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PREFACE

Early in my teaching career, I realized two seemingly contradictory facts—
that students are fully capable of understanding mathematical concepts but
that many have had little success with mathematics. There are several reasons
people struggle with mathematics. One is a weak background in basic mathe-
matics. Most topics in mathematics are sequential. Weaknesses in any area
will likely cause problems later. Another is that textbooks tend to present
too many concepts at once, keeping students from being able to absorb
them. I wrote this book (as well as my previous book, Algebra
Demystified) with these issues in mind. Each section is short, containing
exactly one new concept. This gives you a chance to absorb the material.
Also, I have included detailed examples and solutions so that you can con-
centrate on the new lesson without being distracted by missing steps. The
extra detail will also help you to review important skills.

You will get the most out of this book if you work on it several times a
week, a little at a time. Before working on a new section, review the previous
sections. Most sections expand on the ideas in previous sections. Study for
the end-of-chapter reviews and final exam as you would a regular test. This
will help you to see the big picture. Finally, study the graphs and their
equations. Even with graphing calculators to plot graphs, it is important in
college algebra and more advanced courses to understand why graphs behave
the way they do. Because testing has become so important, I would like to
leave you with a few tips on how to study for and to take a mathematics test.

e Study at regular, frequent intervals. Do not cram.

e Prepare one sheet of notes as if you were allowed to bring it into the
test. This exercise will force you to summarize the concepts and to
focus on what is important.

——@
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®’_ PREFACE

e Imagine explaining the material to someone else. You will have mas-
tered the material only when you can explain it in your own words.

e When taking a test, read it over before answering any questions.
Answer the easy questions first. By the time you get to the more diffi-
cult problems, your mind will already be thinking mathematically.
Also, this can keep you from spending too much valuable test time
on harder problems.

e Be patient with yourself while you are learning. Understanding will not
come all at once. But it will come.

Acknowledgments

I am very grateful to my family for tolerating my neglect while finishing this
book. I also want to express my appreciation to my friends at the University
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editor Judy Bass for her enthusiasm and support.
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CHAPTER

Completing the
Square

Quadratic equations (those of the form ax? + bx + ¢ = 0, where a # 0) are
usually solved by factoring and setting each factor equal to zero or by
using the quadratic formula

x_—bj:vbz—4ac
- 2a '

Another method used to solve quadratic equations is called completing the
square. This method is also useful in graphing circles and parabolas. The
goal is to rewrite the quadratic equation in the form “(x + a)* = number”
or “(x — a)’ = number.”

To see how we can begin, we will use the FOIL method (First x first +
Outer x outer + Inner x inner + Last x last) on two perfect squares.

(x+a) = (x+a)(x+a) (x —a)* = (x —a)(x —a)

= x>+ 2ax+ d* =x? —2ax +d*

—®
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The constant term is ¢’ and the coefficient of x is 2a or —2a. This means that,

in a perfect square, the constant term is the square of half of the coefficient
of x: 2a/2)* = a°. (Ignore the sign in front of x.)

EXAMPLES
(x+3P=x>+6x+9 Half of 6 is 3 and 3% is 9.
(x — 57 = x?

(x+4)? =x>+8x+ 16 Half of 8 is 4 and 4% is 16.

(x —

N2 _ .2
5 =x

CHAPTER 1 Completing the Square

—10x4+25  Half of 10is 5 and 57 is 25.

—x+1 Half of 1is 1and (})*is L.

One of the steps on any completing the square problem is to decide what
constant term should be added to the x* and x terms to “complete the
square.” Divide the coefficient of x by 2, then square that number.

Fill in the blank with the number that completes the square.

2 _ 6 and 6% = 36 x4+ 12x + 36 is a perfect
square.

4=2and 2’ =4 x> — 4x + 4 is a perfect
square.

16— 8 and 8% = 64 x* 4 16x + 64 is a perfect
square.

2=1land 1’=1 x% 4 2x + 1 is a perfect
square.

I.l=land (%)2:% x2+%x+iisaperfect
square.

1.2=1and (%)2:% xz—%x—i—ﬁisaperfect
square.

Fill in the blank with the number that completes the square.

EXAMPLES
° x2+12x+_
° x2—4x+_
o X’ +16x+ _
2
o X +2x+ _
° x2+_%x+_
° xz—%x—F_
PRACTICE
1. x> +18x+
2. X4 ldx+
3. xP—22x+4 _
4, ¥ +30x+
5. x2—7x+_
6. x2+}—1x+_
7. x2+‘3—‘x+_
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SOLUTIONS

1. x*+18x+81
2. x*414x+49
3. X —22x+121
4. x*+30x+225
5

6

x2—7x+%

P JTX + 61—4
24 4
Another step in completing the square is to rewrite the expression as a
perfect square. First we write (x + _)? if the first sign is a plus sign, and write
(x — _)?* if the first sign is a minus sign. Then we can fill in the blank in one

of two ways. Divide the coefficient of x by 2 (multiplying by % is the same
thing) or take the square root of the constant term.

EXAMPLES
o X4+ 12x+36=(x+_) Use 6 in the blank
= (x+6) because 6 = 12 = v/36.
o XX —4x+4=(x—_) Use 2 in the blank
=(x—2) because 2 = % = 4.
o X'+ 16x+64=(x+_) Use 8 in the blank
= (x + 8)° because 8 = 16 = \/64.
o X H+2x+1=(x+_) Use 1 in the blank
=(x+1) because 1 =2= /1.
o YHlx+i=(x+_) Use § in the blank
= (x+1) because L =1.1= /L.
o ¥-Ix+it=(x-_) Use 1 in the blank
= (x—{) because L =1.2= /L
PRACTICE

Write the quadratic expression as a perfect square. These are the same
problems as used in the previous practice problems.

1. x>+ 18x+81 =
2. X*+14x+49 =
3. X2 —22x+121 =
4, X*+30x+225=
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5. X —Ix+%=
2,1 1 _
6. Xx +1x+a—

7. x2+%x+%:

SOLUTIONS
I x*+18x+81 =(x+9)°
2. X4 14x+49=(x+7)7
3. X2 —22x+ 121 = (x — 11)?
4. x*+30x +225 = (x + 15)
5. X —Tx+%=(x-12
6. ¥ +iv+h=(x+D (since 1-1=1

7

X tix+i=(x+2" (since J-4=2
To solve an equation of the form (x+ a)>=number or (x —a)’ =
number, we will take the square root of each side of the equation, then

solve for x.
(x — a)* = number (x + a)* = number
X —a = +Vvnumber X + a = £vVnumber

X = a £+ vVnumber X = —a £ vVnumber

We need to use the “+” symbol in the second and third steps to get both
solutions (most quadratic equations have two solutions).

EXAMPLES
o (x—1=9
x—1=4v9 =43
x=14+3=1+3,1-3
x=4, -2
° (x+%) =35
1

x:—%j:\/g
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e (x—6°=0
x—6=£/0=0
xX=206
PRACTICE
Solve for x.
. (x=2°=4
2. (x+1Y%=25
3. (x—4P*=9
4. (x+57°=10
5. (x+)=1
6. (x=H»" =0
SOLUTIONS
1.
(x—2) =4
xX—2=42
x=242=2+42,2-2
x=4,0
2.
(x+1)> =25
x+1=4%£5
x=—1+£5=—-145—-1-5
x=4, -6
3
(x—4)7>=9
x—4=43

x=4+3=4+3,4-3
x=17,1
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4.
(x+ 5% =10
x+5=4V10
x:—Sim
5.
12
2) =1
<x+3)
x+1=if1=i1
1 1
=4 l=——-4>
Y=73 3
x_z 4
T3 3
6.
22
—Z) =0
(+-3)
2
—Z—40=0
Y3
x—%
5

Completing the Square To Solve
a Quadratic Equation

We can solve a quadratic equation in the form ax® + bx + ¢ = 0, with a # 0,
by completing the square if we follow the steps below.

1. Move the constant term to the other side of the equation. (Sometimes
this step is not necessary.)

2. Divide both sides of the equation by «. (Sometimes this step is not
necessary.)

3. Find the constant that would make the left-hand side of the equation a
perfect square. (This is what we did in earlier practice problems.) Add
this number to both sides of the equation.

4. Rewrite the left-hand side as a perfect square.
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5. Take the square root of both sides of the equation. Remember to use
a “£”symbol on the right-hand side of the equation.

6. Move the constant to the right-hand side of the equation.
7.  Simplify the right-hand side. (Sometimes this step is not necessary.)

EXAMPLES
e X’+6x—7=0

X 4+6x=7 Step 1
¥+ 6x+9=749 Step 3
(x+3)>=16 Step 4
x+3=4V16 = +4 Step 5
x=-3+4=-3+4,-3-4 Step 6
x=1,-7 Step 7

o X’ 44x=-1
X 4dx+4=—1+4 Step 3
(x+2)7%=3 Step 4
x+2==+V3 Step 5
x=-2+3 Step 6

o 232 —2x—24=0

2xF —2x =24 Step 1
2, 2 24
Ex —Ex—7 Step2
X —x=12
xz—x+1—12+l Step 3
477", P
48 1 49
4 4 4
1\2 49
(-3) =% Step 4
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| 49
X—E— Z Step5
1 7
=4
YT
1 7
- _ 4
X >3 Step 6
_1+71 7
T2 272
x=4, -3 Step 7
o 3+ 15x=—4
3, 15 4
hd = __ 2
3x+3x 3 Step
5 _
5x = —
X~ 4+ dx 3
25 4 25
2 _—— — PR
x+5x+4 3+4 Step 3
_ 425 167559
3 4 12 12 12
5\? 59
2y =22 4
<x—|—2> B Step
5 59
x+§— ﬁ StepS
_ L PV
12 V12
VD VR
2V3 233
x+§_\/177_\/177
2 2.3 6
5 177
-4y
X > 3 Step 6

PRACTICE
Solve for x by completing the square.

1. x> —10x+24=0
2. X*4+6x+5=0
3. 2x*—8x—24=0
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4, ¥>+5x+6=0
5. x> —3x=4
6. 4xX°+1lx=—6
7. f+ﬁx+2:0
8. 3x’+9x—2=0
SOLUTIONS
1.
X —10x+24=0
X —10x = —24
x> —10x +25 = —24+25
(x=5%=1
x—5=41
x=5+1=5+1,5-1
x=26,4
2.
.f+&+5=0
.ﬁ+6x:—5
X 46x+9=-5+9
(x+3)7 =4
x+3=4+2
Xx=-34+2=-3+42 -3-2
x=-1,-5

2vr —8x—24=0

2x —8x =24
2, 8 24
Y T2V T
XX —4x =12
X —dx+4=12+4
(x—27>=16
x—2=44

x=24+4=2+42-4
xX=6, —2
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4.
f+6x+6=0
X2 +5x=—6
25 25 24 25
2 _——= - —_——= —_—— _—
x+dx+4 6+4 4+4

x+52—1
2] 4

oSl 5151
i 26 2 27 2 2
x:—i,—iz—l—S
5.
¥ —3x=4
1
P Sig=dbi= g4

_3,3.3.53.5
R T B S R N
g 2
S |
YTy Ty T
6.
4x24—11x::-—6
4o, 6 3
4 T3 T 7T 2
s 113 2 121
YT Y T s T T2 s 2 4) " 64



CHAPTER 1 Completing the Square

X+Ez__%+ﬂ
8) ~ 64 64
_ 2
~ 64
1 %5 5
=22
Xt 64 38
11 5 11 5 11 5
___:l,:____ _ -
v g 8 g8 '8 8 8
6 16 3
_ D2
TTTY TR i
7.
x2+7x+2:O
x2+7x:—2
49 49 8 49
2 _— = — —_—= — = _—
x+7x—|—4 2+4 4+4
AR
YT T
el A VAL VAL
2 4 /4 2
_ T VAL STEVAL
A S T 2
.
3x24+9x —2=0
3x> +9x =2
oyl
3 BE
2
2
3x=2
X~ 4+ 3x 3
S L L A
T TYTYTIT T R T
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+§2_§
T3 T2
xilox 35 _ VI VI
2N TE R T T Va
a3 V35 V3 VI0S | VI0S
27 T2/3 V3 2.3 6
L3, V05
T T27 7%

Not every quadratic equation has real number solutions. For example,

(x—1)

—10 has no real number solutions. This is because +/—10 is not a

real number. The equation does have two complex number solutions, though.

Now that we are experienced at solving quadratic equations by complet-
ing the square, we can see why the quadratic formula works. The quad-
ratic formula comes from solving ax® + bx 4+ ¢ = 0 for x by completing the

square.

ax> +bx+c=0

ax® + bx = —c Step 1
b
gxz—l——x:—E Step 2
a a a
b b c b
2
- —=——4+-— Step 3
o +ax+4a2 a 4a® P
b b ¢ 4a b
2 o
- — =4 — Simplif’
~ +ax+4a2 a 4a+4a2 HHPILY
b b —dac+ b’
2 . .
X —l—ax—l—@:T Simplify
b\? b —4dac
— | =—— Step 4
(X+2a> 4a? P
LI it Step 5
2a” 40’ P
V2 —
b Vb~ dac Simplify
2a 2a
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B2
2a 2a
—b + Vb* — dac
X = > Step 7
a

Chapter 1 Review

1.  What number completes the square for x* — 8x?

a) 4 b) —4 c) 16 d) —16
2. X 45x+8=

) (x+) b+ o+ d)x+P)
3.  What are the solutions for (x + 1 =9?

a)x=2and x = —4 b)x=2and x=4 c)x=8and x =10
d) x=-8and x =-10

4. What number completes the square for x> + %x?
a) 3 b)3 ¢4 d) ¢
5. x*+1x—2=0is equivalent to
Q) (i’ = Dt =% +y =g
2
d) e+ =¥
6. What are the solutions for (x — 3)> = 122
aA)x=-3+2/3 b)x=34+2J3 ¢)x=-3+32
d)x=3+3/2
7. 3x* —6x —2 =0 is equivalent to
a)(x—=32=11 b(x=-3°>=7 ¢ (x-17>=3
2
d) (x— 17 =1

SOLUTIONS
1. ¢) 2. a) 3. a) 4.a) 5.¢0) 6. b) 7. d)



CHAPTER

Absolute Value
Equations and
Inequalities

The absolute value of a number is its distance from 0 on the number line.
Because distances are not negative, the absolute value of a number is never
negative. The symbol for the absolute value is a pair of absolute value
bars, | |.”” Hence |— 3| = 3 because —3 is 3 units away from 0 on the number
line. A number written without absolute value bars gives both the distance
from 0 as well as the direction. For example, —3 is 3 units to the /eft of 0
and 3 is 3 units to the right of 0, but |— 3| = 3 simply means 3 units away
from 0. Because 0 is no distance from 0, |0| = 0.

@’_
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CHAPTER 2 Absolute Value

—®

EXAMPLES

e [100] = 100 o |—83=83
o |-3 =3 o |5—11|=6
o [10—1/=9 o |68—90] =22
PRACTICE

1. |—6.75 =

2. 18] =

3. | -4 =

4. 18—19] =

5. ]13-25] =

SOLUTIONS

. |—6.75=6.75

2. I8]=38

3. |—4=4

4. 18—19] =11

5. |13-25/=12

Technically NE= |x| instead of x, unless we have reason to believe x is
not negative. For example, suppose x = —4. Then v/x2= V(=4 =16=4,
not —4. But |—4|=4, so /(- 4) =|—4| is a true statement. For any even
number # and any real number a, </a" =|al.

Absolute Value Equations

The equation |x| = 5 is really the question, “What numbers are 5 units away
from 0?7 Two numbers are 5 units from 0, 5 and —5, so there are two solu-
tions, x = 5 and x = —5. Absolute value equations often have two solutions.
One can solve an equation of the type |expression| = positive number by
solving the two equations: expression =negative number and expression =
positive number. Equations such as |x| = —6 have no solution because
no number has a negative distance from 0. However, —|x| = —6, which is
equivalent to |x| = 6, does have solutions.

EXAMPLES
o |x|=
The solutions are x = 16, —16.
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o |[x+3]=5
x+3=-5 x+3=5
x=-8 x=2
The solutions are x = —8 and x = 2.
o [6—8x]=0
Because 0 and —0 are the same number, there is only one equation
to solve.
6—-8x=0
—8x=-6
63
-8 4
PRACTICE
Solve for x.
I. |—-5x+1]=6
2. |3x—8/=1
3. |x+%|:%
4. —13x+4|=-2
5. 2x—=9|=0
3x—2
6. =7
a
SOLUTIONS
1.
—S5x+1=6 —5x4+1=-6
—5x=5 —5x=-7
7
:—1 = —
X X 5
2.
3 3
Zx:z szzl 28
= = :12 = = = —
X 3 9 X 3 7 3
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3.
L2 12
T3 YT T3
_ 1,2 12
YTTRT3 YTT73
_ 3,41 _ 3. 4_ 7
YTT57T6 6 YTT6 6 6
4. —|3x+4| = —2 becomes |3x+4| =2
3x+4=2 Ixtd= 2
3x =-2 3y — —6
2
= —— _X:—2
T3
5.
2x—9=0
2x =
2
=2
6.
3x -2 3x -2
5 5
3x—2 3x—2
5.2 72 57) 5.22 72 5.y
5 5
3x —2 =35 3x—2=—35
3x = 37 3x = —33
37 33
== — 211
=3 Y 3

Sometimes an absolute value expression is part of a more complex
equation. We need to isolate the absolute value expression on one side of
the equation, then we can solve it as before.
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EXAMPLES
o 2x—4|+7=13
-7 =17
2lx —4| =6
2|x—4|_§
2 2
[x —4| =3
x—4=3 x—4=-3
x=7 x=1
° %|2x+8|—10:—2
+10 +10
l|2x—|—8|—8
3 =

3(% 12x + 8|> = 3(8)

2x + 8| =24
2x+8 =24 2x+8=-24
2x =16 2x = =32
x=28 x=-—16

PRACTICE
Solve for x.

1. 45x—=2|+3=11
2. 3-2Ix—-9]=1
3. 24x—3]-9=-1

SOLUTIONS
1.

45x—2/+3 =11
-3 -3
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4)5x —2| =8
45x-2| 8

4 4
15x —2| =2

Sx=2=2 Sx -2=-2

S5x =4 5x=0
4 0
x_g x—g—O
2.
3-2x-9|=1
-3 -3
—2Ix-9]=-2
—2|x—9|_—2
-2 22
[x—9| =1
x—9=1 x—9=-1
x=10 x=28

2
Sldx =3 -9 =1

+9 +9

2
“l4x—3 =8
52 5

l4x — 3| = 20

_\Q
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4x—3=20  4x—3=-20

= "

Absolute Value Inequalities

The inequality |x| < 4 is, in mathematical symbols, the question, “What real
numbers are closer to 0 than 4 is?”” A look at the number line might help with
this question.

These numbers are
closer to 0 than 4 is.

(I TR SR N R [N RN NN TR R SN | [ 1
-0-9-8-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 9 10

Fig. 2-1.

From the number line we can see that the numbers between —4 and 4 have
an absolute value less than 4. The solution to |x| < 4 is the interval (—4,4).
In inequality notation, the solution is —4 < x < 4. (A double inequality of
the form smaller number < x < larger number is shorthand for x > smaller
number and x < larger number.)

Similarly, the solution to the inequality |x| > 3 is all numbers further from

0 than 3 is.
These numbers are further These numbers arc further
from 0 than 3 is. from 0 than 3 is.

[T S T N SR B I B 1 [ S
-0-9 -8-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 9 10

Fig. 2-2.

The solution is all numbers smaller than —3 or larger than 3. In interval
notation, the solution is (—oo, — 3) U (3, 00). The “U” symbol means “‘or.”
In inequality notation, the solution is x < —3 or x > 3. The notation
“3 < x < —3” has no meaning because no number x is both larger than 3
and smaller than —3.
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Absolute value Inequalities Interval(s)
|x| < positive number | neg. number < x < pos. number (neg. no., pos. no.)
x| < positive number | neg. number < x < pos. number [neg. no., pos. no.]

|x| > positive number | x < neg. number or x > pos. number | (—oo,neg. no.)

U (pos. no., o)

|x| > positive number | x < neg. number or x > pos. number | (—oc,neg. no.|

U [pos. no., o)

EXAMPLES
Absolute value Inequalities Interval(s)
x| <1 -l<x<l1 (-1, 1)
|x| > 16 x<—l6orx>16 | (—oo, —16)U(16,00)
|x| >3 x<-3orx>3 (=00, = 3] U[3,00)
|x] <5 —5<x<5 [-5,5]
8 > |x| is equivalent to |x| <8 -8<x<8 -8, 8]
21 < |x| is equivalent to x| > 21 | x < =21 or x > 21 | (—o0, —21) U (21, 00)

Some absolute value inequalities, like absolute value equations, have no
solution: |x| <—6. Because absolute values are not negative, no number has
an absolute value smaller than —6. If we switch the inequality sign, |x| > —6,
then we get an inequality for which every real number is a solution.

PRACTICE
Solve the inequality and give the solution in inequality and interval notation.
1. |x]>12
2. |x] <9
3. IxI <10
4. |x| =25
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SOLUTIONS
1. x| >12 x<—12o0rx>12 (=00, —12) U (12, 00)
2. x| <9 -9<x<9 [-9,9]
3. |x| <10 —10<x<10 (=10, 10)
4. x| =25 x<-=25o0r x=>25 (=00, —25]U[25, c0)

For some absolute value inequalities, finding the inequalities is only the
first step toward finding the solution.

EXAMPLES
e [4x—5/=>9
4x — 5 is here. or 4x — 5 is here.
I T T T T T T T ]
-15 =12 -9 -6 -3 0 3 6 9 12 15

Fig. 2-3.

From the number line, we can see that either 4x—5< -9 or
4x — 5 > 9. These are the inequalities we need to solve.

dx —5< -9 dx—-5>9
4x < —4 4x > 14

< 1 >14_7

Y= Y=Y T2

The solution in interval notation is (—oo, —1]U [3, 00).
o |2x+ 5 <11

2z + 5 is here.

r T T T T T T T T T T T T T T T
-16-14-12-10 -8 -6 -4 -2 0 2 4 6 8 10 12 14 16

Fig. 2-4.

From the number line, we can see that 2x 4 5 is between —11 and 11.
This means that —11 <2x+ 5 < 11.

-1l <2x+5<11
—16 <2x <6
-8 <x<3 (-8, 3)
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e [9—3x <12
—12<9—-3x<12

—21 < —-3x <3
=21 =3 3
— > —3x > — Reverse the signs at this step.
T7>x>-1 or —1l<x<T7 (-1,7)
o |(2-3x)/4|>1
2—3x<_1 2—3x>1
4
2—-3x<—4 2—-3x>4
—3x < -6 —3x>2
2 2
x>2 x<—§ (—oo,—g)u(2,oo)

Tables 2-1 and 2-2 should help to set up the inequalities for an absolute
value inequality.

Table 2-1

Absolute value inequality Solve these inequalities

|Expression| > pos. number | Expression < neg. number or Expression > pos. number

|Expression| > pos. number | Expression < neg. number or Expression > pos. number

|Expression| < pos. number | neg. number < Expression < pos. number

|Expression| < pos. number | neg. number < Expression < pos. number

Table 2-2

Absolute value inequality Interval notation

|algebraic expression| > positive number | (—oo,a) U (b, 00)

|algebraic expression| > positive number | (—oo,a] U [b, o0)

|algebraic expression| < positive number | (a,b)

|algebraic expression| < positive number | [a, b]
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Solve the inequality and give the solution in interval notation.

PRACTICE
I. 3x+4| <5
2. |x—=2]>4
3. |6—2x] <4
PR Rk
5. I8=3x|=5
6. |ix+2/ <4
SOLUTIONS
1.
2.
x—2<—4
x < =2
3.
4.

—5<3x+4<5

-9 <3x<1
(-

S <x<-=

> (23)

3

x—2>4

x>6 (—oo, —2)U(6,00)

—4<6-2x<4
10 < -2x< -2
-0 -2 =2
-2 =277 =2
S5>x>1

l<x<5 [L53]

x—4

-2 < <2

3(=2) < 3(’?4) <30

—-6<x—4<6
—2<x<10 (=2,10)
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5.
§_3x<-5  8-3x=5
—3x<-13 —3x> -3
-3 —13 -3 -3
_ - _ - < —
373 3¥=3
13
X > — x<l1 (—oo,l]U[3,oo)
6.
1
—4<§x+2<4
6<1x<2
3

3(-6) < 3(%)6) < 3(2)
—18<x<6 (—18,6)

Sometimes absolute value expressions are part of more complicated
inequalities. As before, we will isolate the absolute value expression on one

side of the inequality, then solve the inequality.

EXAMPLES
o 3x+4-7>5
3x+4|>12
Ix+4| >4
x+4<—4 x+4>4

x < -8 x>0 (—o0, —8]U[0,00)
o 8—4ix—1|=3

—4 > -5

1
Ex—l

—4](1/2x—1] _ =5
—4 -4
1

Ex—l

<

>
=14




T

é < 1 1 < é
4=2" 7 =g
L 19
4=2" =1
1 1 9
2(-3) =2(3) =2()
1 e 9 19
2="=2 |22
PRACTICE
Solve the inequality and give the solution in interval notation.
1. Ilx+4/-5<2
2. 442|3x+5|=6
3. 9416 —-2x| <11
4. =3|7x+4|—-4<—-13
SOLUTIONS
1.
1
§|x+4| —5<2
! Ix+4| <7
= <
3
1
3<§|x+4|> < 3(7)
|x +4| < 21
2l <x+4+4<21
=25 <x <17 (=2517)
2.

4423x+5>6
213x 45| > 2

23x+5]_ 2
_— > _

2 2
13x + 5] > 1

CHAPTER 2 Absolute Value
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3x+5< -1 3x+5>1
3x < —6 3x > —4

x <=2 x> —

9416 —2x| < 11
16— 2x] <2

-2<6-2x<2
-8 <-2x<-4

8 -2 -4
_—>> X > —

27 =2 T =2
4>x>2 or 2<x<4 [2,4]

3|7x+ 4] —4 <—13

=3|7x+4| <-9
=3|7x + 4| >—_9
-3 -3
|7x + 4| > 3
Tx+4 <-3 TIx+4>73
Tx <=7 Tx > —1
1 1
x <—1 X > —3 (=00, —1HU (—7,00)

Chapter 2 Review

1. What is the solution for |[x — 7| = 1?
a)x=8 b)x=6andx=8 ¢)x=8andx=-8 d)x=6

2. What is the solution for |x| > 4?
a) (4, —4) b (=44 c¢)(4o00) d)(-o0, —4)U(4,00)
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3. Solve for x: }|x — 6] —4 =—1.
a)x=12 Db)x=8andx=4 c¢)x=12andx=0 d) Thereis
no solution

4. What is the solution for |2x — 3| < 1?

5. What is the solution for I—%x—l- 51> 1?
a) (—o0,8)U(12,00) b)(8,12) c¢)(—00,12)UB,00) d)(12,8)

6. Solve for x: [3x — 1] = 2.
ayx=1 b)x=landx=—-1{ ¢ x=landx=-1 d)x=1
and x =1

SOLUTIONS

1. b)

2.d) 3¢ 4.d 5a) 6b



CHAPTER

The xy Coordinate
Plane

The xy coordinate plane (or plane) is made from two number lines. The ver-
tical number line is called the y-axis, and the horizontal number line is called
the x-axis. The number lines cross at 0. This point is called the origin. Points
on the plane can be located and identified by coordinates: (x,y). The first
number is called the x-coordinate. This number describes how far left or
right to go from the origin to locate the point. A negative number tells us
that we need to move to the left, and a positive number tells us that we
need to move to the right. The second number is called the y-coordinate.
This number describes how far up or down to go from the origin to locate
the point. A negative number tells us that we need to move down, and a posi-
tive number tells us that we need to move up.

(+right, +up) (—left, +up) (+4right, —down) (—left, —down)

— @

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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EXAMPLES
e (4,1) Right4, up 1 o (—2,5 Left2,up 5
o (—1,—5) Left 1, down 5 e (5,—3) Right 5, down 3
e (0,2) No horizontal (—3,0) Left 3, no vertical
movement, up 2 movement
(~2,5)¢ 5
4 —
3 —
2 ¢-(0,2)
(_370) 1+ ° (41 1)
L | 4 | | | 1 | | )
5 -4 3 -2 -1 N1 2 3 4 5
-1 - Origin
-2 r
-3+ .
(5773)
4+
(-1,-5) o5 L
Fig. 3-1.

PRACTICE
Describe the horizontal and vertical
plane.

4,5)

(_ 1 s 3)
(1, -4
(2,2)
(=6,4)
(0,3)
(—4,0)
(0,0)

e

SOLUTIONS
1. (4,5) Right4, up 5

movement and locate the point on the
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5 — .
4+~ (4,5)
3 —
2 —_
1 —
L | 1 1 | | 1 1
5 -4 -3 -2 -1 1 2 3 4
1
92—
3
4
5
Fig. 3-2.
2. (—1,-3) Left 1, down 3
5 —
4 —
3 b—
2 —
1 —
L | | | { | | |
5 4 -3 -2 -1 1 2 3 4
1
9 =
(-1,-3) 3 —
A4
5
Fig. 3-3
3. (1, —4) Right 1, down 4
5 —
4 —
3 -
2 —
1 —

L | | | 1 | 1 1
5 -4 -3 -2 -1 1 3 4
1
9=

(13V4>
3+
4+ e
5 L
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4. (2,2) Right 2, up 2

5
4_
3_
2 * (2,2)
1k
L | | 1 i | | | I |
5432|123 45
2+
3
4 |
-5 -
Fig. 3-5
5. (—6,4) Left 6, up 4
5 -
. AL
(-6.4) 3k
s L
1L
| | | | | | f 1 I | 1 I
6543-21_1_123456
2 -
-3
4
-5 -
Fig. 3-6.

6. (0,3) No horizontal movement, up 3
5 —

4
39-(0,3)
2
1

) ' : ! '
Tt W b e
!

Fig. 3-7.
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7. (—4,0) Left 4, no vertical movement
5 —

4
3+
2
1

A
I

Fig. 3-8.

8. (0,0) No horizontal movement, no vertical movement. These are the
coordinates of the origin.

=N W s ot
T

' ' | '
N
T

Fig. 3-9.

The Distance Between Two Points

At times we need to find the distance between two points. If the points are
on the same vertical line (the x-coordinates are the same), the distance
between the points is the absolute value of the difference between the
y-coordinates. If the points are on the same horizontal line (the y-coordinates
are the same), the distance between the points is the absolute value of the
difference between the x-coordinates.
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EXAMPLES
e The distance between (1,4) and (1,2) is |4 — 2| = |2| = 2.

5 —
4 919
3 -
2 (1.2
1 —

L | | | | 1 1 1 I J
~5~4-3-2—11_1 2 3 4 3
2 -

3 k-

4
-5 =

Fig. 3-10.
e The distance between (2,3) and (2, —4)is | -4 —-3|=|-7|=17.
5 —
4 —
3 (2,3)
2 —
1 —

L | | 1 1 1 1 | J
5 4 -3 -2 -1 1 3 4 5
1+
9 k-
3L

4+ (2,-4)
-5 -
Fig. 3-11.
e The distance between (—5,3) and (—1,3) s |-5—-(-1)|=
|-5+1]=|—-4=4.
5 —
4 —
3 —
(-5,3) (-1,3)
2 —
1 —
L Il | 1 1 1 | | L d
5 -4 -3 -2 -1 1 2 3 4 5
-1+
92
3k
4 -
5L

Fig. 3-12.
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PRACTICE
Find the distance between the two points.

1. (5,6) and (1,6)

2. (4,3)and (4,8)

3. (=1,2) and (—1,9)

4. (=3,1) and (=3, —4)

5. (6,0) and (2,0)
SOLUTIONS

1. 15—1=4=4

2. 3-8]=|-5=5

3. 2-9|=|-7=7

4. 1= =[1+4=15l=5

5. 16—2/=4=4

In the rest of this chapter, we will be working with formulas involving two
points. We will call one of them Point 1 with coordinates (x;,y;) and the
other Point 2 with coordinates (x,, y,).

Suppose we have two points that are not on the same vertical line or the
same horizontal line. By using Pythagoras’ theorem in a clever way, we can
find the distance between any two points.

Draw a vertical line through one of the points and a horizontal line
through the other. The point where these lines cross will have the
x-coordinate of one of the points and the y-coordinate of the other.
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(w2, 1)

The three points form a right triangle. The length of the hypotenuse of this
triangle is the distance between (x;, y;) and (x,, y,). We can find this length
using Pythagoras’ theorem: a* + b* = ¢*.

(z1,91) -

-

Fig. 3-15.

a =distance between (x,y;) and (x5, ) = |x2 — Xx{l; @ = |xy — X ? =
(x, — xl)z; b =distance between (x,,y;) and (xs,32) = [¥> — V1l b =
[y, — 11 ? = (0, — yl)z; ¢ = distance between (xy, y;) and (x5, »); c=d+ b
or > = (x, — x1)2 + (s — y1)2. This means ¢ = \/(xz —x) + (»» —yl)z. The
formula, then, for the distance between two points (xy,y;) and (x,,),) is
d=(x;—x)) + 02— )"
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EXAMPLES

Use the distance formula to find the distance between the two points.

o (I,L,3)and 4,7) x1=1, y1=3, x, =4, y,=17.
d=J4—1P+T-3F =37+ 8 =25=5
o (—2,5and (1,4) x;=-2,y1=5 x,=1, y,=4
d=\J(1= (2P + @5 = /(1 +2? + @4 —5)
324 (=1)>=+10
o (0,—7)and (-2,4) x; =0, yy=-7, x,=-2, y, =4

d= \/(—2 — 0’4+ @— (-7 = \/(—2)2 + @+ 7)?
125 = 55

[ (%,4) and (2, %) X1 :%, N1 :4, X2 :2, J/ZZ%

This formula even works for two points on the same horizontal or vertical
line. For example, we know the distance between (3, 8) and (3, 6) is 2. Let us
see what happens in the formula.

d:\/(3—3)2+(6—8)2:\/02+(—2)2:\/Z:2

PRACTICE
Find the distance between the points.

1. (-L4), (3,3)
2. (6,—4), (-2,-9)
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300,8), (1)

4. (1,-3), (5,-3)

5020, 44

SOLUTIONS
1.

d:\/(3—(—1))2+(3—4)2:\/(3+1)2+(—1)2:Jﬁ

2.
d = \/(—2 —6) +(-5—(-4)° = \/(—8)2 +(=5+4) =65
3.
d:\/(2—0)2-1—(1—8)2:\/22+(—7)2=\/§
4.
d= \/(5 — 4 (=3—-(=3)* = \/(—2)2 + (=343 =2
5.

G )
A -

_\/11,664 625 \/12,289_«/12,289

=V 3600 73600 V3600 ~ /3600
/12289
~ 760

Sometimes we are asked to show that groups of points form shapes such as
squares and right triangles. We can use the distance formula to show that
the distance between the vertices of a square are equal or that the distances
between the vertices of a right triangle follow Pythagoras’ theorem.

EXAMPLES
e Show that the points (-2, 173), (1,2), and (4, 4) are the vertices of a right
triangle.
To use the distance formula on this problem, we need to show that if
we square then add the lengths of the two legs (the sides that are not
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the hypotenuse), this will equal the square of the hypotenuse. While

not really necessary, we should plot the points to see which two
sides are the legs and which side is the hypotenuse.

(_27 %)

Fig. 3-16.

From the graph we can see that « is the distance from (-2, %) to (1,2);
b is the distance from (1, 2) to (4,4); and c is the distance from (-2, %
to (4,4).

_ > 13\* _ / 81_\/m
a—\/(l—(—2)) +(2—7> = 9+Z— T

b=JU— 1P +@-2=054=13

_ 2 13\ _ 5 _ 169
= Jm e (s-2) - s 12
2
a7y _17
(V)
(JE)Z:13
169
T4

"

&
2

b

2

O
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Is it true that * 4 b = ¢*?

117 117 52 169
2 2 _ _ _ _ 2
a + b= + 13 = + = =c

Because a® 4+ b* = ¢ is a true statement, (—2, %), (1,2), and (4,4) are

the vertices of a right triangle.
e Showthat(2,5), (6,3), and (2, 1) are the vertices of an isosceles triangle.
Two sides of an isosceles triangle have the same length. If we plot
the points, we should be able to tell which sides have equal length.

7_
6_
{2,5)
5 b
4_
3F a (6,3)
2_
C
1_
Ll |(211)| 1l 11
2 —11 1 2 3 4 5 6 7
9 L
Fig. 3-17.

It appears that sides b and ¢ have equal length, where b = the distance
between (2, 5) and (6, 3) and ¢ = the distance between (2, 1) and (6, 3).

b:\/(6—2)2+(3—5)2=«/16+ =20
c:\/(6—2)2+(3—1)2:«/16+ =20

Because b = ¢, the points (2, 5), (6,3), and (2, 1) are the vertices of an
isosceles triangle.

PRACTICE
1. Show that (3,1), (10,0), and (9,7) are the vertices of an isosceles
triangle.
2. Show that (-3,2), (4,0), and (—1,9) are the vertices of a right
triangle.

3. Show that (-21,4), (—4, —3), (—9,9), and (—16, —8) are the vertices
of a square.
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SOLUTIONS

——&

1. It appears that sides » and ¢ are equal.

10

8

6

9,7)

(3D (10,0)

2

Fig. 3-18.

bz\/(10—3)2+(0—1)2:«/49+ = /50

c:\/(9—10)2+(7—0)2:\/1+4 = /50

Because b = ¢, (3,1), (10,0), and (9, 7) are the vertices of an isosceles

triangle.

2. We want to show that &* + b*> = ¢*.

10 -
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a= 1= (O -2 = (-1 + 3P+ T
_ATE-VH

b:\/(—3—4)24-(2—0)2:\/(—7)24-22
=49 +4=453

c:\/(—1—4)2+(9—0)2:\/(—5)2+92
= /25481 =106

e (V) ()
— 106 = («/ﬁ)zz &

This means that (-3, 2), (4,0), and (—1,9) are the vertices of a right
triangle.
3. We want to show that a = b =c =d.

(-9,9) 10 -

(—16,-8)

-10 =
Fig. 3-20.
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0= \J(=16 = (=21 + (8 — 4’
= J(C16 4217 +(—12) = V35 + 144 = 13

b= (-4 (16 + (=3 (-8))
= (44167 + (=348 = VIHF25 = 13

e = (-9~ (~4)* + O~ (-3
= 9+ 4 + O +37 = V25T 144 = 13

d= \/(—21 — (=9 + 4 -9

= (=214 9) 4 (=57 = V148 £ 25 = 13

Because a=b=c=d, (-21,4), (—4,-3), (—9,9) and (—16,—8) are
the vertices of a square.

The Midpoint Formula

To find the midpoint between two points (x;, ;) and (x,, y,) use the midpoint
formula:

(Xl + X2 ¥ +J’2)
2 2 )

This formula is easy to remember if we think of finding the average of the
x-values and the average of the y-values. As with the distance formula,
it does not matter which point is called (x;, y;) and which is called (x,, y,).

EXAMPLES
Find the midpoint between the given points.

e (1,3)and (4,7)
1+4 347\ (5 5
(T’T)‘(E’ )
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o (—2,5) and (1,4)
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241 544\ (19
2 2 ) 22

e (0,—7)and (-2,4)

0+(=2) —7+4\_(_, _3
)= ()

° (%,4) and (2, %)

((1/2)+2 4+(1/3)> _ (5/2 13/3)

2 b

PRACTICE

27 2

5 13 51 13 1
:(5*2’?*2):65’?5)

2

Find the midpoint between the points.

. (3,5 and (1,2)

(0,8) and (2,1)

nhk v

SOLUTIONS
1.

(—=1,4) and (3,3)
(6,—4) and (-2, -5)

(7,-3) and (5,-3)

341 542\ _(, 7
202 )T \™2
—143 443\ _ (7
2 2 )7 \2

<6+(—2) —4+(—5)> _ (2 _2)

2 2 2
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——&
(5=

7+5 —=3+(-3)\ _
(2’ 2 >_(6’_3)

Circles

An equation with two variables can be graphed on the xy-plane. Think of a
graph as a “‘picture” of all solutions to the equation. Every point on the
graph is a solution to the equation and every solution to the equation is a
point on the graph.

For example, in the equation x + y = 5, any pair of numbers whose sum is
5 will be on the graph of the equation. Some of those pairs of numbers are
(0,5), (1,4), (3,2), (4, 1), (5,0), (6, 1), (7, -2), (—4.9). (10, =5), (41, 1), and
(—1,51). Now let us plot them.

10

-8 |

-10 =
Fig. 3-21.

All of these points lie on a line. For this reason, equations like x +y =5
are called linear equations. If we were to draw a line through these points,
the sum of the coordinates for every point on the line would be 5.
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Graphing equations will be a major part of this book. We will learn how to
choose points to plot so that we get a good idea of what an equation’s graph
looks like with a minimum amount of work.

Every point on a circle is the same distance from the center of the circle.
That distance is called the radius. This fact along with the distance formula
will allow us to discover a formula for the circle in the xy-plane. Call
the center of the circle (4, k). That is, the x-coordinate of the circle is 4 and
the y-coordinate is k. Call the radius of the circle r. A point (x, y) is on the
circle if its distance from (4, k) is . When we put this information in the
distance formula, it becomes

/u—hf+@—kf=n
If we square both sides of this equation, we get
(x—h?+ @ —-k?=r.

This is the formula for a circle in the xy-plane with radius r and center (4, k).
When we are given the center and radius of a circle, we only need to put these
three numbers, A, k, r, in the formula to get an equation for that circle.

EXAMPLES
Find an equation of the circle with the given radius and center.

e Center (1,4), radius 3.
Here h=1, k=4, r=3, ¥ =9 and (x — h)* + (y — k)* = 1* becomes
=1’ +@p-4"=9

e Center (0,9), radius 4.
h=0,k=9,r=4,1=16

(x=0P+(-9°=16
We want to simplify (x — 0)> to x°.
X+ —9?%=16
e Center (3,2), radius 1.

h=3, k=2, r:%, ﬂ:%

(= -2 =g
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e Center (—2,1), radius r = 6
h=-2k=1,r=6, 1" =36

(x—(=2)* + (- 1)* =36
We want to simplify (x — (=2))* to (x + 2)°.

(x+27+@—-1)7*=36

PRACTICE

——@

Find an equation of the circle with the given center and radius.

1. Center (5, 3), radius 2

2. Center (4,1), radius 7

3. Center (3, 6), radius 1

4. Center (0,2), radius 3

5. Center (0,0), radius 5

6. Center (4, —1), radius 2
7. Center (-5, —2), radius 8

SOLUTIONS

1. h=5k=3r=2r=4
(x=52+(—-3"=4
2. h=4 k=1,r=71r»=49
(x—4+(@-17=49
3. h=3,k=6r=1,r=1
(x=3+(p-6"=1
4. h=0,k=2r=3r»=9

(x—0 +@—-27=9
FAHr-27=9
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5. h=0,k=0,r=5, 1> =25

(x =07+ (y—0)7 =25
x* 4yt =25

6. h=4 k=—1,r=2 =4

(=4’ + (= (=) =4
x—4*+G+1)Y> =4

7. h=-5k=-2r=28, 1 =64

(x = (=5)" + (v — (-2))° = 64
(X + 5 + (1 +2) =64

When the equation of a circle is in the form (x — h)> + (v — k)* = *, we
have a good idea of what it looks like. If 4, k, and r are integers we can even
graph the circle with practically no work. We can mark the center and go up,
down, left, and right r units to get four points on the circle. Next draw a circle
through these four points. Then we will erase the mark for the center because
the center is not really on the circle.

EXAMPLE
Consider the equation (x — 2)> + (y + 1)> = 4. The center of the circle is at
(2, —1) and the radius is 2.

5 —
14
3
2
1F 3
L 1 1 1 l L { | | |
5 -4 -3 -2 -1 1 2 3 4 5
-1 ¢ o .
2
3 - .
4
SL
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—‘@

Fig. 3-23.

PRACTICE
Identify the center and radius and graph the circle.

. x=3’4G0-2°=9
2. (x+ 1D +(+37=4
3. (x—42+)y=1

4. X*+y*=16
SOLUTIONS

1. Center = (3,2), radius = 3

N e gl O

Lo
&S b b o
T

Fig. 3-24.
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2. Center = (—1, —3), radius = 2

= e
T

H_
w
o
-
o L

Fig. 3-25.

3. Center = (4,0), radius = 1
5 —
4 —

3+

1 1 2 l\ij
Fig. 3-26.

4. Center = (0,0), radius = 4
]

| ’_j |
L

Fig. 3-27.
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We can find an equation of a circle without directly knowing its center
and radius. When given the endpoints of a diameter (a line segment that
stretches the full width of a circle), we can find the center of the circle by
finding the midpoint of the diameter. Once we know (4, k), we can use
the coordinates of one of the points for x and y in the equation (x — h)* +
(v — k)* = /* to find .

EXAMPLES
e The endpoints of a diameter of a circle are (2,4) and (8, 12). Find an
equation of the circle.
The center of the circle can be found by finding the midpoint of
(2,4) and (8, 12).

X1+X2 y1+y2 N 2—|—8 4—|—12 i
2 72 )_< 27 2 =68

(hle) = (

So far, we know that the equation is (x — 5)*> + (y — 8)*> = r*. To find
2, we will use the endpoint (2,4). (The endpoint (8, 12) would also

work.) We will substitute x =2 and y = 4 in the equation and solve

for 2.

(x=5+0—-8"="r
Q-5 +@-8) =/,
(=3 + (=4 =+’

9+ 16 =

25=1"

An equation of the circle is (x — 5)° + (y — 8)* = 25.
e A circle has center (—4, 3) and the point (2, 11) is on the circle. Find an
equation of the circle.

Because (—4,3) is the center, we already know the equation is
(x+4°+@—-37=r Let x=2 and y=11 in this equation to
find .

Q44+ 11 =37 =/
6> + 8% =7
100 = /*

An equation for the circle is (x 4+ 4)> + (v — 3)* = 100.
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PRACTICE
Use the information given about the circle to find its equation.

1. A diameter to the circle has endpoints (2, 1) and (—4,9).
. A diameter to the circle has endpoints (0,4) and (—12,9).
3. The center of the circle has coordinates (1, 8) and the point (13, 13) is
on the circle.
4. The center of the circle is (5,0) and (-5, 6) is on the circle.

SOLUTIONS
1. The midpoint will be the center of the circle.

24(—4) 149
e e

So far, we know the equation is (x 4+ 1)> + (y — 5) =r*. We could
use either (2,1) or (—4,9) in the equation to find r Here (2, 1) will
be used.
C+1)*+(1=5*=/
9416 =1
25=17

The equation is (x + 1)* + (y — 5)* = 25.
2. The midpoint will be the center of the circle.

0+(—12) 449 13
- (2 (43)

So far, we know the equation is (x + 6)> + (y — %)2 = r?. We will use
(0,4) to find .

(0—|—6)2+<4—E>:r2

N

[\e]

+

|
N D
~—
[}

Il

=~

[\S]

2

36+ —45 =
1
29 :

The equation is (x +6)* + (y — L)* = 1%,
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3. The center of the circle is (1,8) . This means that the circle equation
begins as (x — 1)> + (y — 8)* = 2. We will use (13, 13) to find r*.

(13 -1 +(13-8)* =/
144 +25 =42
169 = 2

The equation is (x — 1)* + (v — 8)* = 169.
4. Because the center is (5,0), we know the equation begins as
(x — 5)* +1* = . We will use (=5, 6) to find .
(=5=57+6"=1r
100 + 36 = 1
136 = 1*
The equation is (x — 5) 4+ y* = 136.

Equations of circles are not always written in the form (x — h)*+
(y — k)* = #*. For example, the equation (x —2)* 4+ (y + 3)* = 16 might be
written in its expanded form.

(x=27+(p+3’=16
x=2)(x=2)+@+3)(+3)=16

X —4x+4+)P+6y+9=16 After using the FOIL method
x4+ —4x+6y—3=0

In the following, we will be given equations like the one above and use com-
pleting the square to rewrite them in the form (x — h)* + (y — k)* = .

EXAMPLES
o X+ —12x+4y4+36=0
For the first step, move the constant term (the number without a vari-
able) to the right side of the equation, writing the left side with the
x-terms together and the y-terms together.

X — 12x 4% +4y = —36
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Next, we will complete the square for the x-terms and the y-terms and
will add both numbers to each side of the equation.

X — 12x 4364 > + 4y +4 = =36 4 36 + 4

In the last step, we will write the left side of the equation as the sum
of two perfect squares. For x> — 12x+ 36 = (x — )%, we will use
V36 =6. For y* +4y +4 = (y + _)%, we will use v4 = 2.

(x—6 +(+2° =4

Now we can see that this equation is an equation of a circle which has
center (6, —2) and radius 2.
o X' 4)'—8x—dy=—11

X —8x+ 4y —dy+ =114+ _+_

8 2 4 2
(5) =16 and <§> =4
X —8x+ 16+ —4y+4=—11+16+4

For x> — 8x+ 16 = (x — _)*, we will use v/16 = 4. For y> —4y +4 =
(v — )%, we use v/4 = 2.

(x—4’+(—-2"=9

o X’+)P—2y—14=0
Because x? already is a perfect square, we only need to complete the
square on the y-terms.

x2+y2—2y+_=14+_
) 2
()=
2
2 2 .
X4y =2y+1=14+1
For > =2y +1=(y— _)* we will use v/1=1
X4+ -1)2=15

o X +)y—x+iy-2=0

It might be tempting to clear the fraction on this problem (that is, to
multiply both sides of the equation by the least common denominator).
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This will not work because the coefficients of x> and y* must be 1 when

completing the square.

2l a4 4 91 4
YT T Y TSV T35 T 100 ' 4 25
59 1. 4 59 25 16 100

100 727257100 7100 T 100 " 100

1\? 2\?
__ Z) =1
(v-3) +(+3)
PRACTICE

Complete the square to find the center and radius of the circle.

. xX*+)°—14x—10y+68=0
2. X4y +4x—8y+11=0
3. P4y —12x=-21
4. x2+y2—%x+6y—%=0
SOLUTIONS
1. X —ldx+_+1?—10p+ _=—68+_+ _

x> — 14x+49 + 1> — 10y + 25 = —68 + 49 + 25
x=7+0—5"=6

The center is (7, 5) and the radius is +/6.
2. X Hdx4+ _ 4+ -8+ _=—114+_+ _

P Adx 44+ —8y+16=—11+4416
(x+2°+(@—4"=9

The center is (—2,4) and the radius is 3.
3. X —12x4+ 4y =21+ _

X2 = 12x+36+17 = 21436

(x—67>+)* =15

The center is (6,0) and the radius is +/15.
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4. ¥ -3x+_+y+ey+ =284

3 9 247 9
2 D 2 2 _=h 7
X 2x+16+y +6y+9 16+16+9
247+ 9 +9_247+ 9 +144_400_25
16 16 16 16 16 16

3\* s

The center is (%, —3) and the radius is 5.

Sometimes the coefficient of x* and y2 1s not 1. In this case, we must divide
both sides of the equation by this number before completing the square. It is
worth mentioning that in equations of circles, x> and y* will always have the
same coefficient. If the coefficients are different, the graph of the equation
will not be a circle.

EXAMPLE
3x2 4312 —30x— 12y + 84 =0
%(3x2 +3)7 —30x — 12y) = %(—84)
X242 —10x — 4y = —28
¥ —10x4+ 4+ —dy+ _=-28+_ + _
X —10x+25+)" —4y+4=-28+25+4
(x=57+@—-27=1

Chapter 3 Review

1. What is the distance between (—3,4) and (—2,9)?
a)v24  b)4  co24  d)V26

2. What are the center and radius of the circle whose equation is
X+ 1) =52
a) The center is (0, 1), and the radius is 5.
b) The center is (0, 1), and the radius is +/5.
¢) The center is (0, —1), and the radius is 5.
d) The center is (0, —1), and the radius is /5.
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3. What are the center and radius of the circle whose equation is

x* + y* 4 6x — 8y = 75?

a) The center is (—3,4), and the radius is +/75.

b) The center is (—3,4), and the radius is 10.

¢) The center is (3, —4), and the radius is +/75.
d) The center is (3, —4), and the radius is 10.

4. TRUE OR FALSE: (3, 14), (10, —3), (15,9), (—2, 2) are the vertices of
a square.
a) True b) False ¢) Cannot be determined

5. What is the midpoint between the points (—3,2) and (1, 6)?
D=5 D22 9CLY A (-3 -3

6. What is an equation of the circle which has a diameter with endpoints
(6, —1) and (2, —5)?
A (x—4>+0+37=8 b x—-6>+0+11>=16
(x=22+0+5°=16 d)x—-27+0(p-27>=17

SOLUTIONS
I.d) 2.d) 3.b) 4a) 5c¢ 6.a)
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CHAPTER

Lines and Parabolas

The graph to an equation of the form Ax 4+ By = C will be a line. An equa-
tion that can be put in this form is called a linear equation. We only need
two points to graph a line. It does not matter which two points, ‘but we
will choose points that would be easy to graph.

If 4 and B are each nonzero, we can pick two x-values at random. We will
put them into the equation to compute the y-values.

