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VII

”Homines dum docent discunt.”
Seneca, Epistole 7

”Nihil est in intellectu, quod non prius fuerit in sensu.”
John Locke

”Les beaux (grands) esprits se rencontrent.”
Voltaire

”Men should be what they seem,
Or those that be not, would they might seem none.”

Shakespeare, Othello III. 3

”Science needs a man’s whole life. And even if you had two lives, they
would not be enough. It is great passion and strong effort that science
demands to men ...”

I. P. Pavlov
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”Speech is external thought, and thought internal speech.”
A. Rivarol

”Nemo dat quod non habet.”
Latin expression

”Scientia nihil aliud est quam veritatis imago.”
Bacon, Novum Organon



Preface

Real Analysis is a discipline of intensive study in many institutions of higher
education, because it contains useful concepts and fundamental results in
the study of mathematics and physics, of the technical disciplines and
geometry.
This book is the first one of the kind that solves mathematical analysis

problems with all four related main software Matlab, Mathcad, Mathemat-
ica and Maple.
Besides the fundamental theoretical notions, the book contains many

exercises, solved both mathematically and by computer, using: Matlab 7.9,
Mathcad 14, Mathematica 8 or Maple 15 programming languages.
Due to the diversity of the concepts that the book contains, it is addressed

not only to the students of the Engineering or Mathematics faculties but
also to the students at the master’s and PhD levels, which study Real
Analysis, Differential Equations and Computer Science.
The book is divided into nine chapters, which illustrate the application of

the mathematical concepts using the computer. The introductory section of
each chapter presents concisely, the fundamental concepts and the elements
required to solve the problems contained in that chapter. Each chapter
finishes with some problems left to be solved by the readers of the book
and can verified for the correctness of their calculations using a specific
software such as Matlab, Mathcad, Mathematica or Maple.
The first chapter presents some basic concepts about the theory of se-

quences and series of numbers.
The second chapter is dedicated to the power series, which are particu-

lar cases of series of functions and that have an important role for some
practical applications; for example, using the power series we can find the
approximate values of some functions so we can appreciate the precision of
a computing method.



X Preface

In the third chapter are treated some elements of the differentiation
theory of functions.

The fourth chapter presents some elements of Vector Analysis with ap-
plications to physics and differential geometry.
The fifth chapter presents some notions of implicit functions and ex-

tremes of functions of one or more variables.
Chapter six is dedicated to integral calculus, which is useful to solve vari-

ous geometric problems and to mathematical formulation of some concepts
from physics.
Seventh chapter deals with the study of the differential equations and

systems of differential equations that model the physical processes.
The chapter eight deals with the line and double integrals. The line inte-

gral is a generalization of the simple integral and allows the understanding
of some concepts from physics and engineering; the double integral has
a meaning analogous to that of the simple integral: like the simple defi-
nite integral is the area bordered by a curve, the double integral can be
interpreted as the volume bounded by a surface.
The last chapter is dedicated to the triple and surface integral calculus.

Although it is not possible a geometric interpretation of the triple integral,
mechanically speaking, this integral can be interpreted as a mass, being
considered as the distribution of the density in the respective space. The
surface integral is a generalization of the double integral in some plane
domains, as the line integral generalizes the simple definite integral.
This work was supported by the strategic grant POSDRU/89/1.5/S/

58852, Project “Postdoctoral programme for training scientific researchers”
cofinanced by the European Social Fund within the Sectorial Operational
Program Human Resources Development 2007-2013.
The authors would like to thank Professor Razvan Mezei of Lander Uni-

versity, South Carolina, USA for checking the final manuscript of our book.

January 10, 2012
George Anastassiou,

Memphis
USA

Iuliana Iatan
Bucharest
Romania
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1

Sequences and Series of Numbers

1.1 Cauchy Sequences

Definition 1.1 (see [41], p.13). A sequence (xn)n∈N
is convergent if (∃)

a ∈ R such that (∀) ε > 0, (∃) nε ∈ N such that |xn − a| < ε, (∀) n � nε.
Definition 1.2 (see [41], p.23). A sequence (xn)n∈N

is called a Cauchy
sequence if the terms of the sequence, eventually all become arbitrarily
close to one another, i.e. if for (∀) ε > 0, (∃) nε ∈ N such that (∀) n � nε

one obtains |xn+p − xn| < ε, (∀) p ∈ N.
Example 1.3. Prove that the following sequence is a Cauchy sequence :

a) xn =
cos 1!

1 · 2 +
cos 2!

2 · 3 + · · ·+ cosn!

n (n+ 1)
, (∀) n ∈ N

∗

b) xn =
cosα

12
+

cos 2α

22
+ · · ·+ cosnα

n2
, (∀) n ∈ N

∗, (∀) α ∈ R.

Solutions.
a) We shall have

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 1–40.
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2 1 Sequences and Series of Numbers

|xn+p − xn| =
∣
∣
∣
∣
∣

n+p
∑

k=n+1

cos k!

k (k + 1)

∣
∣
∣
∣
∣
�

n+p
∑

k=n+1

1

k (k + 1)

=

n+p
∑

k=n+1

(
1

k
− 1

k + 1

)

=
1

n+ 1
− 1

n+ 2

+
1

n+ 2
− 1

n+ 3
+ · · ·+ 1

n+ p
− 1

n+ p+ 1

=
1

n+ 1
− 1

n+ p+ 1
<

1

n+ 1
−→

n−→∞ 0.

We shall use the definition of convergence of the sequence yn = 1
n+1 ,

n ∈ N
∗ in 0 to determine the rank nε ∈ N such that (∀) n � nε we have

|xn+p − xn| < ε, (∀) p ∈ N.
Hence, using the Definition 1.1, (∀) ε > 0, (∃) nε ∈ N such that 1

n+1 < ε,
(∀) n � nε.
It results that n > 1

ε − 1; we choose

nε =

[
1

ε
− 1

]

+ 1;

we achieve

n >

[
1

ε
− 1

]

+ 1 >
1

ε
− 1.

As (∀) ε > 0, (∃) nε =
[
1
ε − 1

]

+ 1 ∈ N, such that (∀) n � nε we have
|xn+p − xn| < ε; according to the Definition 1.2 it results that

xn =

n∑

k=1

cos k!

k (k + 1)
, n ∈ N

∗

is a Cauchy sequence.
b) We can write

|xn+p − xn| =
∣
∣
∣
∣
∣

n+p
∑

k=n+1

cos kα

k2

∣
∣
∣
∣
∣
�

n+p
∑

k=n+1

1

k2
≤

n+p
∑

k=n+1

1

k (k − 1)

=

n+p
∑

k=n+1

(
1

k − 1
− 1

k

)

=
1

n
− 1

n+ 1

+
1

n+ 1
− 1

n+ 2
· · ·+ 1

n+ p− 1
− 1

n+ p

=
1

n
− 1

n+ p
<

1

n
−→

n−→∞ 0.



1.2 Fundamental Concepts 3

We shall use the definition of convergence of the sequence yn = 1
n , n ∈

N
∗ in 0 to determine the rank nε ∈ N such that (∀) n � nε we have

|xn+p − xn| < ε, (∀) p ∈ N.
Hence, using the Definition 1.1, (∀) ε > 0, (∃) nε ∈ N such that 1

n < ε,
(∀) n � nε. It results that n >

1
ε ; we choose

nε =

[
1

ε

]

+ 1;

we achieve

n >

[
1

ε

]

+ 1 >
1

ε
.

As (∀) ε > 0, (∃) nε =
[
1
ε

]

+ 1 ∈ N, such that (∀) n � nε we have
|xn+p − xn| < ε; according to the Definition 1.2 it results that

xn =

n∑

k=1

cos kα

k2
, n ∈ N

∗

is a Cauchy sequence.

1.2 Fundamental Concepts

1.2.1 Convergent Series

Definition 1.4 (see [41], p. 29). A number series

∞∑

n=1

an =
∑

n≥1

an = a1 + a2 + · · ·+ an + · · · , (1.1)

is called convergent if the sequence of its partial sums

Sn =

n∑

i=1

ai (1.2)

has the finite limit

S = lim
n→∞Sn. (1.3)

Definition 1.5 (see [41], p. 30). The quantity from (1.3) is called the sum
of the series

∑

n≥1 an.
Example 1.6. Prove that the following series are convergent:
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a)
1

5
+

1

45
+ · · ·+ 1

16n2 − 8n− 3
+ · · ·

b)
∑

n≥1

1
(

n+
√
2
) (

n+
√
2 + 1

) .

Solutions.
a) We can notice that

16n2 − 8n− 3 = 16n2 + 4n− 12n− 3 = (4n− 3) (4n+ 1) ;

therefore

Sn =
n∑

k=1

ak =
n∑

k=1

1

(4k − 3) (4k + 1)
=

1

4

n∑

k=1

(
1

4k − 3
− 1

4k + 1

)

=
1

4

(

1− 1

4n+ 1

)

→
n→∞

1

4
,

i.e.
∑

n≥1

1

16n2 − 8n− 3

is convergent. �

We can also notice that using the following Matlab 7.9 sequence:
>>syms n
>> symsum(1/(16*nˆ2-8*n-3),n,1,inf)
ans =
1/4
or in Mathcad 14:

∞∑

n=1

1

16n2 − 8n− 3
→ 1

4

or using Mathematica 8:
ln[1]:=Sum[1/(16*nˆ2 - 8*n - 3), {n, 1, Infinity}]
Out[1]=1

4
or with Maple 15:
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b) We have

Sn =
n∑

k=1

ak =
n∑

k=1

1
(

k +
√
2
) (

k +
√
2 + 1

)

=

n∑

k=1

(
1

k +
√
2
− 1

k +
√
2 + 1

)

=
1

1 +
√
2
− 1

n+ 1 +
√
2

→
n→∞

1

1 +
√
2
;

hence
∑

n≥1

1
(

n+
√
2
) (

n+
√
2 + 1

)

is convergent.
In Matlab 7.9 we shall have:
>>syms n
>> symsum(1/((n+sqrt(2))*(n+sqrt(2)+1)),n,1,inf)
ans =
1/(1+2ˆ(1/2))
or in Mathcad 14:

∞∑

n=1

1
(

n+
√
2
) (

n+
√
2 + 1

) simplify →
√
2− 1

or with Mathematica 8:
ln[2]:=Sum[1/((n + Sqrt[2])*(n + Sqrt[2] + 1)), {n, 1, Infinity}]
Out[2]=-1 +

√
2

or with Maple 15:

1.2.1.1 Cauchy’s Test

Proposition 1.7 (see [41], p. 36). The necessary and sufficient condition
for the convergence of the series

∑

n≥1 an is: (∀) ε > 0, (∃) nε ∈ N such
that:

|an+1 + · · ·+ an+p| < ε, (∀) n � nε, (∀) p ∈ N.
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Example 1.8. Use the Cauchy’s test for testing the convergence of the
series

a)
∑

n≥1

cosnx

5n
, (∀) x ∈ R

b)
∑

n≥1

sinn2x

n3
, (∀) x ∈ R.

Solutions.
a) We have

|an+1 + · · ·+ an+p| =
∣
∣
∣
∣
∣

n+p
∑

k=n+1

cos kx

5k

∣
∣
∣
∣
∣
≤

n+p
∑

k=n+1

1

5k

=
1

5n+1

(

1 +
1

5
+ · · ·+ 1

5p

)

=
1

5n+1
·

1
5p − 1
1
5 − 1

=
1

4 · 5n ·
(

1− 1

5p

)

<
1

5n
→

n→∞ 0.

Therefore, (∀) ε > 0, (∃) nε ∈ N such that 1
5n < ε, (∀) n � nε, i.e.

5n >
1

ε
=⇒ n > − ln ε

ln 5
;

it results that (∀) ε > 0, (∃) nε =
[− ln ε

ln 5

]

+ 1 ∈ N, such that (∀) n � nε

we have |an+1 + · · ·+ an+p| < ε, i.e.

∑

n≥1

cosnx

5n
, (∀) x ∈ R

is convergent.
b) We achieve:

|an+1 + · · ·+ an+p| =
∣
∣
∣
∣
∣

n+p
∑

k=n+1

sin k2x

k3

∣
∣
∣
∣
∣
≤

n+p
∑

k=n+1

1

k3

≤
n+p
∑

k=n+1

1

k2
≤

n+p
∑

k=n+1

1

k (k − 1)

=

n+p
∑

k=n+1

(
1

k − 1
− 1

k

)

=
1

n
− 1

n+ p
<

1

n
→

n→∞ 0.
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Hence, (∀) ε > 0, (∃) nε ∈ N such that 1
n < ε, (∀) n � nε, i.e.

n >
1

ε
;

it results that (∀) ε > 0, (∃) nε =
[
1
ε

]

+ 1 ∈ N, such that (∀) n � nε we
have |an+1 + · · ·+ an+p| < ε, i.e.

∑

n≥1

sinn2x

n3
, (∀) x ∈ R

is convergent.

1.2.2 Divergent Series

Definition 1.9 (see [41], p. 30). If the limit limn→∞ Sn does not exist (or
it is infinite), the series is then called divergent.
Proposition 1.10 (see [15], p. 93). If the terms of a series sequence is not
convergent to 0, the series is divergent, namely if for the series

∑

n≥1 an
we have

lim
n→∞ an = a 	= 0, ‘

then
∑

n≥1 an diverges.

Example 1.11. Prove that the following series are divergent:

a) 0, 07 +
√

0, 07 + 3
√

0, 07 + · · ·+ n
√

0, 07 + · · ·
b)
∑

n≥1

1√
2n+ 1−√

2n− 1

c)
∑

n≥1

2n + 3n

2n+1 + 3n+1

d)
∑

n≥1

ln
n+ 1

n

e)
∑

n≥1

n sin
a

n
, a 	= 0.

Solutions.
a) As

lim
n→∞

n
√

0, 07 = lim
n→∞ (0, 07)

1
n = 1 	= 0

we deduce that
∑

n≥1
n
√
0, 07 diverges.
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We can prove that using Matlab 7.9:
>> syms n
>> limit(0.07ˆ(1/n),inf)
ans =
1
or in Mathcad 14:

or with Mathematica 8:

or in Maple 15:

b) Since

lim
n→∞

1√
2n+ 1−√

2n− 1
= lim

n→∞

√
2n+ 1 +

√
2n− 1

2n+ 1− 2n+ 1
= ∞,

using the Definition 1.9 it results that the series diverges.
We can also deduce that using Matlab 7.9:
>>syms n
>> limit(1/(sqrt(2*n+1)-sqrt(2*n-1)),inf)
ans =
Inf
or in Mathcad 14:

or with Mathematica 8:
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or in Maple 15:

c) One obtains

lim
n→∞

2n + 3n

2n+1 + 3n+1
= lim

n→∞
3n
(
2n

3n + 1
)

3n+1
(

2n+1

3n+1 + 1
) =

1

3
	= 0;

we have used that

lim
n→∞ qn =

⎧

⎪⎪⎨

⎪⎪⎩

0, if q ∈ (−1, 1)
1, if q = 1
∞, if q > 1

it doesn’t exists, if q ∈ (−∞,−1] .

Hence, based on the Proposition 1.10 it follows that the series diverges.
It will also result that in Matlab 7.9:

>> syms n
>> limit((2ˆn+3ˆn)/(2ˆ(n+1)+3ˆ(n+1)),inf)
ans =
1/3
or in Mathcad 14:

or with Mathematica 8:
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or in Maple 15:

d) We have

lim
n→∞ ln

n+ 1

n
= 0,

namely we can say nothing about the series nature.
As

Sn =

n∑

k=1

ln
k + 1

k
= ln

2

1
+ ln

3

2
+ · · ·+ ln

n+ 1

n

= ln

(
2

1
· 3
2
· · · · · n+ 1

n

)

= ln (n+ 1)

and

lim
n→∞Sn = ∞

one deduces that the series is divergent.
The same result can be achieved using Matlab 7.9:
>> syms n k
>> limit(symsum(log((k+1)/k),k,1,n),n,inf)
ans =
Inf
or Mathcad 14:

or with Mathematica 8:
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or in Maple 15:

e) It will result:

lim
n→∞n · sin a

n
= lim

n→∞ a
sin a

n
a
n

= a 	= 0,

therefore the series is divergent.
We can also obtain that using Matlab 7.9:
>> syms n a
>> limit(n*sin(a/n),inf)
ans =
a
or Mathcad 14:

or with Mathematica 8:

or in Maple 15:

1.2.3 Operations on Convergent Series

Proposition 1.12 (see [15], p. 95). Let
∑

n≥1 an and
∑

n≥1 bn be two
convergent series, which have the sums A and B respectively and let be
α ∈ R. Then:
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a) the series
∑

n≥1 αan converges and it has the sum αA, namely a con-
vergent series may be multiplied term by term by any number α;

b) the sum (difference) of the two convergent series is a convergent series
∑

n≥1 (an ± bn) and it has the sum A±B.

Example 1.13. Use the operations on convergent series to compute
the sum of the series:

a)
∑

n≥1

2n+ 3

n (n+ 1) (n+ 2)

b)
∑

n≥1

2n + 3n+1 − 6n−1

12n
.

Solutions.
a) One can notice that

an =
2n+ 3

n (n+ 1) (n+ 2)
=

3

2n
− 1

n+ 1
− 1

2 (n+ 2)

=
1

2n
+

2

2n
− 1

n+ 1
− 1

2 (n+ 2)

=
1

2n
− 1

2 (n+ 2)
+

1

n
− 1

n+ 1
=

1

2

(
1

n
− 1

n+ 2

)

+

(
1

n
− 1

n+ 1

)

;

hence

∑

n≥1

2n+ 3

n (n+ 1) (n+ 2)
=
∑

n≥1

1

2

(
1

n
− 1

n+ 2

)

+
∑

n≥1

(
1

n
− 1

n+ 1

)

.

We shall denote

⎧

⎪⎨

⎪⎩

un = αan = 1
2

(
1
n − 1

n+2

)

vn = 1
n − 1

n+1 .

One can notice that

n∑

i=1

ai =

n∑

i=1

(
1

i
− 1

i+ 2

)

= 1− 1

3
+

1

2
− 1

5
+ · · ·+ 1

n− 2
− 1

n
+

1

n− 1
− 1

n+ 1
+

1

n
− 1

n+ 2

= 1 +
1

2
− 1

n+ 1
− 1

n+ 2
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and

lim
n→∞

(

1 +
1

2
− 1

n+ 1
− 1

n+ 2

)

=
3

2
;

hence it results that the series
∑

n≥1 an converges.

Applying the Proposition 1.12 it follows the series
∑

n≥1 αan will also
converges and

n∑

i=1

αai =
1

2
· 3
2
=

3

4
.

Similarly,

n∑

i=1

vi =

n∑

i=1

(
1

i
− 1

i+ 1

)

= 1− 1

2
+

1

2
− 1

3
+ · · ·+ 1

n
− 1

n+ 1

= 1− 1

n+ 1

and

lim
n→∞

(

1− 1

n+ 1

)

= 1;

hence, it results that the series
∑

n≥1 vn converges.

Applying the Proposition 1.12 it follows that the series
∑

n≥1 (un + vn)
will also converge and it has the sum

U + V =
3

4
+ 1 =

7

4
.

b) We shall have

∑

n≥1

2n + 3n+1 − 6n−1

12n
=
∑

n≥1

(
1

6

)n

︸ ︷︷ ︸

an

+ 3
∑

n≥1

(
1

4

)n

︸ ︷︷ ︸

bn

− 1

6

∑

n≥1

(
1

2

)n

︸ ︷︷ ︸

cn

.

It results that
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A = lim
n→∞

n∑

i=1

ai =
1

6
· 1

1− 1
6

=
1

5
,

B = lim
n→∞

n∑

i=1

bi =
1

4
· 1

1− 1
4

=
1

3
,

C = lim
n→∞

n∑

i=1

ci =
1

2
· 1

1− 1
2

= 1;

hence, the series

∑

n≥1

(
1

6

)n

,
∑

n≥1

(
1

4

)n

,
∑

n≥1

(
1

2

)n

are convergent and applying the Proposition 1.12 it follows that the series

∑

n≥1

2n + 3n+1 − 6n−1

12n

will also converge and it has the sum

S =
1

5
+ 1− 1

6
=

31

30
.

1.3 Tests for Convergence of Alternating Series

Definition 1.14 (see [15], p. 94). An alternating series is an infinite

series of the form
∑

n≥1 (−1)n+1 an, where all the an are non-negative,
namely an > 0 for all n ∈ N.
Proposition 1.15 (Leibnitz’s test, see [15], p. 94). If the sequence (an)n
is monotone decreasing and it equals 0 as n approaches infinity, then the
series

∑

n≥1

(−1)
n+1

an

converges.
Example 1.16. Test the convergence of the series:

a)
∑

n≥1

(−1)
n+1

sin
1

n

b)
∑

n≥1

(−1)
n+1 27n2 + 36n+ 11

(3n+ 1) (3n+ 2) (3n+ 3)
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c)
∑

n≥1

(−1)
n+1 10n−1a+ 10n−2a+ · · ·+ 10a+ a

10n
, a > 0.

Solutions.
a) With an = sin 1

n , we shall deduce

an+1 − an = sin
1

n+ 1
− sin

1

n
= 2 sin

1
n+1 − 1

n

2
cos

1
n+1 + 1

n

2

= −2 sin
1

2n (n+ 1)
cos

2n+ 1

2n (n+ 1)
< 0,

namely (an)n is monotone decreasing; in addition we have

lim
n→∞ sin

1

n
= 0;

hence, using the Leibnitz’s test it follows that the alternating series is con-
vergent.
b) Since

an =
27n2 + 36n+ 11

(3n+ 1) (3n+ 2) (3n+ 3)
=

1

3n+ 1
+

1

3n+ 2
+

1

3n+ 3

it results that

an+1 − an =
1

3n+ 4
+

1

3n+ 5
+

1

3n+ 6
− 1

3n+ 1
− 1

3n+ 2
− 1

3n+ 3

<
1

3n+ 1
+

1

3n+ 2
+

1

3n+ 3
− 1

3n+ 1
− 1

3n+ 2
− 1

3n+ 3
= 0,

namely (an)n is monotone decreasing; in addition we have

lim
n→∞

27n2 + 36n+ 11

(3n+ 1) (3n+ 2) (3n+ 3)
= 0;

therefore, using the Leibnitz’s test it follows that the alternating series is
convergent.
c) We can notice that

an =
10n−1a+ 10n−2a+ · · ·+ 10a+ a

10n
= a · 10

n−1 + 10n−2 + · · ·+ 10 + 1

10n

= a · 10n − 1

10n (10− 1)
=
a

9
· 1−

1
10n

1
=
a

9
·
(

1−
(

1

10

)n)

→
n→∞

a

9
	= 0;

hence, the alternating series is divergent.
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1.4 Tests of Convergence and Divergence of Positive
Series

Definition 1.17. (see [15], p. 93). The series
∑

n≥1 an is with positive
terms if an > 0, (∀) n ∈ N.

1.4.1 The Comparison Test I

Proposition 1.18 (The comparison test I, see [15], p. 93): Let
∑

n≥1 an
and

∑

n≥1 bn be two positive series such that an ≤ bn. Then if:

a)
∑

n≥1 bn converges it follows that
∑

n≥1 an also converges;

b)
∑

n≥1 an diverges it results that
∑

n≥1 bn also diverges.

Example 1.19. Test the convergence of the positive series:

a)
∑

n≥1

1√
10n

b)
∑

n≥1

1√
n3 + n

c)
∑

n≥1

4
√
n

3
√
n4 + n+ 1

d)
∑

n≥1

5n

n2 − 3

e)
∑

n≥1

1 + 1
2 + · · ·+ 1

n

n

f)
∑

n≥1

√
n+ 1−√

n

n

g)
∑

n≥1

(n+ 1)n−1

nn+1
.

Solutions.
a) We choose

an =
1

n
√
10

and
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bn =
1√
10n

.

One knows that the generalized harmonic series
∑

n≥1
1
np converges for

p > 1 and diverges for p ≤ 1.
As
∑

n≥1
1
np diverges, using the comparison test I one deduces that

∑

n≥1

1√
10n

diverges.
b) Since

1√
n3 + n

︸ ︷︷ ︸

≤

an

1√
n3

=
1

n
3
2

︸︷︷︸

bn

and
∑

n≥1
1

n3/2 converges, using the comparison test I it results that

∑

n≥1

1√
n3 + n

converges.
c) We shall have

4
√
n

3
√
n4 + n+ 1

︸ ︷︷ ︸

an

≤ n1/4

(n4)
1/3

=
n1/4

n4/3
=

1

n
13
12

︸︷︷︸

bn

;

therefore, using the comparison test I it results that

∑

n≥1

4
√
n

3
√
n4 + n+ 1

converges.
d) We can notice that

5n

n2 − 3
︸ ︷︷ ︸

bn

≥ 5n

n2
=

5

n
︸︷︷︸

an

;

hence one deduces that

∑

n≥1

5n

n2 − 3

is divergent.
e) As
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1 + 1
2 + · · ·+ 1

n

n
︸ ︷︷ ︸

bn

≥
1
n + 1

n + · · ·+ 1
n

n
=

1

n
︸︷︷︸

an

one deduces that
∑

n≥1

1 + 1
2 + · · ·+ 1

n

n

diverges.

f) We can notice that

√
n+ 1−√

n

n
=

n+ 1− n
(√
n+ 1 +

√
n
) · n ≤ 1

(
√
n+

√
n) · n

=
1

2 · n1/2 · n =
1

2 · n3/2
;

hence

∑

n≥1

√
n+ 1−√

n

n

is convergent.
g) We can notice that

∑

n≥1

(n+ 1)n−1

nn+1
=
∑

n≥1

(
n+ 1

n

)n

· 1

n (n+ 1)
.

Using the inequality

(

1 +
1

n

)n

< e <

(

1 +
1

n

)n+1

, (∀) n ∈ N
∗

we deduce

(

1 +
1

n

)n

· 1

n (n+ 1)
︸ ︷︷ ︸

an

< e · 1

n (n+ 1)
≤ e · 1

n2
︸ ︷︷ ︸

bn

, (∀) n ∈ N
∗;

therefore, applying the comparison test I it results that

∑

n≥1

(n+ 1)n−1

nn+1

converges.
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1.4.2 The Root Test

Proposition 1.20 (The root test, see [15], p. 94): Let
∑

n≥1 an be a
positive series. Assume that:

lim
n→∞

n
√
an = λ.

Then we have the following:

A)If λ < 1, then the series
∑

n≥1 an is convergent;
B)If λ > 1, then the series

∑

n≥1 an is divergent;
C)If λ = 1, then the series

∑

n≥1 an may be convergent or it may be
divergent, namely we do not have a definite conclusion.

Example 1.21. Discuss the convergence of the positive series:

a)
∑

n≥1

an

nn
, a > 0

b)
∑

n≥1

(
3
√

n3 + n2 + 1− 3
√

n3 − n2 + 1
)n

c)
∑

n≥1

n
(

1 + 1
n

)n2 .

Solutions.
a) We can notice that

lim
n→∞

n
√
an = lim

n→∞
a

n
= 0 < 1;

therefore, using the root test it follows that

∑

n≥1

an

nn
, a > 0

converges.
b) We can write

n
√
an =

n3 + n2 + 1 − n3 + n2 − 1

3
√

(n3 + n2 + 1)2 + 3
√

(n3 + n2 + 1) (n3 − n2 + 1) + 3
√

(n3 − n2 + 1)2

=
2n2

n2

[
3

√(
1 + 1

n + 1
n2

)2
+ 3

√(
1 + 1

n + 1
n2

)(
1 − 1

n + 1
n2

)
+ 3

√(
1 − 1

n + 1
n2

)2

] ;

hence
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lim
n→∞

n
√
an =

2

3
< 1.

Using the root test it follows that

∑

n≥1

(
3
√

n3 + n2 + 1− 3
√

n3 − n2 + 1
)n

is convergent.
We shall give a computer solution using Matlab 7.9:
>> syms n
>> limit((((nˆ3+nˆ2+1)ˆ(1/3)-(nˆ3-nˆ2+1)ˆ(1/3))ˆn)ˆ(1/n),

inf)
ans =
2/3
or Mathcad 14:

or with Mathematica 8:

or Maple 15:

c) We shall have

n
√
an = n

√
n

(

1 + 1
n

)n2 =
n

1
n

(

1 + 1
n

)n2

n

=
n

1
n

(

1 + 1
n

)n ,

where
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lim
n→∞n

1
n = elimn→∞ lnn

n = e0 = 1,

lim
n→∞

(

1 +
1

n

)n

= e.

Whence

lim
n→∞

n
√
an =

1

e
< 1

and using the root test it follows that

∑

n≥1

n
(

1 + 1
n

)n2

converges.
This result can be also obtained using Matlab 7.9:
>> syms n
>> limit((n/((1+1/n)ˆ(nˆ2)))ˆ(1/n),n,inf)
ans =
1/exp(1)
in Mathcad 14:

or with Mathematica 8:

or with Maple 15:
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1.4.3 The Ratio Test

Proposition 1.22 (The ratio test, see [15], p. 94): Let
∑

n≥1 an be a
positive series such that an 	= 0 for any n ≥ 1. Assume that:

lim
n→∞

an+1

an
= λ.

Then we have the following:

A)If λ < 1, then the series
∑

n≥1 an is convergent;
B)If λ > 1, then the series

∑

n≥1 an is divergent;
C)If λ = 1, then the series

∑

n≥1 an may be convergent or it may be
divergent, namely we do not have a definite conclusion.

Example 1.23. Discuss the convergence of the positive series:

a)
∑

n≥1

2 · 7 · 12 · · · · · (5n− 3)

5 · 9 · 13 · · · · · (4n+ 1)

b)
∑

n≥1

(n!)
2

(2n)!

c)
∑

n≥1

n tan
π

2n+1

d)
∑

n≥1

n · an, a > 0.

Solutions.
a) One obtains

lim
n→∞

an+1

an
= lim

n→∞
2 · 7 · 12 · · · · · (5n+ 2)

5 · 9 · 13 · · · · · (4n+ 5)
· 5 · 9 · 13 · · · · · (4n+ 1)

2 · 7 · 12 · · · · · (5n− 3)

= lim
n→∞

5n+ 2

4n+ 5
=

5

4
> 1;

therefore, using the ratio test it results that the series

∑

n≥1

2 · 7 · 12 · · · · · (5n− 3)

5 · 9 · 13 · · · · · (4n+ 1)

diverges.
We can see that in Mathcad 14:
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or with Mathematica 8:

or in Maple 15:

b) We shall notice that
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an+1

an
=

[(n+ 1)!]2

(2n+ 2)!
· (2n)!
(n!)

2 =
(n!)2 · (n+ 1)2 · (2n)!

(2n+ 2) (2n+ 1) · (2n)! · (n!)2

=
(n+ 1)

2

(2n+ 2) (2n+ 1)
=

1

4
< 1;

hence, using the ratio test one deduces that

∑

n≥1

(n!)
2

(2n)!

is convergent.
We can also see that in Matlab 7.9:
>> syms n
>> v=’n!ˆ2/(2*n)!’;
>> v1=subs(v,n,n+1);
>> limit(v1/v,n,inf)
ans =
1/4
or in Mathcad 14:

or with Mathematica 8:

or in Maple 15:
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c) We can write:

an+1

an
=
n+ 1

n
· tan

π
2n+2

tan π
2n+1

=
n+ 1

n
· sin

π
2n+2

π
2n+2

·
π

2n+2

cos π
2n+2

·
π

2n+1

sin π
2n+1

· cos
π

2n+1

π
2n+1

;

therefore

lim
n→∞

an+1

an
=

1

2

and using the ratio test one establishes that

∑

n≥1

n tan
π

2n+1

is convergent.
We can notice using Matlab 7.9:
>>syms n
>> a=@(n) n*tan(pi/(2ˆ(n+1))) ;
>> limit(a(n+1)/a(n),n,inf)
ans =
1/2
or Mathcad 14:

or with Mathematica 8:
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or in Maple 15:

d) We shall have

an+1

an
=

(n+ 1) · an+1

n · an →
n→∞ a;

using the ratio test it results that:

• ∑

n≥1 n · an is convergent if a ∈ (0, 1);
• ∑

n≥1 n · an is divergent if a > 1.

We don’ t have a definite conclusion for a = 1.

1.4.4 The Raabe’s and Duhamel’s Test

Proposition 1.24 (The Raabe’s and Duhamel’s test, see [15], p. 94):
Let

∑

n≥1 an be a positive series. Assume that:

lim
n→∞n

(
an
an+1

− 1

)

= λ.

Then we have the following:

A)If λ > 1, then the series
∑

n≥1 an is convergent;
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B)If λ < 1, then the series
∑

n≥1 an is divergent;

C)If λ = 1, then the series
∑

n≥1 an may be convergent or it may be
divergent, namely we do not have a definite conclusion.

Example 1.25. Test for convergence the following positive series:

a)
∑

n≥1

1 · 3 · · · · · (2n− 1)

2 · 4 · · · · · 2n · 1

2n+ 1

b)
∑

n≥1

7lnn

c)
∑

n≥1

n!

α (α+ 1) (α+ 2) · · · · · (α+ n− 1)
, a > 0.

Solutions.
a) One obtains

n

(
an

an+1
− 1

)
= n

[
1 · 3 · · · · · (2n− 1)

2 · 4 · · · · · 2n · 1

2n+ 1
· 2 · 4 · · · · · (2n+ 2) (2n+ 3)

1 · 3 · · · · · (2n+ 1)
− 1

]

= n

[
(2n+ 2) (2n+ 3)

(2n+ 1)2
− 1

]

= n · 4n
2 + 6n+ 4n+ 6− 4n2 − 4n− 1

(2n+ 1)2
= n · 6n− 1

(2n+ 1)2
.

Hence

lim
n→∞n

(
an
an+1

− 1

)

=
6

4
> 1

and with the Raabe’s and Duhamel’s test it results that
∑

n≥1 an is
convergent.
b) One deduces that:

n

(
an

an+1
− 1

)
= n

(
7lnn

7ln(n+1)
− 1

)
= n

(
7ln

n
n+1 − 1

)
=

7ln
n

n+1 − 1

ln n
n+1

·n · ln n

n+ 1

and

lim
n→∞n

(
an
an+1

− 1

)

= lim
n→∞

7ln
n

n+1 − 1

ln n
n+1

· lim
n→∞n · ln n

n+ 1
.

One knows that
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lim
x→0

ax − 1

x
= ln a, a > 0;

therefore

lim
n→∞

7ln
n

n+1 − 1

ln n
n+1

= lim
x→0

7x − 1

x
= ln 7.

We shall compute

lim
n→∞n·ln n

n+ 1
= lim

n→∞ ln

(
n

n+ 1

)n

= ln lim
n→∞

1
(

1 + 1
n

)n = ln
(

e−1
)

= −1.

We have used the fact that

lim
x→∞

(

1 +
1

x

)x

= e.

Finally, one obtains

lim
n→∞n

(
an
an+1

− 1

)

= ln 7 · ln (e−1
)

= − ln 7 < 1

and using the Raabe’s and Duhamel’s test it follows that

∑

n≥1

7lnn

diverges.
We can prove this result in Matlab 7.9:

>> syms n
>>a=@(n) 7ˆ(log(n));
>> limit(n*(a(n)/a(n+1)-1),n,inf)
ans =
-log(7)
or in Mathcad 14:

or with Mathematica 8:
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or in Maple 15:

c) We shall have

n

(
an
an+1

− 1

)

= n

[
n!

α (α+ 1) (α+ 2) · · · · · (α+ n− 1)

·α (α+ 1) (α+ 2) · · · · · (α+ n− 1) (α+ n)

(n+ 1)!
− 1

]

= n · α+ n− n− 1

n+ 1
→

n→∞ a− 1;

hence, using the Raabe’s and Duhamel’s test it results that if:

• a− 1 > 1 ⇐⇒ α > 2, then the series is convergent;
• a− 1 < 1 ⇐⇒ α < 2, then the series is divergent.

1.4.5 The Comparison Test II

Proposition 1.26 (The comparison test II, see [15], p. 94): Let
∑

n≥1 an and
∑

n≥1 bn be two positive series such that:

an+1

an
≤ bn+1

bn
.

Then if:

a)
∑

n≥1 bn is converges, it follows that
∑

n≥1 an also converges;

b)
∑

n≥1 an diverges, it results that
∑

n≥1 bn also diverges.
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Example 1.27. Discuss the convergence of the positive series:

∑

n≥1

nn

en · n! .

Solution.
Considering that:

bn =
nn

en · n!
we shall obtain

bn+1

bn
=

(n+ 1)n+1

en+1 · (n+ 1)!
· e

n · n!
nn

=
(n+ 1)n · (n+ 1)

e · (n+ 1) · n! · n!
nn

=

=
nn · (1 + 1

n

)n

e · nn
=

(

1 + 1
n

)n

e
.

Since

(

1 +
1

n

)n

< e <

(

1 +
1

n

)n+1

, (∀) n ∈ N
∗

we shall have

bn+1

bn
≥

(

1 + 1
n

)n

(

1 + 1
n

)n+1 =

(
n+1
n

)n

(
n+1
n

)n+1 =
n

n+ 1
=

1
n+1
1
n

=
an+1

an
;

hence using the comparison test II it follows that
∑

n≥1 bn diverges.

1.4.6 The Comparison Test III

Proposition 1.28 (The comparison test III, see [15], p. 94): Let
∑

n≥1 an and
∑

n≥1 bn be two positive series such that:

lim
n→∞

an
bn

= K.

If:

a) 0 < K <∞ then the two series have the same nature;

b) K = 0 and
∑

n≥1 bn converges it results that
∑

n≥1 an also converges;

c) K = ∞ and
∑

n≥1 bn diverges it results that
∑

n≥1 an also diverges.
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Example 1.29. Discuss the convergence of the positive series:

∑

n≥1

sin
1

n
.

Solution.
As

lim
n→∞

sin 1
n

1
n

= 1

taking into account that
∑

n≥1
1
n diverges and using the comparison test

III, it follows that

∑

n≥1

sin
1

n

also diverges.

1.5 Absolutely Convergent and Semi-convergent
Series

Definition 1.30 (see [41], p. 41). The series
∑

n≥1 an is called absolutely
convergent if the series of absolute values

∑

n≥1 |an| is convergent.
Remark 1.31 (see [15], p. 95). For investigating the absolute convergence
of the series

∑

n≥1 |an|, one employs the convergence tests of positive series.
Definition 1.32 (see [41], p. 42). The convergent series

∑

n≥1 an is called
conditionally convergent (or semi- convergent) if the series of abso-
lute values

∑

n≥1 |an| is divergent.
Example 1.33. Determine if each of the following series is absolute con-
vergent or semi- convergent:

a)
∑

n≥1

cosnα

n2
, α ∈ R

b)
∑

n≥2

(−1)
n 1
√

n (n− 1)

c)
∑

n≥1

(−1)
n+1 n+ 1

n2

d)
∑

n≥1

sinnα

3n
, α ∈ R
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e)
∑

n≥1

bn

n
(

n+
√
3
) ,

where (bn)n≥1 is a bounded sequence.
Solutions.
a) Noting that:

∣
∣
∣
cosnα

n2

∣
∣
∣ =

|cosnα|
n2

≤ 1

n2

and the series
∑

n≥1
1
n2 is convergent, using the comparison test I one

deduces that

∑

n≥1

∣
∣
∣
cosnα

n2

∣
∣
∣ , α ∈ R

also converges, i.e.

∑

n≥1

cosnα

n2
, α ∈ R

is absolutely convergent.
b) One can notice that

∑

n≥2

(−1)
n 1
√

n (n− 1)

is convergent according to the Leibnitz’s test.
We shall have

∣
∣
∣
∣
∣
(−1)

n 1
√

n (n− 1)

∣
∣
∣
∣
∣
=

1
√

n (n− 1)
≥ 1√

n · n =
1

n
;

as
∑

n≥1
1
n is divergent, with the comparison test I one deduces that

∑

n≥2

∣
∣
∣
∣
∣
(−1)

n 1
√

n (n− 1)

∣
∣
∣
∣
∣

is divergent; therefore

∑

n≥2

(−1)
n 1
√

n (n− 1)

is semi-convergent.
c) As

∣
∣
∣
∣

n+ 1

n2

∣
∣
∣
∣
=
n+ 1

n2
≥ n+ 1

(n+ 1)
2 =

1

n+ 1
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and
∑

n≥1
1

n+1 is divergent, then using the comparison test I, it results that

∑

n≥1

∣
∣
∣
∣

n+ 1

n2

∣
∣
∣
∣

is divergent; therefore

∑

n≥1

(−1)n+1 n+ 1

n2

is semi-convergent.
d) We can notice that

∣
∣
∣
∣

sinnα

3n

∣
∣
∣
∣
≤ 1

3n

Since the geometric series
∑

n≥1 q
n is:

- convergent for |q| < 1;
- divergent for |q| ≥ 1

one deduces that the series
∑

n≥1
1
3n is convergent; hence, using the

comparison test I, it results that

∑

n≥1

∣
∣
∣
∣

sinnα

3n

∣
∣
∣
∣

is convergent, i.e.

∑

n≥1

sinnα

3n

is absolutely convergent.
e) If is (bn)n≥1 is a bounded sequence it results that:

(∃) M > 0 such that |bn| ≤M, (∀) n ∈ N.

We shall have

∣
∣
∣
∣
∣

bn

n
(

n+
√
3
)

∣
∣
∣
∣
∣
=

|bn|
n
(

n+
√
3
) ≤ M

n
(

n+
√
3
) ≤ M

n2
.

As the series
∑

n≥1
1
n2 is convergent, using the comparison test I, it

results that

∑

n≥1

∣
∣
∣
∣
∣

bn

n
(

n+
√
3
)

∣
∣
∣
∣
∣
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is convergent, i.e.

∑

n≥1

bn

n
(

n+
√
3
)

is absolutely convergent.

1.6 Problems

1. Is the following sequence

xn =

n∑

k=1

cos kπ
4

k!
, (∀) n ∈ N

∗

a Cauchy sequence?

2. Prove that the following sequence is a Cauchy sequence:

xn = 1 +
1

22
+

1

32
+ · · ·+ 1

n2
, (∀) n ∈ N

∗.

3. Using the Cauchy’s test, test the convergence of the series

∑

n≥1

cos
xn

n2
, (∀) x ∈ R.

4. Use the Cauchy’s test to test the convergence of the series

∑

n≥1

sinnα

2n
, (∀) α ∈ R.

5. Test for convergence the following alternating series:

1− 2

7
+

3

13
+ · · ·+ (−1)

n+1 n

6n− 5
+ · · ·

Computer solution.
We can notice using Matlab 7.9:
>>syms n
>>a=@(n) n/(6*n-5);
>>limit(a(n),inf)
ans=
1/6
or Mathcad 14:
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or with Mathematica 8:

or in Maple 15:

i.e. the alternating series is divergent.

6. Is the following alternating series

∑

n≥1

(−1)
n+1

tan
1

n
√
n

convergent?
Computer solution.
Using Matlab 7.9:
>> syms n
>> a=@(n)tan(1/(n*sqrt(n)));
>> limit(a(n),inf)
ans =
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0
or Mathcad 14:

or Mathematica 8:

or Maple 15:

and adding the fact that

1

n
√
n
>

1

(n+ 1)
√
n+ 1

and the tangent function is increasing on
(−π

2 ,
π
2

)

it results that

tan
1

n
√
n
> tan

1

(n+ 1)
√
n+ 1

namely (an)n is monotone decreasing; hence using the Leibnitz’s test it
follows that the alternating series is convergent.
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7. Test the convergence of the positive series:

∑

n≥1

(√
n−√

n− 1
)

.

Computer solution.
Applying the Raabe’s and Duhamel’s test in Matlab 7.9:
>>syms n
>> a=@(n)sqrt(n)-sqrt(n-1);
>> limit(n*(a(n)/a(n+1)-1),inf)
ans =
1/2
or in Mathcad 14:

or in Mathematica 8:

or in Maple15:

we can deduce that the positive series is divergent.

8. Is the positive series
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∑

n≥1

(
6n2 + 7n+ 5

2n2 + 5n+ 9

)n

convergent?
Computer solution.
Applying the root test in Matlab 7.9:
>> syms n
>> a=@(n)((6*nˆ2+7*n+5)/(2*nˆ2+5*n+9))ˆn;
>> limit(a(n)ˆ(1/n),inf)
ans =
3
and in Mathcad 14:

and in Mathematica 8:

and in Maple 15:
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we can decide that the positive series is divergent.

9. What can you tell about the nature of the series

∑

n≥1

1 · 3 · · · · · (2n− 1)

2 · 5 · · · · · (3n− 1)
?

10.Use the tests of convergence of the positive series to establish the nature
of the series:

a)
∑

n≥1

n2

2n

b)
∑

n≥1

1

n n
√
n
.

Computer solution.
a) Applying the ratio test in Matlab 7.9:
>> syms n
>> a=@(n)nˆ2/(2ˆn);
>> limit(a(n+1)/a(n),inf)
ans =
1/2
or in Mathcad 14:

or in Mathematica 8:

or in Maple 15:



40 1 Sequences and Series of Numbers

we can say that the positive series is convergent.



2

Power Series

2.1 Region of Convergence

Definition 2.1 (see [15], p. 281). A series of the form

∞∑

n=0

anx
n, an ∈ R, n = 0, 1, 2 . . . (2.1)

is called power series.
Definition 2.2 (see [15], p. 281). For any power series there exists a number
ρ ≥ 0 , called radius of convergence such that:

a) the power series is absolutely convergent on the interval (−ρ, ρ) ;
b) the power series is divergent for |x| > ρ.

Definition 2.3 (see [15], p. 282). The interval (−ρ, ρ) constitutes the in-
terval of convergence corresponding to the power series from (2.1).
Proposition 2.4 (see [8] ). The interval of convergence can be ordinarily
determined with the help of d’Alembert’s and Cauchy’s test, in the follow-
ing two steps:
Step 1. One computes the number

λ = lim
n→∞

n
√

|an|, (2.2)

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 41–70.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2013
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or

λ = lim
n→∞

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
. (2.3)

Step 2. If:

a) λ = ∞ then ρ = 0;
b) λ = 0 then ρ = ∞;
c) 0 < λ <∞ then ρ = 1

λ .

Definition 2.5 (see [8] ).The set of convergence (region of conver-
gence) corresponding to the power series from (2.1) is the set of values of
the argument x for which the power series converges.
Example 2.6. Find the set of convergence of the power series:

a)
∑

n≥1

xn

n · 2n

b)
∑

n≥1

xn

n

c)
∑

n≥1

n!xn

d)
∑

n≥1

xn

2n + 3n

e)
∑

n≥1

(−1)
n n+ 1

n2 + n+ 1
xn

f)
∑

n≥1

nxn

(n!)
2

g)
∑

n≥1

(

1 +
1

n

)n2+n

xn.

Solutions.
a) We shall have

an =
1

n · 2n
therefore

λ = lim
n→∞

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
= lim

n→∞
1

(n+ 1) · 2n+1
· n · 2n =

1

2
lim
n→∞

n

n+ 1
=

1

2
,
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namely the radius of convergence is ρ = 2 and the interval of convergence
is (−2, 2).
We shall test the convergence at the end-points of the interval of

convergence:

• when x = −2, the series

∑

n≥1

(−2)
n

n · 2n =
∑

n≥1

(−1)
n · 2n

n · 2n =
∑

n≥1

(−1)
n 1

n

converges (by Leibnitz’s test);

• when x = 2, the series

∑

n≥1

2n

n · 2n =
∑

n≥1

1

n

diverges.
Hence, the set of convergence of the power series

∑

n≥1

xn

n · 2n

is [−2, 2).
b) For

an =
1

nn

we shall have:

λ = lim
n→∞

n
√

|an| = λ = lim
n→∞

n

√
∣
∣
∣
∣

1

nn

∣
∣
∣
∣
= lim

n→∞
1

n
= 0;

hence, the radius of convergence is ρ = ∞ and the interval of convergence,
respectively the set of convergence is (−∞,∞).
c) As an = n! it results that

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
=

(n+ 1)!

n!
= n+ 1 →

n→∞ ∞

and the radius of convergence is ρ = 0, respectively the set of convergence
is {0}.
d) Denoting

an =
1

2n + 3n
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one obtains

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
=

2n + 3n

2n+1 + 3n+1
→

n→∞
1

3
;

therefore the radius of convergence is ρ = 3 and the interval of convergence
is (−3, 3).
We shall test the convergence at the end-points of the interval of

convergence:

• when x = −3, the series

∑

n≥1

(−1)
n 3n

2n + 3n

is divergent;

• when x = 3, the series

∑

n≥1

3n

2n + 3n

diverges.
Hence, the set of convergence of the power series

∑

n≥1

xn

2n + 3n

is (−3, 3).
e) Taking

an = (−1)
n n+ 1

n2 + n+ 1

it results ∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
=

n+ 2

(n+ 1)2 + n+ 2
· n

2 + n+ 1

n+ 1
→

n→∞ 1;

hence the radius of convergence is ρ = 1 and the interval of convergence is
(−1, 1).
We can also obtain this result in Matlab 7.9:
>>syms n
>> a=@(n) (-1)ˆn*(n+1)/(nˆ2+n+1);
>> 1/simplify(limit(abs(a(n+1)/a(n)),n,inf))
ans=
1

or in Mathcad 14:
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or using Mathematica 8:

or with Maple 15:

We want to test the convergence at the end-points of the interval of con-
vergence:

• when x = −1 one obtains the series

∑

n≥1

(−1)
2n n+ 1

n2 + n+ 1
=
∑

n≥1

n+ 1

n2 + n+ 1

which is divergent, using the comparison test I since

n+ 1

n2 + n+ 1
≥ n+ 1

n2 + 2n+ 1
=

1

n+ 1

and the fact that the series
∑

n≥1
1

n+1 is divergent.

• when x = 1 one achieves the alternating series

∑

n≥1

(−1)
n n+ 1

n2 + n+ 1

that is convergent using the Leibnitz’s test.
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The set of convergence of the power series

∑

n≥1

(−1)n
n+ 1

n2 + n+ 1

is (−1, 1].
f) We notice that

an =
n

(n!)
2 =

n

n2 [(n− 1)!]
2 =

1

n [(n− 1)!]
2 ;

it will result

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
=

1

(n+ 1) · (n!)2 · n [(n− 1)!]
2

=
1

n2 (n+ 1) · [(n− 1)!]2
· n [(n− 1)!]2 =

1

n (n+ 1)
→

n→∞ 0.

Hence the radius of convergence is ρ = ∞ and the interval of convergence,
respectively the set of convergence is (−∞,∞).
g) We shall have

an =

(

1 +
1

n

)n2+n

,

therefore

λ = lim
n→∞

n
√

|an| = lim
n→∞

(

1 +
1

n

)n2+n
n

= lim
n→∞

(

1 +
1

n

)n+1

= e,

i.e. the radius of convergence is ρ = 1
e and the interval of convergence is

(− 1
e ,

1
e

)

.
The following Matlab 7.9 sequence helps us to obtain the radius of

convergence:
>>syms n
>> 1/limit(((1+1/n)ˆ(nˆ2+n))ˆ(1/n),n,inf)
ans =
1/exp(1)
We can also get the radius of convergence using Mathcad 14:
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or Mathematica 8:

or Maple 15:

We shall test the convergence at the end-points of the interval of
convergence:

• when x = − 1
e it results the series

∑

n≥1

(

−1

e

)n(

1 +
1

n

)n2+n

=
∑

n≥1

(−1)
n 1

en

(

1 +
1

n

)n2+n

,
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which diverges as

lim
n→∞

1

en

(

1 +
1

n

)n2+n

= e
1
2 	= 0,

see the Matlab7.9. commands:

>> syms n
>> limit(((1+1/n)ˆ(nˆ2+n))/exp(n),n,inf)
ans=
exp(1/2)
The limit can be also computed using Mathcad 14:

or Mathematica 8:

or Maple 15:

• when x = 1
e , the series

n∑

n≥1

1

en

(

1 +
1

n

)n2+n
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diverges, according to the root test: if cn = 1
en

(

1 + 1
n

)n2+n
then

n
√
cn =

n

√

1

en

(

1 +
1

n

)n2+n

=
1

e

(

1 +
1

n

)n+1

≥ 1.

Hence, the set of convergence of the power series

∑

n≥1

(

1 +
1

n

)n2+n

xn

is
(− 1

e ,
1
e

)

.

2.2 Taylor and Mac Laurin Series

2.2.1 Expanding a Function in a Power Series

Theorem 2.7 (see [8]). If a function f(x) can be expanded in some neigh-
bourhood |x− a| < ρ of the point a in a series of powers of x− a , namely
f(x) has a power series representation at the point a

f(x) =

∞∑

n=0

cn (x− a)
n

(2.4)

then its coefficients are given by the formula

cn =
f (n)(a)

n!
. (2.5)

Definition 2.8 (see [8]). The power series of the form

f(x) =
∞∑

n=0

f (n) (a)

n!
(x− a)n (2.6)

= f (a) + (x− a) f ′ (a) +
(x− a)2

2!
f ′′ (a) + . . .+

(x− a)n

n!
f (n) (a) + · · ·

is called the Taylor series and

Rn (x) = f (x)− Tn (x) (2.7)

means the remainder of the Taylor series, where Tn (x) is the n- th
degree Taylor polynomial of f at the point a:



50 2 Power Series

Tn (x) = f (a) + (x− a) f ′ (a) +
(x− a)2

2!
f ′′ (a) + . . .+

(x− a)n

n!
f (n) (a) .

(2.8)
Remark 2.9 (see [15], p. 282). In order to evaluate the remainder, one
can employ the formula:

Rn(x) =
(x− a)

n+1

(n+ 1)!
f (n+1) (a+ θ (x− a)) , 0 < θ < 1. (2.9)

Definition 2.10 (see [15], p. 282). The power series of the form

f(x) =

∞∑

n=0

f (n) (0)

n!
xn = f (0) + xf ′ (0) +

x2

2!
f ′′ (0) + . . .+

xn

n!
f (n) (0) + · · ·

(2.10)
namely the particular case of the Taylor series for a = 0 is called the Mac
Laurin series.
Example 2.11. Expand the function f(x) in a series of powers of x:

a) f (x) =
1

2
ln

1 + x

1− x
, x ∈ (−1, 1)

b) f (x) = cos3 x, x ∈ R

c) f (x) =
3x− 5

x2 − 4x− 3
, x ∈ R\ {1, 3} .

Solutions.
a) One can notice that

f (x) =
1

2

⎡

⎢
⎣ln (1 + x)
︸ ︷︷ ︸

f1(x)

− ln (1− x)
︸ ︷︷ ︸

f2(x)

⎤

⎥
⎦ =

1

2
[f1 (x)− f2 (x)] , x ∈ (−1, 1)

and

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

f ′
1 (x) =

1
1+x

f ′′
1 (x) = − 1

(1+x)2

f ′′′
1 (x) = 2

(1+x)3

f
(4)
1 (x) = − 6

(1+x)4

,

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

f ′
2 (x) = − 1

1−x

f ′′
2 (x) = − 1

(1−x)2

f ′′′
2 (x) = − 2

(1−x)3

f
(4)
2 (x) = − 6

(1−x)4
.

We shall expand both the function f1 (x) and f2 (x) in a Mac Laurin
series of x:
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f1 (x) = 0 + x · 1 + x2

2!
· (−1) +

x3

3!
· 2 + x4

4!
· (−6) + · · ·

= x− x2

2!
+

2x3

3!
− 6x4

4!
+ · · · ,

f2 (x) = −x− x2

2!
· 1− x3

3!
· 2− x4

4!
· 6 + · · · = −x− x2

2!
− 2x3

3!
− 6x4

4!
+ · · · ;

hence

f (x) =
1

2

(

x− x2

2!
+

2x3

3!
− 6x4

4!
+ · · ·+ x+

x2

2!
+

2x3

3!
+

6x4

4!
+ · · ·

)

=
1

2

(

2x+ 2 · 2x
3

3!
+ · · ·

)

= x+
x3

3!
+ · · · =

∑

n≥0

x2n+1

2n+ 1
.

We shall achieve the first eleven terms from the power series expansion
of the function f (x) of x, using the following Matlab 7.9 sequence:
>>syms x
>> taylor(1/2*log((1+x)/(1-x)),12)
ans =
x+1/3*xˆ3+1/5*xˆ5+1/7*xˆ7+1/9*xˆ9+1/11*xˆ11
or Mathcad 14:

or Mathematica 8:

or Maple 15:
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b) We shall deduce that:

f (x) = (cosx · cosx) cosx =
cos 2x + 1

2
cos x =

1

2
cos 2x cosx +

1

2
cosx

=
1

2
· 1

2
(cos 3x + cosx) +

1

2
cosx =

1

4
cos 3x +

1

4
cosx +

1

2
cosx =

1

4
cos 3x +

3

4
cosx;

therefore

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

f ′ (x) = 1
4 · 3 · (− sin 3x)− 3

4 sinx = − 3
4 sin 3x− 3

4 sinx

f ′′ (x) = − 9
4 cos 3x− 3

4 cosx

f ′′′ (x) = 27
4 sin 3x+ 3

4 sinx

and then we shall obtain the expanding of the function f (x) in a series of
powers of x:

f (x) =
∞∑

n=0

f(n) (0)

n!
xn = 1 + x · 0− x2

2!
·
(
−9

4
− 3

4

)
+

x3

3!
· 0 +

x4

4!
·
(
27 · 3
4

+
3

4

)
+ · · ·

= −x2

2!
· 9

1 + 3

4
+

x4

4!
· 9

2 + 3

4
+ · · · =

∑
n≥0

(−1)n
x2n

(2n)!
· (9n + 3) .

c) One can notice that

f (x) =
3x− 5

x2 − 4x− 3
=

1

x− 1
︸ ︷︷ ︸

f1(x)

+
2

x− 3
︸ ︷︷ ︸

=

f2(x)

f1 (x) + f2 (x) , x ∈ R\ {1, 3}

and

⎧

⎪⎨

⎪⎩

f ′
1 (x) = − 1

(x−1)2

f ′′
1 (x) = 2

(x−1)3

f ′′′
1 (x) = − 6

(x−1)4

,

⎧

⎪⎨

⎪⎩

f ′
2 (x) = − 2

(x−3)2

f ′′
2 (x) = 4

(x−3)3

f ′′′
2 (x) = − 12

(x−3)4
.

Expand both the function f1 (x) and f2 (x) in a Mac Laurin series of x
one obtains:

f1 (x) = −1− x− x2

2!
· 2− x3

3!
· 6 + · · · = −1− x− x2 − x3 + · · · = −

∑
n≥0

xn,

f2 (x) = −2

3
− x · 2

32
− x2

2!
· 4

2

33
− x3

3!
· 12
34

+ · · ·

= −2

3
− 2x

32
− 2x2

33
− 2x3

34
· · · = −

∑
n≥0

2

3n+1
xn;
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hence

f (x) = −
∑

n≥0

(

1 +
2

3n+1

)

xn.

Example 2.12. Compute the approximate value for ln 1.2 by expanding
the function f (x) = ln (1 + x) in a Taylor series of the 3rd order, in the
point 0. Evaluate the committed error.
Solution.
As

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f ′ (x) = 1
1+x

f ′′ (x) = − 1
(1+x)2

f ′′′ (x) = 2
(1+x)3

f (4) (x) = − 6
(1+x)4

.

Using the 3-th degree Taylor formula, we shall have

ln (1 + x) =
x

1!
+
x2

2!
· (−1)− x3

3!
· 2 +R3 (x) ,

where

R3 (x) =
x4

4!
· f (4) (θx) =

x4

4!
·
(

− 6

(1 + θx)
4

)

= −1

4
· x4

(1 + θx)
4 , θ ∈ (0, 1) .

We shall achieve the approximate value for ln 1.2 by expanding the
function f (x) = ln (1 + x) in a Taylor series of the 3-th order, in the
point 0:

ln 1.2 �
0.2

1!
− 0.22

2!
+

0.23

3!
· 2 = 0.2− 0.04

2
+

0.008

3
= 0.1826666667.

We shall check the result using Matlab 7.9:
>> vpa(log(1.2),10)
ans =
0.1823215568
or Mathcad 14:

or Mathematica 8:
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or Maple 15:

The committed error will be

R3 (0.2) = −1

4
· 0.24

(1 + 0.2 · θ)4 , θ ∈ (0, 1) ;

hence

|R3 (0.2)| = 1

4
· 0.24

(1 + 0.2 · θ)4 <
θ∈(0,1)

0.24

4
= 0.0004.

Example 2.13. Compute the number
√
e to five decimals by expanding

the function f (x) =ex in a series of powers of x.
Solution.
Using the n- th degree Mac Laurin formula, we shall have

ex = 1 +
x

1!
+
x2

2!
+ · · ·+ xn

n!
+

xn+1

(n+ 1)!
· eθx, θ ∈ (0, 1) ;

substituting x = 1
2 in the previous relation we shall have:

e1/2 = 1+
1

2 · 1! +
1

22 · 2! + · · ·+ 1

2n · n! +
1

2n+1 · (n+ 1)!
· eθ/2, θ ∈ (0, 1) .

Therefore,

Rn

(
1

2

)

=
1

2n+1 · (n+ 1)!
· eθ/2 <

θ∈(0,1)

1

2n+1 · (n+ 1)!
· e1/2

<
1

2n+1 · (n+ 1)!
· 2 =

1

2n · (n+ 1)!
.

As we have to calculate the number
√
e to five decimals it result that

1

2n · (n+ 1)!
<

1

106
⇐⇒ 2n · (n+ 1)! > 106 ⇐⇒ n ≥ 7,
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i.e. for n ≥ 7 we can calculate
√
e to five decimals; thus:

√
e � 1 +

1

2 · 1! +
1

22 · 2! + · · ·+ 1

27 · 7! = 1.6487345.

We shall check the result in Matlab 7.9:
>>vpa(exp(1/2),7))
ans=
1.648721

or in Mathcad 14:

or Mathematica 8:

or Maple 15:

Example 2.14. Use the Taylor formula to calculate the following limits:

a) lim
x→0

tanx− sinx

x3

b) lim
x→a

sinx− sin a

x− a

c) lim
x→0

cosx− cos 2x

1− cosx
.

Solutions.
a) Supposing that

f (x) = tanx− sinx
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as

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

f ′ (x) = 1
cos2 x − cosx

f ′′ (x) =
(

1 + 2
cos3 x

)

sinx

f ′′′ (x) =
(

1 + 2
cos3 x

)

cosx+ 6 sin2 x
cos4 x

f (4) (x) =
(

4
cos3 x − 1

)

sinx+ 12 · (cos
2 x+2 sin2 x) sin x

cos5 x

and expanding the function f (x) in a Taylor series of the 3rd order, in the
point 0 it results:

f (x) � 0 +
x

1!
· 0 + x2

2!
· 0 + x3

3!
· 3 +R3 (x) ,

where

R3 (x) =
x4

4!

[(
4

cos3 θx
− 1

)
sin θx+ 12 ·

(
cos2 θx+ 2 sin2 θx

)
sin θx

cos5 θx

]
, θ ∈ (0, 1) ;

hence

f (x) �
x3

2
+

x4

4!

[(
4

cos3 θx
− 1

)
sin θx+ 12 ·

(
cos2 θx+ 2 sin2 θx

)
sin θx

cos5 θx

]
, θ ∈ (0, 1) ;

therefore

lim
x→0

tanx− sinx

x3
= lim

x→0

f (x)

x3

= lim
x→0

1

x3

{
x3

2
+

x4

4!

[(
4

cos3 θx
− 1

)
sin θx+ 12 ·

(
cos2 θx+ 2 sin2 θx

)
sin θx

cos5 θx

]}
=

1

2
.

We can check this result in Matlab 7.9:
>> syms x
>> limit((tan(x)-sin(x))/xˆ3,x,0)
ans =
1/2
or in Mathcad 14:

or Mathematica 8:
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or Maple 15:

b) We shall expand the function f (x) = sinx in a Taylor series of the
first order, in the point a; taking into account that

{
f ′
1 (x) = cosx

f ′′
1 (x) = − sinx

,

{
f ′
1 (a) = cos a

f ′′
1 (a) = − sina

it results:

f (x) � sin a+
x− a

1!
· cos a+R1 (x) ,

where

R1 (x) =
(x− a)

2

2!
· f ′′

1 (a+ θ (x− a))

=
(x− a)2

2!
· (− sin (a+ θ (x− a))) , θ ∈ (0, 1) .

Hence,

lim
x→a

sinx− sina

x− a
= lim

x→a

f (x)− sin a

x− a

= lim
x→a

1

x− a

[

(x− a) cos a+
(x− a)

2

2!
· (− sin (a+ θ (x− a)))

]

= cos a.

We can prove the correctness of this result in Matlab 7.9:
>> syms x a
>> limit((sin(x)-sin(a))/(x-a),x,a)
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ans =
cos(a)

or in Mathcad 14:

or in Mathematica 8:

or in Maple 15:

c) We shall expand the functions f (x) = cosx and g (x) = cos 2x in a
Taylor series of the 3rd order, in the point 0; taking into account that

⎧

⎪⎪⎨

⎪⎪⎩

f ′
1 (x) = − sinx
f ′′
1 (x) = − cosx
f ′′′
1 (x) = sinx

f
(4)
1 (x) = cosx

,

⎧

⎪⎪⎨

⎪⎪⎩

f ′
2 (x) = −2 sin 2x
f ′′
2 (x) = −4 cos 2x
f ′′′
2 (x) = 8 sin 2x

f
(4)
2 (x) = 16 cos2x

it results:

f (x) � 1 +
x

1!
· 0 + x2

2!
· (−1) +

x3

3!
· 0 +R3f (x) ,

where

R3f (x) =
x4

4!
· f (4) (θx) =

x4

4!
· cos θx, θ ∈ (0, 1)

and

g (x) � 1 +
x

1!
· 0 + x2

2!
· (−4) +

x3

3!
· 0 +R3g (x) ,

where
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R3g (x) =
x4

4!
· g(4) (θx) = x4

4!
· 16 cos2θx, θ ∈ (0, 1) .

We shall deduce that:

lim
x→0

cosx− cos 2x

1− cosx
= lim

x→0

1− x2

2! +
x4

4! · cos θx− 1 + 4x2

2! − x4

4! · 16 cos 2θx
1− (1− x2

2! +
x4

4! · cos θx
)

= lim
x→0

3x2

2! + x4

4! (cos θx− 16 cos 2θx)
x2

2! − x4

4! · cos θx

= lim
x→0

3
2! +

x2

4! (cos θx− 16 cos 2θx)
1
2! − x2

4! · cos θx
=

3

2
· 2 = 3.

This result can be also achieved in Matlab 7.9:
>>syms x
>>limit((cos(x)-cos(2*x))/(1-cos(x)),x,0)
ans=
3
or in Mathcad 14:

or in Mathematica 8:

or in Maple 15:
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2.3 Sum of a Power Series

Definition 2.15 (see [8]). The function

f (x) = lim
n→∞ fn (x) , (2.11)

where

fn (x) =

n∑

k=0

akx
k, ak ∈ R, k = 0, n (2.12)

and x belongs to the region of convergence is called the sum of the power
series and

Rn (x) = f (x)− fn (x) (2.13)

its remainder.
Theorem 2.16 (see [8]). If the power series

∑∞
n=0 cn (x− a)

n
has the

radius of convergence ρ > 0, then the function f defined by

f (x) = lim
n→∞

n∑

k=0

ck (x− a)k (2.14)

is differentiable on the interval (a− ρ, a+ ρ) and

f ′ (x) =
∞∑

n=0

ncn (x− a)
n−1

, (2.15)

∫

f (x) = C +

∞∑

n=0

cn
(x− a)

n+1

n+ 1
; (2.16)

the interval of convergence for the power series from (2.15) and (2.16) is
(a− ρ, a+ ρ).
Example 2.17. Find the set of convergence and the sum of the power
series:

∑

n≥0

(−1)
n x3n+1

3n+ 1
.

Solution.
We denote

an =
1

3n+ 1
;

therefore
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λ = lim
n→∞

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣
= lim

n→∞
3n+ 1

3n+ 4
= 1,

namely the radius of convergence is and the interval of convergence is
(−1, 1).
At the end-points of the interval of convergence we shall have:

• when x = −1, the series

∑

n≥1

(−1)
4n+1 1

3n+ 1
= −

∑

n≥1

1

3n+ 1

diverges;

• when x = 1, the series

∑

n≥1

(−1)
n 1

3n+ 1

converges ( by Leibnitz’s test).
Hence, the set of convergence of the power series

∑

n≥0

(−1)n
x3n+1

3n+ 1

is (−1, 1].
Let be f (x) the sum of our power series, namely:

f (x) = lim
n→∞

n∑

k=0

(−1)
k x3k+1

3k + 1
. (2.17)

Using the Theorem 2.16 one deduces

f ′ (x) =
∑

n≥0

(−1)
n 3n+ 1

3n+ 1
· x3n =

∑

n≥0

(−1)
n
x3n

= 1− x3 + x6 + · · ·+ (−1)
n
x3n + · · ·

namely

f ′ (x) =
1

1 + x3
for |x| < 1.

Therefore

∫

f ′ (x) dx =

∫
1

1 + x3
dx
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and

f (x) =

∫
1

3

[
1

x+ 1
− x− 2

x2 − x+ 1

]

dx

=
1

3

∫
dx

x+ 1
− 1

6

∫
2x− 1

x2 − x+ 1
dx+

1

2

∫
dx

x2 − x+ 1

=
1

3
ln (x+ 1)− 1

6
ln
(

x2 − x+ 1
)

+
1

2

∫
dx

(

x− 1
2

)2
+
(√

3
2

)2

=
1

3
ln (x+ 1)− 1

6
ln
(

x2 − x+ 1
)

+
1

2
· 2√

3
arctan

x− 1
2√

3
2

+ C;

hence

f (x) =
1

3
ln (x+ 1)− 1

6
ln
(

x2 − x+ 1
)

+
1√
3
arctan

2x− 1√
3

+ C.

We shall have

f (0) =
1√
3
arctan

(−1√
3

)

+ C =
1√
3
·
(

−π
6

)

+ C = − π

6
√
3
+ C.

Taking into account that from (2.17) one deduces f (0) = 0 we shall have
C = π

6
√
3
and the sum of our power series will be

f (x) =
1

3
ln (x+ 1)− 1

6
ln
(

x2 − x+ 1
)

+
1√
3
arctan

2x− 1√
3

+
π

6
√
3
.

