.14

Using the formula (9.29) we shall have

I:—// [x3005a+ygcosﬂ+zgcosﬂd0
>
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which can be computed with (9.23).
Using the parametrical representation of the sphere > :

x = Rsinfcosp
y = Rsinfsiny ,0 € [0,7],p € [0, 27]
z = Rcos?

we shall get

_ D(y,2) |RcosOsing Rsinfcose| 5 . o

4= D(0,p) | —Rsinf 0 = R*sin’ 0 cos p,
_ D(Z7x) _ —Rsin0 0 B 5 . o .

b= D(0,p) |Rcosfcosyp —Rsinesin(p’ = R”sin” fsin g,
_ D(x,y) |Rcosfcosgp —Rsinfsing| o .

€= D(0,p) | Rcosfsing Rsinfcosy = R”sinf cos

and
A% + B? + C? = R*sin?0.

One obtains that

R?sinf cosd n 0
cosy = = &+ cos@.
" +R2sin6

As in our case cosy < 0 it will result

| —cost, 0 € [0,”}
cosY = cosf, 0 € (g,ﬂ'f,

RZ%sin% 0 cos ¢ —sinfcosp, 0 € [O7 g]

= +sinfcosp = {

cosa = +R2sin @ sinf cos p, 0 € (g,ﬂ

R?sin? @ sin ¢ —sinfsing, 6 € [0, 7]

= = 1 1 = ’ 72

cos 3 +R2sind Esinfsingp { sinfsingp, 0 € (5,7 .
Hence

/2 P27
I =— / / (—R3 sin® 6 cos? ¢ — R3sin* 0 sin’ - R3 cos* 9) (—R2 sin 9) dfde
0 0

s 2m
- / / (R3 sin? 6 cos? p + R3 sin® 0sin? ¢ + R3 cos? 9) R? sin 0déde
7/2J0

™ 27
— / / (R3 sin 6 cos* p + R3 sin* 0sin* ¢ 4+ R3 cos? 9) R? sin 0d0dyp
0 0

s 27
= —R° / / (sin5 6 cos* @+ sin® 6 sin? p + cos* O sin 9) dbdy,
o Jo
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i.e.

T 2m ™ 2m
I=-R® {/ (/ cos? gpdgp) sin® 6de +/ (/ sin? gpdgp) sin® 6d6
0 0 0 0
™ 2m
+ / (/ dcp) cos? @ sin Gde} .
0 0

We shall compute:

27 2
I = / cos* pdy = / cos® ¢ - (sin )’ de
0 0
o 2
= sin g cos® cp|0 +3 / cos? @ sin? pdy
0

2m
:3/ COSQQD(].f(?OSQ(p)d(p:?)/
0 0

2m 2m

cos? pdyp — 3/ cos? pdy,
0

ie.

3

4 =3r =1, = 4;

27 2
I = / sin* pdp = —/ sin® ¢ - (cos ) dg
0 0
.3 2m o 2 2
= — sin cpcosg0|0 +3 sin” ¢ cos” pdp
0

2m
:3/ sin2¢(1—51n2<p)dcp:3/
0 0

27 27

sin? pdp — 3 / sin® pdo,
0

ie.

3
AL =3n— L, = "

Therefore,

3 T e
I=-R°|2- I/ sin® 0dO + 277/ cos? #sin 640
I3 I4

:—W(?&+%Q»
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where

us s s
I3 :/ sin® 0d6 = —/ sin 0 - (cos0)' df = —sin® fcos 0| +4/ sin® 0 cos? 6d6
0 0 0
T U U
= 4/ sin® 0 (1 — sin 0) d9:4/ sin® 6d6—4/ sin® 040,
0 0 0

i.e.

16

4
5la=4.  — I3 =
3 3 2715

and

" 1 4 50 ™ )
I, = / cos* fsinfdl = — / (cos® 9)/ 49— <o _2
0 5 /o 5 |75

Finally, it will result

B 127 R®
5o

S [37 16 2
I=-R [2 ‘15+27r'5}
The next function, which is defined in Matlab 7.9 allows the calculation
of cosa, cos 3, cos~.
function [al,be,ga]=f(t,s,A,B,C,a,b,c)
if a<=t<=b
u=-s;
elseif b<t<=c
u=s;
end
ga=C/u;
be=B/u;
al=A/u;
end
We shall save the next file, having the following content and the name
g.m:
syms R th phi
x=R*sin(th)*cos(phi);y=R*sin(th)*sin(phi);
z=R*cos(th);
A=det(jacobian([y z],[th phi]));
B=det(jacobian([z x],[th phi]));
C=det(jacobian([x y],[th phi]));
s=sqrt(A"24+B"24C"2);
a=0;
b=pi/2;
c=pi;
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t=a:b;

tl=b:c;

[al,be,ga]=1(t,s,A,B,C,a,b,c);

r=(x"3*al+y"3*be+z"3*ga)*s;

[all,bel,gal]=f(t1,s,A,B,C,a,b,c);

rl=(x"3*all+y~3*bel+z"3*gal)*s;

int(int(r,th,a,b),phi,a,2*c)+int(int(r1,th,a,b),phi,a,2*c)

Then, we have to write in the command line:

>>g

ans =

-12/5*R"5%pi

In the case when we shall apply the Gauss-Ostrogradski formula we
achieve:

