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Preface

In today’s information-driven economy, companies may beneﬁt a lot from
suitable information management. Although information management is not
just a technology-based concept rather a business practice in general, the possible and even indispensable support of IT-tools in this context is obvious.
Because of the large data repositories many ﬁrms maintain nowadays, an important role is played by data mining techniques that ﬁnd hidden, non-trivial,
and potentially useful information from massive data sources. The discovered
knowledge can then be further processed in desired forms to support business
and scientiﬁc decision making.
Data mining (DM) is also known as Knowledge Discovery in Databases.
Following a formal deﬁnition by W. Frawley, G. Piatetsky-Shapiro and C.
Matheus (in AI Magazine, Fall 1992, pp. 213–228), DM has been deﬁned as
“The nontrivial extraction of implicit, previously unknown, and potentially
useful information from data.” It uses machine learning, statistical and visualization techniques to discover and present knowledge in a form that is
easily comprehensible to humans. Since the middle of 1990s, DM has been
developed as one of the hot research topics within computer sciences, AI and
other related ﬁelds. More and more industrial applications of DM have been
recently realized in today’s IT time.
The root of this book was originally based on a joint China-Flanders
project (2001–2003) on methods and applications of knowledge discovery to
support intelligent business decisions that addressed several important issues
of concern that are relevant to both academia and practitioners in intelligent
systems. Extensive contributions were made possible from some selected papers of the 6th International FLINS conference on Applied Computational
Intelligence (2004).
Intelligent Data Mining – Techniques and Applications is an organized
edited collection of contributed chapters covering basic knowledge for intelligent systems and data mining, applications in economic and management,
industrial engineering and other related industrial applications. The main objective of this book is to gather a number of peer-reviewed high quality contri-
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butions in the relevant topic areas. The focus is especially on those chapters
that provide theoretical/analytical solutions to the problems of real interest
in intelligent techniques possibly combined with other traditional tools, for
data mining and the corresponding applications to engineers and managers
of diﬀerent industrial sectors. Academic and applied researchers and research
students working on data mining can also directly beneﬁt from this book.
The volume is divided into three logical parts containing 24 chapters written by 62 authors from 10 countries1 in the ﬁeld of data mining in conjunction
with intelligent systems.
Part 1 on Intelligent Systems and Data Mining contains nine chapters that
contribute to a deeper understanding of theoretical background and methodologies to be used in data mining. Part 2 on Economic and Management
Applications collects six chapters that dedicate to the key issue of real-world
economic and management applications. Part 3 presents nine chapters on
Industrial Engineering Applications that also point out the future research
direction on the topic of intelligent data mining.
We would like to thank all the contributors for their kind cooperation to
this book; and especially to Prof Janusz Kacprzyk (Editor-in-chief of Studies
in Computational Intelligence) and Dr Thomas Ditzinger of Springer for their
advice and help during the production phases of this book. The support from
the China Flanders project (grant No. BIL 00/46) is greatly appreciated.
April 2005
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Murat Gülbay and Cengiz Kahraman . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315
Accelerating the New Product Introduction
with Intelligent Data Mining
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Part I

Intelligent Systems and Data Mining

Some Considerations
in Multi-Source Data Fusion
Ronald R. Yager
Machine Intelligence Institute, Iona College, New Rochelle, NY 10801
yager@panix.com

Abstract. We introduce the data fusion problem and carefully distinguish it from
a number of closely problems. Some of the considerations and knowledge that must
go into the development of a multi-source data fusion algorithm are described. We
discuss some features that help in expressing users requirements are also described.
We provide a general framework for data fusion based on a voting like process that
tries to adjudicate conﬂict among the data. We discuss various of compatibility
relations and introduce several examples of these relationships. We consider the
case in which the sources have diﬀerent credibility weight. We introduce the idea
of reasonableness as a means for including in the fusion process any information
available other than that provided by the sources.
Key words: Data fusion, similarity, compatibility relations, conﬂict resolution

1 Introduction
An important aspect of data mining is the coherent merging of information
from multiple sources [1, 2, 3, 4]. This problem has many manifestation ranging from data mining to information retrieval to decision making. One type of
problem from this class involves the situation in which we have some variable,
whose value we are interested in supplying to a user, and we have multiple
sources providing data values for this variable. Before we proceed we want to
carefully distinguish our particular problem from some closely related problems that are also important in data mining. We ﬁrst introduce some useful
notation. Let Y be some class of objects. By an attribute A we mean some
feature or property that can be associated with the elements in the set Y . If
Y is a set of people then examples of attributes are age, height, income and
mother’s name. Attributes are closely related to the column headings used in
a table in a relational data base [3]. Typically an attribute has a domain X in
which the values of the attribute can lie. If Y is an element from Y we denote
the value of the attribute A for object Y as A[y]. We refer to A[y] as a variable.
Thus if John is a member of Y the Age [John] is a variable. The value of the
Ronald R. Yager: Some Considerations in Multi-Source Data Fusion, Studies in Computational
Intelligence (SCI) 5, 3–22 (2005)
c Springer-Verlag Berlin Heidelberg 2005
www.springerlink.com
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variable A[y] is generally a unique element from the domain X. If A[y] takes
on the value x we denote this as A[y] = x. One problem commonly occurring
in data mining is the following. We have the value of an attribute for a number
of elements in the class Y, (A[y1 ] = x1 , A[y2 ] = x2 , A[y3 ] = x3 , . . . , A[yq ] = xq )
and we are interested in ﬁnding a value x∗ ∈ x as a representative or summary
value of this data. We note since each of the A[yk ] is diﬀerent variables there
is no inherent conﬂict in the fact the values associated with these variables
are diﬀerent. We emphasize that the summarizing value x∗ is not associated
with any speciﬁc object in the class Y . It is a value associated with a conceptual variable. At best we can consider x∗ the value of a variable A[Y ].
We shall refer to this problem of attaining x∗ as the data summarization
problem. A typical example of this would if Y are the collection of people
in a city neighbor and A is the attribute salary. Here then we are interested
in getting a representative value of the salary of the people in the neighborhood. The main problem we are interested in here, while closely related, is
diﬀerent. Here again we have some attribute A. However instead of being concerned with the class Y we are focusing on one object from this class yq and
we are interested in the value of the variable A[yq ]. For example if A is the
attribute age and yq is Osama bin Laden then our interest is in determining Osama bin Laden’s age. In our problem of concern the data consists of
(A[yq ] = x1 , A[yq ] = x2 , A[yq ] = x2 , . . . , A[yq ] = xn ). Here we have a number
of observations provided by diﬀerent sources on the value of the variable A[yq ]
and we are interested in using this to obtain “a value of the variable A[yq ].”
We shall call this the data fusion problem. While closely related there exists diﬀerences. One diﬀerence between these problems is that in the fusion
problem we are seeking the value of the attribute of a real object rather than
the attribute value of some conceptual object. If our attribute is the number of
children then determining then the summarizing value over a community is 2.6
may not be a problem, however if we are interested in the number of children
that bin Laden has, 2.6 may be inappropriate. Another distinction between
these two situations relates to the idea of conﬂict. In the ﬁrst situation since
A[y1 ] and A[y2 ] are diﬀerent variables the fact that x1 = x2 is not a conﬂict.
On the other hand in the second situation, the data fusion problem, since all
observations in our data set are about the same variable A[yq ] the fact that
xa = xb can be seen as constituting a conﬂict. One implication of this relates
to the issue of combining values. For example consider the situation in which
A is the attribute salary in trying to ﬁnd the representative (summarizing)
value of salaries within a community averaging two salaries such as $5,000,000
and $10,000 poses no conceptual dilemma. On the hand if these values are
said by diﬀerent sources to be the salary of some speciﬁc individual averaging
them would be questionable.
Another problem very closely related to our problem is the following. Again
let A be some attribute, yq be some object and let A[yq ] be a variable whose
value we are trying to ascertain. However in this problem A[yq ] is some variable whose value has not yet been determined. Examples of this would be
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tomorrow’s opening price for Microsoft stock or the location of the next terrorist attack or how many nuclear devices North Korea will have in two years.
Here our collection of data (A[yq ] = x1 , A[yq ] = x2 , A[yq ] = x2 , . . . , A[yq ] =
xn ) is such that A[yq ] = xj indicates the jth source or experts conjecture as to
the value of A[yq ]. Here we are interested in using this data to predict the value
of the future variable A[yq ]. While formally almost the same as our problem
we believe the indeterminate nature of the future variable introduces some aspects which can eﬀect the mechanism we use to fuse the individual data. For
example our tolerance for conﬂict between A[yq ] = x1 and A[yq ] = x2 where
x1 = x2 may become greater. This greater tolerance may be a result of the
fact that each source may be basing their predictions on diﬀerent assumptions
about the future world.
Let us now focus on our problem the multi-source data fusion problem.
The process of data fusion is initiated by a users request to our sources of
information for information about the value of the variable A[yq ]. In the following instead using A[yq ] to indicate our variable of interest we shall more
simply refer to the variable as V . We assume the value of V lies in the set X.
We assume a collection S1 , S2 , . . . , Sq of information sources. Each source provides a value which we call our data. The problem here becomes the fusion of
these pieces of data to obtain a value appropriate for the user’s requirements.
The approaches and methodologies available for solving this problem depend
upon various considerations some of which we shall outline in the following
sections. In Fig. 1 we provide a schematic framework of this multi-source data
fusion problem which we use as a basis for our discussion.
Our fusion engine combines the data provided by the information sources
using various types of knowledge it has available to it. We emphasize that the
fusion process involves use of both the data provided by the sources as well as
other knowledge. This other knowledge includes both context knowledge and
user requirements.

User Requirements

S
S

1

2

FUSION ENGINE
Output

Sq
Source
Credibility

Proximity
Knowledge
Base

Knowledge of
Reasonableness

Fig. 1. Schematic of Data Fusion
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2 Considerations in Data Fusion
Here we discuss some considerations that eﬀect the mechanism used by the
fusion engine. One important consideration in the implementation of the fusion process is related to the form, with respect to its certainty, with which
the source provides its information. Consider the problem of trying to determine the age of John. The most certain situation is when a source reports
a value that is a member of X, John’s age is 23. Alternatively the reported
value can include some uncertainty. It could be a linguistic value such as
John is “young.” It could involve a probabilistic expression of the knowledge.
Other forms of uncertainty can be associated with the information provided.
We note that fuzzy measures [5, 6] and Dempster-Shafer belief functions [7, 8]
provide two general frameworks for representing uncertainty information. Here
we shall assume the information provided by a source is a speciﬁc value in the
space X.
An important of the fusion process is the inclusion of source credibility
information. Source credibility is a user generated or sanctioned knowledge
base. It associates with the data provided by a source a weight indicating
its credibility. The mechanism of assignment of credibility weight to the data
reported by a source can be involve various degrees of sophistication. For
example, degrees of credibility can be assigned globally to each of the sources.
Alternatively source credibility can be dependent upon the type of variable
involved. For example, one source may be very reliable with information about
ages while not very good with information about a person’s income. Even
more sophisticated distinctions can be made, for example, a source could be
good with information about high income people but bad about income of
low people.
The information about source credibility must be at least ordered. It may
or may not be expressed using a well deﬁned bounded scale. Generally when
the credibility is selected from a well deﬁned bounded scale the assignment
of the highest value to a source indicates give the data full weight. The assignment of the lowest value on the scale generally means don’t use it. This
implies the information should have no inﬂuence in the fusion process.
There exists an interesting special situation, with respect to credibility
where some sources may be considered as disinformative or misleading. Here
the lowest value on the credibility scale can be used to correspond to some
idea of taking the “opposite” of the value provided by the source rather than
assuming the data provided is of no use. This somewhat akin to the relationship between false and complementation in logic. This situation may require
the use of a bipolar scale [9, 10]. Such a scale is divided into two regions separated by a neutral element. Generally the type of operations performed using
values from these bipolar depend on from portion of the scale which it was
drawn.
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Central to the multi-source data fusion problem is the issue of conﬂict and
its resolution. The proximity and reasonableness knowledge bases shown in
Fig. 1 play important roles in the handling of this issue.
One form of conﬂict arises when we have multiple values of a variable
which are not the same or even compatible. For example one source may say
the age of Osama Bin Laden is 25 another may say he is 45 and another may
say he is 85. We shall refer to this as data conﬂict. As we shall subsequently
see the proximity knowledge base plays an important role in issues related to
the adjudication of this kind of conﬂict.
There exists another kind of conﬂict, one that can occur even when we only
have a single reading for a variable. This happens when a sources reported
value conﬂicts with what we know to be the case, what is reasonable. For
example, if in searching for the age of Osama Bin Laden, one of the sources
reports that he is eighty years old. This conﬂicts with what we know to be
reasonable. This is information which we consider to have a higher priority
than any information provided by any of the sources. In this case our action
is clear: we discount this observation. We shall call this a context conﬂict, it
relates to a conﬂict with information available to the fusion process external
to the data provided by the sources. The repository of this higher priority
information what we have indicated as the knowledge of reasonableness in
Fig. 1. This type of a priori context or domain knowledge can take many
forms and be represented in diﬀerent ways.
As an illustration of one method of handling this type of domain knowledge we shall assume our reasonableness knowledge base in the form of a
mapping over the domain of V . More speciﬁcally a mapping R : X → T
called the reasonableness mapping. We allow this to capture the information we have, external to the data, about the possibilities of the diﬀerent
values in X being the actual value of V . Thus for any x ∈ X, R(x) indicates
the degree of reasonableness of x. T can be the unit interval I = [0, 1] where
R(x) = 1 indicates that x is a completely reasonable value while R(x) = 0
means x is completely unreasonable. More generally T can be an ordered set
T = {t1 , . . . , tn ]. We should point out that the information contained in the
reasonableness knowledge base can come from a number of modes. It can be
directly related to object of interest. For example from picture of bin Laden
in a newspaper dated 1980, given that we are now in 2004, it would clearly
be unreasonable to assume that he is less than 24. Historical observations of
human life expectancy would make it unreasonable to assume that bin Laden
is over 120 years old. Commonsense knowledge applied to recent pictures of
him can also provide information regarding the idea reasonableness regarding
bin Laden’s age. In human agents their use of a knowledge of reasonableness
plays fundamental role in distinguishing high performers from lesser. With
this in mind it is noted that the need for tools for simply developing and
applying these types of reasonableness knowledge bases is paramount.
The reasonableness mapping R provides for the inclusion of information
about the context in which we are performing the fusion process. Any data
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provided by a source should be acceptable given our external knowledge about
the situation. The use of the reasonableness type of relationship clearly provides a very useful vehicle for including intelligence in the process.
In the data fusion process, this knowledge of reasonableness often interacts
with the source credibility in an operation which we shall call reasonableness
qualiﬁcation. A typical application of this is described in the following. Assume
we have a source that provides a data value ai and it has credibility ti . Here
we use the mapping R to inject the reasonableness, R(ai ), associated with
the value ai and then use it to modify ti to give us zi , the support for data value
ai that came from source Si . The process of obtaining zi from ti and R(ai ) is
denoted zi = g(ti , R(ai )), and is called reasonableness qualiﬁcation. In the
following we shall suppress the indices and denote this operator as z = g(t, r)
where r = R(a). For simplicity we shall assume t and r are from the same
scale.
Let us indicate some of the properties that should be associated with this
operation. A ﬁrst property universally required of this operation is monotonicity, g(t1 , r1 ) ≥ g(t2 , r2 ) if t1 ≥ t2 and r1 ≥ r2 . A second property that is
required is that if either t or r is zero, the lowest value on the scale, then
g(t, r) = 0. Thus if we have no conﬁdence in the source or the value it provides is not reasonable, then the support is zero. Another property that may
be associated with this operation is symmetry, g(t, r) = g(r, t). Although we
may necessarily require this of all manifestations of the operation.
The essential semantic interpretation of this operation is one of saying that
in order to support a value we desire it to be reasonable and emanating from a
source in which we have conﬁdence. This essentially indicates this operation is
an “anding” of the two requirements. Under this situation a natural condition
to impose is the g(t, r) ≤ Min[t, r]. More generally we can use a t-norm [11] for
g. Thus we can have g(t, r) = Min[t, r] or using the product t-norm g(t, r) = tr.
Relationships conveying information about the congeniality1 between values in the universe X in the context of their being the value of V play an
important role in the development of data fusion systems. Generally these
types of relationships convey information about the compatibility and interchangeability between elements in X and as such are fundamental to the
resolution and adjudication of internal conﬂict. Without these relationships
conﬂict can’t be resolved. In many applications underlying congeniality relationships are implicitly assumed, a most common example is the use of least
squared based methods. The use of linguistic concepts and other granulation
techniques are based on these relationships [12, 13]. Clustering operations
require these relationships. These relationships are related to equivalence relationships and metrics.
The proximity relationship [14, 15] is an important example of these
relations. Formally a proximity relationship on a space X is a mapping Prox:
1

We use this term to indicate relationships like proximity, similarity, equivalence
or distance.
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X × X → T having the properties: 1. Prox(x, x) = 1 (reﬂexive) and 2.
Prox(y, x) = Prox(x, y) (symmetric). Here T is an ordered space having a
largest and smallest element denoted 1 and 0. Often T is the unit interval.
Intuitively the value Prox(x, y) is some measure of degree to which the values
x and y are compatible and non-conﬂicting with respect to context in which
the user is seeking the value of V . The concept of metric or distance is related
in an inverse way to the concept of proximity.
A closely related and stronger idea is the concept of similarity relationship as introduced by Zadeh [16, 17]. A similarity relationship on a space
X is a mapping Sim:X × X → T having the properties: 1) Sim(x, x) = 1,
2) Sim(x, y) = Sim(y, x) & 3) Sim(x, z) ≥ Sim(x, y) ∧ Sim(y, z). A similarity
relationship adds the additional requirement of transitivity. Similarity relationships provide a generalization of the concept of equivalent relationships.
A fundamental distinction between proximity and similarity relationships
is the following. In a proximity relationship x and y can be related and y
and z can be related without having x and z being related. In a similarity
relationship under the stated premise a relationship must also exist between
x and z.
In situations in which V takes its value on a numeric scale then the bases
of the proximity relationship is the absolute diﬀerence |x − y|. However the
mapping of |x − y| into Prox(x, y) may be highly non-linear.
For variables having non-numeric values a relationship of proximity can be
based on relevant features associated with the elements in the variables universe. Here we can envision a variable having multiple proximity relationships.
As an example let V be the country in which John was born, its domain X is
the collection of all the countries of the world. Let us see what types of proximity relationship can be introduced on X in this context. One can consider
the continent in which a country lies as the basis of a proximity relationship,
this would actually generate an equivalence relationship. More generally, the
physical distance between the country can be the basis of a proximity relationship. The spelling of the country’s name can be the basis of a proximity
relationship. The primary language spoken in a country can be the basis of
a proximity relationship. We can even envision notable topographic or geographic features as the basis of proximity relationships. Thus many diﬀerent
proximity relationships may occur. The important point here is that the association of a proximity relationship over the domain over a variable can be seen
as a very creative activity. More importantly the choice of proximity relationship can play a signiﬁcant role in the resolution of conﬂicting information.
A primary consideration that eﬀects the process used by the fusion engine
is what we shall call the compositional nature of the elements in the domain X
of V . This characteristic plays an important role in determining the types of
operations that are available in the fusion process. It determines what types of
aggregations we can perform with the data provided by the sources. We shall
distinguish between three types of variables with respect to this characteristic.
The ﬁrst type of variable is what we shall call celibate or nominal. These
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are variables for which the composition of multiple values is meaningless.
An example of this type of variable is a person’s name. Here the process of
combining names is completely inappropriate. Here fusion can be based on
matching and counting. A next more structured type of variable is an ordinal
variable. For these types of variables these exists some kind of meaningful
ordering of the members of the universe. An example of this is a variable
corresponding to size which has as its universe {small, medium, large}. For
these variables some kind of compositional process is meaning, combining
small and large to obtain medium is meaningful. Here composition operations
must be based on ordering. The most structured type of variable is a numeric
variable. For these variables in addition to ordering we have the availability of
all the arithmetic operators. This of course allows us a great degree of freedom
and we have a large body of compositional operators.

3 Expressing User Requirements
The output of any fusion process must be guided by the needs, requirements
and desires of the user. In the following we shall describe some considerations
and features that can be used to deﬁne or express the requirements of the
user.
An important consideration in the presentation of the output of the fusion
process is the users level of conﬂict tolerance. Conﬂict tolerance is related to
the multiplicity of possible values presented to the user. Does the user desire
one unique value or is it appropriate to provide him with a few solutions or
is the presentation of all the multi source data appropriate?
Another diﬀerent, although closely related, issue focuses on the level of
granulation of the information provided to the user. As described by Zadeh
[18] a granule is a collection of values drawn together by proximity of various
types. Linguistic terms such as cold and old are granules corresponding to a
collection of values whose proximity is based on the underlying temperature
scale. In providing information we must satisfy the user’s required level of
granularity for the task for which he is requiring the information. Here we
are not referring to the number of solutions provided but the nature of each
solution object. One situation is that in which each solution presented to the
user must be any element from the domain X. Another possibility is one in
which we can provide, as a single solution, a subset of closely related values.
Presenting ranges of values is an example of this. Another situation is where
use a vocabulary of linguistic terms to express solutions. For example if the
task is to determine what jacket to wear being told that it is cold is suﬃcient.
Using a > b to indicate that a has larger granularity than b if we consider
providing information where somebody lives we see
country > region > state > city.> building address > ﬂoor in building
> apartment on ﬂoor.
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Recent interest in ontologies [19] involves many aspects related to granulation.
Another issue related to the form of the output is whether output values
presented to the user are required to be values that correspond to one supplied
by a source as the input or can we blend source values using techniques such as
averaging to construct new values that didn’t appear in the input. A closely
related issue is the reasonableness of the output. For example consider the
attempt to determine the number of children that John has. Assume one
source says 8 and another says 7, taking the average gives us 7.5. Well, clearly
it is impossible for our John to have 7.5 children. For some purposes this may
be an appropriate ﬁgure. In addition we should note the that sometimes the
requirement for reasonableness may be diﬀerent for the output than input.
Another feature of the output revolves around the issue of qualiﬁcation.
Does the user desire qualiﬁcations associated with suggested values or does
he prefer no qualiﬁcation? As we indicated data values inputted to a fusion
system often have attached values of credibility, this being due to the credibility of the source and the reasonableness of the data provided. Considerations
related to the presentation of this credibility arise regarding the requirements
of the user. Are we to present weights of credibility with the output or present
it without these weights? In many techniques, such as weighted averaging, the
credibility weight gets subsumed in the fusion process.
In most cases the fusion process should be deterministic, a given informational situation should always result in the same fused value. In some cases we
may allow for a non-deterministic, random mechanism in the fusion process.
For example in situations in which some adversary may have some role in
eﬀecting the information used in the fusion process we may want to use randomization to blur and confuse the inﬂuence of their information.

4 A Framework for Multi-Source Data Fusion
Here we shall provide a basic framework in which to view and implement the
data fusion process. We shall see that this framework imposes a number of
properties that should be satisﬁed by a rational data fusion technology.
Consider a variable of interest V having an underlying universe X. Assume
we have as data a collection of q assessment of this variable, {V = a1 , V =
a2 , V = a3 , . . . , V = aq } Each assessment is information supplied by one of
our sources. Let ai be the value provided by the source Si . Our desire here is
to fuse these values to obtain some value ã ∈ X as the fused value. We denote
this as a ã = Agg(a1 , . . . , an ). The issue then becomes that of obtaining the
operator Agg that fuses these pieces of data. One obvious requirement of such
an aggregation operator is idempotency, if all ai = a then ã = a.
In order to obtain acceptable forms for Agg we must conceptually look at
the fusion process. At a meta level multi-source data fusion is a process in
which the individual sources must agree on a solution that is acceptable to
each of them, that is compatible with the data they each have provided.
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Let a be a proposed solution, some element from X. Each source can be
seen as “voting” whether to accept this solution. Let us denote Supi (a) as the
support for solution a from source i. We then need some process of combining
the support for a from each of the sources. We let
Sup(a) = F (Sup1 (a), Sup2 (a), . . . , Supq (a))
be the total support for a. Thus F is some function that combines the support
from each of the sources. The fused value ã is then obtained as the value a ∈ X
that maximizes Sup(a). Thus ã is such that Sup(ã) = Maxa∈X [Sup(a)]. In
some situations we may not have to search through the whole space X to ﬁnd
an element ã having the property Sup(ã) = Maxa∈X [Sup(a)].
We now introduce the ideas of solution set and minimal solution set which
may be useful We say that a subset G of X is a solution set if all a s.t.
Sup(a) = Maxa∈X [Sup(a)] are contained in G. The determination of G is
useful in describing the nature of the type of solution we can expect from a
fusion process. We shall say that a subset H of X is a minimal solution
set if there always exists one element a ∈ H s.t. Sup(a) = Maxa∈X [Sup(a)].
Thus a minimal solution set is a set in which we can always ﬁnd an acceptable
fused value. The determination of a minimal solution set can help reduce the
task of searching.
Let us consider some properties of F . One natural property associated
with F is that the more support from the individual sources the more overall
support for a. Formally if a and b are two values and if Supi (a) ≥ Supi (b) for
all i then Sup(a) ≥ Sup(b). This requires that F be a monotonic function,
F (x1 , x2 , . . . , xq ) ≥ F (y1 , y2 , . . . , yq ) if xi ≥ yi for all i. A slightly stronger
requirement is strict monotonicity. This requires that F be such that if xi ≥
yi for all i and there exists at least one i such that xi > yi then F (xi , . . . , xq ) >
F (y1 , . . . , yq ).
Another condition we can associate with F is a symmetry with respect to
the arguments. That is the indexing of the arguments should not aﬀect the
answer. This symmetry implies a more expansive situation with respect to
monotonicity. Assume t1 , . . . , tq and t̂1 , . . . , t̂q are two sets of arguments of F ,
Supi (a) = ti and Supi (â) = t̂i . Let perm indicate a permutation of the arguments, where perm(i) is the index of the ith element under the permutation.
Then if there exists some permutation such that ti ≥ t̂perm(i) for all i we get
F (t1 , . . . , tq ) ≥ F (t̂1 , . . . , t̂q ) .
Let us look further into this framework. A source’s support for a solution, Supi (a), should depend upon the degree of compatibility between the
proposed solution a and the value provided by the source, ai . Let us denote Comp(a, ai ) as this compatibility. Thus Supi (a) is some function of the
compatibility between ai and a. Furthermore, we have a monotonic type of
relationship. For any two values a and b if Comp(a, ai ) ≥ Comp(b, ai ) then
Supi (a)≥ Supi (b).

Some Considerations in Multi-Source Data Fusion

13

The compatibility between two objects in X is based upon some underlying proximity relationship. The concept of a proximity relationship, which we
introduced earlier, has been studied is the fuzzy set literature [20]. Here then
we shall assume a relationship Comp, called the compatibility relationship,
which has at least the properties of a proximity relationship. Thus Comp:
X × X → T in which T is an ordered space with greatest and least elements denoted 1 and 0 and having the properties: 1) Comp(x, x) = 1 and 2)
Comp(x, y) = Comp(y, x). A suitable although not necessary, choice for T is
the unit interval.
We see that this framework imposes an idempotency type condition on
the aggregation process. Assume ai = a for all i. In this case Comp(a, ai ) =
1 for all i. From this it follows that for any b ∈ X Comp(a, ai ) ≤ Comp(b,
ai ) hence Supi (a) ≥ Supi (b) for all b thus Sup(a) ≥ Sup(b) for all a. Thus
there can never be a better solution than a. Furthermore, if F is assumed
strictly monotonic and Comp is such that Comp(a, b) = 1 for a = b then we
get a strict idempotency.

5 Compatibility Relationships
What is important to emphasize here is that by basing our fusion process on
the idea of the compatibility relationship we can handle, in a uniﬁed manner, the fusion of variables whose values are drawn from sets (universes) having widely diﬀerent properties. Consider the variables John’s age and John’s
city of residence. These variables take their values from sets of a completely
diﬀerent nature. Age is drawn from a purely mathematical set possessing all
the structure that this aﬀords, we can add or subtract or multiply elements.
The city of residence has none of these properties. Its universe is of a completely diﬀerent nature. What is also important to emphasize is that in order
to use this approach on a variable V we must be able to obtain an appropriate context sensitive compatibility relation over its domain X. It is in this
process of obtaining the compatibility relationship that we make use of the
nature, the features and properties, of the elements in X. The construction
of the compatibility relationship is often an extremely subjective task and
greatly eﬀects the end result. While in the numeric variables the basic feature
used to form Comp(a, b) is related to the diﬀerence |a − b| this may be very
complicated. For example the compatibility between salaries of 20 million and
30 million may be greater then the compatibility between salaries of 30 thousand and 50 thousand. While in the case numeric variables where the only
feature of the elements in the domain useful for constructing the compatibility
relationship is the numeric value in the case of other variables such as the country of residence the elements in the domain X have a number of features that
can be used as the basis of an underlying compatibility relationship. This leads
to the possibility of having multiple available compatibility relationships in our
fusion process. While in the remainder of our work we shall assume the fusion
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process is based on one well deﬁned compatibility relationship we would like to
describe one generalization related to the situation of having the availability
of multiple compatibility relations over the domain of the variable of interest.
Earlier we indicated that the fused value is ã such Sup(ã) = Maxa∈X [Sup(a)].
In the case of multiple possible compatibility relations Ck for k = 1 to m then
if we let Sup(a)/k indicate the Sup for a under compatibility relation Ck the
process of obtaining the fused value may involve ﬁnding ã and compatibility
relation Ck ∗ such that Sup(ã)/k∗ = Maxk [Maxa∈X [Sup(a)/k]].
At a formal level compatibility relations are mathematical structures that
well studied and characterized. We now look at some very important special
examples of compatibility relationships. We particularly focus on the properties of the solution sets that can be associated with relations. This helps us
understand the nature of the fused values we may obtain. In the following
discussion we shall let B be the set of all the values provided by the sources,
B = {aj | V = aj for some source}.
First we consider a very strict compatibility relation. We assume
Comp(a, b) = 1 if a = b and Comp(a, b) = 0 if a = b. This is a very special
kind of equivalence relationship, elements are only equivalent to themselves.
It can be shown under the condition of monotonicity of F the minimal solution set is the set B. This means the fused value for this type of compatibility
relation must be one the data points provided by the sources.
Consider now the case where Comp is an equivalence relationship,
Comp(a, b) ∈ {0, 1} and Comp(a, a) = 1, Comp(a, b) = Comp(b, a) and if
Comp(a, b) = 1 and Comp(b, c) = 1 the Comp(a, c) = 1. It can be shown [21]
in this case that B also provides a minimal solution set, no solution can be
better than some element in B.
We turn to another type of compatibility relationship, one in which there
exists some linear ordering on the space X which underlies the compatibility
y indicates that x is larger
relation. Let L be a linear ordering on X where x >
L
than y in the ordering. Let Comp be a compatibility relationship on X which in
addition to being reﬂexive and symmetric is such that the closer two elements
are in the ordering L the more compatible they are. More formally we assume
that if x >L y >L z then Comp(x, y) ≥ Comp(x, z). We say this connection
y >L z implies Comp(x, y)
between ordering and compatibility is strict if x >
L
> Comp(x, z). Again let B be the set of data values provided by the sources.
Let a∗ be the largest element in B with respect to the underlying ordering
>L and let a∗ be the smallest element in B with respect to the ordering. It
can be shown that the subset H of H where H = {a | a∗ ≤ a ≤ a∗ } is a
L
L
minimal solution set. Thus under this type of compatibility relationship only
requiring only that F is monotonic leads to the situation which our fused
value will be found in the “interval of X” bounded by a∗ and a∗ . This is
a very interesting and deep result. Essentially this is telling us that if we
view the process of obtaining the fused value as an aggregation of the data,
a = Agg(a1 , a2 , . . . , aq } then Agg is a mean like operation.

Some Considerations in Multi-Source Data Fusion

15

6 Additional Requirement on F
We described the process of determining the fused value to a data collection
a1 , . . . , aq as to be conceptually implemented by the following process:
(1) For any a ∈ X obtain Supi (a) = Comp(a, ai )
(2) Evaluate Sup(a) = F (Supi (a), . . . , Supq (a))
(3) Select as fused value the ã such that Sup(ã) = Maxa∈X [Sup(a)]
We explicitly made two assumptions about the function F , we assumed
that F was symmetric the indexing of input information is not relevant and
F is monotonic. An implicit assumption we made about F was an assumption
of pointwiseness.
There exists another property we want to associate with F , it is closely
related to the idea of self-identity discussed by Yager and Rybalov [22]. Assume that we have a data set a1 , . . . , aq and using our procedure we ﬁnd
that ã is the best solution Sup(ã) ≥ Sup(x) for all x in X. Assume now that
we are provided an additional piece of data aq+1 such that aq+1 = ã, the new
data suggests ã as its value. Then clearly ã should still be the best solution.
We shall formalize this requirement. In the following we let ã and â be two
possible solutions and let c̃i = Comp(â, ai ) and ĉi = Comp(â, ai ). We note
that if aq+1 = ã then c̃q+1 ≥ ĉq+1 since
c̃q+1 = Comp(ã, aq+1 ) = Comp(ã, ã) = 1 ≥ Comp(â, ã)
≥ Comp(â, aq+1 ) = ĉq+1
Using this we can more formally express our additional requirement on F . If
F (c̃1 , . . . , c̃q ) ≥ F (ĉi , . . . , ĉq )
and if c̃q+1 ≥ ĉq+1 then we require that
F (c̃1 , . . . , c̃q , c̃q+1 ) ≥ F (ĉi , . . . , ĉq , ĉq+1 ) .
We note that this last condition is not exactly a standard monotonicity
condition. We call this property stepwise monotonicity. We now have speciﬁed four conditions on F : pointwise, monotonicity, symmetry and stepwise
monotonicity.
Let us now consider the issue of providing some formulations for F that
manifest the conditions we require. Before we do this we must address the measurement of compatibility. In our work so far we have assumed a very general
formulation for this measurement. We have deﬁned Comp: X × X → T in
which T is an ordered space with greatest and least elements denoted 1 and 0.
Let us consider the situation in which T has only an ordering. In this case one
form for F is that of a Max operator. Thus F (t1 , t2 , . . . , tq ) = Maxi [Ci ] satisﬁes all the conditions required. We also note that the Min operator satisﬁes
our conditions.
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If we consider the situation in which the compatibility relation takes its
values in the unit interval, [0, 1] one formulation for F that meets allour req
quired conditions is the sum ortotaling function,
(x1 , x2 , . . . xq ) = i=1 xi .
F
q
q
Using this we get Sup(a) =
i=1 Supi (a) =
i=1 Comp(a, ai ). Thus our
fused value is the element that maximizes the sum of its compatibilities with
the input.

7 Credibility Weighted Sources
In the preceding we have implicitly assumed all the data had the same credibility. Here we shall consider the situation in which each data has a credibility
weight wi . Thus now our input is q pairs of (wi , ai ). We also note that the
weight wi must be drawn from a scale that has at least an ordering. In addition we assume this scale has minimal and maximal elements denoted 0
and 1.
Again in this situation for any a ∈ X we calculate Sup(a) = F (Sup1 (a), . . . ,
Supq (a)) where Supi (a) is the support for a from the data supplied by source
i, (wi , ai ). However in this case, Supi (a) depends upon two components. The
ﬁrst being the compatibility of a with ai , Comp(a, ai ) and the second being
the weight or strength of credibility source i. Thus in this case
Supi (a) = g(wi , Comp(a, ai ))
Ideally we desire that both wi and Comp(a, ai ) be drawn from the same
scale, which has at least an ordering. For the following discussion we shall
not implicitly make this assumption. However, we shall ﬁnd it convenient
to use 0 and 1 to indicate the least and greatest element on each of the
scales. We now specify the properties that are required of the function g. A
ﬁrst property we require of g is monotonicity with respect to both of the
arguments: g(x, y) ≥ g(z, y) if x > z and g(x, y) ≥ g(x, w) if y > w. Secondly
we assume that zero credibility or zero compatibility results in zero support:
g(x, 0) = g(0, y) = 0 for all x and y. We see that g has the character of an
“and” type operator. In particular at a semantic level we see that we are
essentially saying is “source i provides support for solution if the source is
credible and the solution is compatible with the sources data”.
With this we see that g(1, 1) = 1 and g(x, y) = 0 if x = 0 and y = 0. We
must make one further observation about this process with respect to source
credibility. Any source that has zero credibility should in no way eﬀect the
decision process. Thus if ((w1 , a1 ), . . . , (wq , aq )) has as its fused value ã then
the data ((w1 , a1 ), . . . , (wq , aq ), (wq+1 , aq+1 )) where wq+1 = 0 should also have
the same result. With this understanding we can discard any source with zero
credibility. In the following we shall assume unless otherwise stated all sources
have non-zero credibility.
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8 Including Reasonableness
In an early part we introduced the idea of a Reasonableness Knowledge
Base (RKB) and indicated its importance in the data fusion process. Formally we use this structure to introduce into the fusion process any information we have about the value of the variable exclusive of the data provided
by the sources. The information in the reasonableness knowledge base will
aﬀect our proposed fusion process in at least two ways. First it will interact
with the data provided by the sources. In particular, the weight (credibility)
associated with a source providing an unreasonable input value should be diminished. This results in our giving the data less importance in the fusion
process. Secondly some mechanism should be included in the fusion process
to block unreasonable values from being provided as the fused value.
A complete discussion of the issues related to the construction of the RKB
and those related to formal methods for the interaction of the RKB with the
data fusion process is complex and beyond our immediate aim as well as well
being beyond our complete understanding at this time. In many ways the
issue of reasonableness goes to the very heart of intelligence. Here we shall
focus on the representation of a speciﬁc type of knowledge eﬀecting what are
reasonable values for a variable and suggest a method for introducing this in
the fusion process.
We shall distinguish between two types of information about the value of
a variable with the terms intimate and collective knowledge. Before making
this distinction we recall a variable V is formally denoted as A(y) where
A is an attribute and y is a speciﬁc object. For example if the variable is
John’s age then age is the attribute and John is the object. By intimate
knowledge we mean information directly about the variable whose value we
are trying obtain. Knowing that John was born after Viet Nam war or that
Mary lives in Montana are examples of intimate knowledge. By collective
knowledge we mean information about the value of the attribute for a class
of objects in which our object of interest lies. Knowing that Singaporeans
typically are college graduates is collective knowledge while knowing that
Min-Sze has a PhD is intimate knowledge. Generally intimate knowledge has
a possibilistic nature while collective knowledge has a probabilistic nature.
(The preceding statement is an example of collective knowledge). Another
type of knowledge related to reasonableness is what has been called default
(commonsense) knowledge [23, 24]. This knowledge is such that while we have
not been given intimate knowledge that xyz is the value of a variable we can
act as if this is the case unless we have some overriding intimate knowledge
saying that this is not the case. One view of default knowledge is that it is
collective knowledge that is so pervasively true from a pragmatic point of view
it is more economical to act as if it is categorical, holds for all objects, and
deal with exceptions as they are pointed out.
Here we consider only the situation in which our knowledge about reasonableness is intimate and can be expressed by fuzzy subset, a mapping
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R : X → T . As pointed out by Zadeh [25] this kind of knowledge induces
a constraint on the values of the variable and has a possibilistic nature [26].
Here for any x ∈ X, R(x) indicates the reasonableness (or possibility) that x
is the value of the variable V . For example, if our interest is to obtain John’s
age and before soliciting data from external sources we know from our personal interview that John is young then we can capture this information using
the fuzzy subset R corresponding to and thus constrain the values that are
reasonable.
Let us see how we can include this information into our data fusion process.
In the following we assume that T is a linear ordering having maximal and
minimal elements, usually denoted 1 and 0. Assume the data provided by
source i is denoted ai and wi is the credibility assigned to source i. We assume these credibilities are measured on the same scale as the reasonableness,
T . In the fusion process the importance weight, ui , assigned to the data ai
should be a function of the credibility of the source, wi , and the reasonableness of the data, R(ai ). An unreasonable value, whatever the credibility of
the source, should not be given much signiﬁcance in the fusion. Similarly a
piece of data coming from a source with low credibility, whatever the reasonableness of its value, should not be given much signiﬁcance in the fusion.
Using the Min to implement this “anding” we obtain ui = Min[R(ai ), wi ] as
the importance weight assigned to the data ai coming from this source. In
this environment the information that goes to the fusion mechanism is the
collection (u1 , a1 ), . . . , (uq , aq ) .
As in the preceding the overall support for a proposed fused value a should
be a function its support from each of the sources, Sup(a) = F (Supi (a), . . . ,
Supq (a)). The support provided from source i for solution a should depend
on the importance weight ui assigned to data supplied by source i as well as
the compatibility of the data ai and the proposed fused value, Comp(a, ai ). In
addition we should also include information about the reasonableness of the
proposed solution a. Here then for a solution a to get support from source i it
should be compatible with the data ai and compatible with what we consider
to be reasonable, Comp(a, R). Here then we let Compi (a) = Comp(a, ai ) ∧
Comp(a, R). Furthermore Comp(a, R) = R(a) hence Compi (a) = Comp(a,
ai )∧R(a). In addition, as we have indicated, the support aﬀorded any solution
by source i should be determined in part by the importance weight assigned i.
Taking these considerations into account we get Supi (a) = g(ui , Compi (a)).
Substituting our values we get
Supi (a) = g(wi ∧ R(ai ), Comp(a, ai ) ∧ R(a))
What is clear is that g should be monotonically increasing in both its arguments and be such that if any of the arguments are 0 then Supi (a) = 0. In
the case where we interpret g as implementing an anding and using the Min
operator as our and we get Supi (a) = wi ∧ R(ai ) ∧ R(a) ∧ Comp(a, ai ). Here
we observe that the support aﬀorded from source i to any proposed fused
solution is related to the credibility of the source, the reasonableness of value
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provided by the source, the reasonableness of the proposed fusion solution and
the compatibility of the data and solution.
Earlier we looked at the form of solution set for the fused value under
diﬀerent assumptions about the underling compatibility relationship. Let us
now investigate how the introduction of reasonableness aﬀects our results
about boundedness and minimal solution sets. For simplicity neglect the issue
of source credibility, we assume all sources are fully credible.
Consider the case in which our underlying compatibility relationship is
very strict, Comp(x, y) = 1 iﬀ x = y and Comp(x, y) = 0x = y. Let B be the
set of data values and let B̂ be the subset of B such that b ∈ B̂ if R(b) = 0, it
is the set of reasonable data values. If a ∈ B then Comp(a, ai ) = 0 for all ai
and hence Supi (a) = 0 for all i. Let d ∈ B − B̂, here R(d) = 0 and again we
get that Supi (d) = 0 for all i. On the other hand for b ∈ B̂ then R(b) = 0 and
b = aj for some j and hence Supj (b) > 0. Thus we see that we will always ﬁnd
our solution in the space B̂, the set of data values that are not completely
unreasonable. Actually in this case for each b ∈ B̂ its overall support is the
number of sources that provided this value.
Consider now the case in which Prox is an ordinary equivalence relation.
Again let B̂ be our set of input data which have some degree of reasonableness.
Let Ei be the equivalence class of ai , for all y ∈ Ei , Prox(y, ai ) = 1. Let
E = ∪ Ei , the union of all equivalence classes that have input value. If a ∈ E
i
then Prox(a, ai ) = 0 for all i. From this we see that if a ∈ E then Supi (a) = 0
for all i and hence we can always ﬁnd at least as good a solution in E. We can
obtain a further restriction on the minimal solutions. Let Di ⊆ Ei be such
that di ∈ Di if R(di ) = Maxx∈Fi (R(x)). Thus Di is the subset of elements
that are equivalent to ai and are most reasonable. For any di ∈ Di and any
ei ∈ Ei we have that for all input data aj Comp(ei , aj ) = Comp(di , aj ). Since
R(di ) ≥ R(ei ) we see that Supj (di ) ≥ Supj (ei ) for all j. Hence di is always at
least as good a fused value as any element in Ei . Thus we can always ﬁnd a
fused solution in D = ∪ Di . Furthermore if x and y ∈ Di then R(x) = R(y)
i
and Comp(x, z) = Comp(y, z) for all z. Hence Supi (x) = Supi (y). Thus
Sup(x) = Sup(y). The result is that we can consider any element in Di . Thus
all we need consider is the set D̃ = ∪ {d˜i } where d˜i is any element from Di .
i
We note that if ai ∈ Di then this is of course the preferred element.
We now consider the case where the proximity relationship is based on a
linear ordering L over space X. Let B be the set of data values provided by
the sources. Let x∗ and x∗ be the maximal and minimal elements in B with
respect to the ordering L. Let H be the set of xj so that x∗ ≥ xj ≥ x∗ . In the
L
L
preceding we showed that we can always ﬁnd a fused value element a in H.
We now show that the introduction of reasonableness removes this property.
In the preceding we indicated that for any proposed fused value we get
that Supi (a) = g(ui , Compi (a)) where g monotonic in both the arguments,
ui = wi ∧ R(ai ) and Compi (a) = R(a) ∧ Comp(a, ai ). We shall now show that
here we can have an element a ∈ H in which Supi (a) ≥ Supi (b) for all b ∈ H.
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This implies that we can’t be guaranteed of ﬁnding the fused value in H.
Consider now the case in which there exists b ∈ H for which R(b) ≤ α. In
this case Supi (b) = g(ui , R(b) ∧ Comp(b, ai )) ≤ g(ui , α). Let a ∈ H be such
that R(a) > α. For this element we get Supi (a) = g(ui , R(a) ∧ Comp(a, ai )).
If Comp(a, ai ) > α then R(a) ∧ Comp(a, ai ) = β then β > α and hence
Supi (a) = g(ui , β) ≥ g(ui , α) = Supi (b) and then it is not true we can eliminate a as a solution. Thus we see that the introduction of this reasonableness
allows for the possibility of solutions not bounded by the largest and smallest
of input data.
An intuitive boundary condition can be found in this situation. Again
let H be the subset of X bounded by our data: H = {x | x∗ ≥ x ≥ x∗ }
L
L
where let α∗ = R(x∗ ) and let α∗ = R(x∗ ). Let H ∗ = {x | x >L x∗ and
R(x) > R(x∗ )} and let H∗ = {x | x <L x∗ and R(x) > R(x∗ )}. Here we can
restrict ourselves to looking for the fused value in the set Ĥ = H ∪ H∗ ∪
H ∗ . We see that as follows. For any x >L x∗ we have, since the proximity
relationship is induced by the ordering, that Comp(x, ai ) ≤ Comp(x∗ , ai )
for all data ai . If in addition we have that R(x) ≤ R(x∗ ) then Supi (x) =
g(ui , R(x) ∧ Comp(x, ai )) ≤ Supi (x∗ ) = g(ui , R(x∗ ) ∧ Comp(x∗ , ai )) for all
i and hence Sup(x) ≤ Sup(x∗ ). Thus we can eliminate all x >L x∗ having
R(x) ≤ R(x∗ ). Using similar arguments we can eliminate x <L x∗ which have
R(x) ≤ R(x∗ ).

9 Conclusion
We presented a general view of the multi-source data fusion process and described some of the considerations and information that must go into the
development of a data fusion algorithm. Features playing a role in expressing
users requirements were also discussed. We introduced a general framework
for data fusion based on a voting like process which made use of compatibility relationships. We described several important examples of compatibility
relationships. We showed that our formulation resulted in speciﬁc bounding
conditions on the fused value depending on the underlying compatibility relationships. We noted the existence of these bounding conditions essentially
implied that the fusion process has the nature of a mean type aggregation. We
presented the concept of reasonableness as a means for including in the fusion
process any information available other then that provided by the sources. We
considered the situation in which we allowed our fused value to be granular
objects such as linguistic terms or subsets.
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Abstract. Causal reasoning occupies a central position in human reasoning. In
many ways, causality is granular. This is true for: perception, commonsense reasoning as well as for mathematical and scientiﬁc theory. At a very ﬁne-grained level,
the physical world itself may be made up out of granules. Knowledge of at least
some causal eﬀects is imprecise. Perhaps, complete knowledge of all possible factors
might lead to a crisp description of whether an eﬀect will occur. However, in the
commonsense world, it is unlikely that all possible factors can be known. Commonsense understanding of the world deals with imprecision, uncertainty and imperfect
knowledge. In commonsense, every day reasoning, we use approaches that do not require complete knowledge. Even if the precise elements of the complex are unknown,
people recognize that a complex collection of elements can cause a particular eﬀect.
They may not know what events are in the complex; or, what constraints and laws
the complex is subject to. Sometimes, the details underlying an event can be known
to a ﬁne level of detail, sometimes not. Usually, commonsense reasoning is more
successful in reasoning about a few large-grain sized events than many ﬁne-grained
events. Perhaps, a satisﬁcing solution would be to develop large-grained solutions
and then only go to the ﬁner-grain when the impreciseness of the large-grain is unsatisfactory. An algorithmic way of handling causal imprecision is needed. Perhaps
fuzzy Markov models might be used to build complexes. It may be more feasible to
work on a larger-grained size. This may reduce the need to learn extensive hidden
Markov models, which in computationally expensive.
Key words: Causality, commonsense, causal complex, granularity, satisﬁcing

1 Introduction
Causal reasoning occupies a central position in human reasoning. It plays an
essential role in human decision-making. Considerable eﬀort has been spent
examining causation. For thousands of years, philosophers, mathematicians,
computer scientists, cognitive scientists, psychologists, economists, and others
have formally explored questions of causation. Whether causality exists at all
or can be recognized has long been a theoretical speculation of scientists and
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philosophers. At the same time, people operate on the commonsense belief
that causality exists.
In many ways, causality is granular. This is true for commonsense reasoning as well as for more formal mathematical and scientiﬁc theory. At a
very ﬁne-grained level, the physical world itself may be granular. Our commonsense perception of causality is often large-grained while the underlying
causal structures may be described in a more ﬁne-grained manner.
Causal relationships exist in the commonsense world; for example:
When a glass is pushed oﬀ a table and breaks on the ﬂoor
it might be said that
Being pushed from the table caused the glass to break.
Although,
Being pushed from a table is not a certain cause of breakage; sometimes the glass bounces and no break occurs; or, someone catches the
glass before it hits the ﬂoor.
Counterfactually, usually (but not always),
Not falling to the ﬂoor prevents breakage.
Sometimes,
A glass breaks when an errant object hits it, even though it does not
fall from the table.
Positive causal relationships can be described as: if α then β (or, α → β).
For example:
When an automobile driver fails to stop at a red light and there is
an accident it can be said that the failure to stop was the accident’s
cause.
However, negating the causal factor does not mean that the eﬀect does not
happen; sometimes eﬀects can be overdetermined. For example:
An automobile that did not fail to stop at a red light can still be
involved in an accident; another car can hit it because the other car’s
brakes failed.
Similarly, simple negation does not work; both because an eﬀect can be overdetermined and because negative statements are weaker than positive statements as negative statements can become overextended. It cannot be said
that ¬α → ¬β, for example:
Failing to stop at a red light is not a certain cause of no accident
occurring; sometimes no accident at all occurs.
Some describe events in terms of enablement and use counterfactual implication whose negation is implicit; for example [22]:
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Not picking up the ticket enabled him to miss the train.
There is a multiplicity of deﬁnitions of enable and not-enable and how they
might be applied. To some degree, logic notation deﬁnitional wars are involved.
It is not in the interests of this paper to consider notational issues.
Negative causal relationships are less sure; but often stated; for example,
it is often said that:
Not walking under a ladder prevents bad luck.
Or, usually (but not always),
Stopping for a red light avoids an accident.
In summary, it can be said that the knowledge of at least some causal
eﬀects is imprecise for both positive and negative descriptions. Perhaps, complete knowledge of all possible factors might lead to a crisp description of
whether an eﬀect will occur. However, it is also unlikely that it may be possible to fully know, with certainty, all of the elements involved. Consequently,
the extent or actuality of missing elements may not be known. Additionally,
some well described physics as well as neuro-biological events appear to be
truly random [5]; and some mathematical descriptions randomly uncertain. If
they are, there is no way of avoiding causal imprecision.
1.1 Complexes of Elements
In applying commonsense causal reasoning, it may be recognized that a complex collection of elements can be involved causally in a particular eﬀect, even
if the precise elements of the complex are unknown. It may not be known
what events are in the complex; or, what constraints and laws the complex
is subject to. Sometimes, the details underlying an event are known to a ﬁne
level of detail, sometimes not. Events are rarely known to the ﬁnest possible
grain size. Furthermore, there appears to be limits as the grain size at which
events are knowable.
Nested granularity may be applied to causal complexes. A complex may be
several larger-grained elements. In turn, each of the larger-grained elements
may be a complex of more ﬁne-grained elements. Recursively, in turn, these
elements may be made up still ﬁner-grained elements. In general, people are
more successful in applying commonsense reasoning to a few large-grain sized
events than to many ﬁne-grained elements that might make up a complex.
When using large-grained commonsense reasoning, people do not always
need to know the extent of the underling complexity. This is also true for
situations not involving commonsense reasoning; for example:
When designing an electric circuit, designers are rarely concerned with
the precise properties of the materials used; instead, they are concerned with the devices functional capabilities and take the device as
a largergrained object.
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Complexes often may be best handled on a black-box, large-grained basis. It
may be recognized that a ﬁne-grained complex exists; but it is not necessary
need to deal with the details internal to the complex.
1.2 Satisﬁcing
People do things in the world by exploiting commonsense perceptions of cause
and eﬀect. Manipulating perceptions has been explored [44] but is not the
focus of this paper. The interest here is how perceptions aﬀect commonsense
causal reasoning, granularity, and the need for precision.
When trying to precisely reason about causality, complete knowledge of
all of the relevant events and circumstances is needed. In commonsense, every
day reasoning, approaches are used that do not require complete knowledge.
Often, approaches follow what is essentially a satisﬁcing [32] paradigm. The
use of non-optimal mechanisms does not necessarily result in ad hocism; [7]
states:
“Zadeh [43] questions the feasibility (and wisdom) of seeking for optimality given limited resources. However, in resisting naive optimizing,
Zadeh does not abandon the quest for justiﬁability, but instead resorts to modiﬁcations of conventional logic that are compatible with
linguistic and fuzzy understanding of nature and consequences.”
Commonsense understanding of the world tells us that we have to deal
with imprecision, uncertainty and imperfect knowledge. This is also the case
with scientiﬁc knowledge of the world. An algorithmic way of handling imprecision is needed to computationally handle causality. Models are needed to
algorithmically consider causes and eﬀects. These models may be symbolic or
graphic. A diﬃculty is striking a good balance between precise formalism and
commonsense imprecise reality.

2 Complexes
When events happen, there are usually other related events. The entire collection of events can be called a complex. The events can be called the elements
of the complex.
A “mechanism” [34] or a “causal complex” [11, 12] is a collection of events
whose occurrence or non-occurrence results in a consequent event happening.
Hobbs’ causal complex is the complete set of events and conditions necessary
for the causal eﬀect (consequent) to occur. Hobbs suggests human casual reasoning that makes use of a causal complex does not require precise, complete
knowledge of the complex. (Diﬀerent workers may use the terms “mechanism
and “causal complex” diﬀerently; I am using them as these author’s use them.)
Each complex, taken as a whole, can be considered to be a granule.
Larger complexes can be decomposed into smaller complexes; going from
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large-grained to small-grained. For example, when describing starting an automobile, A large-grained to small-grained, nested causal view would start
with
When an automobile’s ignition switch is turned on, this causes the
engine to start.
But, it would not happen if a large system of other nested conditions were
not in place.
There has to be available fuel. The battery has to be operational.
The switch has to be connected to the battery so electricity can ﬂow
through it. The wiring has to connect the switch to the starter and ignition system (spark plugs, etc.). The engine has to be in good working
order; and so forth.
Turning the ignition switch on is one action in a complex of conditions required to start the engine. One of the events might be used to represent the
collection of equal grain sized events; or, a higher-level granule might be speciﬁed with the understanding that it will invoke a set of ﬁner-grained events.
In terms of nested granules, the largest grained view is: turning on the switch
is the sole causal element; the complex of other elements represents the ﬁnergrains. These elements in turn could be broken down into still ﬁner-grains; for
example, “available fuel” could be broken down into:
fuel in tank, operating fuel pump, intact fuel lines, and so forth.

start car: turn on ignition switch

available
fuel

battery
operational

fuel operating
in
fuel
tank
pump

intact
fuel
lines

wires
connect:
battery to
ignition
switch

wires
connect:
ignition
switch to
starter,
spark
plugs

turn on
ignition
switch

...

Fig. 1. Nested causal complex

Sometimes, it is enough to know what happens at a large-grained level; at
other times it is necessary to know the ﬁned grained result. For example, if
Bill believes that turning the ignition key of his automobile causes the
automobile to start.
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It is enough if
Bill engages an automobile mechanic when his automobile does not
start when he turns the key on.
However,
The automobile mechanic needs to know a ﬁner-grained view of an
automobile’s causal complex than does Robin.
Instead of being concerned with all of the ﬁned grained detail, a better
approach may be to incorporate granulation using rough sets and/or fuzzy
sets to soften the need for preciseness. And then accept impreciseness in the
description. Each complex can be considered to be a granule. Larger complexes
can be decomposed into smaller complexes. Thus, going from large-grained to
small-grained.
Others are less explicitly top-down, large-grain to small-grain; although the
examples have similar elements. Reference [11] uses the example of turning
on an electric light. He says:
“It is natural to say that when you ﬂip a light switch, you cause the
light to go on. But it would not happen if a whole large system of other
conditions were not in place. The wiring has to connect the switch to
the socket, and be intact. The light bulb has to be in good working
order. The switch has to be connected to a system for supplying electricity. The power plant in that system has to be operational. And so
on. Flipping the light switch is only the last small move in a large-scale
systems of actions and conditions required for the light to go on.”
Sometimes, it is enough to know what happens at a large-grained level; at
other times it is necessary to know the ﬁned grained result. For example, if
Robin believes that ﬂipping the light switch causes the electric light
to start.
It may be enough if
Robin engages an electrician when his lights do not go on.
Hobbs uses ﬁrst order logic to describe his causal complexes. Reference
[26] develops probabilistic causal networks of directed graphs (DAGs).
The causal complexes explicitly considered by Hobbs and Pearl have a
required structure that may be overly restrictive for commonsense causal understanding, namely:
• If all of the events in the causal complex appropriately happen, then the
eﬀect will occur
• There is nothing in the causal complex that is irrelevant to the eﬀect.
These requirements are probably too precise and extensive to be realized
in a commonsense world. Sometimes, only some of the events need to happen;
for example:
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Someone may be able to save more money:
• If their taxes are lowered or
• If they earn more money.
Either even may lead to greater savings. However,
Neither may result in increased savings if they also have to pay a large
divorce settlement.
So, if all of the events happen, the eﬀect may happen. If some of the events
happen, the eﬀect may happen. In the commonsense world, we rarely whether
all of the events are in a complex are necessary. For example,
A man may want to attract the attention of a woman. He may do
a large number of things (e.g., hair, clothes, learn to dance, etc.). If
he does attract the woman, he may never know which things were
relevant and which were not
An issue is how to distinguish between what is in a complex and what is
not. Another issue is how to distinguish between the things that deserve to be
called “causes” and those that do not. Hobbs suggests that a consideration of
causal complexes can be divided into:
• Distinguishing what events are in a causal complex from those outside of
it. [18, 23, 26, 37, 38]
• Within a causal complex, recognizing the events that should be identiﬁed
as causes from those that are not [33].
A major question concerning complexes is: To what extent can we increase
the causal grain size and still have useful causal information. Conversely, can
we start with a large-grained causal event and then derive the ﬁner-grained
structure? Can we measure and/or control the imprecision involved in changing grain size? If we start with a large-grained structure and resolve it, will
our computational complexity burdens be reduced?

3 Deﬁning Causality
Coming to a precise description of what is meant by causality is diﬃcult. There
are multiple and sometimes conﬂicting deﬁnitions. Reference [45] suggested
that a precise, formal deﬁnition might not be possible. To this, [27] suggested:
“For me, the adequacy of a deﬁnition lies not in abstract argumentation but
in whether the deﬁnition leads to useful ways of solving concrete problems.”
Regardless, we do have a commonsense belief that there are causal relationships. Satisfactorily and explicitly specifying them is diﬃcult. This paper is
not dependent on precise notation; it argues from a commonsense view and
occasionally comments on more formal notations.
Reference [18] deﬁned causality depends on one-way, time ordered conception of causality. In contrast, [37, 38] provides an analysis of causality that
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does not rely on time order. Some believe [10] 1 that causal relations are
mostly indicated by asymmetric relationships. An abbreviated version of the
relationships that Hausman lists is:
• Time-order: Eﬀects do not come before causes – This corresponds with commonsense understanding. Unfortunately, it is at variance with Einsteinium
space-time. This variance raises the interesting question: If there is a committal to commonsense reasoning, how is it handled when commonsense
reasoning diﬀers from scientiﬁc understanding?
• Probabilistic Independence
• Agency or manipulability: Causes can be used to manipulate their eﬀects,
but eﬀects cannot be used to manipulate their causes. Eﬀects of a common
cause cannot be used to manipulate one another.
• Counterfactual dependence: Eﬀects counterfactually depend on their causes,
while causes do not counterfactually depend on their eﬀects.
• Overdetemination: Eﬀects over determine their causes, while causes rarely
over determine their eﬀects
• Invariance: Dependent variables in an equation are eﬀects of the independent variables.
• Screening-oﬀ: Causes screen oﬀ their eﬀects
• Robustness: The relationship between cause and eﬀect is invariant with
respect to the frequency of the cause.
• Connection dependence: If the connection between cause and eﬀect is broken, only the eﬀect would be aﬀected.
Reference [6] argues that any cause that we isolate is never the whole cause
and that every direct cause itself has its own direct causes, so that networks of
causation spread synchronically across the economy and diachronically back
into the mists of time. If this is true, granules must necessarily be imprecise
as separation trough truncation from a network would be required.

4 Recognizing Causality Is of Interest In Many Domains
Recognizing causality is of interest in many areas. Of particular interest to this
paper are areas where the analysis is non-experimental. The world is taken
as it is and not subject to experimentation. In the computational sciences,
data mining is of concern. An area not well known to people working in the
computational sciences is economics.
Perhaps, the applied area that has the greatest history of attempting to
deal with causality and non-observational data is economics. Econometrics is
distinguished from statistics by econometrics interest in establishing causation
[13]. How and if causality can be recognized has been a signiﬁcant area of
discussion. Some of this discussion mirrors discussion that has gone on in the
computational sciences. Hoover provides a good entry to the discussion of
causality in economics.
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IF Age < 20
THEN Income < $10,000
with {belief = 0.8}
IF Age is old
THEN vote frequency is: often
with {belief = high}
Fig. 2. Conditional rules

Customers who
buy beer and sausage
also tend to buy hamburger
with {confidence = 0.7}
in {support = 0.2}
Customers who buy strawberries
also tend to buy whipped cream
with {confidence = 0.8}
in {support = 0.15}
Fig. 3. Association rules

Reference ([15], p. 165), as a philosopher, suggested that causal statements are really about constant conjunction and time-ordering. However,
when speaking as an economist, ([14], p. 304) was less insistent on causal
ordering: “it is of consequence to know the principle whence any phenomenon
arises, and to distinguish between a cause and a concomitant eﬀect.” The issue of causal ordering is also often of importance to those modeling causality
in data discovery.
Data mining analyzes data previously collected; it is non-experimental.
There are several diﬀerent data mining products. The most common are conditional rules or association rules. Conditional rules are most often drawn
from induced trees while association rules are most often learned from tabular data.
At ﬁrst glance, association rules seem to imply a causal or cause-eﬀect
relationship. That is:
A customer’s purchase of both sausage and beer causes the customer
to also buy hamburger.
But, all that is discovered is the existence of a statistical relationship between
the items. They have a degree of joint occurrence. The nature of the relationship is not identiﬁed. Not known is whether the presence of an item or sets of
items causes the presence of another item or set of items; or the converse, or
some other phenomenon causes them to occur together.
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Purely accidental relationships do not have the same decision value, as do
causal relationships. For example,
IF it is true that buying both beer and sausage somehow causes
someone to buy beer ,
• THEN: A merchant might proﬁtably put beer (or the likewise associated sausage) on sale
• AND at the same time: Increase the price of hamburger to compensate for the sale price.
On the other hand, knowing that
Bread and milk are often purchased together.
may not be useful information as both products are commonly purchased on
every store visit. What might be of interest is discovering if there is a causal
relationship between the purchase of bananas and something else. (It turns
out that bananas are the most frequently purchased food item at Wal-Mart
[21].)
When typically developed, rules do not necessarily describe causality. The
conﬁdence measure is simply an estimate of conditional probability. Support
indicates how often the joint occurrence happens (the joint probability over
the entire data set). The joint occurrence count is symmetric; that is, it does
not matter what we count ﬁrst. Also, the strength of any causal dependency
may be very diﬀerent from that of a possibly related association value. In all
cases
conﬁdence ≥ causal dependence
All that can be said is that associations describe the strength of joint cooccurrences.
Sometimes, the association might be causal; for example, if
Someone eats salty peanuts and then drinks beer.
or
Someone drinks beer and then becomes inebriated.
there may be a causal relationship. On the other hand, if
A rooster grows and then the sun rises.
or
Someone wears a “lucky” shirt and then wins a lottery.
there may not be a causal relationship. Recognizing true causal relationships
would greatly enhances the decision value of data mining results.
The most popular market basket association rule development method
identiﬁes rules of particular interest by screening for joint probabilities (associations) above a speciﬁed threshold. Conditional probabilities (conﬁdences)
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may well be asymmetric; whether this asymmetry indicates causality is a matter for speculation. For example, in the market basket data shown in Fig. 4,
p(c | a) > p(a | c) .
This does not mean that there is a causal relationship (a → c), it may simply
be an artifact of there being more occurrences of c than a.
Perhaps, if the conditional probability is greater than the joint probability,
it might indicate the relationship should be further explored for causality. An
indicator if whether a discovered association might be causal is whether the
joint probability is greater than the combined independent probabilities; i.e.,
p(a)p(c) < p(a, c)
A more speciﬁc threshold test could be placed on the conditional probabilities;
i.e.,
IF conditional probability > joint probability
THEN conditional probability – joint probability = causal eﬀect

t1
t2
t3
t4
t5

a
1
1
1
0
0

b
0
1
0
1
1

c
0
1
1
1
1

Fig. 4. Binary market basket data with imbalanced conﬁdences

4.1 Association Rules without Causality Can Lead
to Naive Decisions
Association rules are used is to aid in making retail decisions. However, simple
association rules may lead to errors. Errors might occur; either if causality is
recognized where there is no causality; or if the direction of the causal relationship is wrong [20, 35]. Errors might occur; either if causality is recognized
where there is no causality; or if the direction of the causal relationship is
wrong. For example, if
A study of past customers shows that 94% are sick.
• Is it the following rule?
Our customers are sick, so they buy from us.
• Is it the following complementary rule?
If people use our products, they are likely to become sick.
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• Is the relationship coincidental; and, consequently, there is no causal rule?
From a decision-making viewpoint, it is not enough to know that
People both buy our products and are sick.
what is needed is knowledge of what causes what; if anything at all.
If causality is not recognized, the naive application of association rules can
result in bad decisions [35]. This can be seen in an example from [20]:
Example: At a particular store, a customer buys:
•
•
•
•

hamburger 33% of the time
hot dogs 33% of the time
both hamburger and hot dogs 33% of the time
sauerkraut ∗ only if hot dogs are also purchased

This would produce the transaction matrix:
t1
t2
t3

hamburger
1
1
0

hot dog
1
0
1

sauerkraut
1
0
1

This would lead to the associations:
• (hamburger, hot dog) = 0.5
• (hamburger, sauerkraut) = 0.5
• (hot dog, sauerkraut) = 1.0
If the merchant:
• Reduced price of hamburger (as a sale item)
• Raised price of sauerkraut to compensate (as the rule hamburger ﬁ sauerkraut
has a high conﬁdence.
• The oﬀset pricing compensation would not work, as the sales of sauerkraut
would not increase with the sales of hamburger. Most likely, the sales of hot
dogs (and consequently, sauerkraut) would likely decrease as buyers would
substitute hamburger for hot dogs.

4.2 Inherently Uncertain Recognition
Recognizing many things with absolute certainty is problematic. As this is
the case, our causal understanding is based on a foundation of inherent uncertainty and incompleteness. Consequently, causal reasoning models must
accommodate inherent ambiguity. Reference [19] lists:
∗

Sauerkraut is a form of pickled cabbage. Some people greatly enjoy using
sauerkraut as a garnish with sausages. However, it is rarely consumed as a garnish
with hamburger. For more about sauerkraut, see: http://www.sauerkraut.com/
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• Quantum Physics: In particular, Heisenberg’s uncertainty principle
• Observer Interference: Knowledge of the world might never be complete
because we, as observers, are integral parts of what we observe. As observers,
we necessarily aﬀect what we observe.
• Gödel’s Theorem: Showed that in any logical formulation of arithmetic that
there would always be statements whose validity was indeterminate. This
strongly suggests that there will always be inherently unpredictable aspects
of the future.
• Turing Halting Problem: Turning showed that any problem solvable by a
step-by-step procedure could be solved using a Turing machine. However,
there are many routines where you cannot ascertain if the program will take
a ﬁnite, or an inﬁnite number of steps. Thus, there is a curtain between what
can and cannot be known mathematically.
• Chaos Theory: Chaotic systems appear to be deterministic; but are computationally irreducible. If nature is chaotic at its core, it might be fully
deterministic, yet wholly unpredictable ([9], 139).
• Space-Time: Space-time impacts the idea that causality can be described
by a time separation (timeline) between cause and eﬀect. The malleability
of Einstein’s space-time that has the eﬀect that what is “now” and “later”
is local to a particular observer; another observer may have contradictory
views. This causes problems with the common deﬁnition of causality that
cause precedes eﬀect. If we cannot use a time line to determine what precedes what, what can be used?
• Arithmetic Indeterminism: Arithmetic itself has random aspects that introduce uncertainty as to whether equations may be solvable. References
[1, 2] discovered that Diophantine equations may or may not have solutions,
depending on the parameters chosen to form them. Whether a parameter
leads to a solvable equation appears to be random.
It may well be that a precise and complete knowledge of causal events is
not possible or at least uncertain. On the other hand, we have a commonsense
belief that causal eﬀects exist in the real world. If we can develop models
tolerant of imprecision, it would be useful. Also, to some degree, the degree
of importance that some of these items have decreases as grain size increases.

5 Granular Space-Time
One of the key principles of space-time is that of background independence.
This principle says that the geometry of space-time is not ﬁxed. Instead, the
geometry is an evolving, dynamical quantity. A closely related principle is
diﬀeomorphism invariance. This principle implies that unlike theories prior
to general relativity, one is free to choose any set of coordinates to map spacetime and express the equations. A point in space-time is deﬁned only by what
physically happens at it, not by its location according to some special set of
coordinates (no coordinates are special).
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Modern physics has developed a theory that entails that space and time
are granular [41]. This is an extension of quantum theory. Quantum mechanics
require that certain quantities, such as the energy of an atom, can only come
in speciﬁc, discrete units. Over the last few years, theory has evolved concerning quantum gravity and quantum space-time. This area of endeavor is
sometimes called loop quantum gravity. (The term loop arises from how some
computations in the theory involve small loops marked out in space-time.)
The work is concerned with quantum theory of the structure of space-time at
the smallest size scales.
What concerns us in this paper is that there are apparently limits on ﬁne
grain size. These limits apply to areas, volumes, and time [41]. There is a
non-zero minimum area (about one square Planck length, or 10−66 square
centimeter) and a discrete series of allowed quantum areas. Similarly, there
is a non-zero absolute minimum volume (about one cubic Planck length, or
10−99 cubic centimeter) and it restricts the set of larger volumes to a discrete
series of numbers. Time is also discrete; it comes in “clicks” of 10−43 seconds
(approximately the Planck time). Time does not exist between the clicks; there
is no “in between,” in the same way that there is no water between adjacent
molecules of water.
This information should inﬂuence how we think about causality. If the
universe is fundamentally granular, causal descriptions need to somehow deal
with granularity. How to do this is unclear. Rough sets might be the best way
of handling the granularity of causal complexes. Similarly, they seem to be a
good tool to initially approach the granularity of space-time.

6 Causality Recognition
Various causality descriptions and discovery tools have been suggested. It
may eventually turn out that diﬀerent subject domains may have diﬀerent
methodological preferences.
Diﬀerent aspects of causality have been examined. The idea of “positive”
causation (α → β) is at the core of commonsense causal reasoning. Often a
positive causal relationship is represented as a network of nodes and branches
[19].

α

β

Fig. 5. Diagram indicating that α is causally dependent on β

Negation or counterfactuals (¬α → ¬β) also have a place; although it may
result in errors in reasoning. For example, the rule:
If a person drinks wine, they may become inebriated.
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cannot be simply negated to
If a person does not drink wine, they will not become inebriated.
One reason is that eﬀects can be overdetermined; that is: more than one item
can cause an eﬀect. If so, eliminating one cause does not necessarily eliminate
the eﬀect. In this case:
A person may also drink beer or whiskey to excess and become inebriated.
Events that do not happen can similarly be overdetermined. From a commonsense reasoning view, it is more likely that things do not happen than they
do. For example, [22] says that it is not true that
His closing the barn door caused the horse not to escape.
because the horse might not have attempted to escape even if the door was
open. Therefore, a false counterfactual is:
If he had not closed the barn door, the horse would have escaped.
Similarly, for example, the rule
If a person smokes, they will get cancer.
cannot be simply negated to
If a person does not smoke, they will not get cancer.
Again, eﬀects can be overdetermined. In this case,
People who do not smoke may also get cancer.
Another idea that is sometimes involved in causal reasoning is causal uncorrelatedness [31] where if two variables have no common cause they are
causally uncorrelated. This occurs if there are no single events that cause
them to both change.
Similarly, [4] focuses on the negative; i.e., when α goes not aﬀect β. Dawid
speaks in terms of unresponsiveness and insensitivity. If β is unresponsive to
α if whatever the value of α might be set to, the value of β will be unchanged.
In parallel, if β is insensitive to α if whatever the value α may be set, the
uncertainty about β will be unaﬀected. Along the same vein, [33, 34] distinguishes between causing, enabling, and preventing. The enabling factor is often
considered to be a causal factor. Shoham distinguished between background
(enabling) conditions and foreground conditions. The background (enabling)
conditions are inferred by default. For example [34]:
“If information is present that the key was turned and nothing is
mentioned about the stated about the state of the battery, then it is
inferred that the motor will start, because the battery is assumed, by
default to be alive.
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Given this distinction, causing is taken to refer to the foreground conditions
where enabling and preventing refer to the background conditions (in this
example, turning the key causes the motor to start, the live battery enables
it, the dead battery prevents it).”
Other ideas that are sometimes involved in causal reasoning are causal
uncorrelatedness [31] where if two variables share no common cause they are
causally uncorrelated. This occurs if there are no single events that cause them
to both change. Similarly, causal independence occurs when speaking about
probabilities.
6.1 Causality Recognition Through Statistical Testing
Statistics is the traditional tool used to discover causality when handling
experimental (observational) data. However, the data of greatest interest in
the computational sciences is non-observational. In this domain, traditional
statistical methods are either not useful an/or are often too computationally
complex.
The standard method in the experimental sciences of recognizing causality
is to perform randomized, controlled experiments. This produces observational
data. Depending on their design, randomized experiments may remove reasons
for uncertainty whether or not a relationship is casual. However, large data
sets are typically the subject of data mining. Even if some experimentation is
possible, the amount of experimentation in contrast to the amount of data to
be mined will be small. This said, some work has been done using chi-squared
testing to reduce the search space [34].
6.2 Directed Graphs
Various graph based Bayesian based methods have been suggested to recognize
causality. Probably the best known is the class of methods based on Directed
Acyclic Graphs (DAGs). The most fully developed approach is [26]. Reference
[34] followed a similar approach.
References [24] and [42] claim that it is possible to infer causal relationships between two variables from associations found in observational (nonexperimental) data without substantial domain knowledge. Spirtes claims that
directed acyclic graphs can be used if (a) the sample size is large and (b) the
distribution of random values is faithful to the causal graph. Reference [29]
argues that their argument is incorrect. Lastly, [30] only claims that in some
situations will it be possible to determine causality. Their discussion is tangential to the focus of this paper; going deeply into their discussion is outside
this paper’s scope. It is enough to note that these methods are possibly the
most thoroughly developed methods of computational causal analysis.
From the commonsense causal reasoning view, the various directed graph
methods have similar liabilities, speciﬁcally:
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Discrete or Continuous Data Must be Reduced to Boolean Values
Objection: This is an early technique that was and is used in data mining when
analyzing market basket data. However, it is essentially ﬂawed. Quantities do
matter; some data co-occurrences are conditioned on there being a suﬃciency
of a co-occurring attribute. Also, some relationships may be non-linear based
on quantity [20].
Example: Situation: Customers frequently buy either wine or beer for themselves in varying amounts. However, when buying for a party, they often purchase both beer and wine and they usually purchase in larger quantities.
Actual basket :
Beer Wine
6 0
0 1
12 0
0 3
24 4
24 5
48 2

Binary basket :
Beer Wine
1
0
0
1
1
0
0
1
1
1
1
1
1
1

Missed rule: W hen at least 24 beers purchased, wine also purchased; otherwise, there is no relationship between beer and wine.
Naively constructing an association rule would ﬁnd a rule that misleadingly
represents the situation; i.e.,
Misleading rule: W hen beer is purchased, wine is also purchased {conﬁdence
= 0.6} {support = 0.43}
This rule is misleading. To the naive, it implies that purchase probabilities
are uniform, in fact they are not. Under one set of conditions, beer and wine
are never purchased together under one set of conditions; and, under another
set of conditions always purchased together.
There is no Missing Data
Objection: This is at variance with day-to-day experience. There is almost
always missing data of some sort. Data collection is rarely fully representative
and complete. Incremental data is often acquired that is at variance with
previously acquired data. What is needed is a methodology that is not brittle
in the face of incompleteness.
Causal Relationships are not Cyclic, Either Directly
or Indirectly (Through Another Attribute)
Objection: This is at variance with our commonsense understanding of the
world.
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For example: I tell Jane that I love her. Then, she tells me that she loves me.
Then, I tell Jane that I love her more than before; then, she
. . . and so forth and so forth. Clearly, the cyclic reinforcement
would be substantial.
Another example is shown in the following ﬁgure.
drinking alcohol
family history
disease
depression
Fig. 6. Cyclic relationship

Another form of a cycle is joint mutual dependency. It is possible that
there might be mutual dependencies [19]; i.e., α → β is well as β → α. It
seems to be possible that they do so with diﬀerent strengths. They can be
described as shown in the following ﬁgure where Si,j represents the strength
of the causal relationship from i to j. It would seem that the strengths would
be best represented by an approximate belief function, either quantitatively
or verbally.

Sα,β
α

β
Sβ,α

Fig. 7. Cyclic relationship: Mutual unequal dependency. Reference [19]

There would appear to be two variations: diﬀering causal strengths for the
same activity; and, diﬀerent causal strengths for symmetric activities occurring at diﬀerent times.
Alternative: Diﬀerent Causal Strengths for the Same Activity,
Occurring at the Same Time
Some argue that causality should be completely asymmetric and if it appears
that items have mutual inﬂuences it is because there is another cause that
causes both. A problem with this is that it can lead to eventual regression
to a ﬁrst cause. Whether this is true or not, it is not useful for commonsense representation. In contrast, [40] and [34] identify cases where causality
is simultaneous.
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It is also our commonsense experience. For example, in the preceding ﬁgure, α could be short men and β could be tall women. If Sα,β meant the
strength of desire for a social meeting that was caused in short men by the
sight of tall women, it might be that Sα,β > Sβ,α .
Alternative: Diﬀerent Causal Strengths for Symmetric Activities,
Occurring at Diﬀerent Times
It would seem that if there were causal relationships in market basket data,
there would often be imbalanced dependencies. For example, if
A customer ﬁrst buys strawberries, there may be a reasonably good
chance that they will then buy whipped cream.
Conversely, if
They ﬁrst buys whipped cream, the subsequent purchase of strawberries may be less likely.
This situation could be represented by the previous ﬁgure.
However, the issue of time sequence would be poorly represented. A graph
representation could be used that implies a time relationship. Nodes in a
sequence closer to a root could be considered to be earlier in time than those
more distant from the root. Redundant nodes would have to be inserted to
capture every alternate sequence. For example, one set of nodes for when
strawberries are bought before whipped cream and another set when whipped
cream is bought before strawberries.
However, this representation is less elegant and not satisfactory when a
time diﬀerential is not a necessary part of causality. It also introduces multiple
nodes for the same object (e.g., strawberries, whipped cream); which at a
minimum introduces housekeeping diﬃculties.

Sα,β α
β

β Sβ,α
α

Fig. 8. Alternative time sequences for two symmetric causal event sequences where
representing diﬀering event times are necessary for representing causality. Nodes
closer to the root occur before nodes more distant from the root. Causal strengths
may be diﬀerent depending on sequence. Reference [19]
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Markov Stationary Condition Holds: Probabilities
are Time Independent
Objection: This does not correspond to our commonsense understanding of
the world. If one event is dependent on two other causal events, if one causal
event happens much earlier (or later) than the other causal event, there may
well be a diﬀerent result.

hot food
delivered

guests
arrive

A

B
C

satisfactory dinner party
Fig. 9. Case where diﬀering times in causal events aﬀects probability of causal result

The Markov Condition Holds: Memoryless States
The Markov Condition is deﬁned as: Let A be a node in a causal Bayesian
network, and let B be any node that is not a descendant of A in the network.
Then the Markov (Markoﬀ) condition holds if A and B are independent,
conditioned on the parents of A. The intuition of this condition is: If A and
B are dependent, then B must either be (a possibly indirect) cause of A or
(possibly indirectly) caused by A. In the second case, B is a descendant of
A, while in the ﬁrst B is an ancestor of A and has no eﬀect on A once A’s
immediate parents are ﬁxed.
This makes sense in the example shown in the following ﬁgure.
history of
smoking
A

chronic
bronchitis

lung cancer

B

fatigue

C

D

E

mass seen on
chest x-ray

Fig. 10. “Memoryless” Markov condition holds

Objection: However, not all of our commonsense perceptions of causality work
this way. Often, we believe that history matters as in the example shown in
the following ﬁgure.
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education
A
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affluent
parents pay
for undergraduate
education
B
C

D
study
engineering

graduate
school
E
study
philosophy

Fig. 11. Causality where memory play a part

7 Markov Models
One possible way of describing the causal relationships is with ﬁrst order
Markov Models. They treat a system as a series of states with speciﬁc, constant
rate transitions between them. At all times, the system is in exactly one
state. (Transitions are considered to be instantaneous.) The only information
available is the current state, the allowed transitions, and the probability of
these transitions. This means that the system is totally characterized by its
current state. None of the past states or transitions have any eﬀect on the
transitions out of the current state.
Quantitatively describing the relationships between the nodes can be complex. One possibility is an extension of the random Markov model, shown in
Fig. 7. The state value is 1/0 as an event either happens or does not.

D

1
0 c

m

b

1
0
E

Fig. 12. Random Markov model: c = P (D), m = the possibility/probability that
when D is present, the causal mechanism brings about E, b = the probability that
some other (unspeciﬁed) causal mechanism brings about E

Perhaps, fuzzy sets and fuzzy Markov algorithms in particular might be a
good way of approaching causality represented by Markov models. What we
must work with is inherently imprecise and incomplete.
Fuzzy sets are useful for dealing with any situation where the exact value
of a variable is unknown. Instead of a guess of the value of the variable (which
can easily be wrong), or a distribution of its possible values (which is usually
unknown, so this problem reduces to a guess), fuzzy logic deals with the
possibility of the variable taking on a set of values. In this way, it assumes
less, and shows explicitly both what is and is not known.
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Wings

Flies

m
Bird
DNA

c

m

m

b

b
m

m

Light

Nests
in trees

b

m

b

Fig. 13. Markov model applied to a “bird” example [28]

Reference [3] shows how the probabilities in the classic Markov model may
be extended to fuzzy possibilities. The generalized hidden Markov Model can
be deﬁned with the same type of model parameters, but with a diﬀerent mathematical basis than the classic one. Fuzzy logic replaces probability theory and
this leads to a new deﬁnition of the model variables. The structure in terms
of states and observations, remains the same.
There has been a fair amount of work in fuzzy Markov models [16, 17,
43]. A fair amount of the work has a control theory or medical diagnostic
orientation. Whether it can be extended to representing causality is to be
seen.
7.1 Increasing Grain Size Through Nested Models
Depending on the goal of the work, it may be more useful to work on a largergrain size. This may reduce the need to learn extensive hidden Markov models,
which in computationally expensive. Perhaps, a satisﬁcing [39] solution would
be to develop large-grained solutions and then only go to the ﬁner-grain when
the impreciseness of the large-grain is unsatisfactory. For example, if instead
of a complex in the form of Fig. 13, perhaps a diagram similar to Fig. 14,
would be suﬃcient. This form of representation is widely used in automata
design, its extension to causal reasoning and imprecise reasoning would seem
to be reasonable.
The greater grain size would be more useful in commonsense reasoning.
It also might be more computationally tractable in the discouvery process.
Rough sets might be the best way of handling the granularity of causal complexes. Similarly, they seem to be a good tool to initially approach the granularity of space-time.
1
0 c
bird DNA

1

m

b

0
nests in
trees

Fig. 14. Greater grain size (higher level) abstraction of Fig. 13
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8 Epilogue
Commonsense causal reasoning occupies a central position in human reasoning. It plays an essential role in human decision-making. Considerable effort has been spent examining causation. Philosophers, mathematicians, computer scientists, cognitive scientists, psychologists, and others have formally
explored questions of causation beginning at least three thousand years ago
with the Greeks.
Whether causality can be recognized at all has long been a theoretical
speculation of scientists and philosophers. At the same time, in our daily
lives, we operate on the commonsense belief that causality exists.
Commonsense understanding of the world tells us that we have to deal
with imprecision, uncertainty and imperfect knowledge. This is also the case
of our scientiﬁc knowledge of the world. A diﬃculty is striking a good balance
between precise formalism and commonsense imprecise reality.
Causal relationships exist in the commonsense world. Our commonsense
perception of causality is often granular. Knowledge of at least some causal
eﬀects is imprecise. Perhaps, complete knowledge of all possible factors might
lead to a crisp description of whether an eﬀect will occur. However, in our
commonsense world, it is unlikely that all possible factors can be known. In
commonsense, every day reasoning, we use approaches that do not require
complete knowledge.
People recognize that a complex collection of elements causes a particular
eﬀect, even if the precise elements of the complex are unknown. They may not
know what events are in the complex; or, what constraints and laws the complex is subject to. Sometimes, the details underlying an event are known to
a ﬁne level of detail, sometimes not. At a very ﬁne-grained level, the physical
world itself may be composed of granules. In general, people are more successful in reasoning about a few large-grain sized events than many ﬁne-grained
events. Perhaps, this can transfer over to computational models of causality.
A lack of complete, precise knowledge should not be discouraging. People
do things in the world by exploiting our commonsense perceptions of cause
and eﬀect. When trying to precisely reason about causality, we need complete
knowledge of all of the relevant events and circumstances. In commonsense,
every day reasoning, we use approaches that do not require complete knowledge. Often, approaches follow what is essentially a satisﬁcing paradigm.
Instead of being concerned with all of the ﬁned grained detail, a better
approach may be to incorporate granulation using rough sets and/or fuzzy
sets to soften the need for preciseness. And then accept impreciseness in the
description. Each complex can be considered to be a granule. Larger complexes
can be decomposed into smaller complexes. Thus, going from large-grained to
small-grained.
Perhaps Markov models might be used to build these complexes. Depending on the goal of the work, it may be more useful to work on a larger-grain
size. This may reduce the need to learn extensive hidden Markov models,
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which in computationally expensive. Perhaps, a satisﬁcing solution would be
to develop large-grained solutions and then only go to the ﬁner-grain when
the impreciseness of the large-grain is unsatisfactory.
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Abstract. Gene regulation has been an important research topic for the past
30 years and data processing models based on diﬀerent assumptions have been proposed by many researchers with diﬀerent methodologies. In this paper, a novel gene
regulation data processing algorithm has been investigated in detail. Based on fuzzy
logic technique and the philosophy of mutual information, the algorithm is intuitive
and is believed to be robust. The key motivation for this algorithm is that genes with
regulation relationship should have more mutual information and this feature can
be represented as the smaller accumulated distance so far as the available time sequence of microarray data lasting a period of time intervals. One unique feature of
this algorithm is that it makes very limited prior assumptions concerning the modeling; hence the algorithm is a data-driven algorithm. Therefore an algorithm that
is robust should be entirely based on data only unless some priori information has
been ﬁrmly established. As a non-parametric model, the algorithm is very useful
when the limited prior knowledge is known about the target microarray. Another
helpful characteristic of this algorithm is that the microarray data have been treated
as a gene regulation network so it is fuzziﬁed into fuzzy sets which make this algorithm agreeable to reality. Finally, the algorithm has been exclusively tested on
the simulated microarray data under diﬀerent conceivable situations (such as prior
knowledge availability, the regulation time span, number of chips in microarray,
noise level etc). In conclusion, we believe this algorithm will be proven to be quite
promising in practical applications.
Key words: gene regulation, microarray, fuzzy logic, hamming distance, reverse
engineering, data driven

1 Introduction
The commonly accepted deﬁnition of the so called “gene regulation” is that
DNA and protein interactions in a gene that determine the temporal and
spatial modes of expression as well as the amplitude of expression [8]. Each cell
Yingjun Cao et al.: Gene Regulating Network Discovery, Studies in Computational Intelligence
(SCI) 5, 49–78 (2005)
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in the human body contains the same DNA molecule and a gene is a sequence
of nucleotides in DNA that is coded for a function product. The process
from DNA to the protein is based on transcription and translation. First,
the DNA codes are deciphered by mRNA (messenger RNA). Then mRNA
translates those information and carries them to ribosome. The ribosome uses
the information to produce proteins. This transcription process is then also
aﬀected by the feedback mechanism from the protein. The whole procedure
is detailed in Fig. 1. This biological feedback represents the spatial-temporal
conditions in gene regulating and makes genes in DNA “on/oﬀ” for diﬀerent
times.
Regulation on transcript

mRNA

DNA
Transcription

Protein

Translation

Fig. 1. Gene regulation mechanism

The actual gene regulation process is much more complicated and it involves many chemical reactions. The most well-known chemical equations were
established by Gibson in 1999 and the following equations include the whole
transcription and translation processes.
k

1
RNAP • DNA0
RNAP + DNA −→

k

2
RNAP • DNAn −→
RNAP • DNAn+1

k

3
RNAP • DNAMAX −→
RNAP + DNA + mRNA

k

4
Ribosome + mRNA −→
Ribosome • mRNA0

k

5
RN ase + mRNA −→
RN ase • mRNA

k

6
RN ase • mRNA −→
RN ase

k

7
Ribosome • mRNAn −→
Ribosome • mRNAn+1

k

8
Ribosome • mRNAMAX −→
Ribosome + mRNA + protein

k9

protein −→
In these equations, the ks , where s = 1, 2, . . . , 9, are the rate constants
which represent the speed or probability of the reactions.
Historically, a lot of attention has been drawn on the transcription part;
however, there is growing recognition that many regulation mechanism happens after the RNA has completely synthesized (post-transcriptional gene
regulation). Normally, gene regulation takes place when the cell is experiencing environmental changes and this metabolism usually prevents the cells from
starvation or injury. But when the regulation malfunctions, the regulation can
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results in diseases, such as cancer. In this case, the cell becomes a “cancerous
cell”. So if the regulatory network is completely understood, new drugs can
be developed to prevent such regulating errors, at least in theory.
It has been widely known to the molecular biologist that some gene is
regulated by some other genes. Unfortunately, the number of genes participating in the regulation process and the manners they regulate, usually AND,
OR, or COMPLEMENT, are not fully known yet. On the other hand, this
problem presents quite a challenge to the bioinformatics researchers and computer scientists, theoretical and experimental alike. This problem has become
widely known in recent years as the “reverse engineering” in molecular biology
community and as the “system identiﬁcation problem” by the dynamic control engineers. Arguably, the most acceptable theory for the gene regulation
can be represented in a Boolean network format. A.S. Kauﬀman proposed
the NK Boolean Network format in the 1960’s and interesting results about
regulating mechanism have been found [18]. For example, Gene A and Gene
B interact during some instant t and their interactions will determine or regulate the status of another gene C at time instant t + 1. According to A.S.
Kauﬀman’s theory, their regulating mechanism can be modeled by logic function stochastically as follows: C(t + 1) = Logic(A(t), B(t)). This means the
current state of A and B at time t will regulate the next state (t + 1) of gene
C through the intrinsic logic function. Should numerous genetic regulations
occur simultaneously, will the participating genes altogether constitute a gene
regulation network. The network will self-evolve in synchronized fashion and
will eventually reach certain ﬁnal states either as attractors or limit cycles.
In the so called NK network, N is the total number of participating genes in
the network and K is the maximum number of regulating genes. According
to Kauﬀman, the NK network ﬁts the biological systems phenomena the best
when K equals to 2 and the mutations and evolution phenomena will result
from the chaotic dynamics of the system eventually. Due to the limitations of
crisp Boolean values, however, the NK network is not practical in real gene
regulation analysis. So other approaches were considered in the mathematical
modeling of the gene regulation mechanism, such as diﬀerential equations [12],
Bayesian networks [10]. With the distinctive properties in processing real-life
uncertainties, the gene regulation analysis based on fuzzy logic theory did
emerge in 1995 [17] and good fuzzy analysis results have been shown recently.
Unfortunately, all above models have to deal with vast amount of data in
order to understand the principles which govern the true cellular functioning
[1, 4, 6, 7, 9, 24].

2 Algorithm
There are two key concepts in the course of developing our “knowledge mining” algorithm. One concept is the measurement of “distance” between two
patterns. The second concept is the “templates matching”. With these two
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concepts as our basic building blocks, we then discover much more complex
relationships of multiple genes according to all possible logic combinations
with the other genes in the network. The distances represent the mutual information between diﬀerent genes in a reverse relationship. If some genes have
regulation relationship, their mutual information must be stronger than others. This implies a smaller distance. In addition, the algorithm has been based
on fuzzy set modeling which allows it to capture the non-linear relationship
in gene regulation processes and the algorithm under investigation is quite
robust to report genetic activities under diﬀerent situations. In real gene regulation analysis, some genes are more important than others and they are
preferred to be analyzed ﬁrst. In this paper, we name those important genes
as our “target genes”. So the algorithm is ﬁrst investigated under the situation that target genes are known. This ﬁrst class of simulation is important
in the sense that the historical fact about biology science is that some genes
are known biologically and they are very important in governing the behavior
of the whole biological system. A case in point is that for a song bird where
the male or female songbirds sing [5]. Secondly, the algorithm is simulated for
the case that the target gene is unknown which means a blind search. It is
safe to say that a robust algorithm should be capable of revealing a complex
relationship among gene regulations.
In practice, however, noise is a noticeable phenomenon in the microarray
chips that one must deal with and further research is deﬁnitely needed here to
understand the basic statistical characteristics of the noise. Since the ﬁeld of
bioinformatics is still at its infancy, a great deal of work lies ahead. To name
two examples, one is that the microarray chips makers, in the order of ﬁfty
to sixty companies who all exhibit their chips products with prominent noise
presence. Most companies in this industry chose to keep the characteristics
of noise in secrecy due to the propriety of their products. It is nearly inconceivable that research works on this line has not been extensively carried out
so far. The second example is the lack of standards in bioinformatics. Unlike
the professional society such as IEEE where the standard committees exist
for about every major issue, there is no formal standards committee, to our
knowledge, in its existence in most of the bioinformatics corporations.
The noise level is usually rather high in microarray as compared with
the consumer electronics industry. It is not unusual that sometimes the noise
can reach as big as 20%. The actual noise in microarray varies from diﬀerent
experiment methods and there is no established noise estimation method, nor
the design of noise ﬁlters for microarrays. So in this paper, the noise is assumed
to be truncated white Gaussian noise and the noise levels are assumed to be
less than 10%. To accommodate and to tolerate the noise, parameters in the
algorithm should be adjusted accordingly and the analysis of inference results
helps to improve the results themselves. In this paper, the noise tolerance for
both known and unknown target genes has been investigated, respectively.
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2.1 Development of the Algorithm
The principle idea for this knowledge mining algorithm is intuitive and it is
data driven. However the development of this fuzzy microarray data processing
algorithm is not as straight forward as its outside appearance. Rather, it is
the result of a number of diﬀerent theoretical and experimental explorations.
The evolutionary process of our ﬁnal proposal is brieﬂy described as below.
The Hardship of a Reverse Engineering Approach
One fact stands out as agreed by most researchers in the area of bioinformatics research is that the reverse engineering problem is very diﬃcult. Yet
most publications in the open literature nearly always end up with treating
genetic network discovery problem as a reverse engineering problem. Although
intuitively appealing, the reverse engineering takes an approach by maintaining a methodology of searching and synthesizing. Initially, we have also tried
to reduce the computational complexity as our primary goal. Some paper
indeed took such reduction approaches which end up with diﬀerential equations or equivalent linear form as their models. However, we soon realized the
only possible solution is via dictionary-like approaches in a two-gene network
[19]. We ﬁnally give up this approach because it is very diﬃcult to have any
major break through such a straight forward strategy. The Boolean network
always ends up with NP-hard in computation complexity for most attempts.
Alternative approaches of belief network, artiﬁcial neural network, ordinary
diﬀerential equations or other hybrid approaches end up with at least NPcomplete. No substantial advantage in terms of computation complexity has
been observed yet which is capable of resulting in appealing results.
Data Driven and Data Mining Approach
In due time, the problem of processing microarray chips is anticipated to become a major challenging one because of the needs to process large amount
of microarray data which is estimated to yield vast amount of information
about biological systems. So far, the manufacturer’s detailed designs are not
readily available, at least in an open literature ﬁeld and the characteristics of
the associated parameters are also unavailable. One thing is certain though
which appeared to be available is the huge amount of microarray data. Parameters which are introduced into models must have practical meanings and
unnecessarily assumed parameters will make the problem unnecessarily more
complex and more ineﬀective. A case in point is the approach of belief network
which by deﬁnition is using a number of probabilities where the source of their
estimation is highly questionable. Furthermore, we claim that the discovery of
the genetic network can be the most eﬃcient if the problem is being treated
a data mining problem.
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It is highly possible that many parameters will aﬀect the outcome of the
gene regulations. This is not a question of design philosophy but rather related to the issue of the suitability. More fundamentally, there is a real need
for a more rigorous and robust deﬁnition for gene regulation. The fundamental
question to be asked is that “what do you mean a gene is regulated by a number of other genes?” Further more, the parameters to model gene regulation
should be robust. In the course of our studies, the “accumulated distances”
over a ﬁnite time span has been adopted as an important measurement. The
reason why the ﬁnite length of time span must be considered is due to the
fact of the limitation of the data obtainable from biological phenomena. Let us
consider one extreme condition where the time span is “ultra short” and this
will probably yield useless results because the sample size is too small, stochastically speaking. As it turned out, the genetic regulation network discovery
algorithm is quite versatile, ﬂexible and productive for needed information.
2.2 Algorithm Structure
The algorithm consists of 3 major parts: Logic function iteration, Distance
computation and Result inference. In Fig. 2, logic function iteration and distance computation generate a distance matrix whose property will strongly
inﬂuence the ﬁnal inference part. The analysis of inference results will be associated with the distance distribution in the results and this part will be
addressed in detail in simulation results.
Initialize
parameters
Logic
function iteration

Distance
accumulation

Inference

Analyze
inference result

Adjust
parameters

END
Fig. 2. Algorithm structure

Gene Regulating Network Discovery

55

Logic Function Iteration
As mentioned in introduction, the number of regulating genes is usually assumed to be 2 genes or less than 2 genes according to A.S. Kauﬀman’s theory
and concurrent biology phenomena. So in the logic function iteration part,
the maximum regulating genes are assumed to be 1 or 2 and this assumption
includes the simple promoter and repressor case. Suppose two genes in the
microarray are labeled as G1 and G2 and they regulate another gene G3 in
the microarray. All possible regulating logics can be deducted from Karnaught
map and the self regulating cases are eliminated because this kind of regulation has no associated biological meaning. As listed below, there are totally
2
22 − 2 diﬀerent logics for the two gene case.
G1 ⇒ G3
G2 ⇒ G3
G1 ∧ G2 ⇒ G3 Ḡ1 ∧ G2 ⇒ G3
G1 ∨ G2 ⇒ G3 G1 ∨ Ḡ2 ⇒ G3
(G1 ∧ G2 ) ∨ (Ḡ1 ∧ Ḡ2 ) ⇒ G3

Ḡ1 ⇒ G3
Ḡ2 ⇒ G3
G1 ∧ Ḡ2 ⇒ G3 Ḡ1 ∧ Ḡ2 ⇒ G3
Ḡ1 ∨ G2 ⇒ G3 Ḡ1 ∨ Ḡ2 ⇒ G3
(Ḡ1 ∧ G2 ) ∨ (G1 ∧ Ḡ2 ) ⇒ G3

In this formula, ∧ means logic AND, ∨ means logic OR and – means logic
NEGATE.
In gene regulations, all these logical functions must take place in a
time series which means the states of the regulating genes at time t will aﬀect
the state of the regulated gene at time t + 1. Besides, all logical functions are
based on fuzzy logic MAX-MIN composition as described in appendix I. The
function to apply gene regulations is termed as “Fuz logic” for the ease of
communication.
Distance Accumulation
The distance used in this algorithm is the modiﬁed Hamming distance which
shows the similarities between two time series. One of two time series is the
actual time series in microarray data, the other is the “pseudo” time series
generated by logic function iterations emulating the behavior according to
the logic functions. The comparison of two time series is deﬁned as the accumulated distance at diﬀerent time instances. Suppose the actual dynamics of a gene expression is G = {c1 , c2 , c3 , . . . , cn−1 , cn }, where ci ∈ [0, 1]
and the index represents diﬀerent time slots (n slots in this case). Suppose the data series generated by two regulating genes and one of the logics
between the simulated seare S = {s1 , s2 , s3 , . . . , sn−1 , sn }. The distance
n
quence and the real data sequence is d = i=2 H(si , ci ) where the Hamming
when |si −ci | > threshold
. The distance is
distance is computed as H(si , ci ) = { 01 when|s
i −ci | ≤ threshold
then computed starting from the 2nd time point in the microarray because
we assume that regulation does not take place in time 1. The threshold in
the formula is called “Hamming threshold” and its value is determined from
the noise level and data. In general, the accuracy of data is based on the
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experiment methods and post-experiment data processing which are beyond
the scope of this paper. As for the noise level, if the estimated noise level is
high, the threshold should be increased in order to tolerate the noise and vice
versa.
The algorithm computes all the distances for all possible gene combinations
under all possible logical functions. So the minimum accumulated distance
is 0 when the true regulation exists in all time series which is unlikely to
happen in nature; on the other hand, the maximum distance should be the
number of chips in the microarray which means either no regulation exists
at all between the selected genes or the selected logical function turns out to
be wrong. Distance in between can be classiﬁed into 2 categories. Category
1 is the distance that is smaller than maximum but is not small enough to
infer the existence of true regulations. Category 2 is the distance that is very
small with respect to others and hence it should represent the true regulations.
Diﬀerentiation of the category 2 distances from that of the category 1 turns
out to be the major goal of this algorithm. And through the adjustment of
parameters, two categories of distance can be recognized accurately.
Inference
After logical function iterations and the distance accumulations, the algorithm
will generate a distance matrix D which is the result of all possible logic
combinations with respect to all genes in the microarray. Figure 3 shows the
histogram of matrix D from 20-genes, 500-chips simulated microarray. In this
microarray, only four regulations exist and their regulations are not equally
strong. Two of them are stronger regulations which means the regulation exists
in most of the time spots while the other two are relatively weaker regulations.
It shows that most of the distances are near the maximum distance because
most of the data do not show the visible regulation relationship. While there
exist some distances that are much smaller than maximum and the smaller
the distances are, the smaller number of cases do exist.
As one can see in Fig. 3, the actual regulations are not very easy to be
inferred because the distribution of smaller distances does not have a clear
“separation” from category 1 to that of the category 2 distances. Although
there exists two extremely small distance (associated with the two strong
regulations) in the histogram, the other two true regulations cannot discern
themselves with respect to their distances. The reason for this phenomenon
is that they are not strong enough so their distances are not distinctively
smaller with respect to others. However, the histogram can help to eliminate
most of the cases and only a small number of possible regulations are left as
potential candidates for further investigation. When the number of microarray
chips increases and the regulation activity becomes stronger, the distance
distribution will yield a good inference threshold to separate category 1 and
category 2 distances. Besides, the adjustment of Hamming threshold also may
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Fig. 3. Histogram of distance (20-gene, 500-chips)

help us to reduce the possible errors of recognizing category 1 distances as
category 2 distances.
2.3 Algorithm Flowchart
Microarray Data Simulator
The data formula for this algorithm is a microarray chip presented as a matrix whose rows are diﬀerent genes and columns represent time series (i.e.
each column in the matrix represents the dynamics of one gene). The simulated microarray data are ﬁrst randomly generated (uniform distribution) and
then the designated regulations are applied to the microarray. Here are the
designated parameters for the microarray data simulator.
N genes: number of genes in the microarray
N chips: number of timeslots in the microarray
N reg: number of regulations existing in the microarray
Positions: the indexes for the regulating genes and the regulated gene
Logics: the regulation logical functions
Reg span: the regulation time span for each regulation
In reality, the genetic regulation phenomenon is a relatively ambiguous
concept because the gene regulations can take many forms and shapes. Furthermore, the logical functions, or the rules of regulation, can be highly timevarying. This means the rules can change as a function of time in true biological behavior. Hence, for each regulated gene, the regulating time spots are
randomly chosen and the sum of regulating times is in accordance with the
predeﬁned Reg span.
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The following ﬂow diagram summarizes the data simulation procedure and
the ﬁnal microarray matrix is named “Array” in simulations.

N_reg, Reg_span

N_chips, N_genes

Random time
spots generator

Uniform distribution
generator
Raw data

Positions, Logic

Random time spots

Apply
regulations
Microarray

Fig. 4. Data simulation diagram

Flowchart
The algorithm under investigation has been constructed to deal with two
major diﬀerent situations, namely whether the target genes are known or not
known. If we want to know whether a particular gene is being regulated or
not, this gene is considered to be known. In this situation, the inference is
relatively easy. We only need to compare the target gene with all the possible
combinations of genes and logical functions. The inference step is just to ﬁgure
out the minimum distance by which the regulation logic and regulating genes
will be located. The ﬂow chart for this part of the algorithm with known
target genes is shown in Fig. 5.
In the search for each regulation, all possible cases for logic and gene
combinations in a microarray are N genes·(N2 genes−1) · 14 and the minimum
distance represents the most signiﬁcant regulation that is presented in the
microarray. If there are several small distances in the ﬁnal distance matrix D,
the Hamming threshold should be decreased in order to sharpen the diﬀerence. However, suppose noise exists in the microarray, the threshold cannot be
decreased to a level that is smaller than the noise level because the noise will
pop up in the distance computation and hence degrade the inference results.
For the case when target genes are unknown, no prior knowledge is given
and the iteration and comparison parts in Fig. 5 should be adjusted. All possible combinations should be checked and any gene in the microarray should
be compared. A new threshold, inference threshold, is then needed in order to
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Microarray

Reg=1
Reg ++
G1=1

Y

N

Reg<N_reg

N
Y

G1<=N_genes

G1 ++
N

G2= G1+1

Y

G2<=N_genes

Logic=1

Template=Fuz_logic (Microarray (G1), Microarray (G2), Logic)

G2 ++

Compare Template and Microarray (Positions (Reg))

Logic ++

Record the distance into D

Logic<14

Y
N

Find the minimum distance for each regulation

Infer the regulating genes, regulated gene and logics

END

Fig. 5. Flowchart of the algorithm for known target genes

diﬀerentiate the category 1 distance the category 2 distances. The modiﬁed
algorithm is shown in Fig. 6.
All possible cases in a microarray are N genes·(N2 genes−1) · N genes · 14
and those cases are the only source to infer all true regulations. This is the
major diﬀerence between known targets and unknown targets. In this situation, the algorithm can not guarantee to ﬁnd all regulations, especially for
the weaker ones, because the inference threshold has to be empirically chosen. If the inference threshold is chosen to be too small, the inference might
miss some weak regulations. On the contrary, if the inference threshold is too
big, the inference would select some erroneous regulations as part of the ﬁnal
results. So for good inference results, the choice of inference threshold should
be combined with known biology knowledge.
It is worthwhile to point out that the blind search algorithm exhibit good
“robustness” in the proposed algorithm. In a sense, one can come up with
any number of regulating genes and with a particular functional logic combination. This particular combination indeed would be a template. What this
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Y
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N
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Infer the regulating genes, regulated gene and logics

END

Fig. 6. Flowchart of the algorithm for unknown target genes

really implies is that we can always ﬁnd out the answer to the important
question, “is this part of the game?” Should we ask enough of such questions, can the genetic regulating network always be discovered through the
means of some comparative study. The major diﬀerence lying between diﬀerent templates hence is the computational complexity which must be tackled
by further research.
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3 Simulation Results
The simulations of this algorithm are based on two diﬀerent situations (i.e.
known target genes and the unknown target genes) and both situations are
investigated with additive noise. A special gene regulation network is designed
to test the algorithm. The hypothesized gene regulation network is shown in
Fig. 7.