Example 2.18. Find the sum of the power series:

a) x+
x2

2
+
x3

3
+ · · ·+ xn

n
+ · · ·

b)
∑

n≥1

n2xn, x ∈ (−1, 1) .

Solutions.
a) As for this power series

an =
1

n

using (2.3) it results that the radius of convergence will be ρ = 1 and the
interval of convergence (−1, 1).
When:
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• x = −1 one obtains the series

∑

n≥1

(−1)n
1

n
,

which converges (see the Leibnitz’s test);

• x = 1 one obtains the series

∑

n≥1

1

n
,

which diverges.
The set of convergence for the power series

∑

n≥1
xn

n will be [−1, 1) .
Let be the sum of our power series. Using the Theorem 2.16 one deduces:

f ′ (x) =
∑

n≥1

n · xn−1

n
=
∑

n≥1

xn−1 = 1 + x+ x2 + · · ·+ xn−1 + · · · ; (2.18)

we can notice that this series represents the expansion of the function 1
1−x

in a series of powers of x, namely

f ′ (x) =
1

1− x
, (∀) x ∈ [−1, 1) ; (2.19)

therefore

f (x) =

∫
1

1− x
dx = −

∫

(ln (1− x))
′
dx = ln (1− x) .

We can also compute the sum of the power series
∑

n≥1
xn

n using the
following Matlab 7.9 sequence:
>>syms x n
>> symsum(xˆn/n,n,1,inf)
ans =
-log(1-x)
or in Mathcad 14:

or in Mathematica 8:
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or in Maple 15:

b) Let be f (x) the sum of the power series

∑

n≥1

xn = x+ x2 + x3 + · · ·+ xn + · · · ;

one can notice that this series represents the expansion of the function 1
1−x

in a series of powers of x, namely

∑

n≥1

xn =
1

1− x
. (2.20)

Using the Theorem 2.16 one deduces

f ′ (x) =
∑

n≥1

nxn−1. (2.21)

Deriving the relation (2.20) in its both members we have:

∑

n≥1

nxn−1 =
1

(1− x)
2 . (2.22)

Taking into account the relations (2.21) and (2.20) one obtains:

f ′ (x) =
∑

n≥1

nxn−1 =
1

(1− x)
2 . (2.23)

We shall multiply by x the both members of the relation (2.23); hence

∑

n≥1

nxn =
x

(1− x)
2 . (2.24)

Deriving the relation (2.24) in its both members one deduces:

∑

n≥1

n2xn−1 =

(

x

(1− x)
2

)′
=

1 + x

(1− x)
3 . (2.25)
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Multiplying by x the both members of the relation (2.25) it results

∑

n≥1

n2xn =
x (1 + x)

(1− x)
3 . (2.26)

Deriving the relation (2.26) in its both members we shall have:

∑

n≥1

n3xn−1 =

(

x (1 + x)

(1− x)3

)′
=
x2 + 4x+ 1

(1− x)4
. (2.27)

Let be g (x) the sum of the power series
∑

n≥1 n
2xn; using the Theorem

2.16 one deduces

g′ (x) =
∑

n≥1

n3xn−1 (2.27)
=

x2 + 4x+ 1

(1− x)
4 ; (2.28)

therefore

g (x) =

∫
x2 + 4x+ 1

(1− x)
4 dx =

x (1 + x)

(1− x)
3 .

2.4 Problems

1. Which is the set of convergence of the power series

∑

n≥1

2n

2n+ 1
· xn?

Computer solution.
For

an =
2n

2n+ 1

we achieve the radius of convergence in Matlab 7.9:
>>syms n
>> a=@(n) 2ˆn/(2*n+1);
>> 1/limit(abs(a(n+1)/a(n)),n,inf))
ans=
1/2

or in Mathcad 14:
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or using Mathematica 8:

or with Maple 15:

2. Find the set of convergence of the power series

∑

n≥0

an · xn,

in the following two cases:

• a0, a1, · · · , an, · · · is an arithmetic progression, with the common ratio
r, r 	= 0;

• a0, a1, · · · , an, · · · is a geometric progression, with the common ratio r,
r 	= 0, r 	= 1.
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3. Expand the function

f (x) =
√
1 + x, x ≥ −1

in a series of powers of x.

4. Find the power series expansion of the following function of x :

f (x) =
3

−2x2 + x+ 1
, x ∈ R\

{

1, − 1

2

}

.

Computer solution.
The power series expansion of the 7-th order, of the function f (x) is

achieved in Matlab 7.9:

>>syms x
>> taylor(3/(-2*xˆ2+x+1),8)

ans =
- 255*xˆ7 + 129*xˆ6 - 63*xˆ5 + 33*xˆ4 - 15*xˆ3 + 9*xˆ2 -

3*x + 3

or in Mathcad 14:

or using Mathematica 8:

or with Maple 15:
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5. Compute the approximate value for
√
1.01 by expanding the function

f (x) =
√
1 + x2 in a Taylor series of the 3-th order, in the point 0.

Evaluate the committed error.

6. Calculate the number 4
√
19 to three decimals.

7. Find the interval of convergence of the power series and test the conver-
gence at the end-points of the interval of convergence:

a)
∑

n≥0

n

n+ 1
xn

b)

2∑

n≥0

(−1)
n x2n+1

2n+ 1

c)
∑

n≥1

n!

nn
xn.

8. Find the sum of the power series:

∑

n≥1

n2

6n
(3n − 2n) .

Computer solution.
We find the sum of the power series in Matlab 7.9:
>>syms n
>>symsum(nˆ2*(3ˆn-2ˆn)/6ˆn,1,Inf)
ans=
9/2

or in Mathcad 14:

or using Mathematica 8:
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and in Maple 15:

9. Use the Taylor formula to calculate the limit

lim
x→1

lnx

1− x
.

Computer solution.
We shall obtain in Matlab 7.9:
>>syms x
>>limit(log(x)/(1-x),1)
ans=
-1
and in Mathcad 14:

lim
x→1

ln (x)

1− x
→ −1

or using Mathematica 8:

or in Maple 15:

10.Find the limit:

lim
x→0

x2 cos2 x− sin2 x

(arcsinx)
4 .

Computer solution.
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We shall have in Matlab 7.9:
>>syms x
>>limit((xˆ2*cos(x)ˆ2-sin(x)ˆ2)/(asin(x)ˆ4),0)
ans=
-2/3
in Mathcad 14:

or using Mathematica 8:

or in Maple 15:



3

Differentiation Theory of the
Functions

3.1 Partial Derivatives and Differentiable Functions
of Several Variables

3.1.1 Partial Derivatives

Definition 3.1 (see [8]). A variable quantity z is called a single-valued
function of the two variables x, y, if there corresponds to each set of their
values (x, y) in a given range a unique value of z. The variables x and y are
called arguments or independent variables. The functional relation is
denoted by

z = f (x, y) , f : R2 → R. (3.1)

We can define functions of three or more arguments in the same way.
Definition 3.2 (see [41], p. 166). If z = f (x, y), then assuming, for exam-
ple, that y is constant, we get the derivative

∂z

∂x
=
∂f

∂x
= lim
x→ a
x 	= a

f (x, b)− f (a, b)

x− a
= f ′

x (x, y) , (3.2)

which is called the partial derivative of the function z with respect to
the variable x.
In a similar way, we define and denote the partial derivative of the func-

tion z with respect to the variable y.

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 71–156.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2013
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Definition 3.3 (see [15], p. 144). If they exist, the partial derivatives of the
functions f ′

x and f ′
y they are known as second order partial derivatives

and one denotes by:

⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

f ′′
x2 = (f ′

x)
′
x = ∂

∂x

(
∂f
∂x

)

= ∂2f
∂x2

f ′′
xy = (f ′

x)
′
y = ∂

∂y

(
∂f
∂x

)

= ∂2f
∂y∂x

f ′′
yx =

(

f ′
y

)′
x
= ∂

∂x

(
∂f
∂y

)

= ∂2f
∂x∂y

f ′′
y2 =

(

f ′
y

)′
y
= ∂

∂y

(
∂f
∂y

)

= ∂2f
∂y2 .

(3.3)

Proposition 3.4 (Schwarz’s criterion, see [15], p. 144). If the function
f has the mixed second order partial derivatives f ′′

xy and f ′′
yx in a neigh-

borhood of the point (a, b) ∈ A ⊂ R
2 and if f ′′

xy and f ′′
yx are continuous in

(a, b) then
f ′′
xy (a, b) = f ′′

yx (a, b) .

Example 3.5. Let f : R2 → R, be specified as

f (x, y) =

√

sin2 x+ sin2 y.

Find the first partial derivatives of the function f at the points
(
π
4 , 0
)

and
(
π
4 ,

π
4

)

.
Solution.
We shall have

f ′
x (x, y) =

∂f

∂x
(x, y) =

2 sinx cosx

2
√

sin2 x+ sin2 y
=

sinx cos x
√

sin2 x+ sin2 y

f ′
x

(π

4
, 0
)

=

√
2

2
= 0.7071; f ′

x

(π

4
,
π

4

)

=
1

2
= 0.5

f ′
y (x, y) =

∂f

∂y
(x, y) =

2 sin y cos y

2
√

sin2 x+ sin2 y
=

sin y cos y
√

sin2 x+ sin2 y

f ′
y

(π

4
, 0
)

= 0; f ′
y

(π

4
,
π

4

)

=
1

2
= 0.5.

We can also compute these first partial derivatives of the function f in
Matlab 7.9:
>> syms x y
>> f=@(x,y)sqrt(sin(x)ˆ2+sin(y)ˆ2);
>> s=diff(f(x,y),x);
>> ss=subs(s,{x,y},{pi/4,0})
ss =
0.7071
>> s1=subs(s,{x,y},{pi/4,pi/4})
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s1 =
0.5000
>> t=diff(f(x,y),y);
>> tt=subs(t,{x,y},{pi/4,0})
tt =
0
>> t1=subs(t,{x,y},{pi/4,pi/4})
t1 =
0.5000
or in Mathcad 14:

or with Mathematica 8:

or using Maple 15:
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Example 3.6. Let g : R3 → R, be specified as

g (x, y, z) = xeyz.

Find the first partial derivatives of the function g at the point (1, 1, 1).
Solution.
Thinking of y and z as constants, the partial derivative of g with respect

to x is:

g′x =
∂g

∂x
= eyz.
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Thinking of x and z as constants, the partial derivative of g with respect
to y is:

g′y =
∂g

∂x
= xzeyz.

Thinking of x and y as constants, the partial derivative of g with respect
to z is:

g′z =
∂g

∂z
= xyeyz.

Hence

⎧

⎨

⎩

g′x (1, 1, 1) = e = 2.7183
g′y (1, 1, 1) = e = 2.7183
g′z (1, 1, 1) = e = 2.7183.

In order to find the first partial derivatives of the function at the point
(1, 1, 1) we can use the following Matlab 7.9 sequence:
>> syms x y z
>> g=@(x,y,z) x*exp(y*z);
>> s=diff(g(x,y,z),x);
>> s1=subs(s,{x,y,z},{1,1,1})
s1 =
2.7183
>> t=diff(g(x,y,z),y);
>> t1=subs(t,{x,y,z},{1,1,1})
t1 =
2.7183
>> u=diff(g(x,y,z),z);
>> u1=subs(u,{x,y,z},{1,1,1})
u1 =
2.7183
or in Mathcad 14:

or with Mathematica 8:
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or using Maple 15:

Example 3.7. Get the first and the second partial derivatives for the
following functions:

a) f (x, y) = arctan
x+ y

1− xy
.
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b) g (x, y, z) = yx
z

.

Solutions.
a) We calculate the first partial derivatives of the function f . One finds

that:

f ′
x =

∂f

∂x
=

1

1 +
(

x+y
1−xy

)2 · ∂
∂x

(
x+ y

1− xy

)

=
(1− xy)

2

(1− xy)
2
+ (x+ y)

2 · 1− xy + y (x+ y)

(1− xy)
2

=
1− xy + xy + y2

1− 2xy + x2y2 + x2 + 2xy + y2
=

1 + y2

1 + x2 + y2 (1 + x2)

=
1 + y2

(1 + y2) (1 + x2)
=

1

1 + x2

and

f ′
y =

∂f

∂y
=

1

1 +
(

x+y
1−xy

)2 · ∂
∂y

(
x+ y

1− xy

)

=
(1− xy)

2

(1 + x2) (1 + y2)
· 1− xy + x (x+ y)

(1− xy)2

=
1− xy + x2 + xy

(1 + x2) (1 + y2)
=

1 + x2

(1 + x2) (1 + y2)
=

1

1 + y2
.

Differentiating these expressions we shall obtain the second partial
derivatives of f :

f ′′
x2 = (f ′

x)
′
x =

∂

∂x

(
∂f

∂x

)

=
∂2f

∂x2
= − 2x

(1 + x2)
2 ,

f ′′
y2 =

(

f ′
y

)′
y
=

∂

∂y

(
∂f

∂y

)

=
∂2f

∂y2
= − 2y

(1 + y2)
2 ,

f ′′
xy = (f ′

x)
′
y =

∂

∂y

(
∂f

∂x

)

=
∂2f

∂y∂x
= 0,

f ′′
yx =

(

f ′
y

)′
x
=

∂

∂x

(
∂f

∂y

)

=
∂2f

∂x∂y
= 0.

We can notice that the mixed partials derivatives in both orders are
equal:
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∂2f

∂x∂y
=

∂2f

∂y∂x
.

We could also say that using Schwarz’s criterion (see the Proposition 3.4).
b) We shall have:

g′x =
∂g

∂x
= yx

z

ln y · ∂
∂x

(xz) = yx
z

zxz−1 ln y,

g′y =
∂g

∂y
= xzyx

z−1,

g′z =
∂g

∂z
= yx

z

ln y · ∂
∂z

(xz) = yx
z

ln y · xz lnx · ∂
∂z

(z) = yx
z

xz lnx ln y,

g′′x2 =
∂

∂x

(
∂g

∂x

)

=
∂2g

∂x2
=

∂

∂x

(

yx
z
)

zxz−1 ln y + yx
z

z (z − 1)xz−2 ln y

= yx
z

zxz−1 ln y · zxz−1 ln y + yx
z

z (z − 1)xz−2 ln y

= yx
z

zxz−2 ln y (zxz ln y + z − 1) ,

g′′y2 =
∂

∂y

(
∂g

∂y

)

=
∂2g

∂y2
= xz

∂

∂y

(

yx
z−1
)

= xz (xz − 1) yx
z−2,

g′′z2 =
∂

∂z

(
∂g

∂z

)

=
∂2g

∂z2
=

∂

∂z

(

yx
z
)

xz lnx ln y + yx
z ∂

∂z
(xz) lnx ln y

= yx
z

xz lnx ln y · xz lnx ln y + yx
z

xz lnx ln x ln y

= yx
z

xz ln2 x ln y (xz ln y + 1) ,

g′′xy = (g′x)
′
y =

∂

∂y

(
∂g

∂x

)

=
∂2g

∂y∂x
=

∂

∂y

(

yx
z
)

zxz−1 ln y + yx
z

zxz−1 · 1
y

= xzyx
z−1zxz−1 ln y + zxz−1yx

z−1

= zxz−1yx
z−1 (xz ln y + 1) ,

g′′xz = (g′x)
′
z =

∂

∂z

(
∂g

∂x

)

=
∂2g

∂z∂x

=
∂

∂z

(

yx
z
)

zxz−1 ln y + yx
z

zxz−1 ln y + yx
z

z
∂

∂z

(

xz−1
)

ln y

= yx
z

xz lnx ln y · zxz−1 ln y + yx
z

xz−1 ln y + yx
z

zxz−1 ln x ln y

= yx
z

zxz−1 ln y (zxz lnx ln y + 1 + z lnx) ,
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g′′yz =
(

g′y
)′
z
=

∂

∂z

(
∂g

∂y

)

=
∂2g

∂z∂y
=

∂

∂z
(xz) yx

z−1 + xz
∂

∂z

(

yx
z−1
)

= xz lnx · yxz−1 + xzyx
z−1 ln y · ∂

∂z
(xz − 1)

= xz lnx · yxz−1 + xzyx
z−1 ln y · xz lnx

= xzyx
z−1 lnx · (1 + xz ln y) .

We can compute these partial derivatives in Matlab 7.9:
>> syms x y z
>> g=@(x,y,z) yˆ(xˆz);
>> s=diff(g,x)
s =
xˆ(z - 1)*yˆ(xˆz)*z*log(y)
>> t=diff(g,y)
t =
xˆz*yˆ(xˆz - 1)
>> u=diff(g,z)
u =
xˆz*yˆ(xˆz)*log(x)*log(y)
>> factor(diff(s,x))
ans =
(yˆ(xˆz)*log(y)*xˆz*z*(z + xˆz*z*log(y) - 1))/xˆ2
>> factor(diff(t,y))
ans =
xˆz*yˆ(xˆz - 2)*(xˆz - 1)
>> factor(diff(u,z))
ans =
yˆ(xˆz)*log(x)ˆ2*log(y)*xˆz*(xˆz*log(y) + 1)
>> simplify(diff(s,y))
ans =
(xˆz*yˆ(xˆz)*z*(xˆz*log(y) + 1))/(x*y)
>> simplify(diff(s,z))
ans =
(xˆz*yˆ(xˆz)*log(y)*(z*log(x) + xˆz*z*log(x)*log(y) + 1))/x
>> simplify(diff(t,z))
ans =
xˆz*yˆ(xˆz - 1)*log(x)*(xˆz*log(y) + 1)

or in Mathcad 14:
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or with Mathematica 8:
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or using Maple 15:
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3.1.2 The Total Differential of a Function

Defintion 3.8 (see [8]). The total increment of a function z = f (x, y)
is the difference

Δz = Δf (x, y) = f (x+Δx, y +Δy)− f (x, y) . (3.4)

Defintion 3.9 (see [8]). The total (or exact) differential of a function
z = f (x, y) is the principal part of the total increment Δz, which is linear
with respect to the increments in the arguments Δx and Δy.
Defintion 3.10 (see [8]). A function definitely has a total differential if
its partial derivatives are continuous. If a function has a total differential,
then it is called differentiable.
Remark 3.11. The differentials of independent variables coincide with
their increments, that is Δx =dx, Δy =dy.
Proposition 3.12 (see [37], p. 133 and [41], p. 175). The differentials of the
the first and respectively of the second order for a function of n variables
f (x1, x2, . . . , xn) are computed from the formula:

df (a) =
∂f

∂x1
(a) dx1 + . . .+

∂f

∂xn
(a) dxn, (3.5)

d2f (a) =

n∑

i=1

n∑

j=1

∂2f

∂xi∂xj
(a) dxidxj , (3.6)

where a = (a1, a2, . . . , an) ∈ R
n.

Example 3.13. Given the function

f (x, y) = x2 − xy + 2y2 + 3x− 5y,

calculate its differentials of the the first and the second order df (1, 1) and
d2f (1, 1).
Solution.
Using (3.5) and (3.6), for our function one gets:

df (1, 1) =
∂f

∂x
(1, 1) dx+

∂f

∂y
(1, 1) dy

and

d2f (1, 1) =
∂2f

∂x2
(1, 1) dx2 + 2

∂2f

∂x∂y
(1, 1) dxdy +

∂2f

∂y2
(1, 1) dy2.

As we have
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⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂f
∂x = 2x− y + 3 =⇒ ∂f

∂x (1, 1) = 4
∂f
∂y = −x+ 4y − 5 =⇒ ∂f

∂y (1, 1) = −2
∂2f
∂x2 = 2 =⇒ ∂2f

∂x2 (1, 1) = 2
∂2f
∂y2 = 4 =⇒ ∂2f

∂y2 (1, 1) = 4
∂2f
∂x∂y = −1 =⇒ ∂2f

∂x∂y (1, 1) = −1

it results that

df (1, 1) = 4dx− 2dy

and

d2f (1, 1) = 2dx2 − 2dxdy + 4dy2.

We shall calculate df (1, 1) and d2f (1, 1) using Matlab 7.9:
>> f=@(x,y) xˆ2-x*y+2*yˆ2+3*x-5*y;
>> syms x y dx dy dx2 dy2 dxdy
>> u=diff(f,x)*dx+diff(f,y)*dy ;
>> subs(u,{x,y},{1,1})
ans =
4*dx-2*dy
>> w=dif(f,x,2)*dx2+2*diff(f,x,y)*dxdy+diff(f,y,2)*dy2 ;
>> subs(w,{x,y},{1,1})
ans =
2*dx2-4*dxdy+4*dy2

or in Mathcad 14:

and with Mathematica 8:
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and with Maple 15:
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Example 3.14. Evaluate df (3, 4, 5) for the function

f (x, y, z) =
z

√

x2 + y2
.

Solution.
Using the relation (3.5) one obtains

df (3, 4, 5) =
∂f

∂x
(3, 4, 5)dx+

∂f

∂y
(3, 4, 5)dy +

∂f

∂z
(3, 4, 5)dz.

We shall compute

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂f
∂x =

− 2x

2
√

x2+y2

x2+y2 = − xz
(x2+y2)3/2

=⇒ ∂f
∂x (3, 4, 5) = − 3

25

∂f
∂y = − yz

(x2+y2)3/2
=⇒ ∂f

∂y (3, 4, 5) = − 4
25

∂f
∂z =

√
x2+y2

x2+y2 = 1√
x2+y2

=⇒ ∂f
∂z (3, 4, 5) = 1

5 .

Finally,

df (3, 4, 5) = − 3

25
dx− 4

25
dy +

1

5
dz = −1

5

(
3

5
dx+

4

5
dy − 5dz

)

.

We can also obtain this result in Maple 7.9:
>> f=@(x,y,z) z/sqrt(xˆ2+yˆ2);
>> syms x y z dx dy dz
>> u=diff(f,x)*dx+diff(f,y)*dy+diff(f,z)*dz ;
>> subs(u,{x,y,z},{3,4,5})
ans =
dz/5-(4*dy)/25-(3*dx)/25
or using Mathcad 14:

or with Mathematica 8:
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or in Maple 15:

Example 3.15. Evaluate d2f if the function f is:

f (x, y, z) =
√

x2 + y2 + z2.

Solution.
Taking into account the relation (3.6) we shall have:

d2f (x, y, z) =
∂2f

∂x2
(x, y, z) dx2 +

∂2f

∂y2
(x, y, z) dy2 +

∂2f

∂z2
(x, y, z) dz2

+2
∂2f

∂x∂y
(x, y, z) dxdy + 2

∂2f

∂x∂z
(x, y, z) dxdz + 2

∂2f

∂y∂z
(x, y, z) dydz,
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where

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂f
∂x (x, y, z) = x√

x2+y2+z2

∂f
∂y (x, y, z) = y√

x2+y2+z2

∂f
∂z (x, y, z) = z√

x2+y2+z2

∂2f

∂x2
(x, y, z) =

√

x2 + y2 + z2 − 2x2

2
√

x2+y2+z2

x2 + y2 + z2

=
x2 + y2 + z2 − x2

(x2 + y2 + z2)
3/2

=
y2 + z2

(x2 + y2 + z2)
3/2

,

∂2f

∂y2
(x, y, z) =

x2 + z2

(x2 + y2 + z2)3/2
,

∂2f

∂z2
(x, y, z) =

x2 + y2

(x2 + y2 + z2)3/2
,

∂2f

∂x∂y
(x, y, z) = − xy

(x2 + y2 + z2)
3/2

,

∂2f

∂x∂z
(x, y, z) = − xz

(x2 + y2 + z2)
3/2

,

∂2f

∂y∂z
(x, y, z) = − yz

(x2 + y2 + z2)
3/2

.

Therefore

d2f (x, y, z) =
y2 + z2

(x2 + y2 + z2)
3/2

dx2 +
x2 + z2

(x2 + y2 + z2)
3/2

dy2

+
x2 + y2

(x2 + y2 + z2)
3/2

dz2 − 2xy

(x2 + y2 + z2)
3/2

dxdy

− 2xz

(x2 + y2 + z2)3/2
dxdz − 2yz

(x2 + y2 + z2)3/2
dydz

=
1

(x2 + y2 + z2)
3/2

[(

y2 + z2
)

dx2 +
(

x2 + z2
)

dy2

+
(

x2 + y2
)

dz2 − 2xydxdy − 2xzdxdz − 2yzdydz
]

.
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We shall obtain this expression of d2f (x, y, z) using Matlab 7.9:
>> f=@(x,y,z) sqrt(xˆ2+yˆ2+zˆ2);
>> syms x y z dx2 dy2 dz2 dxdy dxdz dydz
>> u=dif(f,x,2)*dx2+diff(f,y,2)*dy2+diff(f,z,2)*dz2 ;
>>v=2*(diff(f,x,y)*dxdy+diff(f,x,z)*dxdz+diff(f,y,z)*dydz);
>> simplify(u+v)
ans =
(dx2*(xˆ2 + yˆ2 + zˆ2) - dy2*yˆ2 - dz2*zˆ2 - dx2*xˆ2 +

dy2*(xˆ2 + yˆ2 + zˆ2) + dz2*(xˆ2 + yˆ2 + zˆ2) +
2*dxdy*y*(xˆ2 + yˆ2 + zˆ2) + 2*dxdz*z*(xˆ2 + yˆ2 + zˆ2)

+ 2*dydz*z*(xˆ2 + yˆ2 + zˆ2))/(xˆ2 + yˆ2 + zˆ2)ˆ(3/2)
and Mathcad 14:

and Mathematica 8:
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and Maple 15:

3.1.3 Applying the Total Differential of a Function
to Approximate Calculations

Proposition 3.16 (see [8]). The total differential of a function can be
approximated by:
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f (x0 + h, y0 + h, z0 + r)− f (x0, y0, z0) (3.7)

� df (x0, y0, z0) (h, k, r) =
∂f

∂x
(x0, y0, z0) · h+

∂f

∂y
(x0, y0, z0) · k +

∂f

∂z
(x0, y0, z0) · r.

For a function of two variables, the formula (3.7) will become

f (x0 + h, y0 + h)−f (x0, y0) � df (x0, y0) (h, k) =
∂f

∂x
(x0, y0)·h+ ∂f

∂y
(x0, y0)·k. (3.8)

Example 3.17. Calculate approximately the following expressions by re-
placing the variation of a function with its differential:

a) 1.002 · 2.0032 · 3.0043;
b) sin 29◦ tan 46◦;

c)
√

1.023 + 1.973.

Solutions.
a) We shall consider the function f (x, y, z) = xy2z3 and we shall use the

relation (3.7), taking

{

x0 = 1, y0 = 2, z0 = 1
h = 0.002, k = 0.003, r = 0.004.

We shall get

f (1.002, 2.003, 3.004) � f (1, 2, 3)

=
∂f

∂x
(1, 2, 3) · 0.002 +

∂f

∂y
(1, 2, 3) · 0.003 +

∂f

∂z
(1, 2, 3) · 0.004,

where

⎧

⎪⎨

⎪⎩

∂f
∂x = y2z3
∂f
∂y = 2xyz3

∂f
∂z = 3xy2z2.

Therefore

f (1.002, 2.003, 3.004) � 1 · 22 · 33 + 22 · 33 · 0.002 + 2 · 2 · 33 · 0.003 + 3 · 22 · 32 · 0.004
= 22 · 33 (1 + 0.002 + 0.003 + 0.004) = 108 · 1.009 = 108.972.

b) Supposing that
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f (x, y) = sinx tan y

and

{
x0 = 30◦, y0 = 45◦

h = −1◦, k = 1◦

using (3.8) we shall have:

f (29◦, 46◦) � f (30◦, 45◦) +
∂f

∂x
(30◦, 45◦) · (−1◦) +

∂f

∂y
(30◦, 45◦) · 1◦,

where

{
∂f
∂x = cosx tan y

∂f
∂y = sinx · 1

cos2 y .

It will result that

f (29◦, 46◦) �
1

2
· 1 +

√
3

2
· 1 ·

(

− π

180

)

+
1

2
· 2 · π

180
= 0.5023.

We shall check this result using Matlab 7.9:
>> sin(degtorad(29))*tan(degtorad(46))
ans =
0.5020
or Mathcad 14:

or Mathematica 8:

or Maple 15:
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c) One assumes that

f (x, y) =
√

x3 + y3 =
(

x3 + y3
)1/2

and

{

x0 = 1, y0 = 2
h = 0.02, k = −0.03.

Applying the formula (3.8) we shall obtain

f (1.02, 1.97) � f (1, 2) +
∂f

∂x
(1, 2) · 0.02 + ∂f

∂y
(1, 2) · (−0.03) ,

where

{
∂f
∂x = 1

2 · 3x2 (x3 + y3
)−1/2

∂f
∂y = 1

2 · 3y2 (x3 + y3
)−1/2

.

Hence,

f (1.02, 1.97) � 3+
1

2
· 3 · (13 + 23

)−1/2 · 0.02+ 1

2
· 3 · 22 · (13 + 23

)−1/2 · (−0.03) = 2.95.

3.1.4 The Functional Determinant

Definition 3.18 (see [37], p. 138). For a vector function f : R3 → R
3

f (x, y, z) = (f1 (x, y, z) , f2 (x, y, z) , f3 (x, y, z)) ,

where fi : R3 → R, (∀) i = 1, 3, the Jacobian matrix attached to the
vector function f in the point a ∈ R

3 is the matrix

Jf (a) =

⎛

⎜
⎝

∂f1
∂x (a) ∂f1

∂y (a) ∂f1
∂z (a)

∂f2
∂x (a) ∂f2

∂y (a) ∂f2
∂z (a)

∂f3
∂x (a) ∂f3

∂y (a) ∂f3
∂z (a)

⎞

⎟
⎠ . (3.9)

Proposition 3.19 (see [37], p. 138). The approximate value of the vector
function f : R3 → R

3 in the point a ∈ R
3 one finds using the formula:

f (x0 + h, y0 + h, z0 + r)− f (x0, y0, z0) (3.10)

� df (x0, y0, z0) (h, k, r) =

⎛

⎝Jf (x0, y0, z0) ·
⎛

⎝

h
k
r

⎞

⎠

⎞

⎠

t

.
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Example 3.20. Determine the Jacobian matrix Jf (−1, 0,−1) attached to
the vector function f : R3 → R

3, defined by:

f (x, y, z) =
(

(x+ y + z)
2
, 2x+ y − 2z, 3x2 + 2xy − 12xz − 18zy

)

.

Solution.
In the case of our function we have:

⎧

⎨

⎩

f1 (x, y, z) = (x+ y + z)
2

f2 (x, y, z) = 2x+ y − 2z
f3 (x, y, z) = 3x2 + 2xy − 12xz − 18zy;

therefore

Jf (−1, 0,−1) =

⎛

⎝

2 (x+ y + z) 2 (x+ y + z) 2 (x+ y + z)
2 1 −2

6x+ 2y − 12z 2x− 18z −12x− 18y

⎞

⎠

|(−1,0,−1)

=

⎛

⎝

−4 −4 −4
2 1 −2
6 16 12

⎞

⎠ .

We can also achieve this matrix using the Matlab 7.9 sequence :
>> syms x y z
>> u=[x y z];
>> f=[(x+y+z)ˆ2 2*x+y-2*z 3*xˆ2+2*x*y-12*x*z-18*z*y];
>> J=jacobian(f,u)
J =
[ 2*x + 2*y + 2*z, 2*x + 2*y + 2*z, 2*x + 2*y + 2*z]
[ 2, 1, -2]
[ 6*x + 2*y - 12*z, 2*x - 18*z, - 12*x - 18*y]

>> v=[-1 0 -1];
>> subs(J,u,v)
ans =
-4 -4 -4
2 1 -2
6 16 12

or using Mathcad 14:
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or with Mathematica 8:

or in Maple 15:

Example 3.21. Find the approximate value of the vector function f :
R

3 → R
3, given as
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f (x, y, z) =
(

(x+ y + z)
2
, 2x+ y − 2z, 3x2 + 2xy − 12xz − 18zy

)

,

in the point (−1.05, 0.01,−1.03).
Solution.
For our function we have

{
x0 = −1, y0 = 0, z0 = −1
h = −0.05, k = 0.01, r = −0.03

and using (3.10):

f (−1.05, 0.01,−1.03)− f (−1, 0,−1)

� df (−1, 0,−1) (−0.05, 0.01,−0.03) =

⎛

⎝

⎛

⎝

−4 −4 −4
2 1 −2
6 16 12

⎞

⎠ ·
⎛

⎝

−0.05
0.01
−0.03

⎞

⎠

⎞

⎠

t

;

therefore

f (−1.05, 0.01,−1.03) � (4, 0,−9)

+ (−4 (−0.05 + 0.01 − 0.03) , 2 · (−0.05) + 0.01 + 2 · 0.03, 6 · (−0.05) + 16 · 0.01 − 12 · 0.03) ,

i.e.

f (−1.05, 0.01,−1.03)� (4.28,−0.03,−9.5) .

We shall check this result in Matlab 7.9:
>>f=@(x)[(x(1)+x(2)+x(3))ˆ2; 2*x(1)+x(2)-2*x(3);

3*x(1)ˆ2+2*x(1)*x(2)-12*x(1)*x(3)-18*x(3)*x(2)];
>>v=[-1.05; 0.01; -1.03];
>> digits(3)
>> vpa(f(v))
ans =
4.28
-0.03
-9.51
or in Mathcad 14:
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or with Mathematica 8:
ln[1]:=Function[{x, y, z}, {(x + y + z)ˆ2, 2*x + y - 2*z, 3*xˆ2

+ 2*x*y - 12*x*z - 18*z*y} ][-1.05, 0.01, -1.03]
Out[1]:={4.2849, -0.03, -9.5061}
ln[2]:=SetPrecision[%, 3]
Out[2]:={4.28, -0.0300, -9.51}
and Maple 15:

Definition 3.22 (see [15], p. 161). Let F : R3 → R
3 be a vector function

F (x, y, z) = (f1 (x, y, z) , f2 (x, y, z) , f3 (x, y, z)) ,

where fi : R3 → R, (∀) i = 1, 3. The functional determinant of the
functions f1, f2, f3 is:

D (f1, f2, f3)

D (x, y, z)
= |JF (x, y, z)| =

∣
∣
∣
∣
∣
∣
∣

∂f1
∂x

∂f1
∂y

∂f1
∂z

∂f2
∂x

∂f2
∂y

∂f2
∂z

∂f3
∂x

∂f3
∂y

∂f3
∂z

∣
∣
∣
∣
∣
∣
∣

. (3.11)

Example 3.23. Let F :D→ R
3, D ⊂ [0,∞)× R

2 defined as

F (ρ, θ, ϕ) = (f1 (ρ, θ, ϕ) , f2 (ρ, θ, ϕ) , f3 (ρ, θ, ϕ))

= (ρ sin θ cosϕ, ρ sin θ sinϕ, ρ cos θ) .
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Calculate the functional determinant (the Jacobian) of the functions f1,
f2, f3, namely

D (f1, f2, f3)

D (ρ, θ, ϕ)
.

Solution.
Using the formula (3.11) corresponding to the functional determinant

of the functions f1, f2, f3 one gets:

D(f1, f2, f3)

D (ρ, θ, ϕ)
=

∣∣∣∣∣∣∣

∂f1
∂ρ

∂f1
∂θ

∂f1
∂ϕ

∂f2
∂ρ

∂f2
∂θ

∂f2
∂ϕ

∂f3
∂ρ

∂f3
∂θ

∂f3
∂ϕ

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣
sin θ cosϕ ρ cos θ cosϕ −ρ sin θ sinϕ
sin θ sinϕ ρ cos θ sinϕ ρ sin θ cosϕ

cos θ −ρ sin θ 0

∣∣∣∣∣∣

= ρ2 sin θ ·
∣∣∣∣∣∣
sin θ cosϕ cos θ cosϕ − sinϕ
sin θ sinϕ cos θ sinϕ cosϕ

cos θ − sin θ 0

∣∣∣∣∣∣
= ρ2 sin θ

[
cos θ

∣∣∣∣ cos θ cosϕ − sinϕ
cos θ sinϕ cosϕ

∣∣∣∣ + sin θ

∣∣∣∣ sin θ cosϕ − sinϕ
sin θ sinϕ cosϕ

∣∣∣∣
]
;

hence

D(f1, f2, f3)

D (ρ, θ, ϕ)
= ρ2 sin θ

· [cos θ (cos θ cos2 ϕ+ cos θ sin2 ϕ
)
+ sin θ

(
sin θ cos2 ϕ+ sin θ sin2 ϕ

)]
= ρ2 sin θ · (cos2 θ + sin2 θ

)
= ρ2 sin θ.

In Matlab 7.9 we shall have:
>> syms rho th phi
>> F=[rho*sin(th)*cos(phi) rho*sin(th)*sin(phi) rho*cos(th)]
F =
[rho *sin(th)*cos(phi), rho *sin(th)*sin(phi), rho *cos(th)]
>> v=[rho th phi];
>> J=jacobian(F,v)
J =
[ sin(th)*cos(phi), rho *cos(th)*cos(phi), - rho *sin(th)*sin(phi)]
[ sin(th)*sin(phi), rho *cos(th)*sin(phi), rho *sin(th)*cos(phi)]
[ cos(th), -rho *sin(th), 0]
>> simplify(det(J))
ans =
sin(th)*rhoˆ2
and in Mathcad 14:
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and with Mathematica 8:

and using Maple 15:

3.1.5 Homogeneous Functions

Definition 3.24 (see [41], p. 180). The function f :E→ R, E⊆ R
3 is called

an homogeneous function of degree m, if

f (tx, ty, tz) = tmf (x, y, z) , (∀) t ∈ R\ {0} . (3.12)

Proposition 3.25 (see [41], p. 180). If f (x, y, z) is an homogeneous func-
tion of degree m and it is differentiable on the set E, then the Euler’s
relation is verified:

x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z
= mf (x, y, z) . (3.13)

Example 3.26. Prove that the function

f (x, y, z) =
x2 + 2xz − y2

x2 + y2 + z2

is an homogeneous function and verify for it the Euler’s relation.
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Solution.
We shall compute

f (tx, ty, tz) =
t2x2 + 2t2xz − t2y2

t2 (x2 + y2 + z2)

=
x2 + 2xz − y2

x2 + y2 + z2
= t0 · x

2 + 2xz − y2

x2 + y2 + z2
,

therefore, f is an homogeneous function of degree m = 0.
As

⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂f
∂x = (−2) · −2xy2−xz2+zx2−zy2−z3

(x2+y2+z2)2

∂f
∂y = (−2y) · 2x2+z2+2xz

(x2+y2+z2)2

∂f
∂z = 2 · x3+xy2−xz2−zx2+zy2

(x2+y2+z2)2

it results that:

x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z
= 0 = mf (x, y, z) .

In Matlab 7.9 we can solve this problem in the following way:
function r=f(x,y,z)
r=(xˆ2+2*x*z-yˆ2)/(xˆ2+yˆ2+zˆ2);
end
One saves the file with f.m then in the command line one writes:
>> syms x y z t m
>> l=f(x,y,z)
l =
(xˆ2+2*x*z-yˆ2)/(xˆ2+yˆ2+zˆ2)
>> u=simplify(f(x*t,y*t,z*t))
u =
(xˆ2+2*x*z-yˆ2)/(xˆ2+yˆ2+zˆ2)
>> r=u/l
r=
1
>> m=eval(solve(’tˆm=r’, m))
m =
0
We verify the Euler’s relation from (3.13).
>>w=x*diff(f(x,y,z),x)+ y*diff(f(x,y,z),y)+ z*diff(f(x,y,z),z);
>>simplify(w)
ans=
0
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>>w==m*f(x,y,z)
ans=
1
If we shall use Mathcad 14:

Solving with Mathematica 8 we have:

In Maple 15 we shall have:
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3.2 Derivation and Differentiation of Composite
Functions of Several Variables

The case of one independent variable (see [8]): if z = f (x, y) is a differen-
tiable function of the arguments x and y, which, in turn, are differentiable
functions of an independent variable t,

{

x = ϕ (t)
y = ψ (t)

then the derivative of the composite function z = f (ϕ (t) , ψ (t)) may be
computed from the formula:

∂z

∂t
=
∂z

∂x
· ∂x
∂t

+
∂z

∂y
· ∂y
∂t
. (3.14)

The case of several independent variables (see [8]): if z is is a composite
function of several independent variables, for instance, z = f (x, y) ,where

{

x = ϕ (u, v)
y = ψ (u, v)

(u and v being independent variables), then the partial derivatives with
respect to u and v are given by

{
∂z
∂u = ∂z

∂x · ∂x
∂u + ∂z

∂y · ∂y
∂u

∂z
∂v = ∂z

∂x · ∂x
∂v + ∂z

∂y · ∂y
∂v .

(3.15)

Example 3.27. Prove that the function
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f (x, y) = xy + xϕ
( y

x

)

satisfies the equation :

xf ′
x + yf ′

y = xy + f.

Solution.
Denoting

u (x, y) =
y

x

using the formula (3.14) we shall have

f ′
x =

∂f

∂x
= y + ϕ

(y

x

)

+ x
∂ϕ

∂u
· ∂u
∂x

= y + ϕ
( y

x

)

− x · y
x2

· ∂ϕ
∂u

f ′
y =

∂f

∂y
= x+ x

∂ϕ

∂u
· ∂u
∂y

= x+ x · 1
x
· ∂ϕ
∂u

.

Finally, it results

xf ′
x + yf ′

y = xy + xϕ
( y

x

)

︸ ︷︷ ︸

f

− x2 · y
x2

· ∂ϕ
∂u

+ xy + y · ∂ϕ
∂u

= f − y · ∂ϕ
∂u

+ xy + y · ∂ϕ
∂u

= xy + f.

We shall check this equality using Mathcad 14:

or Mathematica 8:
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or Maple 15:

We can not do that in Matlab 7.9.
Example 3.28. Let f : R

2 → R be a function of class C2 on R
2, be

specified as

f (x, y) = g (xy, x+ y) .

Compute:

∂f

∂x
,
∂f

∂y
,
∂2f

∂x∂y
.

Solution.
Denoting

{

u = xy
v = x+ y

one gets
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∂f

∂x
=
∂g

∂u
· ∂u
∂x

+
∂g

∂v
· ∂v
∂x

= y
∂g

∂u
+
∂g

∂v
,

∂f

∂y
=
∂g

∂u
· ∂u
∂y

+
∂g

∂v
· ∂v
∂y

= x
∂g

∂u
+
∂g

∂v
,

∂2f

∂x∂y
=

∂

∂x

(
∂f

∂y

)

=
∂

∂x

⎛

⎜
⎜
⎝
x
∂g

∂u
︸︷︷︸

F

+
∂g

∂v
︸︷︷︸

G

⎞

⎟
⎟
⎠

=
∂g

∂u
+ x

∂F

∂x
+
∂G

∂x

=
∂g

∂u
+ x

(
∂F

∂u
· ∂u
∂x

+
∂F

∂v
· ∂v
∂x

)

+
∂G

∂u
· ∂u
∂x

+
∂G

∂v
· ∂v
∂x

=
∂g

∂u
+ x

(

y
∂2g

∂u2
+

∂2g

∂u∂v

)

+ y
∂2g

∂u∂v
+
∂2g

∂v2

= xy
∂2g

∂u2
+ (x+ y)

∂2g

∂u∂v
+
∂2g

∂v2
+
∂g

∂u
.

We shall also obtain a computer solution using Mathcad 14:

or Mathematica 8:
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or Maple 15:

Example 3.29. Let f be a function of class C2 on R
2 and g: R2 → R, be

specified as

g (x, y) = f
(

x2 + y2, x2 − y2
)

.

Find the second partial derivatives of the function f.
Solution.
Denoting

{
u = x2 + y2

v = x2 − y2
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we shall have

∂g

∂x
=

∂f

∂u
· ∂u
∂x

+
∂f

∂v
· ∂v
∂x

= 2x
∂f

∂u
+ 2x

∂f

∂v
= 2x

(
∂f

∂u
+

∂f

∂v

)
,

∂g

∂y
=

∂f

∂u
· ∂u
∂y

+
∂f

∂v
· ∂v
∂y

= 2y
∂f

∂u
− 2y

∂f

∂v
= 2y

(
∂f

∂u
− ∂f

∂v

)
,

∂2g

∂x2
=

∂

∂x

(
∂g

∂x

)
=

∂

∂x

⎛
⎜⎜⎜⎝2x

⎛
⎜⎜⎜⎝

∂f

∂u︸︷︷︸
F

+
∂f

∂v︸︷︷︸
G

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠ = 2

(
∂f

∂u
+

∂f

∂v

)
+ 2x

(
∂F

∂x
+

∂G

∂x

)

= 2

(
∂f

∂u
+

∂f

∂v

)
+ 2x

(
∂F

∂u
· ∂u
∂x

+
∂F

∂v
· ∂v
∂x

+
∂G

∂u
· ∂u
∂x

+
∂G

∂v
· ∂v
∂x

)

= 2

(
∂f

∂u
+

∂f

∂v

)
+ 2x

(
2x

∂2f

∂u2
+ 2x

∂2f

∂u∂v
+ 2x

∂2f

∂u∂v
+ 2x

∂2f

∂v2

)
,

i.e.

∂2g

∂x2
= 2

(
∂f

∂u
+
∂f

∂v

)

+ 4x2
(
∂2f

∂u2
+ 2

∂2f

∂u∂v
+
∂2f

∂v2

)

.

Similarly,

∂2g

∂y2
=

∂

∂y

(
∂g

∂y

)
=

∂

∂y

⎛
⎜⎜⎜⎝2y

⎛
⎜⎜⎜⎝

∂f

∂u︸︷︷︸
F

− ∂f

∂v︸︷︷︸
G

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠ = 2

(
∂f

∂u
− ∂f

∂v

)
+ 2y

(
∂F

∂y
− ∂G

∂y

)

= 2

(
∂f

∂u
− ∂f

∂v

)
+ 2y

(
∂F

∂u
· ∂u
∂y

+
∂F

∂v
· ∂v
∂y

− ∂G

∂u
· ∂u
∂y

− ∂G

∂v
· ∂v
∂y

)

= 2

(
∂f

∂u
− ∂f

∂v

)
+ 2y

(
2y

∂2f

∂u2
− 2y

∂2f

∂u∂v
− 2y

∂2f

∂u∂v
+ 2y

∂2f

∂v2

)
,

i.e.

∂2g

∂y2
= 2

(
∂f

∂u
− ∂f

∂v

)

+ 4y2
(
∂2f

∂u2
− 2

∂2f

∂u∂v
+
∂2f

∂v2

)

and
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∂2g

∂x∂y
=

∂

∂x

(
∂g

∂y

)
=

∂

∂x

⎛
⎜⎜⎝2y

⎛
⎜⎜⎝ ∂f

∂u︸︷︷︸
F

− ∂f

∂v︸︷︷︸
G

⎞
⎟⎟⎠
⎞
⎟⎟⎠ = 2y

(
∂F

∂x
− ∂G

∂x

)

= 2y

(
∂F

∂u
· ∂u
∂x

+
∂F

∂v
· ∂v
∂x

− ∂G

∂u
· ∂u
∂x

− ∂G

∂v
· ∂v
∂x

)

= 2y

(
2x

∂2f

∂u2
+ 2x

∂2f

∂u∂v
− 2x

∂2f

∂u∂v
− 2x

∂2f

∂v2

)
= 4xy

(
∂2f

∂u2
− ∂2f

∂v2

)
.

We shall also give a computer solution using Mathcad 14:

and Mathematica 8:
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and Maple 15:

We can not do that in Matlab 7.9.
Example 3.30.Compute df for

f (x, y) = g
(

1 + xy, x2 + y2
)

, (∀) (x, y) ∈ R
2.

Solution.
Using (3.5), the total differential of the function z = f (x, y) is computed

from the formula

dz =
∂z

∂x
dx+

∂z

∂y
dy. (3.16)

Denoting
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{
u = 1 + xy
v = x2 + y2

it results

∂f

∂x
=
∂g

∂u
· ∂u
∂x

+
∂g

∂v
· ∂v
∂x

= y
∂g

∂u
+ 2x

∂g

∂v
,

∂f

∂y
=
∂g

∂u
· ∂u
∂y

+
∂g

∂v
· ∂v
∂y

= x
∂g

∂u
+ 2y

∂g

∂v
;

the total differential of the function z = f (x, y) will be computed using
the formula (3.16):

df =
∂f

∂x
dx+

∂f

∂y
dy =

(

y
∂g

∂u
+ 2x

∂g

∂v

)

dx+

(

x
∂g

∂u
+ 2y

∂g

∂v

)

dy.

We can also obtain this result using Mathcad 14:

and Mathematica 8:

and Maple 15:
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Example 3.31. Compute df and d2f for the function

f (x, y) = g
(

x+ y, x2 + y2
)

, (∀) (x, y) ∈ R
2.

Solution.
Denoting

{

u = x+ y
v = x2 + y2

it results

∂f

∂x
=
∂g

∂u
· ∂u
∂x

+
∂g

∂v
· ∂v
∂x

=
∂g

∂u
+ 2x

∂g

∂v
,

∂f

∂y
=
∂g

∂u
· ∂u
∂y

+
∂g

∂v
· ∂v
∂y

=
∂g

∂u
+ 2y

∂g

∂v
;

the total differential of the function z = f (x, y) will be computed using
the formula (3.16):

df =
∂f

∂x
dx+

∂f

∂y
dy =

(
∂g

∂u
+ 2x

∂g

∂v

)

dx+

(
∂g

∂u
+ 2y

∂g

∂v

)

dy.

If z = f (x, y), where x and y are independent variables then, using (3.6),
the second differential of the function z is computed from the formula

d2z =
∂2z

∂x2
dx2 + 2

∂2z

∂x∂y
dxdy +

∂2z

∂y2
dy2; (3.17)

therefore, in our case

d2f =
∂2f

∂x2
dx2 + 2

∂2f

∂x∂y
dxdy +

∂2f

∂y2
dy2,

where
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∂2f

∂x2
=

∂

∂x

(
∂f

∂x

)

=
∂

∂x

⎛

⎜
⎜
⎝

∂g

∂u
︸︷︷︸

F

+ 2x
∂g

∂v
︸︷︷︸

G

⎞

⎟
⎟
⎠

=
∂F

∂x
+ 2

∂g

∂v
+ 2x

∂G

∂x

=
∂F

∂u
· ∂u
∂x

+
∂F

∂v
· ∂v
∂x

+ 2
∂g

∂v
+ 2x

(
∂G

∂u
· ∂u
∂x

+
∂G

∂v
· ∂v
∂x

)

=
∂2g

∂u2
+ 2x

∂2g

∂u∂v
+ 2

∂g

∂v
+ 2x

(
∂2g

∂u∂v
+ 2x

∂2g

∂v2

)

,

namely

∂2f

∂x2
=
∂2g

∂u2
+ 4x

∂2g

∂u∂v
+ 4x2

∂2g

∂v2
+ 2

∂g

∂v
;

∂2f

∂y2
=

∂

∂y

(
∂f

∂y

)

=
∂

∂y

⎛

⎜
⎜
⎝

∂g

∂u
︸︷︷︸

F

+ 2y
∂g

∂v
︸︷︷︸

G

⎞

⎟
⎟
⎠

=
∂F

∂y
+ 2

∂g

∂v
+ 2y

∂G

∂y

=
∂F

∂u
· ∂u
∂y

+
∂F

∂v
· ∂v
∂y

+ 2
∂g

∂v
+ 2y

(
∂G

∂u
· ∂u
∂y

+
∂G

∂v
· ∂v
∂y

)

=
∂2g

∂u2
+ 2y

∂2g

∂u∂v
+ 2

∂g

∂v
+ 2y

(
∂2g

∂u∂v
+ 2y

∂2g

∂v2

)

,

i.e.

∂2f

∂y2
=
∂2g

∂u2
+ 4y

∂2g

∂u∂v
+ 4y2

∂2g

∂v2
+ 2

∂g

∂v
;

∂2f

∂x∂y
=

∂

∂x

(
∂f

∂y

)

=
∂

∂x

⎛

⎜
⎜
⎝

∂g

∂u
︸︷︷︸

F

+ 2y
∂g

∂v
︸︷︷︸

G

⎞

⎟
⎟
⎠

=
∂F

∂x
+ 2y

∂G

∂x

=
∂F

∂u
· ∂u
∂x

+
∂F

∂v
· ∂v
∂x

+ 2y

(
∂G

∂u
· ∂u
∂x

+
∂G

∂v
· ∂v
∂x

)

=
∂2g

∂u2
+ 2x

∂2g

∂u∂v
+ 2y

(
∂2g

∂u∂v
+ 2x

∂2g

∂v2

)

,

namely

∂2f

∂x∂y
=
∂2g

∂u2
+ 2 (x+ y)

∂2g

∂u∂v
+ 4xy

∂2g

∂v2
.
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Hence,

d
2
f =

(
∂2g

∂u2
+ 4x

∂2g

∂u∂v
+ 4x

2 ∂2g

∂v2
+ 2

∂g

∂v

)

dx
2
+ 2

[
∂2g

∂u2
+ 2 (x + y)

∂2g

∂u∂v
+ 4xy

∂2g

∂v2

]

dxdy

+

(
∂2g

∂u2
+ 4y

∂2g

∂u∂v
+ 4y

2 ∂2g

∂v2
+ 2

∂g

∂v

)

dy
2
.

We shall give a computer solution using Mathcad 14:

and Mathematica 8:
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and in Maple 15:
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Example 3.32. Calculate the expression:

E = f ′′
x2 + f ′′

xy + f ′′
y2

if

f (u, v) = ln
(

u2 + v2
)

,

where

{
u (x, y) = xy

v (x, y) = x2 − y2.

Solution.
We shall compute:

f ′
x =

∂f

∂x
=
∂f

∂u
· ∂u
∂x

+
∂f

∂v
· ∂v
∂x

= y
∂f

∂u
+ 2x

∂f

∂v
,
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f ′′
x2 =

∂2f

∂x2
=

∂

∂x

(
∂f

∂x

)

=
∂

∂x

⎛

⎜
⎜
⎝
y
∂f

∂u
︸︷︷︸

F

+ 2x
∂f

∂v
︸︷︷︸

G

⎞

⎟
⎟
⎠

= y
∂F

∂x
+ 2

∂f

∂v
+ 2x

∂G

∂x

= y

(
∂F

∂u
· ∂u
∂x

+
∂F

∂v
· ∂v
∂x

)

+ 2
∂f

∂v
+ 2x

(
∂G

∂u
· ∂u
∂x

+
∂G

∂v
· ∂v
∂x

)

= y

(

y
∂2f

∂u2
+ 2x

∂2f

∂u∂v

)

+ 2
∂f

∂v
+ 2x

(

y
∂2f

∂u∂v
+ 2x

∂2f

∂v2

)

,

namely

f ′′
x2 = y2

∂2f

∂u2
+ 4xy

∂2f

∂u∂v
+ 4x2

∂2f

∂v2
+ 2

∂f

∂v
;

f ′
y =

∂f

∂y
=
∂f

∂u
· ∂u
∂y

+
∂f

∂v
· ∂v
∂y

= x
∂f

∂u
− 2y

∂f

∂v
,

f ′′
y2 =

∂2f

∂y2
=

∂

∂y

(
∂f

∂y

)

=
∂

∂y

⎛

⎜
⎜
⎝
x
∂f

∂u
︸︷︷︸

F

− 2y
∂f

∂v
︸︷︷︸

G

⎞

⎟
⎟
⎠

= x
∂F

∂y
− 2

∂f

∂v
− 2y

∂G

∂y

= x

(
∂F

∂u
· ∂u
∂y

+
∂F

∂v
· ∂v
∂y

)

− 2
∂f

∂v
− 2y

(
∂G

∂u
· ∂u
∂y

+
∂G

∂v
· ∂v
∂y

)

= x

(

x
∂2f

∂u2
− 2y

∂2f

∂u∂v

)

− 2
∂f

∂v
− 2y

(

x
∂2f

∂u∂v
− 2y

∂2f

∂v2

)

,

namely

f ′′
y2 = x2

∂2f

∂u2
− 4xy

∂2f

∂u∂v
+ 4y2

∂2f

∂v2
− 2

∂f

∂v
;

f ′′
xy = (f ′

x)
′
y =

∂

∂y

(
∂f

∂x

)

=
∂

∂y

⎛

⎜
⎜
⎝
y
∂f

∂u
︸︷︷︸

F

+ 2x
∂g

∂v
︸︷︷︸

G

⎞

⎟
⎟
⎠

=
∂f

∂u
+ y

∂F

∂y
+ 2x

∂G

∂y

=
∂f

∂u
+ y

(
∂F

∂u
· ∂u
∂y

+
∂F

∂v
· ∂v
∂y

)

+ 2x

(
∂G

∂u
· ∂u
∂y

+
∂G

∂v
· ∂v
∂y

)

=
∂f

∂u
+ y

(

x
∂2f

∂u2
− 2y

∂2f

∂u∂v

)

+ 2x

(

x
∂2f

∂u∂v
− 2y

∂2f

∂v2

)

,

namely,
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f ′′
xy = xy

∂2f

∂u2
+ 2

(

x2 − y2
) ∂2f

∂u∂v
− 4xy

∂2f

∂v2
+
∂f

∂u
.

We shall achieve:

E = y2
∂2f

∂u2
+ 4xy

∂2f

∂u∂v
+ 4x2

∂2f

∂v2
+ 2

∂f

∂v
+ xy

∂2f

∂u2
+ 2

(

x2 − y2
) ∂2f

∂u∂v

−4xy
∂2f

∂v2
+
∂f

∂u
+ x2

∂2f

∂u2
− 4xy

∂2f

∂u∂v
+ 4y2

∂2f

∂v2
− 2

∂f

∂v
;

therefore

E =
(

x2 + xy + y2
) ∂2f

∂u2
+2

(

x2 − y2
) ∂2f

∂u∂v
+4

(

x2 − xy + y2
) ∂2f

∂v2
+
∂f

∂u
,

where

∂f

∂u
=

2u

u2 + v2
=

2xy

x2y2 + (x2 − y2)2
=

2xy

x4 − x2y2 + y4
,

∂2f

∂u2
=

∂

∂u

(
∂f

∂u

)
=

2
(
u2 + v2

)− 2u · 2u
(u2 + v2)2

= 2 · v2 − u2

(u2 + v2)2
= 2 ·

(
x2 − y2

)2 − x2y2

(x4 − x2y2 + y4)2
,

∂f

∂v
=

2v

u2 + v2
=

2
(
x2 − y2

)
x4 − x2y2 + y4

,

∂2f

∂v2
=

∂

∂v

(
∂f

∂v

)
=

2
(
u2 + v2

)− 2v · 2v
(u2 + v2)2

= 2 · u2 − v2

(u2 + v2)2
= 2 · x

2y2 − (x2 − y2
)2

(x4 − x2y2 + y4)2
,

∂2f

∂u∂v
=

∂

∂u

(
∂f

∂v

)
= 2v · −2u

(u2 + v2)2
= − 4uv

(u2 + v2)2
= − 4xy

(
x2 − y2

)
(x4 − x2y2 + y4)2

.

Finally, it results

E = 2
(−x2 − xy − y2 + 4x2 + 4y2 − 4xy

) · x2y2 − x4 + 2x2y2 − y4

(x4 − x2y2 + y4)2

− 8xy
(
x2 − y2

)
(x4 − x2y2 + y4)2

+
2xy

x4 − x2y2 + y4

=
2

(x4 − x2y2 + y4)2
·
[(
3x2 − 5xy + 3y2

) (−x4 + 3x2y2 − y4
)− 4xy

(
x2 − y2

)2

+xy
(
x4 − x2y2 + y4

)]

and after some elementary calculations one gets:
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E =
2

(x4 − x2y2 + y4)2
· [3 (−x6 + 2x4y2 + 2x2y4 − y6

)
+ 2xy

(
x4 − 4x2y2 + y4

)]
.

We can also achieve this result using Matlab 7.9:
>> f=@(x,y)log((x*y)ˆ2+(xˆ2-yˆ2)ˆ2);
>> syms x y
>> simplify(diff(f,x,2)+diff(diff(f,y),x)+diff(f,y,2))
ans =
(2*(- 3*xˆ6 + 2*xˆ5*y + 6*xˆ4*yˆ2 - 8*xˆ3*yˆ3 +

6*xˆ2*yˆ4 + 2*x*yˆ5 - 3*yˆ6))/(xˆ4 - xˆ2*yˆ2 + yˆ4)ˆ2

or in Mathcad 14:

or with Mathematica 8:

or Maple 15:
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3.3 Change of Variables

Example 3.33. What happens to the equation

x
∂z

∂x
− y

∂z

∂y
= 0 (3.18)

if one makes the change of independent variables

{
u = x

y

v = ln y
x

, xy > 0?

Solution.
We shall calculate:

∂z

∂x
=
∂z

∂u
· ∂u
∂x

+
∂z

∂v
· ∂v
∂x

=
1

y
· ∂z
∂u

−
y
x2

y
x

· ∂z
∂v
,

namely

∂z

∂x
=

1

y
· ∂z
∂u

− 1

x
· ∂z
∂v

; (3.19)

∂z

∂y
=
∂z

∂u
· ∂u
∂y

+
∂z

∂v
· ∂v
∂y

= − x

y2
· ∂z
∂u

+
1
x
y
x

· ∂z
∂v
,

namely

∂z

∂y
= − x

y2
· ∂z
∂u

+
1

y
· ∂z
∂v
. (3.20)
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Substituting (3.19) and (3.20) into (3.18) it results

x

(
1

y
· ∂z
∂u

− 1

x
· ∂z
∂v

)

− y

(

− x

y2
· ∂z
∂u

+
1

y
· ∂z
∂v

)

= 0 ⇐⇒

⇐⇒ 2

(
x

y
· ∂z
∂u

− ∂z

∂v

)

= 0 ⇐⇒ x

y
· ∂z
∂u

− ∂z

∂v
= 0

such that the initial equation becomes:

u
∂z

∂u
− ∂z

∂v
= 0.

Using Mathematica 8, the left hand side of the initial equation becomes:

or Maple 15:
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Example 3.34. What becomes the equation

∂2z

∂x2
+ y2

∂2z

∂y2
− y

∂2z

∂x∂y
+
∂z

∂x
+ 2y

∂z

∂y
= 0 (3.21)

after the change of independent variables:

{
x = u− v
y = eu+v , (∀) (u, v) ∈ R

2?

Solution.
We shall calculate:

∂z

∂u
=
∂z

∂x
· ∂x
∂u

+
∂z

∂y
· ∂y
∂u

=
∂z

∂x
+ eu+v · ∂z

∂y
,

∂z

∂v
=
∂z

∂x
· ∂x
∂v

+
∂z

∂y
· ∂y
∂v

= − ∂z

∂x
+ eu+v · ∂z

∂y
.

We have to solve the system

{
∂z
∂x + eu+v · ∂z

∂y = ∂z
∂u

− ∂z
∂x + eu+v · ∂z

∂y = ∂z
∂v

(3.22)

in order to find ∂z
∂x and ∂z

∂y .
As the determinant

Δ =

∣
∣
∣
∣

1 eu+v

−1 eu+v

∣
∣
∣
∣
= 2eu+v 	= 0, (∀) (u, v) ∈ R

2

we can solve the system (3.22) using the Cramer’s method:

∂z

∂x
=

∣
∣
∣
∣

∂z
∂u eu+v

∂z
∂v eu+v

∣
∣
∣
∣

Δ
=

eu+v
(
∂z
∂u − ∂z

∂v

)

2eu+v
=

1

2

(
∂z

∂u
− ∂z

∂v

)

,

∂z

∂y
=

∣
∣
∣
∣

1 ∂z
∂u

−1 ∂z
∂v

∣
∣
∣
∣

Δ
=

1

2eu+v

(
∂z

∂u
+
∂z

∂v

)

.

Therefore:
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∂2z

∂x2
=

∂

∂x

(
∂z

∂x

)

=
∂

∂x

⎛

⎜
⎜
⎝

1

2

⎛

⎜
⎜
⎝

∂z

∂u
− ∂z

∂v
︸ ︷︷ ︸

F

⎞

⎟
⎟
⎠

⎞

⎟
⎟
⎠

=
1

2

∂F

∂x

=
1

2

[
1

2

(
∂F

∂u
− ∂F

∂v

)]

=
1

4

[
∂

∂u

(
∂z

∂u
− ∂z

∂v

)

− ∂

∂v

(
∂z

∂u
− ∂z

∂v

)]

=
1

4

(
∂2z

∂u2
− 2

∂2z

∂u∂v
+
∂2z

∂v2

)

,

∂2z

∂y2
=

∂

∂y

(
∂z

∂y

)
=

∂

∂y

⎛
⎜⎜⎜⎝

1

2eu+v

(
∂z

∂u
+

∂z

∂v

)
︸ ︷︷ ︸

F

⎞
⎟⎟⎟⎠ =

∂F

∂y
=

1

2eu+v

(
∂F

∂v
+

∂F

∂u

)

=
1

2eu+v

{
∂

∂v

[
1

2eu+v

(
∂z

∂v
+

∂z

∂u

)]
+

∂

∂u

[
1

2eu+v

(
∂z

∂v
+

∂z

∂u

)]}

=
1

2eu+v

[
− 1

2eu+v

(
∂z

∂v
+

∂z

∂u

)
+

1

2eu+v
· ∂

∂v

(
∂z

∂v
+

∂z

∂u

)

− 1

2eu+v

(
∂z

∂v
+

∂z

∂u

)
+

1

2eu+v
· ∂

∂u

(
∂z

∂v
+

∂z

∂u

)]

=
1

2eu+v

[
− 1

eu+v

(
∂z

∂v
+

∂z

∂u

)
+

1

2eu+v

(
∂2z

∂v2
+

∂2z

∂u∂v
+

∂2z

∂u∂v
+

∂2z

∂u2

)]

=
1

2e2(u+v)

[
−∂z

∂v
− ∂z

∂u
+

1

2

(
∂2z

∂v2
+ 2

∂2z

∂u∂v
+

∂2z

∂u2

)]

=
1

4e2(u+v)

(
−2

∂z

∂v
− 2

∂z

∂u
+

∂2z

∂v2
+ 2

∂2z

∂u∂v
+

∂2z

∂u2

)
,

∂2z

∂x∂y
=

∂

∂x

(
∂z

∂y

)

=
∂

∂x

⎛

⎜
⎜
⎜
⎝

1

2eu+v

(
∂z

∂u
+
∂z

∂v

)

︸ ︷︷ ︸

F

⎞

⎟
⎟
⎟
⎠

=
∂F

∂x
=

1

2

(
∂F

∂u
− ∂F

∂v

)

=
1

2

{
∂

∂u

[
1

2eu+v

(
∂z

∂v
+
∂z

∂u

)]

− ∂

∂v

[
1

2eu+v

(
∂z

∂v
+
∂z

∂u

)]}

=
1

2

[

− 1

2eu+v

(
∂z

∂v
+
∂z

∂u

)

+
1

2eu+v
· ∂
∂u

(
∂z

∂v
+
∂z

∂u

)

+
1

2eu+v

(
∂z

∂v
+
∂z

∂u

)

− 1

2eu+v
· ∂
∂v

(
∂z

∂v
+
∂z

∂u

)]

=
1

4eu+v

(
∂2z

∂u∂v
+
∂2z

∂u2
− ∂2z

∂v2
− ∂2z

∂u∂v

)

=
1

4eu+v

(
∂2z

∂u2
− ∂2z

∂v2

)

.
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Substituting the expression of the second partial derivatives in the equa-
tion (3.21) we shall have:

1

4

(
∂2z

∂u2
− 2

∂2z

∂u∂v
+

∂2z

∂v2

)

+ e
2(u+v) · 1

4e2(u+v)

(

−2
∂z

∂v
− 2

∂z

∂u
+

∂2z

∂v2
+ 2

∂2z

∂u∂v
+

∂2z

∂u2

)

−eu+v · 1

4eu+v

(
∂2z

∂u2
− ∂2z

∂v2

)

+
1

2

(
∂z

∂u
− ∂z

∂v

)
+ 2eu+v · 1

2eu+v

(
∂z

∂u
+

∂z

∂v

)
= 0 ⇐⇒

1

4

(
∂2z

∂u2
− 2

∂2z

∂u∂v
+

∂2z

∂v2
− 2

∂z

∂v
− ∂z

∂u
+

∂2z

∂v2
+ 2

∂2z

∂u∂v
+

∂2z

∂u2
− ∂2z

∂u2
+

∂2z

∂v2

)

+
1

2

∂z

∂u
− 1

2

∂z

∂v
+
∂z

∂v
+
∂z

∂u
= 0 ⇐⇒

3

4

∂2z

∂v2
− 1

2
· ∂z
∂v

− 1

2
· ∂z
∂u

+
1

4

∂2z

∂u2
+

3

2

∂z

∂u
+

1

2

∂z

∂v
= 0,

namely

3

4

∂2z

∂v2
+

1

4

∂2z

∂u2
+
∂z

∂u
= 0 ⇐⇒ 4

∂z

∂u
+
∂2z

∂u2
+ 3

∂2z

∂v2
= 0.

Example 3.35. Transform the expression

E = x2
∂2z

∂x2
+ 2xy

∂2z

∂x∂y
+ y2

∂2z

∂y2

by switching to the polar coordinates:

{
x = ρ cos θ
y = ρ sin θ

, ρ > 0, θ ∈ [0, 2π] .

Solution.
We shall have:

∂z

∂ρ
=
∂z

∂x
· ∂x
∂ρ

+
∂z

∂y
· ∂y
∂ρ

= cos θ
∂z

∂x
+ sin θ

∂z

∂y
,

∂z

∂θ
=
∂z

∂x
· ∂x
∂θ

+
∂z

∂y
· ∂y
∂θ

= −ρ sin θ ∂z
∂x

+ ρ cos θ
∂z

∂y
.

One obtains the system:
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⎧

⎨

⎩

cos θ ∂z
∂x + sin θ ∂z

∂y = ∂z
∂ρ

−ρ sin θ ∂z
∂x + ρ cos θ ∂z

∂y = ∂z
∂θ .