I= // P(z,y,z)dydz + Q (z,y, z) dzdx + R (x,y, z) dedy

_ or oQ OR

where

V. {x2+y2—|—22 < RQ}

and
P(z,y,z) =a®
Q (x,y,2) =y
R(z,y,z) = 25

As )
oP _ 3$2

gé — 3y2

9
ok _ o 2
5, =3z

I= —3/// (2? + y* + 2°) dadydz,
14

which can be computed with the change of variables in spherical
coordinates:

we deduce that:

x = psinfcos
y = psinfsing ,p€[0,R], 0 € [0,7],p € [0,27];
z = pcosl

using (9.3) we shall have:
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R ™ 27 R ™ 27
I = (73)/ / / p? - p?sinfdpdfdyp = (73)/ |:/ (/ dgo) sin 0d0:| pldp
0 0 0 0 0 0
R 0 R
= 767r/ (/ sinGdG) ptdp = —67 - (—cosO)[] - / prdp
0 0 0

_12np°|® 127RP
B 5 1o 5

We shall obtain this result with Maple 7.9:

>> 8syms Xy z

>> P=x"3;Q=y " 3;R=2z"3;

>> w=diff(P,x)+diff(Q,y)+diff(R,z);

>> syms r rho th phi

>> k=simplify (subs(w,{x,y,z},{rho*sin(th)*cos(phi),
rho*sin(th)*sin(phi),rho*cos(th)}));

>> -int(int(int(k*rho”2*sin(th),phi,0,2*pi),th,0,pi),rho,0,r)

ans =

-(12*pi*r~5)/5

and in Mathcad 14:

3 k] 5
P(z,y.z2) =x Nz, y.Z) =¥ Ry =12
(3.0 =3Py + L0y + SRey.2) 5 350+ 3y 4 3
wx,v.7) = —P(x.y.2) + —Qz.v.2) + —R(z.y.2) = 3x + 3y +3z
dx dy dz

#(p.B,) = p-sin(B)-cos(ip)  ¥(p.B,y) = p-sin(B)-sin{) z(p.B,\g) = p-cos(H)

u(p.b.p) = wix(p.8,).v(p.0.g).z(p.8, ) simplify — 3-91

T ™ fi-T .
—J J J wap. 9. ). ¥(p. 0. p).2(p. 0. ) p -sin(t) dpdbdp — -
0-0 “0

3
12-7-r

and with Mathematica &:
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n[fi0]= P z:=x*3
[11}= O :=¥*3
In[12]= R = 2*3

n[13= w := D[P, x] +D[0, v] +D[R, 2]

In[14]= xx[o , & , @ ] 1= p»5in[F] »Cos[¢]

= ¥¥[o , 6, ¢ ] i= p»5in[8] »Sin[s]

= 22[po , & , @ ] 1= pxCox[F]
[1T=wl=w/. {Xx-=xx[p, 8, ¢], ¥+ ¥¥ [0, &, @], 2+ 22[p, &, ¢]};

n[18]:= -Integrate[wlxp*2«5in[8], {¢, 0, 2xPi}, {6, 0, Pi}, {p, O, r}]

and using Maple 15:

=

i }.3:

=2

d d Fi e

= EP + d__}-'g_'_ ER.

wi == simplifi{ w :
[ x=p-sin(8) -cos{ ), y=p-sin(8) -sin(¢p), z= p-cos(8)

2 =g

F LW

JJ wl-pz-sin[ﬂ}d(pdedp
0°0-0

U"|t:
=
L

9.5.3 Stokes Formula

The Stokes formula is the analogue from R? of the Green’s formula from
R? namely, Green’s formula is simply Stokes’ formula in the plane. Green’s
formula deals with 2-dimensional regions, and Stokes’ formula deals with
3-dimensional regions.
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Theorem 9.28. (Stokes formula, see [48], p. 472 and [42], p. 159 and
[8] and [2], p. 79). If the functions P (x,y,2), Q(x,y,2), R(z,y,z) are
continuously differentiable and C'is a closed contour bounding a two-sided
surface Y, we have the Stokes’ formula:

I= § P2 de+ Qo) dy + Rizy,2)ds (9.36)
c
OR  9Q oP  OR a0 ap)
= - dyd - dzd - dzd
//Z+<6y 32) yz+(6z 635) Z$+(8m Oy i
OR  9Q oP  OR 8Q ap) }
= - —~ - d
//Z |:(3y Bz)cosa-l—(az 6$)COSB+(3;E Oy o8| 9o
where: cos a, cos 3, cosy are the direction cosines of the normal to the sur-
face > and the direction of the normal is defined so that on the side of

the normal, the contour of C' is traced counter- clockwise.
The Stokes’ formula can be also written in the form (see [42], p. 173 and

[8]):
I= y{? A7 = //Z curl F - #do, (9.37)
r

where:

° ? is a vector field,

e 71 constitutes the unit normal vector at the considered face of the surface
>

e the curve I' means the boundary of the surface > .

The Stokes formula says the surface integral of curl ? -7 over a surface
>~ is the circulation of the vector field F' around the contour of I'.

The curve I" and the surface ) are oriented such that: the meaning to go
on the curve I' is associated with the corresponding face of the surface ).
Another way of thinking about the proper orientation is the following: for
someone which is walking near the edge of the surface »_, in the direction
corresponding to the orientation of I", the surface must be to your left and
the edge I must be to your right.

Example 9.29. Compute the line integral

I:/F(Z*y)dw+(w*Z)dyHy*x)d%

where the closed curve I' is the contour of the triangle with the vertices
A (a,0,0), B(0,b,0) and C (0,0, ¢) using the following two methods:



542 9. Triple and Surface Integral Calculus

1) directly as a line integral,

2) with the Stokes formula.
Solutions.

1) The next figure the closed curve I'.