Fig. 7. Hypothesized two-gene network

In Fig. 7,  represents the target genes and → shows the regulation route
which starts at regulating gene and ends at the regulated gene with an arrow. In the 100-gene microarray, every gene is labeled with an ordered pair of
column and row numbers. 12 regulations are hypothesized in this microarray
and the regulating genes are no more than 2 (namely, we assume k = 2 in
A.S. Kauﬀman’s network). In these 12 regulations, eight regulations are simple 2-gene regulations; two regulations are single-gene promoter or repressor
cases; the other two regulations are somewhat more complicated regulations.
Besides, the regulating logic is designed to cover all possible combinations of
logical functions and they are listed explicitly as follows:
G1,10 ⇐ G1,9 ∧ G2,10
G2,9 ⇐ G2,8 ∧ G3,9
G3,5 ⇐ G3,1 ∧ G10,5
G3,8 ⇐ G3,7 ∧ G4,8
G4,3 ⇐ (G4,1 ∧ G10,3 ) ∨ (G4,1 ∧ G10,3 )
G4,7 ⇐ G4,6 ∨ G5,7

G5,6 ⇐ G6,5
G6,5 ⇐ G6,4 ∨ G7,5
G7,4 ⇐ G9,2 ∨ G8,3
G8,3 ⇐ G8,2 ∨ G9,3
G9,2 ⇐ G10,1
G10,1 ⇐ (G1,3 ∧ G10,7 ) ∨ (G1,3 ∧ G10,7 )

3.1 Simulation for the Known Target Genes
In this situation, the algorithm was ﬁrst tested via the designed microarray
without additive noise. The regulation time spans of those 12 regulations are
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assumed to be strong. The simulation result gives 100% correct recognition
correctness. As one would the following table shows the recognition results by
the algorithm.
Table 1. Results of identiﬁcation
Reg Gene 1
(1,9)
(2,8)
(3,7)
(6,5)
(10,1)
(4,1)
(3,1)
(1,3)
(4,6)
(6,4)
(9,2)
(8,2)

Reg Gene 2

Target Gene

Logic Number

Distance

(2,10)
(3,9)
(4,8)
(6,5)
(10,1)
(10,3)
(10,5)
(10,7)
(5,7)
(7,5)
(8,3)
(9,3)

(1,10)
(2,9)
(3,8)
(5,6)
(9,2)
(4,3)
(3,5)
(10,1)
(4,7)
(6,5)
(7,4)
(8,3)

1
2
4
5
8
13
3
14
9
10
11
12

5
7
7
5
5
5
6
5
7
6
6
6

To test the sensitivity of the algorithm and to ﬁnd out the relationship
between parameters and inference quality, the algorithm has been simulated
with varying regulation time span, varying number of chips in the microarray
as well as the noise tolerance for the known target genes situation.
Regulation Time Span
The regulation time span is deﬁned as the percentage of total time spans
that the regulation activities are going on in the whole microarray time span.
If the regulation time span is high, it is supposed to be strong and vice versa.
The simulation has been based upon a 10-gene simulated microarray “cut”
from the designed array. The number of chips is intentionally set to be small
(10 chips) in our experiments. For one random selected regulation in those 12
regulations as mentioned before, the regulation time span is varied from 10%
to 90%. The simulation result is in Fig. 8.
In Fig. 8, the accuracy has been computed as the degree of accuracy or
the percentage of correct recognitions (correctness means correct recognition
of both regulating genes and regulation logical functions) for running the algorithm 100 times. As can be seen, when the regulation time span is low, the
recognition is inaccurate because the microarray does not provide suﬃcient
information to recognize such weak mutual information. However, as the regulation time durations become longer, the accuracy rises up as it is supposed
to be. When the regulation time span is high enough, the accuracy almost
stays at 100% which is as expected for the algorithm. It means the algorithm
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Fig. 8. Accuracy vs. Time span (or regulation level) for known targets

guarantees to ﬁnd the strong regulations even the time span of the microarray is short. What is really signiﬁcant here is the convergence phenomenon
observed.
Number of Chips
Another important relationship is between the recognition accuracy and the
number of chips in the available microarray. If the number of chips in the
microarray is small, the total time span presented does not provide enough
gene regulation information. While if the microarray covers a longer time
span, more regulating information can be garnished in it. Consequently, the
performance of the algorithm will improve due to the availability of chips.
This simulation is based on the special designed microarray and each regulation is assigned a ﬁxed regulation time span (range from 10% to 90%). The
number of chips varies from 10 to 50 and the accuracy is deﬁned as before but
by running the algorithm 30 times. The result is shown in Fig. 9. As expected,
the accuracy of recognition increases as the time span becomes larger in the
microarray. This result is also intuitively correct and hence appealing.
As can be seen from Fig. 9, when the number of chips reaches above 50, the
accuracy reaches 100% for all regulation time spans. For strong regulations,
we observe the accuracy remains 100% all the time. But regulations with
low regulation time spans need more chips in order to reach 100% correct
recognition. This is because when chip numbers are smaller, the accuracy of
low regulation time spans is badly aﬀected for lacking of information. So the
algorithm of known targets can guarantee to locate all regulations with a
moderate requirement of chips in available microarray.
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Fig. 9. Accuracy of recognition as a function of number of chips for known targets

Noise Tolerance
It has been tested that with small noise (smaller than 5%) and a large number
of chips (300), the algorithm can ﬁnd both strong and weak regulations in the
designed microarray. In general, if noise exists in the microarray, the Hamming
threshold should be increased in order to tolerate the noise eﬀectively. To
further investigate the general robustness of the algorithm with respect to
combating the noise, the Hamming threshold is set as a ﬁxed value and the
noise level is varied. This simulation is based on a 50-gene, 20-chips microarray
and only one 90% regulation exists in it. The accuracy is then computed for
running the algorithm 30 times. The noise level (0.01 to 0.1) is the standard
deviation of the white Gaussian noise. The result is shown in the Fig. 10.
As one can see, the accuracy drops sharply as the noise level increases. Not
surprisingly, if the noise is too big, the algorithm cannot ﬁnd the regulation at
all. However, this sensitivity to the noise level can be improved if the Hamming
threshold is increased accordingly in order to make the algorithm more robust
to relatively large noise. The adjustment of Hamming threshold to tolerate
noise should involve prior noise estimations. This strategy will be discussed
especially for unknown target gene cases.
Beside, if the microarray has more chips, it gives more regulation information and the noise tolerance would be better. The relationship between noise
tolerance and number of chips are simulated based on the previous microarray
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Fig. 10. Accuracy vs. Noise level for known targets

and the noise strength is set to increase from 3% to 9% as the number of chips
becomes larger. The simulation result is shown in Fig. 11.
As can be seen, although the noise level rises, the accuracy gets better as
the chip number becomes large. So if the microarray data are available for
a long time span series, the algorithm can eventually guarantee to ﬁnd the
regulations even under the condition of large noise disturbance.
3.2 Simulation for the Unknown Target Genes
We have studied extensively with prior knowledge for the preferred genes in
the investigated microarray. We now shift to the issue when no priori information is known. In other words, the algorithm has to search blindly. Now to
ensure good recognition results, the Hamming threshold and inference threshold consequently become very crucial because the distance between category
1 and category 2 are more diﬃcult to be separated under this situation.
One special case of the unknown target genes is that although the exact
regulated gene is unknown, but the number of regulations in the microarray
is known. Hence it can be taken as a special case between the known targets
and unknown targets. To ﬁnd the regulation mechanism in this situation, we
can use the search method for unknown targets and then use the inference
technique for searching the known targets (i.e. only the minimum distances
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Fig. 11. Accuracy vs. Number of chips with noise

are needed for inference). The simulation is based on the 100-genes designed
microarray with one random selected 90% time span of the regulation and
the number of chips varies from 10 to 100. The accuracy is plotted on Fig. 12
with the computations of 10 runs each in Monte Carlo style.
This simulation result shows that the algorithm can handle the special
situation and when compared with that of the Fig. 9, the number of chips
required for 100% accuracy becomes larger. Not surprisingly, it is because
this special case has less prior information as compared with known target
genes. So the algorithm needs more data and information from the available
microarray data (i.e. more chips) to achieve good inference accuracy results.
For the generally unknown target genes situation, the algorithm has been
tested with varying inference threshold, varying number of chips, varying
Hamming threshold as well as the noise levels.
Inference Threshold
The simulation is based on the designed 100-gene microarray with 12 regulations and the upper limit of the number of chips is ﬁxed at 500. The regulation time spans ranges from 55% to 90%. The inference threshold varies from
100 to 250 (i.e. 20% to 50% of the maximum distance). Because the inference
results in unknown target genes situation can not guarantee that the number
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Fig. 12. Accuracy vs. Number of chips for the special case

of inference results equals to the number of true regulations, the accuracy consequently is deﬁned as the percentage of correct recognitions within the total
correct recognition
ﬁndings, accuracy = max(total
f indings,N reg) . Suppose the algorithm found 16
regulations but there are only 6 are true regulations in the microarray, the
6
accuracy hence to be determined as 16
which is 37.5% correct recognition.
In Fig. 13, the accuracy ﬁrst rises with the increase of inference threshold.
However, after reaching a peak (where inference threshold is around 200), the

Fig. 13. Accuracy vs. Inference threshold for unknown target genes
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accuracy then drops sharply as the inference threshold keeps increasing. It is
quite reasonable that the inference threshold for the peak is indeed the optimal. A trend shown in this simulation is that the algorithm always ﬁnds strong
regulations ﬁrst and weak regulations can only be found when the inference
threshold is larger. Even for the optimal accuracy, the weakest regulation is
yet to be found. That is the reason why the maximum accuracy only reaches
68%. So for the algorithm of unknown targets, weak regulations in general
can not be guaranteed to be recognized.
To decide an optimal inference threshold, a closer examination of the resulted histograms may become indispensable. Figure 14 shows the histogram
of the inference results for the threshold of 100, 150, 190, 220 and 250, respectively.

Fig. 14. Histograms of the inference results with various threshold values

As shown in Fig. 14, when the inference threshold is small, the inference
results are all single cases and they represent the strongest regulations in the
microarray. This trend will continue till the inference threshold reaches its
optimal. After this optimal threshold, the inference then begins to involve
category 1 distances and the larger the inference threshold, the more errors
will be made as a result. The weak regulations have indeed been found by
the large inference threshold but were mixed with wrong inference results.
However, since big threshold can guarantee to ﬁnd low level regulations, the
results have greatly reduced the size of possible regulations. At this point,
biology knowledge should be adopted to discern the weak regulations from
errors. This shows that we can never emphasize more for the importance of
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biological facts and knowledge. Besides, a good inference threshold should not
result in an inference that has too many distances in one range. On the other
hand, this threshold should not be too small in order to ensure the ﬁndings
of the weak regulation. This is the criteria for the inference result analysis
which is related to Fig. 2. With this criterion, other parameters should also be
adjusted accordingly with respect to the trend of their inﬂuence on accuracy
for an improved result.
Number of Chips
When the number of chips in microarray is large, it implies that more information is inherently hidden. Through simulation, however, the algorithm still
cannot locate low level (<20%) regulation without introducing large erroneous
recognition results even when large chips are now provided.
To investigate how the number of chips will aﬀect the accuracy, the algorithm has been simulated on the same microarray as in the previous part
except the inference threshold is now being ﬁxed at 41% of chips and the
Hamming threshold has been ﬁxed at 0.09. The simulation result is shown in
the Fig. 15.

Fig. 15. Accuracy vs. Number of chips for unknown targets

Based upon Fig. 15, the accuracy rises as the number of chips increases.
The line is a linear regression ﬁt which clearly shows the linear relationship
between the accuracy and the number of chips. Besides, accuracy ascendance
levels oﬀ during a range of chips and climb up again. It means that only when
the number of chips reaches a certain level, will the additional chips then provide enough information for a good inference result. In this simulation, the
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regulation time span is being set from 55% to 90% which makes 2 weak regulations “invisible” to the 41% inference threshold. So the maximum accuracy
will be 12−2
12 = 83.3%. This has also been conﬁrmed by the simulation result.
The maximum accuracy in Fig. 15 is 81.25% and the accuracy stays around
80% despite the increase of chips. Mathematically speaking, if the number of
microarray chips approaches inﬁnity, the accuracy should converge to optimal
accuracy.
Hamming Threshold
This simulation is based on the special microarray has 500 chips and the
regulation time span varies from 55% to 90%. The inference threshold is ﬁxed
at the optimal 205. The Hamming threshold is varied from 0.0001 to 0.1 and
the simulation result has been shown in Fig. 16.

Fig. 16. Accuracy vs. Hamming threshold for unknown target genes

The dots in the ﬁgure are the accuracy and the line is the linear regression
ﬁt. As one can see, the accuracy ﬁts the linear regression quite well and
it shows that as the Hamming threshold increases, the accuracy decreases
linearly accordingly. The reason is that big Hamming threshold cannot tell
the actual diﬀerence in the microarray data discriminately. If noise does not
exist in the microarray (which is not impractical) the Hamming threshold
should be set as small as possible. However, big Hamming threshold makes
the algorithm more robust and less sensitive to noise. So an optimal Hamming
threshold is also needed for the algorithm.
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Fig. 17. Accuracy vs. Hamming threshold with noise disturbance

Noise Tolerance
To test the noise tolerance for the unknown target genes situation, only the
case of varying the Hamming threshold is investigated because it is closely
related to the issue of noise tolerance. The simulation has been based on the
100-gene microarray with 12 strong regulations. The number of chips is once
again ﬁxed at 500. As for the white Gaussian noise, the standard deviation
is now set to be 10% of the data standard deviation. The simulation result is
presented in Fig. 17.
A closer examination of Fig. 17 reveals that the accuracy is zero with small
Hamming threshold because noise has disguised the true regulations and small
Hamming threshold can no longer discern the true regulations. However, when
the Hamming threshold reaches to the level of noise, good inference once again
emerges and a spike of accuracy almost reaches 100%. As expected, large
Hamming distance introduce more errors into the inference results and the
accuracy drops sharply after Hamming threshold cross its optimal value. The
lesson can be learned from this simulation is the optimal Hamming threshold
should be set around the noise level. So a prior estimation of noise is absolutely
necessary in order to ensure good inference.

4 Conclusion
This paper proposed a novel data driven algorithm with a main goal of knowledge discovery for gene regulation microarray data processing. The algorithm
has been proven to be quite robust. The main idea of the algorithm is the

72

Y. Cao et al.

deﬁnition of “accumulated distance” as a measurement of mutual information
among the genes. Hence, built-in regulation mechanism can be recognized
based upon data alone. The algorithm has been simulated extensively under
numerous situations which are believed to have important semantic interpretation for the biologists and medical doctors’ viewpoints.
The simulation has been based upon two major conditions concerning
whether the target genes are known or not. For the known target genes case,
the algorithm can guarantee to ﬁnd all regulations regardless of the length
of regulation time spans. If the microarray can provide a larger time span,
the algorithm can locate the true regulations in even more eﬃciently manner. In addition, the noise tolerance of the algorithm has been proven to be
rather robust in this case. For the case of unknown targets, the algorithm can
guarantee to ﬁnd a relative big range of regulation time spans from available
microarray data. Since gene regulation time span is a relative concept, it is
really, strictly speaking, very much of a fuzzy concept of uncertainties. The
semantic biological interpretation in most cases is also a relative and comparative concept because the absolute and crispy concept does not appear to
work when dealing with biological problems. As for the weak regulations, the
algorithm can be adjusted to ﬁnd a range of weak regulations and biological
knowledge should be combined with the inference results to ﬁnd the true weak
regulations. Besides, criteria to analyze inference results are also provided. As
for noise issues in this case, the algorithm can still locate most strong regulations and a criterion is addressed for best inference under noise disturbance.
The major accomplishment of the gene regulation network really is to “discover” the relative degree of the regulation which is expected to be the very
nature of the biological phenomena. Another conclusion can be made is the
template approach will allow us to discover the number of genes participating
regulation mechanism and the modes of the regulation through the idea of
repeatedly comparison of the accumulated distances.
In a sense, this paper formalizes some of the concept dealing with genetic
network discovery. The deﬁnition of “what is gene regulation” has been explained in details at various locations in this paper. We still maintain that the
microarray chips are the most important available access for diﬀerent models.
The problem here, of course, is the quality of data. In addition, the characteristics of noise arise from the technological design is also very crucial for the
performance of the algorithm.

5 Future Research
We believe that this algorithm has opened a door to a new methodology in
microarray data processing and genetic network discovery. But this algorithm
is only tested on the simulated microarray data. So we will focus our future
research in the following aspects:
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1. Test the algorithm with the real dynamic microarray data which will be
available in due time. From the data processing point of view, a detailed
study of normalization method should also be advised in order to avoid
large normalization noise.
2. Studies concerning the noise properties in the microarray should be conducted as soon as the true regulation data is available because noise issues are of great importance in microarray data processing. It is nearly
impossible to improve the performance without a good handling of noise
characteristics.
3. Modify the algorithm to make it more computational eﬃcient. A good
heuristic search method will be proposed.
4. It is somewhat anticipated that the proposed algorithm eventually will be
called upon to handle huge amount of microarray data. Hence the running
of this algorithm will most likely use supercomputer in the near future.

Appendix I
Fuzzy Logic Theory
Fuzzy logic was ﬁrst proposed by Lotﬁ A. Zadeh in 1965 as a new way of quantifying the uncertainties in real life. Fuzzy logic incorporates the traditional
Boolean logic by generalize it into fuzzy logic and uses partial membership
to model the nature of human cognitive process. For example, one would say
that “I am not comfortable when other people stand too close to me” rather
than “I am not comfortable when people stand 17.521 inches from me.” The
latter is too precise to be implemented and it is only reasonable to think that
the computational models should be able to recognize fuzzy uncertainties [2].
The fuzzy set theory generalizes the membership deﬁnition of Boolean
network which are only 2 memberships in the set {0, 1}. In the classical set
theory, a subset B of a set S can be deﬁned as a mapping from elements of S
to set {0, 1};
B : S → {0, 1}
On the other hand, this mapping can be represented as a set of ordered
pairs with exactly one ordered pair associated with each element in B. For
instance,
S = {s1 , s2 , s3 }, B = {s1 , s4 }
B : S → {0, 1} ⇔ {(s1 , 1), (s4 , 0)}
So in Boolean network, the statement of whether an element belongs to a
set is only true or false. In parallel comparison, the fuzzy subset F of a set S is
also mapping from the elements of S to the closed set [0, 1]. So each element
in F is also associated with exactly one ordered pair and the last element in
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each pair describes “the extent” that this element belongs to the set. For the
example of weather temperature,
S = {High temperature}, F = {78F o , 100F o , 30F o }
F : S → [0, 1] ⇔ {(78F o , 0.7), (100F o , 1), (30F o , 0.05)}
The degrees of membership are presented by the membership functions
and membership function is usually deﬁned by the expertise’s knowledge.
When dealing with gene regulation data, the situation becomes complicated
because no prior expertise exists for determining what is “high” or “low”.
Hence good normalizing methodology based on meaningful biology sense must
be employed.
Most recent research concerning gene regulation model has been based
on a stochastic model. The diﬀerence between fuzzy logic and probability in
handling uncertainty is that the fuzziness deals with the type of uncertainty
arising when the boundaries of a class of objects are not sharply deﬁned.
Membership is just a matter of relative degree rather than the certainty has
to be one way or the other. So the degree of gene control mechanism is a
very basic fuzzy implication in this model and it makes perfectly sense from
human cognitive mind viewpoint. Although the probability and the degrees
of membership are distinctive things, they can be implemented synergistically
together sometimes. Probabilistic fuzzy logic has already emerged and various
researches concerning it are currently under taken by.
To get inference from microarray data, the fuzzy inference format should be
determined in advance. Fuzzy inference diﬀers from the traditional inference
considerably. It is done through several methods such as MAX-MIN composition, Max-Star composition, Max-product composition or more generally, the
concept of so called “T-norm” lately emerged. In this paper, the Max-Min
composition is adopted without losing any generality and all possible 2-gene
logic combinations are implemented. The MAX-MIN fuzzy logic inference is
deﬁned as:
IF Gene1 is A1 AN D Gene2 is A2 , THEN MIN(A1 , A2 )
IF Gene1 is A1 OR gene2 is A2 , THEN MAX(A1 , A2 )
IF Gene1 is A1 N EG(Gene1) is A1 , THEN 1 − A1
Fuzzy logic has widely used in control systems and expert systems with
many applications from washing machines to auto focus cameras. There are
advantages in applying Fuzzy logic in gene regulation data analysis [27].
Firstly, there are high levels of noise in practical microarray data and Fuzzy
logic is quite robust in handling the accumulated noise because it emphasizes
on the trend, rather than the exact value in which the data driven algorithm
is supposed to behave. In comparison to other algorithms such as polynomial
ﬁts, fuzzy logic produces the prediction based on real life cognition. Hence the
second advantage of using the Fuzzy logic analysis is that its results are easier
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to interpret by human. Furthermore, facing the availability of vast amount
of data from microarrays in the near future, the employment of fuzzy logic
techniques are also quite capable of achieving the computational eﬃciency.

Appendix II
Microarray Technology
A microarray is a small analytical device that allows the measurement of the
genomic exploration with high speed and adequate precision unprecedented
in the history of biological research. The microarray technique was ﬁrst developed by Schena and his co-workers in the early 1990s and it is an ordered
Matrix like array of microscopic elements on a planar substrate which allows
the speciﬁc binding of genes or gene products [13]. Its striking characteristic is
that it can acquire vast amount of data from a relatively shorter experiment.
Through detailed, snapshot-like images, it allows researchers to see how cells
use their genetic information in their minute to minute functions and hence
to identify the patterns in some unhealthy cells. This experimental methodology to get a microarray is to use biochemistry process to spot mRNA in
the ﬂuorescent samples and therefore the intensity of that spot represents the
levels of gene activities. The process by which proteins are made from the
“instructions” as encoded in a DNA is so called the “gene expression”. Each
cell contains a blueprint to build the whole biological body of which the proteins are the very basic building blocks. Gene expression provides control over
the body’s blueprint by selectively producing speciﬁc types of proteins in our
cells [26]. Therefore, modern microarray technology provides the laboratory
technique to learn which genes in the cell are making which products. More
importantly, the knowledge of how large number of genes interact with each
other and how a regulatory network controls over such a vast number of genes
in a stochastically manner is of some paramount importance.
At present, there are mainly two diﬀerent kinds of microarray in the market. One is called the spot microarray. The base pairing of a sequence of DNA
to metaphase chromosomes on a microscope slide is called “In Situ Hybridization”. This is a technique that researchers use to determine the presence of
a particular DNA or RNA sequence in a cell. By hybridizing a probe for a
speciﬁc genetic sequence, we are able to look in the microscope and see the
place in the cell where that probe binds. This approach is useful in the mapping of genes and hence in the study of gene expressions. As it turned out,
it is also a key process in DNA ﬁngerprinting. Researchers then attach ﬂuorescent labels (usually Cy5 and Cy3) to the DNA (PCR product) & mRNA
samples from the cell they are studying. The labeled probes are allowed to
bind the complementary DNA stands on the slides. Then the slides are put
into a scanning microscope that can measure the relative brightness of each
ﬂuorescent dot; brightness reveals how much of a speciﬁc DNA fragment is
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present, an indicator of how active that fragment is. Based on the color and
brightness of the reference spots, the microarray data in term of brightness
must be processed into some raw data for further reﬁned data processing. This
image scanning and intensity measurement can be done using the some commercial software. This normalization process can be done based on statistical
normalization (mean (Cy3 ) = mean (Cy5 )) or using spike control normalization. The second kind of microarray is the so called “Aﬀymetrix microarray”
which is based on oligonuleotide hybridization. The oligonuleotide are singlestranded molecules, allowing hybridization to complementary probe molecules
without denaturing or concerns about reannealing. The “Aﬀymetrix microarray” has been developed by Aﬀymetrix Inc. and the main advantages of the
oligonuleotide targets are increased speciﬁcity. The capacity to work directly
from the sequence database information can be viewed as a plus advantage.
The following table shows the most important diﬀerence between the two
diﬀerent kinds of microarrays.
Table 2. Comparison of spot microarray and Aﬀymetrix microarray

Array

Spot

Affymetrix

Advantage

Disadvantage

Flexibility

Variation

Price

Optimization

Optimization

Organism specific

Fast results

Large subsets only

Internal controls

Price

For gene regulation analysis, the dynamic data or time series microarray
data must be acquired as our target data set. This dynamic process holds the
key to our understanding of the gene regulation; consequently the proteins
products. It is also generally recognized that a microarray data is quite suitably represented by a fuzzy set over a range of [0, 1] because one can always
normalize a set of number as fuzzy set once the deﬁnition of the “regulation”
is crystallized. In practice, the time intervals in microarray may not always
achieve synchronization. However, in the data processing period, an assumption has been made in this paper that diﬀerent time intervals are treated as
the same. This assumption implies the situation that the regulation processes
at diﬀerent time intervals are equally eﬀective.
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Abstract. The treatment of semantic relations between terms is essential in information retrieval (IR). Each term in a thesaurus might have classes of synonymous,
narrower, broader, or related terms. The ability to express formally the semantic
relations is a core issue in applying mathematical tools to IR. In the application of
evidential theory, particularly, the problems become more apparent since evidential
theory is based on set theory and individual terms have to be expressed as subsets of
the frame of discernment. Four basic questions are to be faced: How to establish the
frame of discernment using a thesaurus? How to express terms using subsets of the
frame? How to apply evidential functions to represent documents or queries using
the term subset-expressions? What are appropriate agreement measures for ranking
documents against a given query? This study attempts to answer these questions.

1 Introduction
The objective of an IR system is to identify latent useful information in response to user information needs. The eﬀectiveness of an IR model depends
mainly on three central issues: document representation, query representation and agreement (similarity) measurement. Many important studies focus
on the three issues, and some good formal methods have been developed.
In IR, each document is characterized by a set of index terms that appear
in the document. There exist complex semantic relations between index terms.
Generally, a weighting function, which maps each index term to a numerical
quantity related to a given document, is used to represent the importance of
the index term concerning the document. It should be pointed out that to
arrive at a precise representation of a document by means of a set of weights
of index terms is diﬃcult. This is because it is very hard to obtain suﬃcient
statistical data for estimating the importance of index terms. It is also very
hard to explicate the complicated semantic relations between index terms.
Extensive studies on document representation can be found in, for instance
[1, 11, 17, 20, 28, 29, 30, 32, 33, 34].
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Query representation is also an obstacle to developing an eﬀective retrieval
system. In practice, the original queries are usually imprecise and incomplete
descriptions of information needs. A retrieval system cannot thus be expected
to produce ideal retrieval results by using a poor query representation. Some
thorough investigations into query representation and query expansion can be
found in, for instance [4, 6, 7, 8].
An agreement measure determines the degree to which individual documents are relevant to the query. To be successful, the determination should
be performed in such a way that retrieval output and actual outcome are,
on average, in close agreement. The choice of agreement measure is essential for eﬀective retrieval. The relevance problem has been studied by many
researchers, for instance [2, 9, 15, 23].
The treatment of semantic relations between terms has long been a signiﬁcant subject of interest in IR. Terms in a thesaurus might have a class
of synonymous terms, a class of narrower terms, a class of broader terms,
or a class of related terms. For example, semantically, terms cows and goats
are narrower than term mammals. In a semantic net, “term t1 is narrower
than term t2 ” is expressed by an arrow from t1 to t2 to impose a speciﬁcation/generalization relation on terms. An example for related terms is that
terms ducks, geese, hens might be related to terms eggs, f eathers. It is necessary to normalize a thesaurus for treating term semantic relations in IR
applications. This study presents a method for the normalization.
The ability to express formally the semantic relations of terms is a core
issue in IR. Terms are not mutually exclusive, and naive probabilistic methods
may not be adequate for handling the issue. The evidential method appears to
be more convenient than the usual probabilistic methods [32] to express the
semantic relations, to represent objects (i.e., documents and queries), and to
rank documents against a given query. Some retrieval methods based on evidential theory (Dempster-Shafer’s theory of evidence [25]) have been proposed
[17, 18, 24, 26]. However, in applications of evidential theory, the construction
of a σ-algebra and a base for this σ-algebra in order to construct a probability
space is an arduous task [26]. This study proposes a method to establish the
frame of discernment, and to express each term by a subset of the frame.
In this study, we are also concerned with the application of evidential
theory to some practical IR problems: we formally discuss the representations
of objects by means of evidential functions; we introduce agreement measures
over the evidential representations for ranking documents against the query.
This paper is organized as follows. In Sect. 2, we suggest a method for
normalizing a thesaurus semantically. In Sect. 3, we propose a method for
establishing a frame of discernment and for expressing individual terms as
subsets of the frame. In Sect. 4, after introducing basic concepts of evidential
theory, a novel method for representing objects based on evidential functions
is proposed, and the agreement measures for ranking documents based on the
evidential representations are introduced.
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2 Normalization of a Thesaurus
This section concentrates on how to normalize a thesaurus. We introduce
notation for the normalization. The notation is used to describe the semantic
relations found in a general thesaurus. An example thesaurus ℵ, taken from
[26], is used throughout this paper. It is given in Table 1. We will denote T
as the set of 28 terms contained in ℵ.
2.1 Treatment of Synonymous Terms
We ﬁrst introduce two pieces of notation, ⇐ and ⇒.

☞ “⇐” is used to denote “use-for”.
“t1 ⇐ t2 , t3 , . . . , tl ” means that t1 and t2 , t3 , . . . , tl are synonymous terms,
and that t1 is their representative.
☞ “⇒” is used to denote “use”.
“t1 ⇒ t2 ” means that t1 and t2 are synonymous terms, and that t2 is their
representative.
The synonymous relation between terms is an equivalence relation. That
is, it has the following properties:
reﬂexive: t ⇐ t;
symmetric: if t1 ⇐ t2 , then t2 ⇐ t1 ;
transitive: if t1 ⇐ t2 , and t2 ⇐ t3 , then t1 ⇐ t3 .
Removing the tuples with relations ⊃, ⊂ and ∩ from the thesaurus, and
then with symmetry, further removing relation ⇒, we can obtain a synonymnormalized thesaurus, denoted S(k,t) . For the example thesaurus ℵ, we obtain
Table 2.
In contrast to thesaurus ℵ, we can see that terms that do not have relations
⇐ or ⇒, but have relations ⊃, ⊂ and ∩ remain in the ﬁrst column of thesaurus
S(k,t) (e.g., terms “domestic-birds”, “eggs”, etc.). In other words, only those
terms that have only relation ⇒ are removed from the ﬁrst column of ℵ (e.g.,
terms “barnyard-birds”, “farm-animals”, etc.).
In what follows, we will call the terms listed in the ﬁrst column of thesaurus
S(k,t) key-terms, and denote K = {k1 , k2 , . . . , kn } as the set of the key-terms.
Obviously, K ⊆ T and n = |K| ≤ |T |. For instance, for thesaurus ℵ, we have
n = 15 key-terms.
2.2 Treatment of Ordering Terms
Let us introduce two further pieces of notation ⊃ and ⊂.

☞ “⊃” is used to denote “narrower-terms”.
“t1 ⊃ t2 , t3 , . . . , tl ” means that term t1 has narrower terms t2 , t3 , . . . , tl .
The narrower relation between terms is a partial ordering relation. That is,
it has the following properties:
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Table 1. An example thesaurus ℵ

Term
animals
barnyard-birds
birds

cows
domestic-animals

domestic-birds
domestic-mammals
ducks
eggs
farm-animals
farmyard-birds
feathers
geese
goats
hens
mammals

milk
poultry

Relation
⇐
⊃
⇒
⇐
⊂
⊃
∩
⇐
⊂
⇐
⊂
⊃
⊂
⊃
⊂
⊃
⇐
⊂
∩
⇒
⇒
∩
⇐
⊂
⇐
⊂
⇐
⊂
⇐
⊂
⊃
∩
∩
⇐
⊂
⊃
∩

Term(s)
animal
birds, domestic-animals, mammals
poultry
bird
animals
domestic-birds, poultry
eggs, feathers
cow
domestic-mammals
farm-animals
animals
domestic-birds, domestic-mammals, poultry
birds, domestic-animals
poultry
domestic-animals, mammals
cows, goats
duck
poultry
birds, poultry
domestic-animals
poultry
birds, poultry
goose
poultry
goat
domestic-mammals
chick, chicken-cock, hen
poultry
mammal
animals
domestic-mammals
milk
mammals
barnyard-birds, farmyard-birds
birds, domestic-animals, domestic-birds
ducks, geese, hens
eggs, feathers
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Table 2. A synonym-normalized thesaurus S(k,t)
Key-Term
animals
birds
cows
domestic-animals
domestic-birds
domestic-mammals
ducks
eggs
feathers
geese
goats
hens
mammals
milk
poultry

Relation
⇐
⇐
⇐
⇐
–
–
⇐
–
–
⇐
⇐
⇐
⇐
–
⇐

Term(s)
animal
bird
cow
farm-animals

duck

goose
goat
chick, chicken-cock, hen
mammal
barnyard-birds, farmyard-birds

irreﬂexive: t ⊃ t;
asymmetric: if t1 ⊃ t2 then t2 ⊃ t1 ;
transitive: if t1 ⊃ t2 and t2 ⊃ t3 , then t1 ⊃ t3 .
☞ “⊂” is used to denote “broader-terms”.
“t1 ⊂ t2 , t3 , . . . , tl ” means that term t1 has broader terms t2 , t3 , . . . , tl . The
broader relation between terms is a partial ordering relation. That is, it has
the following properties:
irreﬂexive: t ⊂ t;
asymmetric: if t1 ⊂ t2 then t2 ⊂ t1 ;
transitive: if t1 ⊂ t2 and t2 ⊂ t3 , then t1 ⊂ t3 .
Clearly, term ti has a narrower term tj if and only if term tj has a broader
term ti . This implies that we can use only one of these two ordering relations
in a thesaurus to obtain an ordering-normalized thesaurus, denoted O(ki ,kj ) .
For the example thesaurus ℵ, removing the tuples with relations ⇐, ⇒
and ∩, and then further removing relation ⊂, we obtain Table 3.
The narrower and broader relations of terms, forming a hierarchical structure, are given in Fig. 1. Generally, in IR, a hierarchical structure, represented
using a directed acyclic graph (using arrows), is a tree-like structure, which
embeds relations ⊃ or ⊂ in a form such that no key-term appears on a level
below that of its narrower key-term.
Notice that all terms given in the ﬁrst and third columns of thesaurus
O(ki ,kj ) (i.e., on the hierarchical structure) are key-terms. In what follows, we
will denote the set of all key-terms on the hierarchical structure as hie(K).
Obviously, hie(K) ⊆ K, and it may be that K − hie(K) = ∅. For instance,
from our example, we can see that K − hie(K) = {eggs, f eathers, milk}.
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Table 3. An ordering-normalized thesaurus O(ki ,kj )

Key-Term

Relation
⊃
⊃
⊃
⊃
⊃
⊃
⊃

animals
birds
domestic-animals
domestic-birds
domestic-mammals
mammals
poultry

Key-Term(s)
birds, domestic-animals, mammals
domestic-birds, poultry
domestic-birds, domestic-mammals, poultry
poultry
cows, goats
domestic-mammals
ducks, geese, hens
animals

eggs
feathers

birds

domestic-animals

mammals

domestic-birds

domestic-mammals

eggs
feathers

ducks

milk

geese

poultry

hens

cows

goats

Fig. 1. The narrower and broader relations of key-terms on a hierarchical structure

We denote the hierarchical structure itself as H(K). A key-term k is said
to be on structure H(K), denoted by k  H(K), if there exists one node of
H(K), such that it is used to represent k. Clearly, k ∈ hie(K) if k  H(K).
2.3 Treatment of Related Terms
We need to introduce another piece of notation, ∩.

☞ “∩” is used to denote ‘related-terms’.
“t1 ∩ t2 , t3 , . . . , tl ” means that term t1 has related terms t2 , t3 , . . . , tl . The
related relation between terms has the following properties:
reﬂexive: t ∩ t;
symmetric: if t1 ∩ t2 , then t2 ∩ t1 ;
transitive: if t1 ∩ t2 , and t2 ∩ t3 , then t1 ∩ t3 may not hold.
For the example thesaurus ℵ, deleting the tuples with relations ⇐, ⇒, ⊃
and ⊂, and then with symmetry, we can obtain Table 4.
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Table 4. A related-normalized thesaurus R(ki ,kj )
Key-Term

Relation

Key-Term(s)

birds
mammals
poultry

∩
∩
∩

eggs, feathers
milk
eggs, feathers

The related relation of terms linked to the hierarchical structure (using
dashed lines) is given in Fig. 1.
Notice that all terms listed in the ﬁrst and third columns of thesaurus
R(ki ,kj ) are key-terms. For two related key-terms ki , kj ∈ K, we always have
ki ∩ kj and kj ∩ ki . However, we use the following rules to write their related
relation:
– if ki ∈ hie(K) and kj ∈ K − hie(K), write ki ∩ kj ;
– if ki ∈ K − hie(K) and kj ∈ hie(K), write kj ∩ ki ;
– if ki , kj ∈ hie(K), simply ignore them as their related relation has been
implied by their narrower or broader relations (see Sect. 2.4);
– if ki , kj ∈ hie(K), simply ignore them as their related relation is not linked
to the hierarchical structure.
That is, the right side of ∩ is always a key-term in hie(K), i.e., in the ﬁrst
column of the related-normalized thesaurus; the left side of ∩ is always a
key-term in K − hie(K), i.e., in the third column of the related-normalized
thesaurus.
In what follows, we will denote the set of the key-terms linked to the
hierarchical structure (i.e., listed in the third column of thesaurus R(ki ,kj ) ) as
rla(K). Obviously, rla(K) ⊆ K. For our examples, we can see that rla(K) =
{eggs, f eathers, milk}.
Notice also that, for an arbitrary key-term kj in K −hie(K), we have three
and only three cases:
→ There exists at least one ki  H(K), such that, ki ∩ kj ; in this case,
kj ∈ rla(K).
→ There exists one ki1  H(K) and ki2 , . . . , kiλ  H(K) (λ ≥ 2), such that,
ki1 ∩ ki2 , ki2 ∩ ki3 , . . . , kλ−1 ∩ kλ , kλ ∩ kj ; in this case, kj ∈ rla(K), as the
related relation does not satisfy transitivity.
→ There exists no ki  H(K), such that, ki ∩ kj ; in this case, kj ∈ rla(K).
2.4 Superiority and Inferiority
Having discussed the properties of the ordering and related relations we can
further discuss the properties between these two relations. The properties
which are useful for an insight into the semantic relations are:
superior: if t1 ∩ t2 and t3 ⊃ t2 , then t1 ∩ t3 ;
inferior: if t1 ∩ t2 and t2 ⊃ t3 , then t1 ∩ t3 may not hold.
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From the superiority property we obtain the other two properties:
– If t1 ⊃ t2 , then t1 ∩ t2 .
In fact, from reﬂexivity we have t2 ∩ t2 . Now t1 ⊃ t2 . So t2 ∩ t1 by
superiority, i.e., t1 ∩ t2 by symmetry.
– If t1 ⊂ t2 , then t1 ∩ t2 .
In fact, from reﬂexivity we have t1 ∩ t1 . Now t1 ⊂ t2 . So t1 ∩ t2 .
By the superiority property, we can further infer the related relations
between key-terms. For instance, from milk ∩ mammals and animals ⊃
mammals, we have milk ∩ animals.
However, the inferiority property may not always hold. For instance, from
milk ∩ animals and animals ⊃ birds, an inferred result milk ∩ birds obviously makes no sense.
In what follows, we will call S(k,t) , O(ki ,kj ) , R(ki ,kj ) together the semantically normalized thesaurus, and denote it by


ℵSOR = ℵ; S(k,t) |O(ki ,kj ) |R(ki ,kj ) .
Our aim is to formally express the semantic relations between terms, that
is, to establish the frame of discernment, and then to express all key-terms as
subsets of the frame. The next section attempts to discuss this core issue.
Before discussing the core issue, we ﬁrst point out that the normalized
thesaurus is a precondition for our method to be used. However, in the real
world, it is very likely that a thesaurus will not satisfy the conditions of
normalization. The problem of normalizing a thesaurus is a pressing one, and
may necessitate much eﬀort. It is beyond the scope of this paper to discuss
such a problem, and will be treated as a signiﬁcant subject for further study.
Thus, in what follows, we always assume that thesaurus ℵ has been normalized
to thesaurus ℵSOR .

3 Subset-Expressions of Key-Terms
As is known, in the application of evidential theory to IR, the frame of discernment, in which elements are exclusive and exhaustive, must ﬁrst be established, and each key-term must be expressed as the subset of the frame.
This section attempts to give a method to establish the frame and to derive
the subset-expressions of key-terms.
To do so, we need to introduce two further pieces of notation,  and ⇔.
• “” is used to denote “expressed-by”.
“k1  {k2 , k3 , . . . , kl }”, where k2 , k3 , . . . , kl are atomic-terms, means that
key-term k1 is expressed by the set of atomic-terms {k2 , k3 , . . . , kl }.
• “⇔” is used to denote “equivalent-to”.
“k1 ⇔ k2 , k3 , . . . , kl ”, where k1 , k2 , . . . , kl have the same subset-expression,
means that k1 , k2 , k3 , . . . , kl are equivalent key-terms, and k1 is their representative.
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3.1 The Sub-Frame of Discernment Θ
The derivation of all atomic-terms is the starting point for establishing the
frame of discernment.
Atomic-terms can be derived from the hierarchical structure H(K). In order to generate H(K), we arrange key-terms from narrower to broader (or
from speciﬁc to general) by using an arrow pointing to a “parent” node (representing a key-term) ki from a “child” node kj ; the arrow denotes the relation
ki ⊃ kj . The oldest node of H(K), such as key-term animals, is called the
root of the hierarchical structure (see Sect. 3.8).
The nodes to which no arrows point, are called terminal nodes. All terminal
nodes are regarded as atomic-terms. The set of all atomic-terms, denoted
by Θ , is called the sub-frame of discernment. Obviously, Θ ⊆ hie(K). From
Fig. 1, we can see that only ﬁve key-terms are atomic-terms in thesaurus
ℵSOR :
Θ = {cows, ducks, geese, goats, hens} .
Once all atomic-terms on H(K) are derived, we are able to further express
general key-terms using a subset of the sub-frame, called a subset-expression.
Each atomic-term can be expressed by itself. That is, for an arbitrary
a ∈ Θ , a  {a }. Thus, atomic-terms are always pairwise unrelated since
the intersection of their subset-expressions is always empty.
3.2 Key-Terms in Set hie(K)
The subset-expressions of general key-terms can also be derived from the
hierarchical structure H(K).
First, consider all key-terms that are narrower or broader than at least one
other key-term. For an arbitrary k ∈ hie(K) ⊆ K, a key point of the derivation
is to ﬁnd all possible narrower key-terms, and then traverse downward to
atomic-terms. The subset of atomic-terms narrower than k is used as the
subset-expression of k. For instance, in Fig. 1, we see that key-term birds
has narrower atomic-terms ducks, geese and hens, we can thus express birds
by a subset {ducks, geese, hens}. Further, with the symbol , we can write
subset-expressions for all key-terms in hie(K) as shown in Table 5.
3.3 Key-Terms in Set rla(K)
Next, consider all key-terms that are not narrower or broader than any other
key-terms, but are directly related to at least one other key-term on H(K).
For an arbitrary k ∈ rla(K) ⊆ K, link k to the hierarchical structure using
a dashed line between k and the key-terms to which k is related; check the
youngest one among the key-terms; express k using the same subset-expression
as the youngest one. For instance, in Fig. 1, we see key-term eggs linked to the
hierarchical structure by dashed lines between it and two key-terms birds and
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Table 5. Subset-expressions for key-terms in set hie(K)
Key-Term

Relation

animals
birds
cows
domestic-animals
domestic-birds
domestic-mammals
ducks
geese
goats
hens
mammals
poultry














Subset-Expression
{cows, ducks, geese, goats, hens}
{ducks, geese, hens}
{cows}
{cows, ducks, geese, goats, hens}
{ducks, geese, hens}
{cows, goats}
{ducks}
{geese}
{goats}
{hens}
{cows, goats}
{ducks, geese, hens}

poultry. The youngest of the two key-terms is poultry with subset-expression
{ducks, geese, hens}, we can thus express eggs by the same subset poultry
has. Subset-expressions for all key-terms in rla(K) are shown in Table 6.
Table 6. Subset-expressions for key-terms in set rla(K)
Key-Term
eggs
feathers
milk

Relation




Subset-Expression
{ducks, geese, hens}
{ducks, geese, hens}
{cows, goats}

Notice that the choice of the youngest key-term among the key-terms
related to a given key-term is essential: it ensures that the related relation is
able to satisfy the superiority property (but does not ensure it satisﬁes the
inferiority property).
3.4 Representatives in Set rep(K)
Often, while all key-terms in hie(K) ∪ rla(K) are expressed by subsetexpressions, some key-terms have the same subset-expressions.
Two key-terms ki , kj ∈ hie(K) ∪ rla(K) are said to be equivalent, denoted
by ki ⇔ kj , if they have the same subset-expression. The set of equivalent
key-terms is called an equivalent class, denoted by equ(k), where k is a representative of the equivalent class. Denote
rep(K) as the set of all the repre
sentatives and, obviously, rep(K) ⊆ hie(K) ∪ rla(K) .
We can choose a representative for each equivalent class by taking the
oldest key-term of the class. For instance, from Fig. 1 and from Tables 5 and 6,
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we see that key-terms birds, domestic-birds, eggs, f eathers and poultry have
the same subset-expression, and that birds is the oldest one, we can thus
take birds as the representative of the equivalent class birds, domestic-birds,
eggs, f eathers and poultry. Further, with the symbol ⇔, we can write all
representatives for key-terms in hie(K) ∪ rla(K) as shown in Table 7.
Table 7. Equivalent classes’ representatives in set rep(K)
Representative
animals
birds
mammals

Relation
⇔
⇔
⇔

Key-Term(s)
domestic-animals
domestic-birds, eggs, feathers, poultry
domestic-mammals, milk

Notice that the choice of the oldest key-term as the representative of an
equivalent class is immaterial: this is done only for the purpose that the root
of the hierarchical structure can be chosen as a representative.
It is worth mentioning, similar to the synonym relation ⇐ on the term set
T , that relation ⇔ is an equivalent relation on the key-term set K with the
following properties:
reﬂexive: k ⇔ k for an arbitrary k ∈ K;
symmetric: if ki ⇔ kj then kj ⇔ ki , where ki , kj ∈ K;
transitive: if ki ⇔ kj and kj ⇔ kl then ki ⇔ kl , where ki , kj , kl ∈ K.
It may seem odd that we have relation birds ⇔ eggs and mammals ⇔
milk, etc. Nevertheless, it is mathematically reasonable. Due to the limitations
of thesaurus ℵSOR , key-terms may not be entirely distinguished from each
other. Semantically, it might be doubtful that key-terms birds and eggs are
“the same” according to some knowledge. Mathematically, key-terms birds
and eggs are both equal to {ducks, geese, hens} according to the sub-frame
of discernment Θ , which has only ﬁve atomic-terms totally. Semantically,
two key-terms are “the same” if they are synonymous. Mathematically, two
key-terms are equivalent if they contain the same atomic-terms.
3.5 Isolated-Terms in Set iso(K)
Also, we need consider some isolated key-terms. A key-term k  is said to be
an isolated-term if there exists no key-term ki ∈ hie(K), such that, ki ⊃ k  or
ki ∩ k  . That is, if key-term k  is isolated, then k  is neither on the hierarchical
structure, nor (directly) related to any key-term which is on the hierarchical
structure. Denote
iso(K) = K − hie(K) − rla(K) .

90

D. Cai and C.J. van Rijsbergen

Then, k  ∈ iso(K) is an isolated-term. For instance, from Tables 2, 5 and 6,
we can see that iso(K) = ∅.
Like atomic-terms, each isolated-term can be expressed by itself. That is,
for an arbitrary k  ∈ iso(K), k   {k  }. Thus, isolated-terms are also pairwise
unrelated as the intersection of their subset-expressions is always empty.
However, in practice, isolated-terms may themselves be semantically related to one another. Further study on how to treat the related relation of
isolated-terms is needed.
3.6 The Frame of Discernment Θ
Generally, a frame of discernment, denoted by Θ, can immediately be established after the sub-frame of discernment and the set of isolated-terms are
given:
Θ = Θ ∪ iso(K) = {a1 , a2 , . . . , a|Θ| } .
Clearly, |Θ| = |Θ | + |iso(K)| as Θ ∩ iso(K) = ∅.
3.7 The Evidence Sub-Space K 
Finally, we form an evidence sub-space K  . An evidence sub-space, denoted
by K  , is a subset of the power set of the frame of discernment Θ, over which
the evidence functions can be deﬁned:

K  = Θ ∪ rep(K) = {k1 , k2 , . . . , km
},

where the dimensionality of the sub-space is Θ, and the size of the sub-space
satisﬁes: m = |K  | ≤ |Θ| + |rep(K)| as it may be that Θ ∩ rep(K) = ∅ [5].
The key-terms in K  are called kernel-terms. From the above discussion,
it is clear that each kernel-term in K  ⊆ K can be expressed by a subset of Θ.
For thesaurus ℵSOR , we can write subset-expressions for all kernel-terms as
shown in Table 8.
Table 8. Subset-expressions for kernel-terms in set K 
Kernel-Term
animals
birds
cows
ducks
geese
goats
hens
mammals

Relation









Subset-Expression
{cows, ducks, geese, goats, hens}
{ducks, geese, hens}
{cows}
{ducks}
{geese}
{goats}
{hens}
{cows, goats}
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It is important to understand that representatives (kernel-terms) in rep(K)
may be related to each other as the intersection of their subset-expressions
over Θ may not be empty. For instance, representatives birds and mammals
are not related to one another, but both of them are related to representatives
animals. Consequently, kernel-terms in K  ⊇ rep(K) may be related to each
other, and may not partition the frame of discernment Θ ⊇ Θ .
3.8 Multiple Subset-Expressions
In the above discussion, we gained insight into the concept of term semantic
relations by means of a normalized thesaurus, and a hierarchical structure
generated from the normalized thesaurus. From thesaurus ℵSOR , for instance,
we generated a hierarchical structure H(K) with a root animals. In a real
world application, however, there may exist many roots with respect to a given
normalized thesaurus.
A key-term k is called a root, if
– there exists no key-term ki , such that, ki ⊃ k;
– there exists at least one key-term kj , such that, k ⊃ kj .
Suppose there are s key-terms that are roots, and denote the set of roots
as R(K) = {r1 , r2 , . . . , rs }, where 0 ≤ s < n. Each root will generate a
hierarchical structure or, more precisely, a hierarchical sub-structure.
Denote Hri (K) as the hierarchical sub-structure corresponding to root ri ,
hieri (K) as the set of key-terms on Hri (K) (including root ri ), Θri as the
set of atomic-terms corresponding to root ri . Clearly, hieri (K) ⊃ Θri and so
|hieri (K)| > |Θri | ≥ 1.
For two arbitrary roots ri , rj ∈ R(K), it is likely that hieri (K) ∩
hierj (K) = ∅. That is, a key-term may be on, both sub-structures Hri (K)
and Hrj (K). In particular, it may be that Θri ∩ Θrj = ∅, that is, an atomicterm may be on both Hri (K) and Hrj (K).
With the above notation, the hierarchical structure
 is an assembly of
the individual hierarchical sub-structures: HR (K) = Hr1 (K), Hr2 (K), . . . ,

Hrs (K) . The set of key-terms on at least one hierarchical sub-structure is
denoted by hie(K) = hier1 (K) ∪ hier2 (K) ∪ · · · ∪ hiers (K). The sub-frame of
discernment is denoted by Θ = Θr1 ∪ Θr2 ∪ · · · ∪ Θrs .
In the context of IR, each root ri should be regarded as referring to one
speciﬁc topic, and other key-terms on Hri (K) are its narrower key-terms under
the same topic. Thus, all roots should be regarded as pairwise unrelated.
While key-term k is on, or linked to, more than one hierarchical substructure, it would have multiple subset-expressions corresponding to the individual roots. This usually happens when key-term k is polysemous (multiplemeaning). For instance, key-term “phoenix” may have several meanings:
“the capital and largest city of Arizona”, or
“a bird in Egyptian mythology”, or
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“a constellation in the Southern Hemisphere near Tucana and Sculptor”.
Thus, “phoenix” may be on, three sub-structures.
Since each root is considered to refer to only one topic, the multiple subsetexpressions will be treated as diﬀerent from root to root. In particular, when
a ∈ Θri ∩ Θrj , we denote a  {a}ri and a  {a}rj , and regard a as having
diﬀerent (semantic) meanings, corresponding to roots ri and rj , respectively.
In an extreme case, there is no root: s = 0. Thus, the sub-frame of discernment Θ = ∅, and n = |K| key-terms are all isolated-terms. We can then
immediately obtain Θ = iso(K) = K = {k1 , k2 , . . . , kn }. That is, all the
key-terms are merged into the frame of discernment (i.e., they are treated as
“atomic-terms”), and considered unrelated to each other. In many existing IR
models, key-terms are dealt with in this way.
We give a detailed algorithm for establishing a frame of discernment and
for expressing key-terms as subsets of the frame in [5].
3.9 Thesaurus Classes and Query Expansion
Our method reduces terms (i.e., t ∈ T ) to their thesaurus classes: terms
are replaced by representatives either synonymous (i.e., key-term k ∈ K), or
equivalent (i.e., kernel-term k  ∈ K  ). In order to clarify how thesaurus classes
can be used to represent objects at a later stage, we introduce three further
pieces of notation: equ(k  ), syn(k) and cla(k  ).
For an arbitrary key-term k ∈ K, denote


syn(k) = t |k ⇐ t, t ∈ T
as the set of terms which are synonymous with key-term k.
For an arbitrary kernel-term k  ∈ K  , denote


equ(k  ) = k |k   k, k ∈ K
as an equivalent class of key-terms which are equivalent to kernel-term k  .
Also, denote

 

t |k ⇐ t, t ∈ T
syn(k) =
cla(k  ) =
k∈equ(k )

k∈equ(k )



= t |k ⇐ t, t ∈ T ; k   k, k ∈ K

as a thesaurus class of terms either synonymous with, or equivalent to, kernelterm k  .
Let us consider the following example.
Example 1. Suppose a user enters a query: q = “birds”. Notice that term
birds ∈ K  . Thus, from Table 7, we can write an equivalent class
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equ(birds) = {birds, domestic-birds, eggs, f eathers, poultry} ,
Also, from thesaurus S(k,t) given in Table 2, we have
syn(birds) = {bird, birds},
syn(domestic-birds) = {domestic-birds},
syn(eggs) = {eggs},
syn(f eathers) = {f eathers},
syn(poultry) = {barnyard-birds, f armyard-birds, poultry}.
Hence, we can expand query q from a single term birds to a thesaurus class
cla(birds) = {bird, birds, domestic-birds, eggs, f eathers,
barnyard-birds, f armyard-birds, poultry}.

♦

Query expansion, an important component in a retrieval system, has long
been an eﬀective technique to improve retrieval performance [4, 6, 8, 16, 19,
21, 31, 35]. Some good reviews of query expansion methods can be found in
[10, 13].
In a practical IR environment, document collections are processed, and
documents matching the user’s query are displayed in real time. Documents
that do not have any term matching the query are disregarded. Users of an
IR system employing term matching as a basis for retrieval are faced with
the challenge of expressing their queries with terms in the vocabulary of
the documents they wish to retrieve. This diﬃculty is especially severe in
extremely large, wide-ranging, full-text collections containing many diﬀerent
terms describing the same concept. The problem of term-mismatch has long
been serious in IR.
The problem is more pronounced for short queries consisting of just a few
terms related to the subject of interest: this can best be illustrated through
the scenario of information search on the World Wide Web where users tend to
enter very short queries. The shorter the query is, the less chance for important
terms to co-occur in both relevant documents and the query. Hence a good
way of matching terms is urgently needed. Query expansion is a process that
modiﬁes the original query representation so as to more precisely express the
information needs.
Since our method can reduce diﬀerent terms to their thesaurus classes,
retrieval systems can achieve the eﬀect of automatically expanding objects
with thesaurus classes of the original query terms. The expansion may be
expected to improve performance as it greatly increases matching between
relevant document terms and query terms.
Consider several examples. If a user describes his information need as
“aviation school”, then relevant information indexed by terms aeronautical
engineering institute might meet with retrieval failure – term mismatch arises
from synonymous terms. In a retrieval based on a term “cow”, the user might

94

D. Cai and C.J. van Rijsbergen

be also interested in the documents containing term mammal – term mismatch
arises from narrower terms. A user enters a term “planet”, he might be thinking of something like Mercury or Venus – term mismatch arises from broader
terms. A user tries terms “crime” and “murder” when she desires to ﬁnd
some thrillers – term mismatch arises from the related terms. Thus, if the
reader traces through all discussions given in this paper, it should become
clear that the structure of the thesaurus classes embodies intuitive meaning,
and this structure can be expected to resolve these term mismatching problems.

4 Retrieval Based on Evidential Theory
So far, we have concentrated on developing an eﬀective method for tackling the
problem of expressing key-terms as subsets of the frame of discernment. Before
seeing how to apply our knowledge of expression to practical IR problems,
we need to introduce evidential theory, which underpins the formal method
proposed in this paper.
4.1 Evidential Theory
Evidential theory is by now a familiar one for many IR researchers. A detailed
account of it can be found in [25]. Some general deﬁnitions applied in this
study can be written as follows.
Let Θ = {y1 , y2 , . . . , y|Θ| } denote a frame of discernment. Then the power
set of Θ can be represented as 2Θ = {Y1 , Y2 , . . . , Y2|Θ| } = {Yi | Yi =
|Θ|
i
}, that is, each element Yi ∈ 2Θ is
∪m
j=1 {yij }, 1 ≤ mi ≤ |Θ|, 1 ≤ i ≤ 2
a subset of Θ.
A function m : 2Θ → [0, 1] is a mass function if there is a random subset
variable Yover the evidence space 2Θ , such that m(Y ) satisﬁes (1) m(∅) = 0
and, (2) Yi ⊆ Θ m(Yi ) = 1. In evidential theory, masses are assigned to only
those propositions (subsets) that are supported by evidence.
A function bel : 2Θ → [0, 1] is a belief function if there is a random subset
variable Y on Θ such that bel(Y ) satisfying: (1) bel(∅) = 0, (2) bel(Θ) = 1 and,
(3) for any collection
A1 , A2 , . . . , Ak (k ≥ 1) of subsets of Θ, bel(A1 ∪ A2 ∪

|I|+1
bel(∩i∈I Ai ). If we suppose bel(Y ) =
. . . ∪ Ak ) ≥
I ⊆ {1,2,...,k},I=∅ (−1)

m(A),
then
it
is
not
diﬃcult
to
verify
that bel(Y ) is a belief function.
A⊆Y
We call bel(Y ) the belief function
corresponding
to mass function m(Y ).

Also, suppose pls(Y ) = A ⊆ Θ,A∩Y =∅ m(A), and call it the plausibility
function corresponding to mass function m(Y ).
It can be veriﬁed that (1) pls(Y ) = 1−bel(Θ−Y ), (2) bel(Y ) = 1−pls(Θ−
Y ) and, (3) bel(Y ) ≤ pls(Y ). Thus, bel(Y ) is also referred to as the lower
probability function, and pls(Y ) as the upper probability function. The interval
[bel(Y ), pls(Y )] is referred to as the belief interval. Here value bel(Y ) gives the
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degree to which the current evidence supports subset Y . The degree to which
Y remains plausible is given by value pls(Y ) = 1 − bel(Θ − Y ). The diﬀerence
pls(Y ) − bel(Y ) represents the residual ignorance, ign(Y ) = pls(Y ) − bel(Y ),
and is called the ignorance function corresponding to mass function m(Y ).
4.2 Object Representations and Mass Function
Having introduced the evidential functions, we move on to two other important issues – deﬁning the representations of objects, and introducing agreement measures for ranking documents against a given query. We discuss the
ﬁrst in this subsection and the following; the second is discussed in Sect. 4.4.
In the IR context, we can simulate:
(a) the frame of discernment by Θ = {a1 , a2 , . . . , a|Θ| };

};
(b) the evidence space by the evidence sub-space K  = {k1 , k2 , . . . , km
(c) an evidence by an object (i.e., by the statistical information within the
object, more precisely, by term weights obtained from the statistical information within the object);
(d) a proposition by a statement “kernel-term k  appears”.
Thus, masses are assigned to only those kernel-terms that are supported by
the object. By kernel-term k  supported by an object x (i.e., a document x = d
or query x = q), we mean here that it or, term(s) of thesaurus class cla(k  ),
appears in x.
Putting the above simulations together is equivalent to saying that each
object x can be represented by a mass function mx (k  ) over sub-space K  :





mx (k  ) 1×m = mx (k1 ), mx (k2 ), . . . , mx (km
) ,
where component mx (k  ) can be interpreted as indicating the strength of
kernel-term k  or, a thesaurus class cla(k  ), when supported by x. For instance,
from Table 8, we have



mx (k  ) 1×8 = mx (animal), mx (birds), mx (cows), mx (ducks),

mx (geese), mx (goats), mx (hens), mx (mammals) .
In order to estimate the strength of kernel-term k  supported by object x,
suppose that term weights, wx (t), have been obtained, which are considered
to reﬂect the importance of terms t (∈ V x ⊆ T ) concerning x. Thus, the mass,
mx (k  ), can be estimated from the weights of (i) k  , (ii) synonymous terms of
k  , (iii) equivalent key-terms of k  and (iv) the synonymous terms of equivalent
key-terms of k  , in object x.
More speciﬁcally, for an arbitrary kernel-term k  ∈ K  , the mass is deﬁned:
mx (k  ) =

ψx (k  )
ψx (k  )
,
=

Nx
k ∈(V x ∩K  ) ψx (k )
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where V x is the set of terms appearing in object x; Nx , is the normalization
factor of object x; function
⎛
⎞
ψx (k  ) =

⎝

wx (t) =
t∈cla(k )

k∈equ(k )

wx (t)⎠ .

t∈syn(k)

It can be seen that function ψx (k  ) is the sum of weights, wx (t), of terms
in the thesaurus class cla(k  ). Thus, mass mx (k  ) is proportional to the sum.
It is therefore evident that the design of weighting function wx (t) is crucial in
determining retrieval performance. The eﬀectiveness of the weighting function
for reﬂecting the statistical importance of a term in respect to individual
objects, has been investigated extensively in the literature [1, 4, 12, 14, 20,
22, 27, 28, 29, 31].
Let us see an example below, which may help to clarify the above idea and
assist in understanding the computation involved in function mx (k  ).
Example 2. Let us return to Example 1. Suppose we are given the weights of
terms in document d as follows.
wd (birds) = .646, wd (bird) = .421,
wd (domestic-birds) = .0,
wd (eggs) = .285,
wd (f eathers) = .17,
wd (barnyard-birds) = .01, wd (f armyard-birds) = .0, wd (poultry) = .0,
and so on. Suppose also that the normalization factor of d is Nd = 6.52.
Then we arrive at the mass for kernel-term k  = birds or, the thesaurus class
cla(birds):
md (birds) =

.646 + .421 + .0 + .285 + .17 + .01 + .0 + .0
≈ .235 .
6.52

♦

Notice that all terms in a given object x may not be partitioned into
distinct thesaurus classes (that is, each term t ∈ V x may be classiﬁed into at
least one thesaurus class), and that the
normalization factor in the estimation
of mx (k  ) is therefore given by Nx = k ∈(V x ∩K  ) ψx (k  ), rather than simply

by Nx = t∈V x wx (t).
Notice also that there is no necessity to design a weighting function in
advance for estimating mass mx (k  ). The estimation can simply be made
using occurrence frequencies of terms. In this case, wx (t) = fx (t).
4.3 Object Representations and Other Evidential Functions
Objects can also be represented by the belief and plausibility functions. In
order to compute functions bel and pls, the narrower relation and related
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relation between kernel-terms are involved, and the relations take their mathematical meanings: for two arbitrary kernel-terms ki , kj ∈ K  , we can consider
their semantic relations ki ⊂ kj and ki ∩ kj by the set relations and operations of their corresponding subset-expressions. We can clarify this idea by
considering the example below.
Example 3. Suppose that the mass functions for documents d1 , d2 , d3 , d4 and
queries q1 , q2 are obtained. These are given in Table 9.
Table 9. Mass functions
Functions

Kernel-Terms

mass
functions

animals
birds
mammals

d1

d2

d3

d4

q1

q2

0.125
0.560
0.315

0.000
0.445
0.555

0.133
0.867
0.000

0.300
0.000
0.700

0.000
1.000
0.000

0.200
0.600
0.200

and mx (cows) = mx (ducks) = mx (geese) = mx (goats) = mx (hens) = 0 for
x = d 1 , d 2 , d 3 , d 4 , q1 , q2 .
Then, the corresponding belief and plausibility functions are calculated, and
results are given in Table 10.
Table 10. Belief and plausibility functions
Functions

Kernel-Terms

d1

d2

d3

d4

q1

q2

belief
functions

animals
birds
mammals

1.000
0.560
0.315

1.000
0.445
0.555

1.000
0.867
0.000

1.000
0.000
0.700

1.000
1.000
0.000

1.000
0.600
0.200

plausibility
functions

animals
birds
mammals

1.000
0.685
0.440

1.000
0.445
0.555

1.000
1.000
0.133

1.000
0.300
1.000

1.000
1.000
0.000

1.000
0.800
0.400

For instance, for kernel-term k  = birds in document d1 , we have,
md1 (k  ) = md1 (birds) = 0.560 ;

bel(birds) =
k

⊆ birds

k

⊆ Θ;k ∩birds=∅

md1 (k  ) = md1 (animals) + md1 (birds)

pls(birds) =

= 0.125 + 0.560 = 0.685 ,
where, from Table 5, all kernel-terms satisfying k  ⊆ birds are
birds  {ducks, geese, hens},
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ducks  {ducks},

geese  {geese},

hens  {hens};

and all kernel-terms satisfying k  ∩ birds = ∅ are
animals  {cows, ducks, geese, goats, hens},
birds  {ducks, geese, hens},
ducks  {ducks}, geese  {geese}, hens  {hens}.

♦

4.4 Agreement Measures
In the foregoing, we discussed the deﬁnition of the representations of objects based on evidential functions. In this subsection, for ranking documents
against a given query, we further discuss agreement (similarity) measures, over
the evidential representations.
Suppose that document d and query q can be represented by md (k  ) and
mq (k  ), respectively. Our method involves computing belief bel(md = mq ) and
plausibility pls(md = mq ). A study on the computation can be found in [3].
The agreement measures between md (k  ) and mq (k  ) are deﬁned by
md (k  )mq (k  ),

bel(md = mq ) =
k

⊆ K

md (ki )mq (kj )

pls(md = mq ) =
ki ,kj ⊆ K  ; ki ∩kj =∅

⎛

mq (kj ) ⎝

=
kj ⊆ K 

⎞
md (ki )⎠ .

ki ⊆ K  ; ki ∩kj =∅

Obviously, the lower agreement, bel(md = mq ), measures the belief that
document kernel-terms and query kernel-terms are equal (i.e., their subsetexpressions are the same); the upper agreement, pls(md = mq ), measures the
plausibility that document kernel-terms and query kernel-terms are related
(i.e., their subset-expressions have non-empty intersections).
Further, let us consider the belief interval


bel(md = mq ), pls(md = mq ) .
As mentioned, bel(md = mq ) gives the degree to which the current evidence
supports md (k  ) = mq (k  ). The degree to which evidence md (k  ) = mq (k  )
remains plausible is given by pls(md = mq ) = 1 − bel(md = mq ).
The following example illustrates the computation involved.
Example 4. Let us return to Example 3. We there gave mass functions for
documents d1 , d2 , d3 , d4 and queries q1 , q2 . Thus, for d1 and q1 , we have
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bel(d1 = q1 ) = md1 (animals)mq1 (animals) + md1 (birds)mq1 (birds)
+ md1 (mammals)mq1 (mammals)
= 0.125 × 0 + 0.560 × 1 + 0.315 × 0 = 0.560 ;


pls(d1 = q1 ) = mq1 (birds) md1 (animals) + md1 (birds)


= 1 × 0.125 + 0.560 = 0.685 ,
also, we have
bel(d2 = q1 ) = 0.445, bel(d3 = q1 ) = 0.687, bel(d4 = q1 ) = 0 ;
pls(d2 = q1 ) = 0.445, pls(d3 = q1 ) = 1, pls(d4 = q1 ) = 0.3 .
Similarly, for d1 and q2 , we have
bel(d1 = q2 ) = md1 (animals)mq2 (animals) + md1 (birds)mq2 (birds)
+ md1 (mammals)mq2 (mammals)
= 0.125 × 0.2 + 0.560 × 0.6 + 0.315 × 0.2 = 0.424 ;

pls(d1 = q2 ) =mq2 (animals) md1 (animals) + md1 (birds)

+ md1 (mammals)


+ mq2 (birds) md1 (animals) + md1 (birds)


+ mq2 (mammals) md1 (animals) + md1 (mammals)




= 0.2 × 0.125 + 0.560 + 0.315 + 0.6 × 0.125 + 0.560


+ 0.2 × 0.125 + 0.315 = 0.699 ,
also, we have
bel(d2 = q2 ) = 0.378, bel(d3 = q2 ) = 0.5468, bel(d4 = q2 ) = 0.2;
pls(d2 = q2 ) = 0.578, pls(d3 = q2 ) = 0.8266, pls(d4 = q2 ) = 0.58 .
Finally, ranking documents by the belief interval, we respond to users’ queries
as follows.
For query q1 , the response is
d3 [0.687, 1.0]  d1 [0.560, 0.685]  d2 [0.445, 0.445]  d4 [0, 0.3] .
For query q2 , the response is
d3 [0.5468, 0.8266]  d1 [0.424, 0.699]  d2 [0.378, 0.578]  d4 [0.2, 0.58] ,
where di [beli , plsi ]  dj [belj , plsj ] is explained as “document di is more in
♦
agreement with the query than document dj ”.

Conclusion and Further Work
The ability to formally express term semantic relations is a core issue in IR.
The problems for the expression are how to establish the frame of discernment, and how to express key-terms as subsets of the frame. The problems
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lead to many other IR problems as pointed out repeatedly in the literature.
Solution of the problems is a technical barrier to applying mathematical tools,
especially evidential theory, to IR. In this study, we focus on the problems,
and present a method for establishing the frame of discernment and for deriving subset-expressions of key-terms. Then, we propose a novel method for
representing documents and queries based on evidential functions, and for
ranking documents against a given query. A central aim of this study is to
treat the semantic relations between terms and incorporate the relations into
the retrieval strategies for more eﬀective retrieval.
A key-term, if polysemous, may be expressed by diﬀerent frame subsets
corresponding to diﬀerent roots. In IR, it is diﬃcult to automatically determine which meaning is being used in the context. Almost all existing IR
methods suﬀer from the same problem. Thus, it is hard to determine into
which thesaurus class a polysemous term should be placed. This paper does
not deal with how the class is determined; it is left as a signiﬁcant subject for
further study.
Thesaurus class methods can be regarded as recall1 improving devices. The
thesaurus classes of query terms may be expected to retrieve more relevant
documents because extra “related” terms are added to the query when the
thesaurus classes are assigned to the query instead of single terms. However,
if terms included in a thesaurus class have high document frequencies2 , then
the addition of these terms would be likely to lead to unacceptable losses in
precision3 . For this reason, some studies suggest that thesaurus classes should
be formed only from those terms which have low document frequencies, [36]
for instance. This interesting issue needs to be investigated in further work.
We intend to develop an experimental investigation into the performance
of our method.
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26. W. T. Silva and R. L. Milidiú. Belief function model for information retrieval.
Journal of the American Society for Information Science, 44(1):10–18, 1993. 80, 81
27. K. Sparck Jones. A statistical interpretation of term speciﬁcity and its application to retrieval. Journal of Documentation, 28(1):11–21, 1972. 96
28. H. Turtle and W. B. Croft. Inference networks for document retrieval. In Proceedings of the 13th Annual International ACM-SIGIR Conference on Research
and Development in Information Retrieval, pp. 1–24, 1990. 79, 96
29. C. J. Van Rijsbergen. A theoretical basis for the use of co-occurrence data in
information retrieval. Journal of Documentation, 33(2):106–119, 1977. 79, 96
30. C. J. Van Rijsbergen. A non-classical logic for information retrieval. The Computer Journal, 39:481–485, 1986. 79
31. C. J. Van Rijsbergen, D. J. Harper, and M. F. Porter. The selection of good
search terms. Information Processing & Management, 17:77–91, 1981. 93, 96
32. S. K. M. Wong and Y. Y. Yao. A probability distribution model for information
retrieval. Information Processing & Management, 25(1):39–53, 1989. 79, 80
33. S. K. M. Wong and Y. Y. Yao. A probabilistic inference model for information
retrieval. Information Systems, 16(3):301–321, 1991. 79
34. S. K. M. Wong, W. Ziarko, and P. C. N. Wong. Generalised vector space model
in information retrieval. In Proceedings of the 8th Annual International ACMSIGIR Conference on Research and Development in Information Retrieval, pp.
18–25, 1985. 79
35. J. Xu and W. B. Croft. Query expansion using local and global document analysis. In Proceedings of the 19th Annual International ACM-SIGIR Conference
on Research and Development in Information Retrieval, pp. 4–11, 1996. 93
36. C. T. Yu and G. Salton. Eﬀective information retrieval using term accuracy.
Journal of the Association for Computing Machinery, 20(3):135–142, 1977. 100

Sequential Pattern Mining
Tian-Rui Li1 , Yang Xu1 , Da Ruan2 , and Wu-ming Pan3
1

2

3

School of Science, Southwest Jiaotong University, Chengdu 610031, P. R. China
{trli, xuyang}@swjtu.edu.cn
Belgian Nuclear Research Centre (SCK•CEN), Boeretang 200, 2400 Mol,
Belgium
druan@sckcen.be
College of Software Engineering, Sichuan University, Chengdu 610065,
P.R. China
fluedpan@hotmail.com

Summary. Sequential pattern discovery has emerged as an important research
topic in knowledge discovery and data mining with broad applications. Previous
research is mainly focused on investigating scalable algorithms for mining sequential patterns while less on its theoretical foundations. However, the latter is also
important because it can help to use existing theories and methods to support more
eﬀective mining tasks. In this chapter, we conduct a systematic study on models
and algorithms in sequential pattern analysis, especially discuss the existing algorithms’ advantages and limitations. Then, we build the relation between the closed
sequential patterns and ﬁxed point, which can serve as a theoretical foundation of sequential patterns. Finally, we discuss its applications and outline the future research
work.

1 Introduction
Data mining is mainly concerned with methodologies for extracting patterns
from large data repositories. Sequential pattern mining, since its introduction
in [1], has become an active research topic in data mining, with broad applications [2, 3]. For example, consider a Web access database at a popular
site, where a Web user and Web page are regarded as an object and attribute
respectively. The discovered patterns are the sequences of most frequently
accessed pages at that site. This kind of information can help to improve
a system design such as better a hyperlinked structure between the correlated pages and lead to better marketing decisions like strategic advertisement
placement [2]. There are many other domains where sequence mining has been
applied, which include discovering customer buying patterns in retail stores,


This work was partially supported by the National Natural Science Foundation
of China (NSFC) under the grant No.60474022.

Tian-Rui Li et al.: Sequential Pattern Mining, Studies in Computational Intelligence (SCI) 5,
103–122 (2005)
c Springer-Verlag Berlin Heidelberg 2005
www.springerlink.com


104

T.-R. Li et al.

analysis of Web access databases, identifying plan failures, mining DNA sequences and gene structures, and ﬁnding network alarm patterns. Moreover,
a deep understanding of eﬃcient sequential pattern mining methods may also
have strong implications on the development of eﬃcient methods for mining
frequent subtrees, lattices, subgraphs, and other structured patterns in large
databases [4].
Many studies have been contributed to the eﬃcient mining of sequential
patterns in the literature, most of which was focused on developing eﬃcient
algorithms for ﬁnding all sequential patterns such as AprioriAll [1], GSP [5],
SPADE [6], PreﬁxSpan [7] and so on. In addition, enormous sizes of available
databases and possibly large number of mined sequential patterns demand efﬁcient and scalable parallel algorithms. Therefore, several parallel algorithms
such as HPSPM [8], pSPADE [9], TPF [10] were proposed and have good
performance. Moreover, recent research on sequential pattern mining has progressed to closed sequential pattern mining, which can greatly reduce the
number of frequent subsequences and improve the eﬃciency [4, 11].
Yet, the above work all assumes that the database is static, and a database
updates requires rediscovering all the patterns by scanning the entire old
and new database. Then, there is a need for eﬃcient algorithms to update,
maintain and manage the information discovered. Some incremental mining
algorithms of sequential patterns were proposed, e.g. [12, 13, 14, 15, 16, 17],
and perform signiﬁcantly better than the naı̈ve approach of mining the whole
updated database from scratch.
However, a major common thread that runs through the vast majority of
earlier work is the lack of user-controlled focus in the pattern mining process
and then it demonstrates the need for novel pattern mining solutions. Recent
feasible solutions are to incorporate user-speciﬁed constraints in sequential
pattern mining, which enable the incorporation of user-controlled focus in the
mining process and avoid overwhelming volume of potentially useless results
[18, 19, 20].
Other work contributes on an extension of the problem of sequential pattern mining like mining cyclically repeated patterns [21], approximate mining
of consensus sequential patterns [22], mining multidimensional sequential pattern [23], mining top-k closed sequential patterns [24], mining frequent Max
sequential patterns [25], mining long sequential patterns in a noisy environment [26], mining hybrid sequential patterns and sequential rules [27], etc.
In this chapter, the models in sequential pattern mining are presented in
Sect. 2. A systematic analysis on algorithms for mining sequential patterns is
conducted in Sect. 3. In Sect. 4, a theoretical foundation of sequential pattern
mining is provided. Its applications are discussed in Sect. 5. Our current study
is summarized and some future research issues is also pointed out in Sect. 6.
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2 Models of Sequential Patterns Mining
2.1 Original Model of Sequential Patterns Mining
The original model of mining sequential patterns was proposed in [1]. It can
be stated as follows:
Let I = {i1 , i2 , . . . , ik } be a set of all items. A subset of I is called an
itemset. A sequence s = s1 , s2 , . . . , sm (si ⊆ I) is an ordered list. The size,
|s|, of a sequence s is the number of itemsets in the sequence. The
mlength,
l(s), is the total number of items in the sequence, namely, l(s) = i=1 |si |.
A sequence α = α1 , α2 , . . . , αm is a sub-sequence of another sequence β =
β1 , β2 , . . . , βn , denoted as α  β, (if α = β, written as α  β), if and
only if ∃k1 , k2 , . . . , km , such that 1≤ k1 < k2 < . . . < km ≤ n and α1 ⊆
βk1 , α2 ⊆ βk2 , . . . , αm ⊆ βkm . We also call β is a super-sequence of α and β
contains α. A sequence database, D = {d1 , d2, . . . , dk }, is a set of sequences.
Each sequence is associated with an id. For simplicity, say the id of di is i.
|D| represents the number of sequences in the database D. The support of a
sequence α in a sequence database D is the number of sequences in D which
contain α, support(α) = |{d|d ∈ D and α  d}|. Given a minimum support
threshold, min sup, the set of frequent sequential patterns, F S, includes all the
sequences whose support is no less than min sup. Given a sequence database
and a user-speciﬁed min sup, the problem of mining sequential patterns is to
ﬁnd all the frequent subsequences in the database.
The set of the closed frequent sequential pattern is deﬁned as follows, CS =
/β ∈ F S such that α  β and support(α) = support(β)}.
{α |α ∈ F S and ∃
Since CS includes no sequence which has a super-sequence with the same
support, we have CS ⊆ F S. The problem of the closed sequence mining is to
ﬁnd CS above a minimum support threshold.
Example 1. Table 1 is a sample sequence database, referred as D when the context is clear. The alphabetic order is taken as the default lexicographical order.
The set of items in the database is {a, b, c, d, e, f }. Obviously, (ce)(a)(af )(c)
is a sequence in the database and its size is equal to 4. This whole sequence
contributes only one to the support of (a) although item a appears more than
once in it. The support of (a) is 5 in the database. If min sup = 3 (taken as
default in this chapter), CS, F S are listed in support descending order (in
the form of sequence : support) as below,
CS = {(a) : 5, (c) : 4, (a)(a) : 3, (a)(c) : 3, (a)(b) : 3, (c)(a) : 3} ;
F S = {(a) : 5, (c) : 4, (a)(a) : 3, (a)(c) : 3, (a)(b) : 3, (c)(a) : 3, (b) : 3} .
CS has the exact same information as F S, but includes much fewer patterns.
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Table 1. A sample sequence database D
Identiﬁer
1
2
3
4
5

Sequence
(ce)(a)(af )(c)
(a)(a)(b)(d)
(a)(bf )(b)(c)
(b)(c)(a)(b)
(a)(c)(a)(be)

2.2 Related Models of Mining Sequential Pattern
First is an episode discovery approach presented by Mannila et al in [28].
Sequences of events describing the behavior and actions of users or systems
can be collected in several domains. An episode is a collection of events that
occur relatively close to each other in a given partial order. Once such episodes
are known, one can produce rules for describing or predicting the behavior of
the sequence. The problem of this model is to ﬁnd all patterns that occur
in some user-speciﬁed percentage of windows through moving a time window
across the input sequence. It could provide such information like “events of
type b, c, and d occur together in 8% of windows of 50 time units” or “event
of type b is followed by event of type d 20 times in the event sequence”.
Second is the generalized sequential patterns also proposed by Srikant and
Agarwal in [5], motivated by real applications such as in a book club. Time
constraints that specify a minimum and/or maximum time period between
adjacent elements in a pattern are incorporated in the original model and
the items to be presented in a set of transactions whose transaction-times
are within a user-speciﬁed time window are allowed. Given a user-deﬁned
taxonomy on items, sequential patterns are also allowed to include items across
all levels of the taxonomy. The problem of this model is to ﬁnd all sequences
whose support is greater than the user-speciﬁed minimum support, given a
database D of data-sequences, a taxonomy T , user-speciﬁed min-gap and maxgap time constraints, and a user-speciﬁed sliding-window size.
Third is a universal formulation of sequential patterns proposed in [29],
which can unify and generalize the above formulations. There are two novel
concepts in this universal formulation. One is the directed acyclic graph representation of the structural and timing constraints of sequential patterns.
The other is that this approach supplies several diﬀerent ways in which support of a pattern can be deﬁned, each of which can be suitable in speciﬁc
applications, depending on the user’s perception. By choosing speciﬁc combinations of structural constraints, timing constraints, and support counting
methods, this formulation can be made identical to the above formulations.
A sequential pattern is said to be interesting if it occurs enough number of
times (support threshold) satisfying the given timing constraint (ms, ws, xg,
ng), where ms, ws, xg, ng represent maximum span, event-set window size,
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maximum gap, minimum gap, respectively. The problem of this model is to
ﬁnd all interesting sequential patterns, given timing constraint (ms, ws, xg,
ng) and support threshold.
In sum up, investigation of models is the ﬁrst step to discover useful information from database, which helps to support more eﬃcient decision making.
It is an important and interesting problem still worthy of study in the future.

3 Analysis of Sequential Pattern Mining Algorithms
Due to its extensive applications, lots of sequential mining algorithms were
developed to increase eﬃciency and eﬀectiveness. They can be categorized into
the following classes: BFS(Breadth-ﬁrst Search)-based method, DFS(Depthﬁrst Search)-based method, closed sequential pattern based method, parallelbased method, incremental-based method and constraint-based algorithm.
Here we study several representative algorithms in those classes respectively.
3.1 BFS-Based Method
AprioriAll, AprioriSome and DynamicSome, these three algorithms are ﬁrst
proposed in the pioneering work of sequential pattern mining by Agrawal and
Srikant [1]. The latter two algorithms were developed to discover only maximal
sequential patterns. The ﬁrst algorithm, AprioriAll, ﬁnds all patterns. It is
regarded as a three-phase algorithm in brief. It ﬁrst ﬁnds all frequent itemsets
using Apriori, transforms the database so that each transaction is replaced by
the set of all frequent itemsets contained in the transaction, and then makes
multiple passes over the database to generate candidates, count the supports
of candidates, and to discover sequential patterns. Its performance was shown
better than or comparable to the other two algorithms. However, this approach
nearly doubles the disk space requirement which could be prohibitive for large
databases.
The GSP algorithm, proposed in [2], performs like the AprioriAll algorithm, but it does not need ﬁnd all the frequent itemsets ﬁrst. In addition,
it allows for (1) time-gap constraints, placing bounds on the time separation
between adjacent elements in a pattern, (2) sliding time windows, permitting
the items in an element of a pattern to span a set of transactions within a
user-speciﬁed time window, (3) item taxonomies, given a user-deﬁned taxonomy (is-a hierarchy), enabling the discovery of patterns across diﬀerent levels
of a user-deﬁned taxonomy. GSP is also designed to discover these generalized sequential patterns. It makes multiple passes over the database and ﬁnds
out frequent k-sequences at the kth database scanning. In each pass, every
data sequence is examined to update the support counts of the candidates
contained in this sequence. Initially, each item is a candidate 1-sequence for
the ﬁrst pass. Frequent 1-sequences are determined after checking all the data
sequences in the database. In succeeding passes, frequent (k − 1)-sequences
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are self-joined to generate candidate k-sequences. Again, the supports of these
candidate sequences are counted by examining all data sequences, and then
those candidates having minimum supports become frequent sequences. This
process terminates when there is no candidate sequence left. Empirical evaluation indicates that GSP is much faster than the AprioriAll algorithm by up
to 20 times. However, because of the sliding window, minimum and maximum
time gaps, it needs backtracking to check if the data sequence s contains each
candidate sequence stored in the leaf, which leads to the high computational
cost. In addition, its I/O cost may be very high since the number of I/O passes
required is determined by the length of the longest frequent sequences.
MFS, proposed in [30], is a modiﬁed version of GSP. It tries to reduce the
I/O cost needed by GSP. With GSP, every database scan discovers frequent
sequences of the same length. MFS, on the other hand, takes a successive reﬁnement approach. It ﬁrst computes a rough estimate of the set of all frequent
sequences as a suggested frequent sequence set, makes use of it and generalizes
the candidate generation function of GSP to maintain the set of maximal frequent sequences known so far. Then, longer sequences can be generated and
counted early, which is the major source of eﬃciency improvement of MFS
over GSP. Experiment results show that MFS saves I/O cost signiﬁcantly
compared with GSP.
SPADE, proposed in [6], uses the observation that the subsequence relation induces a lattice which is downward closed on the support, i.e., if β is
frequent, then all subsequences αβ are also frequent. It decomposes the original lattice into smaller sub-lattices, so that each sublattice can be processed
entirely in main-memory using a breadth-ﬁrst or depth-ﬁrst search (SPADE
also belongs to DFS-based method) for frequent sequences. Starting with the
frequent single items, during each step the frequent sequences of the previous
level are extended by one more item. Before computing the support of a new
sequence, a pruning step ensures that all its subsequences are also frequent,
greatly reducing the search space. The experimental results show that SPADE
is about twice as fast as GSP. In addition, if we do not count the cost of computing frequent 2-item sequences, SPADE outperforms GSP by an order of
magnitude in most cases. The reason is that SPADE uses a more eﬃcient
support counting method based on the idlist structure. Furthermore, SPADE
only scans the original database twice to generate frequent 1-item sequences
and 2-item sequences respectively, and the remaining operations are solely
performed on the idlist of each sequence, which keeps shrinking during the
mining process and is much smaller than the original database. SPADE also
shows a linear scalability with respect to the number of sequences.
3.2 DFS-Based Method
In [31], Han et al. proposed a projection-based algorithm called FreeSpan,
which aims at reducing the generation of candidate subsequences. Its general
idea is to use frequent items to recursively project sequence databases into
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a set of smaller projected databases based on the currently mined frequent
sets, and grow subsequence fragments in each projected database respectively.
This process partitions both the data and the set of frequent patterns to be
tested, and conﬁnes each test being conducted to the corresponding smaller
projected database. FreeSpan only needs to scan the original database three
times, independent of the maximal length of the sequence. Performance study
shows that FreeSpan mines the complete set of patterns and is eﬃcient and
runs considerably faster than the GSP algorithm. The major cost of FreeSpan
is to deal with projected databases. Moreover, since a length-k subsequence
may grow at any position, the search for length-(k + 1) candidate sequences
will need to check every possible combination, which is quite costly.
To solve this problem existing in FreeSpan, in [7], Pei et al. proposed
another projection based algorithm called PreﬁxSpan. Its general idea is to
examine only the preﬁx subsequences and project only their corresponding
postﬁx subsequences into projected databases, instead of projecting sequence
databases by considering all the possible occurrences of frequent subsequences.
In each projected database, sequential patterns are grown by exploring only
local frequent patterns. PreﬁxSpan mines the complete set of patterns and is
eﬃcient and runs considerably faster than both GSP algorithm and FreeSpan.
However, similar to FreeSpan, the major cost of PreﬁxSpan is also the construction of projected databases. In the worse case, PreﬁxSpan needs to construct a projected database for every sequential pattern. If there are a large
number of sequential patterns, the cost is non-trivial.
In [32], Sequential PAttern Mining using a bitmap representation (SPAM)
was proposed by J. Ayres, et al. Based on a lexicographic tree of sequences,
SPAM utilizes a depth-ﬁrst traversal of the search space combined with a vertical bitmap representation to store each sequence, which allows for eﬃcient
support counting as well as signiﬁcant bitmap compression. In addition, various pruning mechanisms are implemented to reduce the search space. SPAM is
especially eﬃcient when the sequential patterns in the database are very long.
Moreover, a salient feature of this algorithm is that it incrementally outputs
new frequent itemsets in an online fashion. Experimental results demonstrate
that this algorithm outperforms SPADE and PreﬁxSpan on large datasets by
over an order of magnitude. However, SPAM assumes that the entire database
(and all data structures used for the algorithm) completely ﬁt into main memory which is not suitable for mining sequential pattern from large databases
and it consumes more space in comparison with SPADE and PreﬁxSpan.
3.3 Closed Sequential Pattern Based Method
Previous sequential pattern mining algorithms mine the full set of frequent
subsequences satisfying a minimum support threshold in a sequence database.
However, since a frequent long sequence contains a combinatorial number
of frequent subsequences, such mining will generate an explosive number of
frequent subsequences for long patterns, which is prohibitively expensive in
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both time and space. It is proved that for mining frequent patterns (for both
itemsets and sequences), one should not mine all frequent patterns but the
closed ones since the latter leads to not only more compact yet complete result
set but also better eﬃciency, which can greatly reduces the number of frequent
subsequences [4, 11].
CloSpan is such an algorithm for mining closed sequential patterns [4]. It
divides the mining process into two stages. In the ﬁrst stage, a candidate set
is generated. The second stage helps eliminate non-closed sequences. CloSpan
develops several eﬃcient search space pruning methods and it is hash-based
algorithm which can eﬃciently execute the search space optimization with
negligible cost. The performance of CloSpan shows that it not only generates
a complete closed subsequence set which is substantially smaller than that
generated by PreﬁxSpan, but also runs much faster. However, it follows a
candidate maintenance-and-test paradigm and results in a rather poor scalability in the number of frequent closed patterns because a large number of
frequent closed patterns (or just candidates) will occupy much memory and
lead to a large search space for the closure checking of new patterns, which
is usually the case when the support threshold is low or the patterns become
long.
BIDE is a more eﬃcient algorithm to mine closed sequential patterns [11].
It avoids the curse of the candidate maintenance-and-test paradigm, prunes
the search space more deeply and checks the pattern closure in a more eﬃcient way while consuming much less memory in contrast to the previously
developed closed pattern mining algorithms. It does not need to maintain the
set of historic closed patterns, thus it scales very well in the number of frequent closed patterns. BIDE adopts a strict depth-ﬁrst search order and can
output the frequent closed patterns in an online fashion. A thorough performance study shows that BIDE consumes order(s) of magnitude less memory
and runs over an order of magnitude faster than the previously developed
frequent (closed) sequence mining algorithms, especially when the support is
low. It also has linear scalability in terms of the number of sequences in the
database. However, like other closed sequence mining algorithms, it will lose to
some all-frequent-sequence mining algorithms with a high support threshold.
3.4 Parallel-Based Method
The most time consuming operation in the discovery process of sequential
patterns is the computation of the frequency of the occurrences of interesting
subsequences in the sequence database. However, the number of sequential
patterns grows exponentially and the task of ﬁnding all sequential patterns
requires a lot of computational resources, which make it an ideal candidate
for parallel processing.
Three parallel algorithms, NPSPM, SPSPM, HPSPM, based on GSP for
mining sequential patterns on a shared-nothing environment were presented
in [8]. All three approaches partition the datasets into equal sized blocks
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among the nodes. In NPSPM, the candidate sequences are replicated on all
the processors, and each processor gathers local support using its local database block. A reduction is performed after each iteration to get the global supports. Since NPSPM replicates the entire candidate set on each node, it can
run into memory overﬂow problems for large databases. SPSPM partitions
the candidate set into equal-sized blocks and assigns each block to a separate processor. While SPSPM utilizes the aggregate memory of the system,
it suﬀers from excessive communication, since each processor’s local database
has to broadcast to all other processors to get global support. HPSPM uses
a more intelligent strategy to partition the candidate sequences among the
nodes using hash function, which eliminates the customer transaction data
broadcasting and reduces the comparison workload. Among three algorithms
HPSPM was shown to be the best approach through the experiments on an
IBM SP2 distributed memory machine. However, the main limitation of all
these parallel algorithms is that they make repeated passes over the diskresident database partition, incurring high I/O overheads. Furthermore, the
schemes involve exchanging the remote database partitions during each iteration, resulting high communication and synchronization overhead. They also
use complicated hash structures, which entail additional overhead in maintenance and search, and typically also have poor cache locality [9].
pSPADE is a parallel algorithm based on SPADE for fast discovery of
frequent sequences in large databases, targeting shared-memory systems [9]. It
decomposes the original search space into small suﬃx-based classes. Each class
can be solved in main-memory using simple join operations and eﬃcient search
techniques, which not only minimizes I/O costs by reducing database scans,
but also computational costs. Further each class can be solved independently
on each processor requiring no synchronization. It has good locality and little
false sharing. Experiments on a 12 processor SGI Origin 2000 shared memory
system show that pSPADE delivers good speedup and has excellent scale-up
properties. However, like SPADE, the limitation of pSPADE is that it works
on the assumption that each class and its intermediate idlists ﬁt in main
memory, which require lots of memory.
DPF, TPF are two diﬀerent parallel algorithms for ﬁnding sequential patterns on distributed-memory parallel computers [10]. DPF decomposes the
computation by exploiting data parallelism, whereas TPF utilizes task parallelism. The feature of TPF is the development of a static task decomposition
scheme that uses a bipartite graph partitioning algorithm to simultaneously
balance the computations and at the same time reduce the data sharing overheads, by minimizing the portions of the database that needs to be shared
by diﬀerent processors. Experiments on the 32-processor IBM SP2 parallel
computer show that they incur small communication overheads, achieve good
speedups, and can eﬀective utilize the diﬀerent processors, and that TPF outperformed DPF. However, as number of processors increased, the accuracy
of estimated work-load decreased and the computation became increasingly
un-balanced.
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DTPF is an improved parallel algorithm of TPF, which uses task parallelism along with dynamic load balancing scheme that minimizes idle time
in case when distributed workload is unbalanced [33]. Experiments on the
32-processor IBM SP2 parallel computer show that it is capable of achieving good speedups, substantially reducing the amount of the required work
to ﬁnd sequential patterns in large databases, and it outperforms static load
balancing scheme algorithm, TPF.
3.5 Incremental-Based Method
The above studies all assume the database is static, and even a small change
in the database will require the algorithms to run again to get the updated
frequent sequences since previous sequential patterns would become irrelevant and new sequential patterns might appear. In practice, the content of a
database changes over time and thus there is a need for eﬃcient algorithms
to update, maintain and manage the information discovered. If each time we
have to rerun the mining algorithms from scratch, it will be very ineﬃcient or
infeasible. Incremental algorithm should be developed for sequential pattern
mining so that mining can be adapted to frequent and incremental database
updates, including both insertions and deletions. There are two cases in developing incremental algorithm: (1) Whole sequences are inserted into and/or
removed from the old database called as Sequence Model; (2) Sequences in the
old database are updated by appending new transactions at the end called
as Transaction Model. The two models can model each other. Algorithms
designed for one model can also work under the other model.
A work for incremental sequential pattern updating based on SuﬃxTree
techniques was proposed in [12]. The structure used in that context acquires
the data and builds up the frequent sequences in one scan by means of a
SuﬃxTree. This method is thus very appropriate to an incremental sequence
extraction, because it only has to continue the data reading after the update.
The limitations are the complexity in space of this algorithm depends on the
size of the database and the SuﬃxTree is very expensive for dynamic strings
because of the sensitivity of the position to the update operation. Then, a
modiﬁed work of that on incremental sequential pattern updating was proposed in [13]. The approach uses a dynamic SuﬃxTree structure, in which
substrings are referenced by addresses rather than positions, for incremental
mining in a single long sequence. The address reference restricts the impact
of updates to a small part of the dynamic SuﬃxTree, making eﬃcient update
of the dynamic SuﬃxTree possible. Experiments showed that this incremental method performs substantially better than the non-incremental one for
large and dynamic databases. However, those two algorithms only focus on
incremental mining in a single long sequence.
FASTUP, proposed in [34], is in eﬀect an enhanced GSP with improvement on candidate generation and support counting. It takes into account the
previous mining result before generating and validating candidates using the
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generating-pruning method. Experiments show that the performance of this
algorithm could be much faster than previous algorithms for the maintenance
of sequential patterns. However, it suﬀers the same limitations as GSP.
Reference [14] developed an incremental mining algorithm ISM based on
SPADE by maintaining a sequence lattice of an old database. The sequence
lattice includes all the frequent sequences and all the sequences in the negative
border, which is the collection of all sequences that are not frequent but both
of whose generating subsequences are frequent. Compared with SPADE, the
experiment results show that ISM is an improvement in execution time by up
to several orders of magnitude in practice, both for handling increments to
the database, as well as for handling interactive queries. However, maintaining
negative border, the number of which can be very huge, is memory consuming
and not well adapted for large databases. In addition, sequences in the negative
border may be unlikely to become frequent in the updated database if they
have low support. Moreover, ISM can only deal with the case of insertion.
Reference [16] developed two algorithms, GSP+ and MFS+, for incremental mining sequential patterns when sequences are inserted into or deleted from
the original database: one based on GSP and the other based on MFS. These
two algorithms can eﬃciently compute the updated set of frequent sequences
given the set of frequent sequences obtained from mining the old database.
Experiments show that GSP+ and MFS+ eﬀectively reduce the CPU costs of
their counterparts with only a small or even negative expense on I/O cost.
Reference [35] developed another incremental mining algorithm, ISE, using candidate generate-and-test approach, namely, using information collected
during an earlier mining process to cut down the cost of ﬁnding new sequential
patterns in the updated database. The main new feature of it is that the set
of candidate sequences to be tested is substantially reduced. Furthermore, it
incorporates some optimization techniques for improving the eﬃciency. Empirical evaluations show that the algorithm performs signiﬁcantly faster than
the approach, GSP, of mining the whole updated database from scratch. The
limitation of this algorithm is the candidate set can be very huge, which makes
the test-phase very slow and its level-wise working manner requires multiple
scans of the whole database. This is very costly, especially when the sequences
are long.
IncSP is another eﬃcient incremental updating algorithm for up-to-date
maintenance of sequential patterns after a nontrivial number of data sequences
are appended to the sequence database [36]. Assume that the minimum support keeps the same. It utilizes the knowledge of previously computed frequent sequences, merges data sequences implicitly, prunes candidates early,
and separately counts supports with respect to the original database and the
newly appended database. Implicit merging ensures that IncSP employs correctly combined data sequences while preserving previous knowledge useful
for incremental updating. Candidate pruning after updating pattern supports
against the increment database further accelerates the whole process, since
fewer but more promising candidates are generated by just checking counts
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in the increment database. Eventually, eﬃcient support counting of promising candidates over the original database accomplishes the discovery of new
patterns. IncSP both updates the supports of existing patterns and ﬁnds out
new patterns for the updated database. The simulation performed shows that
IncSP is several times faster than re-mining using the GSP algorithm, with
respect to various data characteristics or data combinations. IncSP outperforms GSP with regard to diﬀerent ratios of the increment database to the
original database except when the increment database becomes larger than
the original database.
IncSpan is developed in [37] for incremental mining over multiple database
increments. Two novel ideas are introduced in the algorithm development.
First is maintaining a set of “almost frequent” sequences as the candidates in
the updated database, which has several nice properties and leads to eﬃcient
techniques. Second is that two optimization techniques, reverse pattern matching and shared projection, are designed to improve the performance. Reverse
pattern matching is used for matching a sequential pattern in a sequence.
Since the appended transactions are at the end of a sequence, reverse pattern
matching can prune additional search space. Shared projection is designed to
reduce the number of database projections for some sequences which share a
common preﬁx. Performance study shows that IncSpan outperforms ISM and
PreﬁxSpan on incrementally updated databases by a wide margin.
3.6 Constraint-Based Algorithm
Recent work has highlighted the importance of the paradigm of constraintbased mining. Not only the paradigm allows users to express their focus in
mining, but also allows many kinds of constraints to be pushed deep inside
mining, conﬁning the search for patterns only to those of interest to the user,
and therefore, improving performance. Constraint-based algorithms are close
related to user-speciﬁed constraints because of the arising problem, namely,
how to push kinds of constraints deep inside mining in order to improve performance.
The use of Regular Expressions (REs) was proposed in [18] as a ﬂexible
constraint speciﬁcation tool that enables user-controlled focus to be incorporated into the pattern mining process. A family of novel algorithms, SPIRIT,
was developed for mining frequent sequential patterns that also satisfy userspeciﬁed RE constraints. The main distinguishing factor among the proposed
schemes is the degree to which the RE constraints are enforced to prune the
search space of patterns during computation. The SPIRIT algorithms are illustrative of the tradeoﬀs that arise when constraints that do not subscribe to
nice properties (like anti-monotonicity) are integrated into the mining process.
Experimental results clearly validate the eﬀectiveness of the approach, showing that speedups of more than an order of magnitude are possible when RE
constraints are pushed deep inside the mining process and also illustrates the
versatility of REs as a user-level tool for focusing on interesting patterns.
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cSPADE was proposed in [38] for discovering the set of all frequent sequences with the following constraints: length and width restrictions, minimum and maximum gap between sequence elements, time window of occurrence of the whole sequence, item constraints for including or excluding
certain items, and ﬁnding sequences distinctive of at least one class, i.e., a
special attribute-value pair, that we are interested in predicting. The two
main strengths of cSPADE are that it delivers performance far superior to
existing approaches to constrained sequences, and that it incorporates the
constraints with relative ease.
Preﬁx-growth is also one of constraint-based algorithms for mining sequential patterns developed in [19] to push preﬁx-monotone constraints, which covers many commonly used constraints such as all monotonic, anti-monotonic
constraints and regular expression, deep into the mining process. Moreover,
some tough constraints, like those involving aggregate avg() and sum(), can
also be pushed deep into preﬁx-growth with some minor extensions. Experimental results and performance study show that preﬁx-growth is eﬃcient and
scalable in mining large databases with various constraints compared with
SPIRIT.
Moreover, there are many other kinds of algorithms for mining sequential patterns like DSG (Direct sequential pattern generation), a graph-based
algorithm, proposed in [39]. Though the disk I/O cost of DSG is very low
because it scans database only once, the related information may not ﬁt in
the memory when the size of the database is large.
All in all, the existing algorithms for mining sequential patterns depend
heavily on massive computation that might cause high dependency on the
memory size or repeated I/O scans for the data sets. Though they are very
eﬃcient, they are not suﬃcient for extremely large datasets and new solutions,
that do not depend on repeated I/O scans and less reliant on memory size,
still have to be found.

4 Theoretical Foundation of Sequential Pattern Mining
Previous work on sequential pattern discovery was mainly focused on studying
scalable algorithms while less on its theoretical foundations, which is also
important and makes it possible to use the existing theories or methods to
support more eﬀective sequential pattern mining tasks. In the following, we
build the relation between the closed sequential patterns and the ﬁxed point
by using the theory of formal concept analysis [40, 41], which can serve as a
theoretical foundation of sequential patterns [42].
Deﬁnition 1. Reference [40] A triple (G, M, I) is called a context if G and
M are sets and I ⊆ G × M is a binary relation between G and M . We call
the elements of G objects, those of M attributes, and I the incidence of the
context (G, M, I).

116

T.-R. Li et al.

For the object g and the attribute m, (g, m) ∈ I or more commonly, gIm
implies that ‘the object g possesses the attribute m’.
Deﬁnition 2. Reference [40] Let (G, M, R) be a context, then the following
mappings are Galois connections between P (G) and P (M ):
s : G → M, s(X) = {m ∈ M |(∀g ∈ X)gRm } ,
t : M → G, t(Y ) = { g ∈ G| (∀m ∈ Y )gRm} ,
where P (G) and P (M ) are the power sets of G and M, respectively.
Obviously, s ◦ t and t ◦ s are closed operators, also call them as Galois closed
operators. Let the identiﬁer set ID, the sequential set D of a sequence database
be G and M of a context (G, M , R), a binary relation between U and D be
R, then (U , D, R) becomes a context. Their Galois connections are as follows:
t : D → U, t(α) = { g ∈ U | (∀m ∈ α)gRm}
s : U → D, s(X) = { m ∈ D| (∀g ∈ X)gRm}
Then, t(α) denotes all the id set that includes a sequence α. Moreover,
s ◦ t and t ◦ s are closed operators, also call them as Galois closed operators.
Theorem 1. {α ∈ P (D) |s ◦ t(α) = α } is the set of all closed sequential patterns of sequence database D.
Proof. (Suﬃciency) Suppose that a sequence α, satisfying s ◦ t(α) = α, is not
a closed sequential pattern. Then there exists a sequence β, satisfying α ⊂ β
and support(α) = support(β). Namely, t(α) = t(β) and thus s ◦ t(β) ⊇ β. It
is concluded that α = s ◦ t(α) = s ◦ t(β) ⊇ β, which contradicts that α ⊂ β.
Therefore, α is a closed sequential pattern.
(Necessity) Suppose that a sequence α is a closed sequential pattern of D.
Since s ◦ t is a closed operator, s ◦ t(α) ⊇ α. If s ◦ t(α) ⊃ α, according to the
deﬁnition of s and t, every sequence contains α also contains s ◦ t(α). Thus,
support(s ◦ t(α)) = support(α), which contradicts the assumption that α is a
closed sequential pattern. Therefore, we have s ◦ t(α) = α.

Deﬁnition 3. Reference [43] Let P be a partial order set, Φ:P → P is a
mapping, a ∈ P . If Φ(a) = a, then call a is a ﬁxed point of Φ.
Then, every sequence in the set {α ⊆ D |s ◦ t(α) = α } is a ﬁxed point of the
mapping s ◦ t. To mine all frequent closed sequential patterns is equal to ﬁnd
all ﬁxed points of s◦t. The existence of ﬁxed point of the mapping is conﬁrmed
by the following theorems.
Theorem 2. Reference [43] Let P be a partial order set, Φ: P → P is a
mapping, satisfy that for every a ∈ P, a ≤ Φ (a), then Φ has ﬁxed points.
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Theorem 3. [43] Let P be a partial order set, Φ:P → P is an order-preserving
mapping, then Φ has ﬁxed points and the minimum ﬁxed point.
Theorem 4. s ◦ t : P (D) → P (D) has ﬁxed points.
Proof. It is obvious that P (D) is a partial order set. Since s◦t : P (D) → P (D)
is a closed operator. Then, for every α ∈ P (D), α ⊆ s ◦ t(α) and s ◦ t is a
order-preserving mapping. Therefore, there exist ﬁxed points of s ◦ t.
Since (P (D), ⊆) is a complete lattice and closed operator is orderpreserving mapping, then a concrete ﬁxed point(namely, closed sequential pattern) can be obtained by the ﬁxed point theorem proposed by Knaster and
Tarski [43].

Theorem 5. Reference [43] Let P be a complete lattice, Φ: P → P is orderpreserving mapping, then ∨{a ∈ P |a ≤ Φ(a) } is a ﬁxed point of Φ.
Theorem 6. ({α ∈ P (D) |s ◦ t(α) = α }, ⊆) constitues a join semi-lattice,
called as ﬁxed point semi-lattice.


Proof. It is obvious.

Because the closed sequential patterns keep all the support information of
all sequential patterns of sequence database, ﬁxed point semi-lattice also keeps
them. Therefore, to mine all frequent closed sequential patterns is equal to
establish ﬁxed point semi-lattice and mine all points on it that satisfy support
constraint.
Example 2. Frequent ﬁxed-point semi-lattice of Table 1 is as follows (Fig. 1).
Every node’s support in this lattice is above the minimum support threshold.

a a

a b

a

a

c

c a

c

Fig. 1. Frequent ﬁxed-point semi-lattice

To sum up, much work has been done to eﬃciently discovery sequential
patterns while less work on its theoretical foundations. Based on the Galois
closed operator, identiﬁer set, sequential set in sequential database together
with their binary relation constituted a context. The relation between the
ﬁxed point and closed sequential pattern was established. To mine all frequent
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closed sequential patterns is equal to build ﬁxed point semi-lattice and mine
all points on it that satisfy support constraint which serves as a theoretical
foundation of sequential patterns and makes it possible to use the existing
ﬁxed point and lattice theories to support more eﬀective sequential pattern
mining tasks.

5 Applications of Sequential Pattern Mining
In the daily and scientiﬁc life, sequential data are available and used everywhere. Since discovering interesting patterns can beneﬁt us by predicting coming activities, interpreting certain phenomena, extracting outstanding similarities and diﬀerences for close attention, etc. Methods for mining sequential
patterns have successfully applied in many domains as follows.
• Retail industry: analysis of customer buying behavior.
• Medical treatment: discovering patterns in histories of medical records to
improve level of diagnosis.
• DNA sequences and gene structures: discovery of motifs and tandem repeats in DNA sequences.
• Telecommunication: ﬁnding network alarm patterns, telephone calling patterns.
• Administration: identifying plan failures.
• Web service: discovering user access patterns.
• Information security: analysis of user’s behavior.
• Natural disasters: earthquakes forecasting.
• Science & engineering processes: study of engineering & scientiﬁc processes
such as experiment runs, satellite data streams, weather data.
• Stocks and markets: stock prices trend.
Following is an example which is a successful application of sequential
pattern mining. PLANMINE, an automatic mining method that discovers
event sequences causing failures in plans, was presented in [2]. Novel pruning techniques to extract the set of the most predictive rules from highly
structured plan databases were developed. These pruning strategies reduced
the size of the rule set by three orders of magnitude. PLANMINE has been
fully integrated into two real-world planning systems. The rules discovered by
PLANMINE were extremely useful for understanding and improving plans,
as well as for building monitors that raise alarms before failures happen.
All in all, several cases should be carefully studied during the process
of applications of sequential pattern mining: (1) Developing operations for
data cleaning; (2) Integration of the algorithm into the real-world system; (3)
Devising approaches to reduce the size of the rule set; (4) Visualization should
also be carefully considered.
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6 Conclusions
Sequential pattern mining is one of the most popular pattern-discovery approaches in the ﬁeld of knowledge discovery and data mining. In this chapter,
we conduct a systematic study on models and algorithms in sequential pattern analysis, build the relation between the closed sequential patterns and
the ﬁxed point and discuss its application domains. Despite recent advance in
the problem of sequential pattern mining, several problems still need serious
and immediate attention.
• Developing more eﬃcient and scalable methods for mining sequential patterns, including incremental mining of closed sequential patterns, incorporating user-speciﬁed constraints in the mining of closed sequential patterns,
developing methods to mine sequential patterns with other more complicated constraints, devising sampling-based methods and random access
disk-based approaches like Inverted Matrix for eﬃcient discovery of frequent itemsets [44, 45], etc.
• Proceeding to explore its application domains, including development of
application-speciﬁc data mining system, invisible data mining (mining as
built-in function) and integration of existing algorithms for other complicated structured patterns, etc.
• To continue studying theoretical foundations of sequential pattern mining
like Codd’s relational model [46] in order for us to apply them to the
development of more eﬃcient mining algorithms and methods.
• To establish a benchmark to evaluate sequential pattern mining algorithms
like FIMI workshop for the problem of frequent itemset mining [47] in order
to generate a very healthy and critical discussion on the state-of-aﬀairs in
sequential pattern mining implementations.
• To integrate eﬃcient algorithms with database management systems, data
warehouse systems, and Web database systems, etc. which can maximally
beneﬁt end-users.
• Development of techniques that incorporate privacy concerns in sequential
pattern mining since data mining, with its promise to eﬃciently discover
valuable, non obvious information from large databases, is particularly
vulnerable to misuse [48, 49].
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Abstract. The problem of entity association is at the core of information mining
techniques. In this work we propose an approach that links the similarity of two
knowledge entities to the eﬀort required to fuse them in one. This is implemented
as an iterative updating process. It unites an evolving initial knowledge entity and
a piece of new information, which is repeatedly incorporated, until a convergence
state is reached. The number of updating repetitions can be used as an importance
index qualifying the new evidence.
Key words: Uncertain knowledge updating, Similarity, Information fusion, Fuzzy
sets.