(3.23)

Since

Δ =

∣
∣
∣
∣

cos θ sin θ
−ρ sin θ ρ cos θ

∣
∣
∣
∣
= ρ 	= 0

we can solve the system (3.23) using the Cramer’s method:

∂z

∂x
=

∣
∣
∣
∣

∂z
∂ρ sin θ
∂z
∂θ ρ cos θ

∣
∣
∣
∣

Δ
=

1

ρ

(

ρ cos θ
∂z

∂ρ
− sin θ

∂z

∂θ

)

= cos θ
∂z

∂ρ
− sin θ

ρ

∂z

∂θ
,

∂z

∂y
=

∣
∣
∣
∣

cos θ ∂z
∂ρ

−ρ sin θ ∂z
∂θ

∣
∣
∣
∣

Δ
=

1

ρ

(

ρ sin θ
∂z

∂ρ
+ cos θ

∂z

∂θ

)

= sin θ
∂z

∂ρ
+

cos θ

ρ

∂z

∂θ
.

Therefore:

∂2z

∂x2
=

∂

∂x

⎛
⎜⎜⎜⎝cos θ

∂z

∂ρ
− sin θ

ρ

∂z

∂θ︸ ︷︷ ︸
F

⎞
⎟⎟⎟⎠ =

∂F

∂x
= cos θ

∂F

∂ρ
− sin θ

ρ

∂F

∂θ

= cos θ
∂

∂ρ

(
cos θ

∂z

∂ρ
− sin θ

ρ

∂z

∂θ

)
− sin θ

ρ

∂

∂θ

(
cos θ

∂z

∂ρ
− sin θ

ρ

∂z

∂θ

)

= cos θ

(
cos θ

∂2z

∂ρ2
+

sin θ

ρ2
∂z

∂θ
− sin θ

ρ

∂2z

∂ρ∂θ

)

− sin θ

ρ

(
cos θ

∂2z

∂ρ∂θ
− sin θ

∂z

∂ρ
− sin θ

ρ

∂2z

∂θ2
− cos θ

ρ

∂z

∂θ

)

= cos2 θ
∂2z

∂ρ2
+

sin θ cos θ

ρ2
∂z

∂θ
− sin θ cos θ

ρ

∂2z

∂ρ∂θ
− sin θ cos θ

ρ

∂2z

∂ρ∂θ

+
sin2 θ

ρ

∂z

∂ρ
+

sin2 θ

ρ2
∂2z

∂θ2
+

sin θ cos θ

ρ2
∂z

∂θ

= cos2 θ
∂2z

∂ρ2
− 2

sin θ cos θ

ρ

∂2z

∂ρ∂θ
+

sin2 θ

ρ2
∂2z

∂θ2
+ 2

sin θ cos θ

ρ2
∂z

∂θ
+

sin2 θ

ρ

∂z

∂ρ
,
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∂2z

∂y2
=

∂

∂y

⎛
⎜⎜⎜⎝sin θ

∂z

∂ρ
+

cos θ

ρ

∂z

∂θ︸ ︷︷ ︸
F

⎞
⎟⎟⎟⎠ =

∂F

∂y
= sin θ

∂F

∂ρ
+

cos θ

ρ

∂F

∂θ

= sin θ
∂

∂ρ

(
sin θ

∂z

∂ρ
+

cos θ

ρ

∂z

∂θ

)
+

cos θ

ρ

∂

∂θ

(
sin θ

∂z

∂ρ
+

cos θ

ρ

∂z

∂θ

)

= sin θ

(
sin θ

∂2z

∂ρ2
+

cos θ

ρ

∂2z

∂ρ∂θ
− cos θ

ρ2
∂z

∂θ

)

+
cos θ

ρ

(
sin θ

∂2z

∂ρ∂θ
+ cos θ

∂z

∂ρ
+

cos θ

ρ

∂2z

∂θ2
− sin θ

ρ

∂z

∂θ

)

= sin2 θ
∂2z

∂ρ2
+

sin θ cos θ

ρ

∂2z

∂ρ∂θ
− sin θ cos θ

ρ2
∂z

∂θ
+

sin θ cos θ

ρ

∂2z

∂ρ∂θ

+
cos2 θ

ρ

∂z

∂ρ
+

cos2 θ

ρ2
∂2z

∂θ2
− sin θ cos θ

ρ2
∂z

∂θ

= sin2 θ
∂2z

∂ρ2
+ 2

sin θ cos θ

ρ

∂2z

∂ρ∂θ
+

cos2 θ

ρ2
∂2z

∂θ2
+

cos2 θ

ρ

∂z

∂ρ
− 2

sin θ cos θ

ρ2
∂z

∂θ
,

∂2z

∂x∂y
=

∂

∂x

⎛

⎜
⎜
⎝
sin θ

∂z

∂ρ
+

cos θ

ρ

∂z

∂θ
︸ ︷︷ ︸

F

⎞

⎟
⎟
⎠

=
∂F

∂x
= cos θ

∂F

∂ρ
− sin θ

ρ

∂F

∂θ

= cos θ
∂

∂ρ

(

sin θ
∂z

∂ρ
+

cos θ

ρ

∂z

∂θ

)

− sin θ

ρ

∂

∂θ

(

sin θ
∂z

∂ρ
+

cos θ

ρ

∂z

∂θ

)

= cos θ

(

sin θ
∂2z

∂ρ2
+

cos θ

ρ

∂2z

∂ρ∂θ
− cos θ

ρ2
∂z

∂θ

)

− sin θ

ρ

(

sin θ
∂2z

∂ρ∂θ
+ cos θ

∂z

∂ρ
+

cos θ

ρ

∂2z

∂θ2
− sin θ

ρ

∂z

∂θ

)

= sin θ cos θ
∂2z

∂ρ2
+

cos2 θ

ρ

∂2z

∂ρ∂θ
− cos2 θ

ρ2
∂z

∂θ
− sin2 θ

ρ

∂2z

∂ρ∂θ

− sin θ cos θ

ρ

∂z

∂ρ
− sin θ cos θ

ρ2
∂2z

∂θ2
+

sin2 θ

ρ2
∂z

∂θ

= sin θ cos θ
∂2z

∂ρ2
+

cos2 θ − sin2 θ

ρ

∂2z

∂ρ∂θ
− sin θ cos θ

ρ2
∂2z

∂θ2

− sin θ cos θ

ρ

∂z

∂ρ
− cos2 θ − sin2 θ

ρ2
∂z

∂θ
.

We shall have:
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E = ρ2 cos2 θ

(

cos2 θ
∂2z

∂ρ2
− 2

sin θ cos θ

ρ

∂2z

∂ρ∂θ
+

sin2 θ

ρ2

∂2z

∂θ2
+ 2

sin θ cos θ

ρ2

∂z

∂θ
+

sin2 θ

ρ

∂z

∂ρ

)

+2ρ
2
sin θ cos θ

(

sin θ cos θ
∂2z

∂ρ2
+

cos2 θ − sin2 θ

ρ

∂2z

∂ρ∂θ
− sin θ cos θ

ρ2

∂2z

∂θ2

− sin θ cos θ

ρ

∂z

∂ρ
− cos2 θ − sin2 θ

ρ2

∂z

∂θ

)

+ ρ2 sin2 θ

(

sin2 θ
∂2z

∂ρ2
+ 2

sin θ cos θ

ρ

∂2z

∂ρ∂θ

+
cos2 θ

ρ2

∂2z

∂θ2
+

cos2 θ

ρ

∂z

∂ρ
− 2

sin θ cos θ

ρ2

∂z

∂θ

)

= ρ2 cos4 θ
∂2z

∂ρ2
− 2ρ sin θ cos3 θ

∂2z

∂ρ∂θ
+ sin2 θ cos2 θ

∂2z

∂θ2
+ 2 sin θ cos3 θ

∂z

∂θ

+ρ sin2 θ cos2 θ
∂z

∂ρ
+ 2ρ2 sin2 θ cos2 θ

∂2z

∂ρ2
+ 2ρ sin θ cos3 θ

∂2z

∂ρ∂θ

−2ρ sin3 θ cos θ
∂2z

∂ρ∂θ
− 2 sin2 θ cos2 θ

∂2z

∂θ2
− 2ρ sin2 θ cos2 θ

∂z

∂ρ

+2 sin
3
θ cos θ

∂z

∂θ
− 2 sin θ cos

3
θ
∂z

∂θ
+ ρ

2
sin

4
θ
∂2z

∂ρ2
+ 2ρ sin

3
θ cos θ

∂2z

∂ρ∂θ

+sin2 θ cos2 θ
∂2z

∂θ2
+ ρ sin2 θ cos2 θ

∂z

∂ρ
− 2 sin3 θ cos θ

∂z

∂θ

= ρ2
(
cos2 θ + sin2 θ

)2 ∂2z

∂ρ2
;

hence

E = ρ2
∂2z

∂ρ2
.

3.4 Taylor’s Formula for Functions of Two Variables

Definition 3.36 (see [8]). Let f : R2 → R be a function of two variables
which have continuous partial derivatives of all orders up to and including
the (n+ 1)-th in the neighborhood of a point (a, b) ∈ R

2. The Taylor’s
formula around the point (a, b), for f (x, y) is:
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f (x, y) = f (a, b) +
1

1!

[
(x− a)

∂f

∂x
(a, b) + (y − b)

∂f

∂y
(a, b)

]
+

1

2!
(3.24)

·
[
(x− a)2

∂2f

∂x2
(a, b) + 2 (x− a) (y − b)

∂2f

∂x∂y
(a, b) + (y − b)2

∂2f

∂y2
(a, b)

]

+
1

3!

[
(x− a)3

∂3f

∂x3
(a, b) + 3 (x− a)2 (y − b)

∂3f

∂2x∂y
(a, b)

+ 3 (x− a) (y − b)2
∂3f

∂x∂2y
(a, b) + (y − b)3

∂3f

∂y3
(a, b)

]

+ · · ·+ 1

n!

[
(x− a)

∂

∂x
+ (y − b)

∂

∂y
(a, b)

]n
f (a, b) + Rn (x, y) ,

where

Rn (x, y) =
1

(n+ 1)!

[

(x− a)
∂

∂x
+ (y − b)

∂

∂y
(a, b)

]n+1

f (ξ, η) ,

{

ξ = a+ θ (x− a)
η = b+ θ (x− b)

, θ ∈ (0, 1) .

Remark 3.37 (see [8]). The particular case of (3.24), when a = b = 0 is
called the Mac Laurin’s formula.
Proposition 3.38 (see [15], p. 144). Let f : R2 → R be a function of two
variables which have continuous partial derivatives of all orders up to and
including the (n+ 1)-th in the neighborhood of a point (x0, y0) ∈ R

2.
In a different notation, the formula (3.24) may be written in the form:

f (x0 + h, y0 + k) = f (x0, y0) +
1

1!

[
h
∂f

∂x
(x0, y0) + k

∂f

∂y
(x0, y0)

]
+ (3.25)

+
1

2!

[
h2 ∂

2f

∂x2
(x0, y0) + 2hk

∂2f

∂x∂y
(x0, y0) + k2

∂2f

∂y2
(x0, y0)

]

+ · · ·+ 1

n!

[
h

∂

∂x
+ k

∂

∂y

]n
f (x0, y0)

+
1

(n+ 1)!

[

h
∂

∂x
+ k

∂

∂y

]n+1

f (x0 + θh, y0 + θk) , θ ∈ (0, 1) .

Example 3.39. Write the Taylor’s formula of the third order, for the
function

f (x, y) = ex sin y
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around the point (0, 0) ∈ R
2.

Solution.
We shall compute:

• the first partial derivatives:

{
∂f
∂x = ex sin y =⇒ ∂f

∂x (0, 0) = 0
∂f
∂y = ex cos y =⇒ ∂f

∂y (0, 0) = 1,

• the second partial derivatives:

⎧

⎪⎨

⎪⎩

∂2f
∂x2 = ex sin y =⇒ ∂2f

∂x2 (0, 0) = 0
∂2f
∂x∂y = ex cos y =⇒ ∂2f

∂x∂y (0, 0) = 1
∂2f
∂y2 = −ex sin y =⇒ ∂2f

∂y2 (0, 0) = 0,

• the third partial derivatives:

∂3f
∂x3 = ex sin y =⇒ ∂3f

∂x3 (0, 0) = 0
∂3f

∂x2∂y = ex cos y =⇒ ∂3f
∂x2∂y (0, 0) = 1

∂3f
∂x∂y2 = −ex sin y =⇒ ∂3f

∂x∂y2 (0, 0) = 0
∂3f
∂y3 = −ex cos y =⇒ ∂3f

∂y3 (0, 0) = −1,

• the fourth partial derivatives:

⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂4f
∂x4 = ex sin y
∂4f

∂x3∂y = ex cos y
∂4f

∂x2∂y2 = −ex sin y
∂4f

∂x∂y3 = −ex cos y
∂4f
∂y4 = ex sin y.

The Taylor’s formula of the third order, around the point (0, 0) ∈ R
2, for

the function f (x, y) will be:

f (x, y) = 0 +
1

1!
(x · 0 + y · 1) + 1

2!

(

x2 · 0 + 2xy · 1 + y2 · 0)

+
1

3!

[

x3 · 0 + 3x2y · 1 + 3xy2 · 0 + y3 · (−1)
]

+
1

4!

[

x4eθx sin θy + 4x3yeθx cos θy + 6x2y2
(−eθx sin θy

)
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+ 4xy3
(−eθx cos θy

)

+ y4
(−eθx sin θy

)]

, θ ∈ (0, 1)

i.e.

f (x, y) = y + xy +
1

2
x2y − 1

6
y3

+
1

4!

[
x4 sin θy + 4x3y cos θy − 6x2y2 sin θy − 4xy3 cos θy − y4 sin θy

]
, θ ∈ (0, 1) .

We shall give a computer solution in Mathcad 14:

and using Maple 15:

Example 3.40. Write the Taylor’s formula of the third order, for the
function

f (x, y) = −x2 + 2xy + 3y2 − 6x− 2y − 4

around the point (−2, 1) ∈ R
2.

Solution.
We shall compute:

• the first partial derivatives:

{
∂f
∂x = −2x+ 2y − 6 =⇒ ∂f

∂x (−2, 1) = 0
∂f
∂y = 2x+ 6y − 2 =⇒ ∂f

∂y (−2, 1) = 0,

• the second partial derivatives:

⎧

⎪⎨

⎪⎩

∂2f
∂x2 = −2 =⇒ ∂2f

∂x2 (−2, 1) = −2
∂2f
∂x∂y = 2 =⇒ ∂2f

∂x∂y (−2, 1) = 2
∂2f
∂y2 = 6 =⇒ ∂2f

∂y2 (−2, 1) = 6,

• the third partial derivatives:
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∂3f
∂x3 = 0 =⇒ ∂3f

∂x3 (0, 0) = 0
∂3f

∂x2∂y = 0 =⇒ ∂3f
∂x2∂y (0, 0) = 0

∂3f
∂x∂y2 = 0 =⇒ ∂3f

∂x∂y2 (0, 0) = 0
∂3f
∂y3 = 0 =⇒ ∂3f

∂y3 (0, 0) = 0.

The Taylor’s formula of the n-th order, around the point (−2, 1) ∈ R
2,

for the function f (x, y) will be:

f (x, y) = 1 +
1

1!
[(x+ 2) · 0 + (y − 1) · 0]

+
1

2!

[(

(x+ 2)
2 · (−2) + 2 (x+ 2) (y − 1) · 2 + (y − 1)

2 · 6
)]

= 1− (x+ 2)
2
+ 2 (x+ 2) (y − 1) + 3 (y − 1)

2
.

We can also obtain this result with Mathcad 14:

and Maple 15:

Example 3.41. Use the Taylor’s formula of the second order to find the
approximate value for (0.95)2.01.
Solution.
We have to take the function f(x, y) = xy.
Applying the formula (3.25) for

{
x0 = 1, y0 = 2

h = −0.05, k = 0.01

one obtains:

f (1− 0.05, 2 + 0.01) � f (1, 2) +
1

1!

[

(−0.05)
∂f

∂x
(1, 2) + 0.01

∂f

∂y
(1, 2)

]

+
1

2!

[(
(−0.05)2

∂2f

∂x2
(1, 2) + 2 (−0.05) · 0.01 ∂2f

∂x∂y
(1, 2) + 0.012

∂f

∂y
(1, 2)

)]
.
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As the successive partial derivatives are

{
∂f
∂x = yxy−1

∂f
∂y = xy lnx

and

⎧

⎪⎨

⎪⎩

∂2f
∂x2 = y (y − 1)xy−2

∂2f
∂x∂y = yxy−1 lnx+ xy · 1

x = xy−1 (y lnx+ 1)
∂2f
∂y2 = xy lnx · lnx = xy ln2 x

we deduce that:

f (0.95, 2.01) � 1− 0.1 +
1

2!
(2 · 0.0025− 0.001) = 0.9 +

1

2
(0.005− 0.001) = 0.902.

We shall check this result in Matlab 7.9:
>> f=@(x,y)xˆy;
>> vpa(f(0.95,2.01),3)
ans =
0.902
or in Mathcad 14:

or using Mathematica 8:

or with Maple 15:
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We also want to find the approximation error using the relation

R2 =
1

3!

[

h3
∂3f

∂x3
(x0 + θh, y0 + θh) + 3h2k

∂3f

∂2x∂y
(x0 + θh, y0 + θh)

+ 3hk2
∂3f

∂x∂2y
(x0 + θh, y0 + θh) + k3

∂3f

∂y3
(x0 + θh, y0 + θh)

]

, θ ∈ (0, 1) .

In order to do that we have to calculate the third partial derivatives of
the function f :

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂3f
∂x3 = y (y − 1) (y − 2) xy−2

∂3f
∂x2∂y

= (y − 1)xy−2 (y lnx+ 1) + xy−1 · y
x
= xy−2 [(y − 1) y lnx+ y − 1 + y]

= xy−2 [(y − 1) y lnx+ 2y − 1]
∂3f

∂x∂y2 = yxy−1 ln2 x+ xy · 2
x
lnx = xy−1 lnx (y lnx+ 2)

∂3f
∂y3 = xy lnx · ln2 x = xy ln3 x.

Hence,

R2 <
1

3!

[
(−0.05)3 · 2 (2− 1) (2− 2) · 12−3 + 3 (−0.05)2 · 0.01 · 12−2 (1 · 2 ln 1 + 4− 1)

+ 3 (−0.05) · 0.012 · 12−1 ln 1 (2 ln 1 + 2) + 12 · ln3 1 · (0.01)3
]

=
1

3!
· (9 · 0.000025) = 0.0000375.

We can prove that in Matlab 7.9:
>> x0=1;y0=2;h=-0.05;k=0.01;
>> t=0:0.1:1;
>> f=@(x,y)xˆy;
>> syms x y
>> f1=diff(f(x,y),x,3)
f1 =
xˆ(y - 3)*y*(y - 1)*(y - 2)
>> f4=diff(f(x,y),y,3)
f4 =
xˆy*log(x)ˆ3
>> f2=simplify(diff(diff(f(x,y),y),x,2))
f2 =
xˆ(y - 2)*(2*y + yˆ2*log(x) - y*log(x) - 1)
>> f3=simplify(diff(diff(f(x,y),x),y,2))
f3 =
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xˆ(y - 1)*log(x)*(y*log(x) + 2)
>> R2=(1/6)*(hˆ3*subs(f1,{x,y},{x0+t*h,y0+t*k})+
3*hˆ2*k*subs(f2,{x,y},{x0+t*h,y0+t*k})+
3*h*kˆ2*subs(f3,{x,y},{x0+t*h,y0+t*k})+kˆ3*subs(f4,{x,y},
{x0+t*h,y0+t*k}))
R2 =
1.0e-004 *
Columns 1 through 6
0.3750 0.3738 0.3726 0.3714 0.3701 0.3689
Columns 7 through 11
0.3676 0.3663 0.3649 0.3635 0.3622
>> plot(t,R2)

>>r2=R2(1)
r2 =
3.7500e-005
or in Mathcad 14:
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or in Mathematica 8:
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or with Maple 15:
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Example 3.42. Use the Taylor’s formula of the second order to find the
approximate value for

√
1.03 · 3

√
0.98.

Solution.
One takes the function:

f (x, y) =
√
x · 3

√
y = x

1
2 · y 1

3 .

Applying the formula (3.25) for

{
x0 = 1, y0 = 1
h = 0.03, k = −0.02

one obtains:

f (1 + 0.03, 1− 0.02) � f (1, 1) +
1

1!

[

0.03
∂f

∂x
(1, 1)− 0.02

∂f

∂y
(1, 1)

]

+
1

2!

[(
(0.03)2

∂2f

∂x2
(1, 1) − 2 · 0.03 · 0.02 ∂2f

∂x∂y
(1, 1) + (−0.02)2

∂f

∂y
(1, 1)

)]
.

We shall calculate the successive partial derivatives:

{
∂f
∂x = 1

2x
− 1

2 · y 1
3

∂f
∂y = 1

3x
1
2 · y− 2

3

⎧

⎪⎨

⎪⎩

∂2f
∂x2 = − 1

4x
− 3

2 · y 1
3

∂2f
∂x∂y = 1

6x
− 1

2 · y− 2
3

∂2f
∂y2 = − 2

9x
1
2 · y− 5

3

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂3f
∂x3 = 3

8x
− 5

2 · y 1
3

∂3f
∂x2∂y = − 1

12x
− 3

2 · y− 2
3

∂3f
∂x∂y2 = − 1

9x
− 1

2 · y− 5
3

∂3f
∂y3 = 10

27x
1
2 · y− 8

3 .

We shall deduce that:
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f (1.03, 0.98) � 1 +
1

1!

(

0.03 · 1
2
− 0.02 · 1

3

)

+
1

2!

(
−0.032 · 1

4
− 2 · 0.03 · 0.02 · 1

6
+ (−0.02)2 ·

(
−2

9

))
= 1.0083−0.00026 = 1.00804.

We shall check this result in Maple 7.9:
>> f=@(x,y) xˆ(1/2)*yˆ(1/3);
>> vpa(f(1.03,0.98),6)
ans =
1.00808
or in Mathcad 14:

or with Mathematica 8:

or using Maple 15:

The approximation error will be:

R2 <
1

3!

[

0.033 · 3
8
− 3 · 0.032 · 0.02 ·

(

− 1

12

)

+ 3 · 0.03 · (−0.02)
2 ·
(

−1

9

)

+ (−0.02)
3 · 10

27

]

= 0.000001277006.

We can verify this result in Matlab 7.9:
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>> x0=1;y0=1;h=0.03;k=-0.02;
>> t=0:0.1:1;
>> f=@(x,y)xˆ(1/2)*yˆ(1/3);
>> syms x y
>> f1=diff(f(x,y),x,3)
f1 =
(3*yˆ(1/3))/(8*xˆ(5/2))
>> f4=diff(f(x,y),y,3)
f4 =
(10*xˆ(1/2))/(27*yˆ(8/3))
>> f2=simplify(diff(diff(f(x,y),y),x,2))
f2 =
-1/(12*xˆ(3/2)*yˆ(2/3))
>> f3=simplify(diff(diff(f(x,y),x),y,2))
f3 =
-1/(9*xˆ(1/2)*yˆ(5/3))
>> R2=(1/6)*(hˆ3*subs(f1,{x,y},{x0+t*h,y0+t*k})+
3*hˆ2*k*subs(f2,{x,y},{x0+t*h,y0+t*k})+
3*h*kˆ2*subs(f3,{x,y},{x0+t*h,y0+t*k})+
kˆ3*subs(f4,{x,y},{x0+t*h,y0+t*k})) ;
>> plot(t,R2)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1.05

1.1

1.15

1.2

1.25

1.3
x 10

-6

>> r2=R2(1)
r2 =
1.2770e-006
or in Mathcad 14:
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and using Mathematica 8:
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and in Maple 15:
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3.5 Problems

1. Find the second partial derivatives of the function

z = arctan
x

y
.

2. Find

⎧

⎨

⎩

f ′
x (1, 2, 0)
f ′
y (1, 2, 0)
f ′
z (1, 2, 0)

if

f (x, y, z) = ln (xy + z) .

3. Show that

∂u

∂x
+
∂u

∂y
+
∂u

∂z
= 1

if

u = x+
x− y

y − z
.

4. Calculate

∣
∣
∣
∣
∣

∂x
∂r

∂x
∂ϕ

∂y
∂r

∂y
∂ϕ

∣
∣
∣
∣
∣

if

{

x = ar cosϕ
y = br sinϕ.

Computer solution.
We shall compute the determinant in Matlab 7.9:
>> syms r phi a b
>> x=a*r*cos(phi);
>> y=b*r*sin(phi);
>> F=[x y];
>> v=[r phi];
>> J=jacobian(F,v)
J =
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[ a*cos(phi), -a*r*sin(phi)]
[ b*sin(phi), b*r*cos(phi)]
>> simplify(det(J))
ans =
a*b*r
and in Mathcad 14:

and using Mathematica 8:

and with Maple 15:

5. Find

{

df (1, 2)
d2f (1, 2)

if
f (x, y) = x2 + xy + y2 − 4 lnx− 10 ln y.

Computer solution.
We have found that

df (1, 2) = 0

d2f (1, 2) = 6dx2 + 4dxdy +
9

2
dy2
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with Matlab 7.9:
>> f=@(x,y) xˆ2+x*y+yˆ2-4*log(x)-10*log(y)
f =
@(x,y)xˆ2+x*y+yˆ2-4*log(x)-10*log(y)
>> syms x y dx dy dx2 dy2 dxdy
>> u=diff(f,x)*dx+diff(f,y)*dy
u =
dx*(2*x + y - 4/x) + dy*(x + 2*y - 10/y)
>> subs(u,{x,y},{1,2})
ans =
0
>> w=diff(f,x,2)*dx2+2*diff(f,x,y)*dxdy+diff(f,y,2)*dy2
w =
dxdy*(2*x + 4*y - 20/y) + dx2*(4/xˆ2 + 2) + dy2*(10/yˆ2

+ 2)
>> subs(w,{x,y},{1,2})
ans =
6*dx2 + (9*dy2)/2
or using Mathcad 14:

or with Mathematica 8:
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or in Maple 15:
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6. Compute the function df and d2f for the function:

f (x, y, z) = cos(x+ 2y + 3z), (∀) (x, y, z) ∈ R
3.

7. Prove that the function

f (x, y, z) =
1

√

x2 + y2 + z2
, (x, y, z) 	= (0, 0, 0)

satisfies the Lapace equation:

Δ ≡ f ′′
x2 + f ′′

y2 + f ′′
z2 = 0.

8. Find the expression of

E = 1 + y′2

in the polar coordinates:

{
x = r cos θ
y = r sin θ.

Computer solution.
We shall compute the expression E in Matlab 7.9:
>> x=@(r,th)r*cos(th);
>> y=@(r,th)r*sin(th);
>> syms r th dr dth
>>yp=(diff(y(r,th),r)*dr+diff(y(r,th),th)*dth)/(diff(x(r,th),r)

*dr+diff(x(r,th),th)*dth);
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>> syms rp
>> simplify(1+subs(yp,dr,rp*dth)ˆ2)
ans =
(rˆ2 + rpˆ2)/(rp*cos(th) - r*sin(th))ˆ2
and in Mathcad 14:

and with Mathematica 8:

and in Maple 15:
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9. Prove that the function

f (x, y) =
x3 + y3

x2 + y2
, (x, y) 	= (0, 0)

is an homogeneous function and check the Euler’s relation for it.
Computer solution.
We shall solve this problem in Matlab 7.9:
function r = f(x,y)
r=(xˆ3+yˆ3)/(xˆ2+yˆ2);
end
One saves the file with f.m then in the command line one writes:
>> syms x y t m
>> l=f(x,y);
>> u=simplify(f(x*t,y*t));
>> r=u/l;
>> m=eval(log(r)/log(t))
m =
1
We verify the Euler’s relation from (3.13).
>> w=simplify(x*diff(f(x,y),x)+y*diff(f(x,y),y));
>> w==m*f(x,y)
ans =
1
in Mathcad 14:
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with Mathematica 8:

using Maple 15:
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10. Prove that the function

f (x, y, z) =
ax+ by + cz
√

x2 + y2 + z2
, (∀) (x, y, z) ∈ R

3\ {(0, 0, 0)}

checks the relation

x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z
= 0.

11. Write the Taylor’s formula for the function

f (x, y) = ex+y

around the point (−1, 1) ∈ R
2.

Computer solution.
We shall use Mathcad 14:

and Maple 15:
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12. Find ∂z
∂t of

z = e3x+2y,

where

{
x = cos t
y = t2.

13. Show that the function

z = ϕ
(

x2 + y2
)

satisfies the equation

y
∂z

∂x
− x

∂z

∂y
= 0.

14. What do we obtain from

x2
∂2z

∂x2
+ 2xy

∂2z

∂x∂y
+ y2

∂2z

∂y2
= 0

if one makes the change of independent variables

{
x = u
y = uv ?

15. Show that the function

z = xϕ
( y

x

)

+ ψ
( y

x

)

satisfies the equation

x2
∂2z

∂x2
+ 2xy

∂2z

∂x∂y
+ y2

∂2z

∂y2
= 0.

Computer solution.
We shall check the relation using Mathcad 14:
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and in Mathematica 8:

and with Maple 15:

16. Write the first four terms of a power series expansion in x and y of
the function

f (x, y) = (1 + x)
1+y

.

Computer solution.
We shall find the first four terms of a power series expansion using

Mathcad 14:

and with Maple 15:

17. Show that the function
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u (x, t) = A sin (aλt+ ϕ) sinλx

satisfies the equation of oscillations of a string

∂2u

∂t2
= a2

∂2u

∂x2
.

Computer solution.
We shall prove that equality in Mathcad 14:

and using Mathematica 8:

and with Maple 15:

18. Find the partial derivative ∂z
∂x if

z = ϕ
(

x2 + y2
)

.

Computer solution.
We shall find that partial derivative in Mathcad 14:
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and with Mathematica 8:

and using Maple 15:

19. Take the equation of the oscillations of a string

∂2u

∂t2
= a2

∂2u

∂x2
, a 	= 0

and change it to the new independent variables a and b, where

{
α = x− at
β = x+ at.

20. Transform the following equation to new independent variables u
and v :

x
∂z

∂x
+ y

∂z

∂y
− z = 0,

if

{
u = x
v = y

x .
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Computer solution.
We shall see what becomes the left member of the initial equation using

Mathematica 8:

and Maple 15:



4

Fundamentals of Field Theory

4.1 Derivative in a Given Direction of a Function

Definition 4.1 (see [8]). The derivative of a differentiable function z =

f (x, y) in the direction −→s =
−−→
PP1 is

∂z

∂−→s =
∂z

∂x
cosα+

∂z

∂y
cosβ, (4.1)

where α is the angle formed by the vector −→s with the Ox- axis and β is
the angle formed by the vector −→s with the Oy -axis (see Fig. 4.1).

 

O  x  

y  

P  

1P  

α  

Fig. 4.1

In a similar fashion, we define the derivative in a given direction −→s for
a function of three variables u = f (x, y, z). In this case,

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 157–186.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2013
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∂u

∂−→s =
∂u

∂x
cosα+

∂u

∂y
cosβ +

∂u

∂z
cos γ, (4.2)

where cosα, cosβ, cos γ are the direction cosines of the direction −→s . The
directional derivative characterizes the rate of change of the function in the
given direction.
Definition 4.2 (see [44], p. 591). A scalar function defined for any point
of the space is called a scalar field if it makes a correspondence in which
to each point P (x, y, z) respectively to each position vector −→r from a
given domain is assigned a scalar ϕ(x, y, z) = ϕ (−→r ); for example, the
temperature and the density of a body are some scalar fields.
Remark 4.3 (see [44], p. 591). In the vector analysis, the scalar fields
associate to each point in space a scalar. Scalar fields can be represented
by the level surfaces ϕ(x, y, z) = const or the level straight lines ϕ(x, y) =
const. For example, on maps the straight lines of equal temperature (the
isotherms) are some level straight lines.

Fig. 4.2 A scalar field

Example 4.4. Find the derivative of the scalar field

ϕ(x, y) = x2 − y2 + xy

at the point M (2, 2) in a direction −→s , which makes an angle of 30◦ with
the Ox- axis.
Solution.
We shall compute the partial derivatives of the given function and their

values at the point M :

∂ϕ
∂x = 2x+ y =⇒

(
∂ϕ
∂x

)

M
= 6

∂ϕ
∂y = −2y + x =⇒

(
∂ϕ
∂y

)

M
= 2.

Here

{

cosα = cos 30◦ =
√
3
2

cosβ = cos
(
π
2 − α

)

= sinα = 1
2 ,
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therefore

∂ϕ

∂−→s (M) = 3
√
3− 1 = 4.196.

We shall achieve this result using Matlab 7.9:

>> f=@(x,y)xˆ2-yˆ2+x*y;
>> c1=cos(degtorad(30));
>> c2=cos(degtorad(60));
>> syms x y
>> subs(diff(f(x,y),x),{x,y},{2,2})*c1+subs(diff(f(x,y),y),

{x,y},{2,2})*c2
ans =
4.1962
and in Mathcad 14:

and in Mathematica 8:

and with Maple 15:

Example 4.5. Let

ϕ(x, y, z) = arcsin
z

√

x2 + y2
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be a scalar field.
Find the derivative of the function ϕ at the point M (1, 1, 1) in the di-

rection
−−→
MN knowing that N (2, 3,−2).

Solution.
As

−−→
MN =

−→
i + 2

−→
j − 3

−→
k

one finds that

−−→
MN
∥
∥
∥
−−→
MN

∥
∥
∥

=

−→
i + 2

−→
j − 3

−→
k√

12 + 22 + 32
=

1√
14

−→
i +

2√
14

−→
j − 3√

14

−→
k ;

therefore

∂ϕ

∂−→s (M) =
∂ϕ

∂x
(1, 1, 1) · 1√

14
+
∂ϕ

∂y
(1, 1, 1) · 2√

14
+
∂ϕ

∂z
(1, 1, 1) ·

(

− 3√
14

)

.

Computing the partial derivatives and their values at the point M

∂ϕ
∂x =

− 1
2 ·2xz·(x2+y2)

− 3
2

√
1− z2

x2+y2

= xz

(x2+y2)
√

x2+y2−z2
=⇒ ∂ϕ

∂x (M) = − 1
2

∂ϕ
∂y =

− 1
2 ·2yz·(x2+y2)

− 3
2

√
1− z2

x2+y2

= yz

(x2+y2)
√

x2+y2−z2
=⇒ ∂ϕ

∂y (M) = − 1
2

∂ϕ
∂z =

1√
x2+y2√

1− z2

x2+y2

= 1√
x2+y2−z2

=⇒ ∂ϕ
∂z (M) = 1;

one obtains:
∂ϕ

∂−→s (M) = −1

2
· 1√

14
− 1

2
· 2√

14
− 3√

14
= − 9

2
√
14

= −1.2027.

We need to pass the following steps in order to achieve this result in
Matlab 7.9:
Step 1. Determine the analytical expression of the direction −→s =

−−→
MN :

−−→
MN = (xN − xM )

−→
i + (yN − yM )

−→
j + (zN − zM )

−→
k .

>> M=[1 1 1];
>> N=[2 3 -2];
>> s=N-M
s =
1 2 -3
Step 2. Determine the direction cosines of the direction −→s .
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>> w=norm(s);
>>u=s/w
u=
0.2673 0.5345 -0.8018
Step 3. Determine the derivative of ϕ at the point M in the direction −→s .
>> syms x y z
>> phi=asin(z/sqrt(xˆ2+yˆ2));
>> d1=diff(phi,x);
>> g=subs(subs(subs(d1,x,1),y,1),z,1);
>> d2=diff(phi,y);
>> h=subs(subs(subs(d2,x,1),y,1),z,1);
>> d3=diff(phi,z);
>> k=subs(subs(subs(d3,x,1),y,1),z,1)
>> d=dot(u,[g h k])
d =
-1.2027
We shall obtain this result using Mathcad 14:

and Mathematica 8:
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and in Maple 15:

4.2 Differential Operators

Definition 4.6 (see [44], p. 591). If through the function v = v (−→r ), re-
spectively v = v (x, y, z) is assigned to each point of the space a vector
v = v (x, y, z) = v (−→r ), then the function v = v (−→r ) defines a vector field.
For example, the force fields F = F (−→r ) or the electricity fields E (−→r )

are some vector fields.
They are plotted by arrows taken at different points −→r of the space

whose vector directions and lengths represents the vector v (−→r )(see
Fig. 4.3).
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[!t]

Fig. 4.3 A vector field

Definition 4.7 (see [44], p. 592). The vector

gradϕ (P ) =
∂ϕ

∂x
· −→i +

∂ϕ

∂y
· −→j +

∂ϕ

∂z
· −→k ≡ ∇u, (4.3)

where

∇ =
−→
i
∂

∂x
+
−→
j
∂

∂y
+
−→
k
∂

∂z
(4.4)

is the Hamiltonian operator (del or nabla), is called the gradient of the
field

u = ϕ (P ) = ϕ (x, y, z) ,

at the given point P .
Remark 4.8 (see [44], p. 593). By introducing the gradient, a scalar field
ϕ = ϕ (−→r ) was obtained from a vector field gradϕ. However, the converse
is not true, i.e. a vector field can not always be considered the gradient of
a scalar field. The vector fields v (−→r ) for which this is possible are called
conservative or potential and ϕ is the potential of the field v.
Definition 4.9 (see [44], p. 594). The divergence (div) of a vector field

−→v = P (x, y, z)
−→
i +Q (x, y, z)

−→
j +R (x, y, z)

−→
k

in a point a (ax, ay, az) from R
3 is the scalar

div−→v (a) =
∂P

∂x
(a) +

∂Q

∂y
(a) +

∂R

∂z
(a) = ∇a, (4.5)

i.e. the divergence is a scalar field, which is derived from a vector field.
Definition 4.10 (see [2], p. 8). The rotation (curl) of a vector field

−→v = P (x, y, z)
−→
i +Q (x, y, z)

−→
j +R (x, y, z)

−→
k

in a point a (ax, ay, az) from R
3 is the scalar
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rot −→v (a) =

∣
∣
∣
∣
∣
∣

−→
i

−→
j

−→
k

∂
∂x (a) ∂

∂y (a)
∂
∂z (a)

P Q R

∣
∣
∣
∣
∣
∣

(4.6)

=

(
∂R

∂y
(a)− ∂Q

∂z
(a)

)−→
i

+

(
∂P

∂z
(a) − ∂R

∂x
(a)

)−→
j

+

(
∂Q

∂x
(a)− ∂P

∂y
(a)

)−→
k .

Proposition 4.11 (see [44], p. 596). The gradient, the divergence and
the curl of a field are some notions which are independent of the chosen
coordinate system.
From this reason, it is said that these quantities are invariant under a

change of coordinates.
Definition 4.12 (see [8]). The vector field −→v is called a potential if

−→v = gradϕ, (4.7)

where ϕ is a scalar function (the potential of the field).
Proposition 4.13 (see [8] and [2], p. 11). For the potential property of a
field

−→v = P (x, y, z)
−→
i +Q (x, y, z)

−→
j +R (x, y, z)

−→
k ,

given in a simply-connected domain, it is necessary and sufficient that to

be non-rotational, i.e., rot −→v =
−→
0 . Then, there exists a potential ϕ defined

by

dϕ = P (x, y, z) dx+Q (x, y, z) dy +R (x, y, z) dz. (4.8)

Example 4.14. Build a vector field of the gradient of the following scalar
fields:

a) ϕ (x, y, z) = x4 + xy2 + y3 + x2z + 1

b) ϕ (x, y, z) = xyz · ex2+y2+z2

.

Solutions.
a) One obtains:

gradϕ =
(

4x3 + y2 + 2xz
)−→
i +

(

2xy + 3y2
)−→
j + x2

−→
k .
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In Matlab 7.9 we shall have:
>> syms x y z
>> f=xˆ4+x*yˆ2+yˆ3+xˆ2*z+1 ;
>>v=[x y z] ;
>> jacobian(f,v)
ans =
[ 4*xˆ3+yˆ2+2*x*z, 2*x*y+3*yˆ2, xˆ2]
We shall compute this gradient using Mathcad 14:

and with Mathematica 8:

and in Maple 15:

b) It will result that:
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gradϕ =
(

yzex
2+y2+z2

+ 2x · xyz · ex2+y2+z2
)−→
i

+
(

xzex
2+y2+z2

+ 2y · xyzex2+y2+z2
)−→
j

+
(

xyex
2+y2+z2

+ 2z · xyzex2+y2+z2
)−→
k

=
[(

yz + 2x2yz
)−→
i +

(

xz + 2xy2z
)−→
j +

(

xy + 2xyz2
)−→
k
]

ex
2+y2+z2

.

Example 4.15. If one denotes:

{ −→r = x
−→
i + y

−→
j + z

−→
k

r = ‖−→r ‖ =
√

x2 + y2 + z2

find the gradient of the following scalar fields:

a) ϕ (r) = rn

b) ϕ (r) = ln r.

Solutions.
a) We shall compute the partial derivative of the field ϕ:

∂ϕ

∂x
= n ·

(√

x2 + y2 + z2
)n−1

· 2x

2
√

x2 + y2 + z2

= nx
(√

x2 + y2 + z2
)n−2

= nxrn−2,

∂ϕ

∂y
= n ·

(√

x2 + y2 + z2
)n−1

· 2y

2
√

x2 + y2 + z2

= ny
(√

x2 + y2 + z2
)n−2

= nyrn−2,

∂ϕ

∂z
= n ·

(√

x2 + y2 + z2
)n−1

· 2z

2
√

x2 + y2 + z2

= nz
(√

x2 + y2 + z2
)n−2

= nzrn−2;

hence

gradϕ = nxrn−2−→i + nyrn−2−→j + nzrn−2−→k = nrn−2
(
x
−→
i + y

−→
j + z

−→
k
)
= nrn−2−→r .

In Matlab 7.9 we have to use the following commands:
>> syms x y z n r
>> phi=sqrt(xˆ2+yˆ2+zˆ2)ˆn ;
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>> v=[x y z];
>> c=jacobian(phi,v) ;
>>simplify(subs(subs(c,sqrt(xˆ2+yˆ2+zˆ2),r),

xˆ2+yˆ2+zˆ2,rˆ2))
ans =
[ rˆ(n-2)*n*x, rˆ(n-2)*n*y, rˆ(n-2)*n*z]
while in Mathcad 14:

and with Mathematica 8:



168 4. Fundamentals of Field Theory

and using Maple 15:

b) It shall result:

gradϕ =
x

x2 + y2 + z2
−→
i +

y

x2 + y2 + z2
−→
j +

z

x2 + y2 + z2
−→
k

=
1

x2 + y2 + z2

(

x
−→
i + y

−→
j + z

−→
k
)

=
−→r
‖r2‖ .

In this case, we need the following Matlab 7.9 sequence :
>> syms x y z r
>> phi=log(sqrt(xˆ2+yˆ2+zˆ2)) ;
>>v=[x y z];
>> c=jacobian(phi,v)
c =
[ 1/(xˆ2+yˆ2+zˆ2)*x, 1/(xˆ2+yˆ2+zˆ2)*y,
1/(xˆ2+yˆ2+zˆ2)*z]
>> simplify(subs(c,xˆ2+yˆ2+zˆ2,rˆ2))
ans =
[ 1/rˆ2*x, 1/rˆ2*y, 1/rˆ2*z]
We shall also compute the gradient in Mathcad 14:
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and with Mathematica 8:

and using Maple 15:
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Example 4.16. Find the gradient of the field

ϕ (x, y, z) = f
(

x+ y + z, x2 + y2 + z2
)

.

Solution.
Denoting

{

x+ y + z = u
x2 + y2 + z2 = v

we shall obtain:

∂ϕ

∂x
=
∂ϕ

∂u
· ∂u
∂x

+
∂ϕ

∂v
· ∂v
∂x

=
∂ϕ

∂u
+ 2x

∂ϕ

∂v
,

∂ϕ

∂y
=
∂ϕ

∂u
· ∂u
∂y

+
∂ϕ

∂v
· ∂v
∂y

=
∂ϕ

∂u
+ 2y

∂ϕ

∂v
,

∂ϕ

∂z
=
∂ϕ

∂u
· ∂u
∂z

+
∂ϕ

∂v
· ∂v
∂z

=
∂ϕ

∂u
+ 2z

∂ϕ

∂v
;

hence

gradϕ =

(
∂ϕ

∂u
+ 2x

∂ϕ

∂v

)−→
i +

(
∂ϕ

∂u
+ 2y

∂ϕ

∂v

)−→
j +

(
∂ϕ

∂u
+ 2z

∂ϕ

∂v

)−→
k

=
(−→
i +

−→
j +

−→
k
) ∂ϕ

∂u
+ 2−→r ∂ϕ

∂v
.

We can also solve this exercise in Matlab 7.9:
>>syms x y z
>> f=[x+y+z; xˆ2+yˆ2+zˆ2] ;
>>t=[x y z] ;
>> jacobian(f,t)
ans =
[ 1, 1, 1]
[ 2*x, 2*y, 2*z]
and in Mathcad 14:
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and using Mathematica 8:

and with Maple 15:

Example 4.17. Compute the divergence and the curl of the vector field

−→v = xz3
−→
i − 2x2yz

−→
j + 2yz4

−→
k

in the point M (1,−1, 1).
Solution.

As

⎧

⎨

⎩

P (x, y, z) = xz3

Q (x, y, z) = −2x2yz
R (x, y, z) = 2yz4

⇐⇒

⎧

⎨

⎩

∂P
∂x = z3

∂Q
∂y = −2x2z
∂R
∂z = 8yz3

we shall obtain

div−→v (1,−1, 1) =
∂P

∂x
(1,−1, 1) +

∂Q

∂y
(1,−1, 1) +

∂R

∂z
(1,−1, 1)

= 1− 2− 8 = −9.
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Computing

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂R
∂y = 2z4

∂Q
∂z = −2x2y
∂P
∂z = 3xz2
∂R
∂x = 0

∂Q
∂x = −4xyz

∂P
∂y = 0

⇐⇒

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂R
∂y (1,−1, 1) = 2
∂Q
∂z (1,−1, 1) = 2
∂P
∂z (1,−1, 1) = 3
∂R
∂x (1,−1, 1) = 0
∂Q
∂x (1,−1, 1) = 4
∂P
∂y (1,−1, 1) = 0

it results

rot −→v (1,−1, 1) =

(
∂R

∂y
(1,−1, 1)− ∂Q

∂z
(1,−1, 1)

)−→
i

+

(
∂P

∂z
(1,−1, 1)− ∂R

∂x
(1,−1, 1)

)−→
j

+

(
∂Q

∂x
(1,−1, 1)− ∂P

∂y
(1,−1, 1)

)−→
k

= (2− 2)
−→
i + (3− 0)

−→
j + (4− 0)

−→
k = 3

−→
j + 4

−→
k .

In Matlab 7.9, we shall have:
>> syms x y z
>> P=@(x,y,z)x*zˆ3;
>> Q=@(x,y,z)-2*xˆ2*y*z;
>> R=@(x,y,z) 2*y*zˆ4 ;
>> a=subs(diff(P(x,y,z),x),{x,y,z},{1,1,1}) ;
>> b=subs(diff(Q(x,y,z),y),{x,y,z},{1,1,1}) ;
>> c=subs(diff(R(x,y,z),z),{x,y,z},{1,1,1}) ;
>> div=a+b+c
div =
-9
>> u1=subs(diff(R(x,y,z),y),{x,y,z},{1,1,1}) ;
>>u2=subs(diff(Q(x,y,z),z),{x,y,z},{1,1,1}) ;
>>u=u1-u2 ;
>> v1=subs(diff(P(x,y,z),z),{x,y,z},{1,1,1}) ;
>>v2=subs(diff(R(x,y,z),x),{x,y,z},{1,1,1}) ;
>>v=v1-v2 ;
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>> w1=subs(diff(Q(x,y,z),x),{x,y,z},{1,1,1}) ;
>>w2=subs(diff(P(x,y,z),y),{x,y,z},{1,1,1}) ;
>>w =w1-w2;
>> rot=[u v w]
rot =
0 3 4
We shall also solve this problem in Mathcad 14:

and with Mathematica 8:
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and using Maple 15:

Example 4.18. Let be the vector field

−→v = sinx
−→
i − yey

2−→
j + cos 2z

−→
k .

Find:
a) div−→v ;
b) rot −→v ;
c) the scalar potential ϕ (x, y, z) of this field.
Solutions.
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a) It results that

div−→v =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
,

where

⎧

⎨

⎩

P (x, y, z) = sinx

Q (x, y, z) = yey
2

R (x, y, z) = cos 2z;

therefore

div−→v = cosx+ ey
2

+ 2yey
2 − 2 sin 2z.

b) The rotation of the vector field −→v will be

rot −→v =

(
∂R

∂y
− ∂Q

∂z

)−→
i +

(
∂P

∂z
− ∂R

∂x

)−→
j +

(
∂Q

∂x
− ∂P

∂y

)−→
k

= (0− 0)
−→
i + (0− 0)

−→
j + (0− 0)

−→
k =

−→
0 .

c) As rot −→v =
−→
0 it results that there is a scalar function ϕ (x, y, z) which

constitutes the potential of the field such that:

dϕ (x, y, z) = sinxdx+ yey
2

dy + cos 2zdz

one deduces that

⎧

⎪⎨

⎪⎩

∂ϕ
∂x = sinx
∂ϕ
∂y = yey

2

∂ϕ
∂z = cos 2z.

(4.9)

From the first equation of the relation (4.9) one obtains:

ϕ (x, y, z) = − cosx+ C (y, z) . (4.10)

Using the relation (4.10) and the second equation of the relation (4.9)
we shall have:

yey
2

=
∂C

∂y
(y, z) = C′ (y, z) ,

namely

C (y, z) =

∫

yey
2

dy + C (z) =
1

2
ey

2

+ C (z) . (4.11)

Substituting (4.11) into (4.10) one obtains:
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ϕ (x, y, z) = − cosx+
1

2
ey

2

+ C (z) . (4.12)

From (4.9) and (4.12) we shall deduce:

cos 2z =
∂C

∂z
(z) = C′ (z) ;

hence

C (z) =

∫

cos 2zdz +K =
1

2
sin 2z +K. (4.13)

Substituting (4.13) into (4.12) it results that

ϕ (x, y, z) = − cosx+
1

2
ey

2

+
1

2
sin 2z +K.

We can also solve this problem in Matlab 7.9:
>> syms x y z
>> P=sin(x);
>> Q=y*exp(yˆ2);
>> R=cos(2*z);
>> div=diff(P,x)+diff(Q,y)+diff(R,z)
div =
cos(x)+exp(yˆ2)+2*yˆ2*exp(yˆ2)-2*sin(2*z)
>> r1=diff(R,y)-diff(Q,z);
>> r2=diff(P,z)-diff(R,x);
>> r3=diff(Q,x)-diff(P,y);
>> rot=[r1 r2 r3]
rot =
[ 0, 0, 0]
>> syms K
>> phi=int(P,x)+int(Q,y)+int(R,z)+K
phi =
-cos(x)+1/2*exp(yˆ2)+1/2*sin(2*z)+K
Solving this problem with other softwares, we shall obtain in

Mathcad 14:
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and with Mathematica 8:
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and in Maple 15:
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4.3 Problems

1. Find the derivative of the function

z = 2x2 − 3y2

at the point M (1, 0) in a direction, which makes an angle of 120◦ with the
Ox -axis.

2. Find the gradient of the field

ϕ (x, y, z) = arctan
x+ y + z − xyz

1− xy − yz − xz
.

3. Which is the gradient of the field

ϕ (x, y, z) = f
(

x2 + y2 + z2
)

?

4. Compute the divergence of the vector field

−→v = xyz
−→
i + y2 (z − x)

−→
j +

z

x− y

−→
k , x 	= y

in the point M (1, 0,−1) .
Computer solution.
We shall achieve the divergence vector using Matlab 7.9:
>> syms x y z
>> P=@(x,y,z)x*y*z;
>> Q=@(x,y,z)yˆ2*(z-x);
>> R=@(x,y,z)z/(x-y);
>> a=subs(diff(P(x,y,z),x),{x,y,z},{1,0,-1});
>> b=subs(diff(Q(x,y,z),y),{x,y,z},{1,0,-1});
>> c=subs(diff(R(x,y,z),z),{x,y,z},{1,0,-1});
>> div=a+b+c
div =
1
and in Mathcad 14:
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and with Mathematica 8:

and Maple 15:

5. Derive the formulas:
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a) grad (ϕ1ϕ2) = ϕ1 grad (ϕ2) + ϕ1 grad (ϕ2)

b) rot (ϕ−→v ) = ϕ rot−→v −−→v × gradϕ

c) div (−→v 1 ×−→v 2) =
−→v 2rot

−→v 1 −−→v 1rot
−→v 2

d) rot (ϕ−→v ) = ϕ div−→v +−→v gradϕ.

6. Check if the vector field ϕ satisfy the equations:

a) rot gradϕ = 0

b) div rot ϕ = 0.

Computer solution.
b) We shall prove this relation (i.e. div rot ϕ = 0) with Matematica 8:

and using Maple 15:
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7. Let be the vector field

−→v =
(

3x2 + 2x
)−→
i − (z − 3y2

)−→
j + (y + 2z)

−→
k .

Find:

a) div−→v ;
b) rot −→v ;
c) the scalar potential ϕ (x, y, z) of this field.
8. Find the derivative of the function

z = x3 − 2x2y + xy2 + 1

at the point M (1, 2) in the direction from this point to the point N (4, 6) .
Computer solution.
We shall find this derivative in Matlab 7.9:
>> M=[1 2]; N=[4 6];s=N-M;
>> w=norm(s);u=s/w;
>> syms x y
>> z=xˆ3-2*xˆ2*y+x*yˆ2+1;
>> d1=subs(diff(z,x),{x,y},{1,2});
>> d2=subs(diff(z,y),{x,y},{1,2});
>> d=dot(u,[d1 d2])
d =
1
and with Mathcad 14:
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and using Mathematica 8:

and in Maple 15:

9. Evaluate the divergence and the rotation of the vector −→v if

−→v = −→c f (r) ,
where:

• −→c is a constant vector,

• −→r = x
−→
i + y

−→
j + z

−→
k ,

• r = ‖−→r ‖ =
√

x2 + y2 + z2.
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Computer solution.
We shall solve our problem using Mathematica 8:

and with Maple 15:
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10. Find div−→v and curl−→v for the central vector field

−→v (P ) = f (r)
−→r
r
,

−→r , r being defined at the previous problem, namely:

{ −→r = x
−→
i + y

−→
j + z

−→
k

r = ‖−→r ‖ =
√

x2 + y2 + z2.

Computer solution.
We shall compute div−→v and curl−→v in Mathematica 8:

and with Maple 15:
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5

Implicit Functions

5.1 Derivative of Implicit Functions

If the relationship between x and y is given implicitly

F (x, y) = 0, (5.1)

then, in order to find the derivative y′x = y′ in the simplest cases, it is
sufficient:

1) to calculate the derivative, with respect to x, of the left hand side of
(5.1), taking y as a function of x;

2) to equate this derivative to zero, i.e., to set

∂F

∂x
(x, y) = 0; (5.2)

3) to solve the resulting equation for y.

Definition 5.1 (see [8]). A derivative of the second order or the sec-
ond derivative of the function y = f (x) is the derivative of its derivative,
i.e.,

y′′ = (y′)′ . (5.3)

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 187–244.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2013
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Remark 5.2 (see [8]). In general, the n-th derivative of a function y =
f (x), denoted y(n) is the derivative of the derivative of order (n− 1).
Example 5.3. Compute y′ and y′′ for the implicit function y = f (x),
defined by the following equation:

xy + ln y = 0, y > 0.

Solution.
We shall derivate the equation with respect to x; therefore

y + xy′ +
y′

y
= 0, y > 0,

namely

y2 + xyy′ + y′ = 0, y > 0.

It results

y′ = − y2

xy + 1
, xy + 1 	= 0.

Hence

y′′ = −2yy′ (xy + 1)− y2 (y + xy′)

(xy + 1)
2 =

−2xy2y′ − 2yy′ + y3 + xy2y′

(xy + 1)
2

=
− (xy2 + 2y

)

y′ + y3

(xy + 1)
2 =

y3 (2xy + 3)

(xy + 1)
3 , xy + 1 	= 0.

We can check these results only using Maple 15:

Example 5.4. Compute y′, y′′, y′′′ if the function y (x) is defined implicit
by the equation:

x2 + xy + y2 = 3.



5.1 Derivative of Implicit Functions 189

Solution.
We deduce

2x+ y + xy′ + 2yy′ = 0,

i.e.

(x+ 2y) y′ = −2x− y;

hence

y′ = −2x+ y

x+ 2y
.

Further

y′′ =
(−2 + y′) (x+ 2y) + (1 + 2y′) (2x+ y)

(x+ 2y)2

=
−2x− 4y − xy′ − 2yy′ + 2x+ y + 4xy′ + 2yy′

(x+ 2y)
2 =

−3y + 3xy′

(x+ 2y)
2

= (−3) ·
y + x · 2x+y

x+2y

(x+ 2y)
2 = (−6) · x

2 + xy + y2

(x+ 2y)
3 = − 18

(x+ 2y)
3

and, finally:

y′′′ = 18 · 3 (x+ 2y)
2
(1 + 2yy′)

(x+ 2y)6
= 54 · 1− 2 · 2x+y

x+2y

(x+ 2y)4

= 54 · x+ 2y − 4x− 2y

(x+ 2y)
5 = − 162x

(x+ 2y)
5 .

We shall see the same thing using Maple 15:
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Example 5.5. Compute z′x and z′y for the implicit function z = f (x, y)
defined by:

x3 + 2y3 + z3 − 3xyz − 2y + 3 = 0.

Solution.
One finds the derivate with respect to x:

3x2 + 3z2 · z′x − 3yz − 3xy · z′x = 0 | : 3

⇐⇒ x2 − yz +
(

z2 − xy
) · z′x = 0 =⇒ z′x =

−x2 + yz

z2 − xy
, z2 − xy 	= 0.

One finds the derivative with respect to y:

6y2 + 3z2 · z′y − 3xz − 3xy · z′y − 2 = 0

⇐⇒ 3
(
z2 − xy

) · z′y + 6y2 − 3xz − 2 = 0 =⇒ z′y =
1

3
· 2− 6y2 + 3xz

z2 − xy
, z2 − xy �= 0.

We shall check these results in Maple 15:



5.1 Derivative of Implicit Functions 191

Example 5.6. Find the first and the second partial derivatives of the
implicit function z = f (x, y) defined by:

x2 + y2 + z2 − 1 = 0.

Solution.
One obtains:

2x+ 2zz′x = 0 =⇒ z′x = −x
z
, z 	= 0

and

2y + 2zz′y = 0 =⇒ z′y = −y
z
, z 	= 0.

Therefore

z′′x2 = (z′x)
′
x = −z + xz′x

z2
=

−z − x · x
z

z2
=

−z2 − x2

z3
, z 	= 0.

Taking into account that

z2 = 1− x2 − y2

we have

z′′x2 =
−1 + x2 + y2 − x2

z3
=

−1 + y2

z3
, z 	= 0.

Similarly,

z′′y2 =
(

z′y
)′
y
= −z + yz′y

z2
=

−z − y · y
z

z2
=

−z2 − y2

z3

=
−1 + x2 + y2 − y2

z3
=

−1 + x2

z3
, z 	= 0

and
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z′′xy = (z′x)
′
y =

xz′y
z2

= −xy
z3
, z 	= 0.

We shall also give a computer solution using Maple 15:

Example 5.7. Compute z′′xy (1,−2) if z (x, y) is a function defined implic-
itly by the equation:

x2 + 2y2 + 3z3 + xy − z = 0

and z (1,−2) = 1.
Solution.
We shall have:

2x+ 9z2z′x + y − z′x = 0,

i.e.

2x+ y = z′x
(

1− 9z2
)

;
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hence

z′x =
2x+ y

1− 9z2
.

Similarly,

4y + 9z2z′y + x− z′y = 0,

i.e.

z′y =
x+ 4y

1− 9z2
.

We deduce that:

z′′xy = (z′x)
′
y =

1− 9z2 + 18zz′y (2x+ y) =

(1− 9z2)
2

1− 9z2 + 18z (2x+ y) · x+4y
1−9z2

(1− 9z2)
2 ;

therefore

z′′xy =
81z4 − 18z2 + 18z (2x+ y) (x+ 4y) + 1

(1− 9z2)
3

and

z′′xy (−1, 2) = −1

8
.

We have the following computer solution with Maple 15:

5.2 Differentiation of Implicit Functions

Example 5.8. Find the expression for dz and d2z for the implicit function
z = f (x, y) defined by:

ln z = x+ y + z − 1, z > 0.



194 5. Implicit Functions

Solution.
We shall use the following formula (from the third chapter):

dz =
∂z

∂x
dx+

∂z

∂y
dy = z′xdx+ z′ydy.

After we shall derivate the given equation with respect to x we shall
have:

z′x
z

= 1 + z′x =⇒ z′x = z + zz′x =⇒ z′x = − z

z − 1
, z 	= 1.

Similarly, we shall obtain

z′y = − z

z − 1
, z 	= 1.

Hence

dz = − z

z − 1
(dx+ dy) .

It will results

z′′
x2 =

−z′x (z − 1) + zz′x
(z − 1)2

=
z′x (−z + 1 + z)

(z − 1)2
=

z′x
(z − 1)2

= − z

(z − 1)3
, z �= 1,

z′′
y2 = − z

(z − 1)3
, z �= 1,

z′′xy =
−z′y (z − 1) + zz′y

(z − 1)2
=

−z′y (z − z + 1)

(z − 1)2
=

z′y
(z − 1)2

= − z

(z − 1)3
, z �= 1;

therefore, using a relation (from chapter 3) we shall have:

d2z =
∂2f

∂x2
dx2 + 2

∂2f

∂x∂y
dxdy +

∂2f

∂y2
dy2 = z′′x2dx2 + 2z′′xydxdy + z′′y2dy2

= − z

(z − 1)
3

(

dx2 + 2dxdy + dy2
)

.

A computer solution of this example can be given in Maple 15:
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Example 5.9. Compute the first and the second differentials for the func-
tion y = f (x) and z = g (x) , defined by system:

{
x2 + y2 + 3z2 = 1
x2 + y2 − z2 = 0.

Solution.
By differentiating of our system of equations we obtain:

{
2xdx+ 2ydy + 6zdz = 0
2xdx+ 2ydy − 2zdz = 0

⇐⇒
{
2ydy + 6zdz = −2xdx
2ydy − 2zdz = −2xdx

⇐⇒
{

dz = 0 =⇒ d2z = 0
2ydy = −2xdx,

such that

dy = −x
y
dx, y 	= 0.

We shall differentiate the previous relation:

d2y =
(−ydx+ xdy) dx

y2
=

1

y2

(

−ydx− x2

y
dx

)

dx = −x
2 + y2

y3
d2x, y 	= 0.

We shall compute dy
dx andd2y

d2x
using Maple 15:
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Example 5.10. The functions u (x, y) and v (x, y) are defined implicit
functions. Find the first and the second differentials if

{
x+ y + u+ v − 1 = 0

x2 + y2 + u2 + v2 − 1 = 0.

Solution.
We have:

{
u+ v = −x− y + 1

u2 + v2 = −x2 − y2 + 1.

By differentiating one deduces:

{
du+ dv = −dx− dy

2udu+ 2vdv = −2xdx− 2ydy;

hence

dv =
(u− x) dx+ (u− y) dy

v − u
,

du = −dx− dy − dv = −dx− dy − (u− x) dx+ (u− y) dy

v − u

=
(v − x) dx+ (v − y) dy

u− v
.

We shall compute the second differentials of the functions and u (x, y)
and v (x, y); therefore

d2u =
(u− v) [(dv − dx) dx+ (dv − dy) dy]− (du− dv) [(v − x) dx+ (v − y) dy]

(u− v)2
.

We can notice

(v − x) dx+ (v − y) dy = (u− v) du.
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It results

d2u =
(u− v)

[

dv (dx+ dy)− dx2 − dy2
]− (du− dv) (u− v) du

(u− v)
2

=
(u− v)

[

dv (dx+ dy)− dx2 − dy2 − (du− dv) du
]

(u− v)
2 .

As dx+dy = −du−dv one obtains

d2u =
dv (−du− dv)− dx2 − dy2 − (du− dv) du

u− v

=
−dudv − dv2 − dx2 − dy2 − du2 + dudv

u− v
,

namely

d2u = −dx2 + dy2 + du2 + dv2

u− v
or

d2u =

(
− 2

(u − v)3

)[(
u2 − uv + v2 − vx + x2 − xu

)
dx2

+
(
v2 − vx − yv + 2xy − xu + u2 − yu

)
dxdy +

(
u2 − uv + v2 − yv + y2 − yu

)
dy2

]
.

Similarly,

d2v =
(v − u) [(du− dx) dx+ (du− dy) dy]− (dv − dv) [(u− x) dx+ (u− y) dy]

(v − u)2
.

But
(u− x) dx+ (u− y) dy = (v − u) dv,

such that

d2v =
(v − u) [(du− dx) dx+ (du− dy) dy]− (v − u) dv (dv − du)

(u− v)
2

=
du (dx+ dy)− dx2 − dy2 − (dv − du) dv

v − u

=
du (−du− dv)− dx2 − dy2 − (dv − du) dv

v − u

=
du2 − dudv − dx2 − dy2 − dv2 + dudv

v − u
=

dx2 + dy2 + du2 + dv2

u− v
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or

d2v =
2

(u − v)3

[(
u2 − uv + v2 − vx + x2 − xu

)
dx2

+
(
v2 − vx − yv + 2xy − xu + u2 − yu

)
dxdy +

(
u2 − uv + v2 − yv + y2 − yu

)
dy2

]
.

We shall show a computer solution in Maple 15:
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Example 5.11. Calculate the first and the second differentials for the
implicit function z=f (x, y), defined by:

F (x+ z, y + z) = 0. (5.4)

Solution.
We denote: {

x+ z = u
y + z = v.

By differentiating with respect to x and y we have:

∂F

∂u
· ∂u
∂x

+
∂F

∂v
· ∂v
∂x

= 0, (5.5)

∂F

∂u
· ∂u
∂y

+
∂F

∂v
· ∂v
∂y

= 0. (5.6)

As

{
∂u
∂x = 1 + ∂z

∂x
∂v
∂x = ∂z

∂x

the relation (5.5) becomes

∂F

∂u

(

1 +
∂z

∂x

)

+
∂F

∂v
· ∂z
∂x

= 0 ⇐⇒ ∂F

∂u
+
∂z

∂x

(
∂F

∂u
+
∂F

∂v

)

= 0,

therefore

∂z

∂x
=

−∂F
∂u

∂F
∂u + ∂F

∂v

= − F ′
u

F ′
u + F ′

v

.

As

{
∂u
∂y = ∂z

∂y
∂v
∂y = 1 + ∂z

∂y

the relation (5.6) becomes

∂F

∂u
· ∂z
∂y

+
∂F

∂v

(

1 +
∂z

∂y

)

= 0 ⇐⇒ ∂z

∂y

(
∂F

∂u
+
∂F

∂v

)

+
∂F

∂v
= 0,

such that

∂z

∂y
=

−∂F
∂v

∂F
∂u + ∂F

∂v

= − F ′
v

F ′
u + F ′

v

.
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Therefore

dz = − F ′
u

F ′
u + F ′

v

dx− F ′
v

F ′
u + F ′

v

dy = −F
′
udx+ F ′

vdy

F ′
u + F ′

v

.

We shall derive the relation (5.5) with respect to x:

∂

∂x

⎛

⎜
⎜
⎝

∂F

∂u
︸︷︷︸

G

· ∂u
∂x

+
∂F

∂v
︸︷︷︸

H

· ∂v
∂x

⎞

⎟
⎟
⎠

= 0;

it results that

∂F

∂u
· ∂

2u

∂x2
+
∂G

∂x
· ∂u
∂x

+
∂F

∂v
· ∂

2v

∂x2
+
∂H

∂x
· ∂v
∂x

= 0 ⇐⇒

∂F

∂u
·∂

2u

∂x2
+

(
∂G

∂u
· ∂u
∂x

+
∂G

∂v
· ∂v
∂x

)
·∂u
∂x

+
∂F

∂v
· ∂

2v

∂x2
+

(
∂H

∂u
· ∂u
∂x

+
∂H

∂v
· ∂v
∂x

)
· ∂v
∂x

= 0 ⇐⇒

∂F

∂u
· ∂

2u

∂x2
+

(
∂2F

∂u2
· ∂u

∂x
+

∂2F

∂u∂v
· ∂v

∂x

)

· ∂u
∂x

+
∂F

∂v
· ∂

2v

∂x2
+

(
∂2F

∂u∂v
· ∂u

∂x
+

∂2F

∂v2
· ∂v

∂x

)

· ∂v
∂x

= 0

⇐⇒ ∂F

∂u
·∂

2u

∂x2
+
∂2F

∂u2
·
(
∂u

∂x

)2

+2
∂2F

∂u∂v
·∂u
∂x

·∂v
∂x

+
∂F

∂v
·∂

2v

∂x2
+
∂2F

∂v2
·
(
∂v

∂x

)2

= 0.

(5.7)
As ⎧

⎨

⎩

∂2u
∂x2 = ∂2z

∂x2

∂2v
∂x2 = ∂2z

∂x2

the relation (5.7) becomes:

F ′
u · ∂

2z

∂x2
+F ′′

u2 ·
(
1 +

∂z

∂x

)2

+2F ′′
uv ·
(
1 +

∂z

∂x

)
· ∂z
∂x

+F ′
v · ∂

2z

∂x2
+F ′′

v2 ·
(
∂z

∂x

)2

= 0 ⇐⇒

(
F

′
u + F

′
v

)
· ∂

2z

∂x2
+F

′′
u2 ·

(

1 − F ′
u

F ′
u + F ′

v

)2

−2F
′′
uv ·

(

1 − F ′
u

F ′
u + F ′

v

)

· F ′
u

F ′
u + F ′

v

+F
′′
v2

·
(

− F ′
u

F ′
u + F ′

v

)2

= 0;

therefore

(
F ′
u + F ′

v

) · ∂2z

∂x2
+ F ′′

u2 ·
(

F ′
v

F ′
u + F ′

v

)2

− 2F ′′
uv · F ′

u · F ′
v

(F ′
u + F ′

v)
2
+ F ′′

v2 ·
(
− F ′

u

F ′
u + F ′

v

)2

= 0
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i.e.