AZ
C(0,0,c
Q >
B(0,5,0
A(a,0,0 0.60) y
X
Fig. 9.15

From the Cartesian equations of the straight lines AB, BC, C A we shall
obtain their parametrical equations:

zfa:y*b x =1t
(AB):{‘“_(’)’—O:(AB): y=-"(t—-a), tela0];
2= z=0
— z=0
(BC):{y_f_(Z)_O = (BC): y=t , t €1b,0];
—b c z=—p(t—0)
— Y=
(CA):{x_ay:g_o = (CA): r=t , t€0,d].
—a  c z=—C(t—a)

Hence,

I=/(z—y)dx+(x—z)dy+(y—x)dz=/ (z—y)dz+ (z — 2)dy + (y — ) dz
r Jas

~ 4
Iy

+/ (z—y)dx+(x—z)dy+(y—x)dz+/ (z—y)dz+ (z — 2)dy + (y — ) dz
JBC - _ Joa - _
Iy I3

=1+ 1>+ Is.
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We shall evaluate:

et e (e

t—b— )dt—bt|0—ba

b C C
/O tfb }~O+b(tfb)o1+t~(fb)}dt
/b t—c— )dt—ct|ofcb
0

IBZ/OG{(_S).@_@)-1+[t+2(t—a)} -O+(O—t)-(—2)}dt
—/Oa (—Zt+c+2t>dt:ct|g:ca

and then we shall obtain:
I =ab+ bc+ ca.
2) For our integral we shall have

P(%yvz):Z—y
Q(x7y7z):x_z
R(z,y,2) =y —m;

therefore
3R =1
aQ 1
%p 1
o _
)
arg 1
o
oy
One gets:

1:2// (cosa + cos B + cosy) do
=

Taking into account that the equation of the plane defined by three non-
collinear points A, B, C is:
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r—TA Y—Ya z—zA
T —2TAYB —Ya 2B — 24| =10
TC —TAYC — YA ZC — ZA

it results that the equation of the plane defined by the points A (a,0,0),
B(0,b,0), C(0,0,c) is

therefore

c=e(1-1-0)

Using the relation (9.27) we shall have:

_ % _

78y

\/1 +p24+q2 = \/1 _|_ _|_ gz _ \/a2b2+22b(:2+a2c2

From the condition cosvy > 0 and and the relation (9.32) one deduces:

cosa = € ab _ cb

a \/a2b2+b202+a202 Va2b24+b2c2 422
cos ff = Va 2b2+b2 24 q2c2
ab
CoS7y = Va2b24b2c24a2c2 "

We shall achieve:

b b 202 & h202 2.2
122// \/aQC +ca—+a .\/a + b2c Jracdxdy

b2 + b%c? + a?c? ab
2
= b (cb+ ca + ab) / /D dzdy,

where

b
D—perOy—{(x7y)€R2|0§x§a, 0<y<-— x+b}.
a

Finally,

2 - $+b 2
I= (cb+ca+ab)/ / de = cb+ca+ab/ <7 x+b)
ab 0 ab
b
a

2 1a

2
= " (cb+ca+ ab) (
ab

= cb + ca + ab.

. 2 + +b$|0) = " (cb+ ca+ ab) ( -l—ab)
ab
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Example 9.30. Compute the circulation of the vector field

e
F(a,y,2) =T + ] +2k
along the circumference
22 442 = R?
(r): { z=0

using the following two methods:
1) directly, as a line integral;
2) with the Stokes’ formula, taking as a surface

(Z) = \/RQ—xQ—yQ.
Solutions.
1) We shall have

j{?.d?

%
x2y3_i> + ? + z?) . (?dx + ?dy + k dz)

z?y3dx 4+ dy + zdz) ,

_]F{(
:Z{<

where
x = Rcosyp
(I'): < y=Rsing , p €[0,27].
z=0

545

(9.38)

Using the parametric representation of the curve from (9.38) one gets:

27
Iz/ [Rgcosgcp-R3sin3<p-(—Rsingp)—FRcosgo—FO} dep
0
27
= / (—R®cos® psin® o + Reosp) dy
0

2w
= —R6/ cos? psin® pdy + Rsin<p|37r =—-RSIy,
\0 ~ -
I

where

2m 2m 2m
I = / (1 — sin? gp) sint pdp = / sin? pdp — / sin® pdy
0 0 0

~ ~ Z 0~ ~
Is I3

=D —1I

-
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and

oy 2 /.3 3 2m R 2
I, = / sin” pdy = —/ (cos )" sin” pde = — sin gocosap’o + 3/ sin” ¢ cos” pdp
0 0 0

R 2
3/ sin® ¢ (1 — sin go) dep = 3/
0 0

3
:}4[2:37‘1’:}[2: 4,

2

n 27
sin® edp — 3/ sin* edp
0

respectively

2m 27 R s o 2m R
I3 = / sin” pdy = —/ (cos )" sin” pde = — sin gocosap’o + 5/ sin” ¢ cos” ¢dp
0 0 0

2r 5
5/ sin @(lfsin <p)d<p:5/
0 0

5

2

L CLE
sin” pdp — 5/ sin” pdp
0

3T
— 63 =5- 4 — I3 =

Finally,

3m  bw RS7
I=-RS - = .
( 4 8 ) 8

2) The components of the vector field F are:
P(z,y,2) = 2%y’
Q(z,y,2) =1
R (‘:U3 y7 Z) = Z?
therefore

C C P oP -
curl F = (dR - dQ) 7+ (3 - GR) T+ <3Q _9 )?: 322K, (9.39)
dy Oz oz ox ox oy

Since cosy > 0, from (9.32) it results that

1
COosy =
! V1+p2+g2
where
p= 0z _ __ 2x — x
ox 2\/R2—x2—y2 \/RQ—xz—yz

__ 0z _ _ Y .

7= oy \/szmzfyz’

therefore



9.5 Surface Integral of the Second Type 547

x2 N y? B R
R2 — 22 — 2 RQ—xQ—zﬂi\/R?—x?—y?