EXAMPLES
e 2x+3y=6
We can choose any two numbers for x. Here we will use x = 0 and
x=06.

20)+3y=6  26)+3y=6

3y=6 1243y=0
y=-2

©—

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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Plot (0,2) and (6, —2).

a1k
2k
3k
A
5L
Fig. 4-1.
o 4x—y=7
We will use x =0 and x = 2.
40) -y =7 42)-y=
—y=17 8—y=17
y=1
Plot (0, —7) and (2, 1).
R R B G R

/

Fig. 4-2.

PRACTICE

Find the y-values for the given x-values and use the two points to

the line.

I. -3x4+y=5 x=0and x=-1

plot
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3.
4.

2x+4y =8, x=0and x = -2

CHAPTER 4

Lines and Parabolas

x—4y=12, x=0and x =4

—3x+4y=—-6, x=0and x =4

SOLUTIONS
Putx=0and x=—11in —3x+y =5 to find y.

1.

-30)+y=5 =3(-1)+y=5
y=>5 3+y=35
y=2

Plot (0,5) and (—1,2).

(LI =>TES B o)

-2
-3

Fig. 4-3.

Put x=0and x = -2 in 2x + 4y = 8 to find y.

200)+4y =38 2(=2)+4y =8
y=2 4y =12

y=3
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Plot (0,2) and (=2, 3).

(218 md
L
Lo
[\
—
—
N
Z

3. Putx=0and x=41in x—4y =12 to find y.

y=-3 —4y =38
y=-2

Plot (0, —3) and (4, —2)

N W e Ot
T
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4. Putx=0and x=4in —3x+4y = —6 to find y.

—3(0) +4y = —6 —3(4)+4y = -6
=6
Y= —124+4y=-6
_6_3
YTaT2

Plot (0, —3) and (4, ).

=N W o O
T

31
At
5L

Fig. 4-6.

You might have noticed that x = 0 was selected for one of the points in all
of the previous examples and practice problems. This point was chosen for
two reasons: one, computing y is easier if x = 0; and two, it is an important
point in its own right. A point on a graph whose x-coordinate is 0 is called a
y-intercept. This is where the graph touches the y-axis. Many of the graphs in
this book will have exactly one y-intercept. Some graphs have more than one
y-intercept and some have none. See the figures below.

5

This graph has
-4+ two y-intercepts.
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5
4 —
3 —
2 -
1 -
[ N N R 1 T ]
5 -4 -3 -2 -1 1 /2 3 4 5
B
2k
3
4k
{This graph has
5L no y-intercepts
Fig. 4-8.

The y-coordinate is 0 for points on the graph that touch the x-axis. This
point is called the x-intercept. Some of the graphs in this book will have
exactly one x-intercept, some will have more than one, and still others will
not have any.

This graph has

5
1
3
2
one r-intercept.
l“ 1 1 1 / 1 1 1 1 J
5 - -2 i 5
1
2
3
1
7]

) -4 -3 -2 1 2 3 4 5
Fig. 4-9
5
4k
3L
2+ This graph has
no z-intercepts.
[ T N R T I N B
5 -4 -3 -2 -1 1 2 3 4 5
1k
2F
3k
Ak
5L

Fig. 4-10.
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This graph has
three z-intercepts.

Fig. 4-11.

One way to find the intercepts is by looking at the graph. Rather than
say (a,0) is an x-intercept, we say for short that « is an x-intercept. The
x-intercept in Fig. 4-9 is —1 and the y-intercept is 1. The x-intercepts in
Fig. 4-11 are —2, 1, and 3. The y-intercept is 6.

PRACTICE
Find the x- and y-intercepts on the graphs.
1.
5 -
4 —
3
2 —
1 -
L | | { | I ] 1 §
5 -4 -3 2 -1 1 3 4 5
-1+
21
-3+
4
5
Fig. 4-12.

The x-intercept(s) is/are
The y-intercept(s) is/are
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2.
VT '
Vo4b /
3 -
2 -
1 -
L | { ! 1 J
5 4 3 2 - 4 5
-1
-3
-4
5L
Fig. 4-13.
The x-intercept(s) is/are
The y-intercept(s) is/are
3.
5 —
4 -
{ | ] J
-5 -4 4 5
-4
5L
Fig. 4-14.
The x-intercept(s) is/are
The y-intercept(s) is/are
SOLUTIONS

1. The x-intercept is 2, and the y-intercept is 3.
2. The x-intercepts are —1 and 3, and the y-intercept is —3.
3. The x-intercepts are —3 and 3, and the y-intercepts are —3 and 3.
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Intercepts can be found without looking at the graph. We can find the
intercepts algebraically (if an equation has intercepts), by substituting 0
for one of the variables and solving for the other variable. To find the
x-intercept, let y = 0 and solve for x. To find the y-intercept, let x =0 and
solve for y.

EXAMPLES
o 2x+3y=6

y=0 x=0
2x+3(0)=06 2(0)+3y=6
2x =6 3y==6
x=3 y=2

The x-intercept is 3, and the y-intercept is 2.
o y= X —x-2

¥ —x—2=0 y=0"-0-2
x=2)(x+1)=0 y=-=2
x—2=0 and x+1=0
x=2 and x=-1

The x-intercepts are 2 and —1, and the y-intercept is —2.
o X+ y2 =16

y=0 x=0
X2 +0°=16 0 +)* =16
X =16 =16
x =4 y==4

The x-intercepts are —4 and 4, and the y-intercepts are —4 and 4.



CHAPTER 4 Lines and Parabolas _\@
o y=(x+8)/(x—2)

The only way a fraction can be zero is if the numerator is zero.

Here the numerator is x + 8, so we will solve x +8 =0 to find the
x-intercept.

y=0 x=0
048
Y=0-2

x=-8 y=—4

The x-intercept is —8, and the y-intercept is —4.

PRACTICE
Find the x- and y-intercepts algebraically.

SOLUTIONS
1. x=-2y=4

x—2(0)=4 0—-2y=4
x=4 —2y=4

y=-2

The x-intercept is 4, and the y-intercept is —2.
2. y=3x—-12

3Ix—12=0 y=23(0)—-12
3Ix=12 y=—12
x=4

The x-intercept is 4, and the y-intercept is —12.
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3. y=x"+3x—4
P H3x—4=0  y=0"+3(0)—4
x+Hx-1)=0 y=-4
X+4=0 and x—1=0
x=—-4 and x=1

The x-intercepts are —4 and 1, and the y-intercept is —4.

4. y=x+6)/(x+12)
When finding the x-intercept, we only need to solve x + 6 = 0 because
the only way a fraction can be zero is if its numerator is zero.

0+6

o= r=oim
6 1

AR Pt

The x-intercept is —6, and the y-intercept is %

We can tell whether or not a graph has intercepts by looking at it. What
happens if we do not have the graph? A graph will not have an x-intercept
if when we let y = 0 in its equation we do not get a real number solution.
A graph will not have a y-intercept if when we let x = 0 in its equation we
do not get a real number solution.

EXAMPLES

10
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The graph of y = x* +4 in Fig. 4-15 does not have any x-intercepts. Let
us see what happens if we try to find the x-intercepts algebraically.

X 4+4=0
X' =—4
X =++—4

V=4 is not a real number, so the equation x> + 4 = 0 does not have any real
solution.

hasd [ =] o > ot
T

Fig. 4-16.

The graph of y = 1/x in Fig. 4-16 does not have any intercepts at all.
y=0 x=0

1 1

—:0 — =
X 0 Y

As was mentioned earlier, a fraction can equal zero only if the numerator
is zero. The equation 1/x = 0 has no solution because the fraction is zero
but the numerator, 1, is never zero. This shows that the graph of y =1/x
has no x-intercept. The equation 1/0 = y has no solution because 1/0 is not
a number. This shows that the graph of y = 1/x has no y-intercept, either.

The Slope of a Line

Another important part of a line is its slope. The slope is a measure of a line’s
tilt. Some lines have steep slopes and others have more gradual slopes. A line
that tilts upward will have a different slope than one that tilts downward.
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A line has a steep slope if a small horizontal change results in a large
vertical change.

5 —
4+ « From here, move
. down 4 and to
3r the right 1.
2 —
1 =
[ T T B ] T |
5 4 -3 -2 -1 1 3 4 5
gk
2+
3+
s
5L
Fig. 4-17.

A line has a more gradual slope if a large horizontal change results in a
small vertical change.

— N W L= 53
T

right 5 and up 1

1
AN
/j: I From here, move
4
D

Fig. 4-18.

The slope of a line is measured by a number. This number is a quotient
(a fraction) where the vertical change is divided by the horizontal change.
In Fig. 4-17, to move from one point to the other, we had a vertical change of
down 4 and a horizontal change of 1. This means that the slope of the line
4x+y=28is _T4' In Fig. 4-18, to move from one point to the other, we moved
up 1 and to the right 5. The slope to the line x — 5y = 10 is %

One of the convenient things about the slope of a line is that it does not
matter which two points we use—the quotient of the vertical change to the
horizontal change will be the same. Suppose we use two other points on the
line 4x 4+ y = 8. If we moved from (—4,24) to (2,0), then we would go down
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24 (a change of —24) and to the right 6. This quotient is =2* = =, the same
as with the two points in Fig. 4-17. This idea leads us to the slope formula.

This formula is important and is worth memorizing. If (x, y;) and (x,, y,) are
two points on a line, then the slope, m, of the line is the number

__ y»—y; _ vertical change

m= = .
X, —x; horizontal change

EXAMPLES
Find the slope of the line using the given points.

o 2x43y=—6 (0, —2)and (=3,0)
Here (x,y;) = (0, — 2) and (x,,,) = (=3, 0).

0—(=2 2 2

S -3-0 -3 3

It does not matter which point we call (x;,y;) and which we call
(x2,¥2). We will compute m with (x1,y;) =(=3,0) and (x,,y,) =
0, —2).

2-0 2 2
=03 "3 3

e 3x—y=4 (1, —1)and (=2, — 10)

_ =D =9 3
R P e E

Normally, when the denominator is 1, we write the slope as an integer.
o x—2y=-2 (4,3) and (—2,0)

0-3 =3 1
m = = — = —

2-4--6 2

PRACTICE
Find the slope of the line using the given points.

2x 43y =—-12 (0, —4) and (3, —6)
2x—y=1 (0, —1) and (1, 1)
x—y=4 (3, —1)and (2, -2)
x+2y=6 (2,2) and (—4,5)
3x—-5y=10 (10,4) and (5, 1)

ARl
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SOLUTIONS
1.
—6—(—4) -2 2
3-0 3 3
2.
I—(=1) 2
= = — 2
-0 1
3.
__2_(_1)___1_1
2-3 -1
4.
C5-2 3
Ty T 56T 2
5.
1—4 -3 3
m-——m—— ——=—= —

Horizontal and Vertical Lines

The y-values of a horizontal line are the same number. The equation of a
horizontal line is in the form y = number.

5 —
4+ y=3
2+ Every y-value

e on this linc is 3.

[ Y T S| T B R R

5 4 -3 -2 -1 1 2 3 4 5
1k
21
3k
A
5L

Fig. 4-19.
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What would the slope of a horizontal line be? No matter which two points

we choose, their y-values will be the same. This means that y; and y, will be
equal, so y, —y; = 0.

_n=n_ 0,
X=X X2 —X

m

The slope of any horizontal line is 0.
The x-values of a vertical line are the same number. The equation of a
vertical line is in the form x = number.

5~

4F =5

3k

2+ Every z-value

;L oon this line is 5.
Lt 1 T I ]
4 -3 -2 -1 1 2 3 4 6

s

a2k

3k

a4k

5L

Fig. 4-20.

Because all of the x-values on a vertical line are the same, x, and x; are the
same. This means that the denominator of the slope of a vertical line is 0,
so the slope is undefined.

:J’2—J/1 :yz—h
Xy — Xy 0

m

In addition to saying that the slope of a vertical line is undefined, we also say
it does not exist. To say that the slope of a line does not exist is not the same
as saying that the slope is 0. The slope of horizontal line is 0; the slope of a
vertical line does not exist.

PRACTICE
Graph each line. State whether the slope is zero or does not exist.

1
4

W N =
"= R
Il

[NS1ISM]



SOLUTIONS
1.

L

1

CHAPTER 4 Lines

N W s Ot

- | The slope is undefined.

5 -4 -

T
3 -2 -1

1k
1S

F  The slope is 0.

— W W O
T

5 -4 -3 -2 -1

[l w W=

I The slope is undefined.

and Parabolas
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Two points on a line not only allow us to graph the line, they also give us
enough information to find an equation for the line. First, we need to use the

slope formula to find the slope of the line. Second, we need to use the slope
and one of the points in the point—slope formula.

Y=y =mx—Xx)

This formula comes directly from the slope formula. All that was done to the
slope formula was to replace (x,, y,) with (x,y) and to clear the fraction.

m:y_yl

X — X
(x — xpm = (x — x)) - 21
X—Xl

(x—x)m=y—y
Y=y =mx—Xx)

In the following examples and practice problems, we will be putting linear
equations in the general form Ax + By = C, where 4, B, and C are integers
and A4 is not negative.

EXAMPLES
Find the equation of the line containing the given points.
e (3,5 and (-6, —13)
First find the slope of the line containing these points.
—13-5 -—18
= = = 2
—6—3 -9
We can use either (3,5) or (—6, —13) as (x;,y;) in the point-slope
formula. If we use (3,5), y — y; = m(x — x;) becomes

m

y—5=2(x-3)
Now we will put this equation in the general form.
y—5=2(x—-3)
y—5=2x—-6 We need x and y on the same side.
—2x+y=-1
—(—2x+y)=—-(-1) A needs to be positive.

2x—y=1
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To see that it does not matter which point we choose for (x;, y;), we
will find this equation using (—6, —13).

y—(=13) =2(x = (-06))
y+13=2x+12
—2x4+y=-1
2x —y=1
e (—4,0) and (0,4) (These are the intercepts.)

4-0 4
=04 s

Use (—4,0) as (x1, 1)
y—0=1(x— (~4)
y=x+4
—x+y=4
x—y=-4
e (—3,-2)and (6,1)

1-(=2) 3 1

M= (3) 9 3

Use (=3, —2) as (x1, ).

(D)= ()

1
yE2=3(c+3)

1 Multiply by the lowest
3 +2) = 3’ 3)(x+3) common denominator
3y+6=x+3
—x+3y=-3

x—3y=3
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(4,6) and (—3,6)

The y-values are the same, making this a horizontal line. The equation
for this line is y = 6—mno work is necessary. The method used above
will still work on horizontal lines, though.

_6-6 _0 _
-3 —-4 -7
y—6=0x—4)

0

m

y—6=0 or y=6

(—=2,0) and (-2,5)
This line is a vertical line because the x-values are the same. The equa-
tion for this line is x = —2. No work is necessary (or even possible).

PRACTICE

Find an equation of the line containing the given points. Put the equation in
the general form 4Ax 4+ By = C, where 4, B, and C are integers and A is not
negative, or in the form x = number or y = number.

1.

(1,2) and (5, —2)

2. (2,—=7)and (—1,5)

3. (4,—6)and (4,2)

4. (5,—1)and (—10, —10)

5. (1,5) and (4,2)

6. (4,8)and (—1,8)

7. (-1, %) and (2, —%)

8. (2,6)and (3,1)
SOLUTIONS

1.

—
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@’_

5—(=7) 12
e :—:—4
—1-2 -3

= (=T) = —4(x - 2)

y+T=—-4x+28

dx+y=1

3. The x-values are the same, making this a vertical line. The equation

is x =4.
4.
_—10=-(¢=H_ -9 3
- —10-5 15 5
3
yo (=) =50=5)
3
5(y+l):(5-§>(x—5)
S5p+5=3(x-5)
S5y4+5=3x-15
—3x+5y=-20
3x —5y=20
S.
m_2—5_—_3__1
41 3
y=5=—-1l(x—-1)
y—5=—x+1
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6. Because the y-values are the same, this line is horizontal. The equation

is y=28.
7.
G206/ _ =6 _ 3
2—(-1 3 3
3
y=5=—lx=(=1)
3
y-i=—(x+1)
y—%:—x—l
3
x+y=§—1
1
x+y=§
1
20x+y) = '3 We want C to be an integer.
2x+2y =
8.
o 1-6 -5
1/3)-2 (1/3)—-(6/3)
—(5/3) 3
3
__5'—75
=3
y—6=3(x—-2)
y—6=3x—-6
—3x4+y=0

3x—y=0
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The Slope-Intercept Form of the Line

Now we are ready to learn a new form of the line. Remember when a circle
is in the form (x — h)> + (y — k)* = r* we know the circle’s center and radius.
There is a form of the line which gives the same kind of information. This
form is called the slope—intercept form of the line. When an equation is in
this form, we know the line’s slope and y-intercept.

To discover this form, we will examine a practice problem from an earlier
practice set. Two points on the line are (0, —4) (this is the y-intercept) and
(3, —6). The slope of the line is —% and the general form of the equation is
2x 4+ 3y = —12. Solve this equation for y (this means to isolate y on one side
of the equation).

2x+3y=-—12
3y=—-2x—-12
B _-2x 12
33 3
2
y=- §X —4
The coefficient of x is — %, which is the slope; and the constant term is —4, the

y-intercept. This will happen every time a linear equation is solved for y. This
1s why y = mx + b is called the slope—intercept form of the line. Because a
vertical line has no y term and no slope, there is no slope—intercept form
for a vertical line.

EXAMPLES
e y =3x+4. Theslope is 3. The y-intercept is 4.
e y=x—2. Theslopeis 1. The y-intercept is —2.
e y = —1 This equation could be rewritten as y = Ox — 1. The slope is 0.
The y-intercept is — 3.
e y = x. This equation could be rewritten as y = 1x + 0. The slope is 1.

The y-intercept is 0.

PRACTICE
Identify the slope and y-intercept.

I. y=-2x+6
2. y:%x—S
3. y:x—l—%
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_\Q

4. y=4x
5. y=10
SOLUTIONS
1. The slope is —2, and the y-intercept is 6.
2. The slope is %, and the y-intercept is —5.
3. The slope is 1, and the y-intercept is %
4. The equation can be rewritten as y = 4x + 0. The slope is 4, and the

y-intercept is 0.
5. The equation can be rewritten as y = 0x 4+ 10. The slope is 0, and the
y-intercept is 10.

Graphing a Line Using the Slope
and y-Intercept

We can graph a line using the slope and any point on the line. In particular,
we can graph a line using the slope and y-intercept. Remember what infor-
mation the slope is giving: the vertical change over the horizontal change.
We will begin by plotting the y-intercept. Then we will use the slope to get
another point on the line. Finally, we will draw a line through these two
points.

EXAMPLES

) y:%x+1
Plot (0, 1).

5_

4+

3k

21

14

55 2 [ 1z 5 45

-1+

2k

3

41

-5-

Fig. 4-24.
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The slope is % From the point already plotted, go up 2 units and to
the right 3 units.

5_
4_
Right 3
3k .
Up 2 2F
1e
[ TR S R TR R W S |
5 -4 -3 -2 -1 1 2 3 4 5
Ak
2F
3+
A
5L
Fig. 4-25.

L A
N
G b oo & s B ot

Fig. 4-26.

° =3x-2
y=3x
First plot (0, —2). Next, go up 3 units and to the right 5 units.

5
4
3k
2
1
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° y=3x+1=%x+1
Plot (0, 1) then go up 3 units and to the right 1 unit.

e y=-3x=—-3x4+0="x4+0=2x+40
Plot (0, 0). Either go down 5 units then to the right 2 units or go up
5 units then to the left 2 units.

5
4+
Upb 3F
Left 2 2F
U TR S N TN T S |
504 -3 -2 -1 1 2 3 4 5
1
2
3r Down 5
4k Right 2
5L
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o y=2=0x+2
Plot (0,2). Go to the left or right any distance; do not move up or

down.
5 —
4_
3k Right 3
1+
L 1 | I L L 1 | 1 ]
5 4 -3 -2 -1 1 2 3 4 5
1k
9k
_3—
4+
5v
Fig. 4-30.

Parallel and Perpendicular Lines

Two lines are parallel if they have the same slope or if each slope is
undefined.

EXAMPLES
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Fig. 4-32.

HON g o

1
5 4 3 2 -1

Fig. 4-33.
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Two lines are perpendicular (that is, they form a 90° angle where they cross
each other) if their slopes are negative reciprocals of each other (or one is
vertical and the other is horizontal). Two numbers are negative reciprocals of
each other if

e one is positive and the other negative; and
e inverting one gets the other.

EXAMPLES
3

The negative reciprocal of % is —3.
5
?.
The negative reciprocal of —2 is 3.

. . 5 . 8
The negative reciprocal of g is —=.

The negative reciprocal of % is —4.

. . 4 .
The negative reciprocal of —z is

The negative reciprocal of 1 is —1.

PRACTICE
Find the negative reciprocal for the given number.

W|— | ~ro
[SSIE SN

M.

SOLUTIONS
7

2

Bl |

=5

M NS

—_— |—

EXAMPLES

We can determine whether two lines are parallel, perpendicular, or neither
parallel nor perpendicular, by putting their equations in the form
y=mx+b. If m is the same for each line (or both are vertical), the lines
are parallel. If one m is the negative reciprocal of the other (or one is vertical
and the other horizontal), the lines are perpendicular. Otherwise, the lines are
neither parallel nor perpendicular.
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EXAMPLES
Determine if the lines are parallel, perpendicular, or neither.
o 2x—y=4 2x—y=-5
First, solve for y in each equation.
2x—y=4 2x—y=-5
y=2x—-4 y=2x+5
Each slope is 2 so the lines are parallel.
o 4x+y=6 &x+2y=4
dx+y=06 8qx+2y=4
y=—4x4+6 2y=—-8x+4
y=—4x+2
Each slope is —4 so the lines are parallel.
e x—3y=-6 3x+y=2
x—3y=-06 Ix+y=2
—3y=—x—-6 y=-3x+2
_r_ 6
YT37 3
= 1x +2
Y73
The slopes are negative reciprocals of each other, so the lines are
perpendicular.
o 3x—4y=4 —4x+3y=9
3x—4y=4 —4x+3y=9
—4y=-3x+4 3y=4x+9
3 4
="x—1 =_43

The slopes are not equal and they are not negative reciprocals, so the
lines are neither parallel nor perpendicular.
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e x=4 y=-=-2
The first line is vertical and the second line is horizontal. These lines
are perpendicular.

PRACTICE
Determine if the lines are parallel, perpendicular, or neither.

1. 3x—8y=28and 3x—8y=-16
2. 3x—4y=-8and4x—3y=3
3. 3x—5y=-10and 5x+3y=-3
4. y=6and y=—-4
5. 3x—3y=2and4x+4y=1
6. 2x—y=4and 6x—3y=9
7. x=1land y =1
SOLUTIONS
1. Parallel.
3x -8y =8 3x -8y =-16
—8y=-3x+38 —8y=-3x—-16
3 3
—- = —1 = — 2
y 8x y Sx—l-
2. Neither.
3x —4y = -8 4x -3y =3
—4y =-3x-28 —3y=—4x+3
3 4
= — =—x—1
y 4x+2 y=3x

3. Perpendicular.

3x—-5y=-10 5x4+3y=-3
=5y =-3x-10 3y=-5x-3

3 5
y=§x+2 y:—gx—l

4. Both lines are horizontal, so they are parallel.
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5. Perpendicular (—1 and 1 are negative reciprocals).

3x—-3y=2 4x +4y =1
—3y=-3x+2 4y = —4x+1
2 1
= lx—2= = _lx4+-
¥y X 3 y x+4
B 2 B n 1
y=x-z y=—x+g
6. Parallel.
2x—y=4 6x—3y=9
—y=-2x+4 —3y=—-6x+9
y=2x—-4 y=2x-3
7. One line is vertical and the other is horizontal, so these lines are
perpendicular.

There is another way to find an equation of a line when we know the
slope and a point that is a little faster than using the point—slope
form (y —y; = m(x — x;)). We can put the slope and the point we know
into the slope—intercept form (y =mx+ b). The only unknown would
then be b.

EXAMPLES
e The slope is 4 and the point (1, —2) is on the line.
Because m = 4, y = mx + b becomes y = 4x + b. We can find b by
letting x=1and y = -2 in y =4x+b.

2= 4(1)+ b
—2=4+bh
—6="h

The equation containing (1, —2) with slope 4 is y = 4x — 6.
e The slope is 2 and the x-intercept is 3.
To say that the x-intercept is 3 is the same as saying (3,0) is a
point on the line.

y=2x+5>
0=23)+»b
—6=">

y=2x—-26
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PRACTICE
Find the equation of the line.

1. The slope is 3 and (—1, —8) is on the line.
2. The slope is % and (2,5) is on the line.
3. The slope is —g and (18, —8) is on the line.
4. The slope is —5 and the x-intercept is 1.
5. The slope is —2 and the y-intercept is 6.
SOLUTIONS
1. m=3,x=-1, y=-8
y=mx+5b
—8=3(-D+5»
—5=b
y=3x-5
2 m:%, x=2,y=5
y=mx-+b
5= ! 2Q)+b
2
5=14+5b
4=5»
1
y=5x +4

y=mx+b
—8:—;(18)+b
—8=-8+5b
0=>0
4
y=-—-=X

9
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4. m = —5. To say that the x-intercept is 1 is another way of saying (1, 0)
is on the line, so x =1, y =0.

y=mx—+>b
0=-51)+5b
5=0>
y=-5x+35

5. The y-intercept is 6 and m = —2. There is nothing we need to do but
write down the equation: y = —2x + 6.

The relationship between many pairs of variables can be described by
linear equations. These variables are called linearly related. For example,
if one is paid $12 per hour, the daily pay (before deductions) would be
described by the equation p = 12k, where p represents the daily pay, and
h represents the number of hours worked for the day. The slope of this line is
12 and the p-intercept (this is like the y-intercept) is 0. We will first use linear
equations to answer such questions as, “If you were paid $60, how many
hours did you work?”” Later we will use two pairs of numbers to find a linear
equation.

EXAMPLES
e An electric company bills y dollars for x kilowatt hours used each
month. The equation for each family’s electric bill is y = 0.06x + 20.
If a family’s electric bill one month was $68, how many kilowatt
hours were used?
The information given in the problem is y = 68 for y = 0.06x + 20.
Substitute y = 68 in the equation and solve for x, the number of
kilowatt hours used.

y =0.06x + 20
68 = 0.06x + 20
48 = 0.06x
B
0.06
800 = x

The family used 800 kilowatt hours of electricity.
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e The relationship between degrees Celsius and Fahrenheit is
F=2%C+32

(a) If the temperature in Fahrenheit is 86 degrees, what is the tem-
perature in Celsius?

(b) If the temperature is —20 degrees Celsius, what is the tempera-
ture on the Fahrenheit scale?

(a) Substitute F =86 in F' = %C + 32 and solve for C.

F:%C+32
86:%C+32
9
54=-C
5
5
S.54=C
9
30=C

The temperature is 30 degrees Celsius.
(b) Substitute C = —20 and compute F.

9
F=3(-20)+32

F=-36+32=—4

The temperature is —4 degrees Fahrenheit.

e For the years 1990-1999, enrollment at a small college is approxi-
mated by the equation y = 75x + 1100, where y represents the number
of students enrolled and x represents the number of years after 1990.
Find the approximate enrollment for the years 1990, 1996, and 1999.
In what year was enrollment about 1475?

Because x represents the number of years after 1990, x = 0 is the
year 1990; x =6 is the year 1996; and x =9 is the year 1999.
(Because the equation is only good for the years 1990-1999, the
only values of x we can use are x =0,1,2,...,9.) We want to find y
forx=0, x=6, x=09.

When x =0, y =75(0)+ 1100. Enrollment for 1990 was about

1100.
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When x =6, y =75(6) + 1100 = 1550. Enrollment for 1996 was

about 1550.

When x =9, y =75(9) 4+ 1100 = 1775. Enrollment for 1999 was

about 1775.

For the question “In what year was enrollment about 14757 let
y = 1475 and solve for x.

1475 = 75x + 1100
375 =75x
5=x

Enrollment was about 1475 in the year 1990+ 5 = 1995.

PRACTICE
1. A saleswoman’s salary is given by the equation y = 0.08x + 15,000,
where y is her annual salary and x is her annual sales level.

(a) If her annual sales level was $190,000, what was her annual salary?
(b) If her annual salary was $25,080, what was her annual sales level?

2. The relationship between degrees Celsius and degrees Fahrenheit is
given by the equation C = 3(F — 32).
(a) What is the temperature on the Celsius scale when it is 113
degrees Fahrenheit?

(b) What is the temperature on the Fahrenheit scale when it is 35
degrees Celsius?

3. A package delivery company added vans to its fleet at one of its
centers between the years 1995 and 2002. The number of vans in
the center’s fleet is given by the equation y = 10x + 90, where y is
the number of vans and x is the number of years after 1995.

(a) How many vans were in the fleet for the years 1995, 1999, and
2002?
(b) In what year did the center have 110 vans?

SOLUTIONS
1. (a) Her annual sales level was $190,000. Let x = 190,000 in the
equation y = 0.08x 4+ 15,000 and compute y.

y = 0.08(190,000) + 15,000
y = 15,200 + 15,000 = 30,200

Her annual salary was $30,200.
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(b) Her annual salary was $25,080. Let y = 25,080 in the equation
and solve for x.

25,080 = 0.08x + 15,000
10,080 = 0.08x

10,080 _
0.08
126,000 = x

Her annual sales level was $126,000.
2. (a) Substitute F =113 in C =3(F — 32).

C:§(113 —32)

5
=—(81) =45
C 9()

The temperature is 45 degrees Celsius.
(b) Substitute C = 35 in the equation and solve for F.

35 :%(F— 32)

9(35) = (9 : §>(F —32)

315 = 5(F — 32)

315 = 5F — 160

475 = SF
95=F

The temperature is 95 degrees Fahrenheit.
3. (a) The year 1995 is 0 years after 1995, so x = 0. Substitute x = 0 in
the equation y = 10x + 90 and compute y.

y =10(0) + 90
=90

The center had 90 vans in its fleet in the year 1995.
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The year 1999 is 4 years after 1995, so x = 4.
y=40+90=130

The center had 130 vans in its fleet in the year 1999.
The year 2002 is 7 years after 1995, so x = 7.

y = 10(7) + 90
y=70+90 = 160

The center had 160 vans in its fleet in the year 2002.
(b) Let y =110 in the equation and solve for x.

110 = 10x + 90
20 = 10x
2=x

There were 110 vans in the fleet when x = 2, that is, in the year
1995+2=1997.

In the last problems in this section, we will be given enough information
to find a linear equation. In the first problem set, we will be given enough
information to find two points on the line. In the second problem set, we will
be given enough information to find a point and the slope.

EXAMPLES

A company pays its entry-level sales representatives a commission that
is a percentage of their monthly sales plus a certain base salary. This
month, the sales representative from City A earned $5000 from sales
of $35,000. The sales representative from City B earned $5300 on
sales of $37,500. What percentage of monthly sales does the company
pay in commission? What is its base salary?

Salaries that are based on commission (with or without a base
salary) are based on a linear equation. If y is the amount paid, m is
the commission percentage, and x is the sales level, then the equation
is y = mx (without a base salary) and y = mx + b (with base salary b).
What do the ordered pairs (x,y) mean for this problem? The
x-coordinate is a sales representative’s sales level, and the y-coordinate
is his pay amount. With this in mind, we can view the sentence,
“The sales representative from City A earned $5000 from sales of
$35,000 as the ordered pair (35,000, 5000) on the line y = mx + b.
The other sales representative’s pay amount of $5300 on sales of
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$37,500 becomes the point (37,500,5300). Now that we have two

points on a line, we can find the equation of the line containing the
points.

5300 — 5000 300

- - —0.12
= 37500 — 35,000 ~ 2500

Using m = 0.12 and (35,000, 5000) in y — y; = m(x — x;), we get

¥ — 5000 = 0.12(x — 35,000)
y — 5000 = 0.12x — 4200

y = 0.12x + 800.

The commission rate is 12% of sales and the monthly base rate is $800.

e The manager of a grocery store notices that sales of bananas are pro-
portionate to sales of milk. On one Friday, 400 pounds of bananas are
sold and 1700 gallons of milk are sold. On the following Friday,
360 pounds of bananas are sold and 1540 gallons of milk are sold.
Find an equation that gives the number of gallons of milk sold in
terms of the number of pounds of bananas sold.

We will find a linear equation in the form y = mx + b. For some
problems, it does not matter which quantity x represents and which
y represents. In this problem, it does matter because of the sentence,
“Find an equation that gives the number of gallons of milk sold
in terms of the number of pounds of bananas sold.” The equation
y = mx + b gives y in terms of x. This means that y will need to repre-
sent the number of gallons of milk and x will represent the number of
pounds of bananas. The ordered pairs will be (bananas, milk). Our
points, then, are (360, 1540) and (400, 1700).

1700 — 1540 160

=400 -360 40

Using m = 4 and (400, 1700) in y — y; = m(x — x;), we get

y — 1700 = 4(x — 400)
y — 1700 = 4x — 1600
y = 4x + 100
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What does the slope mean in these two problems? In the first equation,

y = 0.12x + 800, the slope tells us how a sales representative’s pay
increases for each one-dollar increase in sales.

~80.12 _ increase in pay
~ $1.00 increase in sales

m

In the second equation, y = 4x + 100, the slope tells us that each
pound of bananas sold results in four gallons of milk sold.

o 4 — 4 4 gallons of milk
1 1 pound of bananas

PRACTICE

1. A marketing director notices that the sales level for a certain product
and amount spent on television advertising are linearly related. When
$6000 is spent on television advertising, sales for the product are
$255,000, and when $8000 is spent on television advertising, sales
for the product are $305,000. Find an equation that gives the sales
level for the product in terms of the amount spent on television
advertising.

2. Show that the formula C =3(F —32) gives the degrees Celsius in
terms of degrees Fahrenheit. Use the fact that water freezes at 0°C
and 32°F and boils at 100°C and 212°F.

3. A car rental company charges a daily fee plus a mileage fee. A
businesswoman’s bill for one day was $42.55 after driving 55 miles.
The bill for the next day was $36.40 after driving 40 miles. How
much did it cost for each mile? What was the daily fee?

SOLUTIONS
1.  Because we want the sales level in terms of the amount spent on tele-
vision advertising, we will let y represent the sales level and x represent
the amount spent on advertising. Our points are (6000, 255,000) and
(8000, 305,000).

_ 305,000 — 255,000 _ 50,000 _
"=TTR000 — 6000 2000
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y — 255,000 = 25(x — 6000)

y — 255,000 = 25x — 150,000
—25 105,000 (EVCI'y dollar in adVertiSing
Y X results in $25 in sales.)

2. We will treat C like y and F like x. Our points will have the form
(degrees Fahrenheit, degrees Celsius), that is, (32,0) and (212, 100).

100—0 100 5

=512 -32 7180 9
5
C—0=3(F-32)
5
C=2(F-32)

3. In the equation y = mx + b, we will let x represent the number of
miles driven and y represent the daily cost. The ordered pair (x, y) is
(miles, cost). The points are (55,42.55) and (40, 36.40).

| 36.40-4255  —6.15
M=TT40255 T 15

y —36.40 = 0.41(x — 40)

y —36.40 = 0.41x — 16.40

y=0.41x + 20

=041

The daily fee is $20 and each mile costs $0.41.

In these last problems, we will be given one pair of numbers, which will be
a point on the line, and information on the rate of change. The rate of change
is the slope.

EXAMPLES

e A utilities company charges 4% cents per kilowatt hour for electricity
plus a monthly base charge. Find an equation that gives the monthly
costs in terms of the number of kilowatt hours of electricity used if the
bill for one month for a certain family is $62.55 for 1050 kilowatt

hours of electricity used.
In the equation y = mx + b (where y is the cost and x is the
number of kilowatt hours used), the slope is the cost per kilowatt
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hour of electricity used. This means that m = 0.045, and a point is
(1050, 62.55). We could use either y — y; = m(x — x;) (as before) or

y=mx+b. We will use y = mx + b with y = 62.55, m = 0.045 and
x = 1050.

62.55 = 0.045(1050) + b
1530 = b

The equation is y = 0.045x + 15.30.

e A recipe calls for two cups of biscuit mix and 2 cups of milk. Find a
linear equation that gives the amount of milk in terms of the amount
of biscuit mix.

Because we need to give the milk in terms of the biscuit mix, we
will let y represent the number of cups of milk and x represent the
number of cups of biscuit mix. The ordered pair (x,y) is (biscuit
mix, milk). Also, the slope is (change in y)/(change in x) which is
(change in milk)/(change in mix). We will use the fact that if we
increase the number of cups of biscuit mix by two cups, we need to
increase the number of cups of milk by %, giving us a slope of

L _Za=

2 3

2/3 2 21 1
323
So far we have y :%x—i—b. We need more information to find b.
Although another point is not explicitly given, we can figure one
out—when no biscuit mix is used, no milk is used. In other words,
(0,0) is a point on the line. This means that b, the y-intercept, is 0.
The equation is y = 1 x.
e The dosage for a certain cattle drug is 4.5 cm? per 100 pounds of body
weight. Find an equation that gives the amount of the drug in terms of
a cow’s weight.
We want the amount of the drug in terms of a cow’s weight, so we
will let y represent the number of cubic centimeters of the drug and
x represent a cow’s weight in pounds. What is the slope of our line?

change in drug amount 4.5
m= , - =—=20.045
change in weight 100

This means that 0.045cm?® of the drug is needed for each pound of
a cow’s weight. Again, (0,0) is a point on the line, so » = 0. The
equation is y = 0.045x.
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PRACTICE

1. Each unit of a product costs $1.75 to make. The total cost to produce
20,000 units one week was $41,000. Find an equation that gives the
total cost in terms of the number of units produced.

2. The manager of a movie theater believes that for every 200 tickets
sold, 15 buckets of popcorn are sold. Find an equation that gives
the amount of buckets of popcorn sold in terms of the number of
tickets sold.

3. An office manager notices that the office copier uses one container of
toner for every 25 reams of paper. Find an equation that gives the
amount of toner used in terms of the amount of paper used.

4. A garden hose is used to fill a tall rectangular tank. The water level
rises six inches every 20 minutes. If the water level was already eight
inches before the water was turned on, find an equation that gives
the water level in terms of the time the hose is used.

SOLUTIONS
1. Let y represent the total cost and x the number of units produced.
This means that (20,000,41,000) is a point on the line. Each unit
costs $1.75 to produce, so the slope is 1.75. We will let x = 20,000,
y =41,000, and m = 1.75 in y = mx + b.

41,000 = 1.75(20,000) + b
6000 = b

The equation is y = 1.75x + 6000. ($6000 represents fixed costs, costs
such as rent, loan payments, salaries, etc.)

2. Let y represent the number of buckets of popcorn sold and x represent
the number of tickets sold. The slope is

change in popcorn sales 15
m= —— =—=20.075.
change in tickets sold 200

Because 0 buckets of popcorn are sold when 0 tickets are sold, (0,0)
is on the line and b, the y-intercept, is 0. The equation is y = 0.075x.

3. Let y represent the number of toner containers used and x the number
of reams of paper used. The slope is

_ change in toner used 1
~ change in paper used 25’
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The point (0, 0) is on the graph, so b, the y-intercept, is 0. The equation
is y = 5.

4. Let y represent the water level in inches and x the time in minutes that
the hose is used. When the time is 0 minutes, the water level is 8 inches,
giving us the point (0,8). This means that b, the y-intercept, is 8.
The slope is

6 inches

=———=023.
20 minutes

The equation is y = 0.3x + 8.

Parabolas

The graph of any quadratic equation (y = ax® + bx + ¢) will look like one
of the graphs below.

Fig. 4-38.

—

Fig. 4-39.
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These graphs are called parabolas. Parabolas occur in nature. To see a para-
bola, toss a small object up and watch its path—it will be part of a parabola.
The graph of every parabola has a vertex, the point where the graph turns
around. For a parabola that opens up, the vertex is the lowest point. The

vertex is the highest point for a graph that opens down. When a quadratic
equation is in the form y = a(x — h)? + k, the vertex is the point (%, k).

EXAMPLES
o y=2(x—4>+5
a=2, h=4, k=25. The vertex is (4, 5).
e y=(x—-27-1
a=1, h=2, k=—1. The vertex is (2, —1).
e y=-3(x—-17+2
a= -3, h=1, k=2. The vertex is (1, 2).
o y=lx+4>+1
a=3%, h=—4, k=1. The vertex is (—4, 1).
=2x"—4=2(x—-07—4
a=2, h=0, k= —4. The vertex is (0, —4).
x—8)?=(x—8>40
a=1, h=8, k=0. The vertex is (8,0).

[}
<

—

[}
<

PRACTICE
Identify a and the vertex.

l. y=—(x—-27+4
2. y=10(x+1)* -2
3. y=l(x+5°+4
4. y=(x+6)
5. y= —x?

SOLUTIONS
1. a= —1. The vertex is (2, 4).
2. a=10. The vertex is (—1, —2).
3. a=1 The vertex is (-5, 4).
4. a=1. The vertex is (—6,0).
5. a= —1. The vertex is (0, 0).

When graphing parabolas, we will begin with the vertex. We will graph
two points to the left and to the right of the vertex. One pair of points should
be fairly close to the vertex to show the curving around the vertex. Another
pair should be further away to show how steep the ends are. What do “fairly
close” and “‘a little further away” mean? There is no standard answer. For
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some parabolas, one unit is “close” but for others, one unit is “far away.”
It all depends on a. A good rule of thumb is to plot two points a units to
the left and to the right of the vertex and two other points that are 2 units to
the left and right of the vertex. The sign on « is also important. When « is

positive, the parabola opens up (see Fig. 4-40). When « is negative, the
parabola opens down (see Fig. 4-41).

a is positive
Fig. 4-40.

a is negative

Fig. 4-41.

We will start the T-table (Table 4-1) with five x-values. Because parabolas
are symmetric (the left half is a mirror-image of the right half), the y-values

Table 4-1
X v
h—2a
h—a
h k vertex
h+a
h+2a
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for h — a and i + a will be the same; and the y-values for & — 2a and i + 2a
will be the same. This can save some computation.

EXAMPLES

e y=2x—-4°-38
e a=2, h=4, k= -8 (Table 4-2).

Table 4-2

x|y

4 | —8 vertex

h—2a=4-202)=0
h—a=4-2=2
h+a=4+2=56

h+2a=4+202)=8

Compute the y-values (Table 4-3).

Table 4-3
Xy
0] 24
2 0
4 | =8
6 0
8| 24
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x=0 y=20—4)>—-8=24
x=2 y=22-4>—-8=0
x=6 y=26-4>—-8=0
x=38 y=208—-4)"—-8=24
25; f
a0t /

15

-10%-

o 2x—1P+5
a=-2,h=1,k=5
h—2a=1-2(=2)=5
h—a=1-(=2)=3
h+a=14(-2)=-1
h+2a=1+2(-2)=-3

Compute the y-values (Table 4-4).

x=5 y=-205-17>+5=-27
x=3 y=-263-17+5=-3
x=-1 y=-2-1-1+5=-3

x=-3 y=-2=3-1P+5=-27
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Table 4-4
X y
51 -27
3 -3
1 5
-1 -3
-3 | =27

Fig. 4-43
o y=l(x+4*+1
a=1 h=-4,k=1
h—2a=—4—2(L) = _s
a= 5=
1 1
S N —— Y
h—a > 7
1 1
:—4 _— = —)—
h+a +2 32

1
h+2a=—4+2(§> =-3
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Compute the y-values (Table 4-5).

1 1

1 1 1 2
= —4— = (—4-44) +1=1
X > y 2( 2—|— )—i—

o —

1 1 1 2 1
x:_3§ y—§<_3§+4) +1—1§

1

1
x=-3 y:_(_3+4)2+1:1§

2

Table 4-5

x y

-5 1

D=

—41 |1

ool—

4 |1

3101

ool—

o0l—
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PRACTICE
Graph the quadratic equations.

——&

. y=—(x—27+4

2. y=(x=-37-1

3. y=Li(x+357+4

4. y=(x+6)

5. y = —x° (Square x then take the negative. For example —3* = —9.)
SOLUTIONS

. a=—1, h=2, k =4 (Table 4-6).

Table 4-6

X

y

4

0

N W e Ot
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2. a=1, h=3, k=—1 (Table 4-7).

Table 4-7
x|y
1 3
2 0
3 -1
4 0
5 3
5 —
Ak
3 —
2 -
1 -

bbb b b
T

Fig. 4-46.

3. a=1, h=-5, k=4 (Table 4-8).

Table 4-8
x y
-6 41
5|4
-5 | 4
~ab | 4
—4 | 4}
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<

Ml= e R py RI= Gy RI= e Kl= on
1

| PRI (o [N SN (RS [t |
-2

T 6 -5 -4 -3 -1

=

Fig. 4-47.

4. a=1, h=—6, k =0 (Table 4-9).

Table 4-9
X y
8|4
-7 11
-6 (0
=511
-4 1 4

L 1 1 1 ry 1 | 1 1 1

L

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1

Fig. 4-48.
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5. a=-—1, h=0, k=0 (Table 4-10).

Table 4-10

X y

=N W ot
T

Fig. 4-49.

It might seem that y = a(x — h)*> + k should either be y = a(x + h)> + k
or y=a(x — h)?> — k. The reason that the signs in front of /# and k are
different is that k (the y-coordinate of the vertex) is on the same side as x.
If & were on the same side as y, then the signs on / and k would be the same:
y—k =a(x — h)*.

Quadratic equations are normally written in the form y = ax® + bx + ¢, not
y = a(x — h)* + k. As with circle equations, to put an equation in the first form
into one that is in the second form we will need to complete the square.
Completing the square on these equations can be more of a problem.

1. Factor « from the x> and x terms.
2. Complete the square on the x> and x terms.
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3. Compute the constant that needs to be added to c¢. This step is the

difficult part.
4. Write the expression in the parentheses as a perfect square.

EXAMPLES
e y=x'—6x+1
Because @ =1, Step 1 is not necessary. Complete the square on
x% — 6x.
y=(x*—6x+9)+1+?

We need to balance the equation so that it is the same as the original
equation. To balance “+49”, add “—9" to 1.

y=x*=6x4+9) +1+(-9)
y=(x*—6x+9)—38
y=(x-37-8

. y:x2+8x+5

Because a =1, Step 1 is not necessary. Complete the square on
2
x~ + 8x.

y=(>+8x+16)+5+7?

To balance the “4+16” in the parentheses, add “—16" to 5.
y=(x"+8x+16) + 5+ (~16)
y=(x*+8x+16)— 11
y=(x+47>-11

o y=2x"+16x—1

Factor 2 from 2x? + 16x. We must do this step before completing
the square.

y=2(x*+8x)—1
y=2(x*+8x+16)—1+7?

Adding “—16 to —1 might seem to be the next step. This would not
get an equivalent equation. We will simplify y = 2(x*> 4 8x 4 16) — 1
to see what effect adding 16 in the parentheses has on the equation.

y=2(x*4+8x+16)— 1 =2x* + 16x+32— 1
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By putting “+16” in the parentheses, we are really adding 2(16) = 32.
To balance the equation, we need to add “—32” to —1.

y=2x*+8x+16)—1—32
y=2(x"+8x+16) — 33
y=2(x+4)>-33

When factoring fractions (or other unusual quantities) from alge-
braic expressions, write each term to be factored as the numerator of a
fraction. The quantity to be factored will be the denominator of the

fraction. Simplify this fraction. The simplified fraction is what goes inside
the parentheses.

EXAMPLES
e Factor ] from 2x — 3.
2x 1
/4 X 1 X 8x
-3 1
L 3= 3.4=_12
1/4 4

2x—3=%(8x— 12)

e Factor —3 from 6x> —2x + 1.

6x° , 5 , 3 18x2 18 ,
=6 -~ ——=6 ——= —— = — —
53 Y T 3TN TS 5 5%
—2x 5 3 6x 6
R S I
|
LT D SN
~5/3 3 5775
5/ 18, 6 3
2 2
S l=—2 =222
6x" = 2+ 3< 5% tsx 5)

Now we can complete the square on y = ax® + bx + ¢ when a is a fraction.

EXAMPLES
Put the following equations in the form y = a(x — h)* + k.

° y:%x2+3x—4
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First we will factor § from %xz + 3x.

(/22 5 1

12 - 2

3x 1
_— = _— == 2:6
12 3x > 3x X

cancels

1
y:i(x2+6x)—4
Now we can complete the square.
1
y:i(x2+6x+9)—4+?

By putting “+9” in the parentheses, we are really adding %(9) = %
To balance the equation, add —% to —4.

1 9
y= (x2+6x+9)—4+<—§)

)

1, 17
y—E(x +6x+9)—7
1 , 17

J’—E(X+3) 5

° y:—3x2—{—12x+2
First we will factor —3 from —3x> + 12x.

—3X2 2
-3 X
12
_—§ = —4x

y=—3x*—4x)+2
We are ready to complete the square.
y=—3x"—4x+4)+2+7?

By putting “44” in the parentheses, we are really adding
—3(4) = —12. Balance this by adding 12 to 2.

y=-3x>—4x+4)+2+12
y=-=3x*—4x+4)+ 14
y=-3x—-27>+14
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PRACTICE
Put the quadratic equations in the form y = a(x — hy? + k.

y=x2—10x+6
y:—x2—4x+3
y=5x2+10x+6
y=3x"+12x—4
y:—2x2+4x+3
y:%x2+4x—2

A

SOLUTIONS
1.

y = (x* — 10x + 25) + 6 + (=25)
y=(x*—10x+25)—19

y=(x—357-19

y=—x’—4x+3
y=—(x*+4x)+3
y=—("+4x+4)+3+2?

By putting ““+4” in the parentheses, we are adding —(4) = —4. We will
balance this by adding 4 to 3.

y=—(x"+4x+4)+3+4
y=—(x"+4x+4)+7

y=—(x+2°+7

y=5x"+10x+6
y=5x"+2x)+6

y=5(4+2x+1)+6+?
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By putting “+1” in the parentheses, we are adding 5(1) = 5. Balance
this by adding —5 to 6.

y=5(+2x+ 1)+ 6+ (=5)

y=5"+2x+1)+1

y=5x+17+1

y=3x"+12x—4
y =3(x* 4 4x) — 4
y=3x"+4x+4)—4+7?

By putting “+4” inside the parentheses, we are adding 3(4) = 12.
Balance this by adding —12 to —4.

y=3(x>44x+4) —4+(—12)
y=3(x>+4x+4)— 16
y=3(x+2°-16

y=—2x2+4x+3
y=-2(x>=2x)+3
y=-2x*=2x+1)+3+7?

By putting “+1” inside the parentheses, we are adding —2(1) = —2.
Balance this by adding 2 to 3.

y=-2x"=2x+1)+3+2
y=-2x"=2x+1)+5
y=-=2(x—-17+5

2
y=§x2+4x—2
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Factor 3 from %xz + 4x.

Q3% _

2/3
4x 2 3
m—4x—§:4x-§:6x

2
y:§(x2+6x+9)—2+?

By putting “49”" in the parentheses, we are adding %(9) = 6. Balance
this by adding —6 to —2.

2
y:§(x2—|—6x+9)—2+(—6)

y:

2
g(x2+6x—|—9)—8

2
y=3(x+3)7" -8

There is a shortcut for finding the vertex of a parabola without
having to put the equation in the form y = a(x — h)* + k. The shortcut
involves a formula for A We can compute k& by putting x=~/ in
the equation. The shortcut for # comes from completing the square on

y=ax’*+bx+ec.

Factor a from ax> + bx.

y=ax’+bx+c

ax
a

bx b
— =X
a a
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Complete the square by adding (1/2-b/a)* = b*>/4a*. Putting this in the
parentheses is adding a(b’/4a*) = b*/4a. Subtract this from c.

_ ( b b_z) L
y_ax—i-ax—i- +c

4q? " 4a
b\ B>
y:a(x—i—Z) +c—@
b b
- — k=c¢——
h 2a ¢ 4a

It is usually easier to compute k by letting x = 4 in the equation rather than
using the above formula for £.

EXAMPLES
Find the vertex using h = —b/2a.

° y:x2+6x+4

_=b_ -6 _
“2a 21

k=(=32+6(-3)+4=-5

The vertex is (=3, —9).
o y=2x>—12x—7
_ b —(=12) 3
S 2a 22

k=203 -123)—7=-25

The vertex is (3, —25).
o y= X’ +2x—4

=% =10 "
k=—(17?+21)—4=-3

The vertex is (1, —3).
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PRACTICE
Find the vertex using & = —b/2a.

y=x2+6x+5

y:%x2—3x+4
y=4x2—6x+8
4. y=—x*—5x+3

W=

SOLUTIONS
1. a=1,b=6
—b -6
k= (=37 +6(=3)+5=—4

-3

The vertex is (—3, —4).
2. a= %, b=-3
_ob_—(-3_3

T 20 21271

1, I

k=302 =30) +4=—3
The vertex is (3, —3).

3. a=4,b=-6

The vertex is (3, 2).