1 Introduction
The present era is characterized by the enormous amount of available information in both raw and processed forms. The most important concern of the
modern knowledge engineer is to ﬁnd the means to extract useful pieces of
knowledge as well as to add value and intelligence to computerized systems.
Therefore there is a need for eﬃcient use of data, avoidance of over ﬁtting and
high dimensionality solutions. This eventually helps enlarging applications of
computer models and extends the spectrum of information sources, departing from the exclusive use of numbers, and moving towards qualitative data,
which is a very important requirement for multimedia implementations.
Along another dimension, intelligent systems must possess the ability to
handle incomplete data, confront noise, to exploit and use missing information,
and eﬀectively interact with the user [3, 6]. Data mining is a collective set of
techniques and methods towards these goals [1, 2].
Various methods such as neural networks, decision trees etc. have been
used at the core of knowledge management and information mining. In this
work a diﬀerent approach is proposed: Two pieces of information are related
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in Computational Intelligence (SCI) 5, 123–135 (2005)
c Springer-Verlag Berlin Heidelberg 2005
www.springerlink.com
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to the degree deﬁned by the eﬀort needed to fuse them in one piece of information. In a monotonic framework this results in an information gain of the
initial knowledge. The implementation consists of a repeated updating of the
initial information with values from the new evidence. This process converges
after a number of repetitions, a number that is related to the distance of the
two entities. Seen from another perspective, the selection of the number of
updating steps can be the choice of the decision maker. Complementing this
concept a probability distribution diﬀerence is deﬁned. This diﬀerence detects
the change in the shape of the initial information representation due to the
inclusion of new elements.

2 Uncertain Information Representations
Consider a space X and a function µF (x) : X → [0, 1] such that for each
x : x ∈ X µF gives the degree to which the element x belongs to the concept
described by F . The pairs (x, µF (x)) deﬁne a fuzzy set F over the domain
X [10]. This constitutes a knowledge representation scheme, which is able to
handle uncertain information by allowing partial membership to a concept.
A discrete fuzzy set is the set deﬁned over a discrete domain. Given a fuzzy
set F , its support set is deﬁned as the crisp set
SF = {x ∈ X : µF (x) = 0}
Consider another fuzzy set G, and let denote by set T the elements in X
that belong to the support set of G, but not to the support set of F, i.e.,
T = {x ∈ X : µG (x) = 0 and µF (x) = 0}
A generalization or information updating algorithm will extend F to a new
fuzzy setH, containing all the elements in F plus elements from T , such that
SH = SF ∪ T 

and

Ø = T  ⊆ T

This process implements an information gain for the initial set F, which is
monotonic in nature.

3 Description of the Knowledge Updating Algorithm
In this section we present a more systematic exposition of the knowledge
updating algorithm and the notion information gain that it entails. Assuming
that initial knowledge is represented by a fuzzy set, then this is realized by
the production of a more general fuzzy set, enriched with elements from the
new evidence. The resulting new information can be compared with the initial
one within a probabilistic framework, since the probability distribution over
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the initial set of elements is enlarged to include new data. This captures the
change in the shape of the fuzzy set involved.
More speciﬁcally, consider a piece of uncertain data, in the form of a discrete fuzzy set F, representing existing information, and the corresponding
possibility distribution {Fi , mi } [7]. To the focal elements F1 ⊆ F2 ⊆ F3 ⊆
· · · ⊆ Fn are assigned the basic probability masses m1 , m2 , m3 , . . . , mn , respectively [5].
Let now G be another discrete fuzzy set representing new evidence and
G1 ⊆ G2 ⊆ G3 ⊆ . . . ⊆ Gq be the family of focal elements of the corresponding
possibility distribution. For the ﬁrst focal G1 , containing the elements with a
full membership in the fuzzy set G, we can locate a focal element Fk so that
the two sets are disjoint.
More formally: there exists an index k ∈ {1, 2, . . . , n} such that for some
Fk in {F1 , F2 , F3 , . . . , Fn } the following relations hold:
G1 ∩ Fk = Ø

and G1 ∩ Fk+1 = Ø .

Subsequently, we can create the following family of focals
{F1 , F2 , . . . , Fk ∪ G1 , Fk+1 ∪ G2 , . . . , Fn ∪ Gq }
resulting from the union of the focal elements of the fuzzy set G and the subset
of the focals from the fuzzy set F starting from Fk . To this family of new focal
elements we associate the basic probability masses m1 , m2 , m3 , . . . , mn from
the initial fuzzy set F.
In the case where n − k = q − 1, that is, when the families of focal elements
are not aligned, two modiﬁcations are possible: Either the ﬁnal focal element
Fn of the fuzzy set F is repeated with its mass mn accordingly divided, or
the ﬁnal focal Gq is repeated. In that way we can generate a new fuzzy set H.
Figure 1 describes the steps involved in the algorithm.
This is an extension of F towards the support set of G that preserves the
existing information in F. If by SF , SG , and SH we denote the support sets
of F, G, and H respectively, then
SF ⊆ SH and SG ⊆ SH
This outcome represents an information gain of the initial knowledge towards the new evidence represented by G. This process can be repeated, generalizing the resulting fuzzy set H again with fuzzy set G as new data. This
process will eventually converge, reaching a point where no further updating
will be possible.
The aboved deﬁned number k ∈ {1, 2, . . . , n} indicates the number of
permissible repetitions. The number of these iterations can be considered as
an indication of the conceptual distance of the entities represented by the two
fuzzy sets, in the sense that the greater the number of repetitions the more
dissimilar are the two concepts.
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Given a discrete fuzzy set F , representing existing information, let G
be another discrete fuzzy set representing new evidence
I.
II.

Arrange the two fuzzy sets in decreasing order of
membership function
From the two fuzzy sets derive the corresponding
possibility distributions, i.e. the series of focal
elements F1 F2 F3 ... Fn , and the assigned
basic probability masses m1 , m2 , m3 ,..., m n for set F ,
and G1

III.

G2

G3

...

Gq and r1 , r2 , r3 ,..., rq for

set G.
Find a focal Fk in F1 , F2 , F3 ,..., Fn such that for the
first focal element G1 the following relations hold:

G1
IV.

Fk

and

G1

Fk

1

.

Arrange the two series of focals in a way that G1 is
aligned to Fk . In the case where the last focal Fn does
not correspond to the last focal G q , then
a. If the focals Fi after the alignment point, are
fewer than the focals G j , repeat the last focal
element Fn and divide accordingly its mass mn .
b. If the focals G j after the alignment point, are
fewer than the focals Fi , repeat the last focal
element G q and divide accordingly its mass rq .

V.

VI.

Create a series of new focals by taking the
union: F1 , F2 ,..., Fk G1 , Fk 1 G 2 ,... and associate
with them the basic probability mass assignment of
fuzzy set F (divided if necessary).
Construct a fuzzy set H from this family of focals and
the associated basic probability masses.
Fig. 1. Steps of the generalization algorithm
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A detailed exposition of the steps involved in realizing the algorithm is
explained in the examples in the subsequent section.
Initial experiments with various conﬁgurations of fuzzy set pairs have indicated the following characteristics of the updating mechanism:
• It has a gradual updating behavior that depends on the relative position of
the two fuzzy sets, the overlapping area, and the relation of the core sets.
• It is not based on the selection of a parameter. Instead the number of
necessary iterations depends on the conceptual distance of the two entities.
• It can be applied to nominal and/or non-ordered data.
• It has a set theoretic basis, expanding the initial fuzzy set by enriching
its constituent parts, i.e., the focal elements, departing from a point wise
calculation.
• It preserves the normality of fuzzy sets.
Consider again the previously mentioned discrete fuzzy sets F and H. Over
these sets a probability distribution can be deﬁned as follows:
For each x ∈ SF , let Fp be a focal element that contains x, i.e., such that
{x} ∩ Fp = Ø
Since ∀ p ≤ n Fp ⊆ . . . ⊆ Fn , the value of a probability distribution at the
point x can be deﬁned as
n
mp
p (x) =
|Fp |
p
|Fp | being the cardinality of the focal Fp and mp is the basic probability mass
associated with Fp .
This deﬁnes a uniform probability distribution over each focal element. After the generalization of F , producing the set H, the value of the distribution
at point x becomes
n
mr
p (x) =
|H
r|
r
where again Hr is a focal element such that {x} ∩ Hr = Ø.
We can then take the diﬀerence of the values of these distributions at the
point x1 such that µF (x1 ) = 1, that is the core elements of the initial fuzzy
set. The amount ∆pr = p (x1 ) − p (x1 ) provides an indication of the degree
of change imposed on the initial fuzzy set due the performed generalization.
As such it can be used as a similarity index.

4 Examples
The above-described algorithm has been tested on a non-ordered, non-numeric
domain. This is a sequence of qualitative values {LX, LY, HY, HE, CR, HX,
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1
0,9
0,8
0,7
0,6
0,5
0,4
0,3
0,2
0,1
0
LX

LY

HY

HE

CR

Initial Information

HX

UC

UT

WH

New Data

Fig. 2. Fuzzy sets representing initial and new information

CR : 0.2
CR, HE : 0.1
CR, HE, HX : 0.3
CR, HE, HX, HY : 0.1
CR, HE, HX, HY, UC : 0.1
CR, HE, HX, HY, UC, UT : 0.1
CR, HE, HX, HY, UC, UT, LY : 0.1

HX : 0.1
HX, CR : 0.3
HX, CR, HE, UC : 0.1
HX, CR, HE, UC, UT : 0.1
HX, CR, HE,UC,UT, HY : 0.1
HX, CR, HE, UC,UT, HY, LY : 0.1

Fig. 3. Possibility distributions for initial information and new data

U C, U T, W H}, initially originated from coding conifer tree characteristics. In
some experiments some additional arbitrary variables are used.
Consider the two fuzzy sets depicted in Fig. 2, representing Initial Information and New Data. We can generate the related possibility distributions
given in Fig. 3.
After aligning the two focal element families (Fig. 4), according to the
algorithm described in the previous section (in this case k = 2), we obtain a
new possibility distribution as shown in Fig. 5.
This set of focal elements can result in a fuzzy set (Fig. 6) corresponding
to the ﬁrst generalization of the initial information when updated with the
New Data fuzzy set.
The procedure can be repeated but using as initial information the new
fuzzy set. The convergence stage is obtained after the second (ﬁnal) updating
(Fig. 7)
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CR : 0.2
CR, HE

HX : 0.1

CR, HE, HX
HX, CR : 0.3
HX, CR, HE, UC : 0.1
CR, HE, HX, HY
CR, HE, HX, HY, UC

HX, CR, HE, UC,UT : 0.1

CR, HE, HX, HY, UC,UT

HX, CR, HE,UC,UT, HY : 0.1

CR,HE,HX, HY,UC,UT, LY

HX, CR, HE, UC, UT, HY, LY : 0.1

Fig. 4. The union of the constituent possibility distributions

CR : 0.2
CR, HE, HX : 0.1
CR, HE, HX : 0.3
CR, HE, HX, HY,UC : 0.1
CR, HE, HX, HY,UC,UT : 0.1
CR, HE, HX, HY, UC,UT : 0.1
CR, HE, HX, HY, UC,UT, LY : 0.1
Fig. 5. Generated possibility distribution
1
0,9
0,8
0,7
0,6
0,5
0,4
0,3
0,2
0,1
0

LX

LY

HY

HE

CR

HX

UC

UT

Initial Information

0

0,1

0,4

0,8

1

0,7

0,3

0,2

WH
0

New Data

0

0,1

0,2

0,6

0,8

1

0,6

0,3

0

First Information
Generalization

0

0,1

0,4

0,8

1

0,8

0,4

0,3

0

Fig. 6. First stage of generalization for initial information fuzzy set
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Initial Information
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0,4

0,8

1
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0

New Data

0
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0,8

1

0,6

0,3
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First Information
Generalization

0

0,1

0,4

0,8

1

0,8

0,4

0,3

0

Final Information
Generalization

0

0,1

0,4

0,8

1

1

0,4

0,3

0

Fig. 7. First and ﬁnal generalization stages for initial information fuzzy set

The second index based on the probability distribution is deﬁned over the
support sets of the initial and the ﬁnal fuzzy set is compute and its values
over the corresponding domains are depicted in Fig. 8.
Additionally a second example is now given involving this time two trapezoidal fuzzy sets. The generalization stages and the evolution of the membership values of the elements in the domain are shown in Fig. 9. In this case
there exist four steps of updating, until the process completes. Repeating now
the process with the roles of the two sets interchanged, i.e., changing the position (over the domain) of the sets representing existing information and new
data, we obtain the generalizations in Fig. 10.
It is interesting that in this case only two iterations are needed until convergence state is reached. This can be explained by the non-symmetric nature
of the algorithm, and the diﬀerences in the overlapping points in the two cases.
If a fuzzy set is presented with an identical fuzzy set, no updating take
place. In the case where the core set of the second fuzzy set G is a subset of
the core set of the fuzzy set F , that is, when the α-level sets (with α = 1)
have the following relation
G1 ⊆ F 1
the generalization is performed once. This behavior can be explained in the
cases where the initial knowledge represents a superset of the new evidence,
as illustrated in Fig. 11. In cases though that there is no full inclusion of
the second set within the ﬁrst, this represents a non-desirable property of the
algorithm, since it cannot distinguish between various families of subsets.
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1

0,8

0,6

0,4

0,2

0

-0,2

LY

HY

HE

CR

HX

UC

UT

Initial Information

0,1

0,4

0,8

1

0,7

0,3

0,2

New Data

0,1

0,2

0,6

0,8

1

0,6

0,3

Final Generalization

0,1

0,4

0,8

1

1

0,4

0,3

Prob. Distr. For Initial Information

0,0143

0,0760

0,2260

0,4260

0,1760

0,0510

0,0310

Prob. Distr. For Final
Generalization

0,0143

0,0676

0,2010

0,3010

0,3010

0,0676

0,0476

0,0000

-0,0083

-0,0250

-0,1250

0,1250

0,0167

0,0167

Pr

Fig. 8. Probability distributions for initial and generalized fuzzy set

To this end the second proposed index, based on the generation of a probability distribution, and described implemented in the sequel, could be used.
The selection of updating steps implemented on the initial knowledge,
given a new piece of evidence, can be considered as a number supplied by the
user. In this context this number can be interpreted as an importance factor
associated with this evidence. As such it can take a value smaller or equal
to the total number of repetitions (the number k mentioned in the previous
section), until the process converges. The relation of this user-supplied number
to the total number of iterations allowed is an indication of the importance
of the new information.
An example of this series of actions is illustrated in Fig. 12. In this example
the fuzzy set representing initial knowledge is faced with three sets modeling
new evidence, i.e., sets new data 1, 2 and 3. These sets are assigned diﬀerent
importance degrees, shown in Table 1. In this table the selected degree is
shown along with the highest possible value it can take, due to the convergence
limit. This is realized by implementing an equal number of repetitions of the
associated fuzzy set.
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Fig. 9. Intermediate and ﬁnal generalization stages for trapezoidal fuzzy sets
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Fig. 10. Generalization stages for a second pair of trapezoidal fuzzy sets
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Fig. 11. Fuzzy set of initial information subsuming fuzzy set of new data
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Fig. 12. Initial information updated given various pieces of new data
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Table 1. Number of updating steps considered as importance degree
Fuzzy Set Representing
New Information

Allowed Number
of Updating Steps

Implemented Number
of Updating Steps

New Data 1
New Data 2
New Data 3

9
5
9

6
3
6

5 Discussion and Conclusions
In the present work a mechanism is proposed to detect the association of
knowledge when this is represented by fuzzy sets. This is realized through an
updating process of the existing knowledge that uses repeatedly the new data
until a convergence state. The necessary number of repetitions is an indication
of the eﬀort needed to fuse the two pieces of information.
A high number of repetitions imply a great conceptual distance, and thus a
small similarity. Seen from another perspective, a number of repetitions, from
the total allowed, can be deﬁned as a user-selected importance factor. The
degree of association is related to this number of repetitions. This updating
represents an information gain resulting from updating the initial amount of
knowledge towards the elements supported by the new evidence.
Since the mechanism is not symmetric, the order of presentation of the new
evidence is signiﬁcant and can inﬂuence the intermediate and ﬁnal outcomes.
Therefore the user can have a selection of the order of appearance of the
new evidence, for example
• From the conceptually closest data to the more distant to existing knowledge
• From the most important to the least important, implementing a qualitative
marking on the data
• In a random way, based on the chronological order of appearance of the
new evidence
This framework supports a conception of the notion of similarity not modeled by a linear function or a symmetric relation [4, 8, 9].
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Abstract. In this paper, we give a general treatment for mining some kinds of
sequences such as customer sequences, document sequences, and DNA sequences.
Large collections of transaction, document, and genomic information have been accumulated in recent years, and embedded latently in it there is potentially signiﬁcant
knowledge for exploitation in the retailing industry, in information retrieval, and in
medicine and the pharmaceutical industry, respectively. The approach taken here
to the distillation of such knowledge is to detect strings in sequences which appear
frequently, either within a given sequence (e.g. for a particular customer, document,
or patient) or across sequences (e.g. from diﬀerent customers, documents, or patients sharing a particular transaction, information retrieval, or medical diagnosis;
respectively). Patterns are strings that occur very frequently. These concepts are
generalisation of the concept of motifs for DNA sequences. There are interesting
diﬀerences between the 3 applications.
We present basic theory and algorithms for ﬁnding very frequent and common
strings. Strings which are maximally frequent are of particular interest and, having
discovered such patterns we show brieﬂy how to mine association rules by an existing
rough sets based technique.
Key words: Rough Sets, Data Mining, Sales Data, Document Retrieval, DNA
sequences/proﬁles, Bioinformatics

1 Introduction
Retail organisations collect and store massive amounts of sales data. Large
amounts of data are also being accumulated for document retrieval, and for
biological and genomic information systems. For example, Celera reportedly
maintains a 70 Tbyte database which grows by 15–20 gbytes every day. Another organization in the pharmaceutical industry is pooling 1 Tbyte of data
at each of 4 sites and the volume doubles every 8–9 months. Making full use
of this data to gain useful insights into, for example, health issues, presents
J.W. Guan et al.: Data Mining for Maximal Frequent Patterns in Sequence Groups, Studies in
Computational Intelligence (SCI) 5, 137–161 (2005)
c Springer-Verlag Berlin Heidelberg 2005
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a tremendous challenge and opportunity. For example, we can potentially inform diagnoses and treatments for the patient in a hospital by taking careful
account of patterns in the DNA sequences in a group of a patient’s genes.
Data mining is the computer-based technique of discovering interesting, useful, and previously unknown patterns from massive databases [8] – such as
those generated in gene expression. Exploiting the similarity between DNA
sequences can lead to signiﬁcant understanding in bioinformatics [11].
Patterns in a group of genes (DNA sequences) can be considered as phrases
of a collection of documents [11]. This suggests that text mining techniques
[5, 6, 7, 12] can be used for ﬁnding patterns and discovering knowledge about
patterns, and ultimately ailments and treatments.
Mining sequential patterns is an attractive and interesting issue, there
are various and extensive areas of exploration and application to which it is
related. Some existing results for other applications can be extended to this
area. For example, [14] have addressed and solved a general problem of ﬁnding
maximal patterns from large datasets; [5, 6, 7] have investigated maximal
association rules for mining for keyword co-occurrences in large document
collection and proposed an integrated visual environment for text mining;
etc. Here we present a general method to treat general sequences. It closely
follows the format of [10] and is a generalisation of motifs to patterns.
We develop general theory and algorithms for discovering patterns and
maximal patterns systematically. The paper is organised as follows.
Section 2 introduces what we need to know of sequences, and the deﬁnition
of frequent patterns in a group of sequences is presented in Sect. 3. Theorems
and Algorithm Appending for discovering patterns with certain support or
levels of occurrence in the group of sequences are proposed in Sects. 4 and 5,
respectively. Section 6 proposes Algorithm Checking for ﬁnding higher support
patterns with lower computational cost. Section 7 is to ﬁnd maximal patterns.
Algorithm Printing is for ﬁnding 1-support maximal patterns (i.e., maximal
patterns that occur in at least one sequence in the group of sequences) directly
and Algorithm Comparing is for ﬁnding higher support (occurring in at least
more than one sequences in the group) maximal patterns with lower cost.
Sections 8 and 9 introduce the information table for maximal patterns and
show how associations between patterns in the group of sequences can be
discovered using rough sets techniques [3, 9, 13].

2 Sequences and Containing Relations
Sequences appear in various data and convey information to be mined.
Customer, document, and DNA sequences are examples. Investigation of
sequences is on the containing relation between sequences, patterns from
sequences.

Data Mining for Maximal Frequent Patterns in Sequence Groups

139

2.1 Customer, Document, and DNA Sequences
Generally, sequences can be deﬁned as follows. Given a non-empty set B, we
call elements in it as items. A sequence s over B is an ordered list of nonempty subsets of B, expressed as s = A1 A2 . . . An . . . AN , where ∅ ⊂ An ⊆ B
for n = 1, 2, . . . , N and N > 0.
We call N the length of sequence s and denote |s| = N . Let us denote the
set of sequences over B as SB and denote the set of sequences over B with
length N as SB,N .
Example 1. (Customer sequences) Consider a large database of customer
transactions. Each transaction consists of three ﬁelds: transaction Date, customer Id, transaction Items. The following example is given in [2].
Date
10/6/93
12/6/93
15/6/93
20/6/93
25/6/93
25/6/93
25/6/93
30/6/93
30/6/93
25/7/93

Id

Items

Id

Date

Items

2
10, 20
1 25/6/93
30
5
90
1 30/6/93
90
2
30
2 10/6/93 10, 20
2 40, 60, 70
2 15/6/93
30
or 2 20/6/93 40, 60, 70
4
30
3 30, 50, 70
3 25/6/93 30, 50, 70
1
30
4 25/6/93
30
1
90
4 30/6/93 40, 70
4
40, 70
4 25/7/93
90
4
90
5 12/6/93
90

This database can be expressed as a group of customer sequences as follows.
Customers i
Sequences si
Length si
1
2
3
4
5

{30}{90}
{10, 20}{30}{40, 60, 70}
{30, 50, 70}
{30}{40, 70}{90}
{90}

2
3
1
3
1

where B = {10, 20, 30, 40, 50, 60, 70, 90}.
Example 2. (Document sequences) Consider a large collection of documents.
Each document consists of several ﬁelds: document Id, term Categories (e.g.,
country names, topics, people names, organisations, stock exchanges, etc.).
The following example is given by Feldman et al in their paper [5] to investigate maximal association rules and mining for keywords co-occurrences in document collection, where collection D consists of 10 documents d1 , d2 , . . . , d10 ;
and Categories T1 , T2 are countries, topics; respectively.
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D\2Tk

T1 = countries

T2 = topics

d 1 , d2
d3
d 4 , d5
d6
d7
d 8 , d9
d10

{Canada, Iran, U SA}
{U SA}
{U SA}
{U SA}
{Canada}
{Canada, U SA}
{Canada, U SA}

{crude, ship}
{earn}
{jobs, cpi}
{earn, cpi}
{sugar, tea}
{trade, acq}
{earn}

Example 3. (DNA sequences/Proﬁles) Let B be the set of nucleotides A,C,G,
T. Then, a sequence formed by singletons (one element subsets) is a DNA
sequence [4, 9, 11]. For example, let U = {u1 , u2 , u3 , u4 }, where
u1 = ACGT AAAAGT CACACGT AGCCCCACGT ACAGT ,
u2 = CGCGT CGAAGT CGACCGT AAAAGT CACACAGT ,
u3 = GGT CGAT GCACGT AAAAT CAGT CGCACACAGT ,
u4 = ACGT AAAAGT AGCT ACCCGT ACGT CACACAGT .
It is interesting that DNA sequences are usually used in scientiﬁc area of
biology and medicine while DNA proﬁles are frequently used by journalists to
report crime events.
Theorem 1. The number of sequences over B with length N is |SB,N | =
(2|B| − 1)N .
Corollary 1. The number of DNA sequences of length N is 4N .
Corollary 2. The number of document sequences over the keyword vocabulary
B with categories T1 , T2 , . . . , TN is
N


(2|Tn | − 1) = (2|T1 | − 1)(2|T2 | − 1) . . . (2|TN | − 1) .

n=1

2.2 Containing Relations between Sequences
Now, let us deﬁne some containing relations in SB .
First of all, sequence a = A1 A2 . . . An (n > 0) is said to be contained in
sequence b = B1 B2 . . . Bm (m > 0) and denoted by a  b, if there exist n
integers 1 ≤ i1 < i2 < · · · < in ≤ m such that
A1 ⊆ Bi1 , A2 ⊆ Bi2 , . . . , An ⊆ Bin . In this case, we say that a is a subsequence of b and that b is a super sequence or an extension of a. Obviously,
we have |a| ≤ |b|.
Usually, sequence a = A1 A2 . . . An (n > 0) is said to be usually contained
in sequence b = B1 B2 . . . Bm (m > 0), if there exist n integers 1 ≤ i1 < i2 <
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· · · < in ≤ m such that A1 = Bi1 , A2 = Bi2 , . . . , An = Bin . In this case, we
say that a is a usual sub-sequence of b and that b is a usual super sequence or
extension of a.
In particular, the strong containing relation in SB means that sequence
A1 A2 . . . An is said to be strongly contained in sequence B1 B2 . . . Bm and
denoted by A1 A2 . . . An ≤ B1 B2 . . . Bm , if there exist n contiguous integers
1 ≤ i < i + 1 < · · · < i + n − 1 ≤ m such that
A1 = Bi , A2 = Bi+1 , . . . , An = Bi+n−1 . In this case, we say that a is a
strong sub-sequence of b and that b is a strong super sequence or extension
of a.
For DNA sequences, we only consider the strong containing relation [10].
Given a sequence s, the set of sub-sequences of s is said to be the language
from the sequence, denoted by L(s), which is equal to {v|v  s, |s| > 0}. A
sub-sequence of s is said to be a pattern in the sequence.
Theorem 2. The size of the language from a sequence s, i.e., the number
|B|
[(2|B| − 1)|s| − 1].
|L(s)| of patterns has an upper bound 22|B| −1
−2
Corollary 3. The size of the language from a DNA sequence u, i.e., the
number of DNA (strong) sub-sequences has an upper bound 43 (4|u| − 1), i.e.,
|L(u)| ≤ 43 (4|u| − 1).
Let U be a group (set) of sequences, U = {s1 , s2 , . . . , sk , . . . , sK }, K = |U|.
Denote L = max(|s1 |, |s2 |, . . . , |sk |, . . . , |sK |).
K
The union L(U) = ∪K
k=1 L(sk ) = ∪k=1 {v|v  sk , |v| > 0} is said to be the
language from the group, denoted by L(U).
Theorem 3. Let U be a group of sequences and U = {s1 , s2 , . . . , sk , . . . , sK },
K be the size of the group K = |U|, and L(U) be the maximum length of
sequences in the group L(U) = max(|s1 |, |s2 |, . . . , |sk |, . . . , |sK |). Then, the
size |L(U)| of the language from the group, i.e., the number of patterns from
|B|
[(2|B| − 1)|L(U )| − 1].
the group has an upper bound 22|B| −1
−2
Corollary 4. Let U be a group of DNA sequences, U = {u1 , u2 , . . . , uK },
K be the size of the group K = |U|, and L(U) be the maximum length of
sequences in the group L(U) = max(|u1 |, |u2 |, . . . , |uk |, . . . , |uK |). Then, the
size of the language from the group, i.e., the number of DNA patterns (strong
sub-sequences) has an upper bound 43 (4L(U ) − 1), i.e., |L(U)| ≤ 43 (4L(U ) − 1).

3 Frequent Patterns Contained in a Sequence Group
3.1 The Occurring Notation for Patterns
A particular sequence can be contained (or can “co-occur”) in many sequences
of a group as their common sub-sequence, i.e., common pattern.
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First of all, for a sequence w ∈ L(U) in the language from group U, we
need to know how many sequences in U containing w. The number, denoted
by t and so t ≤ |U| = K, of such sequences is called its support/occurrence
number and it is said to be a t-support/occurrence pattern. Of course, a tsupport/occurrence pattern is a t -support/occurrence pattern whenever t ≤
t, and we prefer the number is a maximal one.
Furthermore, for a sequence w ∈ L(U) in the language from group U,
we need to know what sequences in U containing w. For a sequence w ∈
L(U) in the language from group U, the sub-group (subset) of sequences in
U containing w is {u ∈ U|u
w}, denoted by wU . Sub-group wU consists
of sequences in group U in which sequence w is contained, and is called the
support/occurrence group of sequence w. So w is a |wU |-support/occurrence
pattern. We also call w a |wU |/|U|-frequent pattern.
For a given group U of sequences and a given pattern w, it is useful to
know its support/occurrence group wU in U. When a pattern w is given,
we also want to indicate its its support/occurrence group wU simultaneously.
Therefore, a particular notation is necessarily introduced for patterns. We call
this notation the occurring notation for patterns. In this notation, pattern w is
written as w{wU } with its support/occurrence group wU added and detailed
to indicate the group when wU ⊂ U. Notice that, in this notation, a naked
pattern w means that its support/occurrence group is the whole group U, i.e.,
wU = U. In this case, w is abbreviated from wU.
Theorem 4. Let U be a group of sequences over B. For two patterns w, v ∈
L(U), if v  w then v U ⊇ wU . That is, subsequence has super support/
occurrence group, and super sequence has support/occurrence subgroup.
Corollary 5. Let U be a group of DNA sequences. For two patterns w, v ∈
L(U), if v ≤ w then v U ⊇ wU .
Now, let us introduce the concatenation and cut operations on sequences.
Given two sequences x, y, the concatenation w = xy is the sequence which
formed by x and then by y. We say w is a left concatenation of y by x or a
right concatenation of x by y if w = xy; conversely, we say x is a right cut of
w by y or y is a left cut of w by x.
Obviously, we have the following.
Theorem 5. A concatenation is an extension; a cut is a subsequence of a
concatenation.
In fact, let w = xy be a concatenation of x and y, |w| = |x|+|y|; |x|, |y| > 0.
Then w is an extension of x and y, and x and y are subsequences of w.
Corollary 6. Let U be a group of sequences over B. For two patterns w, v ∈
L(U), if w is a concatenation of v or v is a cut of w then v U ⊇ wU . That
is, a cut has super support/occurrence group, and a concatenation has support/occurrence subgroup.
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Corollary 7. Let U be a group of DNA sequences. For two patterns w, v ∈
L(U), if w is a concatenation of v or v is a cut of w then v U ⊇ wU .
3.2 Checking the Containing Relations
To check whether a sequence s ∈ U contains sequence w or not, we need
to check the containing relation between two subsets A and B of B, i.e., to
compare two subsets. Therefore, we have the following algorithm.
Algorithm R for checking the containing relation between two sequences.
Let w = A1 A2 . . . An and s = B1 B2 . . . Bm be two sequences over B.
Algorithm R checks if w  s, i.e., if there exist n integers 1 ≤ i1 < i2 < · · · <
in ≤ m such that A1 ⊆ Bi1 , A2 ⊆ Bi2 , . . . , An ⊆ Bin .
Step 1. [Check A1 ] Compare A1 with Bi for i = 1, 2, . . . , m. If m < n or there
is no Bi such that A1 ⊆ Bi then w is not a sub-sequence of s.
Step 2. [Check A2 ] Let Bi1 be the ﬁrst subset in s such that A1 ⊆ Bi1 .
Compare A2 with Bi for i = i1 + 1, i1 + 2, . . . , m. If m − i1 < n − 1 or
there is no such Bi that A2 ⊆ Bi then w is not a sub-sequence of s.
Step 3. [Check A3 ] Let Bi2 be the ﬁrst such subset in s that A2 ⊆ Bi2 .
Compare A3 with Bi for i = i2 + 1, i2 + 2, . . . , m. If m − i2 < n − 2 or
there is no such Bi that A3 ⊆ Bi then w is not a sub-sequence of s;
and so on.
Step n. [Check An ] Let Bin−1 be the ﬁrst such subset in s that An−1 ⊆ Bin−1 .
Compare An with Bi for i = in−1 + 1, in−1 + 2, . . . , m. If m = in−1
or there is no such Bi that An ⊆ Bi then w is not a sub-sequence of
s. Otherwise, let Bin be the ﬁrst such subset in s that An ⊆ Bin , and
w  s, i.e., there exist n integers 1 ≤ i1 < i2 < · · · < in ≤ m such
that A1 ⊆ Bi1 , A2 ⊆ Bi2 , . . . , An ⊆ Bin .
Theorem 6. The time complexity for checking whether w  s or not for two
sequences w and s over B is 12 |w|(2|s| − |w| + 1) = O(|w||s|).
Corollary 8. Let U be a group of sequences, U = {s1 , s2 , . . . , sk , . . . , sK },
K be the size of the group K = |U|, and L(U) be the maximum length of
sequences in the group L(U) = max(|s1 |, |s2 |, . . . , |sk |, . . . , |sK |). Then, the
time complexity for computing the support/occurrence group wU = {u ∈ U|u
w} of a given sequence w ∈ L(U) is O(|w|KL).
Notice, however, a particular case for DNA application. To check whether
a DNA sequence s ∈ U (strongly) contains the DNA sequence w or not, we
need to check the equality relation between two nucleotides, i.e., to compare
A, C, G, T to each other. It is interesting to see the diﬀerence between their
algorithms for checking the respective containing relation.
Algorithm R for checking the (strongly) containing relation between two
DNA sequences.

144

J.W. Guan et al.

Let w = A1 A2 . . . An and s = B1 B2 . . . Bm be two DNA sequences. Algorithm R checks if w  s, i.e., if there exist a integer 1 ≤ i1 ≤ m such that
A1 = Bi1 , A2 = Bi1 +1 , . . . , An = Bi1 +n−1 .
Step 1. [Check from B1 ] (m ≥ n) If A1 = B1 , A2 = B2 , . . . , An = Bn then
w is a DNA sub-sequence of s. Otherwise, if m = n then w is not a
DNA sub-sequence of s; if m > n go to step 2.
Step 2. [Check from B2 ] (m − 1 ≥ n) If A1 = B2 , A2 = B3 , . . . , An = Bn+1
then w is a DNA sub-sequence of s. Otherwise, if m − 1 = n then w
is not a DNA sub-sequence of s; if m − 1 > n go to next step.
Step 3. [Check from B3 ] (m − 2 ≥ n) If A1 = B3 , A2 = B4 , . . . , An = Bn+2
then w is a DNA sub-sequence of s. Otherwise, if m − 2 = n then w
is not a DNA sub-sequence of s; if m − 2 > n go to next step.
Step 4. [Check from B4 ] (m − 3 ≥ n) If A1 = B4 , A2 = B5 , . . . , An = Bn+3
then w is a DNA sub-sequence of s. Otherwise, if m − 3 = n then w
is not a DNA sub-sequence of s; if m − 3 > n go to next step; and so
on.
Step m − n + 1. [Check from Bm−n+1 ] If A1 = Bm−n+1 , A2 = Bm−n+2 , . . . ,
An = Bm then w is a DNA sub-sequence of s. Otherwise, w is not a
DNA sub-sequence of s.
Theorem 7. The time complexity for checking whether w ≤ s or not for two
DNA sequences w and s is |w|(|s| − |w| + 1) = O(|w||s|).
Corollary 9. Let U be a group of DNA sequences, U = {s1 , s2 , . . . , sK }, K be
the size of the group K = |U|, and L(U) be the maximum length of sequences in
the group L(U) = max(|s1 |, |s2 |, . . . , |sk |, . . . , |sK |). Then, the time complexity
for computing the support/occurrence group wU = {u ∈ U|u ≥ w} of a given
DNA sequence w ∈ L(U) is O(|w|KL).
3.3 Patterns with Minimum Frequency
Generally, given a threshold τ > 0, sequence w ∈ L(U) is called a τ -frequent
pattern if |wU |/|U| ≥ τ . Here τ is called the minimum support rate or minimum
frequency, and w is said to be a pattern with minimum support (rate) τ or
[2, 11].
Notice that 0 ≤ |wU |/|U| ≤ 1. Thus, a threshold τ should take a value
satisfying 0 < τ ≤ 1. Usually, τ is given by a percentage.
In this paper, the frequency of a pattern is deﬁned as the support/
occurrence rate of the pattern in the group of sequences. For emphasis, we
say again that pattern w is |wU |-support/occurrence or |wU |/|U|-frequent.
The set of τ -frequent patterns with length l is denoted by M (U, τ, l) =
{w | w ∈ L(U), |wU |/|U| ≥ τ, |w| = l}, where l ≤ L.
Denote M (U, τ ) = ∪L
l=1 M (U, τ, l).
Theorem 8. The set of k-support patterns is decreasing as k increasing from
1 to |U|.
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4 Theorems for Finding Patterns
1-length patterns are called units. A 1-length pattern w ∈ (2B − {∅}) is in
M (U, τ, 1) if and only if |wU |/|U| ≥ τ .
Theorem 9. For the customer sequences, |M (U, τ, l)| ≤ (2|B| − 1)l for 1 ≤
l ≤ L(U), and |M (U, τ, l)| = 0 for l > L(U).
Corollary 10. In document sequences with categories T1 , T2 , . . . , TN ,
N
|M (U, τ, N )| ≤ n=1 (2|Tn | − 1) = (2|T1 | − 1)(2|T2 | − 1) . . . (2|TN | − 1), where
M (U, τ, N ) = M (U, τ, N ; B), B = T1 ∪ T2 ∪ . . . ∪ TN ; |M (U, τ, l)| = 0 for
l > N;
For 1 ≤ l ≤ N , given l categories Ti1 , Ti2 , . . . , Til with 1 ≤ i1 < i2 < · · · <
l
il ≤ N , we have |M (U, τ, l; Ti1 ∪ Ti2 ∪ . . . ∪ Til )| ≤ n=1 (2|Tin | − 1), and
(2|Ti1 | − 1)(2|Ti2 | − 1) . . . (2|Til | − 1) .

|M (U, τ, l)| ≤
(i1 ,i2 ,...,il ):1≤i1 <i2 <...<il ≤N

Corollary 11. For DNA sequences, |M (U, τ, l)| ≤ 4l for 1 ≤ l ≤ L(U), and
|M (U, τ, l)| = 0 for l > L(U).
Theorem 10. Every subsequence in a τ -pattern is also a τ -pattern.
Corollary 12. Each sequence in group U is a 1/|U|-pattern.
Corollary 13. Every subsequence of each sequence in group U is a 1/|U|pattern.
Corollary 14. A cut in a τ -pattern is still a τ -pattern.
Corollary 15. For DNA sequences, a cut in a τ -pattern is still a τ -pattern.
Corollary 16. Every τ -pattern with length l > 1 either left cut or right cut
by a 1-length pattern is still a τ -pattern.
Corollary 17. For DNA sequences, every τ -pattern with length l > 1 either
left cut or right cut by a Nucleotide is still a τ -pattern.
Theorem 11. The concatenation of two τ -patterns is also a τ -pattern if its
frequency is not decreased.
Corollary 18. The concatenation of a τ -pattern either left or right concatenating by a 1-length sequence is also a τ -pattern if its frequency is not decreased.
Corollary 19. For DNA sequences, the concatenation of a τ -pattern either
left or right concatenating by a Nucleotide is also a τ -pattern if its frequency
is not decreased.
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Corollaries 14 and 18 give us a way to construct τ -pattern w ∈ M (U, τ, |w|)
by left or right concatenating a 1-shorter τ -pattern x ∈ M (U, τ, |w| − 1) and
a 1-length τ -pattern or a Nucleotide z ∈ M (U, τ, 1) by computing |wU |/|U| ≥
τ . In this way we can establish the following theorem and corollaries and
subsequently suggest the corresponding algorithm immediately.
Theorem 12. 1. M (U, k/|U|, 1) = {z ∈ (2B − {∅}) | |z U | ≥ k}.
2. In M (U, k/|U|, l+1), every pattern w can be expressed as either left or right
concatenation w = zx or w = yz of such a unit z that z ∈ M (U, k/|U|, 1) and
x, y ∈ M (U, k/|U|, l).
Conversely, given z ∈ M (U, k/|U|, 1) and x, y ∈ M (U, k/|U|, l), their concatenation w = zx or w = yz is in M (U, k/|U|, l + 1) if its frequency is not
decreased.
Corollary 20. In customer sequences, for 1 < l ≤ L(U), we have |M (U,
τ, l)| ≤ (2|B| − 1)|M (U, τ, l − 1)|.
Corollary 21. In document sequences with categories T1 , T2 , . . . , TN , we have
|M (U, τ, l)| = 0 for l > N . For 1 < l ≤ N , given l categories Ti1 , Ti2 , . . . , Til
with 1 ≤ i1 < i2 < · · · < il ≤ N , we have
|M (U, τ, l; Ti1 ∪ Ti2 ∪ · · · ∪ Til )|
≤ (2|Til | − 1)|M (U, τ, l − 1; Ti1 ∪ Ti2 ∪ · · · ∪ Til−1 )| .
Corollary 22. In DNA sequences, for 1 < l ≤ L(U), we have
|M (U, τ, l)| ≤ 4|M (U, τ, l − 1)|.
Algorithm Appending for constructing τ = k/|U|-frequent patterns M (U,
k/|U|)
begin
1. Find all 1-length patterns in M (U, k/|U|, 1) from z ∈ (2B − {∅}) by
checking its occurring/support group |z U | ≥ k.
2. Find M (U, k/|U|, l + 1) from M (U, k/|U|, l) as follows.
begin
For all patterns in M (U, k/|U|, l) of length l keep concatenating either left
or right with 1-length patterns z in M (U, k/|U|, 1)
For each resultant pattern w of length l + 1 compute its support/occurrence
group wU
Add w to M (U, k/|U|, l + 1) if |wU | ≥ k
end
end
Corollary 23. Let U be a group of sequences over B, U = {s1 , s2 , . . . , sK },
K be the size of the group K = |U|, and L(U) be the maximum length of
sequences in the group L(U) = max(|s1 |, |s2 |, . . . , |sk |, . . . , |sK |). Then, the
time complexity for computing M (U, τ, l) for an l such that 1 < l ≤ L(U) is
O(l(2|B| − 1)l KL).
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Corollary 24. The time complexity for appending M (U, τ ) of sequences over
B is O(L(2|B| − 1)L KL), where K = |U|, L = maxu∈U (|u|).
Corollary 25. Let U be a group of DNA sequences, U = {s1 , s2 , . . . , sK },
K be the size of the group K = |U|, and L(U) be the maximum length of
sequences in the group L(U) = max(|s1 |, |s2 |, . . . , |sk |, . . . , |sK |). Then, the
time complexity for computing M (U, τ, l) for an l such that 1 < l ≤ L(U) is
O(l4l KL).
Corollary 26. The time complexity for appending M (U, τ ) of DNA sequences
is O(L4L KL), where K = |U|, L = maxu∈U (|u|).
Algorithm Appending. for constructing τ = k/|U|-frequent patterns
M (U, k/|U|) in document sequences
begin
1. Find all 1-length patterns in M (U, k/|U|, 1) from z ∈ (2Ti − {∅}) by
checking its occurring/support group |z U | ≥ k for i = 1, 2, . . . , N .
2. Find M (U, k/|U|, l + 1) from M (U, k/|U|, l) as follows.
begin
For all patterns in M (U, k/|U|, l) of length l keep concatenating right with
1-length patterns z in M (U, k/|U|, 1)
For each resultant pattern w of length l+1 compute its support/occurrence
group wU
Add w to M (U, k/|U|, l + 1) if |wU | ≥ k
end
end
Corollary 27. Let U be a group of document sequences over T1 ∪ T2 ∪ · · · ∪ TN
and U = {s1 , s2 , . . . , sk , . . . , sK }, K be the size of the group K = |U|. Then,
the time complexity for computing M (U, τ, l) for an l such that 1 < l ≤ N is
⎛
⎞
O ⎝l

(2|Ti1 | − 1)(2|Ti2 | − 1) · · · (2|Til | − 1)KN ⎠ .
(i1 ,i2 ,...,il ):1≤i1 <i2 <···<il ≤N

Corollary 28. The time complexity for appending M (U, τ ) of document sequences over T1 ∪ T2 ∪ · · · ∪ TN is O(N (2|T1 | −1)(2|T2 | −1) · · · (2|TN | −1)KN ),
where K = |U|.

5 Algorithm Appending for Finding Patterns
Our algorithm needs the following function:
SaveFreqPattern(w,M (U, τ, |w|)) is a function for saving the τ -frequent pattern w in the occurring notation w{wU } into M (U, τ, |w|).
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5.1 Customer Databases
First of all, we write algorithms for customer sequences as follows.
Algorithm 1 AppendM (U, k/|U|, 1) – for ﬁnding
k/|U|-frequent patterns with length 1
for (every z ∈ (2B − {∅})) {
if (|z U | ≥ k)
SaveFreqPattern(z,M (U, 1/|U|, 1));
}
output M (U, τ, l);
Algorithm 2 AppendM (U, k/|U|, l) – for ﬁnding
k/|U|-frequent patterns with length l
from M (U, k/|U|, l − 1) and M (U, k/|U|, 1)
for l ≥ 2
String x, z, w; // w=x+z right concatenation by unit z
M (U, 1/|U|, l) = {}
for (every x ∈ M (U, k/|U|, l − 1)) {
for (every z ∈ M (U, k/|U|, 1)) {
w=x+z; // right concatenation of x by z
if (|wU | ≥ k) {
SaveFreqPattern(w,M (U, k/|U|, |w|));
}
}
}
output {
M (U, k/|U|, l);
}
Algorithm 3 AppendM (U, k/|U|) – for ﬁnding
all k/|U|-frequent patterns
int l >= 2;
l = 2;
AppendM (U, k/|U|, 1);
for (j = 2; M (U, k/|U|, j) != {}; j + +) {
AppendM (U, k/|U|, j);
l + +;
}
Output {
M (U, k/|U|)= M (U, k/|U|, 1) ∪ (∪l−1
j=2 M (U, k/|U|, j));
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}
Theorem 13. The time complexity for Algorithm 3 for ﬁnding all k/|U|frequent patterns in customer sequences is O((2|B| −1)L KL2 ), where K = |U|,
L = maxu∈U (|u|).
5.2 DNA Databases
We can also propose algorithms for DNA sequences as follows.
Algorithm 4 AppendM (U, k/|U|, 1) – for ﬁnding
k/|U|-frequent patterns with length 1
for (every character∈ {A, C, G, T }) {
if (|characterU | ≥ k)
SaveFreqPattern(character,M (U, 1/|U|, 1));
}
output M (U, τ, l);
Algorithm 5 is the same as Algorithm 2 AppendM (U, k/|U|, l) – for ﬁnding
k/|U|-frequent patterns with length l
from M (U, k/|U|, l − 1) and M (U, k/|U|, 1)
for l ≥ 2
Algorithm 6 is the same as Algorithm 3 AppendM (U, k/|U|) – for ﬁnding
all k/|U|-frequent patterns
Theorem 14. The time complexity for Algorithm 6 for ﬁnding all k/|U|frequent patterns in DNA sequences is O(4L KL2 ), where K = |U|, L =
maxu∈U (|u|).
5.3 Document Databases
Finally, we write algorithms for document sequences as follows.
Algorithm 7 AppendM (U, k/|U|, 1) – for ﬁnding
k/|U|-frequent patterns with length 1
M (U, τ, l) = {};
for (i = 1; i! = N ; i + +){
for (every z ∈ (2Ti − {∅})) {
if (|z U | ≥ k)
SaveFreqPattern(z,M (U, 1/|U|, 1));
}
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}
output M (U, τ, l);
Algorithm 8 AppendM (U, k/|U|, l) – for ﬁnding
k/|U|-frequent patterns with length l
from M (U, k/|U|, l − 1) and M (U, k/|U|, 1)
for l ≥ 2
String x, z, w; // w=x+z right concatenation by unit z
M (U, 1/|U|, l) = {};
for (every x ∈ M (U, k/|U|, l − 1)) {
for (every z ∈ M (U, k/|U|, 1)) {
w=x+z; // right concatenation of x by z
if (|wU | ≥ k) {
SaveFreqPattern(w,M (U, k/|U|, l));
}
}
}
output {
M (U, k/|U|, l);
}
Algorithm 9 AppendM (U, k/|U|) – for ﬁnding
all k/|U|-frequent patterns
int l >= 2;
l = 2;
AppendM (U, k/|U|, 1);
for (j = 2; M (U, k/|U|, j) != {}; j + +) {
AppendM (U, k/|U|, j);
l + +;
}
Output {
l−1
M (U, k/|U|, j; ));
M (U, k/|U|) = M (U, k/|U|, 1) ∪ (∪j=2
}
Theorem 15. The time complexity for Algorithm 3 for ﬁnding all k/|U|frequent patterns in document sequences is O((2|T1 | − 1)(2|T2 | − 1) · · · (2|TN | −
1)KN 2 ), where K = |U|.
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6 Finding Higher Occurrence Patterns
In the case where there is nothing known at the beginning, Algorithm Appending is a possible way to construct k-support/occurrence patterns for a
given k. However, its computational cost is rather high. Fortunately, there
is an easier way to ﬁnd higher occurrence patterns, when we know all ksupport/occurrence patterns at the outset.
The outline of a method to ﬁnd these patterns is the following:
Algorithm Checking for ﬁnding higher occurrence patterns
For each pattern w in M (U, (k − 1)/|U|, l) of length l check its support/occurrence group wU add w to M (U, k/|U|, l) if |wU | ≥ k
Algorithm 10 CheckM (U, k/|U|, l) – for ﬁnding
k/|U|-frequent patterns with length l for a given k > 1 from M (U, (k −
1)/|U|, l) for l ≥ 1
for (every w ∈ M (U, (k − 1)/|U|, l)) {
if (|wU | ≥ k) {
SaveFreqMotif(w,M (U, k/|U|, l));
}
}
output {
M (U, k/|U|, l);
}
Algorithm 11 CheckM (U, k/|U|) – for ﬁnding
all k/|U|-frequent patterns for a given k > 1
int l >= 1;
l = 1;
for (j = 1; M (U, k/|U|, j) != {}; j + +) {
CheckM (U, k/|U|, j);
l + +;
}
Output {
l−1
M (U, k/|U|, i);
M (U, k/|U|)= ∪i=1
}
Theorem 16. The time complexity of Algorithm 5.2 for ﬁnding all k/|U|frequent patterns in customer sequences for a given k > 1 is O((2|B| − 1)L ).
Theorem 17. The time complexity of Algorithm 5.2 for ﬁnding all k/|U|frequent patterns in DNA sequences for a given k > 1 is O(4L ).
Theorem 18. The time complexity of Algorithm 5.2 for ﬁnding all k/|U|frequent patterns in document sequences for a given k > 1 is O((2|T1 | −
1)(2|T2 | − 1) · · · (2|TN | − 1)).
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7 Maximal Patterns
For the group of sequences U and its containing relation, there are two kinds
of maximum to be considered: the ﬁrst is maximal sequences over the group
U, the second is maximal patterns over the set of τ -frequent patterns for a
given τ .
Given a threshold τ , in the set of τ -frequent patterns, we say that a τ frequent pattern w is maximal if it cannot be τ -frequently extended further,
i.e., if there is no τ -frequent pattern w other than w such that w  w. A
maximal τ -frequent pattern is also called a τ -key. The set of τ -keys is denoted
by maxM (U, τ ) = max{w|w ∈ M (U, τ )}.
Our conjecture is that keys play as an important role as that of the most
important attributes and keys in databases and rough set theory, keywords
and terms in text mining and information retrieval, etc. Therefore, our research on the mining of patterns focuses on keys.
Theorem 19. All sub-sequences in a τ -key are τ -patterns that can be extended
to the τ -key, and every τ -pattern can be extended to a τ -key.
Corollary 29. Every sequence in U itself can be extended to a 1/|U|-key.
Let the support group be set U of sequences u1 , u2 , . . . , uK ; K > 0. A sequence
u is called a maximal sequence in U if there is no other extension sequence of
u; i.e., there is no other sequence u in U such that u  u. The set of maximal
sequences in U is denoted by max(U) = max{u|u ∈ U}.
If u is a maximal sequence then uU = {u}, i.e., its support/occurrence
group consists of itself alone. In fact, u occurs in sequence u, so u ∈ uU .
Moreover, u cannot occurs in other sequence s so that u ≺ s since then s would
be a further sequence extension of u to contradict the sequence maximum of
u in U.
Let us denote the set of maximal sequences in U by max(U) = {ui1 {ui1 },
ui2 {ui2 }, . . . , uik {uik }}, where ui {ui } is sequence ui expressed in the occurring
U
notation ui {uU
i } with ui = {ui }.
We suggest the following method to ﬁnd maximal sequences in U.
Algorithm Comparing.
begin
Compare each sequence u in U
with every sequence v in U − {u}
to see if u ≺ v
if not then u is maximal and put it into max(U).
end
Now, we write Algorithm Comparing more formally as follows. Our algorithm needs the following function:
SaveMaxSequences(u,max(U)) is the function for saving the maximal sequence u{u} in the occurring notation into maxM (U).
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Algorithm 1 Comparemax(U) – for ﬁnding
maximal sequences
from comparing u ∈ U with v ∈ U − {u}
max(U) = {}
for (every u ∈ U) {
for (every v ∈ U − {u}) {
int counter = 0;
if (u≺ v) {
counter++;
}
if ( counter == 0 )
SaveMaxSequences(u,max(U)) ;
}}
output {
max(U);
}
Theorem 20. The Comparing Algorithm 1 for ﬁnding max(U) requires |U|(|U|−
1) comparisons.
The purpose of ﬁnding maximal sequences is to ﬁnd frequent keys. For
τ = 1/|U| its keys are very easy to ﬁnd as shown by the following theorem. It
turns out the set of 1/|U|-frequent keys is just the set of maximal sequences.
Theorem 21. Let the support group be U = {u1 , u2 , . . . , uK }, K > 0. Then a
pattern w is a 1/|U|-key if and only if w is a maximal sequence in U. That is,
maxM (U, 1/|U|) = max(U).
It is remarkable that Theorem 3 shows that keys for τ = 1/|U| are very easy
to ﬁnd, whereas ﬁnding the set of patterns in M (U, 1/|U|) is very complicated
since its size is the biggest over all τ .
Algorithm 1. Print maxM (U, 1/|U|)
int K > 0
input U = {u1 , u2 , . . . , uK }
output
maxM (U) = {ui1 {ui1 }, ui2 {ui2 }, . . . , uik {uik }}.
Theorem 22. The time complexity for computing maxM (U, 1/|U|) or Max(U)
is O(K(K − 1)L2 ), where K = |U| and L = max{|u| | u ∈ U}.
Notice that the complexity for computing maxM (U, 1/|U|) is only O(K(K−
1)L2 ) while that for computing M (U, 1/|U|) is much greater, up to
1. O((2|B| − 1)L KL2 ) for customer sequences by Theorem 9;
2. O(4L KL2 ) for DNA sequences by Theorem 10;
3. O((2|T1 | − 1)(2|T2 | − 1) · · · (2|TN | − 1)KN 2 ) for document sequences by Theorem 11.
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So, to ﬁnd maximal patterns of τ = 1/|U| is rather easy. We now only need
to ﬁnd maximal patterns, keys, of τ = k/|U| for k ≥ 2.
We suggest the following method to ﬁnd maximal patterns maxM (U, k/|U|)
for k ≥ 2 based on the fact that M (U, k/|U|) is obtained in hand:
Algorithm Comparing.
begin
Compare each sequence w in M (U, k/|U|)
with every sequence v in M (U, k/|U|) − {w}
to see if w ≺ v
if not then w is maximal and put it into maxM (U, k/|U|)
end
Now, we write Algorithm Comparing more formally as follows. Our algorithm needs the following function:
SaveMaxPatterns(w,maxM (U, k/|U|)) is the function for saving the maximal pattern w{wU } in the occurring notation into maxM (U, k/|U|).
Algorithm 6.2 Compare maxM (U, k/|U|) – for ﬁnding
maximal sequences
from comparing w ∈ M (U, k/|U|) with v ∈ M (U, k/|U|) − {w}
maxM (U, k/|U|) = {}
for (every w ∈ M (U, k/|U|)) {
for (every v ∈ M (U, k/|U|) − {u}) {
int counter = 0;
if (w≺ v) {
counter++;
}
if ( counter == 0 )
SaveMaxPatterns(w,maxM (U, k/|U|)) ;
}}
output {
maxM (U, k/|U|);
}
Theorem 23. The Comparing Algorithm 2 for ﬁnding maxM (U, k/|U|) requires |M (U, k/|U|)|(|M (U, k/|U|)| − 1) comparisons.
In the case where the containing relation is strong (contiguous), taking
account of the length of patterns may be beneﬁcial.
Denote the set of τ -keys with length l by maxM(U, τ, l).
Then maxM (U, τ ) = ∪L
l=1 maxM (U, τ, l).
Theorem 24. Suppose that x ∈ M (U, τ, |x|).
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If |(xz)U |/|U| < τ and |(zx)U |/|U| < τ (both Right and Left Concatenations) for all z ∈ M (U, τ, 1) then x is a τ -frequent maximal pattern,
x ∈ max M (U, τ, |x|).
The outline of the method to ﬁnd maximal patterns maxM (U, k/|U|, l) for
k ≥ 2 is the following comparing based on the fact that M (U, k/|U|, l) and
M (U, k/|U|, l + 1) are obtained in hand:
Algorithm Comparing.
begin
Compare each pattern x in M (U, k/|U|, l) of length l
with every pattern w in M (U, k/|U|, l + 1) of length l + 1
Two comparisons for each pair (x, w) are to be taken to see
if w = xz or w = zx with a z ∈ M (U, k/|U|, 1)
if not then x is maximal and put it into MaxM (U, k/|U|, l).
end
Now, write Algorithm Comparing more formally as follows. Our algorithm
needs the following function:
SaveMaxPattern(x,maxM (U, τ, |x|)) is the function for saving the maximal
τ -frequent pattern x in the occurring notation into maxM (U, τ, |x|).
Algorithm 3 ComparemaxM (U, τ, l − 1) – for ﬁnding maximal τ -frequent
patterns with length l − 1 for a given τ from comparing M (U, τ, l − 1) with
M (U, τ, l) and from M (U, τ, 1)
for l ≥ 2
maxM (U, τ, l − 1) = {}
for (every x ∈ M (U, τ, l − 1)) {
for (every w ∈ M (U, τ, l)) {
int counter = 0;
for (every z ∈ M (U, τ, 1)) {
if (w=x+z) {
counter++;
}
}
if ( counter == 0 )
for (every z ∈ M (U, τ, 1)) {
if (w=z+x)
counter++;
}
if ( counter == 0 )
SaveMaxPattern(x,maxM (U, τ, |x|)) ;
}}
output {
maxM (U, τ, l − 1);
}
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Theorem 25. The Comparing Algorithm 6.3 for ﬁnding maxM (U, τ, l − 1)
with τ ≥ 2/|U| requires |M (U, τ, l−1)|×|M (U, τ, 1)|×|M (U, τ, l)| comparisons.
Theorem 26. The time complexity for ﬁnding maxM (U, k/|U|) with k ≥ 2
in DNA sequences is O(42L+2 ).

8 Keys and Sequence Occurrence Tables
Now, using the tools established so far, keys can be found. Among these, only
those with threshold τ = 2/|U|, 3/|U|, . . . , (|U| − 1)/|U| are interesting and
those with τ = 1/|U|, 1 are trivial or very numerous. Thus, we can focus on
keys with 1/|U| < τ < 1.
Let us call keys with 1/|U| < τ < 1 meaningful keys or attributes.
Two keys u, w are said to be identical occurring, and denoted by u/w({uU }),
if their occurrence sets are equal: uU = wU . Identical occurring keys occur in
the same subset of U and so play the same role in discovering knowledge.
Thus, we can choose the ﬁrst one of them as a representative.
Now, let us introduce the key occurrence table as follows, where attributes
are key representatives and objects are sequences.
Example 4. Continue Examples 1.
From maxM (U, τ ) for τ = 2/5, 3/5, 4/5, the corresponding key occurrence
table is the following.
A\U
{30}{40, 70}
{30}{90}
{30}
{70}
{90}

| s1
|0
|1
|1
|0
|1

s2
1
0
1
1
0

s3
0
0
1
1
0

s4
1
1
1
1
1

s5
0
0
.
0
0
1

Example 5. Continue Examples 2.
From maxM (U, τ ) for τ = 2/10, 3/10, . . . , 9/10 the corresponding key occurrence table is the following.
A\U
| d1 , d2 d3 d4 , d5 d6 d7 d8 , d9 d10
{Canada, Iran, U SA}{crude, ship} | 1 0 0 0 0 0
0
{Canada}{trade, acq}/
| 0 0 0 0 0 1
0
{U SA}{earn}
| 0 1 0 1 0 0
1
{U SA}{jobs, cpi}
| 0 0 1 0 0 0
0
{Canada, U SA}
| 1 0 0 0 0 1
1
{U SA}{earn}
| 0 1 0 1 0 0
1
{U SA}{cpi}
| 0 0 1 1 0 0
0
{Canada, U SA}
| 1 0 0 0 0 1
1
{Canada}
| 1 0 0 0 0 1
1
{U SA}
| 0 0 0 0 0 1
1
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where {Canada}{trade, acq}/ represents
[{Canada}{trade, acq}]/[{U SA}{trade, acq}].
Example 6. Continue Examples 3. From maxM (U, τ ) for τ = 2/4, 3/4 the
corresponding key occurrence table is the following.
A\U
CC/
AGT C
ACGT AAAA
CACACAGT
ACC/
CCC/
CGC/
CACGT A
CGT AAAAGT CACAC

| u1
|1
|1
|1
|0
|0
|1
|0
|1
|1

u2
1
1
0
1
1
0
1
0
1

u3
0
1
1
1
0
0
1
1
0

u4
1
0
1
1
1
1
0
0
0

where
CC/ represents CC/CGT AAAAGT /GT CACAC,
ACC/ represents ACC/CGT C/CCGT A/GT CACACAGT ,
CCC/ represents CCC/CGT AC/GT AGC/ACGT AAAAGT ,
CGC/ represents CGC/AGT CG/GT CGA.
The sequence-key table, which is usually called the information table, is
the transpose of the key occurrence table.

9 Discovering Associations between Patterns
When we have identiﬁed patterns using the simple “appending” algorithm
and others, the question arises: can we ﬁnd associations between patterns?
First of all, we should point out that fully-frequent patterns for τ = 1 mean
there is only one class and no classiﬁcation on the whole group of sequences U.
So in this case we do not need to use rough set theory to mine for association
rules since the theory is based on classiﬁcation. We have a theorem for fullyfrequent patterns immediately.
Theorem 27. All fully-frequent patterns co-occur in every sequence in the
group.
Theorem 28. A |U1 | -frequent pattern w{ui } is a representative of the sequence
ui , i.e., w occurs and only occurs in the sequence ui .
On the other hand, for |U1 | < τ < 1 we can apply rough set theory to
discover knowledge eﬀectively and eﬃciently as illustrated as follows.
First of all, focusing on the maximal frequent patterns with |U1 | < τ < 1,
we obtain the information table.
Our method to ﬁnd the maximal frequent patterns can be summarised as
follows.
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1. Use Appending Algorithm to ﬁnd M (U, 2/|U|) with cost O((2|B| − 1)L KL2 ).
2. Use Checking Algorithm to ﬁnd M (U, 3/|U|), . . . , M (U, (|U| − 1)/|U|) with
cost O((2|B| − 1)L ).
3. Use Comparing Algorithm to ﬁnd maxM (U, 2/|U|), . . . , max M (U, (|U| −
1)/|U|).
In an information table, we say that a sequence u supports a given attribute
w if w  u. We say that a sequence u supports a given set of attributes X if
w  u for all w ∈ X.
For a given attribute w, the set of sequences supporting w in group U is
wU . For a given attribute set X, the set of sequences supporting X in group
U is ∩w∈X wU , denoted by X U .
The strength of an attribute (pattern) w in the information table, denoted
by stg(w), is the number of sequences u supporting w: stg(w) = |wU |. The
strength of a given set of attributes X in the information table, denoted by
stg(X), is the number of sequences u supporting X: stg(X) = | ∩w∈X wU | =
|X U |.
An association between X and Y is an expression of the form X  Y ,
where X and Y are attribute sets; the strength of the association stg(X  Y )
is the strength of X ∪ Y , i.e., the number of sequences supporting X ∪ Y
stg(X  Y ) = stg(X ∪ Y ) = |(X ∪ Y )U |, and the conﬁdence of the
stg(X∪Y )
|(X∪Y )U |
association cf i(X  Y ) is max(stg(X),stg(Y
)) = max(|X U |,|Y U |)
An association rule is a rule of the form X → Y , where X and Y are
attribute sets; the strength of the association rule stg(X → Y ) is
stg(X → Y ) = stg(X ∪ Y ) = |(X ∪ Y )U |, and the conﬁdence of the rule
)U |
cf i(X → Y ) is stg(X ∪ Y )/stg(X) = |(X∪Y
.
|X U |
Now, using the knowledge discovery method presented in [3, 3], we can
ﬁnd the Association Rules.
Example 7. Continue Example 1. From
a1 = {30}{40, 70}, aU
1 = {s2 , s4 };
=
{s
,
s3 , s4 };
a2 = {70}, aU
2
2
we ﬁnd that {a1 , a2 }U = {s2 , s4 } ∩ {s2 , s3 , s4 } = {s2 , s4 }. So
stg(a1  a2 ) = |{a1 , a2 }U | = |{s2 , s4 }| = 2, and the conﬁdence of the
association cf i(a1  a2 ) is
|{a1 ,a2 }U |
|{s2 ,s4 }|
2
= max(|{s2 ,s
= max(2,3)
= 23 .
max(|aU |,|aU |)
4 }|,|{s2 ,s3 ,s4 }|)
1

2

The strength of the association rule stg(a1 → a2 ) is |{a1 , a2 }U | = |{s2 , s4 }| =
U
2
2 ,s4 }|
2, and the conﬁdence of the rule cf i(a1 → a2 ) is |{a1|a,aU2|} | = |{s
|{s2 ,s4 }| = 2 = 1.
1

The strength of the association rule stg(a1 ← a2 ) is |{a1 , a2 }U | = |{s2 , s4 }| =
U
|{s2 ,s4 }|
2, and the conﬁdence of the rule cf i(a1 ← a2 ) is |{a1|a,aU2|} | = |{s
= 23 .
2 ,s3 ,s4 }|
2
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Example 8. Continue Example 2. From
a1 = [{Canada}{trade, acq}]/[{U SA}{trade, acq}], aU
1 = {d8 , d9 };
a2 = {Canada, U SA}, aU
2 = {d1 , d2 , d8 , d9 , d10 }; we ﬁnd that
{a1 , a2 }U = {d1 , d2 , d8 , d9 , d10 } ∩ {d8 , d9 } = {d8 , d9 }. So
stg(a1  a2 ) = |{a1 , a2 }U | = |{d8 , d9 }| = 2, and the conﬁdence of the
association cf i(a1  a2 ) is
|{a1 ,a2 }U |
2
8 ,d9 }|
= max(|{d1 ,d2 ,d|{d
= max(5,2)
= 25 . The strength
max(|aU |,|aU |)
8 ,d9 ,d10 }|,|{d8 ,d9 }|)
1

2

of the association rule stg(a1 → a2 ) is |{a1 , a2 }U | = |{d8 , d9 }| = 2, and the
U
2
8 ,d9 }|
conﬁdence of the rule cf i(a1 → a2 ) is |{a1|a,aU2|} | = |{d
|{d8 ,d9 }| = 2 = 1. The
1

strength of the association rule stg(a1 ← a2 ) is |{a1 , a2 }U | = |{d8 , d9 }| = 2,
U
8 ,d9 }|
and the conﬁdence of the rule cf i(a1 ← a2 ) is |{a1|a,aU2|} | = |{d1 ,d|{d
=
2 ,d8 ,d9 ,d10 }|
2

2
5.

Example 9. Continue Example 3. From
a1 = CC/CGT AAAAGT /GT CACAC, aU
1 = {u1 , u2 , u4 };
U
a2 = CGC/AGT CG/GT CGA, aU
2 = {u2 , u3 }; we ﬁnd that {a1 , a2 } =
U
{u1 , u2 , u4 } ∩ {u2 , u3 } = {u2 }. So stg(a1  a2 ) = |{a1 , a2 } | = |{u2 }| = 1,
and the conﬁdence of the association cf i(a1  a2 ) is
|{a1 ,a2 }U |
1
2 }|
= max(|{u1 ,u|{u
= max(3,2)
= 13 . The strength of
max(|aU |,|aU |)
2 ,u4 }|,|{u2 ,u3 }|)
1

2

the association rule stg(a1 → a2 ) is |{a1 , a2 }U | = |{u2 }| = 1, and the conﬁU
2 }|
dence of the rule cf i(a1 → a2 ) is |{a1|a,aU2|} | = |{u|{u
= 13 . The strength
1 ,u2 ,u4 }|
1

of the association rule stg(a1 ← a2 ) is |{a1 , a2 }U | = |{u2 }| = 1, and the
U
|{u2 }|
conﬁdence of the rule cf i(a1 ← a2 ) is |{a1|a,aU2|} | = |{u
= 12 .
2 ,u3 }|
2
From
a3 = ACGT AAAA, aU
3 = {u1 , u3 , u4 };
U
=
a4 = CGT AAAAGT CACAC, aU
4 = {u1 , u2 }; we ﬁnd that {a3 , a4 }
U
{u1 , u3 , u4 } ∩ {u1 , u2 } = {u1 }. So stg(a3  a4 ) = |{a3 , a4 } | = |{u1 }| = 1,
and the conﬁdence of the association cf i(a3  a4 ) is
|{a3 ,a4 }U |
1
1 }|
= max(|{u1 ,u|{u
= max(3,2)
= 13 . The strength of
max(|aU |,|aU |)
3 ,u4 }|,|{u1 ,u2 }|)
3

4

the association rule stg(a3 → a4 ) is |{a3 , a4 }U | = |{u1 }| = 1, and the conﬁU
1 }|
dence of the rule cf i(a3 → a4 ) is |{a3|a,aU4|} | = |{u|{u
= 13 . The strength
1 ,u3 ,u4 }|
3

of the association rule stg(a3 ← a4 ) is |{a3 , a4 }U | = |{u1 }| = 1, and the
U
|{u1 }|
conﬁdence of the rule cf i(a3 ← a4 ) is |{a3|a,aU4|} | = |{u
= 12 .
1 ,u2 }|
4

10 Summary and Future Work
We have given a general treatment for some kind of sequences such as customer
sequences, document sequences, and DNA sequences, etc.
We have presented algorithms based on theorems developed here to ﬁnd
maximal frequent patterns in sequences. Associations between these patterns
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are then found by applying a data mining technique based on rough set analysis.
Further work and applications to discover knowledge about patterns in
sequences are currently in process.
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Abstract. We say that there is an association between two sets of items when the
sets are likely to occur together in transactions. In information retrieval, an association between two keyword sets means that they co-occur in a record or document.
In databases, an association is a rule latent in the databases whereby an attribute
set can be inferred from another.
Generally, the number of associations may be large, so we look for those that are
particularly strong. Maximal association rules were introduced by [3, 4], and there
is only one maximal association.
Rough set theory has been used successfully for data mining. By using this
theory, rules that are similar to maximal associations can be found. However, we
show that the rough set approach to discovering knowledge is much simpler than
the maximal association method.
Key words: Rough Set, Text Mining, Association Rule

1 Introduction
An association is said to exist between two sets of items when a transaction
containing one set is likely to also contain the other. One example is the analysis of supermarket basket data where associations like “28% of all customers
who buy cheese also buy wine” may be discovered or mined. An association
is a rule latent in and possibly mined from databases, by which one attribute
set can be inferred from another.
For example, consider the Reuters-21578 database (Lewis D. 1997, “The
Reuters-21578, Distribution 1.0”) http://www.research.att.com/ lewis/reuters
21578. This is a database which contains 21578 news articles categorized by
descriptions of features such as country names, topics, people names, organizations and stock exchanges. These are sets of keywords indicating the subject
matter of the documents.
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In a database like this, the number of associations may be large. For example, from a record “Canada, Iran, USA, crude, ship” we may discover a
number of associations such as
“Canada, Iran, USA” is associated with “crude, ship”;
“Iran, USA” is associated with “crude, ship”;
“Canada, USA” is associated with “crude, ship”;
“Canada, Iran” is associated with “crude, ship”;
“Canada, Iran, USA” is associated with “ship”;
“Canada, Iran, USA” is associated with “crude”; etc.
Now standard association rules are based on the notion of frequent sets
of attributes which appear in many documents. We are concerned here with
maximal association rules, which are based on frequent maximal sets of attributes. These attribute sets appear maximally in many documents. Maximal
association rules, are rules of the form X → Y with attribute sets X and Y .
The regular association rule X → Y means that if X then Y (with some conﬁdence). The maximal association rule X → Y means that if X maximally
then Y maximally. Roughly speaking, an association is maximal if nearly all
of the descriptions are used in distinguishing nearly all the decisions.
There is only one maximal association between attributes, such as “countries: Canada, Iran, USA” and “topics: crude, ship”.
Rough set theory is known to be a useful tool for data mining. By using this
theory, rules that are similar to maximal associations can be found. However,
we show that the rough set approach to discovering knowledge is much simpler
than the maximal association method.
This paper is organized as follows. Section 1 introduces information tables
in rough set theory. Section 2 discusses the support documents of a keyword
set. Sections 3–5 introduce partitioning the indexing vocabulary of terms, the
deﬁnition of maximality, and then discuss maximal associations. Section 6
discusses negated attributes. Finally, we introduce the rough set approach to
association rule mining.

2 Information Tables
Let D be a document collection containing documents d1 , d2 , . . . , dN . The
vocabulary of collection D and document d are denoted by V D and V d , respectively.
We now illustrate the method for ﬁnding maximal associations suggested
by [3, 4], and in later sections we show how the same results can be found,
more simply, using rough analysis.
In order to illustrate the Feldman method, we rework some of his illustrations below:
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Example 1. A document collection D = {d1 , d2 , . . . , d10 } :
V d1 = V d2 = {Canada, Iran, USA, crude, ship}
V d3 = {USA, earn}
V d4 = V d5 = {USA, jobs, cpi}
V d6 = {USA, earn, cpi}
V d7 = {Canada, sugar, tea}
V d8 = V d9 = {Canada, USA, trade, acq}
V d10 = {Canada, USA, earn}
Example 2. There are 10 articles about “corn” which are also about USA and
Canada and another 20 articles concerning “ﬁsh” and the countries USA,
Canada and France. That is,
{USA, Canada, corn} = V di for i = 1, 2, . . . , 10
{USA, Canada, France, ﬁsh} = V dj for j = 11, 12, . . . , 30 .
In rough set theory, an information system I is a system U, A , where
(1) U = {u1 , u2 , . . . , ui , . . . , u|U | } is a ﬁnite non-empty set, called the universe
or object space; elements of U are called objects, records or documents;
(2) A = {a1 , a2 , . . . , aj , . . . , a|A| } is also a ﬁnite non-empty set; elements of A
are called attributes, terms, or keywords;
(3) for every a ∈ A there is a mapping a from U into some space a : U → a(U ),
and a(U ) = {a(u) | u ∈ U } is called the domain of attribute a.
In the rough set approach we use the concept of an information system, and
we use the same mechanism for our present analysis. An information system
can be expressed intuitively in terms of an information table as follows
U \A
u1
u2
...
ui
...
uI

a2
| a1
| a1 (u1 ) a2 (u1 )
| a1 (u2 ) a2 (u2 )
| ...
...
| a1 (ui ) a2 (ui )
| ...
...
| a1 (uI ) a2 (uI )

... aj
... aj (u1 )
... aj (u2 )
... ...
... aj (ui )
... ...
... aj (uI )

... aJ
... aJ (u1 )
... aJ (u2 )
... ... .
... aJ (ui )
... ...
... aJ (uI )

In the information table, each document d corresponds to a set of attributes
V d = {a ∈ A|a(d) = 1}, which is the set of keywords occurring in d.
Example 3. The document collection in Example 1 can be represented as an
information table as follows:
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An example of an Information System
U \A | Canada Iran U SA acq
d1 |
1
1
1
0
1
1
1
0
d2 |
0
0
1
0
d3 |
0
0
1
0
d4 |
0
0
1
0
d5 |
0
0
1
0
d6 |
1
0
0
0
d7 |
1
0
1
1
d8 |
1
0
1
1
d9 |
1
0
1
0
d10 |

cpi crude earn jobs
0
1
0
0
0
1
0
0
0
0
1
0
1
0
0
1
1
0
0
1
1
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
0

ship sugar
1
0
1
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0

tea trade
0
0
0
0
0
0
0
0
0
0
0
0
1
0
0
1
0
1
0
0

That is, in the information table for example 1.1,
A = V D = {t1 , t2 , t3 , . . . , t10 , t11 , t12 } ; U = D = {d1 , d2 , d3 , . . . , d10 } ,
where t1 = Canada, t2 = Iran, t3 = U SA, t4 = acq, t5 = cpi, t6 = crude, t7 =
earn, t8 = jobs, t9 = ship, t10 = sugar, t11 = tea, t12 = trade.

3 The Support Documents of a Keyword Set
Let V D = {t1 , t2 , . . . , tn }, where t are keywords. Let X ⊆ V D be a subset
of the collection vocabulary. Denote X D = {d|X ⊆ V d }, i.e. the set of documents in which X occurs. That is, in an information table, we say that a
document d supports a given set of attributes X if X ⊆ V d . The strength of
X in the information table, denoted by stg(X), is the number of documents
d supporting X:
stg(X) = |{d|X ⊆ V d }| = |X D | .
An association between X and Y is an expression of the form X  Y ,
where X and Y are attribute sets; the strength of the association stg(X  Y )
is the strength of X ∪ Y , i.e., the number of documents supporting X ∪ Y
stg(X  Y ) = stg(X ∪ Y ) = |{d|X ∪ Y ⊆ V d }| = |(X ∪ Y )D | ,
and the conﬁdence of the association cf i(X  Y ) is
stg(X ∪ Y )
|{d|X ∪ Y ⊆ V d }|
|(X ∪ Y )D |
=
=
max(stg(X), stg(Y ))
max(|{d|X ⊆ V d }|, |{d|Y ⊆ V d }|)
max(|X D |, |Y D |)
An association rule is a rule of the form X → Y , where X and Y are
attribute sets; the strength of the association rule stg(X → Y ) is
stg(X → Y ) = stg(X ∪ Y ) = |{d|(X ∪ Y )d )}| = |(X ∪ Y )D | ,
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and the conﬁdence of the rule cf i(X → Y ) is
stg(X ∪ Y )/stg(X) =

|(X ∪ Y )D |
|{d|X ∪ Y ⊆ V d )}|
=
.
|{d|X ⊆ V d }|
|X D |

Example 4. For Example 2, it is supposed that
V di = {U SA, Canada, corn} for i = 1, 2, . . . , 10;
V dj = {U SA, Canada, F rance, f ish} for j = 11, 12, . . . , 30.
It can be found that associations are
{USA, Canada}  {ﬁsh} with conﬁdence
|({U SA, Canada} ∪ {f ish})D |
max(|{U SA, Canada}D | , |{f ish}D |)
|{d11 , . . . , d30 }|
=
max(|{d1 , . . . , d10 , d11 , . . . , d30 }|, |{d11 , . . . , d30 }|)
20
= 66% ,
=
max(30, 20)
{USA, Canada, France} {ﬁsh} with conﬁdence
|({U SA, Canada, F rance} ∪ {f ish})D |
max(|{U SA, Canada, F rance}D | , |{{f ish}D |)
|{d11 , . . . , d30 }|
=
max(|{d11 , . . . , d30 }|, |{d11 , . . . , d30 }|)
20
= 100% ,
=
max(20, 20)
{USA, Canada} {corn} with conﬁdence
|({U SA, Canada} ∪ {corn})D |
max(|{U SA, Canada}D |, |{corn}D |)
|{d1 , . . . , d10 }|
=
max(|{d1 , . . . , d10 , d11 , . . . , d30 }|, |{d1 , . . . , d10 }|)
10
= 33% .
=
max(30, 10)
Feldman et al argue that this conﬁdence is too low to indicate a strong connection between USA-Canada and “corn”.
Also, association rules are
{USA, Canada} → {ﬁsh} with conﬁdence
|({U SA, Canada} ∪ {f ish})D |
|{U SA, Canada}D |
|{d11 , . . . , d30 }|
= 20/30 = 66% ,
=
|{d1 , . . . , d10 , d11 , . . . , d30 }|
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{USA, Canada, France}→ {ﬁsh} with conﬁdence
|({U SA, Canada, F rance} ∪ {f ish})D |
|{U SA, Canada, F rance}D |
|{d11 , . . . , d30 }|
= 20/20 = 100% ,
=
|{d11 , . . . , d30 }|
{USA, Canada}→ {corn} with conﬁdence
|({U SA, Canada} ∪ {corn})D |
|{U SA, Canada}D |
|{d1 , . . . , d10 }|
= 10/30 = 33% .
=
|{d1 , . . . , d10 , d11 , . . . , d30 }|
Again, this conﬁdence is too low to represent the strong connection between
USA-Canada and “corn”.
Therefore, Feldman et al introduce the deﬁnition of maximality. As a maximal association rule,
{USA, Canada}→ {corn} has conﬁdence 10/10 = 100% since whenever
USA-Canada appear maximally without any other country (in and only in
documents d1 − d10 ), “corn” also appears maximally without any other goods
(also in and only in documents d1 − d10 ).
There are two ways to deﬁne maximality as follows: one way is by excluding association with negation of terms, and the other is by partitioning the
indexing vocabulary of terms.

4 Partitioning the Indexing Vocabulary of Terms
For the deﬁnition of maximality, an underlying taxonomy τ of attributes is
used. Then the “interesting” correlations between attributes from diﬀerent
categories can be obtained.
Let A = V D be partitioned to classes T1 , T2 , . . . , Tk , . . . , TK . We denote
the partition by
A/τ : T1 , T2 , . . . , Tk , . . . , TK ;
i.e.,
A/τ = {T1 , T2 , . . . , Tk , . . . , TK } ,
where τ is the corresponding equivalence relation of the partition such that
aτ b for a, b ∈ A if and only if a and b are in the same class, and
Tk ∈ 2A ; Tk = ∅; Ti ∩ Tj = ∅ when i = j; A = ∪K
k=1 Tk .
The partition is called a taxonomy. Each class is called a category.
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Example 5. For Example 1, the vocabulary of terms A can be partitioned as
follows:
A/τ = {T1 , T2 } ,
where
T1 = countries = {t1 , t2 , t3 } ,
T2 = topics = {t4 , t5 , t6 , t7 , t8 , t9 , t10 , t11 , t12 } .
The taxonomy is {countries, topics}, where countries and topics are categories.
Example 6. For Example 2, the vocabulary of terms A can be partitioned as
follows:
A/τ = {T1 , T2 } ,
where
T1 = countries = {U SA, Canada, F rance} ,
T2 = topics = {corn, f ish} .
The taxonomy is {countries, topics}, where countries and topics are categories.
In practice, there are of course other possible taxonomies. The choice is
application dependent.

5 The Deﬁnition of Maximality
From a given underlying taxonomy τ of attributes, the deﬁnition of maximality can be introduced, and the “interesting” correlations between attributes
from diﬀerent categories can be obtained.
For a given subset X ⊆ A (X = ∅), we can ﬁnd a unique decomposition
X = X1 ∪ X2 ∪ · · · ∪ Xk ∪ · · · ∪ XK
such that
X1 ⊆ T1 , X2 ⊆ T2 , . . . , Xk ⊆ Tk , . . . , XK ⊆ TK ,
where Tk (k = 1, 2, . . . , K) are categories of τ . We call Tk the corresponding
category of Xk .
5.1 Maximally Supported Sets of Terms for One Category
Given a category Tk , for an Xk ⊆ Tk (Xk = ∅) and document d, we say that
d supports Xk or Xk occurs in d if Xk ⊆ V d ∩ Tk . The support/occurrence
collection of Xk in the document collection D, denoted by (Xk )D , is the subcollection of documents supporting Xk :
(Xk )D = {d|Xk ⊆ V d ∩ Tk } .
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This attribute set Xk of terms can also be denoted by a taxonomy pair {Xk :
Tk } with strength stg(Xk ), the number of documents supporting Xk :
stg(Xk ) = |{d|Xk ⊆ V d ∩ Tk }| = |(Xk )D | ,
and Xk itself can be denoted as
{Xk : Tk }(Xk )D
with its support collection more precisely when (Xk )D ⊂ D. We call Xk as a
clause co-occurring in (Xk )D .
Now for an Xk ⊆ Tk (Xk = ∅) and document d, we say that d maximally
supports Xk if Xk = V d ∩ Tk . The max-support collection of Xk in the document collection D, denoted by (Xk )D,max , is the sub-collection of documents
maximally supporting Xk :
(Xk )D,max = {d|Xk = V d ∩ Tk } .
This attribute set Xk of terms can also be denoted by a taxonomy pair
{Xk : Tk } with max-strength msg(Xk ), the number of documents maximally
supporting Xk :
msg(Xk ) = |{d|Xk = V d ∩ Tk }| = |(Xk )D,max | ,
and Xk itself can be denoted as
{Xk : Tk }max (Xk )D,max
with its max-support collection more precisely when (Xk )D,max ⊂ D. We call
Xk as a sentence co-occurring in (Xk )D,max .
Example 7. Continue Example 1.
For T1 = countries, the following 7 clauses and their co-occurrence collection
can be found:
{{Canada, Iran, U SA} : countries}{d1 , d2 }
{{Canada, Iran} : countries}{d1 , d2 }
{{Iran, U SA} : countries}{d1 , d2 }
{{Iran} : countries}{d1 , d2 }
{{U SA} : countries}{d1 , d2 , d3 , d4 , d5 , d6 , d8 , d9 , d10 }
{{Canada} : countries}{d1 , d2 , d7 , d8 , d9 , d10 }
{{Canada, U SA} : countries}{d1 , d2 , d8 , d9 , d10 }
Also, the following 4 sentences and their co-occurrence collection can be found:
{{U SA} : countries}max {d3 , d4 , d5 , d6 }
{{Canada, Iran, U SA} : countries}max {d1 , d2 }
{{Canada} : countries}max {d7 }
{{Canada, U SA} : countries}max {d8 , d9 , d10 }
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For T2 = topics, the following 14 clauses and their co-occurrence collection
can be found:
{{crude, ship} : topics}{d1 , d2 }
{{crude} : topics}{d1 , d2 }
{{ship} : topics}{d1 , d2 }
{{earn} : topics}{d3 , d6 , d10 }
{{jobs, cpi} : topics}{d4 , d5 }
{{jobs} : topics}{d4 , d5 }
{{cpi} : topics}{d4 , d5 , d6 }
{{earn, cpi} : topics}{d6 }
{{sugar, tea} : topics}{d7 }
{{sugar} : topics}{d7 }
{{tea} : topics}{d7 }
{{trade, acq} : topics}{d8 , d9 }
{{trade} : topics}{d8 , d9 }
{{acq} : topics}{d8 , d9 }
Also, the following 6 sentences and their co-occurrence collection can be found:
{{crude, ship} : topics}max {d1 , d2 }
{{earn} : topics}max {d3 , d10 }
{{jobs, cpi} : topics}max {d4 , d5 }
{{earn, cpi} : topics}max {d6 }
{{sugar, tea} : topics}max {d7 }
{{trade, acq} : topics}max {d8 , d9 }
Example 8. Continue Example 2.
For T1 = countries, the following 7 clauses and their co-occurrence collection
can be found:
{{Canada, F rance, U SA} : countries}{d11 -d30 }
{{Canada, U SA} : countries}{d1 -d10 , d11 -d30 } or simply
{{Canada, U SA} : countries} since {d1 -d30 } = D
{{F rance, U SA} : countries}{d11 -d30 }
{{Canada, F rance} : countries}{d11 -d30 }
{{Canada} : countries}{d1 -d10 , d11 -d30 }
{{U SA} : countries}{d1 -d10 , d11 -d30 }
{{F rance} : countries}{d11 -d30 }|
Also, the following 2 sentences and their co-occurrence collection can be
found:
{{Canada, F rance, U SA} : countries}max {d11 -d30 }
{{Canada, U SA} : countries}max {d1 -d10 }
For T2 = topics, the following 2 clauses and their co-occurrence collection can
be found:
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{{corn} : topics}{d1 -d10 }
{{f ish} : topics}{d11 -d30 }
Also, the following 2 sentences and their co-occurrence collection can be found:
{{corn} : topics}max {d1 -d10 }
{{f ish} : topics}max {d11 -d30 } .
Now, let us give some deﬁnitions as follows.
Deﬁnition 1. Given a document collection D and a taxonomy τ of attributes
V D , V D /τ : {T1 , T2 , . . . , Tk , . . . , TK }, for a category Tk the group of sentences
is
{V d ∩ Tk = ∅ | d ∈ D} ,
and each sentence has its co-occurrence collection as follows:
{V d ∩ Tk : Tk }max (V d ∩ Tk )D,max ,
where



(V d ∩ Tk )D,max = {d ∈ D|V d ∩ Tk = V d ∩ Tk } .

Note that here the group of sentences {V d ∩ Tk = ∅|d ∈ D} means the
element (sentence) of this group is a non-empty subset V d ∩Tk for some d ∈ D
of category Tk since there may be some documents d sharing/co-supporting the
same V d ∩ Tk (i.e., V d ∩ Tk co-occurs in those documents). Thus, here


(V d ∩ Tk )D,max = {d ∈ D|V d ∩ Tk = V d ∩ Tk } .
is to express those documents d in collection D which share/co-support the
same sentence V d ∩ Tk .
Example 9. Continue Example 1.
For T1 = countries, the group of sentences is
{{Canada, Iran, U SA} , {U SA} , {Canada} , {Canada, U SA}} .
For T2 = topics, the group of sentences is
{{crude, ship}, {earn}, {jobs, cpi}, {earn, cpi}, {sugar, tea}, {trade, acq}}.
Example 10. Continue Example 2. For T1 = countries, the group of sentences
is
{{Canada, F rance, U SA}, {Canada, U SA}}.
For T2 = topics, the group of sentences is
{{corn}, {f ish}}.
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Deﬁnition 2. Given a document collection D and a taxonomy τ of attributes
V D , V D /τ : {T1 , T2 , . . . , Tk , . . . , TK }, for a category Tk let G be the group of
sentences, G = {s1 , s2 , . . . , sl }. Then, for each sentence s ∈ G, every nonempty subset of sentence s is a clause.
Thus, clauses may be too numerous and we would like pay more attention
to sentences.
Example 11. Continue Example 1.
For T1 = countries, the group of clauses is
{{Canada, Iran, U SA}, {Canada, Iran}, {Iran, U SA} ,
{Iran}, {U SA}, {Canada}, {Canada, U SA}} .
For T2 = topics, the group of clauses is
{{crude, ship}, {crude}, {ship}, {earn}, {jobs, cpi}, {jobs}, {cpi},
{earn, cpi}, {sugar, tea}, {sugar}, {tea}, {trade, acq}, {trade}, {acq}}.
Example 12. Continue Example 2.
For T1 = countries, the group of clauses is
{{Canada, F rance, U SA}, {Canada, U SA}, {F rance, U SA} ,
{Canada, F rance}, {Canada}, {U SA}, {F rance}} .
For T2 = topics, the group of clauses is
{{corn}, {f ish}} .
5.2 Maximally Supported Sets of Terms for a Taxonomy
Given a taxonomy τ , for a given X = X1 ∪ X2 ∪ · · · ∪ Xk ∪ · · · ∪ XK (X =
∅; Xk ⊆ Tk for k = 1, 2, . . . , K; and so there is at least one k such that Xk = ∅)
and document d, we say that d supports X if Xk ⊆ V d ∩ Tk for all k. The
support/occurrence collection of X in the document collection D, denoted by
X D , is the sub-collection of documents supporting X:
X D = {d|Xk ⊆ V d ∩ Tk ; k = 1, 2, . . . , K} .
This attribute set X of terms can also be denoted by a vector of taxonomy
pairs {Xk : Tk } with strength stg(X), the number of documents supporting
X:
stg(X) = |{d|Xk ⊆ V d ∩ Tk ; k = 1, 2, . . . , K}| = |X D | ,
and X itself can be denoted as a vector
({X1 : T1 }, {X2 : T2 }, . . . , {Xk : Tk }, . . . , {XK : TK })X D
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in a Cartesian product space
2T1 × 2T2 × · · · × 2Tk × · · · × 2TK
with its support collection more precisely when X D ⊂ D. We call X as a
clause co-occurring in X D .
Now for an X = X1 ∪ X2 ∪ · · · ∪ Xk ∪ · · · ∪ XK (where Xk = ∅ and Xk ⊆ Tk
for k = 1, 2, . . . , K) and document d, we say that d maximally supports X
if Xk = V d ∩ Tk for all k. The max-support collection of X in the document
collection D, denoted by X D,max , is the sub-collection of documents maximally
supporting X:
X D,max = {d|Xk = V d ∩ Tk ; k = 1, 2, . . . , K} .
This attribute set X of terms can also be denoted by a vector of taxonomy pairs
{Xk : Tk } with max-strength msg(X), the number of documents maximally
supporting X:
msg(X) = |{d|Xk = V d ∩ Tk ; k = 1, 2, . . . , K}| = |X D,max | ,
and X itself can be denoted as a vector
({X1 : T1 }, {X2 : T2 }, . . . , {Xk : Tk }, . . . , {XK : TK })max X D,max
in a Cartesian product space
2T1 × 2T2 × · · · × 2Tk × · · · × 2TK
with its max-support collection more precisely when X D,max ⊂ D. We call X
as a sentence co-occurring in X D,max .
Example 13. For Example 1, the following sentences can be found:
({Canada, Iran, U SA} : countries, {crude, ship} : topics)max {d1 , d2 }
({U SA} : countries, {earn} : topics)max {d3 }
({U SA} : countries, {jobs, cpi} : topics)max {d4 , d5 }
({U SA} : countries, {earn, cpi} : topics)max {d6 }
({Canada} : countries, {sugar, tea} : topics)max {d7 }
({Canada, U SA} : countries, {trade, acq} : topics)max {d8 , d9 }
({Canada, U SA} : countries, {earn} : topics)max {d10 }
Also, clauses can be found, for example, from a sentence
({Canada, Iran, U SA} : countries, {crude, ship} : topics)max {d1 , d2 }
along with 25 − 2 = 30 clauses as follows:
({Iran, U SA} : countries, {crude, ship} : topics){d1 , d2 }
({Canada, U SA} : countries, {crude, ship} : topics){d1 , d2 }
({Canada, Iran} : countries, {crude, ship} : topics){d1 , d2 }
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({Canada, Iran, U SA} : countries, {ship} : topics){d1 , d2 }
({Canada, Iran, U SA} : countries, {crude} : topics){d1 , d2 }
({U SA} : countries, {crude, ship} : topics){d1 , d2 }
({Canada} : countries, {crude, ship} : topics){d1 , d2 }
({Canada, Iran} : countries, {ship} : topics){d1 , d2 }
···
({Canada} : countries, {} : topics){d1 , d2 }
({Iran} : countries, {} : topics){d1 , d2 }
({U SA} : countries, {} : topics){d1 , d2 }
({} : countries, {crude} : topics){d1 , d2 }
({} : countries, {ship} : topics){d1 , d2 }
Example 14. For Example 2, the following sentences can be found:
({Canada, F rance, U SA} : countries, {f ish} : topics)max {d11 -d30 }
({Canada, U SA} : countries, {corn} : topics)max {d1 -d10 }
Also, clauses can be found from a sentence
({Canada, F rance, U SA} : countries, {f ish} : topics)max {d11 -d30 }
along with 24 − 2 = 14 clauses as follows:
({Canada, F rance} : countries, {f ish} : topics){d11 -d30 }
({Canada, U SA} : countries, {f ish} : topics){d11 -d30 }
({F rance, U SA} : countries, {f ish} : topics){d11 -d30 }
···
({Canada, F rance, U SA} : countries, {} : topics){d11 -d30 }
({} : countries, {f ish} : topics){d11 -d30 }
Also, clauses can be found from a sentence
({Canada, U SA} : countries, {corn} : topics)max {d1 -d10 }
along with 23 − 2 = 6 clauses as follows:
({Canada} : countries, {corn} : topics){d1 -d10 }
({U SA} : countries, {corn} : topics){d1 -d10 }
({} : countries, {corn} : topics){d1 -d10 }
({Canada, U SA} : countries, {} : topics){d1 -d10 }
({Canada} : countries, {} : topics){d1 -d10 }
({U SA} : countries, {} : topics){d1 -d10 }
Now, let us give some deﬁnitions as follows.
Deﬁnition 3. Given a document collection D and a taxonomy τ of attributes
V D , V D /τ : {T1 , T2 , . . . , Tk , . . . , TK }, a sentence for the taxonomy is a Kdimensional vector s = (s1 , s2 , . . . , sk , . . . , sK ), where component sk is a sentence for category Tk . That is,
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s = ({X1 : T1 }, {X2 : T2 }, . . . , {Xk : Tk }, . . . , {XK : TK })max ,
where
sk = {Xk : Tk }, Xk = V d ∩ Tk = ∅ f or some d ∈ D ,
and each sentence s has its co-occurrence collection as follows:
(V d ∩ T1 : T1 , V d ∩ T2 : T2 , . . . , V d ∩ Tk : Tk , . . . , V d ∩ TK : TK )max X D,max ,
where


X D,max = {d ∈ D|V d ∩ Tk = V d ∩ Tk ; k = 1, 2, . . . , K} .
Example 15. For Example 1, sentences for the taxonomy are
({Canada, Iran, U SA} : countries, {crude, ship} : topics)max {d1 , d2 }
({U SA} : countries, {earn} : topics)max {d3 }
({U SA} : countries, {jobs, cpi} : topics)max {d4 , d5 }
({U SA} : countries, {earn, cpi} : topics)max {d6 }
({Canada} : countries, {sugar, tea} : topics)max {d7 }
({Canada, U SA} : countries, {trade, acq} : topics)max {d8 , d9 }
({Canada, U SA} : countries, {earn} : topics)max {d10 }
Example 16. For Example 2, sentences for the taxonomy are
({Canada, F rance, U SA} : countries, {f ish} : topics)max {d11 -d30 }
({Canada, U SA} : countries, {corn} : topics)max {d1 -d10 }.
Deﬁnition 4. Given a document collection D and a taxonomy τ of attributes
V D , V D /τ : {T1 , T2 , . . . , Tk , . . . , TK }, let s be a sentence for the taxonomy,
s = (s1 , s2 , . . . , sk , . . . , sK ). Suppose that
c1 ⊆ s1 , c2 ⊆ s2 , . . . , ck ⊆ sk , . . . , cK ⊆ sK ,
where ck = sk for at least one k and ci = ∅ for at least one k. Then, c =
(c1 , c2 , . . . , ck , . . . , cK ) is a clause for the taxonomy.
We call this kind of clause c of sentence s a sub-clause of the sentence.
Obviously, we have cD ⊆ sD,max . That is, sub-clauses may have more support
documents.
Thus, clauses are too numerous and we would like pay more attention to
sentences.
Example 17. For Example 1, sentence
({Canada, Iran, U SA} : countries, {crude, ship} : topics)max {d1 , d2 }
has 25 − 2 = 30 sub-clauses
({Iran, U SA} : countries, {crude, ship} : topics){d1 , d2 }
({Canada, U SA} : countries, {crude, ship} : topics){d1 , d2 }
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({Canada, Iran} : countries, {crude, ship} : topics){d1 , d2 }
({Canada, Iran, U SA} : countries, {ship} : topics){d1 , d2 }
({Canada, Iran, U SA} : countries, {crude} : topics){d1 , d2 }
({U SA} : countries, {crude, ship} : topics){d1 , d2 }
({Canada} : countries, {crude, ship} : topics){d1 , d2 }
({Canada, Iran} : countries, {ship} : topics){d1 , d2 }
···
({Canada} : countries, {} : topics){d1 , d2 }
({Iran} : countries, {} : topics){d1 , d2 }
({U SA} : countries, {} : topics){d1 , d2 }
({} : countries, {crude} : topics){d1 , d2 }
({} : countries, {ship} : topics){d1 , d2 }
Example 18. For Example 2, sentence
({Canada, F rance, U SA} : countries, {f ish} : topics)max {d11 -d30 }
has 24 − 2 = 14 sub-clauses
({Canada, F rance} : countries, {f ish} : topics){d11 -d30 }
({Canada, U SA} : countries, {f ish} : topics){d11 -d30 }
({F rance, U SA} : countries, {f ish} : topics){d11 -d30 }
···
({Canada, F rance, U SA} : countries, {} : topics){d11 -d30 }
({} : countries, {f ish} : topics){d11 -d30 }
Also, clauses can be found from a sentence
({Canada, U SA} : countries, {corn} : topics)max {d1 -d10 }
along with 23 − 2 = 6 clauses as follows:
({Canada} : countries, {corn} : topics){d1 -d10 }
({U SA} : countries, {corn} : topics){d1 -d10 }
({} : countries, {corn} : topics){d1 -d10 }
({Canada, U SA} : countries, {} : topics){d1 -d10 }
({Canada} : countries, {} : topics){d1 -d10 }
({U SA} : countries, {} : topics){d1 -d10 }

6 Maximal Associations and Maximal Association Rules
There are two concepts to be clariﬁed. These are, maximal association and
maximal association rule, and frequent set and maximal frequent set.
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6.1 Maximal Associations
A maximal association between V and W is an expression of the form V  W ,
where V and W are sentences for some diﬀerent categories. The strength of
the association is msg(V ∪ W ), and conﬁdence of the association is msg(V ∪
W )/max(msg(V ), msg(W )).
Example 19. For Example 1, the following maximal associations can be found:
{Canada, Iran, U SA} : countries  {crude, ship} : topics with strength
msg = |{d1 , d2 }| = 2 and conﬁdence 2/max(2, 2) = 1 = 100%
{U SA} : countries  {earn} : topics with strength msg = |{d3 }| = 1 and
conﬁdence 1/max(4, 2) = 25%
{U SA} : countries  {jobs, cpi} : topics with strength msg = |{d4 , d5 }| =
2 and conﬁdence 2/max(4, 2) = 50%
{U SA} : countries  {earn, cpi} : topics with strength msg = |{d6 }| = 1
and conﬁdence 1/max(4, 1) = 25%
{Canada} : countries  {sugar, tea} : topics with support msg =
|{d7 }| = 1 and conﬁdence 1/max(1, 1) = 100%
{Canada, U SA} : countries  {trade, acq} : topics with strength msg =
|{d8 , d9 }| = 2 and conﬁdence 2/max(3, 2) = 66%
{Canada, U SA} : countries  {earn} : topics with strength msg =
|{d10 }| = 1 and conﬁdence 1/max(3, 2) = 33%
Example 20. For Example 2, the following maximal associations can be found:
{Canada, F rance, U SA} : countries  {f ish} : topics with strength
msg = |{d11 -d30 }| = 20 and conﬁdence 20/max(20, 20) = 1 = 100%
{Canada, U SA} : countries  {corn} : topics with strength msg =
|{d1 -d10 }| = 10 and conﬁdence 10/max(10, 10) = 1 = 100%
6.2 Maximal Association Rules
A maximal association rule is an expression of the form V → W , where V and
W are sentences for some diﬀerent categories. The strength of the association
rule is msg(V ∪W ), and conﬁdence of the association is msg(V ∪W )/msg(V ).
Example 21. For Example 1, the following maximal association rules can be
found:
{Canada, Iran, U SA} : countries → {crude, ship} : topics with strength
msg = |{d1 , d2 }| = 2 and conﬁdence 2/2 = 1 = 100%
{Canada, Iran, U SA} : countries ← {crude, ship} : topics with strength
msg = |{d1 , d2 }| = 2 and conﬁdence 2/2 = 1 = 100%
{U SA} : countries → {earn} : topics with strength msg = |{d3 }| = 1 and
conﬁdence 1/4 = 25%
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{U SA} : countries ← {earn} : topics with strength msg = |{d3 }| = 1 and
conﬁdence 1/2 = 50%
{U SA} : countries → {jobs, cpi} : topics with strength msg = |{d4 , d5 }| =
2 and conﬁdence 2/4 = 50%
{U SA} : countries ← {jobs, cpi} : topics with strength msg = |{d4 , d5 }| =
2 and conﬁdence 2/2 = 100%
{U SA} : countries → {earn, cpi} : topics with strength msg = |{d6 }| = 1
and conﬁdence 1/4 = 25%
{U SA} : countries ← {earn, cpi} : topics with strength msg = |{d6 }| = 1
and conﬁdence 1/1 = 100%
{Canada} : countries → {sugar, tea} : topics with strength msg =
|{d7 }| = 1 and conﬁdence 1/1 = 100%
{Canada} : countries ← {sugar, tea} : topics with strength msg =
|{d7 }| = 1 and conﬁdence 1/1 = 100%
{Canada, U SA} : countries → {trade, acq} : topics with strength msg =
|{d8 , d9 }| = 2 and conﬁdence 2/3 = 66%
{Canada, U SA} : countries ← {trade, acq} : topics with strength msg =
|{d8 , d9 }| = 2 and conﬁdence 2/2 = 100%
{Canada, U SA} : countries → {earn} : topics with strength msg =
|{d10 }| = 1 and conﬁdence 1/3 = 33%
{Canada, U SA} : countries ← {earn} : topics with strength msg =
|{d10 }| = 1 and conﬁdence 1/2 = 50%
Example 22. For Example 2, the following maximal association rules can be
found:
{Canada, F rance, U SA} : countries → {f ish} : topics with strength
msg = |{d11 -d30 }| = 20 and conﬁdence 20/20 = 1 = 100%
{Canada, F rance, U SA} : countries ← {f ish} : topics with strength
msg = |{d11 -d30 }| = 20 and conﬁdence 20/20 = 1 = 100%
{Canada, U SA} : countries → {corn} : topics with strength msg =
|{d1 -d10 }| = 10 and conﬁdence 10/10 = 1 = 100%
{Canada, U SA} : countries ← {corn} : topics with strength msg =
|{d1 -d10 }| = 10 and conﬁdence 10/10 = 1 = 100%
6.3 Frequent Sets and Maximal Frequent Sets
We would like to discover associations where
(1) the strength is above some user-deﬁned threshold called the minimal
strength and denoted by α (a natural number), and
(2) the conﬁdence is above another user-deﬁned threshold called the minimal conﬁdence and denoted by β (a decimal number).
Thus, an attribute set with strength ≥α is called a frequent set. An attribute set of taxonomy pairs with maximal strength ≥α is called a maximal
frequent set.
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7 Negated Attributes
Maximal frequent sets of attributes are useful for eﬃciently ﬁnding association
rules that include negated attributes, called excluding associations.
Let S be a subset of the attribute set A, S = {a1 , a2 , . . . , a|S| }. We denote
the set {¬a1 , ¬a2 , . . . , ¬a|S| } by ¬S.
An excluding association is a rule of the form S1 ∨ ¬S2 → S3 ∨ ¬S4 , where
S1 , S2 , S3 , S4 are sets of terms. The intuitive meaning of such an association
is that whenever one sees the attributes of S1 and not those of S2 then one
should also expect (with some conﬁdence) to ﬁnd the attributes of S3 and
not those of S4 . For example, {mining} → {coal} is a regular association.
However, adding negation one may ﬁnd the excluding association as follows:
{mining, ¬coal} → {data}.
In general, there can be numerous excluding associations, most of which
are redundant and noninteresting. So the problem is how to generate the
“interesting” excluding associations.
Anyway, we can use excluding associations to express maximal associations. For Example 2 (see Example 2.8), the following maximal association
{Canada, U SA} : countries  {corn} : topics
with strength msg = |{d1 − d10 }| = 10 and conﬁdence 10/ max(10, 10) =
1 = 100% can be expressed as an excluding association as follows:
{Canada, U SA, ¬F rance}  {corn}
with strength stg = |{d1 − d10 }| = 10 and conﬁdence 10/ max(10, 10) = 1 =
100%

8 Rough Set Approach to Association Rule Mining
Using the rough set method [1, 7, 16], we can discover similar knowledge to
maximal association rules in a much simpler way. For a given sentence, we
use the theory to recognize its support/occurrence documents. Now, the information table can be designed for sentences as follows.
D\2T1
d1
d2
...
di
...
dN

|
T1
| T1 ∩ V d1
| T1 ∩ V d2
|
...
| T1 ∩ V di
|
...
| T1 ∩ V dN

T2
T2 ∩ V d1
T2 ∩ V d2
...
T2 ∩ V di
...
T2 ∩ V dN

...
Tk
... Tk ∩ V d1
... Tk ∩ V d2
...
...
... Tk ∩ V di
...
...
... Tk ∩ V dN

...
TK
... TK ∩ V d1
... TK ∩ V d2
.
...
...
... TK ∩ V di
...
...
... TK ∩ V dN

Example 23. The information table for Example 1 can be designed as follows:
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The Information Table for Example 1
D\2Tk
d1
d2
d3
d4
d5
d6
d7
d8
d9
d10

|
|
|
|
|
|
|
|
|
|
|

T1 = countries
{Canada, Iran, U SA}
{Canada, Iran, U SA}
{U SA}
{U SA}
{U SA}
{U SA}
{Canada}
{Canada, U SA}
{Canada, U SA}
{Canada, U SA}

T2 = topics
{crude, ship}
{crude, ship}
{earn}
{jobs, cpi}
{jobs, cpi}
{earn, cpi}
{sugar, tea}
{trade, acq}
{trade, acq}
{earn}

Then it can be found that partitions
D/countries is
{Canada, Iran, USA}D11 , {USA}D12 , {Canada}D13 , {Canada,USA}D14 ,
where D11 = {d1 , d2 }, D12 = {d3 : d6 }, D13 = {d7 }, D14 = {d8 , d9 , d10 };
D/topics is
{crude, ship}D21 , {earn}D22 , {jobs, cpi}D23 ,
{earn, cpi}D24 , {sugar, tea}D25 , {trade, acq}D26 ,
where D21 = {d1 , d2 }, D22 = {d3 , d10 }, D23 = {d4 , d5 }, D24 = {d6 }, D25 =
{d7 }, D26 = {d8 , d9 }; and
D/countries ∩ topics is
({Canada, Iran, U SA} : countries, {crude, ship} : topics){d1 , d2 }
({U SA} : countries, {earn} : topics){d3 }
({U SA} : countries, {jobs, cpi} : topics){d4 , d5 }
({U SA} : countries, {earn, cpi} : topics){d6 }
({Canada} : countries, {sugar, tea} : topics){d7 }
({Canada, U SA} : countries, {trade, acq} : topics){d8 , d9 }
({Canada, U SA} : countries, {earn} : topics){d10 }
That is, we ﬁnd the following associations/co-occurrences:
{Canada, Iran, U SA} : countries  {crude, ship} : topics with strength
msg = |{d1 , d2 }| = 2 and conﬁdence 2/max(2, 2) = 1 = 100%
{U SA} : countries  {earn} : topics with strength msg = |{d3 }| = 1 and
conﬁdence 1/max(4, 2) = 25%
{U SA} : countries  {jobs, cpi} : topics with strength msg = |{d4 , d5 }| =
2 and conﬁdence 2/max(4, 2) = 50%
{U SA} : countries  {earn, cpi} : topics with strength msg = |{d6 }| = 1
and conﬁdence 1/max(4, 1) = 25%
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{Canada} : countries  {sugar, tea} : topics with support msg =
|{d7 }| = 1 and conﬁdence 1/max(1, 1) = 100%
{Canada, U SA} : countries  {trade, acq} : topics with strength msg =
|{d8 , d9 }| = 2 and conﬁdence 2/max(3, 2) = 66%
{Canada, U SA} : countries  {earn} : topics with strength msg =
|{d10 }| = 1 and conﬁdence 1/max(3, 2) = 33%.
Example 24. The information table for Example 2 can be designed as follows:
The Information Table for Example 2
D\2
| T1 = countries
T2 = topics
d1 : d10 | {Canada, U SA}
{corn}
d11 : d30 | {Canada, F rance, U SA} {f ish}
Tk

Then it can be found that partitions
D/countries is {Canada, USA}D11 , {Canada, France, USA}D12 , where
D11 = {d1 : d10 }, D12 = {d11 : d30 };
D/topics is {corn}D21 , {ﬁsh}D22 ,
where
D21 = {d1 : d10 }, D22 = {d11 : d30 }; and
D/countries ∩ topics is
({Canada, U SA} : countries, {corn} : topics){d1 : d10 }
({Canada, F rance, U SA} : countries, {f ish} : topics){d11 : d30 }
That is, we ﬁnd the following associations/co-occurrences:
{Canada, F rance, U SA} : countries  {f ish} : topics with strength
msg = |{d11 -d30 }| = 20 and conﬁdence 20/ max(20, 20) = 1 = 100%
{Canada, U SA} : countries  {corn} : topics with strength msg =
|{d1 -d10 }| = 10 and conﬁdence 10/ max(10, 10) = 1 = 100%
These associations are the same as the maximal associations discovered in
Examples 7 and 8. However, these examples show that the rough set approach to discovering knowledge is much simpler than the maximal association
method.