\/1+p2+q2—\/1+

and
_ \/RQ,IQ,yQ
cosy = Iy
cosar= _\/1+1;2+q2 =R

Hence, the unit normal vector from (9.30) will be

T \/RQfxz—y2—>
= k. 9.40
e YA R (9.40)
Taking into account the relations (9.39) and (9.40) we obtain

2 2 a2
Curlﬁ-ﬁ:—i’)xgyz\/R Rx g

Let’s determine now

R
) ) dzdy

3
J:// curl?-ﬁdazf // 22y?V/R2 — 22 —y2 -
- . YA P ey,

= 73// x2y2dxdy,
D

where
D = {(z,y) € R?| 2® +y*> < R*}.

The region of integration is simpler to describe using polar coordinates
Using the change of variables in polar coordinates
r=pcosh 10 Rl 6eo,2n]
y — p Sin 0 ) ) 9 9

one obtains

R 27 R 27
J:—S/ / p4sin2900s29-pdpd9:—3/ (/ sin29cos29d9)p5dp
0 0 0 R 0 -— /
J1

R 6
= 73,]1/ p5dp:fJ1~R2 ,
0
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where
27 2 2
Ji = / sin? 6 (1 —sin® @) dg = / sin® 6df — / sin* 0d¢

0 0 0

o 3m  w

N 4 4

Finally,
g
8

We shall have in Matlab 7.9:

>>symsxy z R

>> F=[x"2%y"3 1 z];

>> rot=[diff(F(3),y)-diff(F(2),z) diff(F(2),z)-diff(F(3),x)
dff(F(2),%)-diff(F(1),y)];

>> z=sqrt(R"2-x"2-y"2);

>> p=diff(z,x);

>> q=diff(z,y);

>> w=sqrt(1+p~24+q”~2)

>> n=[-p/w -q/w 1/w];

>> v=dot(rot,n)*w;

>> syms rho th

>> k=subs(v,{x,y},{rho*cos(th),rho*sin(th)});

>> c=int(int(k*rho,rho,0,R),th,0,2*pi)

C =

-1/8*pi*R"6

and using Mathcad 14:
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p[r 'x'}-} = %{Z[r ’x'}-} q{r ’x’_‘r-} = :_}_Z(I ,x-_‘r-}

w(r,x,y) = Jl + p(r ,x_.}-'}l + q(r _.x_.}-'}l

' ’ { A
(P2 ) | LF@y.2), - SFey.a), |
w(r,x_.}=} d}- = dz
—qlr.x.y) d d
PP i\ LELL) /) 1) = | SFy.2), - SFE.y,
nfr ,x,¥) : S rot(x,y,z) : 5 (%.¥.2)4 5 (5.¥.2)5
1 d d
| | | —F(x,v, - —Fx.vy, 1
\ owir.zy) / | dx Sh dy (x'}'z}[";

v(r.x,v,2) = |-,n(r ,x,.}-'}T-mt(x_.}-',z}:}-w(r K. ¥)

y il 28 R
k(r.p,®) = vir,x v,.z) substitute x = p-cos(®),v= p-sin(l) — 3-p4-cos(ﬂ}"-: ot |
\ A

\ 2

et oplomw

6
j J K(r.p.8)-pdddp > —
00 8

and with Mathematica &:

2

549
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F:={x"2xy"3,1, 2]

rot := {D[F[[3]1], ¥] -DIF[[2]1], 2], DLF[[2]], 2] -D[F[[3]1], ],
DIF[[2]], =] -D[E[[1]], ¥]}

E[x , ¥ ] = Sgrt[Rr*2 w2 _y"1]
pi=D[z[x, ¥], x]

q:=D[z[x, 7], 7]

2

i= Sgri[l + p*2 + g~ 2]
n:={-pfw, -gsfw, 1/w}

S
({DIF[[31], ¥] -DLF[[2]1], 21, DIF[[2]1], =] -D[F[[3]], %],
DIF[[2]], =] -D[E[[11], ¥1} . {-p/w, -g/w, L/w} ) »w;

E:i=v/. [X+pxCos[0], ¥+ px5in[6]]

Integrate[kxp, {po, 0, ¥l, {8, 0, 2xPi}]

and in Maple 15:
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with( VectorCalcuus) -
SefC‘mrderes[ carresmn z} :

F =T Iaeree‘d[{xE 7 . z}]:
rot == Curl(F) :
zi=f 1‘1—}3 :

7=
i d -
2= HZ.
4
dy

W o= y,."1+;r:+gfl:"’:

woow
vi= (rotm) w:
k= v :
x=p-cos(6). y=p-sin(6)
F2m
H k-p do dp
0°0
1o

9.6 Problems

1. Compute the triple integral:

dzdydz,
/// (x2 4 y? +22+1)4 v

with V' =0, 1] x [0,1] x [0,1].
Computer solution.
We shall achieve using Matlab 7.9:
>>syms Xy z
f=Q(x,y,z) (x.*y.*z)./((x."24+y."2+2."241)."4);
>> triplequad(f,0,1,0,1,0,1)
ans =
0.0052
and with Mathcad 14:
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~1

s , d[dy| dz = 000521

: . |4
i._xl +v + 12 + 1_}
0

“0

and in Mathematica 8:

= Integrate[(xsy=z) / ((x*2+3*2+2*2+1)*4), {x, 0, 1}, {¥, 0, 1}, {2, 0, 1}]
1

Out{1l=

182

We can not compute this triple integral using Maple 15.