4. a=—-1,b=-5

The vertex is (—3, 3)).
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Chapter 4 Review

1.  Find the slope of the line containing the points (—1, 4) and (3, 2).
a)—-2 b2 o-1 dI

2. What is the vertex for y = 2(x — 1) +3?
a) (2,3) b) (—2,3) c) (1,3) d) (—1,3)

3. What is the slope and y-intercept for the line y = —%x + 4?
a) The slope is %, and the y-intercept is 4.
b) The slope is —%, and the y-intercept is 4.
¢) The slope is 4, and the y-intercept is %

d) The slope is 4, and the y-intercept is — 2

g.
4. Rewrite y = 2x% — 8x + 5 in the form y = a(x — h)* + k.
a)y=2x—47>—-11  b)y=2x-2+9
Qy=2x-2%=3  d)y=2x-4>+21

5. Are the lines 2x — 3y =9 and 2x 4 3y = —6 parallel, perpendicular,
or neither?
a) Parallel b) Perpendicular c) Neither d) Cannot be
determined

6. What are the intercepts for y = x* — 2x — §?
a) The x-intercept is —8, there is no y-intercept.
b) The x-intercept is 4, and the y-intercept is —8.
¢) The x-intercepts are —4 and 2, and the y-intercept is —8.
d) The x-intercepts are 4 and —2, and the y-intercept is —8.

7. For y=3(x*—8x+ _)+3+_, what numbers should be put in
the blanks to write the equivalent equation in the form y=
a(x — hy* +k?
a) Put 16 in the first blank and —12 in the second blank.
b) Put 16 in the first blank and 12 in the second blank.
¢) Put 16 in the first blank and 16 in the second blank.
d) Put 16 in the first blank and —16 in the second blank.

8. Suppose the slope of a line is % What is the slope of a line that is
perpendicular to it?
D1 b-1 o d-2
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9.

10.

11.

12.

13.

14.

Find an equation of the line containing the points (5, 1) and (6, 8).
a)7x—y=34 b)7x+y=36 o)x—Ty=-2 d)x—T7y=-50
What is the vertex for y = 3x% + 12x — 42
a) (—=2,—16) b)(2,32) ¢ (—4,—4)  d) (4, 60)

The equation y = 0.05x + 10 is a formula for a power company’s
monthly charge for its service, where y is the monthly bill and x is
the number of kilowatt hours of electricity used. How many kilo-
watts of electricity are used for a monthly bill to be $47.50?

a) 700 b) 750 c) 800 d) 850

The parabola in Fig. 4-50 is the graph of which equation?
Ay=x—-1"4+2 by=x-1)7>-2
Oy=Ex+1*+2 dy=x+1)7>-2

)
4
3k
2
1

L L 1 1 | | | | 1 ]

-5 -4 -3 %2 -1 1 2 3 4 5
\j/
o

3k
4

-5

Fig. 4-50.

Which of the following lines is perpendicular to the line x = —2?
a)x:% b)y=-2 c)x=2 d)y:%x

A gravy mix calls for two cups of water for each % cups of mix.
Find an equation that gives the amount of water in terms of the
amount of mix.

a)y=3x by=zx oy=ix dy=

wIN

X
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15. What is the equation of the line in Fig. 4-51?
a)y:%x+2 b)y:%x+2 c)y:—%x+2

d)y:—%x+2
5_
4._
3+
1._
51 3 2 0 [ 1 2 8 4
1k
ok
3+
4k
-5
Fig. 4-51.
SOLUTIONS

1. c) 2.¢0) 3.b) 4. c) 5.¢) 6. d) 7. a)
8. b) 9.a) 10. a) 11. b) 12. d) 13. b)
14. a) 15. a)
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CHAPTER

Nonlinear
Inequalities

There are times in algebra and other mathematics courses where we might
need to know where a graph is above and/or below the x-axis.

5
Ak
3k
2.—
1k
L 1 1 1 I 1 1 I ]
5 -4 2 -1 1 2 3 4
1k
ok
3
4t
-5~
Fig. 5-1.

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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For what x-values is this graph above the x-axis? Below the x-axis?

Above the

ZL-ax1s

=N W L
T

Above the

- r-axis

i 1 | 1
543 -2 -1
Ve
\ /-
N
s -
Below the
z-axis

7/

1

-3

'
e

-5

1 2

Fig. 5-2.

l 1
345\

\

Below the \\
z-axis

The graph is above the x-axis to the left of x = —3 and between x = 0 and
x = 5 (see the solid part of the graph). The graph is below the x-axis between
x = —3 and x = 0 and to the right of x = 5 (see the dashed part of the graph).

When answering questions about graphs, we usually need to answer
the question in interval notation. For example, to represent “to the left of
x = —3,” we write (—oo, —3). To represent “between x = 0 and x = 5,” we

write (0, 5).
EXAMPLES

Determine where the following graphs are above the x-axis and where they

are below the x-axis.

Above the
z-axis

1 1 —1

L - B

'Above the
T-axis

L 1
5 4 -3 -2

-4 -Below the

ZI-axl1s

-1 \
-2
-3
4
5

Fig. 5-3.
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The graph is above the x-axis on (—oco, — 1) (to the left of x = —1

and on (3, 00) (to the right of x = 3). The graph is below the x-axis

on (—1,3) (between x = —1 and x = 3).
[ J
5 —
4 L
3r Above the
ZT-axis
2 —
1 —
1 | I | | 1 [
5 -4 -3 -2 -1 1,2 3 4 5
1k
- Below the
B x-axis
Fig. 5-4.
The graph is above the x-axis on (2,00) (to the right of x = 2) and
below the x-axis on (—o0, 2) (to the left of x = 2).
[}

12~
10

Fig. 5-5.

The graph is above the x-axis on (—3, 1) (between x = —3 and x = 1)
and on (4,00) (to the right of x = 4). The graph is below the x-axis
on (—oo, —3) (to the left of x = —3) and on (1,4) (between x = 1
and x = 4).
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[
T
1+
J
5
Fig. 5-6.
The graph is never above the x-axis. The graph is below the x-axis on
(—o00, o0) (this is interval notation for “‘all real numbers”).
PRACTICE

Give the intervals of x where the graph is above the x-axis and below the
X-axis.

1.

—N W s Ot
T

—
T
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Fig. 5-8.

5_.
3._
2_
1+

Fig. 5-9.

1 2 3 4 5

5 4 -3 -2 -1

Fig. 5-10.
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SOLUTIONS

1. The graph is above the x-axis on (—3, —1). The graph is below the
x-axis on (—oo, —3) and (—1, c0).

2. The graph is above the x-axis on (3,00) and below the x-axis on
(—00,3).

3. The graph is above the x-axis on (—1,0) and (2,00). The graph is
below the x-axis on (—oo, —1) and (0, 2).

4. The graph is above the x-axis on (—o0, 00) (everywhere). The graph is
never below the x-axis.

Solving Nonlinear Inequalities

Solving linear inequalities is much like solving linear equations (except
when multiplying or dividing by a negative number, we need to reverse
the inequality symbol). Nonlinear inequalities are solved with a different
method. In order for this method to make sense, we need to look at the
graphs of some nonlinear equations. Let us look at Fig. 5-5 again. The
graph is above the x-axis when the y-values are positive. The graph is
below the x-axis when the y-values are negative. Between any two con-
secutive x-intercepts (where the graph touches the x-axis) y-values are either
all positive or they are all negative. To the left of the smallest x-intercept,
either all the y-values are positive or they are all negative. To the right of
the largest x-intercept, the y-values are either all positive or all negative.
We will use these facts to solve nonlinear inequalities.

For the graph in Fig. 5-5, the y-values are all negative to the
left of x = —3, the smallest x-intercept. The y-values are all positive
between x-intercepts —3 and 1. The y-values are negative between
x-intercepts 1 and 4 and are again positive to the right of x =4, the
largest x-intercept.

Here is an example of a nonlinear inequality.

X —2x—3>0

This inequality is asking the question, “For what values of x are the
y-values for y = x*> —2x —3 positive?” The graph of y=x>—2x—3 is
shown in Fig. 5-11.
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=N W e W
T

Fig. 5-11.

We can see from the graph that x> — 2x — 3 is positive for (—oo, —1) (to the
left of x = —1) and for (3, co) (to the right of x = 3). According to the graph,
the solution to x*> — 2x — 3 > 0 is (—o0, —1) U (3, 00).

Graphs are not usually used to solve nonlinear inequalities—algebra is.
To use algebra to solve nonlinear inequalities, we first need to find the
x-intercepts. Then we need to see if the y-values are positive or negative
around the x-intercepts. We need to test one y-value to the left of the smallest
x-intercept, one y-value between each pair of consecutive x-intercepts, and
one y-value to the right of the largest x-intercept.

We will find the x-intercepts for y = x*> —2x — 3 by setting y =0 and
solving for x.

0=x"—2x—3

0=x-3)(x+1
x—3=0 x+1=0

x=3 x=-1

The two x-intercepts are —1 and 3. Are the y-values to the left of x = —1
positive or negative? We can answer this question by choosing any x-value

smaller than —1. We will use x = —2 here. Is the y-value for x = —2 positive
or negative? If it is positive, all y-values to the left of x = —1 are positive.
If it is negative, all y-values to the left of x = —1 are negative.

y=(=2=2(-2)—-3=+45

This y-value is positive. All y-values to the left of x = —1 are positive.
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Are the y-values positive or negative between x = —1 and x = 3? We only

need to check one y-value. We can choose any x-value between x = —1 and
x = 3. We will use x = 0 here.

y=0"=20)-3=-3

The y-value for x = 0 is negative. All the y-values between x = —1 and x = 3
are negative.

Are the y-values positive or negative to the right of x = 3? We can choose
any x-value larger than 3. We will use x = 4 here.

y=4—-24)-3=+5

The y-value for x =4 is positive. All y-values to the right of x =3 are
positive.

Values of x which have positive y-values are either smaller than —1
or larger than 3. The solution for the inequality x> —2x—3>0 is
(—o0, —1)U (3, 0).

Using a sign graph will help us to keep track of x-intervals having positive
y-values and those having negative y-values. First we will draw the number
line. Next we will compute the x-intercepts then put the x-intercepts on the
sign graph. Then we will write a plus sign over the interval(s) having positive
y-values and a minus sign over the interval(s) having negative y-values. The
sign graph for the inequality x* — 2x — 3 > 0 looks like this.

+ — +

| S B . — — *
-5 -4-3-2-10 1 2 3 4 5

Fig. 5-12.

Here are the steps for solving these kinds of nonlinear inequalities.

Get a zero on one side of the inequality.

Find the x-intercepts.

Mark the x-intercepts on a sign graph.

Choose an x-value in each interval to test whether the y-value is
positive or negative.

5. Mark each interval with a plus sign or a minus sign, depending on
whether the y-value for the interval is positive or negative.

el e
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6. Look at the inequality to decide if the solution is the plus interval(s) or
the minus interval(s).
7.  Write the solution in interval notation.
EXAMPLES
o X¥4+2x—8<0

Step 1 is not necessary because one side of the inequality is already 0.
We will find the x-intercept(s) for y = x* + 2x — 8 by setting y equal
to 0 and solving for x.

0=x"+2x—8

0=Kx+4(x-2)
x+4=0 x—2=0

x=—-4 x=2

Next we will put the x-intercepts on the sign graph.

| A S D S B . B SE S —
-5-4-3-2-10 1 2 3 4 5

Fig. 5-13.

We will use x = —5 for the point to the left of x = —4; x = 0 for the
point between x = —4 and x = 2; and x = 3 for the point the right
of x =2.
For x = =5, y = (=5)*> + 2(=5) — 8 = +7. We need to put a plus
sign on the sign graph to the left of —4.

+

| S G S S E— — T
-5 -4-3-2-10 1 2 3 4 5

Fig. 5-14.
For x =0, y = 0> + 2(0) — 8 = —8. We need to put a minus sign on
the sign graph between x = —4 and x = 2.

+ —_

[ B S R — *
-5 -4-3-2-10 1 2 3 4 5
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For x =3, y = 3* +2(3) — 8 = +7. We need to put a plus sign on

the sign graph to the right of x = 2.

+ — +

[ o T | I —

T *
-5-4-3-2-10 1 2 3 4 5

Fig. 5-16.

The inequality reads ‘<0’ which means we want the negative y-values.
The solution is the interval of numbers between x = —4 and x = 2:
(—4,2).

e X +xX—2x>0
We will find the x-intercepts by factoring y = x4+ x* = 2x and setting
each factor equal to 0.

x3+x2—2x=x(x2+x—2)
=x(x+2)(x—1)

x=0 x+2=0 x—1=0
x==-2 x=1

Now we can put the x-intercepts on the graph.

We will use x = —3 for the point to the left of x = —2; x = —1 for the
point between x = —2 and x = 0; x = 0.5 for the point between x = 0
and x = 1; and x = 2 for the point to the right of x = 1.
For x = =3, y = (—3)’ + (=3)* — 2(=3) = —12. A minus sign goes
to the left of x = —2.
For x=—-1, y=(=1)* +(=1> = 2(=1) = +2. A plus sign goes
between x = —2 and x = 0.
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For x=0.5, y=(0.5)* +(0.5)*> —2(0.5) = —0.625. A minus sign
goes between x = 0 and x = 1.

For x=2,y= 2%+ 22 —2(2) = +8. A plus sign goes to the right
of x =1.

- + - +

f T T * T
-5 -4 -3 =2 -1

< -

-
N —
<o
- -
o

Fig. 5-18.

The inequality is ““ > 0” which means we want the positive intervals.
The solution is [—2,0] U [1, c0).
It seems that the signs always alternate between plus and minus
signs. Signs on the sign graphs do not always alternate.
o (x—3P’(x+2(x+1)<0

(x—3)* = x+2=0 x+1=0
x—3= x=-2 x=-1
x=3

For x = =3, y = (=3 =3)(=34+2)(=3+ 1) = +72. We will put a
plus sign to the left of x = —2.
For x=-1.5, y=(—1.5=3)(=1.542)(—=1.5+ 1) = —5.0625.

We will put a minus sign between x = —1 and x = —2.
For x =0,y = (0 — 3)*(0 + 2)(0 + 1) = +18. We will put a plus sign
between x = —1 and x = 3.

For x =4,y = (4 —3)*(4 4+ 2)(4 + 1) = +30. We will put a plus sign
to the right of x = 3.

The inequality is “< 0 which means we want the minus interval. The
solution is (=2, —1).
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o X>+5x+9<3

We need to subtract 3 from each side of the inequality so that 0 is on
one side.

X 4+5x+6<0
X 45x+6=(x+2)(x+3)

x+2=0 x+3=0
x=-=-2 x=-3

For x = —4, p = (=4 + 2)(—=4 + 3) = +2.
For x = —2.5, y = (=2.5 4+ 2)(—=2.5+ 3) = —0.25.
For x =0, y = (0 +2)(0 + 3)= +6.

The solution is (—3, —2).

o X*+1>0
The equality x>+ 1 = 0 has no solution, so the graph of y = x* + 1
has no x-intercept. This means that either all y-values are positive or
they are all negative. We need to check only one y-value. Choose any
x-value. We will use x = 0.

Forx=0,y=0"+1=+I.

Because this y-value is positive, all y-values are positive. The solution is
(—o00, 0).

PRACTICE
Solve the inequalities. Give solutions in interval notation.
1. x¥*+3x—4<0
2. —xX —x+6>-14
3. x’—2x* —4x+8 > 0. Hint: factor by grouping.
4. x*—13x> 436 >0. Hint: x*—13x2+36 = (x> —4)(x* —9) =
(x = 2)(x 4+ 2)(x — 3)(x+ 3)
5. X’ 4+9<0
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SOLUTIONS
. X 4+3x—4=x+4Hx-1

Forx=-5,y=(-5+4)(-5-1)=6.
Forx=0,y=(04+4)(0—-1)=—4.
Forx=2,y=2+4)(2-1)=6.

+ - +

T * T T T 1

T T + T T T
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5
Fig. 5-21.
The solution is (—4, 1).

2. First we need to add 14 to both sides of the inequality to get —x* — x+
20 > 0. Then —x* — x 4+ 20 = —(x* 4+ x — 20) = —(x + 5)(x — 4).

—(x+5=0 x—4=0
—x—-5=0 x=4
—x=75
x=-5

For x = —6, y = —(—6 + 5)(—6 — 4) = —10.
For x =0, y = —(0 + 5)(0 — 4) = 20.
For x =5, p = —(5+ 5)(5 — 4) = —10.

The solution is [—5, 4].



CHAPTER 5 Nonlinear Inequalities
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¥ -2 —dx 8 =x(x—2) —4(x—2)
= —dHx-2)
= (x = 2)(x +2)(x —2)
=(x—=2%x+2)
(x—2=0 x+2=0
x—=2=0 x =2
x=2
For x = =3, y = (=3 — 2)%(=3 +2) = —25.

For x =0, y = (0 — 2)*(0 +2) = +8.
For x =3, y = (3 -2’3 +2) = +5.

Fig. 5-23.

The solution is (—2,2) U (2, o0). The solution is not (—2, o0) because
that would imply x = 2 is part of the solution (2° —2(2)> —4(2)+8 =
0, not ““>0""). Because the inequality is strict (not allowing equality),
x=2 is not part of the solution. If the inequality had been “>07,
then x =2 would be part of the solution and the solution would be
[—2,00).

4. X =137 436 = (x> —H(? —9) = (x = 2)(x + 2)(x — 3)(x + 3)

x—2=0 x+2=0 x—3=0 x+3=0

x=2 x=-2 x=3 x=-3

For x = —4,y=(—4-2)(—4+2)(—4 - 3)(-4+3) = +84.
For x = —2.5, y=(~2.5—2)(=2.5+2)(—2.5 = 3)(—2.5+3) = —6.1875.
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For x =0, y = (0 — 2)(0 + 2)(0 — 3)(0 + 3) = +36.
For x = 2.5, y = (2.5 — 2)(2.5 4+ 2)(2.5 — 3)(2.5 + 3) = —6.1875.
For x =4, y = (4 — 2)(4 +2)(4 — 3)(4 + 3) = +84.

Fig. 5-24.

The solution is (—oo, —3]U[—2,2] U [3, 00).

5. The equation x*> +9 = 0 has no solution. This means that the graph
of y= ¥’ 49 has no x-intercepts, so either all y-values are positive
or they are all negative. We need to check only one y-value. Let x = 0.

0°+9=9

This y-value is positive, so all y-values are positive. Because the
inequality is “< 07, we want negative y-values. There is no solution.

Graphs of equations that have variables in denominators usually have
separate parts.

Fig. 5-25.

The graph of y = 1/x comes in two parts, one to the left of the y-axis and one
to the right of the y-axis.
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For every x-value that makes the denominator zero, the graph will
have a break. In y = 1/x, if we let x = 0, there is a zero in the denominator.
To the right of the break at x = 0, the y-values are positive and to the left,
they are negative. A break in the graph acts like an x-intercept—the y-values
can change from positive to negative (or from negative to positive).

EXAMPLE
The graph shown in Fig. 5-26 is the graph of the equation
_x+2
YT
7
6L
5L
Ak
sk
ok
ik
L 1 T N S |
-5-4-3-\\\ 1 2 3 4 5
-2
-3
-4
5L
Fig. 5-26.

This graph has both an x-intercept (at x = —2) and a break (at x = 1). The
y-values are positive to the left of the x-intercept and to the right of the
break. The y-values are negative between the x-intercept and the break.

Solving inequalities with variables 1
earlier inequalities.

1.
necessary.)

2. Rewrite the nonzero side of the
this step is not necessary.)

3.

n a denominator is much like solving

Get zero on one side of the inequality. (Sometimes this step is not

inequality as one fraction. (Sometimes

Find the x-intercept(s) by setting the numerator equal to zero and

solving for x. If the numerator does not have a variable, there will
be no x-intercept. Put any x-intercepts on the sign graph.
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4. Find the break(s) in the graph by setting the denominator equal to
zero and solving for x. Put this x-value or values on the sign graph.
If there is no x-value that makes the denominator equal to zero,
then there is no break in the graph.

5. Test an x-value in each interval on the sign graph. If the y-value is
positive, put a plus sign over the interval. If the y-value is negative,
put a minus sign over the interval.

6. Look at the inequality to decide if you want the “plus” interval(s)
or the “minus” interval(s). Be careful to exclude from the solution
any x-value that causes a zero in a denominator.

EXAMPLES
e 2x—-6)/(x+4) >0
Step 1 and Step 2 are not necessary. For Step 3, set the numerator
equal to zero to find the x-intercept(s).

2x—6=0
2x =6
x=3

We need to put x = 3 on the sign graph. For Step 4, we will set the
denominator equal to zero to find any break in the graph.

x+4=0
x=—4
We will put x = —4 on the sign graph. For Step 5, test an x-value smal-
ler than —4 (we will use x = —5), between —4 and 3 (we will use x = 0),

and larger than 3 (we will use x = 4).

2(-5)—6
x=—5 == =16
0 20-6_ 3
Y= TT0+4 2

414 4
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Py
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-7-6-5-4-3-2-10 1 2
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<

Fig. 5-27.

The solution is (—oo, —4) U (3, o).
o (5x+8)/(*+1)<0
We will set the numerator equal to zero to find the x-intercepts.

5x4+8=0
5x = -8
8
TS
We need to put x = —% on the sign graph. We will set the denominator
equal to zero to find the breaks in the graph.
¥ 4+1=0

This equation has no solution, so there are no breaks in the graph. We
will test x = —2 for the point to the left of x = —% and x = 0 for the

. . _ 8
point to the right of x = —3.

_(=D+8 2
0> +1

The solution is (—oco, —%).

o 3-2x)/(x+4)>2
One side of the inequality needs to be zero. We need to subtract 2 from
each side.
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Now we can write the left side as one fraction.

3 —-2x 2_3—2x 2x—i—4

x+4 7 x+44 T x+4
_3-2x 2(x+4)
x+4 x+4
_3-2x-2(x+4)
x+4
_3—2x—2x—38
x+4
_ —4x -5
x+4
The inequality can be rewritten.
—4x -5
x+4 >0
—4x—-5=0 x+4=0
—4x =35 x=—-4
o2
4

Put x = —4—5‘ and x = —4 on the sign graph. We will test x = —5 for
the point to the left of x = —4, x = —2 for the point between x = —4
and x = —3, and x = 0 for the point to the right of —3.

_4(—5)—5

_ S S S P

X 5 Y 514

., | —4(-2)—5 3

T T 214 2

x=0 _ A0 =5 5
0+ 4 4

— + —

°
T T T T T T T

| —— T—*7
-7-6-5-4-3-2-10 1 2 3 4

o

Fig. 5-29.
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The solution is (—4, — 1J).
o (X*+6x+8)/(x—3)<0

X +6x+8=0
x+2)(x+4)=0

x+2=0 x+4=0

x=-2 x=—-4
x—3=0
x=3
Put x = -2, x = —4, and x =3 on the sign graph. Test an x-value
smaller than —4 (we will use x = —5), between —2 and —4 (we will
use x = —3), between —2 and 3 (we will use x = 0), and larger than 3
(we will use x = 4).
x=-5 _ =65 +8 3
= 53 T8
‘-3 y:(—3)2+6(—3)+8:l
-3-3 6
2
r=0 SR OES I
0-3 3
42 4+ 6(4)+ 8
= == 4
x=4 y 13 8
- + - +

T T ¢ T7 ¢+ g
-7-6 -5 -4-3-2-10 1 2 3 4 5

Fig. 5-30.

The solution is not (—oo, —4]U[—2,3]. By using a square bracket
around 3, we are implying that x = 3 is a solution, but x = 3 leads
to a zero in the denominator. Use a parenthesis around 3 to indicate
that x = 3 is not part of the solution. The solution is (—oo, —4]U
[—2,3).
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PRACTICE
Solve the inequalities, giving the solutions in interval notation.

x+5
1. 0
x—2>
2x — 8
2. —————<0
x2+3x+2<
3x+2
3. <1
x—4 =
SOLUTIONS
1.
xX+5=0 x—2=0
x=-5 x=2
—6+4+5 1
x=-6 6-2 8
0+5 5
x=0 “0-2" 2
3+5
o Y=3 3
+ —~ +
I L S T T T T I S T 1
-7-6-5-4-3-2-10 1 2 3 4 5
Fig. 5-31.
The solution is (—oo, —5) U (2, 00).
2.
2x—8=0
2x =38

x=4
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¥ 43x4+2=0
x+2)(x+1)=0
x+2=0 x+1=0
x==2 x=-1
; B 2(-3) -8 B
Y=- g I Y o
2(-1.5) -8
x=-1.5 y= 3 =
(—1.5)"4+3(1.5)+2
x=0 y:72(0)_8 = —
0% 4+ 3(0) +2
v=5 25-8 1

VTSR 363y 27 20

Fig. 5-32.
The solution is (—oo, —2) U (—1,4).

3x+2
<
x—4 =
3x+2
x—4
3x+2 x—4
x—4 _l'x—450
3x+2—@—4k<
x—4 -
3Ix+2—-x+4
- - © <
x—4 -
2x+6
x—4

1

1<0

0

0

<0
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x:—3 x:4
L 2A-4+6 1
=T —4_4 4
o 200+6 3
N 0—-4 2
2(5)+ 6
—5 — 16
~ 54
+ - +

r T * T T
-5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

The solution is [—3,4). The solution is not [—3, 4] because x = 4 leads
to a zero in a denominator.

Chapter 5 Review

Solve the inequalities.

1. xX>*—5x+6 <0
a)(2,3) b)[2, 3] c) (—00,2)U (=00, 3) d) (—o0,2]U (=00, 3]

2. —x>—3x+18>0

a) (—6,3) b) (—oo0, —6) U (3, 00)
¢) (—6,00)U(3,00) d) (—oo0, —6)U(—00, 3)
3. X4+1>0

a) (—oo, —1)U (1, 00) b) (—o0, 00) c)(—1,1) d) No solution

4. (x+4°(x=1)<0
a) (—oo, —4)U(1, 00) b) (—o0, —1)
¢) (—oo, —4)U(—4,1) d) (—o0, —4)
5. =3/ (x+2)<0
a) (—2,3) b) (—o0, —2) U (—00, 3) c)(—3.,2) d) No solution
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6. (x —6)/(x* + 6x + 8 >0
a) [—4, -2]U[6, 00) b) (—4, —2) U (6,00)
c) (—4,-2)U[6, 00) d) [—4,00) U [6, 00)
7. 2x —6)/(x + 1) <2
a) (—1,3) b) (—-1,1) c) (—1,00) d) (—oo, —1)U(—00, 3)

SOLUTIONS
I.Lb) 2.a) 3.b) 4c Sa 6.¢ 1o
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CHAPTER

Functions

A function is a special type of relationship where the value of one variable
depends on the value of one or more other variables. Functions occur all
around us. For example, a person’s weight depends on many variables—
age, sex, height, food intake, activity level, and so on. An hourly worker’s
pay depends on the number of hours worked. College algebra students
are mostly concerned with one variable depending on another. Normally,
y depends on x. An example of an equation where y depends on x is the linear
equation y = mx + b. For quadratic equations of the form y = ax> + bx + ¢,
y is also a function of x. We call x the independent variable and y the
dependent variable.

Technically, a function is a relation between two sets, 4 and B, where
every element in A is assigned exactly one element in B. What this means for
x and y is that for every x-value, there is exactly one y-value. In the function
y = x>+ 2x + 3, once an x-value is chosen, exactly one y-value follows. If
x =2, then y = 2> + 2(2) + 3 = 11. No matter what we put in for x, there is
exactly one y-value for that particular value of x.

What kind of equations are not functions? Equations that have at least
one x-value that has more than one y-value. For example, in the equation

L—

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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x> +3? =09, y is not a function of x. If we let x =0, then we get y> =9,
soy=3ory=—-3.So x =0 has two y-values, 3 and —3.

When asked to determine whether or not an equation ‘“‘gives y as a

function of x,” solve the equation for y. Then decide if there can be any
x-value that has more than one y-value.

EXAMPLES
Determine if y is a function of x.

e V+x—3x=7
Solve for y.

V= +3x+7
y=v—-x24+3x+7 (We only need + for even roots.)
Each x-value has only one y-value, so y is a function of x.
o (x+1+(1—-8*=9
We solve this equation for y.
(x+1°+@-8>=9
-8 =9—(x+1)

y—8==4/9—(x+ 1)
y=84,9—(x+1)

Most x-values have rwo y-values, y =8 ++/9 —(x+1)> and y =
8 — /9 — (x 4 1)*. This means that y is not a function of x.

PRACTICE
Determine if y is a function of x.

1. X4+@0-37=16

2. X —2y=4
3. l=x
SOLUTIONS

1.
X+ —=37=16
(y—3P =16 -7
y—3=2V16 — x?

y=3£V16—x?
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Therefore y is not a function of x. To see this, let x=0: y =
3+V16—-02=3++160ory=3+4=7,andy=3—-4=—1.

2.
X2 —2y=4
—2y=4—x2
4 —x*
y =

-2

Therefore y is a function of x.

3. In the equation |y| =x, y is not a function of x because every
positive x-value has two y-values. For example, if x = 3, |y| = 3 has
the solutions y = 3 and y = —3.

Domain and Range

When y is a function of x, the domain of a function is the collection of
all possible values for x. The range is the collection of all y-values.
When asked to find the domain of a function, think in terms of what can
and cannot be done. For now, keep in mind that we cannot divide by 0
and we cannot take an even root of a negative number. For example,
in the function y = 1/x we cannot let x =0, so 0 is not in the domain of
this function. The domain is the set of all nonzero real numbers. We might
also say that the domain is x # 0.

When asked to find the domain of a function that has x in one
or more denominators, we need to set each denominator (that has x in
it) equal to zero and solve for x. The domain will not include these
numbers.

EXAMPLES
Find the domain for the following functions. Give the domain in interval
notation.

e y=2x/(x—4)
Because the denominator has an x in it, we will set it equal to zero and
solve for x. The solution to x —4 = 0 is x = 4. The domain is all real
numbers except 4. The interval notation is (—o0, 4) U (4, 00).
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o y=(02x+5)/(x* —x=6)=Q2x+5/(x—3)(x+2)

x—3=0 x+2=0
x=3 x=-2

The domain is all real numbers except —2 and 3. The interval notation
for x #£ —2,3 is (—o0, —2) U (=2,3) U (3, o0).

o y=(+x-8)/x+1)
Because x° + 1 =0 has no real solution, we can let x be any real
number. This means that the domain is all real numbers. The interval

notation for all real numbers is (—o0, 00).

o y=0/(-4)+5

X —4=0
=4
x==2

The domain is all real numbers except 2 and —2: (—oo, —2)U

PRACTICE
Find the domain for the following functions. Give your solutions in interval

notation.

x* —3x +5
. y=——
X+6
2 = 4 + 12x
Y= +2x—38
6x
3. =—
YT AT
1 X
4. =3x—6+4+—
Y . +x+x+ 5
SOLUTIONS
1. The solution to x4+ 6 =0 is x = —6. The domain is all real numbers

except —6: (—o0, —6) U (—6, 00).
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2.

4

Solve x> +2x —8 =0

CHAPTER 6 Functions

X 42x—8=(x+4)(x—2)

x=-4 x=2

The domain is all real numbers except —4 and 2: (—oo, —4)U

X+
(—4,2) U (2, 00).
Solve 4x> +1 =0
4 +1=0
1
2—__
YT,
1
X =4/—-

4

/1
( — 1s not a real number)

There are no real solutions to 4x*> + 1 = 0, so the domain is all real

numbers: (—o0, 00).
Solve x=0and x+ 5=

0

x=0 x+5=0

x=-5

The domain is all real numbers except 0 and —5: (—oo, —5)U

(—5,0) U (0, 00).

Functions that have a variable under an even root also might have limited
domains. We can find the domain of these functions by setting the expression
under the root sign greater than or equal to zero and solving the inequality.

EXAMPLES
Find the domain. Give your answers in interval notation.

e y=4+x-6

The domain is x > 6: [6,

o »=+16—14x

The domain is x < 4: (—

x—6>0
x>6

Q).

16 —4x>0
—4x > —16
x<4

00, 4].
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S i pegay
x> —=3x—4>0 becomes (x—4)(x+1)>0
x—4=0 x+1=0
x=4 x=-1

Fig. 6-1.

Because the inequality is ““>,” we want the + intervals. The domain is
“x<—lorx=>4":(—o0, —1]U[4, o0).

° y=\4/x2+3
X2 4+3>0

The inequality x*+3 > 0 is true for all real numbers (since x* > 0
for all x), making the domain all real numbers: (—o0, 00).

o y=+/>5x—4
Because we can take odd roots of negative numbers, the domain for
this function is all real numbers: (—oo, 00).

PRACTICE
Find the domain, expressing the answer in interval notation.
. y=+06x-28
2. y=/4x+9
3. y=vx2+5x+6
4. y=vx*+1
SOLUTIONS
1.
6x—8>0
X > § —
6 3
The domain is x > %: [3, 00).

2. Because the fifth root is odd, the domain is all real numbers: (—oo, 00).
3. x>+ 5x+6> 0 becomes (x +2)(x+3)>0
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x+2=0 x+3=0
x=-2 x=-3
The sign graph is shown in Fig. 6-2.
+ - +

Iy Iy
-4 -3 -2 -1 0 1 2

Fig. 6-2.

The domain is (—oo, —3]U[-2, c0).
4. Because x> + 1 > 0 1s true for all real numbers, the domain is all real
numbers: (—o0, 00).

Some functions are combinations of different kinds of functions. The
domain of a combination of two or more kinds of functions is the set of
all x-values that are possible for each part. The function

ez
x+3
is made up of the parts /x + 4 and 1/(x + 3). For +/x + 4, we need x > —4.
For 1/(x + 3), we need x # —3.

L
-3

4

S T
Fig. 6-3.

As we can see from the shaded region in Fig. 6-3, the domain for the function
is [—4, —3)U (=3, 00).

EXAMPLE
Find the domain for the function.

o y=x/Vx—7

Because +/x — 7 is in the denominator, ~/x — 7 cannot be zero. Because
x — 7 is under an even root, it cannot be negative. Putting these two
together means that x — 7 > 0 (instead of x — 7 > 0). The domain of
this function is x > 7: (7, 00).

PRACTICE
Find the domain for the functions. Give your solutions in interval
notation.

V2x+5

1. =
Y x—6
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1
2. =
4 V3 —=2x
Vx=2
3. y=

Cx2—x—12

1
4. y=vxX>+3x—184+——

x—35
SOLUTIONS
1.
2x4+5>0 and xX—6+#0
5
XE_E X#6
IS 101 235 5 67 8 910
Fig. 6-4.

The domain is [—3,6) U (6, 00).

2.
3—2x>0
3
x<3
The domain is (-0, 3).
3.
x—2>0 and X —x—12#0
x=>2 (x—4x+3)#0
x—4#0 x+3#0
xX#4 and x# -3
S5 2101 535 45 67 5 910
Fig. 6-5.
The domain is [2,4) U (4,00). (Because x > 2, x = —3 is not in the
domain, anyway.)
4,

¥ 4+3x—18>0 and x—5#0
(x+6)(x—3)=0 X#5
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[ ¥ — [ f— I T T
109 8-76-5-4-3-2-101 2342526 78 910

Fig. 6-6.

The domain is (—oo, —6] U[3,5) U (5, 00).

Evaluating Functions

Functions are often given letter names. The most common name is
“f(x).” Instead of writing y = 2x + 1, we write f(x) = 2x+ 1. Usually y
and f(x) are the same. The notation “f(x)”” means ‘‘the function f evaluated
at x.”

Evaluating a function at a quantity means to substitute the quantity for x.
If the function is f(x) = 2x 4 1, then to evaluate the function at 3 means to
find the y-value for x = 3. Sometimes you might be asked to “find f at 3,”
“evaluate f(3),”or “let x = 3 in the equation.”

EXAMPLES
Evaluate the functions at the given values.

e Find f(1), f(=2), and f(0) for f(x) = 3x* + 4.
We need to substitute the number in the parentheses for x.

F) =301 +4=31)+4=7
S(=2)=3(=2 +4 =34 +4=16
F(0)=3(0+4=30)+4=4
e Find f(—4), £(10), and f(1) for f(x) = (6x + 5)/(x* + 2).

6(—4)+5 —24+5 —19

—4) = = =
A (—4?+2 16+2 18
6(10)+5 60+5 65
10 = = = —
/(19) 1024+2  100+2 102

6(h+5 6+5 11

f) = = =—

1242 142 3
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e Find g(0), g(1), and g(—06) for g(r) = /3 — t. (Treat the variable 7 like
the variable x.)

g0)=+v3-0=+3
g =~3-1=+2

g6 =3-(-6)=v9=3

Functions that have no variable (other than y, f(x), or g(7), etc.) are called
constant functions. The y-values do not change. No matter what x is, the
y-value (or functional value) stays the same.

EXAMPLE
e FEvaluate f(x)=10at x=3, x= -8, and x = 7.
No matter what x is, f(x) = 10.

3 =10 f(—=8)=10 f(m) =10

PRACTICE
1. Find f(4), f(—6), and £(0) for f(x) = 3x — 2.
2. Find f(=10), f(6), and f(n*®) for f(x) = ~/17.
3. Find h(0), i(5), and h(=2) for h(r) = Q¢+ 4)/(Z = 7).
4. Find f(0) and f(—1) for f(x) = v/2x + 1.

SOLUTIONS
1.
@ =34 -2=10
f(=6) =3(—6) —2 = —20
f(0)=3(0)—2=-2
2.
f(=10) =17
f6) =17

(@) =17
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3,
KO) = 2(0)'f;4 __g
K5) = zﬁTﬁ %gzg
S 2=2)+4 0
WD) = =5 =0
4.

[0 =200 +1=v1=1

(S RIS

Piecewise Functions

Piecewise-defined functions come in two parts. One part is an interval for x,
the other part is the formula for computing y.

EXAMPLES

x—4, if x<lI;
¢ f(x)_{2x+5 if x>1
This function is telling us that for x-values smaller than 1, the y-values
are computed using x — 4. For x-values greater than or equal to 1,
the y-values are computed using 2x + 5. When asked to evaluate
f(number), we first need to decide what interval of x the number
is in, then compute the y-value using the formula to the left of the
interval. We will evaluate this function at x =6, x =0, x = —2, and
x =10.
f(6): Does x = 6 belong to the interval x < 1 or to x > 1? Since
6 > 1, we will use 2x + 5 to compute .

£(6) =2(6)+5=17

f(0): Does x =0 belong to the interval x < 1 or to x > 1? Since
0 < 1, we will use x — 4 to compute y.

fO)=0-4=—4
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f(=2): Does x = —2 belong to the interval x < 1 or to x > 1? Since
—2 < 1, we will use x — 4 to compute y.

f(=)=—2-4=—6

f(10): Does x = 10 belong to the interval x < 1 or to x > 1? Since
10 > 1, we will use 2x + 5 to compute y.

f(10)=2(10)4+5=25
e Evaluate f(—4), £(0), f(6), and f(—2).

X if x <-=2;

f(xX)=14x+8 if-2<x<3;
16 if x>3

f(—4): Since x = —4 belongs to the interval x < —2, we will use x°

to compute y.

f(=4 = (-4’ =16
£(0): Since x = 0 belongs to the interval —2 < x < 3, we will use 4x + 8
to compute y.

f(0)=4(0)+8=38
f(6): Since x = 6 belongs to the interval x > 3, the y-value is 16.
f(6) =16

f(=2): Since x = —2 belongs to the interval —2 < x < 3, we will use
4x + 8 to compute y.

F(=2) = 4(=2)+8 =0

PRACTICE
1. Find f(0), f(=1), f(7), and f(—6).
X2 —2x if x < —4;
x—+5 if x> —4
2. Find f(—4), f(3), f(—1), and f(1).
3 +2x if x < —1;
JX)=1x+4 if—1<x<1;

6x if x>1

1) = {
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3. Find f(3), f(—2), and £(0).

0 if x<O;

f(x):{l if x>0

4. Find f(3), (0), f(—4), f(2), and f(1).
-2 if x <1;
f(x)—{3x4 if 1 <x<3;
X2 —2x+2 if x >3

SOLUTIONS
1.

fO=0+5=5  f(=H=-1+5=14
fN=T+5=12  f(—6) = (—6)> —2(=2) = 40

2.
F(—4) =3(—4> +2(—=4) =40  f(3)=6(3) = 18
f(=D)=3(=12+2(-)=1  f()=1+4=>5

3.

f3=1 f=2)=0 fO)=1
4,

f3)=3-23)+2=5 f(0)=-2
f(=4)=-2 f2)=32)—4=2
fH=31)—4=-1

More Evaluating Functions

Functions can be evaluated at quantities other than numbers, even at other
functions. Keep in mind that evaluating a function means to substitute what-
ever is in the parentheses for the variable, even if what is in the parentheses is
another variable. The function f(x) = 2x 4 1 says, “Double the quantity in
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the parentheses, then add 1.” Suppose we are asked to find f(b). We need
to substitute b for x in the equation, that is, double b then add 1.

f)=2b+1
Similarly /(v*) =2V + 1 and f(a+b) =2a+b)+ 1 =2a+2b + 1.

EXAMPLES
e Find f(a), f(2a), and f(a+ 1) for f(x) = x* + 3x + 2.

fla)=d*+3a+2
f(2a) = 2a)* +3(2a) + 2 = 4a* + 6a +2
fla+ D) =(@+ 1> +3a+1)+2=(a+Da+1)+3a+1)+2
=a+2a+1+3a+3+2=0a>+5a+6
e Find f(u), f(3u), f(u—v), and f(u?) for f(x) = (6x — 1)/(x* + 3).

. 6u—1
M0 =053
6(Bu)y—1 18u—1
3 = =
J(3u) Gu+3 9’ +3
f(u_v)_6(u—v)—1_ bu—6v—1  bu—6v—1
S w—v+3 w—u—-v+3 W -2u+v+3
) = 6 —1 6 —1

W’ +3  ut+3
e Find f(a), f(a+h), f(1/a), and f(—x) for f(x)=1/(x — 1)
1
f(a)Zﬁ
1 B 1
(a+h)—1 a+h—-1

fla+h)=

f(l)— 1 B 1 B 1
a)  (lfay—1" (1/a)—(a/a) (1 -a)/a
l—a a  a
=1= a _1‘1—a_1—a
1 1 B 1
=1 " TG DT T x+d
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e Find g(u), g’ +v), and gBu—1) for g(f)=12. Because g is a
constant function, g(¢#) = 12 no matter what is in the parentheses.

g(u) =12
g(u2 +v)=12
gBu—-1)=12

PRACTICE
1. Find f(a), f(2a), (&), and f(a + h) for f(x) = 3x — 8.
2. Find g(a), g(a+ 1), g(—a), and g(a + h) for g(t) = 7.
3. Find f(u), f(uv), f(a), and f(a + h) for f(x) = 2x* — x + 1.
4. Find f(-1), f(a), f(a+ h), and f(1/a) for f(1) = (3 —1)/t.
5. Find f(—x), f(1/x), f(a), and f(a+ h) for f(x) = (4 — x)/(1 — 2x).

SOLUTIONS
1.
fla)=3a-38
fQa)=3Q2a)—8=6a—38
f(d®) =3d* — 8
fla+h)=3(a+h)—8=3a+3h-8
2.
gla) =7
gla+1)=7
g(—a)=1
gla+h)y=7
3.

fu) =27 —u+1
Fuv) =2wv)? —uv+1 =2 —uv + 1
flay=2d—a+1
fla+h)y=2a+h?—(a+h)+1
=2(a+h)(a+h)—(a+h)+1
=2’ +2ah+h)—a—h+1
=2a* +4ah+ 20 —a—h+1



CHAPTER 6 Functions

4,

_3=(=0 3+1 3+1¢
ND=———=—"p o ——~
f@=224

a
_3—(a+h) 3—a—h
St h) == o = a+h
1\ 3—-1/a (a/a)—(1/a)
f(;>_ l/ja 1/a
~Ba—-1/a 3a—1 1 3a-1 a_ 4 I
B 1/a 4 Ta  a 1 -
5.
4 —(—x) 4+x
S =) " T+ax
1y 4-(/x) (@x/x)—(1/x) (@4x—-1)/x
) =T 1w ==t
C@x—-D/x 4x-1 x-2 4x—-1 x  4x-1
C (x=2)/x X T x T x x-2 x-2
4—a
fa=1—_
f(a+h):4_(a+h)— 4—a—nh

1—2a+h)  1—2a—2h

Newton’s Quotient

A very important expression in mathematics is Newton’s quotient, sometimes
written as

fla+n) —f(a)
h b

where f is some function. In fact, Newton’s quotient is the basis for dif-
ferential calculus. Algebra students work with Newton’s quotient so that
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when (and if) they study calculus, they do not struggle with complicated
algebra.

Evaluating Newton’s quotient is really not much more than function
evaluation. First, we need to find f(a) and f(a + &) for the function given to
us. Second, we need to perform the subtraction f(a + h) — f(a) and simplify.
Third, we need to divide this by % and simplify. The previous practice
problems gave us experience in evaluating f(a) and f(a + h). Now we will
practice finding f(a + h) — f(a).

EXAMPLES
Find f(a + h) — f(a) for the functions.

e f(x)=3x+35.
f@=3a+5 and f(a+h) =3@+h+5=3a+3h+5

fla+h) —fa)=3a+3h+5—0CBa+)5)
=3a+3h+5—-3a—-5
= 3h

o f(N=r+1
flag=d+1 and fla+h) =@+h*+1=d*+2ah+r +1

fla+h) —fl@y=d*+2ah+1* +1—(a*+1)
=+ 2ah+hH +1—-d -1

= 2ah + It
o f(x)=6
f@g=6 and f(a+h) =6
fla+h) —flag=6—-6=0
1
° .f(f)ZH_—3

1

f(a):a;_i_3 and f(a+h)=m
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1 1
fa+h)=fla) =533

a+3 1 a+h+3 1
T4+3 a+h+3 a+h+3 a+3
_a+3—(a+h+3)
~ (a+h+3)a+3)
_a+3—-a—h-3 —h
T@th+3)a+3) (@trh+3)at3)

PRACTICE
Find f(a 4+ h) — f(a) for the functions.

1. f(x)=3x—-4

2. f(x)=x*+5
3. f(x)=x>=3x-6

4. f(t)y=-19
5. f(oH=1/t
SOLUTIONS

1. fla+h) =3a+h)—4 and f(a)=3a—4
fla+h —f@)=3@a+h —4—CBa—4)
=3a+3h—4—3a+4
=3h
2. fla+h)=(a+h*+5 and f(a)=d"+5
fla+h) —fla)y=(@+h>+5—(@+59)
=a*+2ah+ W +5—d* -5
= 2ah + I?
3. fla+hy=@@+h?>=3a+h—6 and f(a)=d>—3a—6
fla+h) —fla)=(a+h?*—=3a+h) —6—(a* —3a—6)
=&’ +2ah+h —3a—3h—6—a* +3a+6

= 2ah + h* — 3h
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4. fla+h)=-19 and f(a)=—19

fla+h) —f@) =—19—(=19)= —19+19 =0

5. f(a+h)=ﬁ and f(a):é
1 1
fa+h)=f@) = ———-

1 a+h 1

_a at+h a—(a+h)
Tala+h) ala+h) ala+h)

_a—a—h _ —h
ala+h)  ala+h)

The only steps remaining in evaluating Newton’s quotient is to divide

the difference f(a+ h) — f(a) by h. The following examples and practice
problems are from the previous section.

EXAMPLES
Evaluate (f(a + h) — f(a))/h for the functions.

o f(x)=3x+5.
We found that f(a + k) — f(a) = 3h.

flat+h) —fla) _3h

h Rl
o f(=r+1.
We found that f(a + h) — f(a) = 2ah + I*.
flat+h) —f(@) _ 2ah + b ah

h h

o f(x)=6.
We found that f(a + h) — f(a) = 0.

flat+h) —fla) 0

h p= 0
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o [()=1/(t+3)
We found that f(a + h) — f(a) = —h/((a + h + 3)(a + 3)).

fla+h) —f@ —h/(a+h+3)a+3))
h - h
_ —h Ny - —h l
T(a+h+3)a+3) " (a+h+3)a+3) h
~1
T (a+th+3)a+3)

PRACTICE
Evaluate (f(a + h) — f(a))/h for the functions. The first five functions are the
same as in the previous practice problems.

1. f(x)=3x—-4
fx)=x*+5
fx)=x>—-3x—-6
f()=-19

S =1/t
f(x)=3x*—5x+2

SNk L

SOLUTIONS
1. We found that f(a + h) — f(a) = 3h.

fla+h—f@ 3h_
h h

2. We found that f(a + h) — f(a) = 2ah + I*.

3

fla+h)y—f(a) 2ah+h  hQa+ h)
h ~  h h

3. We found that f(a + h) — f(a) = 2ah + h* — 3h.

=2a+h

fla+h)—f(a) 2ah+h —3h  hQa+h—3)
h - h - h

4. We found that f(a + h) — f(a) = 0.

fla+h—jf(a 0
h ~h

=2a+h-3

=0
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5. We found that f(a+ h) — f(a) = —h/(a(a + h))
fla+h)—fla) _—h/(ala+h)  —h
h N h Cala+h)
R
“ala+h) h ala+h)

6.
fla+h)—f@ 3a+h>—5a+h+2—3a’ —5a+2)
h h
_3a2—|—6ah—|—3h2—5a—5h+2—3a2+5a—2
h
_ 6ah+ 3" —5h _ h(6a + 3h — )
h h
=6a+3h—5

Newton’s quotient is really nothing more than the slope of the line
containing the two points (a, f(«)) and (a + h, f(a + /)). Remember the slope
formula for the line containing the points (x;, y;) and (x,, y,) is

Y2 =1

Xy =Xy
In Newton’s quotient, x; = a, y; =f(a), x, =a+h, y, =f(a+ h).
o2 _flath —fla) _flat+h—f(a

X2—X1_ a+l/l—a h

Functions and Their Graphs

Reading graphs, sketching graphs by hand, and sketching graphs using
graphing calculators are all important in today’s algebra courses. We will
concentrate on reading graphs in this section.

A graph can give us a great deal of information about its equation. First,
it can tell us if the graph is the graph of a function. Remember, if y is a
function of x, then each x-value has exactly one y-value. What if we have a
graph where an x-value has two or more y-values? A vertical line through
that particular x-value would touch the graph in more than one point.
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For example, a vertical line would touch the graph at both (4,2) and (4, —2)
in Fig. 6-7.

=N W Ot
T

Fig. 6-7.

We can tell whether or not a graph is the graph of a function if any
vertical line touches the graph in more than one point. If a vertical
line touches the graph in more than one point, then the graph is not the
graph of a function. If every vertical line touches the graph in one
point or not at all, then the graph is the graph of a function. This is
called the vertical line test. The graphs in Figs. 6-8 and 6-9 are graphs of
functions.

! 1 ' l '
(o B -
T

Fig. 6-8.
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5

4r

3k

9L

1 /
| | | | 1 1 1 1 1 1 J
-2 -1 1 2 3 4 5 6 7 8 9 10

1

-2

-3

4

5

Fig. 6-9.

PRACTICE

Use the vertical line test to determine which of the graphs below are graphs

of functions.

1.

—_
<

L I V- S B = >N B e S (o
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2.
2_.
1_
L 1 1 1L 1 1 1 ]
5 -4 2 -1 1 2 4 5
-1k
2L
Fig. 6-11.
3.
2_
1_
4.
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5.
5...
4_
\_ .
2\
1._
52 1 ] 1 2 35 4 5 6 7 8
_]_—
2F
-3k
_4—
5L
Fig. 6-14.
SOLUTIONS
1. Yes
2. No
3. Yes
4. No
5. Yes

Graphs are also useful in evaluating functions. Remember that points on
the graph are pairs of numbers, x (the distance left or right of the origin), and
v (the distance above or below the origin). Normally, y and f(x) are the same.
The point (—1, 1) on the graph in Fig. 6-15 means that f(—1) = 1. The point
(2,4) on the graph means that f(2) = 4. What is f(0)? In other words, when
x = 0, what is y? Because the point (0,0) is on the graph, f(0) = 0.
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EXAMPLES
Refer to Fig. 6-16 for the following.

5
4
3,
P
1k
I I AW

[
5 4 -3 -2 -1 1 \2

! 1 ' ' '
T W N
T

Fig. 6-16.
e Find f(-3).

Another way of saying, “Find f(—3)” is saying, “What is the y-value
for the point on the graph for x = —37” The point (-3, 2) is on the

graph, so f(—3) =2.
e Find f(-2).

We need to look for the point on the graph where x = —2. The point

(—=2,0) is on the graph, so f(—2) = 0.
e Find £(0).

We need to look for the point on the graph where x = 0. The point

(0, 3) is on the graph, so f(0) = 3.

PRACTICE
Refer to Fig. 6-17 for the following.

(=2
1
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@’_

1. Find £(0)
2. Find f(3)
3. Find f(-2)
4. Find f(-3)
SOLUTIONS

1. The point (0,2) is on the graph, so f(0) = 2.

2. The point (3,4) is on the graph, so f(3) = 4.

3. The point (—2, —1) is on the graph, so f(—2) = —1.
4. The point (—3,0) is on the graph, so f(—3) = 0.

FINDING THE DOMAIN AND RANGE

The graph of a function can tell us what its domain and range are. Remember
that the domain of a function is the set of x-values that can be used in
the function. We can find the domain by seeing how far left and right the
graph goes. The range of a function is the set of y-values. We can find the
range by seeing how far up and down the graph goes.