(F ′
u + F ′

v) ·
∂2z

∂x2
+
F ′′
u2 · (F ′

v)
2 − 2F ′′

uvF
′
uF

′
v + F ′′

v2 · (F ′
u)

2

(F ′
u + F ′

v)
2 = 0,

such that

∂2z

∂x2
= −F

′′
u2 · (F ′

v)
2 − 2F ′′

uvF
′
uF

′
v + F ′′

v2 · (F ′
u)

2

(F ′
u + F ′

v)
3 . (5.8)

Similarly, we shall derive the relation (5.6) with respect to y:

∂

∂y

⎛

⎜
⎜
⎝

∂F

∂u
︸︷︷︸

G

· ∂u
∂y

+
∂F

∂v
︸︷︷︸

H

· ∂v
∂y

⎞

⎟
⎟
⎠

= 0;

it results that

∂F

∂u
· ∂

2u

∂y2
+
∂G

∂y
· ∂u
∂y

+
∂F

∂v
· ∂

2v

∂y2
+
∂H

∂y
· ∂v
∂y

= 0 ⇐⇒

∂F

∂u
·∂

2u

∂y2
+

(
∂G

∂u
· ∂u
∂y

+
∂G

∂v
· ∂v
∂y

)
·∂u
∂y

+
∂F

∂v
·∂

2v

∂y2
+

(
∂H

∂u
· ∂u
∂y

+
∂H

∂v
· ∂v
∂y

)
·∂v
∂y

= 0 ⇐⇒

∂F

∂u
· ∂

2u

∂y2
+
∂2F

∂u2
·
(
∂u

∂y

)2

+2
∂2F

∂u∂v
· ∂u
∂y

· ∂v
∂y

+
∂F

∂v
· ∂

2v

∂y2
+
∂2F

∂v2
·
(
∂v

∂y

)2

= 0.

(5.9)As

{
∂2u
∂y2 = ∂2z

∂y2

∂2v
∂y2 = ∂2z

∂y2

the relation (5.9) becomes:

F ′
u·
∂2z

∂y2
+F ′′

u2 ·
(
∂z

∂y

)2

+2F ′′
uv ·
(

1 +
∂z

∂y

)

·∂z
∂y

+F ′
v ·
∂2z

∂y2
+F ′′

v2 ·
(

1 +
∂z

∂y

)2

= 0

therefore

(
F ′

u + F ′
v

) · ∂2z

∂y2
+ F ′′

u2 ·
(
− F ′

v

F ′
u + F ′

v

)2

− 2F ′′
uv · F ′

u · F ′
v

(F ′
u + F ′

v)
2
+ F ′′

v2
·
(

F ′
u

F ′
u + F ′

v

)2

= 0 ⇐⇒

(
F

′
u + F

′
v

) · ∂2z

∂y2
+

F ′′
u2 · (F ′

v

)2 − 2F ′′
uvF

′
uF

′
v + F ′′

v2
· (F ′

u

)2

(F ′
u + F ′

v)
2

= 0,
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such that

∂2z

∂y2
= −F

′′
u2 · (F ′

v)
2 − 2F ′′

uvF
′
uF

′
v + F ′′

v2 · (F ′
u)

2

(F ′
u + F ′

v)
3 . (5.10)

By deriving the relation (5.5) with respect to y, we have:

∂

∂y

⎛

⎜
⎜
⎝

∂F

∂u
︸︷︷︸

G

· ∂u
∂x

+
∂F

∂v
︸︷︷︸

H

· ∂v
∂x

⎞

⎟
⎟
⎠

= 0;

one obtains

∂F

∂u
· ∂2u

∂x∂y
+
∂G

∂y
· ∂u
∂x

+
∂F

∂v
· ∂2v

∂x∂y
+
∂H

∂y
· ∂v
∂x

= 0 ⇐⇒

∂F

∂u
· ∂2u

∂x∂y
+

(
∂G

∂u
· ∂u

∂y
+

∂G

∂v
· ∂v

∂y

)
· ∂u
∂x

+
∂F

∂v
· ∂2v

∂x∂y
+

(
∂H

∂u
· ∂u

∂y
+

∂H

∂v
· ∂v

∂y

)
· ∂v
∂x

= 0 ⇐⇒

∂F

∂u
· ∂2u

∂x∂y
+
∂2F

∂u2
· ∂u
∂x

· ∂u
∂y

+
∂2F

∂u∂v
· ∂u
∂x

· ∂v
∂y

+
∂F

∂v
· ∂2v

∂x∂y
(5.11)

+
∂2F

∂u∂v
· ∂v
∂x

· ∂u
∂y

+
∂2F

∂v2
· ∂v
∂x

· ∂v
∂y

= 0.

As

{
∂2u
∂x∂y = ∂2z

∂x∂y
∂2v
∂x∂y = ∂2z

∂x∂y

the relation (5.11) becomes:

(F ′
u + F ′

v)
∂2z

∂x∂y
+ F ′′

u2

(

1 +
∂z

∂x

)

· ∂z
∂y

+ F ′′
uv

(

1 +
∂z

∂x

)(

1 +
∂z

∂y

)

+F ′′
uv

∂z

∂x

∂z

∂y
+ F ′′

v2

(

1 +
∂z

∂y

)
∂z

∂x
= 0 ⇐⇒

(
F

′
u + F

′
v

) ∂2z

∂x∂y
−F

′′
u2

(
F ′
v

F ′
u + F ′

v

)2

+F
′′
uv

F ′
uF ′

v(
F ′
u + F ′

v

)2 +F
′′
uv · F ′

uF ′
v(

F ′
u + F ′

v

)2 −F
′′
v2

(
F ′
u

F ′
u + F ′

v

)2

= 0

namely
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(F ′
u + F ′

v) ·
∂2z

∂x∂y
− F ′′

u2 (F ′
v)

2 − 2F ′′
uvF

′
uF

′
v + F ′′

v2 (F ′
u)

2

(F ′
u + F ′

v)
2 = 0;

therefore

∂2z

∂x∂y
=
F ′′
u2 (F ′

v)
2 − 2F ′′

uvF
′
uF

′
v + F ′′

v2 · (F ′
u)

2

(F ′
u + F ′

v)
3 . (5.12)

Taking into account the relations (5.8), (5.10) and (5.12) one deduces

d2z =
∂2z

∂x2
dx2 + 2

∂2z

∂x∂y
dxdy +

∂2z

∂y2
dy2

= −F
′′
u2 (F ′

v)
2 − 2F ′′

uvF
′
uF

′
v + F ′′

v2 (F ′
u)

2

(F ′
u + F ′

v)
3

(

dx2 − 2dxdy + dy2
)

.

We can prove the previous results using Maple 15:

5.3 Systems of Implicit Functions

Theorem 5.12 (see [41], p. 200). Let (a1, a2, . . . , am; b1, b2, . . . , bn) ∈E⊂
R

n+m be a solution of the system

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

F1 (x1, x2, . . . , xm; y1, y2, . . . , yn) = 0
F2 (x1, x2, . . . , xm; y1, y2, . . . , yn) = 0

...
Fn (x1, x2, . . . , xm; y1, y2, . . . , yn) = 0,

where the functions Fi :E→ R, i = 1, n perform the conditions:
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i) their first order partial derivatives are continuous on a neighborhood of
the point (a1, a2, . . . , am; b1, b2, . . . , bn);

ii) D(F1,F2,...,Fn)
D(y1,y2,...,yn)

	= 0 in the point (a1, a2, . . . , am; b1, b2, . . . , bn) .

Under these conditions there exists one and only one system of n implicit
functions, with m variables:

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

y1 = f1 (x1, x2, . . . , xm)
y2 = f2 (x1, x2, . . . , xm)

...
yn = fn (x1, x2, . . . , xm) ,

defined in some neighborhood of (a1, a2, . . . , am; b1, b2, . . . , bn) and which
satisfy the above equations, for fi :E⊂ R

m → R, i = 1, n having the partial
derivatives:

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂f1
∂xi

= −
D(F1,F2,...,Fn)

D(xi,y2,...,yn)
D(F1,F2,...,Fn)

D(y1,y2,...,yn)

...

∂fn
∂xi

= −
D(F1,F2,...,Fn)

D(y1,y2,...,yn−1,xi)
D(F1,F2,...,Fn)

D(y1,y2,...,yn)

,

Example 5.13. Compute ∂z
∂x and ∂z

∂y in the point u = 1, v = 1 if the
equations

⎧

⎨

⎩

x = u+ ln v
y = v − lnu
z = 2u+ v

define u (x, y), v (x, y), z (x, y) as some implicit functions.
Solution.
We shall denote:

⎧

⎨

⎩

F1 (x, y;u, v, z) = x− u− ln v
F2 (x, y;u, v, z) = y − v + lnu
F3 (x, y;u, v, z) = z − 2u− v.

We shall have:

⎧

⎪⎪⎨

⎪⎪⎩

∂z
∂x = −

D(F1,F2,F3)

D(u,v,x)

D(F1,F2,F3)

D(u,v,z)

∂z
∂y = −

D(F1,F2,F3)

D(u,v,y)

D(F1,F2,F3)

D(u,v,z)

.

As



5.3 Systems of Implicit Functions 205

D (F1, F2, F3)

D (u, v, z)
=

∣
∣
∣
∣
∣
∣

−1 − 1
v 0

1
u −1 0
−2 −1 1

∣
∣
∣
∣
∣
∣

= 1+
1

uv
→

u=1,v=1
2,

D (F1, F2, F3)

D (u, v, x)
=

∣
∣
∣
∣
∣
∣

−1 − 1
v 1

1
u −1 0
−2 −1 0

∣
∣
∣
∣
∣
∣

= − 1

u
− 2 →

u=1,v=1
−3,

D (F1, F2, F3)

D (u, v, y)
=

∣
∣
∣
∣
∣
∣

−1 − 1
v 0

1
u −1 1
−2 −1 0

∣
∣
∣
∣
∣
∣

= −
(

1− 2

v

)

→
u=1,v=1

1,

it results that

⎧

⎨

⎩

∂z
∂x

∣
∣
u=1,v=1

= 3
2

∂z
∂y

∣
∣
∣
u=1,v=1

= − 1
2 .

We can give a computer solution only in Maple 15:

Example 5.14. The system

{
xeu+v + 2uv = 1
yeu−v − u

1+v = 2x

define the implicit functions u (x, y) and v (x, y) such that u (1, 2) = 0 and
v (1, 2) = 0. Compute the differentials du (1, 2) and dv (1, 2).
Solution.
We shall denote:

{
F (x, y;u, v) = xeu+v + 2uv − 1
G (x, y;u, v) = yeu−v − u

1+v − 2x.
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We have:

{
du = u′xdx+ u′ydy
dv = v′xdx+ v′ydy;

therefore

{
du (1, 2) = u′x (1, 2) dx+ u′y (1, 2) dy
dv (1, 2) = v′x (1, 2) dx+ v′y (1, 2) dy,

where

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u′x = ∂u
∂x = −

D(F,G)
D(x,v)
D(F,G)
D(u,v)

u′y = ∂u
∂y = −

D(F,G)
D(y,v)
D(F,G)
D(u,v)

v′x = ∂v
∂x = −

D(F,G)
D(u,x)

D(F,G)
D(u,v)

v′y = ∂v
∂y = −

D(F,G)
D(u,y)
D(F,G)
D(u,v)

and

D (F,G)

D (u, v)
=

∣∣∣∣∣
xeu+v + 2v xeu+v + 2u

yeu−v − 1
1+v

−yeu−v + u
(1+v)2

∣∣∣∣∣
=
(
xeu+v + 2v

) (−yeu−v +
u

(1 + v)2

)
− (xeu+v + 2u

) (
yeu−v − 1

1 + v

)

D (F,G)

D (x, v)
=

∣∣∣∣∣
eu+v xeu+v + 2u
−2 −yeu−v + u

(1+v)2

∣∣∣∣∣ = eu+v

(
−yeu−v +

u

(1 + v)2

)
+ 2
(
xeu+v + 2u

)

D (F,G)

D (y, v)
=

∣
∣
∣
∣

0 xeu+v + 2u
eu−v −yeu−v + u

(1+v)2

∣
∣
∣
∣
= −eu−v

(

xeu+v + 2u
)

D (F,G)

D (u, x)
=

∣∣∣∣ xeu+v + 2v eu+v

yeu−v − 1
1+v

−2

∣∣∣∣ = −2
(
xeu+v + 2v

) − eu+v

(
yeu−v − 1

1 + v

)

D (F,G)

D (u, y)
=

∣
∣
∣
∣

xeu+v + 2v 0
yeu−v − 1

1+v eu−v

∣
∣
∣
∣
= eu−v

(

xeu+v + 2v
)

.
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Hence

⎧

⎪⎪⎨

⎪⎪⎩

u′x (1, 2) = 0
u′y (1, 2) = − 1

3

v′x (1, 2) = −1
v′y (1, 2) =

1
3

and

{
du (1, 2) = − 1

3dy
dv (1, 2) = −dx+ 1

3dy.

Solving this problem in Maple 15 we can see the same result:

Example 5.15. Compute ∂2z
∂x∂y in the point u = 2, v = 1 if the equations

⎧

⎨

⎩

x = u+ v2

y = u2 − v3

z = 2uv

define u (x, y), v (x, y), z (x, y) as some implicit functions.
Solution.
By differentiating we achieve:

⎧

⎨

⎩

dx = du+ 2vdv
dy = 2udu− 3v2dv
dz = 2vdu+ 2udv
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i.e. it results the following system, having the unknowns du, dv, dz:

⎧

⎨

⎩

du+ 2vdv = dx
2udu− 3v2dv = dy

2vdu+ 2udv − dz = 0.

The determinant of the associated system matrix is

det =

∣
∣
∣
∣
∣
∣

1 2v 0
2u −3v2 0
2v 2u −1

∣
∣
∣
∣
∣
∣

= 3v2 + 4uv.

Therefore

du =

∣
∣
∣
∣
∣
∣

dx 2v 0
dy −3v2 0
0 2u −1

∣
∣
∣
∣
∣
∣

det
=

3v2dx+ 2vdy

3v2 + 4uv
(5.13)

dv =

∣
∣
∣
∣
∣
∣

1 dx 0
2u dy 0
2v 0 −1

∣
∣
∣
∣
∣
∣

det
=

2udx− dy

3v2 + 4uv
(5.14)

dz =

∣
∣
∣
∣
∣
∣

1 2v dx
2u −3v2 dy
2v 2u 0

∣
∣
∣
∣
∣
∣

det
=

(

4u2 + 6v3
)

dx− (2u− 4v2
)

dy

3v2 + 4uv
. (5.15)

Taking into account that

⎧

⎨

⎩

du = u′xdx+ u′ydy
dv = v′xdx+ v′ydy
dz = z′xdx+ z′ydy

from (5.13), (5.14) and (5.15) it results:

u′x = 3v2

3v2+4uv =⇒ u′x (2, 1) =
3
11

u′y = 2v
3v2+4uv =⇒ u′y (2, 1) =

2
11

v′x = 2u
3v2+4uv =⇒ v′x (2, 1) =

4
11

v′y = − 1
3v2+4uv =⇒ v′y (2, 1) = − 1

11

z′x =
4u2 + 6v3

3v2 + 4uv

z′y =
−2u+ 4v2

3v2 + 4uv
.
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We shall deduce

∂2z

∂y∂x
=
(
z′x
)′
y
=

[(
8uu′

y + 18v2v′y
) (

3v2 + 4uv
) − (4u2 + 6v3

) (
6vv′y + 4u′

yv + 4uv′y
)]

(3v2 + 4uv)2

and

∂2z

∂y∂x
(2, 1) =

(
16 · 2

11 − 18 · 1
11

) · 11 − (16 + 6) · (− 6
11 + 4 · 2

11 − 4
11 · 2)

121
=

26

121
.

A computer solution will be given using Maple 15:

5.4 Functional Dependence

Definition 5.16 (see [15], p. 161). The real valued functions yk =
fk (x1, x2, . . . , xm) , k = 1, n of m variables are functionally dependent
if they satisfy a relation of the form Φ (y1, y2, . . . , yn) = 0 identically.
Proposition 5.17 (see [37], p. 172). Assuming the functions fk, k = 1, n
to be continuously differentiable, it is claimed that the functions are func-
tionally dependent if and only if the rank of their Jacobian

Jf (y1, y2, . . . , yn) =

⎛

⎜
⎜
⎝

(y1)
′
x1

(y1)
′
x2

· · · (y1)
′
xm

(y2)
′
x1

(y2)
′
x2

· · · (y2)
′
xm· · · · · · · · · · · ·

(yn)
′
x1

(yn)
′
x2

· · · (yn)′xm

⎞

⎟
⎟
⎠

is everywhere less than n.
Example 5.18. Establish the functional dependence of the functions:

⎧

⎨

⎩

y1 = x− y
y2 = x2 + y2 + 2z
y3 = −xy − z
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defined on R
3.

Solution.
As the Jacobian of our functions is

|Jf (y1, y2, y3)| =
∣
∣
∣
∣
∣
∣

(y1)
′
x (y1)

′
y (y1)

′
z

(y2)
′
x (y2)

′
y (y2)

′
z

(y3)
′
x (y3)

′
y (y3)

′
z

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 −1 0
2x 2y 2
−y −x −1

∣
∣
∣
∣
∣
∣

= 0

it results that the three functions y1, y2, y3 are functionally dependent in
R

3.
Having

∣
∣
∣
∣

−1 0
2y 2

∣
∣
∣
∣
	= 0

one deduces that

rank (Jf (y1, y2, y3)) = 2;

therefore y1 and y2 are functionally independent, while y3 is functionally
dependent by them.

One can notice that

y21 − y2 = 2y3.

We can prove this result using Matlab 7.9:
>> syms x y z
>> f=[x-y;xˆ2+yˆ2+2*z;-x*y-z];
>> t=[x y z];
>> rank(jacobian(f,t))
ans =
2
>> y1=f(1);y2=f(2);y3=f(3);
>> simplify(y1ˆ2-y2)==2*y3
ans =
1
and in Mathcad 14:
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and with Mathematica 8:

and using Maple 15:

Example 5.19. Establish the functional dependence of the functions:



212 5. Implicit Functions

⎧

⎨

⎩

f (x, y, z) = x+ y + z
g (x, y, z) = x− y + z
h (x, y, z) = 4 (xy + yz)

defined on R
3. Express h depending on f and g.

Solution.
As the Jacobian of our functions is

|Jf (f, g, h)| =
∣
∣
∣
∣
∣
∣

f ′
x f

′
y f

′
z

g′x g′y g′z
h′x h

′
y h

′
z

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 1 1
1 1 1
y 4 (x+ z) 4y

∣
∣
∣
∣
∣
∣

= 0

it results that the three functions f, g, h are functionally dependent in R
3.

Having

rank (Jf (f, g, h)) = 2

one deduces that f and g are functionally independent, while h is function-
ally dependent by them.

It is easy to check that

f2 − g2 = h.

We can check this result in Matlab 7.9:
>> syms x y z
>> f=[x+y+z;x-y+z;4*(x*y+y*z)];
>> t=[x y z];
>> rank(jacobian(f,t))
ans =
2
>> y1=f(1);y2=f(2);y3=f(3);
>>simple(y1ˆ2-y2ˆ2-y3)
ans =
0
and with Mathcad 14:
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and using Mathematica 8:

and in Maple 15:
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5.5 Extreme Value of a Function of Several Variables:
Conditional Extremum

Definition 5.20 (see [8]). (of an extreme value of a function). A function
f (x, y) has a maximum (minimum) value f (a, b) at the point P (a, b), if
for all points P ′(x, y) other than P in a sufficiently small neighborhood of
P one has the inequality f (a, b) > f (x, y) (respectively, f (a, b) < f (x, y)).
The generic term for maximum and minimum of a function is extreme.
Remark 5.21 (see [8]). In a similar way, we define the extreme value of a
function of three or more variables.
Proposition 5.22. (the necessary conditions for an extreme value, see
[8]). The points at which a differentiable function f (x, y) may attain an
extremum (so-called stationary points) are found by solving the system of
equations:

{
f ′
x (x, y) = 0
f ′
y (x, y) = 0

(5.16)

(necessary conditions for an extremum).
Proposition 5.23 (sufficient conditions for an extreme value, see [8]). Let
P (a, b) be a stationary point of the function f (x, y), namely f ′

x (a, b) =
f ′
y (a, b). One forms the discriminant:

E = f ′′
xy (a, b)

2 − f ′′
x2 (a, b) · f ′′

y2 (a, b) . (5.17)

Then:

A)if E < 0, the function has an extremum at the point P (a, b), namely:

1) a minimum, if f ′′
x2 (a, b) > 0 (or f ′′

y2 (a, b) > 0);

2) a maximum, if f ′′
x2 (a, b) < 0 (or f ′′

y2 (a, b) < 0);

B)if E > 0, then there is no extremum at P (a, b);

C)if E = 0, the question of an extremum of the function at P (a, b) remains
open (i.e., it requires a further investigation).

Remark 5.24 (see [8]). For a function of three variables, for each stationary
point P (a, b, c) of the function f (x, y, z) one forms the matrix

A =

⎛

⎜
⎝

∂2f
∂x2

∂2f
∂x∂y

∂2f
∂x∂z

∂2f
∂x∂y

∂2f
∂y2

∂2f
∂y∂z

∂2f
∂x∂z

∂2f
∂y∂z

∂2f
∂z2

⎞

⎟
⎠ . (5.18)

If
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• A is a positive definite matrix then P (a, b, c) is a mimimum point of f ;

• A is a negative definite matrix then P (a, b, c) is a maximimum point of
f ;

• A is neither positive nor negative definite matrix then P (a, b, c) is not
an extremum point;

• A=O3 then we can not make any decision to the point P (a, b, c) .

Definition 5.25 (see [23], p. 194). A symmetric matrix A = (aij)1≤i,j≤n

is called positive (negative) definite matrix if its associated quadratic
form is positive (negative) definite.
Definition 5.26 (see [23], p. 194). Let V be a real vector space.

a) The quadratic form f : V → R is called positive definite (negative
definite) if f (x) > 0 ( respectively, f (x) < 0), (∀) x ∈ V, x 	= 0;

b) The quadratic form f : V → R is called nondefinite if there are a, b ∈ V
such that f (a) > 0 and f

(

b
)

< 0.

Definition 5.27 (see [8]). The conditional extremum of a function
f (x, y) is a maximum or a minimum of this function, which is attained on
the condition that its arguments are related by the equation ϕ (x, y) = 0
(coupling equation).
Proposition 5.28 (see [8]). In order to find the conditional extremum of a
function f (x, y), given the relationship ϕ (x, y) = 0, we form the so-called
Lagrange function

F (x, y, λ) = f (x, y) + λϕ (x, y) , (5.19)

where λ is an undetermined multiplier, and we seek the ordinary extremum
of this auxiliary function.
Remark 5.29 (see [8]). The necessary conditions for the extremum are
reduced to the system of three equations

⎧

⎨

⎩

∂F
∂x ≡ ∂f

∂x + λ∂ϕ
∂x = 0,

∂F
∂y ≡ ∂f

∂y + λ∂ϕ
∂y = 0

ϕ (x, y) = 0

(5.20)

with the three unknowns x, y, λ.
The question of the existence and character of a conditional extremum

is solved on the basis of a study of the sign of the discriminant

E = F ′′
xy (a, b, λ)

2 − F ′′
x2 (a, b, λ) · F ′′

y2 (a, b, λ) (5.21)

of the Lagrange function F (x, y, λ) at a stationary point (a, b).



216 5. Implicit Functions

If the discriminant E of the function F (x, y, λ) at a stationary point is
positive, then there is at this point a conditional maximum of the function
f (x, y), if F ′′

x2 (a, b, λ) > 0 (or F ′′
y2 (a, b, λ) > 0 ), a conditional minimum, if

F ′′
x2 (a, b, λ) < 0 (or F ′′

y2 (a, b, λ) < 0).
Example 5.30. Test for an extremum the function

f (x, y) =
(

x2 + y2
)

e2x+3y, x ≥ 0, y ≥ 0.

Solution.
We shall find the first partial derivatives:

{
f ′
x = 2xe2x+3y + 2

(

x2 + y2
)

e2x+3y = 2e2x+3y
(

x+ x2 + y2
)

f ′
y = 2ye2x+3y + 3

(

x2 + y2
)

e2x+3y = e2x+3y
(

2y + 3x2 + 3y2
)

.

Then we shall form the system of equations from (5.16):

{
∂f
∂x = 0
∂f
∂y = 0

⇐⇒
{

x+ x2 + y2 = 0
2y + 3x2 + 3y2 = 0.

Solving the system and considering that x ≥ 0, y ≥ 0, we get the follow-
ing stationary point: P (0, 0).
We shall find now the second derivatives:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f ′′
x2 = 4e2x+3y

(
x+ x2 + y2

)
+ 2e2x+3y (1 + 2x)

= 2e2x+3y
(
1 + 4x+ 2x2 + 2y2

)
f ′′
y2 = 3e2x+3y

(
2y + 3x2 + 3y2

)
+ e2x+3y (2 + 6y)

= e2x+3y
(
2 + 12y + 9x2 + 9y2

)
f ′′
xy = 2e2x+3y

(
2y + 3x2 + 3y2

)
+ e2x+3y · 6x = 2e2x+3y

(
3x+ 2y + 3x2 + 3y2

)

and form the discriminant from (5.17) for our stationary point:

E = f ′′
xy (0, 0)

2 − f ′′
x2 (0, 0) · f ′′

y2 (0, 0) = −4 < 0,

where

f ′′
x2 (0, 0) = 2 > 0.

Hence, the function has a minimum which is equal to the value of the
function for x = 0, y = 0:

fmin = (0 + 0) · e0 = 1.

We can also solve this problem using Matlab 7.9:
Step 1. Find the stationary points.
>>syms x y
>>f=(xˆ2+yˆ2)*exp(2*x+3*y);
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>> u=diff(f,x);
>>v=diff(f,y);
>> [x,y]=solve(u,v,x,y)
x =
0
-4/13
y =
0
-6/13
>>a=x(1); b=y(1);
>>aa=x(2); bb=y(2);
Step 2. Form the discriminant from (5.17) for our stationary point:
function [E,q]=local(a,b,u,v);
syms x y
uv=diff(u,y)ˆ2;
uu=diff(u,x);
vv=diff(v,y);
p=subs(uv,{x,y},{a,b});
q=subs(uu,{x,y},{a,b});
r=subs(vv,{x,y},{a,b});
E=p-q*r;
end
Save the file with the name local.m then one writes in the command line:
>> [E,q]=local(a,b,u,v)
E =
-4
q =
2
Therefore, is a minimum local point, and the minimum value of the

function is 0 and one obtains from the Matlab 7.9 command:
>>subs(f,{x,y},{0,0})
ans=
0
and with Mathcad 14:
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and in Mathematica 8:

and using Maple 15:
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Example 5.31. Find extremum of the function

f (x, y) = 6− 4x− 3y,

provided the variables x and y satisfy the equation:

x2 + y2 = 1.

Solution.
Geometrically speaking, the problem reduces to finding the largest and

smallest values of the z-coordinate of the plane

z = 6− 4x− 3y

for points of its intersection with the cylinder x2 + y2 = 1.
We shall form the Lagrange function

F (x, y, λ) = 6− 4x− 3y + λ
(

x2 + y2 − 1
)

.

We can define this function in Matlab 7.9, in the file F.m:
function r=F(x,y,la)
r=6-4*x-3*y+la*(xˆ2+yˆ2-1);
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end
The necessary conditions yield the system of equations:

⎧

⎨

⎩

∂F
∂x ≡ −4 + 2λx = 0
∂F
∂y ≡ −3 + 2λy = 0

∂F
∂λ ≡ x2 + y2 − 1 = 0.

Solving this system, we shall find

{

λ1 = − 5
2 , x1 = − 4

5 , y1 = − 3
5

λ2 = 5
2 , x2 = 4

5 , y2 = 3
5 .

We can also solve this system in Matlab 7.9:
>> syms x y la
>> u=diff(F(x,y,la),x);
>> v=diff(F(x,y,la),y);
>> q=diff(F(x,y,la),la);
>> [xx,yy]=solve(u,v,x,y);
>> g=subs(q,{x,y},{xx(1),yy(1)});
>> p=solve(g,la)
p =
-5/2
5/2
>> for i=1:2
xs(i)=subs(xx,la,p(i));
end
>>xs
xs =
[ -4/5, 4/5]
>> for i=1:2
ys(i)=subs(yy,la,p(i));
end
>>ys
ys =
[ -3/5, 3/5]
Since ⎧

⎨

⎩

F ′′
x2 = 2λ
F ′′
y2 = 2λ

F ′′
xy = 0

it follows that the discriminant E of the function F (x, y, λ) at a stationary
point is

E = 0− 2λ · 2λ = −4λ2.

If λ1 = − 5
2 , x1 = − 4

5 , y1 = − 3
5 , then
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E = −25 < 0

and
F ′′
x2

(

−4

5
,−3

5
,−5

2

)

= −5 < 0,

consequently, the function has a conditional maximum at the point
(− 4

5 ,− 3
5

)

.
If λ2 = 5

2 , x2 = 4
5 , y2 = 3

5 , then

E = −25 < 0

and

F ′′
x2

(
4

5
,
3

5
,
5

2

)

= 5 > 0,

consequently, the function has a conditional minimum at the point
(
4
5 ,

3
5

)

.
Hence

{
fmax = 6− 4 · (− 4

5

)

4 · (− 4
5

)

= 11
fmin = 6− 4 · 4

5 − 3 · 3
5 = 1.

We can determine the conditional maximum and minimum of the func-
tion in Matlab 7.9:
function [A t1]=local(x1,y1,la1,u,v)
syms x y z la
t1=subs(diff(u,x),{x,y,la},{x1,y1,la1}));
t2=subs(diff(u,y),{x,y,la},{x1,y1,la1});
t3=subs(diff(v,y),{x,y,la},{x1,y1,la1});
A=t2ˆ2-t1*t3;
end
>> [A t]=local(xs(1),ys(1),p(1),u,v)
A =
-25
t =
-5
>> F(xs(1),ys(1),p(1))
ans =
11
>> [A t]=local(xs(2),ys(2),p(2),u,v)
A =
-25
t =
5
>> F(xs(2),ys(2),p(2))
ans =
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1
and in Mathcad 14:
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and using Mathematica 8:

and with Maple 15:
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Example 5.32. Find the extremum of the function

f (x, y, z) = x− 2y + 2z

provided the variables x, y and z satisfy the equation:

x2 + y2 + z2 = 1.
Solution. Step 1. Determine the stationary points, i.e. the system solu-

tions:

⎧

⎪⎪⎨

⎪⎪⎩

F ′
x (x, y, z, λ) = 0
F ′
y (x, y, z, λ) = 0
F ′
z (x, y, z, λ) = 0

F ′
λ (x, y, z, λ) = 0

where
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F (x, y, z, λ) = x− 2y + 2z + λ
(

x2 + y2 + z2 − 1
)

.

We have to solve the system

⎧
⎪⎪⎨

⎪⎪⎩

1 + 2λx = 0

−2 + 2λy = 0

2 + 2λz = 0

x2 + y2 + z2 − 1 = 0

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x = − 1
2λ

y = 1
λ

z = − 1
λ(− 1

2λ

)2 + 1
λ2 +

(− 1
λ

)2 − 1 = 0

⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ1 = − 3
2 , λ2 = 3

2

x1 = 1
3 , x2 = − 1

3

y1 = − 2
3 , y2 = 2

3

z1 = 2
3 , z2 = − 2

3 .

Therefore there are the stationary points:
(
1
3 ,− 2

3 ,
2
3

)

and
(− 1

3 ,
2
3 ,− 2

3

)

.
We can also compute them in Matlab 7.9:
function r=F(x,y,z,la)
r=x-2*y+2*z+la*(xˆ2+yˆ2+zˆ2-1);
end
>> syms x y z la
>> u=diff(F(x,y,z,la),x);
>>v=diff(F(x,y,z,la),y);
>>w=diff(F(x,y,z,la),z);
>>q=diff(F(x,y,z,la),la);
>>[xx,yy,zz]=solve(u,v,w,x,y,z);
>>g=subs(q,{x,y,z},{xx(1),yy(1),zz(1)});
>>p=solve(g,la)
p =
-3/2
3/2
>> for i=1:2
xs(i)=subs(xx,la,p(i));
end
>> xs
xs =
[ 1/3, -1/3]
>> for i=1:2
ys(i)=subs(yy,la,p(i));
end
>> ys
ys =
[ -2/3, 2/3]
>> for i=1:2
zs(i)=subs(zz,la,p(i));
end
zs =
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[ 2/3, -2/3]
Step 2. For each stationary point (a, b, c) of the function F (x, y, z, λ) we

build the matrix by the form (5.18).
We shall have

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂2F
∂x2 = 2λ
∂2F
∂y2 = 2λ
∂2F
∂z2 = 2λ
∂2F
∂x∂y = 0
∂2F
∂x∂z = 0
∂2F
∂y∂z = 0.

For the stationary point:

• (
1
3
,− 2

3
, 2
3

)
achieved for λ1 = − 3

2
it results the matrix A1 =

⎛
⎝−3 0 0

0 −3 0
0 0 −3

⎞
⎠,

which is negative definite; hence
(
1
3
,− 2

3
, 2
3

)
is a maximum point;

• (− 1
3
, 2
3
,− 2

3

)
achieved for λ2 = 3

2
it results the matrix A2 =

⎛
⎝ 3 0 0

0 3 0
0 0 3

⎞
⎠, which

is positive definite; hence
(− 1

3
, 2
3
,− 2

3

)
is a minimum point.

In Matlab 7.9 we need the following sequence:
function [A]=local(x1,y1,z1,la1,u,v,w)
syms x y z la
t11=subs(diff(u,x),{x,y,z,la},{x1,y1,z1,la1});
t12=subs(diff(u,y),{x,y,z,la},{x1,y1,z1,la1});
t13=subs(diff(u,z),{x,y,z,la},{x1,y1,z1,la1});
t22=subs(diff(v,y),{x,y,z,la},{x1,y1,z1,la1});
t23=subs(diff(v,z),{x,y,z,la},{x1,y1,z1,la1});
t33=subs(diff(w,z),{x,y,z,la},{x1,y1,z1,la1});
A=[t11 t12 t13 ;t12 t22 t23; t13 t23 t33];
end
>> [A]=local(xs(1),ys(1),zs(1),p(1),u,v,w)
A =
[-3, 0, 0]
[0, -3, 0]
[0, 0, -3]
Therefore,

(
1
3 ,− 2

3 ,
2
3

)

is a maximum point, and the maximum value of the
function F (x, y, z, λ) is 3; it can be achieved from the Matlab 7.9 command:

>> F(xs(1),ys(1),zs(1),p(1))
ans =
3
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>> [A]=local(xs(2),ys(2),zs(2),p(2),u,v,w)
A =
[3, 0, 0]
[0, 3, 0]
[0, 0, 3]
Therefore,

(− 1
3 ,

2
3 ,− 2

3

)

is a minimum point, and the minimum value of
the function F (x, y, z, λ) is -3; it can be achieved from the Matlab 7.9
command:
>> F(xs(2),ys(2),zs(2),p(2))
ans =
-3
We shall also give a computer solution using Mathcad 14:
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and in Mathematica 8:

and in Maple 15:
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5.6 Problems

1. Find the derivative y′ if

x3 + y3 − 3axy = 0, a ∈ R.

Computer solution.
We shall compute y′ in Maple 15:
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2. Find the second derivative of the function

y = ln (1− x) .

3. The equations

{

u+ v = x+ y
xu + yv = 1

define u and v as functions of x and y; find:

∂u

∂x
,
∂u

∂y
,
∂v

∂x
,
∂v

∂y
.

4. The function z of the arguments x and y is defined by the equations

⎧

⎨

⎩

x = u+ v
y = u2 + v2

z = u3 + v3
, u 	= v.

Find:

∂z

∂x
,
∂z

∂y
.

Computer solution.
Using Maple 15 we shall have:
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5. The functions u and v of the independent variables x and y are defined
implicitly by the system of equations

{

u+ v = x
u− yv = 0.

Find

du, dv, d2u, d2v.

6. Prove that the function z (x, y) defined by F (x+ z/y, y + z/x) = 0
satisfies the equation:

x
∂z

∂x
+ y

∂z

∂y
= z − xy.

Computer solution.
We shall prove that relation in Maple 15:

7. If the function f is implicitly defined by the relation f (x, y, z) = 0 show
that

∂x

∂y

∂y

∂z

∂z

∂x
= −1

Computer solution.
We shall prove this relation in Maple 15:

8. Let be D⊂ R
2, f ∈ C1 (D) and the functions z and u of the variables x

and y, implicitly defined by the system:

{
f (x− y, z + u) = 1

xyz + ln
(

x2 + y2 + z2
)

= 2.
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Compute:
∂z

∂x
,
∂z

∂y
,
∂u

∂x
,
∂u

∂y
.

Computer solution.
We shall give a computer solution in Maple 15:

9. If

z = F (r, ϕ) ,

where r and ϕ are functions of the variables x and y, defined by the system
of equations:

{
x = r cosϕ
y = r sinϕ,

find ∂z
∂x and ∂z

∂y .

10. Regarding z as a function of x and y, find ∂z
∂x and ∂z

∂y if:
⎧

⎨

⎩

x = a cosϕ cosψ
y = b sinϕ cosψ

z = sinψ.

Computer solution.
Using Maple 15 we shall find:
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11. Let z be a function of the variables x and y, defined by the equation:

2x2 + 2y2 + z2 − 8xz − z + 8 = 0.

Find dz and d2z for the values x = 2, y = 0, z = 1.

12. Study the functional dependence of the functions:

⎧

⎪⎪⎨

⎪⎪⎩

f (x, y) = ax√
x2+y2

g (x, y) = by√
x2+y2

,

defined on R
2\ {(0, 0)} .

Computer solution.
We shall solve this problem using Matlab 7.9:
>> syms x y a b
>> f=[x+y+z;x-y+z;4*(x*y+y*z)];
>> t=[x y];
>> rank(jacobian(f,t))
ans =
1
>> y1=f(1);y2=f(2);
>> simplify((y1/a)ˆ2+(y2/b)ˆ2)
ans =
1
and in Mathcad 14:



234 5. Implicit Functions

and with Mathematica 8:

and in Maple 15:
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13. Test for an extremum the function

y = x3 + 3xy2 − 15x− 12y.

14. Test for an extremum the implicitly represented function y = f (x) ,
defined by:

x3 + y3 − 3x2y − 3 = 0.

Computer solution.
Using Maple 15, we shall have:
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We can deduce:

• y” (0) = 2
3√3

> 0, hence

x = 0

is a minimum point;

• y” (−2) = − 2
3 < 0, hence

x = −2

is a maximum point.

15. Test for an extremum the implicitly represented function:

x3 − y2 − 3x+ 4y + z2 + z − 8 = 0.

16. Find the extrema of the following implicitly represented function:

x2 + y2 + z2 − 2x+ 4y − 6z − 11 = 0.

17. Determine the conditional extrema of the following function:



5.6 Problems 237

{
z = xy

x+ y = 1.

Computer soluttion.
We shall achieve in Matlab 7.9:
function r = F(x,y,la)
r=x*y+la*(x+y-1);
end
>> syms x y la
>> u=diff(F(x,y,la),x);
>> v=diff(F(x,y,la),y);
>> q=diff(F(x,y,la),la);
>> [xx yy]=solve(u,v,x,y);
>> g=subs(q,{x,y},{xx,yy});
>> p=solve(g,la)
p =
-1/2
>> xs=subs(xx,la,p);
>> ys=subs(yy,la,p);
function [A t1] = local(x1,y1,la1,u,v)
syms x y la
t1=subs(diff(u,x),{x,y,la},{x1,y1,la1});
t2=subs(diff(u,y),{x,y,la},{x1,y1,la1});
t3=subs(diff(v,y),{x,y,la},{x1,y1,la1});
A=t2ˆ2-t1*t3;
end
>> [A,t]=local(xs,ys,p,u,v)
A =
1
t =
0
and with Mathcad 14:
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and using Mathematica 8:
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and in Maple 15:
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Hence there is no extremum at P (12 ;
1
2 )

18. Does the function z = x2 + y2 have any conditional extemum for

x

2
+
y

3
= 1?

19. Check if the function

u = x2 + y2 + z2

has a conditional extremum, provided

2x+ 3y − z = 1.

Computer solution.
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We shall build a computer solution using Matlab 7.9:
function r = F(x,y,z,la)
r=xˆ2+yˆ2+zˆ2+la*(2*x+3*y-z-1);
end
>> syms x y z la
>> u=diff(F(x,y,z,la),x);
>> v=diff(F(x,y,z,la),y);
>> w=diff(F(x,y,z,la),z);
>> q=diff(F(x,y,z,la),la);
>> [xx yy zz]=solve(u,v,w,x,y,z);
>> g=subs(q,{x,y,z},{xx,yy,zz}) ;
>> p=solve(g,la)
p =
-1/7
>> xs=subs(xx,la,p);
>> ys=subs(yy,la,p);
>> zs=subs(zz,la,p);
function [A] = local(x1,y1,z1,la1,u,v,w)
syms x y z la
t11=subs(diff(u,x),{x,y,z,la},{x1,y1,z1,la1});
t12=subs(diff(u,y),{x,y,z,la},{x1,y1,z1,la1});
t13=subs(diff(u,z),{x,y,z,la},{x1,y1,z1,la1});
t22=subs(diff(v,y),{x,y,z,la},{x1,y1,z1,la1});
t23=subs(diff(v,z),{x,y,z,la},{x1,y1,z1,la1});
t33=subs(diff(w,z),{x,y,z,la},{x1,y1,z1,la1});
A=[t11 t12 t13;t12 t22 t23;t13 t23 t33];
end
>> A=local(xs,ys,zs,p,u,v,w)
A =
2 0 0
0 2 0
0 0 2
>> F(xs,ys,zs,p)
ans =
1/14

and in Mathcad 14:
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and in Mathematica 8:
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and with Maple 15:



244 5. Implicit Functions

Therefore,
(
1

7
,
3

14
,− 1

14

)

is a minimum point, and the minimum value of the function F (x, y, z, λ)
is 1

14 .

20. Find the conditional extrema for the function:

u = xy2z3

provided

x+ y + z = 12, x > 0, y > 0, z > 0.
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Terminology about Integral Calculus

6.1 Indefinite Integrals

6.1.1 Integrals of Rational Functions

Integration of a rational function reduces to integration of the rational
fractions

P (x)

Q (x)
, (6.1)

where P (x) and Q (x) are polynomials and the degree of the numerator is
lower than that of the denominator.
In order to achieve a rational fractions by the form (6.1) we need to use

the partial fraction expansion techniques. There are two methods of partial
fraction expansions:

A)the method through which the coefficients from the partial fraction ex-
pansion may be determined by setting (in (6.1) or an equivalent equa-
tion) x equal to suitably chosen numbers;

B)the method of undetermined coefficients, which implies one of the fol-
lowing cases (see [59], p. 130):

Case I. If the rational function can be written as a sum of a nonrepetead
linear factors, i.e. if it has simple distinct roots, then

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 245–316.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2013
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P (x)

Q (x)
=

n∑

k=1

Ak

x+ xk
(6.2)

where

Ak =

(
(x+ xk)P (x)

Q (x)

)

x=−xk

. (6.3)

Case II. If the rational function can be written as a sum of a repetead
linear factors (x+ xk)

t
, then there corresponds the partial fractions

P (x)

Q (x)
=

A1

x+ xk
+

A2

(x+ xk)
2 + · · ·+ Am

(x+ xk)
m , (6.4)

where the coefficient Am can be determined by the formula

Am =

(
(x+ xk)

m P (x)

Q (x)

)

x=−xk

. (6.5)

Case III. In the case of an unrepeated irreducible second degree polyno-
mial, i.e. when the denominator has complex roots, we set up fractions of
the form

Ax+B

x2 + ax+ b
or

Ax+B

(x+ p)2 + q2
. (6.6)

In this case, the best way to find the coefficients is to equate the coeffi-
cients of different powers of x.
Case IV. For repeated irreducible second degree factors, we have fractions
of the form

P (x)

Q (x)
=

A1x+ B1

x2 + ax+ b
+

A2x+B2

(x2 + ax+ b)
2 + · · ·+ Arx+Br

(x2 + ax+ b)
r . (6.7)

Again, the best way to find the coefficients is to equate the coefficients
of different powers of x.
Example 6.1. Find the integrals in the following problems:

a)

∫
dx

x2 + 4x+ 29

b)

∫
x

x4 + 0.25
dx

c)

∫
x

x4 + x2 + 1
dx
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d) I =

∫
x2

(x+ 2)
2
(x+ 4)

2 dx

e) I1 =

∫ (
x+ 2

x− 2

)2

· 1
x
dx

f)

∫
x2

(1 + x2)
3 dx.

Solutions.
a) One can write

∫
dx

x2 + 4x+ 29
=

∫
dx

(x+ 2)
2
+ 52

=
1

5
arctan

x+ 2

5
+ C.

We can also compute this integral using Matlab 7.9:
>> syms x
>> int(1/(xˆ2+4*x+29))
ans =
1/5*atan(1/5*x+2/5)

and in Mathcad 14:

and with Mathematica 8:

and in Maple 15:
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b) We shall have

∫
x

x4 + 0.25
dx =

∫
x

x4 + 1
4

dx =

∫
4x

4x4 + 1
dx =

∫ (
arctan 2x2

)′
dx = arctan 2x2 + C.

c) Here we use the substitution

x2 = t

from which we compute

2xdx = dt.

Making this substitution then gives

∫
x

x4 + x2 + 1
dx =

1

2

∫
dt

t2 + t+ 1
=

1

2

∫
dt

(

t+ 1
2

)2
+ 3

4

=
1

2
· 2√

3
arctan

t+ 1
2√

3
2

+ C =
1√
3
arctan

2t+ 1√
3

+ C

=
1√
3
arctan

2x2 + 1√
3

+ C.

d) We shall use the idea of partial fraction expansion which consists to
take a proper rational function and express it as the sum of simpler rational
functions.
Our expansion takes the form

x2

(x+ 2)
2
(x+ 4)

2 =
A

x+ 2
+

B

(x+ 2)
2 +

C

x+ 4
+

D

(x+ 4)
2 ,

such that

A (x+ 2) (x+ 4)2 +B (x+ 4)2 + C (x+ 2)2 (x+ 4) +D (x+ 2)2 = x2,
(6.8)

where A,B,C,D are constants which are yet to be determined.
Making x = −2, x = −4, x = 0, x = −1 in (6.8) one obtains:

x = −2 =⇒ 4B = 4 =⇒ B = 1

x = −4 =⇒ 4D = 16 =⇒ D = 4

x = 0 =⇒ 32A+ 16B + 16C + 4D = 0 =⇒ 2A+ C = −2
x = −1 =⇒ 9A+ 9B + 3C +D = 1 =⇒ 3A+ C = −4

}
=⇒ A = −2, C = 2.
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It results

I = (−2)

∫
2

x+ 2
dx+

∫
1

(x+ 2)2
dx+ 2

∫
1

x+ 4
dx+ 4

∫
1

(x+ 4)2
dx

= −2 ln |x+ 2| − 1

x+ 2
+ 2 ln |x+ 4| − 4

x+ 4
+ C

= ln

(
x+ 4

x+ 2

)2

− 1

x+ 2
− 4

x+ 4
+ C

= ln

(
x+ 4

x+ 2

)2

− 5x+ 12

(x+ 2) (x+ 4)
+ C.

e) One can notice that:

I1 =

∫ (
x+ 2

x− 2

)2

· 1
x
dx =

∫
x2 + 4x+ 4

x (x2 − 2x+ 1)
dx

=

∫
x2 − 2x+ 1

x (x2 − 2x+ 1)
dx+

∫
6x+ 3

x (x2 − 2x+ 1)
dx,

namely

I1 =

∫
1

x
dx+ 3

∫
2x+ 1

x (x− 1)
2 dx.

Using the method of partial fraction expansion we can write

2x+ 1

x (x− 1)2
=
A

x
+

B

x− 1
+

C

(x− 1)2
;

therefore

A (x− 1)
2
+Bx (x− 1) + Cx = 2x+ 1. (6.9)

Making x = 1, x = 0, x = 2 in (6.9) we shall obtain:

x = 1 =⇒ C = 3

x = 0 =⇒ A = 1

x = 2 =⇒ A+ 2B + 2C = 5 =⇒ B =
5− 2C −A

2
= −2

2
= −1.

Therefore
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I1 = ln |x|+ 3

∫
1

x
dx− 3

∫
1

x− 1
dx+ 3

∫
3

(x− 1)2
dx

= ln |x|+ 3 ln |x| − 3 ln |x− 1| − 9

x− 1
+ C;

finally, one obtains

I1 = ln
x4

|x− 1|3 − 9

x− 1
+ C.

f) One can notice that:

∫
x2

(1 + x2)3
dx = −1

4

∫
x

(
1

(1 + x2)2

)′
dx = −1

4
x · 1

(1 + x2)2
+

1

4

∫
1

(1 + x2)2
dx

= −1

4
· x

(1 + x2)2
+

1

4

∫
x2 + 1− x2

(1 + x2)2
dx

= −1

4
· x

(1 + x2)2
+

1

4

∫
1

1 + x2
dx− 1

4

∫
x2

(1 + x2)2
dx

= −1

4
· x

(1 + x2)2
+

1

4
arctan x+

1

8

∫
x

(
1

1 + x2

)′
dx

= −1

4
· x

(1 + x2)2
+

1

4
arctan x+

1

8
· x

1 + x2
− 1

8

∫
1

1 + x2
dx.

Finally, one obtains

∫
x2

(1 + x2)
3 dx = −1

4
· x

(1 + x2)
2 +

1

8
arctanx+

1

8
· x

1 + x2
+ C

We shall have in Matlab 7.9:
>>syms x
>> int(xˆ2/((xˆ2+1)ˆ3))

ans =
-1/4*x/(xˆ2+1)ˆ2+1/8*x/(xˆ2+1)+1/8*atan(x)
and in Mathematica 8:

and with Maple 15:
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We can not obtain the same result using Mathcad 14.

6.1.2 Reducible Integrals to Integrals of Rational
Functions

6.1.2.1 Integrating Trigonometric Functions

We shall analyse the following cases (see [38, p. 12]):
Case 1. When the integrand is of the form

R (sinx, cos x) (6.10)

one uses the substitution

tan
x

2
= t =⇒ x = 2 arctan t, (6.11)

which implies

dx =
2

1 + t2
dt. (6.12)

In this case we have to use the formulas

⎧

⎨

⎩

sinx =
2 tan x

2

1+tan2 x
2

cosx =
1−tan2 x

2

1+tan2 x
2
.

(6.13)

Case 2. When the integrand is of the form

R (− sinx, cos x) = −R (sinx, cos x) (6.14)

one uses the substitution

cosx = t, (6.15)

which implies

− sinxdx = dt. (6.16)

Case 3. When the integrand is of the form

R (sinx,− cosx) = −R (sinx, cos x) (6.17)
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one uses the substitution
sinx = t, (6.18)

which implies

cosxdx = dt. (6.19)

Case 4. When the integrand is of the form

R (− sinx,− cosx) = R (sinx, cos x) (6.20)

one uses the substitution

tanx = t =⇒ x = arctan t, (6.21)

which implies

dx =
1

1 + t2
dt. (6.22)

In this case we have to use the formulas

{

sin2x = tan2 x
1+tan2 x

cos2x = 1
1+tan2 x .

(6.23)

6.1.2.2 Integrating Certain Irrational Functions

Case 1. When the integrand is a function of k + 1 variables, having the
form

P

(
x,

(
ax+ b

cx+ d

) p1
q1

,

(
ax+ b

cx+ d

) p2
q2

, . . . ,

(
ax+ b

cx+ d

) pk
qk

)
, pi, qi ∈ N, i = 1, k, k ∈ N

(6.24)

one uses the substitution (see [8])

ax+ b

cx+ d
= tn, n = least common multiple (q1, q2, . . . , qk) . (6.25)

Case 2. We have a binomial integral of the form

∫

xm (axn + b)
p
dx, a, b 	= 0, m, n, p ∈ Q. (6.26)

The integrals here spoken of can be reduced to integrals of rational func-
tions in the following three situations (see [38], p. 16):

a) When in the integrand we have p ∈ Z, one uses the substitution
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x = ts , (6.27)

where s is the common denominator of m and n.
Choosing this substitution implies

dx = sts−1 dt. (6.28)

b) It is the case when we have

{
p /∈ Z

m+1
n ∈ Z;

(6.29)

one uses the substitution

axn + b = ts , (6.30)

where s is the denominator of p.

c) When we have

⎧

⎨

⎩

p /∈ Z
m+1
n /∈ Z

m+1
n + p ∈ Z

(6.31)

one makes the substitution

a+ bx−n = ts , (6.32)

where s is the denominator of p.
Case 3. When there is an integral of the form

∫

R
(

x,
√

ax2 + bx+ c
)

dx , (6.33)

where R is a rational function we can to apply the following two methods
of computing (see [44], p. 570 and [42], p. 36):

1) Depending on the values of coefficients a, b and c may use different sub-
stitutions that transform the function R in a rational function of a new
variable z:

a) if a and ax2 + bx + c are positive and b2 − 4ac 	= 0, one makes the
substitution

√

ax2 + bx+ c = x
√
a+ z;

b) if c is not negative, one makes the substitution
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√

ax2 + bx+ c = xz +
√
c; (6.35)

c) if a is negative and the equation ax2 + bx + c = 0 has the real and
distinct roots x1 and x2, one makes the substitution

√

ax2 + bx+ c = z (x− x1) . (6.36)

2) Transforming the quadratic ax2 + bx + c into a sum or difference of
squares, the integral becomes reducible to one of the types of integrals:

a)

∫

R
(

z,
√

m2 − z2
)

dz, (6.37)

b)

∫

R
(

z,
√

m2 + z2
)

dz, (6.38)

c)

∫

R
(

z,
√

z2 −m2
)

dz, (6.39)

which are evaluated using the substitutions:

a) z = m sin t, (6.40)

b) z = m tan t, (6.41)

c) z =
m

cos t
. (6.42)

Example 6.2. Compute the following integrals by reducing them to inte-
grals of rational functions:

a) I =

∫
ex/2

ex/6
(

ex/3 + 1
)dx

b)

∫
1

sin3 x
dx

c)

∫
cos5x

sin4 x
dx

d)

∫ √
x+ 1

1 +
√
x+ 1

dx, x ∈ (−1,∞)
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e)

∫

x5 · 3

√

(1 + x3)2dx

f)

∫
3
√

1 + 4
√
x√

x
dx, x ∈ (0,∞) .

Solutions.
a) One can notice that

I =

∫
ex/2

ex/6
(

ex/3 + 1
)dx =

∫
ex/2

ex/6 · ex/3 (1 + e−x/3
)dx =

∫
dx

1 + e−x/3
.

Therefore, we substitute

e−x/3 = y, y > 0,

which implies

−1

3
e−x/3dx = dy =⇒ dx = −3x/3dy;

therefore

dx = −3

y
dy.

Making this substitution gives

I = −3

∫
dy

y (1 + y)
.

Using the method of partial fraction expansion we can write

1

y (1 + y)
=

A

y
+

B

y + 1
⇐⇒ A (y + 1) +By = 1

⇐⇒ (A+B) y +A = 1 =⇒
{

A = 1
A+B = 0 =⇒ B = −A− 1.

Therefore

I = (−3) ·
(∫

dy

y
−
∫

dy

y + 1

)
= −3 ln y + 3 ln (y + 1) + C = 3 ln

y + 1

y
+ C

= 3 ln
e−x/3 + 1

e−x/3
+ C = 3 ln

(
1 + ex/3

)
+ C.
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We can use the following Matlab 7.9 sequence to calculate the integral:
>>syms x
>> int(exp(x/2)/(exp(x/6)*(exp(x/3)+1)))

ans =
3*log(exp(1/3*x)+1)

and the Mathcad 14:

and the Mathematica 8:

and the Maple 15:

b) It is an integral involving trigonometric functions. We are in the
Case 1 with the integral from the point b). Therefore, one chooses the
substitution

tan
x

2
= z =⇒ x = 2 arctan z,

which implies

dx =
2

1 + z2
dz.

We shall obtain
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sinx =
2 tan x

2

1 + tan2 x
2

=
2z

1 + z2
.

Choosing this substitution gives

∫
1

sin3 x
dx =

∫ (
1 + z2

)3

8z3
· 2

1 + z2
dz =

1

4

∫
1 + 2z2 + z4

z3
dz

=
1

4

∫
z−3dz +

1

2

∫
z−1dz +

1

4

∫
zdz =

1

4
· z−3+1

−3 + 1
+

1

2
ln |z| + 1

4
· z2

2
+ C

= − 1

8
z−2 +

1

2
ln |z| + 1

8
z2 + C

=

(
− 1

8

)
· 1

tan2 x
2

+
1

2
ln

∣
∣∣tan

x

2

∣
∣∣ +

1

8
tan2 x

2
+ C

=
1

8

(
tan2 x

2
− 1

tan2 x
2

)
+ ln

(
tan2 x

2

)
+ C.

c) It is also an integral which involves trigonometric functions. We are
in the Case 3.
One uses the substitution

sinx = t,

which implies

cosxdx = dt.

Choosing this substitution makes that

∫
cos5x

sin4 x
dx =

∫ (

1− sin2x
)2 · cosx

sin4 x
dx =

∫ (

1− t2
)2

t4
dt

=

∫
dt

t4
−
∫

2t2

t4
dt+

∫
t4

t4
dt = − 1

3t3
+

2

t
+ t+ C

= − 1

3 sin3 x
+

2

sinx
+ sinx+ C.

d) It is an integral which involves irrational functions.
For the integral from d) we have:

{

a = 1, b = 1, c = 0, d = 1
n = 2.

One chooses the substitution

√
x+ 1 = t =⇒ x+ 1 = t2,
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which implies

dx = 2tdt.

Making this substitution gives

∫ √
x+ 1

1 +
√
x+ 1

dx =

∫
t

1 + t
· 2tdt =

∫
2tdt−

∫
2t

1 + t
dt = 2 · t

2

2
− 2

∫
t+ 1− 1

1 + t
dt

= t2 − 2

∫
dt+ 2

∫
dt

1 + t
= t2 − 2t+ 2 ln |t+ 1|

= x+ 1− 2
√
x+ 1 + 2 ln

∣∣√x+ 1 + 1
∣∣+ C.

e) We have a binomial integral.
We are in the Case 2 with integral from e) because

p =
2

3
/∈ Z

m = 5, n = 3,
m+ 1

n
= 2 ∈ Z.

One uses the substitution

x3 + 1 = t3 =⇒ x =
3
√

t3 − 1,

which implies

dx =
t2

(t3 − 1)
2/3

dt.

We shall deduce that
∫

x5
3

√

(1 + x3)
2
dx =

∫
(

t3 − 1
)5/3 · t2 · t2

(t3 − 1)
2/3

dt =

∫

t4
(

t3 − 1
)

dt

=

∫

t7dt−
∫

t4dt =
t8

8
− t5

5
+ C

=
1

8

(

x3 + 1
)8/3 − 1

5

(

x3 + 1
)5/3

+ C

=
(

x3 + 1
)5/3 · 5x

3 − 3

40
+ C

=
1

40

(

x3 + 1
)2/3 · (x3 + 1

) · (5x3 − 3
)

+ C,

namely

∫

x5
3

√

(1 + x3)
2
dx =

1

40

(

x3 + 1
)2/3 · (5x6 + 2x3 − 3

)

+ C.
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We shall solves the integral using Matlab 7.9:
>>int(xˆ5*((1+xˆ3)ˆ(2/3)),x)
ans =
1/40*(-3+2*xˆ3+5*xˆ6)*(1+xˆ3)ˆ(2/3)
and Mathcad 14:

and Mathematica 8:

and Maple 15:

f) We can notice that

∫
3
√

1 + 4
√
x√

x
dx =

∫

x−1/2
(

1 + x1/4
)1/3

dx.

Therefore, one chooses the substitution (we are in the third case of the
binomial integral)

x1/4 + 1 = t3 =⇒ x =
(

t3 − 1
)4
,

which implies

dx = 4 · 3t2 (t3 − 1
)3

dt.

Making this substitution gives

∫ (
t3 − 1

)−2
t · 12t2 (t3 − 1

)3
dt = 12

∫
t3
(
t3 − 1

)
dt = 12

(∫
t6dt−

∫
t3dt

)

= 12

(
t7

7
− t4

4

)
+ C.
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Finally, one obtains

∫
3
√

1 + 4
√
x√

x
dx =

12

7

(

1 + 4
√
x
)7/3 − 3

(

1 + 4
√
x
)4/3

+ C.

We shall check this result in Matlab 7.9:
>> int(((1+xˆ(1/4))ˆ(1/3))/(xˆ0.5),x)
ans =
12/7*(1+xˆ(1/4))ˆ(7/3)-3*(1+xˆ(1/4))ˆ(4/3)
and in Mathcad 14:

and Mathematica 8:

and Maple 15:

6.2 Some Applications of the Definite Integrals in
Geometry and Physics

6.2.1 The Area under a Curve

The definite integral represents the area under the curve y = f (x) from to
x = a to x = b. There are several situations (see the Figure 6.1-6.4, [11]):
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Case 1. Curves which are entirely above the Ox-axis.

a  b  

( )xf  

x  

y  

Fig. 6.1

In this case, we find the area by simply finding the integral:

Area =

∫ b

a

f (x) dx. (6.43)

Case 2. Curves which are entirely below the Ox-axis.

Fig. 6.2

In this case, the integral gives a negative number. We need to take the
absolute value of this to find our area:

Area =

∣
∣
∣
∣
∣

∫ b

a

f (x) dx

∣
∣
∣
∣
∣
. (6.44)

Case 3. Part of the curve is below the Ox-axis and part of the curve is
above the Ox-axis.
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Fig. 6.3

In this case, we have to sum the individual parts, taking the absolute
value for the section where the curve is below the Ox-axis (from x = a to
x = c):

Area =

∣
∣
∣
∣

∫ c

a

f (x) dx

∣
∣
∣
∣
+

∫ b

c

f (x) dx. (6.45)

Case 4. Certain curves are much easier to sum vertically.

Fig. 6.4

If we are given y = f(x), then we need to re-express this as x = f(y). In
this case we have:

Area =

∫ d

c

f (y) dy. (6.46)

If the curve is defined by equations in parametric form: x = x (t) , y =
y (t) , t ∈ [a, b], the area under the curve y = f (x) from to x = a to x = b
is given by the integral:

Area =

∫ b

a

y (t) · x′ (t) dt. (6.47)
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For a plane curve given in polar coordinates: ρ = ρ (θ), θ ∈ [a, b] ,the area
is:

Area =
1

2

∫ b

a

ρ (θ)
2
dθ. (6.48)

Example 6.3. Compute the area of an ellipse of semi-axes a and b.
Solution.
One knows that an ellipse is the set

Γ =

{

(x, y) ∈ R
2|y = ± b

a

√

a2 − x2, x ∈ [−a, a]
}

and one can be represented like in the Figure 6.5.

 

 

1Α  
b  

y  

a  x  

Fig. 6.5

One deduces that

A1 =
1

4
·Area (Γ ) = b

a

∫ a

0

√

a2 − x2dx.

One makes the substitution

x = a cos θ,

which implies

dx = −a sin θ dθ.

Using this substitution gives

A1 = ab

∫ π/2

0

sin2 θdθ = ab · π
4
.

Therefore, one deduces that the area of the ellipse of semi-axes a and b
is:

A=4A1 = πab.

We can easier to compute this area in Matlab 7.9:
>>symx x a b
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>> area=4*simple(int(b/a*sqrt(aˆ2-xˆ2),x,0,a))
area =
b*a*pi
and using Mathematica 8:

We can not achieve this result in the case when we shall use Mathcad 14
and Maple 15.
Example 6.4. Find the area between the parabola y = 4x − x2 and the
Ox- axis.
Solution.

0  2  

4  

4  x  

y  

Area  

Fig. 6.6

One deduces that

Area =

∫ 4

0

(

4x− x2
)

dx = 4 · x
2

2

∣
∣
∣
∣

4

0

− x3

3

∣
∣
∣
∣

4

0

=
32

3
.

We can prove that using Matlab 7.9:
>>syms x
>>Area=int(4*x-xˆ2,x,0,4)
Area=
32/2
and Mathcad 14:
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and Mathematica 8:

and Maple 15:

6.2.2 The Area between by Two Curves

We need the following steps to compute the area bounded by the two curves
f (x) and g (x), which one intersects in the two points (x1, y1) and (x2, y2)
(see the Figure 6.7 , [44], p. 557):

1x  2x  

( )xg  

( )xf  

Area  

Fig. 6.7

Step 1. Graph both functions in your calculator or on graph paper to
see what the area looks like.
Step 2. Find the intersection of the two functions to find the limits of

integration.
Step 3. Compute the area bounded by the two curves using the formula
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∫ x2

x1

|f (x)− g (x)| dx. (6.49)

Example 6.5. Compute the area bounded by the two curves: y = lnx,
y = ln2 x.
Solution.
We shall obtain:

Area =

∫ e

1

(

lnx− ln2 x
)

dx =

∫ e

1

lnx dx

︸ ︷︷ ︸

I1

−
∫ e

1

ln2 x dx

︸ ︷︷ ︸

I2

= I1 − I2,

where

I1 =

∫ e

1

lnx dx =

∫ e

1

x′ · lnx dx = x lnx|e1 −
∫ e

1

x · 1
x
dx = e- x|e1 = 1,

and

I2 =

∫ e

1
ln2 x dx =

∫ e

1
x′ · ln2 x dx = x ln2 x

∣∣e
1
− 2

∫ e

1
x · 1

x
· lnx dx = e-2I1 = e-2;

hence

Area = 1− e+2 = 3− e.

In Matlab 7.9 one obtains:
>> x=0.1:0.01:20;
>> f=@(x) log(x);
>> g=@(x) log(x)ˆ2;
>> plot(x,f(x),’m’,x,g(x),’b’,’LineWidth’,3)

Fig. 6.8
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>> syms y
>> u=solve(log(y)-log(y)ˆ2,y)
u =
1
exp(1)
>> A=eval(int(f(y)-g(y),y,u(1),u(2)))
A =
0.2817
We can also give a computer solution using Mathcad 14:

and with Mathematica 8:
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and using Maple 15:
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6.2.3 Arc Length of a Curve

We can have the following situations (see [8] and [42], p. 43):
Case 1. The arc length L of a curve y = f (x), contained between two
points with abscissae x = a and x = b is

L =

∫ b

a

√

1 + f ′2 (x)dx, f : [a, b] → R. (6.50)

Case 2. For a curve in plane, given in the parametric form

{

x = x (t)
y = y (t)

, t ∈ [a, b] , (6.51)

the arc length of the curve is

L =

∫ b

a

√

x′2 (t) + y′2 (t)dt. (6.52)

Case 3. For a plane curve given in polar coordinates: ρ = ρ (θ), θ ∈ [a, b],
the arc length of the curve is:

L =

∫ b

a

√

ρ (θ) + ρ′2 (θ)dθ. (6.53)

Case 4. For a curve in space, given in the parametric form

⎧

⎨

⎩

x = x (t)
y = y (t)
z = z (t)

, t ∈ [a, b] , (6.54)

the arc length of the curve is

L =

∫ b

a

√

x′2 (t) + y′2 (t) + z′2 (t)dt. (6.55)

Example 6.6. Compute the arc length of the curve:

a) y = ln sinx, x ∈
[π

3
,
π

2

]

b) ρ = sin3 θ, θ ∈
[

0,
π

2

]

c)

⎧

⎨

⎩

x = 3 cos t
y = 3 sin t
z = 4t

, t ∈
[

0,
π

2

]

.

Solutions.
a) Using the formula (6.50) it results that
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L =

∫ π/2

π/3

√
1 +

(
∂

∂x
(ln (sinx))

)2

dx =

∫ π/2

π/3

√
1 +
( cos x
sinx

)2
dx =

∫ π/2

π/3

dx

sinx
.

Choosing the substitution

tan
x

2
= z,

which implies

dx =
2

1 + z2
dz.

Since

sinx =
2z

1 + z2
,

this substitution gives

L =

∫ 1

1/
√
3

2

1 + z2
· 1 + z2

2z
dz =

∫ 1

1/
√
3

1

z
dz = ln z|11√

3

= ln
√
3 =

ln 3

2
.

We can also compute the arc length in Matlab 7.9:
>> simplify(int(sqrt(1+diff(log(sin(x)))ˆ2),pi/3,pi/2))
ans =
1/2*log(3)
and in Mathcad 14:

and in Mathematica 8:
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and with Maple 15:

b) With (6.53) one obtains

L =

∫ π/2

0

√
sin6

θ

3
+

(
3

3
sin2

θ

3
cos

θ

3

)2

dθ =

∫ π/2

0

√
sin6

θ

3
+ sin4

θ

3
cos2

θ

3
dθ,

namely

L =

∫ π/2

0

sin2
θ

3
dθ = −3

∫ π/2

0

sin
θ

3

(

cos
θ

3

)′
dθ =

− 3 sin
θ

3
cos

θ

3

∣
∣
∣
∣

π/2

0

+ 3 · 1
3

∫ π/2

0

cos2
θ

3
dθ;

therefore

L = −3 sin
π

6
cos

π

6
+

∫ π/2

0

dθ −
∫ π/2

0

sin2
θ

3
dθ = (−3) · 1

2
·
√
3

2
+
π

2
− L.

One deduces

2L = (−3) ·
√
3

4
+
π

2
=⇒ L = −3

√
3

8
+
π

4
= 0.1359.

The sequence of Matlab 7.9 commands which allow us to compute the
arc length of the curve is:
>> syms t
>> ro=sin(t/3)ˆ3
ro =
sin(1/3*t)ˆ3
>> L=eval(int(sqrt(roˆ2+diff(ro)ˆ2),0,pi/2))
L =
0.1359
We shall also prove this result using Mathcad 14:
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and in Mathematica 8:

and with Maple 15:

c) Using (6.55) it results:

L =

∫ π/2

0

√

(−3 sin t)
2
+ (3 cos t)

2
+ 42dt = 5t|π/20 =

5π

2
= 0.7854.