2. Compute:

dxdydz
I= 3/2°
v (a2 + 22 +y%—2)

with V' defined by:
2+ y2 > az

22 4+ y? < a2
z > 0.

3. Find the volume of the homogeneous body, bounded by the sphere

R
and the paraboloid
2 +y? =3z

Computer solution.
We shall compute the volume of the body from the Figure 9.16:
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using Matlab 7.9:
>> syms z rho th
>> x=rho*cos(th);
>> y=rho*sin(th);
>> int(int(int(1,z,(x"24+y"~2)/3,sqrt(4-x"2-y"2))*rho,rho,0,
sqrt(3)),th,0,2*pi)
ans =

(19%pi) /6
and in Mathcad 14:

f PR
mx,y} = ldz
x;|’+§,-"1’
3

x(p.8) = p-cos(®)  y(p.#) = p-sin(8)

‘.J"_B F2m 19.
J J N(x(p.9).¥(p.8))-pdbdp — —=
1] 1]

and with Mathematica &:
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In[4]= X 1= pwCos[8]

Inf5l= ¥ = p»5in[@]

In[8]:= Integrate [Integrate[l, {z, (Xx*2+¥"2) /3, SqrE[4-x*2-y*2]}] =,

{o, 0, Sgre[3]}, {6, 0, 2=P1i}]
19 nm
[

and using Maple 15:

x = p-cos(@) :
y = p-sin(6) :
Ja-—x2—y2
11 = simplify J ldz
A
3
P S

J J Ii-pdp de
o0 -0

4. Find the triple integral

/// zdzdydz
I = ,
v /1+ 2% +y2 4 22

where V' is bounded by the sphere:

z? + y2 + 22 =2
Computer solution.
We shall achieve in Matlab 7.9:
>> rho phi th k
>> x=rho*cos(th)*sin(phi);
>> y=rho*sin(th)*sin(phi);
>> z=rho*cos(phi);
>> v=[rho th phil;
>> F=[xy z];
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>> d=abs(simplify(det(jacobian(F,v))));
>> int(int(int(z*d/sqrt(1+x" 24y 24+2z"2),rho,0,cos(phi)),th,
0,2*pi),phi,0,pi/2)
ans =
-(2%pi*(2¥27(1/2) - 3))/5
and with Mathcad 14:
(‘xyreos(xy |-sinfx,) |
£(x) = | 5 sin(x;)-sinfx,)
L iy cos | x:} .!

i
dip.b,g) = |Tacob(f (x).%)| substitute_.xﬁ= Py = B,x,=p — —p -sin{y)

w(p. 8, p) = p-cos(8)-sin{y) v(p.0,p) = p-sin(8)-sin{ ) z(p.\g) = p-cos(y)

a a a a
u(p.8,p) = x(p.b.0)" + vip. B, )" + z{p, )" simplify — p~

ra| 3

rdmo 3\
[ reos(g) y "
| 0| 2-w2-2-3)

SRS [ RPN L f.
a 1 j
| 1+ p° |
0 o

Ioz =

0
and using Mathematica 8:
X :=pxCos[08] »5in[w]

¥ i=px53in[8] » 5in[w]

Z :i=pxCos[w]

d := Abs [Simplify [Det[D[{x, ¥, =}, {{o, &, ©}}]11]]

Ii = Integrate[z/Sqgrt[l+x*2 + y*2 + 2*2] »d, {w, 0, P1/2},
{6, 0, 2«Pi}, {0, 0, Cos[u]}]

f ! o
[-3+2+ 2 | m

[N
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and with Maple 15:

x = p-cos(6) -sin(qp) :

y = p-sin(8) sin(@) :

z:= p-cos{ep):

with( VectorCalcidus) :

Md-= Jac:obfaﬂ{ [x¥z], [p, &, -:p], 'def'earmfmmr'] :

dl == simplifi( |d])

2-m _cos(q)

facmrj J B —-dI dpds dp
0 -0 0

J1+2+7+7

5. Compute

I:// zyzdo,
>

where > is the surface of the paraboloid
Iy Q.
between the planes z =0, z =1, with z > 0, y > 0.

6. Find the moment of inertia relative to the Oz- axis of the solid body,
having its density

bounded by the ellipsoid

Computer solution.
We shall give a computer solution in Matlab 7.9:
>> syms a b ¢ rho phi th k
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>> x=a*rho*cos(th)*sin(phi);

>> y=b*rho*sin(th)*sin(phi);

>> z=c*rho*cos(phi);

>> v=[rho th phil;

>> F=[xy z];

>> d=simplify(det(jacobian(F,v)));

>> int(int(int((x"2+y~242z"2)*k*d,phi,0,pi),th,0,2*pi),
rho,0,1)

ans =

-(4*pi*a*b*c*k*(a"2 + b"2 4+ ¢"2))/15

and with Mathcad 14:

!" a-x,-co s[x l} sm.|xjpl
£(ab,c.5) = | by sinfs ) sinfx,)
| expeods)
.
d(a.b.c.p.8,p) = |Jac0b[f[a,b,c,x}__x}| substitute,xD= paEp = B, =p — —ap -b-c-sin{p)
wa.p.8.g) = a-p-cos(8)-sin(yg) w(b.p.B.p) =b-psin(l)-sin(y) z(c.p.b,p) = cp-cosy)
rl f2m e