EXAMPLES
Find the domain and range. Give your answers in interval notation.

2
Fig. 6-18.

The domain is (—oo,00). The range is [2,00) because the smallest
y-value is 2 and there is no largest y-value.
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[
5 —
4 -
3 -
2 -
il /
S
-1
2
3
4}
5L
Fig. 6-19.
Because the entire graph is to the right of the y-axis (where x = 0),
the domain is (0, c0). The range is (—o0, 00).
[
5 —
4 .
3 -
2 -
[ E— 1 I i 1 | 1 1 J
5 4 3 2 -1 I 2 3 4 5
-1+
oL
Fig. 6-20.
The domain is (—oo, 0o). The range consists of one number, y = 1. The
range is {1}.
[

o—
.
“F
C'J‘_
!
P
e
Sk b e — e W s o
T
—
[\
ok
o
ot

Fig. 6-21.
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@’_

The solid dot at (—5, 3) means that this point is part of the function, so

x = =5 is in the domain and y = 3 is in the range. The open dot at
(4, —3) means that the domain goes up to x = 4 but does not include
it, and that the range goes down to y = —3 but does not include it.

The domain is [-5,4), and the range is (-3, 3].

PRACTICE
Find the domain and range. Give your answers in interval notation.

1.
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S d kb b b
T

Fig. 6-24.

_10 L
Fig. 6-25.
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SOLUTIONS

The domain is (—oo, o0). The range is (—o0, —1].
The domain is [—2, 00). The range is [0, 00).

The domain is [—4, 5]. The range is {—5}.

The domain is (-5, 10]. The range is [—10, 15].

The domain is (—o0,0) U (0, 00). The range is (0, o0).

Aol B

INCREASING INTERVALS AND
DECREASING INTERVALS

Graphs can tell us where functions are going up (if anywhere) and where they
are going down (if anywhere). Many functions go up in some places and
down in others. A few functions do not go up or down. A function is said
to be increasing on an interval if, as we move from left to right in the interval,
the y-values are going up. A function is said to be decreasing on an interval
if, as we move from left to right in the interval, the y-values are going down.
A function is constant on an interval if, as we move from left to right in the
interval, the y-values do not change. As an example, consider the graph in
Fig. 6-27. If we are anywhere to the left of x = —1 and move to the right,
the graph is going down. We say the function is decreasing on the interval
(=00, —1). If we are anywhere between x = —1 and x =0 and move
to the right, the graph is going up. We say the function is increasing on
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Fig. 6-27.

the interval (—1, 0). If we are anywhere between x = 0 and x = 1 and move
to the right, the graph is going back down. We say the function is decreasing
on the interval (0, 1). Finally, if we are anywhere to the right of x =1 and
move to the right, the function is going back up. We say the function is
increasing on the interval (1, 00).

EXAMPLES
Determine where the functions are increasing, decreasing, or constant.

i
5 4 -3 -2 -1 12 3 4 5
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This function is increasing to the left of x = 1, (—oo, 1). It is decreasing
to the right of x = 1, (1, 00).

[ ]
5 —
4 i
3 -
2 -
1 -
L 1 1 1 1 1 | I l/l
-5 4 -3 -2 -1 1 2 4 5
1k
3+
4t
5%
Fig. 6-29.
No matter where we are on this graph, as we move to the right, the
graph is going up, so this function is increasing everywhere, (—oo, 00).
[ ]

A
Fig. 6-30.

This function is decreasing on all of its domain, (—o0, 0).
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[
L I 1 1 L { 1 | | ]
5 o-4 -3 -2 -1 1 2 3 4 5
Fig. 6-31.
This function is decreasing on (—4, —2) (between x = —4 and
x = —2), increasing on (—2, —1) (between x = —2 and x = —1),
constant on (—1,2) (between x = —1 and x = 2), and decreasing on
(2,4) (between x = 2 and x = 4).
PRACTICE

Determine where the functions are increasing, decreasing, or constant.

l.

Fig. 6-32.
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2 3 4 5

1

-1

5 -4 -3 -2

Fig. 6-33.

7T 6 -5 -4 -3 -2

Fig. 6-34.

54 -3 -2 -1 /1\\4 5

Fig. 6-35.
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SOLUTIONS
1. The increasing intervals are (—oo, —1) and (1,00). The decreasing
interval is (—1, 1).
2. The function is increasing everywhere, (—o0, 00).
3. The constant interval is (—6, —1). The increasing intervals are (—1,0)
and (2,4). The decreasing interval is (0, 2).
4. The increasing interval is (—oo, 1). The decreasing interval is (1, c0).

PIECEWISE FUNCTIONS

The graph of a piecewise-defined function comes in pieces. A piece might be
part of a line, parabola, or some other shape. The important point is in deter-
mining which piece of which function is needed. For example, the following
function comes in two pieces. The first piece is part of the line y = x + 1, and
the second piece is part of the line y = 2x.

x+1 ifx<0
2x if x>0

J(x) =

Because “x < 0” is written to the right of “x 4 17, the part of the line y =
x 4+ 1 we need is to the left of x = 0.

7
B 7/
Ve

7

We do need this - g We do not need
part of y =z + 1. 7 this part of y =z + 1.

5
4
3
2
e
1 / 1 1 i
-2 /41

1
_5-4_ 1 2 3 4 5

Fig. 6-36.

Because “x > 07 is written to the right of “2x,” the part of the line y = 2x we
need is to the right of x = 0.
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o We do need
this part of y = 2x.

N W R Ot
T T

[T TR N N [ T N R
-5-4-3-2-1/12345
We do not nced 1~
this part of y = 2z.
/ -2F
/

;7 -3F
/
/ -4+
/
. 5L
Fig. 6-37.

The graph of the function is shown in Fig. 6-38.

—

=

/ /
[ W T [ L1
1

5 4 3 2/

W e Ot

1

2
-3+

4

5L
Fig. 6-38.

When sketching the graph of a piecewise function, the endpoint of each
interval must be graphed. When plotting the endpoints, we will use an open
dot “o” for the inequalities “x <number” and “x > number.” We will use
a closed dot ““e” for the inequalities “x < number” and “x > number.”

In the above example, there are two pieces, each with one endpoint. For
the piece y = x + 1, the endpoint is x =0. Let x=0to get y=0+1=1.
Even though the point (0, 1) is not part of the graph (because x < 0), we need
to represent this point on the graph with an open dot to show that the graph
goes all the way up to that point. For the piece y = 2x, the endpoint is also
x = 0. We need to represent this point, (0,0), with a closed dot to show that
this point does belong to the graph (because x > 0).
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—&

EXAMPLES
Sketch the graph of the piecewise functions.
_[2x—=3 ifx=<l1
¢ f(x)_{—2 if x>1

This graph comes in two pieces. One piece is part of the line
y = 2x — 3, and the other piece is part of the horizontal line y = —2.
We will start by making a table of values (Table 6-1), part of the
table for y = 2x — 3 and the other part for y = —2. Because each
piece is a line, we only need to plot two points for each piece. One
of these points must be x =1, the endpoint for each piece. The
other x-value for the piece y = 2x — 3 can be anything to the left of
x =1. We will use x = —1. The other x-value for the piece y = —2
can be anything to the right of x = 1. We will use x = 3.

Table 6-1

1| -1 | y=21)-3=-1

1| =5 | y=2(-1)=3==5

4._
3_
2_
1_

[ N S N IS N N B
5 -4 -3 -2 -1 1 2 3 4 5
1k e
2+ © .

3+
4k
* 5
gL

Fig. 6-39.
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We will use a solid dot when plotting the point (1, —1) because the
inequality for y = 2x — 3 is “x < 1.”” We will use an open dot for the
point (1, —2) because the inequality for y = —2 is “x > 1.”” Now we
will draw a line starting at (1, —1) through (—1, —5) and another
line starting at (1, —2) through (3, —2).

4
3k
2
1

x ifx<?2
if x>2

. sw={3

Each piece of this function is part of a line, so we need to plot two
points for each piece. For the piece y =1 — x, we need to plot the
point for x = 2 (because it is an endpoint) and any point to the left
of x =2. We will plot a point for x = —2. For the piece y = 2x, we
need to plot the point for x = 2 (because it is an endpoint) and any
point to the right of x = 2. We will plot a point for x = 3 (Table 6-2).

Table 6-2

x| f(x)

2| -1 |y=1-2=-1

2| 3 | y=1-(-2=3
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if x>2

3
Fig. 6-41
PRACTICE
Sketch the graphs.
1.
1 .
_J3x+1 ifx=<0
/) {x—2 if x>0
2.
_[-3 if x<2
ﬂ”_{m—s
3.

f(x):{;x if x<0

if x>0

This is another way of writing the function f(x) = |x|.

SOLUTIONS
1.
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1 8

=N W R
T

=N W e Ot
|

1 L
-5 -4 -3 -2 -1 1 2 3 4 5

4+
5L
Fig. 6-44.

One or both pieces of the functions in the following will be parts of
quadratic functions. Our knowledge of the graphs of quadratic functions will
help to graph these piecewise functions. At first, it might be easier to sketch
the graph of the entire quadratic function then erase the part that we do not
need.
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EXAMPLES
2 .
x=2x+1 ifx>1
o f(x)=

2—x if x <1

We only need the part of the graph of y = x> —2x+ 1 to the right

of x=1.
S
\ /
VAT
\
3
IR
L I ] ] 1 > oL 1 1 J
5 4 -3 -2 -1 1 2 3 4 5
-1k
2L
Fig. 6-45.

We need the part of the line y = 2 — x to the left of x = 1.

— NS W R
T

1
S
1
o
|
o
1
N
1
—
4
[\]
o
iy
ot

A1k
2L

Fig. 6-46.

I x4l ifx<2
o f=1{ 2
X if x>2
We need the part of the graph of y:—%x2+x+l to the left
of x=2.
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Fig. 6-47.

We need the part of the graph of y = x? to the right of x = 2.

\ 10

L 1 1 ~

/

1 1
5 4 3 2 -1

-2

Fig. 6-48.

—
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5 4 -3 -2
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if x>0

if x<O

if x>1

if x<-2

if x>2

PRACTICE
Sketch the graphs.
1.
2
—x"+1
f(x) = {
3
2.
¥ +4x—2 ifx<l
glx) =
4x -5
3.
x+1
fx) = {
X+l
SOLUTIONS
1.
5 —
4+
2+
1

[T TR T
-5 -4 -3 -2 -1
Ak
2+

] [l
(< B S ]
T

Fig. 6-50.
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!
-7 -6 -5\ -3 -2 -1
-5

-10
Fig. 6-51.

Fig. 6-52.

Piecewise functions can come in any number of pieces. The same rules
apply. The endpoints of each piece must be plotted. If the function comes in
three pieces, both endpoints of the middle piece must be plotted. The next
example comes in three pieces. The two outside pieces are parts of lines, and
the middle piece is part of a parabola.
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EXAMPLE
—x+2 if x <=2
o f()={-x"42 if 2<x<2
x+2 if x>2
For the piece y = —x + 2, we only need to plot two points, the end-

point x=—-2 and a point to the left of x= —2. The piece
y= —x*+2isa parabola between x = —2 and x = 2.

Fig. 6-53.

The last piece, y = x 4 2, is another line. We need to plot two points,
the endpoint x = 2 and a point to the right of x = 2.

8_
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PRACTICE
Sketch the graphs.
1.
if x <=2
S(x) = if —2<x<1
if x>1
2.
—%x +3 ifx<0
S(x) = if0<x<?2
if x>2
SOLUTIONS
1.
— 4o
T 5
Fig. 6-55.
2.
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Chapter 6 Review

1. Evaluate f(4) for f(x) = V/x + 5.
a)4/x+5 b) +3 )9 d)3
2. Evaluate f(-2) for
vy Sx+3 ifx<0
‘f(x)_{lo if x>0
a) —2 b) —7 c) 10 d) —7 and 10
3. What is the domain for f(x) = (x — 5)/(x + 6)?
a) (—o0, —6) U (—6,00) b) [-6, 00) ¢) (=6, —00)
4. 1In the equation y* 4 (x — 8)> = 4, is y a function of x?
a) Yes b) No ¢) Cannot be determined

5.  What is the domain for f(x) = ~/x — 3?
a) (—o0,3)U (3,00) b) (3, 00) c) [3,00) d) (—oo, —3)

6. Is the graph shown in Fig. 6-57 the graph of a function?
a) Yes b) No ¢) Cannot be determined

3._
/ 1_

L 1 1 1 i 1 i )] 1 J
5 4 3 2 1 | 1 2 3 4 5
-1+
2+
3k
4
5L
Fig. 6-57.

7. Evaluate () for f(x) = x/(x + 1).
a) vV x/(x+1)  bBV/(x+1D) o)V +1) d) 12
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10.

11.

12.

13.

CHAPTER 6 Functions

What is f(a + h) — f(a) for f(x) = x> 4+ 2x + 3?
a) *4+2h+6  b)2ah+h +2a+6 )k’ +2h
d) 2ah + h* + 2h

For what interval(s) of x is the function f(x) increasing, the graph of
which is shown in Fig. 6-58?

a)(1,3)  b)(=3,00 ¢ (=33 d)(,0

Refer to Fig. 6-58. What is f(4)?

a) —5 b) -2 c)2 d) Cannot be determined
Refer to Fig. 6-58. What is the domain?

d) Cannot be determined

In the equation y® — 6x> + 2x = 5 is y a function of x?
a) Yes b) No ¢) Cannot be determined
What is the domain for f(x) = (x — 10)/(v/x — 1)?

a) (—oo, 1)U (1,10) U (10, 00) b) (—oo, 1)U (1, 00)
¢) (1,00) d) [1,00)
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14. Find (f(a+ h) — f(a))/h for f(x) = x*> — 3x + 5.
Ay +h bR =31 o) 2ah+h+h d)2a+h-73

15. The graph of which function is shown in Fig. 6-59?

5
4
3k
2
1

(a)
1) = =2 ifx<-1
x+2 if x> —1

(b)
=2 ifx>-—1
f(X)_[x+2 if x < -1

(©

(x=2)* ifx<-1

fTX)=={ .
x+2 if x> —1
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(d)

(x—=27° ifx>-—1

f(X)={ .
x—+2 if x < -1

SOLUTIONS
I.d) 2.b) 3.a 4b) 5S¢ 6.b T 84
9.b) 10.b) 1l.a) 12.a) 13.¢) 14.d) 15 b)
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CHAPTER

Quadratic Functions

The quadratic equations in Chapter 6 are actually quadratic functions.
In Chapter 6 the functions are written in the form y = ax’ + bx + ¢, and
here they will be written as f(x) = ax®> + bx + ¢. Remember that the graph
of a quadratic function is a parabola that either opens up or opens down.

This parabola opens up.|

This parabola opens down.

Fig. 7-1.

—&

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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For a parabola that opens up, the quadratic function is decreasing to
the left of the vertex and is increasing to the right of the vertex. For a
parabola that opens down, the quadratic function is increasing to the left
of the vertex and is decreasing to the right of the vertex. The vertex of
a parabola can be found by writing the function in standard form, f(x) =
a(x — h)* + k (by using completing the square), where (i, k) are the coor-
dinates of the vertex, or by computing # = —b/2a, and k = ¢ — a(b/2a)*. This
formula for k is not easy to remember (or even to use!). It is easier to find the
y-value for x = —b/2a.

EXAMPLES
Find the vertex using the fact that 1 = —b/2a.
o f(x)=3x2—6x+1

a=3, b=—6,and h = —b/2a = —(—6)/2(3) = 1. Find k by evaluat-
ing /(1) = 3(1)> — 6(1) + 1 = —2. The vertex is (1, — 2).

o f(x)=—x*+4

a=—-1,b=0, h=—-b/2a=—-0/2(-1)=0. Find k by evaluating
7(0) = —0% + 4 = 4. The vertex is (0, 4).

b —(=2) 1

~ 24 202/3) 2/3°

N W

Find k by evaluating f (%)

3N\ 273\ ./3 15
13)=3() =) -o=-3
The vertex is (3, — ).
PRACTICE

Find the vertex using the fact that 1 = —b/2a.

f(x)=x"+8x+3

f(x) = —=5x* —4x =2
h(t)=—1F +3t+5

r(x) = —0.001x% + 2x — 100

bl e



CHAPTER 7 Quadratic Functions

SOLUTIONS
1.

=5 =30 =
k=f(—-4)= (-4’ +8(-4) +3=-13

The vertex is (—4, — 13).

—4

2.
_b_(4_ 4 2
2a  2(=5 -10 5
2 2\? 2
=f(-2)=-5(-2) —4(-2) -2
k=r(=5)==s(-5) -4(-5)
4\ 8 6
= 5(—)+2—2=—2
<25)+5 5
The vertex is (—2, — 9).
3.
b -3 -3
P TR b S
1
k:h(3)=—5(3)2+3(3)+5:—§+9+5=
The vertex is (3, ).
4,

—b —2 —2

h = —— = =
2a _ 2(=0.001)  —0.002

= 1000

19

2

k = r(1000) = —0.001(1000)> + 2(1000) — 100 = 900

The vertex is (1000, 900).

Finding the range for many functions is not easy—we would probably
need to look at their graphs. But finding the range for quadratic functions
is not hard. We only need to use the fact that for parabolas that open up, the
vertex is the lowest point, and for parabolas that open down, the vertex is
the highest point. The range of a quadratic function that opens up is [k, 00).
The range of a quadratic function that opens down is (—o0,k]. We can
tell whether a parabola opens up or down by looking at a in f(x) =
ax®> + bx + ¢ or in f(x) = a(x — h)* + k. If a is positive, the parabola opens

up. If a is negative, the parabola opens down.
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EXAMPLES
Determine the range for the quadratic functions.

o f(x)=3xr—6x+1

Earlier, we found that the vertex is (1, —2). Because the parabola
opens up (a = 3), the range is [—2, 00).

o f(x)=—x"+4

We found that the vertex is (0,4). Because the parabola opens down
(a = —1), the range is (—o0, 4].

° f(x):%x2—2x—6

We found that the vertex is %, — %). Because the parabola opens up

(a =3), the range is [- £, 00).

PRACTICE
Determine the range for the quadratic functions.

l. f(x)=x>+8x+3

2. f(x)=-5x—4x-2

3. W) =17 +3t+5

4. r(x) = —0.001x% 4+ 2x — 100

SOLUTIONS

1. The vertex is (—4, — 13). Because a is positive, the parabola opens up,
so the range is [—13, 00).

2. The vertex is (—%, —g). Because a is negative, the parabola opens
down, so the range is (—oo, — g.

3. The vertex is (3, %). Because « is negative, the parabola opens down,
so the range is (—oo, 3.

4. The vertex is (1000,900). Because a is negative, the parabola opens
down, so the range is (—o0, 900].

The Maximum/Minimum of a
Quadratic Function

An important area of mathematics is concerned with optimizing situations.
For example, what sales level for a product will give the most profit?
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What production level will give the lowest cost per unit? What shape will be
the strongest? While calculus is used to solve many of these problems,
algebra students can optimize problems involving quadratic functions.
Quadratic functions can be maximized (if the parabola opens down) or

minimized (if the parabola opens up). The maximum or minimum value of
a quadratic function is k, the y-coordinate of the vertex.

EXAMPLES
Find the maximum or minimum value of the quadratic functions.

o f(x)=-2x*—6x+7

Because a = —2 is negative, the parabola opens down, and the function
has a maximum value (but no minimum value). We need to find k.
-b  —(=6) 3

T2a 22 2

)Y )

23
T2

The maximum value of the functin is % This maximum occurs when

= _3
X = -3

e C(g9) =0.024*> — 5 + 600

Because @ = 0.02 is positive, the parabola opens up, and the function
has a minimum value.

A ) 125

~ 24 200.02)
k=C25) = 0.02(125)2 — 5(125) 4+ 600
= 287.50
The minimum value of the function is 287.50. This minimum occurs
when ¢ = 125.
PRACTICE

Find the maximum or minimum value of the quadratic functions.

l. f(x)=x>—8x+2
2. f(1)= =161 + 481+ 25
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£(x) = 100x* + 150x + 25
P(x) = —0.015x% + 0.45x + 12

SOLUTIONS

1.

Because a = 1 is positive, the parabola opens up, and this function has
a minimum value.
h = ﬂ —4
2(1)
k=f4) =4 —84)+2=—14

The minimum value of the function is —14. The minimum occurs at
x =4
Because a = —16 is negative, the parabola opens down, and this

function has a maximum value.
—48 3

~2(—16) 2

)0y o)

=61

h

The maximum value of this function is 61. The maximum occurs
at 1 =3.

Because a = 100 is positive, the parabola opens up, and this function
has a minimum value.

~150 3

~2(100) 4

3\2 3 125
k = 100(—2) HSO(_Z) +25= -1

The minimum value of the value of the function is —%5. The mini-
mum value occurs at x = —3.
Because @ = —0.015 is negative, the parabola opens down, and this
function has a maximum value.
=045
~2(=0.015)
k= P(15) = —0.015(15)2 +0.45(15) 4+ 12 = 15.375

15

The maximum value of the function i1s 15.375. The maximum value
occurs at x = 15.
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Applied Maximum/Minimum Problems

In the problems for this section, we will be asked to find the maximum or
minimum of a situation. The functions that will model these problems will
be quadratic functions. Think about what the vertex means in each problem.
If the problem is to determine the level of production to maximize profit,
h will tell us the production level needed to maximize profit, and & will tell
us what the maximum profit is. The function to be optimized will be given
in the first problems. Later, we will need to find the function based on
information given in the problem.

EXAMPLES
e The profit function for a product is given by P(x) = —2x° + 28x + 150,
where x is the number of units sold, and P is in dollars. What level
of production will maximize profit? What is the maximum profit?
The answer to the first question will be 4, and the answer to the
second question will be k.

=53 =
k = P(7) = —2(7)* + 28(7) + 150 = 248

The level of production which maximizes profit is 7 units, and the
maximum profit is $248.

e The cost per unit of a product is given by the function C(x) =
%xz — 6x + 40, where x is the production level (in hundreds of units),
and C is the cost in dollars. What level of production will yield the
minimum production cost per unit?

Which will answer the question—# or k? The production level is x,
so we need to find /.
—(—=6) 6 1

_2(1/4)_1/—2:6+§:6-2:12

Minimize the cost per unit by producing 12 hundred units.

PRACTICE
1. The daily profit for a vendor of bottled water is given by the function
P(x) = —0.001x* + 0.36x — 5, where x is the number of bottles sold,
and P is the profit in dollars. How many bottles should be sold to
maximize daily profit? What is the maximum daily profit?
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2. The average cost per unit of a product per week is given by the
function C(x) = 1x* — 60x + 5900, where x is the number of units
produced and C is in dollars. What is the minimum cost per unit
and how many units should be produced per week to minimize the
cost per unit?

3. The weekly revenue of a particular service offered by a company
depends on the price—the higher the price, the fewer sales; and the
lower the price, the higher the sales. The function describing the
revenue is R(p) = _11_01’2 + 3p + 125, where p is the price per hour
and R is sales revenue in dollars. What is the revenue-maximizing
price? What is the maximum weekly revenue?

SOLUTIONS
l.

—0.36

= 30001 ~ 8¢

k = P(180) = —0.001(180)> + 0.36(180) — 5 = 27.4

The vendor should sell 180 bottles per day to maximize profit. The
maximum daily profit is $27.40.

2.
_ —(=60) 60 2 3
T21/3) C 2/3 +3=00-5=50
1
k=C(90) = 5(90)2 — 60(90) + 5900 = 3200
The minimum average cost is $3200, and 90 units should be produced
to minimize the average cost.
3.
-3 3 1
h 2(—-1/10) 1/5 3 5 33 >

1
k = R(15) = —E(15)2 +3(15) + 125 = 147.50

The revenue-maximizing price is $15 per hour. The maximum weekly
revenue is $147.50.
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When an object is thrust upward and is free-falling after the initial

thrust, its path is in the shape of a parabola. In the following problems, we

will be given the height function of these kinds of falling objects. The

functions will be in the form /(x) = ax’ + bx + ¢, where x is the horizontal

distance and /% is the height. Several types of questions are asked for these

problems. We will answer the questions, “What is the object’s maximum

height?” and “How far has it traveled horizontally to reach its maximum
height?”

EXAMPLE
e Suppose the path of a grasshopper’s jump is given by the function
h(x) =ﬁx2 +§x, where both x and / are in inches. What is the
maximum height reached by the grasshopper? How far has it

traveled horizontally to reach its maximum height?

_ —5/3 — 5/3 _é-i_é ﬁ_%

-~ 2(=5/216) 5/108 3 108 3 5
k = h(36) = > (36)2+5(36)—30

- - 216 3 N

The maximum height reached by the grasshopper is 30 inches and
it had traveled 36 inches horizontally when it reached it maximum
height.

PRACTICE

1. A child throws a ball, its path being given by the function A(x) =
—0.04x% + 1.5x + 3, where x and / are in feet. What is the maximum
height of the ball? How far has it traveled horizontally when it reaches
its maximum height?

2. A kitten jumped to pounce on a toy mouse. The path of the kitten is
given by the function A(x) = — %xz + %x, where x and / are in inches.
How far had the kitten traveled horizontally when it reached its
maximum height? What was the kitten’s maximum height?

SOLUTIONS
1.

—-1.5

- 1875
2(—0.04)

k = h(18.75) = —0.04(18.75)* + 1.5(18.75) + 3 = 17.0625
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The ball’s maximum height is 17.0625 feet and it had traveled 18.75
feet horizontally when it reached its maximum height.

-5/3 5/3 5.5

36

—=12
5

5
T 2(=5/72)  5/36 3 36 3

k = h(12) = —7—52(12)2 + 2(12) =10

The kitten’s maximum height is 10 inches and it had traveled 12 inches
horizontally when it reached its maximum height.

Quadratic functions can be used to optimize many types of geometric
problems. In the following problems, a number will be fixed (usually the
perimeter) and we will be asked to find the maximum enclosed area. The
area will be a quadratic function, but getting to this function will require a
few steps. The first few problems will involve a fixed amount of fencing to be
used to enclose a rectangular area.

EXAMPLES
e A farmer has 600 feet of fencing available to enclose a rectangular
pasture and then subdivide the pasture into two equal rectangular
yards. What dimensions will yield the maximum area? What is the
maximum area?

Fig. 7-2.

The formula for the area of a rectangle is 4 = LW. This formula has
two variables (other than 4), and we must reduce it to one. There are
600 feet of fencing available, so L+ W+ W+ W + L =2L+3W
must equal 600. This gives us the equation 2L + 3W = 600. Solve
for either L or W.
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L

Fig. 7-3.
2L + 3 = 600

L:M:%O— 15w

Now substitute L = 300 — 1.5 in the formula A = LW.

A=LW =(300—15W)W =300W — 1.5W>
= —1.5W? +300W

This quadratic function has a maximum value, the maximum area.
=300

- 2(—=1.5)
k= —1.5(100)2 4+ 300(100) = 15,000

h =100

The maximum area is 15,000 square feet. This occurs when the width is
100 feet, and the length is 300 — 1.5(100) = 150 feet.

e A zoo has 1100 meters of fencing available to create four rectangular
pens. What dimensions will enclose the maximum area? What is the
maximum area?

T
|
|
I
|
1
|
I
1

Fig. 7-4.

We will label the figure with L and W.
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Fig. 7-5.

We want to maximize the area, 4 = LW. The 1100 meters of fencing
must be divided among 2 Ls and 5 Ws, so we have the equation
2L+ 5W =1100. Solve for either L or W and use the new equation
to reduce the number of variables in 4 = LW.

2L+ 5W = 1100

szzsso—z.sw
A = LW becomes A = (550 — 2.5W)W = 550W —2.5W?* = —2.5W*+
550 0.
—550
= =110
2(=2.5)

k = —2.5(110)* + 550(110) = 30, 250

To maximize the area, let W = 110 meters, L = 550 — 2.5(110) = 275
meters. The maximum area is 30,250 square meters.

PRACTICE
1. A parks department wants to enclose three adjacent rectangular play-
ing fields. It has 1600 feet of fencing available. What dimensions
will yield the maximum area? What is the maximum area?

Fig. 7-6.
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2. A farmer has 450 meters of fencing available. The farmer decides to
fence two rectangular pastures. What dimensions will maximize the
area? What is the maximum area?

Fig. 7-7.

SOLUTIONS
1. We can see from Fig. 7-6 that 2L 4+ 4W = 1600.

2L +4W = 1600

L :w — 800 —2W
A=LW = (800 —2W)W = 800W — 2>
= —2W? 4+ 800W
—800
=—=200
22

k = —2(200)* + 800(200) = 80, 000

Maximize the area by letting W = 200 feet and L = 800 — 2(200) =
400 feet. The maximum area is 80,000 square feet.
2. We can see from Fig. 7-7 that 2L + 3W = 450.

2L+ 3W = 450
L:M:MS—LSW
A=LW = Q25— 15W)W = 225W — 1.5W?
= —1.5W?*4+225W
-5
T 2(-1.5)

k = —1.5(75)% + 225(75) = 8437.5

Maximize the area by letting W = 75 meters and L = 225 — 1.5(75) =
112.5 meters. The maximum area is 8437.5 square meters.
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There is another common problem where we are asked to find the
dimensions which will maximize a rectangular area. The area needs to be
fenced but only on three sides. We can see from Fig. 7-8 that 2W + L =
amount of fencing. Solve this for L to get L = amount of fencing —2W. As

before, substitute this quantity for L in A = LW. Then find A4, which will be
the width that will maximize the area, and k will be the maximum area.

Building

Fig. 7-8.

EXAMPLE
e A business needs to enclose an area behind its offices for storage. It has
240 feet of fencing available. If the side of the building is not fenced,
what dimensions will maximize the enclosed area?
We can see from Fig. 7-8 that 2W + L = 240.

L+2W =240
L =240 —2W
A=LW =240 —2W)W = 240W — 2W*
—240
"=~

k = 240(60) — 2(60)* = 7200

Maximize the area by letting W = 60 feet and L = 240 — 2(60) = 120 feet.
The maximum area is 7200 square feet.

PRACTICE
1. A rancher wants to enclose a rectangular pasture that borders a
stream. The rancher has 500 feet of fencing available and will not
fence the side along the stream. What dimensions will maximize
the area? What is the maximum area?
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2. The manager of an office complex wants to provide extra parking
behind the office building. The contractor has 150 meters of fencing
available. If the side along the building will not be fenced, what

dimensions will maximize the enclosed area? What is the maximum
enclosed area?

SOLUTIONS
1.
2W + L = 500
L=500—2W
A=LW = (500 —2W)W = 500W —2W?
—500
h= 33 125

k = 500(125) — 2(125)* = 31,250

Maximize the area by letting W = 125 feet and L = 500 — 2(125) =
250 feet. The maximum area is 31,250 square feet.

2.
2W + L =150
L=150—-2w
A=LW =150 =2W)W = 150W — 2>
—150
h = T 37.5

k = 150(37.5) — 2(37.5)> = 2812.5

Maximize the area by letting W =37.5 meters and L =150—
2(37.50) = 75 meters. The maximum area is 2812.5 square meters.

Often in business, revenue depends on the price in two ways. Obviously,
if the price is raised, more money will be collected for each unit sold, but
the number of units sold might drop. In general, the lower the price, the
higher the demand (number of units sold); and the higher the price, the lower
the demand. In the following problems, the demand for a certain price will
be given. Then we will be told how many sales are lost from a price increase
or how many sales are gained from a price decrease. With this information,
we can find the price to charge to maximize revenue. Let n represent the
number of increases or decreases in the price, so if the price is raised in $10
increments, then the increase in price would be 10n and the price would be
“old price +10n.” If 5 sales are lost for each $10 increase in price, then the
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number sold would be “old sales level —5n.” The total revenue would be
“R = (old price + 10n)(old sales level — 5n).” The revenue function is a
quadratic function. Revenue is maximized when n = A, and the maximum
revenue is k.

EXAMPLES

A store sells an average of 345 pounds of apples per day when the price
is $0.85 per pound. The manager thinks that for every increase of $0.10
in the price, 30 fewer pounds of apples will be sold each day. What price
will maximize revenue from the sale of apples? What is the maximum
revenue?

Let n represent the number of $0.10 increases in the price per pound.
The price is then represented by 0.85 4 0.10n. The number of pounds
of apples sold per day would be 345 — 30n. This makes the revenue
R =(0.8540.10n)(345 — 30n). The revenue equation is a quadratic
function. The vertex of this function tells us two things. First, & will
tell us how many times we need to raise the price by $0.10 in order
to maximize revenue, and k will tell us what the maximum revenue is.

R = (0.85 + 0.101)(345 — 30n) = 293.25 + 9n — 3n°
-9

T

k =293.25 4 9(1.5) — 3(1.5)* = 300

1.5

Maximize revenue by charging 0.85+ 0.10(1.5) = $1 per pound. The
maximum revenue is $300 per day.

An apartment manager is leasing 60 of 75 apartments in her apartment
complex with the monthly rent at $1950. For each $25 decrease in the
monthly rent, she believes that one more apartment can be rented.
What monthly rent will maximize revenue? What is the maximum
monthly revenue?

Let n represent the number of $25 decreases in the rent. Then monthly
rent is represented by 1950 — 251, and the number of apartments
rented is 60 + n. The revenue function is R = (1950 — 251)(60 + n).
The coordinates of the vertex will help us to answer the questions.

R = (1950 — 251)(60 + 1) = 117,000 + 4501 — 251>
—450
~2(=25)
ke = 117,000 + 450(9) — 25(9)> = 119, 025

h 9
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Maximize revenue by charging 1950 — 25(9) = $1725 for the monthly
rent. The maximum revenue is $119,025.

PRACTICE

1. At a small college, 1200 tickets can be sold during a football game
when the ticket price is $9. The athletic director learns that for each
$0.75 decrease in the ticket price, 200 more people will attend the game.
What should the ticket price be in order to maximize ticket revenue?

2. The owner of a concession stand sells 10,000 soft drinks for $3.70 per
drink during baseball games. A survey reveals that for each $0.20
decrease in the price of the drinks, 800 more will be sold. What should
the price be in order to maximize revenue? What is the maximum
revenue?

3. The manager of an apartment complex can rent all 60 apartments in a
building if the monthly rent is $2800, and that for each $50 increase in
the monthly rent one tenant will be lost and will not likely be replaced.
What should the monthly rent be to maximize revenue? What is the
maximum revenue?

SOLUTIONS
1. Let n represent the number of $0.75 decreases in the ticket price.
This makes the new ticket price 9 — 0.757 and the number of tickets
sold 1200 + 200n. Ticket revenue is R = (9 — 0.751)(1200 + 200mn).

R = (9 — 0.757)(1200 + 2001) = 10, 800 + 9001 — 1507°
—900
~2(=150)
k = 10,800 + 900(3) — 150(3)> = 12, 150

Maximize ticket revenue by charging $9.00 — 0.75(3) = $6.75 per
ticket. The maximum ticket revenue is $12,150.

2. Let n represent the number of $0.20 decreases in the drink price.
This makes the new drink price 3.70 — 0.20n and the number of drinks
sold 10,000 + 800n. Revenue is R = (3.70 — 0.20x)(10, 000 4+ 8007).

R = (3.70 — 0.202)(10, 000 + 8001) = 37, 000 + 9607 — 1601
—960
~2(=160)
k = 37,000 + 960(3) — 160(3)> = 38,440
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Maximize revenue by charging $3.70 — 0.20(3) = $3.10 per drink.
The maximum revenue is $38,440.

3. Let n represent the number of $50 increases in the monthly rent.
This makes the monthly rent 2800 4+ 50n# and the number of tenants
60 — 1n = 60 — n. Monthly revenue is R = (2800 + 501)(60 — n).

R = (2800 — 501)(60 — 1) = 168,000 + 2001 — 501>
~200
~2(=50)
k = 168,000 4 200(2) — 50(2)> = 168, 200

h 2

Maximize revenue by charging $2800 + 50(2) = $2900 monthly rent.
The maximum revenue is $168.200.

Maximizing/Minimizing Other Functions

Algebra students can use graphing calculators to approximate the maximum
and/or minimum values of other kinds of functions. For example, the volume
of a certain box is given by the function ¥ = 4x® — 40x* 4+ 100x, where x is
the height (in inches) of the box and V is the volume (in cubic inches) of
the box, and conditions make it necessary for 0 < x < 5. The graph of this
function is shown in Fig. 7-9.

7
50 -

25

Fig. 7-9.
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Because the domain of this applied function is (0,5), we need consider
only this part of the graph.

7B

Fig. 7-10.

We can use a graphing calculator to approximate the highest point,
(1.67,74.07). The maximum volume is approximately 74.07 cubic inches
and the height at which the box’s volume is maximum is about 1.67 inches.
Calculus is necessary to find the exact values.

Chapter 7 Review

1. What is the range for the function f(x) = 2x> — 6x + 1?
a) [,0) b)) (-00,3) ) [-3,00  d) (=00, —1]]

2. What is the maximum value for the function f(x) = —x> + 3x + 10?
a) 5, -2 b3 %  d) Thereis no maximum value

3. The profit function for a product is P(x) = —0.01x> + 3x + 500, where
x is the number produced and P is in dollars. How many units must be

produced to maximize profit?
a) 150 b) 725 c) 419 d) 119

4. A parks department wants to enclose a rectangular playing field
and subdivide it into two fields (see Fig. 7-2). There are 1800 feet of
fencing available. What is the maximum area?

a) 405,000 square feet b) 150,000 square feet
c) 450 square feet d) 135,000 square feet
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5. The revenue of a certain product depends on the amount spent on
advertising. The function is R(x) = —0.001x? + 240x — 13, 500, 000,
where R is the revenue (in dollars) and x is the amount spent on
advertising (in dollars). How much should be spent on advertising
in order to maximize revenue?

a) $120,000 b) $900,000 ¢) $90,000 d) $150,000

6. What is the range for the function f(x) = —x* — 10x + 8?

7. For the quadratic function g(f) = — . + ¢+ 10
a) the maximum functional value is 14.
b) the minimum functional value is 14.
¢) the maximum functional value is 8.
d) the minimum functional value is 8.

8. A cotton candy vendor at a small fair sells 270 cones on average when
the price is $1 each. The vendor believes that for each $0.10 increase in
the price, sales will drop by 15. What is the maximum revenue?

a) $294 b) $356 c) $400 d) Cannot be determined

SOLUTIONS
1. ¢) 2.¢0) 3.a) 4.d) 5.a) 6. b) 7. a) 8. a)
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Combinations

Many important graphs come in families. We have already studied three
families: graphs of circles, lines, and parabolas. There is a lot we can tell
about the graph of an equation by the equation itself. From the equation
of a circle in the form (x — h)* + (x — k)> = r*, we know that its center is
at (h,k) and its radius is r. From the equation of a line in the form
y = mx + b, we know its slope is m and its y-intercept is b. From the equation
of a quadratic function in the form y = a(x — h)* + k, we know that its vertex
is (h, k) and that it opens up if « is positive or opens down if a is negative.

Let us begin with a closer look at quadratic functions. The graph of every
quadratic function is more or less the graph of y = x2. For example, the
vertex for the function y = (x — 2)% is (2,0). Another way of looking at this is
to say that the vertex moved from (0, 0) to (2, 0). That is, the vertex moved to
the right two units.

——&

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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-4

20

Fig. 8-1.

The function y = (x —2)* is really the function f(x) = x° evaluated at
x—2:f(x—2) = (x —2)°. Evaluating any function at x — 2 shifts the entire
function two units to the right. For any function f(x), the graph of f(x — 2) is
the graph of f(x) shifted to the right two units. For any positive number k,
the graph y = f(x — k) is the graph of f(x) shifted to the right & units,
no matter what function f(x) is.

EXAMPLES
e The graph of f(x — 5) is the graph of f(x) shifted to the right 5 units.
e The graph of f(x — 20) is the graph of f(x) shifted to the right 20 units.
e The graph of f(x— %) is the graph of f(x) shifted to the right
1

3 units.

What would be the effect on the graph of f(x) by adding positive k to x?
The vertex for y = (x + 3) is (=3,0). This is the graph of f(x) = x* shifted
to the left 3 units. The graph of any function f(x + k) is the graph of f(x)
shifted to the left k units.

EXAMPLES
e The graph of f(x + 12) is the graph of f(x) shifted to the left 12 units.
e The graph of g(x + 3) is the graph of g(x) shifted to the left 3 units.

PRACTICE
Compare the graph of the functions with the graph of f(x).

. f(x+5)
2. f(x—0.10)
3. f(x—35)
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SOLUTIONS

1. The graph of f(x + 5) is the graph of f(x) shifted to the left 5 units.

2. The graph of f(x —0.10) is the graph of f(x) shifted to the right
0.10 units.

3. The graph of f(x — 35) is the graph of f(x) shifted to the right 35 units.

The vertex for the quadratic function y = x% + 2 is (0, 2), which is shifted
two units up from the vertex of f(x) = x>. Adding a positive number to a
function has the effect of shifting its graph upward. Subracting a positive
number from a function has the effect of shifting its graph downward. If & is
a positive number, the graph of f(x) + k is the graph of f(x) shifted up k
units, and the graph of f(x) — k is the graph of f(x) shifted down k units.

EXAMPLES
e The graph of f(x) — 4 is the graph if f(x) shifted down 4 units.
e The graph of h(x) 4+ 9 is the graph of A(x) shifted up 9 units.

PRACTICE
Compare the graph of the functions with the graph of f(x).
. f(x)+1
2. f(x)+15
3. f(x)—8
4. f(x)—1
5. fx+1)
6. f(x—0)
SOLUTIONS
1. The graph of f(x)+ 1 is the graph of f(x) shifted up 1 unit.
2. The graph of f(x)+ 15 is the graph of f(x) shifted up 15 units.
3. The graph of f(x) — 8 is the graph of f(x) shifted down 8 units.
4. The graph of f(x) — 1 is the graph of f(x) shifted down 1 unit.
5. The graph of f(x + 1) is the graph of f(x) shifted left 1 unit.

6. The graph of f(x — 6) is the graph of f(x) shifted right 6 units.

Functions can have a combination of vertical and horizontal shifts. If &
and k are positive numbers, the graph of f(x — &) + k is the graph of f(x)
shifted to the right 4 units and up k units. The graph of f(x + k) — /h is the
graph of f(x) shifted to the left £ units and down / units.

EXAMPLES
e The graph of y = (x —2)* + 1 is the graph of f(x) = x* shifted to the
right 2 units and up 1 unit.
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e The graph of f(x + 2) + 3 is the graph of f(x) shifted to the left 2 units
and up 3 units.

PRACTICE
Compare the graph of the functions with the graph of f(x).

flx+9)+3
S(x—4)=5
f(x+6)—38
f(x+10)+15
fx—1)+9

SOLUTIONS

1. The graph of f(x + %) + 3 is the graph of f(x) shifted to the left % units
and up 3 units.

2. The graph of f(x —4) — 5 is the graph of f(x) shifted to the right
4 units and down 5 units.

3. The graph of f(x+ 6) — 8 is the graph of f(x) shifted to the left
6 units and down 8 units.

4. The graph of f(x+ 10) + 15 is the graph of f(x) shifted to the left
10 units and up 15 units.

5. The graph of f(x — 1)+ 9 is the graph of f(x) shifted to the right
1 unit and up 9 units.

bl o e

9,

In the following we compare the graph of a function with its trans-
formation. The solid graphs are the graphs of f(x), and the dashed graphs
are the transformations of f(x).

EXAMPLES
Compare the graph of the functions with the graph of f(x). Then write the
transformed function.
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——&

The dashed graph is the graph of f(x) shifted to the right 1 unit, so this is the

graph of f(x — 1).

Fig. 8-3.

The dashed graph is the graph of f(x) shifted to the right 2 units and down

1 unit, so this is the graph of f(x —2) — 1.
PRACTICE

Compare the graph of the transformations with the graph of f(x). Then write

the transformed function.

1.
5_
4.—
3.—.
- 2k
® 1
N L
L1 1> N1 i |/: L
5 4 -3 XN\ 1.72,73 4 5
NNl -
N 7
\-, 7
NI
3e
Fig. 8-4.
2.
5_
« af
AT
Y
\ ol e
1N e
[ T S N N /L L
5 -4 -3 - 4 5
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SOLUTIONS

1. The dashed graph is the graph of f(x) shifted down 1 unit. It is the
graph of f(x) — 1.

2. The dashed graph is the graph of f(x) shifted to the right 2 units and
up 1 unit. It is the graph of f(x —2) + 1.

3. The dashed graph is the graph of f(x) shifted to the left 2 units. It is
the graph of f(x + 2).

4. The dashed graph is the graph of f(x) shifted to the left 1 unit and
down 2 units. It is the graph of f(x + 1) — 2.

For any function f(x), the graph of —f(x) is the graph of f(x)
flipped upside down, or in more technical terms, “reflected about the
x-axis.” For example, the graph of y = —x” is a reflection of the graph of

f(x) = x°.
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10

flz) = a?

L1 T B |

4 3 -2 -7 12 3 4
/ \

’ Voy=—a?

10k
Fig. 8-8.
EXAMPLES

The dashed graphs are the reflections about the x-axis of the solid graphs.
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Fig. 8-11.

With these reflections, the x-values do not change but the y-values of
—f'(x) are the opposite of the y-values for f(x). The x-intercepts (where y = 0)
do not change.

If multiplying the y-values of a function by —1 has the effect of turning the
graph upside down, what effect does multiplying the y-values by some other
number have? In other words, how does the graph of a f(x) compare with the
graph of f(x)? It depends on a. If a is larger than 1, the graph of af(x) is
vertically stretched. The graph of 50 f(x) is stretched more than the graph
of 3f(x). If a is between 0 and 1, then the graph of af(x) is vertically
compressed, or flattened. The graph of %f (x) is flattened more than the
graph of 3 f(x).

EXAMPLES
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The dashed graph in Fig. 8-12 is the graph of % f(x). The y-value for

each point on the dashed graph is half of the corresponding y-value

in the solid graph. For example, the point (—3,2) on the graph of

f(x) is moved to (-3, 1) on the graph of %f(x). The point (2,4) on

the solid graph is moved to (2,2) on the dashed graph.

14

12 L

Fig. 8-13.

The dashed graph in Fig. 8-13 is the graph of 3 f(x). The y-values for
each point on the dashed graph are three times the y-values on the solid
graph. For example, the point (2,4) on the solid graph is moved to
(2,12) on the dashed graph. The point (—1,0) on the solid graph did
not move because 3 -0 = 0.

When «a is a negative number, other than —1, the effect of af(x) is a
combination of the changes above. First, the graph will be turned upside
down (reflected about the x-axis). Then it will either be vertically compressed
or stretched. In the following examples, the solid graphs are the graphs of
f(x) and the dashed graphs are the graphs of af(x).

EXAMPLES

)
\
)
N W ot
I\
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The dashed graph is the graph of — % f(x). The point (2,4) on the solid
graph moved to (2, — 2) because 4 - (—1) = —2. The point (—3,2) on
the solid graph moved to (—3, — 1) because 2 - (— %) = —1. The point
(—=1,0) on the solid graph did not move because 0 - (— %) =0.

19l .
Fig. 8-15.

The dashed graph is the graph of —3 f(x).

To summarize, if a > 1, the graph of af(x) is vertically stretched. If
0 < a < 1, the graph of af(x) is vertically flattened. If @ < —1, the graph
is reflected about the x-axis and vertically stretched. If —1 < a < 0, the graph
is reflected about the x-axis and vertically flattened.

PRACTICE

For problems 1-4, determine whether the dashed graph is a vertically
stretched or flattened version of the solid graph and whether or not it is
reflected about the x-axis.

1.
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Fig. 8-18.

Fig. 8-19.
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5. Below are two pairs of graphs. The solid graphs are the graph of f(x).
One of the dashed graphs is the graph of %f(x) and the other is the
graph of 4f(x). Which graph is the graph of %f (x)? Which is the

graph of 4 f(x)?

CHAPTER 8 Transformations

SOLUTIONS

1. The dashed graph is vertically flattened.

2. The dashed graph is reflected about the x-axis.

3. The dashed graph is vertically flattened and is reflected about the
X-axis.

4. The dashed graph is vertically stretched and is reflected about the
X-axis.

5. The dashed graph in Fig. 8-20 is the graph of % f(x). The dashed graph

in Fig. 8-21 is the graph of 4 f(x).

We will look at one more transformation, f(—x). The transformation
—f(x) turned the graph upside down. The transformation f(—x) will turn the
graph sideways, or “reflected about the y-axis.”” The solid graph shown in
Fig. 8-22 is the graph of f(x), and the dashed graph is the graph of f(—x).
We can get the graph of f(—x) by replacing the x-values with their opposites.
For example, the point (4,2) on f(x) is replaced by (—4,2).
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T 1 1 1

Fig. 8-22.

We are ready to sketch transformations of a given graph. The graph of f(x)
will be given and we will be asked to sketch a given transformation. Some
of the transformations can be done with no extra work, but we will need to be
careful with others. To help with the more complicated transformations, we

will use tables of values.

EXAMPLES

Sketch the transformations f(x +1) — 3, —f(x)+ 1, —f(x+2)—3, 2f(x),
f(=x), f(—x) — 1, and f(2 — x).

=N W ok OO
T T 1

Fig. 8-23.

Table 8-1 gives the values for this function.

Table 8-1
x | f(®
4] -3
-2 0
0 —1
21 =2
4| 4




®’_ CHAPTER 8 Transformations

e To graph f(x+ 1) — 3, shift the graph of f(x) to the left 1 unit
and down 3 units. Because every point is moving left 1 unit, the new
x-values are the old x-values minus 1. Because every point is also

moving down 3 units, the new y-values are the old y-values minus 3
(Table 8-2).

Table 8-2

x—1 y-3 Plot this point

—4-1=-5| =3-3=—6| (=5,—6)

—2-1=-3| 0-3=-3](=3,-3)

0—l=—1| —1-3=—4 | (-1,-4)

2-1=1 —2-3=-5|(1,-5)

4-1=3 4-3=1 | 3,1

Fig. 8-24.

e For the graph of —f(x)+ 1, we will not change the x-values. The
y-values have two changes. First, we will take the negative of the old
y-values; second, we will add 1 to them (Table §8-3).
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——&

Table 8-3
x -y+1 Plot this point
-4 —(=3)+1=4]| (4,4
-2 —0+1=1] (=2,1)
0| —(=D+1=2| (0,2)
2| —(=2)+1=3| (2,3)
4 —4+1=0]| 4,-3)
6 —
5 —
« 4
A \ 3r %
\ . 2% - \\
A = \
L t 1 5 L i 1 | L 1
5 -4 -3 A2 \17 3 4 5
9k \\
3k »
A
5
6L
Fig. 8-25.

e To find the points for —f(x + 2) — 3, subtract 2 from each x-value, and
subtract 3 from the opposite of the y-values (Table 8-4).

Table 8-4
x—2 —-y-3 Plot this point
—4-2=-6| —(-3)-3=0 (—6,0)
—2-2=—-4 —0-3=-3| (-4,-3)
0-2=-2| —(-1) =3=-2] (-2,-2)
2-2=0 —(=2)-3=—-1] (0,—1)
4-2=2 —-4-3=-7| (2,-7)
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Fig. 8-26.

Sketch the graph of 2f(x) by multiplying each y-value by 2.

The x-values do not change (Table 8-5).

Table 8-5
x 2y Plot this point
—4 1 2(=3)=—-6]| (—4,-06)
-2 2(0)=0 (=2,0)
0| 2(-1)=-2] (0,-2)
2| 2(=2)=—-4]| (2,-4)
4 2(4)=28 4,8)
10
8+ 14
'
6 /
!
4+ !
/
'
2r /
L 1 i 4 ! 1 i /J 1
5 -4 -3 /7% 1 2/3 4
/ 2¢ !
/ N /
// Ak ~ <
/
‘¢ 6
8L
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e Sketch the graph of f(—x) by replacing each x-value with its opposite.
The y-values do not change (Table 8-6).

Table 8-6

—Xx y Plot this point

—~(-4=4| 3| 4.-3)

—(=2)=2| 0] (2,0

—0=0| -1 (0,—1)

-2 2| (-2,-2)

—4 4| (—4,4)

»
=R W s Uty
T

Fig. 8-28.

e Sketch the graph of f(—x)— 1 by taking the the opposite of each
x-value and by subtracting 1 from each y-value (Table 8-7).

Table 8-7
—x y—1 Plot this point
—(—4)=4| 3-1=-4| 49
—(=2)=2 0—-1=-1] (2,-1
—0=0| -1-1=-2] (0,-2)
-2 —2—-1=-3]| (-2,-3)
—4 4—-1=3 (-4,3)




CHAPTER 8 Transformations

-5 1 2/3 5
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-3 N N
Ak »
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Fig. 8-29.

The graph of f(2 — x) is a little more difficult. This transformation
is first a reflection about the y-axis, then a shift to the right 2 units.
The y-values do not change (Table 8-8).