9 Conclusion
Association rules are based on the notion of frequent sets of attributes which
appear in many documents. Maximal association rules are based on frequent
maximal sets of attributes which appear maximally in many documents. The
regular association rule X → Y means that if X then Y (with some conﬁdence). References [3, 4] argue that the use of conﬁdence in the standard way
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is not adequate for strong connections and therefore they introduce maximal
associations.
In this paper we work through an example of Feldman’s approach and
show its usefulness. However we also show that by using rough set theory,
rules that are similar to maximal associations can be found. We show, by
working through the same example as before, that the rough set approach to
discovering knowledge is much simpler than the maximal association method.
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Abstract. Most information discovery processes need to understand the reasons of
the success of the inference methods or the usability of the new information, which
can sometimes be somehow explained with a few useful measures on the premises or
on the chosen relations, logics and implications. This chapter presents a state of art
on the latest concepts of measure, from the additive measures, to monotone fuzzy
measures and the latest monotone measures in relation to a preorder that gives an
ordering for a measurable characteristic. A few measures on fuzzy sets and fuzzy
relations are proposed. Namely, the entropy measures on fuzzy sets, which are a
measure of fuzziness in itself, and the speciﬁcity measures on fuzzy sets, which cam
be understood as measures of utility of the information contained in a fuzzy set.
Some measures on fuzzy relations to be considered are the conditionality measures,
which are degrees of generalization of modus ponens when making fuzzy inference.
Those measures on fuzzy sets and fuzzy relations provide interesting information on
fuzzy inference and approximate reasoning processes.
Key words: fuzzy measure, approximate reasoning, conditionality, speciﬁcity

1 Introduction
The discovery of useful information is the essence of any data mining process.
Decisions are not usually taken based on complete real world data, but most of
the times they deal with uncertainty or lack of information. Therefore the real
world reasoning is almost always approximate. However it is not only necessary
to learn new information in any data mining process, but it is also important
to understand why and how the information is discovered. Most data mining
commercial products are black boxes that do not explain the reasons and
methods that have been used to get new information. However the “why and
how” the information is obtained can be as important as the information on
its own. When approximate reasoning is done, measures on fuzzy sets and
fuzzy relations can be proposed to provide a lot of information that helps to
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understand the conclusions of fuzzy inference processes. Those measures can
even help to make decisions that allow to use the most proper methods, logics,
operators for connectives and implications, in every approximate reasoning
environment.
The latest concepts of measures in approximate reasoning is discussed and
a few measures on fuzzy sets and fuzzy relations are proposed to be used to
understand why the reasoning is working and to make decisions about labels,
connectives or implications, and so a few useful measures can help to have the
best performance in approximate reasoning and decision making processes.
Before some measures on fuzzy sets and fuzzy relations are proposed, this
chapter collects all the latest new concepts and deﬁnitions on measures, and
shows a few graphics that make a clear picture on how those measures can be
classiﬁed.
Some important measures on fuzzy sets are the entropy measures and
speciﬁcity measures. The entropy measures give a degree of fuzziness of a
fuzzy set, which can be computed by the premises or outputs of an inference to
know an amount of uncertainty crispness in the process. Speciﬁcity measures
of fuzzy sets give a degree of the utility of information contained in a fuzzy
set.
Other important measures can be computed on fuzzy relations. For example, some methods to measure a degree of generalisation of the MODUS
PONENS property in fuzzy inference processes are proposed.

2 The Concept of Measure
The concept of measure is one of the most important concepts in mathematics, as well as the concept of integral respect to a given measure. The classical
measures are supposed to hold the additive property. Additivity can be very
eﬀective and convenient in some applications, but can also be somewhat inadequate in many reasoning environments of the real world as in approximate
reasoning, fuzzy logic, artiﬁcial intelligence, game theory, decision making,
psychology, economy, data mining, etc., that require the deﬁnition of non
additive measures and a large amount of open problems. For example, the
eﬃciency of a set of workers is being measured, the eﬃciency of the same
people doing teamwork is not the addition of the eﬃciency of each individual
working on their own.
The concept of fuzzy measure does not require additivity, but it requires
monotonicity related to the inclusion of sets. The concept of fuzzy measure
can also be generalised by new concepts of measure that pretend to measure a
characteristic not really related with the inclusion of sets. However those new
measures can show that “x has a higher degree of a particular quality than
y” when x and y are ordered by a preorder (not necessarily the set inclusion
preorder).

The Evolution of the Concept of Fuzzy Measure

187

The term fuzzy integral uses the concept of fuzzy measure. There are some
important fuzzy integrals, as Choquet integral in 1974, which does not require
an additive measure (as Lebesgue integral does). Michio Sugeno gives other
new integral in 1974 for fuzzy sets, and so does David Schmeidler in 1982 for
decision theory.
2.1 Preliminaries
A measurable space is a couple (X, ℘) where X is a set and ℘ is a σ-algebra
or set of subsets of X such that:
1. X ∈ ℘.

2. Let A be a subset
∞of X. If A ∈ ℘ then A ∈ ℘.
3. If An ∈ ℘ then n=1 An ∈ ℘.
For example, when X is the set of real numbers and ℘ is the σ-algebra that
contains the open subsets of X, then ℘ is the well-known Borel σ-algebra.
Note
The classical concept of measure considers that ℘ ⊆ {0, 1}X , but this consideration can be extended to a set of fuzzy subsets # of X, # ⊆ [0, 1]X ,
satisfying the properties of measurable space ([0, 1]X , #).
2.2 Deﬁnition of Additive Measure
Let (X, ℘) be a measurable space. A function m: ℘ → [0, ∝) is an σ-additive
measure when the following properties are satisﬁed:
1. m(Ø) = 0.
2. If An , n = 1, 2, . 
. . is a set of disjoint subsets of ℘ then
∞
∞
3. m( n=1 An ) = n=1 m(An )
The second property is called σ-additivity, and the additive property of a
measurable space requires the σ-additivity in a ﬁnite set of subsets An .
A well-known example of σ-additive is the probabilistic space (X, ℘, p)
where the probability p is an additive measure such that p(X) = 1 and p(A) =
1 − p(A ) for all subsets A ∈ ℘.
Other known examples of σ-additive measure are the Lebesgue measures
deﬁned in 1900 that are an important base of the XX century mathematics.
The Lebesgue measures
nof length of a segment, and
n generalise the concept
verify that if [c, d] ⊂ i=1 [ai , bi ) then d − c ≤ i=1 (bi − ai ). Other measures
given by Lebesgue are the exterior Lebesgue measures and interior Lebesgue
measures. A set A is Lebesgue measurable when both interior and exterior
Lebesgue measures are the same. Some examples of Lebesgue measurable sets
are the compact sets, the empty set and the real numbers set %.
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2.3 Deﬁnition of Normal Measure
Let (X, ℘) be a measurable space. A measure m: ℘ → [0, 1] is a normal
measure if there exists a minimal set A0 and a maximal set Am in ℘ such
that:
1. m(A0 ) = 0.
2. m(Am ) = 1.
For example, the measures of probability on a space (X, ℘) are normal measures with A0 = Ø and Am = X. The Lebesgue measures are not necessarily
normal.
2.4 Deﬁnition of Sugeno Fuzzy Measure [17]
Let ℘ be an σ-algebra on a universe X. A Sugeno fuzzy measure is g: ℘ →
[0, 1] verifying:
1. g(Ø) = 0, g(X) = 1.
2. If A, B ∈ ℘ and A ⊆ B then g(A) ≤ g(B).
3. If An ∈ ℘ and A1 ⊆ A2 ⊆ . . . then limn→∞ g(An ) = g( limn→∞ An )
Property 2 is called monotony and property 3 is called Sugeno’s convergence.
The Sugeno measures are monotone but its main characteristic is that
additivity is not needed.
Banon [1981] shows that several measures on ﬁnite algebras, as probability, credibility measures and plausibility measures are Sugeno measures. The
possibility measures on possibility distributions introduced by Zadeh [1978]
gives Sugeno measures.
2.5 Theory of Evidence
The theory of evidence is based on two dual non-additive measures: belief
measures and plausibility measures.
Given a measurable space (X, ℘), a belief measure is a function
Bel: ℘ →[0, 1] verifying the following properties:
1. Bel(Ø) = 0.
2. Bel(X) = 1.
3. Bel(A ∪ B) ≥ Bel(A) + Bel(B).
Property 3 is called superadditivity. When X is inﬁnite, the superior continuity of the function Bel is required. For every A ∈ ℘, Bel(A) is interpreted
as a belief degree for some element to be in the set A.
From the deﬁnition of belief measure, it can be proved that Bel(A) +
Bel(A ) ≤ 1.
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Given a belief measure, its dual plausibility measure can be deﬁned as
Pl(A) = 1 – Cred(A ).
Given a measurable space (X, ℘) a measure of plausibility is a function Pl:
℘ →[0, 1] such that
1. Pl(Ø) = 0.
2. Pl(X) = 1.
3. Pl(A ∪ B) ≤ Pl(A) + Pl(B).
Property 3 is called subadditivity.
When X is inﬁnite, the inferior continuity of the function Pl is required.
It can be proved that Pl(A) + Pl(A ) ≥ 1.
The measures of credibility and plausibility
are deﬁned by a function m:

℘ →[0, 1] such that m(Ø) = 0 and A∈℘ m(A) = 1 where m represents a
proportion of the shown evidence that an element of X is in a subset A.
2.6 Theory of Possibility
The theory of possibility is a branch of theory of evidence where the plausibility measures verify that Pl(A ∪ B) = max{Pl(A), Pl(B)}. Such plausibility
measures are called possibility measures. In the theory of possibility, the
belief measures satisfy that Bel(A ∩ B) = min{Bel(A), Bel(B)} and are called
necessity measures.
Deﬁnition 1 (Zadeh; 1978, Higashi & Klir; 1983).
Let (X, ℘) be a measurable space. A possibility measure is a function Π:
℘ → [0, 1] that veriﬁes the following properties:
1. Π(Ø) = 0, Π(X) = 1.
2. A ⊆
B ⇒ Π(A) ≤ Π(B)
3. Π( i∈I Ai ) = supi∈I {Π(Ai )} for a set of indexes I.
The possibility measures are sub additive normal measures.
Deﬁnition 2 (Zadeh; 1978, Higashi & Klir; 1983).
Let (X, ℘) be a measurable space. A necessity measure is a function Nec:
℘ → [0, 1] that veriﬁes the following properties:
1. Nec(Ø) = 0, Nec(X) = 1.
2. A ⊆ B⇒ Nec(A) ≤ Nec(B)
3. Nec( i∈I Ai ) = inf i∈I {Nec(Ai )} for any set I.
Possibility measures are plausibility measures and necessity measures are belief measures, so:
1. Π(A) + Π(A ) ≥ 1.
2. Nec(A) + Nec(A ) ≤ 1.
3. Nec(A) = 1 − Π(A ).
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max{Π(A), Π(A )} = 1.
min{Nec(A), Nec(A )} = 0.
Nec(A) > 0 ⇒ Π(A) = 1.
Π(A) < 1 ⇒ Nec(A) = 0.

The [27] theory of evidence stands that the probability of an element or
a set is related to its complementary one. It includes concepts of “low probability” and “high probability”, that are related to the measures of possibility
and necessity in the sense that for any subset A, Nec(A) ≤ P (A) ≤ Π(A).
The theory of possibility also stands on fuzzy sets, where ℘ is a family of
fuzzy subsets in X.
A measure of possibility is not always a Sugeno fuzzy measure [22]. However a normal possibility distribution on a ﬁnite universe X is a Sugeno measure.
2.7 Deﬁnition of Fuzzy Measure [Nguyen & Walker, 1996, 183]
Let (X, ℘) be a measurable space. A function m: ℘ → [0, ∝) is a fuzzy measure
(or monotone measure) if it veriﬁes the following properties:
1. m(Ø) = 0.
2. If A, B ∈ ℘ and A ⊆ B then m(A) ≤ m(B).
Property 2 is called monotony.
For example, all σ-additive measures (as probability) are fuzzy measures.
Some other fuzzy measures are the necessity measures, the possibility measures and the Sugeno measures.
The Fig. 1 represents a typology of the most important monotone and
normal measures.
2.8 Deﬁnition of Fuzzy Sugeno λ-Measure
Sugeno [1974] introduces the concept of fuzzy λ-measure as a normal measure
that is λ-additive. So the fuzzy λ-measures are fuzzy (monotone) measures.
Let λ ∈ (−1, ∝) and let (X, ℘) be a measurable space. A function gλ : ℘ →
[0, 1] is a fuzzy λ-measure if for all disjoint subsets A, B in ℘, gλ (A ∪ B) =
gλ (A) + gλ (B) + λgλ (A)gλ (B).
For example, if λ = 0 then the fuzzy λ-measure is an additive measure.
2.9 S-Decomposable Measures
Weber [1984] deﬁned the S-decomposable measures providing a general concept of the fuzzy λ-measures and the possibility measures.
Let S be a t-conorm, and let (X, ℘) be a measurable space. A S-decomposable measure is a function m: ℘ →[0, 1] that veriﬁes the following conditions.
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Fig. 1. Monotone and normal measures

1. m(Ø) = 0.
2. m(X) = 1.
3. For all disjoint subsets A and B in ℘, m(A ∪ B) = S(m(A), m(B)).
The property 3 is called S-additivity.
For example, the probability measures are W*-decomposable measures,
- ukasiewicz t-conorm. The Wλ∗ -decomposable measures,
where W ∗ is the L
∗
where Wλ is the t-conorm Wλ∗ (x, y) = x + y + λxy are fuzzy λ-measures.
Let m be a S-decomposable measure on (X, ℘). If X is ﬁnite then given a
subset A in ℘, m(A) = Sx∈A {m({x})}.
The Fig. 2 shows the relation between Sugeno fuzzy measures and Sdecomposable measures.
2.10 Fuzzy ≺-Measure (Fuzzy Preorder-Monotone Measure)
Trillas and Alsina [Trillas & Alsina; 1999] give a general deﬁnition of fuzzy
measure. When a characteristic, namely – volume, weight, etc. – needs to be
measured on the elements of a set X, a preorder relation that allows to stand
that “x shows the characteristic less than y shows it” for all x and y in X is
necessary to be set. That reﬂexive and transitive relation is denoted x ≺ y.
A fuzzy ≺-measure is deﬁned as follows:
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Fig. 2. Relation between S-decomposable measures and Sugeno measures

Let ≺ be a preorder, for which 0 is a minimal element in X and 1 is a
maximal element in X. Then a fuzzy ≺-measure is a function m: ℘(X) → [0, 1]
that veriﬁes the following conditions:
1. m(0) = 0
2. m(1) = 1
3. If x ≺ y then m(x) ≤ m(y).
A good example of fuzzy ≺-measure on the set of natural numbers N is
the Sarkovskii measure, which is deﬁned as a measure of approximately even
numbers, given by the following function m:
⎧
if n = 2k for k = 0, 1, 2, . . .
⎨1
if n = 2k + 1 for k = 1, 2, . . .
m(n) = 0
⎩
1
1 − 2k if n = 2k (2p + 1) for k = 1, 2, . . . p = 1, 2, . . .
Then m is a fuzzy ≺-measures, not for the normal natural numbers order,
but for the Sarkovskii order, for which the lowest number is 3, and the greatest
number is 1. It is a well-known order used in dynamic systems and given
deﬁned as follows:
3 ≺ 5 ≺ 7 ≺ · · · ≺ 2.3 ≺ 2.5 ≺ · · · ≺ 22 .3 ≺ 22 .5 ≺ · · · ≺ 23 .3 ≺ 23 .5
≺ · · · 23 .3 ≺ 23 ≺ 22 ≺ 2 ≺ 1
Other fuzzy ≺-measure are all previous deﬁned fuzzy measures, which are
monotone measures with respect to the set inclusion preorder, that is now
generalised in both classic set inclusion and fuzzy set inclusion cases.

The Evolution of the Concept of Fuzzy Measure

193

Fig. 3. Relation between diﬀerent measures and a classiﬁcation of some examples

The Sugeno [Sugeno; 1974] fuzzy measure concept is also generalised: if ℘
is a partial order lattice, then x ≺ y if and only if x ∧ y = x, and the three
Sugeno properties are satisﬁed. If the lattice is ortocomplemented then there
exists a dual function m∗ (x) = 1 − m(x ) that at the same time is a fuzzy
≺-measure.
Then, the probability measure on a Boole algebra of probabilistic successes
is also a fuzzy ≺-measure.
Let ℘ be the set of fuzzy subsets on a given set, the entropy measure
introduced by De Luca and Termini [1972], and the possibility or necessity
measures [Higashi & Klir; 1983] are also a fuzzy ≺-measures.
The Fig. 3 shows graphically the relation between diﬀerent measures and
a classiﬁcation of many of the given examples.

3 Some Measures On Fuzzy Sets and Fuzzy Relations
3.1 Entropy or Measures of Fuzziness
Let X be a set and let ℘ (X) be the set of fuzzy sets on X. The measures of
fuzziness or entropies give a degree of fuzziness for every fuzzy set in ℘.
Some entropy measures have inﬂuence from the Shannon probabilistic entropy, which is commonly used as measures of information.
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De Luca and Termini [1972] consider the entropy E of a fuzzy set of ℘ (X)
as a measure that gives a value in [0, ∝] and satisﬁes the following properties:
1.
2.
3.
4.

E(A) = 0 if A is a crisp set.
E(A) is maximal if A is the constant fuzzy set A(x) = 12 for all x ∈ X.
E(A) ≥ E(B) if A is “more fuzzy” than B by the “sharpen” order.
E(A) = E(A ).

Note that the deﬁned entropy measure of a fuzzy set is a fuzzy ≺-measure
where the ≺ preorder is the ≤S sharpen order, in which B ≤S A if for any
element x in the universe of discourse when A(x) ≤ 12 then B(x) ≤ A(x) and
when A(x) ≥ 12 then B(x) ≥ A(x)
Kaufmann [1975] proposes a fuzziness index as a normal distance. Other
authors as Yager [1979] and [14] understand the entropy measures as the
diﬀerence between a fuzzy set and its complementary fuzzy set.
A new proposal for entropy measure given by a t-norm, a t-conorm and a
negation is as follows:
Let H: ℘ → [0, 1], H(µ) = k Sx∈U {T(µ(x), N(µ(x))}, where µ is a fuzzy
set on U, k is a constant that is used to normalise the measure and depends
on the chosen continuous t-conorm S, the continuous t-norm T and the strong
negation N .
It is easy to prove that if µ is crisp then H(µ) = 0. If the t-norm T is the
minimum or is in the family of the product t-norm, then H(µ) = 0 if and only
if µ is a crisp set. It is proved that H(µ) = H(µc ) by the symmetry property
of the t-norms. When the t-norm T is the minimum or in the family of the
product, then if B ≤S A then H(B) ≤ H(A).
So the new proposed entropy veriﬁes the properties given by De Luca and
Termini [1972] when T is the minimum or in the family of the product t-norm.
If the fuzzy set is on an inﬁnite domain, the same result can be extended
to the new expression

{T (µ(x), N (µ(x))}.dx .
H(µ) = k
x∈E

3.2 Measures of Speciﬁcity
The speciﬁcity measures introduced by [53] are useful as measures of tranquillity when making a decision. Yager introduces the speciﬁcity-correctness tradeoﬀ principle. The output information of expert systems and other knowledgebased systems should be both speciﬁc and correct to be useful. Yager suggests
the use of speciﬁcity in default reasoning, in possibility-qualiﬁed statements
and data mining processes, giving several possible manifestations of this measure. Kacprzyk [1990] describes its use in a system for inductive learning.
Dubois and Prade [1999] introduce the minimal speciﬁcity principle and show
the role of speciﬁcity in the theory of approximate reasoning. Reference [14]
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introduce a closely related idea called non-speciﬁcity. The concept of granularity introduced by Zadeh [1978] is correlated with the concept of speciﬁcity.
Let X be a set with elements {xi } and let [0, 1]X be the class of fuzzy sets
of X. A measure of speciﬁcity Sp is a function Sp: [0, 1]X →[0, 1] such that:
1. Sp(µ) = 1 if and only if µ is a singleton (µ = {x1 }).
2. Sp(Ø) = 0
3. If µ and η are normal fuzzy sets in X and µ ⊂ η, then Sp(µ) ≥ Sp(η).
A general expression [8] that can be used to build measures of speciﬁcity from
three t-norms and negations is an application SpT : [0, 1]X →[0, 1] deﬁned by
SpT (µ) = T1 (a1 , N(T2 *j=2,...,n {T3 (aj , wj )}) where µ is a fuzzy set in a
ﬁnite set X, and ai is the membership degree of the element xi (µ(xi ) = ai ),
the membership degrees ai ∈ [0, 1] are totally ordered with a1 ≥ a2 ≥ · · · ≥
an , N is a negation, let T1 and T3 be any t-norms, T2 ∗ a n-argument t-conorm
and {wj } is a weighting vector.
For example, when N is the negation N (x) = 1 − x, T1 and T2 are the
Tukasiewicz t-norm deﬁned by T1 (a, b) = max {0, a + b − 1}, so
T2 ∗ (a1 , . . . , an ) = min {1, a1 + · · · + an }, and T3 is the product, then the
previous expression gives [53] linear measure of speciﬁcity, deﬁned as
n

Sp(µ) = a1 −

wj aj .
j=2

The measures of speciﬁcity are not monotone measures, because the measure
of speciﬁcity of a fuzzy set is lower when some membership degrees that are
not the highest degree are increased. However the measures of speciﬁcity of
fuzzy sets are fuzzy ≺-measures, where ≺ is a preorder that classiﬁes the fuzzy
sets by the utility of the contained information, or by a given distance to a
singleton.
Let A be a fuzzy set on an inﬁnite universe X and let Aα be its α-cut.
Reference [58] deﬁnes
 αa measure of speciﬁcity on a continuous domain Sp as Sp(A) = 0 max F (M (Aα )) dα, where αmax is the maximum
membership degree of A and F is a function F : [0, 1] → [0, 1] verifying that
F (0) = 1, F (1) = 0, and F (x) ≤ F
 α(y) ≤ 0 when x > y.
For example, the expression 0 max Length(Aαi )dα can be interpreted as
the area under the fuzzy set A. So, the measure of speciﬁcity under a fuzzy
set under an interval [a, b] can be interpreted as
αmax −

area under A
.
b−a

The measures of speciﬁcity of fuzzy sets on inﬁnite universes can be given by
an expression
⎛α
⎞
max
MS(A) = T1 (αmax , N ⎝
T2 (M (Aα ), dα))⎠
0
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 αmax

where 0
is a Choquet integral, T1 and T2 are t-norms and N is a negation.
Reference [54] introduced the concept of speciﬁcity of a fuzzy set under
similarities using the [61] concept of similarity or Min-indistinguishability.
The α-cut of a similarity S is a classical equivalence relation denoted Sα .
Let πα be the set of equivalence classes of S for a given value α. Let µα /S be
the set of equivalence classes of πα deﬁned in the following way: class πα (i)
belongs to µα /S if there exists an element x contained in πα (i) and in the µ’s
α-cut (µα ).
Reference [54] deﬁnition of measure of speciﬁcity of a fuzzy set µ under a
similarity is the following:
αmax

Sp (µ/S) =

1
dα .
Card(µα /S)

0

3.3 Measures of µ-T-Unconditionality
The µ-T-conditionality property of fuzzy relations generalises the modus ponens property when making fuzzy inference. A fuzzy relation R: E1 × E2 →
[0, 1] is µ-T-conditional if and only if T (µ(a), R(a, b)) ≤ µ(b) for all (a, b) in
E1 × E2 .
Some ways to measure a degree of veriﬁcation of this property are discussed, which are monotonous measures on the measurable space (%, #, M ),
where % is the set of fuzzy relations R: E1 × E2 → [0, 1], # the set of measurable subsets of % and M is a measure of µ-T-unconditionality. There are
two ways to deﬁne those measures [9]. A ﬁrst way computes a generalised
distance between a fuzzy relation R and the greatest µ-T-conditional relation that is contained in R. The other way measures the diﬀerence between
T (µ(a), R(a, b)) and µ (b) in all points (a, b) in which R is not µ-T-conditional.
Let J T (x, y) = Sup{z : T (x, z) ≤ y} be the residual operator of a tnorm T , let JµT (a, b) = J T (µ(a), µ(b)), and let TRµ (a, b) = T (µ(a), R(a, b)).
In [7] it is proved that J T (R(a, b), JµT (a, b)) = J T (TRµ (a, b), µ2 (a, b)) for all
continuous t-norms, which shows that when a generalised distance deﬁned
from a residuated operator of the T -norm is used, both methods set the same
measures of µ-T-unconditionality of fuzzy relations.
So, given any continuous t-norm T , for all (a, b) in E1 × E2 , the distance 1J T between a fuzzy relation R in the point (a, b) and its µ-T-conditionalized
relation JµT (a, b), is the same than the distance 1-JT between TRµ (a, b) and
µ (b).
Some operators are frequently used to make fuzzy inference. The fuzzy
operators are fuzzy relations on the universe E1 × E2 = [0, 1] × [0, 1].
The following examples show the evaluation of the measures for some
implication operators. For all of them, the fuzzy set µ is taken as the identity
(that is, as a function µ:[0, 1] → [0, 1] such that µ(x) = x).
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The chart bellow gives the measures of the most used residual implication
operators, S-implications, QM-implications and conjunctions for the t-norms
minimum, product and Tkasiewicz:
Table 1. Measures of Id-T-unconditionality of some operators
Operator
Min

J
J Prod
Max(1 − x, y)
1 − x + xy
Min(x, y)
Prod(x, y) = xy
1(x, y) = 1

T = Min

T = Prod

T =W

0

0
0

0
0

0
0
0
0
0
0

1
4

1
6

1
3
5
24
1
3

0
1
3
1
3

1
30
3
−
2

2 ln 2

The measures of µ-T-unconditionality of fuzzy relations are monotone measures on the measurable space (%, #, M ) where % is the set of fuzzy relations
R: E1 ×E2 → [0, 1], # is the set of measurable subsets of % and M is a measure
of µ-T-unconditionality.

4 Conclusions
This paper presents an overview of the evolution of the concept of fuzzy measure. Some of these are relevant to understand the process of inference, even
when these are neither additive nor monotone. Proposals for non-monotone
measures on fuzzy sets (entropy and speciﬁcity) are presented. They can be
considered to be measures of information on the premises or conclusions in
approximate reasoning. Finally some results are discussed on a monotone
measure on fuzzy relations to understand whether or with which logics is the
modus ponens generalised when making fuzzy inference.
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Abstract. Association rules (ARs) emerged in the domain of market basket analysis and provide a convenient and eﬀective way to identify and represent certain
dependencies between attributes in a database. In this paper, we demonstrate that
they also act as an appropriate aid in the construction and enrichment of entityrelationship (ER) models, structuring tools that provide high-level descriptions of
data. In particular, we present diﬀerent conceptual ideas for semi-automated specialization of ER models based on AR mining.
Key words: entity-relationship model, association rules, fuzzy sets, database design

1 Introduction
The entity-relationship (ER) model is a conceptual model that describes real
world phenomena in terms of entities, relationships between those entities, and
attributes of both of them. In an ER model for a grocery store for instance
we typically encounter entity classes such as product and customer, having
attributes such as price and freshness date (for the product) and age and sex
(for the customer). Purchase is an example of a relationship class between
these two entity classes, while quantity and time are examples of attributes of
the purchase relationship class.
The ER model is a powerful means for business and data modelling that
helps to identify essential elements of the domain of interest in a conceptual
and integrated manner. Initially introduced in [10], the methodology itself has
evolved considerably and has become widely accepted as a standard design
tool for relational databases [11]. During the past decades, basic ER concepts
have been extended in various ways, resulting in enhanced ER models. In this
Martine De Cock et al.: Association Rule Based Specialization in ER Models, Studies in Computational Intelligence (SCI) 5, 203–217 (2005)
c Springer-Verlag Berlin Heidelberg 2005
www.springerlink.com
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paper we will focus on specialization: the process of deﬁning subclasses for a
given entity or relationship class. Referring to the grocery store example, for
the entity class product we might deﬁne the subclasses1 : product with price
in [0, 20[, product with price in [20, 100[ and product with price in [100, +∞[.
Product is then called a superclass of these subclasses.
One of the advantages of ER models is that they are easy to understand
with a minimum of training; hence they are very suitable to communicate and
discuss the database design with the end user (e.g. the shop owner). Also in
this respect it is more convenient to denote the subclasses of attribute values
by linguistic terms in the ER model. Indeed a linguistic expression such as
cheap product corresponds better to the shop owner’s daily use of language
than product with price in [0, 20[. Now regarding the implementation of the
ER model, one might argue that it is against intuition to call a product of
19.90 EUR cheap and one of 20 EUR not. The transition between being cheap
and not being cheap is not abrupt but gradual. Hence it makes more sense
to model linguistic terms such as cheap, medium and expensive by fuzzy sets
[30], characterized by membership functions that associate with every price
a number between 0 and 1 indicating the degree to which this price can be
called cheap, medium and expensive respectively. So-called fuzzy ER models
have been proposed from diﬀerent perspectives [4, 20, 31].
Traditionally, ER models are built upon the knowledge of business managers and database designers. However, as the real world phenomena represented by the ER model change, and our understanding of the world improves,
the need arises for an extension or enrichment of the original ER model. In
this paper we propose to use assocation rule mining as a tool for the semiautomatic construction and enrichment of ER models, more in particular for
the specialization process. We treat the specialization of entities and relations
separately (so called E-specialization and R-specialization).
Our main aim where E-specialization is concerned, is to identify subclasses
of entities denoted by linguistic expressions that are common in the domain
of interest. For instance typical subclasses of the entity class product in an
interior decoration store are bathroom accessories, beds and mattresses, storage
systems, chairs, cookware, for the pets etc. Each of those in turn can be divided
into subclasses; for instance for cookware this might be kitchen storage and
containers, kitchen utensils and accessories, knives and chopping board, pots,
pans and ovenware. Our aim is to construct such a specialization relation
between linguistic expressions (further on called “terms”) automatically. To
this end, we start from a collection of documents containing text that is highly
related to the phenomena represented by the ER model. From this collection,
we generate a document-term table. In this table we mine for association rules
between terms.
If available at all, a text collection related to the domain of interest is
usually already at our disposal when domain experts start constructing the
1

[a, b[ denotes the real interval that contains a but not b.
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ER model. As such, the automated E-specialization described above is in the
ﬁrst place intended as a means of support for the domain expert, summarizing
the knowledge of all those that have contributed somehow to writing the
documents in the collection. An ER model is usually intended as a design for
a relational database. Once the model is built and a signiﬁcant amount of data
has been gathered in the database, we can in turn use this data to discover new
knowledge and enrich our model. Examples of such knowledge are relations
that were unknown at the time when the model was built (e.g. due to the
limitation of the scope of expertise) or that have previously been unimportant
and/or uninteresting but now become signiﬁcant and worth considering. The
main focus here is R-specialization, but as will become clear later on, this
process also involves a second kind of E-specialization.
In Sect. 2 we recall basic notions about (fuzzy) association rule mining.
Drawing upon earlier techniques for the generation of fuzzy thesauri (see [14]
for an overview), in Sect. 3 we explain how the discovery of association rules in
an automatically generated document-term table provides an outline for userdeﬁned E-specialization at the stage of the initial database design. We also
brieﬂy refer to other work done in the framework of association rule mining
that can be applied to attribute-based E-specialization when a signiﬁcant
amount of data has already been gathered in the database. In Sect. 4 we
explain how these results, together with association rule mining in the data
tables corresponding to the ER model, can be used as a stepping stone for
R-specialization (see also [8]).

2 Association Rules
The idea of association rule (AR) mining already dates back to Hájek et al.
(see e.g. [17, 18, 19]). Its application to market basket analysis gained high
popularity soon after its re-introduction by Agrawal et al. [1] at the beginning
of the 1990’s. The straightforwardness of the underlying ideas as well as the
increasing availability of transaction data from shops certainly helped to this
end.
In the context of AR mining, data is represented as a table. The rows
correspond to objects (e.g. transactions, patients,. . . ) while the columns correspond to attributes (e.g. items bought in a transaction, symptoms,. . .). Ones
and zeros in the data matrix denote whether or not the object has a speciﬁc
attribute (whether or not cheese was purchased in the 5th transaction, whether
or not patient John has fever,. . .). In this way, we can think of an object as a
set of attributes. The purpose of AR mining is to detect rules of the form
A→B
in the data, indicating that an object containing the attribute A is likely to
contain B as well, for example bread → milk.
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Rules containing more than one attribute in the antecedent and/or the
consequent have been studied as well. However mining algorithms tend to
generate too many rules to be digested by users, and using this more general
rule format can easily lead to a rule explosion problem. There is a trend to
focus on simple association rules, i.e. those containing only one attribute in
the consequent, and use them as building blocks to construct more general
rules if required [7, 9]. For our purposes in this paper it is suﬃcient to consider
only the simplest possible association rules, namely those with one attribute
in antecedent and consequent.
Association rules can be rated by a number of quality measures, among
which support and conﬁdence stand out as the two essential ones. Support
measures the statistical signiﬁcance of a candidate rule A → B as the fraction
of objects in which both A and B occur. Conﬁdence assesses the strength of a
rule as the fraction of objects containing A that contain B as well. The basic
problem is then to generate all association rules A → B that have support
and conﬁdence greater than user-speciﬁed thresholds.
Suppose we have a non-empty data table D containing records described
by their values for the binary attributes in A = {A1 , . . . , Am }. In the framework of market basket analysis, the attributes correspond to items which
customers may purchase, while the records represent customer transactions
(market baskets). If the value of record x for attribute Ai (i = 1, . . . , m) is 1,
we say that x contains Ai , otherwise x does not contain Ai . For each attribute
A of A (also called an item), by DA we denote the set of records that contain
the attribute A.
Support. The support of an association rule A → B is usually deﬁned as
supp(A → B) =

|DA ∩ DB |
|D|

(1)

i.e. the number of records containing both A and B, scaled to a value between 0 and 1. The idea behind the deﬁnition of support is to measure the
statistical signiﬁcance by counting positive examples, i.e. transactions that explicitly support the hypothesis expressed by the association rule. It is worth
noting that the positive examples of A → B are also those of the rule B → A,
i.e. support is a symmetric measure. Hence, as can be expected, it reveals
only part of the global picture [13]. This is why we also need the conﬁdence
measure, to assess the strength of a rule.
Conﬁdence. Traditionally, if a rule A → B generates a support exceeding
a user-speciﬁed threshold, it is meaningful to compute its conﬁdence, i.e. the
proportion of correct applications of the rule:
conf(A → B) =

|DA ∩ DB |
|DA |

(2)
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Note that |DA | will not be 0 if we assume that the conﬁdence is computed
only when the support exceeds a certain threshold (which should be greater
than 0 to be meaningful).
Many eﬃcient algorithms, like Apriori [25], exist for mining ARs whose support and conﬁdence values exceed thresholds ﬁxed by the user.
Quantitative Association Rules. In most real life applications, databases
contain many other attribute values besides 0 and 1. Very common for instance are quantitative attributes such as age or quantity, taking values from
a partially ordered, numerical scale, often a subset of the real numbers. One
way of dealing with a quantitative attribute like age is to replace it by a few
other attributes that form a crisp partition of the range of the original one,
such as age,[0, 30[ , age,[30, 65[ and age,[65, +∞[ . Now we can consider
these new attributes as binary ones that have value 1 if the cost attribute
equals a value within their range, and 0 otherwise (see Table 1 for an example). In this way, the problem is reduced to the mining procedure described
above. The generated rules are called quantitative association rules [27].
Table 1. (a) Original attribute values.
age
x1
x2
x3
x4
x5

10
32
60
28
69

Table 1. (b) Attribute values for quantitative association rule mining

x1
x2
x3
x4
x5

age, [0, 30[

age, [30, 65[

age, [65, +∞[

1
0
0
1
0

0
1
1
0
0

0
0
0
0
1

Fuzzy Association Rules. When a database contains values between 0 and
1, it is also possible to extend the classical mining algorithm using fuzzy set
theoretical operations to obtain fuzzy association rules (see e.g. [6, 13, 15, 21,
22, 29]). The associated interpretation is that a record x can have, or contain,
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an attribute A to a certain extent DA (x). The D → [0, 1] mapping DA is the
fuzzy set of records that contain A. Support and conﬁdence can be generalized
by means of fuzzy cardinality and a t-norm2 T , i.e. for items A and B,

T (DA (x), DB (x))
(3)
supp(A → B) = x∈D
|D|

T (DA (x), DB (x))
(4)
conf(A → B) = x∈D
x∈D DA (x)

3 E-specialization
Recall that we assume to have a text collection available that is highly related
to our domain of interest. One way to obtain this is to launch one or several
WWW queries containing keywords related to the phenomena under consideration, to focus the search engine on a set of relevant documents. The returned
document collection (which typically consists of the top-ranked pages for the
query) then serves as a context, containing more or less related terms, for this
particular domain of interest.
Our aim is to discover a hierarchical relationship between entities corresponding to terms occurring in the documents. The ﬁrst step in the construction process is to transform the document collection into a document-term
table, in which the objects (i.e. the rows) correspond to documents, and the
attributes (i.e. the columns) correspond to terms featuring in the documents.
ER models are concerned with semantics of real world phenomena; we treat
the documents accordingly by preprocessing them. Filter words, i.e. frequently
occurring, insigniﬁcant words such as and, it, is, etc. (also commonly called
stop words) can be removed from the documents using so-called stop word
lists that are freely available on the WWW3 . In most cases, morphological
variants of words have similar semantic interpretations and can be considered
as equivalent for our purposes. Therefore a so-called stemming algorithm, or
stemmer, such as Porter’s [23], can be applied to reduce a word to its stem or
root form. For instance the words juice and juicy are treated as one and the
same term.
The most straightforward way to build a document-term table is by marking occurrences: a 0 indicates that a term does not occur in a document, a
2

Recall that a t-norm is an increasing commutative, associative [0, 1]2 → [0, 1]
mapping T that satisﬁes T (1, x) = x for all x in [0, 1]. The intersection DA ∩T DB
of two fuzzy sets DA and DB in D by means of T is deﬁned by, for x in D,
(DA ∩T DB )(x) = T (DA (x), DB (x))

3

Often used t-norms are the minimum and the product.
A list of ﬁlter words for English that is used in the SMART system at Cornell
University can be found at ftp://ftp.cs.cornell.edu/pub/smart/english.stop
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1 means that the term appears at least once in the document. To this table
we can apply a traditional association rule mining algorithm. Let t1 and t2
be two terms. A high conﬁdence value for candidate association rule t1 → t2
indicates that when t1 occurs in a document, t2 is likely to occur as well. A
high conﬁdence value for t1 → t2 combined with a low conﬁdence for t2 → t1
strenghtens our belief that term t1 is narrower or more speciﬁc than t2 . Hence
we can build a hierarchical “is narrower than” relationship among terms based
on their co-occurrences in documents. When the degree of conﬁdence is interpreted as a degree of specialization (a degree of “being narrower than”), we
obtain a fuzzy relation among terms. Also note that high conﬁdence values
for both t1 → t2 and t2 → t1 strenghtens our belief that t1 and t2 are similar
terms, but this is not the focus of our interest here.
A reﬁnement to the scheme above is to take into account the number of
times a term appears in a document, assuming that words that appear more
frequently are more important and/or more relevant for the document. In
information retrieval this is known as a term frequency (TF) model. This
eﬀort only makes sense when the documents are signiﬁcantly long enough;
if we for instance only consider short summaries of webpages returned by a
search engine (like Google’s “snippets”) there is no need for this reﬁnement.
An important family of term weighting schemes combines term frequencies
(which are relative to each document) with an absolute measure of term importance called inverse document frequency (IDF), giving rise to the following
formula for the importance of term t for document d (see e.g. [2]):


N
TFt,d · log
DFt
TFt,d is the number of occurrences of term t in document d; DFt is the number
of documents in which term t occurs and N is the total number of documents.
Terms that are globally rare receive a higher weight, whereas a term that
appears in all documents has weight 0 for every document. In our application
however we assume that all documents are relevant for the domain of interest;
hence it is likely that many of them contain the most important terms for
our domain, and we cannot penalize or exclude them from the documentterm table for this reason. Hence the TF-IDF measure is unsuitable for our
purposes.
The weighting schemes discussed so far are purely based on the number of
occurrences and co-occurrences of the terms in the documents. However (web)
documents typically contain more information besides the occurring words.
Layout characteristics such as font size and type are valuable indications about
the importance of terms for documents; e.g. a word occurring in a large boldfaced font will typically be of high importance. Similar information can be
drawn from the position of a term in the document (search engines that only
take into account e.g. the ﬁrst 20 lines rely on this) and the use of XMLtags. In [24] a fuzzy IF-THEN rule base that takes these kind of features into
account is presented.
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In all of these reﬁned weighting schemes, the resulting document-term
table will no longer be binary but (possibly after normalization) contains
numbers between 0 and 1 as its attribute values. Hence we can use fuzzy AR
mining to generate a narrower-than relation between the terms.
As an aside, we mention that automatic construction of such a relation
for terms also comes in handy for the mining of generalized association rules
[26]. In this domain such a term-term relation is usually called a taxonomy,
represented as a directed acyclic graph whose leaf nodes all correspond to
attributes belonging to A (basic items) while the interior nodes represent
higher-level concepts. The aim of generalized association rule mining is to
discover rules involving those higher level concepts, such as outerwear → shoes,
even if rules that contain the more speciﬁc basic items such as jackets → shoes
and clothes → shoes do not hold. Fuzzy generalized association rule mining
has been studied as well [5].
Great advantages of an automated process for the construction of a draft
for a taxonomy include objectivity, high speed and low cost. Indeed, such a
process does not have to be hindered by background knowledge or points of
view of a few experts only. Moreover, as information structures representing associations such as synonymy, speciﬁcation, and generalization between
linguistic terms seem to pop up in many domains that require the semantical representation of language (such as information retrieval, and natural
language processing techniques like machine translation) and under a variety
of diﬀerent names (apart from taxonomies one also encounters thesauri and
ontologies), this application is steadily gaining in importance.
Let us return to ER models. Formally, an ER model can be denoted as
a triple (E, R, A) where E is the set of entity classes, R is the set of relationship classes between those entities, and A is a mapping that maps every
element of E ∪ R onto its set of attributes. For example A(product) is the set
of attributes of the entity class product, typically containing elements such as
price, freshness date and category. A subclass E of an entity class F arises by
limiting the range of an attribute of F from its original domain X to a value
of X, a subset of X or even a fuzzy set in X (i.e. a X → [0, 1] mapping) [4].
F is then also called a superclass of E, denoted by
E⊆F
The process of deﬁning such subclasses is called E-specialization.
The automatically generated narrower-than relation between terms can
assist the business expert and the database designer to identify E-specializations that are of practical interest in the domain under consideration. An
example of an E-specialization is graphically depicted in Fig. 1.
This kind of specialization can already be carried out at the stage of the
initial database design, i.e. before any data is gathered. An ER model however
usually serves as a design for a relational database, and once a suﬃcient
amount of data is collected, AR mining in the tables of this database can be
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product

category

bread

milk

alcohol

bread

milk

alcohol

Fig. 1. E-specialization on attribute category

used to provide feedback on the initial ER model. The ideas presented in the
remainder of the paper are based on this feedback principle.
In Sect. 2 we mentioned that quantitative attributes such as age or quantity
are often encountered in real-life applications. In the framework of quantitative
AR mining, the range of such an attribute is typically partitioned in intervals
such as age,[0, 30[ , age,[30, 65[ and age,[65, +∞[ . We can even go a step
further and use linguistic terms represented by fuzzy sets to this end, such
as age,young , age,middle-aged and age,old . Table 2 illustrates this for
the original attribute values of Table 1. It is clear that fuzzy association rule
mining can be used on a table with attributes like the newly constructed ones.
Table 2. Attribute values for fuzzy association rule mining

x1
x2
x3
x4
x5

age, young

age, middle-aged

age, old

1.0
0.4
0.0
0.6
0.0

0.0
0.6
0.8
0.4
0.3

0.0
0.0
0.2
0.0
0.7

Note that partitioning of the attribute range should not be done arbitrarily: besides relying on expert knowledge we can use clustering techniques
(see e.g. [28]) as well as partitioning algorithms developed speciﬁcally for AR
mining (see e.g. [16]).
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Now suppose that the mapping from the available relational database
scheme to ER components is known (either a priori or detected by reverse
engineering [3, 12]). Such a mapping s relates a newly constructed attribute
A, v from a table in the relational database to an element Q of E ∪ R such
that A ∈ A(Q) and v is an element of, a subset of, or a fuzzy set in the domain
of A.
In this sense, partitioning of an attribute in a data table corresponds to
specialization in the ER model. Figure 2 illustrates this for the attribute age
of the entity customer.

customer

age

young

middle-aged

old

young

middle-aged

old

Fig. 2. E-specialization on attribute age

4 R-specialization
Relationships are more complicated than entities, and so is the corresponding
R-specialization. There are basically two forms of R-specialization. The ﬁrst
one is analogous to E-specialization based upon the fact that relationships,
like entities, have attributes, and a subclass R of a relationship S arises by
limiting the allowed values of an attribute of S. Again S is called a superclass
of R, denoted by R  S. In Fig. 3 a subclass of the purchase relationship is
deﬁned based on the attribute quantity.
In addition, a more general setting of R-specialization can be made not
only based on an attribute of a relationship R, but also based on attributes of
R’s participating entity classes. Examples of this are “middle-aged customers
purchase milk” or even more sophisticated “middle-aged customers purchase
milk in the evening”. The ﬁrst example involves E-specialization of the entities customer and product on their attributes age and category respectively,
while the second example additionally involves the above-discussed form of
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customer

purchase: quantity

[1,5[

[1,5[

Fig. 3. R-specialization on attribute quantity

R-specialization of the relationship purchase on the attribute time. In both
cases a subclass of the purchase relationship arises.
We propose to use AR mining in the relational database to generate subclasses of relationships. The semantics reﬂected by the discovered association
rules may either have been unknown at the time when the ER model was
built (e.g. due to the limitation of the scope of expertise), or have previously
been unimportant/uninteresting but now become signiﬁcant and worth considering. Thus, incorporating the new knowledge into the model is necessary
and enables us to gain a more integrated and informative view of the domain.
Assume we have an association rule
A, v → B, w
discovered in a table of a relational database. Let s be the above mentioned
mapping from the relational scheme to ER components, then s(A, v ) and
s(B, w ) are either entities or relationships.
If they are both entities, then A, v and B, w by themselves will give rise
to E-specializations of two entities (say) E and F . If a relationship R between
E and F already exists, the association rule may lead to an R-specialization
of R. An example corresponding to the association rule
age, middle-aged → category, milk
is shown in Fig. 4. However, there are cases where the discovered rules may
reﬂect new relationships among entity class which are not represented in the
original model in an either general or speciﬁc fashion. A particular new relationship of interest is that among subclasses of the same class, i.e. with
s(A, v ) = s(A, w )
An example of such a case is shown in Fig. 5. The corresponding association
rule is
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purchase

product

category

bread

age

product: category
customer: age

alcohol

milk

milk
middle-aged

bread

customer

alcohol

milk

young

middle-aged

old

young

middle-aged

old

milk
middle-aged

Fig. 4. R-specialization on attributes of entities

associate

product

product (1): category
product (2): category

category

bread

milk

alcohol

bread

milk

alcohol

milk
bread

purchase

Fig. 5. A new relationship

category, bread → category, milk
Yet another case occurs when A, v and B, w are both mapped onto the
relationship class R, giving rise to a direct extension of the case of Fig. 3 as
illustrated in Fig. 6. The corresponding association rule is
time, night → quantity, [1,5[
Finally it can happen that one of A, v and B, w is mapped onto an entity
class and the other onto a relationship class, say s(A, v ) = E and s(B, w ) =
R. Such an association rule may lead to an R-specialization based on two
attributes: one is an attribute of a relationship class R, and the other is an
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customer

purchase: time
purchase: quantity

night
[1,5[

night - [1,5[

Fig. 6. R-specialization on attributes of a relationship
purchase

product

category

bread

milk

customer

product: category
purchase: quantity

alcohol
milk
[5,10[

bread

milk

alcohol

milk - [5,10[

Fig. 7. R-specialization on attributes of an entity and a relationship

attribute of R’s participating entity class E. An example corresponding to the
association rule
category, milk → quantity, [5,10[
is depicted in Fig. 7.

5 Conclusion
In this paper we have gathered diﬀerent conceptual ideas for semi-automated
specialization of ER models based on AR mining. By bridging the paradigms
of AR and ER, a framework of semantical correspondence is obtained, where
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an association rule can be used to enrich an ER model by introducing a
specialization (in particular, R-specialization or E-specialization).
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Discovering the Factors Aﬀecting
the Location Selection of FDI in China
Li Zhang , Yujie Zhu, Ying Liu, Nan Zhou, and Guoqing Chen
School of Economics and Management, Tsinghua University, Beijing, 100084,
China
zhangl34@em.tsinghua.edu.cn
Abstract. Since the late 1970s, Foreign Direct Investment (FDI) has played an
important role in the economic development of China. However, the growth of FDI
in China has an increasingly unbalanced development between the eastern and western provinces. In this chapter, the temporal association rule (TAR) mining method
is applied in discovering the factors aﬀecting the location selection of FDI. In the
light of the data set at the provincial level in the period of 1984–2001, our analysis
reveals that the factors, including incoming and saving, residential consumption,
GDP, infrastructure, population, education and cumulative FDI amount, have signiﬁcant impacts on attracting FDI, which is consistent with existing studies. But
some of other factors such as means of transportation, the loan policy, and the degree of modernization of the eastern rural area have seldom been discussed, and may
represent certain special and unique characteristics of China. Such ﬁndings may be
helpful for the local governments to take proper measures for attracting more FDI.
Key words: Temporal Association Rule, Foreign Direct Investment, location selection of FDI

1 Introduction
By the end of December 2003, China had ushered in a total of US$501.5 billion
in actual FDI, making it the second largest destination for FDI in the world,
after the United States. Since the late 1970s, FDI has played an important
role in the economic development of China. However, the unbalanced distribution of FDI across provinces within China has widened the gap in economic
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development between the eastern, central and western provinces by accelerating the development of the east provinces. The “By Region” column of
Table 1 shows that from 1985 to 1998, the eastern region received a lion’s share
of the total FDI amount, more than 85 percent, while the central and the western regions together only received less than 15 percent [17]. The reasons why
the eastern region has always been the key region of the direct investment
of foreigners refer to excellent commercial geography, history, some open and
preferential policies, etc.
Table 1. Distribution of FDI across region/provinces within China
Distribution of FDI (%)
By Region

By Province

Year

Eastern

Central

Western

Guangdong

Fujian

Others

1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998

90.18
87.95
88.58
87.00
92.16
93.87
92.46
91.30
87.38
87.83
87.71
88.04
86.90
88.04

5.56
7.28
6.02
5.94
3.84
3.87
4.48
6.82
8.88
7.85
9.21
9.52
10.56
9.86

4.26
4.76
5.40
7.06
3.99
2.26
3.06
1.89
3.74
4.31
3.08
2.45
2.54
2.10

46
50
36
43
38
46
44
34
28
28
28
28
27
30

11
6
4
5
11
9
11
13
11
11
11
10
9
10

44
44
59
52
51
45
45
53
62
60
62
62
64
61

Source: DRI CEIC Database and various issues of the Statistical Yearbook of
China

The increasing gap has created some social and political problems and
will deter the durative development of national economy. In order to decrease
the diﬀerences among the regions, China’s central government has adopted a
series of measures including the policies encouraging FDI in the central and
western regions. However, the situation of the Central and Western shows
that the policy-makers need more information about how the region attracts
more FDI to guide the investment inﬂow.
The studies on FDI have grown rapidly in resent years. There have been
quite a few research eﬀorts on FDI so far. The pioneer industrial organization
theory was put forward to explain FDI by Hymer [12]. The well-known “OLI”
theory [13] presents that the host country must possess three advantages including Ownership, Location and Internalization (OLI), which explain the
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who, where and how of FDI respectively, if it tries to attract more FDI. The
international trade theory was used to explain the allocation aspects of FDI in
[2] and [11]. In our study, we focus on the location perspective, which is often
used to explain why a multinational corporation would choose to invest in a
particular host country. It can also be used to explain why foreign investors
would choose to invest in a speciﬁc location within a particular host country
[17].
Existing studies have identiﬁed some factors that may attract FDI in one
country. The studies on FDI in USA [1, 5, 7, 10, 15] accounted for most of
the eﬀort compared with that in other countries. The factors found include
market potential, labor cost, transportation network, state expenditures, population size, and so on. In recent years, more and more attention has been
paid to FDI in China. Chen [4] found such factors as market potential, labor
cost, infrastructure (railway) and R&D. Borensztein et al. [6] identiﬁed the
labor quality to have impact on attracting FDI. Zhang et al. [26] showed that
GDP, GDP per capita, cumulative FDI amount, and transportation density
were important factors aﬀecting the location selection of FDI in China. Sun
[24] identiﬁed the preferential policy, industrial structure, degree of openness,
market and education as the determinants of FDI across the provinces within
China. Based upon these ﬁndings, 7 potentially important factors associated
with FDI distribution are summarized in Table 2.
In this chapter, we will investigate the factors that may aﬀect the way
regions across China attract FDI. First of all, we will examine whether the
ﬁndings from existing studies are also applicable for the location selection of
FDI in China. Secondly, we will explore whether there are factors that are only
applicable in certain regions, which may reﬂect the national characteristics.
Such a study is deemed meaningful for policy-makers.
Table 2. Summary of factors
Factor

Index

market potential

It means that the underlying market and the actual
market scale, including the indexes such as GDP,
GDP per capita, resident consumption, and
incoming and saving
The level of infrastructure is mainly represented by
transportation and communication facilities
wage
education
population size, population growth
It is often measured with the rate of Import/GDP
–
–
state expenditures, taxes

Infrastructure
labor cost
labor quality
Population
degree of openness
cumulative FDI amount
preferential policy
Finance
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Instead of using the conventional approaches that apply empirical analysis
or statistics methods based on models of selected variables/factors, our study
attempts at employing a novel approach that is data-driven to identify the
variables/factors that are associated. This approach, namely temporal association rule (TAR) mining, considers all possible combinations of factors in
terms of their interconnections based on certain association measures, and is
regarded particularly useful in the case where the data volume is huge primarily with a large number of variables/factors. It is worth indicating that this
approach may be used in a supplementary manner to conventional approaches
in that TAR identiﬁed factors, some of which may be new and interesting,
could be further described in terms of their analytical relationships.
The chapter is organized as follows. Section 2 explains how the data is
prepared. The TAR method is discussed in Sect. 3. In Sect. 4 and Sect. 5
the mining process with respective data and the mining results are discussed.
Notably, for the sake of convenience, the terms variable, factor and index are
used interchangeably in the text (otherwise indicated where necessary).

2 Data Preparation
The data set is available at the website of China Economic Information Network (www.cei.gov.cn) developed by China Economic Information Network
Data Co. Ltd. whose holding company is State Information Center. The data
provided by this website were collected from some authorities including the
National Planning Commission, National Bureau of Statistics of China, and
State Information Center. The data set over the years 1984–2001 for each of
31 provinces consists of ten sections in terms of the attributes, i.e., ﬁnance,
foreign trade, GDP (including the primary industry, second industry, tertiary
industry and architecture industry), investment in ﬁxed assets, culture & education and sanitation, population, employment and labor cost, people’s life,
price index and the order of economic indexes for each province. Furthermore,
some detail indexes are included in each section. The total number of the indexes is 372. Using the same data set, [26] examined the location selection of
FDI in China by building a regression model based on certain selected factors.
Although the data source appears to be authoritative, the data may not
be ready directly for use due to existence of certain noises, missing values,
inconsistency and/or redundancy. Thus, data cleaning is necessary. Furthermore, data normalization and discretization are carried out in order to obtain
appropriate formats for mining purposes.
2.1 Data Cleaning
The data cleaning process attempts to ﬁll out missing values, smooth out
noise, remove the redundancy, and correct inconsistencies in the data. First,
for each of 31 provincial tables, each of 372 attributes and each of 18 records
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Table 3. Steps and results of data cleaning
Before
Operation

Step

Object

Operation

Step 1

province

Step 2

attribute

Step 3

Record
(year)

Removal of incomplete data
at the provincial level
31
Elimination of redundant
372
attributes and the
attributes with too many
missing values
Filling out the missing value –

After
Operation
19
More than
200

–

are examined. Then, correction measures are taken on the deﬁcient data. The
steps and result of data cleaning are shown in Table 3.
Step 1 Removal of incomplete data at the provincial level. The whole data
set includes 31 data tables. Note that Chongqing is excluded from the list
because it was established only in 1997. Further, in some western provinces,
such as Tibet, Xinjiang, Qinghai and Guizhou, the receipt of FDI was negligible and they are excluded from the list. Finally, the following 19 provinces
are included: namely Anhui, Beijing, Fujian, Gansu, Guangdong, Hainan,
Hebei, Heilongjiang, Hubei, Hunan, Jiangsu, Jiangxi, Jilin, NingXia, Shandong, Shannxi, Shanghai, Tianjin, and Yuan’nan. Some of these provinces are
located along the Chinese coast, and others are situated in the Center or West
of China.
Step 2 Elimination of the attributes with too many missing values and of
repeated and redundant attributes. Firstly, the attributes whose values are
unbearably incomplete should be deleted. On the other hand, in fact, some
indexes are repeated because of multiple data sources. In addition, some other
indexes are redundant, for instance, “the number of doctors” have a linear relation with “the number of doctors per ten thousands”. In the above-mentioned
cases, the repeated or redundant attributes will be eliminated.
Step 3 Filling out the missing value in the records. The missing values are
values that actually exist but have gone astray. Clearly where possible they
should be looked for, but this may either be impossible or just too expensive
and time-consuming. One of the solutions to the problem is to ﬁnd a suitable
value as the replacement of the missing value. Since most missing values are
between 1999 and 2001 while economy developed steadily in China during
the three years, it is reasonable that the missing values are estimated with
the previous and next values of the missing value. The formulation of the
ﬁlled-in value used is an = (an−1 + an+1 )/2, where an , an−1 , an+1 represent
the attribute values of the nth, (n − 1)th and (n + 1)th year, respectively. For
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Table 4. TV cover rate, with missing value for 1995 and 2001

Year

92

93

94

95

96

97

99

00

01

Value

70

77

79

80

81

84

87

89

91

example, in Table 4, value of 1995 is a95 = (a94 + a96 )/2 = 80, and the value
of 2001 is a01 = 2 ∗ a00 − a99 = 91.
2.2 Data Normalization and Discretization
With data normalization, attribute values are scaled so as to fall within a
small speciﬁed range, such as −1.0 to 1.0. In the chapter, the values with
initially large ranges are normalized to the increase percentage as:
IPn =

an − an−1
× 100%
an−1

(1)

where IPn is the increase percentage of the nth year, an and an−1 represents
the attribute values of the nth, and (n − 1)th year, respectively. Another issue that should be considered in data preparation is discretization. For most
mining methods, discretization of numeric attributes is helpful and sometimes
necessary. For our data, it is rational that the data be divided into several
intervals using equidistance subsection method. That is, with max(a) and
min(a) representing the maximum and minimum values of an attribute, the
interval [min(a), max(a)] is equally divided into some sub-intervals. And then
these sub-intervals are replaced by some discrete numbers denoting diﬀerent
categories. As shown in Fig. 1, the attribute values are classiﬁed into four categories: [min(a), min(a) + c] [min(a) + c min(a) + 2c] [min(a) + 2c min(a) + 3c]
and [min(a) + 3c max(a)] where c stands for the length of each sub-interval
and is calculated as c = (max(a) − min(a))/4. These four sub-intervals are
labeled categories C1, C2, C3 and C4.

3 The Method
Data mining includes several kinds of technologies such as association rule
analysis, classiﬁcation, clustering, sequential pattern etc. In the chapter, we
focus on association rule mining since it has been applied in many ﬁelds and
Min(a)
C1

Min(a)+c
C2

Min(a)+3c

Min(a)+2c
C3

Fig. 1. Four categories

C4

Max(a)
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considered an important method for discovering associations among data [23].
Let I = {I1 , I2 , . . . , Im } be a set of binary items, and D be a database of
transactions. Each transaction t is represented as a binary vector, with t[k] = 1
if the item Ik occurred, and t[k] = 0 otherwise. Let X be a set of some items
in I. We say that a transaction t satisﬁes X if for all items Ik in X, t[k] = 1.
An association rule is an expression X ⇒ Y meaning that if X occurs, then
Y occurs at the same time, where X and Y are sets of items, X ⊂ I, Y ⊂ I,
and X ∩ Y = Ø.
Table 5. Number of beds in sanitary organization of a province during 1987 to 2001
Year

The Number
of Beds

The Increase
Percentage

Categorical
Value

1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001

10.11
10.45
10.65
10.78
11.13
11.45
11.67
11.94
11.98
12.08
12.31
12.35
12.29
12.39
12.52

0.034
0.019
0.012
0.032
0.029
0.019
0.023
0.003
0.008
0.019
0.003
0.004
0.008
0.01

4
3
2
4
4
3
3
1
1
3
1
1
1
1

During recent years, many scholars have improved the conventional mining
method and corresponding algorithm, namely Apriori algorithm [19], mainly
in two directions: algorithmic eﬃciency [3, 16, 18, 23] and model extensions
[18, 20]. However, most of these research eﬀorts do not take into account the
time dimension. On the other hand, time series data are common in many
domains, such as business and economics in which temporal relationships are
very important. In the research on discovering the factors aﬀecting the location selection of FDI, some factors may not aﬀect FDI immediately but in a
period of time (e.g., years). Therefore, the approach to discovery of temporal
association rules will be used.
Some researchers have extended the classical association rules mining with
temporal semantics. However, most of temporal mining is not applied on the
data but on the rules extracted from the data at various time points [14].
Reference [8] proposed an approach to extending the notion of a typical X ⇒
T
Y to be a rule of the form X ⇒Y , stating that if X occurs then Y will occur
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Table 6. The reconstructed data set of one province (min support = 0.3, minconﬁdence = 0.6)
year

Attri.1

Attri.2

Attri.N

FDI

FDI-1

FDI-2

FDI-3

1984

1

1

1

1

1

1

2

1985
1986

1
1

1
2

1
1

1
1

1
2

2
3

3
……

1987
1988

1
2

2
1

1
2

2
3

3
……

……
2

2
1

……
1999

……
3

……
2

……
2

……
3

2
3

1
4

3

2000
2001

4
4

3
4

3
4

3
4

4

……

……

within time T . They ﬁrst form subsequences by sliding a window through the
time series, and then cluster these subsequences by using a suitable measure
of time series similarity. The discretized version of the time series is obtained
by taking the cluster identiﬁers corresponding to the subsequence. Once the
time-series is obtained, simple rule ﬁnding method is used to obtain rules from
sequence. Chen & Yu extended the traditional association rules to temporal
association rules with a delay time T [17], which is of the form
T

X ⇒ Y (T ≥ 0) .
T

When T = 0, X ⇒ Y degenerates to traditional association rule X ⇒ Y .
When T > 0, it is a temporal association rule showing that if X occurs, Y will
occur in the next T units of time. Concretely, after reconstructing the data
set (as the shadow area shown in Table 6 of Sect. 4, in the case of T = 1),
the number of the records in the reconstructed data set is |D| − T . Thus,
the support degree (Dsupport) and conﬁdence degree (Dconﬁdence) can be
represented as follows [17].
T

Dsupport(X ⇒ Y ) = ||X ∪ Y ||/(|D| − T )(T > 0)
T

where ||X ∪ Y || is the number of occurrences in that X is followed by Y in
T

delay time T .
Dconﬁdence(X ⇒ Y ) = ||X ∪ Y ||/||X|| (T > 0)
T

T

where X is the number of occurrences of X in the reconstructed data set.
T
Furthermore if we have X ⇒ Y for any T value in an interval [T1 , T2 ], then
we may use an extended form
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Y (T1 ≤ T2 T1 T2 > 0)

to reﬂect the association that occurs during the interval.

4 Mining Temporal Association Rules
4.1 Rules at The Provincial Level
For the purpose of discovering the factors aﬀecting the location selection of
FDI in a delay-time, a new data set is needed. Let us concentrate on the
individual province, as shown in Table 6, where data for FDI-i (i = 1, 2, 3)
are the FDI values with a delay of i years. Here FDI-i is regarded as a new
attribute. Hence, with the reconstructed dataset and regarding each new tuple
as a transaction, an association rule has a speciﬁc form:
T

the trend of X ⇒ the trend of FDI (T = 0, 1, 2, 3)
where the consequent of the rule is the deﬁnite item FDI, and X is a subset
of the attribute set {Attri.1, Attri.2, . . ., Attri.N, FDI-1, FDI-2, FDI-3}.
Using the Apriori algorithm on the reconstructed dataset, the mining
process has discovered a good number of rules when T = 2 or T = 3, as listed
in Table 7. Such results indicate that there exist some temporal relationships
1
between the factors and FDI. For instance, the rule FDI - 1 ↑ ⇒ FDI ↑ represents that the receipt of FDI in the previous year may have a positive eﬀect
on attracting more FDI in this year. Here and thenafter, symbol ↑ is used to
stand for trend of increase.
2
3
For example, rules Education ↑ ⇒ FDI ↑ and Education ↑ ⇒ FDI ↑ mean
that the improvement of education has a prominently positive eﬀect on the
inﬂow of FDI in two or three years.
4.2 Rules at The Regional Level
In the above stage, TARs are obtained at the provincial level. This subsection
discusses the rules discovered, which are based upon the rules extracted from
the provincial data.
Let Ri be the rule set of the ith province, so the rule set of all provinces
is expressed as follows:
19

R = ∪ Ri
i=1

The support count of a rule at the regional level is deﬁned as the number
of the provinces in the region in which the rule is applicable. Obviously, the
support degree of the rule is
Region Dsup =

|Rx |
× 100%
|Region|
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Table 7. The number of the rules when T = 0, 1, 2, 3
The Number of the Rules with Delay Time T
No.

Province

T =0

T =1

T =2

T =3

Total

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Anhui
Beijing
Fujian
Gansu
Guangdong
Hainan
Hebei
Heilongjiang
Hubei
Hunan
Jiangsu
Jiangxi
Jilin
NingXia
Shandong
Shannxi
Shanghai
Tianjin
Yuannan

4
1
20
2
5
7
1
3
6
1
5
1
1
1
4
9
5
1
0

5
0
12
18
26
7
26
9
27
9
19
3
8
10
11
12
21
21
2

22
0
43
36
10
20
39
30
49
20
1
9
24
43
30
34
34
24
0

17
0
62
13
27
15
36
18
31
21
10
28
33
30
22
30
35
29
57

48
1
137
69
68
49
102
60
113
51
35
41
66
84
67
85
95
75
29

20

Total

77

246

468

514

1305

Where |Region| represents the number of provinces belonging to the region/country, |Rx | represents in the region/country the support count of the
rule Rx. If Region Dsup of one rule at the regional level is not less than the
support threshold, we say the rule is applicable in the region/country and can
be considered as one of the regional characteristics.
The mining result shows that no rule exists in the whole country, which
may be due to the signiﬁcant economic diﬀerence among provinces. Mining
the rules in a particular region, in which the economic levels of the provinces
are similar, may be interesting and meaningful. In China, the economy of
the Eastern, the Central and the Western is at developed, developing and
underdeveloped level, respectively. Furthermore, China’s western development
strategy is one of the most important projects at present. The research on the
diﬀerence between the Eastern and the Western has attracted remarkable
attention.
Let R be divided into three disconnect subsets
11

Re = ∪ R i
i=1

4

Rm = ∪ R i
i=1

4

Rw = ∪ R i
i=1

where Re is the rule set of the eleven eastern provinces, including Beijing,
Tianjin, Hebei, Shandong, Shanghai, Jiangsu, Fujian, Hainan, Guangdong,

Discovering the Factors Aﬀecting the Location Selection of FDI

229

Heilongjiang, and Jilin; Rm is the rule set of the four central provinces, including Anhui, Hunan, Hubei, and Jiangxi; and Rw contains four provinces
in the Western: Shannxi, Gansu, Ningxia, and Yunnan. If the support degree
Region Dsup is equal to or larger than the threshold (e.g., min sup = 0.6),
the rule is deemed applicable in the region.

5 Results and Discussions
As shown in Table 2, the factors identiﬁed by existing studies are macroeconomic indexes, such as labor cost, labor quality, market potential and infrastructure. Our study considers these factors, along with some microcosmic
variables, such as the number of the students in college, and the TV cover
rate. In addition, these variables are classiﬁed into the following categories
in Eastern, Middle, and Western area; income and saving, resident consumption, ﬁnance, infrastructure, education, population, GDP, investment in ﬁxed
asserts, income from tourism, and FDI, as summarized in the Appendix.
The results of our study reveal that some factors, such as income and saving, resident consumption, infrastructure, population, education and GDP,
etc., had signiﬁcant eﬀects on the location selection of FDI in each region to
diﬀerent degrees, which are generally consistent with those of existing studies. Furthermore, by breadthwise summarizing and comparing these economic
indexes, some of other factors such as means of transportation, the currency
policy, and the degree of modernization of the eastern rural area have seldom
been discussed previously, and may represent certain special and unique characteristics of China and also conﬁrm the existence of gap between the Eastern
and the Western. These factors and the corresponding rules are summarized
in Table 8. Except for the last row, each index listed in the third column is the
antecedent of the rule, which has a prominently positive eﬀect on the location
selection of FDI in the following three years. The last column is the region in
which the rule can be applicable. For instance, in the Eastern, “Percentage
of investment in ﬁxed assets, all entities” has a positive eﬀect on attracting
FDI, which can be denoted by
[1,3]

Percentage of investment in ﬁxed assets, all entities ↑ ⇒ FDI ↑
Result 1 rules about investment in ﬁxed asserts. The investment in ﬁxed
asserts refers to the economic activities of constructing and purchasing ﬁxed
asserts, which mainly calculates the actual investment in ﬁxed asserts in one
region and can reﬂect the capital scale. The investment in ﬁxed asserts is a
synthetical factor, involving the investment in transportation and communication facilities, farmland and water conservancy, power facilities and houses.
All of these are indeed the most concerned part for foreign investors. With
more investment in ﬁxed asserts, the regions have a better investment environment and could attract more FDI. At present, most western provinces
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Table 8. Factors and rules that could represent certain special characteristics of
China
Result Factors
No.
1
2

3
4

5

6

Indexes (X)

Region

[1,3]

Rule: X ↑ ⇒ FDI ↑
Investment in
Percentage of investment in
ﬁxed asserts
ﬁxed assets, all entities
means of
Added value index of
transportation
transportation, storage, and
postal and
telecommunication services
Tons of cargo carried through
railway
Tons of freight carried on
waterways
Tons of cargo carried through
highways
education
Enrollment at secondary schools
currency policy
Total amount of deposits in
state-owned commercial
banks
Total amount of loans from
state-owned commercial
banks
Total amount of loans to
commercial enterprises from
state-owned commercial
banks
Total amount of loans to
industrial enterprises from
state-owned commercial
banks
the degree of modernization Transaction amount in bazaar
of the eastern rural area
trade
Total retail sales on consumer
products in rural areas
Total mechanical power owned
in rural areas
Total retail sales on consumer
products of collectivelyowned businesses and others
Total retail sales of consumer
products of individuallyowned businesses
1

self-reinforcing eﬀect of FDI F DI ↑ ⇒ FDI ↑

Eastern
Eastern

Central
Western
Centra
Western
China

Central
Western

Western

Eastern
Western

Central

Eastern

Discovering the Factors Aﬀecting the Location Selection of FDI

231

have begun to seize the opportunities of implementing the west development
strategy to strengthen the investment in ﬁxed assets.
Result 2 rules about means of transportation. In each region, the factor infrastructure is always signiﬁcant. But, note that the factor is materialized by
tons of cargo carried through railway and highways for the Western, tons of
cargo carried through railway and tons of freight carried on waterways for
the Central, and added value index of transportation, storage, and postal
and telecommunication services for the Eastern respectively. These rules are
consistent with the fact that the road and railway are the main means of
transportation in the western region while in the Central the water carriage
is very often because all the four chosen provinces situating by the Yangtze
River and Yellow River. Many means of transportation are used in the Eastern where possesses excellent geographical environment so that the synthetical
factor “Added value index of transportation, storage, and postal and telecommunication services” emerged.
Result 3 rules about education. Education is a publicly accepted factor that
could aﬀect the location selection of FDI in the research of other countries,
as well as of China. In the Appendix, we can ﬁnd that the representation
of Education only involves the indexes relating to secondary schools. The
reason is that the investments of foreign companies are mainly clustered in
the manufacturing and processing industries that do not require a high labor
quality. However, FDI in China is coming into a new stage with China’s entry
into WTO. As shown in the appendix, in the Eastern and Central, the tertiary
industry has begun aﬀecting FDI. It is expected that Education will be more
important in the future and foreign companies will employ more people that
are better educated.
Result 4 rules about the currency policy. These rules show that governments
play an important role in improving the investment environment of the Central
and Western to attract FDI. In undeveloped regions, the Central and Western
have to improve the investment environments by largely relying on the loan of
national banks, while the Eastern as a developed region needs fewer support
of this kind from governments.
Result 5 rules about the degree of modernization of the eastern rural area.
Transaction amount in bazaar trade and Total retail sales on consumer products in rural areas in the Eastern shows that the east rural area has a relative
large market potential and development from town to city. While both Total
retail sales on consumer products of collectively-owned businesses and others
in the Western, and Total retail sales of consumer products of individuallyowned businesses in the Central could impact on the location selection of FDI.
The above rules reﬂect the consumption market structure across regions in
China, and meanwhile, such structure aﬀects the distribution of FDI.
Result 6 rules about self-reinforcing eﬀect of FDI. This is a public held rule
in exiting studies. However, it is worth noticing that the rule holds only in
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the Eastern. Observing the data values of FDI of each province, we ﬁnd that
the volume of FDI is very small in the western provinces and they can hardly
produce the “scale eﬀect”. As the Central and the Western get more developed, and with more FDI attracted, it is expected that the self-reinforcing
eﬀect will emerge.

6 Conclusions
Diﬀerent from most of existing studies, this chapter has used a novel approach,
namely temporal association rules mining, to discovering the factors that aﬀect
attracting FDI in China. The results have revealed factors that are consistent
with those obtained in existing studies, along with certain other factors that
may only pertain to the context of China.

Appendix

Income & Saving
Eastern
Middle
Western

Balance of saving deposit of town resident in year-end
Average annual per capita net income of rural families
Balance of saving deposit of town resident in year-end
Balance of saving deposit of town resident in year-end
Average annual per capita disposable income
Index of government purchasing prices for agriculture products
Resident Consumption

Eastern

Middle

Western

Consumption level of total residents
The ﬁnal consumption
Average annual per capita consumptive expenditure of town residents
Total retail sales on consumer products in rural areas
Transaction amount in bazaar trade
Resident consumption
Total retail sales of consumer products of individually-owned
businesses
Consumption level in total residents
Total retail sales on consumer products of collectively-owned
businesses and others
Average annual per capital expenditure on food consumption of rural
households
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Finance
Eastern
Middle

Western

Tax revenue of local government, all items
Tax revenue of local government, all items
Local Financial Expenditure
Local ﬁnancial assistance to agricultural and non-proﬁt units
Total amount of deposits in state-owned commercial banks
Total amount of loans from state-owned commercial banks
Local ﬁnancial expenditures
Local ﬁnancial assistance to agricultural and non-proﬁt units
Total amount of deposits in state-owned commercial banks
Total amount of loans from state-owned commercial banks
Total amount of loans to commercial / industrial enterprises from
state-owned commercial banks
Infrastructure

Eastern

Middle

Western

Added value index of transportation, storage, and postal and
telecommunication services
Total transactions of postal and telecommunication services
Total number of passenger cars owned
Total number of telephone connections owned
Medical facility
Electronic power consumption in rural areas
Total mechanical power owned in rural areas
Total transactions of postal and telecommunication services
Total number of passenger cars owned
Tons of cargo carried through Railway
Tons of freight carried on waterways
Medical facility
Total number of passenger cars owned
Tons of cargo carried through railway
Tons of cargo carried through highways
Total number of passenger carried
Education

Eastern

Middle

Western

Enrollment and full-time teachers at secondary schools (excluding
professional schools)
Full-time classroom teachers at secondary schools
Number of art communities
Number of journals published
Enrollment at secondary schools (excluding professional schools)
Enrollment at secondary schools
Full-time classroom teachers at secondary schools
Number of journals published
School attendance rate
Enrollment at secondary schools
Number of books published
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Population

Eastern

Middle
Western

Rural population
Urban population
Death rate
Year-end Permanent Population
Death rate
Income from tourism

Middle

Foreign exchange income from international tourism
Investment in ﬁxed assets

Eastern

Percentage of investment in ﬁxed assets, all entities
Investment in ﬁxed assets in state-owned enterprises
GDP

Eastern

Primary Industry:
Gross output index of Agriculture, Forestry, Animal Husbandry,
Fishery
Gross output index of agriculture
Gross output index of forestry
Gross output index of ﬁshery
Second Industry:
Gross output of medium-sized industrial enterprises
Gross output of tobacco, iron, and cement products
Tertiary Industry:
Added value index of wholesale, retail trade and food services

Middle

Primary Industry:
Gross output index of Agriculture, Forestry, Animal Husbandry,
Fishery
Second Industry:
Gross output of industry
Gross output of yarn, salt, and steel
Tertiary Industry:
Added value index of wholesale, retail trade and food services
Primary Industry:
Gross output index of Agriculture, Forestry, Animal Husbandry,
Fishery
Second Industry:
Gross output of large industrial enterprises
Gross output of industry
Gross output of salt, coal, and sugar
Electronic power generation

Western

FDI
Eastern

The self-reinforcing of FDI
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Abstract. In customer (dis)satisfaction research, analytic methods are needed to
capture the complex relationship between overall (dis)satisfaction with a product
or service and the underlying (perceived) performance on the product’s or service’s
attributes. Eventually, the method should allow to identify the attributes that need
improvement and that most signiﬁcantly enhance the business relationship with the
customer. This paper presents an analytic design based on uninorms, which is able
to capture the nature of the relationship between attribute-level (dis)satisfaction
and overall (dis)satisfaction in the context of diﬀerent attributes. In contrast to alternative statistical approaches, ours allows for full reinforcement and compensation
in the satisfaction model without a priori deﬁning the formal role of each attribute.
Impact curves visualize the relationships between attribute-level (dis)satisfaction
and overall satisfaction. Penalty-reward analysis on the basis of uninorms is illustrated on a satisfaction study of an energy supply ﬁrm. The analysis conﬁrms the
three-factor structure of (dis)satisfaction. The interpretation of the impact curves
allow managers optimizing their attribute scores in order to maximize customer
(dis)satisfaction.

1 Introduction
Over the last forty years, consumer (dis)satisfaction has taken a prominent
position in the marketing research literature (e.g., [5, 6, 9, 10, 25, 26, 29,
45]). This attention is justiﬁed since consumer (dis)satisfaction (directly or
indirectly) impacts upon repurchase intention [35] , consumer retention [1, 24],
on ﬁrm performance [2], and eventually on shareholder value [3]. Consumer
(dis)satisfaction is a summarizing response that results from a consumer’s
post-consumption cognitive and aﬀective evaluation of a product or service
performance given pre-purchase expectations [5, 27, 29, 36].
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The debate on the nature of the relationship between consumer
(dis)satisfaction and its antecedents is ongoing. Initially, the eﬀects of the
antecedents and in particular of attribute-level performance on consumer
(dis)satisfaction were assumed linear, full-compensatory and symmetric [25,
31, 32]. Only recently, marketing scholars have questioned this double assumption on the basis of economic and psychological theory e.g., [4, 5].
Moreover, performance-importance analysis [23], regression analysis [25] and
critical incident analysis (e.g., [33]) among others have empirically conﬁrmed non-linearity, non-compensation and asymmetry in the relationship
between attribute-level performance and overall (dis)satisfaction. However,
these model-based analyses require that speciﬁc rules on the relationship between attributes and the overall (dis)satisfaction are postulated a priori. [22]
and [40], among others, have called for the use of artiﬁcial neural networks to
study customer (dis)satisfaction.
In this chapter we present an analytic design that is able to capture the
relationship between consumer (dis)satisfaction and its diﬀerent attributes.
Overall (dis)satisfaction can have multiple causes and certain combinations
may interact to increase the probability of (dis)satisfaction. While we presume
non-linearity and non-compensatory eﬀects in these relationships, we may not
be able to postulate a priori which attribute plays which rule and how the
attributes interact to aﬀect the overall (dis)satisfaction score. Therefore, we
need an empirical way to summarize the importance of each attribute while
taking into account the existence of multiple causes of (dis)satisfaction.
In the remainder of this chapter, we ﬁrstly develop and adopt uninorms to
summarize the satisfaction evaluation process. Thereby, we acknowledge and
integrate particular characteristics of the consumer’s information-processing
process such as reinforcement (i.e., high (low) attribute-level satisfaction results in even higher (lower) overall satisfaction) and compensation (i.e., at
the attribute level high performance scores compensate low scores) without
deﬁning a priori how each attribute will behave in the customer’s informationprocesses process. Secondly, we use this model to calculate impact ﬁgures of
attribute scores on the overall (dis)satisfaction score as well as to categorize
the attributes through penalty-reward analysis [7]. In a case study, we show
the impact curves and the corresponding classiﬁcation. We round up this article with a discussion of academic and managerial consequences.

2 Heuristics in (Dis)Satisfaction Theory
It is widely accepted that customers generate a multi-attribute-based response
on their satisfaction with a certain product or service. For instance, with respect to his car, a customer may be satisﬁed with the engine’s performance,
the car’s reliability, image, etc. yet unsatisﬁed with the car’s fuel consumption, its luxury level, etc. Next, a consumer is expected to aggregate the
attribute-level responses of (dis)satisfaction to the product or service level: an
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overall reﬂection of (dis)satisfaction. This aggregation process is presumed to
be a heuristics-based decision-making process. Basically, a consumer processes
information to come to a decision on whether and to what extend s/he is
(dis)satisﬁed with a product or service. In this respect, two well-described
phenomena stand out: “anchoring and adjustment” and “reinforcement”.
Anchoring is a classic decision-making heuristic [37, 38]. While forming
an overall satisfaction response, a consumer assesses the attribute-level satisfaction scores against an individual product-level anchor or norm. This norm
emerges of previous experiences with this or a comparable product or service.
Therefore, it is highly complementary to the “experience-based norm” as put
forward in the context of satisfaction research [42]. During the assessment, a
consumer basically evaluates whether an attribute-level satisfaction response
is below, above or equal to his/here individual norm.
Typical for an experience-based norm is that it captures both ideal and
realistic expectations [8]. A major consequence of this is that this norm allows for a “zone of tolerance” which is deﬁned as the range between realistic expectations (based on and adapted after previous experience) and ideal
expectations [46]. Within this zone of tolerance, the eﬀect of a discrepancy
between the attribute-level satisfaction response and the norm is not reﬂected
in the overall satisfaction score. Both inertia [20] and assimilation [30] explain
the size of this zone of tolerance. As both ideal expectations and the experience with the product or service are consumer-speciﬁc, so are the zone of
tolerance and the overall product-level norm.
A second heuristic is reinforcement. Mainly due to contrast eﬀects [6, 11,
28] people increasingly exaggerate evaluations when they fall short of or exceed
expectations. As a consequence, average attribute-level satisfaction scores that
all fall below (exceed) the product-level norm are expected to aggregate to an
overall product-level satisfaction score that is lower (higher) than the weighted
average of the attribute-level scores.
Anchoring and reinforcement deﬁne a typology of satisfaction aggregation
(Table 1).
Table 1. Evaluation Patterns
Situation

s1

s2

s3

s

Phenomenon

A
B
C
D1
D2

5
5
3
5
5

3
6
3
7
7

6
5
4
6
6

4
7
2
6
5

Compensation
Upward reinforcement
Downward reinforcement
Individual i
Individual j

In a linear, full-compensatory perspective, one expects situation A in
Table 1. The overall satisfaction S is a weighted average of the attributelevel satisfaction responses s1 to s3 . Attribute-level responses of satisfaction
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compensate each other. Although compensation behavior does occur in real
life [31], it is expected that it does not suﬃce to capture the relationship between attribute-level and overall satisfaction. Situations B and C represent
reinforcement [44]. A collection of high scores reinforce each other to give a
resulting score more aﬃrmative then any of the individual score alone. A collection of low scores can reinforce each other to give a resulting score more
“disﬁrmative” then any of the individual scores. Situation B is called upward
reinforcement and C is called downward reinforcement. Finally, situations D1
and D2 in Table 1 are identical with respect to the attribute-level satisfaction responses. Yet, the overall satisfaction is diﬀerent. We see two potential
reasons: the attribute weights are diﬀerent for each consumer and/or D1 and
D2 diﬀer with respect the individual norm. D1 and D2 diﬀer to the anchoring
eﬀect.
Given this typology, an evaluation procedure is needed that can cover full
reinforcement, compensation and personalization in one framework, without a
priori identifying how each attribute behaves in the model. More speciﬁcally,
we present a method that acknowledges: (1) the fact that attribute-level scores
may have diﬀerent weights, (2) the impact of a consumer-speciﬁc productlevel norm as a basis for disconﬁrmation (anchoring), (3) the existence and
neutral eﬀect of an individual zone of tolerance, and (4) the possibility of
positive/negative reinforcement.

3 Aggregation Theory
3.1 Uninorms
Aggregation operators serve as a tool for combining various scores into one
numerical value. The theoretical properties of more than 90 diﬀerent families
of operators have been studied and the reader is referred to [14, 47] for an
overview. The family of uniform aggregation operators (uninorms) has two interesting characteristics that are of use in this research. Uninorms incorporate
full reinforcement and compensating behavior.
Formally, a uninorm is a function U : [0, 1] × [0, 1] → [0, 1] having the
following properties:
−U (x, y) = U (y, x)
−U (x, y) ≤ U (u, y), if x ≤ u
−U (x, U (y, z)) = U (U (x, y), z)
−∃ !e ∈ [0, 1] ∀x ∈ [0, 1] : U (x, e) = x

Commutativity
Monotonicity
Associativity
e is the neutral element

Applied to our satisfaction problem, a uninorm has the following characteristics. Being commutative, the overall satisfaction is independent of the order
of the attribute-level satisfaction responses to be aggregated. The uninorm is
monotone in that the overall satisfaction will not decrease if one attribute-level
satisfaction response increases. Associativity enables the extension of a two
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argument function to an n-argument function. Finally a uninorm has a neutral
element which is a speciﬁc attribute-level satisfaction response that does not
inﬂuence the overall satisfaction. This neutral value – or anchor – is unique for
each respondent. Attribute-level satisfaction responses higher than the neutral value can be seen as positive scores, attribute-level satisfaction responses
lower can be seen as a negative score. Reference [43] showed that uninorms
show full reinforcement behavior, if the neutral element e is diﬀerent from zero
or one. Reference [12] showed that uninorms incorporate a compensating behavior between positive and negative scores (min(x, y) = U (x, y) = max(x, y).
In other words, uninorms show a compensating behavior between positive and
negative scores.
An important class of uninorms are the representable uninorms with generator function g holding the following characteristics [19]:
g : [0, 1] → [0, 1] which deﬁne the uninorm via
U (x, y) = g −1 (g(x) + g(y))

(1)

Examples of representable uninorms and their plots are provided in [19]. This
generator function g is continuous, strictly monotonously increasing and has
a neutral value for which g(e) = 0, g(0) = −∞ and g(1) = ∞. The inverse
generator function has a non-linear sigmoid shape and has properties conform
to the properties of the relationship between consumer (dis)satisfaction and
its antecedents [4, 40].
With every representable uninorm we can also deﬁne a corresponding negation function n : [0, 1] → [0, 1] : n(x) = g −1 (1 − g(x)), for which the following
properties hold:
1.
2.
3.
4.
5.

n(0) = 1 and n(1) = 0
n(n(x)) = x
n(e) = e
U (x, e) = x
U (x, n(x)) = e

When we can learn the generator function from the empirical data, we
can construct the corresponding uninorm, the corresponding negation function and use property three to calculate the neutral value. Reference [39]
showed that the neutral value can be considered as a proxy for customer expectations, which on their turn fulﬁll the anchor function in the customer’s
decision-making heuristic [8]. In sum, aggregation theory, and more in particular representable uninorms construct an evaluation function that captures human evaluation acknowledging both compensation and reinforcement
behavior.
3.2 Fitting the Data with Uninorms
Reference [13] showed that if g(x) is the generator function of the uninorm
operator then the function displaced by α : g(x + α) = gα (x) also possesses

242

K. Vanhoof et al.

the properties of the generator function. The neutral value “e” varies, which
allows the formation of uninorm operators with diﬀerent neutral values from
one generator function. Examples of these generator functions can be found
in [13]. We apply the generator function gα of Dombi’s aggregative operator
[13]. By extending ((1) to n arguments and rewriting (1) as
gα (x1 ) + . . . + gα (xn ) − gα (U (x1 , . . . , xn )) = 0
and ﬁlling in x1 , . . . xn with s1 ..sn the measured satisfaction levels of the attributes and replacing (U (x1 , . . . , xn )) with s the measured overall satisfaction
we obtain
gα (x1 )+. . .+gα (xn )−gα (u(x1 , .., xn )) = gα (s1 )+. . .+gα (sn )−gα (s) = 0 (2)
From (2) we can learn the value of α and with this value we can calculate
the neutral value e for every correspondent. Examples of cases with three
attribute satisfaction levels si and an overall satisfaction level s are given in
Table 2 with the corresponding calculated neutral value as output from (2).
Table 2. Calculated Neutral Values
Situation

s1

s2

s3

s

Calculated Neutral
Value(e)

A
B
C
D1
D2

5
5
3
5
5

3
6
3
7
7

6
5
4
6
6

4
7
2
6
5

5.0
4.4
4.1
6.0
6.5

From Table 2, we can read the impact of the neutral value as reference
point for the aggregation of s1 − s3 to the overall degree of satisfaction s. For
D1 and D2 , the diﬀerence in s is only explainable through the neutral value,
which can be considered as a calculated expectation level [39].
Next, we calculate the individual learned evaluation function or individual
uninorm Ui , which has the following properties:
1.
2.
3.
4.
5.
6.
7.
8.
9.

it is associative
it is continuous, except for points (0, 1) and (1, 0)
it is strictly monotonously in (0, 1) x (0, 1)
it is commutative.
Ui (x, n(x)) = ei , x = 0, x = 1
Ui (x, y, ei ) = Ui (x, y)
if x, y ≤ v, then min(x, y) ≥ Ui (x, y)
if x, y ≥ v, then Ui (x, y) ≥ max(x, y)
if x ≤ v ≤ y, then min(x, y) ≤ Ui (x, y) ≤ max(x, y)
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The combination of properties 2, 3 and 6 enables us to calculate speciﬁc
contributions.
We deﬁne the impact of an attribute value as its mean contribution to
overall (dis)satisfaction. This contribution of value x of attribute j to overall
satisfaction of customer i can be deﬁned by the following diﬀerence:
Contrib (x, j, i) = Ui (x1 , . . . , xj−1 , x, xj+1 , . . . , xn )
− Ui ((x1 , . . . , xj−1 , ei , xj+1 , . . . , xn )
with Ui
ei
1..n

(3)

the uninorm of customer i
the neutral value of the uninorm
the number of satisfaction attributes

As such, the eﬀect on overall satisfaction of replacing the attribute score
by the neutral score is calculated. This eﬀect can be positive or negative. As a
result, we can determine the importance of each attribute value while taking
into account the existence of the other attributes. This is important because
the attributes show a high intercorrelation. This indicates that we do not know
which attribute is the true cause of (dis)satisfaction and that we do not set
speciﬁc roles per attribute a priori. Linear statistical models tend to choose
one of the highly correlated variables at the expense of the others. Since we
are trying to make speciﬁc recommendations a priori attribute selection is
counterproductive. Unless we have theoretical reasons to prefer one attribute
over another as the cause of (dis)satisfaction, it is better to keep all attributes
in the system, even when they show high intercorrelation.
All satisfaction patterns of Table 1 are easily understood when we consider the value of the neutral element as a personal, product-level expectation
value or as an anchor in the decision-making heuristic. Next table extends the
previous table with the contribution ﬁgures.
From Table 3, we can conclude the following. Situation A represents compensation as the scores are higher and lower than expected. The contributions
are positive and negative or zero when the score equals the expectation level.
Situation B represents upward reinforcement. The scores of the attributes
are higher than expected, the contributions are positive and the global score
is the highest value. Situation C is the opposite of B and represents downward reinforcement. The scores of the attributes are lower than expected, the
Table 3. Comparing the attribute scores with the neutral value
Situation

s1

Contrib(s1 )

s2

Contrib(s2 )

s3

Contrib(s3 )

s

ei

A
B
C
D1
D2

5
5
3
5
5

+0.0
+0.5
−0.9
−0.1
−1.5

3
6
3
7
7

-2.0
+1.4
−0.9
+0.1
+0.6

6
5
4
6
6

+1.0
+0.5
−0.1
+0.0
−0.6

4
7
2
6
5

5.0
4.4
4.1
6.0
6.5
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contributions are negative and the global score is the lowest value Finally,
D illustrates how a diﬀerence in the initial expectations levels with similar
attribute scores results in a diﬀerent global score.
3.3 Calculating Impact Figures
Next, we want to assess the dynamic eﬀect of each attribute (i.e., the degree
of (dis)satisfaction of each attribute) on the overall degree of (dis)satisfaction.
The impact ﬁgure for every attribute value a is the contribution of that attribute averaged over cases with attribute value a, or:

Impact (x = “a”, j) =
contr(x, j, i)/ #(i|x = “a”, j)
(4)
We can draw the impact values on the Y-axis and the attribute value
on the X-axis and obtain an impact curve. For classiﬁcation, we adopt the
three-factor theory of satisfaction which builds upon [18] quality model. The
three-factor theory distinguishes between basic factors, excitement factors and
performance factors (see Fig. 1). Basic or utility-preserving factors do not generate customer satisfaction if fulﬁlled. If the customer’s expectations on these
basic factors are meet or even exceeded, they merely avoid dissatisfaction. The
customer regards these as prerequisites or qualiﬁers. In contrast, excitement
factors increase customer satisfaction if delivered but do not cause dissatisfaction if they are not delivered. Excitement factor may surprise the customer
and generate “delight”. Performance factors lead to satisfaction if performance
is high and to dissatisfaction if performance is low [21].
Customer
Delight
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Expectations

Pe

r
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Expectations
exceeded

Not fulfilled
Basic factors

Fig. 1. Three-factor theory [18, 21]
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4 Case Study: Illustrating the Three-Factor Theory
In this section, we present a case study to illustrate the potential of uninorms
to capture the relationship between attribute-level satisfaction and overall satisfaction, and more in particular the existence of basic, excitement, and performance factors. We rely upon a recent customer satisfaction study of an utility
market and service provider. The database provides the satisfaction scores
of 1310 randomly chosen users, who have self-reported their (dis)satisfaction
with 17 service attributes as well as their overall satisfaction with the service.
Overall satisfaction was measured on a 10-point performance scale. Attributes
are measured on a 5-point scale.
4.1 Results
Following the analytic approach discussed earlier in this chapter, we created
impact curves for each of the attribute scores across respondents. Next, we
grouped the attributes in the three aforementioned categories. Figure 2 shows
the impact curves of the attributes waiting time, accessibility, quality of solution, convenience of solution, clear and correct invoice, quality of employee.

1
0.5
0
-0.5

1

2

3

4

5

-1
-1.5
-2
-2.5
-3
waiting time

quality employee

quality solution

quality invoice

Fig. 2. Impact Curves of Basic Factors

The attributes illustrated in Fig. 2 are considered basic factors. Customers
report clear expectations on each of these factors. Figure 2 illustrates that a
“high quality of solution”, “high quality of employees”, “correct and clear
invoices”, “accessible ﬁrm with short waiting times” are qualiﬁers. Failing to
perform at least as expected will result in a signiﬁcant decrease in the overall
satisfaction score. Even when the ﬁrm reaches maximal scores on each of these
factors, the impact on the overall satisfaction is 0.5 at best.
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2.5
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1
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0
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1

2

3

4

5

-1
understandable

importance

clearness

communication of tariffs

Fig. 3. Impact curves of excitement factors

Figure 3 illustrates the impact curves of the attributes “understandable communication”, “communication of tariﬀs”, “perceived customer importance”, and “clearness of communication”.
We consider these attributes as excitement factors. The two upper lines
are the impact curves of the attribute “clearness of communication” (triangles
in Fig. 3) and “communication of tariﬀs” (crosses in Fig. 3). The potential
impact on customer delight is dramatic. In fact, the explanation rests in the
current situation of the Belgian energy supply market, which has recently
been freed from monopolization. Until recently, the communication between
the supplier and the customers was not (could not be) an issue and – partly as
a consequence – lacked transparency. Today, customers are (would) now (be)
delighted when ﬁrms in this market communicate(d) in an open, interactive
and transparent way.
Finally, Fig. 4 shows the impact curves of the attributes “opening hours”,
“friendliness”, “ﬂyers”, “quality of problem solving”, “accuracy of problem
solving”, “keeping promises”.
Customers have clear expectations on these attributes yet do not consider
performance on these attributes as obvious. Poor as well high performance signiﬁcantly impacts upon the overall satisfaction score. Therefore, we consider
these attributes performance factors.
4.2 Validation
When confronted with the results of this study, the company’s quality experts agreed that the methodology, presented in this paper, was able to add
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Fig. 4. Impact curves of performance factors

information to their present way of analyzing data. The results were in congruence with previous ﬁndings and therefore have face validity.
The results conﬁrm recent empirical work on consumer (dis)satisfaction
(e.g., [4, 25]. More speciﬁcally, a diﬀerence was made between utility-preserving
attributes or qualiﬁers (e.g., bacterial hygiene in restaurants) and utilityenhancing attributes or success factors (e.g., social skills of waiters). In line
with the marketing strategy [15, 16] and the service marketing literature (e.g.,
[17]), negative asymmetry (i.e., negative performance has more impact than
positive performance) was reported for utility-preserving attributes and positive asymmetry (i.e., positive performance has more impact than negative
performance) for utility-enhancing attributes [21, 25]. This negative and positive symmetry is clearly demonstrated by the impact curves of the basic and
excitement factors and is also present in the impact curves of the performance
factors.

5 Discussion and Conclusion
In this section, we discuss the potential of uninorms to capture customer
(dis)satisfaction in contrast to more traditional methods. Secondly, we shortly
point at relevant managerial consequences from this approach.
5.1 Methodological Power of Uninorms
To date and to the best our knowledge four alternative methods have been
adopted in marketing to assess the asymmetric and non-linear character of the
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relationship between attribute-level satisfaction and overall satisfaction: (1)
the Critical Incident Technique (CIT), (2) Importance-Performance Analysis (IPA), (3) logarithmic regression with dummies (LRD), and (4) PenaltyReward Contrast Analysis (PRCA). Hereafter, we shortly discuss/illustrate
these approaches and assess whether they oﬀer a (better) solution to capture
the typology as presented in Table 1 and/or to assess the three-factor theory.
The Critical Incidence Technique (CIT) is a qualitative technique that
builds upon content analysis of complaints and compliments on events. Despite
its limitations (as discussed for instance in [22], CIT is widely used as it
has proven to be a powerful tool to identify the role of service attributes.
Indeed, [17], Stauss and [34], and many more clearly illustrate the relevance
of a three-factor perspective on satisfaction attributes. Nevertheless, due to its
qualitative nature, CIT cannot measure the impact of the diﬀerent attributes.
A second approach aims at the descriptive classiﬁcation of attributes on
the basis of Importance-Performance Analysis (IPA). The basic output of IPA
is a two-dimensional grid in which attributes are plotted with respect to their
importance to the overall satisfaction score and to the current performance
level of this attribute. While basically assuming linearity and symmetry, IPA
can account for asymmetry in the eﬀect of attributes. For instance, instead
of one, [21] assigned two regression coeﬃcients to each attribute – one to
measure the impact when performance is low, the other one when performance
is high. This way, IPA can distinguish between utility-preserving and utilityenhancing attributes. At best, however, this approach assumes asymmetry
(not non-linearity) in the relationship more than it tests it. Moreover, [22]
question the theoretical underpinning of IPA. Nevertheless, this approach has
proven especially useful for managerial recommendations on investment levels
per attribute.
A third approach builds upon logistic regression with dummies. Exemplary in this respect is [25] who have extensively explored the measurement
and analysis of the non-linear and asymmetric relationship between attributelevel and overall satisfaction. The authors compare absolute impact scores of
positive versus negative attributes to conﬁrm signiﬁcant asymmetry in the
relationship between attribute-level and overall satisfaction. Negative scores
have more eﬀect than positive scores. Their results on a priori postulated nonlinearity and more in particular on diminishing returns, are mixed. Non-linear
functions (both polynomial and natural logarithmic) conﬁrm the relevance of
diminishing returns in the positive yet not in the negative domain. Moreover,
an integrative non-linear solution did not outperform a linear model. Reference [25] ﬁndings are signiﬁcant, yet their methodological approach does not
allow capturing the characteristics embedded in the aforementioned typology of satisfaction aggregation (Table 1) for four reasons. First, [25] focus on
the direct relationship between attribute-level satisfaction/performance and
overall satisfaction, thereby abstracting from the disconﬁrmation logic and
foregoing the indirect eﬀect of an individual product-level norm (Types D1
and D2 ). Second, the logarithmic model does not allow for full compensatory
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decision-making (Type A). Third, both polynomial and logarithmic models
basically capture a non-compensatory conjunctive relationship and forego possible disjunctive eﬀects. Finally, all rules and attribute roles are postulated a
priori which is second-best to no a priori deﬁned roles as in a neural network
approach [40]. More advanced non-linear functions have been speciﬁed (an
overview in [31]). Some of these do account for disjunctive and well as for
conjunctive relationships with weighted proﬁle scatters per attribute. None of
them, however, does allow for the modeling of all ﬁve types of Table 1. The
main reason is that they cannot integrate the simultaneous eﬀect of the direct
relationship between attribute-level satisfaction and the indirect eﬀect of an
individual (i.e., not constant) norm against which these attribute-level scores
are assessed, thereby allowing for an eﬀect-neutral zone of tolerance.
Finally, Penalty-Reward Contrast Analysis (PRCA) has been proven more
robust and powerful than IPA [22]. In contrast to IPA, PRCA allows for the
independent measurement of performance and importance of attributes [7].
While the underlying idea of PRCA is valid, it focuses exclusively on asymmetry and does not allow capturing the typology deﬁned in Table 1. Moreover,
[22] empirically conﬁrmed that PRCA can only explain a small amount of variance. This is due to the necessary use of dichotomized independent variables.
All four alternative approaches have their merits and contribute signiﬁcantly to the understanding of the impact of attribute-level satisfaction on
overall satisfaction. Nevertheless, we argue that an evaluation operator approach, such as ours, outperforms alternative techniques since (1) it is able
to measure the weights of attribute-level scores, (2) it allows acknowledges a
case-speciﬁc (i.e., individual) product-level norm as a basis for disconﬁrmation
(anchoring), (3) it allows for a neutral eﬀect of an individual zone of tolerance,
and (4) it acknowledges the possibility of positive/negative reinforcement simultaneously.
5.2 Managerial Consequences
The potential of the uninorms to unravel the decision-making heuristics of
customers when “deciding” on a certain level of (dis)satisfaction seems to
outperform that of more traditional statistical models. This is due to the
power of uninorms to allow for compensatory and non-compensatory eﬀects
as well as to the fact that researchers should not a priori postulate the roles
the diﬀerent attributes will take. Although the evaluation operator (uninorm)
approach is/appears analytically complex, it may yield parsimonious results,
even at the level of the individual respondent. This chapter illustrates and
conﬁrms earlier advice that managers should classify attributes as basic, excitement or performance factor and then identify the “optimal” performance
level for each attribute. The goal should be to optimize, not to maximize
attribute-level performance at a level where the payoﬀ in terms of overall customers (dis)satisfaction is maximized. This optimal level can be determined
by analyzing the diﬀerent impact curves oﬀered by our method.
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Abstract. A lot of research has been carried out in the past by using association
rules to build more accurate classiﬁers. The idea behind these integrated approaches
is to focus on a limited subset of association rules. However, these integration approaches have not been tested yet within the context of transportation research.
The aim of this chapter is therefore to evaluate the performance of an adapted
well-known associative classiﬁcation algorithm on the datasets that are used in the
Albatross transportation modelling system. The presented work is an extension of
previous research eﬀorts in the sense that it now becomes possible to use the adapted
CBA system for multi-class problems. Experiments showed that the original CBA
system achieved the best average performance for the three classiﬁers under evaluation. While the adapted CBA still generated better average results than CHAID,
the performance with respect to original CBA was slightly worse.

1 Introduction
Over the last decade, activity-based transportation models have received increased attention for modelling travel demand. The most important characteristic in these models is that travel demand is derived from the activities
that individuals and households need or wish to perform. The main advantage is that travel has no longer an isolated existence in these models, but is
perceived as a way to perform activities and to realize particular goals in life.
One of the most advanced operational activity-based transportation models is the Albatross system (A Learning Based Transportation Oriented
Simulation System), developed by [1] for the Dutch Ministry of Transport.
Albatross is a multi-agent rule-based system that predicts which activities
are conducted where, when, for how long, with whom and the transport mode
involved. It uses decision rules to predict each of those facets (where, when,
etc.) and to support scheduling decisions. These decision rules were originally
derived by means of a decision tree induction algorithm that is based on a
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chi-squared test for determining the subsequent splits in the tree (hereafter
referred to as CHAID; [10]). Since the choice of the learning algorithm is one
of the most important factors to determine the overall performance of a transportation model, several studies have been conducted in the past to measure
the performance of diﬀerent algorithms. For instance, in comparative studies by [18] evidence was found that diﬀerent kinds of decision tree induction
algorithms achieve comparable results; while improvements were found with
respect to the reduction in complexity of the decision model in [14]. A previous
study by [8] suggested that Bayesian networks achieved better performance
than decision trees and that they are better suited to capture the complexity
of the underlying decision-making process. While the studies by [18] and [14]
mainly focus on classiﬁcation based (supervised) learning, the work by [8] is
more an association based learning (unsupervised) approach. However, in recent years, extensive research has been carried out to integrate supervised and
unsupervised learning (also referred to as associative classiﬁcation). Despite
the solid performance of these integration approaches in previous research efforts, the comprehensiveness and complexity of dealing with the often-large
number of association rules have lead to diﬃculties and (accuracy versus generality) trade-oﬀ questions, which are part of a lot of research that is currently
going on. In addition to this, it is important to state that these integration
approaches have not yet been tested within the context of transportation research. The aim of this chapter is therefore to evaluate the performance of
a well-known associative classiﬁcation algorithm, as well as an adaptation of
this algorithm within the context of the Albatross transportation model.
As mentioned above, association and classiﬁcation rules are the two main
learning algorithms in associative classiﬁcation. The study of association rules
is focused on using exhaustive search to ﬁnd all rules in data that satisfy
user-speciﬁed minimum support and minimum conﬁdence criteria. On the
other hand, classiﬁcation rules aim to discover a small set of rules to form
an accurate classiﬁer. Given a set of cases with class labels as a training set,
the aim of classiﬁcation is to build a model (called classiﬁer) to predict future data objects for which the class label is unknown. Now, by focusing on
a limited subset of association rules, i.e. those rules where the consequent
of the rule is restricted to the classiﬁcation class attribute, it is possible to
build classiﬁers. Several publications (for instance [4, 5, 17] and others) have
shown that associative classiﬁcation in general generates at least equal accuracy than state-of-the-art classiﬁcation algorithms such as C4.5 [15]. The
reasons for the good performance are obvious. Association rules will search
globally for all rules that satisfy minimum support and minimum conﬁdence
norms. They will therefore contain the full set of rules, which may incorporate
important information. The richness of the rules gives this technique the potential of reﬂecting the true classiﬁcation structure in the data [17]. However,
the comprehensiveness and complexity of dealing with the often-large number
of association rules have lead to diﬃculties and (accuracy versus generality)
trade-oﬀ questions. Contributions to tackle a number of these diﬃculties can
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be found in [5, 11] and in [17]. Reference [13] proposed an improvement of
their original CBA (classiﬁcation based on associations)-system [12] in [13]
to cope with the weaknesses in the system. In spite of the fact that the presented adaptations of CBA are valuable, some important issues still remain
unsolved. Some unsolved issues were already tested and implemented with
success within the context of the 16 UCI Repository of Machine Learning
binary class databases [8]. In this work, it was found that the adapted CBA
algorithm has the lowest average error rate in comparison with the four other
classiﬁers under comparison (i.e. original CBA system, C4.5., C4.5. with discretized values and Naı̈ve Bayes). The aim of this chapter is to extend this
adaptation towards multi-class problems and to test the performance of the
adapted CBA algorithm within the context of the datasets that are used in
Albatross.
The remainder of this chapter is organized as follows. First, the conceptual framework underlying the Albatross-system is brieﬂy discussed in order
to provide some background information with respect to this transportation
model. Section 3 explains the original CBA-algorithm [12]. Weaknesses and
adaptations of the original system are suggested in Sect. 4. Section 5 then
describes the design of the experiments that were carried out to validate the
new approach and gives an overview of the data that were used. A discussion
of the empirical results is also given in this section. Finally, conclusions and
recommendations for further research are presented in Sect. 6.

2 The Albatross System
The Albatross system [1] is a computational process model that relies on
a set of decision rules to predict activity-travel patterns. Rules are typically
extracted from activity diary data. The activity scheduling agent of Albatross
is the core of the system which controls the scheduling processes in terms of a
sequence of steps. These steps are based on an assumed sequential execution
of decision tables to predict activity-travel patterns (see Fig. 1). The ﬁrst
step in the ﬁgure involves for each person decisions about which activities to
select, with whom the activity is conducted and the duration of the activity.
The order in which activities.
The assignment of a scheduling position to each selected activity is the
result of the next two steps. After a start time interval is selected for an activity, trip-chaining decisions determine for each activity whether the activity
has to be connected with a previous and/or next activity. Those trip chaining
decisions are not only important for timing activities but also for organizing
trips into tours. The next steps involve the choice of transport mode for work
(referred to as mode1), the choice of transport mode for other purposes (referred to as mode2) and the choice of location. Possible interactions between
diﬀerent facets of the transportation model, such as for instance between mode
and location choices are taken into account by using location information as
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Fig. 1. Albatross’ scheduling engine [1]

conditions of mode selection rules. As mentioned before, each decision in the
Albatross system (see oval boxes of Fig. 1) is extracted from activity travel
diary data using the CHAID-based [10] algorithm.