[ 2 2 2
Toz(a,b,c.k) = J j k-l.x[a__p__ﬁ__\p}‘+}-‘[b__p__8__\p}‘+z[c__p__H,\p}‘_:'-d[a__b__c__p__ﬁ__\p}d\pdﬁdp
00 ]

|' 2 F l:|
4mabokla +b + ¢

Ioz{a.b.c k) = —
15

and using Mathematica 8:
nE3]= X 1= axpxCos[8] »5in[o]
In[22:= ¥ := bxpx5in[8] =« Sin[¢]
n23= z i= cxpxCos @]
In24:= d = Simplify [Det[D[{x, ¥, 2}, {{o, 6, ©}}11];
n25:= Ioz = Integrate[k« (x*2 + ¥42 + 22} »d, {w, 0, Pi}, {6, 0, 2«Pi}, {p, 0, 1}]
4

o35 -— abe (2 +b* + ) kn
15 :

and in Maple 15:
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x = a-p-cos(8) sin(¢p) :

y = b-p-sin(8) sin(o) :
z#= ¢-p-cos{ep):
with| VectorCalculus) -

Md:= Jacabfa?z{ [x» 2], [p, g, q:n], 'a’ef'ermfmnr'} :

dl = simplifi{d)

1 2-mm

ﬁxmr“ J J' k(2 + 37 + 2) -dl depdd dp

00 “0

7. Find the moment of inertia relative to the Oz- axis of the homogeneous
body

2 2 2
T z
L+ <f 0<z<h

a b2 — 2’

8. Determine the coordinates of the centre of gravity of a homogeneous
parabolic envelope
az=z>+1% 0<z<a.

9. Compute the mass of the surface of the cube

0<z<1
0<y<l1
0<2z<1

if the surface density at the point M (z,y, 2) is
d(x,y,2) = ayz.

10.Compute the surface integral of the first type:

4
I:// (2x+ y—|—z>da,
> 3
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where (>7) is

with x >0,y >0, z > 0.
Computer solution.
We shall give a computer solution in Matlab 7.9:
>> syms Xy
>> z=4*(1-x/2-y/3);
>> p=diff(z,x);
>> q=diff(z,y);
>> w=simple(sqrt(14+p~2+q~2)) ;
>> int(int(F*w,y,0,(-3/2)*(x-2)),x,0,2)
ans =
4%61°(1/2)
and with Mathcad 14:

Z(x,¥) = -I-: L

\,

X
2

hl-:ix_.}-'} =21+ g-}=+ K. ¥)

and using Mathematica 8:

Infi]= 2 :=4d» (1 -x/2 -y /3)

2= Fi1=2xX+4/3x¥7 +2

Inf3]= p :=D[2, x]

Inf4}= g :=D[z, ¥]

Inf8= w 1= Simplify [Sgri[l + p*2 +g™2]]

5= Integrate[w«F, {x, 0, 2}, {7, 0, (-3/2) » (x-2)}]

outlel 4+ 61

and in Maple 15:

559

= %J plx.y) = :—xz[x,}-—} gx.y) = Z_}.- chdi
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X )
=412 - L];
) [ 2 3]

. o
e dx
- o
[+ P 3y £

W= Sfmpfiﬁ'(-.,." 1 +}.72+¢?2 }:
Fi=2x+ %-y+z:

3y
1 |k—§]-l.r—2]

J J w-Fdydx

o0

11.Compute the surface integral of the first type:

I:// xyzdo,
>

where (37) is the surface of the paraboloid 2% + y? = z, situated between
the planes z =0, z =1, with x > 0, y > 0.
Computer solution.

We shall compute this surface integral of the first type, for the surface
(>7) showed in Fig. 9.17
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using Matlab 7.9:
>> syms Xy
>> z=x"2+y" 2;
>> p=diff(z,x);
>> q=diff(z,y);
>> w=simple(sqrt(1+p~2+q~2));
>> F=x*y*z;
>> syms rho th
>> h=simple(subs(F*w,{x,y},{rho*cos(th),rho*sin(th)}));
>> int(int(h,th,0,pi/2)*rho,rho,0,1)
ans =
(25%5"(1/2))/336 - 1/1680
and with Mathcad 14:

qny) =X+ p(x.y) = Lax.y) atr.y) = Lz(x.3)

dy

=

Ery) = xyz(x.y)

2 2 2 2
w(y) = oL+ p(ey)’ + axy)” simplfy > a2+ 437+ 1

*(p.8) = p-cos(H) ¥ip.8) = p-sm{)

™
[l —
-

I:=J J F(x(p.0).y(p.8))-w(x(p.0).y(p.0))-pdbdp —
0-0

253 1

336 1680

and using Mathematica 8:



562 9. Triple and Surface Integral Calculus

]
n

Zi=X*"24+y*2

In[2]:= p :=D[=2, x]

In[3:= g :=D[2, 7]
In[4]:= w = Simplify [Sgri[l + p*2 + g*2]]

S
Outfdl Y 1+4x° +4v"

In[f]:= X 1= pxCos[8]

In[B]= ¥ z= p»5in[&]

In[7}= Integrate[wxxxy=xzxp, {6, 0, P1L/2}, {p, O, 1}]

-1+125+/ 5
la80

and in Maple 15:

z==x2+}'?’:
[ a =
L axz'
— a +
g = B}'Z'

W= sfmp.fyj,'(\." 1 +p2 + qz ) :

x = p-cos(8):
y = p-sin(8) :

T
6 5
'['[ wx-v-z-pdodp
00

8B =
336 ¥ ° 1680

12.Use the Stokes’ formula to find the given integrals and then verify the
results by direct calculations:
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y{(ﬂcﬂ/)gdx— (z —y)* dy,
I

where the curve I' is closed by the parabola y = 22 and by the straight
line y = x, passed in the directly sense.

13.Applying the Stokes’ formula, find the given integrals and verify the
results by direct calculations:

y2dz + 22dy + 22dz,
ABCA

where ABC A is the contour of the triangle ABC with the vertices A (a,0,0),
B (0,a,0) and C (0,0, a).