Table 8-8
2—x y | Plot this point
2—(—4)=6 =3 | (6,-3)
2—(-2)=4 0| (4,0
2-0=2 -1 | @,-D
2-2=0 -2 | (0,-2)
2—4=-2 4| (2,49
6_
5_
« 4f
\\ 3+
vo2F-
A 1k
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PRACTICE

Sketch the transformations of the function f(x) whose graph is given in
Fig. 8-31.

B W o Ot
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Fig. 8-31.

. f(x+2)

2. flx—=1)
3.2/
4. f(—x)

5. fx—1)+2

6. —f(x)+1

7. 2f(x—2)

SOLUTIONS
1.
5r
4_
3._.
2_
1_
% s a s o [ 1

1k

2t

-3t

Fig. 8-32.
2.

5_

4_

2

N

N
2k
3L




CHAPTER 8 Transformations

3.
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Fig. 8-34.
4.
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Fig. 8-35.
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6.
5._
4._
3_
2._
L/I/\ 1/
1 1 1 | 1 1 1 ]
7T -6 -5 -4 -3\ -2 11 1 2 3
2k
3L
Fig. 8-37.
7.
L L
5 4 -3 -2 -1 4 5

Fig. 8-38.

It might seem odd that in the transformation f(x + 1) 4+ 2, “x + 1" has the
effect of moving x in the negative direction while “+2” has the effect of
moving y in the positive direction. The reason we subtract 1 from each x is so
that when we evaluate f(x + 1) at x — 1, we end up with f(x): f((x — 1)+ 1) =
f(x). It is for this reason that to sketch the graph of the transformation f(dx),
we would compute the x-values by dividing them by d. For example, if we
need to sketch the graph of f(2x), we would need to divide each x-value by 2.

This is so that f(2(3x)) = f(x).

Special Functions

There are several families of functions whose graphs college algebra students

should know.

. fx)=c

horizontal line.

This is the constant function. Its graph is a
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2. f(x)=mx+b

3. f(x)=x2
4. f(x)=x
5. (=X
6. f(x)=Ix]|
7. f(x)=a"
8. f(x)=log,x

CHAPTER 8 Transformations

This is the linear function. Its graph is a nonvertical
line.

This is the quadratic function. Its graph is a
parabola.

This is the cubic function.

This is the square root function.

This is the absolute value function.

This is the exponential function.

This is the logarithmic function.

The graphs of the first three are covered in Chapter 4, the second three
are covered in this chapter, and the exponential function is covered in
Chapter 11. Once you know the basic shape of the graphs of these functions,
you can use what you learned earlier in this chapter to sketch the graphs of
many functions with only a little work. This information can also help you
use a graphing calculator more effectively.

Figure 8-39 shows the graph of y = x°.

The solid graphs in Figs. 8-39-8-46 are the graphs of y = x° and the
dashed graphs are transformations of y = x*. The transformation in Fig. 8-40
is /(x) = —x°, a reflection of y = x* about the x-axis. Coincidentally, both

reflections about the x-axis and y-axis are the same. In other words, y = —x

3

and y = (—x)® are the same function.
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Fig. 8-40.

The graph f(x) = 2x% is the graph y = x? stretched vertically.

Fig. 8-41.

The graph of f(x) = (x —2)* — 1 is the graph of y = x* shifted to the right
2 units and down 1 unit.
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PRACTICE
Match the graph with the function.

Fig. 8-44.
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L fx) =1y

2. f()=—(x—1)

3. f(x)=3x"

4. f(x)=(x—2)°+3
SOLUTIONS

1. Figure 8-45
2. Figure 8-46
3. Figure 8-43
4. Figure 8-44

The graph of y = /x is part of a parabola. Imagine turning a parabola on
its side and cutting off the bottom half. What would be left is the graph
of y = /x. The graph of y = /x is shown in Fig. 8-47. The solid graphs
in Figs. 8-48-8-56 are the graph of y=./x. The dashed graphs are
transformations.

— oW M ot
T

Fig. 8-47.
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The graph of f(x) = \/x + 2 is the graph of y = /x shifted up 2 units.

5
4
3
2
1

Fig. 8-48.

The graph of f(x) = /—x is the graph of y = /x reflected about the y-axis.

-1+
oL
Fig. 8-49.

The graph of f(x) = —/x is the graph of y = /x reflected about the x-axis.

= N W R WGt

Fig. 8-50.
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The graph of f(x) = +/2 — x is the graph of y = /x first reflected across the
y-axis then shifted to the right 2 units.

PRACTICE
Match the graph with the function.

5._
4_
-—— 3k
\\\\\\ ol
Tk
1 1 1 I 1 L1 1 Y 1 1 1 L1 L
g8 -7 6 -5 -4 -3 -2 -1 12 3 4 5 6 7 8 9
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Fig. 8-52.
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Fig. 8-55
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Fig. 8-56.
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I. f(x)=+~1-—x
2. f(x)=-3+./x
3. f(x)=4Yx

4. f)=1-x
5. f(ix)= %ﬁ

SOLUTIONS

1. Figure 8-52

2. Figure 8-54

3. Figure 8-55

4. Figure 8-53

5. Figure 8-56

The last new function in this section is the absolute value function, y = |x]|.
Its graph is in the shape of a “V.”” The graph of y = |x| is shown in Fig. 8-57.
As before, the solid graphs in Figs. 8-58-8-65 are the graphs of y = |x| and
the dashed graphs are transformations.

— [SV) w s ot
T




@3’_ CHAPTER 8 Transformations
The graph of f(x) — §|x| is the graph of y = |x| reflected across the x-axis and
vertically flattened.

=N W g O N
T

- -1 -
- 2F ~

3-

Fig. 8-59.

The graph of f(x) = 4|x| — 6 is the graph of y = |x| first stretched vertically
then shifted down 6 units.

PRACTICE
Match the graph with the function.

NN N W N I N B IS T NN NN S S B
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Fig. 8-61.
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Fig. 8-62.
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NN W ot

Ny 1 17

-7 6 -5 -4 -3x-2,°1
Ny

S(x) = —|x =3
fx)=Ix+2-1
f(x) =3 1x]

S(x) =2|x]
f(x)=3|x=2|+1

SOLUTIONS

Al

Figure 8-63
Figure 8-65
Figure 8-62
Figure 8-61
Figure 8-64

-1
-2
Fig. 8-65.

The next set of practice problems is another set of matching problems
but the reference graphs will not be given. These will be transformations of

y=xLy=x,y=xy=x.

PRACTICE
Match the graph to its function.

e A bl

) =x=1)
f(0) = 4yx
[0 =—=x°

Jx)=Ix+2]+2
@) =@+1)° 4

f(x)=2+x
f(x)=+/x—3
f)=1x" -4

f) = —Ix| -4
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SOLUTIONS
6_
4_
2_
L 1 1 5
5 -4 4 5
{ i 1 J
5 -4 4 5
Fig. 8-67.
5_
4_
3._
2._
1_
L 1 1 1 1 1 | 1 1 1 1 J
-1 1 2 3 4 5 6 7 8 9 10 11 12
-1F
2L

Fig. 8-68.
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3.—
2._
1_
L i 1 1 i 1 1 | i ]
765432 [ 123
gL
Fig. 8-69.
8._
6._
4_
2_

— (] w e~ [
T

Fig. 8-71.
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L 1 |
-4 4 5
-5
Fig. 8-72.
12
10
8_
6_
4_
2
1 | | 1 1 1 1 | J
L 1 2 3 4 5 6 7 8 9
Fig. 8-73
2
1 ] | ! 1 1 ] | J
4 -3 -2 -1 1 2 3 4 5
-2
1. Figure 8-70
2. Figure 8-73
3. Figure 8-67
4. Figure 8-69
5. Figure 8-66
6. Figure 8-71
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7. Figure 8-68

8. Figure 8-72
9. Figure 8-74

Sometimes the transformations f(—x) do not change the graph at all. For
example, for f(x) = x°, f(—x) is the same as f(x): f(—x) = (—x)> = x%, and
g(x) = |x| is the same as g(—x) = | — x| = |x|. This is because these graphs
are symmetric with respect to the y-axis. That is, the left half of the graph is a
reflection (or mirror image) of the right half. The dashed part of the graph in
Fig. 8-75 is a reflection of the solid part of the graph.

5
\ . 4,
This side , 3 of (tihis
is a side.
reflection A \ , s 2
vy, 1

1 ] LN 1 ] ] ]
5 4 -3 -2 -1 |_ 1 2 3 4 5
1

Fig. 8-75.

A function whose vertical reflection (—f(x)) is the same as its horizontal
reflection (f(—x)) is symmetric with respect to the origin. Origin symmetry is
a little harder to see than y-axis symmetry. Imagine folding the graph in
Fig. 8-76 along the x-axis then again along the y-axis; the upper right-hand
part of the graph will be the same as the lower left-hand part of the graph.
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—&

The graph of y* = x in Fig. 8-77 has x-axis symmetry. This symmetry is
not as important as y-axis symmetry and origin symmetry because only one

function has this kind of symmetry (y

4
3k
2
1

—0).

Fig. 8-77.

PRACTICE

Determine whether the graphs are symmetric with respect to the y-axis,

X-axis, or origin.

1.
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3.
15
10
5+
L L 1 | i J. | J
5 -4 -3 -2 /1 1 2 3 4 5
5
10
15~
Fig. 8-80.
4.
1~
L I 1 | 1 1 L I i J
5 -4 -3 -2 -1 12 3 4 5
-1
2+
-3F
_4r—
5+
Fig. 8-81.
5.
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6.
5._
4_
3._
2_
1..

S NSRRI
k-
2
3
4
L
Fig. 8-83.
SOLUTIONS

1. y-axis symmetry

2.  No symmetry

3. Origin symmetry

4. y-axis symmetry

5. No symmetry

6. Origin symmetry

We can tell if the graph of a function has y-axis symmetry or origin
symmetry by looking at its equation. If we evaluate the function at —x
(replace x with —x) and the y-values do not change, then the function has
y-axis symmetry. Knowing that the graph of a function has y-axis symmetry
is very useful when sketching the graph by hand. This is because if (x, y) is on
the graph, then (—x,y) is also on the graph. For example, if a function is
symmetric with respect to the y-axis and the point (2, 3) is on the graph, then
we automatically know that (=2, 3) is also on the graph. The graph of a
function has origin symmetry when evaluating the function at —x also
changes the sign on the y-values. If a function is symmetric with respect to the
origin and the point (2, 3) is on the graph, then the point (—2, — 3) is also on
the graph.

Functions whose graphs have y-axis symmetry are called even functions.
Functions whose graphs have origin symmetry are called odd functions. A
function is even if f(—x) = f(x). This is the mathematical notation for the
idea that replacing an x-value with its opposite will not change the y-value.
A function is odd if f(—x) = —f(x). This is the mathematical notation for
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the idea that replacing an x-value with its opposite replaces the y-value with
its opposite.

Because so many important functions involve x to powers, the following
facts will be useful.

(_ x)even power _ xeven power and (_ x)odd power __ xodd power

The product of an even number of negative numbers is positive, and the
product of an odd number of negative numbers is negative.

EXAMPLES
o 2(—x) =2(—=1)x’ = —2x° o 5(—x)°=5x°
o 3(—x) =-3(-Dx =3 e —4(-x)' = -4
e I —(—x)=1+x e I —(—x)P=1-x
o |- (—x)3 =1+ ° (—x)2 — (—x)3 = x>+
PRACTICE
Simplify.
1. (—=x)
2. (=x)
3. 4(—x)1?
4. 7(=x)P
5. =2(=x)
6. —8(—x)*
7. (=x) +2(=x)* +4(—x) + 1
8. 5(—x)* —3(=x)® — 6(=x)> + 9(—x) + 16
SOLUTIONS
1. (=x)P}=-x°
2. (=x)=x
3.0 4= = 4x'"
4. (=x)P® = —7xP
5. =2(=x)’ =2x°
6. —8(—x)* = —8x*
7. (=X +2(=x) +4(=x) + 1= —x"+2x* —4x + 1
8. 5(—x)* —3(=x)® — 6(=x)> + 9(—=x) + 16 = 5x* +3x> —6x> —9x + 16

Evaluating a function at —x is often the most difficult part of determining
if a function is even, odd, or neither. Once we have evaluated a function at
—Xx and simplified it, we will compare this both to f(x) and to —f(x). If the
simplified equation is the same as f(x), then the function is even. If it is the
same as —f(x), then the function is odd.
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EXAMPLES
Determine whether the functions are even, odd, or neither.

o f)=x"+x

First we will multiply both sides of f(x) by —1 so that we can compare
f(—x) with f(x) and with —f(x).

—f(x)=—(x"+x)=—x" —x

Now we will find and simplify /(—x) and compare it to f(x) = x> + x
and to —f(x) = —x° — x.

S(=3) = (=2)" + (=)
=X —x
Because —f(x) and f(—x) are the same, f(x) is an odd function.
o f(x)=5x -4

We will multiply both sides of the equation by —1 to find —f(x).

—f(x)=—-(5x>—4) = =5  + 4
Now we will find and simplify f(—x).

f(=x)=5(-x) —4=-5x"—4

f(—x) is not the same as f(x) and not the same as —f(x), so f(x) is
neither even nor odd.

o f(x)=—6x"+1
—f(x) = —(—6x* + 1) = 6x* — 1
f(=x) = =6(=x)" + 1 = =6x" + 1
f(x) and f(—x) are the same, so f(x) is an even function.
e f(x)=-9

Because the y-value is —9 no matter what x is, f(—x) = =9, so f(x) is
an even function.

o f(x)=[2x]+3
—f(x) = =(12x[ +3) = —|2x[ -3
S0 =12(=0)1+3=]-2x[+3=2x|+3 (I —x|=x])

f(x) and f(—x) are the same, so f(x) is an even function.
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3
R e
=ma e
3 3
g(=x) =

) —(cxP+2 -2 +2
g(x) and g(—x) are the same, so g(x) is an even function.

PRACTICE
Determine whether the functions are even, odd, or neither.

. f(x)=2xX —6x"+x
2. f(x)=8—x?
3. g)=x—x*+x-1
4. f(x)=2x+1
-8
5. h(x) = a1
—2x
6 S =GFry
7. g(x)=+vx*+4
8. h(x)=1[3x]—-8
9. f(x)=25
SOLUTIONS

L f(x)=2x"—6x" +x
—f(x) = —(2x° — 6x7 + x) = —2x° + 6x° — x
f(=x) = 2(=x)" = 6(=x) + (—x) = —2x° + 6x° — x

—f(x) and f(—x) are the same, so f(x) is an odd function.
2. f(x)=8—x?

—f(x) = -8 —x)=—-8+x°
f(=x)=8—(=x)>=8—x°

f(x) and f(—x) are the same, so f(x) is an even function.
3. g =x—x*+x-1

—g(x)Z—(x3—x2+x—1):—x3+x2_x+1
g(—X):(—x)B—(—x)2+(_x)_ 1 :—x3—x2_x_1

g(—x) is not the same as g(x) or —g(x), so g(x) is neither even nor odd.
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4. f)=2x+1

—f(x)=—2x+1)=-2x—1
f(—=x)=2(—x)+1=-2x+1

f(—x) is not the same as f(x) or —f(x), so f(x) is neither even nor odd.

5. h(x)=—
-8 8
—hx) = _(x-l- 1) Tx+1

(x+1)

-8
h(=x) = —x+1
h(—x) is not the same as A(x) or —A(x), so A(x) is neither even nor odd.
—2x
6. f(x)= m

—2x 2x

= 534+ x 5xX04x
—2(—x 2x

f(—X) = 3( ) = 3

5(=x)° +(—=x) —5x"—x

2x —2x

- —(5x% + x) 50
f(—x) is the same as f(x), so f(x) is an even function.
7. g(x)=+x*+4
—g(x) = —vVx>+4

g(=x) =/ (=x) +4 =V +4

g(—x) and g(x) are the same, so g(x) is an even function.
8. h(x)=13x]—8
—h(x) = —(13x] — 8) = —[3x] + 8
h(—x)=13(—x)| -8 =] —3x| —8=|3x| — 8
h(—x) and h(x) are the same, so /4(x) is an even function.

9. f(x) =25. Because f(x) = 25 for every x, f(—x) = 25 also, so f(x) is
an even function.
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Combining Functions

The vast majority of functions studied in algebra and calculus are some
combination of only a handful of basic functions, most of them introduced
in this book. The most obvious combination of two or more functions are
arithmetic combinations: adding, subtracting, multiplying, and dividing.
Suppose two functions f(x) and g(x) are given.

o (f+g)x) means f(x)+g(x). o (f—g)(x)means f(x)— g(x).
o (/&)(x) means f(x)g(x). o (f/g)(x) means f(x)/g(x).

EXAMPLE
e f(x)=3x—4and g(x)=x>+x

(f +9®) =CBx—4) + (x* +x)
=x>+4x—4

(/=) =0Cx—4H - (" +x)=3x—4-x"—x
= —x>+2x—4

(f2)(x) = Bx — 4)(x? +x) =3 +3x% — 4x" — 4x

=33 — X% —4x

j_"(x)_3x—4
g X*4+x

PRACTICE
Find (f +2)(x), (f —&)(x), (fg)(x), and (f/g)(x).

I. f(x)=x+6and g(x)=-2x+4
2. f(x)=+/x+6and g(x)=x—-2

3. f0=

X
3x—1
SOLUTIONS

1.

(f+9x)=(x+6)+(—2x+4)=—x+10

(f—29xX)=(x+6)—(—2x+4) =x+6+2x—4=3x+2
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(fo)(x) = (x + 6)(=2x + 4) = —2x% + 4x — 12x + 24

= —2x* —8x +24

S, . x+6

¢V = ava

2.

(f+9(X)=vx+6+x—2

(f—9X)=vx+6—(x—2)=+/x+6—x+2
(fo)x)=vx+6(x—2)=(x—2)v/x+6
f X4+ 6
="
g X

3,
x+2 3x+1 x+2 x—2 3x+1 3x—-1
VA =3t "1 v—2  x—2 3x_1
X4 9 —1 105" =5
TG - D—2) T Bx—Dx-2) 32 _Txt2
xX+2 3x+1
(f =) =3—7"7"3

X4 9x% — 1

T Bx—D(x-2) Bx-Dx-2)

_x— —Ox—1) 8" -3

3x2—Tx+2 3x2—Tx+42
x+2 3x+1 _(x+2)Bx+1)
—1 x-2 CBx—1(x—2)
32 +7x 42
T3 —Tx+2
‘]:(x) _ (x+2)/3Bx—1)
g Bx+1)/(x—=2)
x+2 3x+1 x+2 x-2
T3x—1 x-2 3x—1 3x+1
x*—4

92—

(fe)(x) =
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Function Composition

Two (or more) functions can be combined by composing one function
with another. We have performed function composition without calling
it by its name. The basic idea behind function composition is that one
function is evaluated at another. For example, if f(x) =4x+7 and
g(x) =2x —3, then ‘““to evaluate f at g” means to compute f(2x — 3).
Remember that to ‘“‘evaluate a function” means to substitute the quantity
in the parentheses for x.

fx—3)=42x—3)+T7=8x—12+7=8x—5

The notation for this operation is f o g(x). By definition, f o g(x) means
f(g(x)). This operation is not commutative. That is, f o g(x) is usually not
the same as g o f(x).

EXAMPLES
Find f o g(x) and g o f(x).
o f(X)=x"+4x—3and g(x)=2x—5

S og(x)
= f(g(x)) This is the definition of f o g(x)
=f(2x-5) Replace g(x) with 2x — 5
=Q2x—57+42x—5) -3 Replace x with 2x — 5 in f(x)

=2x—-52x—-5+42x—-5) -3
=4x* —20x+25+8x—20—3

—4x? —12x +2
gof(x) =g(f(x) This is the definition of g o f(x)
= g(x* +4x - 3) Replace f(x) with x> +4x — 3

=2(x*+4x—-3)=5 Replace x with x* + 4x — 3 in g(x)
=2 +8x—6—5

=2x" 4+ 8x—11
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o f(x)=8—5xand g(x)=x+4

10 g(x) =/ (g(x))
=f(x+4)
=8—-5x+4)
=8—-5x—-20=-5x—12
gof(x)=g(f(x)) = g8 - 5x)
=8—-5x+4=-5x+12

e f(x)=xand g(x)=x>+2x+2

fogx) =f(g(x)) =f(x* +2x +2)
=+x2+2x+2
gof(x) =g(f(x)) = g(V/x)

= (WX +2/x+2=x+2/x+2

o f(x)=16x—1and g(x)=1/(x+2)

o) =) =f (+15)

1
=16(—=|—1
<x—|—2>

16 or 14— x
Cx+2 x+2
gof(x)=g(f(x)) =g(l6x—1)
B 1 1
C(lex—1)+2  l6x+1

PRACTICE

Find f o g(x) and g o f(x).
l. f(x)=x+2and g(x)=x>—4
2. f(x)=x"and g(x) = v2x — 4
3. f(x)=3x*+xand g(x) = 1/x
4., f(x)=1/xand g(x)=2/(x—1)

_\®
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SOLUTIONS
1.

fog(x) =[(g(x) =f(x*—4)
=’ —442=x"-2

gof(x) =g(f(x)) =g(x+2)
=(x+2 —4=(x+2(x+2)—4
=x"+4x+4—4=x"+4x

fogx)=/f(g(x) =f(~2x—4)
=(2x—4>=2x—4
gof(x) =g(f(x)) = g(x")
— V232 —4

1o g0 = £(g(x) =f<

N2 1
:3(_) L
X X

gof(x) = g(f(x)) = g(3x* + x)
B 1
324 x

==
~—

1
+—
X

><N| w

o) =tee) =1 (25)

B 1 ey 2
C2/(x=1) T x-—1
x—l_x—l

=1 =
2 2
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g0 /() = g(f(x) = g(l)

X

2 2

Cl/x—1 1/x—x/x

_ 2 R

T(1=-x/x 7 x
X 2x

T—x 1-x

There is no reason a function cannot be evaluated at itself. In other words,
sometimes we are asked to compute f o f(x) for some function f(x). For
example, suppose /(x) = 3x* + 5.

fof(x) =f(f(x) =f3x*+5)
=332 +52+5=33x"+503x>+5+5
= 3(9x% + 30x + 25) + 5 = 27x% + 90x + 80

Sometimes we need only to compose functions at a single x-value.
For example, if f(x) = 8 — 5x and g(x) = x 4+ 4, we might only need to find
fogx)forx =2.Todothis,letx =2ing(x):g(2)=2+4=6.Nowletx =6
in f(x): f(6) =8 — 5(6) = —22. We have just found that f o g(2) = —22. Of
course, if we know that f o g(x) = —5x — 10 (as we computed earlier), we could
evaluate f o g(2) by letting x = 2 in —5x — 12. For the following examples and
practice problems, both f o g(x) and g o f(x) were computed as above.

EXAMPLES
e Find fog(l) and gof(—=2) for f(x) = x* +4x — 3 and g(x) = 2x — 5.
First find g(1): g(1) = 2(1) — 5 = —3. Now let x = =3 in f(x): f(-3) =
(=3 +4(=3) =3 =—6, 50 f 0 g(1) = f(g(1)) = f(—3) = —6.
gof(=2)=g(f(-2))
=g(=7) (f(=2)=(-2+4(-2)—3=-7)
=—19 (g(-7)=2(-7)=5=-19)
e Find f 0g(0) and g o f(9) for f(x) = /x and g(x) = x> 4+ 2x + 2.
S 0g(0) = f(g(0))
=/(2) (g(0)=0"+2(0)+2=2)
=2

gof(9) =g(f(9) =gB) (f/(9=+9=3)
=32 423)+2=17
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PRACTICE

1. Find f o g(—3) and go f(5) for f(x) = x + 2 and g(x) = x> — 4.

2. Find f o g(5) and g o f(2) for f(x) = x* and g(x) =+2x—4.

3. Find fog(—2) and go f(2) for f(x) = 1/x and g(x) =2/(x — 1).

SOLUTIONS
1.
fog(=3)=f(g(-3))
=/(5)  (&(-3)=(-3’—-4=5)
=542=7
gof(5) =g(f(5)
=g (O =5+2=7)

=7*—4=45
2.
fog(5) =/(g(5)
=/(6) (8(5) = V2(5) — 4 = V6)
= (V6 =6
gof(2) =g (fQ)=2"=4)
=V2(4) —4=v4=2
3.

fog(=2)=/(g(=2)

J— J— . J— 3
T —2/3 T 3 27 2
gof(2) = g(f(2)

) (o)

22
C12—-1 —1)2

1
:27(—5):2.(—2):—4

Graphs can be used to evaluate the composition of functions at a particular
x-value. For f o g(x), the y-value of g(x) becomes the x-value for f(x). In other
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words, f o g(x) is the y-value for f(x) whose x-value is g(x). For example, if

we are asked to find f o g(1), we need to look on the graph of g(x) for the
point whose x-coordinate is 1, and put this y-coordinate in for x in f(x).

EXAMPLE

Fig. 8-84.

The solid graph is the graph of f(x) and the dashed graph is the graph of g(x).

e Findfog(l), fog(~1), gof(0)

For f o g(1) = f(g(1)), we need to look on the graph of g(x) for the
point whose x-coordinate is 1. This point is (1, —2). Now we will
use y = —2 as x = —2 in f(x). We need to look on the graph of f(x)
for the point whose x-coordinate is —2. That point is (-2, 5). This
means that f o g(1) = 5.

For f o g(—1) = f(g(—1)), we will look on the graph of g(x) for the
point whose x-coordinate is —1. This point is (—1,2). Now we will
use y=2 as x =2 in f(x). We need to look on the graph of f(x)
for the point whose x-coordinate is 2. That point is (2, — 3). This
means that f o g(—1) = —3.

For gof(0) = g(f(0)), we need to look on the graph of f(x) for
the point whose x-coordinate is 0. This point is (0, — 3). Now we
will look on the graph of g(x) for the point whose x-coordinate is
—3. That point is (—3, 6). This means that g o f(0) = 6.

PRACTICE
The graph of f(x) is the solid graph, and the graph of g(x) is the dashed
graph.
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Fig. 8-85.
1. Find f o g(=3)
2. Find gof(1)
3. Find fog(l)
4. Find f o f(2)
SOLUTIONS

1. The point (-3, 1) is on the graph of g(x). The point on the graph of
f(x) whose x-coordinate is 1 is (1, 5). This makes f o g(—3) = 5.

2. The point (1, 5) is on the graph of f(x). The point on the graph of g(x)
whose x-coordinate is 5 is (5, — 4). This makes g o (1) = —4.

3. The point (1,2) is on the graph of g(x). The point on the graph of f(x)
whose x-coordinate is 2 is (2,0). This makes f o g(1) = 0.

4. The point (2,0) is on the graph of f(x). The point on the graph of f(x)
whose x-coordinate is 0 is (0, 8). This makes f o f(2) = 8.

THE DOMAIN OF THE COMPOSITION OF FUNCTIONS

Finding the domain of the composition of functions is a little more com-
plicated than finding the domain for the other combinations. For example,
x = —1 is in the domain of both f(x) =1/x and g(x) = x+ 1 but not in
the domain of f o g(x). Why not? We cannot let f(x) be evaluated at x = 0,
and g(—1)=—-141=0,s0 fog(—1)) =f(g(—-1)) =f(0) = % is not defined.

For any functions f(x) and g(x), the domain of f o g(x) is the domain
of g(x) after deleting any x-values whose y-values are not allowed for f(x).
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In the above example, x = —1 is in the domain of g(x) but x = g(—1) is
not in the domain of f(x). To find the domain of f o g(x), we first need to
find the domain of g(x). Next, we will evaluate f(x) at g(x). Before

simplifying, see which, if any, x-values need to be removed from the domain
of g(x).

EXAMPLES
Find the domain of f o g(x).

e f(x)=1/(x—1)and g(x) = x*
The domain for g(x) is all x. Are there any x-values that need to be
removed? This means, are there any y-values for g(x) that cause a
zero in the denominator for f(x)? Evaluate f(g(x)).

Flg) =/ = 5

—1

Because x =1 and x = —1 cause the denominator to be 0, we must
remove them from the domain of g(x). The domain of f o g(x) is all
x except 1 and —1. In interval notation, this set is (—oo, — 1)U
(-1, 1Hu(,o0).

o f(x)= x? and gx)=+/x+1
The domain for g(x) is all x > —1. Are there any x-values that need
to be removed from [—1,00)? We need for fog(x)=f(g(x)) =
f(Wx+1)=(/x+1)* to be defined. Since +/x+ 1 is defined for
all x > —1, we do not need to remove any numbers from [—1, c0),
so the domain for f o g(x) is [—1, 00).

e f(x)=1/(x+1)and g(x)=1/(x—1)
The domain for g(x) is all x except 1.

S og(x) =f(g(x) = Uox—1)+1
We cannot allow the denominator, 1/(x — 1) + 1, to be 0, so we need
to remove any x-value from the domain of g(x) that makes
l/x=1)+1=0.

1
—4+1=0
x—1
1 x—1
1- =0
x—1+ x—1
I+(x—-1) x —0

X x—1
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The fraction x/(x — 1) is 0 when the numerator, x, is 0. This makes the
domain for f o g(x) all x except 1 and 0. In interval notation, this is
(—00,0)U(0,1)U (1, 00).

This is a good example of why we need to look at f o g(x) before
it is simplified because f o g(x) simplifies to (x — 1)/x. This simplifica-
tion hides the fact that we cannot allow x to equal 1.

PRACTICE
Find the domain for f o g(x). Give solutions in interval notation.

I. f(x)=4x—5and g(x) =+/x+3
2. f(x)=x"and g(x) =/3x+5
3. f(x)=1/(x+1)and g(x)=x—1

4. f(x)=1/xand g(x) = \/x

SOLUTIONS

1. The domain for g(x) is x > —3. Evaluate fog(x): f(v/x+3)=
44/x + 3 — 5. We do not need to remove any x-values, so the domain
is [—3, 00).

2. The domain for g(x) is x > —%. Evaluate fog(x): f(V3x+5) =
(V3x+5) =3x+5. We do not need to remove any x-values.
The domain is [—3, 00).

3. The domain for g(x) is all x. Evaluate f o g(x)

1 1
Sogx)=f(gx)=f(x-1)= m = X
We cannot allow x to be 0, so we need to remove x =0 from the
domain of g(x). The domain is (—o0, 0) U (0, 00).
4. The domain for g(x) is x > 0. Evaluate f o g(x).

1
fog)=1D =1
We cannot allow /x =0, so we need to remove x =0 from the
domain of g(x). The domain is (0, c0).

A chain of three or more functions can be composed together. The steps
in evaluating these chains are the same as in evaluating the composition
of two functions. By definition, f o g o h(x) = f o g(h(x)) = f(g(h(x))). In this
expression, we call f the outside function, g the middle function, and
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h the inside function. In f ogoh(x), we begin by finding g(h(x)), then
evaluating f(x) at g(h(x)).

EXAMPLES
Find f o g o h(x).

o f(x)= X, g(x)=5x+6, and h(x) = 8x* + x+ 4
First we will find g o h(x) = g(h(x)).
g(h(x)) = gB8x* + x +4) =58x* +x+4)+6
= 40x” 4 5x 4 26
Now we can evaluate f(x) at 40x + 5x + 26.

f ogoh(x) =f(40x* + 5x 4 26) = v/40x? + 5x + 26

e f(x)=x"" g(x)=2x>—9, and h(x) =3x+8
g o h(x) = g(h(x)) = g(3x + 8)
=23x+8)>—-9=23x+8)Bx+8)—9
= 18x> + 96x + 119
Evaluate /(x) at 18x> + 96x + 119
fogoh(x)=f(18x% +96x + 119) = (18x* + 96x + 119)!°

PRACTICE
Find f o g o h(x).

1. f(x)=5x—28, g(x) =2x+9, and h(x) = 6x> + 3x + 1
2. f(x)=+3x+4, glx)=x*—x—3,and h(x) = x + 1
3. f(x)=x", g(x) =3x*+x—4, and h(x) =9x +2

4. f(x)=1/x, g(x)=x% and h(x) = x* — 4

SOLUTIONS
1.

goh(x) =g(h(x)) = g(6x* +3x +1) = 2(6x* +3x+ 1) +9
=12x> + 6x+ 11
F(12x% + 6x 4+ 11) = 5(12x% 4 6x + 11) — 8 = 60x* + 30x + 47
fogoh(x)=60x*+ 30x + 47
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2.
goh(x)=gh(x) =gx+ 1) =(x+1*—(x+1)—3
=(x4+DEx+)—x—1-3=x"4x-3
SO +x—3= 32 +x—3)+4=13C+3x 5
fogoh(x)=+v3x>+3x-5

goh(x) = g(h(x)) = gOx +2) =309x+2)° + 9x +2) — 4
=309x+2)O9x+2)+9x+2 —4=243x" + 117x + 10

£(243x% + 117x + 10) = (243x% + 117x + 10)"

fogoh(x)=(243x" + 117x + 10)"?

g o h(x) = g(h(x)) = g(x* — 4) = (x> — 4)°
— (PP =x" —8xT + 16

1
xt—8x2+16
1
x*—8x2+16

f(x* —8x% +16) =

fogoh(x)=

Chapter 8 Review

1. The graph of f(x + 3) — 6 is the graph of f(x)
a) shifted to the left 3 units and down 6 units.
b) shifted to the right 3 units and up 6 units.
¢) shifted to the left 3 units and up 6 units.
d) shifted to the right 3 units and down 6 units.
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2. The solid graph in Fig. 8-86 is the graph of f(x) = |x|. The dashed
graph is the graph of which function?
a)y=Ix+2[-1 by=x-2[-1 o©oy=Ix+2[+1
d)y=|x-2|+1

5 —
N 4+ ,
N /
N N 3+ //
AN 2F ad
N /
]‘\ AN //
Lo IR R it W B B
5 -4 -3 -2 -1 IN2.,3 4 5 6 7
ak %
2
3F
4
5L
Fig. 8-86.
3. Is f(x) = —3x% 4+ 5 an even function, odd function, or neither?

a) Even b) Odd ¢) Neither d) Cannot be determined

4. For f(x) = x —7 and g(x) = x* + 3x, find f o g(x).
a)x2+4x—7 b)x2—11x+28 c)x3—4x2—21x
d) x* +3x—7
5. The solid graph in Fig. 8-87 is the graph of f(x). The dashed graph is
the graph of af(x). What is a?
a) —% by ¢ -2 d)2
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10.

11.

CHAPTER 8 Transformations

The graph of —3f(x) is the graph of f(x)

a) reflected about the x-axis and vertically stretched.
b) reflected about the x-axis and vertically flattened.
c) reflected about the y-axis and vertically stretched.
d) reflected about the y-axis and vertically flattened.

Is g(x) = 2x° — x an even function, odd function, or neither?
a) Even b) Odd c¢) Neither
d) Cannot be determined

Evaluate f o g(x) for f(x) = +/3x + 5 and g(x) = x>
a) V3xt4+5 b xX*V3x+5 o) vVx2+5  d)3x+5
What is the domain for f o g(x) when f(x) = 1/x and g(x) = x — 6?

a) (—00,0)U(0,00)  b) (0,6)U(6,00)  c) (—00,6) U (6,00)
d) (=00, 0) U (0, 6) U (6, 00)

The solid graph in Fig. 8-88 is the graph of y = ./x. The dashed
graph is the graph of what function?

Ay=—yx+1 by=y=x+1 oy=vI-x
d)y=—-vx-1

5

e

3k

ok

1k

3 \\5 S 6 8 10

1k ~ .

ok \\\\\\

3k Tl

4

5L

Fig. 8-88.

Find f o g(2) when f(x) = x* — x and g(x) = 4x.
a) 16 b) 8 c) 56 d) 10
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12. Find f o g o h(x) for f(x) = J/x, g(x) = x* + 1, and h(x) = 2x + 5.

a) V4Ax24+20x+26  b) Cx+5vVx2+1 o) 2xP+7

d) v2x*+7

SOLUTIONS
lLay 2.b) 3.a 4d 5b) 6 a)
7.b)  8.a) 9.c¢ 10.d 1l.c 12 a)



CHAPTER

Polynomial Functions‘

A polynomial function is a function in the form f(x) = a,x"+ a, {X"7'%
-+ 4+ a;x + ay, where each q; is a real number and the powers on x are
whole numbers. There is no x under a root sign and no x in any denominator.
The number ¢, is called a coefficient. For example, in the polynomial function
f(x)= —2x° +5x* —4x + 8, the coefficients are —2, 5, —4, and 8. The
constant term (the term with no variable) is 8. The powers on x are 3, 2,
and 1. The degree of the polynomial (and polynomial function) is the highest
power on x. In this example, the degree is 3. Quadratic functions are
of degree 2. Linear functions of the form f(x) = mx + b (if m #£ 0) are of
degree 1. Constant functions of the form f(x) = b are of degree 0 (this is
because x° = 1, making f(x) = bx").

The leading term of a polynomial (and polynomial function) is the term
having x to the highest power. Usually, but not always, the leading term is
written first. The leading coefficient is the coefficient on the leading term. In our
example, the leading term is —2x°, and the leading coefficient is —2. By looking
at the leading term only, we can tell roughly what the graph looks like. The
graph of any polynomial will go up on both ends, go down on both ends, or go
up on one end and down on the other. This is called the end behavior of the

@’_
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graph. The figures below illustrate the end behavior. The shape of the dashed
part of each graph depends on the individual function.

Fig. 9-1.

This graph goes up on both ends.

Fig. 9-2.

This graph goes down on both ends.

Fig. 9-3.

This graph goes down on the left and up on the right.
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Fig. 9-4.

This graph goes up on the left and down on the right.

If the degree of the polynomial is an even number, the graph will look like
the graph in Figs. 9-1 or 9-2. If the leading coeflicient is a positive number,
the graph will look like the graph in Fig. 9-1. If the leading coefficient is a
negative number, the graph will look like the graph in Fig. 9-2. If the degree
of the polynomial is an odd number, the graph will look like the one in
Figs. 9-3 or 9-4. If the leading coeflicient is a positive number, the graph will
look like the graph in Fig. 9-3. If the leading coefficient is a negative number,
the graph will look like the graph in Fig. 9-4.

How can one term in a polynomial function give us this information?
For polynomial functions, the leading term dominates all of the other terms.
For x-values large enough (both large positive numbers and large negative
numbers), the other terms do not contribute much to the size of the y-values.
“Large enough” x-values depend on the polynomial. For example, x = 100
is “large” for the function f(x) = x*> — x 4+ 1 but not “large” for the function
£(x) = 9718x" + 30,162x® — 10,956x".

We can avoid memorizing the effect of the leading coefficient on the
graph of the function by reasoning our way to remembering. Suppose the
leading term is 5x*. What kind of y-value will we get for a “large” positive
x-value?

S(large positive)4

A “large” positive number raised to the fourth power then multiplied by 5
will be another “large” positive number. The same is true for a “large”
negative number.

S(large negative)4
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This is another “‘large” positive number. This means that the graph will look
like the graph in Fig. 9-1.
If we change the leading coefficient from 5 to —5, then —5(large positive)*
and —5(large negative)* are large negative numbers. The graph of the func-
tion will look like the graph in Fig. 9-2.

Now suppose the leading term is 5x°. What kind of y-value will we get
by letting x be a ““large” positive number?

S(large positive)3

A large positive number raised to the third power is also a large positive
number. When multiplied by 5, it becomes a larger positive number.

5(large negative)’

A large negative number raised to the third power is a large negative number.
When multiplied by 5, it becomes a larger negative number. The graph of the
function will look like the graph in Fig. 9-3.

Finally, if the leading coefficient is —5 instead of 5, —5(large positive)® is
a large negative number, and —5(large negative)® is a large positive number.
The graph of the function will look like the graph in Fig. 9-4.

EXAMPLES
Match the graph of the given function with one of the graphs in Figs. 9-1-9-4.

o f(X)=4x"+6x° —2x° +8x+11
We only need to look at the leading term, 4x°. The degree, 5, is odd,
and the leading coefficient, 4. The graph of this function looks like
the one in Fig. 9-3.

o P(x)=5+42x—6x
The leading term is —6x>. The degree, 2, is even, and the leading
coefficient, —6, is negative. The graph of this function looks like
the one in Fig. 9-2.

o h(x)=-2x"4+4x>—Tx+9
The leading term is —2x°. The degree, 3, is odd, and the leading coeffi-
cient, —2, is negative. The graph of this function looks like the one in
Fig. 9-4.
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o g(x)=x"+4x' —8x*+3x-5
The leading term is x*. The degree, 4, is even, and the leading coeffi-

cient, 1, is positive. The graph of this function looks like the one in
Fig. 9-1.

PRACTICE
Match the graph of the given function with one of the graphs in
Figs. 9-1-9-4.

. f(x)=—-8xX+4x* —9x+3
F(x) = 4x° +10x* — 3x° + 12
P(x) = X' 4+x—-6

gx)=1 +x4+x+x

P(x) = —x°

kv

SOLUTIONS

Figure 9-4
Figure 9-3
Figure 9-2
Figure 9-3
Figure 9-4

ARl

Finding the x-intercepts (if any) for the graph of a polynomial func-
tion is very important. The x-intercept of any graph is where the graph
touches the x-axis. This happens when the y-coordinate of the point is 0.
We found the x-intercepts for many quadratic functions—by factoring and
setting each factor equal to zero. This is how we will find the x-intercepts for
any polynomial function. This is not always easy to do. In fact, some
polynomials are so hard to factor that the best we can do is approximate
the x-intercepts (using graphing calculators or calculus manipulations).
This will not be the case for the polynomials in this book, however. Every
polynomial here will be factorable using the techniques covered later in
the book.

Because an x-intercept for f(x)=a,x"+a, X" '+ ---+ax+a, is a
solution to the equation 0 = a,x" + a,_; X"~ +--- + a;x + qy, x-intercepts
are also called zeros of the polynomial. All of the following statements have
the same meaning for a polynomial. Let ¢ be a real number, and let P(x) be a
polynomial function.

1. c¢is an x-intercept of the graph of P(x).
2. cis a zero for P(x).
3. x —cis a factor of P(x).
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EXAMPLES

x — 1 is a factor means that 1 is an x-intercept and a zero.

x + 5 is a factor means that —5 is an x-intercept and a zero.

x is a factor means that 0 is an x-intercept and a zero.

3 is a zero means that x — 3 is a factor and 3 is an x-intercept.

We can find the zeros of a function (or at least the approximate zeros)
by looking at its graph.

The x-intercepts of the graph in Fig. 9-5 are 2 and —2. Now we know that
x — 2 and x + 2 (which is x — (—2)) are factors of the polynomial.

Fig. 9-6.



@’_ CHAPTER 9  Polynomial Functions

The graph of the polynomial function in Fig. 9-6 has x-intercepts of —1, 1,
and 2. This means that x — 1, x — 2, and x+ 1 (as x — (—1)) are factors of
the polynomial.

Fig. 9-7.

The x-intercepts for the graph in Fig. 9-7 are —3, 0, and 2, making x + 3,
x (as x — 0), and x — 2 factors of the polynomial.

PRACTICE
Identify the x-intercepts and factors for the polynomial functions whose
graphs are given.

1.

Fig. 9-8.
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2.
L 1 1 l\ 1 /l
4 2 -1 1 2‘\3/é1 5
Fig. 9-9.
3.
L 1 1 1 1 1 J
3 2 -1 1 2 3 4 5
Fig. 9-10.
4.
A 1 1 ‘/\ J
5 4 -3 % 1 1 3 5

Fig. 9-11.
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5.
S a1z 5 45
Fig. 9-12.
SOLUTIONS

1. The x-intercepts are —2, 0, and 1, so x + 2, x, and x — 1 are factors of
the polynomial.

2. The x-intercepts are —3, 2, and 4, so x+ 3, x—2, and x —4 are
factors of the polynomial.

3. The x-intercepts are 0 and 4, so x and x —4 are factors of the
polynomial.

4. The x-intercepts are —4, —2, 2 and 4, so x+4, x+2, x— 2, and
x — 4 are factors of the polynomial.

5. The x-intercepts are —3 and 0, so x+ 3 and x are factors of the
polynomial.

Now that we know about the end behavior of the graphs of polynomial
functions and the relationship between x-intercepts and factors, we can look
at a polynomial and have a pretty good idea of what its graph looks like.
In the next set of examples and practice problems, we will match the graphs
from the above discussion with their polynomial functions.

EXAMPLES
Match the functions with the graphs in Figs. 9-5-9-7.
1 35

1 1
o f(x)ZExZ(x+3)(x—2):Ex4+Ex3_gx
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Because f(x) is a polynomial whose degree is even and whose leading
coefficient is positive, we will look for a graph that goes up on the
left and up on the right. Because the factors are X2, x+3,and x — 2,

we will also look for a graph with x-intercepts of 0, — 3, and 2. The
graph in Fig. 9-7 satisfies these conditions.

° g(x):%(x—1)(x—2)(x+1):%x3—x2—%x+1

Because g(x) is a polynomial whose degree is odd and whose leading
coefficient is positive, we will look for a graph that goes down on
the left and up on the right. The factors are x — 1, x — 2, and x + 1,
so we will also look for a graph with 1, 2, and —1 as x-intercepts.
The graph in Fig. 9-6 is the only one that satisfies all of these
conditions.

o P)=(2+2)(x=2(x+2)=x"—2x* -8
Because P(x) is a polynomial whose degree is even and whose leading
term is positive, we will look for a graph that goes up on both ends.
Although x* + 2 is a factor, there is no x-intercept from this factor
(this is because x*+2 =0 has no real number solution). The x-
intercepts are 2 and —2. The graph in Fig. 9-5 satisfies these conditions.

PRACTICE
Match the polynomial function with one of the graphs in Figs. 9-8-9-12.

1.
f(x) = —é(x+4)(X+2)(x—2)(x—4): leide g

8 2
2.
g(x) = X2(x — 4" = x* — 8x° + 16x°
3.
P(x):—lxz(x+2)(x—1):—1x4_1x3+x2
2 2 2
4.
O(x) = x*(x + 3) = x* 4 3%
5.
1 15 3,
R(X)ZE(X+3)(x—2)(x—4):§x —5% —5x+12
SOLUTIONS

1. Figure 9-11
2. Figure 9-10
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3. Figure 9-8
4. Figure 9-12
5. Figure 9-9

Sketching Graphs of Polynomials

To sketch the graph of most polynomial functions accurately, we need to
use calculus (do not let that scare you—the calculus part is easier than the
algebra part!). We can still get a pretty good graph using algebra alone.
The general method is to plot x-intercepts (if there are any), a point to the
left of the smallest x-intercept, a point between any two x-intercepts, and a
point to the right of the largest x-intercept. Because y-intercepts are easy
to find, these can also be plotted.

EXAMPLES
o f(x)= %x(x + D(x—3)

The x-intercepts are 0, —1, and 3. We will use x = —2 for the point to
the left of the smallest x-intercept, x = —0.5 for the point between the
x-intercepts —1 and 0, x = 1.5 for the point between the x-intercepts
0 and 3, and x =4 for the point to the right of the x-intercept 3

(Table 9-1).
Table 9-1
x J(x)
-2 | =5
-1 0
—0.5 0.4375
0 0
1.5 | —2.8125
3 0
4 10
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——&

_10 L
Fig. 9-13.

o f(x)=—2x—1D)(x+2)(x—3)
The x-intercept from the factor 2x — 1 is %

2x—1=0
2x =1
x—l
2

The other x-intercepts are —2 and 3. In addition to the x-intercepts,
we will plot the points for x = —2.5 (to the left of x = =2), x = —1
(between x = —2 and x =1), x =2 (between x =1 and x = 3), and
x =3.5 (to the right of x =3) (Table 9-2). The reason we used
x = —=2.5 instead of x =—3 and x = 3.5 instead of x =4 is that
their y-values were too large for our graph.
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Table 9-2
x S )
-2.5 16.5
-2 0
-1 —12

0 -6

i 0

2 12

3 0

35| —16.5

20
151
10

204
Fig. 9-14.
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PRACTICE
Sketch the graph of the function.

1. f(x) =%x(x—2)(x+2)
2. g(x) = —%(x +3)(x—1D(x—13)
3. h(x)= —11—0(x +4(x+ D(x—2)(x—3)

SOLUTIONS
1.
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10

-8+

_10 L
Fig. 9-17.

Polynomials can be divided in much the same way as whole numbers.
When we take the quotient of two whole numbers (where the divisor is not
zero), we get a quotient and a remainder. The same happens when we take
the quotient of two polynomials. Polynomial division is useful in factoring
polynomials.

Polynomial division problems usually come in one of two forms.

dividend polynomial
divisor polynomial

or dividend polynomial = divisor polynomial

According to the division algorithm for polynomials, for any polynomials
f(x) and g(x) (with g(x) not the zero function)

J&x) _ r(x)
gx) g(x)’

where ¢(x) is the quotient (which might be 0) and r(x) is the remainder, which
has degree strictly less than the degree of g(x). Multiplying by g(x) to clear
the fraction, we also get f(x) = g(x)g(x) + r(x). First we will perform poly-
nomial division using long division.

q(x) + ——

q(x)
()| f(x)

r(x)
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EXAMPLES
Find the quotient and remainder using long division.
45> +3x -5
x+2

x+2|4x2+3x =5

We will begin by dividing the leading term of the dividend by the lead-
ing term of the divisor. For the first step in this example, we will divide
4x* by x. You might see right away that 4x* = x is 4x. If not, write
4x*> = x as a fraction then reduce: 4x?/x = 4x. This will be the first
term of the quotient.

4x
x+2|4x2 +3x -5

Multiply 4x by the divisor: 4x(x 4 2) = 4x> + 8x. Subtract this from
the first two terms of the dividend. Be careful to subtract all of
4x* + 8x, not just 4x°.

4x
x+2| 4x* +3x—5
—(4x* + 8x)
—5x

Bring down the next term.

dx
xX+2| 4x>+3x-5
—(4x* + 8x)
—5x -5

Start the process again with —5x + x = —5. Multiply x+2 by —5:
—5(x +2) = —5x — 10. Subtract this from —5x — 5.

dx —5
x+2| 4x2+3x—5
—(4x* + 8x)
—5x—5
—(=5x-=10)

5
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We are finished because 5 — x = 5/x cannot be a term in a polynomial.
The remainder is 5 and the quotient is 4x — 5.

3PS5 — 4t +7x— 1
x24+2x-3

X242y —3[3xf 5 —4x2 +7x — 1

Divide 3x* by x* to get the first term of the quotient: 3x*/x* = 3x7.
Multiply x> +2x—3 by 3x% 3x%(x* +2x — 3) = 3x* + 6x° — 97
Subtract this from the first three terms in the dividend.

3x?
x2+2x—3| 34+ 5xF —4x2 4+ 7x— 1
—3x* +6x° —9x%)
—x3 4 5x?

Divide —x° by x? to get the second term in the quotient: —x°/x* = —x.
Multiply x> +2x—3 by —xi —x(x’+2x—3)=—x> —2x> + 3x.
Subtract this from —x° + 5x* + 7x.

3% — X
x2+2x—3| 3453 —4x2 4+ 7x — 1
—3x* +6x° —9x%)

—x3 4+ 5x* 4+ Tx
—(=x* = 2x% 4 3x)
7x% 4 4x

Divide 7x* by x> to get the third term in the quotient: 7x%/x* = 7.
Multiply x* + 2x — 3 by 7: 7(x* 4+ 2x — 3) = 7x* + 14x — 21. Subtract
this from 7x* + 4x — 1.

3 — x +7
X 42x =3 3t 45 —4xt 4+ Tx— 1
—(3x* + 6x° —9x%)

—x3 4 5x% 4+ 7x
—(=x> = 2x% 4 3x)
Ix2+ 4x— 1

—(7x* + 14x = 21)
—10x + 20
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Because —10x/x2 cannot be a term in a polynomial, we are finished.
The quotient is 3x*> — x + 7, and the remainder is —10x -+ 20.

PRACTICE
Use long division to find the quotient and remainder.

1.
X —6x*+12x— 4

x+2
2.
(6x° = 2x% 4+ 5x — 1) = (x> + 3x +2)
3.
x4 3x* = 3x° =327 4+ 19x — 13
X2 4+2x-3
SOLUTIONS
1.
X2 —8x + 28
x+2] B¥-—6x2+12x—4
—(x +2x7)
—8x2 + 12x
—(—8x? — 16x)
28x — 4
—(28x + 56)
—60
The quotient is x> — 8x + 28, and the remainder is —60.
2.

6x —20
4+3x+2] 6x3— 232+ 5x— 1
—(6x° + 18x% + 12x)

—20x2— Tx—1
—(=20x% — 60x — 40)
53x+ 39

The quotient is 6x — 20, and the remainder is 53x + 39.
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3.

X+ xP-2x + 4
P 2x =3 X3 =33 - 32+ 19x - 13
—(x° 4+ 2x* = 3x%)
x* 4 0x3 — 3x2
—(x* 257 = 3x%)
—2x3 4+ 0x% + 19x
—(=2x* =4’ + 6x)

4x7 + 13x— 13
—(@4x* + 8x—12)
S5x— 1

The quotient is x° 4+ x* — 2x + 4, and the remainder is 5x — 1.