3 Classiﬁcation Based on Associations
Before elaborating on the improvements that can be made to CBA, an
overview of the original algorithm will be provided. First, a deﬁnition of association rules is given. Hereafter, class association rules (CARs) are introduced.
3.1 Association Rules
Let I = {i1 , i2 , . . . , ik } be a set of literals, called items. Let D be a set of
transactions, where each transaction T is a set of items such that T ⊆ P. We
say that a transaction T contains X, a set of items in I, if X ⊆ T. An association rule is an implication of the form X => Y , where X ⊂ I, Y ⊂ I and
X ∩ Y = ∅. The rule X => Y holds in the transaction set D with conﬁdence
c if c% of transactions in D that contain X also contain Y . The rule X => Y
has support s in the transaction set D if s% of transactions in D contain
X ∪ Y. Given a set of transactions D, the problem of mining association rules
is to generate all association rules that have support and conﬁdence greater
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than a user-speciﬁed minimum support (minsup) and minimum conﬁdence
(minconf) [2].
3.2 Class Association Rules
To make association rules suitable for the classiﬁcation task, the CBA method
focuses on a special subset of association rules, i.e. those rules with a consequent limited to class label values only; or so-called class association rules
(CARs). Thus, only rules of the form A => ci where ci is a possible class,
need to be generated by the CBA-algorithm. Therefore, the Apriori algorithm
which is widely used for generating association rules, was modiﬁed to build
the CARs. Details about these modiﬁcations can be found in [12].
To reduce the number of rules generated, the algorithm performs two types
of pruning. The ﬁrst type is the pessimistic error rate used in [15]. The second type of pruning is known as database coverage pruning [11]. Building
a classiﬁer in CBA is therefore also largely based on this coverage pruning
method, which is applied after all the CARs have been generated. The original algorithm, which is used in CBA, is shown in Fig. 2. Before the pruning,
the algorithm will ﬁrst rank all the CARs and sort them in the descending
order. As it will be shown in the next section, this rank will be subject to one
of the modiﬁcations that were implemented. The ranking is as follows: given
two rules ri and rj , ri > rj (or ri is said having higher rank than rj ), if (1)
conf (ri ) > conf (rj ); or (2) conf (ri ) = conf (rj ), but sup (ri ) > sup (rj ); or
(3) conf (ri ) = conf (rj ) and sup (ri ) = sup (rj ), but ri is generated before rj .
If at least one case among all the cases covered by the rule is classiﬁed
correctly by the rule, the rule is inserted into the classiﬁer by following this
sorted descending sequence order and all the cases it covers are removed from
the database. The rule insertion stops when either all of the rules are used
R=sort (R);
for each rule r ∈ R in sequence do
temp = ø;
for each case d ∈ D do
if d satisfies the conditions of r then store d.id in temp and mark r if it
correctly classifies d;
end
if r is marked then
insert r at the end of C;
delete all the cases with the ids in temp from D;
selecting a default class for the current C;
compute the total number of errors of C;
end
end
Fig. 2. Building a classiﬁer in CBA [12]
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or no cases are left in the database. The majority class among all cases left
in the database is selected as the default class. The default class is used in
case when there are no covering rules. Then, the algorithm computes the total
number of errors, which is the sum of the number of errors that have been
made by the selected rules in the current classiﬁer and the number of errors
made by the default class in the training data.
After this process, the ﬁrst rule that has the least number of errors is
identiﬁed as the cutoﬀ rule. All the rules after this rule are not included in
the ﬁnal classiﬁer since they will only produce more errors [12].

4 Identifying Weaknesses
and Proposing Adaptations to CBA
4.1 Limits of Conditional Probability (Conﬁdence)
A profound examination of the algorithm identiﬁed a potential weakness in
the way the rules are sorted. Since rules are inserted in the classiﬁer following
the sorted conﬁdence order, this will determine to a large extent the accuracy
of our ﬁnal classiﬁer. Conﬁdence is a good measure for the quality of (class)
association rules but it also suﬀers from certain weaknesses. The aim of this
section is to elaborate on them.
The ﬁrst weakness is that the conditional probability of a rule X => Y
is invariable when the size of s(Y ) or D varies. The subset of the cases which
are covered by the consequent of the rule is given by s(Y ), while D is the
total number of observations in the dataset. The conﬁdence property is also
insensitive to cardinal dilatation (i.e. the size of the subsets increases in the
same proportion). Figure 3 graphically displays the problem. It can be seen
from the ﬁgure that the three cases have the same conﬁdence (indicated by the
intersections between the ovals). Nevertheless, the rule X => Y is more likely
to happen when the size of s(Y ) increases or when the size of D decreases;
and furthermore, the implication will be more meaningful when the size of all
the sets grows in the same proportion. Figure 3 shows that it is not surprising
D

s(X)

D

D

D

s(X)
s(Y)

(a) Reference case

s(X)

s(Y)

(b) s(Y) increases

s(Y)
(c) D decreases

s(X)

s(Y)

(d) Cardinal dilatation

Fig. 3. Three cases with constant conditional probability
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that, when s(Y ) is close to the size of D, the observations which are covered
by the antecedent X of the rule, are also included in s(Y ). In Fig. 3 it is
evident that when the size of s(X) and the size of s(Y ) are close to that of
D, s(X) and s(Y ) share many objects. And also in the ﬁnal case (Fig. 3),
a more important sample will allow to be more conﬁdent in the statistical
implication X => Y .
The second drawback of the use of conditional probability is that when for
a particular class, the minsup parameter is set to 1% or even lower, it might
very well happen that some rules have a high conﬁdence parameter but on the
other hand they might be conﬁrmed by a very limited number of instances,
and that those rules stem from noise only. This is why it is always dangerous
to look for implications with small support even though these rules might look
very “interesting”. This danger seems to exist all the more in CBA because
the application which implements the algorithm even oﬀers a possibility to
include rules with high conﬁdence that do not satisfy the minimum support
threshold in the ﬁnal classiﬁer. As a result, choosing the most conﬁdent rules
may not always be the best selection criterion. Therefore, a suitable measure
which takes both drawbacks that were identiﬁed above into account, was used
to perform the sorting. The next section elaborates on this.
4.2 Intensity of Implication
Intensity of implication, introduced by [6] measures the distance to random
choices of small, even non statistically signiﬁcant, subsets. In other words,
it measures the statistical surprise of having so few examples on a rule as
compared with a random draw [7]. Consider a database D, where |D| is the
total number of observations in the database, and an association rule X ⇒ Y
. Now, let U and V be two sets randomly chosen from D with the same
cardinality as X and Y respectively, i.e., s(X) = s(U ) and s(Y ) = s(V ), and
let ¬Y mean “not Y ” as shown in Fig. 4.
Let s(U ∧ ¬V ) be the random variable that measures the expected number
of random negative examples under the assumption that U and V are independent, and s(X ∧ ¬Y ) the number of negative examples observed on the
rule. Now, if s(X ∧ ¬Y ) is unusually small compared with s(U ∧ ¬V ), the one
we would expect at random, then we say that the rule X ⇒ Y has a strong
statistical implication. In other words, the intensity of implication for a rule
X ⇒ Y is stronger, if the quantity P [s(U ∧ ¬V ) ≤ s(X ∧ ¬Y )] is smaller.
Intensity of implication is then deﬁned as 1 − P [s(U ∧ ¬V ) ≤ s(X ∧ ¬Y )].
Since the random variable s(U ∧ ¬V ) follows the hypergeometric law, which
means Pr[s(U ∧ ¬V ) = k] = Pr[of s(U ) examples selected at random, exactly
s(U )−k

Cs(¬V ) × Cs(V )
k

k are not in V ] =

s(U )

C|D|

and taking into account that s(U ) = s(X)

and that s(V ) = s(Y ), the intensity of implication can be written as:
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s(X)−k



k
Cs(¬Y
) × Cs(Y )

s(X∧¬Y )

1−

s(X)

(1)

C|D|

k=max(0,s(X)−s(Y ))

This formula for intensity of implication is suitable as long as the number of
cases in the database, i.e. |D|, is reasonably small. Otherwise, the combination
numbers in the above formula explode quite soon. Therefore, [16] came up
with an approximation of this formula for big datasets. They argue that if
s(U ∧ ¬V ) is small, which is often the case in rule discovery, then Poisson
approximations can be applied. In that case, the above formula for intensity
of implication reduces to a much simpler version that is easier to compute,
i.e.:
s(X)−k



k
Cs(¬Y
) × Cs(Y )

s(X∧¬Y )

1−

s(X)

k=max(0,s(X)−s(Y ))



s(X∧¬Y )

≈1−

k=0

with
λ≡

C|D|

λk −λ
e
k!

(2)

s(X) × (|D| − s(Y ))
|D|

where |D| is the number of cases, s(X) is the number of cases covered by the
antecedent and s(Y ) is the number of cases covered by the consequent of the
rule. The coeﬃcient s(X ∧ Y ) represents the number of cases that are covered
by the antecedent and the consequent of the rule, while s(X ∧ ¬Y ) stands
for the number of cases which are covered by the antecedent but not by the
consequent of the rule. Since conﬁdence and support are standard measures
for determining the quality of association rules, it would be suitable if those
could be incorporated in (2). This procedure is quite straightforward.
Rewriting s(X ∧ ¬Y ) gives:
s(X ∧ ¬Y ) = s(X) − s(X ∧ Y )


s(X)
= s(X ∧ Y ) ×
−1
s(X ∧ Y )
⎛
⎞
s(X ∧ Y )
1
=
× |D| × ⎝ s(X∧Y ) − 1⎠
|D|
s(X)


1
−1
= support × cases ×
conﬁdence
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Rewriting λ gives:
λ=

s(X) × (|D| − s(Y ))
|D|

=

s(X∧Y )
|D|
s(X∧Y )
s(X)

=

support
× (cases-abssupcons)
conﬁdence

× (|D| − s(Y ))

Substituting both derivations in (2) gives
1
support×cases×( confidence
−1)



1−
× e−





support
conﬁdence

k=0
support
confidence

×(cases-abssupcons)

× (cases-abssupcons)
k!

k

(3)

By means of formula (3), we are now ready to adapt the CBA algorithm.
This is done by using intensity of implication as the primary criteria when
doing the sorting work in the ﬁrst rule of Fig. 2. Rule ri has a higher rank
than rule rj if it has a larger value of intensity of implication. When two rules
have the same values of intensity of implication, they are ranked according to
the sorting mechanism of the original CBA, which is mentioned in Sect. 4.1.
Reference [7] claim that the relevance of the discovered association rules can be
signiﬁcantly improved by using intensity of implication. The following section
examines whether the same conclusion can be found when the adaptation is
evaluated within the context of the multi-class datasets that are used for the
Albatross modelling system.

5 Empirical Section
5.1 Description of the Data
The activity diary data used in this study were collected in 1997 in the municipalities of Hendrik-Ido-Ambacht and Zwijndrecht in the Netherlands (South
Rotterdam region) to develop the Albatross system [1]. The data involve
a full activity diary, implying that both in-home and out-of-home activities
were reported. The sample covered all seven days of the week, but individual
respondents were requested to complete the diaries for two designated consecutive days. Respondents were asked, for each successive activity, to provide
information about the nature of the activity, the day, start and end time, the
location where the activity took place, the transport mode, the travel time,
accompanying individuals and whether the activity was planned or not. A
pre-coded scheme was used for activity reporting.
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There are some general variables that are used for each choice facet of the
Albatross model (i.e. each oval box). These include (among others) household
and person characteristics that might be relevant for the segmentation of
the sample. Each dimension also has its own extensive list of more speciﬁc
variables, which are not described here in detail.
5.2 Empirical Results
In this section, the CBA algorithm is evaluated on the datasets that are used
within the context of the Albatross modelling system. To be able to test the
validity of the presented models on a holdout sample, only a subset of the cases
is used to build the models (i.e., “training set”). The decline in goodness-of-ﬁt
between this “training” set and the validation set (“test set”) is taken as an
indicator of the degree of overﬁtting. The purpose of the test set is also to
evaluate the predictive ability of the three techniques for a new set of cases.
For each decision step, we used a random sample of 75% of the cases to build
and optimise the models. The other subset of 25% of the cases were presented
as “unseen” data to the models; this part of the data was used as the test
set. The accuracy percentages that indicate the predictive performance of the
three models on the training and test sets are presented in Table 1. The nine
datasets that are used in Albatross are multiple class datasets. The number
of classes has been indicated between brackets in Table 1.
Table 1. Accuracy Results
CHAID

CBA

Adapted CBA

Dataset

Train
(%)

Test
(%)

Train
(%)

Test
(%)

Train
(%)

Test
(%)

Duration (3)
Location1 (7)
Location2 (6)
Mode for work (4)
Mode other (4)
Selection (2)
Start time (6)
Trip chain (4)
With whom (3)

41.30
57.50
35.40
64.80
52.80
72.40
39.80
83.30
50.90

38.80
58.90
32.60
66.70
49.50
71.60
35.40
80.90
48.40

44.71
66.34
52.58
83.57
66.53
79.56
34.48
83.86
61.14

39.21
62.72
41.14
73.68
60.88
78.74
33.68
80.40
56.20

40.67
64.54
26.78
74.71
54.92
79.07
33.33
82.72
54.65

40.88
68.13
26.29
76.84
54.82
79.19
33.06
81.95
48.07

Average

55.36

53.64

63.64

58.52

56.82

56.58

In order to get a more comprehensive evaluation, results are also compared
with the original CHAID algorithm that is used in Albatross besides the obvious comparison with original CBA. When the average results of the three
algorithms are compared, it is clear that the CBA classiﬁer produces better
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results than CHAID. Only with respect to the “start time”, and “trip chain”datasets, the CBA algorithm performs somewhat worse. Unfortunately, while
the adapted CBA algorithm does better than the CHAID decision tree approach, the average (original) CBA accuracy could not be improved. However,
in this case, it remains important to notice that the adapted CBA algorithm
contains less rules and that also the degree of overﬁtting is signiﬁcantly lower.
While a signiﬁcant improvement could be seen on the “location 1”-dataset,
the performance on the “location 2”-dataset is signiﬁcantly worse with respect
to the original CBA algorithm. It can be seen from Table 1 that the “location
2”-dataset deteriorates to a large extent the general average performance. The
reason for this is not clear and is likely attributable towards the nature of the
dataset.
Generally speaking, adapted CBA was able to achieve an improvement in
performance on the test set for 5 out of the 9 datasets. As mentioned before,
in previous work [8], it was shown on 16 binary UCI datasets that the performance of adapted CBA achieved an important improvement with respect
to the other classiﬁcation algorithms under evaluation (CBA, C4.5 and Naı̈ve
Bayes). For this reason, the reason for the disagreement in results is not immediately obvious. One plausible assumption is that intensity of implication
performs worse when dealing with multi-class problems. In order to evaluate
this assumption, 10 additional experiments were carried out on multi-class
UCI data. The datasets that were used in these additional tests are Annealing, Automobile, Glass Identiﬁcation, Iris Plant, Led Display, Lymphography,
Vehicle, Waveform, Wine recognition and Zoo [3]. The average error rate over
the 10 datasets was 18.05% for adapted CBA, while it was 15.54% for original
CBA. This ﬁnding is of the same magnitude as the result that was found in
Table 1. Based on this additional external validation, it is fair to say that
intensity of implication in its current form performs somewhat worse when
dealing with multi-class problems. The fact that Albatross is dealing with
real-life (and not artiﬁcial) data does not seem to be a diﬀerentiator in results.
Finally, it is important to stress that the accuracy versus generality tradeoﬀ remarks that were already made in the introductory section of this chapter,
needs to be kept in mind in the interpretation of the results. Indeed, if accuracy
is the main objective, the original CBA algorithm (with huge number of rules)
is likely the best option to choose, while CHAID or adapted CBA will be more
favourable choices when the complexity of the classiﬁer is an issue.

6 Conclusions
The research presented in this chapter focused on the integration of supervised
and unsupervised learning. In doing so, a modiﬁed version of the CBA algorithm, which can be used to build classiﬁers based on association rules, has
been proposed. The modiﬁed CBA algorithm was tested within the context
of the datasets that are used in Albatross, which is a multi-agent rule-based
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system that predicts which activities are conducted where, when, for how long,
with whom and the transport mode involved. For this reason, CBA needed
to be extended for application on multi-class datasets. CBA was adapted by
coupling it with intensity of implication, a measure to calculate the distance
to random choices of small, even non statistically signiﬁcant, subsets.
Experiments proved that CBA achieved better average performance than
the CHAID decision tree algorithm that is used in Albatross. While adapted
CBA still generated better average results than CHAID, the performance with
respect to original CBA was slightly worse. However, adapted CBA generated
less decision rules than original CBA and also the degree of overﬁtting was
signiﬁcantly lower. Also, the average result was mainly deteriorated by a signiﬁcantly worse performance of adapted CBA on one particular dataset. In
spite of both arguments, the result was somewhat surprising in comparison
with previous good performances of the adapted algorithm (on binary class
problems).
For explanatory purposes, tests on 10 additional multi-class datasets were
therefore carried out. Due to the fact that a similar ﬁnding was found on
these datasets, the authors conclude that the implementation of intensity
of implication in its current form performs somewhat worse on multi-class
problems.
Finally, it needs to be stated that in its current form, it is still possible that
rules with a relatively low conﬁdence occasionally may have a high intensity of
implication. Therefore, the evaluation of a more advanced sorting mechanism
needs to be the subject of additional and future research.
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Abstract. Nowadays, face to face contact with the client continues to be fundamental to the development of marketing acts. Trade fairs are, in this sense, a basic
instrument in company marketing policies, especially in Industrial Marketing. Due
to the elevated investment in term of both time and money it is necessary the automatic extraction of relevant and interesting information which helps to improve fair
planning policies.
In this paper, we analyse this problem and the kind of knowledge the user is
interested in. We study the use of Soft Computing methodologies, speciﬁcally Fuzzy
Logic and Genetic Algorithms, in the design of the Data Mining algorithms most
proper to this problem, descriptive induction algorithms for subgroup discovery.
Then we present an evolutionary model for the descriptive induction of fuzzy or
crisp rules which describe subgroups. The proposal includes a GA in an iterative
model which extracts rules while examples are left uncovered and the rules obtained
surpass an speciﬁed conﬁdence level.
Key words: Data Mining algorithms, Fuzzy Logic, Genetic Algorithms, descriptive
induction, Subgroup Discovery, Market problems

1 Introduction
In the ﬁeld of business an interesting problem is the study of the inﬂuence
that the planning variables of a trade fair have over the successful achievement
of its objectives. Faced with a real problem of this type a data mining algorithm should extract relevant interesting information concerning each of the
eﬀectiveness groups by which the stands have been arranged. The information
obtained must be open to interpretation so as to be useful for the policies of
trade fair planning.
M.J. del Jesus et al.: Evolutionary Induction of Descriptive Rules in a Market Problem, Studies
in Computational Intelligence (SCI) 5, 267–292 (2005)
c Springer-Verlag Berlin Heidelberg 2005
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In this chapter this problem is approached with an algorithm based on
Soft Computing methodologies, speciﬁcally using an evolutionary data mining
algorithm which allows for the extraction of a set of descriptive fuzzy rules.
The term Soft Computing applies to a methodology whose main characteristic is the tolerance to inaccuracy and uncertainty which gives it the capacity
to adapt and allows us to solve problems comprehensively in a changeable environment and at low cost. The basic underlying principle in Soft Computing
is the hybridization of techniques in the development of computing methods
which give us an acceptable solution at low cost through the search for an approximate solution to a problem which has been set precisely or imprecisely.
Within Soft Computing methodologies such as Fuzzy Logic, Neural Networks
and Evolutionary Computing are included [54].
In the process of Knowledge Discovery in Databases and speciﬁcally in
the process of Data Mining there are diﬀerent tasks which can be treated
and solved as search and optimisation problems. Evolutionary algorithms imitate the principles of natural evolution in carrying out global search and
optimisation processes and are applicable to the development of data mining
algorithms [26].
In Data Mining one of the objectives to be considered, besides predictive
accuracy and interest, is the user’s potential comprehension of the results.
In this respect, Fuzzy Logic represents a tool for knowledge representation
which allows us to adjust for uncertainty and inaccuracy simply and easily
interpretable for the user.
This chapter is arranged in the following way: In Sect. 2, the market problem and the kind of knowledge the user is interested in are dealt with. In
Sect. 3 the type of data mining algorithm to be applied to the problem is
deﬁned, descriptive rule induction for subgroup discovery. In addition some
proposals carried out in the area of subgroup discovery will be analysed and
the rule quality measures that are most frequently used will be described. In
Sect. 4 one of the methodologies used in our proposal, Genetic Algorithms,
are described and some proposals in specialised literature for rule induction
with Genetic Algorithms will be analysed. The second soft methodology used
in our method, the Fuzzy Logic and its use in Data Mining algorithms is
explained in Sect. 5. The evolutionary approach to obtain descriptive fuzzy
rules is described in Sect. 6, and in Sect. 7 the experimentation carried out
and the analysis of results are explained. Finally, the conclusions and further
research are outlined.

2 The Extraction of Useful Information on Trade Fairs
This study deals with a market problem studied in the Department of Organisation and Marketing of the University of Mondragón, Spain: the extraction
of useful information on trade fairs [45].
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In today’s increasingly virtual world, face to face contact with the client
continues to be fundamental to the development of marketing acts. Trade fairs
are, in this sense, a basic instrument in company marketing policies, especially
those which are run in industrial surroundings, or Industrial Marketing. AFE
(Spanish Trade Fairs Association)’s data shows that to be so: during 2002,
419 events took place in Spain, in which participated 114.646 exhibitors, with
an attendance of 15.739.986 visitors.
Businesses consider trade fairs to be an instrument which facilitates the
attainment of commercial objectives such as contact with current clients,
the securing of new clients, the taking of orders, and the improvement of
the company image amongst others [32]. One of the main inconveniences
in this type of trade fair is the elevated investment which they imply in terms
of both time and money. This investment sometimes coincides with a lack of
planning which emphasises the impression that trade fairs are no more than an
“expense” which a business must accept for various reasons such as tradition,
client demands, and not giving the impression that things are going badly
amongst other factors [48]. Therefore convenient, is the automatic extraction
of information about the relevant variables which permit the attainment of
unknown data, which partly determines the eﬃciency of the stands of a trade
fair.
Trade Fair planning models indicate the convenience of dividing participation into three moments in time: before, during and after the fair [32, 48].
• Pre-Fair. The exhibitor should reﬂect, amongst other things, on the following aspects:
– The trade fair which s/he will attend
– Objectives set
– Budget
– Visitors present at the fair
– Stand design
– Company personnel to attend
– Pre-advertising campaign
• During the fair. The exhibiting company should analyse the way in which
contact will be made with visitors and the communicative acts to be developed at the stand itself, amongst other things.
• Post-fair. The close of the fair is the moment to harvest the fruit of the eﬀort
made during the fair. To this end, it is necessary to evaluate participation,
follow up on contacts made and measure the results achieved.
In the Machinery and Tools biennial held in Bilbao in March 2002, information
was collected on all these aspects. To be precise, 104 variables of 228 exhibitors
were analysed. Of these variables, 7 are continuous and the rest are categorical
features, result of an expert discretization. Additionally, for each exhibitor,
based on various marketing criteria, the stand’s global eﬃciency was rated as
high, medium or low, in terms of the level of achievement of objectives set for
the trade fair.
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For this real problem, the data mining algorithm should extract information of interest about each of the three eﬃciency groups of the stands. The
extracted information should be interpretable so that it can be used the policies of fair planning. This makes the application of a data mining algorithm
appropriate for the extraction of simple rules. The rules generated will determine the inﬂuence which the diﬀerent fair planning variables have over the
results obtained by the exhibitor, therefore allowing fair planning policies to
be improved.

3 Descriptive Rule Induction Processes
Knowledge discovery through a process of descriptive rule induction is included within the area of Knowledge Discovery in Databases (KDD) which
is deﬁned as the non trivial process of identifying valid, original, potentially
useful patterns which have comprehensible data [21]. KDD is a wide ranging
process which covers distinct stages: the comprehension of the problem, the
comprehension of the data, pre-processing (or preparation) of the data, Data
Mining and post-processing (assessment and interpretation of the models).
The data mining stage is responsible for automatic knowledge discovery of a
high level and from information obtained from real data [22].
Data Mining can discover knowledge using diﬀerent representation models
and techniques from two diﬀerent perspectives:
• Predictive induction, whose objective is the discovery of knowledge for classiﬁcation or prediction [13, 14, 46]. Under this focus, models are generated
with the objective of achieving a high degree of prediction from the data
base. In this area, attention can be drawn to supervised learning processes
of classiﬁcation rules.
• Descriptive induction, whose fundamental objective is the discovery of interesting knowledge from the data. In this area, attention can be drawn to
the discovery of association rules following an unsupervised learning model
[1], subgroup discovery [36, 58], and other approaches to non classiﬁcatory
induction.
Considering the characteristics of the problem to be solved, the obtention of
simple rules which provide conclusive information about the eﬃciency of the
stands in trade fairs, the most suitable approach is descriptive induction.
A subdivision of descriptive induction algorithms which has recently received a lot of attention from researchers is subgroup discovery which, given
a set of data and having a property of interest to the user, attempts to locate subgroups which are statistically “most interesting”. The discovered subgroups must be as large as possible and have the most unusual statistical (distributional) characteristics with respect to the property of interest. Subgroup
discovery methods take relations between independent (explaining) variables
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and a dependent (target) variable into account. The concept was initially formulated by Klosgen in his rule learning algorithm EXPLORA [36], and by
Wrobel in the algorithm MIDOS [58, 59].
In the majority of proposals in the specialised literature, subgroup discovery is described as a task half way between predictive induction and descriptive
induction. It could be said that subgroup discovery aims to generate models
based on rules whose objective is descriptive, using a predictive perspective
in the majority of cases in order to obtain them [44]. It is a form of descriptive induction which induces rules from labelled training instances with the
objective of categorising subgroups of the population which fulﬁl the given
interest property. This suggests the use of classic learning techniques in order
to solve the task. But the adaptation of this type of tasks should not lose
sight of the ﬁnal aim of subgroup discovery, which is to ﬁnd individual rules
or interest patterns, simply represented, which allows their eﬀective use by
potential users of the information.
Subgroup discovery is a descriptive induction mechanism that focuses not
necessarily on ﬁnding complete relations between the target and the explaining
variables. For some problems, partial relations, i.e., subgroups with “interesting” characteristics, with a signiﬁcant deviation from the total population,
are suﬃcient. This means that the rules generated do not have to fulﬁl high
support criteria, which is necessary for other data mining approaches, e.g.
the induction of association rules. Neither do they have to verify common
demands for algorithms for obtaining classiﬁcation systems, for example that
the rules have to have a given degree of accuracy or that the ﬁnal set of rules
is as diﬀerent as possible in order to cover all the areas of the search space.
In some subgroup discovery problems, it is interesting to obtain overlapped
rules, as these can show information on a single area of examples from diﬀerent
perspectives.
In this section we will describe some subgroup discovery algorithms presented in the KDD literature and the quality measures used frequently in this
kind of inductive algorithms.
3.1 Approaches for Subgroup Discovery
The ﬁrst algorithms developed for subgroup discovery are EXPLORA [36]
and MIDOS algorithms [58, 59]. Both use a rule-extraction model based on
decision trees, in order to obtain the best subgroups among the population. In
order to evaluate the subgroups evaluation measurements are deﬁned which
determine the interest of an expression through a combination of unusualness
[42] and size. MIDOS tackles, within this same approach, the problem of
discovery in multi-relational databases. Another system which uses a multirelational hypothesis space is the SubgroupMiner system [37].
In addition to these ﬁrst proposals, diﬀerent methods have been developed
which obtain descriptions of subgroups represented in diﬀerent ways and using
diﬀerent quality measurements:
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• The SD algorithm [28] induces rules guided by expert knowledge. In this
proposal, instead of deﬁning an optimal measurement for the search for and
the automatic selection of subgroups as do the EXPLORA and MIDOS
algorithms, the objective is to help the expert to carry out ﬂexible and
eﬀective searches over a wide range of optimal solutions. In consequence,
the ﬁnal decision over which subgroups will be selected is left to the expert.
• The CN2-SD algorithm [43] induces subgroups in the form of rules using as
quality measurement the relationship between true positive rate and false
positive rate. This algorithm is applied in [44] to a marketing problem,
speciﬁcally to a relational database which stores information about interviews with potential clients. Based on the clients’ responses to whether they
recognise, use and appreciate given brands, the objective of the descriptive
induction algorithm is to discover which brands can potentially be more
used by clients, and to direct a speciﬁc marketing campaign towards these
clients.
• In data analysis with high uncertainty it is useful to present a subgroup of
the population by listing its support factors, instead of using a subgroup
discovery approach which obtains descriptions of subgroups in the form of
rules. In [11], this approach is applied to a marketing problem in which the
objective is to identify the characteristics of clients who do not recognise
and/or use a given brand of non-alcoholic drink.
What the described proposals have in common is the adaptation of classiﬁcation rule extraction models for the subgroup discovery task. Currently,
interest is starting to be shown in the development of subgroup discovery
approaches which modify association rule extraction algorithms [41].
3.2 Rule Quality Measurements
Any rule induction algorithm uses a measurement of rule quality or of the set
of rules which guides the data mining process. In addition, other quality measurements are calculated which evaluate the result of the induction process
as a whole. In both cases, we can distinguish between objective and subjective quality measurements [52]. In order to solve subgroup discovery tasks,
both objective and subjective measurements must be considered and the more
appropriate quality criteria will depend on the application. Obviously, for automatic rule induction only objective quality criteria can be applied. However,
to evaluate the quality of descriptions of induced subgroups and their use in
decision making, subjective criteria are more important, although also more
diﬃcult to evaluate. In this section we will centre exclusively on objective
criteria, which are those which are included in data mining algorithms.
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Among the objective quality measurements, some of those most used in
the literature are:
• Size of the rule or set of rules.
• Predictive accuracy, deﬁned as the percentage of correctly classiﬁed instances.
• Support or relative frequency of correctly classiﬁed covered examples.
• Signiﬁcance, called “evidence” in [36], which indicates how signiﬁcant a
subgroup is compared to the null hypothesis of statistical independence
[13].
• Unusualness, deﬁned as the weighted relative accuracy of a rule [42]. The
average relative accuracy can be described as the balance between the coverage of a rule (a measure of generality, computed as the relative frequency
of all the examples covered by the rule) and its accuracy gain: the higher a
rule’s unusualness, the more relevant is it. Unusualness measures the novelty
in the distribution of the subgroups, considering its coverage.
• Interest, which can be determined objectively or subjectively, and which
can be found deﬁned in various ways in the literature. In our proposal (see
Sect. 6) we apply an interest measurement based on information gain.
• Accuracy gain is the diﬀerence between the accuracy of a rule and the
default accuracy [44].
The measurements for the evaluation of each individual rule can be complemented with variations which calculate the average of the set of subgroups
obtained. This allows the comparison of diﬀerent subgroup discovery algorithms [41].
The appropriateness of the quality measurements used in a problem will
determine to a great extent the eﬀectiveness of the mechanism of descriptive
rule induction used for the discovery of subgroups. This means that the study
of appropriate measurements of the quality of rules is an aspect which is
currently being researched.

4 Genetic Algorithms in Rule Induction Processes
In any knowledge extraction process in databases, and speciﬁcally in a data
mining process there are diﬀerent tasks or problems which can be approached
and solved as optimisation and search problems. Evolutionary Algorithms
[6] imitate the principles of natural evolution in order to form procedures for
searching and overall optimisation and can be used as data mining algorithms,
as pre- or post-processing algorithms or as tools for the optimisation of the
parameters of other algorithms [26]. Among the diﬀerent types of Evolutionary
Algorithms, currently the most widely used in the ﬁeld of Data Mining are
Genetic Algorithms and Genetic Programming. In this chapter we will centre
on Genetic Algorithms and their application to descriptive rule induction.
In this section we will brieﬂy describe Genetic Algorithms and we will
analyse their use for rule induction in the specialised literature.
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4.1 Genetic Algorithms
Genetic Algorithms (GAs) are optimisation and search algorithms inspired in
natural evolution processes and initially deﬁned by Holland [30, 34].
Stated simply, they work as follows: the system starts with an initial population of individuals who encode, through a form of genetic representation,
candidate solutions for the proposed problem. This population of individuals
(called chromosomes) evolves in time through a process of competition and
controlled variation. Each chromosome in the population is associated with a
ﬁtness function in order to determine which chromosomes will be selected to
form part of the new population in the competition process. The new population will be created using genetic operators of crossover and mutation.
This evolutionary cycle continues until a given stop condition is reached: a
given maximum number of evaluations of individuals is calculated, the population reaches a given maximum number of generations, a solution with a
given ﬁtness function value is reached, or the population does not generate
new individuals for a given number of generations, among other possible stop
conditions.
Bäck et al. in [6] gives a complete description of Genetic Algorithms as
well as other examples of Evolutionary Algorithms.
The application of a GA to solve a problem must determine:
• A genetic representation (called genotype) of the solutions of the problem
(called phenotype).
• A way to create an initial population of solutions.
• An evaluation function (called ﬁtness function) which provides a quality
value to each chromosome.
• Operators which modify the genetic composition of the descendants during
reproduction.
• Values for the parameters used (population size, probabilities of application
of genetic operators, etc.).
4.2 Rule Induction Using Genetic Algorithms
GAs have several advantages as a rule induction method:
• They tend to cope well with attribute interaction because they usually
evaluate a rule as a whole via ﬁtness function, rather than evaluating the
impact of adding/removing one condition to/from a rule.
• They have the ability to scour a search space thoroughly and the ability to
allow arbitrary ﬁtness functions in the search [19]. The ﬁtness function can
contain diﬀerent criteria such as the ability to penalise overlap among rules
or rule sets with too many rules or a problem-speciﬁc quality measure, etc.
• In addition, the genetic search performs implicit backtracking in its search
of the rule space, thereby allowing it to ﬁnd complex interactions that other
non-backtracking searches would miss.
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• An additional advantage over other conventional rule-learning algorithms
is that the search is carried out among a set of competing candidate rules
or rule sets.
However, this is not to say that GAs are inherently superior to rule induction
algorithms as no rule discovery algorithm is superior in all cases [20, 47].
In KDD literature diﬀerent GA proposals have been presented with predictive or descriptive aims. As we indicated in the previous section, rule induction
algorithms for subgroup discovery (the aim of which is fundamentally descriptive) share characteristics with algorithms which guide the induction process
using predictive quality measurements. In this section we will describe some
of the principle GA proposals for rule induction, no matter what is their ﬁnal
aim.
In the design of any rule induction GA, the following aspects, among
others, must be determined:
1. A genetic representation of the solutions of the problem (rule or set of
rules).
2. A ﬁtness function that provides a quality value for each rule or set of rules.
3. Operators that modify the genetic composition of the descendant during
reproduction.
The ﬁrst aspect is perhaps the most determining of the rest of the characteristics of any proposal. The GAs follows two approaches in order to encode
rules within a population of individuals:
• The “Chromosome = Rule” approach, in which each individual codiﬁes a
single rule.
• The “Chromosome = Set of rules”, also called the Pittsburgh approach, in
which each individual represents a set of rules. GABIL [17] and GIL [35]
are examples of classiﬁcation GAs which use this representation model.
In turn, within the “Chromosome = Rule” approach, there are three generic
proposals:
• The Michigan approach in which each individual codiﬁes a single rule but
the ﬁnal solution will be the ﬁnal population. In this case, it is necessary
to evaluate the behaviour of the whole set of rules and what the individual
rules add to it. ZCS [54] and XCS [55] algorithms are examples of GAs with
this type of representation.
• The IRL (Iterative Rule Learning) approach, in which each chromosome
represents a rule, but the GA solution is the best individual obtained and
the global solution is formed by the best individuals obtained when the
algorithm is run multiple times. In [15] and [31] two proposals with this
model are described.
• The cooperative-competitive approach, in which the complete population
or a subset of it codiﬁes the rule base. COGIN [33] and REGAL [29] are
examples of GAs with this type of representation.
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The choice of representation model depends, among other aspects, on the task
to be carried out by the data mining algorithm and therefore on the type of
rule to be discovered.
The most noteworthy systems based on GAs in the specialised literature,
grouped according to their approach, are described below.
The “Chromosome = Rule” Approach
• GA-NUGGETS. Freitas in [25] presents a GA designed to discover descriptive rules. The algorithm uses a special codiﬁcation which depends
on the problem, in which each individual represents the antecedent of a
rule. The consequent is calculated in the evaluation of the individual such
that the predictive capacity of the rule and the interest of the chosen consequent are maximised. The authors propose in [49] a modiﬁcation of this
algorithm, in which the ﬁtness function consists of two parts: the ﬁrst part
measures the degree of interest of the rule (computed by an informationtheoretical measurement, the information gain, and refers to the antecedent
and to the consequent of the rule) and the second part, its predictive accuracy.
• GA-PVMINER is a parallel GA developed by Araujo, Lopes and Freitas
[2] that uses Parallel Virtual Machine to discover descriptive rules for dependence modelling. In GA-PVMINER the ﬁtness function is based on the
J-measure proposed by Smyth and Goodman [53] which measures the degree of interest of a rule. The algorithm uses a crossover operator based on
that used in GA-MINER, two types of mutation and a removal operator
which acts in the consequent part.
• Fidelis et al. in [22] proposes a GA for predictive rule induction with a codiﬁcation model which is very appropriate for the treatment of quantitative
variables. The antecedent of a rule is represented in each individual and the
consequent is ﬁxed in each run of the GA.
• GLOWER, developed by Dhar et al. [19]. The design of this GA was motivated by ﬁnancial prediction problems, and incorporates ideas from tree
induction and rule learning.
• Carvalho and Freitas present in [8, 9] a hybrid decision tree/genetic algorithm approach for a predictive rule induction process, which follows the
following model: examples belonging to large disjuncts are classiﬁed by rules
produced by a decision-tree algorithm while examples belonging to small
disjuncts are classiﬁed by rules produced by a GA speciﬁcally designed for
this task. In the GA each individual represents a small-disjunct rule identiﬁed by a decision tree leaf node. The genome of an individual consists of
the conditions in the antecedent part of the rule and the consequent part
of the rule, which speciﬁes the predicted class, is not represented in the
genome. Rather, it is ﬁxed for a given GA run, so that all individuals have
the same rule consequent during the whole of that run, as occurs in [22].
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The antecedent of the rule, with variable length, is represented in a ﬁxedlength genome equal to n − k, where n is the total number of variables and
k the number of ancestor nodes of the decision tree leaf node identifying the
small disjunct in question. The GA uses a new operator specially designed
to improve the comprehensibility of the rules. The authors propose in [10]
some modiﬁcations to the original GA. The most signiﬁcant change is the
use of a sequential niching method [7] to foster population diversity and
avoid the GA convergence to a single rule.
• ARMGA. Yan, Zhang y Zhang propose in [60] a GA with codiﬁcation of
the consequent for descriptive induction model for association rules without
the need for previous speciﬁcation by the user of the minimum levels of
conﬁdence and support.
The “Chromosome = Set of Rules” Approach
• GA-RULE. Pei, Goodman y Punch in [50] propose a GA to induce predictive rules in disjunctive normal form. In the genotype both the antecedent
and the consequent of the rules are encoded.
• dAR is a GA developed by Au y Chan [4] the objective of which is the
predictive induction of association rules. For this, each individual represents
a set of rules only through their antecedents, since the rule consequents
are determined in the ﬁtness function computation, in the same way as in
GA-NUGGETS. The authors describe in [5] DEML, a GA for predictive
rule induction with applications for churn prediction. The algorithm uses a
codiﬁcation scheme similar to that used in dAR but the mutation operator
includes a hill-climbing search procedure to search for improvements even
when premature convergence occurs.
• GA-MINER, developed by Flockart and Radcliﬀe [23]. The GA-MINER
system incorporates domain information to form a hybrid genetic algorithm
using explicit representation of rules. The algorithm, apart from using the
conventional genetic operators, experiments with adding two new operators,
the addition and the subtraction operators and with diﬀerent expressions
for the ﬁtness function. This algorithm is designed for running GAs on large
scale parallel data mining.
• EDRL-MD (Evolutionary Decision Rule Learner with Multivariate Discretization). In this GA, developed by Kwedlo and Kretowski [38], a single
chromosome encodes a set of rules in a variable length genome. The consequent is not coded, it remains ﬁxed for each iteration of the GA (as in
[8, 9, 10, 22]). As well as the standard genetic operators it includes four
speciﬁc for rule induction: one operator which modiﬁes a chromosome in
order to include an additional positive example, another which modiﬁes
the chromosome in order to eliminate a negative example, a rule elimination operator and a rule inclusion operator. This predictive induction GA
is modiﬁed in [39] so that the algorithm minimises misclassiﬁcation cost
rather than the number of classiﬁcation errors.

278

M.J. del Jesus et al.

Wang et al. present in [55] an algorithm to generate predictive rules which
incorporates both approaches. The proposed algorithm consists of two phases:
knowledge integration, which integrates rules from diﬀerent sources using a
GA with Pittsburgh approach; and knowledge reﬁnement which improves the
rule set performance using a GA with the “Chromosome = Rule” approach.

5 Fuzzy Logic in Rule Induction Processes
Fuzzy Logic allows us to model inaccurate and quantitative knowledge, as
well as to handle uncertainty and deal naturally to a reasonable extent with
human reasoning. Ever since it was proposed in 1965 by [61], it has been
applied to many areas of research, fundamentally because of its proximity to
human reasoning and because it provides an eﬀective way of capturing the
approximate and inexact nature of the real world.
As we know, the principle objective of any process of Data Mining is the
identiﬁcation of interesting patterns and their description in a concise and
signiﬁcant manner. The use of Fuzzy Logic in Data Mining is sensible because
fuzzy models represent a description of the data directed towards the user
through a set of qualitative models which establish signiﬁcant and useful relationships between variables. Fuzzy sets allow us to establish ﬂexible limits
between the diﬀerent levels of meaning, without ignoring or overemphasising
the elements closest to the edges, in the same way as human perception does.
In any process of knowledge extraction there is a component of human interaction and fuzzy sets allow us to represent knowledge in a linguistic form, to
easily incorporate previous knowledge and to provide interpretable solutions.
In rule induction processes, Fuzzy Logic is included in such a way that
the models extracted are fuzzy rules. In the most interpretable type of fuzzy
rules, linguistic fuzzy rules, and therefore the most appropriate for Data Mining, the continuous variables are deﬁned as linguistic variables; that is, variables which take as possible values linguistic labels, the semantics of which
are represented by an associated fuzzy set [62]. The use of Fuzzy Logic in
rule induction processes with quantitative variables eases the interpretability
of the knowledge which is ﬁnally extracted, the incorporation of qualitative
knowledge of the problem, the treatment of lost values and classes with limits
which are not well deﬁned, and the processing of noise in variables which are
the result of real measurements [3, 62].
One of the fundamental aspects when working with fuzzy rules is the deﬁnition of membership functions associated with the fuzzy sets used. In Kouk’s
algorithm [40] for the extraction of fuzzy rules the expert needs to give the
algorithm the continuous variables and their corresponding membership functions. In this case, the quality of the results obtained by the algorithm depends
on the suitability of the fuzzy sets. For many applications it is very diﬃcult to
know from the outset which fuzzy sets will be the most appropriate, and so algorithms such as that in [27] have been described, which determine the fuzzy
sets and generate the membership functions through clustering techniques.
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However, in order to increase the interpretability of the results obtained in
some proposals such as [3], knowledge of the problem is introduced in the
initial deﬁnition of the fuzzy sets, such that the rules obtained are based on
these fuzzy sets. Our proposal is centred on this approach.
The interpretability of fuzzy rules can be increased by the use of linguistic
hedges. Chen and Wei in [12] propose an algorithm for the extraction of association fuzzy rules with linguistic hedges. These operators allow the knowledge
extracted to be more comprehensible and closer to the user, and also enrich
the semantics of the rules; the rules are therefore more detailed.

6 An Evolutionary Approach
to Obtain Descriptive Fuzzy Rules
In the evolutionary model of extraction of fuzzy rules for subgroup discovery
which we present, two components can be distinguished:
• An iterative model of extraction of fuzzy rules for the description of attributes of subgroups supported by diﬀerent areas (not necessarily apart)
of the instance space. This model includes the hybrid GA described below.
• A hybrid genetic algorithm for the extraction of one fuzzy rule that is simple,
interpretable, and has an adequate level of support and conﬁdence.
Both elements will be described in the next subsections.
6.1 Iterative Model for the Extraction of Descriptive Fuzzy Rules
The objective of the model for the extraction of descriptive fuzzy rules is
to obtain a set of rules which give information on the majority of available
examples for each value of the target variable.
The proposal follows the IRL (Iterative Rule Learning) approach: it includes a hybrid GA which generates a rule in an iterative plan. The iterative
model allows new rules to be obtained while the generated rules reach a minimum level of conﬁdence and give information on areas of search space in
which examples which are not described by the rules generated by the previous iterations, remain.
The complete algorithm diagram is as follows:
START
RuleSet ← Ø
REPEAT
Execute the GA obtaining rule R
Local Search (R)
RuleSet ← RuleSet + R
Modify the set of examples
WHILE confidence(R) ≥ minimum confidence and
R represents new examples
END
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The repetition mechanism promotes the generating of diﬀerent rules (in
the sense that they give information on diﬀerent groups of examples). This
is achieved by penalizing – once a rule is obtained – the set of examples represented by the same in order to generate future rules. It is important to
point out that this penalization does not impede the extraction of concealed
rules. In subgroup discovery algorithms, the possibility of extracting information on described examples is not eliminated since redundant descriptions of
subgroups can show the properties of groups from a diﬀerent perspective.
As can be seen in the extraction model diagram, in each iteration the
conﬁdence of the obtained rule must be higher than a previously speciﬁed
minimum value. In the algorithms of descriptive induction, one of the fundamental problems, and partly signiﬁcant to the quality of the obtained results,
is the speciﬁcation of minimum support (minimum conﬁdence) required of the
rules to be extracted. This value depends greatly on the problem to be solved
and its solution is a problem which is still not completely resolved. Zhang
et al. describes in [63] a method based on fuzzy logic for the setting of the
minimum conﬁdence level.
6.2 Genetic Algorithm for the Extraction
of a Descriptive Fuzzy Rule
In order to obtain the best fuzzy rule, a hybrid GA which, following the
evolutionary obtainment of the fuzzy rule, applies a stage of post-processing,
a hill-climbing process is used.
The elements of the GA will be described below.
Chromosome Representation
The objective of the GA is to discover rules whose consequent is formed by
a target variable which has been deﬁned previously. The rules generated will
be fuzzy or crisp, according to whether the variables involved are continuous
or categorical, and they are coded according to the “Chromosome = Rule”
approach.
Only the antecedent is represented in the chromosome and all the individuals in the population are associated with the same value of the target
feature. This form of categorizing the target feature, used in algorithms for
classiﬁcation rule extraction [35] means that the evolutionary algorithm must
be run many times in order to discover the rules of the diﬀerent classes. As we
commented in Sect. 4.2, in the specialized literature other proposals have been
considered, such as codifying within the individual’s genome [17] (in this way
consequent evolution is also possible) or the deterministic selection for each
rule of the value of the target feature [27, 49]. In problems such as the one we
present, the focus we have adopted is suitable because it is necessary to describe all the values of the target feature, and the two alternatives mentioned
above do not ensure information extraction relating to all the classes.
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Some of the variables of the problem are continuous variables which are
treated as linguistic variables with linguistic labels. The fuzzy sets corresponding to the linguistic labels are deﬁned by a uniform fuzzy partition with triangular membership functions, as shown in Fig. 1.
Very Low

Low

Medium High Very High

0.5
Fig. 1. Example of fuzzy partition for a continuous variable

All the information relating to a rule is contained in a ﬁxed-length chromosome for which we use an integer representation model (the i-th position
indicates the value adopted by the i-th variable). The set of possible values
for the categorical features is that indicated by the problem plus an additional
value which, when it is used in a chromosome, indicates that the corresponding variable does not take part in the rule. For continuous variables the set
of values is the set of linguistic terms determined heuristically or with expert
information, plus the value indicating the absence of the variable. In Fig. 2
we show an example of the rule and the chromosome which codiﬁes it.
Zone

Employees

Sector

2

7

2

Bar
…

1

Fig. 2. Whole encoding model of a rule

In this example, the variable “Employees” does not inﬂuence the rule because the possible values are from 1 to 6, and in the corresponding gene the
value is 7, which indicates the absence of this variable in the rule.
Fitness Function
In this process of rule discovery the objective is to obtain rules with high
predictive capacity, and which are understandable and interesting. This objective can be achieved by using a weighted lineal combination of these three
measurements [49]. In our proposal, the ﬁtness function reﬂects these three
quality factors by using a weighted lineal combination thus:
ﬁtness(c) =

ω1 · Support(c) + ω2 · Interest(c) + ω3 · Conﬁdence(c)
ω1 + ω2 + ω3

• Conﬁdence. This measurement determines the accuracy of the rule, in that
it reﬂects the degree to which the examples within the zone of the space
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marked by the antecedent verify the information indicated in the consequent of the rule. In order to calculate this factor we use an adaptation of
Quinlan’s accuracy expression [51] in order to generate fuzzy classiﬁcation
rules [16]: the sum of the degree of membership of example of this class
to the zone determined by the antecedent, divided the sum of the degree
of membership of all the examples (irrespective of their class) to the same
zone. In order to calculate these membership degrees, we use triangular
membership functions and the minimum t-norm. In the case of non-fuzzy
rules, the degrees of membership correspond to the classic sets, 0 or 1.
• Support. This is the measurement of the degree of coverage that the rule
oﬀers to examples of that class. It is calculated as the quotient between
number of new examples in the class covered by the rule and the number of
examples that are not covered. This way of measuring support is sensible,
when using the GA within an iterative process, in order to obtain diﬀerent
rules each time the GA is run. From the second iteration rules which cover
examples belonging to zones delimited by previously obtained rules are
penalised, because the support factor only considers examples which have
not been described by already-obtained rules. No distance function is used
as diﬀerences are penalised on a phenotypical level.
• The interest of a rule can be determined objectively (based on data) or
subjectively (based on the user). In the specialised literature there are proposals of both forms, depending on the speciﬁc problem to which a data
mining algorithm is applied, and neither of the two approaches has a significant advantage over the other. However, it seems evident that in practice
both approaches should be used: the objective criteria as a ﬁlter to select
potentially interesting rules and the subjective criteria in order that the
ﬁnal user can determine which rules are really interesting [24].
We follow this focus in our proposal, and in the GA the degree of interest
is assessed objectively. To this end we use the interest criteria provided
by Noda et al. in a dependence modelling process in [49] where the level of
interest of a rule is determined by two terms, one referring to the antecedent
and the other to the consequent. In our proposal the consequent is preﬁxed
and only the antecedent is used for the interest calculation, based on an
information measurement given by the following expression:


n
i=1 Gain(Ai )
Interest = 1 −
n · log2 (|dom(Gk )|)
Where Gain is information gain, n is the number of variables which appear in the antecedent of the rule and |dom(Gk)| is the cardinality of the
objective variable (the number of values possible for the variable which is
considered as a class). The denominator term is introduced to standardise
the global value.
As discussed in [24] variables with high information gain are suitable for
predicting a class when they are considered individually. However, from the
point of view of the interest of a rule, it is understood that the user already
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knows which are the most predictive variables for a speciﬁc application
domain, and therefore the rules which contain these variables are less interesting, as they are less surprising and carry less information. Therefore, it
is understood that the antecedent of a rule is more interesting if it contains
attributes with a small quantity of information.
The overall objective of the evaluation function is to direct the search
towards rules which maximise accuracy, minimising the number of negative
and not-covered examples.
Reproduction Model and Genetic Operators
A steady-state reproduction model [6] is used: the original population is only
modiﬁed through the substitution of the worst individuals by individuals resulting from crossover and mutation.
The genetic operators used are a multi-point crossover operator and a
random mutation operator which is biased such that half the mutations carried out have the eﬀect of eliminating the corresponding variable, in order to
increase the generality of the rules.
Post-Processing Phase of the Genetic Algorithm:
Local Search Algorithm
The post-processing phase follows the algorithm bellow:
START
Best Rule ← R; Best support ← support(R); Better ← True
REPEAT WHILE Better
Better ← False
FOR (i=1 to gene number)
R’i ← R without considering variable i
IF (support (R’i) >= support (R))
Better ← True
IF (support (R’i) > Best support)
Best support ← support (R’i)
Best Rule ← R’i
END FOR
IF (Better AND support(Best Rule) >= min supp)
Return Best Rule
ELSE
Return R
END WHILE
END
It improves the rule obtained by a hill-climbing process, modiﬁes the rule
while increasing the degree of support. To accomplish this, in each iteration

284

M.J. del Jesus et al.

a variable is determined such that when it is eliminated, the support of the
resulting rule is increased; in this way more general rules are obtained. Finally,
the optimised rule will substitute the original only if it overcomes minimum
conﬁdence. The diagram is as follows:

7 Experimentation
The experimentation is carried out with the market dataset obtained in the
Machinery and Tools biennial held in Bilbao in March 2002 (see Sect. 2).
From total set of 104 variables, marketing experts have made a selection of
variables which reduces the total set to a subset of 18 variables (in Table 1,
a brief deﬁnition of these variables is described). The evolutionary rule induction algorithm has been applied to this set of variables.
Table 1. Variables description
Name

Description

Eﬃciency

Target variable: Global eﬃciency for the stands
stated by high, medium or low
Geographic zone of the company
Sector to which the exhibitor belongs
Utility provided by the fairs
Number of fairs participating annually as exhibitor
Existence of objectives for the BIEMH in writing
Accomplishment of previous promotion to the fair
Listings of clients to inform of the presence in
the fair
Monitoring of the previous promotion campaign
Importance granted to the operations conducted
after the fair
Importance granted to the number of contacts
made with present clients
Importance granted to the quality of the
contacts made
Importance granted to the number of visitors
in stand
Accomplishment of telephone calls
Type of demonstrations of machinery
Presence of new features in stand
Presence of stewardesses
Stand in pavilion entrance
Stand near the stairs

Zone
Sector
Fair utility
Annual fair number
Written objectives
Previous promotion
Promotion listings
Monitoring promotion
Operation after fair
Client Contacts
Quality
Visitors number importance
Telephone calls
Machinery demo type
New features
Stewardesses
Stand at entrance
Near of stairs

Evolutionary Induction of Descriptive Rules in a Market Problem

285

Parameters of the experimentation:
• The proposed algorithm is run ﬁve times for each one of the target variable
values (global eﬃciency high, medium or low ).
• Number of chromosomes in the GA: 100.
• Maximum number of evaluations of individuals in each GA run: 5000.
• Fitness function weights. Support: 0.4; conﬁdence: 0.3; interest: 0.3.
• Minimum conﬁdence value: 60.
In Table 2 the best results obtained are described. Here, for each value of the
target variable the conﬁdence, support and interest corresponding to each rule
induced are shown (by means of three real numbers belonging to [0,100]). In
Tables 3, 4 and 5 the rule expressions are described.
Table 2. Quality measurements of the rules extracted
Class

1

2

3

Rule

Support

Conﬁdence

Interest

1
2
3
4
5
6
7
1
2
3
4
5
6
7
8
9
10
11
12
1
2
3
4
5

10,526
13,158
18,421
7,895
7,895
5,263
5,263
10,811
10,135
6,081
3,378
6,081
3,378
4,730
3,378
2,027
3,378
95,946
0,676
4,762
9,524
11,905
4,762
7,143

100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
100,000
64,840
100,000
100,000
100,000
100,000
100,000
100,000

61,282
60,663
58,341
58,248
59,971
57,806
53,024
59,112
55,906
58,062
61,805
59,567
57,870
59,923
60,617
60,929
59,232
62,340
60,977
62,110
59,904
59,045
59,845
60,580

We can observe that the algorithm induces set of rules with a high conﬁdence (higher than the minimum conﬁdence value) and interest level, around
60 in most cases. This high level of interest, according to the deﬁnition of
the interest measurement used (see Sect. 6.2.2.) indicates that the variables
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Table 3. Rules for medium eﬃciency

1

2

3

4

5

6

7

8
9

10

11
12

IF Zone = North and Fairs utility = Low AND Visitors number
importance = Medium AND Stand at pavilion entrance = Yes
THEN Eﬃciency = Medium
IF Zone = North AND Importance of contacts quality = High AND
Telephone calls = Yes AND New features = “Catalogue”
THEN Eﬃciency = Medium
IF Sector = Rest AND Importance of operations after the fair = Medium
AND New features = Product improvement
THEN Eﬃciency = Medium
IF Sector = Starting+Deformation AND Number of annual fairs = More
than 11
THEN Eﬃciency = Medium
IF Previous promotion = Yes AND Visitors number importance = Low
AND Stand at pavilion entrance = Yes
THEN Eﬃciency = Medium
IF Sector = Rest AND Importance of operations after the fair = Low AND
Visitors number importance = High
THEN Eﬃciency = Medium
IF Zone = North AND Sector = Starting+Deformation AND Fairs utility =
Low AND Previous promotion = Yes AND Importance of contacts
quality = Medium
THEN Eﬃciency = Medium
IF Importance of contacts quality = Medium AND Stewardesses = Yes
THEN Eﬃciency = Medium
IF Previous promotion = No AND Importance of contacts quality = High
AND Stand at pavilion entrance = Yes
THEN Eﬃciency = Medium
IF Sector = Rest AND Importance of operations after the fair = Low AND
Importance of contacts quality = Medium
THEN Eﬃciency = Medium
IF Number of annual fairs = Less than 11
THEN Eﬃciency = Medium
IF Number of annual fairs = More than 11 AND Importance of contacts
quality = Medium
THEN Eﬃciency = Medium

which intervene in the general rules are variables with low information gain
value, more surprising to the user and they carry more information. We must
note that variables with high information gain are suitable for predicting a
class when they are considered individually. However, from the point of view
of the interest of a rule, it is understood that the user already knows which
are the most predictive variables for a speciﬁc application domain, and therefore the rules which contain these variables are less interesting, as they are
less surprising and carry less information. Therefore, it is understood that the
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Table 4. Rules for low eﬃciency
1

2

3

4

5

6

7

IF Sector = Starting+Deformation AND Written objectives = No AND
Previous promotion = No
THEN Eﬃciency = Low
IF Written objectives = No AND Importance of present clients contacts =
Low AND Importance of contacts quality = High AND Stand at pavilion
entrance = No AND Near of stairs = No
THEN Eﬃciency = Low
IF Zone = North AND Sector = Starting+Deformation AND Written
objectives = No AND Telephone calls = Yes AND New features =
Product improvement AND Stand at pavilion entrance = No
THEN Eﬃciency = Low
IF Importance of present clients contacts = Low AND Importance of
contacts quality = Low
THEN Eﬃciency = Low
IF Zone = East AND Written objectives = No AND Existence of promotion
listings = No AND Importance of operations after the fair = High AND
Stand at pavilion entrance = No AND Near of stairs = No
THEN Eﬃciency = Low
IF Zone = North AND Fairs utility = Low AND Importance of present
clients contacts = Medium AND New features = Product improvement
THEN Eﬃciency = Low
IF Sector = Starting+Deformation AND Promotion campaign monitoring =
No AND Importance of present clients contacts = High AND Machinery
demonstrations type = Sporadic operation AND Stewardesses = Yes
THEN Eﬃciency = Low

antecedent of a rule is more interesting if it contains attributes with a small
quantity of information, as the rule induces here.
The rule support, except for some rules, is low. The model induces, for
this problem, speciﬁc rules which represent a small number of examples. The
market problem used in this work is a diﬃcult real problem in which inductive
algorithms tend to obtain small disjuncts, more common in datasets than
one might think at ﬁrst glance. However, the small disjunct problem, as we
described in Sect. 3, is not a determining factor in the induction process
for subgroup discovery. This is because partial relations, i.e., subgroups with
interesting characteristics, with a signiﬁcant deviation from the rest of the
dataset, are suﬃcient.
The knowledge discovered for each one of the target variable values is
understandable by the user due to the use of Fuzzy Logic, and the small
number of rules and conditions in the rule antecedents.
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Table 5. Rules for high eﬃciency

1

2

3

4

5

IF Written objectives = Yes AND Stewardesses = No AND Stand at
pavilion entrance = Yes AND Near of stairs = Yes
THEN Eﬃciency = High
IF Sector = Rest AND Number of annual fairs = More than 11 AND New
features = Authentic newness
THEN Eﬃciency = High
IF Zone = East AND Sector = Rest AND Fairs utility = High AND
Importance of contacts quality = High AND New features = Authentic
newness
THEN Eﬃciency = High
IF Zone = East AND Sector = Rest AND Number of annual fairs = Less
than 11 AND Existence of promotion listings = Yes AND Importance of
operations after the fair = High AND Importance of contacts quality =
Medium AND Stand at pavilion entrance = No
THEN Eﬃciency = High
IF Fairs utility = High AND Written objectives = Yes AND New features =
Authentic newness AND Stand at pavilion entrance = No AND Near of
stairs = No
THEN Eﬃciency = High

8 Concluding Remarks
The area of Soft Computing provides a set of tools which, independently or
together, are being successfully used in knowledge extraction tasks.
Fuzzy Logic allows the user to incorporate directly linguistic knowledge
into the data mining process, to mix this knowledge with non-linguistic information and to treat appropriately incomplete data or data with noise. But
perhaps one of the characteristics which is most important for the use of
fuzzy logic in this type of algorithm is its ability to represent knowledge in a
linguistic form which is directly interpretable, through fuzzy rules.
Genetic Algorithms carry out a global search which is independent of the
domain. This makes them a strong tool which can be applied to various stages
of the knowledge extraction process.
In this chapter we describe an evolutionary model for the descriptive induction of fuzzy or crisp rules which describe subgroups. The proposal includes
a GA in an iterative model which extracts rules when some examples are left
uncovered, and the rules obtained surpass a given conﬁdence level which is
speciﬁed by the user.
We have applied this proposal to a real knowledge extraction problem in
trade fairs. The experiment carried out has determined a simple set of rules
which use few variables and therefore has a simple structure. The information
extracted is comprehensible for and usable by the ﬁnal user.
In future studies, we will examine the use of a more ﬂexible structure
for the rule and the study of an appropriate interest measurement for this
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structure. Moreover, we are working in the development of a multiobjective
version of this model [18].
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Abstract. Reverse logistics has gained increasing importance as a proﬁtable and
sustainable business strategy. As a reverse logistics chain has strong internal and
external linkages, the management of a reverse logistics chain becomes an area of
organizational competitive advantage, in particular, with the growth of e-commerce
applications. To eﬀectively manage a reverse logistics chain always involves a decision
optimization issue in which uncertain information, individual situation, multiple
criteria and dynamic environment all need to be considered. This paper addresses the
need of supporting reverse logistics managers in selecting an optimal alternative for
goods return under their business objectives. Through analyzing the characteristics
of reverse logistics chain, this paper proposes a personalized multi-stage decisionsupport model for reverse logistics management. It then presents a personalized fuzzy
multi-criteria decision-making approach to assist managers to lead and control the
reverse logistics within an uncertain and dynamic system.

1 Introduction
During the last decade many companies have realized that the opportunity to
improve operations lies largely with procurement, distribution and logistics–
the supply chain. As companies are increasing their levels of outsourcing, buying goods or services instead of producing or providing them by themselves,
they are therefore spending increasing amounts on supply related activities.
Logistics is one of the key elements of supply chain management [14, 17]. It
refers to decide the best way of the movement of goods within a facility [12].
Logistics has become a hot competitive advantage as companies struggle to
get the right stuﬀ to the right place at the right time.
There are two logistics channels in a supply chain system of a company.
Forward logistics channel concerns the movement of goods from source to
the point of consumption. A backward movement can be happened to return
goods to suppliers called reverse logistics [2, 10]. Forward logistics usually
brings proﬁt to all operational departments involved, while reverse logistics
usually cannot. Some companies even perceive goods return as failure of their
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operations. However, the high rate of goods return from online purchases,
the increasing environmental regulations and standards, and the growing consumer awareness of recycling have brought a need to rethink the signiﬁcance
of reserve logistics [15]. Some reports have shown that companies trying to
hide from the signiﬁcance of reverse logistics miss tremendous proﬁt making
opportunities [5, 6]. The reason is that companies can use reverse logistics
as an opportunity for maintaining customer support, building good customer
relationship and reach the ultimate business objective of proﬁtability [14].
Moreover, many companies have discovered that eﬀective management for
a reverse logistics chain such as the reductions in inventory carrying costs,
transportation costs and waste disposal costs can be also substantial with
the supply chain program [13]. Companies like IBM, HP have tailored reverse
logistics to their industry with it [7].
To eﬀectively manage a reverse logistics chain involves ﬁnding the best
way of movement of goods by evaluating a number of alternatives of goods
return disposals under a set of business objectives. In the evaluation, a set of
criteria are as constraints, such as buyer’s demand, vendors’ quota ﬂexibility,
repairer’s capacity, purchase and repair values of the returned items, and time
[3, 11]. In principle, this is a multi-criteria decision-making problem. However,
there are several issues to result in a normal multi-criteria decision-making
approach that cannot eﬀectively support the decision-making in such reverse
logistics management:
1. Multi-stage and dynamic: A reverse logistics chain involves a series of stages
(operational functions). All the stages involved in the chain are interrelated
in a way that a decision made at one stage aﬀects the performance of
next stages. That is, the decision objective(s) and alternatives at each
stage (except the ﬁrst one) are dynamically aﬀected by the decision(s)
made in previous stages/functions. A normal multi-criteria decision-making
approach is not able to handle the multi-stage dynamic decision feature.
2. Personalization: Managers at diﬀerent service stations of a reverse logistics chain making decisions are based on diﬀerent evaluation criteria and
diﬀerent alternatives. For example, the alternatives to deal with a goods
return in a collection station are totally diﬀerent from one in a redistribute
station. Managers at diﬀerent stations need a personalized decision support, while the normal multi-criteria approach could hardly support such
“personalized” decision-making of reverse logistics managers.
3. Uncertainty and imprecision: In practice, reverse logistics managers often
imprecisely know the values of related constraints and evaluation criteria
in selecting an optimal alternative. For example, they can only estimate
inventory carrying costs and transportation costs of a particular set of
goods to be returned. Also, the evaluation for any alternative of a goods
return, logistics managers need assigning values for a number of selection
criteria descriptors according to his/her specialized experience. These values assigned are often in linguistic terms, such as “high reusability”, “low
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reusability” for a set of goods to be returned. Obviously, the normal multicriteria decision-making approach is not eﬃcient to solve these problems
in which uncertain information and imprecise linguistic expressions are involved.
This study aims to propose a decision-making approach which extends a
normal multi-criteria approach to eﬀectively handle the three issues: multistage, personalization, and uncertainty in reverse logistics management. This
paper is organized as follows. Section 2 analyses the main operational functions in a reverse logistics chain and summarizes the characteristics of decision making in selecting the best way to handle goods return. A personalized
multi-stage decision support model for reverse logistics management is established. Based on this established model, Sect. 3 proposes a personalized fuzzy
multi-criteria decision-making approach which takes the form of optimizing
procedures to provide an optimal way for logistics managers through evaluating related alternatives at any stage of a reverse logistic chain. A case-study
example illustrates the power and details of the proposed approach in Sect. 4.
Finally, a conclusion and future research plan are given in Sect. 5.

2 A Reverse Logistics Decision Support Model
This section ﬁrstly analyses the composition of a reverse logistics chain and
the characteristics of goods return decision-making. It then presents a personalized multi-stage reverse logistics decision support model.
2.1 Reverse Logistics Chain
It is easy to think of logistics as managing the ﬂow of products from the point
of the view of the raw material acquisition to end customers. But the life
of a product, from a logistics viewpoint, does not end with delivery to the
end customer [1]. For many companies there is a reverse logistics chain that
must be managed as well. Products may become obsolete, damaged or nonfunctioning and therefore need to be returned to their source points for repair
or disposition. This procedure forms a reverse logistics chain. The reverse
logistics chain may utilize all or some stages of the forward logistics chain
or require a separate design, and terminates with the ﬁnal disposition of a
product. As a fairly new concept, a company’s supply chain consists of both
forward logistics and reverse logistics. The European working group on reverse
logistics puts forward the following deﬁnition of reverse logistics including the
goal and the process involved: “the process of planning, implementing and
controlling ﬂows of raw materials, in process inventory, and ﬁnished goods,
from a manufacturing, distribution or use point to a point of recovery or point
of proper disposal.”
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A reverse logistics chain involves a series of stages, each concerns a kind of
activities associated with the management of goods (can be products, materials or components) return, with diﬀerent facilities. These stages/facilities are
interrelated in a way that a decision made at previous stage aﬀects the decision
making in the following stages. In general, the stages of a reverse logistics chain
typically includes collection, combined testing/sorting/inspection/separation
process, reprocessing/repairing or direct recovery and redistribution/resale/
reusing or disposal which can be also happened with other operational functions such as testing [2, 16]. As shown in Fig. 1, Supply, Manufacture, Distribution and Consumer form a ﬂow of forward logistics. A reverse logistics ﬂow
has a backward movement from ‘Consumer” to “Supply.” Stage “Collection”
refers to all activities rendering goods to be returned available and physically
moving them to some point where a further treatment is taken care of. Testing
(or inspection) determines whether collected goods are in fact reusable or how
much work needs to be paid in order to make it usable. Sorting (or separation)
decides what to do with each or a set of collected goods, including reprocessing and disposal. Thus, testing and sorting will result in splitting the ﬂow of
collected goods according to distinct treatment options. Reprocessing means
the actual transformation of returned goods into usable products again. The
transformation may take diﬀerent forms including recycling, reconditioning,
and remanufacturing. Disposal could be an option at this stage as well. Redistribution refers to directing reusable products to a potential reuse market
and to physically moving them to future end customers. Therefore, the reverse
logistics can simply be just reselling a product, or can be accompanies by a
series of processes, as shown in Fig. 1, from collection to reuse or disposal
[2, 16].
The important degrees of these operational functions are diﬀerent in a
goods return. Some functions may play more important roles than others
for a particular goods return. The degree of importance of each operational

Supply

Manufacture

Distribution

Consumer

Testing
Redistribution

Reprocessing

Reuse market

Forward logistics

Sorting

Collection

Disposal

Reverse logistics

Fig. 1. Forward logistics chain and reverse logistics chain
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function is also variable for diﬀerent goods returns. This variance is mainly
dependent on the business objective of the reverse logistics management. For
example, if the business objective of a company’s reverse logistics management
is to provide customer services in warranties, then the function of “collection”
may play a more important role in the reverse logistics chain than the reprocessing for the disassembly of products. If the business objectives is more
environmentally related such as “reclaiming parts”, the function of “sorting”
may be more important. For a particular reverse logistics ﬂow, some operation
functions may not appear. For example, “reuse market” will not appear for
many kinds of goods returned.
2.2 Characteristics of Goods Return Decision Making
There are several kinds of actors involved in reverse logistics activities in
practice. They are independent intermediaries, speciﬁc recovery companies,
reverse logistics service providers, municipalities taking care of waste collection, and public-private foundations created to take of goods recovery. The
aims of diﬀerent kinds of actors in a reverse logistics chain are diﬀerent. For
example, a manufacture may do recycling in order to prevent jobbers reselling
its products at a lower price, while a collector may collect used products in
order to establish a long-term customer relationship. These actors can also
be logically diﬀerentiated into returners, receivers, collectors, processors and
sales persons based on the features of their roles in a reverse logistics chain
[2, 9]. The most important type of actors is “returner” as any stage can be
a returner, including customers, in the whole reverse logistics chain, hence
suppliers, manufactures, wholesalers and retailers.
Returners, at any operational stage of a reverse logistics chain, always need
to decide how to best move current returned goods such as to return it to a
factory for repairing or disposal it locally. Returners at diﬀerent stages or at
the same stage but with diﬀerent goods returns may have diﬀerent alternatives
and diﬀerent selection criteria to ﬁnd the best way from these alternatives. For
example, at the stage of “collection”, the decision is mainly about planning
and scheduling of recovery operations, and the transportation and the warehousing of returns have to be dealt with. At the stage of “sorting”, returners
need to determine whether or not to do recovery and which type of recovery
if do. The recovery options are thus taken into account and judged. The decisions for a goods return at a previous stage will become constraints given
for and impact directly on the decision activities of its following stages. For
example, when one product is identiﬁed to be not usable any other decisions
on storage, treatment, transportation for reusing process are not considerable except transportation for disposing processed wastes. Therefore, every
decision has to bear the impact on the decisions at its previous stages.
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Table 1. Example of relationships among returners’ types, their business objectives
and alternatives in a reverse logistics chain
Returner
Types

Business Objectives (O)

Alternatives (A)

Collector

Maximizing customer relationship
Minimizing customer service cost in
warranties

Replacement
Local storage
Customer postal

Tester/Sorter

Minimizing total operational cost
Maximizing customer relationship
Maximizing satisfying environmental
regulation

Recycling
Remanufacturing
Reuse
Disposal

Processor

Minimizing total operational cost
Maximizing customer services in
warranties of repair

Local remanufacturing
Recycling
Disposal

Redistributor

Maximizing business proﬁt
Maximizing reclaiming parts
Minimizing time

Resale
Disposal
Storage

The following characteristics have been seen through the above analysis:
1. reverse logistics management involves decision making at multiple stages;
2. decisions made at diﬀerent stages are based on diﬀerent alternatives and
selection criteria;
3. at each stage, returners’ business objectives, related alternatives and evaluation criteria are dynamic changed. The change is caused by both the
features of returned goods and the actions of previous functions of the
reverse logistics chain. The analysis reminds a personalized multi-stage decision support model to help the selection of the best way to handle a goods
return in a reverse logistics chain.
In order to build the model, two sets of relationships have to be discussed.
One is the dependence relationship between business objectives and alternatives, and the other is between business objectives and selection criteria.
Based on Fig. 1, returners can be classiﬁed into four basic types: collector,
tester/sorter, processor, and redistributor, as shown in Table 1. The four types
of returners are at four main functional stages of a reverse logistics chain
respectively. For each type of returners, possible business objectives are shown
in the column two of Table 1. Once a returner’s business objectives for a
particular goods return are determined, a set of alternatives can be identiﬁed.
For example, two business objectives of a collector are to maximize customer
relationship and to minimize customer services cost in warranties. Related
alternatives are thus recycling, reconditioning and disposal as shown in the
column three of Table 1. However, diﬀerent companies may set up diﬀerent
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Table 2. Example of relationships among business objectives, selection criteria and
related items in a reverse logistics chain
Selection
Criteria (C)

Related
Items

Minimizing total
operational cost

Cost

Collection cost, storage cost, treatment
cost, transportation cost for reusing
processed wastes, transportation cost for
disposing processed wastes, repair cost

Minimizing customer
services in warranties

Time

Collecting time, treatment time, and
transportation time

Maximizing customer
relationship

Customer
satisfaction

Product life stages (Introduction; Growth;
Maturity; Decline)
Time
Usability

Maximizing business
proﬁt

Beneﬁt
Cost

Reusability
Resale income
Repair cost
Transportation cost
Redistribute cost

Objectives (O)

business objectives and related diﬀerent alternatives for each type of returners.
Related data can be obtained through data mining and other methods.
To evaluate these alternatives, a number of selection criteria are set up.
Each criterion is described by one or more related items which are strongly
dependent on the corresponded business objectives. For example, when a company’s business objective for a goods return is to minimize customer services
in warranties, time including collect time, treatment time and transportation
time, is the only assessment item for selection of a solution from related alternatives. Table 2 lists the possible business objectives, related selection criteria
and involved assessment items. Same as Table 1, diﬀerent companies may set
up diﬀerent criteria for the same business objective.
2.3 A Personalized Multi-stage Decision Support Model
Figure 2 shows the proposed personalized multi-stage decision support model.
This model describes a whole decision-making process of a returner at any
stage of a reverse logistics chain. In the model, when a returner’s type is
known, its business objectives can be identiﬁed based on the relationships
shown in Table 1. After business objectives are determined, the returner is
allowed to indicate a weight for each objective based on individual experience and knowledge. Related alternatives are then determined based on the
relationships shown in Table 1 as well. As the alternatives of a goods return
decision are totally related to its business objectives, when an objective’s
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Decision support system
Determine business
objectives

Determined related
alternatives

Determine selection
criteria

Aggregate the weights,
preferences and judgments

Returner
Get the type of a returner and the
feature of a goods return

Give weights to these
objectives

Give preferences to these
alternatives

Give judgments to these
criteria

Find the best alternative
to handle the goods return

Fig. 2. A personalized multi-stage decision support model of reverse logistics management

weight is very low, its related alternatives and selection criteria will not be
considered. To evaluate these alternatives, a set of selection criteria is determined based on information shown in Table 2. The types of returners and their
preferences for business objectives may result in diﬀerent sets of alternatives.
Obviously, this decision process involves multiple layers of relationships: from
the type of a returner to determining its business objectives, and then alternatives and ﬁnally selection criteria. This process has a personalized feature
as each individual logistic manager may have a set of individual alternatives
and individual preferences for assessing these alternatives with a particular
set of goods return.
Uncertainty and imprecision are involved in the model. In practice, returners often describe and measure the degree of weights and their preferences in
linguistic terms, such as “preferable” and “not really”, “high” or “low” since
a numerical evaluation is sometimes unacceptable. These linguistic terms are
obviously with uncertainties [8]. Each criterion may involve a number of related selection items, estimation of these items’ values is needed and these estimated values are often with imprecision. For example, when minimizing the
total operational cost is the business objective of a goods return at an operational stage, ﬁve major time-varying cost items may need to be estimated and
measured: collection cost, storage cost, treatment cost, transportation cost
for reusing processed wastes, and transportation cost for disposing processed
wastes [10]. All these estimations and measures often involve imprecise values.
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The uncertainty and imprecision features will aﬀect on the processing of a
decision evaluation. When several layers of a goods return decision evaluation
are synthesized into an aggregated result, that is, the weights of business
objectives will be combined with the preferences of related criteria to selection
alternatives, the uncertainty and imprecision features will be integrated into
the ﬁnal outcome, an optimal plan, for the particular goods to be returned.
Therefore, the uncertainty issue has to be in the proposed decision-making
approach.

3 A Personalized Fuzzy Multi-Criteria Decision-Making
Approach for Reverse Logistics Management
As uncertainty is incorporated in the personalized multi-stage goods return
decision process, the proposed decision-making approach must take into account the presentation and processing of imprecise information, and deal with
its personalization and multi-stage issues at the same time. This section gives
a personalized fuzzy multi-criteria decision-making approach to handle the
three features for reverse logistics management problems.
3.1 Preliminaries of Fuzzy Sets
This section brieﬂy reviews some basic deﬁnitions and properties of fuzzy sets
from [18, 21, 22, 24]. These deﬁnitions and notations will be used throughout
the paper until otherwise stated.
Let F ∗(R) be the set of all ﬁnite fuzzy numbers on R. By the decomposition
theorem of fuzzy set, we have
R
λ[aL
λ , aλ ] ,

ã =

(1)

λ∈(0,1]

for every ã ∈ F (R).
Deﬁnition 1. If ã is a fuzzy number and aL
λ > 0 f or any λ ∈ (0, 1], then
ã is called a positive fuzzy number. Let F+∗ (R) be the set of all ﬁnite positive
fuzzy numbers on R.
Deﬁnition 2. For any ã, b̃ ∈ F+∗ (R) and 0 < λ ∈ R, the sum, scalar product
and product of two fuzzy numbers ã + b̃, λã and ã × b̃ are deﬁned by the
membership functions
µã+b̃ (t) = sup min {µã (u), µb̃ (v)} ,
t=u+v

µλã (t) = max{0, sup µã (u)} ,

(2)
(3)

t=λu

µã×b̃ (t) = sup min {µã (u), µb̃ (v)} .
t=u×v

where we set sup{φ} = −∞.

(4)
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Theorem 1. For any ã, b̃ ∈ F+∗ (R) and 0 < α ∈ R,


L
R
R
λ aL
λ + bλ , aλ + bλ ,
λ∈(0,1]

R
αã =
λ αaL
λ , αaλ ,
λ∈(0,1]

L
R
R
ã × b̃ =
λ aL
λ × bλ , aλ × bλ .
ã + b̃ =

λ∈(0,1]

Deﬁnition 3. For any ã ∈ F+∗ (R) and 0 < α ∈ Q+ (Q+ is a set of all positive
rational numbers), the positive fuzzy number ã power of λ is deﬁned by the
membership function
µãα (t) = sup minα {µã(u) }

(5)

t=u

where we set sup{φ} = −∞.
Theorem 2. For any ã ∈ F+∗ (R) and 0 < α ∈ Q+ ,

α  R α
.
λ aL
, aλ
ãα =
λ
λ∈(0,1]
L
Deﬁnition 4. Let ã and b̃ be two fuzzy numbers. Then ã = b̃ if aL
λ = bλ and
R
R
aλ = bλ for any λ ∈ (0, 1].
R
Deﬁnition 5. If ã is a fuzzy number and 0 < aL
λ ≤ aλ ≤ 1, for any λ ∈ (0, 1],
then ã is called a normalized positive fuzzy number.

Deﬁnition 6. A linguistic variable is a variable whose values are linguistic
terms.
Deﬁnition 7. Let ã, b̃ ∈ F ∗ (R), then the quasi-distance function of ã and b̃
is deﬁned as
⎛ 1

1  L
⎝
aλ − bL
d(ã, b̃) =
λ
2

2


R
+ aR
λ − bλ


2

⎞ 12
dλ⎠

(6)

0

Deﬁnition 8. Let ã, b̃ ∈ F ∗ (R), then fuzzy number ã is closer to fuzzy number b̃ as d(ã, b̃) approaches 0.
Proposition 1. If both ã and b̃ are real numbers, then the quasi-distance
measurement d(ã, b̃) is identical to the Euclidean distance.
Proposition 2. Let ã, b̃ ∈ F ∗ (R) (1). If they are identical, then d(ã, b̃) = 0.
2) If ã is a real number or b̃ is a real number and d(ã, b̃) = 0 , then ã = b̃.
Proposition 3. Let ã, b̃, c̃ ∈ F ∗ (R) , then b̃ is closer to ã than c̃ if and only
if d(b̃, ã) < d(c̃, ã).
Proposition 4. Let ã, b̃ ∈ F ∗ (R). If d(ã, 0) < d(b̃, 0), then ã is closer to 0
than b̃.
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3.2 Process of Personalized Fuzzy Multi-Criteria Decision-Making
Approach for Reverse Logistics Management
Based on the model proposed in Sect. 2.3, we integrate the normal multicriteria decision-making approach [19] and fuzzy number techniques [20] into
our proposed personalized multi-stage decision model to accommodate the
requirement of goods return decision-making in a reverse logistics chain, called
the personalized fuzzy multi-criteria decision-making (PFMCDM) approach.
In this approach, we use any form of fuzzy numbers, called general fuzzy
numbers, to handle linguistic terms and other uncertain values. The proposed
approach is designed to include nine steps as follows:
Step 1. Setting up weights for business objectives and each objective’s related
evaluation criteria.
When a returner’s type is identiﬁed, a set of business objectives O =
{O 1 , O 2 , . . . , O n }are determined based on the information shown in Table
1. Let WO = {WO 1 , WO 2 , . . . , WO n } be the weights of these objectives,
OW i ∈{Absolutely not important, Strongly not important, Weakly not important, Medium important, Weakly more important, Strongly more important, Absolutely more important} and are described by general fuzzy numbers a1 , a2 , . . . an . For an objective Oi , let Ci = {Ci1 , Ci2 , . . . , Citi }, i =
1, 2, . . . , n, be a set of the selected criteria corresponding to the objective. Let
W Ci = {W Ci1 , W Ci2 , . . . , W Citi }, i = 1, 2, . . . , n, be the weights for the set
of criteria, where WC ij ∈ {Absolutely not important, Strongly not important,
Weakly not important, Medium important, Weakly more important, Strongly
more important, Absolutely more important} and are described by general
fuzzy numbers c1 , c2 , . . . ct . Both WO and WC ij are given by reverse logistics
decision makers.
Step 2. Finalizing the objectives and selection criteria by following rules
The objective (and its selection criteria) can be ignored when
(1) it has a very low weight;
(2) the degree of its weight is much less than others; or
(3) its related criteria is a subset of another selected objective’s one.
Step 3. Setting up the relevance degree of each criterion on each alternative
Let A = {A1 ,A2 , . . . , Am } be a set of alternatives for a goods return
k
k
k
, ACi2
, . . . , ACit
} be the relevance degree of C i on
decision, ACik = {ACi1
i
alternatives Ak , i = 1, 2, . . . , n, k = 1, 2, . . . , m, provided by returners, where
k
∈ {Very low, Low, Medium low, Medium, Medium high, High, Very
ACij
high} and are described by general fuzzy numbers b1 , b2 , . . . , bm .
Step 4. Weight normalization
The weights for criteria are normalized based on W Ci = {W Ci1 , W Ci2 , . . . ,
W Citi }, i = 1, 2, . . . , n, W Cij ∈ {aj , j = 1, 2, . . . 7} and denoted as
∗
=
W Cij

W Cij
,
R
W Cij0

ti
j=1

for i = 1, 2, . . . , n, j = 1, 2, . . . , ti .
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Step 5. Relevance degree calculation
To calculate the relevance degree OAki of O i on the alternatives Ak , i
ti
∗
W Cij
1, 2, . . . , n, k = 1, 2, . . . , m, by using OAki = W Ci∗ × ACik = j=1
k
, i = 1, 2, . . . , n, k = 1, 2, . . . , m.
ACij
Step 6. Relevance degree normalization
The relevance degree OAki of O i on the alternatives Ak , i = 1, 2, . . . , n, k
1, 2, . . . , m, are normalized based on OAk = {OAk1 , OAk2 , . . . , OAkn }, k
1, 2, . . . , m,
k

OAi =

OAki
,
OAkR
i0

n
i=1

=
×

=
=

for i = 1, 2, . . . , n, k = 1, 2, . . . , m .

Step 7. Objective relevance degree calculation
Calculating the relevance degree Sk of O on alternatives Ak , k = 1,
k
k
ti
OAi × W Oi , k = 1, 2, . . . , m.
2, . . . , m, by using Sk = OA × W O = j=1
Step 8. The results Sk , k = 1, 2, . . . , m are normalized to be positive fuzzy
numbers, and their ranges belong to the closed interval [0, 1]. We deﬁne
fuzzy positive-ideal alternative (FPIS, S ∗ ) and fuzzy negative-ideal alternative
(FNIS, S − ) as:
S ∗ = 1 and S − = 0.
The distance between each Sk and S ∗ is called a positive distance, and the
distance between Sk and S − is called a negative distance. The two kinds of
distances are calculated respectively by
−
k = 1, 2, . . . , m, where
d∗k = d(Sk , S ∗ ) and d−
k = d(Sk , S ),
⎛
d(ã, b̃) = ⎝

1

1  L
aλ − bL
λ
2

2



R
+ aR
λ − bλ

2

⎞ 12
dλ⎠

0

is the distance measure between any two fuzzy numbers ã, b̃.
Step 9. A closeness coeﬃcient is deﬁned to determine the ranking order of
alternatives once the d∗k and d−
k of each alternative Ak (k = 1, 2, . . . , m) are
obtained. The closeness coeﬃcient of each alternative is calculated as:
Dk =

1 ∗
(d + (1 − d−
k )),
2 k

k = 1, 2, . . . , m .

The alternative Ak that corresponds to the largest Dk , is the best suitable
alternative for the particular goods return decision problem.

4 A Case-Study Example
This section gives an example to illustrate how to use the proposed approach
to support goods return decision-making in reverse logistics management practice.
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O2

C13

C22

C21

A2

A3

Fig. 3. An example of the interrelation among objectives, criteria and alternatives

A returner at the stage of collection for a reverse logistics chain needs
to make a decision for a particular goods return. The returner has currently
two objectives O = {O 1 , O 2 } and three alternatives A = {A1 , A2 , A3 }
for the goods return. The ﬁrst objective can be evaluated by three criteria
(C11 , C12 , C13 ), and the second one can be evaluated by two criteria (C21 , C22 ).
The relationships among these business objectives, alternatives and evaluation
criteria are shown in Fig. 3. By using the proposed approach, a solution from
the alternatives which can maximally reach these business objectives will be
selected.
As all linguistic terms provided by returners can be described by any kind
of fuzzy numbers in the proposed approach, we assume that these linguistic terms are described by fuzzy numbers as shown in Table 3 and Table 4
respectively.
Table 3. An example of linguistic terms and related fuzzy numbers
Linguistic Terms

Fuzzy Numbers

Absolutely not important (ANI)

√
1−λ
]
10
1]
√
√
λ[ 10λ , 9−8λ
]
10
1]
√
√
λ[ 8λ+1
, 25−16λ
]
10
10
1]
√
√
λ[ 16λ+9
, 49−24λ
]
10
10
1]
√
√
λ[ 24λ+25
, 81−32λ
]
10
10
1]
√
√
λ[ 32λ+49
, 100−19λ
]
10
10
1]
√
λ[ 19λ+81
, 1]
10
1]

λ[0,

λ∈[0,

Strongly not important (SNI)
λ∈[0,

Weakly not important (WNI)
λ∈[0,

Medium important (MI)
λ∈[0,

Weakly more important (WI)
λ∈[0,

Strongly more important (SI)
λ∈[0,

Absolutely more important (AI)
λ∈[0,
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Table 4. An example of linguistic terms and related fuzzy numbers
Linguistic Terms

Fuzzy Numbers

Very low (VL)

√
1−λ
]
10
1]
√
√
λ[ 10λ , 9−8λ
]
10
1]
√
√
λ[ 8λ+1
, 25−16λ
]
10
10
1]
√
√
λ[ 16λ+9
, 49−24λ
]
10
10
1]
√
√
λ[ 24λ+25
, 81−32λ
]
10
10
1]
√
√
λ[ 32λ+49
, 100−19λ
]
10
10
1]
√
λ[ 19λ+81
, 1]
10
1]

λ[0,

λ∈[0,

Low (L)
λ∈[0,

Medium low (ML)
λ∈[0,

Medium (M)
λ∈[0,

Medium high (MH)
λ∈[0,

High (H)
λ∈[0,

Very high (VH)
λ∈[0,

The power and details of the proposed approach for the goods return case
study example are described as follows.
Step 1. A returner gives weights to O1 and O2 , weights of C11 , C12 and C13
for O1 and weights of C21, C22 for O2 respectively:
WO = {Strongly not important, Strongly more important}
WC 1 = {Strongly not important, Strongly not important, Strongly more
important}
WC 2 = {Strongly not important, Strongly more important}
Step 2. The two objectives and their criteria are ﬁnalized:
WO = {Strongly not important, Strongly more important}
WC 1 = {Strongly not important, Strongly not important, Strongly more
important}
WC 2 = {Strongly more important, Strongly not important}
Step 3. The returner provides relevant degrees of Cij on Ak. (k = 1, 2, 3):
AC11
AC21
AC12
AC22
AC13
AC23

1
= {AC11
,
1
= {AC21
,
2
= {AC11
,
2
= {AC21
,
3
= {AC11
,
3
= {AC21
,

1
1
AC12
, AC13
} = {Medium high, Low, High}
1
AC22 } = {Low, High}
2
2
AC12
, AC13
} = {High, Low, Medium high}
2
AC22 } = {Low, High}
3
3
AC12
, AC13
} = {High, High, Medium high}
3
AC22 } = {Low, High}

Step 4. The weights proposed in Step 1 are normalized.
3
2
R
R
Because j=1 W C1j0
= 1.6,
j=1 W C2j0 = 1.3, we got
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∗
W C11
= W C12

∗
W C13

∗
W C21

∗
W C22
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√
√
λ
9 − 8λ
,
,
=
λ
16
16
λ∈[0, 1]
√
√

32λ + 49
100 − 19λ
,
=
λ
,
16
16
λ∈[0, 1]

√
√
λ
9 − 8λ
,
,
=
λ
13
13
λ∈[0, 1]
√
√

32λ + 4913 100 − 19λ
=
λ
.
,
13
λ∈[0, 1]

Step 5. Calculating the relevance degree OAki of O i on alternatives Ak , i = 1, 2
and k = 1, 2, 3, we have
OA11 = W C1∗ × AC11 =


=

3


∗
1
W C1j
× AC1j

j=1

λ(24λ + 25) 33λ + 49
+
,
160
160
λ∈[0, 1]


(9 − 8λ)(81 − 32λ) 109 − 27λ
+
160
160
λ

OA12 = W C2∗ × AC21 =

2


∗
1
W C2j
× AC2j

j=1

=
λ∈[0, 1]


 

2 λ (32λ + 49) 2 (9 − 8λ) (100 − 19λ)
,
λ
130
130

OA21 = W C1∗ × AC12 =

3


∗
2
W C1j
× AC1j

j=1


λ (32λ + 49) 32λ + 49
(32λ + 49) (24λ + 25)
+
+
,
=
λ
160
160
160
λ∈[0, 1]



(9 − 8λ) (100 − 19λ) 9 − 8λ
(100 − 19λ) (81 − 32λ)
+
+
160
160
160


OA22 = W C2∗ × AC22 =

2

j=1

=
λ∈[0, 1]

∗
1
W C2j
× AC2j


 

2 λ (32λ + 49) 2 (9 − 8λ) (100 − 19λ)
,
λ
130
130
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OA31 = W C1∗ × AC13 =

3


∗
3
W C1j
× AC1j

j=1


 
(32λ + 49) (24λ + 25)
2 λ (32λ + 49)
+
,
=
λ
160
160
λ∈[0, 1]



(100 − 19λ) (81 − 32λ)
2 (9 − 8λ) (100 − 19λ)
+
160
160
OA32

=

W C2∗

×

AC23

=

2


∗
1
W C2j
× AC2j

j=1

=
λ∈[0, 1]


 

2 λ (32λ + 49) 2 (9 − 8λ) (100 − 19λ)
,
λ
130
130

Step 6. Normalizing the relevance degree OAki of O i on the alternatives Ak
based on OAk = {OAk1 , OAk2 , . . . , OAkn }, i = 1, 2 and k = 1, 2, 3.

λ (24λ + 25)
33λ + 49
1
+
,
OA1 =
λ
160 × 1.3115
160 × 1.3115
λ∈[0, 1]


(9 − 8λ) (81 − 32λ)
109 − 27λ
+
160 × 1.3115
160 × 1.3115

 

2 λ (32λ + 49) 2 (9 − 8λ) (100 − 19λ)
1
,
OA2 =
λ
130 × 1.3115
130 × 1.3115
λ∈[0, 1]



λ (32λ + 49)
(32λ + 49) (24λ + 25)
32λ + 49
2
+
+
,
OA1 =
λ
160 × 1.2678
160 × 1.2678
160 × 1.2678
λ∈[0, 1]



(9 − 8λ) (100 − 19λ)
(100 − 19λ) (81 − 32λ)
9 − 8λ
+
+
160 × 1.2678
160 × 1.2678
160 × 1.2678

 

2 λ (32λ + 49) 2 (9 − 8λ) (100 − 19λ)
2
,
OA2 =
λ
130 × 1.2678
130 × 1.2678
λ∈[0, 1]

 
2 λ (32λ + 49)
(32λ + 49) (24λ + 25)
3
+
,
OA1 =
λ
160 × 1.3990
160 × 1.3990
λ∈[0, 1]



(100 − 19λ) (81 − 32λ)
2 (9 − 8λ) (100 − 19λ)
+
160 × 1.3990
160 × 1.3990

 

2 λ (32λ + 49) 2 (9 − 8λ) (100 − 19λ)
3
,
OA2 =
λ
.
130 × 1.3990
130 × 1.3990
λ∈[0, 1]
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Step 7. Calculating the relevance degree Sk of O on the alternatives Ak by
k
k
ti
using Sk = OA × W O = j=1
OAi × W Oi , k = 1, 2, 3.
√ 

λ(24λ + 25)
33λ + 49
λ
S1 = OA × W O =
+
λ
10
160 × 1.3115
160 × 1.3115
λ∈[0, 1]

√
√
32λ + 49 2 λ(32λ + 49)
9 − 8λ
×
,
+
10
130 × 1.3115
10

 √
(9 − 8λ)(81 − 32λ)
109 − 27λ
100 − 19λ
+
×
+
160 × 1.3115
160 × 1.3115
10


2 (9 − 8λ)(100 − 19λ)
×
130 × 1.3115
√ 
λ(32λ + 49)
32λ + 49
λ
2
+
λ
S2 = OA × W O =
10
160 × 1.2678
160 × 1.2678
λ∈[0, 1]


 √
(32λ + 49)(24λ + 25)
32λ + 49 2 λ(32λ + 49)
×
,
+
+
160 × 1.2678
10
130 × 1.2678

√
√
100 − 19λ 2 (9 − 8λ)(100 − 19λ)
9 − 8λ
×
+
10
130 × 1.2678
10

(9 − 8λ)(100 − 19λ)
9 − 8λ
+
×
160 × 1.2678
160 × 1.2678


(100 − 19λ)(81 − 32λ)
+
160 × 1.2678
√  
λ 2 λ(32λ + 49)
3
λ
S3 = OA × W O =
10
160 × 1.3990
λ∈[0, 1]


 √
(32λ + 49)(24λ + 25)
32λ + 49 2 λ(32λ + 49)
×
,
+
+
160 × 1.3990
10
130 × 1.3990

√
√
100 − 19λ 2 (9 − 8λ)(100 − 19λ)
9 − 8λ
×
+
10
130 × 1.3990
10

 

2 (9 − 8λ)(100 − 19λ)
(100 − 19λ)(81 − 32λ)
+
×
160 × 1.3990
160 × 1.3990
1

Step 8. The results Sk , k = 1, 2, 3 are normalized to be positive fuzzy numbers, and their ranges belong to closed interval [0, 1]. Positive distance and
negative distance are then calculated respectively by

310

J.Lu and G. Zhang

⎞
1  √  
λ(24λ
+
25)
33λ
+
49
1
λ
⎠
+
d∗1 = d(S1 , S ∗ ) = ⎝
2
10
160 × 1.3115
160 × 1.3115
⎛

0

2

√
32λ + 49 2 λ(32λ + 49)
+
×
−1
10
130 × 1.3115


√
(9 − 8λ)(81 − 32λ)
109 − 27λ
9 − 8λ
+
+
10
160 × 1.3115
160 × 1.3115
2   12

√
100 − 19λ 2 (9 − 8λ)(100 − 19λ)
×
−1
+
= 0.80143
dλ
10
130 × 1.3115
d∗2 = d(S2 , S ∗ ) = 0.78983
d∗3 = d(S3 , S ∗ ) = 0.81200
⎞
⎛ 1  √  

λ(24λ + 25)
λ
33λ + 49 ⎠
⎝ 1
+
d−
1 = d(S1 , S−) =
2
10
160 × 1.3115
160 × 1.3115
0

2

√
32λ + 49 2 λ(32λ + 49)
+
×
−0
10
130 × 1.3115


√
(9 − 8λ)(81 − 32λ)
109 − 27λ
9 − 8λ
+
+
10
160 × 1.3115
160 × 1.3115
2   12

√
100 − 19λ 2 (9 − 8λ)(100 − 19λ)
+
×
−0
dλ
10
130 × 1.3115
= 0.26982
d−
2 = d(S2 , S−) = 0.27534

d−
3 = d(S3 , S−) = 0.25811
Step 9. After d∗k and d−
k of each alternative Ak (k = 1, 2, 3) are obtained, the
closeness coeﬃcient of each alternative is calculated as:
1 ∗
1
d + (1 − d−
(0.80143 + (1 − 0.26982)) = 0.76581
1) =
2 1
2
1 ∗
1
D2 =
d + (1 − d−
(0.78983 + (1 − 0.27534)) = 0.75725
2) =
2 2
2
1 ∗
1
D3 =
d + (1 − d−
(0.81200 + (1 − 0.25811)) = 0.77695 .
3) =
2 3
2
D1 =

As D3 = max{D1 , D2 , D3 }, the alternative A3 is the best alternative for
the returner, that is, the option maximally satisﬁes the business objectives for
the particular goods return in the particular stage of reverse logistics chain.
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5 Conclusions
There is a growing interest in exploiting reverse logistics models and developing decision support systems to enhance reverse logistics management [4].
Moreover, the interrelated relationship and dynamic feature in reverse logistics
chain management require the capabilities of personalized multi-stage decision
support. Uncertainty is inherent in the environment in which a reverse logistics
chain propagates through a series of stages, and makes the chain management
and control problems more complex. This study ﬁrst analyses the characteristics of a reverse logistics chain and builds a set of corresponding relationships
among goods returners, business objectives, alternatives and selection criteria. The paper then proposes a personalized multi-stage decision model and
two sets of dynamic relationships among above decision compounds. Based
on these results, a personalized fuzzy multi-criteria decision-making approach
is developed. By using the approach, an alternative solution that meets maximally the business objectives under the preference of the logistics manager is
selected to handle a goods return in reverse logistics.
The further study includes the development of a decision support system to
implement the proposed approach. It will be expected to be applied in practice
to enhance the eﬃciency and eﬀectiveness of decision work for reverse logistics
management problems. In order to validate the approach, a set of laboratory
experiments will be further organized and more applications will be carried
out. Also, the decision support system will be developed as online software
and then embedded into e-logistics systems to support decision makers online
choosing a suitable way to handle goods return problems in reverse logistics.
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Abstract. The quality-related characteristics cannot sometimes be represented in
numerical form, such as characteristics for appearance, softness, color, etc. In this
case fuzzy set theory can handle this problem. This chapter develops fuzzy control
charts for linguistic data. Later, unnatural pattern analyses are made using the
probability of a fuzzy event. Unnaturalness of the linguistic data is searched with
an intelligent data mining procedure.

1 Introduction
The boundaries of classical sets are required to be drawn precisely and, therefore, set membership is determined with complete certainty. An individual is
either deﬁnitely a member of the set or deﬁnitely not a member of it. This
sharp distinction is also reﬂected in classical process control charts, where
each process is treated as either “in control” or “out of control”. However,
most sets and propositions are not so neatly characterized. It is not surprising
that uncertainty exists in the human world. To survive in our world, we are
engaged in making decisions, managing and analyzing information, as well
as predicting future events. All of these activities utilize information that is
available and help us try to cope with information that is not. Lack of information, of course, produces uncertainty, which is the condition where the
possibility of error exists. Research that attempts to model uncertainty into
decision analysis is done basically through probability theory and/or fuzzy set
theory. The former represents the stochastic nature of decision analysis while
the latter captures the subjectivity of human behavior. When the data used to
construct process control charts are incomplete, vague, or linguistic, classical
process control charts fail to determine the nature of the process. Therefore,
a fuzzy approach to process control charts are necessary to adopt.
Fuzzy sets were introduced in 1965 by Lotﬁ Zadeh with a view to reconcile
mathematical modeling and human knowledge in the engineering sciences.
Since then, a considerable body of literature has blossomed around the concept
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of fuzzy sets in an incredible wide range of areas, from mathematics and
logics to traditional and advanced engineering methodologies. Applications
are found in many contexts, from medicine to ﬁnance, from human factors to
consumer products, from vehicle control to computational linguistics, and so
on . . . Fuzzy logic is now currently used in the industrial practice of advanced
information technology.
Basically, when a point on the control chart is falling outside of the threesigma control limits it shows an out of control situation. There are some
interesting questions related to the computation of the probability that a
chart will be out of control even all points on the chart are within three-sigma
limits. Based on the expected percentages in each zone, sensitive run tests can
be developed for analyzing the patterns of variation in the various zones on the
control chart. The concept of dealing with probability of the data pattern on
the control chart is known as “unnatural pattern analysis”. Whenever a point
is drawn on the control chart, the rules of accepting a pattern as unnatural
should be examined. Analysis of unnatural patterns can be discovered through
intelligent data mining.
Data mining (DM) is a non-trivial process of identifying valid, novel, potentially useful, and ultimately understandable patterns from data. The main
data mining application areas are marketing, banking, retailing and sales,
manufacturing and production, brokerage and securities trading, insurance,
computer hardware and software, government and defense, airlines, health
care, broadcasting, and law enforcement.
Intelligent data mining (IDM) is to use intelligent search to discover information within data warehouses that queries and reports cannot eﬀectively
reveal and to ﬁnd patterns in the data and infer rules from them, and to
use patterns and rules to guide decision-making and forecasting. Main tools
used in intelligent data mining are case-based reasoning, neural computing,
intelligent agents, and other tools (decision trees, rule induction, data visualization).
In recent years, the need to extract knowledge automatically from very
large databases has grown. In response, the closely related ﬁelds of knowledge
discovery in databases (KDD) and data mining have developed processes and
algorithms that attempt to intelligently extract interesting and useful information from vast amounts of raw data. The term DM is frequently used to
designate the process of extracting useful information from large databases.
The term KDD is used to denote the process of extracting useful knowledge
from large data sets. DM, by contrast, refers to one particular step in this
process. Speciﬁcally, the data mining step applies so-called data mining techniques to extract patterns from the data. Additionally, it is preceded and followed by other KDD steps, which ensure that the extracted patterns actually
correspond to useful knowledge. Indeed, without these additional KDD steps,
there is a high risk of ﬁnding meaningless or uninteresting patterns [4, 8]. In
other words, the KDD process uses data mining techniques along with any required pre- and post-processing to extract high-level knowledge from low-level

Fuzzy Process Control with Intelligent Data Mining

317

data. In practice, the KDD process is interactive and iterative, involving numerous steps with many decisions being made by the user. DM techniques are
essentially pattern discovery algorithms. Some techniques such as association
rules are unique to data mining, but most are drawn from related ﬁelds such as
databases, statistics, pattern recognition, machine learning, neurocomputing,
and artiﬁcial intelligence.
The application of data mining to fuzzy process control has not yet been
studied extensively. This chapter is organized as follows. In Sect. 2, the basics
of process control charts are summarized. Next, fuzzy process control charts
are explained in Sect. 3. Fuzzy Process Control with Intelligent Data Mining
is developed in Sect. 4. Finally a numerical application in Sect. 5, and conclusions in Sect. 6 are given.

2 Process Control Charts
Based on the statistical variation of any process – control charts help focus on
stability of a process. An essential element of producing a high quality product is insuring that the characteristics of that product remain constant over
time. Statistical process control charts are widely used to determine whether
a process is stable and to monitor that process over time. When the characteristics of interest can be measured (rather than simply observed), it is common
to take periodic samples of measurements and then plot statistic such as the
mean and range. It is used to determine how much variability in a process
is due to random variation and how much is due to unique events/individual
actions so that you know whether or not the process is in statistical control.
A typical control chart plots the sample statistics together with upper and
lower control limits shifted from center line (CL) as shown in Fig. 1.

Upper control limit (UCL)

Center line (CL)

Lower control limit (LCL)

Samples
Fig. 1. A typical process control chart
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Fluctuation of the points within the limits is due to variation built into the
process such as design or preventative maintenance and can only be aﬀected
by changing that system. Fluctuation of the points outside of the limits comes
from special causes such as people errors, unplanned outages, etc., which are
not a part of the normal system or from an unlikely combination of steps.
Special causes must be removed from the system to use the SPC eﬀectively.
Once this is done then the system can be described as “in control” and measurements can be taken at regular intervals to ensure that the process does
not fundamentally change.
Based on the output of the process in consideration, SPC charts can be
categorized into two groups. These are:
1. Variables control charts: SPC charts used to control characteristics of a
product that can be measured on a continuous scale. An example of a
variable would be the length or width of a product or part. Most commonly
used variables control charts are X-Bar and R charts
2. Attributes control charts: SPC charts used to control which is an aspect
or characteristic of a product that cannot be put on a linear scale. For
example, a light bulb will either light or fail to light. “Good /bad ” is an
attribute, as is the number of defects. Examples of attributes control charts
are p, np, c, and u charts.
If the process is stable, then the distribution of subgroup averages will be
approximately normal. With this in mind, we can also analyze the patterns
on the control charts to see if they might be attributed to a special cause of
variation. To do this, we divide a normal distribution into zones, with each
zone one standard deviation wide. Figure 2 shows the approximate percentage
we expect to ﬁnd in each zone from a stable process. Zone C is the area from
the mean to the mean plus or minus one sigma, zone B is from plus or minus
one to plus or minus two sigma, and zone A is from plus or minus two to
plus or minus three sigma. Of course, any point beyond three sigma (i.e.,
outside of the control limit) is an indication of an out-of-control process. Since
the control limits are at plus and minus three standard deviations, ﬁnding
the one and two sigma lines on a control chart is as simple as dividing the
distance between the grand average and either control limit into thirds, which
can be done using a ruler. This divides each half of the control chart into three
zones. The three zones are labeled A, B, and C as shown in Fig. 3.
Based on the expected percentages in each zone, sensitive run tests can
be developed for analyzing the patterns of variation in the various zones.
Reference [16] recommends four rules to identify patterns (and implicitly,
points) in control charts as out-of-control. The ﬁrst is the classical three-sigma
rule; that is, the chart has at least one point falling outside of the three-sigma
control limits. The other rules are: rule 2, two out of three consecutive points
more than two sigma away from the centerline, zone A, (with the two points
on the same side of the centerline); rule 3, four out of ﬁve consecutive points
more than one sigma away from the centerline, zone B, (with all four on the
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Fig. 2. Zones of normal distribution

UCL
CL+2
CL+1
CL
CL-1
CL-2

A
B
C
C
B
A

LCL
Fig. 3. Zones of a control chart

same side of the centerline); and rule 4, eight consecutive points on the same
side of the centerline, zones A + B + C. One-sided probabilities of the rules 1,
2, 3, and 4 are calculated as 0.00135, 0.0015, 0.0027, and 0.0039, respectively.
Characteristics of interest for variables control charts can exactly be measured by the instruments and/or devices, but that for attributes cannot be
measured directly and they consists of uncertainty. For this reason, fuzzy approaches to attributes control charts should be developed. In the next section,
fuzzy process control charts are proposed for attributes control charts.