The sequence of Matlab 7.9 commands requisite to compute the length
arc of the curve is:
>> syms t
>> x=diff(3*cos(t))
x =
-3*sin(t)
>> y=diff(3*sin(t))
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y =
3*cos(t)
>> z=diff(4*t)
z =
4
>> L=int(sqrt(xˆ2+yˆ2+zˆ2),0,pi/2)
L=
5/2*pi
We shall give a computer solution using Mathcad 14:

and in Mathematica 8:

and with Maple 15:
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6.2.4 Area of a Surface of Revolution

The area of a surface

Σ =
{

(x, y, z) ∈ R
3|
√

y2 + z2 = f (x)
}

(6.56)

formed by rotation about the x axis of an arc of the curve y = f (x) between
the points x = a and x = b, is expressed by (see [35], p. 485):

A = 2π

∫ b

a

f (x)
√

1 + f ′2 (x)dx. (6.57)

Remark 6.7. If the equation of the curve is represented differently, the
area of the surface is obtained from (6.57) by an appropriate change of
variables.
Example 6.8. Find the area of the surface formed by rotation about the
x-axis of a parabola

y2 =
√

2px, p > 0, 1 ≤ x ≤ 3.

Solution.
We shall deduce

A = 2π

∫ 3

1

√

2px ·
√

1 +
p

2x
dx,

i.e.

A = 2π
√
p

∫ 3

1

√

2x+ pdx.

We shall deduce
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I =

∫ 3

1

√

2x+ pdx =

∫ 3

1

2x√
2x+ p

dx+

∫ 3

1

p√
2x+ p

dx

= 2

∫ 3

1

x
(√

2x+ p
)′

dx+ p
√

2x+ p
∣
∣
∣

x=3

x=1

= 2x
√

2x+ p
∣
∣
∣

x=3

x=1
− 2

∫ 3

1

√

2x+ pdx+ p
(√

6 + p−
√

2 + p
)

= 6
√

6 + p− 2
√

2 + p− 2I + p
(√

6 + p−
√

2 + p
)

= (6 + p)
√

6 + p− (2 + p)
√

2 + p− 2I;

hence

I =
1

3

[

(6 + p)
√

6 + p− (2 + p)
√

2 + p
]

and

A =
2π

3

√
p
[

(6 + p)
3/2 − (2 + p)

3/2
]

.

We need the following sequence in Matlab 7.9:
>>symx x p
>> A=2*pi*int(sqrt(p)*sqrt(2*x+p),x,1,3);
>>simple(A)
ans =
2*pi*(1/3*(6+p)ˆ(3/2)-1/3*(2+p)ˆ(3/2))*pˆ(1/2)

or in Mathcad 14:

or in Mathematica 8:

and in Maple 15:
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6.2.5 Volumes of Solids

The volume formed by the revolution of a curvilinear trapezoid, bounded
by the curve y = f (x) , the x-axis and two vertical lines x = a and x = b
about the x- and y-axes are expressed by (see [35], p. 474 and [42], p. 41):

V = π

∫ b

a

f2 (x) dx. (6.58)

Example 6.9. One supposes the plane domain

F = {(x, y) | 0 ≤ x ≤ π, 0 ≤ y ≤ sinx} .
Compute the volume of the solid generated by rotating the region F

around the Ox-axis.
Solution.
Using the formula (6.58) we can find the volume of the solid generated

by rotating the region F around the Ox-axis.
Therefore, it results

V = π

∫ π

0

sin2 x dx = π · π
2
=
π2

2
.

We shall compute this volume in Matlab 7.9:
>> syms x
>> V=pi*int(sin(x)ˆ2,x,0,pi)
V =
piˆ2/2
and using Mathcad 14:

and in Mathematica 8:
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and with Maple 15:

6.2.6 Centre of Gravity

The coordinates for the centre of gravity G (xG, yG) corresponding to a
homogeneous plate having the form of a plane domain

F = {(x, y) | a ≤ x ≤ b, 0 ≤ y ≤ f (x)} .

one determines using the formulas (see [42], p. 45):

⎧

⎪⎪⎨

⎪⎪⎩

xG =
∫ b
a
xf(x) dx

∫ b
a
f(x) dx

yG =
1
2

∫ b
a
f2(x) dx

∫ b
a
f(x) dx

.

(6.59)

Example 6.10. Find the coordinates for the centre of gravity correspond-
ing to a homogeneous plate, which has the form of

F = {(x, y) | 0 ≤ x ≤ π, 0 ≤ y ≤ sinx} .
Solution.
One achieves:

⎧

⎪⎪⎨

⎪⎪⎩

xG =
∫ π
0

x sin x dx∫ π
0

sin x dx

yG =
1
2

∫ π
0

sin2 x dx∫ π
0

sin x dx
.

Computing
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I1 =

∫ π

0

x sinx dx = −
∫ π

0

x (cosx)
′
dx = − x cosx|π0 +

∫ π

0

cosx dx

= π + sinx|π0 = π,

I2 =

∫ π

0

sinx dx = − cosx|π0 = 1 + 1 = 2,

I3 =

∫ π

0

sin2 x dx = −
∫ π

0

sinx (cosx)′ dx

= − sinx cos x|π0 +

∫ π

0

cos2 x dx =

∫ π

0

(

1− sin2 x
)

dx

= π −
∫ π

0

sin2 x dx = π − I3 =⇒ 2I3 = π =⇒ I3 =
π

2
;

one deduces

{
xG = π

2
yG = π

8

i.e.

G
(π

2
,
π

8

)

.

We can also determine the coordinates for the centre of gravity corre-
sponding to a homogeneous plate in Matlab 7.9:
>> syms x
>> I1=int(x*sin(x),0,pi);
>> I2=int(sin(x),0,pi);
>> I3=int(sin(x)ˆ2,0,pi)/2;
>> xg=I1/I2
xg =
1/2*pi
>> yg=I3/I2
yg =
1/8*pi

or with Mathcad 14:
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and using Mathematica 8:

and in Maple 15:
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6.3 Improper Integrals

6.3.1 Integrals of Unbounded Functions

If a function f (x) is unbounded in any neighbourhood of a point c of an
interval [a, b] and is continuous for a ≤ x ≤ c and c < x ≤ b, then, by
definition, we write (see [8] and [61])

∫ b

a

f (x) dx = lim
ε→0

∫ c−ε

a

f (x) dx+ lim
ε→0

∫ b

c+ε

f (x) dx. (6.60)

If the limits on the right hand side of (6.60) exist and are finite, the improper
integral is said to converge, otherwise it diverges. When c = a or c = b, the
definition is correspondingly simplified, as in the following two cases:
Case a). If

lim
x→ b
x < b

f (x) = ±∞

then
∫ b

a
f (x) dx is convergent if there is the following limit:
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lim
ε→ 0
ε > 0

∫ b−ε

a

f (x) dx

and it is finite.
In this case one can be written:

∫ b

a

f (x) dx = lim
ε→ 0
ε > 0

∫ b−ε

a

f (x) dx. (6.61)

Case b). If

lim
x→ a
x > a

f (x) = ±∞

then
∫ b

a
f (x) dx is convergent if there is the following limit:

lim
ε→ 0
ε > 0

∫ b

a+ε

f (x) dx

exists and it is finite.
In this case one can be written:

∫ b

a

f (x) dx = lim
ε→ 0
ε > 0

∫ b

a+ε

f (x) dx. (6.62)

Proposition 6.11 (The criterion for absolute convergence, see [42],
p. 62). One calculates in the:

Case a)

L = lim
x→ b
x < b

(b− x)
p
f (x) dx; (6.63)

Case b)

L = lim
x→ a
x > a

(x− a)
p
f (x) dx. (6.64)

If:
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• p < 1, 0 ≤ L <∞ it results that
∫ b

a
f (x) dx is absolute convergent;

• p ≥ 1, 0 < L ≤ ∞, it results that
∫ b

a f (x) dx is divergent.

Example 6.12. Establish if the following improper integrals are convergent
or not and in the affirmative case calculate their values:

a) I1 =

∫ 1

0

dx√
1− x2

b) I2 =

∫ 1

−1

dx

(x+ 1)
2/3

c) I3 =

∫ 1

0

dx
√

x (1− x)
.

Solutions.
a) Since

lim
x→ 1
x < 1

1√
1− x2

= ∞

it results that the integral
∫ 1

0
dx√
1−x2

is improper.

Using the formula (6.61) one obtains

lim
ε → 0
ε > 0

∫ 1−ε

0

1√
1− x2

dx = lim
ε → 0
ε > 0

arcsinx|1−ε
0 = lim

ε → 0
ε > 0

arcsin (1− ε) =
π

2
< ∞;

therefore I1 is convergent and

∫ 1

0

dx√
1− x2

=
π

2
.

Using Matlab 7.9 we shall have:
>>syms x
>> int(1/sqrt(1-xˆ2),0,1)

ans =
1/2*pi
while in Mathcad 14:
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and with Mathematica 8:

and using Maple 15:

b) We have

lim
x→ −1
x > −1

1

(x+ 1)2/3
= ∞;

it results that I2 is improper integral.
Using the formula (6.62) one obtains

lim
ε→ 0
ε > 0

∫ 1

−1+ε

dx

(x+ 1)
2/3

= lim
ε→ 0
ε > 0

(x+ 1)
− 2

3+1

− 2
3 + 1

∣
∣
∣
∣
∣

1

−1+ε

= 3 lim
ε→ 0
ε > 0

(x+ 1)
1/3
∣
∣
∣

1

−1+ε
= 3

3
√
2;

therefore I2 is convergent and

∫ 1

−1

dx

(x+ 1)
2/3

= 3
3
√
2.

One can calculate this integral using Matlab 7.9:
>>syms x
>> int(1/((x+1)ˆ(2/3)),-1,1)
ans =
3*2ˆ(1/3)
and in Mathcad 14:
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and with Mathematica 8:

and using Maple 15:

c) Since

lim
x→ 1
x < 1

1√
x(1−x)

= ∞

lim
x→ 0
x > 0

1√
x(1−x)

= ∞

⎫

⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

=⇒ I3 is an improper integral.

We shall write

I3 =

∫ 1/2

0

dx
√

x (1− x)
︸ ︷︷ ︸

I

+

∫ 1

1/2

dx
√

x (1− x)
︸ ︷︷ ︸

J

.

Using the formula (6.62) one obtains



6.3 Improper Integrals 285

lim
ε→ 0
ε > 0

∫ 1/2

ε

dx
√

x (1− x)
= lim
ε→ 0
ε > 0

∫ 1/2

ε

2
√

1− (2x− 1)
2
dx

= lim
ε→ 0
ε > 0

arcsin (2x− 1)|1/2ε

= lim
ε→ 0
ε > 0

[arcsin 0− arcsin (2ε− 1)]

= − arcsin (−1) = arcsin 1 =
π

2
;

therefore I is convergent and

I =

∫ 1/2

0

dx
√

x (1− x)
=
π

2
.

Using the formula (6.61) one obtains

lim
ε→ 0
ε > 0

∫ 1−ε

1/2

dx
√

x (1− x)
= lim
ε→ 0
ε > 0

arcsin (2x− 1)|1−ε
1/2

= lim
ε→ 0
ε > 0

arcsin (2− 2ε− 1) = arcsin 1 =
π

2
;

therefore J is convergent and

J =

∫ 1

1/2

dx
√

x (1− x)
=
π

2
.

Such that I3 is convergent and

I3 = I + J =
π

2
+
π

2
= π.

We can simplify the previous calculus in Matlab 7.9:
>>syms x
>> int(1/((x*(1-x))ˆ(1/2)),0,1)
ans =
pi
and in Mathcad 14:
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and with Mathematica 8:

and using Maple 15:

Example 6.13. Use the criterion for absolute convergence to establish if
the following integrals are convergent or not:

a) I1 =

∫ 1

−1

ex

x+ 1
dx

b) I2 =

∫ π

0

dx√
sinx

.

Solutions.
a) As

lim
x→ −1
x > −1

ex

x+ 1
= ∞

one deduces that I1 is an improper integral.
Using (6.64) we have

L = lim
x→ −1
x > −1

(x+ 1)
p ex

x+ 1

p=1
= e−1,

namely

I1 =

∫ 1

−1

ex

x+ 1
dx
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is divergent.
We shall compute the limit in Matlab 7.9:
>>syms x p
>> limit(subs((x+1)ˆp*exp(x)/(x+1),p,1),x,-1,’right’)
ans =
1/exp(1)
and in Mathcad 14:

and with Mathematica 8:

and using Maple 15:

b) We can notice that

I2 =

∫ π

0

dx√
sinx

=

∫ π/2

0

dx√
sinx

︸ ︷︷ ︸

I

+

∫ π

π/2

dx√
sinx

︸ ︷︷ ︸

J

.

One achieves:

lim
x→ 0
x > 0

xp · 1√
sinx

p=1/2
= 1 =⇒ I is absolute convergent;
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lim
x→ π
x > π

(π − x)
p · 1√

sinx
= lim

x→ π
x > π

(π − x)
p · 1
√

sin (π − x)

p=1/2
= 1 =⇒ J is absolute convergent;

therefore

I2 = I + J =

∫ π

0

dx√
sinx

is absolute convergent.

6.3.2 Integrals with Infinite Limits

Case a). If

lim
b→∞

∫ b

a

f (x)

exists and it is finite then

∫ ∞

a

f (x)

is convergent and:
∫ ∞

a

f (x) = lim
b→∞

∫ b

a

f (x) . (6.65)

Case b). If

lim
a→−∞

∫ b

a

f (x)

exists and it is finite then

∫ b

−∞
f (x)

is convergent and:
∫ b

−∞
f (x) = lim

a→−∞

∫ b

a

f (x) . (6.66)

Proposition 6.14 (The criterion for absolute convergence, see [42],
p. 68). One computes:
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L = lim
x→∞x

p f (x) . (6.67)

If:

• p > 1, 0 ≤ L <∞ it results that
∫∞
a f (x) dx is convergent;

• p ≤ 1, 0 < L ≤ ∞, it results that
∫∞
a f (x) dx is divergent.

Example 6.15. Establish if the following improper integrals on a un-
bounded interval are convergent or not and in the affirmative case calculate
their values:

a) I1 =

∫ ∞

1

dx

1 + x2

b) I2 =

∫ ∞

0

dx√
1 + x

c) I3 =

∫ ∞

0

xe−x2

dx

d) I4 =

∫ ∞

−∞

dx

1 + x2

e) I5 =

∫ ∞

3

dx√
x (x+ 1)

.

Solutions.
a) We can write

lim
b→∞

∫ b

1

dx

1 + x2
= lim

b→∞
arctan x|b1 = lim

b→∞
(arctan b− arctan 1) =

π

2
− π

4
=

π

4
;

therefore I1 is convergent and

∫ ∞

1

dx

1 + x2
=
π

4
.

b) We shall have

lim
b→∞

∫ ∞

0

dx√
1 + x

= lim
b→∞

(1 + x)
− 1

2+1

− 1
2 + 1

∣
∣
∣
∣
∣

b

0

= ∞,

namely

∫ ∞

0

dx√
1 + x

is divergent.
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c) One obtains

lim
b→∞

∫ b

0

xe−x2

dx = lim
b→∞

−1

2
e−x2

∣
∣
∣
∣

b

0

= −1

2
lim
b→∞

(

e−b − 1
)

=
1

2
;

it results that I3 is convergent and

I3 =

∫ ∞

0

xe−x2

dx =
1

2
.

d) One can notice that

∫ ∞

−∞

dx

1 + x2
=

∫ 1

−∞

dx

1 + x2
︸ ︷︷ ︸

I

+

∫ ∞

1

dx

1 + x2
︸ ︷︷ ︸

J

.

Calculating

lim
a→−∞

∫ 1

a

dx

1 + x2
= lim

a→−∞ arctanx|1a = lim
a→−∞

(
− arctan a +

π

4

)
=

π

2
+

π

4
=

3π

4

one deduces that I is convergent and

I =

∫ 1

−∞

dx

1 + x2
=

3π

4
.

Similarly, one obtains that J = I1 is convergent and

J =

∫ ∞

1

dx

1 + x2
=
π

4
.

Therefore I4 is convergent and

I4 =

∫ ∞

−∞

dx

1 + x2
= I + J =

3π

4
+
π

4
= π.

In Matlab 7.9 we shall have:
>>syms x
>> int(1/(1+xˆ2),-inf,inf)
ans =
pi
while in Mathcad 14:
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and in Mathematica 8:

and with Maple 15:

e) In the case of this integral

lim
b→∞

∫ b

3

dx√
x (x+ 1)

= 2 lim
b→∞

arctan
√
x
∣∣b
3

= 2 lim
b→∞

(
arctan

√
b− arctan

√
3
)
= 2
(π
2
− arctan

√
3
)
,

namely I5 is convergent and

I5 =

∫ ∞

3

dx√
x (x+ 1)

= π − 2 arctan
√
3.

Example 6.16. Use the criterion for absolute convergence to establish if
the following integrals are convergent or not:

a)

∫ ∞

0

x2

x4 − x2 + 1
dx

b)

∫ ∞

0

x
√
x

1 + x2
dx

c)

∫ ∞

1

1

x 3
√
x2 + 1

dx.

Solutions.
a) We can notice that

L = lim
x→∞x

p · x2

x4 − x2 + 1

p=2
= 1,

therefore
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∫ ∞

0

x2

x4 − x2 + 1
dx

is convergent.
We shall verify that in Matlab 7.9:
>> syms x p
>> limit(subs(xˆp*xˆ2/(xˆ4-xˆ2+1),p,2),x,inf)
ans =
1
and in Mathcad 14:

and using Mathematica 8:

and with Maple 15:

b) One obtains

L = lim
x→∞x

p · x
√
x

1 + x2
p=1/2
= 1,

namely

∫ ∞

0

x
√
x

1 + x2
dx

is divergent.
We can deduce this conclusion using Matlab 7.9:
>> clear all
>> syms x p
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>> limit(subs(xˆp*x*sqrt(x)/(1+xˆ2),p,1/2),x,inf)
ans =
1
and Mathcad 14:

and with Mathematica 8:

and using Maple 15:

c) We shall have

L = lim
x→∞x

p · 1

x 3
√
x2 + 1

p=4/3
= lim

x→∞
3

√
x

x2 + 1
= 0,

therefore

∫ ∞

1

1

x 3
√
x2 + 1

dx

is convergent.

6.3.3 The Comparison Criterion for the Integrals

Proposition 6.17 (The comparison criterion for the integrals, see
[42], p. 69). One compares

∫ ∞

a

f (x) dx ≤
∫ ∞

a

ϕ (x) dx.

If :
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• ∫∞
a
ϕ (x)dx is convergent then

∫∞
a
f (x)dx is convergent;

• ∫∞
a f (x)dx is divergent then

∫∞
a ϕ (x)dx is divergent.

Example 6.18. Use the comparison criterion to establish if the following
integrals are convergent or not and in the affirmative case find a majorant
of them:

a)

∫ ∞

1

e−x2

x2
dx

b)

∫ ∞

2

1

lnx
dx.

Solutions.
a) We can see that

∫ ∞

1

e−x2

x2
dx ≤

∫ ∞

1

xe−x2

dx.

Since

∫ ∞

1

xe−x2

dx

is convergent (see I3 from the Example 6.15), using the comparison criterion
for the integrals one deduces that

∫ ∞

1

e−x2

x2
dx

is convergent.
We can see that, using Matlab 7.9:
>>syms x
>> eval(int(exp(-xˆ2)/(xˆ2),1,inf))
ans =

0.0891
and with Mathematica 8:

and in Maple 15:
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We can’t do that in Mathcad 14.
b) One can notice that

∫ ∞

2

2

x ln x
dx ≤

∫ ∞

2

1

lnx
dx.

However,

lim
b→∞

∫ b

2

2

x lnx
dx = 2 lim

b→∞

∫ ∞

2

(lnx)
′

lnx
dx = 2 lim

b→∞
ln (lnx)|b2

= 2 lim
b→∞

(ln (ln b)− ln (ln 2)) = ∞;

therefore

∫ ∞

2

2

x lnx
dx

is divergent. Using the comparison criterion for the integrals it results that

∫ ∞

2

1

lnx
dx.

is divergent.
The same conclusion can be deduced in Matlab 7.9:
>>syms x
>> int(1/log(x),2,inf)
ans =
Inf
and in Mathcad 14:

and with Mathematica 8:
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and using Maple 15:

6.4 Parameter Integrals

Proposition 6.19 (see [42], p. 76). If α (t) and β (t) are two derivable

functions and there is ∂f(x,t)
∂t and it is continuous, then

F (t) =

∫ β(t)

α(t)

f (x, t) dx

is derivable and

F ′ (t) =
∫ β(t)

α(t)

∂f (x, t)

∂t
dx+ f (β (t) , t) · β′ (t) + f (α (t) , t) · α′ (t) . (6.68)

Proposition 6.20 (see [42], p. 80). Let f (x, t) and ∂f(x,t)
∂t be continuous

functions. If

F (t) =

∫ ∞

a

f (x, t) dx = lim
b→∞

∫ b

a

f (x, t) dx

converges and
∫∞
a

∂f(x,t)
∂t dx converges uniformly then F (t) is derivable and

F ′ (t) =
∫ ∞

a

∂f (x, t)

∂t
dx. (6.69)

Example 6.21. Use the derivation formula relative to the respective pa-
rameter to compute the following parameter integral:

a) F (t) =

∫ 1

0

xt − 1

lnx
dx (6.70)
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b)

∫ 1

0

xα − xβ

lnx
dx (6.71)

c) F (t) =

∫ ∞

0

e−tx2 − e−3x2

x
dx (6.72)

d) F (α) =

∫ ∞

0

arctanαx

x (1 + x2)
dx, α > 0. (6.73)

Solutions.
a) Using the formula (6.68) one obtains

F ′ (t) =
∫ 1

0

xt · lnx
lnx

dx =

∫ 1

0

xtdx =
1

t+ 1
.

Therefore,

F (t) =

∫
1

t+ 1
dt = ln |t+ 1|+ C. (6.74)

From (6.74) it results F (0) = 0 but from (6.70) one knows F (0) = C.
One deduces C = 0 and

F (t) =

∫
1

t+ 1
dt = ln |t+ 1| .

So that

F (t) =

∫ 1

0

xt − 1

lnx
dx = ln |t+ 1| . (6.75)

A computer solution can be given only using Mathematica 8:

b) It will result

F (α, β) =

∫ 1

0

xα − xβ

lnx
dx =

∫ 1

0

xα − 1

lnx
dx−

∫ 1

0

xβ − 1

lnx
dx

(6.70)
= F (α)− F (β) = ln |α+ 1| − ln |β + 1| = ln

|α+ 1|
|β + 1| .

We can not compute this parameter integral using Matlab 7.9, Mathcad
14 or Maple 15; however in Mathematica 8 we shall have:
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c) Using the formula (6.69) it results

F ′ (t) =
∫ ∞

0

−x2e−tx2

x
dx = −

∫ ∞

0

xe−tx2

dx =
1

2t

∫ ∞

0

(

e−tx2
)′

dx

=
1

2t
(0− 1) = − 1

2t

and

F (t) = −
∫

1

2t
dt = −1

2
ln |t|+ C. (6.76)

By calculating F (3) in two ways, namely using (6.72) and respectively
(6.76) one obtains

F (3)
(6.72)
= 0

F (3)
(6.76)
= − 1

2 ln 3 + C

}

=⇒ C =
1

2
ln 3.

Introducing the value of C in the formula (6.76) one obtains

F (t) = −
∫

1

2t
dt = −1

2
ln |t|+ 1

2
ln 3 =

1

2
ln

3

|t| .

We can also achieve this result only using Mathematica 8:

d) We shall have

F ′ (α) =
∫ ∞

0

x

1 + α2x2
· 1

x (1 + x2)
dx =

∫ ∞

0

1

(1 + x2) (1 + α2x2)
dx.

Using the method of partial fraction expansions, we can write

1

(1 + x2) (1 + α2x2)
=
Ax+B

1 + x2
+

Cx +D

1 + α2x2
,

namely
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(Ax+B)
(

1 + α2x2
)

+ (Cx+D)
(

1 + x2
)

= 1 ⇐⇒
⎧

⎪⎪⎨

⎪⎪⎩

α2A+ C = 0
α2B +D = 0

A+ C = 0 =⇒ C = −A
B +D = 1 =⇒ D = 1−B

=⇒

⎧

⎪⎪⎨

⎪⎪⎩

A = 0
B = − 1

α2−1

C = 0

D = α2

α2−1 .

Finally, one deduces

1

(1 + x2) (1 + α2x2)
=

(

− 1

α2 − 1

)

· 1

1 + x2
+

α2

α2 − 1
· 1

1 + α2x2

and

F ′ (α) = − 1

α2 − 1

∫ ∞

0

1

1 + x2
dx+

α2

α2 − 1

∫ ∞

0

1

1 + α2x2
dx

= − 1

α2 − 1
arctanx|∞0 +

α2

α2 − 1
· 1
α
· arctanαx|∞0 .

Therefore,

F ′ (α) = − 1

α2 − 1
· π
2
+

α

α2 − 1
· π
2
,

namely

F (α) = −π
2
· 1
2
ln

∣
∣
∣
∣

α− 1

α+ 1

∣
∣
∣
∣
+
π

4
ln
∣
∣α2 − 1

∣
∣

α>0
=

π

4
[− ln |α− 1|+ ln (α+ 1) + ln (α+ 1) + ln |α− 1|]

=
π

2
ln (α+ 1) .

Example 6.22. Use the parameter integral

F (t) =

∫ 1

0

ln (1 + tx)

1 + x2
dx (6.77)

to calculate

∫ 1

0

ln (1 + x)

1 + x2
dx.

Solution.
Using the formula (6.68) it results
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F ′ (t) =
∫ t

0

x

1 + tx
· 1

1 + x2
dx+

ln
(

1 + t2
)

1 + t2
.

We can write

x

(1 + tx) (1 + x2)
=

A

1 + tx
+
Bx + C

1 + x2
,

namely

A
(

1 + x2
)

+ (Bx+ C) (1 + tx) = x⇐⇒
⎧

⎨

⎩

Bt+A = 0
B + Ct = 1
A+ C = 0

=⇒
⎧

⎨

⎩

A = − t
1+t2

B = 1
1+t2

C = t
1+t2 .

One obtains

F ′ (t) = − t

1 + t2

∫ t

0

dx

1 + tx
+

∫ t

0

1
1+t2 x+ t

1+t2

1 + x2
dx+

ln
(

1 + t2
)

1 + t2
,

i.e.

F ′ (t) = − t

1 + t2
· 1
t
ln (1 + tx)

∣
∣
∣
∣

t

0

+
1

1 + t2

∫ t

0

x

1 + x2
dx

+
t

1 + t2

∫ t

0

dx

1 + x2
+

ln
(

1 + t2
)

1 + t2

and further,

F ′ (t) = − ln
(
1 + t2

)
1 + t2

+
1

1 + t2
· 1
2

ln
(
1 + x2

)∣∣t
0
+

t

1 + t2
arctan x|t0 +

ln
(
1 + t2

)
1 + t2

.

Finally,

F ′ (t) =
1

2
· 1

1 + t2
ln
(

1 + t2
)

+
t

1 + t2
arctan t.

Therefore

F (t) =
1

2

∫
ln
(

1 + t2
)

1 + t2
dt+

∫
t

1 + t2
arctan tdt

=
1

2

∫
ln
(

1 + t2
)

1 + t2
dt+

1

2

∫
(

ln
(

1 + t2
))′

arctan tdt

=
1

2

∫
ln
(

1 + t2
)

1 + t2
dt+

1

2
arctan t · ln (1 + t2

)− 1

2

∫
ln
(

1 + t2
)

1 + t2
+ C
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namely

F (t) =
1

2
arctan t · ln (1 + t2

)

+ C.

Since F (0) = 0 one deduces C = 0 and

F (t) =
1

2
arctan t · ln (1 + t2

)

.

From (6.77) it results

F (1) =

∫ 1

0

ln (1 + x)

1 + x2
dx =

1

2
· π
4
ln 2 =

π

8
ln 2.

We can give a computer solution of the problem using Mathematica 8:

We shall check this result with Matlab 7.9:
>> syms x
>> u=int(log(1+x)/(1+xˆ2),x,0,1)
u =
(pi*log(2))/8
>> vpa(u,6)
ans =
0.272198

and in Mathcad 14:

and using Mathematica 8:
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We can not do the same in Maple 15.

6.5 Problems

1. Find the integral:

∫
lnx

x
√

1− 4 lnx− ln2 x
dx.

Computer solution.
We shall compute this indefinite integral in Mathematica 8:

and with Maple 15:

We shall not achieve this result using Maple 7.9 or Mathcad 14.

2. Evaluate the integral:

∫ π
3

π
6

cot4 ϕdϕ.
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3. Find the area enclosed by the straight line x+y+2 = 0 and the parabola
y = −x2.

Computer solution.
We shall compute this area in Matlab 7.9:
>> x=-2:0.1:2;
>> f=@(x)-x-2;
>> g=@(x)-x.ˆ2;
>> plot(x,f(x),’m’,x,g(x),’b’,’LineWidth’,3)

>> syms y
>> u=solve(f(y)-g(y),y)
u =
-1
2
>> Area=int(g(y)-f(y),y,u(1),u(2))
Area =
9/2
and with Mathcad 14:
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and using Mathematica 8:

and with Maple 15:
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4. Compute thea area contained between the parabolas

{
y = x2,

and the straight line
y = 2x.

5. Find the entire area bounded by the astroid:

x
2
3 + y

2
3 = a

2
3 .

6. Find the area bounded by the Ox- axis and one arc of the cycloid:

{
x(t) = a(t− sin t)
y(t) = a(1− cos t).

, t ∈ [0, 2π] .

Computer solution.
We shall compute this area using Matlab 7.9:
>> x=@(t,a)a*(t-sin(t));
>> y=@(t,a)a*(1-cos(t));
>> syms t a
>> int(y*diff(x,t),t,0,2*pi)
ans =
3*pi*aˆ2
>> t=0:0.01*pi:2*pi;
>> a=1;
>> plot(x(t,a),y(t,a),’m’,’LineWidth’,4)
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and with Mathcad 14:

and in Mathematica 8:
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and using Maple 15:
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7. Find the entire area of the cardiod

ρ = a (1 + cos θ) .

8. Find the length of the curve:

{
x(t) = a(2 cos t− cos 2t)
y(t) = a(2 sin t− sin 2t).

, t ∈ [0, 2π] .

Computer solution.
We shall compute the length of the curve using Matlab 7.9:
>> syms t a
>> x=a*(2*cos(t)-cos(2*t)) ;
>> y=a*(2*sin(t)-sin(2*t));
>> L=int(sqrt(diff(x,t)ˆ2+diff(y,t)ˆ2),t,0,2*pi)
L =
16*(aˆ2)ˆ(1/2)
and in Mathematica 8:

and with Maple 15:

We can’t achieve this result in Mathcad 14.

9. Find the entire length of the cardiod

r = a(1 + cosϕ).
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10. Find the area of the surface formed by the rotation of a part of the
curve

y = tanx

from x = 0 to x = π
4 , about the x- axis.

11. Find the volume of a torus formed by rotation of the circle

x2 + (y − y0)
2
= r2, y0 ≥ r.

about the Ox- axis.

12. Find the volume of an ellipsoid formed by the rotation of the ellipse

x2

a2
+
y2

b2
= 1

about the Ox- axis.
Computer solution.
We shall compute this volume using Matlab 7.9:
>> syms x a b
>> V=pi*bˆ2/aˆ2*int(aˆ2-xˆ2,x,-a,a)
V =
(4*pi*a*bˆ2)/3
and in Mathcad 14:

and with Mathematica 8:

and in Maple 15:
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13.Find the centre of gravity of an arc of the semi-circle

x2 + y2 = r2, r ≥ 0.

14.Find the coordinates of the centre of gravity of an area bounded by the
curves

{

y = x2,
y =

√
x.

Computer solution.
We shall solve this problem using Matlab 7.9:
>> x=0:0.01:2;
>> y1=@(x)x.ˆ2;
>> y2=@(x)sqrt(x);
>> plot(x,y1(x),’m’,x,y2(x),’b’,’LineWidth’,3)

>> syms v
>> u=solve(y1(v)-y2(v),v);
>> xg=int(v*(y2(v)-y1(v)),v,u(1),u(2))/int(y2(v)-y1(v),

v,u(1),u(2))
xg =
9/20
>> yg=int((y2(v)ˆ2-y1(v)ˆ2),v,u(1),u(2))/int(y2(v)-y1(v),

v,u(1),u(2))
yg =
9/10
and in Mathcad 14:
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and in Mathematica 8:
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and with Maple 15:
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15.Evaluate the improper integral or establish their divergence:

∫ ∞

−∞

dx

x2 + 4x+ 9
.

16.Find the convergence of the improper integral:

∫ 100

0

dx
3
√
x+ 2 4

√
x+ 5

√
x
.

Computer solution.
We shall give a computer solution in Matlab 7.9:
>> syms x p
>> limit(subs(xˆp/(xˆ(1/3)+2*xˆ(1/4)+xˆ(1/5)),p,1/3),x,0,

’right’)
ans =
0
and with Mathcad 14:

and using Mathematica 8:

and in Maple 15:

Using the Proposition 6.11, we shall deduce that

∫ 100

0

dx
3
√
x+ 2 4

√
x+ 5

√
x
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is absolute convergent.

17.Test the convergence of the integral

∫ ∞

0

arctanx

x2 + 1
dx

and evaluate it in the case of convergence.
Computer solution.
We shall solve this problem in Matlab 7.9:
>> syms x p
>> limit(subs(xˆp*atan(x)/(1+xˆ2),p,2),x,0)
ans =
0
>> int(atan(x)/(1+xˆ2),x,0,inf)
ans =
piˆ2/8
and with Mathcad 14:

and in Mathematica 8:

and using Maple 15:
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18.Use the formula for differentiation with respect to the respective param-
eter to compute the following parameter integral:

∫ ∞

0

xm

1 + xn
dx, m, n ∈ R, n < m+ 1 < 0.

19.By differentiating with respect to a parameter, evaluate

∫ 1

0

ln
(

1− α2x2
)

√
1− x2

dx, |α| < 1.

Computer solution.
Using Mathematica 8 we shall have:

We can’t compute this integral with Matlab 7.9 or Mathcad 14 or
Maple15.

20.Applying differentiation with respect to a parameter, evaluate the fol-
lowing integral:

∫ ∞

0

e−αx · sinβx
x

dx, α > 0.

Computer solution.
We can compute this integral only with Mathematica 8:
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7

Equations and Systems of Linear
Ordinary Differential Equations

7.1 Successive Approximation Method

Definition 7.1 (see [15], p. 292). A Cauchy problem consists in a dif-
ferential equation

y′ = f (x, y) , f : D → R, D ⊆ R
2

and an initial condition:

y (x0) = y0.

Let be the Cauchy problem:

{
y′ = f (x, y)
y (x0) = y0.

(7.1)

The solution of the problem (7.1) can be found as a limit of the sequence of
functions defined by the successive approximation method, (see [45], p. 77):

yn (x0) = y0 +

∫ x

x0

f (t, yn−1 (t)) dt, n = 1, 2 . . . (7.2)

Example 7.2. Solve the Cauchy problem:

{

y′ = xy
y (0) = 1

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 317–394.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2013



318 7. Equations and Systems of Linear Ordinary Differential Equations

using the successive approximation method.
Solution.
The sequence of the successive approximation method (7.2) is:

y0 (x) = 1

y1 (x) = 1 +

∫ x

0

tdt = 1 +
t2

2

∣
∣
∣
∣

x

0

= 1 +
x2

2
= 1 +

x2

2

1!

y2 (x) = 1 +

∫ x

0

t

(

1 +
t2

2

)

dt = 1 +

∫ x

0

tdt+

∫ x

0

t3

2
dt

= 1 +
t2

2

∣
∣
∣
∣

x

0

+
t4

8

∣
∣
∣
∣

x

0

= 1 +
x2

2
+
x4

8
= 1 +

x2

2

1!
+

(
x2

2

)2

2!

y3 (x) = 1 +

∫ x

0

t

(

1 +
t2

2
+
t4

8

)

dt = 1 +

∫ x

0

tdt+

∫ x

0

t3

2
dt+

∫ x

0

t5

8
dt

= 1 +
t2

2

∣
∣
∣
∣

x

0

+
t4

8

∣
∣
∣
∣

x

0

+
t6

48

∣
∣
∣
∣

x

0

= 1 +
x2

2
+
x4

8
+
x6

48

= 1 +
x2

2

1!
+

(
x2

2

)2

2!
+

(
x2

2

)3

3!
...

yn (x) =
n∑

k=0

(
x2

2

)k

k!
.

The solution of our Cauchy problem will be

y (x) = lim
n→∞ yn (x) =

∞∑

k=0

(
x2

2

)k

k!
= e

x2

2 .

We shall also solve this problem in Matlab 7.9:
function w=f(u,v)
w= u*v;
end
function r=y(n,t,x,y0)
r=y0;
for k=1:n
r1=int(f(t,r),t,0,x);
r=subs(r1,x,t)+y0;
end
end
In the command line we shall write:
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>>syms x t
>> y1=subs(y(1,t,x,1),t,x)
y1 =
1+1/2*xˆ2
>> y2=subs(y(2,t,x,1),t,x)
y2 =
1+1/8*xˆ4+1/2*xˆ2
>> y3=subs(y(3,t,x,1),t,x)
y3 =
1+1/48*xˆ6+1/8*xˆ4+1/2*xˆ2
and using Mathcad 14:

and in Mathematica 8:
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and with Maple 15:

7.2 First Order Differential Equations Solvable by
Quadratures

Definition 7.3 (see [3]). A equality of the form

F (x, y, y′) = 0, (7.3)

where F : D → R, D ⊆ R
3 it is called a first order differential equation.

Definition 7.4 (see [3]). A relation of the form

F (x, y, λ) = 0 (7.4)
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in which λ is a real parameter, represents a family of curves in the plane
xOy, each curve from the family being determined by the value of the
respective parameter λ.
Definition 7.5 (see [3]). The general solution of a differential equation
means a family of functions that depend on a constant C with the following
two properties:

a) for each fixed C, each function is a solution on an interval, which depends
on C;

b) in every point of the domain D it crosses a solution of the family and
only one.

Definition 7.6 (see [3]). We call a particular solution of a differential
equation any solution which is obtained from the general one, through the
particularization of the constant C.
Definition 7.7 (see [3]). The singular solution is a solution which has
the property that through every point of its, at least one solution of the
equation crosses. The singular solution can not be obtained from the general
solution, for any value of the constant C.
Remark 7.8. From the point of geometrical view, the singular solution is
the envelope of the family of those curves that define the general solution.
Definition 7.9 (see [23], p. 263). The envelope of a family of curves
is the curve, which is tangent at every point of its, of a curve from the
respective family (see Fig 7.1).

Fig. 7.1 The envelope of a family of curves

To get the equation of the considered family envelope it must that the
parameter to be eliminated between the equations

F (x, y, λ) = 0

and

F ′ (x, y, λ) = 0.
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7.2.1 First Order Differential Equations with
Separable Variables

Definition 7.10 (see [3]). A differential equation with separable
variables is a first-order equation of the type

y′ = p (x) q (y) , (7.5)

where p, q : (a, b) → R are continuous, q 	= 0.
Formal, if we write

y′ =
dy

dx

then the equation (7.5) becomes

dy

q (y)
= p (x) dx

and it admits the unique solution, defined implicitly by the equality:

∫
dy

q (y)
=

∫

p (x) dx+ C . (7.6)

Remark 7.11. If a is a finite number and q (a) = 0 then y = a is a solution
of the equation (7.5). This solution is often singular.
Example 7.12. Find the solution of the equation:

a) y′ = 1 +
1

x
− 1

y2 + 2
− 1

x (y2 + 2)

b) 2yy′ =
ex

ex + 1
.

Solutions.
a) The equation can be written:

y′ = 1 +
1

x
− 1

y2 + 2

(

1 +
1

x

)

i.e.

y′ =
(

1 +
1

x

)(

1− 1

y2 + 2

)

or

y′ =
(

1 +
1

x

)

· y
2 + 1

y2 + 2

i.e.
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y2 + 2

y2 + 1
dy =

(

1 +
1

x

)

dx;

therefore

∫
y2 + 2

y2 + 1
dy =

∫ (

1 +
1

x

)

dx;

hence

y + arctany = x+ ln |x|+ C.

We can solve this equation only using Matlab 7.9:
>>y= dsolve(’Dy=1+1/x-(1/(yˆ2+2))*(1+1/x)’,’x’)
y =

i
-i
solve(y + atan(y) = C3 + x + log(x), y)

We shall not achieve any solution of this equation if we use Mathcad 14,
Mathematica 8 or Maple 15.
b) We shall have:

2ydy =
ex

ex + 1
dx;

hence

2

∫

ydy =

∫
ex

ex + 1
dx,

i.e.

y2 = ln (ex + 1) + C.

We can also solve this equation in Matlab 7.9:
>> y=dsolve(’Dy=exp(x)/(2*y*(exp(x)+1))’,’x’)
y =
(log(exp(x)+1)+C1)ˆ(1/2)
-(log(exp(x)+1)+C1)ˆ(1/2)
and with Mathematica 8.0:

and using Maple 15:
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7.2.2 First Order Homogeneous Differential
Equations

Definition 7.13 (see [3]). We call homogeneous differential equation, an
equation of the form:

y′ = f (x, y) , (7.7)

f being a continuous and homogeneous (of degree zero) function.
Using the change of variable

u (x) =
y

x
, (7.8)

the homogeneous equations are reduced to some equations with separable
variables.
Substituting (7.8) in the equation (7.7) it results the equation

y′ = u′x+ u,

i.e.

u′ =
f (x, u)− u

x
,

which is an equation with separable variables.
Remark 7.14. The homogeneous equations also admit singular solutions,
namely the roots of equation

f (1, u)− u = 0. (7.9)

As u = C is a root of the equation (7.7), from the relation (7.8) it results

y = Cx,

i.e. the homogeneous equations admit the straight lines as some particular
solutions.
Example 7.15. Integrate the equation:

y′ =
x+ y

x− y
.
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Solution.
We obtain:

y′ =
1 + y

x

1− y
x

.

Making the change of variable (7.8) it results that

y = ux⇒ y′ = u′x+ u;

hence, the equation will be

u′x+ u =
1 + u

1− u
⇐⇒ (u′x+ u) (1− u) = 1 + u⇐⇒ u′ (1− u)x = u2 + 1,

i.e. one achieves the equation with separable variables:

1− u

u2 + 1
du =

dx

x
;

therefore
∫

1− u

u2 + 1
du =

∫
dx

x
⇐⇒

∫
1

u2 + 1
du−

∫
u

u2 + 1
du = ln |x|+ C,

i.e.

arctanu− 1

2
ln
(

u2 + 1
)

= ln |x|+ C ⇐⇒ arctanu− ln
∣
∣
∣x
√

u2 + 1
∣
∣
∣ = C.

Finally, we shall have

arctan
y

x
− ln

∣
∣
∣
∣
∣
x

√

y2

x2
+ 1

∣
∣
∣
∣
∣
= C

or

arctan
y

x
− ln

∣
∣
∣

√

x2 + y2
∣
∣
∣ = C.

We shall have in Matlab 7.0:
>>y=dsolve(’Dy=(x+y)/(x-y)’,’x’)
y =
-1/2*log((yˆ2+xˆ2)/xˆ2)+atan(y/x)-log(x)-C1 = 0
and with Mathematica 8:
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and in Maple 15:

We can’t achieve this solution using Matlab 7.9 or in Mathcad 14.

7.2.3 Equations with Reduce to Homogeneous
Equations

Definition 7.16 (see [3]). The equations that one reduce to homogeneous
equations are some equations of the type:

y′ =
a1x+ b1y + c1
a2x+ b2y + c2

, ai, bi, ci ∈ R, i = 1, 2. (7.10)

As the equations

{
a1x+ b1y + c1 = 0
a2x+ b2y + c2 = 0

represents the equations of two straight lines, we shall analyze the following
cases:

1. the straight lines are parallel:

a1
a2

=
b1
b2

= λ =⇒
{

a1 = λa2
b1 = λb2;

the equation (7.10) becomes

y′ =
λ (a2x+ b2y) + c1
a2x+ b2y + c2

.

Denoting

a2x+ b2y = u

we have

u′ = a2 + b2y
′;

we achieve
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y′ =
u′ − a2
b2

=
u′

b2
− a2
b2
. (7.11)

From (7.10) and (7.11) we deduce the following equation with separable
variables:

u′

b2
− a2
b2

=
λu + c1
u+ c2

. (7.12)

2. If the straight lines one cross in the point (x0, y0), then is made a trans-
lation of the axes, such that the new origin to be the point of coordinates
(x0, y0):

{
u = x− x0
v = y − y0.

(7.13)

Therefore

y′ = v′.

We shall obtain

v′ =
a1 (u+ x0) + b1 (v + y0) + c1
a2 (u+ x0) + b2 (v + y0) + c2

=
a1u+ b1v +

=0
︷ ︸︸ ︷

a1x0 + b1y0 + c1
a1u+ b1v + a2x0 + b2y0 + c2

︸ ︷︷ ︸

=0

,

i.e.

v′ =
a1u+ b1v

a1u+ b1v
.

Hence, it results the homogeneous equation

v′ =
a1 + b1

v
u

a2 + b2
v
u

. (7.14)

Definition 7.17 (see [3]). The same method one applies to the equations
of the general form:

y′ = f

(
a1x+ b1y + c1
a2x+ b2y + c2

)

, ai, bi, ci ∈ R, i = 1, 2. (7.15)

Example 7.18. Find the general solution of the differential equation:

(4x+ y + 1) dx+ (2x+ y − 1) dy = 0.

Solution.
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We obtain:

y′ = −4x+ y + 1

2x+ y − 1
.

As

a1
a2

= 4
2

b1
b2

= 1

}

=⇒ a1

a2

= b1

b2
=⇒ the straightlines are not parallel(we are in the second case).

Solving the system

{

4x+ y + 1 = 0
2x+ y − 1 = 0

we achieve the solution

{

x = −1
y = 3;

therefore, the straight lines one cross in the point (−1, 3).
With (7.13) we shall have:

{
u = x+ 1
v = y − 3

and it results the homogeneous equation

v′ =
−4 + v

u

2 + v
u

.

Denoting

v

u
= t,

we can transform the previous differential equation into the following equa-
tion with separable variables:

t′u+ t = −4 + t

2 + t
,

i.e.
− t+ 2

t2 + 3t+ 4
dt =

du

u
.

We shall deduce that:

−
∫

t+ 2

t2 + 3t+ 4
dt =

∫
du

u
,

i.e.
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−1

2

∫
2t+ 3

t2 + 3t+ 4
dt− 1

2

∫
dt

t2 + 3t+ 4
= ln |u|+ C ⇐⇒

−1

2
ln
∣
∣t2 + 3t+ 4

∣
∣− 1

2

∫
dt

(

t+ 3
2

)2
+ 7

4

= ln |u|+ C ⇐⇒

−1

2
ln
∣
∣t2 + 3t+ 4

∣
∣− 1√

7
arctan

2t+ 3√
7

= ln |u|+ C.

Finally, it will result:

−1

2
ln

∣∣∣∣∣
(
y − 3

x+ 1

)2

+ 3

(
y − 3

x+ 1

)
+ 4

∣∣∣∣∣ −
1√
7
arctan

2
(

y−3
x+1

)
+ 3

√
7

= ln |x+ 1|+ C,

i.e.

−1

2
ln
∣∣∣(y − 3)2 + 3 (y − 3) (x+ 1) + 4 (x+ 1)2

∣∣∣− 1√
7
arctan

3x+ 2y − 3√
7 (x+ 1)

= ln |x+ 1|+C.

In Matlab 7.0 (but not in Matlab 7.9) we shall have:
>>y=dsolve(’Dy=-(4*x+y+1)/(2*x+y-1)’,’x’)
y =
-1/2*log((4*(x+1)ˆ2-3*(-y+3)*(x+1)+(-y+3)ˆ2)/(x+1)ˆ2)+
1/7*7ˆ(1/2)*atan(1/7*(-3*x+3-2*y)*7ˆ(1/2)/(x+1))-log(x+1)-

C1 = 0
and with Mathematica 8:

and in Maple 15:

We can’t achieve this result using Mathcad 14.
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7.2.4 First Order Linear Differential Equations

Definition 7.19 (see [3]). A differential non-homogeneous equation
is of the form

y′ = p (x) y + q (x) , (7.16)

where p, q are two continuous functions.
Remark 7.20. As the equation (7.16) has the degree one in y and y′ is
also called linear.
Proposition 7.21 (see [3]). The general solution non-homogeneous equa-
tion (7.16) is equal to the general solution of the homogeneous equation

y′ = p (x) y,

adding the particular solution of the non-homogeneous equation (which is
obtained using the method of variation of the constants of Lagrange) and
it has the analytical expression:

y (x) = e
∫
p(x)dx

(

C1 +

∫

q (x) e−
∫
p(x)dxdx

)

, C1 ∈ R. (7.17)

Example 7.22. Solve the equation:

xy′ − y = x2 cosx, x > 0.

Solution.
First Method. Writing the equation of the form:

y′ =
y

x
+ x cosx,

one notices that

{

p (x) = 1
x

q (x) = x cosx;

therefore, using (7.17) it results that:

y (x) = e
∫

1
x
dx

(
C1 +

∫
x cos x · e−

∫
1
x
dxdx

)
= elnx

(
C1 +

∫
x cos x · e−lnxdx

)

and, further:

y (x) = x

(

C1 +

∫

x · 1
x
cosx dx

)

,

i.e.
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y (x) = x (C1 + sinx) ,

Second Method. The equation could also be solved as follows:
Step 1. We solve the homogeneous equation:

y′ =
y

x
;

denoting

y

x
= u

it will result the equation with separable variables:

u′ = 0,

which has the solution

u = C;

hence the solution of the homogeneous equation will be

y (x) = Cx.

Step 2. We apply the method of variation of the constants:

yp (x) = C (x) x =⇒ y′p (x) = xC′ (x) + C (x) .

From the condition that the particular solution to satisfy the non- ho-
mogeneous equation, we deduce

xC′ (x) + C (x) =
C (x) · x

x
+ x cosx,

i.e.

xC ′ (x) + C (x) = C (x) + x cos x.

Finally, it results that

C ′ (x) = cosx;

therefore

C (x) =

∫

cosx dx =⇒ C (x) = sinx+ C2,

yp (x) = C (x) · x = x (sinx+ C2)

and
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y (x) = yo (x) + yp (x) = Cx+ x sinx+ xC2 = x (C + C2) + x sinx,

i.e.

y (x) = x (C1 + sinx) .

Using Matlab 7.9, we shall achieve:
>> y=dsolve(’x*Dy-y=xˆ2*cos(x)’,’x’)
y =
x*sin(x)+x*C1
We can also solve this equation using Mathematica 8:

and with Maple 15:

7.2.5 Exact Differential Equations

Definition 7.23 (see [3]). A total differential equation is of the form:

f (x, y) dx+ g (x, y) dy = 0, f, g : D ⊆ R
2 → R. (7.18)

If the left side of the equation (7.18) is the total differential of a function
Φ : D → R, i.e.

dΦ = f (x, y) dx+ g (x, y) dy, (7.19)

then the differential equation is called exact differential equation.

Proposition 7.24 (see [3]). The necessary and sufficient condition that
the equation (7.18) to be exact differential is that
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∂f

∂y
=
∂g

∂x
. (7.20)

Proposition 7.25 (see [3]). The general solution of the exact differential
equation is:

Φ (x, y) = C, (7.21)

where

Φ (x, y) =

∫ x

x0

f (t, y0) dt+

∫ y

y0

g (x, t) dt, (x0, y0) ∈ D. (7.22)

If the condition (7.20) is not accomplished, then the differential equation
(7.18) must be multiplied by an integrating factor μ (x, y) such that the
equation to become an exact differential equation.
There are two cases:

Case 1.If μ = μ (x) , then the condition (7.20) becomes

∂

∂y
(f · μ) = ∂

∂x
(g · μ) ⇐⇒ μ

∂f

∂y
= μ

∂g

∂x
+ gμ′ =⇒

μ′

μ
=

∂f
∂y − ∂g

∂x

g
= ϕ (x)

and
μ (x) = e

∫
ϕ(x)dx. (7.23)

Case 2. If μ = μ (y) , then reasoning as in the case 1, the condition (7.20)
becomes:

μ′

μ
=

∂f
∂y − ∂g

∂x

−f = ϕ (y)

and
μ (y) = e

∫
ϕ(y)dy. (7.24)

Example 7.26. Solve the equation:

a) (yexy − 4xy) dx+
(

xexy − 2x2
)

dy = 0

b) y (1 + xy) dx− xdy = 0, y 	= 0.

Solutions.
Denoting

{

f (x, y) = yexy − 4xy
g (x, y) = xexy − 2x2
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it will result that:

∂f
∂y = exy + xyexy − 4x
∂g
∂x = exy + xyexy − 4x

}

=⇒ ∂f

∂y
=
∂g

∂x
,

i.e. the given equation is an exact differential equation.
Using (7.21) and (7.22) we deduce that:

∫ x

x0

(

y0e
ty0 − 4ty0

)

dt+

∫ y

y0

(

xext − 2x2
)

dt = C ⇐⇒

ety0
∣
∣
x

x0
− 4y0 · t

2

2

∣
∣
∣
∣

x

x0

+ ext
∣
∣
y

y0
− 2x2t

∣
∣
y

y0
= C ⇐⇒

exy − 2x2y = C1,

where

C1 = C + ex0y0 + 2x20y0.

Solving in Matlab 7.9 the proposed differential equation, we distinguish
the following steps:
Step 1. We check if the equation is an exact differential equation.
>> syms x y t y0 x0
>>f=y*exp(x*y)-4*x*y;
>> g=x*exp(x*y)-2*xˆ2;
>> d1=diff(f,y);
>> d2=diff(g,x);
>> d1==d2
ans =
1
Step 2. As the equation is an exact differential equation, we can apply

the formula (7.22) to determine its solution.
>> Phi=int(subs(f,{x,y},{t,y0}),t,x0,x)+int(subs(g,y,t),t,y0,y)
Phi =
exp(x*y) - exp(x0*y0) - 2*xˆ2*y + 2*x0ˆ2*y0
We shall also solve this problem using Mathcad 14:
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and with Mathematica 8:

and in Maple 15:

b) Denoting

{
f (x, y) = y (1 + xy)

g (x, y) = −x
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it will result that:

∂f
∂y = 1 + 2xy

∂g
∂x = −1

}

=⇒ ∂f

∂y
	= ∂g

∂x
,

i.e. the given equation is not an exact differential equation.
We can notice that

∂f
∂y − ∂g

∂x

−f =
1 + 2xy + 1

−y (1 + xy)
=

2 (1 + xy)

−y (1 + xy)
= −2

y
= ϕ (y) ;

hence

μ (y) = e
∫ − 2

y dy = e−2 ln|y| = e− ln y2

=
1

y2

is the integrating factor.
Multiplying the given equation with 1

y2 we achieve:

1 + xy

y
dx− x

y2
dy = 0,

which is an exact differential equation.
Using (7.21) and (7.22) we deduce that:

∫ x

x0

1 + ty0
y0

dt+

∫ y

y0

x

t2
dt = C ⇐⇒

1

y0
(x− x0) +

t2

2

∣
∣
∣
∣

x

x0

− x · t
−2+1

−2 + 1

∣
∣
∣
∣

y

y0

= C ⇐⇒

x2

2
+
x

y
= C1,

where

C1 = C +
x20
2

+
x0
y0
.

We can also solve this equation in Matlab 7.9:
Step 1. We check if the equation is an exact differential equation.
>> syms x y t y0 x0
>> f=y*(1+x*y);
>> g=-x;
>> d1=diff(f,y);
>> d2=diff(g,x);
>> d1==d2
ans =
0
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Step 2. Since the equation is not an exact total differential equation, we
must determine the integrating factor (7.24):
>> phi=simple((d1-d2)/(-f))
phi =
-2/y
>> miu=exp(int(phi,y))
miu =
1/yˆ2
Step 3.We can apply the formula (7.22) in order to determine the solution

of the equation.
>>Phi=int(subs(f*miu,{x,y},{t,y0}),t,x0,x)+int

(subs(g*miu,y,t),t,y0,y);
>> Phi=expand(Phi)
Phi =
piecewise([0 <= y and y0 <= 0, x/y0 - x*Inf - x0/y0 + xˆ2/2

- x0ˆ2/2], [y < 0 or 0 < y0, x/y - x0/y0 + xˆ2/2 - x0ˆ2/2])
We shall also solve this problem using Mathcad 14:

and with Mathematica 8:
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and in Maple 15:
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7.2.6 Bernoulli’s Equation

Definition 7.27 (see [3]). The differential equation of the form

y′ = p (x) y + q (x) yα (7.25)

constitutes the Bernoulli’s equation, p, q being two continuous functions.
Proposition 7.28 (see [3]). If

• α = 0 then the equation (7.25) becomes an non-homogeneous linear
differential equation;

• α = 1 then the equation (7.25) becomes a differential equation with
separable variables.

Otherwise, i.e. for α ∈ R\ {0, 1}, using the change of function

y = z
1

1−α , (7.26)

the equation (7.25) one reduces to an non-homogeneous linear differential
equation.
Example 7.29. Solve the equation:

y′ − 4
y

x
− x

√
y = 0, x > 0, y ≥ 0.

Solution.
We can notice that

α =
1

2
,

hence, using the change of function

y = z2,

from the fact that

y′ = 2zz′

it will result the linear differential equation:

z′ = 2
z

x
+
x

2
.

From the relation (7.17) it results that the solution of this equation will
be

z (x) = e
∫

2
xdx

(

C1 +

∫
x

2
· e−

∫
2
xdxdx

)

= x2
(

C1 +
1

2
lnx

)

;

therefore
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y (x) = x4
(

C1 +
1

2
lnx

)2

.

We shall achieve this explicit solution in Matlab 7.9:
>> y=simplify(dsolve(’Dy-4*y/x-x*sqrt(y)’,’x’))
y =
0
(xˆ4*(2*C3 + log(x))ˆ2)/4
and using Mathematica 8:

We shall find only an implicit solution using Maple 15:

We can not solve the equation in Mathcad 14.

7.2.7 Riccati’s Equation

Definition 7.30 (see [3]). A differential equation, which is of the form

y′ = p (x) y2 + q (x) y + r (x) (7.27)

represents theRiccati’s equation, p, q, r being three continuous functions.
Proposition 7.31 (see [3]). If you know a particular solution yp (x) of
the equation (7.27), then using the substitution

y = yp +
1

z
(7.28)

the equation (7.27) becomes a non-homogeneous differential equation.
Example 7.32. Solve the equation:



7.2 First Order Differential Equations Solvable by Quadratures 341

xy′ = y2 − (2x+ 1) y + x2 + 2x, y1 (x) = x, x > 0.

Solution.
This is a Riccati equation.
We can write the equation on the form:

y′ =
y2

x
− 2x+ 1

y
y + x+ 2.

Using the substitution from (7.28), i.e.:

y = x+
1

z
=⇒ y′ = 1− z′

z2
,

the equation becomes:

1− z′

z2
=

1

x

(

x+
1

z

)2

− 2x+ 1

x

(

x+
1

z

)

+ x+ 2;

after some calculus it will result the equation:

−z′ = 2z +
1

x
− 2x+ 1

x
z,

i.e. the linear differential equation:

z′ =
1

x
z − 1

x
.

The solution of this equation will be:

z (x) = e
∫

1
xdx

(

C1 +

∫ (

− 1

x

)

· e−
∫

1
xdxdx

)

= x

(

C1 −
∫

1

x
· 1
x
dx

)

= x

(

C1 +
1

x

)

i.e.
z (x) = C1x+ 1

and

y (x) =
C1x

2 + x+ 1

C1x+ 1
.

We shall obtain using Matlab 7.9:
>> y=dsolve(’x*Dy=yˆ2-(2*x+1)*y+xˆ2+2*x’,’x’)
y =
x
x + 1/(C2*x + 1)
and with Mathematica 8:
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and in Maple 15:

7.2.8 Lagrange’s Equation

Definition 7.33 (see [3]). A differential equation of the form

y = xA (y′) +B (y′) , (7.29)

in which A,B are two continuous functions means the Lagrange′
s equation.
Denoting

y′ = p⇐⇒ dy

dx
= p⇐⇒ dy = p dx (7.30)

the equation (7.29) becomes

y = xA (p) +B (p) ; (7.31)

by differentiation we get:

p dx = A (p) dx+ [xA′ (p) +B′ (p)] dp,

i.e.

(p−A (p)) dx = [xA′ (p) +B′ (p)] dp.

If

1. p−A (p) 	= 0
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then it results

dx

dp
=

A′ (p)
p−A (p)

x+
B′ (p)

p−A (p)
,

a non-homogeneous differential equation, having the general solution:

x = e
∫ A′(p)

p−A(p)
dp

(

C +

∫

e−
∫ A′(p)

p−A(p)
dp · B′ (p)

p−A (p)
dp

)

. (7.32)

Thereby, from (7.31) and (7.32) we deduce that the general solution of
the Lagrange equation is:

y = A (p) e
∫ A′(p)

p−A(p)dp

(

C +

∫

e−
∫ A′(p)

p−A(p)dp · B′ (p)
p−A (p)

dp

)

+B (p) . (7.33)

2. p−A (p) one cancels on the common interval of definition of the functions
A and B, then we shall denote by p1 the solution of the equation:

p−A (p) = 0 (7.34)

whose corresponds a solution of the Lagrange equation, i.e.

y = xA (p1) +B (p1) . (7.35)

The Lagrange’s equation admits the straight lines of the form (7.35) as
singular solutions, given by the roots of the equation (7.34).
Example 7.34. Solve the equation:

x− y =
4

9
y′2 − 8

27
y′3.

Solution.
This is a Lagrange equation.
Denoting

y′ = p

the equation will become:

y = x− 4

9
p2 +

8

27
p3. (7.36)

By differentiation with respect to x we obtain:

dy = dx− 8

9
p dp+

8

9
p2dp;

using (7.30) it results:
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pdx = dx− 8

9
p dp+

8

9
p2dp,

i.e.

(p− 1) dx =
8

9
(p− 1) p dp

and, finally (if p 	= 1 ):

dx =
8

9
p dp,

which is a differential equation with separable variables; therefore

x =
4

9
p2 + C. (7.37)

From (7.36) we deduce:

y =
4

9
p2 + C − 4

9
p2 +

8

27
p3,

i.e.

y =
8

27
p3 + C. (7.38)

If p 	= 1, the general solution of the differential equation can be obtained
from (7.37) and (7.38) in the following way:

• from (7.37) it results that

p = ±3

2

√
x− C;

• substituting p into (7.38) we shall have:

y (x) = ± (x− C)
3/2

+ C.

If p = 1, the singular solution will be:

y (x) = − 4

27
+ x.

We shall find the solutions of this equation and we shall plot them in
Matlab 7.9:
>> y=simplify(dsolve(’x-y=(4/9)*Dyˆ2-(8/27)*Dyˆ3’,’x’))
y =
x - 4/27
C2 + (-(C2 - x)ˆ3)ˆ(1/2)
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C2 - (-(C2 - x)ˆ3)ˆ(1/2)
>> t=-12:0.1:12;
>> C1=12;
>>x=(t.ˆ2).ˆ(1/3)+C1;
>>y=t+C1;
>> C2=11;
>>x1=(t.ˆ2).ˆ(1/3)+C2;
>>y1=t+C2;
>> C3=8;
>> x2=(t.ˆ2).ˆ(1/3)+C3;
>>y2=t+C3;
>> C4=2;
>> x4=(t.ˆ2).ˆ(1/3)+C4;
>> y4=t+C4;
>> C5=10;
>> x5=(t.ˆ2).ˆ(1/3)+C5;
>>y5=t+C5;
>> x3=-15:15;
>>y3=-4/27+x3;
>> plot(x,y,’b’,x2,y2,’b’,x4,y4,’b’,x5,y5,’b’,x3,y3,’m’,

’LineWidth’,2)

and using Maple 15:



346 7. Equations and Systems of Linear Ordinary Differential Equations

7.2.9 Clairaut’s Equation

Definition 7.35 (see [3]). The differential equation of the form

y = xy′ +B (y′) , (7.39)

B being a continuous function means the Clairaut’s equation.
Denoting

y′ = p

the equation (7.39) becomes

y = xp+B (p) ; (7.40)

by differentiation we obtain:

p dx = pdx+ xdp+B′ (p) dp,

i.e.

[x+B′ (p)] dp = 0.

If

1. dp = 0 =⇒ p = C;

then from (7.40) we achieve
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y = Cx+B (C) , (7.41)

equation which represents a family of straight lines in plane, which is the
general solution of the Clairaut equation.

2. x+B′ (p) = 0 =⇒ x = −B′ (p);

we get the singular solution of the Clairaut equation:

y = −pB′ (p) +B (p) . (7.42)

Example 7.35. Solve the equation:

y = xy′ − 4y′2.

Solution.
This is a Clairaut equation.
Denoting

y′ = p

the equation becomes:

y = px− 4p2,

i.e.

dy = pdx+ xdp− 8pdp.

As

dy

dx
= p =⇒ dy = p dx

we shall deduce that:

pdx = pdx+ x dp− 8pdp,

i.e.

(x− 8p) dp = 0.

We shall analyse the following two cases:

Case 1. dp = 0 =⇒ p = C.

The solution of the differential equation is

y = Cx− 4C2

and means a family of straight lines.
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Case 2. x− 8p = 0;

it results that:

{
x = 8p

y = 8p2 − 4p2 = 4p2

or

y =
x2

16

(one achieves by eliminating p between the two equations) constitutes a
singular solution.
We shall solve this problem in Matlab 7.9:
>> y=dsolve(’y=x*Dy-4*Dyˆ2’,’x’)
y =
xˆ2/16
C*x - 4*Cˆ2
>> t=-2:0.1:2;
>> x=t;
>> y=t.ˆ2/16;
>>C=0.01;
>>y1=C*x-4*Cˆ2
>>C1=0.04;
>>y2=C1*x-4*C1ˆ2 ;
>> C2=0.09;
>> y3=C2*x-4*C2ˆ2;
>> plot(x,y,’b’,x,y1,x,y2,x,y3,’LineWidth’,2)

and with Maple 15:
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We can’t solve this problem in Mathcad 14.
Mathematica 8 finds only that solution of the equation, which represents

a family of straight lines; it can’t determine the singular solution of this
Clairaut equation.

7.3 Higher Order Differential Equations

7.3.1 Homogeneous Linear Differential Equations
with Constant Coefficients

Definition 7.36 (see [25]). A differential equation of the form

a0y
(n) + a1y

(n−1) + . . .+ an−1y
′ + any = 0, (7.43)

where a0, a1, . . . , an are some real constants, a0 	= 0 is called homo-
geneous differential linear equation, of order n,with constant
coefficients.
Definition 7.37 (see [25]). The polynomial

P (λ) = a0λ
n + a1λ

n−1 + . . .+ an−1λ
n + an (7.44)

represents the attached characteristic polynomial of the homoge-
neous differential equation of order n, with constant coefficients
from (7.43) and the equation
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P (λ) = 0 (7.45)

constitutes the attached characteristic of the homogeneous differ-
ential equation of order n, with constant coefficients from (7.43).
The method by which we obtain the differential equation solutions (7.43)

was introduced of L. Euler, who tried to satisfy this equation with some
functions of the form eλt.
We can notice that the solutions of differential equation (7.43) depend

on the characteristic equation roots (see [25]).

Case 1.Firstly, we consider the case when the roots of the characteristic
equation are real and in turn, we analyze, the subcase when the roots
are distinct and then the case when the characteristic equation has also
multiple roots.

a) Assuming that the characteristic equation has all the roots distinct
and real, we can write the solution of the homogeneous linear differ-
ential equation (7.43) of the form

y (x) = C1e
λ1x + C2e

λ2x + . . .+ Cne
λnx. (7.46)

b) If the characteristic equation has the real root λ = λ1, multiple of the
order p, p ≤ n we can write the general solution of the homogeneous
linear differential (7.43) of the form

y (x) = C1e
λ1x + C2xe

λ1x + . . .+ Cpx
p−1eλ1x; (7.47)

this expression of y (x) is also called the contribution of the real mul-
tiple root, of the order p, λ = λ1 of the characteristic equation, to the
general solution of the homogeneous equation.

c) The characteristic equation has real k roots λ1, λ2 . . . , λk, with the
multiplicities p1, p2 . . . , pk, p1 + p2 + . . . + pk = n, then the general
solution of the homogeneous linear differential (7.43) is

y (x) = Qp1−1 (x) e
λ1x +Qp2−1 (x) e

λ2x + . . .+Qpk−1 (x) e
λkx, (7.48)

where

Qpi−1 (x) = C1 + C2x+ . . .+ Cpix
pi−1 (7.49)

is a polynomial, by at most pi − 1 degree.

Case 2. We suppose that the roots of the characteristic equation are com-
plex and in turn, we analyze the subcase when the roots are distinct and
then the case when the characteristic equation has also multiple roots.
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a) We assume that all the characteristic equation has distinct complex
roots; it results that they are two by two complex-conjugate. The general
solution of the homogeneous differential equation (7.43) will be:

y (x) = C1e
α1x

cos β1x + C2e
α2x

cos β2x + . . . + (7.50)

Cke
αkx

cos βkx + C
∗
1 e

α1x
sin β1x + C

∗
2 e

α2x
sinβ2x + . . . + C

∗
ke

αkx
sinβkx,

where Ci, C
∗
i , i = 1, k are some arbitrary constants.

b) Supposing that the characteristic equation has the complex multiple root
λ1 = α1 + iβ1 of the order p1 it results that the general solution of the
homogeneous differential equation will be:

y (x) = C1e
α1x

cos β1x + C2xe
α1x

cos β1x + . . . + (7.51)

Cp1x
p1−1

e
α1x

cos β1x + C
∗
1 e

α1x
sin β1x + C

∗
2 xe

α1x
sin β1x + . . . + C

∗
p1

x
p1−1

e
α1x

sinβ1x.

c) The characteristic equation has the complex roots

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

λ1 = α1 + iβ1
λ2 = α2 + iβ2

...
λj = αj + iβj

of multiplicities p1, p2, . . . , pj , where 2 (p1 + p2 + . . .+ pj) = n.
The general solution of the homogeneous differential equation (7.43) will

be

y (x) = [R1 (x) cosβ1x+ S1 (x) sinβ1x] e
α1x (7.52)

+ . . .+
[

Rpj−1 (x) cosβjx+ Spj−1 (x) sinβjx
]

eαjx,

where

� Rpj−1 (x) = C1+C2x+ . . .+Cpjx
pj−1 is a polynomial by at most pj − 1

degree,

� Spj−1 (x) = C∗
1 +C

∗
2x+ . . .+C

∗
pj
xpj−1 is a polynomial by at most pj − 1

degree.