It is important that every power of x, from the highest power to the
constant term, be represented in the polynomial. Although it is possible to
perform long division without all powers represented, it is very easy to make
an error. Also, it is not possible to perform synthetic division (discussed later
in this chapter) without a coefficient for every term. If a power of x is not
written, we need to rewrite the polynomial (either the dividend, divisor, or
both) using a coefficient of 0 on the missing powers. For example, we would
write x* — 1 as x° 4+ 0x? + Ox — 1.

EXAMPLE
o (X=8)=(x+1
Rewrite as (x° + 0x> + 0x — 8) = (x + 1)

X — x + 1
x—|—1| x> 4+0x2+0x—8

—+ D)
—x? + 0x
—(—=x* = x)
x—38
—(x+1
9

The quotient is X —x+ 1, and the remainder is —9.
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PRACTICE
Find the quotient and remainder.

l.

2. Bx*=s5x+2)=(x—-4)
3.

3 x4+ 1
x2 =2
SOLUTIONS
1.

4+ ox +1
x—1| X 4+0x2+0x—1

—(x—1)
0

The quotient is x> + x + 1, and the remainder is 0.

3xd +12x% +48x + 187
x—4] 3x*+ 0x3+ 0x2 —5x+2

—(3x* — 1229
1203 + 0x2
—(12x° — 48x%)
48x2 —  Sx
—(48x% — 192x)
187x+ 2
—(187x — 748)

750

The quotient is 3x° + 12x* + 48x + 187, and the remainder is 750.
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3x>+5

M 40x—2] 3t 4+0x3 — X24+0x+1

—(3x* +0x’ — 6x%)

5x240x4+ 1
—(5x% + 0x — 10)
11

The quotient is 3x*> + 5, and the remainder is 11.

Polynomial division is a little more difficult when the leading coefficient of
the divisor is not 1. One reason is that the terms of the quotient are harder to
find and are likely to be fractions.

EXAMPLES
Find the quotient and remainder using long division.

X —x+2

2x —1

Find the first term in the quotient by dividing the first term of the
dividend by the first term of the divisor: x*/2x = x/2 = (1/2)x.

The quotient is 1 x — J, and the remainder is ;

Ix
2x— 1] x2— x+2
—(xz—%x)
—%x+2
i 1, 11 1
2 277 22 4

e
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o (4x*+5x—06)= (%x— 1)

Find the first term in the quotient by dividing the leading term of the
dividend by the first term of the divisor.

4x° 4x 2 3
(2/3)x—2/—3—4x—§—4)€§—6x
2 12
6x(§x— 1) =?x2 — 6x = 4x> — 6x
6x
Ix—1] 42+ 5x—6
—(4x* — 6x)
11x—6
1x _11_11.2_11 333
/3)x 2/3 3 2 2
B2\ BB
2 3" e T 27T YT
6x+%
%x—1| 42+ 5x—6
—(4x* — 6x)
I1lx—6
—(11x =3

21
2

The quotient is 6x + % and the remainder is %

PRACTICE
Use long division to find the quotient and remainder.

. (X =x*4+2x+5=0Cx—4)
2.

3 — X7 +4x+2
—(1/2)x* +1
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DYy——

SOLUTIONS
1.
et
3x—4] ¥ — P 42x+5
—(X3—%X2
Lx? +2x
—(%xZ—gx)
2y+5
(22/9)x _22/9 22 1 22
3x 3 9 3 27
66x 88 22 88

22

Wi+
3x—4] X¥*— xX242x+5
—(x° —%‘x)

%Xz + 2x

—(x* —§x)
Zx+5
2 88
—(gx—%

223
27

The quotient is {x* +1x + 2, and the remainder is 2.

3x3 3x 1
= =3x+—5=3x--2=-6
2 T —(1 " T T2 T ;

—6x<—%x2 + 0x + 1) =3x° 4+ 0x% — 6x

—6x
— i+ 0x+ 1 3 — K4 4x42
—(3x° —0x* — 6x)
— x>+ 10x+2
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2
7x:izl+l:1.2:2
(122 1)2 2

2(—; 2+0x+1) = X+ 0x+2

—6x + 2
—%x2+0x+1| 33— X2 +4x+2
—(3x° — 0x* — 6x)
—x24+10x+2
—(=x*+ 0x+2)
10x+0

The quotient is —6x + 2, and the remainder is 10x.

Synthetic division of polynomials is much easier than long division. It only
works when the divisor is of a certain form, though. Here, we will use
synthetic division when the divisor is of the form x — number or x + number.
First we will learn how to set up the problems.

For a problem of the form

1

a X"+ a,_ X"+ +ax + aq

X—=c

or  (aX"+a, X"+ +ax+ag) = (x— o),

write

Cl a, dp— a4 4o

Every power of x must be represented.

EXAMPLES
Set up the division problems for synthetic division.
453 —5x% +x—8
x—2
The coefficients of the dividend are 4, —5, 1, and —8. Because the
divisor is x — 2, ¢ = 2.

204 =5 1 =8
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We need to think of x* —2x + 1 as x° + 0x* — 2x + 1. The coefficients
are 1, 0, — 2, and 1. The divisor is x — 4, so ¢ = 4.

3x4—x2+2x+9

xX+5

A[T 0 —2 1

Think of 3x* — x> +2x+9 as 3x* +0x* — x> + 2x +9 and x+ 5 as
x — (—5). The coefficients are 3, 0, — 1, 2, and 9, and ¢ = —5.

PRACTICE

5370 -1 2 9

Set up the problems for synthetic division.

1.

4. (P +8)=(x+2)

SOLUTIONS

. 2[5 1T -3 4

5 + x> —3x+4
x—2

X +3x—10

x—6

x3+2x2+x—8
x+3

6T —1 0 3

2.
3. 3[T 2 1 =38
4,

-2|/1 0 0 8

— 10
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We are ready to learn the steps in synthetic division. The tedious work in
long division is reduced to a few steps.
Find the quotient and remainder using synthetic division.

43 —5x° +x—8
x—2

2[4 =5 1 =8

Bring down the first coefficient.

24 =5 1 =38
4

Multiply this coefficient by 2 (the ¢) and put the product under —5, the next
coeflicient.

24 =5 1 =38
8

4
Add —5 and 8. Put the sum under 8.

2[4 =5 1 =38
8
i 3

Multiply 3 by 2 and put the product under 1, the next coefficient.

214 -5 1 =8
8 6
4 3
Add 1 and 6. Put the sum under 6.
2[4 -5 1 -8
8 6
4 3 7

Multiply 7 by 2. Put the product under —8, the last coefficient.

2[4 -5
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Add —8 and 14. Put the sum under 14. This is the last step.

24 =5 1 -8
8 6 14
i3 7 6

The numbers on the last row are the coefficients of the quotient and the
remainder. The degree of the remainder is smaller than the degree of
the divisor. Because the divisor is x — 2, its degree is 1. This means that the
remainder has to be a constant (which is a term of degree 0). It also means
that the degree of the quotient is exactly one less than the degree of the
dividend. In this example, the degree of the dividend is 3, so the degree of
the quotient is 2. The last number on the bottom row is the remainder. The
numbers before it are the coefficients of the quotient, in order from the highest
degree to the lowest. The remainder in this example is 6. The coefficients of
the quotient are 4, 3, and 7. The quotient is 4> +3x + 7.

EXAMPLE
e B =X +2x+9)=(x+9)

—5[370 —1 2 9

Bring down 3, the first coefficient. Multiply it by —5. Put 3(=5) = —15

under 0.
-5/3 0 —1 2 9
—15
3
Add 0+ (—15) = —15. Multiply —15 by —5 and put (—15)(—=5) =175
under —1.
-5[3 0 —1 2 9
—15 75
3 —15

Add -1 and 75. Multiply —1+75=74 by -5 and put
(74)(—5) = —370 under 2.

53 0 —1 29
~15 75 =370
3 —15 74
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Add 2 to —370. Multiply 2+ (—370) = —368 by —5 and put
(—368)(—5) = 1840 under 9.

—5[3 0 —1 2 9
~15 75 —370 1840
3 —15 74 —368

Add 9 to 1840. Put 9 + 1840 = 1849 under 1840. This is the last step.

—5[3 0 -1 2 9
~15 75 —370 1840
3 -15 74 —368 1849

The dividend has degree 4, so the quotient has degree 3. The quotient is
3x® — 15x% + 74x — 368 and the remainder is 1849.

PRACTICE
Find the quotient and remainder using synthetic division.

l.

5+ x> —3x+ 4

x—2
2.
x3—|—2x2+x—8
x+3
3. X +8) = (x+2)
4.
3t 6x7 + 43 +9x — 11
x+1
.

2X° +xr —4x—12
x4+ (1/2)
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SOLUTIONS
1.

2[5 1 -3 4
10 22 38
511 19 42

The quotient is 5x% 4+ 11x + 19, and the remainder is 42.

31T 2 1 -8
3 3 -12
I -1 4 —20

2

The quotient is x° — x + 4, and the remainder is —20.

—2[T 0 o0 8
2 4 -8
I —2 4 0

The quotient is x*> — 2x + 4, and the remainder is 0.

—1|-3 6 4 9 —11
3 -9 5 — 14
-3 9 -5 14 —25

The quotient is —3x> +9x% — 5x + 14, and the remainder is —25.

21T -4 -1
~1 0 2
20 -4 —10

The quotient is 2x* — 4, and the remainder is —10.

When dividing a polynomial f(x) by x — ¢, the remainder tells us
two things. If we get a remainder of 0, then both the divisor (x —c¢)
and quotient are factors of f(x). In practice problem 3 above, we had
(x* +8) = (x+2) =x> —2x+4, with a remainder of 0. This means that
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X +8= (x+ 2)(x* — 2x + 4). Another fact we get from the remainder is that
f(¢) = remainder.

f(x) = (x — ¢)g(x) + remainder
f(c) = (¢ — ¢)gq(c) 4+ remainder
f(c) = 0g(c) + remainder

f(c) = remainder

The fact that f(c) is the remainder is called the Remainder Theorem. It is use-
ful when trying to evaluate complicated polynomials. We can also use this
fact to check our work in synthetic division and long division (providing
the divisor is x — ¢).

EXAMPLE
o (X—6x*+4x—5)=(x=23)
By the Remainder Theorem, we should get the remainder to be
3° —6(3%) +4(3) — 5 = —20.

3T -6 4 =5
3 -9 —15
T —3 -5 —20

EXAMPLE
Use synthetic division and the Remainder Theorem to evaluate f(c).

o f(x)=14x"—16x> +10x+8; ¢ = 1.
We will first perform synthetic division with x — 1.

114 — 16 10 8
4 =2 8
14 -2 & 16

The remainder is 16, so f(1) = 16.

PRACTICE
Use synthetic division and the Remainder Theorem to evaluate f(c).

l. f(x)=6x'—8x + x> +2x—5;¢= -2
2. f() =3 +7x" =3x+4;c=1
3. f(x)=—4xX +5x = 3x+4c=-1
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SOLUTIONS
1.
26 =8 1 2 =3
—12 40 —82 160
6 —20 41 —80 155
The remainder is 155, so f(—2) = 155.
2.
qy3 7 -3 4
2 6 2
3 9 3 6
The remainder is 6, so f(3) = 6.
3.
=4 5 -3 14
_1 13
2 4
SR

The remainder is 2, so f(—3) =2

Now we will use synthetic division and the Remainder Theorem to help
factor polynomials. Suppose x = ¢ is a zero for a polynomial f(x). Let us see
what happens when we divide f(x) by x — c.

J(x) = (x = 0)g(x) + r(x)

Because x = ¢ is a zero, the remainder is 0, so f(x) = (x — ¢)g(x) 4+ 0, which
means f(x) = (x — ¢)q(x). The next step in completely factoring f(x) is
factoring ¢(x), if necessary.

EXAMPLES
Completely factor the polynomials.

e f(x)=x—4x*—7x+10, c=11is a zero.
We will use the fact that ¢ =1 is a zero to get started. We will use
synthetic division to divide f(x) by x — 1.

1T =4 =7 10
1 =3 =10
T -3 —10 0
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The quotient is x*> — 3x — 10. We now have f(x) partially factored.
f(x)=x—4x> —Tx+10
= (x — D(x* = 3x — 10)

Because the quotient is quadratic, we can factor it directly or by
using the quadratic formula.

¥ =3x—10=(x—5)(x+2)
Now we have the complete factorization of f(x):

fx)=x—4x* —7x+10
=(x—Dx=5)(x+2)

e R(x)=x"—2x+1,c=1isa factor.

1T 0 -2 1
1 1 -1
I 1T -1 0

RX)=x—-2x+1=(x—-Dx*+x-1)

We need to use the quadratic formula to find the two zeros of
2
x+x-1

= V12 = 4(1)(=1)
T 2(1)
C14V5 S14V5 —1-43
2 N 27 2
The factors for these zeros are x — ((—14+/5)/2) and x — (=1 —+/5)/2).

)

R(x)=(x— 1)<x —

PRACTICE
Completely factor the polynomials.

1. f(x)=x"4+2x*—x—2;¢c=11is a zero.
2. h(x)=x*+x*—30x—72; ¢ = —4 is a zero.
3. P(x)=x—=5x>+5x+3; ¢c=31is a zero.
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SOLUTIONS
1.
11T 2 —1 )
1 3 2
1 3 2 0
fx) = (x =D +3x+2)
=(x-Dx+DHx+2)
2.
—4[1 1 —30 —72
—4 12 72
I -3 —18 0
h(x) = (x +4)(x* — 3x — 18)
= (x +4)(x — 6)(x +3)
3.

3T =5 5 3
3 -6 —3
I —2 -1 0

P(x) = (x = 3)(x*=2x—1)

In order to factor x> — 2x — 1, we must first find its zeros.

L EDEEY 4D

2(1)
248 24242
T2 T2
:2(1ﬁ:ﬁ):1i[2

2
=142, 1-+2
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Because x = 1 ++/2 is a zero, x — (1 ++/2) = x — 1 — /2 is a factor.
Because x = 1 — /2 is a zero, x—(1 —ﬁ):x— 1 ++/2 is a factor.

P(x)=(x=3)(x -1 —vV2)(x — 1 +2)

In the above examples and practice problems, a zero was given to help us
get started. Usually, we have to find a starting point ourselves. The Rational
Zero Theorem gives us a place to start. The Rational Zero Theorem says that
if a polynomial function f(x), with integer coefficients, has a rational number
p/q as a zero, then p is a divisor of the constant term and ¢ is a divisor of the
leading coefficient. Not all polynomials have rational zeros, but most of those
in algebra courses do.

The Rational Zero Theorem is used to find a list of candidates for zeros.
These candidates are rational numbers whose numerators divide the
polynomial’s constant term and whose denominators divide its leading
coeflicient. Once we have this list, we try each number in the list to see which,
if any, are zeros. Once we have found a zero, we can begin to factor the
polynomial.

EXAMPLES
List the possible rational zeros.

o f(X)=4x+6x*—2x+9
The numerators in our list will be the divisors of 9: 1, 3, and 9 as well
as their negatives, —1, — 3, and —9. The denominators will be the
divisors of 4: 1, 2, and 4. The list of possible rational zeros is

r3y 13 %139 1 3
TR R R R R R R M Rk
9139 1 g 2
1YYy Ty e 4

Normally, we would not write a fraction with 1 as a denominator. This
list could be written with a little less effort as +1, £3, +9, £1, +3,
+3, +£1, +3, £2 We only need to list the numerators with negative
numbers and not the denominators. The reason is that no new numbers
are added to the list, only duplicates of numbers already there. For
example, 5t and -5 are the same number.
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° g(x)=6x4—5x3+2x—8

The possible numerators are the divisors of 8: +1, £2, +4, and +£8.
The possible denominators are the divisors of 6: 1, 2, 3, and 6. The list
of possible rational zeros is

1 2 4 8 1 2 4 8
+1, £2, £4, £8, :I:E, :I:E, :I:E, :I:E, :I:g, :I:g, :|:§, :I:g,
1 2 4 8
+-, -, £, £-
6> 6> 66
There are several duplicates on this list. There will be duplicates
when the constant term and leading coefficient have common factors.
The duplicates do not really matter, but they could waste time when

checking the list for zeros.

PRACTICE
List the candidates for rational zeros. Do not try to find the zeros.

1.

F(x)=3x"+8x —11x* +3x + 4

2. fx)=x"—1
3. g)=x—x*+x-10
4. P(x)=6x*—24
SOLUTIONS
1. Possible numerators: +£1, =2, +4

Possible denominators: 1 and 3

Possible rational zeros: +1, +2, +4, +1, +3, +%
Possible numerators: +1

Possible denominator: 1

Possible rational zeros: £1

Possible numerators: +1, +2, +5, +10

Possible denominator: 1

Possible rational zeros: +1, +2, +5, +10

Possible numerators: +£1, +2, £3, =4, +6, £8, £12, +24
Possible denominators: 1, 2, 3, 6

Possible rational zeros (with duplicates omitted): £1, £2, 43,
+4, £6, £8, £12, £24, £, £3, £1, £3, £3, £3, £¢

Now that we have a starting place, we can factor many polynomials. Here
is the strategy. First we will see if the polynomial can be factored directly. If
not, we need to list the possible rational zeros. Then we will try the numbers
in this list, one at a time, until we find a zero. Once we have found a zero,
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we will use polynomial division (long division or synthetic division) to find
the quotient. Next, we will factor the quotient. If the quotient is a quadratic
factor, we will either factor it directly or use the quadratic formula to find its
zeros. If the quotient is a polynomial of degree 3 or higher, we will need to

start over to factor the quotient. Eventually, the quotient will be a quadratic
factor.

EXAMPLES
Completely factor each polynomial.

o P(x)=x"+5x"—x-75
While this polynomial factors using factoring by grouping, we will use
the above strategy. The possible rational zeros are +1 and =+5.

PH=1+51P%-1-5=0

Now that we know that x = 1 is a zero, we will use synthetic division to
find the quotient for (x> + 5x* — x — 5) = (x — 1).

1T s -1 =5
1 5
T 6 5 0

P(x)=x3+5x2—x—5=(x— 1)(x2+6x+5)
=x—-Dx+Dx+)9)
o f(x)=3x"—2x"—7x" —2x
First we will factor x from each term: f(x) = x(3x° — 2% —Ix — 2).
The possible rational zeros for 3x —2x% —7x—2 are +1, +2,
+1, 42
30 T3
31 =201 =7(1) =2 #0
3(=1)° = 2(=1) =7(-1)=2=0

We will use synthetic division to find the quotient for (3x° — 2x*—
Tx—2)=(x+1).

-1[3 =2 =7 =2
-3 5 2
3 -5 -2 0
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The quotient is 3x> — 5x — 2 which factors into (3x + D(x —2).
F(x)=3x" —2x° — 7x% — 2x
= x(3x* —2x* = Ix —2)
= x(x+ 1)3x* = 5x = 2)
=x(x+ DBx+ 1)(x—2)

o (x)=3x +4x*—18x+5
The possible rational zeros are £1, +5, +£1 and £3.

h(1) =3(1°) +4(1) — 18(1) + 5 £ 0
W=1)=3(=1) +4(=1)> = 18(=1) + 5 #0
h(5) =3(5°) +4(5) — 18(5) +5#£0

Continuing in this way, we see that A(—5) # 0, h(%) #0, h(— %) # 0and

h) = 0.
34 -8 5
5 15 =5
379 -3 0

h(x) = (x — §>(3x2 +9x — 3)

- (x—§>(3)(x2 +3x—1)= |:3(x —%)}(xz +3x—1)

=Bx=5*+3x-1)
We will find the zeros of x> 4 3x — 1 using the quadratic formula.

3437 —4()(—1)

X

2(1)
3 +V13 3413 3-V13
-2 2 2

_3+2m)(x_—3_2m)

h(x) =(Bx—Y5) (x —
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PRACTICE
Completely factor each polynomial.

. f)=x*—2x"—3x"+8x—4
2. h(x) =2x>+5x* —23x + 10
3. P(x)=7x>+26x> —15x+2

SOLUTIONS
1. The possible rational zeros are £1, £+ 2, and £4. /(1) = 0.
11 -2 -3 8 —4
1 -1 —4 4
1 —1 —4 4 0

f)=(x=D —x*—4x+4)

The possible rational zeros for x’ — x> —4x+4 (which could be
factored by grouping) are +1, +2, and +4. We will try x=1
again. Because P-12- 4(1)4+4 =0, x =1 is a zero again.

I[T -1 -4 4
1 0 —4
I 0 -4 0

¥ —dx+4=(x-DE*—4) =(x—-Dx-2(x+2)
@) =(x—-D>—x*—4x+4)
=x—-Dx-Dx-2(x+2)
=(x— 1D (x=2)(x+2)

2. The possible rational zeros are £1, +2, +5, +10, £3, and +3.
Because 4(2) = 0, x = 2 is a zero of A(x).

2[2 5 - 23 10
4 18 —10
2 9 -5 0

Mx)=(x—2)2x*+9x—5)  (2x*+9x—5=02x—1)(x+5))
h(x) = (x — 2)(2x — 1)(x + 5)
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3.

The possible rational zeros are +1, +£2, +£1 and +2 Because
P(%) =0,x= % is a zero for P(x).

A7 26  —15 2
2 g —2
7 28 -7 0

P(x) = (x — %) (7x* +28x — 7)

= (x —%)(7)(92 +4x—1)= |:7(x —%):|(x2 +4x—1)

=(Tx=2)(x*+4x—1)
We will use the quadratic formula to find the zeros for x> + 4x — 1.
L4t V& —41)(-1) —4+20
N 2(1) N 2

—4+25  2(—2+45)
2 - 2
=-24/5=-24+5 -2-45

M Adx — 1= (x— (=2 +VI))x — (-2 —V5))
=(x+2=V5)(x+2+5)

P(x) = (Tx = 2)(x + 2 — V/3)(x + 2 4+ /3)

For a polynomial such as f(x) = 5x° + 20x> — 9x — 36, the list of possible
rational zeros is quite long—36! There are ways of getting around having
to test every one of them. The fastest way is to use a graphing calculator
to sketch the graph of y = 5x% 4+ 20x* — 9x — 36. There appears to be an

x-intercept at x = —4 (remember that x-intercepts and zeros are the same
thing).
—4[5 20 -9 — 36
—20 0 36
5 0 -9 0

f(x) = (x+4(5x> - 9)
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We will solve 5x*> — 9 = 0 to find the other zeros.

5% -9 =0
52 =9
9
2—_
Y75
9 3
=+ /2=4+—
X 5 5
_, 3 V5
V5 V5
_isfs_sfs 35
T 5 T 57 5

f(x):(x+4)(x—¥>(x+%§)

There are also a couple of algebra manipulations that can help eliminate
some of the possible rational zeros. The first we will learn is Descartes’ Rule
of Signs. The second is the Upper and Lower Bounds Theorem. Descartes’ Rule
of Signs counts the number of positive zeros and negative zeros. For instance,
according to the rule f(x) = x>+ x% 4+ 4x + 6 has no positive zeros at all.
This shrinks the list of possible rational zeros from +1, +2, 43, and £6
to —1, —2, — 3, and —6. The Upper and Lower Bounds Theorem gives us an
idea of how large (in both the positive and negative directions) the zeros can
be. For example, we can use the Upper and Lower Bounds Theorem to show
that all of the zeros for f(x) = 5x° 4+ 20x> — 9x — 36 are between —5 and 5.
This shrinks the list of possible rational zeros from +1, +2, +3, £4,
+6, £9, £12, £18, +36, £1, 3, +3, +%, £, +3, :I:%, + 1%, and
+30to £1, +£2, £3, +£4, £4 +3, +3, £, +£¢, £2, £ and £

Descartes’ Rule of Signs counts the number of positive zeros and the
number of negative zeros by counting sign changes. The maximum number
of positive zeros for a polynomial function is the number of sign changes
in f(x) = a,x" + a,_1x""' + - + a;x + a,. The possible number of positive
zeros is the number of sign changes minus an even whole number. For
example, if there are 5 sign changes, then there are 5 or 3 or 1 positive zeros.
If there are 6 sign changes, there are 6 or 4 or 2 or 0 positive zeros. The
polynomial function f(x) = 3x* —2x’ 4+ 7x* + 5x — 8 has 3 sign changes:
from 3 to —2, from —2 to 7, and from 5 to —8. There are either 3 or 1 positive
zeros. The maximum number of negative zeros is the number of sign changes
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in the polynomial f(—x). The possible number of negative zeros is the
number of sign changes in f(—x) minus an even whole number.

EXAMPLES
Use Descartes” Rule of Signs to count the possible number of positive zeros
and negative zeros for the polynomial functions.

o f(x)=5x"—6x>—10x+4
There are 2 sign changes: from 5 to —6 and from —10 to 4. This means
that there are either 2 or 0 positive zeros. Before we count the possible
number of negative zeros, remember from earlier in the book that

for a number a, a(_x)even power __ . evenpower .4 a(—x)Odd power __
—aded power

f(=x) = 5(=x)’ — 6(=x)> — 10(—x) + 4
= -5 —6x>+10x+4

There is 1 sign change, from —6 to 10, so there is exactly 1 negative
zero.

o g(x)= X +3xr —9x+1
There are 3 sign changes: from —1 to 3, from 3 to —9, and from
—9 to 1, so there are 3 or 1 positive zeros. If we were to rewrite g(x)

as g(x) = —x*+0x*+3x> —9x+1, we would not consider zero
coefficients as changing signs. In other words, we will ignore the zero
coeflicients.

g(=x) = —(=x)* + 3(=x)* = 9(—x) + 1
= —x*+32+9x+1

There is 1 sign change, from —1 to 3, so there is exactly 1 negative zero.
o PX)=x"+x+x+4
There are no sign changes, so there are no positive zeros.

P(=x) = (=x)> + (=x)° + (=x) + 4
=X —xX—x+4

There is 1 sign change, so there is exactly 1 negative zero.

One of the advantages of the sign test is that if we know that there are two
positive zeros and we have found one of them, then we know that there is
exactly one more.
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PRACTICE

Use Descartes’ Rule of Signs to count the possible number of positive zeros
and the possible number of negative zeros of the polynomial functions.

. f(x)=2x"—6x"—x*+4x -8
2. f()=—-x—xX*+x+1
3. h(x)=—-x*—x*-6

SOLUTIONS
1. There are 3 sign changes in f(x), so there are 3 or 1 positive zeros.

f(=x) = 2(=x)* = 6(=x)’ — (=x)* + 4(—x) — 8
:2)644-6)63 — x> —4x—8

There is 1 sign change in f(—Xx), so there is exactly 1 negative zero.
2. There is 1 sign change in f(x), so there is exactly 1 positive zero.

f(=x) = —(=x)’ = (=x)* + (=x) + 1

=x —x'—x+1

There are 2 sign changes in f(—x), so there are 2 or 0 negative zeros.
3. There are no sign changes in /(x), so there are no positive zeros.

h(—=x) = —(=x)* = (=x)* — 6

= x*—x2-6

There are no sign changes in 4(—Xx), so there are no negative zeros.

The Upper and Lower Bounds Theorem helps us to find a range of x-
values that will contain all real zeros. It does not tell us what these bounds
are. We make a guess as to what these bounds might be then check them. For
a negative number x = a, the statement “« is a lower bound for the real
zeros”” means that there is no number to the left of x = a on the x-axis that is
a zero. For a positive number x = b, the statement ‘b is an upper bound
for the real zeros” means that there is no number to the right of x = b on the
x-axis that is a zero.

To determine whether a negative number x = a is a lower bound for a
polynomial, we need to use synthetic division. If the numbers in the bottom
row alternate between nonpositive and nonnegative numbers, then x = ¢ is a
lower bound for the negative zeros. ‘“Nonpositive’” means 0 or a negative
number, and “‘nonnegative” means 0 or a positive number.
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To determine whether a positive number x = b is an upper bound for the
positive zeros, again we need to use synthetic division. If the numbers on the

bottom row are all nonnegative, then x = b is an upper bound for the positive
Zeros.

EXAMPLES
Show that the given values for ¢ and b are lower and upper bounds, respec-
tively, for the polynomials.

o f(X)=x*"+x>—16x>—4x+48;a=—-5andb=5

-5[1 1 —16 —4 48
=5 20 —20 120
1 —4 4 —24 168
The bottom row alternates between positive and negative numbers,
so a = —5 is a lower bound for the negative zeros of f(x).
5[1 1 — 16 —4 48
5 30 70 330
1 6 14 66 378

The entries on the bottom row are all positive, so b = 5 is an upper
bound for the positive zeros of f(x). All of the real zeros for f(x) are
between x = —5 and x = 5.

If 0 appears on the bottom row when testing for an upper bound, we
can consider 0 to be positive. If 0 appears in the bottom row when test-
ing for a lower bound, we can consider 0 to be negative if the previous
entry is positive and positive if the previous entry is negative. In other
words, consider it to be the opposite sign as the previous entry.

o P(x)=4x* +20x° 4+ 7x* 4+ 3x — 6 with a = —5

5[4 20 7 3 =6
20 0 —35 160
&0 7 —32 14

Because 0 follows a positive number, we will consider 0 to be negative.
This makes the bottom row alternate between positive and negative
entries, so a = —5 is a lower bound for the negative zeros of P(x).

o R(X)=—-x"+4x>+12x— 5 with a = —2.

—2[=T 4 12 =5
2 —12 0
T 6 0 -5
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Because 0 follows a positive number, we will consider 0 to be negative.
The bottom row does not alternate between negative and positive
entries, so « = —2 is not a lower bound for the negative zeros of R(x).

PRACTICE
Show that the given values for a are lower bounds and for b are upper bounds
for the zeros of the polynomials.

. f)=x—6x+x+5a=-3,b=7
2. fx)=x"—x*=2;a=-2,b=2
3. g =346 +2x+x—5a=-2,b=1

SOLUTIONS
1.

3T -6 1 5

3 27 -84

I -9 28 —19

The entries on the bottom row alternate between positive and negative
(or nonnegative and nonpositive), so a = —3 is a lower bound for the
zeros of f(x).

7T -6 1 5
77 56
I T 8 6l

The entries on the bottom row are positive (nonnegative), so b = 7 is
an upper bound for the positive zeros of f(x).

2.
-2[1 0 —1 0 -2
-2 4 -6 12
) 3 -6 10
The entries on the bottom row alternate between positive and nega-
tive, so a = —2 is a lower bound for the negative zeros of f(x).
2[1 0 —1 0 -2
2 4 6 12
1 2 3 6 10

The entries on the bottom row are all positive, so b = 2 is an upper
bound for the positive zeros of f(x).
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3.
23 6 2 1 =5
6 0 —4 6
3 0 2 -3 I

The entries on the bottom row alternate between nonnegative and
nonpositive (because 0 follows a positive number, consider it non-

positive), so a = —2 is a lower bound for the negative zeros of g(x).
1[3 6 2 1 -5
3 9 11 12
3 9 11 12 7

The entries on the bottom row are all positive, so b = 1 is an upper
bound for the positive zeros of g(x).

The Upper and Lower Bounds Theorem has some limitations. For instance,
it does not tell us how to find upper and lower bounds for the zeros of a
polynomial. For any polynomial, there are infinitely many upper and lower
bounds. For instance, if x =5 is an upper bound, then any number larger
than 5 is also an upper bound. For many polynomials, a starting place is the
quotient of the constant term and the leading coefficient and its negative:
+(constant term)/(leading coefficient). First show that these are bounds for
the zeros, then work your way inward. For example, if f(x) = 2x° — 7x’+
x+450, let a=—2=-25 and b=2=25. Then, let a and b get closer
together, say a = —10 and » = 10.

The Upper and Lower Bounds Theorem does not work well when the
leading coefficient is negative. For example, f(x) = —2x* + x* + 6 has zeros
V2 and —+/2 but no matter what positive number we choose for b, the
bottom row will always have —2 as its first entry. The way around this is to
multiply the polynomial by —1. This works because every polynomial and its
“negative’ have the same zeros.

We are ready to sketch the graph of polynomial functions. The general
scheme of graphing most polynomials is to find the x-intercepts (the zeros),
plot a point to the left of the smallest x-intercept, a point between consecutive
x-intercepts, and a point to the right of the largest x-intercept. The tools
we have learned will be useful. The Rational Zero Theorem and polynomial
division will help us to find the x-intercepts (if there are any). Descartes’ Rule
of Signs and the Upper and Lower Bounds Theorem can help narrow down
the list of possible rational zeros. Finally, if a function is even or odd, the
work of computing points is cut in half.
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EXAMPLES
Sketch the graph for the polynomial functions.

o gx)=x—x*—17x-15
The possible rational zeros are +1, £3, +5, and +15; g(—1) = 0.

—1| 1 -1 — 17 —15
—1 2 15
1 -2 —15 0

g(x) = (x + D(x* — 2x — 15)
=x+Dx+3)x-5)

The x-intercepts are —3, —1, and 5. We will plot points for
x=-35 x=-2, x=0, x=3,and x = 5.5.

o h(x)=x—4x
This polynomial factors easily without having to use synthetic
division: i(x) = x* — 4x = x(x* — 4) = x(x — 2)(x + 2). The x-intercepts
are —2, 0, and 2. We will plot points for x=-3, —1, 1, and 3.
Because /A(x) is an odd function, the y-value for x = —3 will be the
opposite of the y-value for x = 3, and the y-value for x = —1 will be
the opposite of the y-value for x = 1.
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15

10+

-10 -

a5k

Fig. 9-19.

o f(x)=2x +15x*+31x+12
The list of possible rational zeros is +1, £2, +3, £4, +6, 12,
:I:%, and :I:%. Because f(x) has no sign changes, there are no positive
zeros,soweonlyneed tocheck —1, —2, —3, —4, —6, —12, -1, -3

f(=3)=0. I

-3[2 15 31 12
-6 =27 -—12
2 9 4 0
F(X) = (x +3)2x* +9x + 4)
=(x+3)2x+ 1) (x+4)
The x-intercepts are —4, — 3, and —% (from 2x + 1 = 0). We will plot
points for x = —5, — 3.5, —2, and 0.

T

10}

-15-

Fig. 9-20.
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PRACTICE
Sketch the graph of the polynomials.

1. f(x)=—-x"4+x+2x

2. gx)=x"—x*—10x—38
3. h(x)=x*+6x+11x° + 6x
4. P(x)=x>—5x+18

SOLUTIONS
1. f(x)=—-x° + x> 42x = —x(x2 —x—=2)=—x(x—=2)(x+1)

10

-10%

Fig. 9-21.

2. The possible rational zeros are £1, £2, +4, and £8; g(—1) = 0.

[T =1 =10 -8
~1 2 8
. -2 —3 0

g(x) =x —x* — 10x — 8 = (x + 1)(x* — 2x — 8)

=x+DHx—-4)x+2)
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20

15

10

Fig. 9-22.

h(x) = x* 4+ 6x° + 11x% 4+ 6x = x(x* + 6x* + 11x+6). The possible
rational zeros for x° +6x°>+ 11x+6 are £1, +£2, +3, and =+6.
There are no sign changes, so there are no positive zeros; we only need
to check —1, —2, —3, and —6: (=1)* + 6(=1)* + 11(=1)+ 6 = 0.

[T 6 11 6
-1 -5 -6
T 5 6 0

h(x) = x* + 6x° + 1157 + 6x = x(x> + 6x% + 11x + 6)
= x(x + D(x? + 5x 4+ 6) = x(x + D(x + 2)(x + 3)

10
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4. The possible rational zeros are +1, +£2, +3, +6, +9, and +18.
Because a = —4 is a lower bound for the negative zeros and x = 6

is an upper bound for the positive zeros, we only need to check
+1, +2, and +3; P(3) = 0.

3T =35 0 18
3 —6 —18
I -2 -6 0

Px)=x> =5 +18 = (x = 3)(x* = 2x — 6)

The zeros for x> — 2x — 6 are

()£ (-2 —4(1)(-6)

YT 2(1)
_ ZiTﬁg ~ —1.65.3.65

20

N

5+

Complex Numbers

Until now, the zeros of polynomials have been real numbers. The next topic
involves complex zeros. These zeros come from even roots of negative num-
bers like ~/—1. Before working with complex zeros of polynomials, we will
first learn some complex number arithmetic.
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Complex numbers are normally written in the form a + bi, where a and b
are real numbers and i = +/—1. Technically, real numbers are complex

numbers where » = 0. A number such as 4 + v~/ —9 would be written as 4 + 3i
because v/—9 = v/9v/—1 = 3i.

EXAMPLES
Write the complex numbers in the form a+ bi, where a and b are real
numbers.

o J/—64=164/-1=28i

o V27T=V27V=1=27i =9 3i=33i
Be careful, v/3i # /3

e 6+/-8=64+/8i=6+V4-2i=6+22i

o 2—/=50=2—50i=2—+25-2i=2—52i

PRACTICE
Write the complex numbers in the form a+ bi, where ¢ and b are real
numbers.
1. /=25
2. —10
3. —24
4. 14— -36
5. 8+v-—12
SOLUTIONS
1. V/=25=+25i=5i
2. V/=10=410i
3. =24=24i=+4 6i=2V6i
4. 14— /=-36=14—+/36i=14—6i
5. 8+ 4/—12=8+12i=8++4-3i=8+2/3i

Adding complex numbers is a matter of adding like terms. Add the real
parts, a and ¢, and the imaginary parts, b and d.

(a+bi)+ (c+di)=(a+c)+ (b+d)i

EXAMPLES
Perform the addition. Write the sum in the form «a + bi, where a and b are
real numbers.

o B-5)+@+8)=C@+4)+(-5+8)i=7+3i
o 2i—6+9=—6+11i
e 44i-3—i=@4-3)+1—-1Di=1
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7= =1843+5V=2=7—18i+3+5V2i
=7 —9-2i+34+5v2i=7-3v2i+3+5V2i
=1042+2i

PRACTICE
Perform the addition. Write the sum in the form «a + bi, where a and b are
real numbers.

1. 18 —4i4 (—15)+2i
2. 8—2+45i
3. S4i+5—i
4. T4+i+ 12+
5. 14++/—=15—6+2J/—15
6. —S54+/—12+7+4J/-12
SOLUTIONS
1. 18 —4i4+ (=15 4+2i=3-2i
2. 8—-2+5i=6+5i
3. S54+i+5—i=104+0i=10
4. T+i+124i=19+2i
5. 14+ V/—154(=6)+2V=15=1+/15i—64+2/15i = -5+ 3/15i
6.

S5+ V124 T+ 4V =12 = =5 + V12i + T+ 4/12i
= S5+ V4 3i+T+4V4 30
= S5+ 2V3i+7+4-2V3i
= —542V3i4+7+83i
=2+ 10/3i

Two complex numbers can be subtracted by distributing the minus sign in
the parentheses then adding the like terms.

a+bi—(c+diy=a+bi—c—di=(@—c)+(b—d)i

EXAMPLES
Perform the subtraction and write the difference in the form a + bi, where a
and b are real numbers.

o 11-3i—(7T+6)=11-3i—T—6i=4—09i
o i—(I+i)=i—1—i=—1
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e 9—(4—i)=9—4+i=5+i

o T+V/8—(1—v/=18)=T+/Bi—1+V18i=T+2V2i—1+432i=
64 5+/2i

PRACTICE
Perform the subtraction and write the difference in the form a + bi, where a
and b are real numbers.

. 2+3i—(8+7i)
2. 44 5i—(4—5i)
3. VA8 — (=1 —J=75)

SOLUTIONS
. 243i—8+7)=2+3i—8—Ti=—6—4i
2. 445i—(4—5)=4+5—4+5i=10i
3.

V=48 — (=1 = /=75) = V48i + 1 + /75i
=16-3i+14+/25-3i
=4/3i+145V3i =14 9V3i

Multiplying complex numbers is not as straightforward as are adding and
subtracting them. First we will take the product of two purely imaginary
numbers (numbers whose real parts are 0). Remember that i = +/—1, which
makes i = —1. In most complex number multiplication problems, we will
have a term with /2. Replace /> with —1.

EXAMPLES
Write the product in the form a + bi, where a and b are real numbers.

o (5i)(6i) = 30i* = 30(—1) = —30
o (2i)(—9)=—18i* = —18(—1) =18
o (V=69 = (o)) = (VO)3)i’ =3v6(—1) = -36

PRACTICE

Write the product in the form a + bi, where a and b are real numbers.

1. (2i)(10i)
2. (4/=23)2v/=25)
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——&

3. v=3.-v-12
4. V—6-+-15
SOLUTIONS

1. (2i)(10) = 20i* = 20(—1) = —20

2. (4/=25)2/=25) = 4(5i)[2(51)] = 200i* = 200(—1) = —200

3. 3V 12=30i-V12i=3 122 =36 =6(—1) = —6

4. J=6-/=15=6i-/15i=+/6-15i* = /90> =3/10(—1) = —3/10

Two complex numbers in the form a + bi can be multiplied using the
FOIL method, substituting —1 for i* and combining like terms.

EXAMPLES
Perform the multiplication. Write the product in the form a+ bi, where
a and b are real numbers.

o (442054 30) =20+ 12i + 10i + 6/* =20 + 22i + 6(—1) = 14 4 22i
o (1—-N2+i)=2+i-2i—=2—i—(-1)=3—i
o (8—2i)(8+2i) =64+ 16i — 16i — 4i* = 64 — 4(—1) = 68

PRACTICE
1. (154 3i)(=2+1)
2. (=1+3i)4—2i)
3. (3+20)3 - 2i)
4. Q-2 +1i)

SOLUTIONS
1. (15 4+ 3i)(=2 + i) = =30 + 15i — 6i + 3> = =30 4+ 9i + 3(—1) =
—33 4+ 9i
2. (=1 434 —2i) = =4 +2i + 12 — 6i* = —4 + 14i — 6(—1) =
2+ 14i

3. B4+2)3-2)=9—-6i+6i—4°=9—4(-1)=13
4. Q=R+ =4+42i-2i—iF=4—(-1)=5

The two complex numbers a + bi and a — bi are called complex conjugates.
The only difference between a complex number and its conjugate is the sign
between the real part and the imaginary part.

EXAMPLES
e The complex conjugate of 3 + 2i is 3 — 2i.
e The complex conjugate of —7 —iis —7 +i.
e The complex conjugate of 10i is —10i.
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PRACTICE
Identify the complex conjugate.

. 1547
2. =341
3. -9

SOLUTIONS
1. The complex conjugate of 15+ 7iis 15 — 7i.
2. The complex conjugate of —3 +iis —3 —i.
3. The complex conjugate of —9i is 9i.

The product of any complex number and its conjugate is a real number.

(a + bi)(a — bi) = d* — abi + abi — b*i*
=da — b (-1)

—lap

EXAMPLES
o (7—2i)(7+2i).Here,a=7and b=2,s0d> =49 and b’ = 4, making
(7 —2i)(7 4 2i) = 49 + 4 = 53.
e (1—i)(1+1i). Here a=1 and b=1, so ¢ =1 and b* = 1, making
(1=l +H=1+1=2.
o (—6+3i)(—6—3)=36+9=45

PRACTICE
Perform the multiplication.

1. (8 — 10/)(8 + 10i)
2. (1 —9i)(1+9i)
3. (5= 2i)(5 +2i)

SOLUTIONS
. (8 —10i)(8+ 10i) = 64 + 100 = 164
2. (1=9)(149)=1+81=282
3. 5=-2D)(5+2)=25+4=29
Dividing two complex numbers can be complicated. These problems are

normally written in fraction form. If the denominator is purely imaginary,
we can simply multiply the fraction by i/i and simplify.
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EXAMPLES
Perform the division. Write the quotient in the form a + bi, where a and b are
real numbers.

24 3i
® .
: L2430 i (Q2+3Di
T i P2
2437 2i+3(=1)
B
_ _3_+1 2 (342i)
=3-2i
44 5i
* T o
_4+5i 0 4i+5i
T2 i 272
_4i+5(=1) 4i-5
2= =2
_ =5+4i —(=5+4))
=2 2
5—4i 5
= :5—21
PRACTICE
Write the quotient in the form a + bi, where a and b are real numbers.
1 12+ 5i
' 2i
4 -9
2. T
3 1—?—1
i
SOLUTIONS
1.
12450 1245 i 12i+5°
2i 2 i 27
C12i4+5(=1)  —5+12i
2= =2

(5412 5-12 5
T2 T 2 T2
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2.
4-9i 4-9i i 4i-9"
-3 =3i i =3
:41—9(—1):9+4l:3+ii
—3(-1) 3 3
3.

l+i 14ii i+
i i i P
i+(=1) —1+i
S
—(=141) .
:—1 :l—l

When the divisor (denominator) is in the form a + bi, multiplying the
fraction by i/i will not work.

2-5i i 2i—57 542

346i i 3i+6i° —6+3i

What does work is to multiply the fraction by the denominator’s conjugate
over itself. This works because the product of any complex number and its
conjugate is a real number. We will use the FOIL method in the numerator
(if necessary) and the fact that (a + bi)(a — bi) = a* + b* in the denominator.

EXAMPLES

Write the quotient in the form « + bi, where a and b are real numbers.
2+7i
6+1i

247 6—i 12-2i+42i— 77

T 640 6-i 62 + 12
124400 - 7(—1)  12440i+7
o 37 - 37

_ 194400 _19 40,
=737 37737
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4 —9i
5-2i
_4-9i 542i 20+8i—45i— 18/
T5—-2i 542 52 +22
~20-37i—18(—1) 20 —37i+18
- 25+4 N 29
_38-37 38 37
729 29 29
PRACTICE
Write the quotient in the form a + bi, where a and b are real numbers.
1—2i
1.
1—i
4+ 2i
2.
1—3i
8 —i
3.
250
6 + 4i
4.
6 —4i
SOLUTIONS
1.
1=2i 1-20 14i 1+4i-2i-2"
1—i  1—i 1+i 12412
_l=i-2=h) _3-i 3 1
- 2 T2 T2 2
2.
4420 4+2 1+3i 4+ 12i+2i+67
1-3i 1-3i 1+3i 12 4 32
_4+IM+&—D_—2+M¢__1+L
B 10 10 55
3.

8—i 8—i 2+5i 16+40i—2i— 5"
2—-5i 2-5i 2+5i 2% 45
_16438i—5(=1) 21+38i 21 38

29 20 29729
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4.
6+4i  6-+4i 6+4i 36+ 24i+24i+ 16§
6—4i 6—4i 6+4i 6 +4°
_36+48i+16(~1) 20448 5 12,
- %+16 2 1B 1

There are reasons to write complex numbers in the form a + bi. One is that
complex numbers are plotted in the plane (real numbers are plotted on the
number line), where the x-axis becomes the rea/ axis and the y-axis becomes
the imaginary axis. The number 3 — 4i is plotted in Fig. 9-25.

.k
5L
oL
1._

L 1 1 ] 1 1 1 1 1 ]
5 4 -3 -2 -1 T 2 3 4 5
-1F
2+
3+

4+ ®3 -4
-5
Fig. 9-25.

Complex Solutions to Quadratic Equations

Every quadratic equation has a solution, real or complex. The real solution,
or solutions, for a quadratic equation is, or are, the x-intercept, or intercepts,
for the graph of the quadratic function. The graph for f(x) = x% + 1 has no
real solutions and no x-intercepts.
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The equation x> 4+ 1 = 0 does have two complex solutions.

¥ 4+1=0

Xt =—1
x=4v—1

=i

EXAMPLES
Solve the equations and write the solutions in the form « + bi, where ¢ and b
are real numbers.

o 3xX*+8x+14=0
Lo —8+/82—4(3)(14)  —8++/—104
N N 6

2(3)
| —8+£2V26i 2(—4+26i)
- 6 - 6
—44+./26i 4 /26
S S Stk L R S
3 373
4 J26. 4 26
___+—,___—l
3 33
o 9x°+25=0
9x? +25=0
9y? = —25
25
2—__
x 9
25 25
=4 /==
X 9 91
5 5 5
x:igz gl, gz
PRACTICE

Solve the equations and write the solutions in the form « + bi, where ¢ and b
are real numbers.

. X*4+2x+4=0
2. X*4+25=0
3. 9x*+4=0
4, 6x2+8x+9=0
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SOLUTIONS
1.

X 42x+4=0

2\2 2\?
w2k (5) =4+ (3)

(x+1)* = -3
x+1=++/-3
x=—-1+V3i=-1++3i, =1 -+/3i
2.
X2 4+25=0
X = =25
X =425 =45i = 5i, —5i
3.
9> +4=0
9x? = —4
4
2—__
. 9
. 4_i2._2 2
X = 9— 31—31, 3l
4.

L8 V/BT46)0)

2(6)

_ —8+4/-152  —8+2/38i
B 12 T2
_ 2—4£+380) —4+./38i
B 12 -6

4 V38 2 /38
B A
2 V3. 2 V38
376 "3 e
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In all the previous examples and practice problems, complex solutions to
quadratic equations came in conjugate pairs. This always happens when the
solutions are complex numbers. A quadratic expression that has complex
zeros are called irreducible (over the reals) because they cannot be factored
using real numbers. For example, the polynomial function f(x) = x* — 1 can
be factored using real numbers as (x* — 1)(x*> 4+ 1) = (x — D(x + (x> + 1).
The factor x* + 1 is irreducible because it is factored as (x — i)(x + i). We can
tell which quadratic factors are irreducible without having to use the
quadratic formula.

We only need part of the quadratic formula, the part under the square root
sign, b* — 4ac. When this number is negative, the quadratic factor has two

complex zeros, (—b + \/ negative number)/2a. When this number is positive,

there are two real number solutions, (—b + \/ positive number)/2a. When this
number is zero, there is one real zero, (—b 4 +/0)/2a = —b/2a. For this
reason, b> — 4ac is called the discriminant.

The graphs of some polynomials having irreducible quadratic factors need
extra points plotted to get a more accurate graph. The graph in Fig. 9-27
shows the graph of f(x) = x* — 3x* — 4 plotted using our usual method—
plotting the x-intercepts, a point to the left of the smallest x-intercept, a point
between each consecutive pair of x-intercepts, and a point to the right of the
largest x-intercept.

N

Fig. 9-27.

See what happens to the graph when we plot the points for x =1 and
x=-—1.
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20

-10%-
Fig. 9-28.

The graph of f(x) = (x — 2)(x* + 6x 4 10) is sketched in Fig. 9-29. The
graphs we have sketched have several vertices between x-intercepts. When
this happens, we need calculus to find them.

25

201

151

Fig. 9-29.
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The Fundamental Theorem of Algebra

By the Fundamental Theorem of Algebra, every polynomial of degree n has
exactly n zeros (some might be counted more than once). Because x = ¢ is
a zero implies x — ¢ is a factor, every polynomial can be completely factored
in the form a(x — ¢,)(x — ¢,,_;) - - - (x — ¢;), where a is a real number and ¢; is
real or complex. Factors in the form x — ¢ are called linear factors. Factors
such as 2x 4+ 1 can be written in the form x — ¢ by factoring 2: 2(x + %) or
2(x = (=3).

To completely factor a polynomial, we usually need to first find its zeros.
At times, we will use the Rational Zero Theorem, polynomial division, and
the quadratic formula.

EXAMPLES
Find all zeros, real and complex.

o h(x)=x'—-16
This is the difference of two squares.

X o16=(2 =D +4) =(x - 2)(x+2)(x* +4)

The real zeros are 2 and —2. Find the complex zeros by solving

X +4=0.
X 4+4=0
X =—4
x=+v—4=42i

The complex zeros are +2i.
o X*+6x+9xr—6x—10
The possible rational zeros are +1, +2, +5, and £10. P(1) = 0.

11 6 9 -6 — 10
1 7 16 10
1 7 16 10 0

P(x) = (x — D)(x* 4+ 7x% + 16x + 10)



@’_ CHAPTER 9  Polynomial Functions
Because x° + 7x* + 16x + 10 has no sign changes, there are no positive
zeros; x = —1 is a zero for x° + 7x* + 16x + 10.

—1[1 7 16 10
-1 -6 -—-10
1 6 10 0

P(x) = (x — D(x + 1)(x* + 6x + 10)

Solve x* + 6x + 10 = 0 to find the complex zeros.

_ —6+/62—4(1)(10) —6++/—4

- 2(1) - 2
—6+2i 2(-3+1)

= ===

X

-3+

The zeros are &1, — 3 %1i.

PRACTICE
Find all zeros, real and complex.

1. f(x)=x*—38l1

2. h(x)=x>+13x—34

3. f(x)=x"+5x*+4

4. P(x)=x*—6x>+29x% — 76x + 68

SOLUTIONS
. f)=E =92 +9) =x—=3)x+3)*+9)
X4+9=0
X’ =-9
x=4+v/—9 = +3;
The zeros are +£3, =+ 3i.
2. h(2)=0
2[T 0 13 —34
2 4 34
1 2 17 0

h(x) = (x = 2)(x* +2x + 17)
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X 4+2x4+17=0
L2 /P A7) 248

2(1) 2

IECES T

The zeros are 2, — 1+4i.
3. (P54 4) = (P + D +49)

¥ +1=0 ¥ +4=0
X =—1 X =—4
x==+i x = =+x2i
The zeros are +i, =+ 2i.
4, P2)=0

2[1 -6 29 - 76 68
2 =8 42 — 68
1 —4 21 —34 0

P(x) = (x — 2)(x* — 4x% + 21x — 34)

x =2 1is a zero for X’ —4x> +21x — 34

[T —4 21 -—34
2 —4 34
I —2 17 0

P(x) = (x = 2)(x — 2)(x* = 2x + 17)
¥ —2x+17=0

_—(DEYJD 4D 2k G

X =

2(1) 2
248 21+ 4i) _
_ _ 144
2 2 !