3 Fuzzy Process Control Charts
Even the ﬁrst control chart was proposed during the 1920’s by Shewhart,
today they are still subject to new application areas that deserve further
attention. The control charts introduced by [11] were designated to monitor
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processes for shifts in the mean or variance of a single quality characteristic.
Further developments are focused on the usage of the probability and fuzzy set
theories integrated with the control charts. A bibliography of control charts
for attributes is presented by [17].
If the quality-related characteristics cannot be represented in numerical
form, such as characteristics for appearance, softness, color, etc., then control
charts for attributes are used. Product units are either classiﬁed as conforming
or nonconforming, depending upon whether or not they meet speciﬁcations.
The number of nonconformities (deviations from speciﬁcations) can also be
counted. The binary classiﬁcation into conforming and nonconforming used in
the p-chart might not be appropriate in many situations where product quality does not change abruptly from satisfactory to worthless, and there might
be a number of intermediate levels. Without fully utilizing such as intermediate information, the use of the p-chart usually results in poorer performance
than that of the x-chart. This is evidenced by weaker detectability of process
shifts and other abnormal conditions. To supplement the binary classiﬁcation,
several intermediate levels may be expressed in the form of linguistic terms.
For example, the quality of a product can be classiﬁed by one of the following
terms: “perfect”, “good ”, “medium”, “poor ”, or “bad ” depending on its deviation from speciﬁcations appropriately selected continuous functions can then
be used to describe the quality characteristic associated with each linguistic
term.
In the literature, diﬀerent procedures are proposed to monitor multinomial processes when products are classiﬁed into mutually exclusive linguistic
categories. Reference [2] used fuzzy set theory as a basis for interpreting the
representation of a graded degree of product conformance with quality standard. Reference [2] stressed that fuzzy economic control chart limits would be
advantageous over traditional acceptance charts in that fuzzy economic control charts provide information on severity as well as the frequency of product
nonconformance. References [10, 14] proposed an approach based on fuzzy set
theory by assigning fuzzy sets to each linguistic term, and then combining
for each sample using rules of fuzzy arithmetic and developed two approaches
called fuzzy probabilistic approach and membership approach.
Apart from fuzzy probabilistic and fuzzy membership approach, [7] introduced modiﬁcations to the construction of control charts given by [13, 14].
Their study aimed at directly controlling the underlying probability distributions of the linguistic data, which were not considered by [10]. These procedures are reviewed by [18] and discussed by [9] and [1]. Reference [6] used
triangular fuzzy numbers in the tests of control charts for unnatural patterns.
Reference [3] proposed a neural fuzzy control chart for identifying process
mean shifts. Reference [18] gave a review of statistical and fuzzy control charts
based on categorical data. Reference [12] discussed diﬀerent procedures of
constructing control charts for linguistic data, based on fuzzy and probability
theory. A comparison between fuzzy and probability approaches, based on the
Average Run Length and samples under control, is conducted for real data.
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Contrary to the conclusions of [10] the choice of degree of fuzziness aﬀected
the sensitivity of control charts.
Current fuzzy control charts are based on the fuzzy transformation from
vague data to crisp data, and then, carried out as in the classical control
charts. With the integration of the α-cut of fuzzy sets, [5] proposed α-cut
fuzzy control charts.
3.1 Fuzzy p Control Charts
In classical p charts, products are distinctly classiﬁed as “conformed ” or “nonconformed ” when determining fraction rejected. In fuzzy p control charts,
when categorizing products, several linguistic terms are used to denote the
degree of being nonconformed product such as “standard ”, “second choice”,
“third choice”, “chipped ”, and so on. . . A membership degree of being a nonconformed product is assigned to each linguistic term. Sample means for each
sample group, Mj , are calculated as:
Mj =

t
i=1

kij ri

mj

(1)

where kij is the number of products categorized with the linguistic term i in
the sample j, ri is the membership degree of the linguistic term i, and mj is
the number of products in sample j. Center line, CL, is the average of the
means of the n sample groups and can be determined by (2)
CL = M̄ j =

n
j=1

Mj

n

(2)

where n is the number of sample groups initially available. Since the CL is a
fuzzy set, it can be represented by triangular fuzzy numbers (TFNs) whose
fuzzy mode is CL, as shown in Fig. 4. Then, for each sample mean, Lj (α) and
Rj (α) can be calculated using (3) and (4), respectively.
Lj (α) = Mj α

(3)

Rj (α) = 1 − [(1 − Mj )α]

(4)

Membership function of the M̄ , or CL,
⎧
0,
if
⎪
⎪
⎪
⎪
⎨ x,
if
µMj (x) = M̄
1−x
⎪
, if
⎪
1−M̄
⎪
⎪
⎩
0,
if

can be written as:
x≤0
0 ≤ x ≤ M̄
M̄ ≤ x ≤ 1

(5)

x≥1

Control limits for α-cut is also a fuzzy set and can be represented by TFNs.
Since the membership function of CL is divided into two components, then,
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µ (M )
1

L j (α )
R j (α )

α

0

CL = M = p

1

Fig. 4. TFN representation of M̄ and Mj of the sample j

each component will have its own CL, LCL, and U CL. The membership
function of the control limits depending upon the value of α is given below.
Control Limits(α)
⎧
⎪
⎪
⎪
⎪⎧
⎪
L
⎪
⎪
⎪
⎪ CL = M̄ α 
⎪

⎪
⎪
⎪
⎪
⎪
⎪⎨ LCLL = max CLL − 3 (CLL )(1−CLL ) ,
⎪
n̄
⎪
⎪
⎪


⎪
⎪
⎪
⎪
⎪
⎪
(CLL )(1−CLL )
⎪
⎪
,
⎩ U CLL = min CLL + 3
⎪
n̄
⎪
⎪
⎪
⎪
⎪
⎨
=
⎪
⎪
⎪
⎪⎧ R


⎪
⎪
⎪
⎪⎪
⎪CL = 1 − 1− M̄ α α
⎪
⎪
⎪
⎪
R
R)
⎪
⎨
⎪
,
LCLR = max CLR − 3 (CL )(1−CL
⎪
⎪
n̄
⎪
⎪⎪


⎪
⎪
⎪
⎪
⎪
(CLR )(1−CLR )
⎪
⎪
,
⎪
⎩U CLR = min CLR + 3
⎪
n̄
⎪
⎪
⎪
⎪
⎩

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
 ⎪
⎪
⎪
⎬

0

1

, if 0 ≤ Mj ≤ M̄
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭
⎫
(6)
⎪
⎪
⎪
⎪
⎪
⎪
⎪
 ⎪
⎪
⎪
⎬
0
 ⎪ , if M̄ ≤ Mj ≤ 1
⎪
⎪
⎪
1
⎪
⎪
⎪
⎪
⎪
⎪
⎭

where n̄ is the average sample size (ASS ). When the ASS is used, the control
limits do not change with the sample size. Hence, the control limits for all
samples are the same. A general illustration of these control limits is shown
in Fig. 5.
For the variable sample size (VSS ), n̄ should be replaced by the size of the
jth sample nj . Hence, control limits change for each sample depending upon
the size of the sample. Therefore, each sample has its own control limits. The
decision that whether process is in control (1) or out of control (0) for both
ASS and VSS is as follows:
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-level

LCLR (α)

1

CLR (α)

UCLR (α)
LCLL (α)

UCLL (α)

CLL (α)
M

Fig. 5. Illustration of the α-cut control limits (ASS)

⎧
⎪
⎨ 1,
Process Control =

⎪
⎩

0,

if LCLL (α) ≤ Lj (α) ≤ U CLL (α) ∧ LCLR (α)
≤ Rj (α) ≤ U CLR (α)
(7)
otherwise .

The value of α-cut is decided with respect to the tightness of inspection
such that for a tight inspection, α values close to 1 may be used. As can be
seen from Fig. 5, while α reduces to 0 (decreasing the tightness of inspection),
the range where the process is in control (diﬀerence between UCL and LCL)
increases.
3.2 Fuzzy c Control Charts
In the crisp case, control limits for number of nonconformities are calculated
by the (8–10).
CL = c̄

√
LCL = c̄ − 3 c̄
√
U CL = c̄ + 3 c̄

(8)
(9)
(10)

where c̄ is the mean of the nonconformities. In the fuzzy case, each sample,
or subgroup, is represented by a trapezoidal fuzzy number (a, b, c, d) or a
triangular fuzzy number (a, b, d) as shown in Fig. 6. Note that a trapezoidal
fuzzy number becomes triangular when b = c. For the ease of representation
and calculation, a triangular fuzzy number is also represented as trapezoidal
# given in (8), is the mean of fuzzy
by (a, b, b, d) or (a, c, c, d). Center line, CL,
¯
samples, and it is shown as (ā, b̄, c̄, d) where ā, b̄, c̄, and d¯ are the arithmetic
means of the a, b, c, and d, respectively:
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µ

µ

1

1

α

α

a aα b

c dα

a aα b=c d α

d

a) Trapezoidal (a, b, c, d)

d

b) Triangular (a, b, b, d)

Fig. 6. Representation of a sample by trapezoidal and/or triangular fuzzy numbers


#=
CL

n
j=1

n

aj

,

n
j=1 bj

n

,

n
j=1 cj

n

,

n
j=1

n

dj




= ā, b̄, c̄, d¯

(11)

where n is the number of fuzzy samples.
# is a fuzzy set, it can be represented by a fuzzy number whose
Since the CL
# LCL,
 and U
fuzzy mode (multimodal) is the closed interval of [b̄, c̄]. CL,
CL
are calculated using (12–14).

# = ā, b̄, c̄, d¯ = (CL1 , CL2 , CL3 , CL4 )
CL



α
α
α
# = ā, b̄, c̄, d¯ − 3 ā, b̄, c̄, d¯
# − 3 CL
 = CL
LCL
$


√
√ %
¯ b̄ − 3 c̄, c̄ − 3 b̄, d¯ − 3 ā
= ā − 3 d,
= (LCL1 , LCL2 , LCL3 , LCL4 )


¯ + 3 (ā, b̄, c̄, d)
¯
# = (ā, b̄, c̄, d)
# + 3 CL
U
CL = CL
$

 %
√
√
= ā + 3 ā, b + 3 b, c + 3 c, d¯ + 3 d¯
= (U CL1 , U CL2 , U CL3 , U CL4 )

(12)

(13)

(14)

An α-cut is a nonfuzzy set which comprises all elements whose membership
is greater than or equal to α. Applying α-cuts of fuzzy sets (Fig. 4) values of
aα and dα are determined by (15) and (16), respectively.
aα = a + α(b − a)

(15)

dα = d − α(d − c)

(16)

Using α-cut representations, fuzzy control limits can be rewritten as given
in (17–19).
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# = (āα , b̄, c̄, d¯α ) = (CLα , CL2 , CL3 , CLα )
CL
1
4


α
α
α
# − 3 CL
# = (āα , b̄, c̄, d¯α ) − 3 (āα , b̄, c̄, d¯α )
 = CL
LCL



√
= (āα − 3 d¯α , b̄ − 3 c̄, c̄ − 3 b̄, d¯α − 3 āα )
α
= (LCLα
1 , LCL2 , LCL3 , LCL4 )


α
α
α
# = (āα , b̄, c̄, d¯α ) + 3 (āα , b̄, c̄, d¯α )
# + 3 CL
U
CL = CL
$

 %
√
√
= āα + 3 āα , b + 3 b, c + 3 c, d¯α + 3 d¯α
α
= (U CLα
1 , U CL2 , U CL3 , U CL4 )
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(17)

(18)

(19)

Results of these equations can be illustrated as in Fig. 7. To retain the
standard format of control charts and to facilitate the plotting of observations
on the chart, it is necessary to convert the fuzzy sets associated with linguistic

UCL4

UCLα4
UCL 3
UCL 2

UCL

UCLα1
CL4

UCL 1
CLα4
CL3

CL2
CLα1
LCL4
CL1

CL

LCLα4
LCL3

LCL
LCL2
LCLα1
LCL1
µ
1
Fig. 7. Representation of fuzzy control limits
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values into scalars referred to as representative values. This conversion may be
performed in a number of ways as long as the result is intuitively representative
of the range of the base variable included in the fuzzy set. Four ways, which
are similar in principle to the measures of central tendency used in descriptive
statistics, are fuzzy mode, α-level fuzzy midrange, fuzzy median, and fuzzy
average. It should be pointed out that there is no theoretical basis supporting
any one speciﬁcally and the selection between them should be mainly based
on the ease of computation or preference of the user [14]. Conversion of fuzzy
sets into crisp values results in loss of information in linguistic data. To retain
information of linguistic data we prefer to keep fuzzy sets as themselves and to
compare fuzzy samples with the fuzzy control limits. For this reason, a direct
fuzzy approach (DFA) based on the area measurement is proposed for the
α
α
α
# , and, LCL
 ,
fuzzy control charts. α-level fuzzy control limits, U
CL , CL
can be determined by fuzzy arithmetic as shown in (20–22).
α

# = (CLα , CL2 , CL3 , CLα )
CL
(20)
1
4

α
α
α
# = (CLα , CL2 , CL3 , CLα )
# − 3 CL
 = CL
LCL
1
4

α
− 3 (CLα
1 , CL2 , CL3 , CL4 )
%
$




α , CL − 3 CL , CL − 3 CL , CLα − 3 CLα
= CLα
−
3
CL
2
3
3
2
1
4
4
1
α
(21)
= (LCLα
1 , LCL2 , LCL3 , LCL4 )

α
α
α
# = (CLα , CL2 , CL3 , CLα )
# + 3 CL
U
CL = CL
1
4

α
α
+ 3 (CL1 , CL2 , CL3 , CL4 )
%
$




α , CL + 3 CL , CL + 3 CL , CLα + 3 CLα
= CLα
+
3
CL
2
2
3
3
1
4
1
4
α
= (U CLα
1 , U CL2 , U CL3 , U CL4 )

(22)

where,
CLα
1 = CL1 + α (CL2 − CL1 )

(23)

= CL4 − α (CL4 − CL3 )

(24)

CLα
4

Decision about whether the process is in control can be made according to

the percentage area of the sample which remains inside the U
CL and/or LCL
deﬁned as fuzzy sets. When the fuzzy sample is completely involved by the
fuzzy control limits, the process is said to be “in-control ”. If a fuzzy sample is
totally excluded by the fuzzy control limits, the process is said to be “out of
control ”. Otherwise, a sample is partially included by the fuzzy control limits.
In this case, if the percentage area which remains inside the fuzzy control limits
(βj ) is equal or greater than a predeﬁned acceptable percentage (β), then the
process can be accepted as “rather in-control ”; otherwise it can be stated as
“rather out of control ”. Possible decisions resulting from DFA are illustrated
in Fig. 8. Parameters for determination of the sample area outside the control
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†
UCL

1

Type U1

t

t2

t1

Type U2 Type U3 Type U4 Type U5 Type U6 Type U7

†
LCL

Type L1 Type L2 Type L3 Type L4 Type L5 Type L6 Type L7
Fig. 8. Illustration of all possible sample areas outside the fuzzv control limits at
α-level cut

limits for α-level fuzzy cut are LCL1 , LCL2 , U CL3 , U CL4 , a, b, c, d, and α.
The shape of the control limits and fuzzy sample are formed by the lines
of LCL1 LCL2 , and U CL1 U CL2 , ab, cd. A ﬂowchart to calculate area of the
fuzzy sample outside the control limits is given in Fig. 9. Sample area above
the upper control limits, AU
out , and sample area falling below the lower control
U
L
limits, AL
out , are calculated. Equations to compute Aout and Aout are given in
Appendix A. Then, total sample area outside the fuzzy control limits, Aout ,
is the sum of the areas below fuzzy lower control limit and above fuzzy upper
control limit. Percentage sample area within the control limits is calculated
as given in (25).
Sjα − Aα
out,j
(25)
βjα =
Sjα
where Sjα is the sample area at α-level cut.
DFA provides the possibility of obtaining linguistic decisions like “rather
in control” or “rather out of control”. Further intermediate levels of process
control decisions are also possible by deﬁning in stages. For instance, it may
be deﬁned as given below which is more distinguished.
⎧
0.85 ≤ βj ≤ 1
⎪
⎪ in control,
⎨
rather in control,
0.60 ≤ βj < 0.85
(26)
Process Control =
rather
out
of
control,
0.10 ≤ βj < 0.60
⎪
⎪
⎩
out of control,
0 ≤ βj < 0.10
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a ≥ UC L4

Use
Eq. A-U7

d ≥ UCL4

b ≥ UCL3

Use
Eq. A-U1
Use
Eq. A-U2

b ≥ UCL3

Use
Eq. A-U5

c ≥ UCL3

c ≤ UCL3

Use
Eq. A-U4

Use
Eq. A-U3

Use
Eq. A-U6

d ≤ LCL1

Use
Eq. A-L7

a ≤ LC L1
c ≤ LC L2

b ≤ LCL2

c ≤ LC L2

Use
Eq. A-L1

Use
Eq. A-L4

b ≤ LCL2

Use
Eq. A-L3

Use
Eq. A-L5

Use
Eq. A-L2

Use
Eq. A-L6
L
U
Aout = Aout
+ Aout

Fig. 9. Flowchart to cumpute the area outside the fuzzy control limits

4 Fuzzy Process Control with Intelligent Data Mining
Analysis of fuzzy unnatural patterns for fuzzy control charts is necessary to
develop. Run rules are based on the premise that a speciﬁc run of data has
a low probability of occurrence in a completely random stream of data. If a
run occurs, then this must mean that something has changed in the process
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to produce a nonrandom or unnatural pattern. Based on the expected percentages in each zone, sensitive run tests can be developed for analyzing the
patterns of variation in the various zones. The formula for calculating the
probability of a fuzzy event A is a generalization of the probability theory:
&
µA& (x)Px (x)dx,
if X is continuous
P (A) =
(27)
i µA (xi )Px (xi ), if X is discrete
where PX denotes the probability distribution function of X. The membership
degree of a sample to belong to a region is directly related to its percentage
area falling in that region, and therefore, it is continuous. For example, a fuzzy
sample may be in zone B with a membership degree of 0.4 and in zone C with
a membership degree of 0.6. While counting points in zone B, that point is
counted as 0.4.
Based on the Western Electric rules, the following fuzzy unnatural pattern
rules can be deﬁned.
Rule 1: Any fuzzy data falling outside the three-sigma control limits with
a ratio (25) of more than predeﬁned percentage (β) of sample area at desired
α-level:
⎧
0,
0.85 ≤ x ≤ 1
⎪
⎪
⎨
(x − 0.60)/0.25, 0.60 ≤ x ≤ 0.85
(28)
µ1 =
(x − 0.10)/0.50, 0.10 ≤ x ≤ 0.60
⎪
⎪
⎩
1,
0 ≤ x ≤ 0.10
where x is the ratio of fuzzy data falling outside the three-sigma control limits.
Rule 2: A total membership degree around 2 from 3 consecutive points
in zone A or beyond. Probability of a sample being in zone A (0.0214) or
beyond (0.00135) is 0.02275. Let membership function for this rule be deﬁned
as follows:
⎧
0 ≤ x ≤ 0.59
⎨ 0,
µ2 = (x − 0.59)/1.41, 0.59 ≤ x ≤ 2
(29)
⎩
1,
2≤x≤3
Using the membership function above, fuzzy probability given in (27) can
be rewritten as follows:
3

x1
µ2 (x)P2 (x) =

0

x2
µ2 (x)P2 (x) +

µ2 (x)P2 (x) +

0

x1

x2

3

=

µ2 (x)P2 (x) +
x1

3
µ2 (x)P2 (x)
x2

µ2 (x)P2 (x)

(30)

x2

where,


Px (x) = Px

x − np
z≥ √
npq


(31)
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To integrate the (30), membership function is divided into sections, each
with a 0.05 width, and µ2 (x)Px (x) values for each section are summed. For
x1 = 0.59 and x2 = 2, the probability of the fuzzy event, rule 2, is determined
as 0.0015, which corresponds to the crisp case of this rule. In the following
rules, the membership functions are set in the same way.
Rule 3: A total membership degree around 4 from 5 consecutive points in
zone C or beyond with the membership function (degree of unnaturalness)
given below:
⎧
0 ≤ x ≤ 2.42
⎨ 0,
µ3 = (x − 2.42)/1.58, 2.42 ≤ x ≤ 4
(32)
⎩
1,
4≤x≤5
The fuzzy probability for this rule is calculated as 0.0027.
Rule 4: A total membership degree around 8 from 8 consecutive points on
the same side of the centerline:

0,
0 ≤ x ≤ 2.54
(33)
µ4 =
(x − 2.54)/5.46, 2.54 ≤ x ≤ 8
The fuzzy probability for the rule above is then determined as 0.0039.
Probability of each fuzzy rule (event) above depends on the deﬁnition of the
membership function which is subjectively deﬁned with respect to the classical
probabilities for unnatural patterns.

5 A Numerical Example for Fuzzy c Control Charts
Samples of 200 units are taken every 4 hours to control number of nonconformities. Data collected from 30 subgroups shown in Table 2 are linguistic such
as “approximately 30” or “between 25 and 30”.
The linguistic expressions in Table 1 are represented by fuzzy numbers as
shown in Table 3. These numbers are subjectively identiﬁed by the quality
control expert who also sets α = 0.60 and minimum acceptable ratio as β =
0.70. Quality control expert also set the acceptable membership degree of
unnaturalness as 0.95, that is, when a sample refers to an unnatural sample
with respect to any rule, it should refer a membership degree of unnaturalness
more than 0.95 with respect to the membership function deﬁned for that rule.
# LCL,
 and U
Using (5–7), CL,
CL are determined as follows:
# = (18.13, 22.67, 26.93, 32.07)
CL
 = (1.15, 7.10, 12.65, 19.29)
LCL
U
CL = (30.91, 36.95, 42.50, 49.05)
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Table 1. Number of nonconformities for 30 subgroups
No

Approximately

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

30

Between
20–30
5–12

6
38
20–24
4–8
36–44
11–15
10–13
6
32
13
50–52
38–41

No

Approximately

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

40

Between
32–50

39
15–21
28
32–35
10–25
30
25
31–41
10–25
5–14
28-35
20–25
8

Table 2. Fuzzy number (a, b, c, d) representation of 30 subgroups
No

a

b

c

d

No

a

b

c

d

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

25
15
4
3
32
16
3
27
9
7
3
27
11
39
28

30
20
5
6
38
20
4
36
11
10
6
32
13
50
38

30
30
12
6
38
24
8
44
15
13
6
32
13
52
41

35
35
15
8
45
28
12
50
20
15
10
37
15
55
45

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

33
28
33
12
23
28
14
24
20
25
7
3
23
17
5

40
32
39
15
28
32
18
30
25
31
10
5
28
20
8

40
50
39
21
28
35
28
30
25
41
25
14
35
25
8

44
60
43
38
36
42
33
34
31
46
28
20
38
29
15

18.13

22.67

26.93

32.07

Average
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Table 3. Fuzzy zones calculated for the example problem
Zone

a

b

c

d

UCLα
+2 σ
+1 σ
CLα
−1 σ
−2 σ
LCLα

34.53
29.97
25.41
20.85
15.47
10.10
4.72

36.95
32.19
27.43
22.67
17.48
12.29
7.10

42.50
37.31
32.12
26.93
22.17
17.41
12.65

45.12
39.74
34.37
28.99
24.43
19.87
15.31

α=0.60

#
Applying α-cut of 0.60, values of CL
are calculated. (10–12)
α=0.60

#
CL

α=0.60


LCL

α=0.60

U
CL

α=0.60


, LCL

α=0.60

, and U
CL

= (20.85, 22.67, 26.93, 28.99)
= (4.72, 7.10, 12.65, 15.31)
= (34.53, 36.95, 42.50, 45.12)

Membership functions in (28, 29, 32), and (33) are used for the rules 1–4 as
µ1 , µ2 , µ3 , and µ4 , respectively. These membership functions set the degree of
unnaturalness for each rule. As an example, when a total membership degree
of 1.90 is calculated for the rule 2, its degree of unnaturalness is determined
from µ2 as 0.9291. Probabilities of these fuzzy events are calculated using
normal approach to binomial distribution.
In order to make calculations easy and mine our sample database for unnaturalness a computer program is coded using Fortran 90 programming language. Table 4 gives total membership degrees of the fuzzy samples and those
of unnaturalness in zones.
As can be seen from Table 4, sample 14 is beyond the ±3σ limits and
shows an out of control situation. Considering samples 14, 15, and 16 for the
rule 2, total membership degree is calculated as 2, which refers an unnatural
pattern with unnaturalness degree of 1. Then, only the last sample, sample
16, is marked as unnatural pattern and necessary actions should be taken at
this stage. The mining is the restarted with sample 17. With the sample 18,
total membership degree for rule 2 reaches to 1.61 and degree of unnaturalness
determined from µ2 is 0.72. Since minimum acceptable membership degree of
unnaturalness for this problem is set to 0.95, it is not treated as an unnatural
pattern. Sample 10 denotes unnaturalness with respect to the rule 2 applied to
the lower side of the control chart. There is no sample indicating unnaturalness
with a degree more than 0.95 according to the rules 3 and 4.
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Table 4. Total membership degrees of the fuzzy samples and degree of unnaturalness
in zones
In or Above Fuzzy CL

In or Below Fuzzy CL

Sample
No

Beyond
±3σ

Rule 2

Rule 3

Rule 4

Rule 2

Rule 3

Rule 4

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

0.00
0.00
0.14
0.32
0.00
0.00
0.42
0.13
0.00
0.00
0.26
0.00
0.00
1.00
0.00
0.00
0.39
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.12
0.00
0.00
0.00

0.24
0.04
0
0
1
0
0
0.87
0
0
0
0.96
0
0
1
1 (µ∗ =1)
0.61
1 (µ∗ = 0.72)
0
0.05
0.99
0
0.17
0
0.9
0
0
0.53
0
0

1
0.38
0
0
1
0
0
0.87
0
0
0
1
0
0
1
1
0.61
1
0.03
1
1
0.22
1
0.2
1
0.01
0
1
0.03
0

1
0.77
0
0
1
0.54
0
0.87
0
0
0
1
0
0
1
1
0.61
1
0.28
1
1
0.61
1
1
1
0.24
0
1
0.63
0

0
0.03
0.86
0.68
0
0.05
0.58
0
1
1 (µ∗ = 1)
0.74
0
1
0
0
0
0
0
0.42
0
0
0.13
0
0
0
0.57
0.88
0
0.02
1

0
0.36
0.86
0.68
0
0.73
0.58
0
1
1
0.74
0
1
0
0
0
0
0
0.87
0
0
0.52
0
0.11
0
0.86
0.88
0
0.61
1

0.06
0.75
0.86
0.68
0
1
0.58
0
1
1
0.74
0
1
0
0
0
0
0
1
0.42
0
0.91
0.11
1
0
1
0.88
0.13
1
1

∗
unnatural sample with the corresponding degree of unnaturalness deﬁned by
the membersip functions for each rule.

6 Conclusions
In this chapter, fuzzy process control charts for attributes have been developed. Well-known Western Electric rules for examining unnaturalness are
fuzziﬁed using probability of fuzzy events and searched with data mining.
A linguistic data of 30 samples have been used for illustration purposes. For
larger data sets, unnaturalness can be mined using the same procedure. There
are other unnatural pattern rules deﬁned in the literature. These rules can also
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be examined under fuzziness. Some new rules can be added to the existing
rules. When rules for unnaturalness are deﬁned for longer runs, the usage of
an intelligent data mining procedure is inevitable.

Appendix
Equations to compute sample area outside the control the limits.
AU
out =

 t

1  α
t
d − U CLα
4 + d − U CL4 (max(t − α, 0))
2

1
+ [(dz − az ) + (c − b) (min(1 − t, 1 − α))
2

(A-U1)

where,
U CL4 − a
and z = max(t, α)
(b − a) + (c − b)

1  α
d − U CLα
=
(A-U2)
4 + (c − U CL3 ) (1 − α)
2
1
= (dα − U CLα
(A-U3)
4 )(max(t − α, 0))
2


1
= (c − U CL3 ) + dz − U CLz4 (max(1 − t, 1 − α)) (A-U4)
2

t=
AU
out
AU
out
AU
out
where

U CL4 − d
and z = max(t, α)
(U CL4 − U CL3 ) − (d − c)


1  z2
d − U CLz42 + dt1 − U CLt41
=
2
× (min(max(t1 − α, 0), t1 − t2 ))

1  z1
d − az1 + (c − b) (min(1 − t1 , 1 − α))
+
2

t=
AU
out

(A-U5)

where
t1 =
t2 =
z1
U
Aout

=
=

AU
out =

U CL4 − a
,
(b − a) + (U CL4 − U CL3 )
U CL4 − d
(U CL4 − U CL3 ) − (d − c)
max(α, t1 ), and z2 = max(α, t2 )
0
1 α
[(d − aα ) + (c − b)](1 − α)
2

(A-U6)
(A-U7)
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AL
out =

1
α
t
t
[(LCLα
1 − a ) + (LCL1 − a )](max(t − α, 0))
2
1
+ [(dz − az ) + (c − b)](min(1 − t, 1 − α))
2
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(A-L1)

where
d − LCL1
and z = max(α, t)
(LCL2 − LCL1 ) + (d − c)

1  α
d − aα + (c − b) (1 − α)
=
2
1
α
= (LCLα
1 − a ) + (LCL2 − b)](1 − α)
2


1 
LCLz12 − az2 + LCLt11 − at1
=
2
× (min(max(t1 − α, 0), t1 − t2 ))

1  z1
d − az1 + (c − b) (min(1 − t, 1 − α))
+
2

t=
AL
out
AL
out
AL
out

(A-L2)
(A-L3)

(A-L4)

where
d − LCL1
a − LCL1
, t2 =
(LCL2 − LCL1 ) + (d − c)
(LCL2 − LCL1 ) + (b − a)
z1 = max(α, t1 ), and z2 = max(α, t2 )

1 
LCLz4 − az + (LCL2 − b) (min(1 − t, 1 − α))
(A-L5)
AL
out =
2
t1 =

where
t=

a − LCL1
, and z = max(α, t)
(LCL2 − LCL1 ) − (b − a)

AL
out = 0
1 α
α
AL
out = [(d − a ) + (c − b)](1 − α)
2

(A-L6)
(A-L7)
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Abstract. New product development (NPD) is a vital activity for companies. It
is also a very risky process since every development stage involves a high degree
of uncertainty and the success of each step depends on how previous steps are
successfully accomplished. Hence, there is a clear need to evaluate new product
initiatives systematically and make accurate decisions under uncertainty. Another
actual concern for the companies is the time pressure to launch a signiﬁcant number
of new products due to the high competition in the market. In this chapter, we ﬁrst
present the available assessment models and techniques that help the evaluators to
reduce their risks under uncertainty in NPD process. Then, we propose an integrated
framework which is based on fuzzy logic, neural networks and multi criteria decision
making and which enables us to make appropriate decisions while accelerating the
decision process. We are especially interested in two ﬁrst stages of new product
decision-making: the choice of a new product idea (“go”/“no go” decision) and the
choice of the right implementation order of the selected product ideas. We show
that this two-staged intelligent approach allows practitioners to roughly and quickly
separate good and bad product ideas by making use of previous experiences, and
then to analyze in details a more shortened list rigorously.

1 Introduction
New product development (NPD) is the process by which an organization uses
its resources and capabilities to create a new product or improve an existing
one. Today, product development is seen as “among the essential processes
for success, survival, and renewal of organizations, particularly for ﬁrms in
either fast-paced or competitive markets” ([3] p. 344). Markets are generally
perceived to be demanding higher quality and higher performing products,
in shorter and more predictable development cycle-times and at lower cost
[35]. In order to obtain best performance from NPD, the eﬃcient and eﬀective management of the product development process is vital. However, new
product failure rates are substantial and the cost of failure is large, and this
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makes successful NPD rather a complicating task to be exercised with caution
[19].
The NPD process is structured around well-deﬁned phases; each phase encloses many decision points, where management decides about the future of
the project. The decision maker must take into account the customers’ needs,
the company’s strategies as well as technological opportunities and the company’s resources, and deduce the goals based on these factors for a successful
NPD. With the support of a successful management system, an enterprise
must be able to determine right products or features to be developed, the
right time to develop and launch, the right amount of development investments, its eﬀective implementation, etc. As it can be easily understood, no
NPD operation can be accomplished without eﬀective and timely decisionmaking.
An important cornerstone of the new product management is the idea
selection and new product project launch decision. Several researchers have
suggested that it is diﬃcult for managers to end NPD projects once they
are begun [7, 10]. Historical cases suggest that ﬁrms can make two types of
erroneous decisions when evaluating their new product ideas. First, they might
decide to pursue a potentially unsuccessful new product idea. Second, they
might decide not to develop a potentially successful new product. In either
case, ﬁrms accrue big losses, while the former leads to investment loses the
latter leads to missed investment opportunities [39]. For this reason, here we
focus especially on increasing the accuracy of the necessary decisions before
a new product project is launched.
Similar to all decision problems, NPD decisions contain considerable
amount of uncertainty causing elements, which confuse the decision-maker
to reach the targeted performance. Uncertainty arises from multiple sources
including technical, management and commercial issues, both internal and
external to the project. It is also widely recognized and accepted that successful management of uncertainty is intimately associated with project success,
as the proactive project manager constantly seeks to steer the project towards achievement of the desired objectives [22]. Then, it is critical to use a
structured approach that can minimize the risks caused by the uncertainty
for NPD projects. In this work, we propose an integrated approach based on
fuzzy logic, neural networks and multi criteria decision making (MCDM) to
make more rational selection decisions.
The rest of the chapter is organized as follows. In the next section, we
brieﬂy expose the uncertainty factors aﬀecting the NPD process. In the third
section, we present diﬀerent decision-making techniques yet available to reduce the risks under uncertainty in NPD. The next two sections give the
details on how to incorporate intelligent techniques in NPD and the proposed
approach based on intelligent data mining. Finally, the last section contains
some concluding remarks and perspectives.
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2 Risks under Uncertainty in NPD Process
New product development is a very risky and uncertain process. Risk is deﬁned as the exposure to loss/gain, or the probability of occurrence of loss/gain
multiplied by its respective magnitude. Events are said to be certain if the
probability of their occurrence is 100% or totally uncertain if the probability of occurrence is 0%. In between these extremes the uncertainty varies
quite widely. On projects it is necessary to deﬁne one or a number of objective functions to represent the project under consideration and then measure
the likelihood of achieving certain target values for them. Examples of such
functions include capital expenditure, completion time and so on. Risk management involves modeling the project’s objective functions against project
variables, which include such variables as cost and quantities of input resources, external factors, etc. Since the project variables are often stochastic
in nature and dynamic (i.e., exhibiting varying degrees of uncertainty over
time) it is quite natural that the objective functions will also exhibit uncertainty. Project uncertainty is the probability that the objective function will
not reach its planned target value [24].
It can be observed that diﬀerent approaches exist in the literature to deﬁne
and analyze the uncertainty in NPD projects. [17] combined three dimensions
of uncertainty as technical, market and process. They rated and categorized
uncertainty along each dimension as being either low or high. For technical
uncertainty, when uncertainty is low, the technologies used in the development of the project are well known to the organization and relatively stable.
When technical uncertainty is high, technologies used in the development of
the project are neither existent nor proven at the start of the project, and/or
are rapidly changing over time. For market uncertainty, when uncertainty
is low the organization has good market data on both customers and competitors, and product is being sold through familiar channels of distribution.
When market uncertainty is high, the organization has little information regarding who the customer is, how the market is segmented and what are the
needed channels of distribution. For process uncertainty, when uncertainty is
low the engineering, marketing, and communications (both internal and external) processes used in this project are well tested, stable, and embedded
in the organization. When process uncertainty is high, a signiﬁcant portion of
any or all of the engineering, marketing, and communications processes are
relatively new, unstable, or evolving.
Similarly, [38] identiﬁed three levels of uncertainty that confront companies operating in rapidly changing markets. First, potential customers cannot
easily articulate needs that a new technology may fulﬁll. Consequently, NPD
managers are uncertain about the market opportunities that a new technology
oﬀers. Second, NPD managers are uncertain about how to turn the new technologies into new products that meet customer needs. This uncertainty arises,
not only from customers’ inability to articulate their needs, but also from
managers’ diﬃculties in translating technological advancements into product
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features and beneﬁts. Finally, senior management faces uncertainty about how
much capital to invest in pursuit of rapidly changing markets as well as when
to invest.
Reference [36] identiﬁed three main risk categories for engineering projects:
“completion risks” group formed by technical, construction and operational
risks, “market related risks” group formed by demand, ﬁnancial and supply
risks and ﬁnally, “institutional risks” group formed by social acceptability and
sovereign risks.
We refer also to the recent work of [42] where NPD risks from uncertainty
are organized into three general categories such as technical risks, commercial risks and NPD personnel. If we analyze NPD from diﬀerent perspectives,
we can precise risk structure in a more detailed manner. As an example,
we can allocate product positioning, pricing and customer uncertainties to
marketing; organizational alignment and team characteristics uncertainties to
organizations; concept, conﬁguration and performance uncertainties to engineering design; supplier, material, design of production sequence and project
management uncertainties to operations management.
Eﬃcient and eﬀective NPD requires the appropriate management of all
these uncertainty sources. While considering the decision points in whole NPD
process, we expect to minimize the side eﬀects of uncertainties described previously and to increase the eﬀectiveness of the decisions. Numerous decision
tools and techniques have been developed to assist managers in making better
screening decisions in an uncertain environment. Some of them are summarized in the next section.

3 Risk Analysis Tools and Techniques in NPD
The balance between opportunities and risks has got to be carefully maintained for the performance of the NPD project. There are several, or many,
tools and techniques, which are applicable to risk analysis in NPD projects
[8, 9, 11, 13, 14, 18, 23, 27, 31, 47, 49]. The summary of them is given as
follows.
Probabilistic Models: These include Monte Carlo Simulation and decision trees
[48]. Monte Carlo analysis uses the process of simulation to achieve a range of
solutions to a problem. Decision tree is a diagram that provides a structured
approach to decision making that incorporates uncertainty of outcome and
expected revenues.
Options Pricing Theory: It is being proposed as a mean of understanding
what level of research investment is justiﬁed for a particular project. It treats
each stage of the new product project much like purchasing an option on a
future investment [16].
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Scoring Models and Checklists: Here, projects are rated and scored on a variety of qualitative questions (in some cases, the project score becomes the
criterion for project prioritization) [20]. The questions or items often capture
proven drivers of new product success such as product advantage, market
attractiveness, and synergy with the base business (leverages core competencies), familiarity, etc. [37].
Behavioral Approaches: These are tools designed to bring managers to a consensus in terms of which projects to undertake, and include methods such as
the Delphi method that is a qualitative forecasting method which uses a panel
of experts [48]. They are particularly useful for the early stages, where only
qualitative information is available.
Analytical Hierarchy Process (AHP): These are decision tools based on paired
comparisons of both projects and criteria [45]. Software tools such as Expert
R
enable a team of managers to arrive at the preferred set of projects
Choice
in a portfolio [54], with relative ease.
Sensitivity Analysis: It examines how the optimal solution and the optimal
objective value are aﬀected from the changes of the uncertainty parameters
(values and probabilities) that are considered to be important [40].
Scenario Analysis: This technique has been widely preferred and used by
many decision makers. Here, a combination of possible values of the uncertainty parameters are assumed regarding to diﬀerent point of views (e.g.,
pessimistic, neutral and optimistic), and the resulting scenario is solved. By
solving the problem repeatedly for diﬀerent scenarios and studying the solutions obtained, the decision maker observes sensitivities and heuristically
decides on an appropriate solution.
Fuzzy Logic: It deals with problems in which a source of vagueness is involved [53]. In general, the probability concept is related to the frequency of
occurrence of events, captured by repeated experiments whose outcomes are
recorded, while the fuzzy sets provide the appropriate framework to evaluate
the possibility of events rather than their probability [18].
Artiﬁcial Intelligence: It is a discipline that is concerned with the study and
creation of computer systems that exhibit some form of intelligence. Intelligence is a system that can learn new concepts and tasks; reason and draw
useful conclusions about the world around us; understand a natural language;
and perceive and comprehend a visual scene [41]. Typical research areas of
artiﬁcial intelligence include problem solving and planning, expert systems,
natural language processing, robotics, computer vision, neural networks, genetic algorithms and machine learning [29]. Case-based reasoning, rough set
theory and intelligent agent are the recent emerging areas [42].
These techniques can be used exclusively or in a hybrid way. We must note
that there is no best technique. Each of them has some advantages and also
disadvantages. For example, the decision tree method is easy to understand
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where the risk is interpreted as probability and not as a discount rate. In the
same time, the risk estimates easily biased and diﬃcult to estimate accurately.
The method lacks ﬂexibility since decision points occur continuously and not
always at discrete junctions. If too many possibilities are considered, then
“tree” becomes a “bush.” As another example, Monte Carlo simulation has
the advantage to analyze a greater number of scenarios and to estimate the
probabilities of these scenarios. But it has also some drawbacks: probability
distributions for individual variables and variable correlations may be diﬃcult
to calculate. To reﬂect reality, more variables have to be added which makes
the model more complicated and diﬃcult to understand. Moreover, the project
value due to the managerial ﬂexibility is not calculated. For these reasons we
think that the extent to which diﬀerent techniques for the NPD idea evaluation
can be used will depend upon the nature of the project, the information
availability, the company’s culture and several other factors. This is clear from
the variety of techniques, which are theoretically available, and the extent to
which they have been used in practice. In any case, no matter which technique
is selected by a company, it should be implemented, and probably adapted,
according to the particular needs of that company.
In this study, where we analyze the new product idea evaluation, we propose an intelligent decision-making procedure based on neural networks, fuzzy
logic and MCDM that will be described in details in the next section.

4 Use of Intelligent Techniques
for New Product Idea Selection
As stated before, being able to consistently and rationally evaluate and justify
go/no-go decision-making for each NPD project becomes extremely desirable
from both top management as well as project manager’s point of view. When
there are numerous ideas generating sources, it is almost impossible to rate
all new product ideas in a very detailed way and in a reasonable amount of
time. In this study, we propose to use a two-stage intelligent decision making
approach to accelerate the NPD process and to improve the eﬃciency of the
decisions in an environment of uncertainty. The research in the intersection
area of artiﬁcial intelligence and NPD is comparatively new. For a comprehensive overview of the application of the related techniques in NPD, we refer the
interested readers to [42, 56]. We note that, [56] identiﬁed neural networks and
genetic search as the predominant techniques for the initial phases of NPD
process.
The proposed two-staged new product idea selection approach allows practitioners to roughly and quickly separate good and bad product ideas by making use of previous experiences, and then to analyze in details a more shortened
list. The ﬁrst stage consists of a technique that merges neural networks and
fuzzy logic. Artiﬁcial Neural Networks (ANN) [21, 34]
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• make use of the way that the human brain learns and functions,
• possess the ability to learn from examples,
• have the ability to manage systems from their observed behavior rather
than from a theoretical understanding,
• have the capacity to treat large amount of data and capturing complex
interactions among the input variables, and thus reducing the development
time by learning underlying relationships.
Meanwhile fuzzy logic [28, 53, 57]
• is used to deal with imprecise linguistic concepts or fuzzy terms,
• allows us to make rational decisions in an environment of uncertainty, fuzziness and imprecision without loosing the richness of verbal judgment,
• is highly suitable for approximate reasoning by incorporating fuzzy rules.
So it is likely that substantial improvements on NPD idea selection decisions
can be made by merging the ANN and fuzzy set theory. The characteristics
of such hybrid architecture can be described as follows:
• It realizes an automatic procedure for obtaining in the same time both the
consequents and antecedents of a set of fuzzy rules starting from a system’s
set of input (previous new product idea evaluations) and output data (ideas’
grades). Moreover, they allow us to appropriately modify the shape of the
membership functions.
• It requires a small number of parameters with respect to the number of connections in a Multilayer Perceptron (MLP). Besides, the number of neurons
in such architecture is wholly determined by that of membership functions
chosen for each new product evaluation input variables.
• It allows us to incorporate the knowledge of an expert regarding the choice
of new product idea input-output topology.
• It leads us to determine a system model, which is easily comprehensible,
unlike the model obtained with an MLP. In fact, neural networks reach
their own limits precisely because the knowledge acquired by a neural network consists in a set of interconnection weights, which is not simply interpretable. Instead, a fuzzy rules system is always transparent in the sense
that a practitioner can easily read the knowledge base of the fuzzy system
and interpret its behavior when faced by a given new product.
The second stage of the proposed approach is based on MCDM, particularly fuzzy AHP method, which allows a more accurate description of the
evaluation and decision making process. Among the diﬀerent MCDM methods,
AHP is the most widely used and easily understandable one [45, 54]. Other
researchers also have noted the usefulness of AHP for new product screening [7, 32, 33, 51, 52]. The methodology allows decision makers to model a
complex problem like a new product idea selection in a structure showing
relationships of the goal, objectives and alternatives. The goal of selecting
the best new product idea is deﬁned as a statement of the overall objectives.
Therefore, the deﬁnition of the goal is that it is the idea that best meets the
objectives. With AHP, it is also possible to have a set of ideas that would
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become the “best choice.” AHP allows for decision makers to pull information
together for one idea, assess pros and cons for that idea, weight that idea
against others using a variety of measurement techniques and ﬁnally communicate the decision through synthesis of the new product ideas in relation to
the goal. Fuzzy AHP is a natural extension of the traditional AHP where decision makers do not require to express their assessments through crisp values
but rather they use fuzzy numbers which is more suitable when uncertainty
is high. This is especially true for a decision process like new product idea
selection where there are also many qualitative attributes to rate subjectively.
Recently, [6] suggested an integrated decision making approach for NPD under
uncertainty and they used the fuzzy AHP method to select new product development strategies, which minimize project uncertainties. Fig. 1 illustrates
the simplistic view of our proposed two-stage approach
Evaluation phases

Used techniques

First evaluation of submitted NPD ideas
or proposals

Neural Fuzzy System

Selection of the most appropriate NPD
idea which minimize uncertainties factors

Fuzzy AHP

Effective new product idea evaluation
Fig. 1. Proposed intelligent decision-making approach

5 An Intelligent Data Mining Approach
for New Product Idea Selection
5.1 Neural Fuzzy System
In this study, new product ideas generated individually or by groups of individuals have been collected by a formal system. The preprocessing of ideas
is left to an intelligent neuro-fuzzy inference system, which is trained with
precedent decisions. This type of system has clearly an unbiased nature and
posses an internal mechanism that can learn the viewpoint of the company
management towards products ideas by making use of the extracted rules.
This will also reduce the needed eﬀort to make decisions when the number of
applications is large.
For our fuzzy inference system (FIS), the input space for the mapping
is the information provided by past ideas evaluations and the output space
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is the status of the idea (i.e., “good” or “bad”). Regarding to NPD, most of
the time evaluations are based on a scoring system with determined evaluation criteria. Therefore, translating if necessary these new products’ criteria
scores to eligibility percentages, one can build the input database for FIS. The
mapping then provides a basis from which decisions can be made, or patterns
discerned. The details of the FIS are given in [1]. Neural network techniques
aid the fuzzy modeling procedure to learn information about a data set, and
compute the membership function parameters that best allow the associated
FIS to track the given input/output data. ANFIS (adaptive network-based
fuzzy inference system) is a class of adaptive networks that are functionally
equivalent to FIS [25]. Using a given input/output data set, ANFIS constructs
a FIS whose membership function parameters are adjusted using either a back
propagation algorithm or a hybrid-learning algorithm. Therefore, using ANFIS, fuzzy systems can learn from the modeling data.
The architecture of ANFIS is a feed-forward network that consists of ﬁve
layers [25]. Figure 2 shows the equivalent ANFIS architecture for a two-input
Sugeno-type fuzzy inference system.

Fig. 2. ANFIS architecture for a two inputs, two rules Sugeno FIS

A rule in the ﬁrst order Sugeno FIS has the form:
If x is Ai and y is Bi then fi = pi x + qi y + ri
The output of a node in the ﬁrst layer speciﬁes to which degree a given
input, x, satisﬁes a quantiﬁer, A, i.e., the function of the node i in this layer
is a membership function for the quantiﬁer, Ai , of the form:
Oi1 = µAi (x) .

(1)

Each membership function has a set of parameters that can be used to control that membership function. For example, a Gaussian membership function
that has the form
 
2 
x − ci
(2)
µAi (x) = exp −
σi
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and has two parameters, ci and σ i . Tuning the values of these parameters will
vary the membership function, which means a change in the behavior of the
FIS. Parameters in this layer are referred to as premise parameters [25].
In the second layer, the output of a node represents a ﬁring strength of
a rule. The node generates the output (ﬁring strength) by multiplying the
signals that come on its input,
wi = µAi (x) × µBi (y) .

(3)

The function of a node in the third layer is to compute the ratio between
the ith rule’s ﬁring strength to the sum of all rules’ ﬁring strengths:
w̄i =

wi
w1 + w2

(4)

where w̄i is referred to as the normalized ﬁring strength [25]. In the fourth
layer, each node has a function of the form:
Oi4 = w̄i fi = w̄i (pi x + qi y + ri )

(5)

where {pi , qi , ri } is the parameter set. These parameters are referred to as the
consequent parameters [25]. The overall output is computed in the ﬁfth layer
by summing all the incoming signals, i.e.,
O5 = f =


i

w̄i fi =

w1 f1 + w2 f2
w1 + w2

(6)

During the learning process, the premise and consequent parameters are
tuned until the desired response of the FIS is achieved [25].
5.2 Fuzzy AHP
We propose to use the fuzzy AHP method in the second stage of our study.
Traditional AHP [44, 45] uses the principle of comparative judgments to construct pair wise comparisons of the relative importance of elements at some
given level of a criteria hierarchy with respect to shared criteria or property
at the level above, giving rise to a weight matrix. Priorities are synthesized
from the second level down from multiplying local priorities by the priority of
their corresponding criterion in the level above and adding for each element
in a level according to the criterion it aﬀects. The construction of comparison matrices requires the relative importance among attributes and options
being expressed as precise numbers on a standard scale (usually from 1 to 9)
where the degree of the preference is proportional with the magnitude of the
chosen number. However, precise numbers fail to contain the subjectivity and
vagueness in such decision-making. Comparisons between alternatives always
contain ambiguity and multiplicity of meaning. Moreover, human assessment
on qualitative attributes is always subjective and thus imprecise. We overcome
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this diﬃculty of modeling the uncertainty of human assessment by using the
fuzzy AHP methodology. The fuzzy AHP approach allows a more accurate
description of the decision making process.
The earliest work in fuzzy AHP appeared in [50], which compared fuzzy
ratios described by triangular membership functions. Logarithmic least square
was used to derive the local fuzzy priorities. Later, using geometric mean,
[4] determined fuzzy priorities of comparison, whose membership functions
were trapezoidal. By modifying the Van Laarhoven and Pedrycz method, [2]
presented a more robust approach to the normalization of the local priorities.
In a recent study, [15] used a fuzzy extension of the AHP method in the
project selection.
A fuzzy number is a special fuzzy set F = {(x, µF (x)), x ∈ R}, where x
takes its value on the real line, R : −∞ < x < +∞ and µF (x) is a continuous
mapping from R to the closed interval [0,1] which represents the membership
degree of x. A triangular fuzzy number denoted as ã = (l, m, u), where l ≤
m ≤ u, has the following triangular type membership function:
⎧
0,
if x ≤ l or x > u
⎪
⎪
⎪
⎨ x−l
µã (x) = m − l , if l < x ≤ m
⎪
⎪
u−x
⎪
⎩
, if m < x ≤ u
u−m
It can also be characterized alternatively as
ãα = [lα , uα ] = [(m − l) α + l, u − (u − m) α]
for all ∀α ∈ [0,1]. Then, main operations like addition or multiplication can
be accomplished by usual interval arithmetic. Here, we use triangular fuzzy
numbers 1̃ to 9̃ as a superior means of representing pair wise comparisons
in the AHP judgment matrix and improve the conventional nine-point scaling scheme. These numbers together with their corresponding membership
functions are deﬁned in Fig. 3.
A comparison matrix R̃ is constructed for the n-new product idea selection
problem, in which pair wise comparisons are assumed to be triangular fuzzy
numbers ãij for all i, j ∈ {1, 2, . . . , n}, such that
⎡
⎤
(1, 1, 1)
ã12
ã13
· · · ã1(n−1)
ã1n
⎢ 1/ã12
(1, 1, 1)
ã23
· · · ã2(n−1)
ã2n ⎥
⎢
⎥
⎢
⎥
.
.
.
.
.
..
..
..
..
..
..
R̃ = ⎢
⎥
.
⎢ *
⎥
*
*
⎣ 1 ã1(n−1) 1 ã2(n−1) 1 ã3(n−1) · · · (1, 1, 1) ã(n−1)n ⎦
*
1/ã1n
1/ã2n
1/ã3n · · · 1 ã(n−1)n (1, 1, 1)
The triangular fuzzy number ãij = (lij , mij , uij ) is obtained for each
lowest level decision criterion and alternative idea simply by weighted average
of diﬀerent evaluators
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Fig. 3. Membership functions of triangular fuzzy numbers

ãij = w̃1 ⊗ ãij1 ⊕ w̃2 ⊗ ãij2 ⊕ . . . ⊕ w̃K ⊗ ãijK for all i, j ∈ {1, 2, . . . , n} (7)
where w̃k is the weight of the evaluator k and there are K evaluators. w̃k can
be a fuzzy number or just the crisp number (1/K) if one would prefer to treat
decision makers equally. Note that, each ãijk = (lijk , mijk , uijk ) is selected
among the triangular fuzzy numbers given in Fig. 3. Equation (8) can also be
used to aggregate assessments.
⎛
⎞
K
1/K
.
ãij = ⎝min (lijk ) ,
mijk
, max (uijk )⎠
(8)
k

k=1

k

Next, the fuzzy eigenvector of the matrix R̃ is estimated. According to [45],
the right principal eigenvector of the matrix expresses the importance of the
alternatives. The fuzzy eigenvalue, λ̃, is a fuzzy number solution to R̃x̃ = λ̃x̃
where x̃ is a non-zeros n× 1 fuzzy vector. Using interval arithmetic, this is
equivalent to
α
α
α
α
α
α
α
α α
α α
[aα
i1l x1l , ai1u x1u ] ⊕ . . . ⊕ [ainl xnl , ainu xnu ] = [λl xil , λu xiu ]
α
α
α
α
α
α
α
α
where ãα
ij = [aijl , aiju ], x̃i = [xil , xiu ] and λ̃ = [λl , λu ] for 0 ¡ α ≤ 1 and all
i, j = 1, 2, . . . , n.
The degree of satisfaction for the matrix R̃ is estimated by the index of
optimism µ. Larger value of µ indicates higher degree of optimism. Optimism
index is the convex combination deﬁned as [30]
α
α
âα
ij = µaiju + (1 − µ) aijl , ∀µ ∈ [0, 1] .

When α and µ is ﬁxed, the following matrix can be obtained.

(9)
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⎡

1
âα
12
⎢ âα
1
⎢
21
⎢
..
..
R̃ = ⎢
.
.
⎢
⎢ α
⎣ â(n−1)1 âα
(n−1)2
âα
âα
n1
n2
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⎤

· · · âα
âα
1n
1(n−1)
⎥
α
· · · â2(n−1) âα
⎥
2n
⎥
..
..
..
⎥
.
.
.
⎥
⎥
α
···
1
â(n−1)n ⎦
· · · âα
1
n(n−1)

Then, the eigenvector of R̃ corresponding to its maximal eigenvalue can
be computed. After a normalization, the importance of alternatives for the
given criterion is obtained. The procedure explained so far is repeated for all
the lowest level criteria and also others in between criteria. In other words,
all alternatives have to be compared one with another for each lowest level
criterion so as to ﬁnd their ratings and meanwhile the importances of criteria
have to be determined again by pair wise comparison for each hierarchical
level.
Finally, if we denote x = {x1 , x2 , . . . , xn } as the adjusted performance
measures of new product ideas, then we can construct the following fuzzy
decision matrix
A1
Z̃ = A2
..
.
An

C1 C2 C3 C4
⎡
⎤
x11 x12 · · · x1m
⎢ x21 x22 · · · x2m ⎥
⎢
⎥
⎢ ..
.. ..
.. ⎥
⎣ .
. .
. ⎦
xn1 xn2 · · · xnm

where A and C stand for alternative and criterion, respectively. Note that xij
is the performance measure of the alternative i for the criteria j. Then, the
importance of each alternative is obtained by multiplying each criterion weight
vj (calculated as a crisp number) by the related alternative’s performance. In
other words, we require
pi = v1 × xi1 + v2 × xi2 + . . . + vm × xim for all i ∈ {1, 2, . . . , n}
This calculation process continues level by level in the hierarchical structure until the ﬁnite performance of alternatives can be obtained.
5.3 Algorithmic Form of Proposed Approach
To summarize our approach, the necessary steps are given in an algorithmic
form as follows.
Step 1. Accumulation of the new product ideas through selected collecting
techniques (i.e., forms, contest, web, etc.).
Step 2. Rating of individual ideas in percentage for all evaluation criteria by
the marketing team.

350
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Step 3. Determination of the input membership functions and related parameters by exercising neural networks techniques on rating data.
Step 4. Building the fuzzy inference system with adjusted membership functions of the previous step.
Step 5. Using the inference system as needed to accept/reject ideas.
Step 6. Given uncertainty factors, each individual member of the expert team
is required to evaluate pre-selected ideas by using the linguistic terms.
Step 7. Aggregation of expert results to ﬁgure out the right implementation
order.
We apply Steps 3–4 if necessary after the idea pool update. The application
of this proposed methodology to a speciﬁc toy manufacturing ﬁrm has been
recently reported by [5].

6 Final Remarks and Perspectives
In this study, we aim to improve the quality of decision-making in NPD under uncertainty and to higher the level of success of associated activities by
introducing a new iterative methodology. First we describe uncertainty factors aﬀecting the NPD process and cite the essential methods for the decision
maker to reduce these factors. Then, we emphasize the motivation behind our
approach, which incorporates fuzzy logic, neural networks and MCDM for the
new product idea selection.
We believe that the application of our method will be a good practice in
terms of the aggregation and puriﬁcation of the subjective judgments and to
clarify the big picture, which is covered by risks and uncertainties. Moreover,
it is generic in a sense that although in diﬀerent sectors, companies exercising
similar vast new product idea selection process and having a scoring system
can adopt it quite easily. However, we have to also underline two limitations
of this study:
• The methodology is proposed to the companies that had already a successful
scoring system and want to computerize and speed up the selection process.
Without a reliable historical database, the neural network cannot be trained
and the FIS can only be equipped with theoretical understanding. This can
lead to inconsistent results.
• We underline that the approach is not applicable in all cases. In other words,
the method is structured especially for companies/sectors where many new
product ideas are stimulated and there is a need for a more eﬃcient evaluation procedure for the initial selection. There is a need for intellectual
capital evaluation for high innovative and creative, very few new product
developing or highly R&D oriented companies.
No matter which evaluation technique is used, a long period of time is
always necessary to observe the results of such a strategic level decision. Additionally, a product success is not only depending on catching the best idea
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but also on how to manage subsequent development and launch processes. We
keep trying to understand the sources of conﬂict and possible improvements
on the approach.
A practical reality is that environmental factors and customer’s tendencies
towards new products change over time and previously selected genuine ideas
cannot be adequate for the actual period. It is then advised to practitioners to
update the database in a way that old ideas are discarded (e.g., dating ﬁve or
more years old) and new ones are added. It is clear that the update frequency
highly depends on the targeted market segment.
Based on this work, our future extension is to investigate other decision
phases in NPD and to provide similar approaches to enrich the available literature. We will evaluate in a more detailed form, the inﬂuence of other methods
on the ﬁnal quality and accuracy of decisions. We would also try to enhance
our decision support system with new techniques to enable managers comparing diﬀerent solutions and making more rigorous decisions.
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1 Introduction
The rapid progress in digital data acquisition and storage technology has lead
to the fast growing tremendous and amount of data stored in databases, data
warehouses, or other kinds of data repositories such as the World Wide Web
[40].
The advent of the network world induced by the rapid development of the
Internet and the accompanying adoption of the Web has promoted the changes
to create greater business opportunities and to reach customers more easily.
This situation is required the capability to both generate and collect data
and this capability has been expanded enormously and provides us with huge
amounts of data. Although valuable information may be hiding behind the
huge amounts of data, it makes diﬃcult for human to extract them without
powerful tools. Data Mining (DM) emerged to extract knowledge from huge
volumes of data with the help of computing device during the late 1980s. DM
has become a research area with increasing importance with the amount of
data greatly increasing [5, 7, 9, 27].
Due to its interdisciplinary nature, data mining has received contributions
from many disciplines such as databases, machine learning, statistics, information retrieval, data visualization, and parallel and distributed computing
etc. The ﬁeld of DM is a new discipline in engineering and computer science to
address these new opportunities and challenges. Industrial Engineering (IE),
with the diverse areas it encompasses, presents unique opportunities for the
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application of DM and for the development of new concepts and techniques in
this ﬁeld. Speciﬁc techniques used in DM applications include market basket
analysis, memory based reasoning, cluster detection, link analysis, decision
trees, neural networks and genetic algorithms.
Reference [3] deﬁnes data mining as the exploration and analysis, by automatic or semiautomatic means of large quantities of data in order to discover meaningful patterns and rules. Reference [12] deﬁnes data mining as
the process of discovering interesting knowledge from large amounts of data
stored either in data bases, data warehouses, or other information repositories.
Reference [13] considers data mining as the analysis of observational data set
to ﬁnd unsuspected relationships and to summarize the data in novel ways
that are both understandable and useful to the data owner. DM business applications can be found in a diverse group of business including for example,
banks [32], healthcare [20], insurance [15].
Taxonomy of DM tasks can be broadly divided into ﬁve categories: dependency analysis, class identiﬁcation, concept description, and data visualization. The taxonomy reﬂects the emerging role of data visualization as a
separate DM task, even as it is used to support other data mining tasks.
Diﬀerent DM tasks are grouped into categories depending on the type of
knowledge extracted by the tasks. The identiﬁcation of patterns in large data
set is the ﬁrst step to gaining useful marketing insights and making critical
marketing decisions. The DM tasks generate an assortment of customer and
market knowledge, which form the core of knowledge management process.
Knowledge management is prerequisite for e-business and its increasing customer centric focus. DM is usually used to answer two main types of application questions: to generate predictions on basis of available data; to describe
behavior captured in the data [8].
To answer the ﬁrst type of question, classiﬁcation can be used as one of
the most popular approaches. Classiﬁcation and clustering are prime targets
of most empirical research of the real world and of DM. These aim to group
entities or objects into classes so that there is maximum intra-class proximity between members, and maximum inter-class proximity between members
and maximum inter-class distinction among groups. Commonly, a clustering
model provides a representation scheme in the form of a data structure, an
index to calculate similarity and a grouping technique. There are many different methods, which may be used data predict the appropriate class for
situations. Among the most popular one are logistic regression, case-base reasoning, neural networks, decision trees, and rule induction [17].
Especially, neural networks have been applied to almost all types of data
mining applications including forecasting [29], credit approval problems [19],
target marketing [25], cost comparison of assembly systems [30, 31], development of maintenance policies [2].
In general, development of good neural network applications can be very
time consuming and requires the building, training and testing of many different network structures to arrive at an eﬃcient model. Neural networks are
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characterized by learning capability, the ability to improve performance over
time. A closely related feature is that of generalization, relating to the recognition of new objects, which are similar but not identical to previous ones.
A typical neural network consists of a number of simple processing elements
called neurons. Each neuron is connected to other neurons by means of directed information being used by the net to solve a problem. Neural networks
are usually modeled into one input layer, one or several hidden layers and one
output layer [34].
The most popular neural network method for practical applications is
bacpropagation algorithm. In spite of its simple structure, the presence of one
or more hidden units, together with a non-linear activation function, gives it
the ability to solve many complex problems. A backpropagation neural network (BP) is the most common multi-layer network estimated to be used in
percent 80 of all applications.
The research presented in this study emanates from the apparent use of
neural network modeling for customer segmentation and the apparent primary
advantages of self-organizing mapping (SOM) neural networks over cluster
analysis. SOM network has been considered as one of the most popular unsupervised competitive neural network learning models, for clustering and
visualization in a number of real world problems [18].
The primary objectives of the research are to consider the use of SOM NN
for segmenting customers and to analyze the predictive ability of BP NN for
classifying customers from follow-up surveys by using the output provided by
SOM NN. Data collected by the Group Lens Research Project at the University of Minnesota (http://www.cs.umn.edu/research/GroupLeans/data) are
used in this research. The rest of this study is organized as follows. Section
2 provides an overview on customer relationship management. Section 3 includes the backgrounds and the methodology to be used in this study. Section
4 provides the results of modeling process based on the used methodology.
Section 5 is related to the conclusions of this study.

2 Customer Relationship Management: An Overview
Among business practitioners and marketing scientists today, there is an increasing interest in customer relationship management (CRM). The focus of
CRM is to forge closer and deeper relationships with customers, “being willing and able to change your behavior toward an individual customer based
on what the customer tells you and what else you know about the customer”
[28].
In this manner, CRM is an enterprise wide business strategy designed to
optimize proﬁtability, revenue and customer satisfaction by organizing the
enterprise around customer segments, fostering customer-satisfying behaviors
and linking processes from customers through suppliers [24]. It requires a clear
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focus on the service attributes that represent value to the customer and create
loyalty [14].
CRM deals with the mechanics of building relationships, including data
capture and analysis and business process simpliﬁcation. Proponents of CRM
argue that may beneﬁts can be derived from implementing CRM; including
sales functionality by developing customer proﬁles and history; customer service support through warranty management, tracking and problem resolution;
cross selling and upselling higher – margin products or services to targeted
customer segments; and attracting additional customers by oﬀering personalized service such as direct mail outs. Another key beneﬁt claimed by the
CRM industry is that customers are segmented and communication programs
are developed to retain the most proﬁtable customers. With CRM, emphasis
is placed on selling more products and services through data mining to determine the types of customers that would be most likely to buy a particular
product. This is achieved by developing sophisticated predictive models that
assess a segment’s propensity to purchase product based on the purchasing
behavior of individuals with similar demographic other proﬁles. Segmentation is product focused rather than customer focused and does not consider
any element of the emotional connection with the customer. The relationship
is driven entirely by historical behaviors. CRM does have the capability to
allow companies to better understand customer purchasing behavior, or at
least that portion that is captured in the system, and to determine the type
of communications that should be undertaken with the customer [1].
CRM is essentially a two-stage concept. The task of the ﬁrst stage is to
master the basics of building customer focus. This means moving from a
product orientation to a customer orientation and deﬁning market strategy
from outside-in and not from inside-out. The focus should be on customer
needs rather than product features. The second stage includes company’s
development of customer orientation by integrating CRM across the entire
customer experience chain, by leveraging technology to achieve real-time customer management, and by constantly innovating their value proposition to
customer. The goal of CRM is to identify a customer, understand and predict the customer-buying pattern, identify an appropriate oﬀer, and deliver it
in a personalized format directly to the customer. CRM means that companies manage relationships with individual customers with the aid of customer
databases and interactive and mass customization technologies. The adoption
of CRM has been enhanced by developments in information and communication technology (e.g., Database Technology, E-commerce and the Internet)
[28, 35].
The ﬁrst step in CRM is based on information processing about company’s
customers through internal customer data or the purchased data from outside
sources. An enterprise data warehouse is a critical component of a successful CRM. By using an eﬃcient enterprise data warehouses, companies can
invest in the customers that are potentially valuable for the company, but
also minimize their investments in non-valuable customers. Hence, customers
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are categorized by the enterprise in terms of their diﬀerent values and served
with diﬀerent relationship strengthening practices. In other words, on the
turnover of each customer or customer proﬁtability can be used as segmentation variables to distinguish between valuable and nonvaluable customers.
Besides, considering customers’ demographic information, it makes possible
the segmentation according to the customer values. This indicates what direction customers’ preferences to move. In this situation, it can be said that
the customer value (CV) provides a good framework for applying data mining to CRM. On the “input” side of data mining, the customer value tells
what is likely to be interesting. In general, marketers say there are three ways
to increase a customer value – increase their use (or purchases) of products
they already have – sell them more or higher margin products – keep the
customers for a longer period of time. However, to obtain information on the
potential value of a customer, analysts need on the customer’s purchasing
behavior at their own company, as well as at other companies in the market.
Usually, companies only have data on customers’ purchasing behavior at their
own company in their customer information ﬁle. Hence, models are needed to
predict the potential value of a customer based on the purchasing behavior
and any available socio-demographic data. Behavioral clustering and segmentation help drive strategic marketing initiatives, while sub-segments based on
demographic lifestyle or value characteristics could also be determined and
used for tactical marketing.
The process of establishing a traditional static CRM begins with the identiﬁcation of customers of a retailer and the construction of a customer purchase
data mart from customer history of purchases within a certain time period.
Once the customer purchase data mart has been built on the enterprise intranet, the summarized data such as the time of purchase, quantity, frequency,
and product’s rating are extracted from the customer information of the data
mart for mining customer purchase behavior patterns. According to the calculated CV, with the aid of the SOM, the customers can be divided into a set
of segments of similar customers with similar CV. The last component of a
CRM is campaign execution and tracking. Implementation of decisions made
as a result of data mining is based on campaign execution and tracking. Campaign execution is based on recommendation about company’s products for
the deﬁne segments. Tracking is also based on getting users’ opinions about
the promotions made for the company’s products. These are the processes
and systems that allow the user to develop and deliver targeted messages in
a test-and-learn environment.

3 Backgrounds and Methodology
The ﬁrst part of this section will be related to a discussion on customer value
and a segmentation method for CRM that uses customer value. Next, it will
be considered the methodology that combines SOM being one of the most
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popular unsupervised competitive neural network learning models for clustering and backpropagation neural networks (BP) for predictive classifying the
customers from follow-up surveys by using the output provided by a SOM.
3.1 Customer Value Concept
Customer Value (CV) has turned out to be a very important concept in marketing strategy and research in spite of the fact that the growing body of
knowledge about the construct is fragmented. Costumer value measurement is
a strategic marketing tool to clarify a company’s proposition to its customers,
thus creating a diﬀerential superior oﬀering compared with the competition.
The tool assesses a company’s performance in comparison with its main competitors as perceived by former, present, and potential customers. Reference
[39] has proposed that customer value was a customer’s perceived preference
for and evaluation of those product attributes, attribute performances, and
consequences arising from use that facilities achieving the customer’s goals and
purposes in use situations. There are some areas of consensus about customer
value. First, customer value is inherent in or linked to the use of a product.
Second, customer value is something perceived by customers rather than determined by sellers. Third, these perceptions include a trade-oﬀ between what
the customer receives, and what he/she gives up in order to acquire and use
a product. Despite the increasing attention being focused on customer value,
extant deﬁnitions of the construct are somewhat ambiguous, because they
typically rely on other terms such as utility, worth, beneﬁts and quality which
are too often not well deﬁned [26]. In general, deﬁnitions take a rather narrow
perspective, because value frequently is measured as attribute-based desires or
preferences, which are inﬂuencing purchase. Besides, researchers have assessed
extensively the construct of value in marketing. Reference [10] proposed that
value can be approached in three diﬀerent concepts: values, desired values and
value judgments. Value is deﬁned as centrally held enduring core beliefs, desired end states, or higher order goals of the individual customer or customer
organization that guide behavior. Desired customer value, to the contrary, are
the customers’ perceptions of what they want to have happen in a speciﬁc
kind of use situation, with the help of a product or service oﬀering, to accomplish a desired purpose or goal [38]. Value judgment is “the customer’s
assessment of the value that has been created for them by a supplier given the
trade-oﬀs between all relevant beneﬁts and sacriﬁces in a speciﬁc-use situation”. For this situation, value judgment is the most important for a deﬁnition
of customer-perceived value.
The most important success factor for a ﬁlm is the ability to deliver better
customer value than the competition. Good customer value can be achieved
only when product quality, service quality, and value-based prices are in harmony and exceed customer expectations. Maximizing customer value must
ﬂow from a ﬁrm’s culture, beliefs, values, management style, reward systems,
and structure. As a concept, customer value is fairly simple. But since it is
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Fig. 1. Customer Value Triad

deﬁned by the customer, it is inherently ambiguous. The customer value triad
as seen in Fig. 1 consists of only three things: product quality, service quality
and value based prices. For this reason, customer value is created when customer expectations in any one of the three areas, the ﬁrms have not delivered
good customer value. Only when all three are in harmony will customer value
be maximized. Therefore a ﬁrm must implement an organized system to capture customer expectations of product quality, service quality and reasonable
price. The ﬁrst subject is that customer expectations must be formed relative
to competitor alternatives.
A ﬁrm can steadily improve product and service quality, and reduce price
and still convey less value than competitors. The competitors may simply
be improving faster. The second subject is that customer expectations are
dynamic. Therefore, determining customer expectations of product quality,
service quality and price relative to the competition should be part of a continuous, ongoing program. The third subject is that product and service quality must extend throughout the channel. Upstream, suppliers must adhere
to higher and higher quality standards. Downstream, all of the channel intermediaries must be coordinated to deliver maximum value to the end user.
Maximizing customer value would achieved by achieving superior product and
service quality at a price competitive with the competition ([23] pp. 15–24).
Besides, the expected customer value is ultimately determined by the comparison of expected beneﬁts to expected sacriﬁce. Decreasing the sacriﬁce while
holding beneﬁts constant also enhances customer value. Increasing the beneﬁts
faster than the sacriﬁce enhances customer value too ([23] p. 117).
3.2 Self-Organizing Neural Network for Customer Segmentation
In CRM, managers develop speciﬁc strategies for diﬀerent segments of their
customer base. Segmentation proposes that groups of customers with similar
needs and purchasing behaviors are likely to demonstrate a more homogenous
response to marketing programs that target speciﬁc consumer groups. A critical issue to successful market segmentation is the selection of segmentation
(clusters) variables. Segmentation variables can be expanded to general variables and product speciﬁc variables [36]. General variables have been used in
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many researches because these ones are intuitive and easy to operate [11]. Besides, [22] proposed artiﬁcial neural network clustering method incorporating
both clusters and segment discriminate analysis to estimate the relationship
between customer demographics. Clustering is prime target of most empirical
research of the real world and of data mining. That aims to group entities
or objects into classes so that there is maximum intra-class proximity between members and maximum inter-class distinction among groups. Customer
segmentation based on general variables is more intuitive and easier to conduct than product speciﬁc variables. However, the assumption that customers
with similar demographics will exhibit similar purchasing behavior is doubtful.
Each customer pursues personalized products and services even within groups
with similar demographics in order to present uniqueness and identity. This
makes customer’s purchase patterns diﬃcult to determine using only general
variables. Self-Organizing Map (SOM) can be used for market segmentation.
The versatile properties of SOM make it a valuable tool in data mining. SOM
is designed to do unsupervised clustering of data; i.e. given training patterns
that contain inputs only, the SOM assigns output units that represent clusters
to inputs. The SOM not only assigns cluster centers to units, but also it tends
to group similar centers on units close together, thus giving on impression
of the relationship of the clusters and the topological behavior of the network.
Clustering customers via a SOM is divided into two phases. On phase is to
train a SOM using the customer value patterns. The other is to map input customer value patterns to output customer segments. When an input pattern is
imposed on the network, an output node is selected from among all the output
nodes as having the smallest Euclidean distance between the presented input
pattern vector and its weight vector. This output unit is declared the winner
in the competition among all the neurons in the output layer. Only the winning neuron generates an output signal from the output layer. All the other
neurons have a zero output signal. As learning involves adjustment of weight
vectors, only the neurons within the neighborhood of the winning neuron are
allowed to learn with this particular input pattern. The neighborhood means
the physical proximity of the neurons to the winning neuron. Learning for
the nodes within the neighborhood is carried out by adjusting their weights
closer to the input vector. The size of the neighborhood is initially chosen to
be large enough to include all units in the output layer. As learning proceeds,
the size of the neighborhood is progressively reduced to a pre-deﬁned limit.
Thus during these stages, fewer neurons have their weights adjusted closer to
the input vector. Data variables representing continuous data (e.g. rating of
costumer) are scaled to assume a value between zero and one, while dichotomy
variables (e.g. male/female) are recoded to assume values of zero or one. In
this manner each data is considered by the network as binary-valued input.
In order to create the training and test sets, the data set is randomly, nearly
sub-divided so that percent 70 of the data is allocated to the training set, percent 20 to the test set, percent 10 to the validation set. This portion is based
on the principle that the size of the validation set must procure a balance
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between obtaining a suﬃcient sample size to evaluate both the training and
test tests. Reference [16] In this study, The MATLAP 6.0 software package
will be used for training the selected SOM neural network model.
3.3 Backpropagation Neural Network for Predictive Clustering
Backpropagation NNs have been extremely popular for their unique learning
capability [37] and have been shown to perform well in diﬀerent applications
in our previous research such as medical application [33] and game playing [6]
A typical backpropagation neural network consists of a three layer structure:
input layer nodes, output layer nodes, hidden layer nodes. In this second stage
of methodology, in order to specify an output variable, which is required for supervised learning, each respondent belonging to a speciﬁc segment is mapped
back to the original data set and represented the dependent variable for the
training of the BP neural network. Backpropagation networks are fully connected, layered, feed-forward models. Activitations ﬂow from the input layer
through the hidden layer, then to the output layer. A backpropagation network typically starts out with a random set of weights. The network adjusts
its weights each time it sees an input-output pair. Each pair is processed
at two stages, a forward pass and backward pass. The forward pass involves
presenting a sample input to the network and letting activitations ﬂow until
they reach the output layer. During the backward pass, the network’s actual
output is compared with the target output and error estimates are computed
for the output units. The weights connected to the output units are adjusted
to reduce the errors (a gradient descent method). The error estimates of the
output units are then used to derive error estimates for the units in the hidden
layer. Finally, errors are propagated back to the connections stemming from
the input units. The backpropagation network updates its weights incrementally until the network stabilizes. The algorithm details can be shown in [4]
and [37]. In this study, we followed the standard neural network architecture
because it provides comparable results to the optimal architecture and works
well as a benchmark for comparison. In this study, a BP NN model is trained
using the demographic variables as inputs and twelve variables each representing a segment as outputs. The primary aim of this stage is to develop a
trained model, which learns the pattern in the data and has the ability to
generalize the pattern for predictive purposes. The accuracy of the trained
model is validated by the validation patterns and tested on a portion of the
data set to determine its ability to generalize. The size of the training, validation and test sets used for the SOM neural network modeling is also applied
to the BP NN model. A validation set is used for visual comparative purposes
during training. The accuracy of the model is veriﬁed using a test set of data
not included for the purposes of training or validation. The selected sigmoid
transfer function requires that each data point be scaled between 0 and 1.
For this reason, each of the input variables is scaled to primarily enable the
network to learn the relevant patterns. The sigmoid function scales the data
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by channel to match the range of the ﬁrst hidden transfer function and the
desired data to match the range of the output transfer function. A transfer
function is used to prevent outputs from reaching very large values, which
can “impair” neural networks. The BP NN training is monitored by using
two stopping rules. The second rule is related to the acceptable error rate
as measures of overall accuracy and applied whenever the output error term
indicated signs of over-training.

4 Finding of the Modeling Procedure
4.1 Data Preparation
In this study, the data was collected through the Movie Lens web site (movielens.umn.edu) during the seven month period from September 19th, 1997
through April 22nd, 1998. The historical data consists of 100000 ratings from
943 users (customer) on 1682 movies with every user having at least 20 ratings and simple demographic information for the users such as age, gender,
occupation, and zip code is included. The purpose of data preparation is to
integrate, select and transform the data from one or more data bases into
the data required for the proposed methodology. For this reason, it will be
sampled a reference set that has enough rating information to discover similar
user patterns. First, the data from web environment have been transferred to
ACCESS program. Rating values that the user has given to the ﬁlms, the
demographic information related to the user, the contents of the ﬁlms have
been transferred to each separate ﬁle. Later, how many the users to go to the
determined ﬁlm kinds, the rating values given to these ﬁlms and how many
the ﬁlms to be gone are extracted by using the interrogation commend. In
order to accelerate the interrogation, it has been prepared as table sheet the
information to be used for interrogation. A data preparation example is shown
in Fig. 2. This information will be used for calculation of the customer value
in the following section. The above extracted information has been combined
with the extracted demographic information for data mining. Sexual ones
from demographic information are coded as “1” for male and “0” for female.
Occupation information can be also coded as follows.

1 if person i has occupation j,
j
i = 1, 2, . . . , n j ∈ Q
Xi =
0 otherwise
n : The number of selected person
Q : The set of all occupations
Nine genre types and 308 people gone and voted to these ﬁlm types are
selected. The selected people are considered each occupation, age, and sexual
groups.
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Fig. 2. A Data Preparation Example

4.2 Evaluation Metric: Calculating Customer Value
Value is the customer’s overall assessment of the utility of a product based
on perceptions of what is received and what is given. In other words, value
in business markets is the perceived worth in monetary units of the set of
economic, technical, service and social beneﬁts received by customer ﬁrm in
exchange for the price paid for a product, taking into consideration the available suppliers’ oﬀerings and prices. Buyers’ perceptions of value represent a
trade oﬀ between the quality and beneﬁts they perceive in the product relative
to the sacriﬁce they perceive by paying the price [39].
Most customer value importance scaling techniques used in practice today,
such as rating scales, ranking scales and derived importance through regression
and conjoint analysis can handle only a relatively few value dimensions at one
time. In this study, we evaluate customer value with two viewpoints. Equation
(1) evaluates the customer value having been developed for this study.
CVij = Preference rate of j. person for i. ﬁlm type ∗ rate of the
being met expectation
The number of ﬁlms of i. type being seen by j. person
j
CV i =
The number of ﬁlms seen by j. person
Expectation being met
·
Total expectation
/ /
rik
/ j/
j
/αi /
k∈α
/ /·
/i / , i = 1,2, . . . , 308, j ∈ G
CVij =
/αk /
/ /
i
µ · /αij /
k∈G

rij : rating value that i. person gives j. ﬁlm

(1)
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j
α
the set of ﬁlms of j. ﬁlm type having been seen by i. person.
/i : /
/ j/
j
/αi / : the number of members in αi


G=

Adventure, Children’s, Comedy, Crime, Horror,
Romance, Sci-Fic, Thriller, War



µ : Maximum rating value (5 for this study).

4.3 Results of the SOM Neural Network Model
First, it has been clustered the customers according to the customer value, the
demographic variables, the occupations, the sexual information. Preliminary
the SOM studies, it appears that twelve possibly segments could be distinguished among the customers that visit the internet web page related to data
collected by the Group Lens Research Project at the University of Minnesota.
It is considered the ones to be in the diﬀerent states from the point of view of
the customer value of the segments in the determination of the cluster numbers. The following parameters and values are used for training the selected
SOM neural network model. Ordering phase learning rate 0.9; ordering phase
steps 1000; tuning phase learning rate 0.02; topology function adopts “hextop” and distance function uses “mandist.” Topology and distance functions
are selected to the best being seen distinction for segments. Table 1 indicates
the centroid values of the segments according to the customer values for genre.
Also Table 2 indicates the centroid values of the segments according to the
demographic variables.
Table 1. The centroid values to the customer values of the segments
Genre (Customer Value)
Cluster Adventure Children’s Comedy Crime Horror Romance Sci-Fi Thriller War
No
(I)
(II)
(III)
(IV) (V)
(VI)
(VII) (VIII) (IX)
1
2
3
4
5
6
7
8
9
10
11
12

0.25
0.24
0.27
0.30
0.26
0.29
0.26
0.21
0.22
0.25
0.34
0.14

0.18
0.13
0.14
0.14
0.15
0.10
0.08
0.12
0.17
0.18
0.13
0.09

0.37
0.25
0.31
0.29
0.35
0.30
0.29
0.32
0.30
0.29
0.27
0.27

0.21
0.23
0.20
0.27
0.19
0.19
0.23
0.22
0.25
0.22
0.24
0.27

0.07
0.05
0.09
0.13
0.05
0.10
0.06
0.10
0.12
0.08
0.08
0.11

0.39
0.28
0.32
0.26
0.46
0.30
0.33
0.23
0.30
0.33
0.25
0.19

0.19
0.17
0.22
0.26
0.18
0.25
0.25
0.23
0.22
0.25
0.28
0.29

0.24
0.28
0.22
0.28
0.23
0.23
0.28
0.24
0.31
0.24
0.25
0.30

0.20
0.30
0.33
0.31
0.32
0.34
0.29
0.19
0.20
0.26
0.32
0.20

0.00
0.00
0.00
0.00
0.01
0.01
0.00
0.00
0.00
0.33
0.33
0.00

2
0.00
0.00
0.00
0.00
0.00
0.01
0.25
0.00
0.00
0.00
0.00
0.00

3
0.01
0.02
0.00
0.00
0.82
0.80
0.00
0.00
0.00
0.00
0.00
0.00

4
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.04
0.00
0.00
0.29

5
0.00
0.00
0.00
0.33
0.01
0.00
0.00
0.00
0.04
0.00
0.00
0.00

6
0.00
0.00
0.00
0.33
0.01
0.00
0.00
0.01
0.06
0.00
0.00
0.00

7
0.01
0.81
0.02
0.00
0.01
0.02
0.00
0.00
0.00
0.00
0.00
0.00

8
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.11
0.00
0.00
0.03

9
0.00
0.04
0.27
0.00
0.00
0.01
0.00
0.00
0.04
0.00
0.00
0.00

10
0.00
0.01
0.33
0.00
0.00
0.01
0.00
0.00
0.19
0.00
0.00
0.00

11
0.00
0.00
0.00
0.00
0.02
0.01
0.00
0.00
0.00
0.33
0.33
0.00

12
0.00
0.00
0.00
0.00
0.02
0.00
0.00
0.00
0.08
0.00
0.00
0.15

13

Demographic Centroid Values

0.00
0.00
0.00
0.00
0.02
0.02
0.00
0.00
0.00
0.33
0.33
0.00

14
0.00
0.00
0.00
0.00
0.01
0.00
0.01
0.48
0.11
0.00
0.00
0.00

15
0.00
0.05
0.34
0.00
0.00
0.00
0.00
0.00
0.02
0.00
0.00
0.00

16
0.00
0.01
0.04
0.00
0.00
0.01
0.00
0.00
0.06
0.00
0.00
0.23

17
0.00
0.01
0.00
0.00
0.01
0.05
0.36
0.01
0.06
0.00
0.00
0.00

18

0.49
0.03
0.00
0.00
0.02
0.00
0.00
0.47
0.00
0.00
0.00
0.00

19

0.00
0.00
0.00
0.00
0.00
0.04
0.36
0.01
0.02
0.00
0.00
0.00

20

0.00
0.00
0.00
0.00
0.01
0.00
0.00
0.00
0.19
0.00
0.00
0.29

21

1: administrator, 2: artist, 3: doctor, 4: educator, 5.engineer, 6: entertainment, 7: executive, 8: healthcare, 9: homemaker, 10:
lawyer, 11: librarian, 12: marketing, 13: none, 14: other, 15: programmer, 16: retired, 17: salesman, 18: scientist, 19: student,
20: technician, 21: writer

0.48
0.03
0.00
0.33
0.03
0.01
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.27
1.00
1.00
0.05
0.93
1.00
1.00
0.00
0.00
0.99
1.00

1
2
3
4
5
6
7
8
9
10
11
12

30.14
43.00
46.31
35.29
36.57
46.71
35.71
26.69
34.71
31.81
34.23
30.32

Sex 1

Cluster
No
Age

Table 2. The centroid values to the demographic values of the segments
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Segment 1: In general, this cluster includes the women, which are of the
occupations of the students and administrator and the average 30 years old.
The order of the ﬁlm types (genre) from point of view of the customer value
has been determined as VI-III-I-VIII.
Segment 2: In general, this cluster includes the women, which are of the
occupation of the healthcare and the average 43 years old. The order of the
ﬁlm types (genre) from the point of view of the customer value has been
determined as IX-VI-VIII-III.
Segment 3: In general, this cluster includes the men, which are of the
occupations of librarian, lawyer, and retired and the average 46 years old.
The order of the ﬁlm types (genre) from the point of view of the customer
value has been determined as IX-VI-III-I.
Segment 4: In general, this cluster includes the men, which are of the
occupations of administrator, entertainment and executive and the average
35 years old. The order of the ﬁlm types (genre) from the point of view of the
customer value has been determined as IX-I-III-VIII.
Segment 5: In general, this cluster includes the women, which are of the
occupation of educator and the average 36 years old. The order of the ﬁlm
types (genre) from the point of the customer value has been determined as
VI-III-IX-I.
Segment 6: In general, this cluster includes the men, which are of the
occupation of educator and the average 36 years old. The order the ﬁlm types
(genre) from the point of view of the customer value has been determined as
VI-III-IX-I.
Segment 7: In general, this cluster includes the men, which are of the
occupation of doctor, scientist, technician, and the average 35 years old. The
order of the ﬁlm types (genre) from the point of view of the customer value
has been determined as VI-IX-III-VIII.
Segment 8: In general, this cluster includes the men, which are of the
occupation of programmer, student, and the average 26 years old. The order
of the ﬁlm types (genre) from the point of view of the customer value has
been determined as III-VIII-VI-VII.
Segment 9: In general, this cluster includes the women, which are of the
occupation of artist, marketing and other and the average 32 years old. The
order of the ﬁlm types (genre) from the point of view of the customer value
has been determined as VIII-VI-III-IV.
Segment 10: In general, this cluster includes the women, which are of the
occupation of artist, marketing and other and the average 32 years old. The
order of the ﬁlm types (genre) from the point of view of the customer value
has been determined as VI-III-IX-I.
Segment 11: In general, this cluster includes the men, which are of the
occupation of artist, marketing and other and the average 34 years old. The
order of the ﬁlm types (genre) from the point of view of the customer value
has been determined as I-IX-VII-III.
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Segment 12: In general, this cluster includes the men, which are of the
occupation of engineer, salesman and writer and the average 30 years old.
The order of the ﬁlm types (genre) from the point of view of the customer
value has been determined as VIII-VII-III-IV.
4.4 Results of Backpropagation Neural Network Model
It has been designed a BP neural network model to predict the segments
determined in SOM model according to the demographic values of the new
customers. This model required for the development of BP neural network
considers the variables that are also used for the SOM neural network modeling process. In order to determine output variables, which is required for supervised learning, each respondent belonging to a speciﬁc segment is mapped
back to the original data set and represented the output variable for the training of the BP neural network. A BP neural network model is trained using
the 23 variables as inputs and 12 variables each representing a segment as
outputs. This model is shown in Fig. 3.
The aim of this stage is to develop a trained model, which learns the
pattern in the data and gets the ability to generalize the pattern for predictive
purposes. The accuracy of the trained model is validated by unseen data and
tested on a portion of the data set to determine its ability to generalize. A
validation set is used for comparative purposes during training. The accuracy
of the model is veriﬁed using the test data not used for training or validation.
In this study, the data set belonging to 260 people was used for training.

Fig. 3. BP Neural Network Model

Also the data set related to 48 people was used for testing. The one intermediate (hidden) layer with 25 neurons used for the model speciﬁcation is a
function of the non-linearity of the data. The tansig function has been used as
the activity one for the hidden layer because of indicating the better generalization for training. The logsig function has been also used as the activity one
for the output layer because of being 0–1 intervals values. The neuron number
in the hidden layer has been expanded one by one and continued as to the acceptable error level. The accuracy of BP neural network model is determined
by how well the training set can learn the pattern in data when compared to
the test data set, which comprises unseen data. Figure 4 indicates the error
graph of the training and validation sets for BP NN.
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Fig. 4. The error graph of BP-NN model

In Fig. 4, the training set and validations set converge as the error between the trained data and the validation data starts to decrease. The BP
NN training is monitored by using stopping rule if the total number of iterations reached 1000. The overall accuracy for BP NN model could also
be considered using the unseen 161 people’s data. BP NN has been simulated by these people’s demographic information and the segments in which
the people are located have been surmised. According to these predictions,
the ﬁlm’s types having the highest customer value have been recommended
to the person and the accuracy of these recommendations related to the ﬁrst
three preferences has been determined as shown in Table 3.
Table 3. The prediction accuracy of segments according to BP-NN model
Film Preference
of Cluster
1
1&2
1&2&3
1&2&3&4

Film Preference of Person
1

1&2

1&2&3

%16.15
%39.75
%75.77
%89.44

%32.30
%58.40
%85.70
%97.52

%43.50
%67.70
%89.44
%99.38

When the ﬁrst four ﬁlm’s types with the highest customer value are recommended to the related person for each segment, at least one of the ﬁrst
three ﬁlm’s type on the person’s preferences could be predicted accurately.
For this reason, it can be said that the more accurate segmentation requires
more detailed data and more deﬁnite recommendations are based on more
accurate predictions.
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5 Conclusion
The requirement for the detailed knowledge on ﬁlm industry and the preference of the customer and the need to cope with the limitations in analyzing
non-linear relationship are the aim of this research. Knowledge discovery is a
complicated process of extracting useful information from raw data. It includes
many steps such as data warehousing; target data section, data cleaning, preprocessing, and transformation. In a majority of the real cases, the knowledge
discovery process is iterative and interactive in nature. At the core of the
knowledge discovery process, there are the data mining methods for extracting patterns from data. These methods can have diﬀerent goals and may be
applied successively to achieve the desired result in the knowledge discovery
process. For example, SOM neural network models based on artiﬁcial intelligence technology can be developed to create clusters based on combinations
of natural characteristics within a set of customer data (e.g. information in
this study). In addition, BP-NN models could be also used to predict the
segmentation of new customers as part of an already existing segment. This
study demonstrates the usefulness of Artiﬁcial Neural Networks as means of
grouping the respondents reached according to the survey in web page and
predicting the segmentation of new respondents. Proﬁling the clusters and
tracking the dynamic behavioral changes of segments can be considered in
the future research. Besides, additional inputs required for the more segmentation and calibration of BP-NN model should be obtained through a process
of data enrichment. The knowledge generated by the predictive ability of the
BP-NN model could induce greater eﬀectiveness in ﬁlm industry and ﬁnancial
eﬃciency. The application of the BP-NN could generate further knowledge,
which may be used to order the composition of the ﬁlm recommendation with
the changing behavior of customers. Using the BP-NN model to generate
knowledge related to high customer value segments could increase revenue for
the local economy and assist with the development of ﬁlm industry’s management strategies. A competitive advantage could be gained by researching the
diﬀerences in behavior of customer segments that go and do not go to a ﬁlm.
The matching of cluster proﬁles of high value customers that go to a ﬁlm to
similar proﬁles of customers that do not go to the ﬁlm by using the BP-NN
model could procure a target market opportunity.
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Abstract. This paper presents an intelligent technique based method for analyzing and interpreting sensory data provided by multiple panels for the evaluation of
industrial products. In order to process the uncertainty existing in these sensory
data, we ﬁrst transform all sensory data into fuzzy sets on a uniﬁed scale using
the 2-tuple fuzzy linguistic model. Based on these normalized data sets, we compute the dissimilarities or distances between diﬀerent panels and between diﬀerent
evaluation terms used by them, deﬁned according to the degree of consistency of
data variation. The obtained distances, expressed with crisp numbers, are turned
into fuzzy numbers for a better physical interpretation. Thus, these fuzzy distances
permit to characterize in an easier way the evaluation behaviour of each panel and
the quality of the evaluation terms used. Also, based on soft computing techniques
and the dissimilarity between terms, we develop procedures for interpreting terms
of one panel using those of another panel and a model for setting the relationships
between the physical product features and the evaluation terms. Then, we introduce
a new method to forecast the consumer preference from the sensory evaluation provided by an expert panel. This general approach has been applied to two kinds of
industrial products concerning both cosmetic and textile industries.
Key words: Sensory Evaluation, quality, assessment, fuzzy linguistic model, dissimilarity, distance, fuzzy distance, interpretation

1 Introduction
In many industrial sectors such as food, cosmetic, medical, chemical, and
textile, sensory evaluation is widely used for determining the quality of end
products, solving conﬂicts between customers and manufacturers, developing
new products, and exploiting new markets adapted to the consumer’s preference [1, 2, 3]. In the [2], sensory evaluation is deﬁned as a scientiﬁc discipline
used to evoke, measure, analyze, and interpret reactions to the characteristics
of products as they are perceived by the senses of sight, smell, taste, touch,
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and hearing. In general, sensory evaluation can be described as “under predeﬁned conditions, a group of organized individuals evaluate some products
with respect to certain given target”. Consequently, there are four basic factors
in sensory evaluation: evaluation product, evaluation panel, evaluation target
and evaluation environment. According to the diﬀerence cases of these factors,
we can divide sensory evaluation into two levels [4]: (1) design-oriented sensory
evaluation; and (2) market-oriented sensory evaluation. Design-Oriented Sensory Evaluation (DOSE) is done by a trained panel composed of experienced
experts or consultants inside the enterprise for judging industrial products
on a number of analytical and non-hedonic linguistic descriptors in a controlled evaluation environment, such as an evaluation laboratory. The evaluation target of design-oriented sensory evaluation is to obtain the basic sensory
attributes of products to improve the quality of product design and development. Market-Oriented Sensory Evaluation (MOSE) is given by untrained
consumer panels using analytical and hedonic descriptors according to their
preference on the products to be evaluated in an uncontrolled evaluation environment, such as supermarkets. The evaluation target of market-oriented
sensory evaluation is to obtain the preference degree of consumers in order
to forecast the market reaction to the evaluated product. Afterwards, the
key issue is to compute data provided by a DOSE in order to forecast the
consumers’ preference (B2C: Business to Consumer) assuming the data are
obtained for a precise context and/or end-use for the industrial product, since
sensory evaluation is context dependant.
Sensory evaluation of industrial products leads to a set of linguistic terms,
named subjective evaluation, strongly related to consumer’s preference but
diﬃcult to be normalized due to their uncertainty and imprecision (see Fig. 1).
As such, this evaluation restricts the scientiﬁc understanding of product characteristics for those who wish to design high quality product by engineering
means. Hence, a great number of researchers tried to develop objective evaluation systems by physical measurements in order to replace sensory evaluation,
e.g. [5, 6]. In practice, these objective evaluation systems are often expensive
and lead to precise numerical data describing indirectly products but their
intermediate
subjective
evaluation
(DOSE)

B2B
dictionary
selected objective
features

process
parameters
Product process
model

Product
evaluation model

new fabric
design

subjective
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Product
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consumer's
preference
(MOSE)

other marketing
elements

Fig. 1. Diﬀerent steps for the industrial product sensory evaluation
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interpretation for the product quality related to consumer’s preference has to
be exploited. In this chapter (Sect. 4.4), we present a fuzzy based method
for modeling the relationships between the sensory evaluation provided by
panels and the physical features measured on appropriate apparatus, which is
called objective evaluation. The published model is named ‘Product evaluation model’. Compared with physical measures, sensory evaluation as a result
of a human measurement is more eﬃcient for quality determination and it
can not be, for a long term, completely replaced by objective evaluation. This
method can be applied to set up the product process model (see Fig. 1).
In sensory evaluation, the main diﬃculties can be summarized as follows:
1. For an individual, the evaluation of a sample (in numerical score or linguistic expression) gives a relative result depending on the comparison with the
other samples. This score is signiﬁcant only for one speciﬁc collection of
products and for one particular individual. It is not normalized in a general
background.
2. The terms used by diﬀerent individuals in an evaluation are not normalized.
Even if they use a common term, its signiﬁcance is not necessarily the same
for them.
3. The scales and the upper and lower bounds used by diﬀerent individuals
are often diﬀerent, which should be uniﬁed to the same scale so that the
aggregation of all sensory data can be done.
In our previous work [7], we propose an approach based on a linguistic
2-tuple model [8] for the formalization and the analysis of sensory data. This
approach permits to initially normalize and aggregate sensory data inside each
panel, i.e. a group of evaluators and compute the dissimilarities or distances
between diﬀerent panels and between diﬀerent terms used according to the
degree of consistency of relative data variation. The quality of each panel and
evaluation terms can be estimated from these dissimilarity criteria. However,
the physical meaning of the corresponding results is not easy to be interpreted
and distances for diﬀerent panels are not easy to be compared because the deﬁnition of the distance is related to a speciﬁc evaluation space, whose number
of evaluation terms is not the same with respect to another evaluation space.
We propose here two procedures in order to provide a systematic interpretation to sensory data obtained by diﬀerent panels and to forecast the
consumer preference using a training set of products with known DOSE. The
ﬁrst procedure permits to interpret the values of the dissimilarities between
panels and between evaluation terms. In this procedure, each evaluation score
is generated by a random variable distributed between its lower and upper
bounds uniformly and then the scores of each panel on all terms for all products to be evaluated constitute a random evaluation matrix. The statistical
distribution of the dissimilarity between two panels or between two terms can
be obtained from the corresponding random evaluation matrices using the
equations given in Sect. 4.1. For speciﬁc panels or terms, the fuzzy values
or linguistic values of distances between them can be calculated according to
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these statistical distributions. This interpretation will be very important in
the understanding of the behavior of panels and terms used in the evaluation.
The second procedure permits to interpret the relationship between terms
used by diﬀerent panels. This relationship is recurrently determined using a
genetic algorithm with penalty strategy. It can be considered as a dictionary
for the understanding between diﬀerent panels. Using this dictionary, an evaluation term used by one panel can be transformed into one or several terms
used by another panel. It will be very helpful for solving commercial conﬂicts
between producers and consumers at the level of understanding of evaluation
terms (B2B: Business to Business). The general proposed approach tries to
allow manufacturers to reduce cost and time for designing new products and
thus to become more reactive and competitive for the market demands and
requirements. Using suitable tools, the manufacturers will be able to predict
the ability for a product to become a success on a speciﬁed market. The ﬁnal
challenge is to be able to tune the process parameter for producing the appropriate product which will ﬁt the market demand. Additional components,
such as marketing elements (price, retailer location, and so on, . . . ), have also
to be taken into account.
In order to illustrate the eﬀectiveness of our proposed approach, we apply
it to sensory data provided by two sets of industrial products. The ﬁrst set
corresponds to fabrics designed for apparel: T-shirts. The hand evaluation for
those 43 knitted cotton samples are obtained from 4 sensory panels in France
and China. Each panel uses its own terms and evaluation bounds diﬀerent
from the others. Based on the proposed method, we compare the behaviors on
fabric hand evaluation between textile professionals and students and between
French and Chinese consumers in order to make the adaptive design of textile
products to consumer’s preference. The second set of data is related to the
cosmetic industry. It includes 8 lotions with varying performance according to
their interaction with the skin or the human feeling they express at the ﬁrst
contact.

2 Description and Formalization of Sensory Data
The concepts of sensory evaluation used in this chapter can be formalized as
follows.
P = {P1 , P2 , . . . , Pr } : the set of r panels, each panel, Pi = {Ii1 ,
Ii2 , . . . , Ii,h(i) }, being composed of h(i) individuals evaluating the hand feeling
of fabric samples.
A = {aik |i = 1, 2, . . . , r; k = 1, 2, . . . , m(i)} : the set of linguistic terms
used for the fabric hand evaluation. For the panel Pi , it uses m(i) terms, i.e.
Ai = {ai1 , ai2 , . . . , ai,m(i) }. For one or several panels, diﬀerent linguistic terms
can be correlated between them, but in general they can never be replaced
one by another. It is also possible for two terms used by diﬀerent panels to be
identical, but they are not necessarily equivalent at semantic level.
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T = {t1 , t2 , . . . , tw , . . . , tn } : the set of n industrial products to be evaluated. The relationships among diﬀerent terms of the evaluation, the behaviors
of diﬀerent panel members can be studied from these samples.
Ei = {Ai ; Ei1 , Ei2 , . . . , Ei,h(i) } : the evaluation space for the panel Pi /(i ∈
{1, 2, . . . , r}).
Eij : the evaluation matrix n × m(i) of the individual Iij . Each element
of this matrix, eij (k, 1) represents a relative numerical score or a granular
linguistic expression given by Iij for evaluating the sample tk on the term
ail / (k ∈ {1, 2, . . . , n} , l ∈ {1, 2, . . . , m (i)}). It is obtained by a classiﬁcation
procedure for the whole samples of T .
The sensory data, provided by the consumers, are obtained through a
survey and the consumers’ panel can be considered as a free proﬁling panel.
The consumers ﬁll a questionnaire form. For each question, they select the
most appropriate grade (intensity) according to their feeling. For example, if
the question about the product concerns its ‘softness’, the consumer’s answer
can be chosen from the following grades of softness: {not Soft, slightly Soft,
Soft, very Soft, extremely soft}. Since the survey is repeated for many people,
the consumer evaluation matrix is computed so that each element denotes
the population percentage who thinks the product satisﬁes the considered
grade compared to the term and for all the products of T . Thus, a consumer
panel (MOSE) can be regarded as a regular panel of P, but with only one
member (h(i) = 1), with a number of terms that corresponds to the number
of terms used in the survey and with an evaluation matrix (scores) which
corresponds to the population percentage. We also deﬁne the vector X =
(x1 , . . . , xw , . . . , xn )T which concerns the consumers’ preference about all the
products which belong to T . Through a survey, they express their preference
for one product over the all set. Thus, the component xw of X corresponds
to the consumers’ rate who appreciate the w-th product over the (n − 1)-th
other products. As a mother of fact, the more consumers are enrolled in the
survey, the more precise is the market preference evaluation. The sum for all
the xw s, as the expression of the consumers rate who rank the w-th product
n
at the top level, is then equal to 1: w=1 xw = 1

3 Linguistic 2-Tuple for Finding
the Optimal Uniﬁed Scale
In sensory evaluation, results given by diﬀerent individuals on diﬀerent attributes or terms may have diﬀerent scales. This is because the sensitivity of
each individual to the samples to be evaluated, strongly related to his personal
experience and the corresponding experimental conditions, is often diﬀerent
from others. Moreover, these sensory data may be in a numerical form or a
granular linguistic form. So it is necessary to develop a suitable uniﬁed scale
in order to normalize and aggregate these data.
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The 2-tuple fuzzy linguistic model [8] can be used for unifying multigranular linguistic information without loss of information. Using this model,
sensory data provided by diﬀerent individuals on diﬀerent attributes can be
normalized on the common optimal scale. However, in [8], the transformation
is carried out between levels of a linguistic hierarchy only. Here, we generalize the 2-tuple model to be used in transforming among arbitrary scales and
several quantitative criteria permitting to select the most suitable scale for all
individuals and all attributes or terms.
3.1 2-Tuple Fuzzy Linguistic Model
In the panel Pi , for each individual Iij and each term ail , the corresponding
sensory data varying between 0 and g(i, j, l) = max{eij (k, l)|k = 1, 2, . . . , n}
can be transformed into a fuzzy set of g(i, j, l) + 1 modalities denoted by
Uijl = {u1 , u2 , . . . , ug(i,j,l) } as shown in Fig. 2.

u0

u1

0

1

…

ut

t

…

ug

g

Fig. 2. Fuzzy set Uijl composed of g + 1 modalities

For simplicity, g(i, j, l) is denoted by g for unambiguous cases. We consider
that any evaluation score of Iij for the term ail is included between 0 and g
and it can be represented by a 2-tuple (ugt , αg ) with αg ∈ [−0.5, 0.5].
For any β ∈ [0, g], the 2-tuple that expresses the equivalent information is
obtained using the following function:

ut t = round(β) .
∆(β) =
and ∆−1 (ut , α) = t + α = β .
α = β − tα ∈ [−0.5, 0.5)
For the panel Pi , the evaluation results of the individuals Iij ’s can be
aggregated by transforming all the corresponding fuzzy sets to be on a uniﬁed
scale.
Let ug(i, l) be the value of the uniﬁed scale for all the individuals of Pi
on the term ail . For each individual Iij , any evaluation score (ugt , αg ) on this
term can be transformed into a new 2-tuples:
 −1 g g

∆ (ut , α ) · ug
ug
,
α
)
=
∆
(uug
(1)
s
g
This transformation can be denoted by the function s = Tr (t, g, ug).
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3.2 Obtaining the Optimal Common Scale
In order to best aggregate the sensory evaluation of multiple individuals in
the same panel, we have to ﬁnd an optimal value of the uniﬁed scale ug for
all the individuals of Pi .
For the panel Pi , its optimal uniﬁed scale can be calculated according to
the two following principles:
1. The sensory data given by the individuals Iij should cover all the modalities
of the uniﬁed scale, i.e., any uug
s (s ∈ {0, 1, 2, . . . , ug}) should correspond
to at least one data.
2. The variation or the trend of the sensory data should not change very much
with the transformation of the scale.
The sensory data of Iij for evaluating n samples on the term ail before the
transformation are {eij (1, l), eij (2, l), . . . , eij (n, l)}. After the transformation,
these data become {sij (1, l), sij (2, l), . . . , sij (n, l)}, where
sij (k, l) = T r(eij (k, l), g, ug)

for k = 1, 2, . . . , n .

According to the ﬁrst principle, we ﬁrst calculate the number of data for each
modality q of the uniﬁed scale ug, i.e.,
N mod i (l, q) =

h(i) n



equ(sij (k, l), q) ,

j=1 k=1



with
equ(p, q) =

1
0

if p = q
otherwise

The criterion of coverage of the uniﬁed scale is then deﬁned by
Coveri (l) = min {N mod i (l, q) |q = 0, 1, 2, . . . , ug } .
According to this criterion, ug should be selected so that Coveri (l) is as
big as possible. If this value is 0, it means that there exists at least one nonsigniﬁcant modality uug
s on the uniﬁed scale ug.
According to the second principle, the diﬀerence of the trend between two
data sets {eij (1, l), eij (2, l), . . . , eij (n, l)} and {sij (1, l), sij (2, l), . . . , sij (n, l)}
should be as small as possible. So, the corresponding criterion is deﬁned by
Trendi (l) = min {trendij (l) |j = 1, . . . , h(i) } ,
with
trendij (l) =


2
cij (k1 , k2 , l),
n(n − 1)
k1 <k2

and
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cij (k1 , k2 , l) =

1 if (eij (k1 , l) − eij (k2 , l))(sij (k1 , l) − sij (k2 , l)) > 0
.
0 otherwise

According to this criterion, ug should be selected so that the value of
Trendi (l) is as big as possible. If two data sets {eij (1, l), eij (2, l), . . . , eij (n, l)}
and {sij (1, l), sij (2, l), . . . , sij (n, l)} for any individual Iij vary completely
with the same trend, the value of Trendi (l) will be maximized and there is no
information lost in the data set {sij (k, l)} on the uniﬁed scale ug.
The optimal value of ug can be obtained by maximizing the linear combination of these two criteria as follows:
max {Coveri (l) + ρ · Trendi (l)}

(2)

where ρ is a positive constant adjusting the ratio of these two criteria.
As the optimal value of ug is obtained, for each individual Iij and each
og
term ail , the optimal uniﬁed evaluation score (uog
s , α ) can be obtained by
transforming sensory data into a new 2-tuples by using (1). The sensory data
for all individuals of this panel can be aggregated on this optimal scale.
3.3 Aggregating Sensory Data on the Desired Domain
On the common optimal scale, the transformed evaluation scores on term
ail for all individuals can be aggregated using an averaging operator. The
aggregated evaluation result of Pi for one sample on the term ail can be
calculated by
 h(i)

−1 ug
(usj , αsugj )
j=1 ∆
ug
ug
(ūs , ᾱ ) = ∆
h(i)
ug
where (uug
sj , αsj ) is the transformed 2-tuples of the evaluation scores of the
individual Iij for the same sample on the term ail .
In the same way, all the aggregated evaluation scores of Pi for diﬀerent
terms of Ai are transformed to be on the unique uniﬁed scale and can be
expressed by a matrix of n × m(i) 2-tuples, denoted by Si (evaluation space
for Pi ). Each element of Si is a 2-tuples denoted by (usi (k,l) , αsi (k,l) ) for k =
1, 2, . . . , n and l = 1, 2, . . . , m(i). For simplicity, this 2-tuples is replaced by
si (k, l) if the weak inﬂuence of αsi (k,l) can be neglected. The matrix Si =
(Si1 Si2 · · · Si,n )T includes n vectors, each of them representing the evaluation
results for one sample. These vectors will be used in the next section for the
analysis and interpretation of panels and term.

4 Analysis and Interpretation of Sensory Data
In this section, we ﬁrst deﬁne a number of criteria, according to the normalized
matrices Si = (si (k, l)), i ∈ {1, . . . , r} obtained from Sect. 3, in order to
analyze the performance of the evaluators and the used description terms.
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4.1 Dissimilarity between Individuals and between Terms
The sensory data of two panels Pa and Pb constitute two evaluation spaces
Sa and Sb . The dissimilarity between Pa and Pb cannot be deﬁned using
classical methods, which compute distances between the vectors Sak and Sbk
(k ∈ {1, . . . , n}) because these two vectors are not in the same space. So a new
dissimilarity criterion between two individuals Pa and Pb has been deﬁned in
[7].
In this deﬁnition, the dissimilarity criterion takes into account the degree
of consistency of relative variations of two diﬀerent sensory data sets. If the
internal relative variations of these two data sets are close each other, and
then the dissimilarity between the corresponding panels is small. Otherwise,
this dissimilarity is great. Formally, this dissimilarity is deﬁned by
Dab =


2
dab (i, j)
n(n − 1) i<j

(3)

It depends on the following elements:
1. The dissimilarity between Pa and Pb related to the relative variation between fabric samples ti and tj : dab (i, j) = |vra (i, j) − vrb (i, j)|.
2. The relative variations between ti and tj for Pa and Pb :
vra (i, j) = 
vrb (i, j) = 

1
m(a)
1

m(b)

Sai − Saj 
Sbi − Sbj  .