14.Compute the line integral

I'=¢(y—z)de+(z—2)dy+ (z —y)dz,
/

where C'is the ellipse achieved by the intersection of the cylinder z2+y?% = 1
with the plane z 4+ z = 1, crossed so that the projection of curve C on the
plane (xzOy) to be positively oriented, using the following two methods:

1) directly as a line integral,

2) with the Stokes formula.

Computer solution.

We shall compute this line integral with the Stokes formula using Matlab
7.9:

>> 8syms Xy z

>> F=[y-z z-x x-y|;

>> rot=[diff(F(3),y)-diff(F(2),z) diff(F(2),z)-diff(F(3),x)
QiE(F (2),%)-diff(F (1),)]

rot =
[ -2, 0, '2]
>> z=1-x;

>> p=diff(z,x);

>> q=diff(z,y);

>> w=sqrt(14+p~24+q~2);

>> n=[-p/w -q/w 1/w];

>> v=dot(rot,n)*w;

>> syms rho th

>> k=subs(v,{x,y},{rho*cos(th),rho*sin(th)});
>> c=int(int(k*rho,rho,0,1),th,0,2*pi)
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c =
(-4)*pi

and in Mathcad 14:

(¥-2)
ﬂx,}-‘,z} =|z-x
-y)

2xy) = 1-x p(x.y) = :—xz[x_.}-'}

% a
wi(x,y) = \J[ 1+ p{x,¥) +q(x.¥)"
(—p(x,%) )
w(x,¥)
—q(x.¥)
w(x,¥)
1 .
. wixy) J

n(x,y) = rot(x,vy,z) =

Wz, ¥.2) = [_ﬂ[x_.}-'}T-mt[x_.}-'_.z}:.:'-w{x_.}-'}

qx.y) = j__x,-”:x’f"'}

d d
| —F(x,v,2), — —F(x,v.z
Fy, - ey,

d d
—F(z.¥.7), — —F(x.v.2)
dz b i 2

d d
| —F(x.y.2), - —F(x.y.2)
| S 0

k(p.®) = v(x,y.Z) substitute x = p-cos(B),y= p-sin(8) — 4

1 a2

k{p.@)-pdidp — —4-m

and in Mathematica 8:

]

)
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Inf24)= F:= [y -2, 2-X, X-¥}

n2f]:= rot := {D[F[[3]]1, ¥] -D[F[[2]], 2], D[F[[1]], 2] -DIF[[3]], x],
DIF[[2]], =] -D[E[[1]], ¥1}

In[26]:= zz[x> , ¥ ] :=1-2r
n27= p i=D[z2[x, ¥], x]
njz28p= g :=D[z2[x, ¥], ¥]
n[28]= w = Sgrt[l+p"2 +g"2]

n#30=n:i={-pfw, -g/w, 1/w}

({DIF[[3]11, ¥] -D[F[(2]], =], DLE[[2]], 2] -DIE[[3]], =],
DIF[[2]], x] -D[E[[1]], ¥1} . {-p/w, -g/w, 1/w})aw

Out[31}= -4
Inf22= E:=wv /. {x+ pxCos[B], ¥y =+ px5in[8]]}

in23:= Integrate[kxp, {p, 0, 11, {8, 0, 2+Pi}]

Outf23= -4 m

and in Maple 15:
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with( VectorCalculus) -
.S’efC‘mrdr‘mr’és[ cartesian, E} z

F= VecmrFfefa’[{y— z__z—_\;_&:—ﬁf] :
rot == Curl(F) -

zi=1—x:
[ry— d E

L= EZ.
.

L dyz

W= ~,."1+pl+q1:

M= Vecz‘arFfeEd[{—% —% 37)] ;

vi= (rotm) w:

k= :
R p——
12w

s J j k-p d8dp
00

4%

15.Use the Gauss- Ostrogradski formula to compute the following surface
integral:

I= // 2?dydz + y?dzdz + z2dzdy,
24
where (}) is the cube

0<z2<a,0< y<a, 0< 2<a.

Computer solution.

We shall have in Matlab 7.9:
>>symsaxyz

>> P=x"2;Q=y " 2;R=2z"2;

>> w=diff(P,x)+diff(Q,y)+diff(R,z);
>> int(int(int(w,z,0,a),y,0,a),x,0,a)
ans =

3*a"4

and using Mathcad 14:
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2
Pz, y.2) =x Nz,y.2)=v Eix,}f,z} =g

d d d
w(x,y.z) = —Px,v,2) + —(Nx,v.2) + —R(x,v,2)
dx dy dz

rd ra "
'[. J wi(x,y.Z)dedydr — 3-a
0°0~0

and with Mathematica 8:
InfEl:= P 2= x"2

In[fl= 0 := y*2

In[8= R 1= 22
In[s)= w := D[P, x] +D[Q, 7] + D[R, 2]

In[10}= Integrate[w, {z, 0, a}, {y, 0, a}, {x, 0, a}]

el 4
Out[10} 3 &

and using Maple 15:

E O mig
[
T

d )
= EP-F d__}fg+ ER.

[

I J wdz dy dx
07070

‘_‘a

la

16.Apply the Gauss- Ostrogradski formula to compute the surface integral:

I= // xdydz 4+ ydzdx + zdzdy,
24

where (3°) is the cylinder 22 + y? = a?, 2z € [-H, H].



568 9. Triple and Surface Integral Calculus

17 Evaluate the following surface integral of the second type:

/ / ydzdzx,
>

> being the external side of the ellipsoid:

Computer solution.