The zeros are 2, 1 £ 4i.

If we know a complex number is a zero for a polynomial, we automatically
know another zero—the complex conjugate is also a zero. This gives us a
quadratic factor for the polynomial. Once we have this computed, we can use
long division to find the quotient, which will be another factor of the poly-
nomial. Each time we factor a polynomial, we are closer to finding its zeros.
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EXAMPLES
Find all zeros, real and complex.

o f(x)=3x*+x*+17x* +4x+20 and x = 2i is a zero.
Because x = 2i is a zero, its conjugate, —2i is another zero. This tells us

that two factors are x — 2i and x + 2i.
(x = 2i)(x 4+ 2i) = x> + 2ix — 2ix — 4> = x> —4(=1) = x> + 4
We will divide f(x) by x* +4 = x* + 0x + 4.

3+ x4+ 5
X 4+0x44] 3+ P17 +4x+20
—GBx* +0x* +1247)

X+ 5x+4x
—(x*+ 0x* +4x)
5x% 4+ 0x + 20
—(5x* 4 0x + 20)
0
()= (2 +4)Bx> +x+5). Solving 3x>+x+5=0, we get the
solutions
v —1+/12 —43)(5) =159 —1£59i0
B 2(3) B 6 B 6

The zeros are £2i, (—1 £ /591)/6.

h(x) = 2x° — 7x* + 170x — 246, x = 1 4 9i is a zero.

Because x =1+ 9i is a zero, we know that x =1 — 97 is also a zero.
We also know that x—(1+9)=x—-1-9 and x—(1-9i) =
x — 1 4 9i are factors. We will multiply these two factors.

(x—=1=9)(x—1+9) =x"—x49ix —x+1—9i— 9ix + 9 — 81i°
= x> —2x+1—-81(-1)=x* —2x + 82

2x — 3
x* —2x+82|  2x3 —7x2 4+ 170x — 246
—(2x° — 4x% + 164x)
—3x4+  6x—246
—(=3x"+ 6x —246)
0

h(x) = (2x — 3)(x* — 2x + 82).
The zeros are 1 +9i and 3 (from 2x — 3 = 0).
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PRACTICE
Find all zeros, real and complex.

1. f(x)=x"—x+8x* —9x —9; x = —3i is a zero.
2. g(x)=x—5x>4+7x+13; x =3 —2i is a zero.
3. h(x) =x*—8x* +21x% +32x — 100; x = 4 + 3i is a zero.

SOLUTIONS
1. x=-3iis a zero, so x=3i is also a zero. One factor of f(x) is
(x=3)(x+3)=x*+9=x+0x+9.

- x— 1
X 40x4+9 x*— ¥ +8x2—9x—9
—(x* +0x* +9x%)

—x3 — x2—9x

—(—x* 4 0x* — 9x)
—x24+0x—9
—(—x*+0x-9)
0

f(x) =" +9)(x* —x—1). Solve x> —x— 1 =0.
DD ADED) 15
Y= 2(1) ~ 2

The zeros are £3i, (1 ++/5)/2.
2. x=3-—2iis a zero, so x = 3 + 2i is also a zero. One factor of g(x) is

(x — (3 = 2i))(x — (3 + 2i))
=(x—-342)(x—-3-2i)
=x? —3x — 2ix — 3x + 9 + 6i + 2ix — 6i — 47
=x>—6x4+9—4(-1)=x"—6x+13.
x+ 1

¥ —6x+13] ¥ —5x24 Tx+13
—(x* — 6x% + 13x)

x2— 6x+13
—(x* = 6x+13)
0

g(x) = (x + 1)(x* — 6x + 13).
The zeros are —1, 3 £ 2i.
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3. x=4+3iis a zero, so x =4 — 3j is also a zero. One factor of g(x) is

(x — (4 +30)(x — (4—30)
= (x—4—3i)(x —4+3i)
= x? —4x+ 3ix —4x + 16 — 12 — 3ix + 12/ — 97*
= x> —8x+16—9(—1) = x* — 8x +25.

X' —4
x? —8x 425 x*— 8x3 +21x% +32x — 100
—(x* — 8x* +25x%)
—4x% +32x — 100
—(—4x? 4 32x — 100)
0

h(x) = (x* — 4)(x* — 8x + 25).
The zeros are 4 + 3i and +2 (from x* — 4 = 0).

A consequence of the Fundamental Theorem of Algebra is that a poly-
nomial of degree n will have n zeros, although not necessarily » different zeros.
For example, the polynomial f(x)= (x —2)* = (x — 2)(x — 2)(x —2) has
x =2 as a zero three times. The number of times an x-value is a zero is
called its multiplicity. In the above example, x = 2 is a zero with multiplicity 3.

EXAMPLE
o f(¥)=x'(x+3(x—6)
x = 0 is a zero with multiplicity 4. (We can think of x* as (x — 0)*.)
x = —3 is a zero with multiplicity 2.
x = 6 is a zero with multiplicity 1.

PRACTICE
State each zero and its multiplicity.

L f(x) =X (x+4)(x+9°(x - 5)

SOLUTION
1. x =0 is a zero with multiplicity 2.
x = —4 is a zero with multiplicity 1.
x = —9 is a zero with multiplicity 6.

x = 5is a zero with multiplicity 3.

Now, instead of finding the zeros for a given polynomial, we will find a
polynomial with the given zeros. Because we will know the zeros, we will
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know the factors. Once we know the factors of a polynomial, we have a fairly
good idea of the polynomial.

EXAMPLES
Find a polynomial with integer coefficients having the given degree and
ZerOS.

e Degree 3 with zeros 1, 2, and 5.
Because x = 11is a zero, x — 1 is a factor. Because x = 2 is a zero, x — 2
1s a factor. And because x =5 is a zero, x — 5 is a factor. Such a
polynomial will be of the form a(x — 1)(x — 2)(x — 5), where a is some
nonzero number. We will want to choose a so that the coefficients
are integers.

a(x — 1)(x — 2)(x — 5) = a(x — D[(x — 2)(x — 5)]
= a(x — )(x* = 7x + 10)
=a(x’ = 7x* + 10x — x* + 7x — 10)
= a(x’ — 8x* + 17x — 10)

Because the coefficients are already integers, we can let ¢ = 1. One
polynomial of degree 3 having integer coefficients and 1, 2, and 5
as zeros is x° — 8x% + 17x — 10.

e Degree 4 with zeros —3 and 2 — 5i, with —3 a zero of multiplicity 2.
Because —3 is a zero of multiplicity 2, (x+3)> =x>4+6x+9 is a
factor. Because 2 — 5i is a zero, 2 + 5i is another zero. Another factor
of the polynomial is

(x — (2 = 5i))(x — (2 + 50))
=(x—-2+5)(x—2—-15i)
= x? —2x — Six — 2x + 4 4 10i + 5ix — 10i — 25/
= x> —4x+4-25(—1)=x* —4x +29.

The polynomial has the form a(x* + 6x + 9)(x* — 4x + 29), where a is
any real number that makes all coefficients integers.

a(x* 4+ 6x + 9)(x? — 4x + 29)
= a(x4 —4x* 4+ 2937 4 6x°
— 24x% + 174x + 9x* — 36x + 261)
= a(x* 4 2x> + 14x% + 138x + 261)
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Because the coefficients are already integers, we can let a = 1. One

polynomial that satisfies the given conditions is x4 2 4 14x+
138x 4 261.

PRACTICE
Find a polynomial with integer coefficients having the given degree and
ZEeros.

1. Degree 3 with zeros 0, — 4, and 6.
2. Degree 4 with zeros —5i and 3i.
3. Degree 4 with zeros —1 and 6 — 7i, where x = —1 has multiplicity 2.

SOLUTIONS
1. One polynomial with integer coeflicients, with degree 3 and zeros
0, —4 and 61is

X(x +4)(x — 6) = x(x — 2x — 24) = x* — 2x7 — 24x.

2. One polynomial with integer coeflicients, with degree 4 and zeros —5i
and 3/ is
(x + 50)(x — 5i)(x = 3)(x + 30) = (x> +25)(x> +9)
= x* + 34x% 4 225.
3. One polynomial with integer coefficients, with degree 4 and zeros —1,
6 — 7i, where x = —1 has multiplicity 2 is
(x4 D*(x = (6 = Ti))(x — (6 + 7i))
= (x4 1)*(x — 6 + 7i)(x — 6 — 7i)
=[(x + D(x + DJ[(x*> = 6x — Tix — 6x
+ 36 4 42 + Tix — 42i — 491%)]
= (% +2x+ D(x? — 12x + 85)
= x* — 1207 4 85x% 4 2x7 — 247
+170x + x* — 12x + 85
= x* = 10x" 4 62x* 4 158x + 85.
In the previous problems, there were infinitely many answers because a
could be any integer. In the following problems, there will be exactly one

polynomial that satisfies the given conditions. This means that a will likely be
a number other than 1.
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EXAMPLES
Find a polynomial that satisfies the given conditions.
e Degree 3 with zeros —1, — 2, and 4, where the coeflicient for x is —20.
a(x + D(x+2)(x —4) = alx + D[(x + 2)(x — 4)]
=a(x+ 1)(x* = 2x — 8)
=a(x3 —2xr —8x+x° —2x—28)
=a(x* — x> — 10x — 8)
3

= ax’ — ax® — 10ax — 8a

Because we need the coefficient of x to be —20, we need —10ax =
—20x, so we need a =2 (from —10a = —20). The polynomial that
satisfies the conditions is

2% —2x% — 20x — 16.

e Degree 3 with zeros % and —1 — 5i, where the coefficient of x* is —4.

If x = % is a zero, then 3x — 2 is a factor.

2
_Z_0
*T3
2
3x—2) =30
(x 3) 0)
3x—2=0

The other factors are x — (—1 —5))=x+ 1+ 5i and x — (=1 4+ 5i) =
x4+ 1->5i

((x+1+5i)(x—|—1—5i)=x2+x—5ix+x+1—5i+5ix—|—5i—25i2
:x2+2x—|—26)

a(3x — 2)(x* + 2x + 26) = a(3x’ + 6x* 4+ 78x — 2x* — 4x — 52)
= a(3x3 +4x% + 74x — 52)

= 3ax’ + dax’ + T4ax — 52a

We want 4ax’ = —4x%, so we need a = —1. The polynomial that
satisfies the conditions is

—3x° —4x? — T4x + 52.
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PRACTICE
Find the polynomial that satisfies the given conditions.

1. Degree 3, zeros 4 and £1, with leading coefficient 3.

Degree 3 with zeros —% and 1, where the multiplicity of 1 is 2, and the
coefficient of x is 2.

3. Degree 4 with zeros i and 4i, with constant term 8.

SOLUTIONS
1. The factors are x — 4, x — 1, and x + 1.

ax —4(x—Dx+ 1) =alx—d[(x - )(x+1)]
=a(x —4)(x* = 1)
= d(x = H)(x* = 1)]
=a(x’ —4x* —x+4)
= ax’ —4ax® — ax + 4a

We want the leading coefficient to be 3, so @ = 3. The polynomial that

satisfies the conditions is 3x° — 12x> — 3x + 12.

2. Because x = —3 is a zero, 5x + 3 is a factor.
5

5x4+3=0
The other factor is (x — 1)* = (x — I)(x — 1) = x> = 2x + 1.
a(5x +3)(x* = 2x+ 1)
= a(5x° — 10x* + 5x + 3x* — 6x + 3)
=a(5x’ —7x* — x+3)
= Sax® — Tax* — ax + 3a

We want —ax = 2x, so a = —2. The polynomial that satisfies the
conditions is —10x® + 14x + 2x — 6.
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3. The factors are x + i, x — i, x —4i, and x + 4i.

a(x + )(x — )(x — 4i)(x + 4i)
= a[(x + )(x — )][(x — 4i)(x + 4i)]
= a(x* + D(x* + 16) = a(x* + 17x* + 16)
= ax* + 17ax* + 16a

We want 16a =8, so a = % The polynomial that satisfies the condi-
tions is 1x* + 7 x* + 8.

Chapter 9 Review

1. The graph of a polynomial function whose leading term is 5x*
a) goes up on the left and up on the right.
b) goes down on the left and down on the right.
¢) goes up on the left and down on the right.
d) goes down on the left and up on the right.

2. The zeros for the function f(x) = x(x + 1)2(x —2) are
ayx=1, =2 b)x=0,1, =2 )x=-1,2 d)x=0, —1,2

3. The graph in Fig. 9-30 is the graph of what function?
a) f(x) =x(x = 2)(x+3) = x>+ x> — 6x
b) f(x) = —x(x = 2)(x +3) = —x> — x* + 6x
0) f(X) =X (x =2)(x+3) = x* + x> — 6x7
d) f(x) = —x* — x> + 67

25
20F
151
10t
5_
| — ] | 1 1 J
5 4 2 -1 1 3 4 5
5K
-10+
-15F
20

Fig. 9-30.
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For the polynomial function f(x) = x4+ 5x° —x—10
a) the degree is 4, and the constant term is 3.

b) the degree is 3, and the constant term is 10.

¢) the degree is 3, and the constant term is —10.

d) the degree is 4, and the constant term is —10.

For the polynomial function f(x) = %(x =+ 3)(x — 1)(x — 5), which set
of points would be best to plot for the graph?

a) (4, —4.2), (—3,0), (0,3), (1,0), (2, — 3), (5,0)

b) (_49 - 9)a (_39 0)9 (Oa 3)a (190)> (2s - 3)’ (5’0) (6’ 9)

c) (—4, —9), (-3,0) (-2,4.2), (1,0), (2, — 3), (4, —4.2), (5,0)

d) (—2,4.2), (4, —4.2), (—3,0), (—1,4.8), (1,0), (3, —4.8), (5,0)

Find the quotient and remainder for (x* + x + 1) = (x* — 1).
a) The quotient is x 4 2, and the remainder is 3.

b) The quotient is x* + x + 2, and the remainder is 3.

¢) The quotient is x, and the remainder is 2x + 1.

d) The quotient is x, and the remainder is 1.

Find the quotient and remainder for (5x% 4+ 2x + 3) + (2x + 1).

a) The quotient is 3x — 1, and the remainder is 3.

b) The quotient is %x + %, and the remainder is %.
¢) The quotient is 3x — 1, and the remainder is 3.

d) The quotient is 3x — 3, and the remainder is —

2 11
P :

4
Find the quotient and remainder for (4x® — 2x* + x — 5) = (x — 2).
a) The quotient is 4x* — 10x + 21, and the remainder is —47.

b) The quotient is 4x” + 6x + 13, and the remainder is 21.

¢) The quotient is 4x% + 6x — 13, and the remainder is 21.

d) The quotient is 4x* 4+ 6x + 13, and the remainder is —31.

What are the solutions for 2x° — x> — 5x — 2 = 0?
a)x=0,1,2 b)x:l,%,—2
¢)x=-1,—-1,2  d) Cannot be determined

What are the zeros for f(x) = x° + 2x% + 4x + 3?
a)x=—1,(=1+V11)/2  b)yx=—1,(—1+£/13)/2
c) x=—1,(-3++190)/2 d) Cannot be determined

According to the Rational Zero Theorem, which of the follow-
ing is mnot a possible rational zero for the polynomial
P(x) = 10x* — 6x° + x> + 67

a) —% b) % c)6 d) —1
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12.  What are the zeros for P(x) = 3x° — 13x% — 32x + 12?
a)x:—%,—6, -2 b) x =3,6, —2
c)x=1, —-6,2 d)x:%,6, -2
13.  Which is a polynomial function having a zero of 2 — 3i?
a) f(x) = x> —5x* + 17x — 13 b) f(x) =x° —5x* = 17x + 13
O f(xX)=x"4+52—-17x—13  d)f()=x"+5x"+17x— 13
14.  Write the quotient for (5 + 2i)/(1 + i) in the form a + bi, where a and
b are real numbers.
a)l+li v)i-3i  oi+li  d3+i
15. According to Descartes’ Rule of Signs, how many zeros does the
polynomial function f(x) = —2x° + x> — x — 5 have?
a) 2 or 0 positive zeros and 0 negative zeros.
b) 3 or 1 positive zeros and 2 or 0 negative zeros.
c) 2 or 0 positive zeros and 1 negative zero.
d) 3 or 1 positive zeros and 1 negative zero.
SOLUTIONS
1. a) 2.d) 3.b) 4. d) 5.b) 6. ¢) 7. a) 8. b)

9.¢)

10.a) 11.b)  12.d) 13.a) 14.b) 15.¢)



CHAPTER

Systems of Equations‘

and Inequalities a

A system of equations is a collection of two or more equations whose
graphs might or might not intersect (share a common point or points). If
the graphs do intersect, then we say that the solution to the system is the
point or points where the graphs intersect. For example, the solution to
the system

x+y =4
3x—y =0

is (1, 3) because the graphs intersect at (1, 3). We say that (1, 3) satisfies the
system because if we let x =1 and y = 3 in each equation, they will both
be true.

1+3=4 This is a true statement
3()-3=0 This is a true statement

@’_

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.



CHAPTER 10 Systems of Equations

—&

z+y=4

- [\ w W, (<3
T
—
—
w
)

-5+
Fig. 10-1.

There are several methods for solving systems of equations. One of them is
by sketching the graphs and seeing where, if anywhere, the graphs intersect.
Even with a graphing calculator, though, these solutions might only be
approximations. When the equations are lines, matrices can be used.
Graphing calculators are also useful for these. We will concentrate on two
methods in this book. One of them is called substitution and the other is
called elimination by addition. Both methods will work with many kinds of
systems of equations, but we will start with systems of linear equations.

Substitution

Substitution works by solving for one variable in one equation and making
a substitution in the other equation. Technically, it does not matter which
variable we use or which equation we begin with, but some choices are easier
than others.

EXAMPLES

Solve the systems of equations. Put your solutions in the form of a point, (x, y).
xX+y =5
—2x+y =-1

We have four places to start.

Solve for x in the first equation: x =5 —y
Solve for y in the first equation: y = 5 — x
Solve for x in the second equation: x =141y
Solve for y in the second equation: y = 2x — 1

el e
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The third option looks like it would be the most trouble, so
we will use one of the others. We will use the first option. Because
x =5—y came from the first equation, we will substitute it for x
in the second equation. Then —2x+y=—1 becomes —2(5—y)+y=
—1. This is the substitution step, substituting what x is
equal to, namely 5—y, for x. Now we can solve the equation
—26-y)+y=-1.

26 -y +y=-1

—104+2y+y=-1
3y=9
y=3

Now that we know y = 3, we could use any of the equations above to
find x. We know that x =5 — y, so we will use this.
x=5-3=2

The solution is x = 2 and y = 3 or the point (2, 3). It is a good idea to
check the solution.

24+3=5 This is true.
—2(2)+3 =—-1 This is true.

R dx—y =12 A
3x+y =2 B

We will solve for y in equation B: y = 2 — 3x. Next we will substitute
2 — 3x for y in equation A and solve for x.

4x —y =12

4x —(2-3x) =12
4x —243x =12
Tx =14

x=2

Now that we know x =2, we will put x =2 in one of the above
equations. We will use y =2 —3x: y =2 — 3(2) = —4. The solution
is x =2, y=—4, or (2, —4). The graphs in Fig. 10-2 verify that the
solution (2, —4) is on both lines.
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y=4x+1 A

y=3x+2 B
Both equations are already solved for y, so all we need to do is to set
them equal to each other.
4x+1=3x+2
x=1
Use either equation A or equation B to find y when x = 1. We will use
A: y=4x+1=4(1)+1=>5. The solution is x=1 and y =235, or

(1, 5). We can see from the graphs in Fig. 10-3 that (1, 5) is the solution
to the system.
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PRACTICE
Solve the systems of equations. Put your solutions in the form of a point,
(x, ).
1.
2x+3y = A
x—2y =-3 B
2.
x+y =3 A
x+4 =0 B
3.
2x+y =-2 A
—3x+2y =—4 B
4,
y=x+1 A
—3x+2y =-2 B
SOLUTIONS
1. Solve for x in B: x = —3 4+ 2y and substitute this for x in A.
2x+3y=1
2(=34+2y)+3y=1
—-6+4y+3y=1
Ty =17

y=1 Puty=1inx=-3+4+2y
x=-342(1)=-1

The solution is (—1, 1).
2. Solve for x in B: x = —4y and substitute this for x in A.

x+y=3
—4y4+y=3
—3y=3
y=—1 Put y=—1inx=—4y
x=—-4(-1)=4

The solution is (4, —1).
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3. Solve for y in A: y = —2 — 2x and substitute for y in B.
—3x+2y=—4
—3x+2(-2-2x)=—4
—3x—4—-4x=-4
—Ix=0
x=0 Putx=0iny=-2-2x
y=-2-20)=-2
The solution is (0, —2)
4. Equation A is already solved for y. Substitute x 4+ 1 for y in B.
—3x+2y=-2
—3x4+2(x+1)=-2
—3x+2x4+2=-2
—x=—4
x=4 Putx=4in A
y=x+1=4+1=5
The solution is (4, 5).

Elimination by Addition

Solving a system of equations by substitution can be more difficult when
none of the coefficients is 1. Fortunately, there is another way. We can always
add the two equations to eliminate one of the variables. Sometimes, though,
we might need to multiply one or both equations by a number to make it
work.

EXAMPLE
Solve the systems of equations. Put your solutions in the form of a

point, (x,y).
2x -3y =16 A
{ 5x4+3y =-2 B
Add the equations by adding like terms. Because we will be adding

—3y to 3y, the y-term will cancel, leaving one equation with only
one variable.
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2x -3y =16

Sx+3y=-2

Tx+0y =14
x=2

We can put x = 2 into either A or B to find y. We will put x = 2 into A.

2x =3y =16
22) -3y =16
—3y=12
y=-—4
The solution is (2, —4).
PRACTICE
Solve the systems of equations. Put your solutions in the form of a point,
(x, ).
1.
{ —2x+7y =19 A
2x — 4y =—-10 B
2.
{ I5x—y =9 A
2x+y =8 B
3.
{ —Sx+4y =-3 A
—3x—-4y =11 B
SOLUTIONS

1.

—2x+7y =19 A
2x—4y=-10 +B

3y=9
y=3

—2x4+73)=19 Put y=3in A
x=1

The solution is (1, 3).
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I5x—y=9 A
2X+y:8 +B

17x =17
x=1

151) = y=9 Putx=1inA
y==06

The solution is (1, 6).

—S5x+4y=-3 A
—3x—-4y=11 +B

—8x =28
x=-1

—5(-1)4+4y=-3 Putx=-1inA
y=-=-2

The solution is (—1, —2).

Sometimes we need to multiply one or both equations by some number or
numbers so that one of the variables cancels. Multiplying both sides of any
equation by a nonzero number never changes the solution.

EXAMPLES
3x+6y =-12 A
2x+6y =-14 B

Because the coefficients on y are the same, we only need to make one
of them negative. Multiply either A or B by —1, then add.

—3x—-6y=12 —A

2x+6y=—-14 +B
—x=-2
x=2

32)+6y=—12 Put x=2in A
y=-3

The solution is (2, —3).
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2x+7y =1 A
4x—-2y =18 B
Several options will work. We could multiply A by —2 so that we
could add —4x (in —2A) to 4x in B. We could multiply A by 2 and
multiply B by 7 so that we could add 14y (in 2A) to —14y (in 7B).
We could also divide B by —2 so that we could add 2x (in A) to
—2x (in —3B). We will add —2A + B.
—4x—14y=-2 =2A
4x —2y =18 +B

—16y =16
y=-1

2x+7(—1)=1 Put y=—-1in A
x=4

The solution is (4, —1).

PRACTICE
Solve the systems of equations.

1.

{—3x+2y =12 A

4x+2y =-2 B
2.
{ 6x—5 =1 A
3x—-2y =1 B
3.
I5x+4 =-1 A
{ S5x+2y =-3 B
SOLUTIONS

1.

We will add —A + B.
Ix—2y=-12 —-A
4x +2y = -2 +B

Tx = —14

x=-=-2
—3(-2)4+2y=12 Put x=-2in A

y=3

The solution is (=2, 3).
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2. We will compute A—2B.

6x—5y=1 A
—6x+4y=-2 -2B

—y=-1
y=1

6x—5(1)=1 Puty=1in A
x=1

The solution is (1, 1).
3. We will compute A—2B.

15x+4y = -1 A

—10x—4y =06 — 2B
S5x =35
x=1

15(1) +4y=—1 Putx=1in A
y=—4

The solution is (1, —4).

Both equations in each of the following systems will need to be changed
to eliminate one of the variables.

EXAMPLES
8x—-5y =-2 A
3Ix+2y =7 B

There are many options. Some are 3A — 8B, —3A + 8B, and 2A + 5B.
We will compute 2A + 5B.

16x — 10y =—4  2A
15x+ 10y =35 +5B

31x =31

x=1
8(1)—5y=-2 Putx=1inA

y=2

The solution is (1, 2).
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-y =%
3x+3y =-5 B
First, we will eliminate the fractions. The lowest common denomina-
tor for A is 72, and the lowest common denominator for B is 30.

48x — 18y =25 7T2A
I5x+ 12y =—-1 30B

Now we will multiply the first equation by 2 and the second by 3.

96x — 36y = 50
45x + 36y = -3
141x =47
47 1
Y=TaT3
96(1) —36y =50
3
1
y=73

The solution is (}, —3).

PRACTICE
Solve the systems of equations. Put your
point, (x,y).
1.
5x —9y
3x+2y
2.
Tx 42y
2x+ 3y
3.
3x+ 8y
S5x + 6y
4.

rm—
(=N Ll N [F8)
= o=
l +
Bl— =
<

<

— 26
— 14

solutions in the form of a

w > = >

@ >
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SOLUTIONS
1.

15x — 27y = =78 3A
—15x—-10y =-70 —5B

—37y = —148
y=4
5x—-94)=-26 Puty=4in A
x=2
The solution is (2, 4).

2lx4+6y =3 3A
—4x—6y=14 —2B
17x =17
x=1
7(1)+2y=1 Putx=1in A
y=-3

The solution is (1, —3).

Ox +24y =36 3A
—20x—24y =8 —4B
—1lx=44

x=-—4

3(—4)+8y =12 Putx=-4inA

y=3

The solution is (—4, 3).
4. First clear the fractions.

45x+ 12y =23 60A
6x —9y=—4 36B
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Add 3 times the first to 4 times the second.

135x 4+ 36y = 69
24x — 36y = —16

159x = 53
EEE
159 3
1
2
Y73

The solution is (3, 3).

Application to Problems

Systems of two linear equations can be used to solve many kinds of word
problems. In these problems, two facts will be given about two variables.
Each pair of facts can be represented by a linear equation.

EXAMPLES
e A movie theater charges $4 for each child’s ticket and $6.50
for each adult’s ticket. One night 200 tickets were sold, amount-
ing to $1100 in ticket sales. How many of each type of ticket
was sold?

Let x represent the number of child tickets sold and y the number
of adult tickets sold. One equation comes from the fact that a total
of 200 adult and child tickets were sold, giving us x + y = 200. The
other equation comes from the fact that the ticket revenue was
$1100. The ticket revenue from child tickets is 4x, and the ticket
revenue from adult tickets is 6.50y. Their sum is 1100 giving us
4x 4+ 6.50y = 1100.

{4x+6.50y =1100 A
x+y =200 B
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We could use either substitution or addition to solve this system.
Substitution is a little faster. We will solve for x in B.

x=200—y
4200 — y) + 6.50y = 1100 Put 200 — y into A
800 — 4y + 6.50y = 1100
y =120
x =200—y=200— 120 = 80

Eighty child tickets were sold, and 120 adult tickets were sold.

e A farmer had a soil test performed. The farmer was told that a field
needed 1080 pounds of Mineral A and 920 pounds of Mineral B.
Two mixtures of fertilizers provide these minerals. Each bag of
Brand I provides 25 pounds of Mineral A and 15 pounds of
Mineral B. Brand II provides 20 pounds of Mineral A and 20 pounds
of Mineral B. How many bags of each brand should the farmer buy?

Let x represent the number of bags of Brand I and y represent the
number of bags of Brand II. Then the number of pounds of Mineral A
obtained from Brand I is 25x and the number of pounds of Mineral B
i1s 15x. The number of pounds of Mineral A obtained from Brand II
is 20y and the number of pounds of Mineral B is 20y. The farmer
needs 1080 pounds of Mineral A, 25x pounds will come from Brand
I and 20y will come from Brand II. This gives us the equation
25x + 20y = 1080. The farmer needs 920 pounds of Mineral B, 15x
will come from Brand I and 20y will come from Brand II. This
gives us the equation 15x + 20y = 920.

25x+20y =1080 A
15x+20y =920 B

We will compute A—B.

25x + 20y = 1080 A
—15x —-20y =-920 —B

10x = 160
x=16
25(16) + 20y = 1080
y =234

The farmer needs 16 bags of Brand I and 34 bags of Brand II.
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A furniture manufacturer has some discontinued fabric and trim in
stock. It can use them on sofas and chairs. There are 160 yards of
fabric and 110 yards of trim. Each sofa takes 6 yards of fabric and
4.5 yards of trim. Each chair takes 4 yards of fabric and 2 yards of
trim. How many sofas and chairs should be produced in order to
use all the fabric and trim?

Let x represent the number of sofas to be produced and y the num-
ber of chairs. The manufacturer needs to use 160 yards of fabric, 6x
will be used on sofas and 4y yards on chairs. This gives us the equation
6x + 4y = 160. There are 110 yards of trim, 4.5x yards will be used
on the sofas and 2y on the chairs. This gives us the equation
4.5x + 2y = 110.

6x + 4y =160 F
45x+2y =110 T

We will compute F—2T.

6x + 4y = 160 F
—9x —4y =-220 -2T
—3x=-60
x =20
6(20) +4y = 160
y=10

The manufacturer needs to produce 20 sofas and 10 chairs.

PRACTICE

1.

A grocery store sells two different brands of milk. The price for the
name brand is $3.50 per gallon, and the price for the store’s brand
is $2.25 per gallon. On one Saturday, 4500 gallons of milk were sold
for sales of $12,875. How many of each brand were sold?

A cable company offers two services—basic cable and premium cable.
It charges $25 per month for the basic service and $45 per month
for the premium service. Last month, it had 94,000 subscribers and
had $3,030,000 in billing. How many subscribers used the premium
service?

A gardener wants to add 39 pounds of Nutrient A and 16 pounds of
Nutrient B to a garden. Each bag of Brand X provides 3 pounds
of Nutrient A and 2 pounds of Nutrient B. Each bag of Brand Y
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provides 4 pounds of Nutrient A and 1 pound of Nutrient B. How
many bags of each brand should be bought?
4. A clothing manufacturer has 70 yards of a certain fabric and 156
buttons in stock. It manufactures jackets and slacks that
use this fabric and button. Each jacket requires 1% yards of fabric
and 4 buttons. Each pair of slacks required 1% yards of fabric
and 3 buttons. How many jackets and pairs of slacks should

the manufacturer produce to use all the available fabric and
buttons?

SOLUTIONS
1. Let x represent the number of gallons of the name brand sold
and y represent the number of gallons of the store brand sold.
The total number of gallons sold is 4500, giving us x + y = 4500.
Revenue from the name brand is 3.50x and is 2.25y for the

store brand. Total revenue is $12,875, giving us the equation
3.50x +2.25y = 12,875.

{ x+y = 4500
3.50x +2.25y = 12,875

We will use substitution.

x =4500 —y
3.50(4500 — y) 4+ 2.25y = 12,875
y = 2300

x = 4500 — y = 4500 — 2300 = 2200

The store sold 2200 gallons of the name brand and 2300 gallons of the
store brand.

2. Let x represent the number of basic service subscribers and y the
number of premium service subscribers. The total number of sub-
scribers is 94,000, so x + y = 94,000. Revenue from basic services is
25x and 45y from premium services. Billing was $3,030,000, giving
us 25x 4+ 45y = 3,030,000.

{ x+y = 94,000
25x +45y = 3,030,000
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We will use substitution.

x = 94,000 — y
25(94,000 — y) + 45y = 3,030,000
v = 34,000

There are 34,000 premium service subscribers.

3. Let x represent the number of bags of Brand X and y the number of
bags of Brand Y. The gardener will get 3x pounds of Nutrient A from
x bags of Brand X and 4y pounds from y bags of Brand Y, so we need
3x +4y = 39. The gardener will get 2x pounds of Nutrient B from
x bags of Brand X and 1y pounds of Nutrient B from y bags of
Brand Y, so we need 2x 4+ y = 16. We will use substitution.

y=16—-2x
3x+4(16 —2x) = 39
x=3>5

y=16-2x=16-2(5)=6

The gardener needs to buy 5 bags of Brand X and 6 bags of Brand Y.

4. Let x represent the number of jackets to be produced and y the
number of pairs of slacks. To use 70 yards of fabric, we need
11x+ 13y =70. To use 156 buttons, we need 4x + 3y = 156.

4 7

T4+l = F
3x+4y 70

4x +3y =156 B

16x 4+ 21y = 840 12F

—16x — 12y = —-624 —4B

9y =216
y =24
4x +3(24) =156
x=21

The manufacturer should produce 21 jackets and 24 pairs of slacks.
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Systems with No Solutions

Two lines in the plane either intersect in one point, are parallel, or are
really the same line. Until now, our lines have intersected in one point.
When solving a system of two linear equations that are parallel or are the
same line, both variables will cancel and we are left with a true statement
such as “3 = 3” or a false statement such as “5 = 1.”” We will get a true state-
ment when the two lines are the same and a false statement when they are
parallel.

EXAMPLES
{ 2x—3y =6 A
—4x+6y =8 B

4x —6y =12 2A
—4x+6y=8 +B
0=20

This is a false statement, so the lines are parallel. They are sketched in
Fig. 10-4.
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We will use substitution.

2
2x—3(§x—1) =3

2x —2x+3=3
0=0

Because 0 = 0 is a true statement, these lines are the same.

Systems Containing Nonlinear Equations

When the system of equations is not a pair of lines, there could be no solu-
tions, one solution, or more than one solution. The same methods used for
pairs of lines will work with other kinds of systems.

EXAMPLES
. y=x"—2x-3 A
3Ax—y=7 B

Elimination by addition would not work to eliminate x* because B
has no x* term to cancel x* in A. Solving for x in B and substi-
tuting it in for x in A would work to eliminate x. Both addition
and substitution will work to eliminate y. We will use addition to
eliminate y.

y:x2—2x—3 A
3Ix—y=7 B

3x=x>—2x+4
0=x>—5x+4
0=(x—-Dx—-4

The solutions occur when x =1 or x =4. We need to find two
y-values. We will let x =1 and x =4 in A.

y=1"=2(1)—3=—4; (1, —4) 1is one solution.
y=4_-24)-3=35; (4, 5) is the other solution.
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We can see from the graphs in Fig. 10-5 that these solutions are
correct.

i 10
\
5 (435)
L 1 1 1 1 i 1 i
-5-4-3-2-)\1 4 5
1,—4
=L ( )
Fig. 10-5.

¥ 4yP=25 A
y=—1¥+7 B

We could solve for x* in A and substitute this in B. We cannot add the
equations to eliminate y or »* because A does not have a y term to
cancel y in B and B does not have a y* term to cancel »* in A. We
will move —%xz to the left side of B and multiply B by —3. Then we
can add this to A to eliminate x°.

%x2+y:7 B
X' +y? =25 A
—x*—3y=-21 —3B
Y —3y=4
Y —3y—4=0

(y=Hy+1)=0
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The solutions occur when y =4, —1. Put y =4, —1 in A to find their

x-values.
¥ 442 =25
=9
x=43; (-3, 4) and (3, 4) are solutions.
4 (=1 =25
X =24

x =424 = +2V6: (26, —1) and (—26, —1)

are solutions.

. [ F+r=4 A
y=2/x B

Addition will not work on this system but substitution will. We will
substitute y = 2/x for y in A.

2 2
x2+(—> =4
X

4
2
+;=4

X2 <x2 +i2) = x2(4)
X
x4 =4y
X —dx*+4=0
(X =2)(x*=2)=0

=2
x=+v2
We will put x =+/2 and x = —v/2 in y = 2/x.
2 272 2V2
== =2 V2, v/2) is a solution.
2 272

y:_ﬁ:_ﬁﬁzzf:—ﬁ; (—v/2, —+/2) is a solution.
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PRACTICE

Solve the systems of equations. Put your solutions in the form of a point,
(X, ).

I.

{y:x2—4 A
x+y=8 B
2.
{x2+y2—|—6x—2y=—5 A
y=-2x-5 B
3.
{xz—y2 =16 A
x*+)* =16 B
4.
{4x2+y2:5 A
y=1/x B
SOLUTIONS
1.
y=x2—4 A
—x—y=-38 —-B
—x=x*-12
0=x>+x—12=(x+4)(x—3)
There are solutions for x = —4 and x = 3. Put these in A.

y=(—4)?—4=12; (—4,12)is a solution.

y= 32-4=35; (3,5)is a solution.
2. Substitute —2x — 5 for y in A.

X+ (=2x =52 +6x—2(=2x—5)=—5
x? +4x% +20x + 254 6x +4x + 10 = =5
5x* 4+30x +40 =0 Divide by 5
X+6x+8=0
(x+4)x+2)=0
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There are solutions for x = —4 and x = —2. We will put these in B
instead of A because there is less computation to do in B.
y=-2(—4)—-5=3; (—4,3) is a solution.
y=-2(-2)—5=-1;, (-=2,—1) is a solution.
x> —yr =16 A

X+)yP=16 +B

2xr =32
x> =16
x==+4

Put x =4 and x = —4 in A.

(-4 —)y* =16 42 —y* =16
16 —y* =16 16 —y* = 16
=0 =0

y=0 y=0

The solutions are (—4,0) and (4, 0).
4. Substitute 1/x for y in A.
1\2
4x7 + (—) =5
X

x? <4x2 + %) = x*(5)
4x* 41 =55
4x* =5 +1=0
@ - D> =1 =0
Cx—DRx+Dx—=Dx+1)=0
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The solutions are x = :i:% (from 2x —1=0 and 2x+ 1 =0) and
x = =+ 1. Put these in B.

1 1
=——=2: —, 2] is ¢ luti .
y 2 ; <2, )1sas0ut10n
_ 2; ! 2 ) is a solution
moap T U oo
1
y=1= 1;  (1,1) is a solution.
1
y:—lz—l; (=1, —1) is a solution.

Systems of Inequalities

The solution (if any) for a system of inequalities is usually a region in the plane.
The solution to a polynomial inequality (the only kind considered in this book)
is the region above or below the curve. We will begin with linear inequalities.

When sketching the graph for an inequality, we will use a solid graph for
“<” and ““>"" inequalities, and a dashed graph for “<’” and ““>"" inequalities.
We can decide which side of the graph to shade by choosing any point not
on the graph itself. We will put this point into the inequality. If it makes the
inequality true, then we will shade the side that has that point. If it makes the
inequality false, we will shade the other side.

EXAMPLES
o 2x+3y<6
We will sketch the line 2x 4 3y = 6, using a solid line because the
inequality is ““<.”

S
T

Fig. 10-6.
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We will always use the origin (0,0) in our inequalities unless the
graph goes through the origin. Does (0,0) make 2x + 3y < 6 true?
2(0) + 3(0) < 6 is a true statement, so we will shade the side that has
the origin.

Fig. 10-7.

o x—2y>4
We will sketch the line x — 2y =4 using a dashed line because the
inequality is “>.”

Lol - A
T

Fig. 10-8.

Now we need to decide which side of the line to shade. When we put
(0,0) in x — 2y > 4, we get the false statement 0 — 2(0) > 4. We need
to shade the side of the line that does not have the origin.
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N W R
T

Fig. 10-9.

Every point in the shaded region is a solution to the inequality.
e y<3x
We use a dashed line to sketch the line y = 3x. Because the line goes
through (0, 0), we cannot use it to determine which side of the line to
shade. This is because any point on the line makes the equality true.
We want to know where the inequality is true. The point (1, 0) is not
on the line, so we can use it. 0 <3(1) is true so we will shade the side
of the line that has the point (1, 0), which is the right-hand side.

e x>-3
The line x = —3 is a vertical line through x = —3. Because we want
x > —3 we will shade to the right of the line.
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Fig. 10-11.

o y<?2
The line y = 2 is a horizontal line at y = 2. Because we want y < 2,
we will shade below the line.

Fig. 10-12.

PRACTICE
Graph the solution.

I. x4+y=>2
2. 2x—4y <4
3. yf%x—l
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4. x>1

5. y<-—1

SOLUTIONS
1.

Fig. 10-13.

Fig. 10-14.
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-3F
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-5
Fig. 10-16
5
n
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ol
L
L 1 1 1 1 1 1 1 |

Fig. 10-17.
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Graphing the solution region for nonlinear inequalities is done the same

way—graph the inequality, using a solid graph for “<” and ““>"" inequalities

and a dashed graph for “<” and “>"" inequalities, then check a point to see

which side of the graph to shade.

EXAMPLES
o < X—x-2
The equality is y = x> —x —2 = (x — 2)(x + 1). The graph for this
equation is a parabola.

én
Lk
sE
o
/ — o W A
T
k
w -
ol
sl

1
2

3
_4 —
5
Fig. 10-18.

Because (0, 0) is not on the graph, we can use it to decide which side to
shade; 0 < 0> — 0 — 2 is false, so we shade below the graph, the side
that does not contain (0, 0).

5
4
3
2
1

Fig. 10-19.

o y>(x+2)(x—-2)(x—4)
When we check (0,0) in the inequality, we get the false statement
0>(042)(0—2)(x —4). We will shade above the graph, the region
that does not contain (0, 0).



@’_ CHAPTER 10 Systems of Equations

PRACTICE
Graph the solution.

y<x —4

y>x3

Y <Ix|

4, y>(x=3)x+DH(x+3)

SOLUTIONS
1.

W=

Fig. 10-21.
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I L

204
Fig. 10-24.

The solution (if there is one) to a system of two or more inequalities is
the region that is part of each solution for the individual inequalities. For
example, if we have a system of two inequalities and shade the solution to
one inequality in blue and the other in yellow, then the solution to the system
would be the region in green.

EXAMPLES

x—y <3

x+2y >1

Sketch the solution for each inequality.
--------- |5—|||I|"-l|
lllllilllh_:;::u:llli
EEEREREN AR

[ |||,|"'I|

|||||||||,2_IIlI [
||||||||||]|||I|||/,/
||||1|||||1_|IIII||}
R R R R A
Brd B2, | T1'2)83 4 5
|:|:|:|::11'1_::1;)
[ N I B R ||/V
[ T B BRIV
IIII||I|||}
|||||||||]§L
ERRRRRE
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both solutions is above and between the

CCi:i:i::I;‘:::::_'_l]]"
ettt i i o S B
e e I i ol S P
r'rl—l'l-l*r-rl—]—fi-::'—'—l—iﬂ
B 2 ol s 8o ik el sl s
R |¢'J:|:|_._”_|_‘|':;]l__[
LA T I B O B ST O v Lol
||||||||,“il'}\_‘:__':'_l_l_|
R O i I{'II;/
-ﬁl-ﬂl-Bl-Q|~||; Y273 4
|||I|||}|11—:||Jf'é-‘-.____
Py I'/V
Pty 2Rt
NI
trrrrn g Br
RN NENETA
[N I AN I R R
N I I
Fig. 10-26.
The region that is in
lines.
B B T BT B L
Bl A ¢ e
RN L E LN
L Ag bbby oy
L—,r—l——|—4-T'3"|—1——l—1—|
..]_I_l_l_l_‘_l_‘.,Lr_Ll_l_l_l_l__
€ '_|__42._4|_er|_|_
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s
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’
3k
s
//-4'
s
pd 5L
Fig. 10-27.
2
y<4-—x
x—=Ty<4

The first inequality is shaded vertically and the second, horizontally
(see Fig. 10-28). The region that is in both solutions is above the
line and inside the parabola (see Fig. 10-29). Because a solid line indi-
cates that the points on the graph are also solutions, to be absolutely
accurate, the correct solution uses dashes for the parts of the graphs
that are not on the border of the shaded region (see Fig. 10-30). We

will not quibble with this technicality here.
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Fig. 10-29.

Fig. 10-30.
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2x+y <5

° x>0
y=0

The inequalities x > 0 and y > 0 mean that we only need the top right
corner of the graph. These inequalities are common in word problems.

5
4.
3f
2:
1

5 4 3 2 1| 1 2 3 4 5

The solution to the system is the region in the top right corner of the
graph below the line 2x + y = 5.
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PRACTICE
Sketch the solutions to the inequalities.

l.

x+y<4
x—y>4

2x—y <6
x>3

y>x2+2x—3
x+y<35

y§9—x2
y2x2+4x—5

2x4+3y>6
x>0
y=0

SOLUTIONS
1.
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2.
5
al
3+
2k
1k
L 1 1 1 I 1 1 1 ]
5 4 -3 -2 -1 1 2 4 5
-1
2l
3
4+
5L
Fig. 10-34.
3.
~]
5
4.
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1

2
3+

4

5L
Fig. 10-37.

Some systems of inequalities do not have a solution. In the following

example, the regions do not overlap, so there are no ordered pairs (points)
that make both inequalities true.

y>x*+4
[ ]
x—y>1

il
Fig. 10-38.

It is easy to lose track of the solution for a system of three or more
inequalities. There are a couple of things you can do to make it easier.
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First, make sure the graph is large enough, using graph paper if possible.
Second, shade the solution for each inequality in a different way, with
different colors or shaded with horizontal, vertical, and slanted lines. The
solution (if there is one) would be shaded all different ways. You could also

shade one region at a time, erasing the part of the previous region that is not
part of the inequality.

EXAMPLES
x+y=<4

° x>1

y=x

Fig. 10-39.

The region for x > 1 is to the right of the line x = 1, so we will erase
the region to the /left of x = 1.

\;r

' ' ' ' '
[ S

Fig. 10-40.
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The solution to y < x is the region below the line y = x, so we

will erase the shading above the line y = x. The shaded region in
Fig. 10-41 is the solution for the system.

N

y>x'—16
x<?2
y<-=5
—Xx+y< -8

We will begin with y = x* — 16.

-20%-

Fig. 10-42.
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The solution to x < 2 is the region to the left of the line x = 2. We will
erase the shading to the right of x = 2.

20l
Fig. 10-43.

The solution to y < —5 is the region below the line y = —5. We will
erase the shading above the line y = —5.

\ 5r
\

i !

I /

Ly ] ] 1 1 I i i

-5 -4\ 302 -1 1 ? 3 A5
\ ! /

—J——,L———-

-——c=

0L
Fig. 10-44.

The solution to —x+ypy < —8 is the region below the line
—x + y = —8, so we will erase the shading above the line. The solution
to the system is shown in Fig. 10-45.
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Sketch the solutions to the inequalities.

1.

2x+y>1
—x+2y<4
Sx =3y <15

x+2y>-6
y=x
S5x+2y>10

y§9—x2
x<2

y=-x

x+2y <10
2x+y <38
y<Xx
x>0

y=0
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SOLUTIONS
1.

Fig. 10-46.

10

Fig. 10-47.
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Fig. 10-48.

Chapter 10 Review

In some of the following problems, you will be asked to find such quantities
as x + 2y for a system of equations. Solve the system and put the solution in
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the formula. For example, if the solution is x = 3 and y = 5, x + 2y becomes
34+2(5)=13.
1. What is x 4+ y for the system?
x=2y =-1
{ 4x+2y =16
a) 2 b) 3 c)4 d)>5
2. What is x + y for the system?
y =4x—10
{ x+2y =-11
a) —4 b) -5 c) —6 d) -7
3. What is 2x + y for the system?
y =-3x+1
{y =x+9
a) 3 b) 4 ¢S5 d) 6
4. What is x + 2y for the system?
4x -3y =-1
{ 2x+5y =-7
a) =3 b) —4 c) =5 d) —6
5. What is x 4+ y for the system?
x° —i—y2 =9
{ X2 — y2 =9
a) —2and 5 b) —3 and 3 ¢) —4 and 4 d) —1 and 3
6. What is x 4 y for the system?
2x—y =-5
{ y =4-x
a) 2 b) 3 c)4 d) 5

7. The graph in Fig. 10-50 is the solution to which inequality?
a)y>2x+2 b)y>2x+2 c)y<2x+2 d)y<2x+2
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Fig. 10-50.

8. The graph in Fig. 10-51 is the solution to which inequality?
a)y>x—2x+1 b)y>x>—2x+1
) y<x—2x+1 dy<x’—2x+1

Fig. 10-51.

9. The graph in Fig. 10-52 is the solution to which system?
a)

yf—x2+4x

y=x
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b)
y < —x* +4x
y=x
¢)
y > —x> +4x
yzx
d)
y > —x? +4x
y=x
5 —
4 -
3 -
2 -
1H:
R T T B AN )
5 -4 -3 -2 -1 1 2 3
L3
At
5L
Fig. 10-52.
SOLUTIONS

I.d)  2.b) 3.a) 4a) S5b) 6a 7Tc 8b)  9.a)



CHAPTER

Exponents and
Logarithms

Many things in nature and business grow (and decay) exponentially. To see
how exponential growth and decay work, let us imagine a small country
where no one moves away, no one moves in, and everyone marries and
stays married. Suppose the population this year is 100,000. What will the
population be in two generations if every couple has exactly two children?
The population remains 100,000 in the next generation and 100,000 in the
generation after that. If every couple has exactly one child, the population
would decrease to 50,000 (a loss of 50,000) in the next generation and
would decrease to 25,000 (a loss of 25,000) in the following generation. If
every couple has four children, the population would increase to 200,000
(an increase of 100,000) in the next generation and 400,000 (an increase
of 200,000) in the generation after that. The decreases get smaller with
each generation, and the increases get larger. This effect is called exponential
growth and decay.

@’_

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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An investment of money with compounded interest works the same way.
For a fixed percentage increase per year, the exponential growth formula is
A = P(1 +r)’, where P is the initial amount, r is the percentage increase (as a
decimal number), and ¢ is the number of years. The formula for exponential
decay is the same, except r is negative.

The following example will illustrate how compounding works. Suppose
$100 is deposited in an account that earns 5% interest, compounded
annually. Compounded annually means that interest is paid at the end of one
year and that this interest earns interest in the next year. How much would be
in this account after four years? After one year, the account has grown to
100 + 0.05(100) = 100 + 5 = $105. In the second year, the original $100
earns 5% interest plus the $5 earns 5% interest: 105 + (105)(0.05) = $110.25.
Now this amount earns interest in the third year: 110.25 4 (110.25)(0.05) =
$115.76. Finally, this amount earns interest in the fourth year: 115.76 +
(115.76)(0.05) = $121.55. If interest is not compounded, that is, the interest
does not earn interest, the account would only be worth $120. The extra
$1.55 is interest earned on interest.

Compound growth is not dramatic over the short term but it is over time.
If $100 is left in an account earning 5% interest, compounded annually, for
20 years instead of four years, the difference between the compound growth
and noncompound growth is a little more interesting. After 20 years, the
compound amount is $265.33 compared to $200 for simple interest
(noncompound growth). A graph of the growth of each type over 40 years
is given in Fig. 11-1. The line is the growth for simple interest, and the curve
is the growth for compound interest.

700
600
500
Dollars 400
300

200

100

i i 1 )
10 20 30 40

Number of Years

Fig. 11-1.
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EXAMPLES

Find the compound amount.

e $5000 after three years, earning 6% interest, compounded annually
We will use the formula 4 = P(1+r)". P=5000, r=0.06, and
t = 3. We want to know A4, the compound amount.

A = 5000(1 + 0.06)° = 5000(1.06)° = 5000(1.191016)
~ 5955.08

The compound amount is $5955.08.
e §10,000 after eight years, 7%% interest, compounded annually

A =10,000(1 +0.0725)* = 10,000(1.0725)% ~ 10,000(1.7505656)
~ 17,505.66.

The compound amount is $17,505.66

PRACTICE
Find the compound amount.

1. $800 after ten years, 6%% interest, compounded annually
. $1200 after six years, 9%% interest, compounded annually
3. A 20-year-old college student opens a retirement account with $2000.
If her account pays 8‘1‘% interest, compounded annually, how much
will be in the account when she reaches age 65?

SOLUTIONS
I.

A =800(1 + 0.065)'° = 800(1.065)!° ~ 800(1.877137) ~ 1501.71

The compound amount is $1501.71.

A =1200(1 + 0.095)° = 1200(1.095)® ~ 1200(1.72379) ~ 2068.55

The compound amount is $2068.55.

A =2000(1 4 0.0825)* = 2000(1.0825)*
~ 2000(35.420585) ~ 70,841.17

The account will be worth $70,841.17.
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Many investments pay more often than once a year, some paying interest
daily. Instead of using the annual interest rate, we need to use the interest
rate per period, and instead of using the number of years, we need to use
the number of periods. If there are n compounding periods per year, then
the interest rate per period is r/n and the total number of periods is nt. The
compound amount formula becomes

t

A:P(l+£)n.

EXAMPLES
Find the compound amount.

e 35000 after three years, earning 6% annual interest
(a) compounded semiannually
(b) compounded monthly

For (a), interest compounded semiannually means that it is com-
pounded twice each year, so n = 2.