The deﬁnition of Dab permits to compare, between these two panels, the
relative variations on the samples of T . The dissimilarity between two panels
reaches its minimum only when the internal variations of their sensory data
are identical.
The dissimilarity Dab can be considered as a distance between Pa and Pb
because it satisﬁes the following three conditions:
(i) Daa =0
(ii) Dab = Dba
(iii) Dab + Dbc ≥ Dac
The two ﬁrst conditions (i)&(ii) can be easily proved from the deﬁnition of
the dissimilarity. The proof of the third condition (iii) is given as follows.
If vra (i, j) ≥ vrb (i, j) ≥ vrc (i, j), then dab (i, j) + dbc (i, j) = vra (i, j) −
vrc (i, j) = dac (i, j).
If vra (i, j) ≥ vrc (i, j) ≥ vrb (i, j), then dab (i, j) + dbc (i, j) = vra (i, j) −
vrb (i, j) + vrc (i, j) − vrb (i, j) ≥ vra (i, j) − vrc (i, j) = dac (i, j).
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For any other conditions, the inequality dab (i, j) + dbc (i, j) ≥ dac (i, j) also
holds and then we have Dab + Dbc ≥ Dac . So, the three conditions of distance
are completely satisﬁed by the dissimilarity deﬁned previously.
Another criterion is developed in order to compare two panels according to
the sensitivity of data for the evaluation of the samples of T [7]. The sensitivity
of Pa is deﬁned by

2
SSBa =
vra (i, j)
(4)
n(n − 1) i<j
where, vr a (i, j) characterizes the relative variation of the sensory data given
by Pa from the sample ti to tj . If the value of SSB a is bigger than that of
SSB b , then we consider that Pa is more sensitive to the samples of T than Pb .
However, this does not mean that Pa is more eﬃcient than Pb .
In the same way, we also deﬁne the dissimilarity or distance between terms
used by the same panel and by diﬀerent panels [7]. This criterion permits to
study the redundancy of the terms used by each panel. In general, the bigger
the dissimilarity between any two terms used by a panel is, the more eﬃcient
the evaluation results are.
4.2 Fuzzy Dissimilarity or Fuzzy Distance
The criteria of dissimilarity and sensitivity for panels and terms deﬁned in
Sect. 4.1 are signiﬁcant only for comparison because we do not know how to
physically interpret the absolute values of these criteria. We do not know if
a slight variation of such a criterion is physically important or not. In order
to give a physical interpretation to the results calculated from dissimilarity criteria and sensitivity criteria, we transform these numerical values into
fuzzy numbers, whose membership functions are generated according to the
probability density distributions of the corresponding random matrices. The
detailed procedure is given as follows and, according to the above section, Pa
and Pb denote two panels a and b:
Step 1: For ﬁxed values n, m(a) and m(b), generating two random matrices Sa
(dimension: n×m(a)) and Sb (dimension: n×m(b)), whose elements
obey the uniform distribution between lower and upper bounds of
normalized evaluation scores, i.e. 0 and ug.
Step 2: Computing the values of dissimilarity and sensitivity Dab , SSB a and
SSB b according to the equations in Sect. 4.1.
Step 3: Repeat Step 1 and Step 2 several times in order to obtain the probability density distributions for Dab , SSB a and SSB b (see Fig. 3).
Step 4: We then divide equally the area of each distribution into 5 parts.
According to these divided areas, we generate 5 fuzzy sub-sets for
each of Dab , SSB a and SSB b : {very small, small, medium, large, very
large}. The corresponding membership functions can be determined
from these 5 fuzzy numbers.
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Fig. 3. Distance Distribution Function (Dab ) with uniformly selected random evaluation scores

Figure 3 gives the probability distribution for the dissimilarity Dab between
two panels Pa and Pb using 11 and 6 terms respectively as Fig. 4 shows how
we turn a crisp number of dissimilarity (or sensitivity) into a fuzzy one,which
makes easier the understanding. The membership functions corresponding to
the ﬁve fuzzy values equally dividing the area of this distribution are given
in Fig. 4. From these membership functions, we can see that the dissimilarity
Dab is sensitive only in the interval of [0.11, 0.30], in which three fuzzy values
small (S), medium (M) and large (L) are asymmetrically distributed. A value
of Dab smaller than 0.161 is considered as very small (VS) and a value of Dab
larger than 0.207 as very large (VL).

Fig. 4. From a distance crisp number to a fuzzy distance number
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In this way, each numerical value of dissimilarity criteria and sensitivity
criteria, calculated from (3) and (4) can be transformed into a fuzzy number
whose value includes the linguistic part taken from the previous 5 terms and
the corresponding membership degree. This fuzzy number permits to interpret
the dissimilarity or the sensitivity with respect to the whole distribution of
random values. The evaluation behaviors of diﬀerent panels can be eﬀectively
analyzed and compared from these fuzzy numbers.
Moreover, according to our experiments, the distributions of the dissimilarity and the sensitivity for diﬀerent values of n, m(a) and m(b) are rather
similar. This is because the normalization with respect to these parameters
has been taken into account in the corresponding equations.
The interpreted results of the dissimilarity and the sensitivity are strongly
related to their probability distributions. In this paper, we suppose that there
does not exist any restriction in evaluation scores and values of the elements of
Sa and Sb and then they are selected randomly from the uniform distribution.
If some restriction exists in evaluation scores, the probability distributions of
the dissimilarity and the sensitivity will change accordingly and new membership functions of the corresponding fuzzy values should be generated in order
to guarantee the correctness of the interpreted results.
This principle of interpretation using fuzzy distances can also be applied
to the analysis of terms used by the same panel and diﬀerent panels.
4.3 Relationships Settings between Linguistic Terms
In industrial applications, there exists a strong need for interpreting evaluation terms of one panel using those of another panel. In this paper, we propose
a genetic algorithm based procedure to do so. This procedure can be considered as a dictionary of terms for diﬀerent panels and it is helpful for solving
commercial conﬂicts between sensory panels related to the understanding of
quality criteria. The details of this procedure are given as follows.
The sensory data of two panels Pa and Pb are obtained by evaluating the
same set of representative samples denoted by T . The terms sets of Pa and Pb
are denoted by Aa = {aa1 , aa2 , . . . , aa,m(a) } and Ab = {ab1 , ab2 , . . . , ab,m(b) }
respectively. For each term aak of Pa (k ∈ {1, . . . , m(a)}, we try to ﬁnd the
optimal linear combination of the terms ab1 , ab2 , . . . , ab,m(b) to generate a new
term denoted by a(Pa , Pb , k) which is the closest to aak in semantics, i.e.
m(b)
k
a(Pa , Pb , k) = w1k · ab1 + w2k · ab2 + · · · + wm(b)
· ab,m(b) with i=1 wik = 1.
k
The corresponding weights {w1k , w2k , . . . , wm(b)
} are determined using a genetic
algorithm with penalty strategy [9] so that the distance between aak and
a(Pa , Pb , k) is minimal. This optimization procedure is realized by performing
the following steps:
Step 1: Finding the term of Pb the closest to aak
Computing the distance between aak and each term of Pb :
ab1 , ab2 , . . . , ab,m(b) using the method presented in Sect. 4.1. The correspond-
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ing values are denoted by {D1 , D2 , . . . , Dm(b) }. Selecting the term abx so that
Dx (the distance between abx and aak ) is the smallest of {D1 , D2 , . . . , Dm(b) }.
Step 2: Building the support set of terms of Pb related to aak
Building a set of new terms of Pb : {ab1  , . . . , ab,x−1  , ab,x+1  , . . . , ab,m(b)  }
by adding the normalized evaluation scores of abx for all samples of T to
those of each term abi (i ∈ {1, . . . , b(m)} and i = x). Computing the distance
between aak and each of these new terms and denoting the corresponding





results as {D1 , . . . , Dx−1 , Dx+1 · · · Dm(b) }. If Dj < Dx (j ∈ {1, . . . , m(b)}
and j = x), we consider that abj has a contribution to the decrease of the
distance between abx and aak and then the corresponding weight wjk > 0. If

Di > Dx , we consider that abj has no contribution to the decrease of the
distance between abx and aak and then the corresponding weight wjk = 0.
Therefore, we deﬁne the support set of terms of Pb related to aak by
Akb = {ab h1 , abh2 , . . . , abhq } with abh1 = abx and abhj ∈ Ab and whkj > 0
for j ∈ {2,. . . ,q}.
In this case, all terms of Pb satisfying the condition wjk =0 are deleted from
Ab and only the relevant terms having contributions to the construction of
the new term a(Pa , Pb , k) are preserved in the support set Akb . This step can
largely reduce the computing complexity of Step 3.
Step 3: Building the term a(Pa , Pb , k) that is the closest to aak
By applying a genetic algorithm, we compute the optimal weights of the relevant terms of Akb in order to construct the term a(Pa , Pb , k) that is the closest
to aak in semantics. It is an optimization problem with constraints because
the sum of the weights should be equal to 1 and each weight should be no
smaller than 0. In this case, we use the penalty strategy [9] in the genetic
algorithm. The detail for this algorithm is given as follows.
Procedure for computing the weights of the relevant terms using a Genetic
Algorithm:
Begin
Coding and initializing the population of weights Wbk (t) = (whk (t)whk
1
2
(t) · · · whkq (t)) (t ← 0)
q
IF Wbk (t) satisﬁes the constraints ( j=1 whkj = 1 and whkj ≥ 0 for j ∈
{1, . . . , q})
THEN Evaluate the ﬁtness by ﬁtness function A
ELSE Evaluate the ﬁtness by ﬁtness function B
End IF
While Not satisfying stop conditions
Do
Random Selection Operation
Crossover Operation
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Mutation Operation
Updating Wbk (t) (t ← t + 1) for generating the next population of weights
IF Wbk (t) satisﬁes the constraints
THEN Evaluate the ﬁtness by ﬁtness function A
ELSE Evaluate the ﬁtness by ﬁtness function B
End IF
End While
End
2
The ﬁtness function A is deﬁned by Dab (a(Pa , Pb , k), aak ) = n(n−1)
i<j
q
q
k
dab (a(Pa , Pb , k), aak , i, j) with a(Pa , Pb , k) = (1 − j=2 wj ) · abh1 + j=2 (wjk ·

abhj ) abhj ∈ Akb .

q
1 − j=2 wjk > 0
under the constraints
.
k
wj ≥ 0 (2 ≤ j ≤ q)
The concepts Dab and dab are computed according to the deﬁnitions in
Sect. 4.1.
We also deﬁne the ﬁtness function B with penalty factor ρ as follows:

2
Dab (a(Pa , Pb , k), aak ) =
dab (a(Pa , Pb , k), aak , i, j) + ρ
n(n − 1) i<j
q

where ρ = γ j=2 wjk . γ is the parameter of penalty.
Figure 5 gives a practical example which recurrently computes the weights
of the relevant terms of Pb related to aak using the genetic algorithm running
for 100 generations. The evolution of the best value and the averaged value of
the ﬁtness function shows that the algorithm converges to its optimum after
20 populations. The best linear combination of the terms of Pb related to the
term aak of Pa is then obtained.

Fig. 5. Evolution of the ﬁtness function for computing the weights (one example)
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4.4 Forecasting the Consumers’ Preference
Usually, the number of descriptors used by experts is greater than those of
consumers. This lies in the fact the consumers’ knowledge is more basic. But
even if their experience on the product quality evaluation is poorer, their
feeling can be included in the results of experts or trained panels. Thus, it
means that relationships can be found between linguistic terms used by experts or trained panels and terms used by the consumers. Since the consumer
evaluation matrix is computed so that each element denotes the population
percentage, we need to adapt the relative variation between fabric samples
ti and tj to compute the distances between DOSE and MOSE panels. The
relative variation vrMOSE (i, j) is now estimated by considering the averaged
scores, computed with the grades values for a speciﬁc descriptor (see Table 1).
For each consumer’s term and each grade, we assign an absolute score according to the number of grades and the range [0, 1], since the sensory data are all
normalized between 0 and 1. The average is then obtained by multiplying the
population rate and the absolute score. For the considered term, we obtain a
score which tends toward 1, if the major part of the consumers agrees with
the descriptor. Then, using the procedure described in Sect. 4.3, we compute
the relationships between the consumers’ sensory evaluation and the terms
used by DOSE panels. In the same way, we reproduce the same technique
for extracting the relationships between the consumers’ preference (vector X)
and the DOSE-linguistic descriptors. These last relationships lead to a vector of weights, which characterizes the optimal linear combination of the m(i)
k
)T
DOSE-terms for explaining the consumers’ preference X: (w1k , w2k , . . . , wm(i)
where k equals 1, because the consumers’ preference is there considered as only
one descriptor and no more as a set of linguistic terms. Our target is to estimate what could be the consumers’ preference for an additional (n + 1)-th
product when its sensory evaluation is performed by the DOSE. Assuming
the xi ’s vary in the range [0, 1], to ﬁnd the preference xn+1 , we construct
an array of all the preference vectors with an additional component which
lies in [0, 1] and represents the possible preference. Then, we compute all
the distances between the preference vector with additional components and
the optimal linear combination of DOSE-terms for the new product. The predicted preference corresponds to the minimum of those distances, because it
is the nearest distance between the optimal linear combination which models the preference and the forecasted preference. The Fig. 6 shows the curve
obtained with varying consumers’ preference. In this example, the nearest distance between the DOSE and the preference is about 13, which means that
13% of the consumers are expected to appreciate the product.

5 Product Evaluation and Process Models
In the product evaluation model (see Fig. 1), we have numerical input variables (selected physical features). Those input parameters, measured with
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Table 1. Example of consumer sensory evaluation for a set of samples T

Not
'soft'

Very
Little
'soft'

Slightly
Very Extremely
'soft' 'soft' 'soft'
'soft'

Absolute
scores 0
0.2
0.4
0.6 0.8
1
Population
9
16
18
27
27
3
Product
rate (%)
#1
0.16
0.18 0.27 0.27
0.03
Score ([0, 1]) 0.09
average = 0.09x0 + 0.16x0.2 + 0.18x0.4 + 0.27x0.6 + 0.27x 0.8 + 0.03x1 =
0.512
…
…
…
Population
1
7
5
45
32
10
Product
rate (%)
#n
0.07
0.05 0.45 0.32
0.10
Score ([0, 1]) 0.01
average = 0.01x0 + 0.07x0.2 + 0.05x0.4 + 0.45x0.6 + 0.32x 0.8 + 0.10x1 =
0.66

appropriate devices, are chosen for their inﬂuence on the product quality. The
Abe’s method is then applied for extracting fuzzy rules directly from these
numerical data [10] and to build the model between the physical measurements on the products and the sensory evaluation. This method permits to
obtain a good compromise between precision, robustness and interpretability.

Fig. 6. Distance curve with varying consumers’ preferences (percentage)
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The Abe’s method is brieﬂy described below. At ﬁrst, the universe of the
output is divided into a number of intervals. By putting the input data into
diﬀerent classes according to the output intervals, we deﬁne two kinds of regions in the input space: activation hyperboxes and inhibition hyperboxes. For
a given class of input data, an activation hyperbox contains all data belonging to this class and an inhibition hyperbox inhibits the existence of data for
this class. Inhibition hyperboxes can be located by ﬁnding overlaps between
neighboring activation hyperboxes. In these located inhibition hyperboxes can
be deﬁned new activation and inhibition hyperboxes for the next level. This
procedure is repeated until overlaps are solved (see Fig. 7).
In this procedure, the fuzzy rules are deﬁned by activation and inhibition
hyperboxes (see Fig. 7). We select a suitable Gaussian function as membership
function and calculate the output value using Sugeno’s defuzziﬁcation method.
By comparison with other methods of fuzzy rules extraction which assume
the space of input variables is partitioned into a number of ﬁxed regions, this
procedure generates more accurate fuzzy partition and fuzzy rules.
In practice, the fuzzy rules extracted using Abe’s method are less eﬃcient
when the number of input variables is too great with respect to the quantity
of available data. It is the case in many industrial applications. For solving
this problem, we use Principle Component Analysis (PCA) [11] to reduce
the number of input variables before starting the procedure of fuzzy rules
extraction. By using this technique, the lower dimensional input space used
in the Abe’s method is obtained from the projection of the original high
dimensional space. Its principle is given below.
PCA performs a linear transformation of an input variable vector for representing all original data in a lower-dimensional space with minimal information lost.
The principle of the product evaluation model for one descriptor is shown
in Fig. 7. A very slight model internal parameters adjustment is required for
any other descriptor and the same procedure can be repeated in order to build
the product process model described in Fig. 1.
In the example described below (Sect. 6), experts obtain 7 levels for “Soft”
and for the whole fabric samples. Their evaluation scores are taken as output
data of the model. The data measured on 11 selected physical features are
taken as input data after the projection of the original space into the twodimensional subspace using PCA. Fuzzy rules are then directly extracted from
these input-output learning data (see Fig. 8).

6 Application
In order to highlight and to illustrate the eﬀectiveness of the above approach,
we apply it to sensory data on fabric hand evaluation provided by 2 sensory
panels in France, including a fashion design expert (FE) and a group of trained
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Level l = 1

Aii(1)

Ajj(1)

Ijj(1)

Iij(2)
Aij(2)

Level l = 2

Aji(2)
Level l = 3
Aij(3)

Aji(3)

Fig. 7. Fuzzy rules extraction by generating Activation and Inhibition hyperboxes
in the input space (2-D)
Input space
11

2

y j1
Yj

PCA
y j11

Yj '

O, u1 , u 2

Output space
subjective descriptor

y j1 '

C1 C2 C3 C4 C5 C6 C7

y'j2
Fuzzy Rules Base

Fig. 8. Product evaluation model for one descriptor with 11 product features

students (FTS) and 2 sensory panels in China, including a group of textile experts (CE) and a group of trained students (CTS). The fabric set is composed
of 43 knitted cotton samples produced using 3 diﬀerent spinning processes.
These samples can be then classiﬁed into 3 categories: Carded, Combed and
Open-End, corresponding to diﬀerent touch feelings. For FE, 11 evaluation
terms have been used and they include “soft”, “smooth”, “tight”, “slippery”,
“ﬂoppy”, “compact”, “hollow”, “pleasant”, “fresh”, “dense”, “ﬂexible”. For
FTS, they use 4 terms, including “smooth”, “slippery”, “soft”, “tight”. For
CE and CTS, the terms used are not normalized and they vary with evaluator. In general, each CE uses 6 or 7 terms such as “soft, “slippery”, “ﬂexible”,
“texture”, “elasticity”, “thickness” and each CTS uses 3 or 4 terms such as
“soft”, “slippery”, “ﬂexible”.
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6.1 Analysis at the Level of Evaluators
Applying the methods presented in Sects. 4.1 and 4.2 to analyze and interpret
the evaluation scores given by these 4 evaluation panels, we obtain the corresponding crisp and fuzzy values of dissimilarity or distance and sensitivity in
Table 1.
From Table 2, we can notice that the averaged distances between French
and Chinese experts and between professional experts and students are very
small. It means that the general evaluation on fabric hand is related to neither
the cultural background nor the professional background. Moreover, since the
experts’ sensitivities are medium or large and the students’ sensitivities are
very small or small, it means that experts are more sensitive in the evaluation
of products.
6.2 Analysis in the Level of Terms
Using the methods in Sects. 4.1 and 4.2, we also calculate the crisp and fuzzy
distances between evaluation terms used by each panel. The averaged results
are given in Table 3. From Table 3, we can notice that the crisp values of
distances between diﬀerent terms are very large or large for French experts
(FE) and very small or small or large for the other panels. This means that
French experts deﬁne more suitable terms for describing fabric hand and understand better their meaning in fabric hand evaluation. The overlap between
two diﬀerent terms is not important.
The results of crisp and fuzzy distances between diﬀerent panels on the
term “soft” are given in Table 4 and Table 5 respectively.
Table 2. Averaged distances and sensitivities for diﬀerent panels

Distances

FE
0
VS
0.1563
VS
0.1284
VS
0.1717
VS

Crisp#
Fuzzy set
Crisp#
Fuzzy set
Crisp#
Fuzzy set
Crisp#
Fuzzy set
Crisp#

Sensitivities

Fuzzy set

S
M

0.4219
0;2833
0;7167

FTS
0.1563
VS
0
VS
0.1456
VS
0.1692
VS

CE
0.1284
VS
0.1456
VS
0
VS
0.1622
VS

0.3635
VS

S
M

0.4187
0.5459
0.4531

CTS
0.1717
VS
0.1692
VS
0.1622
VS
0
VS
VS
S

FE
FTS
CE
CTS

0.3977
0.4900
0.5100

Table 4 and Table 5 show that the distances between diﬀerent panels on
the term “soft” are sometimes rather important (M, L, VL) although most
of the fuzzy values of these distances are very small. The same phenomenon
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Table 3. The averaged crisp and fuzzy distances between terms
PROCESS
Crisp#
Carded

CE

FTS

0.2546

0.1844

FE

Fuzzy Set

0.2937
VL

VS

VS

CTS
0.289
0.792

L
VL

Combed

Open-End

Crisp#

0.2911

Fuzzy Set

VL

0.291
L

0.167

VL

0.833

0.1585
VS

0.967

L
VL

Crisp#

0.3708

0.3779

0.2774

Fuzzy Set

VL

VL

VS

0.208

0.2869
0.033

0.3289
S

0.144

M

0.856

can be observed for the other terms such as “slippery” and “smooth”. This
means that one evaluation term is often semantically interpreted in diﬀerent
ways by diﬀerent panels. This remark has been validated by some industrial
companies. In these companies, there exist conﬂicts between suppliers and
consumers on quality criteria expressed in linguistic terms. A dictionary is
then needed for the understanding of evaluation terms between diﬀerent professional populations.
The performance of each evaluator or panel can be characterized by the
following criteria: 1) dissimilarity between terms he/she uses; 2) total number
of terms used; 3) sensitivity to the products be evaluated and 4) stability
or capacity of reproduction of evaluation scores. According to the previous
analysis on the sensory evaluation data provided by our panels, we can see
that the experts specialized in textile technology, especially the French expert
(FE) are more eﬃcient than the other panels in the evaluation of fabric hand.
A sensory panel can also be trained according to these 4 criteria.
Table 4. The values of crisp distances between diﬀerent evaluators on the common
term “soft”
Process
Evaluators
CE
FE
0.1343
CE
FTS

Carded
FTS
CTS
0.2123 0.1743
0.2061 0.201
0.2189

CE
0.2262

Combed
FTS
CTS
0.2311 0.2661
0.1325 0.1643
0.1574

CE
0.102

Open-End
FTS
CTS
0.21
0.1803
0.1803 0.1973
0.2874

6.3 Interpretation of the Relationship
between Terms used by Diﬀerent Panels
We use the method in Sect. 4.3 to interpret each term used by the panel of
French trained students (FTS), the panel of Chinese experts (CE) and the
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Table 5. The values of fuzzy distances between diﬀerent evaluators on the common
term “soft”
PROCESS
Carded
Evaluators

CE

FE

VS

CE

Combed

FTS
VS

0.813

S

0.187

VS

0.813

S

0.187

FTS

CTS

CE

VS

Open-End
FTS

S

0.417

S

0.417

M

0.583

M

0.583

VS

VS

VS

0.125

S

0.875

CTS

CE

VL

VS

FTS

VS

CTS

VS

0.031

VS

S

0.969

S

0.031

VS

0.969

VS

0.344

S

0.031

VS

0.969

S

0.656

L

0.1

VL

0.9

panel of Chinese trained students (CTS) by those of the French Expert (FE).
For simplicity, we only discuss the case of Pa = FTS and Pb = FE in this
section. The 11 terms used by FE corresponds to Ab = {ab1 , ab2 , . . . , ab,11 }
and the 4 terms of FTS to Aa = {aa1 , aa2 , aa3 , aa4 }. After applying the genetic algorithm with penalty strategy presented previously, we obtain the
optimal linear combination of the terms of FE related to each term of FTS.
The corresponding weights wjk ’s of these linear combinations are shown in
Table 6.
Table 6. The weights of optimal linear combinations of terms of FE related to those
of FTS

Fresh

Dense

Flexible

0
0
0
0

Pleasant

0.1
0
0.3
0

Compact

0
0
0
0

Hollow

0
0
0
0

Floppy

0
0
0
0.1

Slippery

0.6
1
0.3
0

Tight

Smooth

Terms
Of FTS
Smooth
Slippery
Soft
Tight

Soft

Terms of FE

0.3
0
0.4
0.1

0
0
0
0

0
0
0
0

0
0
0
0.4

0
0
0
0.4

Table 6 permits to interpret the relationship between terms used by FTS
and FE. Under this relationship, the terms used by FTS can be approximately
expressed by linear combinations of the terms of FE. For example, the term
“soft” used by FTS can be approximately expressed as a linear combination
of three terms of FE: “soft”, “ﬂoppy” and “hollow”, i.e.
sof t F T S ≈ 0.33 · sof t F E + 0.32 · f loppy F E + 0.35 · hollow F E
Table 7 gives the distances between the terms of FTS and their corresponding optimal linear combinations of terms of FE, obtained using the procedure
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Table 7. Evolution of distances between terms of FTS and FE
Distance between the term of FTS
and the closest term of FE

Term of
FTS

Crisp#

Smooth

0.211

Slippery

0.161

Soft

0.212

Tight

0.237

Distance between the term of FTS
and the optimal linear combination of
terms of FE

Fuzzy set
VS
S

0.431
0.569
VS

VS
S
M
L

0.367
0.638
0.501
0.499

Crisp#

Fuzzy set

0.156

VS

0.161

VS

0.131

VS

0.165

VS

in Sect. 4.3. These results show that the obtained optimal linear combinations
are very close to the terms of FTS related to the original terms of FE. Each
term of FTS corresponds to several terms of FE.
For the term “slippery” of FTS, there is only one term in the support set
of terms of FE. So, the procedure described in Sect. 4.3 can not decrease the
closest distance between terms of FTS and FE. For the other three terms,
the procedure implemented in Sect. 4.3 can eﬀectively decrease the closest
distance between terms of FTS and FE. From the optimal linear combinations,
we obtain new terms of FE much closer to those of FTS than the original terms
of FE.
6.4 Interpretation of the Relationship
between Terms used by Diﬀerent Panels
In the modeling of fabric evaluation, we ﬁrst use Principle Component Analysis (PCA) to obtain the reduced data and then extract fuzzy rules using the
Abe’s method. The corresponding results are given as follows.
The two components obtained from PCA are λ1 = 4.43 and λ2 = 1.16 with
46.9% and 16.7% of explanation respectively. For testing the eﬀectiveness of
the model, we remove at each time one sample from the learning base and we
apply the Abe’s algorithm with the remaining data for extracting the fuzzy
rules base. By taking the removed sample as testing data, we compare the
output estimated from the model and the real output of the removed sample.
The corresponding results are shown in Tables 8 & 9.
From Table 8, we can see that the diﬀerence between the real output
and the output estimated by the fabric evaluation model is rather small.
For the descriptor “Soft”, the maximum evaluation error doesn’t exceed 2
marks over 7. For example, “0” means that the model gives the same score
as the experts and “1” means that there exists only one level of diﬀerence
between the model’s evaluation and the expert’s evaluation. The model also
gives good results for the other samples and the other descriptors. In average,
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Table 8. Fabric evaluation model results for the descriptor “soft”
Removed
Sample

# Rules

# Level(s)

Real
Output

Estimated
Output

Error

4
10
14
14
16
16
22
22
24
24
26
26
28
28
31
31
34
34

8
8
8
7
8
8
8
8
7
8
8
8
8
8
8
8
8
8

2
2
2
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2

7
7
6
4
6
4
6
4
5
4
3
3
3
2
2
2
1
1

5.83
4.95
3.50
4.50
4.25
3.74
3.50
4.02
3.27
3.51
3.44
3.71
3.85
2.89
2.49
2.71
1.65
1.20

1
2
2
1
2
0
2
0
2
0
0
1
1
1
0
1
1
0

average

0.94

1
1
1
2
1
2
1
2
1
2
1
2
1
2
1
2
1
2

by considering 9 linguistic terms all together for describing the touch handle of the whole samples set, the evaluation error is about 1 point (1.11 –
Table 9). This represents the fabric evaluation model accuracy.
6.5 An Example of Consumers’ Preference Forecasting
To illustrate the consumers’ preference prediction, we collected one set of
sensory data related to the cosmetic industry. It includes 8 lotions with varying
performance according to their interaction with the skin or the human feeling
they express at the ﬁrst contact. 19 terms are required by the experts for
describing the lotions quality. The consumers expressed their feeling with two
linguistic terms: the softness and the touch feeling. They ranked also the
lotions according to their preference. The running of the procedure described
above in Sect. 4.3 leads to the weights set of Fig. 9. Then, applying the method
of Sect. 4.4., we are able to predict the consumers’ preference (see Table 10).
The forecasting works quite well even if sometimes the error raises 15% over
100%. This drawback is due to the size of the training data set base which
contains only 8 samples. For testing the methods, we used 7 samples and tried
to predict the preference of the 8-th.
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Table 9. Results of fabric evaluation model for 9 linguistic terms used by a French
Experts panel
Tight Shiftless Smooth Compact Weak Pleasant Fresh Heavy Pliant
Removed
Sample
4
10
14
14
16
16
22
22
24
24
26
26
28
28
31
31
34
34

1
1
1
2
1
2
1
2
1
2
1
2
1
2
1
2
1
2

Total
average:
1.11

Class Error
1
1
1
1
1
2
1
1
0
2
1
1
0
2
2
1
1
2

1
1
1
1
1
2
0
1
3
1
1
2
2
1
3
1
1
1

1.17 1.33

2
1
1
1
1
1
1
1
1
1
1
1
1
1
1
0
1
1

1
1
1
1
1
3
1
1
0
3
0
0
0
0
1
2
2
2

4
1
0
4
0
0
0
3
0
0
2
1
0
1
0
3
0
1

1.00

errors
(average):
1.11
1.11 0.83

0.25

2
0
1
1
2
3
1
2
2
1
0
0
0
0
0
0
0
0

2
2
1
1
1
1
0
1
1
1
1
1
1
1
1
1
1
1

0
1
0
1
0
1
0
0
0
0
2
0
1
0
2
2
2
1

1
2
1
2
2
2
1
2
1
2
0
3
0
3
1
3
1
3

1.06 0.72

1.66

0.23
0.21

Weigths

0.20
0.15
0.10

0.07
0.05

0.05

0.02 0.02
0.00

0.03

0.03 0.03
0.01

0.00

0.05

0.05
0.03

0.06
0.04 0.04

0.00

0.00
12

3

456

789

10

11 12

13

14

15

16 17

18

19

experts' terms #

Fig. 9. Weights values for explaining the relationships between consumers’ preference about the softness and experts’ terms
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Table 10. Diﬀerence between forecasted and real consumers’ preference for 8 lotions
Expressed (%)
14
9
16
16
18
4
10
13

Forecasted (%)

Error (%)

17
10
7
19
7
20
9
18

3
1
9
3
11
16
1
5

7 Conclusions
This paper presents a general method for analyzing and interpreting sensory
data given by diﬀerent panels. The 2-tuple linguistic model is used for normalizing and aggregating sensory data of diﬀerent individuals inside each panel
on an optimal uniﬁed scale. The dissimilarity criteria and the sensitivity criteria are transformed into fuzzy numbers in order to obtain a suitable physical
interpretation, leading to a better understanding of the quality of panels and
evaluation terms. Also, we propose a procedure permitting to interpret terms
of one panel using the linear combination of terms of another panel. The optimal weights of this linear combination are obtained using a genetic algorithm
with penalty strategy. This procedure is particularly signiﬁcant for solving
commercial conﬂicts related to the understanding of product quality criteria
expressed in linguistic terms. The proposed method has been successfully applied to the analysis and the interpretation of the sensory data on fabric hand
evaluation provided by four panels.
This paper deals mainly with the introduction of intelligent methods for
both formalizing sensory data, which are expressed by human being, and modeling the relationships between these sensory data and objective measures
operated on the fabrics. It gives promising results for assessing the sensory
quality of industrial products from manufacturers to consumers. Another contribution in this paper is that we used PCA to project original higher dimensional data into a lower dimensional subspace before starting the procedure
of fuzzy rules extraction. In general, a fuzzy model is eﬃcient only when the
number of input variables is small enough with respect to the number of
learning data. We have to reduce the number of input variables if we can not
measure more numerical data.
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1 Introduction
In general, facility layout problems are occurred if there are changes in requirements of space, people and equipments. When the changes of requirements are
shown frequently, the problem goes toward a dynamic structured problem. Designing the facility layout that can respond to requirements related to changes
in economic situation of the scope, variability of demand in terms of volume
or variety, and changes in production technologies is a comprehensive and
complicated study.
To assure this dynamic facility structure over the last decades, computational tools have been integrated to the manufacturing systems as originated
computer integrated manufacturing (CIM). The CIM provides computational
assistance, control, and high degree of integration in the automation at all
levels of the manufacturing industry [1]. The included technology in CIM
intensiﬁes the use of distributed computer networks, data processing techniques, and artiﬁcial intelligence. Thanks to the above-mentioned technology,
data gathering becomes more eﬃcient. Obtaining the valid and required data
in voluminous databases to use in a convenient model for solving a facility
layout problem is as important as constituting the right model.
Because the data available in a large volume in this system make their evaluation with the traditional methods diﬃcult, a new generation of techniques
and tools are required to assist humans in intelligently analyzing voluminous
data for pieces of useful knowledge. The ﬁeld of Knowledge Discovery in Databases (KDD) and Data Mining (DM) has recently emerged as a new discipline
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in engineering and has integrated Database Management System (DBMS) and
artiﬁcial intelligence technologies to assist humans in analyzing large quantities of data [14]. Data Mining (DM) emerged to extract knowledge from huge
volumes of data with the help of computing device during the late 1980s and
has become a research area with increasing importance with the amount of
data greatly increasing [3, 4, 7, 23].
Also, the valid data that will be used in the layout problems may be discovered in huge databases belonging to Enterprise Resources Planning (ERP)
system that include the data related to production quantities, production mix,
product sequences, bill of materials and schedules. By using data mining tools,
the valid data can be obtained to use in some related model.
Even though this information is used for the layout model, ﬁnding the most
eﬃcient layout solution is not possible generally. The reason is that the layout
problems are Multi-objective Combinatorial Optimization (MOCO) problems.
A solution technique for this kind of problems is Multi-objective Simulated
Annealing (MOSA), of which one is discussed in this study. The following
study includes a background research related to data mining, facility layout
problems which are considered as multi-objective problems and simulated annealing algorithms as solution technique for multi-objective layout problems.
In Sect. 3, the constituted framework starts with preparing the useful data by
data mining tools for the MOSA algorithm. After running the algorithm, the
eﬃcient layout solutions set is obtained for evaluating and decision-making. In
Sect. 4, the framework is applied for a case study and the results are evaluated
in terms of feasibility.

2 Background
2.1 Data Mining
In today’s world, tremendous growth in capability of both generating and
collecting data has been seen. Developing in data storage technologies has
allowed transforming this large amount of stored data. Although extensive
and voluminous data is handled, it is diﬃcult to ﬁnd the hiding useful data
without powerful tools. In order to relieve such a data rich but information
poor plight, a new discipline named data mining (DM) emerged, which devotes
itself to extracting knowledge from huge volumes of data, with the help of the
ubiquitous modern computing device [35].
There are diﬀerent deﬁnitions of DM in the literature. Reference [2] deﬁned DM as the exploration and analysis, by automatic and semiautomatic
means, of large quantities of data in order to discover meaningful patterns and
rules. Reference [9] deﬁned DM: a core step that is included by entire process
of knowledge discovery in databases (KDD). Also KDD can be deﬁned as an
exploration and interpretation of the patterns to be able to determine the
useful, novel and required knowledge in data. According to [8], DM is an
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application, under human control, of low-level induction algorithms that are
used to extract patterns from data in speciﬁc categories. While DM is surely
part of technology in the broad sense, we use it here as an approach to knowledge generation. DM models range from simple, parametric equations derived
from linear techniques to complex, non-linear models derived from nonlinear techniques. Non-linear DM methods create complex algorithmic models
that do not lend themselves to simple mathematical representation. In general, non-linear techniques can ﬁnd subtle patterns in the data that cannot
be deciphered with linear techniques; they do so at the expense of model
interpretability. Speciﬁc techniques used in DM applications include market
basket analysis, memory based reasoning, cluster detection, link analysis, decision trees and rule induction, neural networks, and genetic algorithms, etc.
These techniques are related to classiﬁcation, clustering, and graphical models. The primary goals of these techniques used for knowledge discovery are
prediction and description. Prediction involves using variables or ﬁelds in the
database to predict unknown or future values of other variables or attributes.
For example, some of layout problem characteristics for this study, such as the
size of departments, the adjacency scores among the departments, production
quantities for products, etc., can predict of huge databases belonging to ERP.
Also description focuses on ﬁnding human-interpretable patterns describing
the data, such as ﬁnding patterns for “a good layout.” For a good description,
in this study, a simulated annealing approach accepted as one of non-linear
methods like genetic algorithms and based on the nearest neighbor relation
has been used.
2.2 Facility Layout Problems
As a well-known fact, a facility layout problem is one of the most frequently
confronted ﬁeld where much research eﬀort is spent and numerous approaches
and methodologies are developed for diﬀerent layout models. When some assumptions are considered as facilities need equal areas instead of the real
shapes and sizes, the facility layout problem is generally formulated as a
quadratic assignment problem (QAP) [15] of allocating facilities to discrete
locations on a grid with the objective of minimizing a given cost function. In
addition to QAP, the facility layout problem has been modeled as [16]:
•
•
•
•

quadratic set covering problem,
linear integer programming problem,
mixed integer programming problem,
graph theoretic problem.

Many published results obtained with these exact (optimal) models can be
seen in literature. Some optimal algorithms like branch and bound and cutting plane algorithms are used to solve these exact models. However, because
optimal methods are limited in the number of departments, the substantial
researchers have been developing sub-optimal algorithms that can solve much
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larger problems. These are called as heuristic algorithms that can be used
for construction or improvement of a layout design and solving large sized
problems in a reasonable time. Due to the combinatorial nature of the facility
layout problem, heuristic approaches will be convenient. The mostly known
meta-heuristics that can be applied to various models are simulated annealing,
tabu search and genetic algorithms. The recent studies about facility layout
problem, which includes this solution approach, can be found in [1] and [18].
Also, facility layout problems are considered as multi-objective problems
and their solutions require consideration of conﬂicting objectives. Usually,
a facility design must provide minimum handling cost, penalty values and
maximum ﬂexibility, and quality etc. at the same time. Solving a combinatorial optimization problem with a single objective has diﬃculties because
of its NP-hard complexity, so using a heuristic method for a multi-objective
optimization will be appropriate to obtain an eﬃcient solution set. The multiobjective simulated annealing method [34], which approximates to the set of
eﬃcient solutions of a multi-objective combinatorial optimization (MOCO)
problem, can be considered for multi-objective facility layout problems.
2.3 Multi-objective Problems and Metaheuristic Procedures
Many real-world applications naturally call for Multi-objective Combinatorial
Optimization (MOCO), because discrete variables and conﬂicting objectives
are often inherent [34]. Although many multi-objective optimization procedures are developed, they have a number of shortcomings. Examples of these
solving techniques are surrogate worth trade-oﬀ method [25, 26], goal programming and attainment methods [6], min-max approach [20, 21] and fuzzy
aggregation method [24]. But later, multi-objective metaheuristics have become very popular and alternative for the above mentioned techniques. The
increasing acceptance of these algorithms is due to their ability to [28]: (1)
ﬁnd multiple solutions in a single run; (2) work without derivatives; (3) converge speedily to Pareto-optimal solutions with a high degree of accuracy; and
(4) handle both continuous function and combinatorial optimization problems
with ease.
Mostly, genetic algorithms and simulated annealing techniques are used to
solve the multi-objective problems. Reference [13] suggested a simple multiobjective evolutionary algorithm. Reference [11] proposed a method that employs a novel genetic local search for MOCO. Reference [17] mentioned convergence of evolutionary algorithms and loosing Pareto optimal solutions. Later,
[36] suggested several methods to overcome these problems.
Also, simulated annealing which is known as an easy and good solution
providing method has been adapted for multi-objective problems by [27] and
[31]. Later, [32] generated the MOSA algorithm completely and applied it to
a MOCO problem. Also the MOSA algorithm is used for a bi-criteria problem
by [30]. Some of these and other improved versions will be discussed in Sect.
2.4.2.
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2.4 Multi Objective Simulated Annealing Approach
Simulated Annealing Algorithm: an Overview
The name of the algorithm comes from the analogy to the behavior of physical
systems by melting a substance and lowering its temperature slowly until it
reaches the stable state (physical annealing). This physical annealing was
ﬁrst simulated by [19]. Thirty years later, [12] established an analogy between
optimizing an objective function of a combinatorial optimization problem and
annealing of a solid. In the same paper, the simulated annealing algorithm was
ﬁrst purposed as a generally applicable stochastic technique that applied to
solve large combinatorial optimization problems.
The algorithm starts with an initial solution, which can be a random solution or the current state of a system. Then, the system is perturbed at
random to a new solution in the neighborhood of the original one. If there is
a reduction in an objective function for a minimization process, the current
solution is replaced by the generated one; else the replacement by a generated
neighbor is accepted with a certain probability of;
−∆S

p(∆S) = e kb T

(1)

where ∆S is the change in the objective function, T is a control parameter corresponding to the temperature in the analogy and kb is Boltzmann’s constant.
The simulated annealing (SA) algorithm attempts to avoid entrapment in a local optimum by accepting small increases in the objective function value. This
is realized by controlling the probability of acceptance p (∆S) through the
temperatures. A pseudo-code of the simulated annealing procedure is given
below [22].
Input: A problem instance
Output: A (sub-optimal) solution
1. Generate an initial solution at random and initialize the temperature T .
2. While (T > 0) do
(a) While (thermal equilibrium not reached) do
(i) Generate a neighbor state at random and evaluate the change in
energy level ∆S.
(ii) If ∆S < 0 update current state with new state.
(iii) If ∆S >= 0 update current state with new state
−∆S

with probability e kb T where κβ gs a constant.
(b) Decrease temperature T according to annealing schedule.
3. Output the solution having the lowest energy.
Due to SA is an easy and versatile technique, it is widely used for both
function and combinatorial optimization problem. Also several implementations of the SA algorithm have been purposed for the facility layout
problems which in generally have multiple objectives.
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Simulated Annealing Procedures for Multi Objective Problems
As mentioned above, various simulated annealing algorithms based on multiobjective optimization algorithms have been generated by many researchers.
For a good overview of this subject, we refer to the study by [28].
– The method of Suppapitnarm and Parks (SMOSA)
Reference [29] used the concept of archiving the Pareto-optimal solutions coupled with return to base strategy. The probability scalarizing approach of
which the weight vector is not used in acceptance criteria is used. Scalarizing
approaches will be explained in Sect. 3.2.
In this approach, a constrained problem is converted to an unconstrained
one with the help of a penalty function. A penalty value is deﬁned to take the
constrained violation into account. This value is added or subtracted depending on the problem, which is a minimization or maximization, respectively.
– The method of Ulungu and Teghem (UMOSA)
The UMOSA algorithm of [32, 33] is an interactive version of MOSA and
considers three diﬀerent cases when a move from a present position to a new
position is realized. These cases can occur as (1) the move is an improving
one; (2) causes improvements in certain objectives and deterioration in other
objectives; and (3) a deteriorating move in all the objectives. The UMOSA
algorithm takes into consideration all these issues by using a criterion scalarizing approach that will be discussed in Sect. 3.2. This approach aims to project
a multi-dimensional objective space into a mono dimensional space.
– The Pareto simulated annealing (PSA)
Reference [5] proposed PSA by combining the single objective simulated annealing and genetic algorithms to provide eﬃcient solutions. The outcome of
the multi-objective PSA is the set of solutions which are neither better nor
worse solutions. Each of them is called as non-dominated Pareto optimal solutions with respect to the multi-objective. In PSA, objective weights are used
in the multi-objective rules for an accepting probability in order to assure
dispersion of generating solutions over the whole set of eﬃcient solutions. Increasing or decreasing of the probability of improving values for a particular
objective can be controlled by changing the objective weights.
– Multi-objective Simulated Annealing Using Constraints Violation
in Acceptance Criterion (WMOSA)
Many simulated annealing based multi-objective optimization algorithms do
not handle constraints without using a separate technique. The WMOSA algorithm attempts to handle the constraints in the main algorithm by using a
weight vector in the acceptance criterion.
A detailed summary and the algorithms of all these approaches for the
multi-objective simulated annealing can be found in [28].
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3 An Applied Framework
for Multi-objective Layout Problems
3.1 Data Collection and Preparation
Facility layout design and evaluation is often a challenging and time consuming procedure due to its inherent multiple objective nature and its data
collection process. An eﬀective facility layout design procedure necessitates
the consideration of qualitative data, e.g., penalty values that depend on the
relationship between departments and a ﬂexibility rate related to volume or
variety, as well as quantitative data such as handling cost and material handling vehicle utilization etc.
The compulsory data in designing a facility layout is the frequency of
the trips between facilities (departments, cells or machines etc.) for handling
the materials, work-in-process (WIP), ﬁnished goods etc. This is a tangible
data that can be obtained by observations and motion time studies for a time
period. Instead of this kind of hard solution, the required data for the proposed
methodology can be prepared by integrating, selecting, and transforming the
data from the database or databases which belong to Enterprise Resources
Planning (ERP) system.
In production planning module of an ERP system, Master Production
Scheduling (MPS) is prepared according to the demand forecasts and orders.
Considering the MPS and integrating it with the Bill of Materials (BOM)
and inventory status, Material Requirement Planning (MPR) is run to get
the order receipts. The data related to order receipts are reached in database
that includes transactional data. Also BOM shows the required quantities of
materials and subassembly works for each product and operation plans (work
routes) show the manufacturing process (sequence) including the machines on
which the products will be processed.
By selecting these data for a time period e.g. month, week, or day and
integrating them with queries, the data of total trips between machines or
work centers can be obtained.
3.2 Using Simulated Annealing Algorithm
for Multi-objective Combinatorial Optimization
In the multi-objective problems, it is diﬃcult to determine if the realized move
(new solution) is an improving or deteriorating one when all the objectives are
considered. In this study, the Multi-Objective Simulated Annealing (MOSA)
method [34] is used to overcome this diﬃculty. Before giving the details of
the method, critical situations and strategies related with this diﬃculty are
discussed. A list of the related notations is given below as the symbols that
are used in the MOSA algorithm.
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Nomenclature
K
number of the criteria
zk (X) kth objection function value for the solution X.
weight of the kth objective
λk
p
accepting probability
∆S
change in the objective function values
T
annealing temperature (controlling parameter)
initial temperature
Ti
ﬁnal temperature
Tf
α
cooling factor
rd( )
random number
initial solution
X0
ﬁnal solution
Xf
current solution in the nth iteration of the outer loop
Xn
current best solution
Xm
As mentioned in Sect. 2.4.2, in the UMOSA method, when a neighboring
solution Y is compared with the current solution Xn in iteration n, there are
three possible situations. The situations related to moving from Xn to Y are
(1) improvement in all objectives, (2) improvement in some objectives and
deterioration in remains and (3) deterioration in all objectives. Also three
strategies can be considered for the three situations as summarized in Fig. 1.
Strategy 1 is the accepting solution Y with the probability p = 1 when the
situation 1 is occurred (∀k ∆zk ≤ 0 in a minimization problem). Strategy 3
is the accepting solution Y with a calculated p probability and is used for
the situation 3. It is possible to calculate p value with “probability scalarizing
approach.”
In the probability scalarizing approach, two solutions Xn and Y are compared in terms of the each objective function separately. Then the obtained
probabilities for each individual objective are aggregated. The decision rule
can be shown in the following relation:
⎧


∆zk
⎨
exp −
if ∆zk > 0
πk =
(2)
Tn
⎩
1
if ∆zk ≤ 0
In the aggregating phase, many scalarizing function can be considered.
The most widely used ones are the product and the min:
p=

K

k=1

(πk )λk

or

p=

min (πk )λk

k=1,...,K

(3)

When the situation 2 is considered, it is possible to apply all the three
strategies. However, applying the strategy 1 only assures the “diversity” because all the solutions are accepted as improving ones even only one of the
objectives is improving. In the same manner, applying the strategy 3 assures

Simulated Annealing Approach

409

only “intensiﬁcation” because all the solutions are accepted deteriorating ones
even only one of the objectives is deteriorating.
In meta-heuristics, it is necessary to assure both diversity and intensiﬁcation. Therefore the strategy 2 assumes that the move is sometimes an
improving one and sometimes a deteriorating one depending on the value
of∆zk . Thanks to “the criterion scalarizing approach” in the strategy 2, both
diversity and intensiﬁcation will be hold. This approach aims to reduce multicriteria to a single criterion. After the single-criterion is obtained, the classical rules can be applied easily. The scalarizing function can be stated as
s( . ) = s(Z( . ), λ)which performs the single criterion project. The essence of
this approach is to get weighted objectives by using the λ weight vector and
obtain a single objective value. In this way, the change in the single objective
function value between the neighboring solution Y and the current solution
Xn (∆S) equals to s(Z(Y ), λ) – s(Z(Xn ), λ). Now the decision rule can be
shown as follows:

if ∆s ≤ 0
1
(4)
p=
∆s
exp − Tn if ∆s > 0
A number of scalarizing functions may be considered for the diﬀerent situations. However the mostly used and well known ones are “the weighted sum”
and “the weighted Chebyshev norm.” Here only “the weighted sum” will be
considered. For the others, we refer to [27]. The scalarizing function can be
expressed as follows:
K

λ k zk

s (Z, λ) =
k=1
K

λk = 1 ,
k=1

λk > 0,

∀k

(5)

In the MOSA algorithm all the iterations are conducted as the same as
the classical SA algorithm by using T , Ti , Tf , p and α. But, the diﬀerences
are occurred because of the multiple objectives. To deal with this problem,
a criterion scalarizing approach is embedded to the algorithm. Also, instead
of obtaining an optimal solution as in a single objective SA, MOSA generates a potentially eﬃcient solution set, which is not dominated by another
one. To assure this, a wide diversiﬁed set of weights is considered. Diﬀerent
(l)
weight vectors λ(l) , l ∈ L are generated where λ(l) = (λk , k = 1, . . . , K) with
(l)
(l)
K
λk ≥ 0 ∀k and k=1 λk = 1, ∀l ∈ L. This set of weights is uniformly generated. A pseudo code for the MOSA algorithm is given below:

STRATEGY 2

zk value

Assume that the
move is a deteriorating one and
apply the
STRATEGY 3

Determine the probability by using “the
probability scalarizing approach”

STRATEGY 3
Accept the neighboring solution Y depending on a calculated probability p

minimization problem)

SITUATION 3
Moving from Xn to Y is a
deteriorating one for all
objectives ( k z k 0 in a

The Weighted Chebyshev criterion scalarizing approach

Determine the probability
by using “the criterion
scalarizing approach”

depending on the

Assume that the move is an improving one or deteriorating one

The Weighted sum criterion scalarizing approach

Assume that the
move is an
improving one
and apply the
STRATEGY 1

SITUATION 2
Moving from Xn to Y is an
improving one for some objectives and deteriorating one for the
remains

Fig. 1. Summary of probable situations and strategies for comparison of neighboring solutions

STRATEGY 1
Accept the
neighboring
solution Y with
acceptance
probability p=1.

minimization problem)

SITUATION 1
Moving from Xn to Y is an
improving one for all objectives
( k z k 0 in a

Comparison of neighboring solution Y and current solution Xn
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Initialization
n=1;
Draw at random an initial solution X0 ;
Xf = X0 ;
Xn = X0 ;
Xm = X0 ;
T = Ti ;
Evaluate zk (X0 ) ∀k;
While (T >= Tf ) do;
While (all generated neighboring solutions have not been analyzed) do;
Y = a neighboring solution of Xn ;
calculate s(z(Y ), λ);
if (s(z(Y ), λ) < s(z(Xm ), λ)) then;
Xm = Y ;
end if;
calculate ∆S = s(z(Y ), λ) – s(z(Xn ), λ);
prob = min(1, exp(−∆S/T );
if (rd () <= prob) then;
Xf = Y ;
end if;
end while;
n = n + 1;
Xn = X f ;
T = T . α;
end while;
if (s (z (Xm ), λ) ¡ s (z(Xf ), λ)) then;
Xf = Xm ;
end if;
write the solution Xf ;
end.
This algorithm can be considered in the proposed framework together with
the data queried by SQL from ERP databases. At the end of the framework,
the generated solution set is proposed to the decision maker for choosing an
appropriate one to her/him.

4 An Application of the Framework for a Case Study
The proposed framework is applied to a pipe clam, anchors and hanging &
ﬁxing systems manufacturing facility, which has the layout shown in Fig. 2.
Layout problem, the required data preparation, using the MOSA algorithm
and evaluation of the results are detailed below.
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Fig. 2. The current layout of the facility

4.1 Problem Deﬁnition and Data Preparation
The aim of the application is to redesign the facility layout to remove a new
place. Ten work centers are tried to assign to convenient sites. The problem
seems as a Quadratic assignment problem (QAP) that will be solved with
MOSA heuristic. The used data in problem is related to numbers of trips between work centers and the distances of the sites that facilities (work centers)
will be assigned to them. Also qualitative data that are determined based on
relationship of work centers are penalty values. This kind of data are derived
from distance data: if the speciﬁc two work centers which have to be close to
each other depending on their relationship importance are not close, then the
distance between them is multiplied with a constant penalty value.
The number of trips between facilities is determined by the following way
that is mentioned in Sect. 3.1. The data obtained from the database of the
ERP system are BOM and operation plans, which can be seen in Fig. 3. The
circles represent the sub-assembly products and raw materials and the squares
represent the machines in which the product will be processed.
The Fig. 4 shows the query that is realized to obtain the trips in Query
Analyzer Module of SQL Server 2000. The material’s name, the operation
levels in BOM, work center numbers, unit handling quantities and other data
related to processing times can be seen in the query.
By using these source data, the required data about trips are gathered
for a mount period. Table 1 shows names of work centers, distances between
them under the diagonal and trips between them above the diagonal.
4.2 Multi-objective Simulated Annealing
The gartered data is used to get a robust layout from the potentially eﬃcient
layout alternatives set by using the MOSA algorithm. The pseudo code given
R
6.0.
by the MOSA algorithm in Sect. 3.2 is coded in Microsoft Visual C++ 
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Fig. 3. A screen related to BOM and Operations plans

Fig. 4. A query screen example for the required data

There are two objectives that are tried to minimize. The ﬁrst one is related
to material handling costs that is tried to satisfy by putting closer the work
centers which have intensive trips between them. The second one is minimizing
the penalty values, which are occurred when the two particular departments
are not close to each other but have to be. This closeness necessity can be
related to some quality problems. In this study, the plastic injection work
center and ﬁnished goods warehouse must be close to the packaging center.
To assure this, constant penalty values are multiplied by the distances between
these departments.
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Table 1. Number of trips and distances between work centers

Bolt
Finished
CNC
Plastic
Welding Production Testing Goods Pressing Machines Injection Packaging WC Die
WC
WC
Center
WH
WC
C
WC
C
Raw Shop
1
1
2
3
4
5
6
7
8
9
10

1
2
3
1
2
3
4
2
3

2
13725
1
2
2
1
2
3
3
2

3
2450
1120
1
3
2
1
2
4
3

4
4573
3256
9045

5
17330
12563
2987
6879

4
3
2
1
5
4

1
2
3
1
2

6
2342
1756
236
3215
5448
1
2
2
1

7
2985
2230
720
133
3970
4550

8
12784
9284
3749
36551
14189
6036
4520

1
3
2

4
3

9
15368
18450
2341
0
23785
5198
7543
1276

10
325
1176
0
0
1905
390
546
0
0

1

C: Center, WC: Work center, WH: Warehouse

The convenient parameter values are determined according to Heragu
(1997) as Ti = 900.00, Tf = 1.00 and α = 0.90. The program is run many
times to get non-dominated eﬃcient solutions with diﬀerent weight vectors
λ(l) , l ∈ L which are generated uniformly.
4.3 Results of Multi-objective Simulated Annealing
After the program is run many times, a non-dominated solution set is obtained
which includes ﬁve alternative layouts. These alternatives are represented to
the decision makers and reached an agreement on the most repeated alternative layout that is shown in C++ screen in Fig. 5.

Fig. 5. C++ screen that shows the layout result

In an initial solution all the facilities were assigned to the same numbered
sites, but Fig. 5 shows the changes as the facility 1 is assigned to the site 2, the
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Fig. 6. Changes of objective functions separately while temperature decreases
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Fig. 7. Change of weighted objective functions while temperature decreases

facility 2 is assigned to the site 1 etc. At the end of the iterations, the last and
best layout has the values of 416275, 55000, and 299944.45 for the objective
function 1, objective function 2 and weighted objective function, respectively.
Figure 6 and Fig. 7 show the changes of values related to each objective
function and their weighted objective function while temperature T is decreasing. It can be seen that some worse solutions are accepted by the algorithm
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for preventing to fall in local optimal. The best solution sets have been almost
reached at 200 T-value. Considering each objective function, the values of the
last solution generally take some higher ones comparing with those of the best
solution for assuring diversity.

5 Conclusions
This study has shown that data mining can be used to prepare the useful data
for multi-objective layout problems. The required data in designing a facility
layout procured by the production model of an ERP system, which includes
MPS prepared according to demand forecasts and orders. Integrating this data
with BOM and inventory levels, MRP is run to get the ordered receipts that
are included in databases as transactional data. Later, these transactional
data extracted for procuring the input data to simulated annealing program
by the Query Analyzer SQL program. Hence, a dynamic layout problem can
be examined by the framework that transfers the data from ERP to simulated
annealing program for multi-objective combinatorial optimization.
In this study, the proposed framework is applied to pipe clams, anchors
and hanging & ﬁxing systems manufacturing facility having 10 work centers.
Instead of measuring the required data in a job shop environment, databases
of the ERP system is used by queries to obtain the extracted data. These
extracted data transformed to simulated annealing program as input data
ﬁle. The program is run in a suﬃcient number. The eﬃcient layouts obtained
by means of run set are presented to decision makers for a ﬁnal decision. The
essential advantage of this study is providing to shorten the concluding time
in which data collection and preparation take long time. Hence the eﬃciency
of the layout can be considered continually in terms of the penalty values and
the total distances objects.
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Abstract. A fuzzy rule-based evidential reasoning (FURBER) approach has been
proposed recently, where a fuzzy rule-base designed on the basis of a belief structure
(called a belief rule base) forms a basis in the inference mechanism of FURBER.
This kind of rule-base with both subjective and analytical elements may be diﬃcult
to build in particular as the system increases in complexity. In this paper, a learning
method for optimally training the elements of the belief rule base and other knowledge representation parameters in FURBER is proposed. This process is formulated
as a nonlinear multi-objective function to minimize the diﬀerences between the output of a belief rule base and given data. The optimization problem is solved using
the optimization tool provided in MATLAB. A numerical example is provided to
demonstrate how the method can be implemented.
Key words: uncertainty, fuzzy logic, belief rule-base, evidential reasoning, optimization, MATLAB, safety estimate

1 Introduction
In real world applications, intrinsically vague information may coexist with
conditions of “lack of speciﬁcity” originating from evidence not strong enough
to completely support a hypothesis but only with degrees of belief or credibility
[8]. One realistic way to deal with imprecision is to use linguistic assessments
instead of numerical values. Fuzzy logic approaches [24] and [25] employing
fuzzy IF-THEN rules can model the qualitative aspects of human knowledge
and reasoning process without employing precise quantitative analysis. This
actually provides a tool for working directly with the linguistic information,
which are commonly used in engineering system analysis (e.g., representing
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risk factors and carrying out safety assessments) [1, 3, 7, 16]. Dempster-Shafer
(D-S) theory of evidence [6, 13] based on the concept of belief function is well
suited to modeling subjective credibility induced by partial evidence [15]. It
also provides appropriate methods for computing belief functions for combination of evidence. Besides, the D-S theory also shows great potentials in
multiple attribute decision analysis (MADA) under uncertainty, where an evidential reasoning (ER) approach for MADA under uncertainty has been developed, on the basis of a distributed assessment framework and the evidence
combination rule of the D-S theory [18, 19, 20, 21, 22].
Accordingly, it seems reasonable to extend the fuzzy logic framework to
cover credibility uncertainty as well. To combine fuzzy logic and D-S models
to deal with fuzziness and incompleteness in safety analysis, a framework for
modelling the safety of an engineering system using a FUzzy Rule-Based Evidential Reasoning (FURBER) approach has been recently proposed [9], which
is based on a generic Rule-base Inference Methodology using the Evidential
Reasoning approach (RIMER) proposed in [23]. Within this framework, a
fuzzy rule-base designed on the basis of a belief structure, called a belief rule
base, is used to capture uncertainty and non-linear relationships between the
parameters, and the inference of the rule-based system is implemented using
the evidential reasoning algorithm [21].
A belief rule base forms a basis in the inference mechanism of FURBER,
which is a framework for representing expert knowledge but it is diﬃcult to
determine its elements entirely subjectively, in particular for a large scale rule
base with hundreds of rules. Also, a change in a rule weight or an attribute
weight may lead to signiﬁcant changes in the performance of a belief rule base.
Moreover, the form of fuzzy membership function in the antecedent of the rule
still remains an important factor for the system performance.
As such, there is a need to develop a method that can generate an optimal
belief rule base using expert judgments as well as statistical data. In this
paper, a learning method for optimally training the elements of the belief rule
base and other knowledge representation parameters in FURBER is proposed.
This process is formulated as a nonlinear objective function to minimize the
diﬀerences between the output of a belief rule base and given data and is
solved using the optimization tool provided in MATLAB.
In addition, for some linguistic terms (such as good, fair, intelligent, smart,
or beautiful, etc.), which do not have clearly deﬁned bases, it is too subjective
to clearly deﬁne them. If they appear in the consequent part of a rule, it is better to draw a conclusion which has the same linguistic values as the one in the
consequent but with diﬀerent degree of conﬁdence. We do not try to change
the linguistic values used in the consequent of the rule, but a degree of conﬁdence of this conclusion is added. The optimization approach proposed in the
present paper provides a more ﬂexibility for optimally training, i.e., it is not
required that the training sample should be numerical data pairs, which can
be subjective judgment using linguistic values with belief. Consequently, the
reasoning process can be approximately imitated by the optimized FURBER
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(e.g., assigning weights to antecedent attributes and/or by adjusting belief
degrees in the consequents of rules in a systematic manner). This is one of the
prominent features of the belief rule-base.
The rest of this paper is organized as follows. FURBER is brieﬂy reviewed in Sect. 2. The optimization method for constructing belief rule-base in
FURBER is proposed in Sect. 3. A numerical example is illustrated in Sect. 4.
Conclusions are drawn in Sect. 5.

2 FURBER
This section reviews the FURBER framework [9].
2.1 Fuzzy Rule-Base with the Belief Structure
Fuzzy logic systems are knowledge-based or rule-based ones constructed from
human knowledge in the form of fuzzy IF-THEN rules. For example, the
following is a fuzzy IF-THEN rule for safety analysis [9]:
IF Failure Rate of a hazard is frequent AND Consequent Severity is
catastrophic AND Failure Consequent Probability is likely THEN safety estimate is Poor.
To take into account the belief degrees of a rule, attribute weights and rule
weights, fuzzy rules can be extended in the following way. In general, assume
that the T antecedent parameters, U1 , . . . , UT can be described by Ji linguistic
terms {Aij ; j = 1, . . . , Ji }, i = 1, . . . , T , respectively. One consequent variable
can be described by N linguistic terms, i.e., D1 , D2 , . . . , DN . Suppose that the
rule-base is given by R = {R1 , R2 , . . . , RL }, the kth rule can be represented
as follows:
Rk : IFU is Ak THEN D with belief degree β k , with a rule weight θk and
attribute weights δ1 , . . . , δT

(1)

where U represents the antecedent attribute vector (U1 , . . . , UT ), Ak the
packet antecedents {Ak1 , . . . , AkT }, where Aki (∈ {Aij ; j = 1, . . . , Ji }) is a
linguistic term corresponding to the ith attribute in the kth rule with
i = 1, . . . , T. D is the consequent vector (D1 , . . . , DN ), and β k the vector
N
of the belief degrees (β1k , . . . , βN k ) for k ∈ {1, . . . , L} with
i=1 βik ≤ 1.
This is the vector form of a belief rule, βik measures the degree to which Di
is the consequent if the input activates the antecedent Ak in the kth rule
for i = 1, . . . , N ; k = 1, . . . , L. L is the number of rules in the rule-base. If
N
i=1 βik = 1, the output assessment or the kth rule is said to be complete;
otherwise, it is incomplete. The rule base in (1) is referred to as a belief rule
base.
A belief rule base given in (1) represents functional mappings between antecedents and consequents with uncertainty. It provides a more informative
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Table 1. A belief rule expression matrix
Input
Belief Output
D1
..
.
Di
..
.
DN

A (w1 )

2

A (w2 )

...

Ak (wk )

...

AL (wL )

β 11
..
.
β i1
..
.
βN 1

β 12
..
.
β i2
..
.
βN 2

...

β 1k
..
.
β ik
..
.
βN k

...

β 1L
..
.
β iL
..
.
βN L

1

...
...
...
...

...
...
...
...

and realistic scheme for uncertain knowledge representations. Note that the
degrees of belief βik (i = 1, . . . , N ; k = 1, . . . , L), and the weights could be
assigned directly by experts or more generally they may be trained and updated using dedicated learning algorithms if a priori or up-to-date information
regarding the input and output of a rule-based system is available. Once such
a belief rule-base is established, the knowledge contained in the belief rule
base can be used to perform inference for given input. The rule base can be
summarized using a belief rule expression matrix shown in Table 1.
2.2 Fuzzy Rule-Base Inference Mechanism Based
on the Evidential Reasoning Approach
In the matrix, wk is the activation weight of Ak , which measures the degree
to which the kth rule is weighted and activated. The degree of activation of
the kth rule wk is calculated as:
 L 

Tk
Tk




k δ̄i
i δ̄l
αi
αl
θi ∗
(2)
ωk = θ k ∗
i=1

i=1

i=1

where δ̄i = δi /(maxi=1,2,3 {δi }). αik (i = 1, . . . , Tk ) is the individual matching
degree to which the input for Ui belongs to Aki of the ith individual antecedent
in the kth rule, Tk is the number of antecedents involved in the kth rule.
For a given real input vector a = (a1 , . . . , aTk ) = µAki (ai ), here is the fuzzy
membership function of the linguistic term Aki . Fuzzy membership functions
can be applied in diﬀerent forms depending on the system. The straight-line
membership functions can be used due to its advantage of simplicity, such
as the triangular membership function and trapezoidal membership function.
Continuous and diﬀerentiable Gaussian function is used in this paper, i.e.,
2 

1 ai − cki
,
(3)
µAki (ai ) = exp −
2
σik
where cki is the central value of fuzzy membership function and σik is the
variance at the central value.
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Having represented each rule as (1), the ER approach can be directly applied to combine rules and generate ﬁnal conclusions as follows. First, transform the degrees of belief βjk for all j = 1, . . . , N, k = 1, . . . , L into basic
probability masses and then aggregate all the packet antecedents of the L
rules to generate the combined degree of belief in each possible consequent
Dj in D using the evidential reasoning (ER) algorithm [20, 21]. The ﬁnal
conclusion generated by aggregating the L rules, which are activated by the
actual input vector a = {at ; t = 1, . . . , T } can be represented as follows
{(Dj , βj ), j = 1, . . . , N }

(4)

The ER Recursive Algorithm used in [21, 22] has been equivalently transformed into the ER overall analytical algorithm [17]. Using this overall algorithm, the overall combined degree of belief βj in Dj is generated as follows:



L 
L
N
N
ω
−
1
−
ω
β
+
1
−
ω
β
β
µ∗
k
j,k
k
j,k
k
j,k
k=1
j=1
k=1
j=1


βj =
L
1−µ∗
k=1 (1 − ωk )
(5)
where j = 1, . . . , N , and
⎛
⎞
⎛
⎞⎤−1
⎡
N 
L
N
N
L

⎝ωk βj,k + 1 − ωk
⎝1 − ωk
βj,k ⎠ − (N − 1)
βj,k ⎠⎦
µ=⎣
j=1 k=1

j=1

k=1

j=1

Notice that it is the beliefs used in the belief structure and the activation weights that determine the actual performance of inference. The degree
to which the ﬁnal output can be aﬀected is determined by the magnitude of
the activation weight and the belief degrees in each rule. Therefore, the performance of inference can be improved if the following parameters in (5) are
adjusted by autonomous learning.
(1) Rule weight θk (k = 1, . . . , L) and attribute weights δ1 , δ2 , δ3 ;
(2) The degrees of belief βik (i = 1, . . . , N ; k = 1, . . . , L);
(3) The central value of fuzzy membership function cki and the variance σik
at the central value.
Notice that there are some constraint conditions on each parameter in the
above formulation, which are described in the optimization formulation in the
following section.

3 Optimal Learning Method
for Belief Rule Bases in FURBER
3.1 Multiple Variable Constrained
Nonlinear Optimization Problem
In this section, the learning algorithm is to be incorporated in the context
FURBER model whose function is to search for optimal belief rule matrix
and other knowledge representation parameters simultaneously.
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Based on the formulation of the system output, the learning method includes a constrained nonlinear optimization problem. This objective can be
formulated as the minimization of a nonlinear programming problem expressed as follows:
min .f (P )
s.t. A(P ) = 0
B(P) ≥ 0

(6)

where f (P ) is the objective function, P is the parameter vector or matrix
of the system, A(P ) are the equality functions and B(P) are the inequality
functions respectively.
The optimization starts with the pre-selected initial values of parameters.
Then the nonlinear algorithm is used to iteratively adjust the parameters,
until the objective function (6) is minimized. In the proposed method, a nonlinear objective function is formulated to minimize the diﬀerences between
the output of a belief rule base and given data. Parameter speciﬁc limits and
partial expert judgments are formulated as constraints. These so determined
parameters are the optimal settings of the FURBER.
In the learning process we must use observations on the input and output
to determine the parameters. In the following, we shall assume that we have
available a collection of observation pairs (x , y), where x is an input vector,
and y is the corresponding output. Besides the ability to handle various types
of input information, as one may see from the output of the FURBER, it also
provides the ﬂexibility of the output status, i.e., the qualitative output forms
(subjective judgment).
Notice that the output of FURBER is actually a distribution assessment
instead of a single numerical score, which provides a panoramic view about
the output status, from which one can see the variation between the original
output and the revised output on each linguistic term. A distribution is easier to understand and ﬂexible to represent output information than a single
average value. Especially it is very useful in the case that the outputs are
too subjective to quantify them. In fact, this subjective judgment with belief
is quite popular in such area as diagnosis, classiﬁcation, prediction etc. For
instance, a physician wishes to predict the likelihood of a new patient’s falling
ill given his symptoms by analyzing a database of previous patient symptoms
and outcomes. Teachers wish to determine which students need extra help
given their aptitude test score by analyzing a database of past student test
scores and performance. Manufactures wish to determine which parts will
fail under stress by analyzing a database of manufacturing parameters and
previous part failures and so on.
Hence, for example, for some linguistic terms (such as good, fair, intelligent,
smart, or beautiful, etc.), which do not have clearly deﬁned bases, it is too
subjective to clearly deﬁne them. If they appear in the consequent part of a
rule, it is better to draw a conclusion which has the same linguistic values as
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the one in the consequent but with a diﬀerent degree of conﬁdence, i.e., we do
not try to change the linguistic values used in the consequent of the rule, but
a degree of conﬁdence of this conclusion is added. The optimization approach
proposed in the present paper provides more ﬂexibility for optimal training,
i.e., it is not required that the training sample should be numerical data pairs,
which can be subjective judgment using linguistic values with belief.
3.2 The Optimization Algorithm Based on the Output
in the Form of the Subjective Judgment
In this case, a training set composed of M input-output pairs (xm , ym )(m =
1, . . . , M ), where ym can be a subjective judgment, i.e., a distributed assessment on the linguistic value with belief. Notice that the single judgment as
one linguistic value can be regarded as a special case of the distribution assessment.
In this paper the Matlab Optimization Toolbox is applied [5]. Since the
function to be minimized and the constraints are both continuous, for this
case based on the output in the form of the subjective judgment is to solving
problems with multi-objective functions using Fminimax in Matlab [5] while
the output is given as the expert judgment using a belief distribution. Based
on (4), i.e., the ﬁnal conclusion generated by aggregating the L rules, which
are activated by the actual input can be represented as follows
{(Dj , βj ), j = 1, . . . , N }

(7)

So each (Dj , βj )(j ∈ {1, . . . , N }) can be regarded as one component of the
multi-objective function vector. The function to be minimized is continuous.
This multi-objective function is solved using Fminimax function in MATLAB
referred to as the minimax problem deﬁned as follows:
min max{ξj (Q); j = 1, . . . , N }
Q

where
ξj (Q) =

1
M

{ξj }

(8)

M

(βj (m) − β̂j (m))2 , j = 1, . . . , N

(9)

m=1

Here Q is the tuning parameter vector. βj (m) is given by (5) for the
mth input in training set. M is the number of points in the training set,
β̂j (m) is the expected belief corresponding to the individual consequent
Dj .(βj (m) − β̂j (m)) is the residual at the mth point. The tuning parameters
are beliefs, weights and parameters of fuzzy membership function, without
utilities. Equation (8) is an N -objective and multi-variable nonlinear optimization problem. The constraint conditions are given as follows:
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0 ≤ βjk ≤ 1, j = 1, . . . , N ; k = 1, . . . , L
N
j=1

βjk = 1
0 ≤ δi ≤ 1, i = 1, . . . , T
lbM F

(10a)
(10b)
(10c)

0 ≤ θk ≤ 1, k = 1, . . . , L
≤ cij ≤ ubM F , i = 1, . . . , 3; j = 1, . . . , Ji

(10d)
(10e)

cij ≤ cik if j ≤ k, j, k = 1, . . . , Ji
0 ≤ σij , i = 1, . . . , 3; j = 1, . . . , Ji

(10f)
(10g)

lb M F and ub M F are the bounds of the universal courses of fuzzy memN
bership function. Here, j=1 βjk = 1, i.e., the optimized rule-base should be
complete. Therefore, each generation of the optimization algorithm is used
to get the minimal mean square error. There is no nonlinear constraint here,
all the constraints are linear. Arrange the problem into the standard form of
MATLAB, and use the FMINCON function to solve the problem.
Minimax method [5, 11, 12] is also called ideal point method that is to
minimize a worst case objective function. In other words, the purpose of minimax formulation strategy is to minimize the maximum relative deviation of
the objective function from its minimum objective function value. All the
objective functions are evaluated qualitatively according to their functional
importance and are assigned weights, ω = (ω1,..., ωN ) indicating the designer’s
N
subjective preference. Usually 0 ≤ ωj ≤ 1, j=1 wj = 1. The group of multiple objective function is separated and the optimum is P ∗ in feasible solution space corresponding to each objective function vector ξ ∗ (Q) = {ξj∗ (Q);
j = 1, . . . , N }. Specify ξj∗ (Q) = ξj∗ . So the objective function can be formulated as follows:
(11)
min max {ϕj (Q)}
Q j=1,...,N

with
ϕj (Q) =

ξj (Q) − ξj∗ ∗
, ξj > 0, j = 1, . . . , N
ξj∗

(12)

The computational steps of the minimax method of a multi-objective optimization problem in (11) are summarized below:
Step 1. Based on the multi-objective function, solve the following singleobjective optimization problem with the conventional methods individually (e.g., FMINCON).
min ξj (Q)
Q

s.t. 10(a) ∼ 10(g)

(13)

where j = 1, . . . , N , ξ j (Q) is given by (9), and there are N singleobjective optimization problem to solve. Suppose that the optimum
is Q ∗ in feasible solution space and its corresponding function value
ξ ∗ = {ξ ∗j ; j = 1, . . . , N }.
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Step 2. To gain the designer’s preference of the objectives, a relative weight
vector ω = (ω 1,..., ω N ) is given. Here each component (Dj , βj ) of the
multi-objective function is regarded as having the same weight, i.e.,
equally important.
Step 3. The multi-objective function can be formulated as follows:


ξj (Q) − ξj∗
ωj ·
min max
Q j=1,...,N
ξj∗
s.t., 10(a) ∼ 10(g)

(14)

Step 4. Arrange the problem into the standard form of MATLAB, and use
the MATLAB function, FMINIMAX, to calculate the result.
This optimization process proposed is a kind of iterative process, the iterative process continues until the mean square error becomes smaller than a
speciﬁed tolerance which can be determined by the expert within the relevant
application context.

4 A Numerical Example
The FURBER framework has been applied in [9] modeling system safety of an
oﬀshore and marine engineering system: ﬂoating production storage oﬄoading
(FPSO) system [4, 10], specially focus on collision risk between FPSO and a
shuttle tanker due to technical failure during a tandem oﬄoading operation.
4.1 Problem Description and the Optimization Algorithms
In this section, an example within the same application framework in [9] is
used to demonstrate how the optimization method can be implemented in
safety analysis. As an illustration, we only consider the safety assessment
related to controllable pitch propeller (CPP) failure to demonstrate the procedure involved in the optimization of belief rule base and other knowledge
representation parameters in FURBER.
The three fundamental parameters used to assess the safety level of an engineering system on a subjective basis are the failure rate (FR), consequence
severity (CS) and failure consequence probability (FCP). Subjective assessments (using linguistic variables instead of ultimate numbers in probabilistic
terms) are more appropriate for safety analysis as they are always associated
with great uncertainty, especially for a novel system with high level of innovation. These linguistic assessments can become the criteria for measuring
safety levels. The typical linguistic variables used to describe FR, CS, FCP
of a particular element may be described as follows [8, 14]:
FR describes failure frequencies in a certain period, which directly represents the number of failures anticipated during the design life span of a
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particular system or an item. To estimate the FR, one may choose to use
such linguistic terms as “very low,” “low,” “reasonably low,” “average,” “reasonably frequent,” “frequent,” and “highly frequent.”
CS describes the magnitude of possible consequences, which is ranked according to the severity of failure eﬀects. One may choose to use such linguistic
terms as “negligible,” “marginal,” “moderate,” “critical,” and “catastrophic.”
FCP deﬁnes the probability that consequences happened gives the occurrence of the event. One may choose to use such linguistic terms as “highly
unlikely,” “unlikely,” “reasonably unlikely,” “likely,” “reasonably likely,” and
“Deﬁnite.”
For the detailed deﬁnitions of these parameters we refer to [8, 14].
Safety estimate is the only output fuzzy variable used in this study
to produce safety evaluation for a particular cause to technical failure. This
variable is also described linguistically, which is described and determined by
the above parameters. In safety assessment, it is common to express a safety
level by degrees to which it belongs to such linguistic variables as “poor,”
“fair,” “average,” and “good ” that are referred to as safety expressions. These
linguistic terms do not have clearly deﬁned bases and it is diﬃcult to clearly
quantitatively deﬁne them. They appear in the consequent part of a rule, it
is better to draw a conclusion which has the same linguistic values as the
one in the consequent but with diﬀerent degree of conﬁdence, i.e., a degree of
conﬁdence of this conclusion is added. This subjective judgment with belief is
popular and useful in such area as safety/risk classiﬁcation.
Twenty-seven fuzzy rules from a total of 245 rules [9, 14] are extracted
and used in our example, which are described in Appendix. They are used as
the initial belief rule base in the learning process. Here the linguistic terms for
describing FR are supposed to be (average, frequent, highly frequent), for CS
(moderate, critical, catastrophic), and for FCP (likely, highly likely, deﬁnite)
respectively. The deﬁnitions of their linguistic terms refer to [9, 14], and the
corresponding initial membership function are given by Gaussian function as
shown in Fig. 1 in Sect. 4.2.
Here it is assumed that each input parameter may be fed to the proposed
safety model in a single deterministic value although there are other input
forms possible to address the inherent uncertainty associated with the data
as discussed in [9, 14].
Notice that here the training data are given in subjective output forms.
So the corresponding optimization formulation is given in (8) for subjective
judgment form, where L = 27, T = 3, N = 4. The computation steps are given
in Sect. 3. The FMINIMAX function is used to solve the problem.
4.2 Experiment Results Base
on Distributed Assessment with Belief
For the learning purpose, a set of 14 data is used. What we would like to
retrieve from the learning are the tuned and reﬁned beliefs, weights, and
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parameters of fuzzy membership functions. Here we partition the available
data into a training set and a test set commonly tests generalization. The
training set is used for parameter training purposes; and, once a goal performance measure value is achieved, the corresponding approximation error on
the test data is measured. In the example, the output is given by the subjective
judgment, i.e., a distribution assessment with belief.
We use this example as an illustration, i.e., 7 training data for parameter
estimation (Table 2). 7 remaining data for test purpose (Table 4). The initial
belief matrix and the rule weights are supposed to be given by Expert as
shown in [9]. The initial attribute weights are all equal to 1.
Table 3 shows the comparison between the expected distributed assessment
and the learning results based on distributed assessment with belief from expert. In this example, the error tolerance for each sub-objective minimization
is set to 0.00001 and the maximum iteration is set to 100, and the error tolerance for multi-objective minimization is set to 0.0001 and the maximum
iteration is set to 100 to avoid an endless loop in the learning process.
Table 2. 7 training input vaues of three safety related antecedent attributes
Antecedents
Number

FR

CS

FCP

1
2
3
4
5
6
7

7.75
7
8
7
6.5
7.15
7

8.25
8
8.5
7
8
7.95
8.5

7.6
7.25
7
5.5
7.5
7.25
7

In Table 3 (in Table 5 as well), G represents “Good;” A represents “Average;” F represents “Fair;” P represents “Poor,” respectively.
The initial belief structure of the rule base is given by experts shown in
Appendix. The initial fuzzy membership function and the optimized fuzzy
membership function are shown in Fig. 1 and Fig. 2 respectively.
After the tuning, a testing data consisting of 7 records (Table 4) is used.
The expected and actual values of the output are listed in Table 5.
As one may see from Table 3, there is a big diﬀerence between the initial
and expected outputs. The big diﬀerence is due to the fact that the initial
outputs are obtained when the belief rule matrix and the weights have not
been tuned. Although the diﬀerence is not great, that may be due to the small
size of the rule base, however, it would be diﬃcult to obtain such relatively
accurate belief rule matrix while the system increases in complexity.
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Table 3. Training results comparison based on distributed assessment with belief
Safety Estimate (Distribution
Assessment with Belief)
Expected Values of Output
Number

G

A

F

P

1
2
3
4
5
6
7

0
0
0
0
0
0
0

0.0123
0.0033
0.0057
0.0373
0.0640
0.0013
0.0047

0.3641
0.3090
0.3735
0.7802
0.4165
0.4179
0.6151

0.6236
0.6876
0.6208
0.1825
0.5195
0.5808
0.3802

Trained Output Values
Number
1
2
3
4
5
6
7

G

A

F

P

0.0098
0.0419
0.0060
0.0016
0.0502
0.0359
0.0395

0.3462
0.4510
0.3374
0.7677
0.4689
0.4364
0.3503

0.6342
0.4652
0.6506
0.2292
0.4307
0.4918
0.5707

0.0098
0.0419
0.0060
0.0016
0.0502
0.0359
0.0395

Initial System Output Values Before Training
Number

G

A

F

P

1
2
3
4
5
6
7

0
0
0
0
0
0
0

0
0
0
0
0
0
0

0.8056
0.8310
0.7982
0.9768
0.7808
0.8473
0.7218

0.1944
0.1690
0.2018
0.0232
0.2192
0.1527
0.2782

Especially, as shown in Table 3 and Table 5, after the parameter optimization, the performance of the system is perfectly achieved. One may notice that
the testing results in the above Table indicate that 90% of them are already
correct within the speciﬁed tolerance 0.01 (except test 6). The error including
test 6 would be decreasing while the number of training data is increasing.
As a result, a belief-rule-base matrix, and other knowledge representation
parameters can be built from partial knowledge about the output and can be
then reﬁned by learning, or it can begin with an empty rule base (randomly
generated) that is ﬁlled by creating rule-bases from the training data. The
optimized belief rule base is given in Table A1 of Appendix.
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Fig. 1. The initial fuzzy membership function

Fig. 2. The optimized fuzzy membership function for the case based on the subjective output
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Table 4. 7 test input vaues of three safety related antecedent attributes
Antecedents
Number

FR

CS

FCP

1
2
3
4
5
6
7

7.5
7.5
7.5
7
8
7.25
7.95

8
7.2
8.5
7
8.5
6.75
8.25

6
7.1
7
6
7.5
7
7.9

Table 5. Test results comparison based on distributed assessment with belief
Safety Estimate (Distribution
Assessment with Belief)
Expected Values of Output
Number

G

A

F

P

1
2
3
4
5
6
7

0
0
0
0
0
0
0

0.0041
0.0080
0.0102
0.0097
0.0097
0.0200
0.0256

0.6142
0.3694
0.3595
0.6926
0.3930
0.5733
0.2688

0.3817
0.6226
0.6303
0.2977
0.5973
0.4067
0.7056

Trained Output Values
Number
1
2
3
4
5
6
7

G

A

F

P

0.0062
0.0182
0.0182
0.0102
0.0059
0.0278
0.0060

0.6956
0.3818
0.3561
0.7069
0.3386
0.4116
0.3498

0.2920
0.5818
0.6075
0.2726
0.6497
0.5328
0.6383

0.0062
0.0182
0.0182
0.0102
0.0059
0.0278
0.0060

Initial System Output Values before Training
Number

G

A

F

P

1
2
3
4
5
6
7

0
0
0
0
0
0
0

0
0
0
0
0
0
0

0.9602
0.8684
0.8084
0.9632
0.7756
0.8050
0.7799

0.0398
0.1316
0.1916
0.0368
0.2244
0.1950
0.2201
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5 Conclusion
A learning method for optimally training a fuzzy rule base with the belief
structure in FURBER for engineering system safety analysis is proposed. This
learning method provides practical support to construct ﬂexible and reliable
belief rule bases, which can optimally imitate complex reasoning processes
and represent nonlinear or nonsmooth relationships using both human knowledge and numerical data. The unique feature of the new method is that the
output data can be judgmental, which makes the learning process ﬂexible and
practical in decision making.
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Appendix
Table A1. The optimized belief rule base
Trained Belief Structure of the Rule
Rule Number

Good

Average

Fair

Poor

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

0.0020
0.0155
0.0013
0.0108
0.2144
0.0004
0.0604
0.2699
0.0005
0.0000
0.0002
0.0002
0.0231
0.0323
0.0635
0.0537
0.2584
0.0916
0.0000
0.0000
0.0000
0.0030
0.0450
0.0796
0.0066
0.0780
0.0865

0.0001
0.0250
0.0003
0.0038
0.1123
0.0000
0.0073
0.1107
0.0000
0.0000
0.0002
0.0015
0.0010
0.0135
0.0215
0.0186
0.1029
0.0391
0.0000
0.0001
0.0000
0.0001
0.0159
0.0312
0.0025
0.0271
0.0287

0.9434
0.5058
0.8364
0.9852
0.0230
0.0000
0.9323
0.0256
0.0000
0.9996
0.9820
0.0002
0.9717
0.0043
0.0163
0.0002
0.0013
0.0033
1.0000
0.9977
0.0000
0.9959
0.0010
0.0011
0.0000
0.0009
0.0003

0.0545
0.4537
0.1620
0.0001
0.6503
0.9996
0.0000
0.5939
0.9995
0.0004
0.0177
0.9981
0.0042
0.9499
0.8986
0.9274
0.6374
0.8660
0.0000
0.0022
1.0000
0.0010
0.9381
0.8882
0.9908
0.8941
0.8845
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For example, the ﬁrst rule (the third row) in this table represents the
following rule:
Rule # 137: IF the failure rate is average AND the consequence severity
is catastrophic AND the failure consequence probability is likely THEN
the safety estimate is {(good , 0.0020), (average, 0.001), (fair , 0.9434),
(poor , 0.0545)}
RULE BASE using in the case study which is extracted from the rulebase established in [14]
1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

Rule # 137: IF the failure rate is average AND the consequence
severity is catastrophic AND the failure consequence probability is
likely THEN the safety estimate is fair
Rule # 139: IF the failure rate is average AND the consequence
severity is catastrophic AND the failure consequence probability is
highly likely THEN the safety estimate is poor
Rule # 140: IF the failure rate is average AND the consequence
severity is catastrophic AND the failure consequence probability is
deﬁnite THEN the safety estimate is poor
Rule # 193: IF the failure rate is frequent AND the consequence
severity is moderate AND the failure consequence probability is
likely THEN the safety estimate is fair
Rule # 195: IF the failure rate is frequent AND the consequence
severity is moderate AND the failure consequence probability is
highly likely THEN the safety estimate is fair
Rule # 196: IF the failure rate is frequent AND the consequence
severity is moderate AND the failure consequence probability is
deﬁnite THEN the safety estimate is poor
Rule # 200: IF the failure rate is frequent AND the consequence
severity is critical AND the failure consequence probability is likely
THEN the safety estimate is fair
Rule # 202: IF the failure rate is frequent AND the consequence
severity is critical AND the failure consequence probability is highly
likely THEN the safety estimate is poor
Rule # 203: IF the failure rate is frequent AND the consequence
severity is critical AND the failure consequence probability is deﬁnite THEN the safety estimate is poor
Rule # 207: IF the failure rate is frequent AND the consequence
severity is catastrophic AND the failure consequence probability is
likely THEN the safety estimate is poor
Rule # 209: IF the failure rate is frequent AND the consequence
severity is catastrophic AND the failure consequence probability is
highly likely THEN the safety estimate is poor
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12. Rule # 210: IF the failure rate is frequent AND the consequence
severity is catastrophic AND the failure consequence probability is
deﬁnite THEN the safety estimate is poor
13. Rule # 214: IF the failure rate is highly frequent AND the consequence
severity is negligible AND the failure consequence probability is
likely THEN the safety estimate is fair
14. Rule # 216: IF the failure rate is highly frequent AND the consequence
severity is negligible AND the failure consequence probability is
highly likely THEN the safety estimate is fair
15. Rule # 217: IF the failure rate is highly frequent AND the consequence
severity is negligible AND the failure consequence probability is
deﬁnite THEN the safety estimate is fair
16. Rule # 221: IF the failure rate is highly frequent AND the consequence severity is marginal AND the failure consequence probability is likely THEN the safety estimate is fair
17. Rule # 223: IF the failure rate is highly frequent AND the consequence severity is marginal AND the failure consequence probability is highly likely THEN the safety estimate is fair
18. Rule # 224: IF the failure rate is highly frequent AND the consequence
severity is marginal AND the failure consequence probability is definite THEN the safety estimate is fair
19. Rule # 228: IF the failure rate is highly frequent AND the consequence
severity is moderate AND the failure consequence probability is
likely THEN the safety estimate is fair
20. Rule # 230: IF the failure rate is highly frequent AND the consequence
severity is moderate AND the failure consequence probability is
highly likely THEN the safety estimate is fair
21. Rule # 231: IF the failure rate is highly frequent AND the consequence
severity is moderate AND the failure consequence probability is
deﬁnite THEN the safety estimate is poor
22. Rule # 235: IF the failure rate is highly frequent AND the consequence
severity is critical AND the failure consequence probability is likely
THEN the safety estimate is fair
23. Rule # 237: IF the failure rate is highly frequent AND the consequence
severity is critical AND the failure consequence probability is highly
likely THEN the safety estimate is poor
24. Rule # 238: IF the failure rate is highly frequent AND the consequence
severity is critical AND the failure consequence probability is deﬁnite THEN the safety estimate is poor
25. Rule # 242: IF the failure rate is highly frequent AND the consequence
severity is catastrophic AND the failure consequence probability is
likely THEN the safety estimate is poor
26. Rule # 244: IF the failure rate is highly frequent AND the consequence
severity is catastrophic AND the failure consequence probability is
highly likely THEN the safety estimate is poor
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27. Rule # 245: IF the failure rate is highly frequent AND the consequence
severity is catastrophic AND the failure consequence probability is
deﬁnite THEN the safety estimate is poor
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Abstract. The management decision making process is becoming increasingly complicated as more detailed and extensive data is available in this information age. The
ability of human decisions makers to consistently analyse huge volumes of data and
to do so in a repeatedly identical manner is questionable. This uncertainty about
consistency and the cost in time and money creates the need for an artiﬁcial intelligent system. The system must be capable of processing large quantities of data
and imitate the human decision making process but in a more consistent and cost
eﬀective manner. The authors employ a user centred fuzzy system, which is based
on a hierarchical system, employing scalable fuzzy membership functions. The hierarchical structure of the system is self adjusting to facilitate the particular business
problem and user’s decision making process. The fuzzy membership functions are
scaled to reﬂect the human precedence given to particular data in the decision making process. The proposed system supports decision making in any data intense
management decision making processes. Two case studies are presented, “The supplier selection process” and “The corporate acquisition process”. The development
of this system is intended to illustrate that a fuzzy system can aid management in
the most complicated management decision making processes.
Key words: User-centred decision making; fuzzy reasoning; acquisitions analysis;
supplier selection

1 Introduction
A methodology for management decision making based on fuzzy logic is presented. The system employs scalable fuzzy membership functions that implements human priorities in the management decision making process. Fuzzy
logic provides a method by which human reasoning can be emulated and decisions can be made with vague and imprecise information. The manipulation
of the magnitude of the fuzzy membership functions will enable the authors
to employ human priorities on the system to varying degrees and at varying
stages of the decision making process. A hierarchical fuzzy system is presented
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that is adjustable to suit all management decision making factors and their
degree of importance to the management decision making process. The hierarchical fuzzy system presented in this paper enables the user to implement
preference and priorities at varying levels on the system. This facilities the
creation of a suitable system for the user, that reﬂects their requirements in
the management decision making process and allows the user to assign preference and varying priority levels. The user will be prompted to identify the
particular decision making process undertaken and the relevant factors and
sub-factors associated with this process. The factors and sub-factors will be
assigned relevant linguistic priorities by the user. This enables a robust system
to be created that replicates the general priorities that are considered within
the human decision making process of the business.
The ﬁrst management decision making process undertaken is “The supplier selection process” with particular focus on the inclusion of environmental
performance in the supplier selection process. Pressure from governments, institutions and consumers [20] has forced many companies to improve their
environmental performance [1, 3]. Environmentally conscious ﬁrms, mainly
large companies, are developing environmental programmes aimed at organising their supply chains [7, 13]. It is now widely acknowledged that environmental issues must be considered as strategic in a growing number of industries because of market pressures and the threat of environmental regulations
[22, 36]. The inclusion of environmental performance in the supplier selection
process introduces additional data into an already extensive process. This is
viewed as ideal opportunity for the introduction of a computational system
that is a user centred approach to management decision making.
The second management decision making process undertaken is “The corporate acquisition system”. Changes in the global environment of many industries have impacted upon how individual ﬁrms in those sectors must compete
to survive, [14]. A strategy that companies have adopted to meet the international challenge has been international expansion via acquisitions [23]. Identifying suitable companies in the vastly diverse and escalating markets requires
considerable research eﬀort from the company’s ﬁnancial experts, whose time
represents a considerable investment [28]. This increased cost and workload
also provides the opportunity for a computational system to replace or assist
in the acquisition process. This chapter illustrates the potential beneﬁts of the
management decision making system by providing results obtained for both
the supplier selection and corporate acquisition decision making processes.

2 The Development of a Fuzzy Based System
2.1 Fuzzy Inference Method
The fuzzy inference method used in this system is the Takagi-Sugeno-Kang
(TSK) which was introduced in 1985 [30, 31, 32]. The TSK method was selected rather than the Mamdani’s fuzzy inference method [19], as it is more
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computationally eﬃcient and it works well with optimisation and adaptive
techniques [8].
2.2 Input Membership Function
The membership functions for the inputs to each fuzzy system are determined
by three major factors:
• The total range of all the membership functions, the universe of discourse.
The system determines how each input in the database performs in relation
to the strongest and weakest inputs.
• The second factor is how the data is dispersed between the strongest and
weakest inputs.
• The last is the priority level given to the input in the system; this will determine the maximum degree of membership possible for each membership
function.
2.3 Membership Range
The range of the membership functions in any input is determined by the
strongest and weakest value retrieved in the input data. All the input data is
normalised with the strongest input value set as 1 (x-axis) and the weakest
value set as 0 (x-axis). The authors have selected ﬁve membership functions
across each universe of discourse although increasing the number of membership functions may improve the model accuracy but it will increase computational demands. The ﬁve membership functions have been termed “Very
Poor”, “Poor”, “Average”, “Good” and “Very Good”. Assuming that the input is equally dispersed, the membership functions were evenly divided across
the range. Using these membership functions, each supplier in the sector under analysis is assigned a membership function based upon its position in the
range. The degree of membership of each function would relate to the shape
of the membership function used, in this case a triangular shaped membership
function. The Triangular curve is a function of a vector x, and depends on
three scalar parameters a, b, and c as given by:
⎫
⎧
0,
x≤a
⎪
⎪
⎪
⎬
⎨ x−a , a ≤ x ≤ b ⎪
b−a
(1)
f (x; a, b, c) = c−x
, b≤x≤c⎪
⎪
⎪
⎪
⎭
⎩ c−b
0,
c≤x
2.4 Width of Individual Membership Functions
to Cover Data Dispersion
If data is dispersed evenly across the membership range then the fuzzy membership functions are divided evenly over the range with partition of unity.
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However from analysis of the data it was apparent that a small number of
suppliers were present at the extremes of the membership range and that the
data was not evenly dispersed across the membership range. In these circumstances the fuzzy membership functions are altered. In the range were data
is concentrated the width of the fuzzy membership functions is narrowed and
in the areas of sparse data the width of the membership function is widened.
This widening and narrowing of the membership functions attempts to create
an even distribution of companies in each membership function. In order to
calculate how the membership functions are narrowed or widened for each
membership functions three points are found in the range. The three points
correspond to the “b” parameter or the peaks of mf 2, mf 3 and mf 4. The “b”
parameter of mf 1 and mf 5 are set to 0 and 1 respectively. The other three
“b” parameters or peaks are calculated using the following formulas:
mf 2(b) =
mf 3(b) =
mf 4(b) =

n
i=1

xi
2(n)
n
i=1 xi
n

n
xi
1 − i=1
n
+
2

(2)
(3)
n
i=1

n

xi

(4)

Where n = number of inputs for x.
2.5 Priority Levels and Scaling
The system hierarchy is presented to the user with all inputs identiﬁed to each
fuzzy system. The user is then prompted to assign a priority level for each
input in relation to the other inputs of that fuzzy system. These priorities
are set once on the system and do not require amendment unless the user’s
business or perspective changes. The authors in have selected ﬁve levels of
priority within the system:
•
•
•
•
•

Very High Priority
High Priority
Medium Priority
Low Priority
Very Low Priority

The standard membership function allows a degree of membership from 0 to
1. The proposed scaling of the membership functions replaces this membership function for each input with a scaled membership function. This scaling
changes the membership functions in accordance to the priority level given to
the input. The calculated scaling values of this system are as follows:

A User Centred Approach to Management Decision Making

Very High Priority
High Priority
Medium Priority
Low Priority
Very Low Priority
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1.0
0.8
0.6
0.4
0.2

The triangular function deﬁned in equation (1) is altered to enable the
degree of membership of a function to be changed. The triangular curve is still
a function of the vector “x”, but now depends on four scalar parameters a, b, c
and d. The “d” parameter determines the maximum degree of membership for
the membership function. The triangular function is given by:

f (x; a, b, c) =

⎧
0,
⎪
⎪
⎨ (x−a)d ,
b−a

(c−x)d
⎪
⎪
⎩ c−b ,
0,

⎫
x≤a
⎪
⎪
a ≤ x ≤ b⎬
b≤x≤c⎪
⎪
⎭
c≤x

(5)

This scaling determines how inﬂuential a particular input can be; as the
degree of membership for the input is limited this limiting factor determines
how inﬂuential the input is on the output of its fuzzy system. This scaling
determines the inﬂuential levels of inputs to outputs throughout the whole
system.
2.6 Rules for the Fuzzy Systems
Each fuzzy system produces an output from their respective inputs. This output is determined by the rules employed by the fuzzy system. The combination
of rules that are ﬁred and the ﬁring strength of the rule determine the output from the fuzzy system. The number of rules deﬁned in this system is a
dependant on the number of membership functions (p) in each input (total of
n inputs).
The number of rules = pn
(6)
A fuzzy hierarchical system proposed, enables the management team to
dictate the overall hierarchy of the system dictating hierarchical levels and
groupings. This enables the system to reﬂect the associative groupings and
priorities present within the user’s decision making process. A level can contain
one or more factors but if more than one factor exists then their relationship
must be deﬁned with a series of rules. A level with one or more factors combines their outputs so a single output is present for each level of the hierarchy.
A benchmark value dictates what percentage of the output from one level will
proceed to the next level. Outputs which can be considered as highly unlikely
solutions can be discarded at each level. The overall structure of the system is
illustrated in Fig. 1 for the supplier selection process. This illustrates how only
suppliers that meet a deﬁned benchmark will proceed to the next level, this

444

L.P. Maguire et al.

Fig. 1. System Overview

reduces the need to process data for suppliers that are obviously unsuitable
and would save time investigating supplier data.
A more detailed look at the fuzzy system developed for the environmental
factor and how the ranking system is implemented for this will establish the
basic building block of the system. The environmental factor is a self contained
fuzzy system which contains other sub-fuzzy systems that represent the other
levels of inputs present in the supplier selection process. As shown in Fig. 2 the
system uses the sub-factors as inputs to the “Factor fuzzy system”, the criteria
as inputs to the “Sub-Factor fuzzy system” and the sub-criteria as inputs to
the “Criteria fuzzy System”. The output of the lower fuzzy systems becomes
an input to the higher fuzzy system at all levels as can be seen in Fig. 2. The
system uses dynamic scaling of the fuzzy membership functions to prioritise
the inputs to each fuzzy system and to enable the degree of inﬂuence held
by each input to be altered. Each input within the “Environmental factor”
contributes to a speciﬁed degree to the overall output of the “Environmental
factor”. The degree of inﬂuence for each input is set within each fuzzy system
at each level and once set does not require adjustment unless buyer’s position
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Fig. 2. Supplier Selection Overview Fuzzy Hierarchical Systems

and priorities change. If the buyer does not wish to set any priorities then the
system can be set to equal priorities at all levels.

3 Case Study 1: The Supplier Selection System
Historically, several methodologies have been developed for evaluating, selecting and monitoring potential suppliers [9, 35] that take into account factors
dealing with, for example, quality, logistics and cost. However, none of these
methodologies have considered the importance of environmental factors, such
as, life cycle analysis or design for environment in the decision-making process.
Further evidence collected by [5] of US and European ﬁrms, supports this view,
indicating that few companies included environmental attributes in evaluating
suppliers. Due to the increasing realisation of the importance of integrating
environmental factors into assessing supplier’s performance, a number of researchers have begun to identify some possible environmental indicators and
criteria [4, 17, 21, 34]. Early case studies indicate that companies have applied
diﬀerent approaches to deal with environmental issues and initially there was
no generic model for incorporating environmental criteria into the supplier

446

L.P. Maguire et al.

Table 1. Summary of studies related to developing environmental assessment frameworks and categories

selection process. The key work by researchers on developing environmental
frameworks and their limitations are summarised in Table 1.
Within the literature a more systematic approach has been developed by
the identiﬁcation of several environmental categories and criteria. The system
is created in a generic form as the supplier selection process is often a very
personal process. The system is a combination of a number of self contained
fuzzy systems with each system receiving a number of fuzzy or numerical
inputs and providing a defuzziﬁed output. This output can then be used to
rank the supplier or as input to a further fuzzy system. Each factor under
consideration in the supplier selection process requires a fuzzy system; the
overall system presented in this paper considers seven supplier selection factors
as illustrated in Fig. 3.
The detail involved in the entire system is too vast for this paper and so
only the environmental factor has been illustrated. A similar process exists
for each of the other six factors identiﬁed in Fig. 3 as part of the supplier
selection process. The “Environmental Issues” factor has many sub-factors,
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Fig. 3. Supplier Selection Factors

which have been established through consolidating and classifying the factors
and sub-factors from the as reviewed earlier. This gives rise to the proposed
environmental factors and sub-factors shown in Fig. 4.
Each factor and sub-factor is a self contained fuzzy system and therefore is
interchangeable within the overall hierarchy of the system, enabling the user
to establish a system that best reﬂects their decision making process. The
importance the buyer places on a particular factor or sub-factor will determine
its priority setting, this can be considered as applying weights to each factor

Fig. 4. Environmental framework for incorporating environmental factor into the
supplier selection process
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Fig. 5. Environmental Factor, Sub-factors, Criteria and Sub-Criteria

or sub-factor. The reliability of data [6, 11, 12, 18] can also be considered as
a weighting element and can be combined with level of importance to form
a weighting for each factor. This process is extended to criteria for each of
the sub-factors and to the sub-criteria for each of the criteria as illustrated in
Fig. 5.
3.1 Results
This section reviews the results achieved with the presented system. The eﬀectiveness of the system is illustrated by the comparison of two sets of results,
the ﬁrst set of results illustrate the results obtained when no priorities are
implemented on the system while the second set of results implies priorities.
The supplier data for both results are identical the only change on the system
is the change of priorities given to each category, sub-category, criteria and
sub-criteria within the varying levels of the system hierarchy. This changing
of priorities enables the system to adapt, to more closely reﬂect the position
and priorities of diﬀerent Buying Organisations. The diﬀerence in the priority settings will cause the system to identify diﬀerent suppliers pending on
the Buying Organisation’s priorities. The data used has been obtained from
a number of sources including the [33], (TRI) from the U.S. Environmental
Protection Agency, the [15], (IRRC) on-line database and the Annual Reports
Service provided by [37] and [29] supplier names have been replaced to protect their identity. The suppliers investigated are required to provide metal
production and auxiliary metal work functions such as welding and painting.
3.2 Environmental System Results per Fuzzy System
The results presented are for Buying Organisation 1 which has set priorities
and for Buying Organisation 2 which has no set priorities. The results show
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2

Fig. 6. Pollutant Output for Buying Organisation 1 & 2

the output from the four fuzzy systems that account for the four sub-criteria
Solid Waste, Liquid Emissions, Air Emissions and Water Waste from the
criteria Pollutants. The Pollutant fuzzy system results are shown in Fig. 6 and
Table 2, other results are not shown due to limitation of space.
Table 2 identiﬁes the suitability of suppliers based on the “Pollutant”
factor for both Buying Organisation 1 and 2. The most suitable supplier for
Buying Organisation 1 is Supplier 4 while Supplier 10 has been identiﬁed as
the most suitable supplier for Buying Organisation 2. Supplier 10 while being
ﬁrst for Buying Organisation 2 only appears in third position for Buying
Organisation 1 appearing behind Supplier 18. This can be identiﬁed with the
fact that Supplier 10’s strong attributes, sub-factors “Liquid Emissions” and
“Water Waste” have been decreased to Very Low Priority and Low Priority
for Buying Organisation 1. While in sub-factor “Air Emissions” the priority
is increased to Very High Priority and Supplier 10 is beaten both by Supplier
4 and Supplier 18. Similar movements can be seen throughout the two listings
and are accounted for by the changing in priority levels. Doing well in a very
high priority will positively inﬂuence a supplier’s case for selection but will not
be the only determining factor. This system achieves a balance that enables
an input to be more inﬂuential but without complete control. This enables
a simulated human reasoning were one aspect may inﬂuence a decision more
but not to the extent that it overrides the inﬂuence of other aspects.
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Table 2. Top Fifty Percent of Suppliers in the Pollutant Fuzzy System

The three outputs from the Pollutant Fuzzy system, Consumables Fuzzy
System and Improvements Fuzzy Systems become inputs to the Environmental Cost Fuzzy System this system gives a crisp rating for the sub-factor
Environmental cost that is used as an input for fuzzy system on the next level
of the hierarchy.
3.3 Environmental System Output Fuzzy System
The ﬁnal stage of the fuzzy hierarchy for the Environmental Factor is
the Output Fuzzy System which summates the outputs from all the subfactors. The inputs to the Output Fuzzy System are also scaled membership
function, the scaling depending on the priority level given to each individual
sub-factor. The results obtained from the Output Fuzzy System provide a
rating for each supplier which indicated how suitable it would be for a particular Buying Organisation. For Buying Organisation 1 and 2 the suppliers
identiﬁed for selection are presented in Fig. 7 and Table 3.
The company with the lowest output value is considered to be the most
suitable supplier for selection for the particular Buying Organisation. As
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Fig. 7. Comparing Supplier Output Ratings for Buying Organisation 1 and 2
Table 3. Top Fifty Percent of Suppliers in Environmental Issues
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illustrated in the graph for Buying Organisation 1 the most suitable supplier is Company 19 followed by Company 49 and then Company 46. The top
three companies for Buying Organisation 2 are Company 49 followed by Company 16 and then Company 43. The change in order identiﬁed for each Buying
Organisation is directly related to the changes in priorities that have been set
on the system at this level and at each of the lower levels of the hierarchy. The
results presented illustrate the levels of inﬂuence that can be obtained through
the use of a Fuzzy Hierarchical System with scalable fuzzy membership functions. The results show how natural priorities are implemented to inﬂuence
the results to varying degrees without completely controlling the ﬁnal result.