Case 3.We suppose that the characteristic equation has
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� the real roots λ1, λ2 . . . , λj , with the multiplicities p1, p2 . . . , pj

and

� the complex roots

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

λj+1 = α1 + iβ1
λj+2 = α2 + iβ2

...
λj+l = αl + iβl

with the multiplicities pj+1, pj+2 . . . , pj+l , where

p1 + p2 + . . .+ pj + 2 (pj+1 + pj+2 + . . .+ pj+l) = n.

The general solution of the homogeneous differential equation (7.43) will
be:

y (x) =

j∑
i=1

Qpi−1 (x) e
λ1x +

l∑
k=1

eαkx
[
Rpj+k−1 (x) cos βkx+ Spj+k−1 (x) sinβkx

]
,

(7.53)

where:

� Qpi−1 (x) is a polynomial by at most pi − 1 degree and it has the ex-
pression (7.49),

� Rpj+k−1 (x) = c1+c2x+ . . .+cpk
xpk−1 is a polynomial by at most pk−1

degree,
� Spj+k−1 (x) = c∗1+c∗2x+ . . .+c∗pk

xpk−1 is a polynomial by at most pk−1
degree.

Example 7.38. Find the general solution of the homogeneous differential
equations, with constant coefficients:

a) y′′ − y = 0

b) y(4) − 5y′′ + 4 = 0

c) y(7) + 3y(6) + 3y(5) + y(4) = 0

d) y(4) + 5y′′ + 4y = 0

e) y(4) + 2y′′′ + 3y′′ + 2y′ + y = 0
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f) 64y(8) − 48y(6) + 12y(4) + y′′ = 0.

Solutions.
a) We obtain the characteristic polynomial

P (λ) = λ2 − 1.

The roots of the characteristic equation P (λ) = 0 are λ1,2 = ±1.
Using (7.46), we shall have

{

y1 (x) = ex

y2 (x) = e−x

and the general solution will be

y (x) = C1e
x + C2e

−x.

In Matlab 7.9 we need the following sequence:
>> y=dsolve(’D2y=y’,’x’)
y =
C1*exp(x)+C2/exp(x)
We can also solve this equation using Mathematica 8:

and with Maple 15:

b) We have

P (λ) = 0 ⇔ λ4 − 5λ2 + 4 = 0 ⇔ (

λ2 − 4
) (

λ2 − 1
)

= 0

⇔
{

λ1,2 = ±1
λ3,4 = ±2.
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We obtain

⎧

⎪⎪⎨

⎪⎪⎩

y1 (x) = ex

y2 (x) = e−x

y3 (x) = e2x

y4 (x) = e−2x.

The general solution of the homogeneous linear differential equation will
be

y (x) = C1e
x + C2e

−x + C3e
2x + C4e

−2x.

c) We obtain the characteristic polynomial

P (λ) = λ7 + 3λ6 + 3λ5 + λ4 = λ4 (λ+ 1)
3
.

The roots of the characteristic equation P (λ) = 0 are:

� λ = 0 a multiple root of the order 4,
� λ = −1 a multiple root of the order 3.

Using (7.48), the general solution will be:

y (x) = C1 + C2x+ C3x
2 + C4x

3 +
(

C5 + C6x+ C7x
2
)

e−x.

d) We obtain the characteristic polynomial

P (λ) = λ4 + 5λ2 + 4.

The roots of the characteristic equation P (λ) = 0 are:

{

λ1,2 = ±i
λ3,4 = ±2i.

Using (7.52), the general solution will be:

y (x) = C1 cosx+ C2 sinx+ C3 cos 2x+ C4 sin 2x.

We can also achieve this solution using Matlab 7.9:
>> y=dsolve(’D4y+5*D2y+4*y=0’,’x’)
y =
C1*cos(x)+C2*sin(x)+C3*cos(2*x)+C4*sin(2*x)
and in Mathematica 8:
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or

and with Maple 15:

e) We have

P (λ) = 0 ⇔ (

λ2 + λ+ 1
)2

= 0

⇔ λ1,2 =
−1± i

√
3

2
.

Using (7.50), we achieve:

{

y1 (x) = e−
1
2x cos

√
3
2 x

y2 (x) = e−
1
2x sin

√
3
2 x

The general solution of the homogeneous linear differential equation will
be:

y (x) =

(
C1 cos

√
3

2
x+ C2 sin

√
3

2
x

)
e−

1
2
x +

(
C3 cos

√
3

2
x+ C4 sin

√
3

2
x

)
xe−

1
2
x.

We shall have in Matlab 7.9:
>> y=simplify(dsolve(’D4y+2*D3y+3*D2y+2*Dy+y=0’,’x’))
y =
(C2*cos((3ˆ(1/2)*x)/2) + C4*sin((3ˆ(1/2)

x)/2) + C3*x*cos((3ˆ(1/2)*x)/2) + C5*x*sin((3ˆ(1/2)*x)/2))/exp(x/2)
and using Mathematica 8:
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and with Maple 15:

f) We achieve the characteristic polynomial

P (λ) = 64λ8 + 48λ6 + 12λ4 + λ2 = λ2
(

4λ2 + 1
)2
.

The roots of the characteristic equation P (λ) = 0 are:

• λ1 = 0 a double root,
• λ2,3 = ± 1

2 i some triple roots.

Using (7.53), the general solution will be
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y (x) = C1 + C2x+
(

C3 + C4x+ C5x
2
)

cos
x

2
+
(

C6 + C7x+ C8x
2
)

sin
x

2
.

7.3.2 Non-homogeneous Linear Differential
Equations with Constant Coefficients

Definition 7.39 (see [25]). A differential equation of the form

a0y
(n) + a1y

(n−1) + . . .+ an−1y
′ + any = f (x) , (7.54)

where a0, a1, . . . , an−1, an are some real constants, a0 	= 0 and f : C(0) (I) →
R is a continuous function on an interval I ⊆ R is called non-homogeneous
linear differential equation of order n, with constant coefficients.
The general solution of this equation is the sum of the general solution

of the associated homogeneous equation and a particular solution of the
non-homogeneous equation; therefore:

y (x) = yo (x) + yp (x) . (7.55)

In the case when f is an arbitrary function, for the determination of a
particular solution of the non-homogeneous equation is used:

A)the method of variation of constants, developed by Joseph Louis
Lagrange;

B)the method of the undetermined coefficients.

7.3.2.1 The Method of Variation of Constants

The particular solution of the non-homogeneous equation can be found in
the form (see [3]):

yp (x) = C1 (x) y1 (x) + C2 (x) y2 (x) + · · ·+ Cn (x) yn (x) , (7.56)

where {C′
1 (x) , C

′
2 (x) , . . . , C

′
n (x)} represents the solution of the

non-homogeneous linear algebraic system, of n equations, with n unknowns:
⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

C′
1 (x) y1 (x) + C′

2 (x) y2 (x) + · · ·+ C′
n (x) yn (x) = 0

C′
1 (x) y

′
1 (x) + C′

2 (x) y
′
2 (x) + · · ·+ C′

n (x) y′n (x) = 0
...

C′
1 (x) y

(n−2)
1 (x) + C′

2 (x) y
(n−2)
2 (x) + · · ·+ C′

n (x) y
(n−2)
n (x) = 0

C′
1 (x) y

(n−1)
1 (x) + C′

2 (x) y
(n−1)
2 (x) + · · ·+ C′

n (x) y
(n−1)
n (x) = f(x)

a0
.

(7.57)
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Remark 7.40. If the order of the nonhomogeneous differential equation is
high, then the calculus for determining the particular solution become la-
borious, since the system which results by applying the method of variation
of the constants has n equations, and n unknown functions.
Example 7.41. Determine the general solution of the following non-
homogeneous linear differential equation with constant coefficients:

y′′ + 3y′ + 2y =
1

1 + ex
.

Solution.
First of all, we determine the general solution of the associated homoge-

neous equation:

y′′ + 3y′ + 2y = 0.

We have:

P (λ) = λ2 + 3λ+ 2 = (λ+ 1) (λ+ 2) .

The characteristic equation P (λ) = 0 has the roots λ1 = −1, λ2 = −2.
We achieve

yo (x) = C1e
−x + C2e

−2x.

We seek

yp (x) = C1 (x) e
−x + C2 (x) e

−2x,

where

{
C′

1 (x) e
−x + C′

2 (x) e
−2x = 0

−C′
1 (x) e

−x − 2C′
2 (x) e

−2x = 1
1+ex .

(7.58)

We notice that the determinant of the system is

Δ =

∣
∣
∣
∣

e−x e−2x

−e−x −2e−2x

∣
∣
∣
∣
= W[x1, x2] 	= 0.

If we add the two equations of the system (7.58) we deduce

−C′
2 (x) e

−2x =
1

1 + ex
;

therefore

C′
2 (x) = − e2x

1 + ex
= −e2x + ex − ex

1 + ex
= −ex (ex + 1)− ex

1 + ex
= −ex +

ex

1 + ex
,

i.e.
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C2 (x) =

∫ (

−ex +
ex

1 + ex

)

dx = −ex + ln (1 + ex) .

We shall have

C′
1 (x) = −C′

2 (x)
e−2x

e−x
=

e2x

1 + ex
· e−2x · ex =

ex

1 + ex

and

C1 (x) =

∫
ex

1 + ex
dx = ln (1 + ex) .

It results that

yp (x) = e−x ln (1 + ex) + [−ex + ln (1 + ex)] e−2x

=
(

e−x + e−2x
)

ln (1 + ex)− e−x.

The general solution of the nonhomogeneous equation will be

y (x) = C1e
−x + C2e

−2x +
(

e−x + e−2x
)

ln (1 + ex)− e−x.

We shall solve this equation in Matlab 7.9:
>> y=dsolve(’D2y+3*Dy+2*y=1/(1+exp(x))’,’x’)
y =
exp(-2*x)*log(1+exp(x))+exp(-x)*log(1+exp(x))-exp(-2*x)

C1+exp(-x)*C2
and with Mathematica 8:

and in Maple 15:
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7.3.2.2 The Method of the Undetermined Coefficients

The physical problems contribute to some equations of the form (7.54),
where f (x) has a particular form and in such cases the particular solution
of the nonhomogeneous equation can be determined by the method of the
undetermined coefficients.
We can distinguish the following situations (see [25]):

Situation 1. The right side of the differential equation (7.54) has the form

f (x) = C = const.

a) If λ = 0 is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

yp (x) =
C

an
. (7.59)

b) If λ = 0 is a multiple root of the order m of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

yp (x) =
C · xm

m! · an−m
. (7.60)

Situation 2. The right side of the differential equation (7.54) has the form

f (x) = Ceαx,

where α is a constant.

a) If λ = α is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

yp (x) =
C · eαx
P (α)

. (7.61)

b) If λ = α is a multiple root of the order m of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

yp (x) =
C · xm · eαx
P (m) (α)

. (7.62)
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Situation 3. The right side of the differential equation (7.54) has the form

f (x) = Pm (x) ,

where Pm (x) is a polynomial by the degree m.

a) If λ = 0 is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

yp (x) = Qm (x) , (7.63)

where Qm (x) is a polynomial of the same degree as Pm (x), whose coeffi-
cients are determined by identifying, with the condition that yp (x) checks
the non-homogeneous equation.

b) If λ = 0 is a multiple root of the order r of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

yp (x) = xrQm (x) , (7.64)

where Qm (x) is a polynomial of the same degree as Pm (x) .

Situation 4.The right side of the differential equation (7.54) has the form

f (x) = eαxPm (x) .

a) If λ = α is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

yp (x) = eαxQm (x) , (7.65)

where Qm (x) is a polynomial of the same degree as Pm (x), whose coeffi-
cients are determined by identifying, with the condition that yp (x) from
(7.65) checks the non-homogeneous equation.

b) If λ = α is a multiple root of the order r of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

yp (x) = eαxxrQm (x) . (7.66)

Situation 5. The right side of the differential equation (7.54) has the form
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f (x) =M cosβx +N sinβx.

a) If λ = βi is not a root of the characteristic equation, then the differential
equation (7.54) has a particular solution of the form

yp (x) = A cosβx+B sinβx. (7.67)

b) If λ = βi is a multiple root of the order m of the characteristic equation,
then the differential equation (7.54) has a particular solution of the form

yp (x) = xm (A cosβx+B sinβx) . (7.68)

Situation 6. The right side of the differential equation (7.54) has the form

f (x) = eαx (Pm (x) cosβx +Qm (x) sinβx) .

a) If λ = α + βi is not a root of the characteristic equation, then the
differential equation (7.54) has a particular solution of the form

yp (x) = eαx (Rm (x) cosβx + Sm (x) sinβx) . (7.69)

b) If λ = α + βi is a multiple root of the order r of the characteristic
equation, then the differential equation (7.54) has a particular solution
of the form

yp (x) = xreαx (Rm (x) cosβx + Sm (x) sinβx) . (7.70)

Situation 7. The right side of the differential equation (7.54) has the form

f (x) = f1 (x) + · · ·+ fk (x) ,

with fi (x) of the form from the situations 1- 6.
In this case, the differential equation (7.54) has a particular solution of

the form

yp (x) = yp1 (x) + · · ·+ ypk (x) , (7.71)

with ypi (x) corresponding to fi (x).
Example 7.42. Find the general solution of the non-homogeneous differ-
ential equations, with constant coefficients:
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a) y′′ + y′ = 3

b) y′′′ + 4y′′ + 5y′ = 1 + 4e−x

c) y′′ − 5y′ + 6y = 6x2 − 10x+ 2

d) y(4) + 2y′′ + y = sinx.

Solutions.
a) The associated characteristic polynomial of the homogeneous equation

is
P (λ) = λ2 + λ.

The characteristic equation has the roots λ1 = 0, λ2 = −1.
The solution of the homogeneous equation is

yo (x) = C1 + C2e
−x.

Using (7.60), the particular solution of the nonhomogeneous equation is

yp (x) =
3 · x1

1! · a2−1
=

3x

a1
= 3x

and the general solution of the differential equation will be

y (x) = C1 + C2e
−x + 3x.

b) The associated characteristic polynomial of the homogeneous equation
is

P (λ) = λ3 + 4λ2 + 5λ = λ
(

λ2 + 4λ+ 5
)

.

The characteristic equation has the roots

⎧

⎨

⎩

λ1 = 0
λ2 = −2 + i

λ2 = −2− i.

The solution of the homogeneous equation is

yo (x) = C1 + C2e
−2x sinx+ C3e

−2x cosx.

The particular solution of the non-homogeneous equation is

yp (x) = yp1 (x) + yp2 (x) ,

where
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yp1 (x) =
1 · x1

1! · a3−1
=

x

a2
=
x

5

and

yp2 (x) =
4 · e−x

P (−1)
=

4 · e−x

−2
= −2 · e−x;

therefore

yp (x) =
x

5
− 2 · e−x.

The general solution of the differential equation will be

y (x) = C1 + C2e
−2x sinx+ C3e

−2x cosx+
x

5
− 2 · e−x.

c) The associated characteristic polynomial of the homogeneous equation
is

P (λ) = λ2 − 5λ+ 6 = (λ− 2) (λ− 3) .

The characteristic equation has the roots λ1 = 2, λ2 = 3.
The solution of the homogeneous equation is

yo (x) = C1e
2x + C2e

3x.

The particular solution of the non-homogeneous equation is

yp (x) = x2 + ax+ b.

We have

{
y′p (x) = 2x+ a
y”p (x) = 2.

We achieve

2− 5 (2x+ a) + 6
(

x2 + ax+ b
)

= 6x2 − 10x+ 2;

hence

{−10 + 6a = −10 =⇒ a = 0
2− 5a+ 6b = 2 =⇒ b = 0

i.e.

yp (x) = x2.

The general solution of the differential equation will be
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y (x) = C1e
2x + C2e

3x + x2.

We shall have in Matlab 7.9:
>> y=dsolve(’D2y-5*Dy+6*y=6*xˆ2-10*x+2’,’x’)
y =
xˆ2+ C1*exp(3*x)+C2*exp(2*x)
and with Mathematica 8:

and in Maple 15:

d) The associated characteristic equation of the homogeneous differential
equation

y(4) + 2y′′ + y = 0

is

(

λ2 + 1
)2

= 0 ⇔
λ1 = i, λ1 = −i are some double roots.
We obtain

yo (x) = (C1 + C2x) cosx+ (C1 + C2x) sinx.

We seek

yp (x) = x2 (A cos x+B sinx) .

We shall have
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⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

y′p (x) = 2x (A cosx+B sinx) + x2 (−A sinx+B cosx)
y′′p (x) = 2 (A cosx+B sinx) + 4x (−A sinx+B cosx)

+x2 (−A cosx−B sinx)
y′′′p (x) = 6 (−A sinx+B cosx) + 6x (−A cosx−B sinx)

+x2 (A sinx−B cosx)

y
(4)
p (x) = 12 (−A cosx−B sinx) + 8x (A sinx−B cosx)

+x2 (A cosx+B sinx) .

By emphasizing the condition that the particular solution to check the
non-homogeneous equation

y(4) + 2y′′ + y = sinx

we deduce

12 (−A cosx−B sinx) + 8x (A sinx−B cosx) + x2 (A cosx+B sinx)

+4 (A cosx+B sinx) + 8x (−A sinx+B cosx) + 2x2 (−A cosx− B sinx)

+x2 (A cosx+B sinx) = sinx;

hence

−8A cosx− 8B sinx = sinx =⇒ A = 0, B = −1

8
.

It results that

yp (x) = −x
2

8
sinx

and

y (x) = (C1 + C2x) cosx+ (C1 + C2x) sinx− x2

8
sinx.

We shall check this result in Matlab 7.9:
>> y=simplify(dsolve(’D4y+2*D2y+y=sin(x)’,’x’))
y =
C2*cos(x) - (xˆ2*sin(x))/8 + C4*sin(x) - (x*cos(x))/8 +

C5*x*sin(x) + C3*x*cos(x)
and using Mathematica 8:
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and with Maple 15:

7.3.3 Euler’s Equation

Definition 7.43 (see [15], p. 312). A non-homogeneous linear differential
equation, of higer order, with variable coefficients, which may be reduced
to an equation with constant coefficients, called Euler’s equation:

anx
ny(n) + an−1x

n−1y(n−1) + . . .+ a1xy
′ + a0y = f (x) , (7.72)

with ai ∈ R, i = 0, n, and f is a continuous function.
In the equation (7.72) the derivatives are taken in relation to x.
Euler’s equation is reduced to an equation with constant coefficients by

changing the independent variable

x = et, x > 0 (7.73)

i.e.

t = lnx.

It will results that:

y′ =
dy

dx
=

dy

dt
· dt
dx

=
1

x

dy

dt
= e−t dy

dt
, (7.74)



368 7. Equations and Systems of Linear Ordinary Differential Equations

y′′ =
d2y

dx2
=

d

dx

⎛

⎜
⎜
⎝

dy

dx
︸︷︷︸

F

⎞

⎟
⎟
⎠

=
dF

dx
=

dF

dt
· dt
dx

=
1

x

dF

dt

= e−t d

dt

(

e−t dy

dt

)

= e−t

(

−e−t dy

dt
+ e−t d

2y

dt2

)

,

i.e.

y′′ = e−2t

(

−dy

dt
+

d2y

dt2

)

; (7.75)

similarly,

y′′′ =
d3y

dx3
=

d

dx

⎛

⎜
⎜
⎝

d2y

dx2
︸︷︷︸

G

⎞

⎟
⎟
⎠

=
dG

dx
=

dG

dt
· dt
dx

=
1

x

dG

dt

= e−t · d

dt

(

e−2t

(

−dy

dt
+

d2y

dt2

))

=

= e−t

[

−2e−2t

(

−dy

dt
+

d2y

dt2

)

+ e−2t

(

−d2y

dt2
+

d3y

dt3

)]

= e−3t

(

2
dy

dt
− 2

d2y

dt2
− d2y

dt2
+

d3y

dt3

)

,

i.e.

y′′′ = e−3t

(

2
dy

dt
− 3

d2y

dt2
+

d3y

dt3

)

. (7.76)

Example 7.44. Find the general solution of the differential equation:

x3y′′′ + 3x2y′ + xy = 1.

Solution.
Using the change of variable from (7.73) and the relations (7.74), (7.76)

we have:

e3t ·
[

e−2t

(

−dy

dt
+

d2y

dt2

)]

+ 3e2t · e−t dy

dt
+ ety = 1

⇐⇒ et
(
d2y

dt2
− dy

dt

)

+ 3et
dy

dt
+ ety = 1

⇐⇒ et
d2y

dt2
+ 2et

dy

dt
+ ety = 1,
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i.e. it has resulted the non-homogeneous linear differential equation with
constant coefficients: d2y

dt2
+ 2

dy

dt
+ y = e−t.

Firstly, we shall solve the homogeneous linear differential equation with
constant coefficients

d2y

dt2
+ 2

dy

dt
+ y = 0.

We obtain the characteristic polynomial

P (λ) = λ2 + 2λ+ 1.

The roots of the characteristic equation P (λ) = 0 are: λ1,2 = −1.
Using (7.47), the general solution will be:

yo (t) = C1e
−t + C2t e

−t,

i.e.

yo (x) =
C1

x
+
C2

x
ln |x| .

Using (7.62) we shall assume

yp (t) =
t2 · e−t

2
,

i.e.

yp (x) =
ln2 |x|
2x

;

hence the general solution of the Euler’s equation is:

y (x) =
C1

x
+
C2

x
ln |x|+ ln2 |x|

2x
.

We can achieve this solution only in Matlab 7.9:
>> y=dsolve(’xˆ3*D2y+3*xˆ2*Dy+x*y=1’,’x’)
y =
C7/x + log(x)ˆ2/(2*x) + (C8*log(x))/x

7.3.4 Homogeneous Systems of Differential
Equations with Constant Coefficients

Definition 7.45 (see [56]). A system of differential equations of the form
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⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

y′1 = a11y1 + a12y2 + · · ·+ a1nyn + f1 (x)
y′2 = a21y1 + a22y2 + · · ·+ a2nyn + f2 (x)

...
y′n = an1y1 + an2y2 + · · ·+ annyn + fn (x) ,

(7.77)

where

� y′k = dyk

dx , k = 1, n,

� aij , fi ∈ C(0) (I) , i, j = 1, n, I ⊆ R,

� x1, x2, . . . , xn ∈ C(1) (I) are some unknown functions

is called a linear system of first order differential equations.
The functions are called the coefficients of the system.
If f1 = f2 = . . . = fn = 0 on I, the system is called homogeneous,

otherwise it is called non-homogeneous.
A homogeneous linear system, with constant coefficients can be written

in the matriceal form:

Y ′ = A · Y (x) , (7.78)

where

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Y ′ (x) =

⎛

⎜
⎜
⎜
⎝

y′1
y′2
...
y′n

⎞

⎟
⎟
⎟
⎠
,

Y (x) =

⎛

⎜
⎜
⎜
⎝

y1
y2
...
yn

⎞

⎟
⎟
⎟
⎠
,

A =

⎛

⎜
⎜
⎜
⎝

a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

...
an1 an2 · · · ann

⎞

⎟
⎟
⎟
⎠
.

The system (7.78) can be solved using the following two methods:

• method of characteristic equation,

• elimination method.
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7.3.5 Method of Characteristic Equation

Definition 7.46 (see [56]). The equation

det (A− λIn) = 0 (7.79)

is called the characteristic equation of the system (7.78).

Case 1. If the matrix A has some distinct eigenvalues, then of each eigen-
value it corresponds a eigenvector, of components (A1, A2, . . . , An).

To determine the general solution of the homogeneous system (7.78) one
proceeds as follows:

1. solve the equation (7.79);

2. achieve the eigenvalues λi, i = 1, n;

3. for each eigenvalue λ = λi, its corresponding eigenvector
(A1i, A2i, . . . , Ani) one determines;

4. write the general solution of the homogeneous system (7.78):

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

y1 (x) = A11C1e
λ1x +A12C2e

λ2x + · · ·+A1nCne
λnx

y2 (x) = A21C1e
λ1x +A22C2e

λ2x + · · ·+A2nCne
λnx

...
yn (x) = An1C1e

λ1x +An2C2e
λ2x + · · ·+AnnCne

λnx.

Case 2. The case of the multiple eigenvalues.

We suppose that λ = λ0 is an eigenvalue of multiplicity m-order of the
matrix A.
The solution Y (x) will be:

Y (x) =

⎡

⎢
⎢
⎢
⎣

⎛

⎜
⎜
⎜
⎝

A11

A21

...
An1

⎞

⎟
⎟
⎟
⎠

· C1 +

⎛

⎜
⎜
⎜
⎝

A12

A22

...
An2

⎞

⎟
⎟
⎟
⎠

· xC2 + · · ·+

⎛

⎜
⎜
⎜
⎝

A1m

A2m

...
Anm

⎞

⎟
⎟
⎟
⎠

· xm−1Cm

⎤

⎥
⎥
⎥
⎦
eλ0x.

(7.80)
Example 7.47. Find the general solution of the system of differential
equations

{

y′1 = −3y1 − y2
y′2 = y1 − y2.

Solution.
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We have

A =

(−3 −1
1 −1

)

,

P (λ) = det (A− λI2) =

∣
∣
∣
∣

−3− λ −1
1 −1− λ

∣
∣
∣
∣
= − (λ+ 2)

2
.

The equation P (λ) = 0 has λ = −2 as a double root.
Using (7.80), we propose a solution of the form

Y (x) =

(
y1 (x)
y2 (x)

)

=

(
A11 +A12x
A21 +A22x

)

e−2x;

therefore

{
y1 (x) = (A11 +A12x) e

−2x

y2 (x) = (A21 +A22x) e
−2x.

(7.81)

We require that the solution from (7.81) to check the homogeneous
system

{
A12e−2x − 2 (A11 +A12x) e−2x = −3 (A11 +A12x) e−2x − (A21 + A22x) e−2x

A22e−2x − 2 (A21 +A22x) e−2x = (A11 + A12x) e−2x − (A21 + A22x) e−2x.

It results that

{
(A12 − 2A11) e−2x − 2A12x e−2x = (−3A11 −A21) e−2x − (3A21 + A22)xe−2x

(A22 − 2A21) e−2x − 2A22x e−2x = (A11 − A21) e−2x + (A12 −A22)xe−2x

i.e.

⎧

⎪⎪⎨

⎪⎪⎩

A12 − 2A11 = −3A11 −A21

2A12 = 3A21 +A22

A22 − 2A21 = A11 −A21

−2A22 = A12 −A22

⇐⇒

⎧

⎪⎪⎨

⎪⎪⎩

A11 +A12 +A21 = 0
−A12 −A22 = 0

A11 +A21 −A22 = 0
A12 +A22 = 0.

(7.82)

If we let A11, A12 arbitrary, then from (7.82) we obtain

{

A21 = −A11 −A12

A22 = −A12.
(7.83)

From (7.81) and (7.83) we deduce

Y (x) =

(
y1 (x)
y2 (x)

)

=

(
A11 +A12x

(−A11 −A12)−A12x

)

e−2x

or
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Y (x) =

(
y1 (x)
y2 (x)

)

=

(
e−2x

−e−2x

)

A11 +

(
xe−2x

(−1− x) e−2x

)

A12.

Solving this system, we shall have in Matlab 7.9:
>> [y1,y2]=dsolve(’Dy1=-3*y1-y2’,’Dy2=y1-y2’,’x’)
y1 =
C9/exp(2*x) - C10/exp(2*x) - (C9*x)/exp(2*x)
y2 =
C10/exp(2*x) + (C9*x)/exp(2*x)
and in Mathematica 8:

and with Maple 15:

7.3.6 Elimination Method

Elimination method consists in reducing the system of the differential equa-
tions to a single linear differential equation of order n, for one of the un-
known functions of the system and then solving this equation.
In the case of a system of the differential equations of the form

{

y′1 = a11y1 + a12y2
y′2 = a21y1 + a22y2,

the elimination method involves the following steps (see [3] and [56]):

1. We compute
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y”1 = a11y
′
1 + a12y

′
2 = a11y

′
1 + a12 (a21y1 + a22y2)

= a11y
′
1 + a12a21y1 + a12a22y2

= a11y
′
1 + a12a21y1 + a12a22 · y

′
1 − a11y1
a12

= (a11 + a22) y
′
1 + (a12a21 − a11a22) y1.

2. We solve the differential equation

y′′1 − (a11 + a22) y
′
1 − (a12a21 − a11a22) y1 = 0

whose solution is y1 (x).

3. We substitute y1 (x) in the second equation of the system to determine
y2 (x).

Example 7.48. Use the elimination method to determine the general so-
lution for the following system of differential equations

⎧

⎨

⎩

y′1 = 3y2 − 4y3
y′2 = −y3

y′3 = −2y1 + y2.
(7.84)

It results that the homogeneous linear differential equation with constant
coefficients:

y′′′1 = 8y′1 − 4y′2 − 3y′3 = 8y′1 + 4y3 + 6y1 − 3y2

= 8y′1 + 6y1 − y′1 = 7y′1 + 6y1,

i.e.

y′′′1 − 7y′1 − 6y1 = 0.

We shall achieve the characteristic polynomial

P1 (λ) = λ3 − 7λ− 6 = (λ+ 1) (λ+ 2) (λ− 3) .

The roots of the characteristic equation P1 (λ) = 0 are:

⎧

⎨

⎩

λ1 = −1
λ2 = −2
λ3 = 3.

It results that:

y1 (x) = C1e
−x + C2e

−2x + C3e
3x. (7.85)
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We have

y”3 = −2y′1 + y′2 = −2y′1 − y3,

i.e.

y′′3 + y3 = −2y′1 = −2
(−C1e

−x − 2C2 e−2x + 3C3 e3x
)

.

We solve the non-homogeneous differential equation with constant
coefficients:

y′′3 + y3 = 2C1e
−x + 4C2 e−2x − 6C3 e3x.

First of all we determine the general solution of the associated homoge-
neous equation:

y′′3 + y3 = 0.

We have:

P3 (λ) = λ2 + 1.

The characteristic equation P3 (λ) = 0 has the roots:

{
λ1 = i

λ1 = i.

We obtain

y3o (x) = C4 cosx+ C5 sinx.

We have

• P3 (−1) = 2 	= 0,
• P3 (−2) = 5 	= 0,
• P3 (3) = 10 	= 0.

Therefore

y3p (x) =
2C1e

−x

P3 (−1)
+

4C2e
−2x

P3 (−2)
− 6C3e

3x

P3 (3)

= C1e
−x +

4

5
C2e

−2x − 3

5
C3e

3x.

It results that

y3 (x) = C4 cosx+ C5 sinx+ C1e
−x +

4

5
C2e

−2x − 3

5
C3e

3x. (7.86)
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We have

y′2 = −y3 = −C4 cosx− C5 sinx− C1e
−x − 4

5
C2e

−2x +
3

5
C3e

3x,

i.e.

y2 (x) = −C4 sinx+ C5 cosx+ C1e
−x +

2

5
C2e

−2x +
1

5
C3e

3x + C6. (7.87)

Substituting (7.85), (7.86) and (7.87) into (7.84) we shall achieve

⎧

⎨

⎩

−3C4 − 4C5 = 0
3C5 − 4C4 = 0 =⇒ C4 = C5 = C6 = 0

3C6 = 0.

Denoting by

⎧

⎨

⎩

C1 = K1
1
5C2 = K2
1
5C3 = K3

the general solution of the system (7.84) will be

⎧

⎨

⎩

y1 (x) = K1e
−x + 5K2e

−2x + 5K3e
3x

y2 (x) = K1e
−x + 2K2e

−2x +K3e
3x

y3 (x) = K1e
−x + 4K2e

−2x − 3K3e
3x.

We can also obtain this solution in Matlab 7.9:
>> [y1,y2,y3]=dsolve(’Dy1=3*y2-4*y3’,’Dy2=-y3’,’

Dy3=-2*y1+y2’,’x’)
y1 =
(5*C11)/(4*exp(2*x)) - (5*C12*exp(3*x))/3 + C13/exp(x)
y2 =
C11/(2*exp(2*x)) - (C12*exp(3*x))/3 + C13/exp(x)
y3 =
C11/exp(2*x) + C12*exp(3*x) + C13/exp(x)
and using Mathematica 8:
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and with Maple 15:

7.4 Non-homogeneous Systems of Differential
Equations with Constant Coefficients

Theorem 7.49 (see[3] and [56]). The general solution of the non-
homogeneous system (7.77) is the sum of the general solution of the homo-
geneous system and a particular solution of the non-homogeneous system:
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Y (x) = Y o (x) + Y p (x) =

⎛

⎜
⎜
⎜
⎝

yo1 (x)
yo2 (x)

...
yon (x)

⎞

⎟
⎟
⎟
⎠

+

⎛

⎜
⎜
⎜
⎝

yp1 (x)
yp2 (x)

...
ypn (x)

⎞

⎟
⎟
⎟
⎠
. (7.88)

A particular solution of the non-homogeneous system can be determined
using the method of variation of constants.
We search the particular solution of the form:

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

yp1 (x) = K1 (x) y11 +K2 (x) y12 + · · ·+Kn (x) y1n
yp2 (x) = K1 (x) y21 +K2 (x) y22 + · · ·+Kn (x) y2n

...
ypn (x) = K1 (x) yn1 +K2 (x) yn2 + · · ·+Kn (x) ynn,

(7.89)

where the functions K ′
i (x), i = 1, n are determined from system:

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

K ′
1 (x) y11 +K ′

2 (x) y12 + · · ·+K ′
n (x) y1n = f1 (x)

K ′
1 (x) y21 +K ′

2 (x) y22 + · · ·+K ′
n (x) y2n = f2 (x)

...
K ′

1 (x) yn1 +K ′
2 (x) yn2 + · · ·+K ′

n (x) ynn = fn (x) .

Example 7.50. Solve the system of non-homogeneous linear differential
equations with constant coefficients:

{
y′1 = y2

y′2 = y1 + ex + e−x.

Solution.
The general solution of the associated homogeneous system

{

y′1 = y2
y′2 = y1

will be of the form

{

yo1 (x) = K1e
x +K2e

−x

yo2 (x) = K1e
x −K2e

−x.

We seek the particular solution non-homogeneous system of the form

{

yp1 (x) = K1 (x) e
x +K2 (x) e

−x

yp2 (x) = K1 (x) e
x −K2 (x) e

−x,

in which the functions K1 (x) and K2 (x) check the equations
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{
K ′

1e
x +K ′

2e
−x = 0

K ′
1e

x −K ′
2e

−x = ex + e−x.

We obtain

{

K ′
1 = 1

2 + 1
2e

−2x

K ′
2 = − 1

2 − 1
2e

2x;

hence

{
K1 = x

2 − 1
4e

−2x

K2 = −x
2 − 1

4e
2x

and

{

yp1 (x) =
1
2e

x
(

x− 1
2

)− 1
2e

−x
(

x+ 1
2

)

yp2 (x) =
1
2e

x
(

x+ 1
2

)

+ 1
2e

−x
(

x− 1
2

)

.

The general solution of the system will be

{
y1 (x) = K1e

x +K2e
−x + 1

2e
x
(

x− 1
2

)− 1
2e

−x
(

x+ 1
2

)

y2 (x) = K1e
x −K2e

−x + 1
2e

x
(

x+ 1
2

)

+ 1
2e

−x
(

x− 1
2

)

.

We shall obtain in Matlab 7.9:
>> [y1,y2]=dsolve(’Dy1=y2’,’Dy2=y1+exp(x)+exp(-x)’,’x’)
y1 =
C14*exp(x) - exp(x)/4 - x/(2*exp(x)) - 1/(4*exp(x)) +

(x*exp(x))/2 - C15/exp(x)
y2 =
exp(x)/4 - 1/(4*exp(x)) + x/(2*exp(x)) + C14*exp(x) +

(x*exp(x))/2 + C15/exp(x)
and using Mathematica 8:
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and with Maple 15:

7.5 Problems

1. Solve the Cauchy problem:

{

y′ = 2x (1 + y)
y (0) = 0

using the successive approximation method.
Computer solution.
We shall give a computer solution in Matlab 7.9:
function w=f(u,v)
w= 2*u*(1+v);
end
function r=y(n,t,x,y0)
r=y0;
for k=1:n
r1=int(f(t,r),t,0,x);
r=subs(r1,x,t)+y0;
end
end
In the command line we shall write:
>>syms x t
>> y1=subs(y(1,t,x,0),t,x)
y1 =
xˆ2
>> y2=subs(y(2,t,x,0),t,x)
y2 =
xˆ4/2+xˆ2
>> y3=subs(y(3,t,x,0),t,x)
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y3 =
xˆ6/6+xˆ4/2+xˆ2
and in Mathcad 14:

and using Mathematica 8:
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and in Maple 15:

2 Find the solution of the equation:

(

1− x2y
)

dx+ x2 (y − x) dy = 0.

Computer solution.
We can solve this equation in Matlab 7.9:
Step 1. We check if the equation is an exact differential equation.
>> syms x y t y0 x0
>> f=1-xˆ2*y;
>> g=xˆ2*(y-x);
>> d1=diff(f,y);
>> d2=diff(g,x);
>> d1==d2
ans =
0
Step 2. Since the equation is not an exact total differential equation, we

must determine the integrating factor (7.24):
>> phi=simple((d1-d2)/g)
phi =
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-2/x
>> miu=exp(int(phi,x))
miu =
1/xˆ2
Step 3.We can apply the formula (7.22) in order to determine the solution

of the equation.
>>Phi=expand(int(subs(f*miu,{x,y},{t,y0}),t,x0,x)+

int(subs(g*miu,y,t),t,y0,y))
Phi =
piecewise([0 <= x and x0 <= 0, Inf - x*y + x0*y0 + yˆ2/2 -

y0ˆ2/2], [x < 0 or 0 < x0, x0*y0 - x*y - 1/x + 1/x0 + yˆ2/2 -
y0ˆ2/2])
We shall also solve this problem using Mathcad 14:

and with Mathematica 8:
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and in Maple 15:
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3. Solve the equation

y′ =
y
(

x3 + 1
)

x
· (1− y2

)

.

Computer solution.
It will result in Matlab 7.9:
>> y=dsolve(’Dy=y*(xˆ3+1)/x*(1-yˆ2)’,’x’)
y =
0
1
-1
1/(xˆ2+exp(-2/3*xˆ3)*C1)ˆ(1/2)*x
-1/(xˆ2+exp(-2/3*xˆ3)*C1)ˆ(1/2)*x
and with Mathematica 8:

and using Maple 15:

4. Integrate the equations:

a) y′ = − 2xy

x2 + y2

b) y′ =
2 (x+ y − 1)

2
+ 3x (2x− y + 1)

(x+ y − 1)
2 − 3x (2x− y + 1)
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c) xy′ − y =
√

x2 + y2.

5. Solve the equations:

a) y′ + 4xy = xe−x2

b) y′ − y tanx = cosx.

Computer solution.
b)We shall find the solution of this non-homogeneous equation both in

Matlab 7.9:
>> y=dsolve(’Dy-y*tan(x)=cos(x)’,’x’)
y =
(x/2 + sin(2*x)/4)/cos(x) + C2/cos(x)
and using Mathematica 8:

and with Maple 15:

6. Find the general solution of the Bernoulli’s equation:

a) y′ − 3xy = xy2

b) y′ +
y

x
=

1

x2y2
, x > 0, y 	= 0.

7. Solve the Riccati’s equation:

a) y′ = y2 − x2 + 1

b) y′ =
x

2
y2 − 2

x
y − 1

2x3
.
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8. Determine the types of differential equations and indicate methods for
their solutions:

a) y = xy′ +
1

y′2

b) y = xy′ + cos y′.

9. Find solutions to the equations:

a) y = xy′ + y′3

b) yy′2 − 2xy′ + y = 0.

Computer solution.
b) We shall solve this Lagrange equation with Matlab 7.9:
>> y=dsolve(’y*Dyˆ2-2*x*Dy+y’,’x’)
y =
0
x
-x
2*(-C7)ˆ(1/2)*(C7 - x)ˆ(1/2)
(-2)*(-C7)ˆ(1/2)*(C7 - x)ˆ(1/2)

and using Mathematica 8:

and with Maple 15:

10.Solve the equation: x− y = 1+y′√
1+y′2 .
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11.Solve the following equations:

a) y′′ + y′ + y = 0

b) y(4) − 3y′′′ + 5y′′ − 3y′ + 4y = 0.

12.Find the general solution of the equations:

a) y′′ + y′ − 6y = 2 cos 2x− 10 sin 2x

b) y(5) + 4y′′′ = x2ex.

Computer solution.
b) We shall achieve in Matlab 7.9:
>> y=dsolve(’D5y+4*D3y=xˆ2*exp(x)’,’x’);
>> simplify(y)
ans =
C7/16 - C9/4 + (358*exp(x))/125 + (xˆ2*exp(x))/5 - (C8*x)/4

- (C7*xˆ2)/8 - (34*x*exp(x))/25 + C10*cos(2*x) + C11*sin(2*x)
and with Mathematica 8:

and using Maple 15:

13.Find the general solution of the equation y′′ = x+ sinx.
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Computer solution.
The solution of the differential equation will be deterrmined in Matlab

7.9:
>> y=dsolve(’D2y=x+sin(x)’,’x’)
y =
C5 - sin(x) + C4*x + xˆ3/6
and using Mathematica 8:

and with Maple 15:

14.Solve the following equations:

a) x2y′′ − xy′ + x = 6x lnx

b) xy′′′ + y′′ = 1 + x.

15.Solve the equation: (3x+ 2)
2
y′′ + 7 (3x+ 2) y′ = −63x+ 18.

16.Find the general solution of the equation: x2y′′+xy′+x = 2 sin (lnx) .
17.Find the general solution of the first-order homogeneous system of linear

differential equation:

a)

⎧

⎨

⎩

y′1 = y2 + y3
y′2 = y3 + y1
y′3 = y1 + y2

b)

⎧

⎨

⎩

y′1 = −2y1 + 2y2 + 2y3
y′2 = −10y1 + 6y2 + 8y3
y′3 = 3y1 − y2 − 2y3.
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18.Solve the first-order homogeneous system of linear differential equation:

⎧

⎨

⎩

dy
dx − 3y + 8z − 4u = 0
dz
dx + y − 5z + 2u = 0

du
dx + 3y − 14z + 6u = 0.

Computer solution.
We shall give a computer solution using Matlab 7.9:
>> [y,z,u]=dsolve(’Dy-3*y+8*z-4*u’,’Dz+y-5*z+2*u’,’Du+3*y-

14*z+6*u’,’x’)
y =
C17*exp(x) + C15/exp(x) + C16*exp(2*x)
z =
- C15/(2*exp(x)) - (4*C16*exp(2*x))/5
u =
(C17*exp(x))/2 + C15/(4*exp(x)) + (2*C16*exp(2*x))/5
and in Mathematica 8:

and with Maple 15:
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19.Use the method of variation of constants to determine the general so-
lution of the following non-homogeneous system of linear differential
equations, with constant coefficients:

a)

⎧

⎨

⎩

y′1 = 2y1 + y2 − 2y3 − x+ 2
y′2 = −y1 + 1

y′3 = y1 + y2 − y3 + 1− x

b)

⎧

⎨

⎩

y′1 = y2 + y3 − ex

y′2 = y1 + y3 − ex

y′3 = y1 + y2 − ex.

Computer solution.
b) We shall give a computer solution In Matlab 7.9:
>> [y1,y2,y3]=dsolve(’Dy1=y2+y3-exp(x)’,

’Dy2=y1+y3-exp(x)’,’Dy3=y1+y2-exp(x)’,’x’)
y1 =
exp(x) + C12*exp(2*x) - C5/exp(x) - C6/exp(x)
y2 =
exp(x) + C12*exp(2*x) + C5/exp(x)
y3 =
exp(x) + C12*exp(2*x) + C6/exp(x)
and with Mathematica 8:
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and in Maple 15:

20.Applying the method of variation of constants, find the general solution
of the non-homogeneous system of linear differential equations, with con-
stant coefficients:

⎧

⎨

⎩

dx
dt = z + y − 4x+ 1
dy
dt = 2y + x− z + 1
dz
dt = y + z − 2x+ 1.

Computer solution.
We shall solve this system using Matlab 7.9:
>> [x,y,z]=dsolve(’Dx=z+y-4*x+1’,’Dy=2*y+x-z+1’,

’Dz=y+z-2*x+1’,’t’) ;
>>simple(x)
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ans =
((4*7ˆ(1/2))/27 + 11/27)*(- C2*exp(7ˆ(1/2)*t - t)*

(27*7ˆ(1/2) - 72) -
(C3*(5*7ˆ(1/2) – 16))/exp(t + 7ˆ(1/2)*t) - C1*exp(t)*

(4*7ˆ(1/2) - 11))
>>simple(y)
ans =
(2*C2*exp(7ˆ(1/2)*t - t))/3 + (2*C3)/(3*exp(t + 7ˆ(1/2)*t))

+ (2*C1*exp(t))/3 +
(7ˆ(1/2)*C2*exp(7ˆ(1/2)*t - t))/3 - (7ˆ(1/2)*C3)/(3*exp(t +

7ˆ(1/2)*t)) - 2/3
>>simple(z)
ans =
C2*exp(7ˆ(1/2)*t - t) + C3/exp(t + 7ˆ(1/2)*t) + C1*exp(t)

- 1/3
and with Mathematica 8:

and in Maple 15:
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8

Line and Double Integral Calculus

8.1 Line Integrals of the First Type

The line integral is an extension of the definite integral in the sense that,
the interval of integration [a, b] is replaced by an arc of curve AB.
Definition 8.1 ([42], p. 89). Let be a curve in space, having the paramet-
rical equations:

(C) :

⎧

⎨

⎩

x = x (t)
y = y (t)
z = z (t)

, t ∈ [a, b] ,

with x, y, z continuous functions and with the first order partial derivatives
being continuous in an interval [a, b]; o such curve is called smooth curve.
Definition 8.2 (see [23], p. 252). The element of arc of a curve C is
the differential ds of the function s = s (t), which signifies the length of the
respective arc, of the curve C.
Theorem 8.3 (see [15], p. 235 and [42], p. 94). If f is a continuous

function on the domain D ⊂ R
3 and AB ⊂ D is an arc of smooth curve

then there is the line integral of the first type and it has the expression:

∫

AB

f (x, y, z) ds =

∫ b

a

f (x (t) , y (t) , z (t))
√

x′2 (t) + y′2 (t) + z′2 (t) dt.

(8.1)
Proposition 8.4 (see [15], p. 234). In the case of a plane curve

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 395–474.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2013
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(C) :

{
x = x (t)
y = y (t)

, t ∈ [a, b] ,

with y′ (x) a continuous function, the formula (8.1) becomes:

∫

AB

f (x, y) ds =

∫ b

a

f (x (t) , y (t))
√

x′2 (t) + y′2 (t) dt. (8.2)

Remark. 8.5 (see [8]). The line integral of the first type does not depend
on the direction of the path of integration.

8.1.1 Applications of Line Integral of the First Type

Definition 8.6 (see [42], p. 97). If the integrand f from (8.1) is interpreted
as a linear density of the integration curve C, then this integral represents
the mass of the curve C.
The mass corresponding to a material thread is given by the formula:

Mass =

∫

C

ρ (x, y, z) ds, (8.3)

where ρ (x, y, z) is the linear density of the material thread in the point
(x, y, z) ∈ C.
Definition 8.7 (see [42], p. 96). The length of the arc of smooth curve is

L =

∫

AB

ds. (8.4)

Definition 8.8 (see [42], p. 98). The coordinates of the centre of gravity
corresponding to a material thread are:

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

xG =
∫
AB

xρ(x,y,z)ds∫
AB

ρ(x,y,z)ds

yG =
∫
AB

yρ(x,y,z)ds∫
AB

ρ(x,y,z)ds

zG =
∫
AB

zρ(x,y,z)ds∫
AB

ρ(x,y,z)ds
.

(8.5)

Example 8.9. Use the line integral of first kind to compute the mass
corresponding to a material thread having the form of a cylindrical eller:

(C) :

⎧

⎨

⎩

x = a cos t
y = a sin t
z = bt

, t ∈
[

0,
π

2

]

,

with the density ρ (x, y, z) = x+ y + z.
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Solution.
Using the relations (8.1) and (8.3), the mass of our material thread will

be:

Mass =

∫ π
2

0

(a cos t+ a sin t+ bt)
√

a2 sin2 t+ a2 cos2 t+ b2dt

=
√

a2 + b2
∫ π

2

0

(a cos t+ a sin t+ bt) dt

=
√

a2 + b2

(

a

∫ π
2

0

cos t dt+ a

∫ π
2

0

sin t dt+ b

∫ π
2

0

t dt

)

=
√

a2 + b2

(

a sin t|π20 − a cos t|π20 +
bt2

2

∣
∣
∣
∣

π
2

0

)

,

therefore

Mass =
√

a2 + b2
(

a+ a+ b · π
2

8

)

=
√

a2 + b2
(

2a+ b · π
2

8

)

.

In Matlab 7.9 we need the following instructions:
>> syms a b t u v w
>> f=@(u,v,w) u+v+w;
>> x=@(t) a*cos(t) ;
>> y=@(t) a*sin(t) ;
>> z=@(t) b*t ;
>> xt=diff(x(t))

xt =
-a*sin(t)

>> yt=diff(y(t))
yt =
a*cos(t)
>> zt=diff(z(t))
zt =

b
>> factor(int(f(x(t),y(t),z(t))*sqrt(xtˆ2+ytˆ2+ztˆ2),0,pi/2))
ans =
1/8*(aˆ2+bˆ2)ˆ(1/2)*(16*a+b*piˆ2)
We shall also compute this mass using Mathcad 14:
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and with Mathematica 8:

and in Maple 15:
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Example 8.10. Find the centre of gravity G (xG, yG) corresponding to the
cycloid arc:

(AB) :

{

x = a (t− sin t)
y = a (1− cos t)

, t ∈ [0, 2π] ,

with the density ρ (x, y) =
√
y, y > 0, a being a positive constant.

Solution.
We shall have:

I1 =

∫

AB

ρ (x, y) ds =

∫ 2π

0

√

a (1− cos t) ·
√

a2 (1− cos t)
2
+ a2 sin2 tdt

= a
√
a

∫ 2π

0

√
1− cos t ·

√

1− 2 cos t+ cos2 t+ sin2 t dt

= a
√
2a

∫ 2π

0

(1− cos t) dt = a
√
2 · √a

(∫ 2π

0

dt−
∫ 2π

0

cos t dt

)

= a
√
2 · √a

(

2π − sin t|2π0
)

= 2π · a
√
2 · √a,

I2 =

∫
AB

xρ (x, y) ds =

∫ 2π

0
a (t− sin t)

√
a (1− cos t) ·

√
a2 (1− cos t)2 + a2 sin2 tdt

= a2
√
2 · √a

∫ 2π

0
(t − sin t) · (1− cos t) dt.

One makes the substitution

t− sin t = u,

which implies:
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(1− cos t) dt = du;

t = 0 =⇒ u = 0

t = 2π =⇒ u = 2π.

Using this substitution gives

I2 = a2
√
2 · √a

∫ 2π

0

u du = a2
√
2 · √a · u

2

2

∣
∣
∣
∣

2π

0

= 2π2a2
√
2 · √a.

I3 =

∫
AB

yρ (x, y) ds =

∫ 2π

0

√
a (1− cos t) · a (1− cos t) ·

√
a2 (1− cos t)2 + a2 sin2 tdt

= a2
√
2 · √a

∫ 2π

0
(1− cos t)2 dt

= a2
√
2 · √a

(∫ 2π

0
dt − 2

∫ 2π

0
cos t dt+

∫ 2π

0
cos2 t dt

)

= a2
√
2 · √a

(
2π − 2 sin t|2π0 +

∫ 2π

0
(sin t)′ cos t dt

)

= a2
√
2 · √a

(
2π + sin t cos t|2π0 +

∫ 2π

0
sin2 t dt

)

= a2
√
2 · √a (2π + π) = 3πa2

√
2a.

Finally, ⎧

⎪⎪⎨

⎪⎪⎩

xG = 2π2a2
√
2·√a

2π·a√2·√a
= πa

yG = 3πa2
√
2·√a

2π·a√2·√a
= 3a

2 .

In Matlab 7.9 we shall have:
>> syms t a
>> x=a*(t-sin(t));
>> y=a*(1-cos(t));
>> I1=simple(int(sqrt(y)*sqrt(diff(x,t)ˆ2+diff(y,t)ˆ2)

,t,0,2*pi))
I1 =
2*pi*aˆ(3/2)*2ˆ(1/2)
>> I2=simple(int(sqrt(xˆ2)*sqrt(y)*sqrt(diff(x,t)ˆ2+diff(y,t)

ˆ2),t,0,2*pi))
I2 =
2*aˆ(5/2)*2ˆ(1/2)*piˆ2
>> I3=simple(int(y*sqrt(y)*sqrt(diff(x,t)ˆ2+diff(y,t)ˆ2),

t,0,2*pi))
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I3 =
3*pi*aˆ(5/2)*2ˆ(1/2)
>> xg=I1\I2
xg =
a*pi
>> yg=I3/I1
yg =
3/2*a
We shall also solve this problem with Mathematica 8:

and using Maple 15:
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We can’t solve this problem using Mathcad 14.
Example 8.11. Compute

∫

C

(x+ y) ds,

where C is the contour of the triangle, which has the vertices: O(0, 0) ,
A (1, 0) , B (0, 1).
Solution.
The next figure emphases the outline of the triangle OAB.
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O  x  

y  

( )1,0B  

( )0,1A  

One deduces that:
∫

C

(x+ y) ds =

∫

AO

(x+ y) ds+

∫

OB

(x+ y) ds+

∫

BA

(x+ y) ds.

Keeping into account the following parametrical equations corresponding
to the lines AO, OB, BA:

AO :

{
x = −t+ 1
y = 0

, t ∈ [0, 1]

OB :

{

x = 0
y = t

, t ∈ [0, 1]

BA :

{
x = t

y = 1− t
, t ∈ [0, 1]

one obtains:

∫

C

(x+ y) ds =

∫ 1

0

(1− t) dt+

∫ 1

0

t dt+

∫ 1

0

(t+ 1− t)
√

12 + 12dt

= t|10 −
t2

2

∣
∣
∣
∣

1

0

+
t2

2

∣
∣
∣
∣

1

0

+
√
2t
∣
∣
∣

1

0
= 1 +

√
2.

We shall check this result in Matlab 7.9:
>> syms t
>> int(1-t,t,0,1)+int(t,t,0,1)+int((t+1-t)*sqrt(1ˆ2+1ˆ2),t,0,1)
ans =
2ˆ(1/2) + 1
and with Mathcad 14:
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and using Mathematica 8:

and in Maple 15:

Example 8.12. Compute

∫

Γ

(

x2 + y2
)

ln z ds,

where

Γ :

⎧

⎨

⎩

x = et cos t
y = et sin t
z = et

, t ∈ [0, 1] .

Solution.
We shall compute at first the arc element:

ds =

√

(et cos t− et sin t)
2
+ (et cos t− et sin t)

2
+ e2tdt

=
√

2e2t + e2tdt =
√
3etdt,

and then

∫

Γ

(

x2 + y2
)

ln z ds =
√
3

∫ 1

0

(

e2t cos2 t+ e2t sin2 t
)

tetdt =
√
3

∫ 1

0

te3tdt

=

√
3

3

∫ 1

0

t · (e3t)′ dt =
√
3

3

(

te3t
∣
∣
1

0
−
∫ 1

0

e3tdt

)

=

√
3

3

(

e3 − 1

3
e3t
∣
∣
1

0

)

=

√
3

3

(

e3 − 1

3
e3 +

1

3

)

=

√
3

3

(
2

3
e3 +

1

3

)

i.e.
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I =

√
3

9

(

2e3 + 1
)

.

We can also compute this integral in Matlab 7.9:
>>syms t
>>x=exp(t)*cos(t);
>>y=exp(t)*sin(t);
>>z=exp(t);
>>f=@(xx,yy,zz) (xxˆ2+yyˆ2)*log(zz);
>>xt=diff(x);
>>yt=diff(y);
>>zt=diff(z);
>> I=int(f(x,y,z)*sqrt(xtˆ2+ytˆ2+ztˆ2),t,0,1) ;
>> simple(I)
ans =
1/9*3ˆ(1/2)*(2*exp(3)+1)
and with Mathematica 8:

and using Maple 15:
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We can’t compute this integral with Mathcad 14.

8.2 Line Integrals of the Second Type

If P (x, y) and Q (x, y) are continuous functions and y = f (x) is a smooth
curve C which runs from a to b as x varies, then the corresponding line
integral of the second type is expressed as follows (see [8]):

∫

C

P (x, y) dx+Q (x, y) dy =

∫ b

a

[P (x, f (x)) + f ′ (x)P (x, f (x))] dx.

(8.6)
In case when the curve C is represented parametrically:

(C) :

{

x = x (t)
y = y (t)

, t ∈ [a, b]

we have (see [8]):

∫
C
P (x, y) dx+Q (x, y) dy =

∫ b

a

[
P (x (t) , y (t)) x′ (t) +Q (x (t) , y (t)) y′ (t)

]
dt. (8.7)

Similar formulae hold for a line integral of the second type taken over a
space curve.
A line integral of the second type changes sign when the direction of the

integration path is reversed. This integral may be interpreted in terms of
mechanics as the work of an appropriate variable force along the curve of
integration C.
The mechanical work accomplished when a body on motion one moves

on an arc AB under the action of a variable force
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−→
F (x, y, z) = P (x, y, z)

−→
i +Q (x, y, z)

−→
j +R (x, y, z)

−→
k

is (see [42], p. 99):

L =

∫

AB

P (x, y, z) dx+ P (x, y, z) dy +R (x, y, z) dz. (8.8)

When the arc AB is of the form:

(C) :

⎧

⎨

⎩

x = x (t)
y = y (t)
z = z (t)

, t ∈ [a, b]

then

L =

∫ b

a

[
P (x (t) , y (t) , z (t))x

′
(t) + Q (x (t) , y (t) , z (t)) y

′
(t) + R (x (t) , y (t) , z (t)) z

′
(t)

]
dt.

(8.9)

Definition 8.13 (see [2], p. 30). An area bounded by the closed contour
C can be computed using one of the following formulas:

Area =

∮

C

x dy, (8.10)

Area = −
∮

C

y dx, (8.11)

Area =
1

2

∮

C

x dy − ydx (8.12)

(the direction of circulation of the contour is chosen counter-clockwise).
Theorem 8.14 (see [48], p. 411 and [42], p. 109). If the integral

I =

∫

AM

P (x, y, z) dx+Q (x, y, z) dy +R (x, y, z) dz (8.13)

doesn’t depend on a path (namely it doesn’t depend on the curve, which
links the points A and M but just on these points) then

I =

∫ x

a

P (t, b, c) dt+

∫ y

b

Q (x, t, c) dt+

∫ z

c

R (x, y, t) dt, (8.14)

where A (a, b, c) , M (x, y, z) ∈D, D being a simple connex domain.
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O  y  

z  

( )cbxB ,,  

x  

( )cbaA ,,  

( )cyxC ,,  

( )zyxM ,,  

The integral from (8.13) is independent of a path if and only if

⎧

⎪⎨

⎪⎩

∂P
∂y = ∂Q

∂x
∂Q
∂z = ∂R

∂y
∂R
∂x = ∂P

∂z

(8.15)

i.e. the expression from under the integral sign is a total differential.
Example 8.15. Use the line integral of second kind to compute the me-
chanical work accomplished by the force

−→
F (x, y) =

(

x2 − 2xy
)−→
i +

(

2xy + y2
)−→
j

in long of the parabola arc AB : y = x2, which joins the points A (1, 1)
and B (2, 4).
Solution.
The next figure represents the arc AB.

O  x  

y  

( )4,2B  

( )1,1A  

Since in case of our problem
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(AB) :

{
x = t
y = t2

, t ∈ [1, 2]

it will result that

L =

∫ 2

1

[(

t2 − 2t3
) · 1 + (2t3 + t4

) · 2t]dt

=

∫ 2

1

(

t2 − 2t3 + 4t4 + 2t5
)

dt =
1219

30
.

We can also compute the mechanical work using the following Matlab
7.9 sequence:
>>syms x y t
>> P=@(x,y) xˆ2-2*x*y ;
>> Q=@(x,y) 2*x*y+yˆ2 ;
>> x=@(t) t ;
>> y=@(t) tˆ2 ;
>> xt=diff(x(t)) ;
>> yt=diff(y(t));
>> int(P(x(t),y(t))*xt+Q(x(t),y(t))*yt,1,2)

ans =
1219/30
and using Mathcad 14:

and with Mathematica 8:
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and in Maple 15:

Example 8.16. Compute the following line integral of second type:

1) I =

∫

Γ

√
yzdx+

√
zxdy +

√
xydz,

where

Γ :

⎧

⎨

⎩

x (t) = t
y (t) = t2

z (t) = t3
, t ∈ [0, 1] ;

2) J =

∮

Γ

√

y2 − x+ 2 (dx+ dy) ,

where is the closed curve, oriented positive, with the both extremities in
the point A (0, 1), formed from the portion of the parabola y2 = x + 1,
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placed in the dials II and III and the portion of the parabola 2y2 = −x+2,
placed in the dials I and IV;

3) K =

∫

C

y2dx+ x2dy,

where C is the superior ellipse

x2

a2
+
y2

b2
= 1, y ≥ 0,

crossed in the clockwise.
Solutions.
1) One results that

I =

∫ 1

0

(√
t5 + 2t

√
t4 + 3t2

√
t3
)

dt

=

∫ 1

0

t
5
2dt+ 2

∫ 1

0

t3dt+ 3

∫ 1

0

t
7
2 dt =

61

42
.

Computing in Matlab 7.9, we shall have:
>> syms x y t
>> xx=t;
>> yy=tˆ2;
>> zz=tˆ3;
>> xt=diff(xx);
>> yt=diff(yy);
>> zt=diff(zz);
>> P=@(x,y,z) sqrt(y*z) ;
>> Q=@(x,y,z) sqrt(z*x);
>> R=@(x,y,z) sqrt(x*y) ;
>> I=int(P(xx,yy,zz)*xt+Q(xx,yy,zz)*yt+R(xx,yy,zz)*

zt,t,0,1)
I =
61/42
We shall also achieve this result in Mathcad 14:
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and using Mathematica 8:

and with Maple 15:
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2) The next figure shows the curve Γ .

 y  

( )0,1−D  ( )0,2B  

( )1,0 −C  

( )1,0A  

x  

One can notice that

Γ = AD ∪DC ∪ CB ∪BA
and therefore, one can write

J =

∮

AD

√

y2 − x+ 2 (dx+ dy)

︸ ︷︷ ︸

I1

+

∮

DC

√

y2 − x+ 2 (dx+ dy)

︸ ︷︷ ︸

I2

+

∮

CB

√

y2 − x+ 2 (dx+ dy)

︸ ︷︷ ︸

I3

+

∮

AD

√

y2 − x+ 2 (dx+ dy)

︸ ︷︷ ︸

I4

= I1 + I2 + I3 + I4.
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Using the parametrical equations of the arcs:

(AD) :

{
x (t) = t

y (t) =
√
t+ 1

, t ∈ [0,−1]

(DC) :

{
x (t) = t

y (t) = −√
t+ 1

, t ∈ [−1, 0]

(CB) :

{
x (t) = t

y (t) = −
√

−t+2
2

, t ∈ [0, 2]

(DC) :

{
x (t) = t

y (t) =
√

−t+2
2

, t ∈ [2, 0]

it will result that:

I1 =

∮

AD

√

y2 − x+ 2 (dx+ dy) =

∫ −1

0

√
t+ 1− t+ 2

(

1 +
1

2
√
t+ 1

)

dt

= −
√
3

∫ 0

−1

dt−
√
3

∫ 0

−1

(√
t+ 1

)′
dt

= −√
3 t|0−1 −

√
3 · √t+ 1

∣
∣
0

−1
= −√

3−√
3 = −2

√
3

I2 =

∮

DC

√

y2 − x+ 2 (dx+ dy) =

∫ 0

−1

√
t+ 1− t+ 2

(

1 +
1

2
√
t+ 1

)

dt

=
√
3

∫ 0

−1

dt−
√
3

∫ 0

−1

(√
t+ 1

)′
dt

=
√
3 t|0−1 −

√
3 · √t+ 1

∣
∣
0

−1
=

√
3−√

3 = 0

I3 =

∮
CB

√
y2 − x+ 2 (dx+ dy) =

∫ 2

0

√−t+ 2

2
− t+ 2

(
1 +

1

2
√
2 · √−t+ 2

)
dt

=

√
3√
2

∫ 2

0

(√−t+ 2 +
1

2
√
2

)
dt =

√
3√
2

⎛
⎜⎜⎜⎜⎝
∫ 2

0

√−t+ 2dt

︸ ︷︷ ︸
I5

+
1

2
√
2

t|20

⎞
⎟⎟⎟⎟⎠

=

√
3√
2

(
I5 +

1√
2

)
,

where
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I5 =

∫ 2

0

√−t + 2dt =

∫ 2

0

−t+ 2√−t+ 2
dt = 2

∫ 2

0
t
(√−t+ 2

)′
dt +

∫ 2

0

2√−t+ 2
dt

= 2t
√−t+ 2

∣∣2
0
− 2

∫ 2

0

√−t+ 2dt− 4
√−t+ 2

∣∣2
0
= 2I5 + 4

√
2 =⇒ I5 =

4
√
2

3
;

therefore

I3 =
4√
3
+

√
3

2
;

I4 =

∮
BA

√
y2 − x+ 2 (dx+ dy) =

∫ 0

2

√−t+ 2

2
− t+ 2

(
1− 1

2
√
2 · √−t+ 2

)
dt

= −
√
3√
2

∫ 2

0

(√−t+ 2− 1

2
√
2

)
dt = −

√
3√
2

⎛
⎜⎜⎜⎜⎝
∫ 2

0

√−t+ 2dt

︸ ︷︷ ︸
I5

− 1

2
√
2

t|20

⎞
⎟⎟⎟⎟⎠

= −
√
3√
2

(
I5 +

1√
2

)
= − 4√

3
+

√
3

2
.

Finally, one obtains:

I = I1 + I2 + I3 + I4

= −2
√
3 + 0 +

4√
3
+

√
3

2
− 4√

3
+

√
3

2
= −

√
3.

3) Using the parametrical representation of the ellipse:

(C) :

{
x = a cos θ
y = b sin θ

, θ ∈ [0, π]

we shall have:

K =

∫

C

y2dx+ x2dy

=

∫ π

0

[

b2 sin2 θ · (−a sin θ) + a2 cos2 θ · b cos θ] dθ

= −ab2
∫ π

0

sin3 θ dθ

︸ ︷︷ ︸

I6

+ a2b

∫ π

0

cos3 θ dθ

︸ ︷︷ ︸

I7

= −ab2 · I6 + a2b · I7,
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where

I6 =

∫ π

0

sin3 θ dθ = −
∫ π

0

(cos θ)
′
sin2 θ dθ =

= − sin2 θ cos θ
∣
∣
π

0
+ 2

∫ π

0

sin θ cos2 θ dθ

=

∫ π

0

sin θ
(

1− sin2 θ
)

dθ = 2

∫ π

0

sin θ dθ − 2

∫ π

0

sin3 θ dθ

= −2 cos θ|π0 − 2I6 = 4− 2I6 =⇒ I6 =
4

3

and

I7 =

∫ π

0

cos3 θ dθ =

∫ π

0

(sin θ)′ cos2 θ dθ =

= sin θ cos2 θ
∣
∣
π

0
+ 2

∫ π

0

sin2 θ cos θ dθ

= 2

∫ π

0

(

1− cos2 θ
)

cos θ dθ = 2

∫ π

0

cos θ dθ − 2

∫ π

0

cos3 θ dθ

= 2 sin θ|π0 − 2I7 = 0− 2I7 =⇒ I7 = 0.

Therefore,

K =

∫

C

y2dx+ x2dy = −ab2 · 4
3
+ a2b · 0 = −4ab2

3
.

We can also obtain this result in Matlab 7.9:
>> syms x y theta a b
>> xx=a*cos(theta);
>> yy=b*sin(theta);
>> xt=diff(xx,theta);
>> yt=diff(yy,theta);
>> P=@(x,y) yˆ2;
>> Q=@(x,y) xˆ2;
>> I=int(P(xx,yy)*xt+Q(xx,yy)*yt,theta,0,pi)
I =
-4/3*bˆ2*a
and using Mathcad 14:
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and with Mathematica 8:

and in Maple 15:

Example 8.17. Compute the area bounded by an arc of cycloid:
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(C) :

{
x = a (t− sin t)
y = a (1− cos t)

, t ∈ [0, 2π]

and the Ox axis.
Solution.
The next figure represents the area which has to be computed.

x  

y  

0  aπ2  aπ2−  

As
dy = a sin t dt

it will result that

Area =

∮
C

x dy = −
∫ 2π

0
a (t− sin t) · a sin t dt

= −a2

⎛
⎜⎜⎜⎝
∫ 2π

0
t sin t dt−

∫ 2π

0
sin2 t dt

︸ ︷︷ ︸
I

⎞
⎟⎟⎟⎠ = −a2

(
−
∫ 2π

0
t · (cos t)′ dt − I

)

= −a2
(
−t cos t|2π0 +

∫ 2π

0
cos t dt− I

)
= −a2 (−2π − I) ,

where

I =

∫ 2π

0

sin2 t dt = −
∫ 2π

0

sin t · (cos t)′ dt

= sin t cos t|2π0 +

∫ 2π

0

cos2 t dt =

∫ 2π

0

(

1− sin2 t
)

dt

= 2π −
∫ 2π

0

sin2 t dt = 2π − I =⇒ I = π.