0.06\>®
A= 5000(1 + T) = 5000(1.03)° ~ 5000(1.194052) ~ 5970.26

The compound amount is $5970.26.
For (b), interest compounded monthly means that it is compounded
12 times each year, so n = 12.

0.06\ '*®
A= 5000(1 T ?) = 5000(1.005)*® ~ 5000(1.19668) ~ 5983.40

The compound amount is $5983.40.

e $10,000 after eight years, earning 7}1% annual interest, compounded
weekly.
Interest that is paid weekly is paid 52 times each year, so n = 52.

52(8)
A= 10,000<1 +O(;77225)

~ 10,000(1.001394231)*¢ ~ 10,000(1.785317) ~ 17,853.17

The compound amount is $17,853.17.
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PRACTICE
Find the compound amount.

1. $800 after ten years, earning 6}1% annual interest
(a) compounded quarterly
(b) compounded weekly
2. $9000 after five years, earning 6 %% annual interest, compounded daily
(assume 365 days per year).
3. A 20-year-old college student opens a retirement account with $2000.
If she earns 8}‘% annual interest, compounded daily, how much will
be in the account when she is 65? (Assume 365 days per year.)

SOLUTIONS
I. (a n=4

4(10)
A= 800(1 + 70'0525)

= 800(1.015625)* ~ 800(1.85924) ~ 1487.39

The compound amount is $1487.39.
(b)y n=352

0.0625) 210
A=800(1+"2
(1+°%)

— 800(1.00120192)°2 ~ 800(1.86754) ~ 1494.04

The compound amount is $1494.04.
2. n=365

365
~ 9000(1.000184932)"32° ~ 9000(1.4013959) ~ 12,612.56

365(5)
A= 9000(1 + %)

The compound amount is $12,612.56.

0.0825

365(45)
W) A 2000(1.000226027)" %+

2000(1 +
~ 2000(40.93889) ~ 81,877.78

The $2000 investment will be worth $81,877.78 when she is 65
years old.
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The more often interest is compounded per year, the more interest is
earned. An amount of $1000 earning 8% annual interest, compounded
annually, is worth $1080 after one year. If interest is compounded quarterly,
it is worth $1081.60 after one year. And if interest is compounded daily, it is
worth $1083.28 after one year. What if interest is compounded each hour?
Each second? It turns out that the most this investment could be worth
(at 8% interest) is $1083.29, when interest is compounded each and every
instant of time. Each instant of time, a tiny amount of interest is earned. This
is called continuous compounding. The formula for the compound amount
for interest compounded continuously is A4 = Pe”’, where 4, P, r, and ¢
are the same quantities as before. The letter e stands for a constant called
Euler’s number. It is approximately 2.718281828. You probably have an e
or ¢* key on your calculator. Although e is irrational, it can be approximated
by rational numbers of the form

1 m
(1 +_> B
m

where m is a large rational number. The larger m is, the better the approxi-
mation for e. If we make the substitution m = n/r and use some algebra,
we can see how (1 + r/n)" is very close to ¢, for large values of n. If interest
is compounded every minute, n would be 525,600, a rather large number!

EXAMPLE
e Find the compound amount of $5000 after eight years, earning 12%
annual interest, compounded continuously.

A = 5000¢%2® = 5000¢" ~ 5000(2.611696) ~ 13,058.48

The compound amount is $13,058.48.

PRACTICE
Find the compound amount.

1. $800 after 10 years, earning 6%% annual interest, compounded con-
tinuously.

2. $9000, after 5 years, earning 6%% annual interest, compounded con-
tinuously.

3. A 20-year-old college student opens a retirement account with $2000.
If she earns 8}—‘% annual interest, compounded continuously, how
much will the account be worth by the time she is 65?
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SOLUTIONS
1.

A = 800" — 800e"% ~ 800(1.915540829) ~ 1532.43

The compound amount is $1532.43.

A = 9000e"%75) = 9000¢™37 ~ 9000(1.401439608) ~ 12,612.96

The compound amount is =§12,612.96.
3.

A = 2000 %) = 2000712 ~ 2000(40.95606882) ~ 81,912.14

The account will be worth $81,912.14 by the time she is 65.

The compound growth formula for continuously compounded interest is
used for other growth and decay problems. The general exponential growth
model is n(f) = nye”, where n(t) replaces 4 and n replaces P. Their meanings
are the same—rn(7) is still the compound growth, and n, is still the beginning
amount. The variable ¢ represents time in this formula; however, time will not
always be measured in years. The growth rate and ¢ need to have the same
unit of measure. If the growth rate is in days, then ¢ needs to be in days. If the
growth rate is in hours, then ¢ needs to be in hours, and so on. If the
“population” is getting smaller, then the formula is n(¢) = nge™""

EXAMPLES
e The population of a city is estimated to be growing at the rate of 10%
per year. In 2000, its population was 160,000. Estimate its population
in the year 2005.
The year 2000 corresponds to ¢ = 0, so the year 2005 corresponds to
t = 5; ng, the population in year # = 0, is 160,000. The population is
growing at the rate of 10% per year, so r = 0.10. The formula n(z) =
nge” becomes n(f) = 160,000¢™'". We want to find n(7) for 1 = 5.

n(5) = 160,000¢*1°®) ~ 263,795

The city’s population is expected to be 264,000 in the year 2005 (esti-
mates and projections are normally rounded off).

e A county is losing population at the rate of 0.7% per year. If the popu-
lation in 2001 is 1,000,000, what is it expected to be in the year 20087
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ny = 1,000,000, ¢ = 0 is the year 2001, t = 7 is the year 2008, and
r = 0.007. Because the county is losing population, we will use the
decay model: n(t) = nye™"". The model for this county’s population is
n(1) = 1,000,000e~"%7" We want to find n(7) for t = 7.

n(7) = 1,000,000¢ %" ~ 952,181

The population is expected to be 952,000 in the year 2008.
e In an experiment, a culture of bacteria grew at the rate of 35% per
hour. If 1000 bacteria were present at 10:00, how many were present
at 10:45?
ny = 1000, r = 0.35, ¢ is the number of hours after 10:00. The growth
model becomes n(7) = 1000e™*’. We want to find n(¢) for 45 minutes,
or t = 0.75 hours.

n(0.75) = 10003307 = 1000¢°26%° ~ 1300

At 10:45, there were approximately 1300 bacteria present in the
culture.

PRACTICE

1. The population of a city in the year 2002 is 2,000,000 and is expected
to grow at 1.5% per year. Estimate the city’s population for the year
2012.

2. A school is built for a capacity of 1500 students. The student popula-
tion is growing at the rate of 6% per year. If 1000 students attend
when it opens, will the school be at capacity in seven years?

3. A construction company estimates that a piece of equipment is worth
$150,000 when new. If it lost value continuously at an annual rate of
10%, what would its value be in 10 years?

4. Under certain conditions a culture of bacteria grows at the rate of
about 200% per hour. If 8000 bacteria are present in a dish, how
many will be in the dish after 30 minutes?

SOLUTIONS
1. ny=2,000,000, r=0.015 The growth formula is n(f) =
2,000,000¢"°">" and we want to find n(¢) when ¢ = 10.
n(10) = 2,000,000¢*°1°19 ~ 2,323 668

The population in the year 2012 is expected to be about 2.3 million.
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2.

ny = 1000, r = 0.06 The growth formula is 7(7) = 1000™°. We want
to find n(¢) when t = 7.

n(7) = 1000*%7 ~ 1522

Yes, the school will be at capacity in seven years.

ny = 150,000, » = 0.10 We will use the decay formula because value
is being lost. The formula is n(¢) = 150,000 %1% We want to find n(7)
when 7 = 10.

n(10) = 150,000¢ %19 ~ 55 181.92
The equipment will be worth about $55,000 after 10 years.
ny = 8000, r =2 The growth formula is n(¢) = 8000¢”. We want to
find n(¢) when ¢t = 0.5.
n(0.5) = 8000°* ~ 21,746

About 21,700 bacteria will be present after 30 minutes.

A basic exponential function is of the form f(x) = a*, where a is any
positive number except 1. The graph of f(x) =" comes in two shapes
depending whether 0 < a < 1 (a is positive but smaller than 1) or a > 1.
Figure 11-2 shows the graph of f(x) = (%)x and Fig. 11-3 is the graph of

f(x)=2"

We can sketch the graph of f(x) = a" by plotting points for x = —3,
x=-2,x=—-1,x=0,x=1, x=2, and x =3. If ¢ is too large or too
small, points for x = —3 and x = 3 might be too awkward to graph because

16

14

121
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16
14+
12

101

2L

Fig. 11-3.

their y-values are too large or too close to 0. Before we
graphs, we will review the following exponent laws.

1 nN™" "
a \a) ~¢

al=

EXAMPLE
Sketch the graphs.

o f(x)=25"
We will begin with x = =3,
values (Table 11-1).

Table 11-1

x | (%)

—3 | 0.064 (2.5 =5L) (Too hard to plot)
~2{0.16 257 =54

—1] 040 (25" =2

0 |1

1 |25

2 | 625

3 15.625

begin sketching

-2, —1,0, 1, 2, and 3 in a table of
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e g()=@"
The values plotted are given in Table 11-2.

Table 11-2

-1 3@ =3
0 1

1 0.33

2 0.11

3 0.037 (too hard to plot)

w
1

= W R Gt & =1 e
T
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PRACTICE
Sketch the graphs.
L f)=06)"
2. g =0@3"
3. h(x) =e¢" (Use the e or ¢ key on your calculator.)

SOLUTIONS
1. The values plotted are given in Table 11-3

Table 11-3
x| f(x)
-31030(7°=03"=%
2| 044977 =) =9)
—110.67(3)"' =% / Loy
0 | -5-4-3-2-1_1_12345
EE Fig. 11-6
2 2.25
3 3.375

2. The values plotted are given in Table 11-4.
Table 11-4

x| f(x)

-3[3375(37° =6

-2 22537 =07

~1| 15(Q) 7" =)

0 1
1 0.67
2 0.44

3 0.30
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T

e e

5 4 -3 -2 -1 1 2 3 4 5
1k

Fig. 11-7.

3. The values plotted are given in Table 11-5.
Table 11-5

1 2.72

3 20.09

20

151

10
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Transformations of the graphs of exponential functions behave in the same
way as transformations of other functions.

e The graph of f(x) = —2% is the graph of y = 2" reflected about the
x-axis (flipped upside down).

e The graph of g(x) =27" is the graph of y = 2" reflected about the
y-axis (flipped sideways).

e The graph of i(x) = 2*"! is the graph of y = 2* shifted to the left 1 unit.

e The graph of /(x) = —3 + 2% is the graph of y = 2" shifted down 3 units.

Present Value

Suppose a couple wants to give their newborn grandson a gift of $50,000 on
his 20th birthday. They can earn 7%% interest, compounded annually. How
much should they deposit now so that it grows to $50,000 in 20 years? To
answer this question, we will use the formula 4 = P(1 +r)’, where we
know that 4 = 50,000 but are looking for P.

50,000 = P(1 + 0.075)%°
= P(1.075)%
50,000

———5 = P =11,770.66

(1.075)
The couple should deposit $11,770.66 now so that the investment grows to
$50,000 in 20 years.

We say that $11,770.66 is the present value of $50,000 due in 20 years,
earning 7%% interest, compounded annually. The present value formula is
P = A(1+r)"" for interest compounded annually, and P = A(1 + (r/n))™™"
for interest compounded n times per year.

EXAMPLE
e Find the present value of $20,000 due in 8% years, earning 6% annual
interest, compounded monthly.

0.06\ 1269
P= 20,000(1 + F) = 20,000(1.005)7"9? ~ 12,025.18

The present value is $12,025.18.
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PRACTICE
1. Find the present value of $9000 due in five years, earning 7% annual
interest, compounded annually.
2. Find the present value of $50,000 due in 10 years, earning 4% annual
interest, compounded quarterly.
3. Find the present value of $125,000 due in 4] years, earning 61%
annual interest, compounded weekly.

SOLUTIONS
l.

P =9000(1.07)"° ~ 6416.88
The present value is $6416.88.

2.
0.04\ ~*1
P= 50,000(1 + T) = 50,000(1.01)"*° ~ 33,582.66
The present value is $33,582.66.
3.

—52(4.5)
P = 125,000(1 —i—%)

= 125,000(1.00125)"2** ~ 93,316.45

The present value is $93,316.45.

Logarithms

A common question for investors is, “How long will it take for my invest-
ment to double?” If $1000 is invested so that it earns 8% interest, com-
pounded annually, how long will it take to grow to $2000? To answer the
question using the compound growth formula, we need to solve for ¢ in
the equation 2000 = 1000(1.08)". We will divide both sides of the equation
by 1000 to get 2 = (1.08)". Now what? It does not make sense to “‘take the
tth root”of both sides. We need to use logarithms. Logarithms ‘“‘cancel”
exponentiation in the same way subtraction “‘cancels’” addition and division
“cancels” multiplication. Logarithms (or /ogs) are very useful in solving
many science and business problems.
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The logarithmic equation log, x = y is another way of writing the expo-
nential equation ¢’ = x. Verbally, we say, “log base a of x is (or equals) y.”
For log, x, we say, “(the) log base a of x.”

EXAMPLES
Rewrite the logarithmic equation as an exponential equation.

e log;9=2
The base of the logarithm is the base of the exponent, so 3 will be raised

to a power. The number that is equal to the log is the power, so the
power on 3 is 2.

log; 9 = 2 rewritten as an exponent is 32=9

o log,i=-3
The base is 2 and the power is —3.
1
273 =2
8
o logy3=1
The base is 9 and the power is %
9 =3
PRACTICE
Rewrite the logarithmic equation as an exponential equation.
1. log,16 =2
2. log;81=4
3. logloo 10 = %
4. log,4=3
5. log,2=0.6931
6. log(x+l) 9 = 2
7. log,35=—2
8. logg4 =1
SOLUTIONS

1. log, 16 = 2 rewritten as an exponential equation is 4 =16

2. log;81=4 rewrltten as an exponential equation is 3 = 81

3. logjp 10 = 2 rewritten as an exponential equation 1s 1002 = 10
4. log,4 = 3 rewritten as an exponential equation is a =4
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log, 2 = 0.6931 rewritten as an exponential equation is L)

5.

6. log.1)9 =2 rewritten as an exponential equation is (x + 1 =9
7 ~L

8. logg4 :% rewritten as an exponential equation is 8%/° = 4

10g74i9 = —2 rewritten as an exponential equation is 77> =

Now we will work in the other direction, rewriting exponential equations
as logarithmic equations. The equation 4° = 64 written as a logarithmic
equation is log, 64 = 3.

PRACTICE
Rewrite the exponential equation as a logarithmic equation.
1. 5=25
2. 4'=1
—1 _ l
3. 7 o7
4. 125
5. 107* =0.0001
6. e'? =1.6487
7. 8 =5
SOLUTIONS
1. 5% =25 rewritten as a logarithmic equation is logs25 =2
2. 4% =1 rewritten as a logarithmic equation is log, 1 =0
3. 77 = % rewritten as a logarithmic equation is log7% =-1
4. 125'3 = 5 rewritten as a logarithmic equation is log,,s 5 =1
5. 107*=0.0001 rewritten as a logarithmic equation is log 100.0001 = —4
6. ¢'/? =1.6487 rewritten as a logarithmic equation is log, 1.6487 = %
7. 8" =5 rewritten as a logarithmic equation is logg5 = x

Logarithm Properties

The first two logarithm properties we will learn are the cancelation proper-
ties. They come directly from rewriting one form of an equation in the
other form.

log,a*=x and  d°%"=x

When the bases of the exponent and logarithm are the same, they cancel.
Let us see why these properties are true. What would the expression log, a*



CHAPTER 11 Exponents and Logarithms _‘@

be? We will rewrite the equation log,a” =? as an exponential equation:
a' = a*. Now we can see that “?” is x. This is why log, a* = x. What would
a°%* be? Rewrite ¢ = ? as a logarithmic equation: log,? = log, x, s0 “?”"
is x, and @"°%* = x.

EXAMPLE
° 510g52
The bases of the logarithm and exponent are both 5, so 5logs2 simplifies
to 2.
o 10°0° =3 o 4lBY—y o %0=6
o 200l _— o log,m =r o log, 7 = ab
o logy9’ =3 o log, 167 =—4 o log,, 10" = x
PRACTICE
Use logarithm properties to simplify the expression.
1' 910g93
2. 10e0!4
3. stossy
4. logs 15
5. logy 1078
6. log,e*
SOLUTIONS
1. 9lo®3 —3
2. 100! =14
3. 5lossY —
4. log;s15* =2
5. log,p 1078 =—8
6. log,e" =x

Sometimes we will need to use exponent properties before using the
property log, a* = x.

. 1 -
Ja" =d"" and — = a ™

am

EXAMPLES

o logy3=logyv/9=1logy 9" e log;4=1log;
=1 =log, 7%= -2
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o log,,v10 =1log,,10"* e log,, /100 = log,, V102

N

PRACTICE
Use logarithm properties to simplify the expression.
1. log, 7
2. logsi
3. log %
4. log,
5. logyst
6. logg%
7. log;y+/ 1000
SOLUTIONS
1.
12 1
log; V7 =log; 7' = 5
2.
1 ~1
logsg =logs5 =-1
3.
1 1 _ 1
log3ﬁ = log3m =log; 3 12 = =)
4.
1 1 _
log4ﬁ = log4z =log, 4 2o
5.
1 1 1 _ 1
log,s 5= log,s /25 = logys 55t = logy; 25717 = - B
6. 2=+/8

1 1 1 _ 1
loggi = 10g8\3/_§ = loggg = logg 8 173 = —g
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7. 1000 = 10°
00 ovey 3
lOglO 1000 = 10g10 103 = logl() 103/2 = 5

Two types of logarithms occur frequently enough to have their own
notation. They are log, and log,,. The notation for log, is “In”, pronounced
“ell-in,” and is called the natural log. The notation for log;, is “log” (no base
is written) and is called the common log. The cancelation properties for these
special logarithms are

Ine® = x MY = x
and
logl0* =x 101" = x.
EXAMPLES
o Ine’ =15 o 10085 =5
o M=14 o logl0'?=1

o Inet=-4 o loglo*="4

PRACTICE
Simplify.

1. Ine

2. log10¥¥

3. 10"°¢°

4‘ ell’l6

5. log10¥!

6. Ine*!
SOLUTIONS

1. Ine®=5

2. logl0Y¥ = /x

3. 1087 =9

4. M0—¢

5. logl10* ! =3x—1

6. Ine*™' =x+1
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Three More Important Logarithm Properties

The following three logarithm properties come directly from the exponent
properties a” - d" = a"™", d"/d" = a"7", and d™" = (d")".

1. log, mn =log,m+log,n
2. log,m/n =log,m—log,n
3. log,m' =tlog,m

We will see why Property 1 works. Let x =log,m and y =log,n.
Rewriting these equations as exponential equations, we get b* =m and
b’ = n. Multiplying m and n, we have mn = b*-b" = b*". Rewriting the
equation mn = b""" as a logarithmic equation, we get log,mn = x + y.
Because x =log,m and y =log,n, log,mn=x+y becomes log,mn =
log, m + logy, n.

EXAMPLE
Use Property 1 to rewrite the logarithms.

o log,7x =log, 7+ log, x e InlSt=Inl5+In¢
e loge 197 = loge 19 + logg 7 e log100y* =log10® + logy*
=2+logy’
e logy3+logy27 =logy 3(27) o Inx+In/y=Inx/y
=logy 81 =2

PRACTICE
Use Property 1 to rewrite the logarithms.

In 59¢

log0.10y

logs, 148x7
loge 3 +logg 12
logs 9 + logs 10
log 5 +1og20

Sk W=

SOLUTIONS
In59¢t=In59+1In¢

10g0.10y = 10g0.10 +log y = log 10~ +logy = —1 + logy
logs, 148x% = logs, 148 + logs, x°

logg 3 + log, 12 = log(3 - 12) = logg 36 = log, 6° = 2

logs 9 + logs 10 = logs(9 - 10) = logs 90

log 5+ 10g 20 = log(5 - 20) = log 100 = log 10* = 2

A
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EXAMPLES
Use Property 2 to rewrite the logarithms.

o log(x/4) =logx —log4 e In(5/x)=In5—Inx
i 10g153—10g152=10g15(%) e Inl6—Inzr=1In(16/1)

o log,(3) =log;4 —log,3=1—1log,3

PRACTICE
Use Property 2 to rewrite the logarithms.

log, 10/9x
logQ%

Int/4

log 100/x
log;2 —log, 4
logg x — logg 3

A

SOLUTIONS
1.

10
log4§ = log, 10 — log, 9x

7
logzg = log, 7 —log, 8 =log, 7 — log, 23 = (log, 7) -3

3.
1n£—1nt—1n4
1=
4.
@_ _ 2 _ 2 _ 2 _ 2
log—-=1log 100 —log x” =1og 10 — logx”~ = 2 —log x
b
S.

2 |
log,2 —log,4 = 10g7Z = log; 3
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6.
logg x —logg 3 = loggg

The exponent property ~/a” = ™" allows us to apply the third logarithm
property to roots as well as to powers. The third logarithm property is
especially useful in science and business applications.

EXAMPLE
Use Property 3 to rewrite the logarithms.
e log,3" =xlog,3 o logx’=2logx
%lnt:lntl/3 e —3log8=1log8

e logsv2x = log6(2x)l/2 = %log6 2x e InvA=In"* =%lnt

PRACTICE
Use Property 3 to rewrite the logarithms.
. In5*
2. log;, /3
3. log+/16x
4. logs6™"
5. 2logg3
6. (x+6)logy3
7. log, 10™
8. —2log,5
SOLUTIONS
. In5"=xIn5
2. log;, /3 =log;, 3" =1Llog,, 3
3. log+/16x = log(16x)'* = llog 16x
4. logs6 ' = —tlogs6
5. 2logg3 =logg3* = logg 9
6. (x+6)log,3 =log, 3™
7. log,s 107 = 2xlog, 10
8. —2log,5=log,5 " =log,L = log, %

Sometimes we will need to use several logarithm properties to rewrite more
complicated logarithms. The hardest part of this is to use the properties in the
correct order. For example, which property should be used first on log (x/)°)?
Do we first use the third property or the second property? We need to use the
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second property first. For the expression log(x/y)’, we would use the third
property first.

Going in the other direction, we need to use all three properties in the
expression log, 9 — log, x + 31log, y. We need to use the second property to
combine the first two terms.

9
log, 9 —log, x + 3log,y = 10g2; +3log,y

We cannot use the first property on log, (9/x) + 31og, y until we have used
the third property to move the 3.

9y3

9 9 9
log, = + 31 = log, = + log, »* = log, 1’ = = log, ~—
ngx + 3logy y ngx +log, ¥y 082, S 08, .
EXAMPLES
Rewrite as a single logarithm.

e log,3x—4log,y
We need use the third property to move the 4, then we can use the
second property.

3
log, 3x — 4log, y = log, 3x — log, = logz—f
y

e 3logdx+2log3 —2logy

3log4x +2log3 — 2logy = log(4x)® + log 3> — log ) Property 3

3

=log4’x* - 3> —log)? Property 1

576x°

= log 576x° — log y2 = log I Property 2

e (Ind+1In5
tInd+1n5=In4"+In5=1In(5-4") (not In20")
Expand each logarithm.
e In3/x/y

ln%}: In3x"*) —Iny* =3 +Inx"? —In)?
y

=1In3 +%lnx—21ny
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o log,4/10x)”

4
log, 100 = log,; 4 — log; 10x)°

= log; 4 — (log; 10 + log; x + log; 1)
=log;4 — (log; 10 4+ log; x + 2log; )
or log;4 —log;10 —log; x —2log; y

PRACTICE
For 1-5, rewrite each as a single logarithm. For 610, expand each logarithm.
1. 2logx+3logy
2. logg2x —2logy 3
3. 3Int—In4+42In5
4. tlIn6421In5
5. Jlogx —2log2y+3logz
6. logdx/y
7. In6//y
8. log, 10x/Y/z
9. In+/4x/5)°
10. log+/2y3/x
SOLUTIONS
1.
2logx+3logy = logx2 + logy3 = logxzy3
2.
) 2x
logg 2x — 2logg 3 = logg 2x — logg 37 = logs 2x — logy 9 = log, 5
3.

3Int—Ind4+2In5=InF —In4+1n5°
[3
=1nZ+ln25

3 3
t 25¢
= 1n252 = lnT



CHAPTER 11 Exponents and Logarithms _\@

4.
tIn6+2In5=1In6"+1In5> = In[25(6")]
5.
1 _ 1/2 2 3
Elogx —2log2y +3logz=logx"’/* —log(2y)” +logz
= logx'? —log2%* + log 2*
_ 1/2 2 3
=logx/° —logdy” +logz
1/2 1/2
X 3 3 X
= 10g4—yz—|—logz =logz 4—}/2
Ve 3 /%
=log——— 17 or log4—y2
6.
4x
10g7 = log4x —logy =log4 +logx —logy
7.
lni:1n6—ln«ﬁ=1n6—lnyl/2 :ln6—llny
Jy 2
8.
log4 \/_ = log, 10x — log, </z = log, 10x — log, z'/*
1
= log, 10 + log, x — §10g4z
9.

1n—v5 Inv/4x — In 5)” = In(4x)"/* — In 5)?
v

:%In4x—(ln5+lny2) :%(ln4+1nx) —(In5+21Iny)

1 1
or §1n4+§1nx—ln5 —2Iny
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10.

172
23 2y 1. 2y
log Lzlog<i> g
X X 2 X

1 1
=—(log2y® —logx) == (log2 + log)® — log x)

2 2

1 1 3 1
:E(log2+ 3logy — logx) or 510g2+§10gy—§10gx

With these logarithm properties we can solve some logarithm and
exponent equations. We can use these properties to rewrite equations either
in the form “log =log” or “log =number.” When the equation is in the form
“log=1log,” the logs cancel. When the equation is in the form ‘“log=
number,”” we can rewrite the equation as an exponential equation.

The Change of Base Formula

There are countless bases for logarithms but calculators usually have only
two logarithms—Ilog and In. How can we use our calculators to approximate
log, 5?7 We can use the change of base formula; but first, let us use logarithm
properties to find this number. Let x = log, 5. Then 2* = 5. Take the com-
mon log of each side.

log2* =log5 Now use the third logarithm property.
xlog2 =1log5 Divide both sides by the number log 2.
‘e log 5 ~ 0.698970004
log2 0.301029996

~ 2.321928095

This means that 2>**19%%95 is very close to 5.

We just proved that log, 5 =log;,5/log;,2. Replace 2 with b, 5 with x,
and 10 with ¢ and we have the change of base formula.

log, x
log, b

a

log, x =

This formula converts a logarithm with old base b to new base a. Usually,
the new base is either ¢ or 10.
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EXAMPLE
e Evaluate log, 15. Give your solution accurate to four decimal places.

log15 1.176091259

1 15 = ~ ~ 1.391
087 15=9007 ~ 08as09804 PN
In15  2.708050201
=7 1945910149 - PN
PRACTICE
Evaluate the logarithms. Give your solution accurate to four decimal places.
1. logg25
2. logy 5
SOLUTIONS
1.
In25 3.218875825
logs 25 =176~ T 701750469 ~ 17969
log25 1.397940009
log 6 0.7781525 7965
2.
In5 1.609437912
08203 =150 ~ 3.995732274 ~ 02372

log5 _ 0.698970004

= ~ ~ 0.5372
log20  1.301029996 0.537

The change of base formula can be used to solve equations like 4" =8
by rewriting the equation in logarithmic form and using the change of base
formula. The equation becomes log, 8 = 2x + 1. Because log, 8 =1n8/In4,
the equation can be written as 2x + 1 =In8/In4.

In8

2 l=—

X In4
In8
2x=—-14+—
. +1n4

(L 8y
Y73 n4) "4
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Chapter 11 Review

1.

$1200 is deposited into an account that earns 7%% annual interest,
compound monthly. How much will be in the account in ten years?
a) $2534.48 b) $2473.24 c) $2941.63 d) §1277.14

How much is an investment worth if $10,000 is invested for fifteen
years, earning 5% annual interest, compounded continuously?
a) $20,789.28 b) $21,170.00 ¢) $21,137.04 d) $21,162.37

A couple wants to present a $25,000 gift to their newborn grandson on
his 20th birthday. If they can earn 8% annual interest, compounded
quarterly, how much do they need to invest now?

a) $121,886 b) $5047 c) $18,165 d) $5128

The graph in Figure 11.9 is the graph for what function?
Dy=" br=@ 9gy=0"" =~

The population of a country is growing at an annual rate of 1.5%. If
the population in 2004 is 4 million, estimate the population for the
year 2015.

a) 3.5 million b) 4.1 million ¢) 4.7 million d) 5.2 million

The population of a certain species of bird in a region is approximated
by the function n(r)=115¢""%"" where ¢ is the number of years after
1998 and n(t) is the population in thousands. Estimate the bird popu-
lation in the region for the year 2005.

a) About 107,000 b) About 111,000 ¢) About 117,000

d) About 121,000
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7. Rewrite t =log,m as an exponential equation
ayt=m’ b=t cm=>b d)ym'=5b
8. logygr=
a) —1 b) -2 c)2 d) Does not exist
9 log ~/10=
a) —1 b) —1 Ok d)2
10. Ine*'=
a)2 b)t «c¢)2t d)Cannot be determined without a calculator
1. Inx—-2lny=
a) ln% b) 21n% C) ln;i2 d) 21111an
12. logsx/y =
a) logsx—i—%logy b) logs x + /logsy ¢) logs x +logsy
d) (logs x)y/logs y
13. logg 10 =
a) ¢ b) wis ©) 1o d) g
SOLUTIONS
1. a) 2. b) 3.4d) 4. a) 5.¢) 6. a) 7.c¢) 8. b)

9.¢)

10. ¢) 11. ¢) 12. a) 13. a)
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Final Exam

1. What is the slope of the line y = 4?
a) 4 b) 0 c) —4 d) The slope does not exist.

2. What is the range for the function f(x) = x* + 2x — 3?
a) [-4,00)  b)(-o0, —4]  ¢)[-1,00)  d)(—o0, —1]

3. What kind of triangle do the points (=3, — 1), (1, — 3), and (—2,0)
form?
a) Isosceles triangle (exactly two sides are equal) b) Right triangle
¢) Equilateral triangle (all three sides are equal)
d) None of the above

4. What is the solution for |6x + 1| = 57
a) x = —% b) x = §

ogx=2andx=-% d)x=%and x=-1

3
5. $5000 is deposited into a retirement account. If it earns 8% annual

interest, compounded annually, what will it be worth in 25 years?
a) $36,223.23 b) $11,098.20 c) $34,242.38 d) $36,947.28

By—

Copyright © 2004 by The McGraw-Hill Companies, Inc. Click here for terms of use.



Final Exam

6.

10.

11.

12.

13.

What is x + y for the solution to the system?
{ Sx =2y =-2
x+2y =-10
a) =3 b) —4 c) =5 d) —6

What is the solution for the inequality x> — 2x — 3 < 0?

Which of the following correctly completes the square for
y=x+6x—4

A)y=x>4+6x+9—-4 b y=x"+6x+9)—4+9

Q) y=x"+6x+9 d)y=*+6x+9)—-4-9

Is f(x) =3 /x2 + 2 an even function, odd function, or neither?
a) Even b) Odd ¢) Neither d) Cannot be determined

What is the midpoint for the points (2, 5) and (—1, 6)?
D&Y DELY 96 -) 963
What is the present value of $100,000 due in ten years, earning 6%

annual interest, compounded monthly?
a) $54,963 b) $54,881 c) $55,840 d) $48,780

The graph of a polynomial function whose leading term is —6x°
(a) goes up on the left and up on the right.

(b) goes up on the left and down on the right.

(c) goes down on the left and up on the right.

(d) goes down on the left and down on the right.

The graph shown in Fig. A-1 is the graph of what function?

y=@"" by=3"" 9gy=3"" dhy=3""'
5 -
4-
3]
9]
14

Fig. A-1.

The next three problems refer to the function f(x) whose graph is
shown in Fig. A-2.

——&
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14.

15.

16.

17.

18.

19.

20.

21.

5_
4_
3_

ot
[N
W
no
—
Pt
[V
<o -
i
o

214
-2
-3 4
44
-5-
Fig. A-2.

What is the domain for f(x)?

What is f(—3)?
a) 2 b) —2 c)0 d) —4

For what interval(s) of x is this function decreasing?
a) (=2,2) b) (=5 -2)U(, -4
(=31 d)(=5 -3)u(,3)

A purchasing agent rents a car during a business trip. Her bill for
Wednesday was $33 for driving 45 miles. Her bill for Thursday
was $39 for driving 60 miles. Find an equation that gives the daily
cost in terms of the number of miles driven.

a) y = 0.40x 4+ 31.80 b) y = 2.50x — 79.50

c) y = 0.40x + 44.40 d) y=0.40x + 15

Evaluate log; =.

-2 5 o1 4!

What is the domain for f(x) = Vx> —9?

a) [3,00) b) (=00, =3)U(=3,3) U (3,00)
) (=00, =3]U[3,00)  d)[-3,00)U[3,00)

What are the x-intercepts of the polynomial function f(x)=
(x+4x+1) (x=3)°(x =5

a) —4, — 1,3,5 b) -4, — 1,9,5 c)4,1,3,5 d)4,1,9,5
What is the distance between (2, 3) and (-5, 6)?

a)v40  b) V122 o) V38 dW2
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22. The cost per unit of a product is given by the function
C(x) = 0.05x* — 40x + 8002.5, where x is the number of units pro-
duced and C is in dollars. How many units should be produced to
minimize the cost per unit?

a) 400 b) 450 c) 500 d) 550

23.  Expand the logarithm In (xy2 /2).

Inx—2Iny

a)lnx+2lny—Inz b) o
z

¢)lnx+Iny—Inz d) 1nx+(1ny)2—1nz
24. Are the lines 6x — 2y = 5 and 2x + 6y = 9 parallel, perpendicular, or
neither?
a) Parallel b) Perpendicular
¢) Neither d) Cannot be determined

25. What is x + y for the solution to the system?

y=2x-5
y=3x-17

)2 b -1 0 dl

26. Find the x- and y-intercepts for y = (x + 1)/(x — 3).
(a) The x-intercepts are —1 and 3, and the y-intercept is —%.
(b) The x-intercepts are —1 and 3, and there is no y-intercept.

. . . . 1
(c) The x-intercept is —1, and the y-intercept is — 3.

. . . . l
(d) There is no x-intercept, the y-intercept is — 3.

27.  Which of the following lines is perpendicular to the line y = —%?
a)y=% b)yz—%x c)x=2 d) None

28. Evaluate g(u + v) for g(x) = 12x + 10.
a) 12u+ 12v+ 10 b) 12u +v+ 10
c) u+v)(12x+10) d) 12x+104+u+v

29.  What is the solution for |x + 3| < 4?
a) (—oo, =7 U(l,00)  b)(=7,1) c¢) (=00, 1) d)(=1,1
30. What is the domain for f o g(x) when f(x) = x* and g(x) = /x?
a) (—o0,00)  b)[0,00)  ¢) (—00,0)U(0,00)  d)(0,00)
31. What are the zeros for the polynomial function f(x) = x* — 16?
a) +4 b) £2 c)£2, —4 d) £2, £2i

32. Find the equation of the line containing the points (—1,0) and (0, 1).
a)y=—x+1 b)y=x+1 0)y=—-x-—1 d)y=x-1
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

What is the center and radius for the circle whose equation is
xX+5+(@—67=9

(a) The center is (5, — 6), and the radius is 81.

(b) The center is (5, — 6), and the radius is 3.

(¢) The center is (—5, 6), and the radius is 81.

(d) The center is (-5, 6), and the radius is 3.

What is the domain for f(x) = %2

Is @ = —3 a lower bound for the real zeros of the polynomial func-
tion f(x) = x* — ¥ + x* + x — 4?
a) Yes b) No ¢) Cannot be determined

x* 4+ x — 1 =0 is equivalent to

) v+’ =7 b E+Y =3
Ox+h =3 D+ =3

Rewrite logs 3x in base 8.

2) logg 3x b logg 5 0 logg 3x d)

logg 5 logg 3x In5
What is the solution for the inequality x* > 1?
a) (1,00) b) (—oo, — 1) U (I, 00)
¢) (LLoo)U(=l,00)  d)(-1,1)

The graph of —J/f(x) is the graph of f(x)

(a) reflected about the x-axis and vertically stretched.
(b) reflected about the x-axis and vertically flattened.
(c) reflected about the y-axis and vertically stretched.
(d) reflected about the y-axis and vertically flattened.

Evaluate f(—2) for f(x) = 6.
a) —2 b) —12 c)6 d) Cannot be determined

logg 5
log3x

Find an equation of the line whose slope is % and contains the point
(6, 8).

a)Sx—3y=6 b) 5x =3y =22

c)3x—5y=-22 d)3x—5y=-6

What are the zeros for the polynomial function f(x)= 6x’—
11x* + 6x — 12
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43.

44.

45.

46.

47.

48.

a) 1,31 b)) L, 11 ¢ =1 11 d) Cannot be deter-

mined.

The population of a certain type of fish in a lake is approximated by
the function n(r) = 25¢"%**, where ¢ is the number of years after 2000
and n(7) is the size of the population in hundreds. Estimate the size of
the fish population in the lake for the year 2006.

a) About 2300 b) About 2500

¢) About 2700 d) About 2900

If f(x) = x* and g(x) = 1/(x + 1), find f o g(—2).
-1 b-t o-1 &3
What is x 4+ y for the solution for the system?
y=2x"—x+3

Ix—y=-1
a) 2 b) 3 c) S d) 6
What is the vertex for y = 1x* +3x — 47
a) (6,32)  b) (-3, -4 ) (=3 —% d) 3,2
What is the solution for |7 — x| > 2?
a) (—00,5)U(9,00)  b) (—00,5) U (-00,9)
) (9,5) d) (5,9)
The solid graph in Fig. A-3 is the graph of f(x) = x°. The dashed
graph is the graph of which function?
)y=E+1+1 by=c+D'-1 Jy=@-1"+1
d)y=x-17"-1

10 '
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49.

50.

S1.

52.

53.

54.

55.

56.

According to the Rational Zero Theorem, which of the following is
not a possible zero for the polynomial function f(x) = 12x* — x* +9?
a)4 byl ©3  d) All are possible rational zeros

Evaluate g(3) for

x+7 ifx>-1

)8 b)24 ¢ 10  d)8and 10
Rewrite m' = u as a logarithm equation.
a) log,,t=u b) log,,u =1 c) log,m=t d) log,t =m

For the function f(x) = —1x* +3x+4

(a) the maximum functional value is g

(b) the minimum functional value is 5.

(c) the maximum functional value is 3.
(d) the minimum functional value is 3.

What are the zeros for the function P(x) = x* + 3x* — 2x — 8? (Hint:

x = —2is a zero.)

—1+/17 —1+/17i
R b -2 =
c) =2, —2+/17i d) —2,243i

What is the center and radius for the circle whose equation is
42 +8x+6y=11?

(a) The center is (—4, — 3), and the radius is 6.

(b) The center is (—4, — 3), and the radius is +/11.

(c) The center is (4, 3), and the radius is 6.

(d) The center is (4, 3), and the radius is v/11.

To complete the square, what numbers should be used to fill in the
blanks for y = —2(x* = 6x + ) + 2+ _?

(a) Use 9 for the first blank and 6 for the second blank.

(b) Use 9 for the first blank and —6 for the second blank.

(c) Use 9 for the first blank and 9 for the second blank.

(d) Use 9 for the first blank and —9 for the second blank.

Find the quotient and remainder for (4x* — x 4+ 2) = (x> + 1).
(a) The quotient is 4x”> + 3x + 3, and the remainder is 5.
(b) The quotient is 4x, and the remainder is —5x + 2.

(c) The quotient is 4x, and the remainder is —3x + 2.

(d) The quotient is 4x, and the remainder is 3x + 2.



57. Isf(x)= x° — 4 an even function, odd function or neither?
a) Even b) Odd c¢) Neither d) Cannot be determined.

58. "=
a)e?  b)2™ 2 d)ln2

59. Find an equation of the circle with center (8, 5) containing the point
(5,9).
A (x—8’+(—5"=5  b)(x—8>+(p—5>=25
)x+8)+0+57=5 I+ +(+5*=25

60. Solve for x: X+

X —
a) (—2,00) b) (=2,2)
¢) (—2,00)U(2,00) d) (—o0, —2)U (2, 00)

61. What is the vertex for y = x> — 8x + 1?
a) (—4,49) b) (8, 1) c) (4, —15) d) (-8,129)

62. The graph of f(x) = (x +4) — 5 is the graph of f(x)
(a) shifted to the left 4 units and down 5 units.
(b) shifted to the left 4 units and up 5 units.
(c) shifted to the right 4 units and down 5 units.
(d) shifted to the right 4 units and up 5 units.

2
2>O.

63. The graph in Fig. A-4 is the solution to which system?

(a)
y<x-—1
y<-—3x+3
(b)
y<x-—1
y>-—-3x+3
(©
y>x—1
y<—=3x+3
(d)

y >x-—1
y >-3x+43
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64.

65.

66.

67.

68.

69.

Solve for x:

In the equation x* + y* = 25, is y a function of x?
a) Yes b) No ¢) Cannot be determined

What is the vertex for y = (x —4)* — 3?

Find the quotient and remainder for (3x* — 5x +2) = (x — 4).

(a) The quotient is 3x° + 12x* — 48x + 187, and the remainder
is —746.

(b) The quotient is 3x + 7, and the remainder is 30.

(c) The quotient is 3x° — 12x> — 48x — 197, and the remainder
is 790.

(d) The quotient is 3x° 4 12x* 4 48x + 187, and the remainder
is 750.

What are the intercepts for y = x> 4+ 2x — 24?

(a) The x-intercepts are —4 and 6, and the y-intercept is —24.
(b) The x-intercepts are 8 and 9, and the y-intercept is —24.
(c) The x-intercepts are —8 and —9, and the y-intercept is —24.
(d) The x-intercepts are 4 and —6, and the y-intercept is —24.

A property manager wants to fence the back of an office building for
storage. The side against the building will not be fenced. If 100 feet of
fencing is available and if the area to be fenced is rectangular, what is
the maximum area?

a) 1000 square feet b) 1250 square feet

c) 1500 square feet d) Cannot be determined.
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70. The solid graph in Fig. A-5 is the graph of f(x) = |x|. The dashed
graph is the graph of which function?
a)y=3lx| by=-3x oy=ikxl d)y=-1x
4 —
3 f
2
1 =
L 1 | 1 I1 | 1 { i |
-5 -4 -3 2-7{1\1 2 3 4 5
\
/’.2 L \\
T3k
/ \
e
! \
! 5L .
Fig. A-5.
71. State the zeros and their multiplicity for the polynomial function

F(x) =X (x +2°(x — 6)°.

(a)
(b)
©

The zeros are 2 (multiplicity 1), 3 (multiplicity 2), and 5
(multiplicity 6).

The zeros are 0 (multiplicity 2), 2 (multiplicity 3), and —6
(multiplicity 5).

The zeros are 0 (multiplicity 2), —2 (multiplicity 3), and 6
(multiplicity 5).

(d) The zeros are 2 (multiplicity 3), and —6 (multiplicity 5).
72.  Solve for x: > 5
X+
a) (=3,00)U(=2,00)  b)(-3,3)
¢) (=00, =3)UB,00) d) (=3, =2)

73.  Put the quotient (7 — 4i)/(1 + 3i) in the form a + bi, where « and b
are real numbers.
-1 17. 1 5. 4 19 17
d)7+71 b)—E—Ez C)7—§l d)ﬁ—i_l_l
74. What numbers should be wused to fill in the blank for

y=(*—10x+ _)+6+_2

(a)
(b)
©
(d)

Put 25 in the first blank and 25 in the second blank.
Put —25 in the first blank and 25 in the second blank.
Put 25 in the first blank and —25 in the second blank.
Put —25 in the first blank and —25 in the second blank.
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75. Evaluate (f(a+ h) — f(a))/h for f(x) =4x — 1.
a) h b) 1 c)4h+8 d) 4

SOLUTION

1. b) 2. a) 3.b) 4. d) 5.¢) 6. d) 7. a)

8. d) 9. a) 10. a) 11. a) 12. b) 13. b) 14. a)
15. b) 16. d) 17. d) 18. d) 19. ¢) 20. a) 21. ¢)
22. a) 23. a) 24. b) 25.d) 26. ¢) 27. ¢) 28. a)
29. b) 30. b) 31.d) 32.b) 33.d) 34. b) 35. a)
36. ¢) 37. a) 38.b) 39.b) 40. ¢) 41. a) 42. b)
43. d) 44. a) 45. ¢) 46. b) 47. a) 48. d) 49. a)
50. ¢) 51. b) 52. a) 53. a) 54. a) 55. a) 56. b)
57.¢) 58. ¢) 59. b) 60. d) 61. ¢) 62. a) 63. d)
64. b) 65. b) 66. a) 67. d) 68. d) 69. b) 70. b)
71. ¢) 72.d) 73. b) 74. ¢) 75. d)



Absolute value
equations, 15-20
function 240, 247-250
inequalities, 2027
of a number, 14-15
Addition and subtraction
of complex numbers (see Complex
numbers)
of functions, 262, 263
Applications
of exponential functions, 404-410
linear, 92-102
of linear systems, 366-370
quadratic, 205-216
Area, maximizing, 208-213

Base
change of, 428-429
of exponent, 417
of logarithm, 417

Center of circle (see Circles)
Change of base formula, 428-429
Circles, 45-56

center, 4648

completing the square, 5356

diameter, 51-53

graphing, 48-50

radius, 46-48
Coefficients, 278

and synthetic division, 301
Combinations of functions, 262-274

INDEX

eo"

arithmetic combinations, 262-263
composition, 264274
Completing the square, 1-13
for the center and radius of a circle,
53-56
to solve a quadratic equation, 6-12
for the vertex of a parabola, 113-119
Complex numbers
arithmetic, 327-336
conjugate, 331-332
as zeros of a polynomial, 336-345,
347-351
Composition of functions, 264-274
Constant function, 157, 239, 278
Constant interval (see Interval)
Continuous interest, 407-408
Coordinates, 29-33
and evaluating functions, 172-174
Cubic function, 240-243

Decreasing interval (see Interval)
Degree of a polynomial, 278-282
Dependent variable, 148
Descartes’ Rule of Signs, 317-319
Diameter of a circle, 51-53
Distance between two points, 3343
Division

of complex numbers, 333-336

of functions, 262-263

of polynomials, 292-327
Divisor polynomial, 292
Domain, 150-156

—&
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in function composition, 270-272
from a graph, 174-178

Elimination by addition, 359-366
End behavior of polynomials, 278-282
Equations (see also Equations of lines)
of circles, 46-56
exponential, 404410
quadratic, 102-103, 109-120,
199-216
of polynomials, 278-327, 341-351
systems of, 354-366, 371-377
Equations of lines
in applications, 92-102
graphing, 45, 58-62, 72-74, 81-87
horizontal lines, 72-74
parallel lines, 84-85, 88-90
perpendicular lines, 86-90
point-slope form, 75-79
slope-intercept form, 80-84
vertical lines, 73-74
Evaluating functions, 156—168
from a graph, 172-174
Even functions, 257-261
Exponential functions, 240
applications of, 404-410
graphs of, 410-415
growth, 402410
Exponential properties, 419, 422, 424

Factoring
of polynomials, 308-311, 313-317
unusual quantities, 114-115, 117-118
and zeros of a polynomial, 282-288,
346-351
Fahrenheit and Celsius, 93-95
Fencing problems, 208-213
FOIL method, 1
Functional value, 157
and graphs, 172-174
Functions, 148-194
combining, 262-274
composition of, 264-274
constant, 157
domain and range, 150-156, 174-178
evaluating, 156-168, 172-174
even and odd, 257-261
graphs of, 168-194

INDEX

increasing/decreasing/constant intervals,
178-183

and Newton’s quotient, 163-168

piecewise, 158—160, 183-194

polynomial, 278-351

quadratic, 199-216

special, 239-254

vertical line test, 168172

y as a function of x, 149-150
Fundamental Theorem of Algebra, 341, 346

Graphs

of circles, 48-50

and domain and range, 174-178

of equations, 45

and function composition, 268-270

and function evaluation, 172-174

and functions, 168-194

of inequalities, 377-398

intercepts of, 62—69

of lines, 45, 58-62, 72-74, 81-87

of parabolas and quadratic functions,
102-112,199-200

of piecewise functions, 183-194

of polynomials, 278-292, 323-327

reflections of, 224-226, 227-231, 254

of special functions, 240-254

of systems of equations, 355, 357, 371,
373

of systems of inequalities, 377-398

transformations of, 219-254

vertical line test, 168—-172

Horizontal
line, 72-74
transformations, 220-224, 230-239

Increasing interval, (see Interval)
Independent variable, 148
Inequalities
absolute value, 20-27
graphing, 377-398
nonlinear, 129-146
systems of, 378-398
Intercepts, 62—69
x-intercepts and zeros of a polynomial,
282-292
Interval, constant/decreasing/increasing,
178-183



INDEX

Laws of logarithms, 418-428
Leading coefficient, 278, 280-282
Leading term, 278, 280-282
Line segment
midpoint, 4345
length, 33-43
Linear functions, 240
(see also Linear equations)
Lines
graphs of, 45, 58-62, 7274, 81-87
horizontal, 72-74
parallel, 84-85, 88-90
perpendicular, 86-90
point-slope form, 75-79
slope of, 69-74
slope-intercept form, 80-84
systems of, 354-366
vertical, 72-74
Linear equations
(see Equations of lines)
Logarithms, 416429
Long division of polynomials, 292-301
Lower bounds (see Upper and Lower
Bounds Theorem)

Maximizing (and minimizing) functions
applied, 205-216
quadratic, 202-204
Maximum (and minimum) functional value,
202-204
Midpoint formula, 43-45
and finding the center of a circle, 51-52
Multiplication
of complex numbers, 330-331
of functions, 262, 263
Multiplicity of zeros, 346

Newton’s quotient, 163-168
Nonlinear inequalities, 129—146
graphs of, 383-386
systems of, 387-392

Odd functions, 257-261
Origin, 29, 30
symmetry, 254

Parabola, 102-120
graphs of, 102-112, 199-200

—&

finding the vertex, 103, 113-120,
200-201
and quadratic functions, 199
Parallel lines, 84-85, 88-90, 371-372
Perpendicular lines, 86-90
Piecewise functions
evaluating, 158-160
graphing, 183-194
Point-slope formula, 75-79
Polynomial division
long division, 292-301
synthetic division, 301-309
Polynomial functions, 278-351
complex zeros of, 336-345, 347-351
division of, 292-327
graphs of, 278-292, 323-327
rational zeros of, 311-313
real zeros of, 282-283
x-intercepts of, 282-288
Population growth, 408410
Present value, 415416
Properties of logarithms (see Laws of
logarithms)
Pythagorean theorem, 36, 3840, 41-42

Quadratic equations, (see also quadratic
functions) 1, 199
completing the square to solve, 6—12
Quadratic formula, 1
completing the square to find, 12-13
Quadratic functions, 199-216, 240
applications of, 205-216
graphs of (see also Parabola), 102-112,
199-200
maximizing and minimizing, 202-204
range of, 201-202
Quotient polynomial, 292

Radius of a circle, 46-48
Range, 150
from a graph, 174-178
of quadratic functions, 201-202
Rational exponent, 424
Rational zeros of a polynomial, 311-313
Reflection of a graph, 224-226, 227-231,
254
Remainder Theorem, 307-308
Revenue, maximizing, 206, 213-216
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Shifting graphs, 220-253
Sign graphs

and the domain of a function, 153-156

and inequalities, 131-146
Slope of a line, 69—74

applications, 98102

and finding the equation of a

line, 90-92

and graphing a line, 81-84
Slope-intercept form of a line, 80-84
Special functions, 239-254
Square root function, 240, 243-247
Substitution method, 355-359, 374-377
Symmetry, 254-257
Synthetic division of polynomials, 301-309
Systems of equations, 354-377

applications of, 366-370

elimination by addition, 359-366

having no solution, 371-372

linear, 354-366

nonlinear, 372-377

substitution, 355-359, 374-376
Systems of inequalities, 377-398

having no solution, 392

linear, 386-387, 389-391, 393-394

nonlinear, 387-388, 390-391, 394-398

Transformations of graphs/functions,
219-253

INDEX
Upper and Lower Bounds Theorem, 317,
319-322
Vertex, 103
finding

by completing the square, 113-120
using 52, 200-204
used to maximize/minimize functions,
202-216
Vertical
lines, 72-74
transformations, 221-239
Vertical line test, 168—172

x- and y-axis, 29
in the complex plane, 336
symmetry, 255-257

x- and y-coordinates, 29-33
as coordinates of intercepts, 62—69
and evaluating functions, 172-174
x-intercepts as zeros of a polynomial,

282-289
xy coordinate plane, 29-56

Zeros
complex, 336-345, 347-351
of a polynomial function, 282-288, 311,
313, 341-351
and x-intercepts, 282-289
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