4 Case Study 2: The Corporate Acquisition System
In a global market place companies have had to adapt to meet an international
challenge. A strategy adopted by some companies has been international expansion via acquisitions. The advantages and popularity of acquisitions as a
policy for corporate development are well established [16, 26]. The need for
expert knowledge to determine an appropriate company to acquire has been
complicated by the sheer size of the global market place. The costs associated
with this in relation to time and personnel have created the need for a computerised expert system to be developed. The corporate acquisition system
endeavours to show how the proposed fuzzy based system can assist in the
identiﬁcation of a company for acquisition.
The system obtains a precise set of aims and objectives from the “Acquiring Organisation” and the motivation they have in considering the acquisition
of another company. Then utilising this information the system creates a hierarchical structure on which the system is based. Within this hierarchical
system, ﬁnancial categories and ratios are identiﬁed that are deemed relevant
to the particular “Acquiring Organisation” and their aims and objectives. In
addition a quality input may be added by the “Acquiring Organisation” that
is not reﬂected in ﬁnancial statistics such as the quality of a product, quality
of management, quality of in-house machinery or even the perceived quality
of a brand by the public.
An overview of the corporate acquisition system is shown in Fig. 8. The
model represents the basic hierarchical nature of the decision making process
for corporate acquisition. The focal point for the corporate acquisition system
is “Stage 3” in the acquisition process.
The number of ﬁnancial categories and ratios required in the system and
how they are placed within the hierarchy determines the structure of the
system. This in conjunction with the priorities given to each ﬁnancial category
and ratio determine the output of the system. For the purposes of this case
study four categories have been identiﬁed: Proﬁtability, Liquidity, Eﬃciency,
and Financial Strength and Gearing. Within each category ﬁnancial ratios are
selected that are considered to oﬀer the best information about that particular
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Fig. 8. Overview of Acquisition System

category. The ﬁnancial categories and ratios selected for this demonstration
are:
• Category 1: Proﬁtability
Financial Ratio 1:
Financial Ratio 2:
Financial Ratio 3:

Gross Proﬁt Percentage
Net Proﬁt Percentage
Proﬁt per Employee
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• Category 2: Eﬃciency
Financial Ratio 1:
Financial Ratio 2:
Financial Ratio 3:

Return on Capital Employed
Net Asset Turnover
Fixed Asset Turnover

• Category 3: Liquidity
Financial Ratio 1:
Financial Ratio 2:

Liquidity Ratio
Current Asset Ratio

• Category 4: Financial Strength And Gearing
Financial Ratio 1:
Return on Shareholders Funds
Financial Ratio 2:
Gearing
Financial Ratio 3:
Solvency Ratio
Diﬀerent companies may chose alternative categories with alternative combinations of ﬁnancial ratios that better reﬂect what they consider relevant in
their acquisition process.
4.1 Results
This section reviews the results achieved in Stage 3 of the Acquisition System.
The merits of the Acquisition system are again illustrated by the processing of
two organisations seeking companies for corporate acquisition. The ﬁnancial
categories and ﬁnancial ratios used in both companies are the same, and the
same, two level hierarchical structures are used. The Acquiring Organisation’s
proﬁle and aims and objectives are diﬀerent which results in diﬀerent priority
settings being identiﬁed for the two Acquiring Organisations. The diﬀerence
in the priority settings will cause the system to identify diﬀerent companies
for acquisition for the two Acquiring Organisations.
Acquiring Organisation A has been set with no ﬁnancial priorities (i.e. setting all priorities to an equal Very High Level Priority of priority). Acquiring
Organisation B has a range of priorities within each ﬁnancial category and for
the overall system.
The results show the output from the Proﬁtability ﬁnancial category which
has been chosen for this demonstration. The results are shown in graphical
form so comparison of results can be easily achieved. Due to the nature of the
membership functions the important fact is not in what position a company
achieves although this is a good indicator; it is the magnitude of diﬀerence
that is achieved in comparison to the other companies and the position in
relation to the average of all the companies. The average is used to determine
the position of all the membership functions therefore a companies position
in relation to the average ratio will determine which membership functions it
will fall under. The results from the Proﬁtability Fuzzy System are analysed.
The output results from the Proﬁtability Fuzzy System are shown in Fig. 9
and Table 4.
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Fig. 9. Proﬁtability Output for Acquiring Organisation A and B

Table 4 identiﬁes the order of the companies from the Proﬁtability Fuzzy
System for both Acquiring Organisation A and B. As can be seen in the
table the general suitability of companies for the two Acquiring Companies is
diﬀerent. This is due to the changed priorities within the system.
The strongest prospect for acquisition for both Acquiring Organisations is
Company 42, but it is a stronger prospect for Acquiring Organisation B. This
is due to the fact that Net Proﬁt is given a Very High Priority in Acquiring
Organisation B and Company 42 is the best company in this ﬁnancial ratio by
a strong margin. Company 11 which is returned in second position for both
Acquiring Organisations is in 39th position in the Net Proﬁt ratio but still
holds second position when Net Proﬁt is given a Very High Priority. This is
due to the fact that although Net Proﬁt is Very High Priority it is not the
only determiner and because Company 11 has done well in the other ﬁnancial
ratios, 2nd in Gross Proﬁt ratio and 1st in the Proﬁt per Employee ratio it hold
its second position. Company 16 which obtained third position for Acquiring
Organisation B, is in 14th position for Acquiring Organisation A. It achieves
this rise in position due to the fact that the Net Proﬁt ratio for Company 16
is in 5th position and has a value of 0.6734 well above the average of 0.493.
Company 16 does not do as well in the other two categories but as they are
of a lower priority they have less inﬂuence. The fact that Company 16 has
done better than other companies that are above it in the Net Proﬁt ratio
such as Company 44, 27 and 15 is how it secures third position for Acquiring
Organisation B. This illustrated how doing well in a high priority ﬁnancial
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Table 4. Top Fifty Percent of Companies in the Proﬁtability Category

ratio will heavily inﬂuence a company’s case for acquisition but will not be
the only determining factor. As in the case with Company 11 the combination
of doing well in a number of the lower priority ﬁnancial ratios also heavily
inﬂuenced the company’s case for acquisition. This system achieves a balance
that enables a ﬁnancial ratio to be more inﬂuential but without complete
control.
4.2 Acquisition System Output Fuzzy System
The ﬁnal stage of the fuzzy hierarchy is the Output Fuzzy System which summates the outputs from all the Financial Category Fuzzy Systems. The inputs
to the Output Fuzzy System are also scaled membership function, the scaling
depending on the priority level given to each individual Financial Category in
the context of the entire system. The results obtained from the Output Fuzzy
System provide a rating for each company which indicated how suitable it
would be for corporate acquisition for a particular Acquiring Organisation.
The system or user can then select a number of the top companies identiﬁed
for further analysis.
For Acquiring Organisations A and B the companies identiﬁed for corporate acquisition are presented in Fig. 10 and Table 5. The company with
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Fig. 10. Company Output Ratings for Acquiring Company A and B

the highest output value is considered to be the most suitable company for
acquisition for the particular Acquiring Organisation. As illustrated in the
graph for Acquiring Organisation A the most suitable company for acquisition is Company 27 followed by Company 42 and then Company 14. The top
three companies for Acquiring Organisation B are Company 42 followed by
Company 14 and then Company 10.
Table 5. Top Ten Companies System Output
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The change in order identiﬁed for each Acquiring Organisation can be
attributed to two issues; the ﬁrst is the change in companies identiﬁed as
the strongest in each ﬁnancial category due to the change in the priorities
of the ﬁnancial ratios and the second is the change due to the priorities given
to the ﬁnancial categories. This can be seen with Company 42 which has risen
to top position for Acquiring Organisation B as it holds the top position in the
Proﬁtability Category for Acquiring Organisation B by a signiﬁcant margin
but also because it is around average in the Eﬃciency Category, high in the
Liquidity Category and above average in the Gearing Category. Company 27
which is identiﬁed as the best company for Acquiring Organisation A has its
real strength in Liquidity in which it is top by a good margin but for Acquiring
Organisation B Liquidity is of a very low priority therefore Company 27’s real
strength is not of any beneﬁt to Acquiring Organisation B and so it drops out
of the top ten.
Again the results presented illustrate the levels of inﬂuence that can be
obtained through the use of a Fuzzy Hierarchical System and how natural
priorities are implemented to inﬂuence the results to varying degrees without
completely controlling the ﬁnal result.

5 Conclusions
Companies are investing a considerable amount in both ﬁnancial and employee resources to varying business problems, which are becoming ever more
complicated by the detail and mass of data available. This chapter has looked
at two of these problems and identiﬁed a system that assists in the evaluation
of suppliers in the supplier selection process and the identiﬁcation of companies in the corporate acquisition process. A user centred approach has been
achieved that adequately reﬂects the position and priorities of any company
selecting a supplier or acquiring a company. The major beneﬁt of this system is that in a computational inexpensive manner the proposed system is
capable of implementing a range of user priorities that inﬂuence to varying
degrees the system output. This hierarchical fuzzy system with scalable fuzzy
membership function can as seen by the results, successfully impart user priorities onto the system. Enabling the system to be gently or strongly inﬂuence
by speciﬁc data in the selection process. This provides a method of applying
the prioritised inﬂuences involved in the human decision making process. The
system attempts to emulate the priorities adhered to by a companies own
experts, but on a larger scale and in a more timely and cost eﬀective manner. The results presented in this chapter illustrate the varying degrees of
inﬂuence that have been exerted on the system in diﬀerent business problems
and how the system has successfully emulated the selection process in both
cases. The results demonstrate an accurate reﬂection of the results that are
obtained from a manual analysis of the same data by a human expert. From
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the results obtained, it can be concluded that the approach is promising, for
implementing management decision making processes.
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Abstract. Nowadays, an abundant amount of information is created and delivered
over electronic media. The information gathering in the Internet is a complex activity
and Internet users need tools to assist them to ﬁnd the information required. Web
multi-agent systems assist the users by gathering from the Internet the information
that best satisﬁes their speciﬁc needs.
In this paper, we analyze some techniques that applied together could provide
major advances in the design of these Web multi-agent systems in order to improve
their performance: i) information ﬁltering tools and ii) fuzzy linguistic modelling.
Then, we present a model of a fuzzy linguistic multi-agent system for searching and
mining the Web that is designed using some ﬁltering tools and a particular kind of
fuzzy linguistic modelling, called multi-granular fuzzy linguistic modelling, which is
useful when we have diﬀerent label sets to assess the information.
Key words: Web, fuzzy linguistic modelling, information ﬁltering, information
gathering, intelligent agents

1 Introduction
The exponential increase of Web sites and documents is contributing to that
Internet users not being able to ﬁnd the information they seek in a simple and
timely manner. Users are in need of tools to help them cope with the large
amount of information available on the Web [22, 23]. Therefore, techniques
for searching and mining the Web are becoming increasingly vital.
A multi-agent system is one in which a number of agents cooperate and
interact with each other in a distributed environment. On the Web the activity of a multi-agent system consists of assisting Internet users in information
gathering processes by means of distributed intelligent agents in order to ﬁnd
E. Herrera-Viedma et al.: Techniques to Improve Multi-Agent Systems for Searching and Mining
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the ﬁttest information to their information needs. In a typical multi-agent
system, the agents work together to achieve a global objective based on distributed data and control. Multi-agent systems have been widely used in Web
applications [4, 24, 25].
In this paper we study two techniques that applied together can contribute
to achieve major advances in the design of Web multi-agent systems in order
to improve their performance:
• Information Filtering Tools: A promising direction to improve the information access on the Web concerns the way in which it is possible to ﬁlter
the great amount of information available across the Web. Information
ﬁltering is a name used to describe a variety of processes involving the
delivery of information to people who need it. Operating in textual domains, ﬁltering systems or recommender systems evaluate and ﬁlter the
great amount of information available on the Web to assist people in their
search processes [28].
• Fuzzy Linguistic Modelling: The great variety of representations and evaluations of the information existing in Internet is the main obstacle to the
communication among the agents and between agents and user from what
is very important the design of appropriate communication protocol. The
problem becomes more noticeable when users take part in the process.
This reveals the need for more ﬂexibility in the communication among
agents and between agents and users. To solve this problem we propose
the use of fuzzy linguistic modelling [13, 14, 29] to represent and handle
ﬂexible information by means of linguistic labels.
Firstly, we revise the main aspects and models of information ﬁltering tools,
as for example, the content-based ﬁltering tools and the collaborative ﬁltering
tools. Then, we revise diﬀerent approaches of fuzzy linguistic modelling to
represent the information in the information gathering process of a Web multiagent system, as for example, the ordinal fuzzy linguistic modelling [9, 13], the
2-tuple fuzzy linguistic modelling [14, 16], the multi-granular fuzzy linguistic
modelling [12, 15] and the unbalanced fuzzy linguistic modelling [10, 11]. And
ﬁnally, we present a model of fuzzy linguistic multi-agent systems which is
designed using both information ﬁltering tools and a multi-granular fuzzy
linguistic modelling.
The paper is structured as follows. Section 2 revises the information ﬁltering techniques. Section 3 analyzes diﬀerent approaches of fuzzy linguistic
modelling. Section 4 presents the new model of fuzzy linguistic multi-agent
system for gathering information on the Web. Finally, some concluding remarks are pointed out.

2 Information Filtering Tools
Information gathering on the Internet is a complex activity. Finding the appropriate information, required for the users, on the World Wide Web is not
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a simple task. This problem is more acute with the ever increasing use of
the Internet. For example, users who subscribe to internet lists waste a great
deal of time reading, viewing or deleting irrelevant e-mail messages. To improve the information access on the Web the users need tools to ﬁlter the
great amount of information available across the Web. Information Filtering
(IF) is a name used to describe a variety of processes involving the delivery
of information to people who need it. It is a research area that oﬀer tools
for discriminating between relevant and irrelevant information by providing
personalized assistance for continuous retrieval of information.
IF systems are characterized by [8]:
• applicable for unstructured or semi-structured data (e.g. web documents,
e-mail messages),
• based on user proﬁles,
• handle large amounts of data,
• deal primarily with textual data and
• their objective is to remove irrelevant data from incoming streams of data
items.
We can ﬁnd some of the above features in Information Retrieval (IR) systems,
but IF diﬀers from traditional IR in that the users have long information needs
that are described by means of user proﬁles, rather than ad-hoc needs that
are expressed as queries posed to some IR system. Traditionally IR develops storage, indexing and retrieval technology for textual documents. A user
describes his information need in the form of a query to the IR system and
the system attempts to ﬁnd items that match the query within a document
store. The information need is usually very dynamic and temporary, i.e., a
user issues a query describing an immediate need. Furthermore, information
retrieval systems tend to maintain a relatively static store of information.
Unlike IR systems, IF systems generally operate on continuous information
streams, and always maintain a proﬁle of the user interests needs throughout
many uses of the system. As a result, IF systems tend to ﬁlter information
based on more long-term interests.
Traditionally, these IF systems or recommender systems have fallen into
two main categories [26]. Content-based ﬁltering systems ﬁlter and recommend
the information by matching user query terms with the index terms used in
the representation of documents, ignoring data from other users. These recommender systems tend to fail when little is known about user information
needs, e.g. when the query language is poor. Collaborative ﬁltering systems
use explicit or implicit preferences from many users to ﬁlter and recommend
documents to a given user, ignoring the representation of documents. These
recommender systems tend to fail when little is known about a user, or when
he/she has uncommon interests [26]. In these kind of systems, the users’ information preferences can be used to deﬁne user proﬁles that are applied as ﬁlters
to streams of documents; the recommendations to a user are based on another
user’s recommendations with similar proﬁles. Many researchers think that the
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construction of accurate proﬁles is a key task and the system’s success will
depend to a large extent on the ability of the learned proﬁles to represent the
user’s preferences [27]. Several researchers are exploring hybrid content-based
and collaborative recommender systems to smooth out the disadvantages of
each one of them [1, 2, 7, 26].
2.1 Approaches in the Design of IF Systems
In this section we present two major approaches followed in the design and implementation of IF systems, that is, the statistical approach and the knowledge
based approach [8].
2.1.1. Statistical Approach
This kind of IF systems represent the user proﬁles as a weighted vector of
index terms. To ﬁlter the information, the system implements a statistical
algorithm that computes the similarity of a vector of terms that represents
the data item being ﬁltered to a user proﬁle. The most common algorithm
used is the Correlation or the Cosine measure between the user proﬁle and
the document vector.
The ﬁltering activity is followed by a relevance feedback phase. Relevance
feedback is a cyclic process whereby the user feeds back into the system decisions on the relevance of retrieved documents and the system then uses these
evaluations to automatically update the user proﬁle.
2.1.2 Knowledge Based Approach
IF systems that follow the knowledge based approach utilize Artiﬁcial Intelligence techniques, such as production rules, neural networks and evolutionary
genetic algorithms, to represent user proﬁles and to implement the ﬁltering
and the learning (feedback) phases.
• Rule based IF systems: These IF systems use rules to represent user
proﬁles, where each rule can represent a user information need or pattern of
information ﬁltering. For example, in e-mail messages, rules can be deﬁned
and applied to ﬁelds that appear in the message header (e.g. subject or
sender). The rules may contain instructions on how to handle a message,
depending on the values of these ﬁelds. The rules allow us either to ﬁlter
out the data item or to treat it as relevant. For example, if the sender of
an e-mail does not appear in a certain predeﬁned list, the message gets a
low relevance rank.
• Neural network based IF systems: A neural network is an interconnected assembly of simple processing elements, units or nodes, whose
functionality is roughly based on the animal neuron. The processing ability of the network is stored in inter-unit connection weights, obtained by
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a process of adaptation to, or learning from, a set of training patterns.
The weights are supposed to adapt when the net is shown examples from
training sets. Neural networks can also be applied in IF systems, where a
user proﬁle is representing a user’s concept with unseen associations, that
adapts from training.
• Evolutionary genetic algorithms based IF systems: Evolutionary
genetic based techniques borrow their model from the Darwinian concept
of the natural process of survival. Nature selects the most ﬁt individuals to
survive, and genetic patterns are passed by the individuals down through
generations. The changes take place by recombining the genetic codes of
pairs of individuals. These features allow us to apply an evolutionary and
genetic approach in IF systems. The analogy in information ﬁltering makes
use of the vector space model to represent documents. In this model, a gene
would be represented as a term, an individual as a document in the vector
space, and the community as a proﬁle. An appropriate objective function is
introduced as the survival process, to decide whether to update the proﬁle.
2.2 On the Acquisition of User Data
Another topic that we must have in mind when we design a IF system is the
method to gather user information. In order to discriminate between relevant
and irrelevant information for a user, we must have some information about
this user, i.e. we must know the user preferences. Information about user
preferences can be obtained in two diﬀerent ways [8], implicit and explicit
mode, although these ways not be mutually exclusive.
The implicit approach is implemented by inference from some kind of
observation. The observation is applied to user behavior or to detecting a
user’s environment (such as bookmarks or visited URL). The user preferences
are updated by detecting changes while observing the user.
The other approach, the explicit approach, interacts with the users by
acquiring feedback on information that is ﬁltered, that is, the user expresses
some speciﬁcations of what they desire. This approach is the most common.

3 Fuzzy Linguistic Modelling
There are situations in which the information cannot be assessed precisely
in a quantitative form but may be in a qualitative one. For example, when
attempting to qualify phenomena related to human perception, we are often
led to use words in natural language instead of numerical values, e.g. when
evaluating the comfort or design of a car, terms like good, medium or bad
can be used. In other cases, precise quantitative information cannot be stated
because either it is unavailable or the cost for its computation is too high and
an ”approximate value” can be applicable, eg. when evaluating the speed of a
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car, linguistic terms like fast, very fast or slow can be used instead of numeric
values.
The use of Fuzzy Sets Theory has given very good results for modelling
qualitative information [29]. Fuzzy linguistic modelling is a tool based on the
concept of linguistic variable [29] to deal with qualitative assessments. It has
proven to be useful in many problems, e.g., in decision making [13], quality
evaluation [21], models of information retrieval [17, 18], etc.
In this section, we revise four diﬀerent approaches of fuzzy linguistic modelling which can provide a diﬀerent support to represent the linguistic information managed in the communication processes developed by the multi-agent
systems:
1. Ordinal fuzzy linguistic modelling [13, 9], which is deﬁned to eliminate the
excessive complexity of the traditional fuzzy linguistic modelling [29].
2. 2-tuple fuzzy linguistic modelling [14, 16], which is is deﬁned to improve
the performance of the ordinal fuzzy linguistic approach.
3. Multi-granular fuzzy linguistic modelling [12, 15], which is deﬁned to deal
with situations in which the linguistic information is assessed on diﬀerent
label sets.
4. Unbalanced fuzzy linguistic modelling [10, 11], which is deﬁned to deal with
situations in which the linguistic information is assessed on an unbalanced
label set, that is, a non-symmetrical and non-uniform label set.
3.1 The Ordinal Fuzzy Linguistic Modelling
Ordinal fuzzy linguistic modelling [9, 13] is a very useful kind of fuzzy linguistic
approach proposed as an alternative tool to the traditional fuzzy linguistic
modelling [29] which simpliﬁes the computing with words process as well as
linguistic aspects of problems. It is deﬁned by considering a ﬁnite and totally
ordered label set S = {si }, i ∈ {0, . . . , g} in the usual sense, i.e., si ≥ sj if
i ≥ j, and with odd cardinality (7 or 9 labels). The mid term represents an
assessment of ”approximately 0.5”, and the rest of the terms being placed
symmetrically around it. The semantics of the label set is established from
the ordered structure of the label set by considering that each label for the
pair (si , sg−i ) is equally informative. For example, we can use the following
set of seven labels to represent the linguistic information:
S = {s0 = N, s1 = V L, S2 = L, s3 = M, s4 = H, s5 = V H, s6 = P } .
Additionally, a fuzzy number deﬁned in the [0, 1] interval can be associated
with each linguistic term. A way to characterize a fuzzy number is to use a
representation based on parameters of its membership function. The linguistic
assessments given by the users are just approximate ones, some authors consider that linear trapezoidal membership functions are good enough to capture
the vagueness of such linguistic assessments. The parametric representation is
achieved by the 4-tuple (a, b, c, d), where b and d indicate the interval in which
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Fig. 1. A set of seven linguistic terms with its semantics

the membership value is 1, with a and c indicating the left and right limits of
the deﬁnition domain of the trapezoidal membership function. A particular
case of this type of representation are the linguistic assessments whose membership functions are triangular, i.e., b = d, then we represent this type of
membership functions by a 3-tuple (a, b, c). An example may be the following
set of seven terms (Fig. 1):
s0
s2
s4
s6

= N ull(N ) = (0, 0, .17)
s1 = V eryLow(V L) = (0, .17, .33)
= Low(L) = (.17, .33, .5)
s3 = M edium(M ) = (.33, .5, .67)
= High(H) = (.5, .67, .83) s5 = V eryHigh(V H) = (.67, .83, 1)
= P erf ect(P ) = (.83, 1, 1).

In any linguistic modelling we need management operators of linguistic information. An advantage of ordinal fuzzy linguistic modelling is the simplicity
and quickness of its computational model. It is based on symbolic computation [9, 13] and acts by direct computation on labels by taking into account
the order of such linguistic assessments in the ordered structure of labels. Usually, the ordinal fuzzy linguistic model for computing with words is deﬁned
by establishing i) a negation operator, ii) comparison operators based on the
ordered structure of linguistic terms, and iii) adequate aggregation operators
of ordinal fuzzy linguistic information. In most ordinal fuzzy linguistic approaches the negation operator is deﬁned from the semantics associated to
the linguistic terms as
N EG(si ) = sj | j = g − i ;
and there are deﬁned two comparison operators of linguistic terms:
1. Maximization operator: M AX(si , sj ) = si if si ≥ sj ; and
2. Minimization operator, M IN (si , sj ) = si if si ≤ sj .
Using these operators it is possible to deﬁne automatic and symbolic aggregation operators of linguistic information, as for example the LOWA operator
[13] and the LWA operator [9].
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We must point out that in [5] we apply satisfactorily the ordinal fuzzy
linguistic modelling to model the communication processes in the design of a
Web multi-agent system.
3.2 The 2-Tuple Fuzzy Linguistic Modelling
The 2-tuple fuzzy linguistic modelling [14, 16] is a kind of fuzzy linguistic modelling that mainly allows to reduce the loss of information typical of the ordinal
fuzzy linguistic modelling. Its main advantage is that the linguistic computational model based on linguistic 2-tuples can carry out processes of computing
with words easier and without loss of information. To deﬁne it we have to establish the 2-tuple representation model and the 2-tuple computational model
to represent and aggregate the linguistic information, respectively.
Let S = {s0 , . . . , sg } be a linguistic term set with odd cardinality (g + 1 is
the cardinality of S), where the mid term represents an assessment of approximately 0.5 and with the rest of the terms being placed symmetrically around
it. We assume that the semantics of labels is given by means of triangular
membership functions represented by a 3-tuple (a, b, c) and consider all terms
distributed on a scale on which a total order is deﬁned si ≤ sj ⇐⇒ i ≤ j.
In this fuzzy linguistic context, if a symbolic method [9, 13] aggregating linguistic information obtains a value β ∈ [0, g], and β ∈
/ {0, . . . , g}, then an
approximation function is used to express the result in S.
Deﬁnition 1. [14] Let β be the result of an aggregation of the indexes of a
set of labels assessed in a linguistic term set S, i.e., the result of a symbolic
aggregation operation, β ∈ [0, g]. Let i = round(β) and α = β−i be two values,
such that, i ∈ [0, g] and α ∈ [−.5, .5) then α is called a Symbolic Translation.
The 2-tuple fuzzy linguistic approach is developed from the concept of
symbolic translation by representing the linguistic information by means of
2-tuples (si , αi ), si ∈ S and αi ∈ [−.5, .5):
• si represents the linguistic label of the information, and
• αi is a numerical value expressing the value of the translation from the
original result β to the closest index label, i, in the linguistic term set
(si ∈ S).
This model deﬁnes a set of transformation functions between numeric values and 2-tuples.
Deﬁnition 2. [14] Let S = {s0 , . . . , sg } be a linguistic term set and β ∈ [0, g]
a value representing the result of a symbolic aggregation operation, then the
2-tuple that expresses the equivalent information to β is obtained with the
following function:
∆ : [0, g] −→ S × [−0.5, 0.5)
#
si
i = round(β)
∆(β) = (si , α), with
α = β − i α ∈ [−.5, .5)
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where round(·) is the usual round operation, si has the closest index label to
“β” and “α” is the value of the symbolic translation.
For all ∆ there exists ∆−1 , deﬁned as ∆−1 (si , α) = i + α. On the other
hand, it is obvious that the conversion of a linguistic term into a linguistic
2-tuple consists of adding a symbolic translation value of 0: si ∈ S =⇒ (si , 0).
The 2-tuple linguistic computational model is deﬁned by presenting the
comparison of 2-tuples, a negation operator and aggregation operators of 2tuples.
1. Comparison of 2-tuples. The comparison of linguistic information represented by 2-tuples is carried out according to an ordinary lexicographic order.
Let (sk , α1 ) and (sl , α2 ) be two 2-tuples, with each one representing a counting
of information:
• If k < l then (sk , α1 ) is smaller than (sl , α2 ).
• If k = l then
1. if α1 = α2 then (sk , α1 ) and (sl , α2 ) represent the same information,
2. if α1 < α2 then (sk , α1 ) is smaller than (sl , α2 ),
3. if α1 > α2 then (sk , α1 ) is bigger than (sl , α2 ).
2. Negation operator of 2-tuples: N eg((si , α)) = ∆(g − (∆−1 (si , α))).
3. Aggregation operators of 2-tuples. The aggregation of information consists
of obtaining a value that summarizes a set of values, therefore, the result
of the aggregation of a set of 2-tuples must be a 2-tuple. In the literature
we can ﬁnd many aggregation operators which allow us to combine the information according to diﬀerent criteria. Using functions ∆ and ∆−1 that
transform without loss of information numerical values into linguistic 2-tuples
and viceversa, any of the existing aggregation operator can be easily extended
for dealing with linguistic 2-tuples. Some examples are:
Deﬁnition 3. (Arithmetic Mean). Let x = {(r1 , α1 ), . . . , (rn , αn )} be a set of
linguistic 2-tuples, the 2-tuple arithmetic mean xe is computed as,
n
e

x [(r1 , α1 ), . . . , (rn , αn )] = ∆
i=1


1 −1
∆ (ri , αi ) = ∆
n

1
n



n

βi

.

i=1

Deﬁnition 4. (Weighted Average Operator). Let x = {(r1 , α1 ), . . . , (rn , αn )}
be a set of linguistic 2-tuples and W = {w1 , . . . , wn } be their associated
weights. The 2-tuple weighted average xw is:

xw [(r1 , α1 ), . . . , (rn , αn )] = ∆

n
i=1

∆−1 (ri , αi ) · wi
n
i=1 wi




=∆


n
i=1 βi · wi
n
i=1 wi

.
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Deﬁnition 5. (Linguistic Weighted Average Operator). Let x = {(r1 , α1 ), . . . ,
(rn , αn )} be a set of linguistic 2-tuples and W = {(w1 , α1w ), . . . , (wn , αnw )} be
their linguistic 2-tuple associated weights. The 2-tuple linguistic weighted average xw
l is:
 n

w
w
w
i=1 βi · βWi
xl [((r1 , α1 ), (w1 , α1 )) · · · ((rn , αn ), (wn , αn ))] = ∆
,
n
i=1 βWi
with βi = ∆−1 (ri , αi ) and βWi = ∆−1 (wi , αiw ).
We must point out that in [6] we apply the 2-tuple fuzzy linguistic modelling in the design of a Web multi-agent system as a way to overcome the
problems of loss of information observed in the Web multi-agent system presented in [5].
3.3 The Multi-Granular Fuzzy Linguistic Modelling
In any fuzzy linguistic approach, an important parameter to determinate is
the “granularity of uncertainty”, i.e., the cardinality of the linguistic term set
S used to express the linguistic information. According to the uncertainty degree that an expert qualifying a phenomenon has on it, the linguistic term set
chosen to provide his knowledge will have more or less terms. When diﬀerent
experts have diﬀerent uncertainty degrees on the phenomenon, then several
linguistic term sets with a diﬀerent granularity of uncertainty are necessary
(i.e. multi-granular linguistic information) [12, 15, 20]. The use of diﬀerent
label sets to assess information is also necessary when an expert has to assess
diﬀerent concepts, as for example it happens in information retrieval problems, to evaluate the importance of the query terms and the relevance of the
retrieved documents [19]. In such situations, we need tools for the management
of multi-granular linguistic information, i.e., we need to deﬁne a multi-granular
fuzzy linguistic modelling. In [12] we deﬁne a proposal of multi-granular fuzzy
linguistic modelling based on the ordinal fuzzy linguistic modelling and in
[15] we deﬁne other one based on the 2-tuple fuzzy linguistic modelling. In
this paper, we follow that deﬁned in [15] which uses the concept of Linguistic
Hierarchies to manage the multi-granular linguistic information.
A linguistic hierarchy is a set of levels, where each level is a linguistic term
set with diﬀerent granularity from the remaining of levels of the hierarchy [3].
Each level belonging to a linguistic hierarchy is denoted as l(t, n(t)), t being
a number that indicates the level of the hierarchy and n(t) the granularity of
the linguistic term set of the level t.
Usually, linguistic hierarchies deal with linguistic terms whose membership functions are triangular-shaped, symmetrical and uniformly distributed
in [0,1]. In addition, the linguistic term sets have an odd value of granularity
representing the central label the value of indiﬀerence.
The levels belonging to a linguistic hierarchy are ordered according to
their granularity, i.e., for two consecutive levels t and t + 1, n(t + 1) > n(t).
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Therefore, each level t + 1 provides a linguistic reﬁnement of the previous
level t.
$ A linguistic hierarchy, LH, is deﬁned as the union of all levels t: LH =
t l(t, n(t)). To build LH we must keep in mind that the hierarchical order
is given by the increase of the granularity of the linguistic term sets in each
n(t)
n(t)
level. Let S n(t) = {s0 , . . . , sn(t)−1 } be the linguistic term set deﬁned in the
level t with n(t) terms, then the building of a linguistic hierarchy must satisfy
the following linguistic hierarchy basic rules [15]:
1. To preserve all former modal points of the membership functions of each
linguistic term from one level to the following one.
2. To make smooth transactions between successive levels. The aim is to build
a new linguistic term set, S n(t+1) . A new linguistic term will be added
between each pair of terms belonging to the term set of the previous level
t. To carry out this insertion, we shall reduce the support of the linguistic
labels in order to keep place for the new one located in the middle of them.
Generically, we can say that the linguistic term set of level t + 1, S n(t+1) , is
obtained from its predecessor level t, S n(t) as: l(t, n(t)) → l(t + 1, 2 · n(t) − 1).
Table 1 shows the granularity needed in each linguistic term set of the level t
depending on the value n(t) deﬁned in the ﬁrst level (3 and 7 respectively).
Table 1. Linguistic Hierarchies

l(t, n(t))
l(t, n(t))

Level 1

Level 2

Level 3

l(1,3)
l(1,7)

l(2,5)
l(2,13)

l(3,9)

A graphical example of a linguistic hierarchy is shown in Fig. 2:
In [15] was demonstrated that the linguistic hierarchies are useful to represent the multi-granular linguistic information and allow to combine multigranular linguistic information without loss of information. To do this, a family
of transformation functions between labels from diﬀerent levels was deﬁned:
$
Deﬁnition 6. Let LH = t l(t, n(t)) be a linguistic hierarchy whose linguisn(t)
n(t)
tic term sets are denoted as S n(t) = {s0 , . . . , sn(t)−1 }. The transformation
function between a 2-tuple that belongs to level t and another 2-tuple in level
t = t is deﬁned as:
T Ftt : l(t, n(t)) −→ l(t , n(t ))
T Ftt


n(t)
si , αn(t)

∆−1 (si

n(t)

=∆

, αn(t) ) · (n(t ) − 1)
n(t) − 1
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Fig. 2. Linguistic Hierarchy of 3, 5 and 9 labels

As it was pointed out in [15] this family of transformation functions is biyective.
3.4 The Unbalanced Fuzzy Linguistic Modelling
In any problem that uses linguistic information the ﬁrst goal to satisfy is the
choice of the linguistic terms with their semantics, for establishing the label
set to be used in the problem. In the literature, we can ﬁnd two diﬀerent
possibilities for choosing the linguistic terms and their semantics:
• We can assume that all the terms of the label set are equally informative,
i.e., symmetrically distributed as it happens in the above fuzzy linguistic
modelling.
• We can assume that all the terms of the label set are not equally informative, i.e., not symmetrically distributed. In this case, we need an unbalanced
fuzzy linguistic modelling [10, 11] to manage the linguistic term sets with
diﬀerent discrimination levels on both sides of the mid term (see Fig. 3). As
was known in [10], in information retrieval systems the use of unbalanced
linguistic term sets seems more appropriate than the use of symmetrical
linguistic term sets, as to express the importance weights in the queries as
to represent the relevance degrees of the documents.
To manage unbalanced linguistic term sets we propose a method based on
the 2-tuple fuzzy linguistic modelling. Basically, this method consists of representing unbalanced linguistic terms from diﬀerent levels of an LH, carrying
out computational operations of unbalanced linguistic information using the
2-tuple computational model. The method consists of the following steps:
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Fig. 3. Unbalanced Linguistic Term Set of 7 Labels

1. Represent the unbalanced linguistic term set S by means of a linguistic
hierarchy, LH.
1.1. Chose a level t− with an adequate granularity to represent using the
2-tuple representation model the subset of linguistic terms of S on the left
of the mid linguistic term.
1.2. Chose a level t+ with an adequate granularity to represent using the
2-tuple representation model the subset of linguistic terms of S on the right
of the mid linguistic term.
2. Deﬁne an unbalanced linguistic computational model.
2.1. Choose a level t ∈ {t− , t+ }, such that n(t ) = max{n(t− ), n(t+ )}.
n(t)
2.2. Deﬁne the comparison of two 2-tuples (sk , α1 ), t ∈ {t− , t+ }, and
n(t)
(sl , α2 ), t ∈ {t− , t+ }, with each one representing a counting of unbalanced information. Its expression is similar to the usual comparison of two
n(t)
n(t)
2-tuples but acting on the values T Ftt (sk , α1 ) and T Ftt (sl , α2 ). We
should point out that using the comparison of 2-tuples we can easily deﬁne
the comparison operators Max and Min.
2.3. Deﬁne the negation operator of unbalanced linguistic information. Let
n(t)
(sk , α), t ∈ {t− , t+ } be an unbalanced 2-tuple then:
n(t)

N EG sk



n(t)
, α = Neg(T Ftt sk , α , t = t , t ∈ {t− , t+ } .

2.4. Deﬁne aggregation operators of unbalanced linguistic information. This
is done using the aggregation processes designed in the 2-tuple computational model but acting on the unbalanced linguistic values transformed
by means of T Ftt . Then, once it is obtained a result, it is transformed to
the correspondent level t by means of T Ftt to express the result in the
unbalanced linguistic term set.
Assuming the unbalanced linguistic term set shown in Fig. 3 and the linguistic hierarchy shown in Fig. 2, in Fig. 4 we show how to select the diﬀerent
levels to represent the unbalanced linguistic term set.

4 A Model of Multi-Granular Fuzzy Linguistic
Multi-Agent Systems Based on Filtering Techniques
In this section we present a new model of Web multi-agent systems that combines both techniques aforementioned to improve their information gathering
processes on the Internet, i.e., it is designed using information ﬁltering techniques and assumes a multi-granular fuzzy linguistic modelling.
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Fig. 4. Unbalanced Linguistic Term Set of 7 Labels

As it is known, a promising direction to improve the eﬀectiveness of search
engines concerns the way in which it is possible to “ﬁlter” the great amount
of information available across the Internet. Then, this new model incorporates in its activity the two more important existing ﬁltering techniques, i.e.
content-based ﬁltering and collaborative ﬁltering [26, 28]. On the other hand,
our fuzzy linguistic multi-agent models deﬁned in [5, 6] present the following
drawback: we assume the use of the same label set to represent the diﬀerent
linguistic information that appears in the communication processes developed
in the multi-agent system, as for example, when user weighted queries and the
relevance degrees of the retrieved documents are assessed using a same label
set, although they represent diﬀerent concepts. In this model the communication among the agents of diﬀerent levels and between users and agents is
carried out by using diﬀerent label sets, i.e. working with multi-granular linguistic information, in order to allow a higher ﬂexibility in the processes of
communication of the system.
In what follows, we present the architecture of this multi-agent model and
its operation.

Techniques to Improve Multi-Agent Systems

477

4.1 Architecture
In [5, 6] were deﬁned two fuzzy linguistic distributed multi-agent models that
use linguistic information to carry out the communication processes among
the agents. The architecture of these models is hierarchical and is composed
of ﬁve action levels: Internet Users, Interface Agents, Task Agents, Information Agents and Information Sources. The architecture of our new multi-agent
model must allow the application of the content-based and collaborative ﬁltering tools. To do that, we incorporate in its architecture two new action
levels: the level of the content-based ﬁltering agents and the level of collaborative ﬁltering agent. Therefore, this model presents a hierarchical architecture
that contains seven activity levels: Internet Users, Interface Agents, Collaborative Filtering Agent, Task Agents, Content-based Filtering Agent, Information Agents and Information Sources. Furthermore, it works assuming a
2-tuple based multi-granular fuzzy linguistic modelling, that is, it uses diﬀerent label sets (S1 , S2 , S3 . . .) to represent the diﬀerent concepts to be assessed
in its retrieval activity. These label sets Si are chosen from those label sets
that composes a LH, i.e., Si ∈ LH. For example, we can use the LH shown
in Fig. 2. We should point out that the number of diﬀerent label sets that we
can use is limited by the number of levels of LH, and therefore, in many cases
diﬀerent the label sets Si and Sj can be associated to a same label set of LH
but with diﬀerent interpretations depending on the concept to be modelled.
• Level 1: Internet user, which expresses his/her information needs by
means of a linguistic multi-weighted query. Each term of a user query
can be weighted simultaneously by two linguistic weights. The ﬁrst weight
is associated with a classical threshold semantics and the second one with
a relative importance semantics. Then, the user makes a query to look for
those documents related to the terms {t1 , t2 , . . . , tm }, which are weighted
by a linguistic degree of threshold {p11 , p12 , . . . , p1m } with p1i ∈ S1 , and by
a linguistic degree of relative importance {p21 , p22 , . . . , p2m } with p2i ∈ S2 .
The user also expresses an information need category Ai chosen from a
list of information need categories {Ai , . . . , Al } provided by the system,
and the user’s identity ID. All this information is given by the user to the
interface agent.
• Level 2: Interface agent (one for user), that communicates the user’s
weighted query, the information need category and the user identity to
the collaborative ﬁltering agent, and ﬁlters the retrieved documents from
collaborative ﬁltering agent to give to the users those that satisfy better their needs. Finally, informs the collaborative ﬁltering agent on set of
documents used by user to satisfy his/her information needs DU.
• Level 3: Collaborative ﬁltering agent (one for interface agent), that communicates the user multi-weighted query to the task agent, receives the
more relevant documents chosen by the task agent, retrieves the recommendations on such documents from a collaborative recommendation system using the information need category expressed by the user
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RC Ai = {RC1Ai , . . . , RCvAi } RCjAi ∈ S3 × [−0.5, 0.5), ﬁlters the documents by recalculating their relevance using these recommendations, and
communicates these documents together with their new relevance degrees
to the interface agent. Later, it carries out the tasks to update in the collaborative recommendation system the recommendations on the documents
used by the user, i.e., it invites user to provide a recommendation rcy on
each chosen document dU
y ∈ DU and this recommendation is stored in the
collaborative recommendation system together with the recommendations
provided by other users that used dU
y.
Level 4: Task agent (one for interface agent, generally), that communicate
the terms of user query to the content-based ﬁltering agents, and ﬁlters
those documents from every content-based ﬁltering agent that fulﬁlls better the query.
Level 5: Content-based ﬁltering agent (one for agent information). Each
content-based ﬁltering agent communicates the terms of user query to
its respective information agent and ﬁlters the relevant documents provided by its information agent by recalculating their relevance using the
threshold weights. Then, the task agent receives from every content-based
ﬁltering agent h a set of documents and their relevance (Dh , RN h ), where
every document dhh has associated a linguistic degree of relevance expressed
in linguistic 2-tuples rnhj ∈ S4 × [−0.5, 0.5) (j = 1, . . . , #(Dh )). It also
receives a set of linguistic degrees of satisfaction C h = {ch1 , ch2 , . . . , chm },
chi ∈ S5 × [−0.5, 0.5) of this set of documents Dh with regard to every
term of the query ti .
Level 6: Information agents, which receive the terms of user query from
the content-based ﬁltering agents and look for the documents in the information sources. Then, each content-based ﬁltering agent h receives from
its respective information sources h the set of relevant documents that it
found through information sources Dh and their relevance Rh , where every
document dhj has an associated degree of relevance rjh ∈ S4 × [−0.5, 0.5)
(j = 1, . . . , #(Dh )).
Level 7: Information sources, consisting of all data sources within the
Internet, such as databases and information repositories.
This structure is presented in Fig. 5.

4.2 Operation of the Model
The activity of this multi-agent model is composed of two phases:
1. Retrieval phase: This ﬁrst phase coincides with the information gathering process developed by the multi-agent model itself, i.e., this phase begins when a user speciﬁes his/her query and ﬁnishes when he/she chooses
his/her desired documents among the relevant documents retrieved and
provided by the system.
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Fig. 5. Structure of Model of Web Multi-Agent System

2. Feedback phase: This second phase coincides with the updating process of
collaborative recommendations on desired documents existing in the collaborative recommender system, i.e., this phase begins when the interface
agent informs the documents chosen by the user to the collaborative ﬁltering agent and ﬁnishes when the recommender system recalculates and
updates the recommendations of the desired documents.
In the following subsections, we explain both phases.
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4.2.1 Retrieval Phase
The description of the information gathering process of multi-agent model is
as follows:
• Step 1: An Internet user expresses his/her information needs by means of
a linguistic multi-weighted query {(t1 , p11 , p21 ), (t2 , p12 , p22 ), . . . , (tm , p1m , p2m )},
with p1i ∈ S1 and p2i ∈ S2 , and an information need category Ai chosen
from a list of information need categories {A1 , . . . , Al } provided by the
system. The system also requires the user’s identity ID. All this information is given by the user to the interface agent.
• Step 2: The interface agent gives the query together with the information
need category (Ai ) to the collaborative ﬁltering agent.
• Step 3: The collaborative ﬁltering agent gives the terms and their importance weights to the task agent.
• Step 4: The task agent communicates the terms of the query and their
importance weights to all the content-based ﬁltering agents to which it is
connected.
• Step 5: Each content-based ﬁltering agent h makes the query to its respective information agent h and gives it the terms of the query {t1 , t2 , . . . , tm }.
• Step 6: All the information agents that have received the query, look
for the information that better satisﬁes it in the information sources, and
retrieve from them the documents. We assume that the documents are
represented in the information sources using an index term based representation as in Information Retrieval [17, 18]. Then, there exists a ﬁnite
set of index terms T = {t1 , . . . , tl } used to represent the documents and
each document dj is represented as a fuzzy subset
dj = {(t1 , F (dj , t1 )), . . . , (tl , F (dj , tl ))}, F (dj , ti ) ∈ [0, 1] ,
where F is any numerical indexing function that weighs index terms according to their signiﬁcance in describing the content of a document.
F (dj , ti ) = 0 implies that the document dj is not at all about the concept(s) represented by index term ti and F (dj , ti ) = 1 implies that the
document dj is perfectly represented by the concept(s) indicated by ti .
• Step 7: Each content-based ﬁltering agent h receives from its respective
information agent h a set of documents and their relevances (Dh , Rh )
ordered decreasingly by relevance. Every document dhj has an associated
linguistic degree of relevance rjh ∈ S4 × [−0.5, 0.5) which is calculated as

m
%

&

1
h
e
h
h
h
F d j , ti ,
=∆ g·
rj = x ∆ g · F dj , t1 , . . . , ∆ g · F (dj , tm
m
i=1
being g +1 the cardinality of S4 . Each content-based ﬁltering agent h ﬁlters
documents received from its respective information agent h by recalculating their relevance by means of a linguistic matching function
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eh : (S4 × [−0.5, 0.5)) × S1 → S4 × [−0.5, 0.5) ,
which is deﬁned to model the semantics of threshold weights associated
with the query terms. This linguistic matching function requires a previous
transformation of threshold weights expressed in labels of S1 that must be
transformed in labels of S4 ; to make uniform the multi-granular linguistic
information, we chose the linguistic term set used to express the relevance
degrees. We use the transformation function viewed in deﬁnition 6 (T Ftt ),
to transform the linguistic labels in level S1 (t) to labels in level S4 (t ):

n(S )
∆−1 (si 1 , αn(S1 ) ) · (n(S4 ) − 1)
S1 n(S1 )
n(S1 )
T FS4 (si
,α
)=∆
n(S1 ) − 1








obtaining the new linguistic threshold weights {p11 , p12 , . . . , p1m }, p1i ∈ S4
for the terms {t1 , t2 , . . . , tm }. Diﬀerent content-based ﬁltering agents can
have diﬀerent threshold matching functions. For example, some linguistic
matching functions that we can use are:


(sg , 0) if ∆(g · F (dj , ti )) ≥ (p1i , 0)

1. e1 (∆(g · F (dj , ti )), p1i ) =
(s0 , 0) otherwise.


∆(g · F (dj , ti )) if ∆(g · F (dj , ti )) ≥ (p1i , 0)
2
1
2. e (∆(g ·F (dj , ti )), pi ) =
otherwise.
(s , 0)
⎧ 0
∆(min{g,
0.5
+
g
· F (dj , ti )}) if ∆(g · F (dj ,
⎪
⎨

3
1
ti )) ≥ (p1i , 0)
3. e (∆(g·F (dj , ti )), pi ) =
⎪
⎩
∆(max{0, g · F (dj , ti ) − 0.5}) otherwise.
Then, each content-based ﬁltering agent h calculates a new set of relevance
degrees RN h = {rnhj , j = 1, . . . , #(Dh )} characterizing the documents
Dh , which is obtained as
%
  
  &
rnhj = xe eh ∆ g · F dhj , t1 , p11 , . . . , eh ∆ g · F (dhj , tm , p1m

m
 1 
1 −1
h
∆
eh ∆(g · F dj , ti ) , pi
.
=∆
m
i=1
• Step 8: The task agent receives from every content-based ﬁltering agent
a set of documents and their new relevance (Dh , RN h ). It also receives
a set of linguistic degree of satisfaction C h = {ch1 , ch2 , . . . , chm }, chi ∈ S5 ×
[−0.5, 0.5) of Dh with regard to every term of the query as
%
  
  &
chi = xe eh ∆ g · F dh1 , ti , p1i , . . . , eh ∆ g · F dh#(Dh ) , ti , p1i
⎞
⎛
#(D h )

 
1
⎠.
∆−1 eh ∆ g · F dhj , ti , p1i
= ∆⎝
h)
#(D
j=1
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where the p1i are the p1i expressed in the set S5 , using the transformation
function T FSS51 viewed in deﬁnition 6.
Then, the task agent selects the number of documents to be retrieved from
each content-based ﬁltering agent h. To do so, it applies the following three
steps:
– Step 8.1: The task agent orders Dh with respect to the new relevance
RN .
– Step 8.2: The task agent aggregates both linguistic information
weights, the satisfactions of the terms of the query from every information agent, (chi , αiw ), chi ∈ S5 , and the importance weights that the
user assigned to these terms, (p2i , αi ), p2i ∈ S2 , using the aggregation
process for multi-granular linguistic information presented in [15]:
1. Normalization Phase: the linguistic term set used to express the
relevance is chosen to make uniform the multi-granular linguistic
information. Then, all the information is expressed in that linguistic
term set by means of 2-tuples.
2. Aggregation Phase: through a 2-tuple aggregation operator the information is aggregated. In this paper we use the 2-tuple linguistic
weighted average operator, xw
l , for combining the satisfactions of
the terms of the query and the importance weights.
w
)]}, p2i ∈ S2 and chi ∈ S5
Let {[(p21 , α1 ), (ch1 , α1w )], . . . , [(p2m , αm ), (chm , αm
be the set of pairs of linguistic 2-tuples of importance and satisfaction to be aggregated by the task agent for every information agent h.
Then, for combining them ﬁrst the linguistic values (p2i , αi ), p2i ∈ S2
and (chi , αiw ), chi ∈ S5 are transformed in the linguistic term set used
to express the relevance degrees, in this case S4 , obtaining their corre




sponding values (p2i , αi ), p2i ∈ S4 and (chi , αiw ), chi ∈ S4 . Once the
multi-granular information has been uniﬁed according to the 2-tuple
linguistic weighted average operator deﬁnition, the aggregation of the
pair associated with every term is obtained as:
% 2   h w &
%    h w &
p1 , α1 , c1 , α1 , . . . , p2m , αm
, cm , αm )
λh = xw
l
–

Step 8.3: To gather the better documents from content-based ﬁltering agents, the task agent selects a number of documents k(Dh ) from
every content-based ﬁltering agent h being proportional to its respective
degree of satisfaction λh :
 n

i
i=1 #(D )
· Psh ,
k(Dh ) = round
n
−1

h

)
where Psh = n∆ ∆(λ
−1 (λh ) is the probability of selection of the docui=1
ments from content-based ﬁltering agent h.
• Step 9: The collaborative ﬁltering agent receives from the task agent a list
of documents DV = {dV1 , . . . , dVv } ordered with respect to their relevance
RV, such that:
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V
1. rjV ≥ rj+1
,
2. for a given document dVj ∈ DV there exists a h such that dVj ∈ Dh and
rjV ∈ RN h , and
n
3. #(DV ) = v ≤ i=1 k(Di ).
Then, the collaborative ﬁltering agent ﬁlters the documents provided by
the task agent using the recommendations on such documents provided
by other users in previous searches which are stored in a collaborative
recommender system. This is done in the following steps:
– Step 9.1: The collaborative ﬁltering agent asks the collaborative recommender system the recommendations existing on DV associated with
the information need category Ai expressed by the user and retrieves
them,
(
'
RC Ai = RC1Ai , . . . , RCvAi , RCjAi ∈ S3 × [−0.5, 0.5) .

–

Step 9.2: The collaborative ﬁltering agent ﬁlters the documents by recalculating their relevance using these recommendations RC Ai . Then,
for each document dVj ∈ DV a new linguistic relevance degree rjN V
is calculated from rjV and RCjAi by means of the 2-tuple weighted
operator xw deﬁned in Deﬁnition 4:

rjN V = xw rjV , T FSS43 (RCjAi ) ,

using for example the weighting vector W = [0.6, 0.4].
• Step 10: The interface agent receives from the collaborative ﬁltering agent
W
a list of documents DW = {dW
1 , . . . , dw } ordered with respect to their
relevance RW, such that:
W
1. rjW ≥ rj+1
,
W
V
2. for a given document dW
j ∈ DW there exists a i such that dj = di
W
NV
and rj = ri , and
3. #(DW ) = w ≤ v = #(DV ).
Then, the interface agent ﬁlters these documents in order to give to the
user only those documents that fulﬁll better his/her needs, which we call
Df . For example, it can select a ﬁxed number of documents K and to show
the K best documents.
4.2.2 Feedback Phase
This phase is related to the activity developed by the collaborative recommender system once user has taken some of documents retrieved by the multiagent system. In the collaborative recommender systems the people collaborate to help one another to perform ﬁltering by recording their reactions to
documents they read [21, 28]. In our multi-agent model this feedback activity
is developed in the following steps:
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• Step 1: The interface agent gives the user’s identity ID (usually his/her eU
mail) together with the set of documents DU = {dU
1 , . . . , du }, u ≤ #(Df )
used by the user to the collaborative ﬁltering agent.
• Step 2: The collaborative ﬁltering agent asks the user his/her opinion or
evaluation judgements about DU , for example by means of an e-mail.
• Step 3: The Internet user communicates his/her linguistic evaluation
judgements to the collaborative recommender system, rcy , y = 1, . . . ,
#(DU ), rcy ∈ S3 .
• Step 4: The collaborative recommender system recalculates the linguistic
recommendations of set of documents DU by aggregating again the opinions provided by other users together with those provided by the Internet
user. This can be done using the 2-tuple aggregation operator xe given
in Deﬁnition 3. Then, given a chosen document dU
y ∈ DU that receives a
recommendation or evaluation judgement rcy from the Internet user, and
supposing that in the collaborative recommender system there exists a set
of stored linguistic recommendations {rc1 , . . . , rcM }, rci ∈ S3 associated
with dU
y for the information need category Ai , which were provided by M
diﬀerent users in previous searches, then a new value of recommendation
of dU
y is obtained as
RCyAi = xe [(rc1 , 0), . . . (rcM , 0), (rcy , 0)] .

5 Concluding Remarks
Nowadays Internet users need tools to assist them in his/her processes of
information gathering because of the large amount of information available on
the Web. We have presented two techniques that could contribute to solve this
problem, the information ﬁltering tools and fuzzy linguistic modelling. Then,
we have deﬁned a new model of fuzzy linguistic Web multi-agent systems using
both techniques. In particular, this new model of Web multi-agent systems
is based as on content-based ﬁltering tools as on collaborative ﬁltering tools
and on the multi-granular fuzzy linguistic modelling. Some advantages of this
model are the following:
• We improve the search and mining processes on the Web and this could
increase the users’ satisfaction degrees.
• The use of the multi-granular linguistic information allows a higher ﬂexibility and expressiveness in the communication among the agents and
between users and agents in the information gathering process.
• The use of the multi-granular linguistic information does not decrease the
precision of the system in its results.
• The use of IF techniques allow to ﬁlter the information and so, to improve
the retrieval process.
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1 Introduction
This chapter covers the use of data mining operations associated with power
plant simulations for training and other purposes, such as risk assessment.
Insights gained from the use of data mining techniques can improve training methods, identify good practices, and specify both crew and individual
operator problems with procedures and information displays. It can be used
to improve plant safety and availability. The data can be used as a basis for
upgrading programs.
It has been found over the years that the dominant eﬀect on plant risk is
due to humans rather than equipment. Both equipment and human reliability
has improved but the ratio of human to machine reliability has increased.
The proper use of human can enhance reliability, but this requires identifying
where inadequacies in design, operation, and maintenance lie.
The technique for gauging risk has been the probabilistic risk assessment (PRA) and an important component is the human reliability assessment
(HRA). The HRA methodology has been developed in the framework of the
PRA methodology in nuclear industry over the last three decades. During
this period, both methodologies have been carried out intensively and a great
number of approaches have been introduced. The use of the PRA was used
initially in the nuclear power ﬁeld but has moved to be used extensively in
many ﬁelds, such as oil production, various transportation and space technology (NASA), healthcare, ﬁnance, etc.
The HRA is an integral part of the PRA not only as the key to ﬁdelity and
acceptability in its issues. It is worth considering on its own. The reason is that
the human factor, human-system interaction (HSI) and human performance
have been much investigated in terms of productivity, eﬃciency and humanity
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in addition to risk. The HRA worth depends on the rejection of the simpliﬁed
concept of operator as an automat that is only an element of the machine
control loop. The reliability of humans working in a technology ﬁeld depends
on the ability of designers to organize the work place and to match the characteristics of people in order to reduce uncertainty and enhance predictability
of the needed operator responses.
The understanding that the human-machine system (HMS) represents a
combination of technological and mental processes requires each function of
each subsystem (human, machine, technology and organization) to be considered in relation to the larger whole system, rather than on its own. An
unbalanced representation of the processes can result in an incorrect interpretation of the dynamics of all system processes and can lead to the incomplete
explanation of information, leading to imperfect knowledge and ability to predict the system behavior over the operating domain. This is especially true for
the prediction of the dynamic behavior of the system where few concurrent
processes are involved and their result could be rare and not observable in
short time interval. The approach considered here is for the evaluation of operator performance within the dynamics of plant transient responses. One way
to overcome the diﬃculties of predicting operator performance is to simulate
all system processes in parallel and to expose the power plant operators to
variations that can occur during various accident scenarios. By computerizing
the plausible process models, the simulator allows not only one to monitor
and study the processes interaction but also to train the operators to cope
with their tasks in realistic conditions. In this chapter we consider that the
plant dynamics are modeled suﬃciently accurately by power plant simulators
for this purpose.
With extension of the PRA applications in diﬀerent ﬁelds, the question is
how to use simulators for combined purposes of HRA and training is posed.
The requirements for HRA and training are not identical, the HRA is concerned with gathering suﬃcient data to be able to predict operator performance in terms of reliability and the training requirement is to understand
what errors operators make and remove the sources by better training methods. In fact, these needs lead to the deﬁnition of data collection processes and
the formation of a database for the performance assessment of operators and
teams during operation, maintenance and decision-making. In the design of
Data Collection System (DCS) there are three basic arguments to consider
what is logical, theoretical and practical. This means what is logically required
to be collected, what is the theoretical underpinning for the data needs and
what can be practically collected?
The attempts to exclude simulator exercises, as a source of data or basis for
expert judgments seem to be a dead end. Clearly, experiments on real plants
are quite expensive and unthinkable, e.g. even the cost of a simple power plant
experiment is approximately equal to the cost of several full-scope simulators
(FSS). There are no other better approximations to the responses of operators
during real accidents than by the use of simulators.
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The expert judgment, by HRA specialists or operators, is in considerable
use to overcome the inaccuracies in mental and situational models and simulator exercises’ conditions. But it cannot be taken as the basis for data mining:
“The use of “expert judgment” is a polite name for “expert guesses”, and we
do not have data to validate the accuracy of the guesses. . . ” [1]. However,
with development and reﬁnement of computerized simulators and especially
FSS the importance of expert judgment should eventually be limited. Even
current FSS have progressed to the stage of laboratory tests of simulator data
mining where the exercises could be extensive, speciﬁc and as representative
of reality as possible (from “ﬁeld tests” to “full experiments”). The development of simulation of chemical, biological and high technology processes has
been observed and simulators are being acquired. Simulators are used in the
air-transport ﬁeld, but for the most part the use here is really experiential
rather than data collection to build reliability models of aircrews. In addition
to any logical reasons, the change in theoretical basis of HRA provides good
reason to the extensive data mining on simulators. The second-generation
HRA methods shift the problem from quantiﬁcation of the operator behavior
and Human Error Probability (HEP) to the determination of the error-forcing
context [2], “. . . any description of human actions must recognize that they
occur in context”, where the context is a function of time “on a second-bysecond basis” [3]. Theoretically, context could be deﬁned as a state of the
mind and situation (the technological, mental and environmental processes in
their relation). Practically, context may be regarded as a statistical measure of
the degree of the HMS state randomness deﬁned by the number of accessible
states taking place in the systems’ ensemble.
The need for detailed and dynamic determination of operator’s performance context leads to the need of continuous monitoring and diagnostics. It
forces a need to automatically data mine on the control rooms or simulators
and helps reduce the use of experts to make judgments on the eﬀect of context. Currently, most DCS record simulator response data, operator actions,
alarms, etc. A few systems also include the observational data made by instructors or similar individuals of the impact of communications, leadership
aspects, and stress during transients, etc.
It would appear reasonable that expert opinion will continue to be used
to ﬁll gaps in the range of plant conditions covered by simulators, such low
power or shut-down conditions. Of course, if an automated context system is
designed and is operating, expert opinion may have to be used to compensate
for imperfections of the automatic context ﬁxation system by qualitative descriptions, especially if there is no idea how to determine the eﬀect of context
as a quantitative measure. Generally, the impossibility of experts to cope with
context ﬁxation is summarized as due to: (1) “dead-time” of context registration by an expert; (2) “slack times” of the mental processes; (3) context
variety (unsuitable interface and unforeseen circumstances) of speciﬁc situation conditions; (4) the context of expert behavior modiﬁes the context of
operators’ performance.
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A practical relationship between the training and HRA can exist to measure the operators’ performance. The training needs this measurement to
manage operators’ training process (individual and crew performances), to
improve eﬃciency of simulator use, to establish explicit standards for simulator training. The HRA needs the operators’ reliability database to predict the
success or failure of the operators’ actions in the PRA. Both are focused on
the accident indications, displays, procedures, individual actions and group
process for the particular scenario, i.e. accident context on the operators’ performance. The training tries to improve individual and crew performances
based on current monitored macro-context (possible manifestations) opposite
to HRA that considers the systematic (applied across all crews) and individual
eﬀects (applies to the activities of crews or individual personnel within a crew)
on the micro-context (probable causes). The HRA uses probabilistic concept
and more fuzzy psychological factors whereas the training relies on an analysis
of engineering factors and conditions evaluation in terms understood by operators. This diﬀerence requires maintaining reasonable consistency between
training and HRA terms, concepts for context determination and communication and brings up the basic problems that must be solved:
(1) What type of a simulator data mining technology to use?
(2) How to use the simulator data for operators’ performance assessment for
training needs and for HRA purposes?

2 Data Collection Methods and Analysis Tools
Nuclear power plant (NPP) crews are trained in normal, abnormal and emergency events on FSS. Crews at NPPs are heavily involved in training for all
events. So, for example, before a plant is returned to service the crew is exposed to training in power increases on the simulator to ensure the ascent to
power goes smoothly. Simulator sessions are held with all the crews at regular
intervals during the year. These sessions cover a number of diﬀerent accidents
from mild to severe. Some sessions are training events in which the instructors intervene; other sessions are called re-qualiﬁcation sessions the crews are
expected to restore the NPP to a safe state without help from the instructors.
An FSS is an accurate representation of the NPP technological dynamics.
The degree of accuracy of the simulator may vary, but usually the reactor core
and associated plant are suﬃciently accurately represented to duplicate NPP
behavior as far as the crews are concerned. The secondary side of the NPP
may not be as accurately simulated as the core. The NPP is both complex
and complicated to simulate, but the intent of the designers is to present a
representation that is suﬃcient for training purposes and ensuring that crews
take the correct actions in the event of an accident.
Physically a simulator consists of some exact elements and some modeled
elements. The control boards, displays, alarms and indicators look and act
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like real components, but they are driven by signals generated by a series of
computers modeling the plant. Some elements may be just duplicates of real
components like visual display units (VDUs) and computer display systems.
However, the plant variables are derived from models of reactor, steam-lines,
pressurizer, steam generators, etc.
The attempt is to try to make the situation as real as possible for the
crews. The look and feel should be so real as to make the crews respond
as closely as they would during a real plant accident. The arrangement of
the control-boards, the type and function of the displays, the lighting, the
carpeting, etc., are identical to real control room. It is not totally identical,
but it is the closest one the designers can make and it is the best we can do.
It is impossible from a safety, availability and cost point of view to carry out
anything other that normal plant maneuvers. The results from various reactor
test rigs are used to verify/validate dynamic digital models and to ensure that
simulated accidents are dynamically similar to the real ones. This data is used
to validate the simulator. Often simulators use versions of the dynamic codes
as modules within the simulator software.
2.1 Simulator Data Collection Types
One can collect two types of data from simulator operations; these are technical data obtained directly from the simulator itself and the other data derived
from the observations of the crew’s responses.
The ﬁrst set of data is generated by the simulator in response to input disturbances and responses by the crew to a disturbance. The simulator data covers “second-by-second” the transient changes to plant variables, i.e. changes
in temperature, pressure, ﬂow, etc. Additionally, actions taken by controllers
and crews can also be recorded. This data dynamically reﬂects the response
that could be expected from an actual plant; however, DCSs at actual plant
are less comprehensive. Often in the simulated control room there are video
cameras strategically placed to see and record operator actions.
Video recordings provide a good record of the crew response to the accident scenario. Simulator sessions are run with four or ﬁve video cameras
and one is faced with a considerable amount of data to process and relate
to dynamic data from the simulator itself. The FSS DCS could be extended
with sensor modules (mobile equipment for monitoring and presentation of
individual operator attention, perception and recognition, e.g. microphones,
omni-directional cameras with ﬁsh-eye lenses and curved mirrors, motion sensors, etc.) and equipment for systematic management of these sensor modules
and interface with the DCS.
It is possible to record by the extended DCS all the transient and behavioral data and store it on a hard disk for later analysis. The recorded data can
be recalled by analysts/instructors and transient plots of variables and actions
displayed and output. Once the session is over and the next session is started
this information is no longer available, so steps have to be taken to download
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the data to a backup storage unit. The transient data associated with a given
session is very valuable for the instructors and crew to critique the response of
the crew to a given accident. It could be quite useful to adjust and reﬁne the
models of context, operators and crews, if they are systematically constructed.
This process is often called a post mortem investigation.
The second set of data relates to observations of the crew and how they
respond to an accident. The instructors observe the behavior of the crews and
record notes on their observations. Often these notes are not very systematic
and therefore are diﬃcult to analyze. Also, the observations of the instructors
have to be coordinated with both of the other sets of data. This presents a
problem for the instructors, who are trying to decide if the crew is responding
well to the accident scenario and where they have diﬃculties. That is why
the second set should be used to conﬁrm or reject the behavioral models
assumptions rather than explicit judgment of the crew performance. It is
especially true for inexperienced observers and when even semi-automatic
observation processing system is not available. Without some form of data
processing this job is very diﬃcult to do and the review of the instructors
tends to be superﬁcial and arbitrary. Once a given crew has performed well
or poorly, the response of the instructors can be biased one way or another
for subsequent scenarios undertaken by a crew unless steps are taken. One
way that this can be done is to separate observation from evaluation but it
means that the observers’ data are derived oﬀ-line and modulated by observer
context in contrast to technical data that are obtained on-line and reﬂect only
simulated context. A well-designed data collection process for both training
and HRA purposes will achieve this. Such a system is at the core of the
Systematic Approach to Training [4].
2.2 History of Simulator Data Collection Methods
Initially, when there were a limited number of simulators, observations of crew
and individual operator performance were made by instructors and recorded
by notes made during the sessions. Later, as part of a USNRC funded SROA
program [5] to investigate what safety actions could be left to operators and
what needed to be automated, a digital computer program was written to
collect time data, plant variables and operator actions. Several simulators
incorporated such a program, but the Training Departments (TDs) seldom
used the program. The SROA project generated a number of Time Reliability
Curves (TRCs) and these became very important source of information in
HRA development [6, 7].
About the same time, Electricité de France became interested in the effectiveness of their procedures, displays and support aids. Their method of
understanding the utility of these items was to use a number of human factors persons to follow and manually record the activities of the operators in
responding to simulated accidents [8].
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TRCs were generated by [6, 7] and others. The Human Cognitive Reliability (HCR) [7] version of a TRC was generated under an Electric Power
Research Institute (EPRI) project. Sub-sequentially, EPRI funded a program
to verify/validate the assumptions in a project to collect data at six utility
simulators. This project was the Operator Reliability Experiments (ORE) [9].
This project was interesting because both simulator-recorded and observerrecorded data was collected. However, because there were no generally available digital computers most of the data was collected manually. Some simulators had a limited digital program for collecting data from the hard disk, but
little post data collection capabilities.
This lack of capability to process data leads EPRI to fund the development
of tools to collect and process simulator data. The ﬁrst of these tools was
OPERAS [10]. The staﬀ at the Paks NPP developed a similar capability with
a system called COPAS [11]. As more emphasis was placed upon tying plant
data to observer data so that better evaluations of operator performance could
be made. These later concepts were embodied in various versions of CREDIT
[12]. Making detailed observations of operator responses is a very intensive
task, especially if the observers record their notes manually. A way out of this
quandary is to use barcode readers or pen types of computers. It has been
found by experience that barcode readers are both more ﬂexible and easier to
use.
2.3 Limitations of Simulators
There are some limits to the utility of simulators for both training and HRA
purposes. These are not the usual limits advanced, i.e. that simulators do not
reﬂect the real situation, but real limits. Before discussing these limitations,
let’s comment on the argument advanced by some people that simulators do
not suﬃciently duplicate the impact of an accident on the operators. The
assumption is that the accident introduces high stress in the operators and
the simulator does not have this ability. Careful observations of operators in
diﬀerent countries and many plants have shown this not to be true. During
re-qualiﬁcation scenarios, the operators are under stress to perform since often
their job or salary scale is on the line. This means that they take their response
to accident scenarios very seriously.
Simulators do have limitations. These limits come from not being able to
duplicate plant operations not related to activities in control room. Simulator
instructors play the role of plant staﬀ in the ﬁeld. This is not very realistic, since the ﬁeld operators may not take the correct actions, whereas the
instructors always come back with the correct actions. Another limitation is
that most scenarios are run for half to two hours, but in reality the accident
and response to it may have to go for days resulting change over of crews.
A simulator is normally designed for operational range of 100% to 20% full
power. Low power to shutdown power is not modeled very well and the plant is
operated diﬀerently under these conditions than under the above power range.
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There are questions related to control room manning schedules, instrument
ranges, additional personnel required for maintenance and state of the plant
all of which aﬀect the relationship of the simulator to actual conditions.
2.4 Analysis of Data
As mentioned above, data consists of technical and observational data. The
technical data consists of plant variable responses, i.e. how a variable like
primary system pressure changes depending on input disturbances and actions
by control systems or operators. Simulators have been used in a number of
countries for HRA purposes [15].
Operator actions are of particular interest, speciﬁcally the timing of their
actions relative to the state of the plant. For any given accident scenario or
its deviations the timing of operator actions can vary despite the impact of
situation, training and the use of procedures. Of course, for some accident scenarios operators can make mistakes by failing to take correct actions or taking
the wrong actions. The interest of TDs and HRA analysts is the reliability of
the crews taking actions and the conditions under which the operators take
incorrect actions.
TDs are interested in the actions of the crews as well as the actions of
individual operators. HRA experts are interested in the ability to gain insights
into crew responses, so that they predict human error contributions to the
frequency of core or equipment damage depending on the objectives of the
PRA. TDs use time plots to check how closely the crews approach limits and
how they fail to take the correct actions to terminate or mitigate the accident.
They also make observations relative to use of procedures, communications
between individual members of crew and overall control of the accident. HRA
experts are interested in much the same data, but additionally are interested
in the comparison of crew performances. This latter data can be used to form
TRCs. Most of the time the crews do not fail, but sometime one or more crews
fail to respond within the same time frame, i.e. signiﬁcantly slower responses.
Examination of these non-standard responses yields insights into causes of
errors.
It could be concluded that the interests of TDs and HRA experts are not
controversial but should be extended for each group.
2.5 Actual Accident Records
Above we have focused on simulator data, since it is the most available and
useful and we can gain access to both plant and human response data. The
simulated plant data is very detailed yielding every plant variable and every
action taken by either operators or by automatic controllers. Also, simulated
accidents of various complexities are run very frequently during training sessions and with all of the crews. This provides a lot of data and insights into
crew performance. Accidents at plants are infrequent and thank goodness are
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for the most part not dangerous. But they do provide information on actual
accidents and the manner that they can occur. This information should be
compared with simulator data. However, it is often the case that only a limited
number of plant variables are recorded and the actual cause of the accident
may not be recorded or known. In fact, simulators are used to re-construct
the features of the accident. Industry experience based upon similar plants
can provide useful information to understand plant-induced context eﬀects.

3 Simulator Data and Experiments
This section discusses the steps to be taken in carrying out a set of simulator experiments and performing an analysis of the results [16]. The steps
cover the design of experiments, selection of scenarios, data forms and other
methods of collecting data, and data sets resulting from experiments and
training sessions. The scenario is deﬁned by the initial state and a set of
disturbances (mal-functions or equipment failures, actuated blockages, protections and technological processes) followed by the responses of the crews
(operators’ actions, commands, conversations and started mental processes) in
speciﬁc environment (natural, technological, procedural, etc.) and determined
stop training study conditions.
3.1 Data Collection Process Steps and Requirements
The steps in the data collection process are:
1. Design of scenarios. It is based on the scenario’s guidance for simulator
training (baseline) and Emergency Operating Procedures (EOPs) related
to this scenario. The scenario’s designer is working with instructors to
understand the basis and details of scenario.
On this step the designer or HRA modeler should answer to the following
questions: what to look at, how to observe, identify and interpret sequences of
disturbances/symptoms; what procedures contain relevant guidance and how
to get to it; how operators have to deal with situation; what observers have
to do; what type of objective (list of the recorded parameters) and subjective
(observer’s data sheets) data to collect.
It is suggested that some sort of activating disturbance such as an instrument failure be included as an introductory event as part of the scenario
design. Including such a step goes some way to pull the operators and observers to being more concerned about the accident progression. Recovery
from this small test should occur before the second and main disturbance is
initiated.
2. Dry runs. Use of test runs help to develop observer sheets as well as to see
that there are no surprises in the simulator’s responses.
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The observer sheets should list principal indications and key actions expected
to be taken by the operators and should include notes on EOP entry points,
transitions and key steps. From the dry runs one can estimate the expected
times for both indications and actions. Of course, the times for each of the
crews to take actions will vary. The initial alarms and plant states (indications)
will be ﬁxed by the disturbances and plant design. There should be some
ﬂexibility in the layout of the observer sheets in case the crews’ responses are
not exactly as expected.
Dry run of scenarios with instructors playing the role of the operators
should be carried out to check sequence of things to be observed.
Data sheets should note date, crew identiﬁer, scenario number and observer
names.
There should be a number of observers noting what the operators actually do in responding to the accident initiator(s). It is suggested that three
observers be used and at least one ought to be an instructor.
3. Scenario run. The scenario is then run and the observations are made and
recorded.
4. Crew debrieﬁng. After the session, a debrieﬁng of the crew is carried out
with the operators.
One can follow the usual Institute of Nuclear Plant Operations (INPO) or
World Association of Nuclear Operators (WANO) approach and let the shift
supervisor lead the review. The objective of the HRA observer group is to
listen and to try to understand where the crew says that it had diﬃculties
and where it was easy. Notes should be taken of the comments by crew and
shift supervisor. This information can lead to an understanding of the various
inﬂuences aﬀecting the crews.
Video records are useful on three grounds: to be used during debrieﬁng
sessions, as backup to observer notes, and to help when trying to diagnose
operator actions.
The records for each observer should be reviewed and the consensus set of
times and observations should be formed. If operator actions are recorded by
the DCS (which is highly recommended), then this step is unnecessary!
5. Scenario’s context and crew performance inferential statistics. The steps 2
to 4 should be repeated for each crew.
6. Analysis and reﬁnement of design and models. For each scenario the results
should be assembled and analyzed. This includes analysis of both simulatorrecorded data and observer-recorded data.
3.2 Design of Experiments
The design of experiments covers not only the choice of scenarios but also
creating target responses expected of crews. Additionally, if video cameras are
used then their placement and keying needs to be covered. If manual methods
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of data collection are used, then forms for this purpose need to be constructed.
However, if barcode readers are used, then the appropriate barcode sheets
need to be designed. Sessions purely for requaliﬁcation training go through
a similar preparatory stage. Instructors are less interested in data analysis
to determine whether operators are successful or are deemed to fail than
HRA analysts and therefore are less inclined to emphasize the data collection
aspects! Often instructors are quite happy with their own notes.
We have found that multi-failure scenarios are most useful to test controlroom crews. The complete scenario is usually made up of three parts. The ﬁrst
part is a small disturbance such as an instrument failure aﬀecting a control
function. The operator response is to place the controller into manual mode
and readjust the operating conditions to what they were before the transient.
This type of introductory transient helps the crew focus on the realities of
controlling the plant. The next part of the scenario is to introduce a small
accident like a small line break, which can be isolated without causing a
major change in the plant characteristics. The crew is expected to isolate the
break and again return to the plant to about the same conditions as before.
Then when the crew is relaxing, thinking that the session is about to ﬁnish,
the third failure is injected. This is usually a major failure calling for heavy
involvement of the crew in responding. This might be Steam Generator Tube
Rupture (SGTR) or a similar transient. The response to accidents is made
more diﬃcult for the crew by safety equipment being out of service or failing
to operate when demanded. We have found that these types of scenario do
stress the crews and that even following EOPs errors do occur [14].
In HRA experiments the observations are more detailed than those made
by instructors during purely training sessions. In addition to observing crew
interactions the HRA observers are trying to judge the impact of procedures,
instrument arrangements (layout and type), communication protocols, and
training on operator performance. The quality of the crews’ capabilities are
not estimated during the session, but assessed during the examination of the
data, including reviewing video recordings after the session. This is to avoid
biasing the results. We have noticed that biases do creep into ordinary training
sessions since the instructors do not separate data collection from opinion
forming! Crew performance can vary from scenario to scenario, very good
at one time and not so good at other times. HRA persons are interested in
this variation since it may relate to design of procedures, etc., and should be
factored into the HEP evaluation.
3.3 Data Collection
Methods of data collection range from hand entries on forms to use of
DCSs connected to NPP simulators. In advanced DCSs, observational data
is recorded by various methods, such as barcode readers, and entered and
processed directly in the DCS [11]. Figure 1 shows a diagrammatic representation of such a system.
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Fig. 1. Data collection system, CREDIT

One such system that we have experience with is the latest version of
CREDIT version 3.1 [12]. In this system, simulator data is recorded and selected variable plots are output and operator actions are automatically compared with expected actions and the results are output along with the actual
times of the actions. CREDIT version 3.1 uses barcode reader input and then
analyzes the observer results and output results in terms of observations versus time responses. Following a simulator session, a debrieﬁng meeting is held
with the crew. The collected data, transient plant variable plots, operator action records and observational records are discussed with the crew. If needed,
video records are used as back up. Insights gained from these discussions are
helpful in determining operators’ reasons for certain actions. The barcode
process is an eﬀective way of collecting observer data compatible with computer analysis methods, i.e. it forces the observers to have a ﬁxed taxonomy
for making observations.
The barcode sheets are organized to collect data or record items such
as date of run, personnel, scenario, and chosen mal-functions. Observational
data are collected when observed. They cover procedure steps, which operator
notices variable changes and who does he communicate with, who decides and
takes an action, diﬃculties with procedure instructions, control room layout of
displays and controls, communication protocols, etc. The barcode sheets are
organized to be able to cover most situations by the use of partial statements,
which can be grouped together to cover the needs of the observers. During
a speciﬁc observation relating to use of the procedures the observer would
swipe the barcode sheet a number of times. The swipes would cover the role
of the user, the procedure, the step of the procedure and the diﬃculty he was
having, such as interpretation, readability or where to go next. Associated

Advanced Simulator Data Mining for Operators’ Performance Assessment

499

Table 1. Manual Data Collected for MSLB/SGTR Accident Scenarios

with the swipes are times, so the analyst can connect the observations with
the plant state. Additionally, the video records associated with the activity
can be located easily and used in the post mortem or by HRA analysts. If
an observer is interested in the activities of the crew during the accident and
needs to review their activities, he can signal this by using the barcode sheet
to record this need.
3.4 Results
As mentioned above, data can be collected manually or automatically. A number of organizations have performed simulator sessions for HRA purposes
[9, 15] mostly collecting data manually. A typical set of manually collected
data from sessions carried out at Pressurized Water Reactor (PWR) NPP are
shown in Table 1 and cover ten crews responding to the same accident. Automated recordings would collect the same data and be capable of collecting
and store more data, such many more plant variables and other actions taken
by the operators. If a DCS is used then observer data could be compiled at
the same time by downloading barcode reader recordings. The operators are
expected to deal with a number of tasks during a response to an accident. As
far as plant safety is concerned, some actions are more important than others,
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Fig. 2. Typical Time Reliability Curve

for example in responding to a Main Steam Line Break (MSLB) or SGTR
on PWR NPP, there are 13 isolation actions, of these only three are really
important to plant safety. From a Probabilistic Safety Assessment (PSA) and
HRA only these three are important, but as far as TDs are concerned all 13
are important. So there are diﬀerent criteria for data collection between HRA
and Training, however the DCS collects all of the data and the user can apply active ﬁltering of the data and interface management strategies for their
requirements be it for HRA or training purposes.
There are important safety actions to be taken by the crews, so in manual data collection the observers have to focus on noting when these actions
are taken and at the same time note the impact of inﬂuences on operators’
responses. This is a very intensive task, what the DCS does is to remove
the burden of noting times of activities and the observers can concentrate on
impact of procedures, etc., on human activities.
The variability of crew responses for a given activity yields a TRC, such
as Fig. 2. There will always some variability in the responses and this reﬂects
human variability even when all crews are successful.
In general, the response curves are smooth curves; however the actions
of some crews may fall outside the expected range, see the abnormal action
depicted in the ﬁgure. Sometimes the crews are successful but their actions are
delayed, as for the abnormal action. Sometimes crews are not successful within
the time frame of simulator run, or the plant response leads to a diﬀerent
state and the instructors terminate the simulator run. Investigation of the
“slow” and unsuccessful results indicates some needed changes to procedures,
training or instrumentation. Re-training of the crew(s) is usual step, but it
is often not the best solution. The recorded results from the barcode reader
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download contain information on the use of the procedures, man-machine
interface, communications or other observable. Re-reading and interpretation
of procedures by the reader and interactions with other members of crew can
clearly point to the area of concern. Because of the time tag associated with
barcode recordings it is easy to relate problems with time response to human
activities.
Having identiﬁed a problem, the instructors can revisit other crew responses to see if the problem is a generic or speciﬁc issue and decide what is
the best way to deal with it. An extreme example of this was seen when 14
out of 15 crews had a problem dealing with a spurious safety injection (SI)
signal. After review it was decided that the problem was better addressed by
a small change to the order in the procedure together with a logic diagram
showing how the logic associated with SI trip operated. Once the changes were
incorporated and on a later simulator run all crews were successful. The extra
training requirement was minimal, but there was some additional documentation incorporated within the EOPs.

4 Insights from Data, Training and HRA
The data mining practice shows that the quality and applicability of the data
obtained on the research and plant simulators strongly depends on the designed DCS, planned experimental eﬀects and methods for data accumulating
and processing. The previous two sections give up-to-date tools, forms and
procedures for data mining process design, organization and reporting. They
are based on numerous experimental trials, experience and eﬀorts to reﬁne
them. At the same time, the complaints of a lack of suitable HRA data with
psychological realism, scenario’s validity, plant-speciﬁc relevance and PRA applicability are continuing. The reasons seem to be that the measurements do
not imply and model correctly some basic concepts, concerning human error,
mental and physical processes, contextual factors that inﬂuence operators and
crew performances [17]. The question arises as to whether there is an overlapping of the HRA theoretical concepts and research and plant simulator
studies.
4.1 Overlapping of Theoretical Concepts and Data Results
The Table 2 represents the overlapping of the HRA concepts and data results.
Some answers to the question how to improve the treatment and use of the
theoretical concepts and reformulate the HRA methods to connect the human
performance modeling, measuring, data mining and evaluation procedures are
given. They are illustrated on the base of insights included in the advanced
HRA methods: the Holistic Decision Tree (HDT) [18] and Performance Evaluation of Teamwork (PET) [19, 20]. The illustration is limited to the re-worked,
reanimated and developed HRA concepts by these methods (indices 1 and 2,
respectively).
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Table 2. Overlapping of the HRA concepts and data results
Experimental data (E) and Simulator’s training data (S), “+” means totally accepted, “−” means totally rejected, •nd “+/−” or “−/+” means partially accepted
or rejected, “RW” means re-worked, “PSF” means Performance Shaping Factor
Insights
No.
1.
2.
3.
4.

5.

6.

7.
8.

9.

10.
11.
12.
13.

14.
15.
16.

17.
18.
19.

Models

Concept

E

S

HDT

PET

Swain integrates human and machine as a
common system.
Human performance depends on context.
Swain represents the HEP by TRC.
Swain divides the Human Erroneous Actions
(HEA) into two parts: cognitive and
manual.
Swain decomposes a task into sub-tasks and
the HEP of the overall task is given by the
sum of sub-tasks’ HEPs.
Swain accounts for diﬀerences in the
environment, under which a task is
performed by multipliers (PSFs).
Swain associates diﬀerent circumstances with
modiﬁers (PSFs) to correct the basic TRC
Nominally the PSFs are the same for all
crews, yet this does not explain the crew
variations
Expert judgment can be used for covering
uninvestigated scenarios and for Inﬂuence
Factors (IFs) importance measuring.
Combination of expert judgment and
estimates can be used for HEP evaluation.
The HCR model could be veriﬁed.
HCR curves represent typical operator
responses.
HCR curves represent themselves as a
mechanism for generating human error
rates.
HCR curves represent the variability of
humans responding to the same initiator.
Rasmussen’s Skill/Rule/Knowledge (SRK)
concept is applicable for in HCR curve.
Rasmussen’s Step-Ladder Model (SLM) is
applicable for decision-making process.
Usually two iterative steps are used.
The “violation,” “circumvention” or ‘masking
concepts are applicable.
Reliability curve is obtained by two curves
(coupling/summing up).
It is not possible to directly measure error
probabilities unless the error rate is high!

+

+

+

+2

+
+/−

+
–
+

+1
–
+

+2
–
+2

−/+

–

–

−/+2

–

–

–

–

–

–

–

–

−1

–2

−/+

−/+

+1

−/+2

−/+

+/−

+1

−2

–
+

–
+/−1

–
+/−2

–

–

–

+

+/−1

+/−2

–

–

–

–

+/−2

+/−

+

+

+1

+2

+

−/+1

+2

+

+1

+/−2
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Table 2. continued
Insights
No.
20.
21.

22.

23.

24.
25.
26.
27.

28.
29.

30.

31.
32.

33.

Concept
Operator and crew responses depend upon the
scenario unfolding (time-line).
The accident sets up the context for operators,
they respond to it and the context determines
the potential errors that crews might make.
The initiator sets up the “second-by-second”
context under which the crew operates and
drives the displays and alarms, selects the
procedures and responses based upon training
and knowledge, so all of these are related.
The accident would aﬀect some items directly
(always – displays; sometimes – interpretation
of the procedures) and others indirectly.
A number of IFs taken together correspond to
given HEPs.
The context controls and inﬂuences human
performance – holistic approach.
Operator and crew responses depend on their
speciﬁc scenario’s experience.
Reason’s “pyramid” concept is applicable: Front
line operators are at the “sharp end of the
pyramid,” as opposed to managers who are at
the base of the pyramid. Each layer can
introduce ﬂaws.
The operator response time appears to ﬁt a
lognormal distribution.
The information exchange between control
room personnel and local personnel play an
important role in the situation awareness.
The team skill dimensions (supportive behavior,
team initiative, leadership, coordination,
adaptability) are valuable for successful team
performance.
There is a tendency to skip or postpone tasks
that human considers to be less important.
The operators try to interpret and reason the
situation, when it does not follow their
images (formed by foresees and expectations
rather than just facts).
Operator makes judgment based on goals,
symptoms and tendencies of limited number
of parameters or function synthesized by
related group of parameters (plant states,
abnormal equipment/process status, safety
functions...)

E

Models

S

HDT

+

+

+

1

PET
+2

+

+

+1

+2

+

+

+1

+2

+

+

+1

+2

+

+

+1

+2

+/−

+

+1

+2

+

+

+

+

+

+

+

+

+1

+

+

+1

+2

+

+

+

+2

+

+

1

2

+

+

+1

+2

+

+

+1

+2
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4.2 Advanced HRA Methods for Data Mining
Swain [6] was one of the ﬁrst to formalize the relationship between machine
and human. The principal of PRA/HRA is to represent discrete failure modes
covering equipment and human contributions separately. The use of numbers
to represent the actions of persons is integral to HRA.
Insights from the HDT Method
The HDT method [18] was developed from results and insights from the EPRI
ORE project [9]. An early version was employed in a HRA calculator and was
used for latent failures, as a test. Further development of HDT resulted from
Paks simulator experiments. HDT was used in the Paks PSA (Full Power)
and later used in a number of other PSAs. Development & applications of the
HDT method, on review, adopted and reanimated a number of the insights
presented in Table 2.
Concept 2. Scenario’s “average” context. The HDT is based on the concept
that the accident sets up the situation or context. It combines the context in
the form of Inﬂuence Factors. These IFs together determine the HEP. For a set
of accidents the context may vary from one accident to another and this needs
to be reﬂected in the model. The IFs are typically qualities of procedures,
training, Man-Machine Interface (MMI), etc. However the quality of an IF
may vary according to the accident, e.g. the MMI for a given accident may
be good and for another it may be poor.
The HEPs are calculated from the relationship between the IF importance
weights, quality descriptors and anchor values. The upper and lower bounds of
HEP correspond to the best and worst combination of IF quality descriptors
and are derived by a combination of data and judgment. These are the anchor
values.
Concept 8. “Average” crew performance. This concept is re-worked in the
HDT method to deal with predicting the impact of accident context on the
‘average’ crew.
Concepts 9 and 10. The expert judgment is widely used by the HDT
method for covering and complementing the missing information. The range
and speciﬁc HEP values can be obtained from simulator experiments and on
the base of expert judgment.
Concepts 12 and 14. These concepts are re-worked in that TRCs are a
result of crew variability only.
Concept 17. Although violations do occur in practice and are seen in accident reports, the HRA violation concept is not part of the formulation of
HDT because it deals with “averaged” crews and violations are not normally
an aspect of station behavior. It can be part of HDT if it is observed that the
management allows for such deviations from acceptable practices.
Concept 18. It is a re-worked TRC that has been rejected but the idea of
recovery is retained!
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Concept 19. Simulator data, experiments and actual events recognize the
truth of this HRA concept. Normally, the error rate for well-trained crews is
low. However, if some aspect has been missed in training, then the failure rate
can be high and recorded in simulated accidents.
Concepts 20–25. HDT holistic approach. The eﬀect on the crews is related
to the total eﬀect of the combination of the accident scenario, the displays,
procedures, training, etc. So these inﬂuences should be considered as a whole,
i.e. taken together (Holistic aspect). However, it is diﬃcult to separate the
eﬀects, so the HDT assumes that they are independent but weighted according
to the actual scenario. The IFs are selected based upon a speciﬁc scenario.
The HEP is a function of the scenario, the IFs and the Quality Values (QVs)
are associated with the eﬀect of the scenario on the plant and hence on the
crew. So for example, the unit of plant Z exposed to a given accident will
have a diﬀerent HEP to unit of plant X, despite the fact that the plant is
identical in most aspects and these diﬀerences can be very signiﬁcant. Plant
Z may be well maintained with high-class management and plant X would be
the reverse.
Concept 28. This HRA concept is incorporated into HDT formulation.
Concept 29. Communications between MCR crews and plant operators
is important for some accident scenarios and the impact included into ET
formulation in the PRA.
Concept 31. It is particularly important for training and if consistently
observed should be incorporated into HDT.
Concepts 32 and 33. These HRA concepts are important to understand
when building a HDT model of crew performance. In the ﬁrst case, they result
in a reduction in error for some accident scenarios, since resourceful crews will
bring other skills to accident termination or mitigation. The reverse can occur
when crew focus on speciﬁc indicators, especially when the accident sequence
includes failure of the indications.
Outlines of the HDT Method
We have discussed some aspects in evaluation of the input to the formulation
of the HDT method. It is appropriate to look at the model in a little more
detail, although a good description is in reference [18]. Context dependent
HRA models, such as the HDT method, are the so-called second generation
HRA models taking the place of Swain’s THERP, HCR and such like HRA
methods. Context determines the actions that the operators take along with
the consequential errors.
In the HDT model, context is represented by a series of IFs and their
associated QVs. Examples of IFs are the Human-System Interface (HSI) and
Training. The quality/eﬀectiveness of these IFs can be grouped into categories,
such as Eﬃcient or Excellent, Adequate or Good, Supportive or Poor. An
accident aﬀects a power plant in a speciﬁc way leading to a transient response
of the plant, which in turn produces an eﬀect upon the operator via the HSI,
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the procedures and resulting from the eﬀects of Training upon the operator
and hence determines the operator response to the accident scenario.
The HDT method uses a tree representation to symbolically connect the
accident to the IFs and associated QVs to determine the HEP. For a given
accident, there is a set of IFs and QVs and they trace a pathway through
the tree (somewhat similar to an ET). The end-state of the path leads to a
speciﬁc HEP, see ﬁgure below. The pathway through the tree is shown in blue
for illustrative purposes.
In turn, the various displays and indicators reﬂect the changes in the plant.
The quality of the HSI for a speciﬁc scenario may vary, for some be well
designed and others less so! In Fig. 3, this variability is recognized by the use
of supportive and adequate. The eﬀectiveness of the HSI maybe obtained by
expert judgment or by test.
The equations (1) and (2) are the mathematical representation of the HDT
model. The approach uses anchor values for the lower and higher values of
HEP. Values equal to 1.0 E-3 to 1.0 E-4 and 1.0 have been used for the lower
and higher HEPs. Other estimates could be used based upon experience with
the plant’s operational history. HEP formulation takes into account both the
IFs and QVs in the S modiﬁer. The IFs are normalized to 1.0 and QFs are
relative values, in this case 1, 3, and 9 used in the ISS study. These are for
three QVs of Supportive, Adequate and Adverse.
)
*
Si − Sl
(1)
ln(HEPi ) = ln(HEPi ) + ln(HEPh /HEPl )
Sh − Sl
n

Si =

n

(QVj )Ij
j=1

with

Ij = 1

(2)

j=1

where:
HEPi = the human error probability of the ith pathway through the HDT
HEPl = low HEP anchor value
HEPh = high HEP anchor value
Sl = lowest possible value of Si .
Sh = highest possible value of Si .
QVj = quality descriptor value (i.e. 1, 3 or 9) corresponding to the jth IF
Ij = importance weight of the jth IF
n = number of IFs in the HDT.
The HDT model has been used for a number of PSA studies. The approach
to the determination of IFs, QVs, anchor values and veriﬁcation of HEPs
has varied. Use has been made of various domain experts, HRA experts and
simulator results. The approaches have varied because of the available tools,
experts and time/money. But ultimately, the tool has been useful in providing
insights and HEPs for PRA/PSAs.
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Fig. 3. Portion of Holistic Decision Tree

Insights from the PET Method
Development and application of the PET method adopt and realize the following insights according to the numbers of concepts in Table 2.
Concept 1. The human and machine are represented as a common isolated
system for exchanged information in the HMS. It is assumed that the information of an isolated system is conserved and a non-isolated system could
be considered as a part of a larger isolated one [19]. The HMS mental and
physical processes could be described at each moment by its states.
Concept 2. Dynamic, “second-by-second” context quantiﬁcation. The context may be regarded as a statistical measure of the degree of the HMS state
randomness deﬁned by the number of accessible states taking place in the
systems’ ensemble. Regardless of the place, moment and agent, the performed
human erroneous action (HEA) could be divided into three basic types that
determine the reliability of human performance: violation, cognitive (mistake)
and executive (slip/lapse) erroneous actions. Based on quantitative deﬁnitions of these concepts a PET “second-by-second” macroscopic quantiﬁcation

508

A. Spurgin and G. Petkov

procedure of contexts of individual cognition, execution and team communication processes is made. Technologically recognised and associatively relevant
Context Factors and Conditions (CFC) such as goals, transfers, safety functions, trends of parameters, scenario events and human actions are taken into
account as cognition context elements. An Excel worksheet has been developed to calculate the Context Probability (CP) in post-initiating time interval
given selection of CFCs.
Concept 4. It is assumed that two individual operator’s contexts should be
taken into account: 1) the context of individual cognition that determines the
individual Cognitive Error Probability (CEP) and inﬂuences group decisionmaking process (the crew’s CEP) [26]; 2) the context of operator’s sensormotor activity that determines the Executive Error Probability (EEP).
HEP = CEP + EEP − CEP ∗ EEP

(3)

Concept 5. This concept is rejected for CEP and accepted for EEP. The
cognitive context quantiﬁcation is not provided for each task or its sub-tasks.
The continuously diﬀerentiable functions of the cognitive CP and CEP are
quantiﬁed for post-initiating event time interval. The CEP could be considered as a probability to fulﬁll the crew’s mission in time. The recovery error
probability could be taken at the moment of recovery action.
Concept 8. The concept that “the PSFs are same for all crews” is rejected in the PET method. The crew performance variations are based on the
scenario signature and corresponding deviations in the mental and physical
processes and performances of operators and crews.
Concepts 9 and 10. The PET method strives to avoid using any expert
judgment. But it is inevitable because of the lack of veriﬁed models and proofs
of the assumptions. Consequently, the expert judgment could be used for
changing and reﬁning of the models. For example, the weighting of the violations and CFCs is not used in the PET method yet. The importance is equal
for all CFCs and the assignment of violations to the given CFC is determined
by expert judgment (modeler). However, a more conservative variant (without expertise) where violation is assigned to the CFC that gives worst context
(highest CEP) is applicable as well.
Concepts 12 and 14. These concepts are re-worked so that crew HEP is
a function of the cognition and execution contexts of each individual operator and group processes (communication, information exchange and decisionmaking).
Concept 16. The PET method re-worked the Rasmussen’s SLM framework
as a reliability model of individual cognition/decision making process where
the non-selective inﬂuence of the context is crucial. The identiﬁed SLM reliability model of cognition is based on the results of simulator experiments,
assuming that the latest model presents the most complete development of
the ideas of previous models.
The Combinatorial Context Model (CCM) model and the Violation of
Objective Kerbs (VOK) method [19, 20] obtain the CP of a given scenario
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as a function of time. This CP is used as a probability of connection between sub-processes of cognition in the step-ladder reliability model (SLRM).
The non-selective inﬂuence assumes equal connection probability between subprocesses. The general view of the obtained function CEP(CP) for diﬀerent
combinations of iterative steps are shown on Fig. 4 in logarithmic scale. The
model is constructed and solved by the Analysis of Topological Reliability of
Digraphs (ATRD) method [21].
Interpretation of the CEP (CP) curves:
The curves show that in non-severe context (CP < 0.1) the implementation of the cognitive process in more than one iterative step is not important
and vice versa in severe context it is crucial.
As the CEP should be decreasing monotonically when the CP is decreasing
monotonically, it is obvious that there exists a minimal CP for the operator’s
response starting. It varies on iterative steps combination (CP, CPP) as follows: for TD&A (0.659, 0.219); •&• (0.584, 0.189); TD&O&A (0.511, 0.107).
The initial increasing of the CEP, when CP decreases for more than one step
curves, is the time period of the ﬁrst step. In this period the intention to act
increases but the likelihood to respond is small (≈0). The last step of the
cognitive iterative process must be “Action” but the result for CEP does not
depend on the order of steps.

Fig. 4. The general view of dependence between CP & CEP by the ATRD SLRM,
where Action (A), Task Deﬁnition (TD), Observation (O)

The calculated minimal value of CEP (CP) is limited to the pre-assigned
accuracy of the code ATRD SLRM. However, on the base of the implemented
PET applications up to now could be concluded that the cases with CP <
0,003 (CEP < 10−7 ) can be neglected as improbable.
Concept 17. The Reason’s concept for violation is re-worked and extended.
The extension is based on the quantitative deﬁnitions of erroneous actions that
follow Reason’s qualitative deﬁnitions:
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Fig. 5. The CEPs of 1st crew in “Scram” scenario on the FSS-1000, Kozloduy NPP,
where Supervisor (S), Reactor Operator (RO) and Turbine Operator (TO)

Errors are “all those occasions in which a planned sequence of mental
or physical activities fails to achieve its intended outcome.” Violation is an
“aberrant action” (literally “straying from the path”. . . )’(Reason).
Cognitive error is probable when the ϕon (t) = ϕsn (t), n = 1 . . . N , where
ϕon (t) and ϕsn (t) are objective, occurred in fact, and subjective, considered to
have occurred. Violation occurs when the objective image of ϕon is changed
from ϕ1on (t) to ϕ2on (t), n is number of CFC of the cognitive process (PET
method).
The violated context is the usual background for high human error rates.
That is why the PET method (by CCM and VOK) represents the violation
as the most important contributor for human errors.
This extension means that the dormant conditions are not obligatory to
be a result from decisions, actions or inactions of those who are far removed
from the front line, such as managers or regulatory authorities. The operators
may also produce violations even in the post-accident interval.
Concept 18. The violations determine the slope of the Swain’s “slowly
reducing error curve” or the number of in-cognizable accessible states of the
HMS (see RO1min on Fig. 5). The process of individual cognition determines
the slope of the Swain’s “rapidly reducing error curve” or the number of
unknown accessible states of the HMS. This curve could be represented as
remainder of the curves RO1 and RO1min on Fig. 5.
Concept 19. If assumed that the contribution of a given violation to the
CEP is constant for a given scenario, it is possible to measure even error
probability with Low Error Rate (LER):
CEPLER (CPNV ) = CEPLER (CPV ) − [CEPHER (CPV ) − CEPHER (CPNV )]
(4)
where indices mean HER – High Error Rate, V – Violated context, NV –
Non-Violated context.
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Concepts 20–25. PET holistic approach. The HMS is considered by the
PET method as a whole. Consequently, the individual cognitive/decisionmaking is considered as an integrated activity that reveals itself in a context –
by analogy to electromagnetic ﬁeld in induction. The decision-making process
includes selective and non-selective inﬂuence, but the latter (context inﬂuence)
is crucial according to the holistic approach. CFCs inﬂuence all “control links”
of decision-making process. The factors which inﬂuence the sub-processes
are not included in this PET “holistic approximation” of decision-making
process.The context quantiﬁcation is not provided for individual action. It
is necessary for assessing any crucial cognitive error in post-initiator interval
to check current situation and to ensure that the outcome could reﬂect all
temporary and permanent inﬂuence factors. The CP is a function of time and
determines the potential cognitive errors of operators by the SLRM.
Concepts 29 and 30. The context quantiﬁcation procedure by the CCM and
Group Communication Reliability Model (GCRM) of the group interaction
gives the opportunity to take into account communication process. The graph
GCRM could be extended to include more control room and local operators,
but individual CP, CEP and mutual communication probability should be
evaluated. The model is solved by the ATRD method.
The PET applications show that the natural communication based on different workable knowledge (diﬀerent individual CP) in the time of accident is
less than 0.05. For that reason, the plant procedures recommend the supervisor to order a number of actions to other operators and to get back their
reports. The probability of this initiated communication reaches 0.35 for the
“Scram” scenario. Unfortunately, the supervisor obtains this information with
a delay, usually after the decision-making process. That is why the impact on
team performance of initiated communication is too small because of its inexpedience. As a result, the crew CEP is very close to the supervisor CEP
(which is really small for this scenario, Fig. 5).
Concept 31. From the PET standpoint, the measuring of the importance
of violations and CFCs (tasks) is very valuable. However, it is better to be
evaluated statistically and plant-speciﬁcally.
Concept 32. The CCM used in the PET method is based on these concepts and the concept of “human performance shifts”, i.e. it assumes that the
“context” rate in accident situation is proportional to the deviation in the operator’s mental model objective image of past and future from the subjective
one. They depend on machine and human, and take into account the total
deviation rather than two separate types of deviation.
Concept 33. This concept is the reason to use CFCs as macroscopic parameters. Any CFC depends on speciﬁc IFs, & the discovery of operator erroneous (high HEP) should be considered as the starting point of the error
investigation, and not the ending point (cause).
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Outline of the PET “Scenario Run” Step Algorithm
The PET algorithm for data mining in “scenario run” step includes:
1. Detailed “second-by-second” description of the event by tracing a detailed
time-line basically on the simulator-recorded data.
2. Fixation of HMS macroscopic parameters (CFCs) – ϕn . (ϕsn and ϕon ) that
are determined in the design of scenario and dry run steps.
3. Speciﬁcation of initial and boundary conditions. For each situation and for
each member the initial ϕskn (non-expert) or ϕeskn (expert), and ﬁnal ϕokn
or ϕvokn (violated) values of CFCs should be indicated.
4. Calculation of cognition context deviations by the formula:
|ϕokn − ϕskn | = ∆ϕkn , n = 1 . . . N, k = j

(5)

5. Calculation of cognition and communication CPs:
N
 N



CPk (t) =
|ϕokn (t) − ϕskn (t)|
|ϕokn (t) − ϕskn (t0 )| (6)
n=1

n=1

CCPkj (t) = CPj (t) − CPk (t), k = j

(7)

k, j = 1 . . . K, where K is the total number of team members
6. Calculation of individual CEP (by the ATRD SLRM Code).
7. Calculation of team CEP (by the ATRD GCRM Code).

5 Discussion
Simulators are in operation for almost every NPP plant in the world and
some investigations have been carried out to examine operator performance
at a number of plants [15]. The US Department of Energy started a project
to collect HRA data, but the impetus of this work seems to have died. There
is a failure on the part of plant managers and others to see the value of
this work, despite the knowledge that humans are much more responsible for
plant shutdowns and accidents than plant equipment. The estimate from PRA
studies is that the human contribution is 70% of core damage risk compared
with an equipment contribution of 30%.
There were some theoretical limitations to what was being pursued. In this
chapter we tried to explain and compare diﬀerent approaches to the applicability of expert judged “average” context and “average” crew performance
and context description or quantiﬁcation usability for the HEP evaluation
and HRA data mining process.
Practical questions like: Are the simulator data just experiential rather
than appropriate for HRA? How far the possibilities of the DCS are spread
out and how shall we entrust to expert judgment? How to tie the plant and
observer data to ﬁx and treat facts but not to create them? could be overcome
by extension and coordination of the HRA and training purposes.
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6 Conclusions
It has been shown that data mining can be very valuable to NPP managers, Training managers and instructors, HRA analysts and many others.
The analysis of the data can reveal both the strengths and weaknesses in operators and crews. It can reveal the strength of training programs and the
quality of trained personnel. Often following the review of accidents the conclusion is reached that the training program is deﬁcient and more time should
be spent on training to deal with a speciﬁc accident, but this conclusion is
wrong. Training is a limited resource and more time should be devoted to
understanding what is actually aﬀecting operator performance and then ﬁxing these elements, be it HSI layout, procedures, etc., this is a more eﬀective
way to deal with accidents than training. Encouraging data collection and
then mining that data for useful information is an intelligent use of corporate
funds.
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Electricité de France,” International Topical Meeting on Advances in Human
Factors in Nuclear Power Systems, Knoxville, TN, USA, 1986. 492
9. Spurgin, A.J. et al., “Operator Reliability Experiments using Power Plant Simulators, Vols. 1,2 &3. EPRI NP-6937, EPRI, Palo Alto, California, 1990. 493, 499, 504
10. Spurgin, A.J. and Spurgin, J., 1994, “A Data Collection and Analysis System for
Use with a Power Plant Simulator,” Institute of Mechanical Engineers Seminar,
“Achieving Eﬃciency through Personnel Training – The Nuclear and Safety
Regulated Industries, London England. 493

514

A. Spurgin and G. Petkov

11. Spurgin, A.J., Bareith A. and Moieni P., 1996 “Computerized Safety Improvement System for Nuclear Power Operator Training,” Joint SCIENTECH and
VEIKI Report for Brookhaven Laboratory, NY, USA. 493, 497
12. Spurgin, A.J. and Spurgin, J.P. “CREDIT Vr 3.1 code, Description and Operating Manual”, Arizona Public Service contract, Phoenix, Arizona, 2000. 493, 498
13. Bareith, A. et al., “Human Reliability Analysis and Human Factors Evaluation
in Support of Safety Assessment and Improvement at the Paks NPP,” 4th International Exchange Forum: Safety Analysis of NPPs of the VVER and RBMK
Type, October, Obinsk, Russian Federation, 1999.
14. Holy, J., “NPP Dukovany Data Collection Project,” Proceedings of the PSAM5
Conference, Osaka, Japan, 2000. 497
15. Spurgin, A.J., “Developments in the Use of Simulators for Human Reliability
and Human Factors Purposes,” IAEA Technical Committee Meeting on Advances in Reliability Analysis and PSA, Szentendre, Hungary, 1994. 494, 499, 512
16. Spurgin, A.J., Bareith, A., Karsa, Z. “Simulator Data Requirements for HRA
Studies,” Proceedings of the PSAM7 – ESREL’04 Conference, Springer-Verlag,
pp. 1486–1491, 2004. 495
17. Collier, S., Ludvigsen, J.T., and Svengren, H., “Human Reliability Data from
Simulator Experiments: Principles and Context-Sensitive Analysis,” Proceedings of the PSAM7 – ESREL’04 Conference, Springer-Verlag, pp. 1480–1485,
2004. 501
18. Spurgin, A.J., Frank, M.V., “Developments in HRA Technology from Nuclear
to Aerospace,” Proceedings of the PSAM7 – ESREL’04 Conference, SpringerVerlag, pp. 1748–1753, 2004. 501, 504, 505
19. Petkov, G., Antao, P. and Guedes Soares, C., “Context Quantiﬁcation of Individual Performance in Accidents,” Proceedings of ESREL’2001, Vol. 3, Torino,
Italy, 16–20 September 2001. 501, 507, 508
20. Petkov, G. Todorov, V., Takov, T., Petrov, V., Stoychev, K., Vladimirov, V., and
Chukov, I., “Safety Investigation of Team Performance in Accidents,” Journal
of Hazardous Materials, ISSN: 0304–3894, Vol. 111, pp. 97–104, 2004. 501, 508
21. Petkov, G.I., “Development of Techniques and Algorithms for Modeling and
Analysis of NPP System Reliability,” PhD thesis, MPEI, Russia, 198 p. 1992. 509

Subject Index

acquisition analysis 439
aggregation theory 240
agreement measure 79
Albatross 255
approximate reasoning 186, 194
artiﬁcial intelligence 186
assessment 375
association rules 137, 163, 203, 256
attribute importance 243
control charts 318
belief function 420
rule base 419, 421
BOM 407, 412
c charts 323
causal complex 25, 44
causality 23, 30
center line 317, 321
class association rules 257
classiﬁcation 356
based on associations 256
clustering 355, 360
combinatorial optimization 402, 407
commonsense 23, 35
compatibility relations 13
complete lattice 117
conceptual distance 125, 127
conditionality 196
conﬁdence 206
conﬂict resolution 4
consequence severity 427
crew performance 490, 494
CRM 357, 361

customer satisfaction 237, 244
sequences 137, 139
value 359, 365
data cleaning 222
driven 53, 71
fusion 3, 5
data mining 103, 137, 185, 268, 315,
337, 355, 401, 487
normalization and discretization
224
database 105, 119
decision making 293, 297
support model 293, 298
Dempster-Shafer theory 420
descriptive induction 268, 270
design 203, 210
dissimilarity 375, 383
DNA sequences/proﬁles 137
document and query representations
79
sequences 137, 139
entity 203, 208
entity-relationship model 203
ER model 203, 208
ERP 407, 412
E-specialization 204, 210
evaluation 488, 493
evidential reasoning 420, 423
theory 79
facility layout 401, 404
failure consequence probability

427

516

Subject Index

rate 427
ﬁxed point 103, 115
focal element 125, 128
frequent patterns 137, 141
FURBER 420, 423
fuzzy AHP 343, 346
distance 375, 384
linguistic model 375, 380
linguistic modelling 463, 467
logic 51, 186, 268, 316, 337, 420
measure 185, 188
number 320, 323
probability 315, 329
process control 315, 319
rules 279
sample 323, 326
fuzzy set theory 439
sets 124, 203, 301, 315
Galois connection 116
gene regulation 49, 55
genetic algorithms 268, 273
granularity 36, 44
hamming distance 53, 71
HDT 501, 504
HEP 489, 498
HRA 487, 492
human error 489, 494
information ﬁltering 463, 475
gathering 463, 475
retrieval 79
updating 124
intelligent agents 463
intensity of implication 259
inverse document frequency 209
knowledge discovery

103, 119

linguistic data 315, 320
terms 204, 210, 420, 424
lower control limit 317, 327
market problem 268
MATLAB 420, 425
maximal association 163, 178
patterns 137, 152
membership functions 321, 422
meta-heuristic 404, 409

microarray 52, 60
multi-criteria decision making 337,
342
approach 293, 301
multi-objective optimization 426
problems 402, 404
multiple attribute decision making
420
neighboring solution 408
neural fuzzy system 344
networks 337, 355
operator response 488, 493
optimization 420, 423
p charts 321
parameter learning 242
pattern recognition 244
personalization 293, 298
PET 501, 507
PRA 487, 490
reliability 487, 490
repetition 123, 127
reverse engineering 51, 53
logistics 293, 303
RIMER 420
risk analysis tools 340
R-specialization 204, 212
rule induction 270, 273, 279
measurement 271
safety 487, 491
estimate 428
satisﬁcing 26, 44
segmentation 357, 370
self-organizing map 357, 362
semi-lattice 117
sensory evaluation 375, 378
sequential pattern 103, 105
similarity 9, 127
simulated annealing 401, 404
simulator data 487, 491
soft computing 268
speciﬁcity 186, 194
subgroup discovery 268, 270
supplier selection 439
support 206

Subject Index
taxonomy 209
term frequency 209
thesaurus 205, 210
thesaurus normalization
t-norm 207
transportation modeling
uncertainty

294, 303, 420

79

unnatural pattern 315, 320
unnaturalness 315, 330
upper control limit 317, 327
user-centred decision making 439

253

variables control charts
Web

463, 475

318, 319

517