Finally,
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Area = −a2 (−2π − π) = 3πa2.

In Matlab 7.9 we shall achieve:
>> syms a t
>> x=a*(t-sin(t));
>> y=a*(1-cos(t));
>> yt=diff(y,t)
yt =
a*sin(t)
>> A=-int(x*yt,t,0,2*pi)
A =
3*pi*aˆ2
We shall also compute this area in Mathcad 14:

and using Mathematica 8:

and with Maple 15:



420 8. Line and Double Integral Calculus

Example 8.18. Find that the expression from under the integral sign is a
total differential to compute the line integral:

I =

∫ (2,3,4)

(1,1,0)

yz dx+ xz dy + xy dz,

where only the ends of the integration curve have specified.
Solution.
In the case of the integral I are accomplished the conditions:

⎧

⎪⎨

⎪⎩

∂P
∂y = ∂Q

∂x = z
∂Q
∂z = ∂R

∂y = x
∂R
∂x = ∂P

∂z = y

where

⎧

⎨

⎩

P (x, y, z) = yz
Q (x, y, z) = xz
R (x, y, z) = xy;

therefore the line integral I doesn’t depends on a path from R
3; its value

is:

I =

∫ 2

1

P (t, 1, 0) dt+

∫ 3

1

Q (2, t, 0) dt+

∫ 4

0

R (2, 3, t) dt

=

∫ 2

1

0dt+

∫ 3

1

0dt+

∫ 4

0

6dt = 0 + 0 + 6t|40 = 24.

We can also obtain this result in Matlab 7.9:
>>syms x y z t
>> a=1;b=1;c=0;x=2;y=3;z=4;
>> P=@(x,y,z)y*z;
>> Q=@(x,y,z)x*z;
>> R=@(x,y,z)x*y;
>> L=int(P(t,b,c),t,a,x)+int(Q(x,t,c),t,b,y)+int(R(x,y,t),t,c,z)
L =
24
and with Mathcad 14:



8.3 Calculus Way of the Double Integrals 421

and using Mathematica 8:

and in Maple 15:

8.3 Calculus Way of the Double Integrals

When we have to compute the double integral

∫ ∫

D

f (x, y) dxdy, (8.16)
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the following two situations can appear (see [38, p. 106 and [8]]):

A)the domain of integration D is bounded on the left and right hand sides
by the straight lines x = a and x = b (b > a), from below and from
above, by the continuous curves y = ϕ1 (x) and y = ϕ2 (x), see Fig. 8.1;
the domain D is simple in the Oy axis.

a  b  x  

y  

( )x2ϕ  

( )x1ϕ  

D  

Fig. 8.1

From Fig. 8.1, the integral (8.16) may be computed by the formula:

∫ ∫

D

f (x, y) dxdy =

∫ b

a

(
∫ ϕ2(x)

ϕ1(x)

f (x, y) dy

)

dx, (8.17)

where

D =
{

(x, y) ∈ R
2| a ≤ x ≤ b, ϕ1 (x) ≤ y ≤ ϕ2 (x)

}

. (8.18)

B)the domain D is simple relative to the Ox axis, i.e. it is bounded from
below and from above by the straight lines y = c and y = d (d > c)
and from the left and the right hand side, by the continuous curves
x = ϕ1 (y) and x = ϕ2 (y), see Fig. 8.2.

 

d  

c  

x  

y  

( )y2ϕ  
( )y1ϕ  D  

Fig. 8.2
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From Fig. 8.2 one can notice that:

D =
{

(x, y) ∈ R
2| c ≤ y ≤ d, ϕ1 (y) ≤ x ≤ ϕ2 (y)

}

; (8.19)

hence

∫ ∫

D

f (x, y) dxdy =

∫ d

c

(
∫ ϕ2(y)

ϕ1(y)

f (x, y) dx

)

dy. (8.20)

Geometric interpretation of the double integral (see [44], p. 574): The defi-
nite integral represents the area bounded by a curve. In the same way, the
double integral of a function of two variables z = f(x, y) can be interpreted
as the volume bounded by the surface z = f(x, y).
Example 8.19. Indicate the integration limits both in an order and in the
other for the double integral from (8.16), if the domain is:

1) the trapezium of vertices O(0, 0) , A (2, 0) , B (1, 1) , C (0, 1);

2) the circular sector OAB with the centre O(0, 0) and the extremities of
the circle arc are: A (1, 1) and B (−1, 1) .

Solutions
1) The next figure shows the domain D.

 

B′  O  x  

y  

B  C  

A  

One can notice that:

AB : y = 2− x =⇒ x = 2− y.

Supposing that the domain D is as in Fig. 8.1 then

D = D1 ∪D2,

where

D1 =
{

(x, y) ∈ R
2| 0 ≤ x ≤ 1, 0 ≤ y ≤ 1

}

,

D2 =
{

(x, y) ∈ R
2| 1 ≤ x ≤ 2, 0 ≤ y ≤ 2− x

}

.
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It will result that

∫ ∫

D

f (x, y) dxdy =

∫ ∫

D1

f (x, y) dxdy +

∫ ∫

D2

f (x, y) dxdy

=

∫ 1

0

(∫ 1

0

f (x, y) dy

)

dx+

∫ 2

1

(∫ 2−x

0

f (x, y) dy

)

dx.

In the case when the domain D is as in Fig.8.2 one obtains that

D =
{

(x, y) ∈ R
2| 0 ≤ y ≤ 1, 0 ≤ x ≤ 2− y

}

.

and

∫ ∫

D

f (x, y) dxdy =

∫ 1

0

(∫ 2−y

0

f (x, y) dx

)

dy.

2) The next figure shows the domain D.

 

O  x  

y  

( )2,0C  

B  A  

1 1−  

We can notice that:

OA : y = x =⇒ x = y

OB : y = −x =⇒ x = −y
AB : y =

√

2− x2 =⇒ x = ±
√

2− y2.

Supposing that the domain is as in Fig. 8.1 then

D = D1 ∪D2,

where

D1 =
{

(x, y) ∈ R
2| − 1 ≤ x ≤ 0, − x ≤ y ≤

√

2− x2
}

,

D2 =
{

(x, y) ∈ R
2| 0 ≤ x ≤ 1, x ≤ y ≤

√

2− x2
}

.
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It will result that

∫ ∫
D

f (x, y) dxdy =

∫ ∫
D1

f (x, y) dxdy +

∫ ∫
D2

f (x, y) dxdy

=

∫ 0

−1

(∫ √
2−x2

−x
f (x, y) dy

)
dx+

∫ 1

0

(∫ √
2−x2

x
f (x, y) dy

)
dx.

In the case when the domain is as in Fig. 8.2 one obtains that

D = D3 ∪D4,

where

D3 =
{

(x, y) ∈ R
2| 0 ≤ y ≤ 1, − y ≤ x ≤ y

}

,

D4 =
{

(x, y) ∈ R
2| 1 ≤ y ≤

√
2,−

√

2− y2 ≤ x ≤
√

2− y2
}

.

It results that

∫ ∫
D

f (x, y) dxdy =

∫ ∫
D3

f (x, y) dxdy +

∫ ∫
D4

f (x, y) dxdy

=

∫ 1

0

(∫ y

−y
f (x, y) dx

)
dy +

∫ √
2

1

(∫ √
2−y2

−
√

2−y2
f (x, y) dx

)
dy.

Example 8.20. Compute the double integral:

1)

∫ ∫
D

sin2 x

cos2 y
dxdy, where the domain D :

{
0 ≤ x ≤ π

2
, 0 ≤ y ≤ π

4

}
;

2)

∫ ∫

D

xdxdy, where the domain D is bounded by the parabola

y = x2 + 1 and the lines y = 2x and x = 0;

3)

∫ ∫

D

√
xydxdy, where the domain D is bounded by the curves

y = x2 and the lines y =
√
x , for x ∈ [0, 1] .
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Solutions.
1) One obtains:

∫ ∫

D

sin2 x

cos2 y
dxdy =

∫ π
2

0

(
∫ π

4

0

dy

cos y

)

sin2 x dx

=

∫ π
2

0

(

tan y|π40
)

sin2 x dx =

∫ π
2

0

sin2 x dx,

where

I =

∫ π
2

0

sin2 x dx = −
∫ π

2

0

sinx · (cosx)′ dx

= − sinx cos x|π20 +

∫ π
2

0

cos2 x dx =

∫ π
2

0

(

1− sin2 x
)

dx

= x| π20 − I =⇒ 2I =
π

2
=⇒ I =

π

4
,

namely

∫ ∫

D

sin2 x

cos2 y
dxdy =

π

4
.

We can compute this double integral in Matlab 7.9, in two ways:
>> syms x y
>> f=@(x,y) sin(x).ˆ2/cos(y).ˆ2
f =
@(x,y) sin(x).ˆ2/cos(y).ˆ2
>> dblquad(f,0,pi/2,0,pi/4)
ans =
0.7854
or
>> int(int(1/cos(y)ˆ2,0,pi/4)*sin(x)ˆ2,0,pi/2)
ans =
1/4*pi
and with Mathcad 14:
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and using Mathematica 8:

and with Maple 15:

2) The next figure shows the domain D.

0  x  

y  

D  
( )1,0V  

As

D =
{

(x, y) ∈ R
2| 0 ≤ x ≤ 1, 2x ≤ y ≤ x2 + 1

}

one deduces that

∫ ∫

D

xdxdy =

∫ 1

0

(
∫ x2+1

2x

dy

)

x dx

=

∫ 1

0

(

y|x2+1
2x

)

x dx =

∫ 1

0

(

x2 + 1− 2x
)

xdx =
1

12
.

In Matlab 7.9 we shall have:
>>syms x
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>> int(int(1,2*x,xˆ2+1)*x,0,1)
ans =

1/12
We shall achieve the same result using Mathcad 14:

and with Mathematica 8:

and with Maple 15:

3) The next figure represents the domain D.

 

0  x  

y  

( )1,1A  
D  

One can notice that

D =
{

(x, y) ∈ R
2| 0 ≤ x ≤ 1, x2 ≤ y ≤ √

x
}

;

one obtains
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∫ ∫

D

√
xydxdy =

∫ 1

0

(
∫ √

x

x2

√
ydy

)

√
x dx

=

∫ 1

0

⎛

⎝
y

1
2+1

1
2 + 1

∣
∣
∣
∣
∣

√
x

x2

⎞

⎠
√
x dx =

2

3

∫ 1

0

(

x
3
4 − x3

) √
xdx

=
2

3

∫ 1

0

(

x
5
4 − x

7
2

)

dx =
2

3

⎛

⎝
x

5
4+1

5
4 + 1

∣
∣
∣
∣
∣

1

0

− x
7
2+1

7
2 + 1

∣
∣
∣
∣
∣

1

0

⎞

⎠

=
2

3

(
4

9
− 2

9

)

=
4

27
.

We can check this result using Matlab 7.9:
>> syms x y
>> int(int(sqrt(y),xˆ2,sqrt(x))*sqrt(x),0,1)
ans =

4/27
and in Mathcad 14:

and using Mathematica 8:

and with Maple 15:
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8.4 Applications of the Double Integral

8.4.1 Computing Areas

The area of a closed and bounded plane domain D ⊂ R
2 can be computed

(see [42], p. 114) using the double integral:

Area =

∫

dxdy. (8.21)

Example 8.21. Use a double integral to compute the area of the domain

D =
{

(x, y) ∈ R
2| − y2 ≤ x ≤ y, 0 ≤ y ≤ 1

}

.

Solution.
The next figure emphases the domain D.

O  x  

y  

D  

One deduces that

Area =

∫ ∫

D

f (x, y) dxdy =

∫ 1

0

(∫ y

−y2

dx

)

dy =

∫ 1

0

(

y + y2
)

dy =
5

6
.

We can also compute this area in Matlab 7.9:

>> syms x y
>>A=int(int(1,x,-yˆ2,y),y,0,1)
A =
5/6
and using Mathcad 14:



8.4 Applications of the Double Integral 431

and with Mathematica 8:

and in Maple 15:

8.4.2 Mass of a Plane Plate

We shall use the following formula (see [42], p. 115) in order to compute
the mass of a plane plate, having the form of a domain D and the density
ρ (x, y):

Mass (D) =

∫ ∫

D

ρ (x, y) dxdy. (8.22)

Example 8.22. Compute mass corresponding to a plane plate, having the
form of the domain

D =
{

(x, y) ∈ R
2| x2 + y2 ≤ 4, 3y ≥ x2

}

and the density

ρ (x, y) = y.

Solution.
The following figure shows the domain D.
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O  x  

y  D  

2−  2  

( )1,3−A  ( )1,3B  

One can notice that

D =

{

(x, y) ∈ R
2| −

√
3 ≤ x ≤

√
3,

x2

3
≤ y ≤

√

4− x2
}

.

It will result

Mass (D) =

∫
√
3

−√
3

(
∫

√
4−x2

x2

3

y dy

)

dx =

∫
√
3

−√
3

(

y2
∣
∣

√
4−x2

x2

3

)

dy

=
1

2

∫
√
3

−√
3

(

4− x2 − x4

9

)

dx

=
1

2

(

4x|
√
3

−√
3
− x3

3

∣
∣
∣
∣

√
3

−√
3

− x5

45

∣
∣
∣
∣

√
3

−√
3

)

=
14

√
3

5
.

The same result can be obtained using Matlab 7.9:
>>syms x y
>> M=int(int(y,y,xˆ2/3,sqrt(4-xˆ2)),x,-sqrt(3),sqrt(3))
M=
14/5*3ˆ(1/2)
and in Mathcad 14:
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and using Mathematica 8:

and with Maple 15:

8.4.3 Coordinates the Centre of Gravity of a Plane
Plate

The next formulae (see [42], p. 115) help us to compute the coordinates of
the centre of gravity G (xG, yG), corresponding to a plane plate, having the
form of a domain D and the density ρ (x, y):

⎧

⎪⎪⎨

⎪⎪⎩

xG =
∫ ∫

D
xρ(x,y)dxdy∫ ∫

D
ρ(x,y)dxdy

yG =
∫ ∫

D
yρ(x,y)dxdy∫ ∫

D
ρ(x,y)dxdy

.

(8.23)

Example 8.23. Compute the area and the centre of gravity coresponding
to a homogeneous plane plate, with the form of the domain bounded by
the curve y = sinx and the straight line (OA) which crosses through the
origin and through the point A

(
π
2 , 1
)

from the first dial.
Solution.
The next figure shows the domain D.
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0  x  

y  D  

π  
2
π  

⎟
⎠
⎞⎜

⎝
⎛ 1,

2
πA  

We notice that

D =

{

(x, y) ∈ R
2| 0 ≤ x ≤ π

2
,
2

π
x ≤ y ≤ sinx

}

and

(OA) :
x− 0

π
2

=
y − 0

1− 0
=⇒ (OA) :

2

π
x = y.

Using the relation (8.22) we shall obtain that

Area =

∫ ∫

D

dxdy =

∫ π
2

0

(
∫ sin x

2
π x

dy

)

dx =

∫ π
2

0

(

y|sin x
2
π x

)

dx

=

∫ π
2

0

(

sinx− 2

π
x

)

dx = − cosx| π20 − 2

π
· x

2

2

∣
∣
∣
∣

π
2

0

= 1− π

4
.

We have to compute the following integrals:

∫ ∫

D

xdxdy =

∫ π
2

0

(∫
sin x

2
π

x

dy

)

xdx =

∫ π
2

0

(
x sin x− 2

π
x2

)
dx

= −
∫ π

2

0

x (cosx)′ dx − 2

π
· x3

3

∣
∣
∣
∣
∣

π
2

0

= − x cosx|
π
2
0 +

∫ π
2

0

cosxdx − π2

12
= 1 − π2

12
.

∫ ∫

D
ydxdy =

∫ π
2

0

(∫ sin x

2
π

x
y dy

)

dx =

∫ π
2

0

⎛

⎜
⎝

y2

2

∣
∣
∣
∣
∣

sin x

2
π

x

⎞

⎟
⎠ dx =

∫ π
2

0

sin2 x

2
dx− 4

π2

∫ π
2

0

x2

2
dx =

π

24
;

such that

{

xG = 12−π2

12−3π

yG = π
24−6π .

We can also solve this problem using Matlab 7.9:
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>>syms x y
>> a=int(int(1,y,(2*x)/pi,sin(x)),x,0,pi/2);
>> I1=int(int(x,y,(2*x)/pi,sin(x)),x,0,pi/2); I2=int(int(y,y,

(2*x)/pi,sin(x)),x,0,pi/2);
>> xg=simple(I1/a)
xg =
(-12+piˆ2)/(3*pi-12)
>> yg=simple(I2/a)
yg =
-pi/(6*pi-24)
and in Mathcad 14:

and using Mathematica 8:

and in Maple 15:
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8.4.4 Moments of Inertia of a Plane Plate

The moments of inertia of a plane plate, having the form of a domain D
and the density ρ (x, y), relative to the Ox and Oy- axes are, respectively
(see [15], p. 244):

Ix =

∫ ∫

D

y2ρ (x, y) dxdy (8.24)

Iy =

∫ ∫

D

x2ρ (x, y) dxdy. (8.25)

Example 8.24. Calculate moments of inertia relative to the axes of coor-
dinates, for the plate which has the form of the domain

D =
{

(x, y) ∈ R
2| x+ y ≤ 1, x ≥ 0, y ≥ 0

}

if its density is

ρ (x, y) = xy.

Solution.
The following figure shows the domain D.
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0  x  

y  D  

( )0,1A  

( )1,0B  

In order to compute Ix, we shall assume that the domain D is simple
relative to the Ox axis:

D =
{

(x, y) ∈ R
2| 0 ≤ y ≤ 1, 0 ≤ x ≤ 1− y

}

.

Therefore

Ix =

∫ 1

0

(∫ 1−y

0

xdx

)

y3dy =

∫ 1

0

(

x2

2

∣
∣
∣
∣

1−y

0

)

y3dy =
1

2

∫ 1

0

y3 (1− y)
2
dy

=
1

2

∫ 1

0

(

y3 − 2y4 + y5
)

dy =
1

120
.

In order to compute Iy, we shall assume that the domain D is simple
relative to the Oy axis:

D =
{

(x, y) ∈ R
2| 0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x

}

.

Therefore

Iy =

∫ 1

0

(∫ 1−x

0

ydy

)

x3dx =

∫ 1

0

(

y2

2

∣
∣
∣
∣

1−x

0

)

x3dx =
1

2

∫ 1

0

x3 (1− x)2 dx

=
1

2

∫ 1

0

(

x3 − 2x4 + x5
)

dx =
1

120
.

We can easier obtain this result using Matlab 7.9:
>> syms x y
>>Ix=int(yˆ3*int(x,x,0,1-y),y,0,1)
Ix =
1/120
>> Iy=int(xˆ3*int(y,y,0,1-x),x,0,1)
Iy =
1/120

or in Mathcad 14:
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or with Mathematica 8:

or using Maple 15:

8.4.5 Computing Volumes

The volume V of the body bounded above by a continuous surface z =
f (x, y), (x, y) ∈ D, below by the plane z = 0 and on the sides by a right
cylindrical surface which cuts out of the xOy -plane a region D (see Fig.
8.3), is equal to (see [8] and [42], p. 114)
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Vbody =

∫ ∫

D

f (x, y) dxdy. (8.26)

0  

x  

y  
D  

z  

( )yxfz ,=  

Fig. 8.3

Example 8.25. Use the double integral to compute the body volume from
the first octant bounded by the cylinder

x2 + z2 = a2 (a = ct > 0)

and the planes

⎧

⎨

⎩

y = 0
z = 0
y = x.

Solution.
The next figure pictures the body.
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In our case we have

D =
{

(x, y) ∈ R
2| 0 ≤ x ≤ a, 0 ≤ y ≤ x

}

.

As

z =
√

a2 − x2, x ∈ [0, a]

one deduces that the volume of the body is:

Vbody =

∫ a

0

∫ x

0

√

a2 − x2dxdy =

∫ a

0

(∫ x

0

√

a2 − x2dy

)

dx

=

∫ a

0

x
√

a2 − x2dx,

where

I =

∫ a

0

x
√

a2 − x2dx =

∫ a

0

x · a2 − x2√
a2 − x2

dx

= −
∫ a

0

a2
(√

a2 − x2
)′

dx+

∫ a

0

x2
(√

a2 − x2
)′

dx

= − a2
√

a2 − x2
∣
∣
∣

a

0
+ x2

√

a2 − x2
∣
∣
∣

a

0
− 2

∫ a

0

x
√

a2 − x2dx

︸ ︷︷ ︸

I

;

therefore

3I = −a2 (0− a) = a3 =⇒
I =

1

3
a3,
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i.e.

Vbody =
1

3
a3.

In Matlab 7.9 we shall have:
>> syms x y a
>> simple(int(int(sqrt(aˆ2-xˆ2),y,0,x),x,0,a))
ans =

1/3*aˆ3
We shall achieve the same result using Mathcad 14:

or with Mathematica 8:

or in Maple 15:

8.5 Change of Variables in Double Integrals

8.5.1 Change of Variables in Polar Coordinates

Using the change of variables in polar coordinates:

{
x = ρ cos θ
y = ρ sin θ

, ρ ≥ 0, θ ∈ [0, 2π] (8.27)

we shall have (see [15], p. 243 and [8])
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∫ ∫

D

f (x, y) dxdy =

∫ ∫

D′
f (ρ cos θ, ρ sin θ) · |J | dρdθ, (8.28)

where

|J | = D (x, y)

D (ρ, θ)
= ρ

is the functional determinant (the Jacobian) of the functions x and y.
Example 8.26. Use the change of variables in polar coordinates to com-
pute the double integral:

1)

∫ ∫

D

ln
(

x2 + y2
)

x2 + y2
dxdy, where D =

{

1 ≤ x2 + y2 ≤ e2
}

2)

∫ ∫
D

(
x2 + y2

)
dxdy, where D =

{
a2 ≤ x2 + y2 ≤ b2, 2x ≤ y ≤ 4x

}

3)

∫ ∫

D

xdxdy, where D =
{

x2 + y2 ≤ 2x, x ≤ y
}

.

Solution.
1) Since computing this integral in rectangular coordinates is too difficult,

we change to polar coordinates. After we apply the change of variables in
polar coordinates, the domain D will become D′:

D′ = {1 ≤ ρ ≤ e, 0 ≤ θ ≤ 2π}
and∫ ∫

D

ln
(

x2 + y2
)

x2 + y2
dxdy =

∫ e

1

∫ 2π

0

ln ρ2

ρ2
· ρ dρdθ

=

∫ e

1

(∫ 2π

0

dθ

)
ln ρ2

ρ
dρ = 2π

∫ e

1

ln ρ2

ρ
dρ

=
2π

2

∫ e

1

ln ρ2 · (ln ρ2)′ dρ

= π
ln2 ρ2

2

∣
∣
∣
∣

e

1

=
π

2

(

ln2 e2 − ln2 1
)

= 2π.

We can also compute this double integral using Matlab 7.9, in the fol-
lowing two ways:
Method 1. Select successively File->New->M-file and write the following

instructions:
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function yt=w(r,th)
x=r*cos(th);
y=r*sin(th);
f=log(x.ˆ2+y.ˆ2)./(x.ˆ2+y.ˆ2);
yt=f.*r;
end
Save the file with w.m then write in the command line:
>> I=dblquad(@w,1,exp(1),0,2*pi)
I =
6.2832
Method 2.
>> syms rho th
>> x=rho*cos(th);
>> y=rho*sin(th);
>> eval(int(int(log(xˆ2+yˆ2)/(xˆ2+yˆ2)*rho,rho,1,exp(1)),

th,0,2*pi))
ans =
6.2832
and using Mathematica 8:

and in Maple 15:

We can’t compute this result in Mathcad 14.
2) Using the formulae (8.27) we obtain:

a2 ≤ ρ2 ≤ b2

ρ ≥ 0

}

=⇒ ρ ∈ [a, b] ,
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2x ≤ y ≤ 4x =⇒ 2 ≤ tan θ ≤ 4 =⇒ θ ∈ [arctan2, arctan 4] .

After the change of variables in polar coordinates, the domain will
become :

D′ = {a ≤ ρ ≤ b, arctan 2 ≤ θ ≤ arctan 4}
and

∫ ∫

D

(

x2 + y2
)

dxdy =

∫ b

a

∫ arctan 4

arctan 2

ρ2 · ρ dρ dθ =

∫ b

a

(∫ arctan 4

arctan 2

dθ

)

ρ3 dρ

= (arctan 4− arctan2)

∫ b

a

ρ3 dρ

= (arctan 4− arctan2)
ρ4

4

∣
∣
∣
∣

b

a

= (arctan 4− arctan2) · b
4 − a4

4
.

3) Using the change of variables in polar coordinates from (8.27), in our
case one obtains:

ρ2 ≤ 2
ρ ≥ 0

}

=⇒ ρ ∈
[

0,
√
2
]

,

x ≤ y =⇒ 1 ≤ tan θ =⇒ θ ∈
[
π

4
,
5π

4

]

.

The domain D will become D′, from the next figure:

 

0  x  

y  

D′  

2  1 

namely

D′ =
{

0 ≤ ρ ≤ √
2,

π

4
≤ θ ≤ 5π

4

}

.
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Such that,

∫ ∫

D

xdxdy =

∫
√
2

0

∫ 5π
4

π
4

ρ2 cos θ dρ dθ =

∫
√
2

0

(
∫ 5π

4

π
4

cos θdθ

)

ρ2 dρ

=

∫
√
2

0

(

sin θ| 5π4π
4

)

ρ2 dρ =

(

sin
5π

4
− sin

π

4

)
ρ3

3

∣
∣
∣
∣

√
2

0

=

(

−
√
2

2
−

√
2

2

)

· 2
√
2

3
= −4

3
.

We can also obtain this result in Matlab 7.9:
>> syms rho th
>> x=rho*cos(th);
>> y=rho*sin(th);
>> int(int(x*rho,rho,0,sqrt(2)),th,pi/4,5*pi/4)

ans =
-4/3
and with Mathematica 8:

and in Maple 15:

We can’t compute this result in Mathcad 14.

8.5.2 Change of Variables in Generalized Polar
Coordinates

Using the change of variables in generalized polar coordinates
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{
x = aρ cos θ
y = bρ sin θ

, ρ ≥ 0, θ ∈ [0, 2π] (8.29)

we shall have

∫ ∫

D

f (x, y) dxdy =

∫ ∫

D′
f (aρ cos θ, bρ sin θ) · |J | dρdθ, (8.30)

where

|J | = D (x, y)

D (ρ, θ)
= abρ

is the functional determinant (the Jacobian) of the functions x and y.
Example 8.27. Use the change of variables in generalized polar coordi-
nates to compute the double integral:

∫ ∫

D

√

2− x2

a2
− y2

b2
dxdy,

where

x2

a2
+
y2

b2
≤ 1, x ≥ 0, y ≥ 0.

Solution.
After we apply the change of variables in the generalized polar coordi-

nates (8.29), the domain D will become D′:

D′ =
{

0 ≤ ρ ≤ 1, 0 ≤ θ ≤ π

2

}

and ∫ ∫

D

√

2− x2

a2
− y2

b2
dxdy =

∫ 1

0

∫ π/2

0

√

2− ρ2abρ dρdθ

= ab

∫ 1

0

(
∫ π

2

0

dθ

)

ρ
√

2− ρ2 dρ

=
abπ

2

∫ 1

0

ρ
√

2− ρ2 dρ =

= −abπ
6

∫ 1

0

((

2− ρ2
)3/2

)′
dρ

= −abπ
6

(

2− ρ2
)3/2

∣
∣
∣

1

0

= −abπ
6

(

1− 2
√
2
)

=
abπ

(

2
√
2− 1

)

6
.
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We shall have in Matlab 7.9:
>>syms rho th a b
>> I=simplify(int(int(a*b*rho*sqrt(2-rhoˆ2),rho,0,1),

th,0,pi/2))
I =
1/6*a*b*(-1+2*2ˆ(1/2))*pi
and in Mathcad 14:

and with Mathematica 8:

and using Maple 15:

8.6 Riemann-Green Formula

The Riemann- Green formula is (see [48], p. 448):

∮

C

Pdx+Qdy =

∫ ∫

D

(
∂Q

∂x
− ∂P

∂y

)

dxdy, (8.31)

where:

• the direction of covering for the curve C is the straight direction,
• D is a closed domain, bounded by the curve C.
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Example 8.28. Use the Riemann- Green formula to compute the following
line integral and then check the obtained result by directly computing the
line integral:

1) I =

∮

C

ex
2+y2

(−ydx+ xdy) ,where (C) : x2 + y2 = 1;

2) J =

∮

C

(x+ y) dx− (x− y) dy,

where (C) :
x2

a2
+
y2

b2
= 1 is an ellipse, covered counter- clockwise;

3) K =

∮
C

2
(
x2 + y2

)
dx+(x+ y)2 dy,where C is the contour of the triangle,

having the vertices: A (1, 1) , B (2, 2) , C (1, 3) , covered in the straight direction.

Solutions.
1) For this integral:

{

P (x, y) = −yex2+y2

Q (x, y) = xex
2+y2

and

{
∂Q
∂x = ex

2+y2

+ 2x2ex
2+y2

∂P
∂y = −ex

2+y2 − 2y2ex
2+y2

.

Therefore, we shall have:

I =

∫ ∫

D

(

2ex
2+y2

+ 2x2ex
2+y2

+ 2y2ex
2+y2

)

dxdy,

where

(D) : x2 + y2 ≤ 1.

We choose polar coordinates since the disk is easily described in polar
coordinates. Using the change of variables in polar coordinates:

{

x = ρ cos θ
y = ρ sin θ

, ρ ∈ [0, 1] , θ ∈ [0, 2π]
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one obtains

I =

∫ 1

0

∫ 2π

0

(

2eρ
2

+ 2eρ
2

ρ2
)

ρdρdθ = 2

∫ 1

0

∫ 2π

0

eρ
2 (

1 + ρ2
)

ρdρdθ,

(8.32)
namely

I = 2

∫ 1

0

(∫ 2π

0

dθ

)

eρ
2 (

1 + ρ2
)

ρdρ = 4π

[∫ 1

0

eρ
2

ρdρ+

∫ 1

0

eρ
2

ρ3dρ

]

= 4π

[
1

2

∫ 1

0

(

eρ
2
)′

dρ+
1

2

∫ 1

0

(

eρ
2
)′
ρ2dρ

]

= 2π

[

eρ
2
∣
∣
∣

1

0
+ ρ2eρ

2
∣
∣
∣

1

0
− 2

∫ 1

0

ρ
(

eρ
2
)′

dρ

]

= 2π

(

e− 1 + e-

∫ 1

0

(

eρ
2
)′

dρ

)

= 2π

(

e− 1 + e- eρ
2
∣
∣
∣

1

0

)

= 2π (2e− 1− e + 1) = 2πe.

We shall compute the integral from (8.32) in Matlab 7.9:
>> syms rho th
>> I=2*int(int(rho*exp(rhoˆ2)*(1+rhoˆ2),rho,0,1),th,0,2*pi)
I=

2*exp(1)*pi
and with Mathcad 14:

and using Mathematica 8:

and in Maple 15:
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We shall also compute directly the line integral, taking into account the
parametrical equations of the circle

(C) : x2 + y2 = 1,

which are:

{
x = cos θ
y = sin θ

, θ ∈ [0, 2π] .

It will result that

I =

∫ 2π

0

e [(− sin θ) (− sin θ) + cos θ · cos θ] dθ = e

∫ 2π

0

dθ = 2πe.

2) In the case of this integral:

{
P (x, y) = x+ y

Q (x, y) = − (x− y)

and

{ ∂Q
∂x = −1
∂P
∂y = 1.

Therefore, one obtains:

J =

∫ ∫

D

(−1− 1) dxdy = −2

∫ ∫

D

dxdy,

where

(D) :
x2

a2
+
y2

b2
≤ 1.

Using the change of variables in generalized polar coordinates:

{

x = aρ cos θ
y = bρ sin θ

, ρ ∈ [0, 1] , θ ∈ [0, 2π]

it will result:
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J = 2

∫ 1

0

(∫ 2π

0

dθ

)

abρdρ = −2ab · 2π ρ2

2

∣
∣
∣
∣

1

0

= −2πab.

We can also compute directly this line integral, taking into account the
parametrical equations of the ellipse

(C) :
x2

a2
+
y2

b2
= 1,

which are

{

x = a cos θ
y = b sin θ

, θ ∈ [0, 2π] .

It will result that

J =

∫ 2π

0

[(a cos θ + b sin θ) (−a sin θ)− (a cos θ − b sin θ) · b cos θ] dθ =

=

∫ 2π

0

(−a2 sin θ cos θ − ab sin2 θ − ab cos2 θ + b2 sin θ cos θ
)

dθ

=
(

b2 − a2
)
∫ 2π

0

sin θ cos θdθ

︸ ︷︷ ︸

−ab

I1

∫ 2π

0

dθ =
(

b2 − a2
)

I1 − ab · 2π,

where

I1 =

∫ 2π

0

sin θ cos θdθ =

∫ 2π

0

sin θ · (sin θ)′ dθ

=
sin2 θ

2

∣
∣
∣
∣

2π

0

−
∫ 2π

0

sin θ cos θdθ = 0− 2I1 =⇒ I1 = 0.

Finally,

J =
(

b2 − a2
) · 0− 2πab = −2πab.

3) For this integral:
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{
P (x, y) = 2

(

x2 + y2
)

Q (x, y) = (x+ y)2

and

{ ∂Q
∂x = 2 (x+ y)

∂P
∂y = 4y.

Therefore, one obtains:

K =

∫ ∫

D

(2x+ 2y − 4y) dxdy = 2

∫ ∫

D

(x− y) dxdy,

where from the Figure 8.4 one can notice that:

D =
{

(x, y) ∈ R
2| 1 ≤ x ≤ 2, x ≤ y ≤ −x+ 4

}

.

0  x  

y  

1 2  

A  

B  

C  

1 

2  

3  

Fig. 8.4

Taking into account the equations of the straight lines AB and CB:

AB :
x− 1

2− 1
=
y − 1

2− 1
⇐⇒

AB : x = y;

CB :
x− 1

2− 1
=
y − 3

2− 3
⇐⇒

CB : x− 1 = −y + 3 ⇐⇒
CB : y = −x+ 4

we shall have:
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K = 2

∫ 2

1

(∫ 4−x

x

(x− y) dy

)

dx = 2

∫ 2

1

[

x (4− 2x)− y2

2

∣
∣
∣
∣

4−x

x

]

dx

= 2

∫ 2

1

[

4x− 2x2 − 1

2

(

16− 8x+ x2 − x2
)
]

dx

= 2

∫ 2

1

(

4x− 2x2 − 8 + 4x
)

dx = 4

∫ 2

1

(−x2 + 4x− 4
)

dx

= 4

(

− x3

3

∣
∣
∣
∣

2

1

+ 4
x2

2

∣
∣
∣
∣

2

1

− 4 x|21
)

= −4

3
.

One can check this result by computing directly the line integral:

K =

∮

C

2
(

x2 + y2
)

dx+ (x+ y)2 dy = K =

∮

AB

2
(

x2 + y2
)

dx+ (x+ y)2 dy

︸ ︷︷ ︸

K1

+

∮

BC

2
(

x2 + y2
)

dx+ (x+ y)
2
dy

︸ ︷︷ ︸

K2

+

∮

CA

2
(

x2 + y2
)

dx+ (x+ y)
2
dy

︸ ︷︷ ︸

K3

= K1 +K2 +K3.

Taking into account the parametrical equations of the straight lines AB,
BC and CA:

(AB) :

{
x = t
y = t

, t ∈ [1, 2]

(BC) :

{
x = t

y = −t+ 4
, t ∈ [2, 1]

(CA) :

{
x = 1
y = t

, t ∈ [3, 1]

we shall compute:
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K1 =

∮
AB

2
(
x2 + y2

)
dx+ (x+ y)2 dy =

∫ 2

1

(
2 · 2t2 · 1 + 4t2 · 1)dt

=

∫ 2

1
8t2dt = 8

t3

3

∣∣∣∣
2

1

= 8 · 7
3
,

K2 =

∮
BC

2
(
x2 + y2

)
dx+ (x+ y)2 dy = −

∫ 2

1

[
2
(
t2 + t2 − 8t+ 16

)− 16
]
dt

= −
∫ 2

1

(
4t2 − 16t + 16

)
dt = −4

∫ 2

1

(
t2 − 4t+ 4

)
dt

= −
(

t3

3

∣∣∣∣
2

1

− 4
t2

2

∣∣∣∣
2

1

+ 4 t|21
)

= −4

3
,

K3 =

∮
CA

2
(
x2 + y2

)
dx+ (x+ y)2 dy = −

∫ 3

1

[
2
(
1 + t2

) · 0 +
(
1 + t2

)2 · 1
]
dt

= −
∫ 3

1

(
t2 + 2t+ 1

)
dt = −

(
t3

3

∣∣∣∣
3

1

+ 2
t2

2

∣∣∣∣
3

1

+ t|31
)

= −56

3

which make that

K = K1 +K2 +K3 =
56

3
− 4

3
− 56

3
= −4

3
.

8.7 Problems

1. Noting that the expression under the integral is a total differential cal-
culate the line integral

∫

C

xdx+ ydy,

along the parabola y = x2 between the points A (0, 0) and B (2, 4).

2. Compute the line integral:

∫

AB

xyds,

where AB is the straight line segment which links the points A (1, 2) and
B (2, 4).
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3. Compute the line integral

I =

∫

C

ydx

1 + y2
,

where C is the arc: y2 = x, with y ≥ 0.

4. Compute the line integral:

∮

Γ

xydx+ zdy − xdz,

where Γ is the closed curve from the following figure:

O  y  

z  

⎟
⎠
⎞⎜

⎝
⎛ 0,

2
1,0B  

x  ( )0,0,1A  

⎟
⎠
⎞⎜

⎝
⎛

2
1,0,0C  

where

(AB) :

⎧

⎨

⎩

x = 1− 2t
y = t
z = 0

, t ∈
[

0,
1

2

]

(BC) :

⎧

⎨

⎩

x = 0
y = 1

2 cos t
z = 1

2 sin t
, t ∈

[

0,
π

2

]

(CA) :

⎧

⎨

⎩

x = t
y = 0
z = 1−t

2

, t ∈ [0, 1] .

Computer solution.
We shall compute this integral using Matlab 7.9:



456 8. Line and Double Integral Calculus

>> syms t
>> int((1-2*t)*t*(-2),t,0,1/2)+int(1/2*sin(t)*(-1/2)*sin(t),

t,0,pi/2)+int(-t*(-1/2),t,0,1)
ans =
1/6 - pi/16
and in Mathcad 14:

and with Mathematica 8:

and in Maple 15:

5. Compute the area of the cardioid:

(C) :

{
x = 2a cos t− a cos 2t
y = 2a sin t− a sin 2t

, t ∈ [0, 2π] .

Computer solution.
We shall have in Matlab 7.9:
Step I. Select File->New->M-file and then write:
syms a t
x=2*a*cos(t)-a*cos(2*t);
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y=2*a*sin(t)-a*sin(2*t);
yt=diff(y,t);
int(x*yt,0,2*pi)
Step II. Save the file area.m and then write in the command line:
>>area
ans =
6*aˆ2*pi
and using Mathcad 14:

and with Mathematica 8:

and in Maple 15:

6. Use the Riemann- Green formula to compute the following line integral:

∮
C

√
x2 + y2dx+ y

[
xy + ln

(
x+

√
x2 + y2

)]
dy, where C is the contour of the circle
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(C) : (x− 1)
2
+ (y − 1)

2
= 1.

Computer solution.
Using the Green’s formula we have to compute

I =

∫ ∫

D

⎡

⎣y

⎛

⎝y +
1 + 2x

2
√

x2+y2

x+
√

x2 + y2

⎞

⎠− y
√

x2 + y2

⎤

⎦ dxdy =

∫ ∫

D

y2dxdy,

where

(D) : (x− 1)
2
+ (y − 1)

2 ≤ 1.

We shall achieve in Matlab 7.9:
>> syms rho th
>> int(int((rho*sin(th)+1)ˆ2*rho,th,0,2*pi),rho,0,1)
ans =
(5*pi)/4
and with Mathcad 14:

and using Mathematica 8:

and with Maple 15:

7. Applying Green’s formula, evaluate:
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∮

C

−x2ydx+ xy2dy, where C is the contour of the circle

(C) : x2 + y2 = r2.

8. Find that the expression from under the integral sign is a total differen-
tial to compute the line integral:

I =

∫

AB

[

x− 2y

(y − x)2
+ x

]

dx+

[

y

(y − x)2
− y2

]

dy

where only the ends of the integration curve have specified.

9. Compute the double integral:

∫ ∫

arcsin
√
x+ ydxdy,

D being bounded by:

⎧

⎪⎪⎨

⎪⎪⎩

x+ y = 0
x+ y = 1
y = −1
y = 1.

Computer solution.
We shall compute this integral using Matlab 7.9:
>>syms x y
>> int(int(asin(sqrt(x+y)),x,-y,1-y),y,-1,1)
ans =
pi/2
and in Mathematica 8:

and with Maple 15:
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We can’t compute this integral in Mathcad 14.

10.Evaluate the double integral:

∫ ∫

D

ln (x+ y) dxdy,

where
D =

{

(x, y) ∈ R
2| x ∈ [0, 1] , y ∈ [1, 2]

}

.

Computer solution.
We shall give a computer solution using Matllab 7.9:
>>syms x y
>> int(int(log(x+y),y,1,2),x,0,1)
ans =
log((81*3ˆ(1/2))/16) - 3/2
and in Mathcad 14:

and with Mathematica 8:

and in Maple 15:

11.Evaluate the integral

∫ ∫

D

√

xy − y2dxdy,

where D is bounded by the triangle with the vertices:
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O (0, 0) , A (4, 1) and B (1, 1) .

Computer solution.
We shall give a computer solution in Matlab 7.9:
>>x=0:0.1:4;
>>y1=x/4;
>> xx=0:0.1:1;
>> y=xx;
>>plot(0,0,’sb’,4,1,’sb’,1,1,’sb’,xx,y,’r’,x,y1,’r’ ,’

MarkerFaceColor’,’b’,’LineWidth’,2)
>>a=[4 1];b=[0 0];
>>line(a,b)

>>syms x y
>> int(int(sqrt(x*y-yˆ2),x,y,4*y),y,0,1)
ans =
(2*3ˆ(1/2))/3

and with Mathcad 14:
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and with Mathematica 8:

and in Maple 15:
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12.Compute the moment of inertia of a triangle bounded by the straight
lines x+ y = 2, x = 2, y = 2 relative to the Ox- axis.

13.Compute the moment of inertia relative to the Ox- axis of the plane
plate, by the density μ (x, y) = |x− y| , bounded by y =

√
2x, y = 0,

with 0 ≤ x ≤ 2.

Computer solution.
We shall give a computer solution using Matlab 7.9:
>> x=0:0.1:2;
>> y1=@(x) sqrt(2*x);
>> y2=@(x) 0*x;
>> y3=@(x) x;
>> plot(x,y1(x),’m’,x,y2(x),’b’,x,y3(x),’r’,’LineWidth’,3)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8
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1.2

1.4

1.6

1.8

2
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>> syms x y
>> int(int(yˆ2*(y-x),y,x,sqrt(2*x)),x,0,2)+int(int(yˆ2*(x-y),

y,0,x),x,0,2)
ans =
24/35

and in Mathcad 14:

and with Mathematica 8:
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and in Maple 15:
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14.Compute the centre of gravity coresponding to a homogeneous plane
plate, bounded by the cycloid:

{
x = a (t− sin t)
y = a (1− cos t)

, t ∈ [0, 2π]

and the straight line y = 0.

15.Compute the centre of gravity coresponding to a homogeneous plane
plate, bounded by the astroide:

x2/3 + y2/3 = a2/3

and the straight line x = 0, with x ≥ 0.
Computer solution.
We shall give a computer solution in Matlab 7.9:
>> a=1; t=0:0.01*pi:2*pi; x=@(t) a*cos(t).ˆ3; y=@(t)

a*sin(t).ˆ3;
>> xx=-1:0.1:1; yy=@(xx) 0*xx;
>> plot(yy(xx),xx,’b’,xx,yy(xx),’b’,x(t),y(t),’r’,’LineWidth’,4)

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

x

y

>> syms rho th aa
>> x1=rho*cos(th)ˆ3; y1=rho*sin(th)ˆ3;
>> F=[x1 y1]; v=[rho th];
>> J=simplify(det(jacobian(F,v)));
>> I1=int(int(J,rho,0,aa),th,-pi/2,pi/2);
>> I2=int(int(x1*J,rho,0,aa),th,-pi/2,pi/2);
>> xG=I2/I1
xG =
(256*aa)/(315*pi)
>> I3=int(int(y1*J,rho,0,aa),th,-pi/2,pi/2);
>> yG=I3/I1
yG =
0

and in Mathcad 14:
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and with Mathematica 8:
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and using Maple 15:
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16.Compute the area of the plane set D bounded by the Lemniscate of
Bernoulli:

(

x2 + y2
)2

= 2a2
(

x2 − y2
)

.



470 8. Line and Double Integral Calculus

Computer solution.
Taking into account the polar equation of the Lemniscate of Bernoulli:

C : ρ2 = 2a2 cos 2θ, − π

4
≤ θ ≤ π

4
(the first loop)

the area of the plane set D is

Area = 2 ·A1,

where A1 means the area of the first loop and it will be computed using
each of the formulas (8.10)- (8.12).
We shall achieve with Matlab 7.9:
>> syms a t
>> x=a*sqrt(2*cos(2*t))*cos(t); y=a*sqrt(2*cos(2*t))*sin(t);
>> xt=diff(x,t); yt=diff(y,t);
>> A1=int(x*yt,t,-pi/4,pi/4); A2=-int(y*xt,t,-pi/4,pi/4);

A3=1/2*int(x*yt-y*xt,t,-pi/4,pi/4);
>> A=2*A1
A =
2*aˆ2
>> t=-pi/4:0.01*pi/4:pi/4;
>> x=a*sqrt(2*cos(2*t)).*cos(t); y=a*sqrt(2*cos(2*t)).*sin(t);
>>plot(x,y,’b’,-x,y,’b’,’LineWidth’,2)
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and in Mathcad 14:
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and in Mathematica 8:

and using Maple 15:
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17.Compute the double integral:

∫ ∫

D

(x+ y)
4
(x− y)

2
dxdy,

where D is the square bounded by the straight lines:

⎧

⎪⎪⎨

⎪⎪⎩

x+ y = 1
x+ y = −1
x− y = −1
x− y = −3.

18.Passing to polar coordinates, find the area bounded by:

⎧

⎪⎪⎨

⎪⎪⎩

x2 + y2 = 2x
x2 + y2 = 4x

y = x
y = 0.

19.Determine the volume of the ellipsoid:
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x2

a2
+
y2

b2
+
z2

c2
= 1.

Computer solution.
We shall achieve the volume of the ellipsoid (see Fig. 8.4)
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Fig. 8.4

with Matlab 7.9:
>> syms a b c rho th
>> x=a*rho*cos(th);
>>y=b*rho*sin(th);
>> z=simplify(c*sqrt(1-xˆ2/(aˆ2)-yˆ2/(bˆ2)));
>> Vol=8*int(int(z*a*b*rho,th,0,pi/2),rho,0,1)
Vol =
(4*pi*a*b*c)/3
and in Mathcad 14:

and using Mathematica 8:
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and with Maple 15:

20.Find the volume of a solid bounded by the surfaces:

{
x2 + y2 + z2 = 4
x2 + y2 = 2x

and the plane (xOy),with z ≥ 0.
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Triple and Surface Integral Calculus

9.1 Calculus Way of the Triple Integrals

The evaluation of a triple integral one reduces to the successive computation
of the three ordinary integrals or to the computation of one double and one
single integral (see [48], p. 491).

Case 1. Let f (x, y, z) be a continuous function over a solid V defined by

⎧

⎨

⎩

a ≤ x ≤ b
ϕ1 (x) ≤ y ≤ ϕ2 (x)

φ1 (x, y) ≤ z ≤ φ2 (x, y) .

Then, the triple integral is equal to the triple iterated integral:

∫ ∫ ∫

V

f (x, y, z) dxdydz =

∫ b

a

∫ ϕ2(x)

ϕ1(x)

∫ φ2(x,y)

φ1(x,y)

f (x, y, z) dzdydx. (9.1)

Case 2. In this case we define the domain V as follows:

V = {(x, y, z) | (x, y) ∈ D, φ1 (x, y) ≤ z ≤ φ2 (x, y)} ,
where (x, y) ∈ D is the notation that means that the point (x, y) lies in the
region D from the xOy plane, i.e. D =prV xOy.

G.A. Anastassiou and I.F. Iatan: Intelligent Routines, ISRL 39, pp. 475–572.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2013
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In this case we shall evaluate the triple integral as follows:

∫ ∫ ∫

V

f (x, y, z) dxdydz =

∫ ∫

D

(
∫ φ2(x,y)

φ1(x,y)

f (x, y, z) dz

)

dydx. (9.2)

Example 9.1. Compute the following triple integral:

I =

∫ 1

0

∫ 1

0

∫ 1

0

1√
x+ y + z + 1

dxdydz.

Solution.
We shall have:

I =

∫ 1

0

∫ 1

0

∫ 1

0

1√
x+ y + z + 1

dxdydz =

∫ 1

0

dx

∫ 1

0

dy

∫ 1

0

dz√
x+ y + z + 1

= 2

∫ 1

0

dx

∫ 1

0

[

(x+ y + z + 1)
1/2
∣
∣
∣

1

0

]

dy

= 2

∫ 1

0

dx ·
∫ 1

0

[

(x+ y + 2)
1/2 − (x+ y + 1)

1/2
]

dy

= 2 · 2
3

∫ 1

0

[

(x+ 3)
3/2 − (x+ 2)

3/2 − (x+ 2)
3/2

+ (x+ 1)
3/2
]

dx

=
4

3
· 2
5

[

45/2 − 35/2 − 2 ·
(

35/2 − 25/2
)

+ 25/2 − 1
]

=
8

15

[

32− 27
√
3 + 12

√
2− 1

]

,

i.e.

I = 0.6428.

We can also solve this integral in Matlab 7.9:
>>syms x y z
>> I=eval(int(int(int(1/sqrt(x+y+z+1),z,0,1),y,0,1),x,0,1))
I =
0.6428
or
>>syms x y z
>> f=@(x,y,z) 1./sqrt(x+y+z+1) ;
>> I=triplequad(f,0,1,0,1,0,1)
I =
0.6428
and in Mathcad 14:
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and with Mathematica 8:

and using Maple 15:

9.2 Change of Variables in Triple Integrals

9.2.1 Change of Variables in Spherical Coordinates

The spherical coordinates are a generalization of the polar coordinates.
The spherical coordinates are mostly used for the integrals over the solid

that is bounded by a single sphere or more than one sphere.
Spherical coordinates (ρ, θ, ϕ) are represented in Fig. 9.1 (see [44],

p. 667).
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Fig. 9.1 The spherical coordinates of a point from space

The relations between the Cartesian coordinates (x, y, z) of a point from
space and its spherical coordinates (ρ, θ, ϕ) are:

⎧

⎨

⎩

x = ρ sin θ cosϕ
y = ρ sin θ sinϕ
z = ρ cos θ

, ρ ≥ 0, θ ∈ [0, π] , ϕ ∈ [0, 2π] , (9.3)

where:

• ρ represents the distance of the point M from the origin,

• θ is the angle between the vector
−−→
OM and the vector

−→
k (positive Oz-

axis),

• ϕ means the angle between the projection of vector
−−→
OM on the xOy-

plane and the vector
−→
i (positive Ox-axis).

Note that these equations satisfy

x2 + y2 + z2 = ρ2.

The functional determinant (Jacobian ) for the spherical coordinates is
(see [44], p. 578):

|J | = D (x, y, z)

D (ρ, θ, ϕ)
=

∣
∣
∣
∣
∣
∣
∣

∂x
∂ρ

∂x
∂θ

∂x
∂ϕ

∂y
∂ρ

∂y
∂θ

∂y
∂ϕ

∂z
∂ρ

∂z
∂θ

∂z
∂ϕ

∣
∣
∣
∣
∣
∣
∣

= ρ2 sin θ. (9.4)

So, we get that
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∫ ∫ ∫
V
f (x, y, z) dxdydz =

∫ ∫ ∫
V ′

f (ρ sin θ cosϕ, ρ sin θ sinϕ, ρ cos θ) · |J |dρdθdϕ,
(9.5)

where

V ′ : {ρ ≥ 0, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π} .
Example 9.2. Evaluate

I =

∫ ∫ ∫

V

√

1 + (x2 + y2 + z2)3/2dxdydz,

where

V : x2 + y2 + z2 ≤ 1.

Solution.
Making the change of variable in spherical coordinates

⎧

⎨

⎩

x = ρ sin θ cosϕ
y = ρ sin θ sinϕ
z = ρ cos θ

, ρ ∈ [0, 1] , θ ∈ [0, π] , ϕ ∈ [0, 2π] ,

one deduces that

I =

∫ 1

0

∫ π

0

∫ 2π

0

√

1 + (ρ2)
3/2
ρ2 sin θdρdθdϕ

=

∫ 2π

0

[∫ π

0

(∫ 1

0

ρ2
√

1 + ρ3dρ

)

sin θdθ

]

dϕ

=
2

9

∫ 2π

0

[∫ π

0

(∫ 1

0

((

1 + ρ3
)3/2

)′
dρ

)

sin θdθ

]

dϕ

=
2

9
·
(∫ 2π

0

dϕ

)[∫ π

0

(
(

1 + ρ3
)3/2

∣
∣
∣

1

0

)

sin θdθ

]

=
2

9
· 2π

(

23/2 − 1
)∫ π

0

sin θdθ =
2

9
· 2π

(

23/2 − 1
)

· (− cos θ|π0 )

=
4π

9

(

2
√
2− 1

)

· 2,

i.e.

I =
8π

9

(

2
√
2− 1

)

= 5.0159.

We have to build the following function in order to compute this integral
in Matlab 7.9:



480 9. Triple and Surface Integral Calculus

function yt=w(ro,th,phi)
x=ro*sin(th)*cos(phi);
y=ro*sin(th)*sin(phi);
z=ro*cos(th);
f=sqrt(1+(x.ˆ2+y.ˆ2+z.ˆ2).ˆ(3/2));
yt=f.*ro.ˆ2.*sin(th);
end

In the command line one writes:
>> I=triplequad(@w,0,1,0,pi,0,2*pi)
I =
5.1059
We can also obtain this result using Mathcad 14:

and with Mathematica 8:

and in Maple 15:

9.2.2 Change of Variables in Cylindrical
Coordinates

Cylindrical coordinates are a generalization of two-dimensional polar coor-
dinates to three dimensions by superposing a height Oz axis.
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If a point is described in cylindrical coordinates as in Figure 9.2 (see [44],
p. 668), the equations of transformation between cylindrical coordinates
(ρ, ϕ, z) and Cartesian coordinates (x, y, z) are as follows:

⎧

⎨

⎩

x = ρ cosϕ
y = ρ sinϕ
z = z

, ρ ≥ 0, ϕ ∈ [0, 2π] , z ∈ R,

where:

• ρ represents the distance between the projection of the point M on the
xOy- plane and the origin O;

• ϕ means the angle between the projection of the vector
−−→
OM on the

xOy-plane and the vector
−→
i (positive Ox -axis);

• z is the distance between the point M and its projection on the xOy
-plane.

 

   

y   
O   

z 
  

x 

  

( ) z M , , ϕ ρ   

ρ   

ϕ   
M ′   

  

θ 
  

z 

Fig. 9.2 The cylindrical coordinates of a point from space

One can note that the relation between x, y, and r is given by

r =
√

x2 + y2.

The Jacobian determinan for the cylindrical coordinates is (see [44],
p. 578):

|J | = D (x, y, z)

D (ρ, ϕ, z)
=

∣
∣
∣
∣
∣
∣
∣

∂x
∂ρ

∂x
∂ϕ

∂x
∂z

∂y
∂ρ

∂y
∂ϕ

∂y
∂z

∂z
∂ρ

∂z
∂ϕ

∂z
∂z

∣
∣
∣
∣
∣
∣
∣

= ρ. (9.6)
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So, we get that

∫ ∫ ∫

V

f (x, y, z) dxdydz =

∫ ∫ ∫

V ′
f (ρ cosϕ, ρ sinϕ, z) · |J | dρdθdϕ,

(9.7)
where

V ′ : {ρ ≥ 0, 0 ≤ ϕ ≤ π, z ∈ R} .
Example 9.4. Compute the triple integral:

I =

∫ ∫ ∫

V

xydxdydz,

where V is bounded by the cylinder x2 + y2 = R2 and by the planes

⎧

⎪⎪⎨

⎪⎪⎩

z = 0
z = 1
y = x

y =
√
3x.

Solution.
The next figure shows the domain V .

 

    

y  
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z   
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Fig. 9.3
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Fig. 9.4

In cylindrical coordinates, the region of integration V is described by the
domain

V ′ :
{

0 ≤ ρ ≤ R,
π

4
≤ ϕ ≤ π

3
, 0 ≤ z ≤ 1

}

.

Writing the integral in cylindrical coordinates, we have:

I =

∫ ∫ ∫
V ′

ρ3 cosϕ sinϕdρdϕdz =

∫ R

0

∫ π/3

π/4

∫ 1

0
ρ3 cosϕ sinϕdρdϕdz

=

∫ R

0
ρ3dρ

∫ π/3

π/4
cosϕ sinϕdϕ

∫ 1

0
dz =

(
ρ4

4

∣∣∣∣
R

0

)
·
(

sin2 ϕ

2

∣∣∣∣
π/3

π/4

)
·
(
z|10
)
=

R4

32
.

We can solve this problem using Matlab 7.9.
We have to select File->New->M-file and we have to write the following

instructions:
function yt=w(r,phi,z)
x=r*cos(phi); y=r*sin(phi); f=x*y; yt=f*r;
end
The file will be saved with w.m and then one writes in the command

line:
>> syms R r phi z
>> I=int(int(int(w(r,phi,z),r,0,R),phi,pi/4,pi/3),z,0,1)
I =
1/32*Rˆ4
We shall also achieve this result in Mathcad 14:
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and using Mathematica 8:

and with Maple 15:
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9.3 Applications of the Triple Integrals

9.3.1 Mass of a Solid

The mass of a solid occupying the region V , which has the density δ (x, y, z)
in the point (x, y, z) is (see [42], p. 136):

Mass =

∫ ∫ ∫

V

δ (x, y, z) dxdydz. (9.8)

Example 9.5. Compute the mass of a solid body, by the form of the
tetrahedron from the first octant, bounded by the planes: x + y + z = 1,
x = 0, y = 0, z = 0, knowing that its density is δ (x, y, z) = xy.
Solution.
We can notice that

V =
{

(x, y, z) ∈ R
3| 0 ≤ z ≤ 1− x− y, (x, y) ∈ D

}

,

where

D = prV xOy =
{

(x, y) ∈ R
2| 0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x

}

= ΔAOB,

see Fig. 9.5:

 

O  x  

y  

( )1,0B  

( )0,1A  

Fig. 9.5

Therefore,

M =

∫ ∫

D

(∫ 1−x−y

0

xydz

)

dxdy =

∫ 1

0

(∫ 1−x

0

(∫ 1−x−y

0

xydz

)

dy

)

dx,

(9.9)
i.e.
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M =

∫ 1

0

(∫ 1−x

0
xy (1− x− y) dy

)
dx =

∫ 1

0

(
xy2

2

∣∣∣∣
1−x

0

− x2y2

2

∣∣∣∣
1−x

0

− xy3

3

∣∣∣∣
1−x

0

)
dx

=

∫ 1

0

{x
2

[
(1− x)2 − x (1− x)2

]
− x

3
(1− x)3

}
dx

=

∫ 1

0
x (1− x)2

[
1

2
− 1

2
x− 1

3
(1− x)

]
dx

=

∫ 1

0
x (1− x)2

[
1

2
− 1

2
x− 1

3
+

1

3
x

]
dx =

∫ 1

0
x (1− x)2

(
1

6
− 1

6
x

)
dx

=
1

6

∫ 1

0
x (1− x)3 dx =

1

6

∫ 1

0
x
(
1− 3x+ 3x2 − x3

)
dx

=
1

6

(
x2

2

∣∣∣∣
1

0

− 3x3

3

∣∣∣∣
1

0

+
3x4

4

∣∣∣∣
1

0

− x5

5

∣∣∣∣
1

0

)
=

1

120
.

A computer solution can be given in Matlab 7.9:
Step I. The following Matlab sequence allow us to represent the body.
>> x=[1 0 0 0 1 0]; y=[0 0 1 0 0 1]; z=[0 0 0 1 0 0];
>> plot3(x,y,z,1,0,0,’ob’,0,1,0,’ob’,0,0,1,’ob’,0,0,0,’ob’)

Step II. We compute the mass from (9.9) :
>> syms x y z
>> mass=int(int(int(x*y,z,0,1-x-y),y,0,1-x),x,0,1)
mass =
1/120
We shall also give a computer solution in Mathcad 14:
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and with Mathematica 8:

and in Maple 15:

Example 9.6. Compute the mass of the body by the form

V =

{

(x, y, z) ∈ R
3|x

2 + y2

a
≤ z ≤ a, 0 ≤ y ≤ x

}

,

having the density δ (x, y, z) = xyz.
Solution.
The next figure pictures the body.

Fig. 9.6
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One deduce that:

V =

{

(x, y, z) ∈ R
3|x

2 + y2

a
≤ z ≤ a, (x, y) ∈ D

}

,

where

D = prV xOy =
{

(x, y) ∈ R
2|x2 + y2 ≤ a2, 0 ≤ y ≤ x

}

.

We shall have:

M =

∫ ∫ ∫

V

xyzdxdydz =

∫ ∫

D

(
∫ a

(x2+y2)/a

zdz

)

xydxdy, (9.10)

namely

M =

∫ ∫

D

(

z2

2

∣
∣
∣
∣

a

x2+y2

a

)

xydxdy =
1

2

∫ ∫

D

xy

(

a2 −
(

x2 + y2
)2

a2

)

dxdy.

Using the change of variables in polar coordinates:

{

x = ρ cos θ
y = ρ sin θ

, ρ ≥ 0, θ ∈ [0, 2π] ,

in our case, one obtains:

ρ2 ≤ a2

ρ ≥ 0

}

=⇒ ρ ∈ [0, a] ,

0 ≤ y ≤ x =⇒ θ ∈
[

0,
π

4

]

.

The domain D will become D′, from the next figure:

0  x  

y  

D′  

i.e.

D′ :
{

0 ≤ ρ ≤ a, 0 ≤ θ ≤ π

4

}

.
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Such that,

M =
1

2

∫ a

0

∫ π/4

0

ρ2 sin θ cos θ

(

a2 − ρ4

a2

)

ρdρdθ

=
1

2

∫ a

0

(
∫ π/4

0

sin θ cos θ dθ

)

· ρ3
(

a2 − ρ4

a2

)

dρ

=
1

2

∫ a

0

(

sin2 θ

2

∣
∣
∣
∣

π/4

0

)

ρ3
(

a2 − ρ4

a2

)

dρ

=
1

8

(
a2ρ4

4

∣
∣
∣
∣

a

0

− ρ8

8a2

∣
∣
∣
∣

a

0

)

=
a6

64
.

We can also obtain this result in Matlab 7.9:
Step 1. One compute

∫ a

(x2+y2)/a
zdz.

>> syms a x y z
>> I1=int(z,z,(xˆ2+yˆ2)/a,a)
I1 =
1/2*aˆ2-1/2*(xˆ2+yˆ2)ˆ2/aˆ2
Step 2. One computes the mass of the body:
>> syms rho th
>> h=subs(subs(I1*x*y,x,rho*cos(th)),y,rho*sin(th));
>> Mass=int(int(h*rho,rho,0,a),th,0,pi/4)
Mass =
1/64*aˆ6
The same result can be obtained with Mathcad 14:

and with Mathematica 8:
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and in Maple 15:

Example 9.7. Use the change of variables in spherical coordinates to
compute the mass of the body which has the form of the sphere

x2 + y2 + z2 = R2

and the density

δ (x, y, z) = (x− y)
2
+ z2.

Solution.
In our case, the domain V from the computing formula corresponding to

the mass of the spherical body (see Fig. 9.8) is

V :
{

x2 + y2 + z2 ≤ R2
}

.
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Fig. 9.8

Using the change of variables in spherical coordinates (9.3), the domain
V will become V ′:

V ′ : {0 ≤ ρ ≤ R, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π}
and the mass of the solid will be:

M =

∫ R

0

∫ π

0

∫ 2π

0

δ (ρ sin θ cosϕ, ρ sin θ sinϕ, ρ cos θ) · ρ2 sin θ dρdθdϕ.

As

δ (ρ sin θ cosϕ, ρ sin θ sinϕ, ρ cos θ) = (ρ sin θ cosϕ− ρ sin θ sinϕ)2 + ρ2 cos2 θ

= ρ2 sin2 θ (cosϕ− sinϕ)2 + ρ2 cos2 θ

= ρ2 sin2 θ (1− 2 sinϕ cosϕ) + ρ2 cos2 θ

= ρ2 sin2 θ − 2ρ2 sin2 θ sinϕ cosϕ+ ρ2 cos2 θ

= ρ2 − 2ρ2 sin2 θ sinϕ cosϕ

it will result that:

M =

∫ R

0

∫ π

0

∫ 2π

0

(

ρ2 − 2ρ2 sin2 θ sinϕ cosϕ
) · ρ2 sin θ dρdθdϕ

=

∫ R

0

[
∫ π

0

(

2πρ4 sin θ − 2ρ4 sin3 θ · sin
2 ϕ

2

∣
∣
∣
∣

2π

0

)

dθ

]

dρ

=
4πρ5

5

∣
∣
∣
∣

R

0

=
4πR5

5
.
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The Matlab 7.9 sequence, which allow us to compute the mass of the
solid is:
>> syms rho th phi R
>> x=rho*sin(th)*cos(phi);
>> y=rho*sin(th)*sin(phi);
>> z=rho*cos(th);
>> delta=(x-y)ˆ2+zˆ2
delta =
(rho*sin(th)*cos(phi)-rho*sin(th)*sin(phi))ˆ2+rhoˆ

2*cos(th)ˆ2
>> v=delta*rhoˆ2*sin(th);
>> masa=int(int(int(v,rho,0,R),th,0,pi),phi,0,2*pi)
masa =
4/5*Rˆ5*pi
This result can also be obtained with Mathcad 14:

and in Mathematica 8:

and using Maple 15:
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9.3.2 Volume of a Solid

The volume of a region V of space is (see [42], p. 136):

Vol =

∫ ∫ ∫

V

dxdydz. (9.11)

Example 9.8. Use a triple integral to compute the common volume for
the sphere

x2 + y2 + z2 = R2

and the cylinder

x2 + y2 = r2, r < R

see Fig. 9.9.
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Fig. 9.9

Solution.
We shall have:

V =
{

(x, y, z) ∈ R
3| −

√

R2 − x2 − y2 ≤ z ≤
√

R2 − x2 − y2, (x, y) ∈ D
}

,

where

D =
{

(x, y) ∈ R
2| x2 + y2 ≤ r2

}

.

Therefore,

Vol =

∫ ∫

D

(
∫
√

R2−x2−y2

−
√

R2−x2−y2

dz

)

dxdy = 2

∫ ∫

D

√

R2 − x2 − y2dxdy.

(9.12)
Making the chance of variables in polar coordinates:

{

x = ρ cos θ
y = ρ sin θ

, ρ ∈ [0, r] , θ ∈ [0, 2π]

gives

Vol = 2

∫ r

0

∫ 2π

0

ρ
√

R2 − ρ2dρdθ = 4π

∫ r

0

ρ
√

R2 − ρ2dρ

︸ ︷︷ ︸

I1

= 4πI1,
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where

I1 =

∫ r

0

ρ
√

R2 − ρ2dρ =

∫ r

0

ρR2

√

R2 − ρ2
dρ−

∫ r

0

ρ3
√

R2 − ρ2
dρ

= −R2

∫ r

0

(√

R2 − ρ2
)′

dρ+

∫ r

0

ρ2
(√

R2 − ρ2
)′

dρ

= −R2
√

R2 − ρ2
∣
∣
∣

r

0
+ ρ2

√

R2 − ρ2
∣
∣
∣

r

0
− 2

∫ r

0

ρ
√

R2 − ρ2dρ

= −R2
√

R2 − r2 +R3 + r2
√

R2 − r2 − 2I1

= R3 − (R2 − r2
)√

R2 − r2 − 2I1;

therefore

3I1 = R3 − (R2 − r2
) 3

2 =⇒
I1 =

1

3

[

R3 − (R2 − r2
) 3

2

]

.

Finally,

Vol =
4π

3

[

R3 − (R2 − r2
) 3

2

]

.

We shall compute in Matlab 7.9 the volume from (9.12):
>> syms rho th r R
>>x=rho*cos(th);
>>y=rho*sin(th);
>> u=simplify(sqrt(Rˆ2-xˆ2-yˆ2));
>> Vol=2*simple(int(int(u*rho,rho,0,r),th,0,2*pi))
Vol =
-4/3*(Rˆ2-rˆ2)ˆ(3/2)*pi+4/3*(Rˆ2)ˆ(3/2)*pi
and using Mathcad 14:
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and in Mathematica 8:

and with Maple 15:

Example 9.9. Use a triple integral to find the volume of solid that lies
between the paraboloid

x2 + y2 = az,

the cylinder

x2 + y2 = 2ax

and the plane z = 0, where a =constant> 0.
Solution.
One can notice (see Fig. 9.10) that:

V =

{

(x, y, z) ∈ R
3|0 ≤ z ≤ x2 + y2

a
, (x, y) ∈ D

}

,

where
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D =
{

(x, y) ∈ R
2| x2 + y2 ≤ 2ax

}⇐⇒
D =

{

(x, y) ∈ R
2| (x− a)

2
+ y2 ≤ a2

}

.

Fig. 9.10

We shall have

Vol =

∫ ∫ ∫
V
dxdydz =

∫ ∫
D

(∫ (x2+y2)/a

0
dz

)
dxdy =

∫ ∫
D

x2 + y2

a
dxdy. (9.13)

We shall make the change of variable in polar coordinates:

{

x = a+ ρ cos θ
y = ρ sin θ

, ρ ∈ [0, a] , θ ∈ [0, 2π] .