We shall give a computer solution in Matlab 7.9:

>> syms a b ¢ rho phi

>> x=a*sin(th)*cos(phi);

>> y=b*sin(th)*sin(phi); z=c*cos(th);

>> A=det(jacobian([y z],[th phi]));

>>B=det(jacobian([z x],[th phi]));

>> C=det(jacobian([x y],[th phi])); s=simplify
(sqrt(A"24+B"24C"2));

>> c2=B/s;

>> int(int(y*c2*s,th,0,pi),phi,0,2*pi)

ans =

(4*pi*a*b*c)/3

and using Mathematica 8:

In[11]:= X t= ax5in[&] = Cos[@]

In[iz)= ¥ := b»Sin[8] » Sin[p]

[X]
i

In[13]:= 2 1= cx Cos[6]

In[14}= Aa := 3implify [Det[D[{y, 2}, {{9, ©}}]]]

In[15}= Bb 1= Simplify [Det[D[{z, x}, {{8, v}}]1]]

In[16}= Cc := 3implify [Det[D[{x, ¥}, {{8, ¢}}]1]]

In[171= 8 := Simplify [Sgrt[Aa*2 + Bb 2 + Cc*2]]

Inf20]:= €2 :=Bb/s

=
[T5]
i

15]= Integrate[y»c2x=, {6, 0, Pi}, {v, O, 2xPi}]

4
[15 —abcm

and in Maple 15:
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x = a-sin(8) -cos(¢p) :

y = b-sin(8) -sin(qp) :

z = c-cos(8) :

with( VectorCalcudus) -

Ml 4= Jacobmn[ L 2], [B, (p],'defanﬂfmnr'} :
M2 B = Jaﬂﬂmaﬁ{ x] [El, (p],'defenﬂfmrir'} :
M3, C = Jacobian( [x, ] [El, |, determinant') -

srmpfr‘,ﬁ,(sqrt[ B+ C?’]] ;

cZ = —:
i
T 2T

JJ v-c2 -udgpds
00

u-tl-l-\-.

18 Find the flux of the vector field

e
?(x,y,z)z?xi +yj —zk

across the surface

(Z):y2+22=ax, 0<zr<a

569

according to the normal 7/ on the surface, which makes an acute angle

with the negative Oz semi-axis.

19.Find the centre of gravity of the body (2,by the density u = k, bounded

by the cone x? + 3% = 22 and by the planes z = 0 and z = h.

Computer solution.
We shall find the centre of gravity of the body (2 (see Fig. 9.18)
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using Matlab 7.9:

>> syms rho th h k

>> x=rho*cos(th);

>> y=rho*sin(th);

>> Il1=int(int(int(k,z,sqrt(x"24y"2),h)*rho,th,0,2*pi),
rho,0,h);

>> I2=int(int(int(k,z,sqrt(x" 24y~ 2),h)*x*rho,th,0,2*pi),
rho,0,h);

>> I3=int(int(int(k,z,sqrt(x"24+y"2),h)*y*rho,th,0,2%pi),
rho,0,h);

>> I4d=int(int(int(k*z,z,sqrt(x"2+y"2),h)*rho,th,0,2*pi),
rho,0,h);

>> xg=I2/I1

Xg =

0

>> yg=I3/11

yg =

0

>> zg=I4/I1

7g =

(3%h) /4

and in Mathcad 14:
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5(p,6) = p-cos(f) ¥(p.8) = psin(t)

h A
kd.z}'p—m(p,ﬂ] a6 dp

Vxlp. 8% +y(p. 0

(b
—[ kdz{pdadp

';\ JEp, O vp et ) xg(h k) = 0

k d21 pyip. t) i dp

J Ut yip® )
0

0

0

h 27:{ N
kdz |-pdédp
st 0 0 yah,k) = 0
0
2

h ™

k-zdz-p dé dp

Jaip. 0 +v(p. 07

2w
[t )
kdz|-pdédp
3h

U0’ ) hp) > =

zz(h k) = .

and with Mathematica 8:
Inj15]= X := pwCos[&]
In20p= ¥ = peSin[o]

Injz7}= I1 := Integrate[Integrate[k, {z, Sqrt[x*2+y¥*2], h}] »p, {5, 0, 2«Pi}, {0, 0, h}]

j25)= xg = I2 /11

-0

Inf28}= yg=I3/11

3h
4 (5 - 4 HeavisideTheta[h]]

and with Maple 15:

n2z)= I2 := Integrate[Integrate(k, {z, Sqrt[x*2+y~2], h}] »x=p, {5, 0, 2«Pi}, {o, 0, h}]
23)= I3 := Integrate[Integrate[k, {z, Sqrt[x*2+y*2], h}] »yw~po, {8, 0, 2«Pi}, {o, 0, h}]

I4 := Integrate[Integrate[kwz, {z, Sqrt[x*2+ y*2], h}]wp, {8, 0, 2«Pi}, {p, 0, h}]

571
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x+=p-cos(8) :
y = p-sin(8) :
I = simplify

I2 = simplify

I3 == simplify

I4 == simplify
Xo 1= £
= I
)
YE 7]
i B
=

A 2wy A
J J J kdz|-pde|dp
0ol-0 L \fx2+}2
R 2wy h
J J J kdz | -x-pde | dp
ol-0 | \III‘1’+_].‘2‘
R 2wy h
J J J kdz|-y-pde | dp
o e L 22y
A 2. A A A
j j J' Ede| gita |
LN o Tl"'}z
0
0
3 h

"4 -3+ 2sigmum(R(k))

20If > is the external side of the surface:

2 2 2
T z
2+y o =0
a b2 2

between the planes z = 0 and z = b, compute the surface integral:

J = // 22dydz + y?dedz + 22dzdy.
>
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