Making this substitution gives



498 9. Triple and Surface Integral Calculus

Vol =

∫ a

0

∫ 2π

0

(a+ ρ cos θ)2 + ρ2 sin2 θ

a
ρ dρdθ

=

∫ a

0

∫ 2π

0

a2 + 2aρ+ ρ2 cos2 θ + ρ2 sin2 θ

a
ρ dρdθ

=

∫ a

0

∫ 2π

0

(

a+ 2ρ cos θ +
ρ2

a

)

ρ dρdθ

=

∫ a

0

(∫ 2π

0

ρ

(

a+ 2ρ cos θ +
ρ2

a

)

dθ

)

dρ

=

∫ a

0

(

2πaρ+ 2ρ2 sin θ|2π0 +
ρ3

a
· 2π

)

dρ

= 2πa · ρ
2

2

∣
∣
∣
∣

a

0

+ 2π · ρ
4

4a

∣
∣
∣
∣

a

0

= πa3 +
πa3

2
=

3πa3

2
.

Tto evaluate the integrals from (9.13) we can use Matlab 7.9:
>> syms rho th a
>> x=a+rho*cos(th);
>>y=rho*sin(th);
>> Vol=int(int(((xˆ2+yˆ2)/a)*rho,rho,0,a),th,0,2*pi)
Vol =
3/2*aˆ3*pi
and in Mathcad 14:

and with Mathematica 8:
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and using Maple 15:

9.3.3 Centre of Gravity

The coordinates of the centre of gravity corresponding to a solid by the
form of a domain V is the point G (xG, yG, zG), where (see [42], p. 136):

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

xG =
∫ ∫ ∫

V
xδ(x,y,z)dxdydz∫ ∫ ∫

V
δ(x,y,z)dxdydz

yG =
∫ ∫ ∫

V
yδ(x,y,z)dxdydz∫ ∫ ∫

V
δ(x,y,z)dxdydz

zG =
∫ ∫ ∫

V
zδ(x,y,z)dxdydz∫ ∫ ∫

V
δ(x,y,z)dxdydz

.

(9.14)

If the solid is homogeneous, we can set δ (x, y, z) = 1 in the formulae for
the coordinates of the centre of gravity.
Example 9.10. Find the centre of gravity of a homogeneous body, bounded
by the surfaces

y2 + 2z2 = 4x

and
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x = 2.

Solution.
The next figure pictures the homogeneous body.

Fig. 9.11

We can notice that

V =

{

(x, y, z) ∈ R
3| y

2 + 2z2

4
≤ x ≤ 2, (x, y) ∈ D

}

,

where

D =
{

(y, z) ∈ R
2| y2 + 2z2 ≤ 8

}⇐⇒

D =

{

(y, z) ∈ R
2| y

2

8
+
z2

4
≤ 1

}

.

We shall compute

I1 =

∫ ∫ ∫
V
dxdydz =

∫ ∫
D

(∫ 2

(y2+2z2)/a
dx

)
dydz =

∫ ∫
D

(
2− y2 + 2z2

4

)
dydz.

(9.15)

Using the change of variables in the generalized polar coordinates

{

y = 2
√
2ρ cos θ

z = 2ρ sin θ
, ρ ∈ [0, 1] , θ ∈ [0, 2π]
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we shall get

I1 =

∫ 1

0

∫ 2π

0

2 · 2
√
2
(

2− 2ρ2
)

ρdρdθ = 8
√
2

∫ 1

0

(∫ 2π

0

dθ

)

· ρ (1− ρ2
)

dρ

= 16π
√
2

∫ 1

0

ρ
(

1− ρ2
)

dρ = 16π
√
2

(

ρ2

2

∣
∣
∣
∣

1

0

− ρ4

4

∣
∣
∣
∣

1

0

)

= 16π
√
2 · 1

4
= 4π

√
2.

Similarly, it will result:

I2 =

∫ ∫ ∫

V
xdxdydz =

∫ ∫

D

⎛

⎝
∫

2
(
y2+2z2

)
/4

xdx

⎞

⎠ dydz =
1

2

∫ ∫

D

[

4 −
(

y2 + 2z2

4

)2]

dydz,

(9.16)

i.e.

I2 =
1

2

∫ 1

0

(∫ 2π

0

dθ

)

· 4
√
2ρ
(

4− 4ρ4
)

dρ

= 16π
√
2

∫ 1

0

ρ
(

1− ρ4
)

dρ = 16π
√
2

(

ρ2

2

∣
∣
∣
∣

1

0

− ρ6

6

∣
∣
∣
∣

1

0

)

= 16π
√
2 ·
(
1

2
− 1

6

)

=
16π

√
2

3
.

We have also to compute

I3 =

∫ ∫ ∫

V

ydxdydz =

∫ ∫

D

(∫
2

(y2+2z2)/4
dx

)

ydydz =

∫ ∫

D

(

2 − y2 + 2z2

4

)2

ydydz,

(9.17)

such that

I3 =
(

2
√
2
)2

· 2
∫ 1

0

∫ 2π

0

cosθ · ρ2 (2− 2ρ2
)

dρdθ

= 32
√
2

∫ 1

0

(∫ 2π

0

cosθdθ

)

· ρ2 (1− ρ2
)

dρ = 0.

Analogously,

I4 =

∫ ∫ ∫

V

zdxdydz =

∫ ∫

D

(∫
2

(y2+2z2)/4
dx

)

zdydz =

∫ ∫

D

(

2 − y2 + 2z2

4

)2

zdydz,

(9.18)
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namely
I4 = 8

√
2

∫ 1

0

∫ 2π

0

ρ2
(

2− 2ρ2
)

sinθdρdθ

= 16
√
2

∫ 1

0

(∫ 2π

0

sinθdθ

)

· ρ2 (1− ρ2
)

dρ = 0.

Hence,
⎧

⎪⎨

⎪⎩

xG = I2
I1

= 4
3

yG = I3
I1

= 0

zG = I4
I1

= 0

and the gravity center will be the point G
(
4
3 , 0, 0

)

.
Remark. 9.11. As the homogeneous body is a body of rotation, with the
rotation axis Ox it results that yG = zG = 0.
We can also find this point in Matlab 7.9:
Step 1. Compute the integral from (9.15).
>> syms rho th
>> y=2*sqrt(2)*rho*cos(th);
>> z=2*rho*sin(th);
>> I1=int(int((2-(yˆ2+2*zˆ2)/4)*2*2*sqrt(2)*rho,rho,0,1),

th,0,2*pi)
I1 =
4*pi*2ˆ(1/2)
Step 2. Compute the integral from (9.16).
>>I2= (1/2)*int(int((4-((yˆ2+2*zˆ2)/4)ˆ2)*2*2*sqrt(2)*rho,

rho,0,1),th,0,2*pi)
I2 =
16/3*pi*2ˆ(1/2)
Step 3 . Find xG.
>> xg=I2/I1
xg =
4/3
Step 4. Compute the integral from (9.17).
>> I3=int(int((2-(yˆ2+2*zˆ2)/4)*y*2*2*sqrt(2)*rho,rho,0,1),

th,0,2*pi)
I3 =
0
Step 5. Find yG.
>> yg=I3/I1
yg =
0
Step 6. Compute the integral from (9.18).
>> I4=int(int((2-(yˆ2+2*zˆ2)/4)*z*2*2*sqrt(2)*rho,rho,0,1),

th,0,2*pi)
I4 =
0
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Step 7. Find zG.
>> zg=I4/I1
zg =

0
and using Mathcad 14:
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and with Mathematica 8:

and in Maple 15:
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Example 9.12. Find the centre of gravity of the homogeneous hemisphere

V :
{

x2 + y2 + z2 = R2, z ≥ 0
}

using the change of variables in spherical coordinates.
Solution.
In our case, we shall have δ (x, y, z) = 1.
In spherical coordinates, the integral over the homogeneous hemisphere

is the integral over the region

V ′ :
{

0 ≤ ρ ≤ R, 0 ≤ θ ≤ π

2
, 0 ≤ ϕ ≤ 2π

}

.
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We shall have:

I1 =

∫ ∫ ∫

V

δ (x, y, z) dxdydz =

∫ R

0

∫ π
2

0

∫ 2π

0

ρ2 sin θdρdθdϕ

=

∫ R

0

(
∫ π

2

0

(∫ 2π

0

dϕ

)

sin θdθ

)

ρ2dρ

= −2π

∫ R

0

(

cos θ|π20
)

ρ2dρ = 2π

∫ R

0

ρ2dρ = 2π
ρ3

3

∣
∣
∣
∣

R

0

=
2πR3

3
,

I2 =

∫ ∫ ∫

V

xδ (x, y, z) dxdydz =

∫ R

0

∫ π
2

0

∫ 2π

0

ρ3 sin2 θ cosϕdρdθdϕ = 0,

I3 =

∫ ∫ ∫

V

yδ (x, y, z) dxdydz =

∫ R

0

∫ π
2

0

∫ 2π

0

ρ3 sin2 θ sinϕdρdθdϕ = 0,

I4 =

∫ ∫ ∫

V

zδ (x, y, z) dxdydz =

∫ R

0

∫ π
2

0

∫ 2π

0

ρ3 sin θ cos θdρdθdϕ

=

∫ R

0

(
∫ π

2

0

(∫ 2π

0

dϕ

)

sin θ cos θdθ

)

ρ3dρ

= 2π

∫ R

0

(
∫ π

2

0

sin θ cos θdθ

)

ρ3dρ = π

∫ R

0

(

sin2 θ
∣
∣
π
2

0

)

ρ3dρ

= π

∫ R

0

ρ3dρ =
πρ4

4

∣
∣
∣
∣

R

0

=
πR4

4
.

Finally, one finds that the gravity center of the solid is the point
G
(

0, 0, 38R
)

.
We need the following steps to find the gravity center in Matlab 7.9 :
Step 1. One computes I1 =

∫ ∫ ∫

V δ (x, y, z)dxdydz.
>> syms rho th phi R
>> x=rho*sin(th)*cos(phi);
>> y=rho*sin(th)*sin(phi);
>> z=rho*cos(th);
>> delta=1;
>> v=delta*rhoˆ2*sin(th);
>> I1=int(int(int(v,rho,0,R),th,0,pi/2),phi,0,2*pi);
Step 2. One computes I2 =

∫ ∫ ∫

V xδ (x, y, z)dxdydz.
>> I2=int(int(int(x*v,rho,0,R),th,0,pi/2),phi,0,2*pi);
Step 3. One calculates xG.
>> xg=I2/I1
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xg =
0
Step 4. One computes I3 =

∫ ∫ ∫

V yδ (x, y, z)dxdydz.
>> I3=int(int(int(y*v,rho,0,R),th,0,pi/2),phi,0,2*pi);
Step 5. One calculates yG.
>> yg=I3/I1

yg =
0
Step 6. One computes I4 =

∫ ∫ ∫

V
yδ (x, y, z)dxdydz.

>> I4=int(int(int(z*v,rho,0,R),th,0,pi/2),phi,0,2*pi);
Step 7. One calculates zG.
>> zg=I4/I1
zg =
3/8*R
We can also achieve this result using Mathcad 14:
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and with Mathematica 8:

and in Maple 15:
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9.3.4 Moments of Inertia

The moment of inertia of a solid body by the form of a domain V , with
the density δ (x, y, z) relative to the coordinate axes are (see [42], p. 136):
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IOx =

∫ ∫ ∫

V

(

y2 + z2
)

δ (x, y, z) dxdydz (9.19)

IOy =

∫ ∫ ∫

V

(

z2 + x2
)

δ (x, y, z) dxdydz (9.20)

IOz =

∫ ∫ ∫

V

(

x2 + y2
)

δ (x, y, z) dxdydz. (9.21)

Example 9.13. Use the change of variables in cylindrical coordinates to
compute the moments of inertia for a homogeneous cylinder, with the den-
sity δ0, right circular, by the height h and the radius of the base circle R,
with respect to its axis of symmetry.
Solution.
The Figure 9.12 pictures the cylinder.

Fig. 9.12

In our case, we shall have

⎧

⎨

⎩

δ (x, y, z) = δ0
V :

{

x2 + y2 ≤ R2, 0 ≤ z ≤ h
}

V ′ : {0 ≤ ρ ≤ R, 0 ≤ ϕ ≤ 2π, 0 ≤ z ≤ h}
therefore

IOz = ρ0

∫ ∫ ∫
V

(
x2 + y2

)
dxdydz = ρ0

∫ R

0

∫ 2π

0

∫ h

0
ρ2 · ρdρdϕdz

= ρ0

∫ R

0

(∫ 2π

0

(∫ h

0
dz

)
dϕ

)
ρ3dρ

= hρ0

∫ R

0

(∫ 2π

0
dϕ

)
ρ3dρ = 2πhρ0

∫ R

0
ρ3dρ = 2πhρ0 · ρ4

4

∣∣∣∣
R

0

= πhρ0 · R
4

2
.
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We need the following sequence in order to compute the inertia moment
of our body with respect to the axis, in Matlab 7.9:
>> syms rho phi z delta0 R h
>> x=rho*cos(phi);
>> y=rho*sin(phi);
>> Ioz=int(int(int((xˆ2+yˆ2)*rho,rho,0,R),phi,0,2*pi),z,0,h)
Ioz =
1/2*pi*Rˆ4*h
and with Mathcad 14:

and using Mathematica 8:

and in Maple 15:
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9.4 Surface Integral of the First Type

A surface integral is an integral over a surface, in three-dimensional space.
As the line integral generalizes the simple definite integral, the surface

integral is an analogue generalization of the double integral in some plane
domains.
The value of the surface integral of the first type does not depend on the

choice of the side of the surface
∑

over which the integration is performed.

Case 1. Let
∑

be a surface in the three-dimensional Euclidean space R
3,

specified by the parametrical representation:

(∑)

:

⎧

⎨

⎩

x = x (u, v)
y = y (u, v)
z = z (u, v)

, (u, v) ∈ D ⊆ R
2, (9.22)

then the following (see [2], p. 62) defines the surface integral of the first
type (or the integral over the surface area):

∫ ∫
∑ F (x, y, z) dσ =

∫ ∫
D

F (x (u, v) , y (u, v) , z (u, v))
√

A2 + B2 + C2dudv, (9.23)

where

⎧

⎪⎨

⎪⎩

A = D(y,z)
D(u,v)

B = D(z,x)
D(u,v)

C = D(x,y)
D(u,v)

(9.24)

are functional determinants.

Case 2. Let
∑

be a surface in the three-dimensional Euclidean space R
3,

specified by its explicitly form representation:

z = f (x, y) , (x, y) ∈ D ⊆ R
2 , (9.25)

then the following (see [15], p. 258) defines the surface integral of the first
type:

∫ ∫

∑ F (x, y, z) dσ =

∫ ∫

D

F (x, y, f (x, y))
√

1 + p2 + q2dxdy, (9.26)

where

{

p = ∂f
∂x

q = ∂f
∂y .

(9.27)
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Remark 9.14 (see [48], p. 463). For F = 1, the integral from (9.23) and,
respectively from (9.26) expresses the area of the surface

∑
.

Example 9.15. Compute the surface integral of the first type:

I =

∫ ∫

∑

(

x2 + y2
)

dσ,

where (
∑

) is the sphere

x2 + y2 + z2 = a2.

Solution.
The parametrical representation of the sphere is:

⎧

⎨

⎩

x = a sin θ cosϕ
y = a sin θ sinϕ
z = a cos θ

, a > 0, θ ∈ [0, π] , ϕ ∈ [0, 2π] .

We shall deduce that:

A =
D (y, z)

D (θ, ϕ)
=

∣
∣
∣
∣

a cos θ sinϕ a sin θ cosϕ
−a sin θ 0

∣
∣
∣
∣
= a2 sin2 θ cosϕ,

B =
D (z, x)

D (θ, ϕ)
=

∣
∣
∣
∣

−a sin θ 0
a cos θ cosϕ −a sin θ sinϕ

∣
∣
∣
∣
= a2 sin2 θ sinϕ,

C =
D (x, y)

D (θ, ϕ)
=

∣
∣
∣
∣

a cos θ cosϕ −a sin θ sinϕ
a cos θ sinϕ a sin θ cosϕ

∣
∣
∣
∣
= a2 sin θ cos θ;

hence

A2 +B2 + C2 = a4 sin4 θ cos2 ϕ+ a4 sin4 θ sin2 ϕ+ a4 sin2 θ cos2 θ

= a4 sin4 θ + a4 sin2 θ cos2 θ

= a4 sin2 θ
(

sin2 θ + cos2 θ
)

= a4 sin2 θ

and

I =

∫ ∫

D

(

a2 sin2 θ cos2 ϕ+ a2 sin2 θ sin2 ϕ
)√

a4 sin2 θdθdϕ

=

∫ ∫

D

a2 sin2 θ · a2 sin θdθdϕ = a4
∫ ∫

D

sin3 θdθdϕ,

where

D : {0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π} .
It results:
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I = a4
∫ π

0

∫ 2π

0

sin3 θdθdϕ = a4
∫ 2π

0

dϕ

∫ π

0

sin3 θdθ

︸ ︷︷ ︸

I1

= 2πa4I1,

where

I1 =

∫ π

0
sin3 θdθ = −

∫ π

0
sin2 θ (cos θ)′ dθ = − sin2 θ cos θ

∣∣π
0
+ 2

∫ π

0
sin θ cos2 θdθ

= 2

∫ π

0
sin θ

(
1− sin2 θ

)
dθ = 2

∫ π

0
sin θdθ − 2

∫ π

0
sin3 θdθ

= −2 cos θ|π0 − 2I1 = 4− 2I1,

i.e.

3I1 = 4 =⇒ I1 =
4

3
.

Finally, one achieves that

I = 2πa4 · 4
3
=

8πa4

3
.

We can also compute this integral in Matlab 7.9:
>> syms a th phi
>> x=a*sin(th)*cos(phi);
>> y=a*sin(th)*sin(phi);
>> z=a*cos(th);
>> A=det(jacobian([y,z],[th phi]))

A =
aˆ2*sin(th)ˆ2*cos(phi)
>> B=det(jacobian([z x],[th phi]))

B =
aˆ2*sin(th)ˆ2*sin(phi)
>> C=det(jacobian([x y],[th phi]))
C =
aˆ2*cos(th)*cos(phi)ˆ2*sin(th)+aˆ2*sin(th)*
sin(phi)ˆ2*cos(th)
>> I=simple(int(int((xˆ2+yˆ2)*sqrt(Aˆ2+Bˆ2+Cˆ2),

th,0,pi),phi,0,2*pi));
>> I
I =
8/3*aˆ4*pi
and with Mathcad 14:
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and with Mathematica 8:
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and using Maple 15:

Example 9.16. Evaluate

I =

∫ ∫

∑

√

x2 + y2dσ,

where (
∑

) is is the lateral surface of the cone:

x2

a2
+
y2

a2
− z2

b2
= 0, 0 ≤ z ≤ b.

Solution.
For our surface we shall have:

⎧

⎨

⎩

p = ∂f
∂x = b

a · 2x

2
√

x2+y2
= b

a · x√
x2+y2

q = ∂f
∂y = b

a · y√
x2+y2

;

the area element for the surface is

dσ =
√

1 + p2 + q2dxdy ⇐⇒

dσ =

√

1 +
b

a2

2

· x2

x2 + y2
+

b

a2

2

· y2

x2 + y2
dxdy,

i.e.
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dσ =

√
a2 + b2

a
dxdy.

Hence

I =

∫ ∫

∑

√

x2 + y2dσ =

∫ ∫

D

√

x2 + y2 ·
√
a2 + b2

a
dxdy

=

√
a2 + b2

a

∫ ∫

D

√

x2 + y2dxdy,

where D is that region in the xOy- plane such that

D =
{

(x, y) ∈ R
2| x2 + y2 ≤ a2

}

;

this results since

z = b
a

√

x2 + y2

0 ≤ z ≤ b

}

=⇒ x2 + y2 ≤ a2.

The region D can be parameterized by:

{
x = ρ cos θ
y = ρ sin θ

for (ρ, θ) in the region D′, defined by:

D′ =
{

(ρ, θ) ∈ R
2| ρ ∈ [0, a] , θ ∈ [0, 2π]

}

.

Therefore, the region of integration is simpler to describe using polar
coordinates and the double integral can be written:

I =

∫ a

0

∫ 2π

0

√

ρ2 ·
√
a2 + b2

a
·ρdρdθ =

√
a2 + b2

a
·2π

∫ a

0

∫ 2π

0

ρ2dρ, (9.28)

i.e.

I = 2π ·
√
a2 + b2

a
· ρ

3

3

∣
∣
∣
∣

a

0

= 2π ·
√
a2 + b2

a
· a

3

3
=

2πa2

3

√

a2 + b2.

We can also evaluate on the computer our surface integral, using Matlab
7.9:
Step 1. One computes

√

1 + p2 + q2.
>> syms a b x y
>> z=(b/a)*sqrt(xˆ2+yˆ2);
>> p=diff(z,x);
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>> q=diff(z,y);
>> w=simple(sqrt(1+pˆ2+qˆ2))
w =
(aˆ2+bˆ2)ˆ(1/2)/a
Step 2. One computes the double integral from (9.28):
>> syms rho th
>> x=rho*cos(th);
>> y=rho*sin(th);
>> I=simple(int(int(w*sqrt(xˆ2+yˆ2)*rho,rho,0,a),th,0,2*pi))
I =
2/3*pi*aˆ2*(aˆ2+bˆ2)ˆ(1/2)
and in Mathcad 14:

and with Mathematica 8:
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and using Maple 15:
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9.5 Surface Integral of the Second Type

The surface integral of the second type one defines by analogy with the line
integral of the second type.
The value of the surface integral of the second type depends on the choice

of the side of the surface
∑

over which the integration is performed.
Any surface has two side: the upper side, which corresponds to the di-

rected upwards normal (that makes an acute angle with the positive direc-
tion of the Oz axis) and the lower side, which corresponds to the directed
downwards normal, i.e. the normal makes an obtuse angle with the positive
direction of the Oz axis.
Definition 9.17 (see [15], p. 258). If a smooth surface

∑
is the boundary

of a bounded domain,
∑

+ denotes its orientation by means of the outward
normal (hence

∑

− is determined by the inward normal) and P (x, y, z),
Q (x, y, z), R (x, y, z) are continuous functions then the corresponding sur-
face integral of the second type is:

∫ ∫

∑
+

P (x, y, z) dydz +Q (x, y, z) dzdx+R (x, y, z) dxdy (9.29)

=

∫ ∫

∑ [P (x, y, z) cosα+Q (x, y, z) cosβ +R (x, y, z) cos γ] dσ,

where the unit normal vector which specify the surface orientation is:

−→n = cosα
−→
i + cosβ

−→
j + cos γ

−→
k , (9.30)

cosα, cosβ, cos γ being the direction cosines of the normal to the surface
∑

.
Remark 9.18.

1) When we go to the other side
∑

− of the surface, this integral reverses
its sign.

2) We call the side of the surface with the normal vector, the positive side
of the surface. The outside is the positive side of the surface

∑
, namely

the face for which the cosine angle between the Oz axis and the unit
normal vector is positive, namely cos γ > 0.

3) The surface integrals of the second kind over the oriented surface
∑

+ are
called surface integrals with respect to the outside of the surface, while
those over

∑

− are called surface integrals with respect to the inside.

Proposition 9.19 (see [2], p. 64). If the surface
∑

is represented by the
parametrical representation (9.22), then the direction cosines of the normal
to this surface are given by
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⎧

⎪⎨

⎪⎩

cosα = A
±√

A2+B2+C2

cosβ = B
±√

A2+B2+C2

cos γ = C
±√

A2+B2+C2

(9.31)

where A,B,C are defined in (9.24) and the choice of sign in front of the
root should be brought into agreement with the side of the surface

∑
.

Proposition 9.20 (see [42], p. 148). In the case when the surface
∑

is
represented explicitly as (9.25), then the direction cosines of the normal to
this surface are given by

⎧

⎪⎪⎨

⎪⎪⎩

cosα = −p

±
√

1+p2+q2

cosβ = −q

±
√

1+p2+q2

cos γ = 1

±
√

1+p2+q2

(9.32)

where p, q are defined in (9.27) and the choice of sign in front of the root
should be brought into agreement with the side of the surface

∑
.

Example 9.21. Compute

I =

∫ ∫

∑
+

xdydz + ydzdx+ zdxdy,

∑

+ being the external side of the surface of a tetrahedron bounded by the
planes:

⎧

⎪⎪⎨

⎪⎪⎩

x = 0
y = 0
z = 0

x+ y + z = a.

Solution.
Using (9.29), we shall have

I =

∫ ∫

∑ [x cosα+ y cosβ + z cos γ] dσ.

The triangle (see Fig. 9.13) bounds the surface
∑

.
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y  
O  

z  

( )aC ,0,0  

( )0,,0 aB  

( )0,0,aA  
x  

Fig. 9.13

Denoting by D, the projection of the surface
∑

in the xOy- plane, we
can write:

z = a− x− y, (x, y) ∈ D,

where

D : {0 ≤ x ≤ a, 0 ≤ y ≤ a− x} .
We compute

⎧

⎨

⎩

p = ∂z
∂x = −1

q = ∂z
∂y = −1

and

⎧

⎪⎨

⎪⎩

cosα = 1√
3

cosβ = 1√
3

cos γ = 1√
3
;

hence, using (9.26) it will result:

I =

∫ ∫

D

1√
3
· (x+ y + a− x− y) · √3dxdy = a

∫ ∫

D

dxdy,

i.e.
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I = a

∫ a

0

(∫ a−x

0

dy

)

dx = a

∫ a

0

(

y|a−x
0

)

dx = a

∫ a

0

(a− x) dx

= a

(

ax|a0 −
x2

2

∣
∣
∣
∣

a

0

)

= a

(

a2 − a2

2

)

=
a3

2
.

We shall achieve this result using Matlab 7.9:
>> syms a x y
>> z=a-x-y;
>> p=diff(z,x);
>> q=diff(z,y);
>> u=sqrt(1+pˆ2+qˆ2);
>> cosg=1/u;
>> cosa=-p/u;
>> cosb=-q/u;
>> int(int((x*cosa+y*cosb+z*cosg)*u,y,0,a-x),x,0,a)
ans =
aˆ3/2
and in Mathcad 14:

and with Mathematica 8:
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and using Maple 15:

9.5.1 Flux of a Vector Field

Example 9.22 (see [42], p. 169). The flux of a vector field
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−→
F (x, y, z) = P (x, y, z)

−→
i + P (x, y, z)

−→
j +R (x, y, z)

−→
k

through a surface in a direction defined by the unit vector of the normal−→n from (9.30) to the surface
∑

is the integral

Flux =

∫ ∫

∑

−→
F · −→n dσ, (9.33)

where:

• −→
F · −→n means the dot product between

−→
F and −→n ,

• dσ is the differential surface element.

Example 9.23. Find the flux of the vector field

−→
F (x, y, z) = x2

−→
i + y2

−→
j + z2

−→
k

across the lateral surface of the cone

(∑)

: x2 + y2 = z2, 0 ≤ z ≤ h.

Solution.
We shall have

z =
√

x2 + y2, 0 ≤ z ≤ h,

⎧

⎨

⎩

p = ∂z
∂x = 2x

2
√

x2+y2
= x√

x2+y2

q = ∂z
∂y = y√

x2+y2
;

therefore

√

1 + p2 + q2dxdy =

√

1 +
x2

x2 + y2
+

y2

x2 + y2
=

√
2

and

−→n =
−x√

2 ·
√

x2 + y2
−→
i − −y√

2 ·
√

x2 + y2
−→
j +

1√
2

−→
k .

It will result

−→
F · −→n = − x3√

2 ·
√

x2 + y2
− y3√

2 ·
√

x2 + y2
+
z2√
2
.

Hence,



526 9. Triple and Surface Integral Calculus

Flux =

∫ ∫

D

(

− x3√
2 ·
√

x2 + y2
− y3√

2 ·
√

x2 + y2
+
x2 + y2√

2

)

·
√
2dxdy,

namely

Flux =

∫ ∫

D

(

− x3
√

x2 + y2
− y3
√

x2 + y2
+ x2 + y2

)

dxdy,

where
D =

{

(x, y) ∈ R
2| x2 + y2 ≤ h2

}

.

Using the change of variable in polar coordinates

{

x = ρ cos θ
y = ρ sin θ

, ρ ∈ [0, h] , θ ∈ [0, 2π]

we get that

Flux =

∫ h

0

∫ 2π

0

(

−ρ
3 cos3 θ

ρ
− ρ3 sin3 θ

ρ
+ ρ2

)

ρdρdθ

=

∫ h

0

(∫ 2π

0

(− cos3 θ − sin3 θ + 1
)

dθ

)

ρ3dρ.

We have to compute

I1 =

∫ 2π

0

cos3 θdθ =

∫ 2π

0

cos2 θ · (sin θ)′ dθ

= sin θ cos2 θ
∣
∣
2π

0
+ 2

∫ 2π

0

cos θ · sin2 θdθ

= 2

∫ 2π

0

cos θ · (1− cos2 θ
)

dθ = 2

∫ 2π

0

cos θdθ − 2

∫ 2π

0

cos3 θdθ

= 2 sin θ|2π0 − 2I1 =⇒ I1 = 0;

I2 =

∫ 2π

0

sin3 θdθ = −
∫ 2π

0

sin2 θ · (cos θ)′ dθ

= − sin2 θ cos θ
∣
∣
2π

0
+ 2

∫ 2π

0

sin θ cos2 θdθ

= 2

∫ 2π

0

sin θ
(

1− sin2 θ
)

dθ = 2

∫ 2π

0

sin θdθ − 2

∫ 2π

0

sin3 θdθ

= −2 cos θ|2π0 − 2I2 =⇒ I2 = 0.
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Finally,

Flux =

∫ h

0

2πρ3dρ = 2π
ρ4

4

∣
∣
∣
∣

h

0

=
πh4

2
.

The following Matlab 7.9 sequence allows us to find the flux of our vector
field:
>> syms x y
>> z=sqrt(xˆ2+yˆ2);
>> p=diff(z,x);
>> q=diff(z,y);
>> w=sqrt(1+pˆ2+qˆ2);
>> n=[-p/w -q/w 1/w];
>> F=[xˆ2 yˆ2 zˆ2];
>> v=dot(F,n);
>> syms rho th h
>> k=subs(v*w,{x,y},{rho*cos(th),y,rho*sin(th)});
>> flux=int(int(k*rho,rho,0,h),th,0,2*pi)
flux =
(pi*hˆ4)/2
We can also obtain this result with Mathcad 14:

and using Mathematica 8:
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and in Maple 15:
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9.5.2 Gauss-Ostrogradski Formula

The Gauss-Ostrogradski formula establishes a relationship between a triple
integral over a three-dimensional bounded domain and the surface integrals
over its boundary.
Theorem 9.24 (Gauss-Ostrogradski formula, see [8] and [42], p.

158 and [2], p. 76). If
∑

is a closed smooth surface bounding the volume
V and P (x, y, z), Q (x, y, z), R (x, y, z) are functions which are continuous
together with their first partial derivatives continuous in the closed domain
V , then we have the Ostrogradsky-Gauss formula:

∫ ∫

∑
+

P (x, y, z) dydz +Q (x, y, z) dzdx+R (x, y, z) dxdy (9.34)

=

∫ ∫ ∫

V

[
∂P

∂x
(x, y, z) +

∂Q

∂y
(x, y, z) +

∂R

∂z
(x, y, z)

]

dxdydz.

Example 9.25. Evaluate the following integral, by transforming it into a
triple integral:

I =

∫ ∫

∑
+

xyz (xdydz + ydzdx+ zdxdy) ,

where
∑

is the closed surface bounding the field of space given by the
inequalities:

x2 + y2 + z2 ≤ R2, x ≥ 0, y ≥ 0, z ≥ 0.

Solution.
One can notice that

⎧

⎨

⎩

P (x, y, z) = x2yz
Q (x, y, z) = xy2z
R (x, y, z) = xyz2;

hence

I =

∫ ∫ ∫

V

(2xyz + 2xyz + 2xyz) dxdydz = 6

∫ ∫ ∫

V

xyzdxdydz,

where
V :

{

x2 + y2 + z2 ≤ R2, x ≥ 0, y ≥ 0, z ≥ 0
}

.

Passing to the spherical coordinates:

⎧

⎨

⎩

x = ρ sin θ cosϕ
y = ρ sin θ sinϕ
z = ρ cos θ

, ρ ∈ [0, R] , θ ∈
[

0,
π

2

]

, ϕ ∈
[

0,
π

2

]

(9.35)
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one deduces that:

I = 6

∫ R

0

∫ π
2

0

∫ π
2

0

ρ3 sin2 θ cos θ · sinϕ cosϕ · ρ2 sin θdρdθdϕ

= 6

∫ R

0

[
∫ π

2

0

(
∫ π

2

0

sinϕ cosϕdϕ

)

sin3 θ cos θ

]

ρ5dρ

= 6

∫ R

0

(
∫ π

2

0

sin2 ϕ

2

∣
∣
∣
∣

π
2

0

· sin3 θ cos θdθ
)

ρ5dρ

= 3

∫ R

0

(
∫ π

2

0

sin3 θ · (sin θ)′ dθ
)

ρ5dρ = 3

∫ R

0

sin4 θ

4

∣
∣
∣
∣

π
2

0

· ρ5dρ

=
3

4

∫ R

0

ρ5dρ =
R6

8
.

We need the following steps in order to compute this integral in
Matlab 7.9:
Step 1. Compute w (x, y, z) = ∂P

∂x + ∂Q
∂y + ∂R

∂z .
>> syms x y z
>> u=x*y*z;
>> P=u*x
P =
xˆ2*y*z
>> Q=u*y
Q =
x*yˆ2*z
>> R=u*z
R =
x*y*zˆ2
>> w=diff(P,x)+diff(Q,y)+diff(R,z)
w =
6*x*y*z
Step 2. Compute I =

∫ ∫ ∫

V w (x, y, z)dxdydz, where

V :
{

x2 + y2 + z2 ≤ r2, x ≥ 0, y ≥ 0, z ≥ 0
}

.

using the change of variable in spherical coordinates from (9.35).
>> syms rho th phi r
>> w1=subs(w,{x,y,z},{rho*sin(th)*cos(phi),rho*sin(th)

*sin(phi),rho*cos(th)});
>> int(int(int(w1*rhoˆ2*sin(th),rho,0,r),th,0,pi/2),phi,0,pi/2)
ans =
1/8*rˆ6
and in Mathcad 14:



9.5 Surface Integral of the Second Type 531

and using Mathematica 8:

and in Maple 15:
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Example 9.26. Compute the surface integral of the second type from the
Example 9.21 using the Gauss-Ostrogradski formula.
Solution.
One can notice that

⎧

⎨

⎩

P (x, y, z) = x
Q (x, y, z) = y
R (x, y, z) = z;

hence

I =

∫ ∫ ∫

V

(1 + 1 + 1)dxdydz = 3

∫ ∫ ∫

V

dxdydz,

where

V : {x ∈ [0, a] , y ∈ [0, a− x] , z ∈ [0, a− x− y] } .
Therefore,

I = 3

∫ a

0

∫ a−x

0

∫ a−x−y

0
dxdydz = 3

∫ a

0

(∫ a−x

0

(∫ a−x−y

0
dz

)
dy

)
dx

= 3

∫ a

0

(∫ a−x

0
(a− x− y) dy

)
dx = 3

∫ a

0

(
ay|a−x

0 − xy|a−x
0 − y2

2

∣∣∣∣
a−x

0

)
dx

= 3

∫ a

0

(
a (a− x)− x (a− x)− (a− x)2

2

)
dx

= 3

∫ a

0

(
−ax+

a2

2
+

x2

2

)
dx = 3

(
−a

x2

2

∣∣∣∣
a

0

+
a2

2
x|a0 +

x3

6

∣∣∣∣
a

0

)
,
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i.e.

I = 3

(

−a
3

2
+
a3

2
+
a3

6

)

=
a3

2
.

We shall give a computer solution using Matlab 7.9:
>> syms a x y z
>> P=x;Q=y;R=z;
>> w=diff(P,x)+diff(Q,y)+diff(R,z);
>> int(int(int(w,z,0,a-x-y),y,0,a-x),x,0,a)
ans =
aˆ3/2
and in Mathcad 14:

and with Mathematica 8:

and in Maple 15:
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Example 9.27. Compute the following surface integral of the second type
in two ways: both as a surface integral and using the Gauss-Ostrogradski
formula:

I =

∫ ∫

∑
−

x3dydz + y3dzdx+ z3dxdy,

where (
∑

) is the sphere

x2 + y2 + z2 = R2.

Solution.
The next figure shows the surface

∑
.

 

  

y 
  

O 

  

z 

 

x 
  

γ   

n   

Fig. 9.14

Using the formula (9.29) we shall have

I = −
∫ ∫

∑

[

x3 cosα+ y3 cosβ + z3 cos γ
]

dσ
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which can be computed with (9.23).
Using the parametrical representation of the sphere

∑
:

⎧

⎨

⎩

x = R sin θ cosϕ
y = R sin θ sinϕ
z = R cos θ

, θ ∈ [0, π] , ϕ ∈ [0, 2π]

we shall get

A =
D (y, z)

D (θ, ϕ)
=

∣
∣
∣
∣

R cos θ sinϕ R sin θ cosϕ
−R sin θ 0

∣
∣
∣
∣
= R2 sin2 θ cosϕ,

B =
D (z, x)

D (θ, ϕ)
=

∣
∣
∣
∣

−R sin θ 0
R cos θ cosϕ −R sin θ sinϕ

∣
∣
∣
∣
= R2 sin2 θ sinϕ,

C =
D (x, y)

D (θ, ϕ)
=

∣
∣
∣
∣

R cos θ cosϕ −R sin θ sinϕ
R cos θ sinϕ R sin θ cosϕ

∣
∣
∣
∣
= R2 sin θ cos θ

and
A2 +B2 + C2 = R4 sin2 θ.

One obtains that

cos γ =
R2 sin θ cos θ

±R2 sin θ
= ± cos θ.

As in our case cos γ < 0 it will result

cos γ =

{− cos θ, θ ∈ [0, π2
]

cos θ, θ ∈ (π2 , π
]

,

cosα =
R2 sin2 θ cosϕ

±R2 sin θ
= ± sin θ cosϕ =

{− sin θ cosϕ, θ ∈ [0, π2
]

sin θ cosϕ, θ ∈ (π2 , π
]

cosβ =
R2 sin2 θ sinϕ

±R2 sin θ
= ± sin θ sinϕ =

{− sin θ sinϕ, θ ∈ [0, π2
]

sin θ sinϕ, θ ∈ (π2 , π
]

.

Hence

I = −
∫ π/2

0

∫ 2π

0

(−R3 sin4 θ cos4 ϕ−R3 sin4 θ sin4 ϕ− R3 cos4 θ
) (−R2 sin θ

)
dθdϕ

−
∫ π

π/2

∫ 2π

0

(
R3 sin4 θ cos4 ϕ+ R3 sin4 θ sin4 ϕ+ R3 cos4 θ

)
R2 sin θdθdϕ

= −
∫ π

0

∫ 2π

0

(
R3 sin4 θ cos4 ϕ+ R3 sin4 θ sin4 ϕ+ R3 cos4 θ

)
R2 sin θdθdϕ

= −R5

∫ π

0

∫ 2π

0

(
sin5 θ cos4 ϕ+ sin5 θ sin4 ϕ+ cos4 θ sin θ

)
dθdϕ,
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i.e.

I = −R5

[∫ π

0

(∫ 2π

0

cos4 ϕdϕ

)

sin5 θdθ +

∫ π

0

(∫ 2π

0

sin4 ϕdϕ

)

sin5 θdθ

+

∫ π

0

(∫ 2π

0

dϕ

)

cos4 θ sin θdθ

]

.

We shall compute:

I1 =

∫ 2π

0

cos4 ϕdϕ =

∫ 2π

0

cos3 ϕ · (sinϕ)′ dϕ

= sinϕ cos3 ϕ
∣
∣
2π

0
+ 3

∫ 2π

0

cos2 ϕ sin2 ϕdϕ

= 3

∫ 2π

0

cos2 ϕ
(

1− cos2 ϕ
)

dϕ = 3

∫ 2π

0

cos2 ϕdϕ− 3

∫ 2π

0

cos4 ϕdϕ,

i.e.

4I1 = 3π =⇒ I1 =
3π

4
;

I2 =

∫ 2π

0

sin4 ϕdϕ = −
∫ 2π

0

sin3 ϕ · (cosϕ)′ dϕ

= − sin3 ϕ cosϕ
∣
∣
2π

0
+ 3

∫ 2π

0

sin2 ϕ cos2 ϕdϕ

= 3

∫ 2π

0

sin2 ϕ
(

1− sin2 ϕ
)

dϕ = 3

∫ 2π

0

sin2 ϕdϕ− 3

∫ 2π

0

sin4 ϕdϕ,

i.e.

4I2 = 3π =⇒ I2 =
3π

4
.

Therefore,

I = −R5

⎡

⎢
⎢
⎢
⎣
2 · 3π

4

∫ π

0

sin5 θdθ

︸ ︷︷ ︸

I3

+ 2π

∫ π

0

cos4 θ sin θdθ

︸ ︷︷ ︸

I4

⎤

⎥
⎥
⎥
⎦

= −R5

(
3π

2
I3 + 2πI4

)

,
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where

I3 =

∫ π

0
sin5 θdθ = −

∫ π

0
sin4 θ · (cos θ)′ dθ = − sin4 θ cos θ

∣∣π
0
+ 4

∫ π

0
sin3 θ cos2 θdθ

= 4

∫ π

0
sin3 θ

(
1− sin2 θ

)
dθ = 4

∫ π

0
sin3 θdθ − 4

∫ π

0
sin5 θdθ,

i.e.

5I3 = 4 · 4
3
=⇒ I3 =

16

15

and

I4 =

∫ π

0

cos4 θ sin θdθ = −1

5

∫ π

0

(

cos5 θ
)′
dθ = −cos5 θ

5

∣
∣
∣
∣

π

0

=
2

5
.

Finally, it will result

I = −R5

[
3π

2
· 16
15

+ 2π · 2
5

]

= −12πR5

5
.

The next function, which is defined in Matlab 7.9 allows the calculation
of cosα, cosβ, cos γ.
function [al,be,ga]=f(t,s,A,B,C,a,b,c)
if a<=t<=b
u=-s;
elseif b<t<=c
u=s;
end
ga=C/u;
be=B/u;
al=A/u;
end
We shall save the next file, having the following content and the name

g.m:
syms R th phi
x=R*sin(th)*cos(phi);y=R*sin(th)*sin(phi);
z=R*cos(th);
A=det(jacobian([y z],[th phi]));
B=det(jacobian([z x],[th phi]));
C=det(jacobian([x y],[th phi]));
s=sqrt(Aˆ2+Bˆ2+Cˆ2);
a=0;
b=pi/2;
c=pi;
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t=a:b;
t1=b:c;
[al,be,ga]=f(t,s,A,B,C,a,b,c);
r=(xˆ3*al+yˆ3*be+zˆ3*ga)*s;
[al1,be1,ga1]=f(t1,s,A,B,C,a,b,c);
r1=(xˆ3*al1+yˆ3*be1+zˆ3*ga1)*s;
int(int(r,th,a,b),phi,a,2*c)+int(int(r1,th,a,b),phi,a,2*c)
Then, we have to write in the command line:
>> g
ans =
-12/5*Rˆ5*pi
In the case when we shall apply the Gauss-Ostrogradski formula we

achieve:

I =

∫ ∫

∑
−

P (x, y, z) dydz +Q (x, y, z) dzdx+R (x, y, z) dxdy

= −
∫ ∫ ∫

V

[
∂P

∂x
(x, y, z) +

∂Q

∂y
(x, y, z) +

∂R

∂z
(x, y, z)

]

dxdydz,

where

V :
{

x2 + y2 + z2 ≤ R2
}

and

⎧

⎨

⎩

P (x, y, z) = x3

Q (x, y, z) = y3

R (x, y, z) = z3.

As ⎧

⎨

⎩

∂P
∂x = 3x2
∂Q
∂y = 3y2

∂R
∂z = 3z2

we deduce that:

I = −3

∫ ∫ ∫

V

(

x2 + y2 + z2
)

dxdydz,

which can be computed with the change of variables in spherical
coordinates:

⎧

⎨

⎩

x = ρ sin θ cosϕ
y = ρ sin θ sinϕ
z = ρ cos θ

, ρ ∈ [0, R] , θ ∈ [0, π] , ϕ ∈ [0, 2π] ;

using (9.3) we shall have:
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I = (−3)

∫ R

0

∫ π

0

∫ 2π

0
ρ2 · ρ2 sin θdρdθdϕ = (−3)

∫ R

0

[∫ π

0

(∫ 2π

0
dϕ

)
sin θdθ

]
ρ4dρ

= −6π

∫ R

0

(∫ π

0
sin θdθ

)
ρ4dρ = −6π · (− cos θ)|π0 ·

∫ R

0
ρ4dρ

= −12πρ5

5

∣∣∣∣
R

0

= −12πR5

5
.

We shall obtain this result with Maple 7.9:
>> syms x y z
>> P=xˆ3;Q=yˆ3;R=zˆ3;
>> w=diff(P,x)+diff(Q,y)+diff(R,z);
>> syms r rho th phi
>> k=simplify(subs(w,{x,y,z},{rho*sin(th)*cos(phi),

rho*sin(th)*sin(phi),rho*cos(th)}));
>> -int(int(int(k*rhoˆ2*sin(th),phi,0,2*pi),th,0,pi),rho,0,r)
ans =
-(12*pi*rˆ5)/5
and in Mathcad 14:

and with Mathematica 8:
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and using Maple 15:

9.5.3 Stokes Formula

The Stokes formula is the analogue from R
3 of the Green’s formula from

R
2 namely, Green’s formula is simply Stokes’ formula in the plane. Green’s

formula deals with 2-dimensional regions, and Stokes’ formula deals with
3-dimensional regions.
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Theorem 9.28. (Stokes formula, see [48], p. 472 and [42], p. 159 and
[8] and [2], p. 79). If the functions P (x, y, z) , Q (x, y, z) , R (x, y, z) are
continuously differentiable and C is a closed contour bounding a two-sided
surface

∑
, we have the Stokes’ formula:

I =

∮
C

P (x, y, z) dx+Q (x, y, z) dy + R (x, y, z) dz (9.36)

=

∫ ∫
∑

+

(
∂R

∂y
− ∂Q

∂z

)
dydz +

(
∂P

∂z
− ∂R

∂x

)
dzdx+

(
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∫ ∫
∑

[(
∂R

∂y
− ∂Q

∂z

)
cosα+

(
∂P

∂z
− ∂R

∂x

)
cos β +

(
∂Q

∂x
− ∂P

∂y

)
cos γ

]
dσ,

where: cosα, cos β, cos γ are the direction cosines of the normal to the sur-
face

∑
and the direction of the normal is defined so that on the side of

the normal, the contour of C is traced counter- clockwise.
The Stokes’ formula can be also written in the form (see [42], p. 173 and

[8]):

I =

∮

Γ

−→
F · d−→r =

∫ ∫

∑ curl
−→
F · −→n dσ, (9.37)

where:

• −→
F is a vector field,

• −→n constitutes the unit normal vector at the considered face of the surface
∑

,

• the curve Γ means the boundary of the surface
∑
.

The Stokes formula says the surface integral of curl
−→
F · −→n over a surface

∑
is the circulation of the vector field

−→
F around the contour of Γ .

The curve Γ and the surface
∑

are oriented such that: the meaning to go
on the curve Γ is associated with the corresponding face of the surface

∑
.

Another way of thinking about the proper orientation is the following: for
someone which is walking near the edge of the surface

∑
, in the direction

corresponding to the orientation of Γ , the surface must be to your left and
the edge Γ must be to your right.
Example 9.29. Compute the line integral

I =

∫

Γ

(z − y) dx+ (x− z) dy + (y − x) dz,

where the closed curve Γ is the contour of the triangle with the vertices
A (a, 0, 0), B (0, b, 0) and C (0, 0, c) using the following two methods:
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1) directly as a line integral,
2) with the Stokes formula.
Solutions.
1) The next figure the closed curve Γ .

O  
y  

z  

( )cC ,0,0  

( )0,,0 bB  ( )0,0,aA  

x  
Fig. 9.15

From the Cartesian equations of the straight lines AB, BC, CA we shall
obtain their parametrical equations:

(AB) :

{
x−a
−a = y−b

b−0

z = 0
=⇒ (AB) :

⎧

⎨

⎩

x = t
y = − b

a (t− a)
z = 0

, t ∈ [a, 0] ;

(BC) :

{
x = 0

y−b
−b = z−0

c

=⇒ (BC) :

⎧

⎨

⎩

x = 0
y = t

z = − c
b (t− b)

, t ∈ [b, 0] ;

(CA) :

{
y = 0

x−a
−a = z−0

c

=⇒ (CA) :

⎧

⎨

⎩

y = 0
x = t

z = − c
a (t− a)

, t ∈ [0, a] .

Hence,

I =

∫

Γ

(z − y) dx+ (x− z) dy + (y − x) dz =

∫

AB

(z − y) dx+ (x − z) dy + (y − x) dz

︸ ︷︷ ︸
I1

+

∫

BC

(z − y) dx + (x − z) dy + (y − x) dz

︸ ︷︷ ︸
I2

+

∫

CA

(z − y) dx+ (x − z) dy + (y − x) dz

︸ ︷︷ ︸
I3

= I1 + I2 + I3.
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We shall evaluate:

I1 = −
∫ a

0

{[

0 +
b

a
(t− a)

]

· 1 + t ·
(

− b

a

)

+

[

− b

a
(t− a)− t

]

· 0
}

dt

= −
∫ a

0

(
b

a
t− b− b

a
t

)

dt = bt|a0 = ba,

I2 = −
∫ b

0

{[

−c
b
(t− b)− t

]

· 0 + c

b
(t− b) · 1 + t ·

(

−c
b

)}

dt

= −
∫ b

0

(c

b
t− c− c

b
t
)

dt = ct|b0 = cb,

I3 =

∫ a

0

{(

− c

a

)

· (t− a) · 1 +
[

t+
c

a
(t− a)

]

· 0 + (0− t) ·
(

− c

a

)}

dt

=

∫ a

0

(

− c

a
t+ c+

c

a
t
)

dt = ct|a0 = ca

and then we shall obtain:

I = ab+ bc+ ca.

2) For our integral we shall have

⎧

⎨

⎩

P (x, y, z) = z − y
Q (x, y, z) = x− z
R (x, y, z) = y − x;

therefore

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂R
∂y = 1

∂Q
∂z = −1
∂P
∂z = 1

∂R
∂x = −1
∂Q
∂x = 1

∂P
∂y = −1.

One gets:

I = 2

∫ ∫

∑ (cosα+ cosβ + cos γ) dσ.

Taking into account that the equation of the plane defined by three non-
collinear points A,B,C is:
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∣
∣
∣
∣
∣
∣

x− xA y − yA z − zA
xB − xA yB − yA zB − zA
xC − xA yC − yA zC − zA

∣
∣
∣
∣
∣
∣

= 0

it results that the equation of the plane defined by the points A (a, 0, 0),
B (0, b, 0), C (0, 0, c) is:

x

a
+
y

b
+
z

c
= 1;

therefore

z = c
(

1− x

a
− y

b

)

.

Using the relation (9.27) we shall have:

⎧

⎪⎨

⎪⎩

p = ∂z
∂x = − c

a

q = ∂z
∂y = − c

b
√

1 + p2 + q2 =
√

1 + c2

a2 + c2

b2 =
√
a2b2+b2c2+a2c2

ab .

From the condition cos γ > 0 and and the relation (9.32) one deduces:

⎧

⎪⎨

⎪⎩

cosα = c
a · ab√

a2b2+b2c2+a2c2
= cb√

a2b2+b2c2+a2c2

cosβ = ca√
a2b2+b2c2+a2c2

cos γ = ab√
a2b2+b2c2+a2c2

.

We shall achieve:

I = 2

∫ ∫

D

cb+ ca+ ab√
a2b2 + b2c2 + a2c2

·
√
a2b2 + b2c2 + a2c2

ab
dxdy

=
2

ab
(cb+ ca+ ab)

∫ ∫

D

dxdy,

where

D = pr∑xOy =

{

(x, y) ∈ R
2| 0 ≤ x ≤ a, 0 ≤ y ≤ − b

a
x+ b

}

.

Finally,

I =
2

ab
(cb+ ca+ ab)

∫ a

0

(∫ − b
a
x+b

0
dy

)
dx =

2

ab
(cb+ ca+ ab)

∫ a

0

(
− b

a
x+ b

)
dx

=
2

ab
(cb+ ca+ ab)

(
− b

a
· x

2

2

∣∣∣∣
a

0

+ +bx|a0
)

=
2

ab
(cb+ ca+ ab)

(
−ab

2
+ ab

)

= cb+ ca+ ab.
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Example 9.30. Compute the circulation of the vector field

−→
F (x, y, z) = x2y3

−→
i +

−→
j + z

−→
k

along the circumference

(Γ ) :

{

x2 + y2 = R2

z = 0

using the following two methods:
1) directly, as a line integral;
2) with the Stokes’ formula, taking as a surface

(∑)

: z =
√

R2 − x2 − y2.

Solutions.
1) We shall have

∮

Γ

−→
F · d−→r =

∮

Γ

(

x2y3
−→
i +

−→
j + z

−→
k
)

·
(−→
i dx+

−→
j dy +

−→
k dz

)

=

∮

Γ

(

x2y3dx+ dy + zdz
)

,

where

(Γ ) :

⎧

⎨

⎩

x = R cosϕ
y = R sinϕ
z = 0

, ϕ ∈ [0, 2π] . (9.38)

Using the parametric representation of the curve from (9.38) one gets:

I =

∫ 2π

0

[

R2 cos2 ϕ · R3 sin3 ϕ · (−R sinϕ) +R cosϕ+ 0
]

dϕ

=

∫ 2π

0

(−R6 cos2 ϕ sin4 ϕ+R cosϕ
)

dϕ

= −R6

∫ 2π

0

cos2 ϕ sin4 ϕdϕ

︸ ︷︷ ︸

I1

+ R sinϕ|2π0 = −R6I1,

where

I1 =

∫ 2π

0

(

1− sin2 ϕ
)

sin4 ϕdϕ =

∫ 2π

0

sin4 ϕdϕ

︸ ︷︷ ︸

I2

−
∫ 2π

0

sin6 ϕdϕ

︸ ︷︷ ︸

I3

= I2 − I3
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and

I2 =

∫ 2π

0

sin
4
ϕdϕ = −

∫ 2π

0

(cosϕ)
′
sin

3
ϕdϕ = − sin

3
ϕ cosϕ

∣
∣
∣
2π

0
+ 3

∫ 2π

0

sin
2
ϕ cos

2
ϕdϕ

= 3

∫
2π

0

sin2 ϕ
(
1 − sin2 ϕ

)
dϕ = 3

∫
2π

0

sin2 ϕdϕ − 3

∫
2π

0

sin4 ϕdϕ

=⇒ 4I2 = 3π =⇒ I2 =
3π

4
,

respectively

I3 =

∫ 2π

0

sin6 ϕdϕ = −
∫ 2π

0

(cosϕ)′ sin5 ϕdϕ = − sin5 ϕ cosϕ
∣
∣
∣
2π

0
+ 5

∫ 2π

0

sin4 ϕ cos2 ϕdϕ

= 5

∫ 2π

0

sin
4
ϕ
(
1 − sin

2
ϕ
)
dϕ = 5

∫ 2π

0

sin
4
ϕdϕ − 5

∫ 2π

0

sin
6
ϕdϕ

=⇒ 6I3 = 5 · 3π

4
=⇒ I3 =

5π

8
.

Finally,

I = −R6

(
3π

4
− 5π

8

)

= −R
6π

8
.

2) The components of the vector field
−→
F are:

⎧

⎨

⎩

P (x, y, z) = x2y3

Q (x, y, z) = 1
R (x, y, z) = z;

therefore

curl
−→
F =

(
∂R

∂y
− ∂Q

∂z

)−→
i +

(
∂P

∂z
− ∂R

∂x

)−→
j +

(
∂Q

∂x
− ∂P

∂y

)−→
k = −3x2y3−→k . (9.39)

Since cos γ > 0, from (9.32) it results that

cos γ =
1

√

1 + p2 + q2
,

where

⎧

⎨

⎩

p = ∂z
∂x = − 2x

2
√

R2−x2−y2
= − x√

R2−x2−y2

q = ∂z
∂y = − y√

R2−x2−y2
;

therefore
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√

1 + p2 + q2 =

√

1 +
x2

R2 − x2 − y2
+

y2

R2 − x2 − y2
=

R
√

R2 − x2 − y2

and

⎧

⎪⎪⎨

⎪⎪⎩

cos γ =

√
R2−x2−y2

R
cosα = − p√

1+p2+q2
= x

R

cosβ = − q√
1+p2+q2

= y
R .

Hence, the unit normal vector from (9.30) will be

−→n =
x

R

−→
i +

y

R

−→
j +

√

R2 − x2 − y2

R

−→
k . (9.40)

Taking into account the relations (9.39) and (9.40) we obtain

curl
−→
F · −→n = −3x2y2

√

R2 − x2 − y2

R
.

Let’s determine now

J =

∫ ∫
∑ curl

−→
F · −→n dσ = − 3

R

∫ ∫
D

x2y2
√

R2 − x2 − y2 · R√
R2 − x2 − y2

dxdy

= −3

∫ ∫
D

x2y2dxdy,

where

D =
{

(x, y) ∈ R
2| x2 + y2 ≤ R2

}

.

The region of integration is simpler to describe using polar coordinates.
Using the change of variables in polar coordinates

{
x = ρ cos θ
y = ρ sin θ

, ρ ∈ [0, R] , θ ∈ [0, 2π]

one obtains

J = −3

∫ R

0

∫ 2π

0

ρ4 sin2 θ cos2 θ · ρdρdθ = −3

∫ R

0

(∫ 2π

0

sin2 θ cos2 θdθ

)
︸ ︷︷ ︸

J1

ρ5dρ

= −3J1

∫ R

0

ρ5dρ = −J1 · R
6

2
,
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where

J1 =

∫ 2π

0

sin2 θ
(

1− sin2 θ
)

dθ =

∫ 2π

0

sin2 θdθ −
∫ 2π

0

sin4 θdθ

= π − 3π

4
=
π

4
.

Finally,

J = −πR
6

8
.

We shall have in Matlab 7.9:
>> syms x y z R
>> F=[xˆ2*yˆ3 1 z];
>> rot=[diff(F(3),y)-diff(F(2),z) diff(F(2),z)-diff(F(3),x)

diff(F(2),x)-diff(F(1),y)];
>> z=sqrt(Rˆ2-xˆ2-yˆ2);
>> p=diff(z,x);
>> q=diff(z,y);
>> w=sqrt(1+pˆ2+qˆ2)
>> n=[-p/w -q/w 1/w];
>> v=dot(rot,n)*w;
>> syms rho th
>> k=subs(v,{x,y},{rho*cos(th),rho*sin(th)});
>> c=int(int(k*rho,rho,0,R),th,0,2*pi)
c =
-1/8*pi*Rˆ6
and using Mathcad 14:
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and with Mathematica 8:
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and in Maple 15:
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9.6 Problems

1. Compute the triple integral:

I =

∫ ∫ ∫

V

xyz

(x2 + y2 + z2 + 1)
4 dxdydz,

with V = [0, 1]× [0, 1]× [0, 1] .
Computer solution.
We shall achieve using Matlab 7.9:
>> syms x y z
f=@(x,y,z)(x.*y.*z)./((x.ˆ2+y.ˆ2+z.ˆ2+1).ˆ4);
>> triplequad(f,0,1,0,1,0,1)
ans =
0.0052
and with Mathcad 14:



552 9. Triple and Surface Integral Calculus

and in Mathematica 8:

We can not compute this triple integral using Maple 15.

2. Compute:

I =

∫ ∫ ∫

V

dxdydz

(a2 + x2 + y2 − z)
3/2

,

with V defined by:

⎧

⎨

⎩

x2 + y2 ≥ az
x2 + y2 ≤ a2

z ≥ 0.

3. Find the volume of the homogeneous body, bounded by the sphere

x2 + y2 + z2 = 4

and the paraboloid

x2 + y2 = 3z.

Computer solution.
We shall compute the volume of the body from the Figure 9.16:
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Fig. 9.16

using Matlab 7.9:
>> syms z rho th
>> x=rho*cos(th);
>> y=rho*sin(th);
>> int(int(int(1,z,(xˆ2+yˆ2)/3,sqrt(4-xˆ2-yˆ2))*rho,rho,0,

sqrt(3)),th,0,2*pi)
ans =
(19*pi)/6
and in Mathcad 14:

and with Mathematica 8:
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and using Maple 15:

4. Find the triple integral

I =

∫ ∫ ∫

V

zdxdydz
√

1 + x2 + y2 + z2
,

where V is bounded by the sphere:

x2 + y2 + z2 = z.

Computer solution.
We shall achieve in Matlab 7.9:
>> rho phi th k
>> x=rho*cos(th)*sin(phi);
>> y=rho*sin(th)*sin(phi);
>> z=rho*cos(phi);
>> v=[rho th phi];
>> F=[x y z];
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>> d=abs(simplify(det(jacobian(F,v))));
>> int(int(int(z*d/sqrt(1+xˆ2+yˆ2+zˆ2),rho,0,cos(phi)),th,

0,2*pi),phi,0,pi/2)
ans =
-(2*pi*(2*2ˆ(1/2) - 3))/5
and with Mathcad 14:

and using Mathematica 8:
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and with Maple 15:

5. Compute

I =

∫ ∫

∑ xyzdσ,

where
∑

is the surface of the paraboloid

x2 + y2 = z

between the planes z = 0, z = 1, with x ≥ 0, y ≥ 0.

6. Find the moment of inertia relative to the Oz- axis of the solid body,
having its density

δ (x, y, z) = k,

bounded by the ellipsoid

x2

a2
+
y2

b2
+
z2

c2
= 1.

Computer solution.
We shall give a computer solution in Matlab 7.9:
>> syms a b c rho phi th k
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>> x=a*rho*cos(th)*sin(phi);
>> y=b*rho*sin(th)*sin(phi);
>> z=c*rho*cos(phi);
>> v=[rho th phi];
>> F=[x y z];
>> d=simplify(det(jacobian(F,v)));
>> int(int(int((xˆ2+yˆ2+zˆ2)*k*d,phi,0,pi),th,0,2*pi),

rho,0,1)
ans =
-(4*pi*a*b*c*k*(aˆ2 + bˆ2 + cˆ2))/15
and with Mathcad 14:

and using Mathematica 8:

and in Maple 15:
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7. Find the moment of inertia relative to the Oz- axis of the homogeneous
body

x2

a2
+
y2

b2
≤ z2

c2
, 0 ≤ z ≤ h.

8. Determine the coordinates of the centre of gravity of a homogeneous
parabolic envelope

az = x2 + y2, 0 ≤ z ≤ a.

9. Compute the mass of the surface of the cube

⎧

⎨

⎩

0 ≤ x ≤ 1
0 ≤ y ≤ 1
0 ≤ z ≤ 1

if the surface density at the point M (x, y, z) is

δ (x, y, z) = xyz.

10.Compute the surface integral of the first type:

I =

∫ ∫

∑

(

2x+
4

3
y + z

)

dσ,
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where (
∑

) is

x

2
+
y

2
+
z

4
= 1,

with x ≥ 0, y ≥ 0, z ≥ 0.
Computer solution.
We shall give a computer solution in Matlab 7.9:
>> syms x y
>> z=4*(1-x/2-y/3);
>> p=diff(z,x);
>> q=diff(z,y);
>> w=simple(sqrt(1+pˆ2+qˆ2)) ;
>> int(int(F*w,y,0,(-3/2)*(x-2)),x,0,2)
ans =
4*61ˆ(1/2)
and with Mathcad 14:

and using Mathematica 8:

and in Maple 15:
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11.Compute the surface integral of the first type:

I =

∫ ∫

∑ xyzdσ,

where (
∑

) is the surface of the paraboloid x2 + y2 = z, situated between
the planes z = 0, z = 1, with x ≥ 0, y ≥ 0.
Computer solution.
We shall compute this surface integral of the first type, for the surface

(
∑

) showed in Fig. 9.17

Fig. 9.17
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using Matlab 7.9:
>> syms x y
>> z=xˆ2+yˆ2;
>> p=diff(z,x);
>> q=diff(z,y);
>> w=simple(sqrt(1+pˆ2+qˆ2));
>> F=x*y*z;
>> syms rho th
>> h=simple(subs(F*w,{x,y},{rho*cos(th),rho*sin(th)}));
>> int(int(h,th,0,pi/2)*rho,rho,0,1)
ans =
(25*5ˆ(1/2))/336 - 1/1680
and with Mathcad 14:

and using Mathematica 8:
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and in Maple 15:

12.Use the Stokes’ formula to find the given integrals and then verify the
results by direct calculations:
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∮

Γ

(x+ y)
2
dx− (x− y)

2
dy,

where the curve Γ is closed by the parabola y = x2 and by the straight
line y = x, passed in the directly sense.

13.Applying the Stokes’ formula, find the given integrals and verify the
results by direct calculations:

∮

ABCA

y2dx+ z2dy + x2dz,

whereABCA is the contour of the triangleABC with the verticesA (a, 0, 0) ,
B (0, a, 0) and C (0, 0, a).

14.Compute the line integral

I =

∮

C

(y − z) dx+ (z − x) dy + (x− y) dz,

where C is the ellipse achieved by the intersection of the cylinder x2+y2 = 1
with the plane x+ z = 1, crossed so that the projection of curve C on the
plane (xOy) to be positively oriented, using the following two methods:
1) directly as a line integral,
2) with the Stokes formula.
Computer solution.
We shall compute this line integral with the Stokes formula using Matlab

7.9:
>> syms x y z
>> F=[y-z z-x x-y];
>> rot=[diff(F(3),y)-diff(F(2),z) diff(F(2),z)-diff(F(3),x)

diff(F(2),x)-diff(F(1),y)]
rot =
[ -2, 0, -2]
>> z=1-x;
>> p=diff(z,x);
>> q=diff(z,y);
>> w=sqrt(1+pˆ2+qˆ2);
>> n=[-p/w -q/w 1/w];
>> v=dot(rot,n)*w;
>> syms rho th
>> k=subs(v,{x,y},{rho*cos(th),rho*sin(th)});
>> c=int(int(k*rho,rho,0,1),th,0,2*pi)
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c =
(-4)*pi
and in Mathcad 14:

and in Mathematica 8:
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and in Maple 15:
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15.Use the Gauss- Ostrogradski formula to compute the following surface
integral:

I =

∫ ∫

∑
+

x2dydz + y2dzdx+ z2dxdy,

where (
∑

) is the cube

0 ≤ x ≤ a, 0 ≤ y ≤ a, 0 ≤ z ≤ a.

Computer solution.
We shall have in Matlab 7.9:
>> syms a x y z
>> P=xˆ2;Q=yˆ2;R=zˆ2;
>> w=diff(P,x)+diff(Q,y)+diff(R,z);
>> int(int(int(w,z,0,a),y,0,a),x,0,a)
ans =
3*aˆ4
and using Mathcad 14:



9.6 Problems 567

and with Mathematica 8:

and using Maple 15:

16.Apply the Gauss- Ostrogradski formula to compute the surface integral:

I =

∫ ∫

∑
+

xdydz + ydzdx+ zdxdy,

where (
∑

) is the cylinder x2 + y2 = a2, z ∈ [−H,H ] .
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17.Evaluate the following surface integral of the second type:

∫ ∫

∑ ydzdx,

∑
being the external side of the ellipsoid:

x2

a2
+
y2

b2
+
z2

c2
− 1 = 0.

Computer solution.
We shall give a computer solution in Matlab 7.9:
>> syms a b c rho phi
>> x=a*sin(th)*cos(phi);
>> y=b*sin(th)*sin(phi); z=c*cos(th);
>> A=det(jacobian([y z],[th phi]));
>>B=det(jacobian([z x],[th phi]));
>> C=det(jacobian([x y],[th phi])); s=simplify

(sqrt(Aˆ2+Bˆ2+Cˆ2));
>> c2=B/s;
>> int(int(y*c2*s,th,0,pi),phi,0,2*pi)
ans =
(4*pi*a*b*c)/3
and using Mathematica 8:

and in Maple 15:
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18.Find the flux of the vector field

−→
F (x, y, z) = 2x

−→
i + y

−→
j − z

−→
k

across the surface

(∑)

: y2 + z2 = ax, 0 ≤ x ≤ a

according to the normal −→n on the surface, which makes an acute angle
with the negative Oz semi-axis.

19.Find the centre of gravity of the body Ω,by the density μ = k, bounded
by the cone x2 + y2 = z2 and by the planes z = 0 and z = h.

Computer solution.
We shall find the centre of gravity of the body Ω (see Fig. 9.18)
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Fig. 9.18

using Matlab 7.9:
>> syms rho th h k
>> x=rho*cos(th);
>> y=rho*sin(th);
>> I1=int(int(int(k,z,sqrt(xˆ2+yˆ2),h)*rho,th,0,2*pi),

rho,0,h);
>> I2=int(int(int(k,z,sqrt(xˆ2+yˆ2),h)*x*rho,th,0,2*pi),

rho,0,h);
>> I3=int(int(int(k,z,sqrt(xˆ2+yˆ2),h)*y*rho,th,0,2*pi),

rho,0,h);
>> I4=int(int(int(k*z,z,sqrt(xˆ2+yˆ2),h)*rho,th,0,2*pi),

rho,0,h);
>> xg=I2/I1
xg =
0
>> yg=I3/I1
yg =
0
>> zg=I4/I1
zg =
(3*h)/4
and in Mathcad 14:
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and with Mathematica 8:

and with Maple 15:
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20.If
∑

is the external side of the surface:

x2

a2
+
y2

b2
− z2

c2
= 0

between the planes z = 0 and z = b, compute the surface integral:

J =

∫ ∫

∑ x2dydz + y2dxdz + z2dxdy.
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